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Abstract
This thesis is focused on the application of an efficient ab initio numerical
method based on algebraic diagrammatic construction (ADC) theory to the
calculation of many-electron dynamics in atomic and molecular systems, in
the absence or presence of (non-)perturbative laser fields.
The first part of the research applies the ADC method to the calculation of
Penning ionisation widths. Along with the numerical method, an analytical
formula for PI is also derived in the asymptotic regions. The calculations
show the exact region of inter-molecular distances, where the electron transfer
mechanism in PI is the dominant one. It also shows that the regime of the
energy transfer mechanism in PI cannot be reached in collisions even when
approaching zero collisional temperature, but might be realised in He droplet
environment.
The second part of the research applies the ADC method to the calculations of high harmonic generation (HHG) spectra with counter-rotating
bi-circular fields in B-spline basis. B-spline basis set is able to accurately
describe the strongly oscillating continuum orbitals, such as in the case of
HHG processes. Such a task poses a challenge to Gaussian-type basis which
will easily run into linear dependence problems for high energy and high
resolution calculations. The calculations show that, for He, Ne and Ar, the
difference between the intensities of left- and right-circularly polarised harmonics is present at single atom level. The dominant polarisation shifts from
left to right around the ionisation potential of the atom. The calculated
spectra also suggest that changing the relative intensity of the driving ω0
and 2ω0 pulses, or varying the time delay between them has limited control
over the intensity difference in the spectra at single atom level.
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1

Introduction

The main focus in the field of modern atomic, molecular and optical physics
is the study of static and dynamic quantum systems. The understanding
of a quantum system paves the way for the controlling of the system on its
natural length and time scale. The studies of controlled quantum dynamics
become the underlying mechanisms of areas from materials science to quantum chemistry. Studies like nonlinear optics, laser cooling and trapping, are
some of the major developments in the field, and the interaction between
light and matter is the key process in every of these developments and more.
The state of a quantum mechanical system is specified by a complex wavefunction Ψ. For a system of N particles, Ψ is a function of space coordinates
of all the particles, and of time, Ψ(r1 , r2 , ..., rN ; t). The physical interpretation of the wavefunction is that |Ψ(r1 , r2 , ..., rN ; t)|2 d3 r1 d3 r2 ...d3 rN gives the
probability of the N particles been at positions r1 , r2 , ..., rN respectively at
the given time t. The foundation of theoretical approaches to non-relativistic
quantum systems is the Schrödinger’s equation, the equation of motion for
wavefunctions in the non-relativistic limit,
ĤΨ(r1 , r2 , ..., rN ; t) = i~

∂
Ψ(r1 , r2 , ..., rN ; t),
∂t

(1.0.1)

where Ĥ is the Hamiltonian operator, which includes all the energy terms
in the N -particle system. A system of an atom or molecule consisting of M
nuclei and N electrons in the absence of any external potential field has a
Hamiltonian of the form
N
N X
N M
X
X
~2 2 X X e 2
e2
Za
1
Ĥ = −
+
∇i −
2me
4π0 |ri − ra | i=1 j<i 4π0 |ri − rj |
i=1
i=1 a=1

−

M
X
a=1

M X
X
~
e 2 Za Zb
2
∇a +
,
2Aa mp
4π0 |ra − rb |
a=1 b<a

(1.0.2)
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where the terms with Laplace operators are kinetic energy operators of every
electron and nucleus, T̂ = p̂2 /2m = (−i~∇)2 /2m, and the rest of the terms
are Coulomb potentials between every pair of charged particles. Aa and Za
are the mass number and atomic number of the a nucleus. For systems
without explicit time dependence, the Schrödinger’s equation reduces to the
time-independent form
ĤΨ = EΨ,
(1.0.3)
9

where E is the energy of the system described by Ψ. Then solving Ψ becomes
an eigenfunction problem.
The mass of the nuclei is much larger than the mass of the electrons.
Therefore, in most cases of atomic and molecular quantum calculations, the
systems can be viewed as electrons moving in the field of fixed nuclei. This is
known as the Born-Oppenheimer approximation. Within the approximation,
the nuclear terms in the molecular Hamiltonian of Eq. (1.0.2) are constant
and have no effect on the eigenfunctions. The Hamiltonian simplifies to
N M
N X
N
X
X
Za
e2
1
~2 2 X X e 2
∇i −
+
. (1.0.4)
Ĥ = −
2me
4π0 |ri − ra | i=1 j<i 4π0 |ri − rj |
i=1 a=1
i=1

The Born-Oppenheimer approximation is assumed throughout the thesis.
To describe the electrons in Eq. (1.0.4) thoroughly, one needs to specify
their spins by introducing two spin functions α(ω) and β(ω) where ω is an
unspecified spin variable such that
Z
hα|αi = α∗ (ω)α(ω)dω = 1,
(1.0.5)
Z
hβ|βi = β ∗ (ω)β(ω)dω = 1,
(1.0.6)
Z
hβ|αi = β ∗ (ω)α(ω)dω = 0.
(1.0.7)
Now one can denote the full coordinates of the electrons by xi = {ri , ωi },
and the N -electron wavefunction is written as Ψ(x1 , x2 , ..., xN ; t). Electrons,
following Fermi-Dirac statistics, are antisymmetric with respect to exchange,
Ψ(x1 , x2 , ..., xN ; t) = −Ψ(x2 , x1 , ..., xN ; t).

(1.0.8)

The Hamiltonian of a hydrogenic system is
Ĥ = −

e2
Z
~2 2
∇ −
,
2me
4π0 |r − r0 |

(1.0.9)

where r0 is the position of the nucleus, and Z is the atomic number. The
hydrogenic system is one of the few analytically solvable systems of the
Schrödinger’s equation. Without loss of generality, let r0 = 0, and then the
hydrogenic solution can be separated into a product in spherical coordinates
Ψ(r, θ, φ) = Rnl (r)Ylm (θ, φ),
10

(1.0.10)

where Rnl (r) is a radial function,
Rnl (r) ∝ e

−Zr/na0



2Zr
na0

l

L2l+1
n−l−1



2Zr
na0


,

(1.0.11)

and Ylm (θ, φ) is a spherical harmonic. L2l+1
n−l−1 is a generalised Laguerre
polynomial. Different solutions are distinguished by their quantum numbers, principal quantum number n = 1, 2, 3, ..., orbital quantum number l
= 0, 1, ..., n−1, and magnetic quantum number m = −l, −l+1, ..., 0, ..., l−1, l.
Different solutions correspond to different orbitals of the electron. The principal quantum number n determines the energy of the orbital,

 2
1
Z me e 4
.
(1.0.12)
En = −
32π 2 20 ~2 n2
The orbital quantum number l is associated with the square of the orbital
angular momentum L,
2

L̂ |Ψi = l(l + 1)~2 |Ψi .

(1.0.13)

The magnetic quantum number m is the projection of L onto the z-axis,
L̂z |Ψi = m~ |Ψi .

(1.0.14)

There is also a spin quantum number s associated with the square of the spin
s,
ŝ2 |Ψi = s(s + 1)~2 |Ψi .
(1.0.15)
Spin is the intrinsic angular momentum of any elementary particle. Electrons have s = 1/2. The electron bound in a hydrogenic system has quantised energy levels and angular momentum states which the electron can occupy, unlike classical electromagnetic theory where the potential energy can
vary continuously as the distance and velocity between two charged particles
changes.
While the hydrogenic solution and the notion of quantum numbers are
results of a single electron system, Atoms and many molecules have structures that resemble the atomic orbitals and therefore can be described using
quantum numbers. Electronic states of atoms are often categorised by their
quantum numbers, written in term symbols,
2S+1

LJ ,

11

(1.0.16)

where S is the total spin quantum number, L is the total orbital quantum
number, and J is the total angular momentum quantum number. The total angular momentum is the sum of spin and orbital angular momentum.
Diatomic homonuclear molecules have similar term symbols,
2S+1

(+/−)

Λ(g/u) ,

(1.0.17)

where Λ is the projection of the orbital angular momentum onto the internuclear axis, g or u represents the effect of inversion operation on the molecular
geometry, and +/− represents the effect of reflection along an arbitrary plane
that contains the internuclear axis. For less symmetric molecules, Λ is replaced by symbols of irreducible representations of the point group that the
molecule belongs to. Orbital angular momenta are commonly written in their
alphabetical representations,
l

= 0
s

1
p

2
d

3
f

4 ...
g ...

L = 0 1 2 3 4 ...
S P D F G ...

(1.0.18)

Λ = 0 1 2 3 4 ...
Σ Π ∆ Φ Γ ...
In the presence of an external classical electromagnetic field, the Hamiltonian of a hydrogenic system,
Ĥ =

1
[p̂ + eÂ(r̂, t)]2 − e Û(r̂, t),
2me

(1.0.19)

is completely determined by the vector and scalar potentials Â(r̂, t) and
Û(r̂, t), where p̂ = −i~∇ is the momentum operator of the electron and r̂ is
the position operator of the electron. A plane electromagnetic wave in the
Coulomb gauge has the potentials of
∇ · Â(r̂, t) = 0

(1.0.20)

Û(r̂, t) = 0

(1.0.21)

12

by definition. These potentials, combined with the Coulomb potential between the electron and the nucleus V̂(r̂), give
1
[p̂ + eÂ(r̂, t)]2 + V̂(r̂)
2me
~2 2
e2
Z
=−
∇ −
2me
4π0 |r − r0 |
e
e2 2
Â (r̂, t),
+
p̂ · Â(r̂, t) +
me
2me

Ĥ =

(1.0.22)

where one notes that the term p̂ · Â does not vanish despite Eq. (1.0.20),
because here it is p̂ · (Â |Ψi) rather than (p̂ · Â) |Ψi which gives zero in the
Coulomb gauge. Eq. (1.0.22) can be written as
Ĥ = Ĥ0 + ĤI ,

(1.0.23)

where Ĥ0 contains the first two terms of Eq. (1.0.22) which is a hydrogenic
Hamiltonian, a special case of Eq. (1.0.4), and ĤI contains the light-atom
interaction terms,
ĤI =

e2 2
e
p̂ · Â(r̂, t) +
Â (r̂, t).
me
2me

(1.0.24)

In this thesis, the interacting photons have wavelengths of at least 10 nm
which is much longer than the Bohr radius a0 = 0.0529 nm. Therefore we are
able to approximate Â(r̂, t) by A(r0 , t), that is the so-called long-wavelength
approximation, and Eq. (1.0.24) becomes
ĤI =

e2 2
e
p̂ · A(r0 , t) +
A (r0 , t).
me
2me

(1.0.25)

The second term of Eq. (1.0.25) is a scalar function of time f (t), so it cannot
induce any transition between two eigenstates of the system,
hΨi | f (t) |Ψj i = f (t)δij .

(1.0.26)

And then the interaction Hamiltonian is simply
ĤI =

e
p̂ · A(r0 , t).
me
13

(1.0.27)

One can also perform similar derivation of the interaction Hamiltonian
within the long-wavelength approximation with different gauges. The GöppertMayer gauge is obtained by the transformation
A → A + ∇f,
∂f
,
U →U−
∂t
f (r, t) = −(r − r0 ) · A(r0 , t).

(1.0.28)
(1.0.29)
(1.0.30)

In the Göppert-Mayer gauge, the interaction Hamiltonian becomes
ĤI = −D̂ · E(r0 , t),

(1.0.31)

where D̂ = −er̂ is the electric dipole operator, and E(r, t) = −∇U (r, t)
−∂A(r, t)/∂t is the electric field strength. Some electronic states have
Dab = hΨa | D̂ |Ψb i = 0

(1.0.32)

due to symmetry, which means the dipole transition between |Ψa i and |Ψb i is
forbidden, while other transitions with non-vanishing dipole matrix element
Dij are called dipole-allowed transitions.
Solving both time-dependent (TDSE) and time-independent Schrödinger’s
equations (TISE) with or without the presence of an external field is the goal
of this thesis.

1.1

Photoionisation

This work begins with the study of photoionisation using an ab initio manybody Green’s function approach known as algebraic diagrammatic construction (ADC). The theory of ADC will be discussed in details in section 2.4.
The process of photoionisation is an interaction between an atom or molecule
and photons, resulting in freeing one or more electrons from the atom or
molecule. Electrons in atoms and molecules are bound by the Coulomb potential of the nuclei, they are in bound states and their energies are quantised.
Given enough energy to the electrons, they can escape the potential well and
become free electrons, they are now in the continuum and their energies have
a continuous spectrum. Using Eq. (1.0.12), one is able to calculate the binding energy of the electron in a hydrogen atom (or any hydrogenic system)
in its ground state; Z = 1 and n = 1 gives En=1 = −13.6 eV. 13.6 eV is the
14

energy required to free the electron from a hydrogen atom, it is also the value
of the Rydberg constant. The photoionisation cross-section σ(E) measures
the probability of ionisation in the unit of area,
N

2

X
πe2
σ(E) =
E hΨE |
r̂j |Ψi i ,
30 c~
j

(1.1.1)

where E = ~ω is the photon energy, |Ψi i is the initial state of the electronic
system to be ionised, r̂j is the position operator of the j electron, and |ΨE i
is a continuum state of the system where one of the electron are in the
continuum,
hΨE |ΨE 0 i = δ(E − E 0 ).
(1.1.2)
Electron emission is a strongly dominant decay mechanism for molecules
excited a few eV and higher above the ionisation threshold, such that the
photoabsorption (absorption of photons by molecules) and photoionisation
cross-sections become nearly coincident in this energy range. In this thesis
we consider photoionisation within the vertical transition approximation, i.e.,
assuming that molecular geometry is fixed at the equilibrium geometry of the
neutral and does not change in the course of the electronic transition. In this
framework, the cross-section can be viewed as the probability of one-photon
absorption leading to a state in the electronic continuum.
Photoionisation cross-sections from atoms and molecules in their electronic ground states have been widely studied and described in numerous
experimental and theoretical works [1–14]. Therefore, atomic and molecular
photoionisation cross-sections in ground states provide a reasonable starting
point for benchmark calculations of new theoretical methods. On the other
hand, experimental characterisation of photoionisation processes starting
from electronically bound excited states can be very demanding since the initial states in this case are unstable and their lifetime varies from nanoseconds
to a few tens of femtoseconds [15,16]. Experimental studies of molecular photoionisation cross-sections started from the early 1950s [17,18], while reliable
quantitative cross-sections were obtained from the late 1970s [19, 20]. The
photoionisation cross-sections are mostly determined experimentally with
(e,e), (e,2e) and (e,e-ion) methods [4,21]. The photoabsorption spectroscopy,
(e,e), measures the intensity of the radiation which passes through the sample. The photoelectron spectroscopy, (e,2e), measures the kinetic energy
of the ionised electrons. The photoionisation mass spectroscopy, (e,e-ion),
15

measures the mass-to-charge ratio of the ions. The photons were produced
from spectral line sources [22], synchrotron radiations and electron-molecule
inelastic scattering technique [20] which simulates photoionisation and photoabsorption by converting scattering intensities to dipole strength using fast
(keV) electrons as prescribed by the Bethe theory [23].
Recently, due to the advent of ultrashort laser sources in few-femtosecond
and attosecond domains [24], it has become possible to perform pump-probe
experiments with time resolution fully sufficient to ‘look inside’ the shortest lifetimes of the molecular excited states [25]. This development opens
the possibility of studying coherent electron dynamics in microscopic systems on its natural few-femtosecond or sub-femtosecond time scale. The
(sub-)femtosecond time scale is due to the few eV energy separation between
electronic states (τ ∼ h/1 eV = 4 fs). A basic pump-probe experiment of
such kind would consist of an excitation of a molecule with a short pump
pulse to form an electronic wavepacket of the ground and a series of excited
states, which is probed with a delayed ionising XUV pulse. Broad-band XUV
absorption by such a wavepacket is governed by interfering ionisations from
distinct bound states into the same continuum state. As a result, the ionic
yield (or the transient absorption strength) shows modulation as a function
of the pump-probe pulses time delay, allowing one to follow the wavepacket
dynamics. An experiment of such kind has been indeed performed [26] recently, and the interpretation of the experimental results was given using the
time-dependent density functional theory (TDDFT). We want to develop a
fully ab initio theory capable of overcoming the limitations of the TDDFT.
To this end, we developed an numerical method based on the nth order
algebraic diagrammatic construction [ADC(n)] schemes with Gaussian-type
basis and the implementation of the Lanczos-Stieltjes technique. First, we
benchmark the method with total photoionisation cross-sections of molecules
in ground states. Then we extend the ADC-Lanczos-Stieltjes method to the
calculations of excited states photoionisation cross-sections.

1.2

Penning ionisation

Penning ionisation is a collisional ionisation process between two atoms or
molecules. Initially, one atom or molecule, A, is in a metastable state (an
excited state with a long lifetime, from milliseconds to hours [27]), so that it
does not decay to the ground state before Penning ionisation happens. Such
a state is prepared by electron impact [28, 29]. The other atom or molecule,
16

B, is in the ground state. During the collision, A de-excites to the ground
state, and B is ionised. The process can be represented as:
A∗ + B → A + B + + e − ,

(1.2.1)

where the asterisk sign on A denotes a long-lived electronically excited state.
Typically A∗ is a metastable state of a noble gas atom [30]. The ionisation
process takes place since the excitation energy of A∗ is higher than the ionisation threshold of species B. In principle, the process can occur at arbitrarily
low collisional energy. At such energy the nuclear dynamics is assumed to
happen well away from the avoided crossings and the conical intersections of
the potential energy surfaces. Therefore the electronic structure of the whole
system is well-described within the Born-Oppenheimer approximation. The
process of (1.2.1) was first suggested in the study of premature breakdown
in Ne and Ar gas discharges due to the addition of the impurity by Frans
Penning in 1927 [31].
At fixed intermolecular distance R, A∗ + B is essentially an autoionising
system, and its lifetime is the inverse of the autoionisation width (τ = h/Γ,
typically 40 fs [27]). Autoionisation process can be described as a resulting
from coupling of the artificially constructed bound state to the continuum.
This general approach has been developed by Feshbach [32] and Fano [33].
The specific formula for Penning ionisation widths has been derived using
Feshbach projection operators in Ref. [34]. Calculating Γ(R) is achieved by
finding the wavefunctions for both the initial state A∗ + B and the final
state A + B + + e− through selecting the appropriate electronic configurations for their representation [35–37]. The matrix elements of Γ(R) have two
important terms, corresponding to two important mechanisms of Penning
ionisation, electron transfer mechanism and energy transfer mechanism (see
section 4.1). The Fano-ADC method was initially developed for the calculation of the decay rates of singly ionised states [38]. It was then generalised for
the electronic decay of autoionising excited states [39,40] and doubly ionised
states [41]. So far the excited state autoionisation Fano-ADC method has
only been applied to singlet excitations. Penning ionisation is usually realised using triplet excited states of atoms, which have long enough lifetimes
to allow for the collisions to occur prior to radiative recombination. In this
thesis, we implement both singlet and triplet states Fano-ADC procedure
and apply it to the calculation of Penning ionisation widths.
The predominant physical mechanism of Penning ionisation is dictated
by the metastable nature of the long-lived excited species, A∗ , a prerequisite
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for a collision experiment. Since single-photon radiative recombination of A∗
is typically forbidden, either by dipole selection rules or by spin selection
rules or by both, so is also the energy transfer Penning process, consisting
of recombination of A∗ and ionisation of B. As a result, Penning ionisation
proceeds by electron transfer from B to A∗ , accompanied by ionisation of the
excited electron. This mechanism is based on the electron cloud overlap between A and B, and the corresponding decay width decreases exponentially
with A–B distance. At some large separation, though, the small but only
polynomially decreasing energy transfer contribution should become dominant. For these large inter-atomic/inter-molecular separations to contribute
appreciably to the total probability of the Penning event, the relative velocity
of the two colliding species must be small enough, i.e., their approach time
should be long enough.
The ADC-Lanczos-Stieltjes method is not limited to light-matter interactions. We further extend the method to calculate Penning ionisation widths
for hydrogen-helium systems. The hydrogen molecule is the most abundant
molecule in interstellar space and participates in many reactions of astrochemical relevance [42, 43]. At low temperatures of several Kelvins up to
several tens of Kelvins (typical to the interstellar medium), hydrogen can
be found in two quantum states: nuclear spin anti-symmetric para-hydrogen
(two protons have anti-parallel spins), which remains in the rotational ground
state, and the symmetric ortho-hydrogen (two protons have parallel spins),
which is rotationally excited. The ratio between para- and ortho-hydrogen is
an important parameter used to estimate the age of interstellar clouds [44,45],
as the ratio decreases monotonically with the age [46]. It is thus critical to
understand the dependence of inelastic and reactive processes on the internal
rotational molecular quantum state.
At low temperatures of a few Kelvins, fast barrierless reactions dominate
the chemistry of interstellar space [47–49]. In the absence of an activation
barrier, the rate-limiting part of the interaction potential shifts from the transition state, which is usually located at the reactants’ shortest separation, to
the long-range part of the interaction potential. As a result, the conventional
Arrhenius law for the dependence of the reaction rate with temperature is replaced by universal scaling power laws [50] as first derived by Paul Langevin
in 1905 [51]. In his pioneering work, Langevin treated ion and structureless
atom collisions. For molecules, however, the long-range interaction might be
orientation-dependent. The experiment looking for evidence of the role of
the rotational quantum state of molecules in cold collisions [42] obtained the
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reaction rates from the Penning ionisation and associative ionisation channel products. To provide a theoretical insight to the process, we use both
Fano-ADC-Lanczos-Stieltjes method and analytical method to calculate the
Penning ionisation width for the ionisation between He∗ and H2 .

1.3

High harmonic generation

High harmonic generation (HHG) is a process that involves intense laser
pulses and gas-phase atoms, molecules [52–54] or solid [55]. It produces extreme ultraviolet (XUV) and soft X-ray radiation on a tabletop scale. Light
produced from HHG with a linearly polarised driving field can have a wide
bandwidth and can be bright, ultrashort and coherent [56]. The unique
phenomenon of HHG enables us to observe ultrafast electronic dynamics in
atoms and molecules [57–60]. The high harmonics can be used to induce fast
processes in electronic systems. Then the processes are probed by another
synchronized laser pulse [61]. Alternatively, one may observe ultrafast dynamics directly from the strong field response of the electronic system [62].
The soft X-ray HHG is also a light source for coherent diffractive imaging [63]. The first observation of HHG was reported by A. McPherson et al.
in 1987 [64], followed by M. Ferray et al. in 1988 [65]. They discovered that
the intensity of the high harmonics formed a plateau on the spectrum over
several harmonic orders followed by a rapid cutoff of the intensity. Such a
property attracts many attentions to the study of the underlying physics behind HHG [66–68]. High harmonic generation has a semiclassical explanation
as a three-step model [66]: (1) an atom or molecule is ionised by an intense
laser pulse, releasing an electron to the continuum. (2) The ionised electron
is accelerated in the laser field gaining kinetic energy. (3) Recombination
of the ionised electron with the parent ion releases the kinetic energy as a
high-energy photon (∼ 10 − 500 eV). The emitted photon has an energy that
is a multiple of the photon energy of the driving field (~ω0 ), EHHG = n~ω0 ,
where n is a positive odd number. The cutoff position of the HHG plateau
can be calculated classically [67],
nmax ~ω0 = Ip + 3.17Up ,

(1.3.1)

where Ip is the ionisation potential of the HHG atom or molecule, and Up is
the ponderomotive energy of the driving field,
Up =

e2 E 2
,
4me ω02
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(1.3.2)

where E is electric field amplitude. Another consequence of the classical theory is the polarisation sensitivity of HHG. The harmonic intensity is strongly
suppressed by the ellipticity of the driving laser pulse, as the classical trajectory of the electron in the continuum does not come back to the parent ion.
The effect of ellipticity was also demonstrated experimentally [69].
To understand the process from a quantum mechanical point of view,
M. Lewenstein et al. [68] proposed the strong field approximation (SFA) for
solving the TDSE with a single active electron: (1) only the ground state and
the continuum contribute to the evolution of the system. (2) Ground state
depletion is ignored (laser intensity is smaller than the saturation intensity).
(3) The electron in the continuum will not feel the effect of the Coulomb
potential of its parent ion. The full quantum mechanical treatment of [68,
70] confirmed the validity of the semiclassical approach. The first step of
the three-step model has been treated in details in 1965 by L. V. Keldysh
[71] who derived an analytical formula for the ionisation rate of a hydrogen
atom in strong electric field. When the Coulomb potential of the proton is
distorted significantly by the electric field, the electron can tunnel through
the potential barrier and be freed from the potential well. If the Coulomb
potential is distorted further, the barrier will be suppressed completely, and
the electron will leave the proton under the influence of the strong electric
field. The Keldysh parameter,
s
Ip
,
(1.3.3)
γ=
2Up
determines whether the electron is ionised through tunnelling (γ  1) or
multi-photon interaction (γ  1). A more accurate model of the ionisation
was proposed by Perelomov, Popov and Terent’ev [72] by taking into account
the Coulomb interaction between the electron in the continuum and the parent ion. Later, the ionisation theory of Keldysh and PPT was generalised to
arbitrary atoms by Ammosov, Delone and Krainov [73]. As the laser intensity approaches 1013 W/cm2 , the ionisation process starts to be dominated
by the tunnelling effect (γ < 1).
Experiments of HHG in gaseous media use ultrashort laser pulses with
durations ranging from picoseconds [74] to femtoseconds [75]. The typical intensity of the driving pulses is within 1013 − 1015 W/cm2 so that the
field is strong enough to enable tunnel ionisation. Through decades of comprehensive study of HHG, Ti:Sapphire lasers at 800 nm have proven to be
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a high quality coherent source for producing XUV to soft X-ray ultrashort
pulses [76]. Other laser sources used for HHG include KrF [64], Nd:Glass [74],
Cr:LiSAF [69], and dye laser [69]. The harmonic generating media can be
noble gases [77], alkaline ions [78], molecular gases [79], atomic clusters [80],
and so on.
The theoretical prediction of a single atom harmonic generation cannot
account for the observed spectrum, because the propagations of the fundamental and harmonics in the medium have different phase velocity. With the
phase mismatch between the fundamental and harmonic fields, the coherent
growth of the harmonics will only sustain over a coherence length,
π
,
∆k
∆k(nω0 ) = nk(ω0 ) − k(nω0 ),
Lc =

(1.3.4)
(1.3.5)

where ∆k(nω0 ) measures the mismatch between the fundamental and the
nth harmonic, k(ω) is the wave number of the field with frequency ω in the
medium. To eliminate the mismatch, one wants ∆k(nω0 ) = 0, the phase
matching condition. Sources of the mismatch include dispersion effect in the
neutral gas ∆kneutral , dispersion effect in plasma produced by high intensity
field ∆kplasma , and geometric mismatch due to focusing of the laser ∆kfocus
or propagation in a waveguide ∆kwaveguide ,
∆k = ∆kneutral + ∆kplasma + (∆kfocus or ∆kwaveguide ).

(1.3.6)

Phase matching may be achieved by balancing the positive and negative
terms in Eq. (1.3.6) so that ∆k = 0. Controlling the gas pressure, for
instance, will modify the ionisation fraction and therefore adjust ∆kplasma .
∆kfocus can be controlled by moving the focus along the optical axis and
changing the beam shape [81]. When the phase matching condition cannot
be met in a particular situation, there is also a technique of quasi phase
matching [82]. Quasi phase matching is accomplished by periodic correction
of the destructive phase via modulating the fundamental or the harmonics.
A modulated waveguide is able to correct the relative phase between the
fundamental and the harmonics, enhancing the harmonic intensity.
With the new implementation of the B-spline basis to our ADC method,
we are able to expand the research of light-matter interactions to the highenergy and high-resolution regime [83], which was previous inaccessible with
Gaussian-type basis functions. In this thesis, the application of B-spline
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ADC method to the calculations of counter-rotating bi-circular high harmonic generation spectra is presented. The bi-circular HHG is driven by the
combination of two circularly polarised laser fields of frequencies ω0 and 2ω0 ,
and opposite ellipticities. Unlike a simple elliptical field, a bi-circular field
can return the free electron to the ion for the third step of HHG, and therefore generate harmonics. Moreover, the bi-circular HHG spectrum consists
of circularly polarised harmonics with alternating ellipticities at harmonic
orders,
n = 1, 2, 4, 5, 7, ... = 3k + 1, 3k + 2; k ∈ N.
(1.3.7)
If uncontrolled, the adjacent harmonics with similar intensities will cancel the
circular polarisation and produce linear harmonic fields. The first experiment
on the bi-circular HHG scheme was reported in 1995 [84], and they have
shown the selection rule of Eq. (1.3.7) with the bi-circular field.
We will explore the possibilities of controlling the intensity difference
between 3k + 1 and 3k + 2 harmonics, thereby producing highly elliptical
attosecond pulses. A bright, ultrashort, circularly polarised table-top XUV
or soft X-ray light source has numerous applications such as photoelectron
circular dichroism [85], studies of ultrafast molecular decay dynamics [86]
and X-ray magnetic circular dichroism spectroscopy [87]. Thus, generating
such a beam has been an active area of research [88–91].
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1.4

Personal contributions to the work

The contributions I have made to the work are:
• I produced all the results presented in this thesis, see section 3.1, 3.2,
4.2, 5.2. The code for photoionisation cross-section was written by
Marco Ruberti.
• I derived the asymptotic Penning ionisation width formula (4.1.19), see
section 4.1.
• I wrote the code for the Fano-ADC Penning ionisation widths, see
section 4.2.
• I wrote the code for counter-rotating bi-circular high harmonic generations, see section 5.2. The B-spline Hartree-Fock and ADC code was
written by Marco Ruberti.
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2
2.1

Theory
Hartree-Fock approximation

Systems with more than one electron do not have analytical solutions to the
Schrödinger’s equation in closed form. The complexity of solving the manyelectron Schrödinger’s equation mainly comes from the electron-electron repulsion terms in the Hamiltonian. One may consider a simpler version of the
electronic Hamiltonian without the electron-electron repulsion,
Ĥ =

N
X

ĥ(r̂i ),

(2.1.1)

i=1
M

~2 2 X e 2
Za
∇i −
.
ĥ(r̂i ) = −
2me
4π0 |ri − ra |
a=1

(2.1.2)

Let {φj (ri )} be the set of eigenfunctions of ĥ(r̂i ) with a set of eigenvalues
{εj }, spin orbitals ψ(xi ) are constructed by multiplying φ(ri ), the spatial
orbitals, with the spin functions


φ(ri )α(ωi )
(2.1.3)
ψ(xi ) = or


φ(ri )β(ωi ).
The set {ψj (xi )} is also a set of eigenfunctions of ĥ(r̂i ),
ĥ |ψj i = εj |ψj i .

(2.1.4)

A Hartree product is an eigenfunction of Eq. (2.1.1)
ΨHP (x1 , x2 , ..., xN ) = ψi (x1 )ψj (x2 )...ψk (xN ),

(2.1.5)

Ĥ |ΨHP i = (εi + εj + ... + εk ) |ΨHP i = E |ΨHP i ,

(2.1.6)

such that
where the eigenvalue E is a sum of orbital energies. However a proper solution
to the Schrödinger’s equation should also satisfy the antisymmetric principle
of Eq. (1.0.8). A Slater determinant built from a combination of Hartree
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products satisfies the condition,

Ψ(x1 , x2 , ..., xN ) = (N !)−1/2

ψj (x1 ) · · · ψk (x1 )
ψj (x2 ) · · · ψk (x2 )
..
..
..
.
.
.
ψi (xN ) ψj (xN ) · · · ψk (xN )
ψi (x1 )
ψi (x2 )
..
.

(2.1.7)

as the exchange of two electrons is equivalent to the exchange of two rows or
columns of the determinant which leads to a change of sign, and it has
Ĥ |Ψi = (εi + εj + ... + εk ) |Ψi = E |Ψi .

(2.1.8)

With the notion of Slater determinants, we are in the position to describe
the method of the Hartree-Fock approximation [92]. It is an approximation
to the Schrödinger’s equation, and it is the first step to every numerical calculation that is presented in this thesis, and to many other quantum chemical
calculations. The solutions of the Hartree-Fock approximation are Slater determinants, and the spin orbitals are obtained from an eigenvalue equation,
f̂(r̂i ) |ψa (xi )i = εa |ψa (xi )i ,

(2.1.9)

where f̂ is called a Fock operator,
f̂(r̂i ) = ĥ(r̂i ) + v̂HF (r̂i ),

(2.1.10)

where ĥ(r̂i ) is defined in Eq. (2.1.2), and v̂HF (r̂i ) is an one-electron operator,
a mean potential, averaged over all space and spin coordinates, experienced
by the i electron as a result of the rest of the electrons,
N Z
X


ψb∗ (x)ψb (x)
|ψa (xi )i
v̂HF (r̂i ) |ψa (xi )i =
dx
|r
i − r|
b6=a

N Z
∗
X
4 ψb (x)ψa (x)
−
dx
|ψb (xi )i .
|r
i − r|
b6=a
4

(2.1.11)

Eq. (2.1.9-2.1.11) are derived by minimising the energy of a single Slater
determinant in Schrödinger’s equation through functional variation. Thus
the solution to Eq. (2.1.9) is a ground state approximation of the system, Φ0 .
It is clear that the Fock operator f̂ has functional dependence on its solution
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{ψa }, therefore Eq. (2.1.9) can only be solved iteratively. The iteration starts
from specifying nuclear coordinates, atomic numbers, the number of electrons
N and a set of functions called a basis set {ϕµ (r)}, and it will arrive at a
converged set of spin orbitals {ψa (x)} = {φαa (r)α(ω), φβb (r)β(ω)}, such that
φαa (r) =

K
X

α
ϕµ (r)
Cµa

(2.1.12)

β
Cµa
ϕµ (r),

(2.1.13)

µ=1

φβa (r)

=

K
X
µ=1

β
α
are
and Cµa
where K is the number of basis functions and 2K ≥ N , Cµa
coefficients to be converged. To describe a closed-shell ground state where
every occupied spatial orbital is doubly occupied by two electrons of spins
α
β
α and β, one can assume Cµa
= Cµa
. The Hartree-Fock solution is a Slater
determinant of the occupied orbitals,

Φ0 (x1 , x2 , ..., xN ) = (N !)−1/2

ψ2 (x1 ) · · · ψN (x1 )
ψ2 (x2 ) · · · ψN (x2 )
..
..
..
.
.
.
ψ1 (xN ) ψ2 (xN ) · · · ψN (xN )
ψ1 (x1 )
ψ1 (x2 )
..
.

(2.1.14)

shortened as |Φ0 i = |ψ1 ψ2 ...ψN i or simply |1 2...N i. One should have more
spin orbitals than the occupied orbitals 2K > N produced from the HartreeFock procedure. The extra orbitals are named virtual, unoccupied or particle
orbitals. Other Slater determinants apart from the ground state can be
constructed using the virtual orbitals. The number of distinct combinations
of N orbitals is
 
(2K)!
2K
=
.
(2.1.15)
N
N !(2K − N )!
A singly excited determinant, or an one-hole-one-particle (1h1p) determinant, is constructed by replacing one of the occupied orbitals in |ψ1 ψ2 ...ψa ...ψN i
with a virtual orbital ψr , denoted by
|Φra i = |ψ1 ψ2 ...ψa−1 ψr ψa+1 ...ψN i .

(2.1.16)

Similarly, there are doubly excited (2h2p), triply excited (3h3p), and so
on, determinants that can be constructed, assuming that there are enough
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electrons in the occupied orbitals to be excited from. For instance,
|Φrs
ab i = |ψ1 ψ2 ...ψa−1 ψr ψa+1 ...ψb−1 ψs ψb+1 ...ψN i

(2.1.17)

is a 2h2p determinant where the spin orbitals ψa and ψb are replaced by
virtual orbitals ψr and ψs respectively. Although the excited determinants
are not accurate descriptions of the excited states of the N -electron system,
they act as the basis functions for the expansion of the exact electronic states
of the system. The exact ground state of the system can be expanded into
|Ψ0 i =c0 |Φ0 i +

N
2K
X
X

cra |Φra i

a=1 r=N +1

 2 X
2K X
N X X
1
crs |Φrs i
+
2! a=1 b6=a r=N +1 s6=r ab ab
 2 X X
 2 X X
1
1
rst
rst
rstu
+
cabc |Φabc i +
crstu
abcd |Φabcd i + · · ·
3!
4!
abc rst
abcd rstu
(2.1.18)
Such an expansion is called configuration interaction (CI). An expansion
with all the possible excitation classes like Eq. (2.1.18) is a full CI, while an
expansion truncated to only doubly excited configurations is a doubly excited
CI,
 2 X X
1
rs
crs
(2.1.19)
|Ψ0 i ≈ c0 |Φ0 i +
ab |Φab i .
2!
ab rs
A full CI provides the exact solution to the many-electron problem in the
space spanned by the chosen basis set. If the basis is complete, a full CI
will produce the exact ground and excited states of the system. However,
computationally one can only have a finite basis set. Even with a finite basis
set, it is impractical to perform a full CI as the dimensionality can easily go
up to 109 × 109 for small molecules [92]. Truncated CI methods such as the
doubly excited CI suffer from the problem of size-inconsistency, which means
the energy of two infinitely separated electronic systems A and B does not
equal to the sum of energies of individual systems,
E(A + B) 6= E(A) + E(B).
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(2.1.20)

An alternative to the Hartree-Fock approximation is density functional theory (DFT). The key to DFT is the electron density,
Z
Z
3
n(r) = N d r2 ... d3 rN Ψ∗ (r, r2 , ..., rN )Ψ(r, r2 , ..., rN ).
(2.1.21)
It is clear that n(r) is a functional of Ψ, and the wavefunction Ψ is also a
functional of n(r). Hence the expectation value of an observable Ô is also a
functional of n(r),
O[n] = hΨ[n]| Ô |Ψ[n]i .
(2.1.22)
The electron density n(r) is calculated using the Kohn-Sham equation [93].
Then to calculate a property of a particular system is to find the right functional form of n(r). However, the exact functional is unknown and requires
approximation, which leads to failures in certain calculations such as intermolecular interactions, chemical bond breaking, band gaps and degenerate
states [94].

2.2

Polarisation propagator

The algebraic diagrammatic construction (ADC) schemes for excited states
of closed-shell systems were originally derived as approximations to the polarisation propagator, based on an algebraic reformulation of its diagrammatic
perturbation theory [95]. It was later recognised [96] as being interpretable
as a wave-function method as well. In fact, ADC establishes a connection
between propagator and wavefunction methods. The latter interpretation
comes from the explicit construction of the intermediate state representation (ISR) that gives rise to the ADC form of the propagator, providing an
alternative approach to the hierarchy of the ADC schemes [96, 97].
The formulation in this section will look abstract at first, but eventually
it will connect to solving the many-electron problem. ADC is a Green’s
function method, so the starting point is the definition of the one-particle
Green’s function [98],


Gpq (t, t0 ) = −i hΨ0 | T̂ ĉp (t)ĉ†q (t0 ) |Ψ0 i ,
(2.2.1)
where |Ψ0 i is the exact ground state of a system, ĉ†q (t) and ĉq (t) are creation
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and annihilation operators,
ĉ†q |q1 ...qN i = |q1 ...qN qi ,

(2.2.2)

ĉq |q1 ...qN i = δq,qN |q1 ...qN −1 i − δq,qN −1 |q1 ...qN −2 qN i + ...
+ (−1)N −1 δq,q1 |q2 ...qN i ,
ĉ†q (t) = eiĤt ĉ†q e−iĤt ,

(2.2.3)
(2.2.4)

and T̂ is the time-ordering operator,
(


ĉp (t)ĉ†q (t0 ),
t > t0
† 0
T̂ ĉp (t)ĉq (t ) =
−ĉ†q (t0 )ĉp (t), t < t0

(2.2.5)

where the signs are determined by the parity of the permutation. Eq. (2.2.5)
at t = t0 is undefined as the creation and annihilation operators do not
commute. Replacing the exact ground state |Ψ0 i with the Hartree-Fock
ground state |Φ0 i in Eq. (2.2.1) gives the free Green’s function,
0

G0pq (t, t0 ) = −ie−iεp (t−t ) δpq [θ(t − t0 )(1 − np ) − θ(t0 − t)np ],

(2.2.6)

where θ(t) is the step function,
(
θ(t) =

1, t > 0
0, t < 0

and np is the occupation number of spin orbital p,
(
1, p ≤ N
np =
0, p > N

(2.2.7)

(2.2.8)

The free Green’s function satisfies the equation
(i

∂
− εp )G0pp (t, t0 ) = δ(t − t0 ),
∂t

(2.2.9)

where G0pp (t, t0 ) is the mathematical Green’s function to the differential equation i∂/∂t − εp , therefore the name Green’s function is used in this theory.
The two-particle Green’s function is defined as


Gpq,uv (t1 , t2 ; t01 , t02 ) = (−i)2 hΨ0 | T̂ ĉp (t1 )ĉq (t2 )ĉ†v (t02 )ĉ†u (t01 ) |Ψ0 i . (2.2.10)
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Using the one- and two-particle Green’s functions, we introduce another entity called the particle-hole response function,
Rpq,uv (t1 , t2 ; t01 , t02 ) = Gpq,uv (t1 , t2 ; t01 , t02 ) − Gpu (t1 , t01 )Gqv (t2 , t02 ).

(2.2.11)

And finally, the polarisation propagator is defined as
Πrs,r0 s0 (t, t0 ) = iRrs0 ,sr0 (t, t0 ; t+ , t0+ ),

(2.2.12)

where t+ approaches t from above such that t+ > t, and t+ and t are infinitesimally close.

2.3

Diagrammatic perturbation theory

One can write the Hamiltonian as
Ĥ = Ĥ0 + lim+ e−|t| ĤI ,

(2.3.1)

→0

where e−|t| ensures the convergence of the perturbation expansion of Eq. (2.3.4),
Ĥ0 is the Hartree-Fock Hamiltonian
Ĥ0 =

N
X

f̂(r̂i ),

(2.3.2)

i=1

where f̂(r̂i ) is defined in Eq. (2.1.10), and ĤI is the remainder of the Hamiltonian,
N
N X
X
X
1
e2
−
v̂HF (r̂i ).
ĤI = Ĥ − Ĥ0 =
4π0 |ri − rj | i=1
i=1 j<i

(2.3.3)

Then perturbation expansion, in terms of ĤI (t) = eiĤt ĤI e−iĤt , for the polarisation propagator has the form,
Z
Z ∞
∞
X
(−i)k+1 ∞
0
−|t1 |
Πrs,r0 s0 (t, t ) = lim+
dt1 e
...
dtk e−|tk |
→0
k!
−∞
−∞
k=0
h
i
†
†
0
0
(2.3.4)
0
hΦ0 | T̂ ĤI (t1 )...ĤI (tk )ĉs (t)ĉr (t)ĉr0 (t )ĉs (t ) |Φ0 i
hΦ0 | Û (∞, −∞) |Φ0 i
− iGrs (t, t)Gs0 r0 (t0 , t0 ),
30

where |Φ0 i is the Hartree-Fock ground state in Eq. (2.1.14), and Û (t, t0 ) is
the time evolution operator,
Z
Z t
∞
h
i
X
(−i)k t
−|t1 |
Û (t, t0 ) =
dt1 e
...
dtk e−|tk | T̂ ĤI (t1 )...ĤI (tk )
k!
t0
t0
k=0
(2.3.5)

 Z t

0
=T̂ exp −i
dt0 e−|t | ĤI (t0 ) .
t0

The nth order approximation to the polarisation propagator is produced by
truncating the summation in Eq. (2.3.4) to an upper limit of n,
0

Πrs,r0 s0 (t, t ) =

n
X

(k)

Πrs,r0 s0 (t, t0 ).

(2.3.6)

k=0

The zeroth order perturbation term of the polarisation propagator is
(0)

Πrs,r0 s0 (t, t0 ) = −iG0rr0 (t, t0 )G0s0 s (t0 , t),

(2.3.7)

and the first term is
Z ∞
h
(1)
0
dt1 Vrs0 r0 s G0r (t, t1 )G0s (t1 , t)G0r0 (t1 , t0 )G0s0 (t0 , t1 )
Πrs,r0 s0 (t, t ) =
−∞

−

Vrs0 sr0 G0r (t, t1 )G0s (t1 , t)G0r0 (t1 , t0 )G0s0 (t0 , t1 )

i (2.3.8)
,

where G0p (t, t0 ) = G0pp (t, t0 ), and Vpqrs comes from the two-electron operator
in ĤI ,
Z
Z
1
e2
4
d x1 d4 x2 ψp∗ (x1 )ψq∗ (x2 )
ψr (x1 )ψs (x2 ). (2.3.9)
Vpqrs =
4π0
|r1 − r2 |
(k)

Each term in every Πrs,r0 s0 (t, t0 ) has a Feynman diagram representation.
Therefore the perturbation expansion of the polarisation propagator can be
drawn as a series of diagrams.
The rules for the Feynman diagrams of the polarisation propagator are
as follows [98].
1. For the nth order term of the polarization propagator, draw all topologically distinct connected diagrams with n photon lines and 2n + 2
directed free fermion lines, which start at external vertices (r0 , t0 ) and
(s, t) , and end at external vertices (r, t) and (s0 , t0 ). Every internal
vertex has one fermion line going in, one fermion line going out and
one photon line connected.
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2. Discard all disjoint diagrams, which are cancelled by the second term
in Eq. (2.3.4), −iGrs (t, t)Gs0 r0 (t0 , t0 ).
3. To write down the expression of a diagram, assign particle indices
(u, v, ...) to internal fermion lines, and time arguments (t1 , t2 , ...) to
photon lines. For each fermion line p that connected to two time arguments t1 and t2 , write G0p (t1 , t2 ) where the order of the time arguments
follows the direction of the fermion line such that t1 is ahead of t2 .
If t1 = t2 , write G0p (t1 , t+
1 ) instead. If the fermion line connects two
external vertices r and r0 (or s and s0 ), write G0rr0 (t, t0 ) (or G0s0 s (t0 , t)),
that is the same ordering as the time arguments.
4. For each photon line connecting four fermion lines p, q, r and s, write
Vpqrs where the indices are ordered as left out (p), right out (q), left in
(r) and right in (s).
5. Sum over the internal indices and integrate over internal time arguments.
6. Count the number of closed fermion loop L and multiply by a factor
of (−1)L . Multiply by another −1, if one single fermion line connects
two external vertices. Multiply by an additional in+1 .
The zeroth order Feynman diagram of Eq. (2.3.7) is shown in Fig. (2.3.1),
and the first order Feynman diagrams of Eq. (2.3.8) are shown in Fig. (2.3.2).
r
s
t

r 0 t 0 s0
Figure 2.3.1: Zeroth order Feynman diagram of the polarisation propagator
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(a)

t0
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Figure 2.3.2: First order Feynman diagrams of the polarisation propagator
A disjoint diagram will look like Fig. (2.3.3), where part of the diagram
is not connected to the rest by any line.

Figure 2.3.3: Symbolic illustration of a disjoint Feynman diagram
There is a more compact way to draw the diagrams by replacing the
photon lines with interaction dots. Such diagrams are known as Abrikosov
diagrams. The first order perturbation term reduces to one graph in the
Abrikosov diagram representation shown in Fig. (2.3.4). Then there will be
just five second order diagrams of the polarisation propagator (Fig. 2.3.5).
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Figure 2.3.4: First order Abrikosov diagram of the polarisation propagator

(a)

(b)

(c)

(d)

(e)

Figure 2.3.5: Second order Abrikosov diagrams of the polarisation propagator

2.4

ADC(n) approximation schemes

To connect the polarisation propagator to the many-body problem, we switch
to the energy representation by a Fourier transformation,
Z ∞
Πrs,r0 s0 (ω) =
eiωτ Πrs,r0 s0 (t, t − τ )dτ
−∞

= lim+
η→0

X hΨ0 | ĉ† ĉr |Ψm i hΨm | ĉ†0 ĉs0 |Ψ0 i
s
r
ω
−
E
+
E
+
iη
m
0
m6=0

X hΨ0 | ĉ†0 ĉs0 |Ψm i hΨm | ĉ† ĉr |Ψ0 i
s
r
+ lim+
η→0
−ω
−
E
+
E
+
iη
m
0
m6=0
−
=Π+
rs,r 0 s0 (ω) + Πrs,r 0 s0 (ω),
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(2.4.1)

where |Ψm i and Em are exact excited states and their energies, η is introduced
as a positive infinitesimal to provide an unambiguous way to converge the
integrand,
eiωτ = lim+ eiωτ −ητ ,
(2.4.2)
η→0

and the two parts of the polarisation propagator are connected by
−
Π+
rs,r 0 s0 (ω) = Πs0 r 0 ,sr (−ω).

(2.4.3)

Π+
rs,r 0 s0 (ω) can be rewritten in matrix notation,
Π+ (ω) = x† (ω1 − Ω + iη1)−1 x,

(2.4.4)

where Ω is a diagonal matrix of excitation energies Ωm = Em − E0 , and x is
called the transition amplitude matrix,
x ≡ xm,rs = hΨm | ĉ†r ĉs |Ψ0 i .
One can expand the excited states with another set of states,
X
|Ψm i =
XIm |Ψ̃I i ,

(2.4.5)

(2.4.6)

I

where X is an unitary transformation matrix,
X† X = 1.

(2.4.7)

Then the transition amplitude matrix with the new states is
f ≡ fI,rs = hΨ̃I | ĉ†r ĉs |Ψ0 i .

(2.4.8)

And the polarisation propagator in the new representation becomes
Π+ (ω) = f † (ω1 − M + iη1)−1 f ,

(2.4.9)

M ≡ MIJ = hΨ̃I | Ĥ − E0 |Ψ̃J i .

(2.4.10)

where
Given the matrix M, calculating the excited states and their excitation energies of an electronic system is equivalent to solving the eigenvalue problem,
MX = XΩ.
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(2.4.11)

A set of |Ψ̃I i named intermediate state is constructed in the following
way. First, the correlated excited states (CES) are defined as
|Ψ0I i = Ĉ†I |Ψ0 i ,

(2.4.12)

where the operators Ĉ†I denote the physical excitation operators corresponding respectively to 1h1p, 2h2p etc., excitations,
n
o
Ĉ†I = ĉ†a ĉi ; ĉ†a ĉ†b ĉi ĉj (a < b, i < j)...... ,
(2.4.13)
and Ψ0 is the exact ground state of the system.
The CES basis set is not orthogonal,
hΨ0I |Ψ0J i 6= δIJ hΨ0I |Ψ0J i ,

(2.4.14)

but it is complete in the space of the excited states of the N -electron system
[99] so that any excited state can be written as an expansion of the CES
basis set,
X
|Ψm i =
|Ψ0I i hΨ0I |Ψm i .
(2.4.15)
I

It can be orthonormalised in a two-step procedure, that is to be transformed
into a different set of states where
X
|Ψ̃I i =
|Ψ0J i hΨ0J |Ψ̃I i ,
(2.4.16)
J

hΨ̃I |Ψ̃J i = δIJ .

(2.4.17)

In the first step one performs the Gram-Schmidt orthogonalisation of each
excitation class with respect to all the lower excitation classes. The resulting
states |Ψm#
I i formed in this first step are referred to as precursor states,
m#
hΨm#
|Ψn#
|Ψn#
i
j i = δnm hΨi
j i,

(2.4.18)

where m and n are excitation classes, and i and j are excitations that belong to the excitation classes m and n respectively. The second step is the
symmetric orthonormalisation of the resulting precursor states within each
excitation class, generating the intermediate states,
X
− 21
m#
)ji ,
(2.4.19)
i
=
|Ψ
i
(S
|Ψ̃m
m
i
j
j∈mhmp
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where Sm is the overlap matrix of precursor states of mhmp excitation class,
Sm ≡ Sm,ij = hΨm#
|Ψm#
i
j i.

(2.4.20)

Finally, the intermediate state can be expressed as
|Ψ̃I i = C̃†I |Ψ0 i ,

(2.4.21)

where all the effects of the consecutive orthonormalisations are encoded in
the new creation operators C̃†I , and the excitation indices condense to one
index |Ψ̃m
i i ≡ |Ψ̃I i.
The ADC secular matrix is the representation of the shifted electronic
Hamiltonian operator Ĥ − E0 in the CES space:
MIJ = hΨ̃I | Ĥ − E0 |Ψ̃J i = hΨ0 | C̃I [Ĥ, C̃†J ] |Ψ0 i

(2.4.22)

The exact ground state is approximated by the Møller-Plesset perturbation
theory (MPPT) from the Hartree-Fock ground state |Φ0 i,
[1]

[2]

[3]

|Ψ0 i ≈ |Φ0 i + |Ψ0 i + |Ψ0 i + |Ψ0 i + ...,

(2.4.23)

[1]

in which the first order correction |Ψ0 i contains only double excitations
[2]
(2h2p) with respect to |Φ0 i, while |Ψ0 i contains single, double, triple, and
quadruple excitations.
The Hamiltonian for the MPPT is similar to Eq. (2.3.1),
Ĥ = Ĥ0 + λĤI ,

(2.4.24)

where Ĥ0 and ĤI are defined in Eq. (2.3.2) and Eq. (2.3.3) respectively, and
λ is the Taylor expansion parameter for the ground state wavefunction and
energy, which will be set to unity later,
(0)

|Ψ0 i =

(1)

(2)

E0 = E0 + λE0 + λ2 E0 + · · · ,

(2.4.25)

(0)
|Ψ0 i

(2.4.26)

+

(1)
λ |Ψ0 i

+

(2)
λ2 |Ψ0 i

+ ··· ,

P
(0)
(0)
where |Ψ0 i = |Φ0 i and E0 =
a εa are the Hartree-Fock ground state
and energy. Then the perturbation expansion is obtained by subsituting
Eq. (2.4.25-2.4.26) into the TISE,
(Ĥ0 + λĤI )

∞
X
n=0

(n)

λn |Ψ0 i = (

∞
X
n=0
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(n)

λn E 0 )

∞
X
n=0

(n)

λn |Ψ0 i .

(2.4.27)

Hence, the explicit expressions for the perturbation expansion in Eq. (2.4.252.4.26) can be produced by equating λn .
The excitation energies are obtained solving the eigenvalue problem of
Eq. (2.4.11) and the excited eigenstates of the system are, therefore, given
on the basis of the intermediate states as Eq. (2.4.6).
The hierarchy of ADC(n) approximations is obtained for each order n
by truncating the intermediate state manifold at some limiting excitation
class and, also, by truncating the resulting perturbation expansions for the
included classes in a way consistent with the polarisation propagator approach. For example, at the ADC(2) level the matrix in the whole space of
the system can be represented as
MADC(2) = M[0] + M1,1[1] + M1,1[2] + M1,2[1] + M2,1[1] .

(2.4.28)

Thus, in ADC(2) the perturbation expansion of the secular matrix elements
extends through second, first, and zeroth order in the 1h1p block, the 1h1p2h2p coupling block and the diagonal 2h2p block, respectively. In a similar
way the 1h1p and 1h2p parts of the effective transition amplitudes have
perturbation expansions through second and first order, respectively. An
extension of the ADC scheme, not strictly consistent with the polarisation
propagator and referred to as ADC(2) extended [ADC(2)x], is obtained by
using the first order expansion for the 2h2p block that accounts for the couplings between the 2h2p intermediate states. The ADC(n) schemes are size
consistent and compact relative to the corresponding truncated CI expansions [100–102].

2.5

Stieltjes-Chebyshev moment theory

The Stieltjes imaging technique is based on the assumption that the discretised spectrum above the ionisation threshold allows one to obtain good
approximations for lower spectral moments [95], S(n):
S(n) = hΨ0 | Ô† Ĥn Ô |Ψ0 i ,

(2.5.1)

where Ô is the operator that induces transitions between bound states and
the continuum so that the function one wants to recover is
f (E) = |hΨ0 | Ô |ΨE i|2 ,
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(2.5.2)

where |ΨE i is a continuum state of energy E. It is possible to express the
moments in Eq. (2.5.1) in terms of the exact bound {Ψj } and continuum
{ΨE } eigenstates of the Hamiltonian using the resolution of identity:
Z ∞
X
2
n
E n |hΨ0 | Ô |ΨE i|2 dE.
(2.5.3)
S(n) =
Ej |hΨ0 | Ô |Ψj i| +
Ethreshold

j

Assuming that the function Ô |Ψ0 i is non-zero only within a finite interaction
region, one can express the spectral moments using the resolution of identity
in terms of the calculated discrete eigenstates {Φα } spanning the same finite
region:
X
Eαn |hΨ0 | Ô |Φα i|2 .
(2.5.4)
S(n) ≈
α

The moment problem consists in recovering f (E) from a finite number of its
spectral moments obtained from Eq. (2.5.4). It is important to note that
within the non-relativistic theory the spectral moments S(n) diverge due to
the powers of Eα for n > 1 [103], and thus the Stieltjes imaging approach
must rely on the use of negative spectral moments.
The Stieltjes imaging computational procedure includes construction of
the quadrature pseudospectrum defined by the following 2n equations:
S(−2k) =

n
X

(Eα )−2k fα , k = 1, 2, ..., 2n.

(2.5.5)

α=1

where fα = |hΨ0 | Ô |Φα i|2 . Thus, the first 2n moments reconstructed from the
calculation give rise to an n-term smoothed (n  N ) principal pseudospectra
{Eα , fα }. These quadrature pseudospectra are then used to determine the
cumulative function,


0 < E < E1
0,
Pβ
(n)
F (E) =
(2.5.6)
Eβ < E < Eβ+1
α=1 fα ,

 Pn
α=1 fα = S(0), En < E
which is a histogram-like multi-step function. The cumulative function obtained in this way approximates the exact one, converging to it for large
values of n if the first 2n moments are accurately reproduced by the calculation. This is formally expressed by the Chebyshev relation [104–106] which
shows that F (n) (E) gives upper and lower bounds on F (E) at the points Eα .
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The Stieltjes imaging approximation to f (E) is found by differentiating the
Stieltjes-Chebyshev cumulative function, according to the Stieltjes derivative
definition.

2.6

Lanczos diagonalisation method

Direct application of the Stieltjes imaging procedure requires full diagonalisation of the many-electron [e.g., ADC(n)] Hamiltonian matrix [95]. This
is typically not feasible for ab initio methods going beyond single electronic
excitations, e.g., ADC(2). Ref. [107] proposed to overcome this difficulty
by applying the Stieltjes imaging procedure to the relatively low-dimension
block-Lanczos pseudospectrum of the full ADC(n) Hamiltonian. Within the
Lanczos method [108,109], the Hamiltonian is represented on the basis of the
so-called Lanczos states, ψj , which are obtained by Gram-Schmidt orthogonalisation of the Krylov states from a chosen initial state |ϕ0 i,
|ϕk i = Ĥk |ϕ0 i , k = 0, 1, 2, ..., N − 1,

(2.6.1)

where, in this section, N is the order of Lanczos approximation. The initial
state |ϕ0 i is usually chosen to have maximal overlap with the Hamiltonian
eigenstates that are of interest in the given physical problem. The orthogonalisation produces a set of orthogonal states,
(N )
|Φi i

=

N
−1
X

cij |ϕj i ,

(2.6.2)

j=0
(N )
(N )
hΦi |Φj i

= δij .

(2.6.3)

The Lanczos states of successive orders can be used to construct a series of
approximations to the Hamiltonian. The N th order Lanczos approximation
to Ĥ is of the form
Ĥ

(N )

=

N
X

(N )

(N )

(N )

(N )

|Φj i hΦj | Ĥ |Φk i hΦk | ,

(2.6.4)

j,k=0
(N )

(N )

and is a tridiagonal matrix, i.e., hΦj | Ĥ |Φk i = 0 for |j − k| > 1. The
eigenvalues and eigenvectors of the operator Ĥ(N ) form Lanczos pseudospectrum. With increasing N , the Lanczos pseudospectrum becomes a successively better approximation to the spectrum of Ĥ. A generalisation of the
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Lanczos technique to the case of a set of initial states is called block-Lanczos
method [108]. The Lanczos (block-Lanczos) method is useful not only for
diagonalising Hamiltonian matrices of large dimensions, but can also be used
for the calculation of the spectral moments of the type of Eq. (2.5.4). To this
end, the original Hamiltonian has to be substituted by its Lanczos representation:
N
X
2
n
(N )
)
Sn ≈ S n =
Eα(N ) hΨ0 | D̂ |Φ(N
(2.6.5)
α i .
α=0

While the non-negative moments of the order 0 ≤ n ≤ 2N can be calculated exactly by Eq. (2.6.5) with the appropriate choice of the initial state
(or block of states) [108], the negative moments required for the Stieltjes
imaging can be calculated only approximately. Since the Lanczos (blockLanczos) algorithm approximates most effectively the eigenstate subspace
spanned by the starting vector (or vectors), one has to consider the physical properties of the system when choosing the initial guess. In the case of
photoionisation cross-section the final states of the process that we wish to
resolve are of 1h1p type and have the symmetry of the D̂ |Ψ0 i state. Therefore, we choose our starting vectors for the block-Lanczos iterations as the
full set 1h1p ADC intermediate states of the appropriate symmetry. The
Lanczos-Stieltjes approach has been proved efficient not only for the ground
state photoionisation cross-sections, but also for the autoionisation widths of
excited states [40, 110]. An analogous Lanczos-Stieltjes approach to ground
state photoionisation has been developed for the coupled cluster pseudospectra by Ref. [111]. In this thesis the use the ADC-Lanczos-Stieltjes scheme for
the evaluation of photoionisation and Penning ionisation width is presented.
In the case of Penning ionisation, instead of calculating the transition moments, one calculates the coupling between the initial metastable state X ∗
and the final continuum X + + e− , coupled by Ĥ − E0 (see section 4.1).

2.7

B-spline basis

In order to perform the time-propagation calculations for dynamical systems
such as high harmonic generation, We employ B-spline basis set in addition to
Gaussian-type basis in our ADC method for Eq. (2.1.12-2.1.13). Traditional
basis used in quantum chemistry calculations such as Gaussian-type and
Slater-type orbitals will quickly run into linear dependence problem when
describing oscillating continuum states of a system where the ionised electron
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is far away from the parent molecule. B-splines are piecewise polynomial
functions defined on a grid of points within a interval [0, Rmax ]. Each function
of the B-spline basis starts and ends at certain points on the grid (Fig. 2.7.1).
The basis approaches completeness as the density of the points on the grid
increases and Rmax extends. The structure of the B-spline basis indicates
that it will provide accurate description of the continuum in contrast to
conventional basis sets such as Gaussian-type orbitals.

B-spline basis functions

0.8

0.6

0.4

0.2

0

0

1

2

3

4

5

r (a.u.)

Figure 2.7.1: B-spline basis. Every coloured B-spline function spans a finite
interval inside Rmax .
The B-spline basis function in spherical coordinate has the form
1
Φilm = Bik (r)Ylm (θ, φ),
r

(2.7.1)

where Bik (r) are the radial B-spline functions of polynomial order k (maximum degree k − 1), and Ylm (θ, φ) are the spherical harmonics. The Bik (r)
are defined on a grid of n points,
0 = t1 ≤ t2 ≤ ... ≤ tn = Rmax ,
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(2.7.2)

so that the family of Bik (r) is given by the Cox-de Boor recursion relation [112]
r − ti k−1
ti+k+1 − r k−1
Bi (r) +
B (r),
ti+k − ti
ti+k+1 − ti+1 i+1
(
1, ti ≤ r ≤ ti+1
1
Bi (r) =
.
0, otherwise

Bik (r) =

(2.7.3)
(2.7.4)

The B-spline functions Bik (r) constructed from Eq. (2.7.3) have the following
properties:
• Bik (r) > 0 for r ∈ (ti , ti+k ),
/ (ti , ti+k ),
• Bik (r) = 0 for r ∈
• the family of Bik (r) is not orthogonal for |i − j| < k,
• Bik (r) are normalised.
Given a set of B-spline basis functions Bik (r) over a certain interval [a, b], we
can approximate any function in [a, b] as
f (r) =

n
X

ci Bik (r).

(2.7.5)

i=1

The two-electron integrals between two radial B-spline functions can be carried out numerically with efficiency [113, 114] so that the calculation of twoelectron integrals in B-spline basis is not the major part of the computational
cost in this work. Refining the grid points (2.7.2) leads to the B-splines approaching completeness [115]. By increasing Rmax without changing the density of the grid points, the density of the continuum states increases without
raising linear dependence problem.
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3
3.1

Earlier results
Ground states molecular photo-ionisation
cross-sections by ADC-Lanczos-Stieltjes method

The calculation of photoionisation cross-sections starts from the Hartree-Fock
calculation, where we used Gaussian-type basis sets to obtain the HF ground
state of Eq. (2.1.14) and the molecular orbitals of Eq. (2.1.12-2.1.13). Then
the HF solution is fed to the ADC routine, where we calculated the excited
states of the system as the discretised continuum using Eq. (2.4.11). The
diagonalisation of the Hamiltonian matrices was preformed with Lanczos algorithm. Finally, the function of photoionisation cross-section in Eq. (1.1.1)
was recovered by Stieltjes imaging technique where the ADC ground state
(MPPT ground state), excited states and energies were substituted into
Eq. (2.5.4). The calculation requires the knowledge of many-electron wave
functions belonging to the continuum part of the spectrum. The basic computational problem one faces here is taking into account both the scattering
character of the photoionised state wave function and the electron correlation.
While many well-developed theoretical techniques exist for the description
of atomic photoionisation [1–3, 116, 117], the multi-centre molecular problem
still poses a formidable challenge to the theory. The state of the art theoretical methods for calculation of molecular photoionisation cross-sections
either do not take into account sufficiently the electronic correlation, see,
e.g., Ref. [118–120], or treat the photoionisation continuum rather approximately, see, e.g., Ref. [121]. Highly accurate many-electron wavefunctions
and transition matrix elements are routinely obtained by the post-HartreeFock (post-HF) methods of ab initio quantum chemistry [122–124]. However,
these methods are based on the use of finite sets of square-integrable (typically Gaussian) single-electron basis functions. As a result, the computed
molecular eigenstates in the continuum energy region are discrete. Such
states cannot be used directly in the photoionisation cross-section computation [see Eq. (1.1.1)]. Mathematical technique of Stieltjes-Chebyshev moment
theory can then be used to reconstruct the true photoionisation cross-section
from a finite series of moments [104–106]. The Stieltjes imaging technique
can be seen as a practical and mathematically well defined procedure for
renormalisation and interpolation of the oscillator strength density, starting from a general discretised spectrum formed by energies and oscillator
strengths obtained from an discretised calculation.
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The main computational bottleneck of Stieltjes imaging in its original
formulation [104–106] is the need to fully diagonalise the Hamiltonian of the
system to extract the full spectrum of discretised final states. This effectively restricts the use of the technique to either small systems (e.g., atoms,
diatomics) or to low-accuracy ab initio approximations for the photoionised
states (e.g., single-excitation schemes). Indeed, Hamiltonian matrix dimensions for polyatomic molecules represented using high-quality single-electron
basis sets in computational schemes going beyond single excitations easily
exceed the millions, making these Hamiltonians not amenable to full diagonalisation. This drawback of the Stieltjes imaging technique was realised
early on by Nesbet [125] and a number of methods for overcoming this
problem has been proposed since then [125–128]. Ref. [107] described a
new general approach for application of the Stieltjes imaging technique to
problems involving Hamiltonian matrices of large dimension. Our method
is based on applying the Stieltjes imaging procedure to a relatively small
block-Lanczos pseudospectrum [108, 109] instead of the full spectrum of the
molecular Hamiltonian. In our study we used a hierarchy of ab initio methods
of the ADC type, the proof-of-concept applications included photoionisation
cross-sections of He, Ne, and benzene [107] (it is also shown that a similar
technique can be used for the Stieltjes imaging computations of the decay
widths [40, 110]). An analogous Lanczos-Stieltjes approach has been developed for the coupled cluster pseudospectra by Ref. [111]. Here we present a
systematic study of the accuracy of the ADC-Lanczos-Stieltjes technique using a test set of eight molecules of first-row elements, for which high-quality
experimental cross-sections are available in the literature.
The accuracy of the ADC-Lanczos-Stieltjes method at the ADC(1), ADC(2),
and ADC(2)x levels of the ab initio theory has been tested using a set of
molecules for which accurate experimental total ionisation cross-sections are
available [95]. Construction of the ADC Hamiltonian matrices requires carrying out restricted HF calculations and transforming the electron repulsion
integrals from the atomic orbital basis to the molecular orbital basis. In this
section, these tasks are performed using MOLCAS 7.6 quantum chemical
program package [129]. The standard Gaussian basis sets used in the present
study have been obtained from Ref. [130,131]. Kaufmann-Baumeister-Jungen
(KBJ) continuum-like diffuse Gaussian functions [132] are systematically
used in each calculation to augment the standard basis sets for a strictly
necessary better representation of the discretised electronic continuum. We
restrict the calculated cross-sections to the energy range of up to 100 eV,
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thus including valence-type excitations but excluding excitations of the core
electrons. Stieltjes imaging procedure is carried out in quadruple precision.
The presented photoionisation cross-sections are obtained as interpolation
of the discrete points corresponding to several (up to a maximum of five)
successive Stieltjes orders for which approximate stationarity of the results
is achieved. The interpolation procedure analyses the points generated by
each Stieltjes order and finds which orders satisfy the stationarity condition
within a predetermined maximal deviation. The procedure then merges the
cross-section values belonging to different orders in the stationarity region
into a single data set and finally performs the merged data set interpolation.
For all of the molecules studied in this section, the approximate stationarity
is reached for several consecutive Stieltjes orders between n = 5 and n = 15.
This gives an idea of the number of principal representation states and the
energy resolution it is possible to achieve with the method presented.
The deviation of the ADC-Lanczos-Stieltjes cross-sections from the experimental ones computing their energy-dependent and energy-averaged relative
discrepancies over the covered photon energy region is quantified. For all systems we have used correlation consistent basis sets of the cc-pCV[n]Z type,
with n = T or n = Q depending on the system and on the specific atom
within the molecule; we have seen that the inclusion of large exponents for
the accurate description of the localised core electrons can lead to a significant
improvement in the cross-section. In some cases we have noticed that uncontracting the basis set leads to an improvement in the cross-section, while
in other cases it did not make substantial difference. For every molecule we
have checked the convergence of the results of the spectral moments and of
the cross-section, with respect to the choice of the details of the basis sets,
i.e., with respect to the choice of the number of KBJ exponents and the quality of the cc-type basis set; in this section, only the results obtained using
the basis set at which the convergence has been achieved are presented. In
Table (3.1.1) we denote a fully uncontracted basis set by the prefix UN.
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Table 3.1.1: Details of the ADC-Lanczos-Stieltjes photoionisation crosssection calculations: the basis sets, the dimensions of the ADC(2) matrices,
and the dimensions of the Lanczos pseudospectra for which the converged
cross-sections have been obtained.
Molecule
H2 O
HF
NH3
CH4
C 2 H2
C 2 H4
CH2 O
CO2

Basis set
O:cc-pCVQZ+ (10s10p4d);
H:cc-pVQZ+ (5s5p5d)
F:UN-cc-pCVQZ+ (10s10p10d4f);
H:UN-cc-pVQZ + (6s6p6d2f)
N:UN-cc-pCVTZ+ (5s5p5d);
H:UN-cc-pVTZ + (3s3p)
C:UN-cc-pCVQZ+ (6s6p6d2f);
H:UN-cc-pVTZ + (4s4p2d)
C:cc-pCVTZ + (10s10p10d4f);
H:cc-pVTZ+ (6s6p6d2f)
C:cc-pCVTZ + (7s10p10d4f);
H:cc-pVTZ + (3s3p3d)
C,O:UN-cc-pCVTZ + (2s4p3d);
H:UN-cc-pVTZ + (1s1p)
C,O:cc-pCVTZ + (5s6p6d2f)
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ADC(2)
matrix dim.

Krylov
space dim.

157653

3390

181236

3800

121376

3920

209682

3980

252025

3170

411931

3870

182194

3960

391838

3920

Experimental total photo-ionisation cross-section as well as a series of
Stieltjes imaging results obtained via full diagonalisation of the ADC(1) matrix and block Lanczos diagonalisation of the ADC(2) and ADC(2)x matrices
are reported in Figs. (3.1.1)-(3.1.8) for the molecules considered. The basis
set employed, as well as the dimension of the ADC(2)x matrices and that of
the Lanczos pseudospectrum space for which the convergence in the crosssection has been obtained are reported in Table (3.1.1). The average relative
deviations are reported in Table (3.1.2).
Table 3.1.2: Relative deviations of the ADC-Stieltjes photoionisation crosssections from the experimental results across the energy range of ionisation
threshold to 100 eV.
Molecule
H2 O(%)
HF(%)
NH3 (%)
CH4 (%)
C2 H2 (%)
C2 H4 (%)
CH2 O(%)
CO2 (%)
Average(%)

ADC(1)
16.8
8.1
22.7
27.5
29.5
19.3
24.9
17.8
20.5

ADC(2)
7.9
7.2
19.0
22.5
18.6
15.8
17.5
7.0
14.0

ADC(2)x
7.8
7.6
17.6
17.7
14.6
12.4
16.4
7.1
12.1

Fig. (3.1.1) shows the experimental total photoionisation cross section of
the H2 O molecule as well as a series of Stieltjes imaging results obtained
via full diagonalisation of the ADC(1) matrix and block-Lanczos diagonalisation of the ADC(2) and ADC(2)x Hamiltonian matrices. The details of
the calculations can be found in Table (3.1.1). One can see that the agreement between the experimental and the theoretical cross sections improves
dramatically from ADC(1) to ADC(2) level, but not nearly as much when
going from ADC(2) to the ADC(2)x level. The experimental measurement
in Ref. [21] were performed using the dipole (e,2e) electron scattering technique, in the more recent study [4] the dipole (e,e) spectroscopy technique
has been used, while in Ref. [133] the cross-section is measured directly with
photoabsorption techniques, by use of a double ionisation chamber. The
ADC(2) and the ADC(2)x results essentially coincide with the newer experimental data [4,133] (apart from the sharp feature at 15 eV), but show visible
48

deviation from the older experimental results around 20-30 eV [21]. In Table
(3.1.2) we cite relative deviations of the theoretical results from the newer
experimental data.
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Figure 3.1.1: Total photoionisation cross-section of H2 O. Triangles - experimental result of Ref. [21], crosses - experimental results of Ref. [133], squares experimental result of Ref. [4], dashed-dotted line - ADC(1)-Stieltjes result,
dashed line - ADC(2)-Lanczos-Stieltjes cross-section obtained using blockLanczos pseudospectrum of 3390 eigenvalues and eigenvectors, full line ADC(2)x-Lanczos-Stieltjes cross-section obtained using block-Lanczos pseudospectrum of 3390 eigenvalues and eigenvectors. From Ref. [95].
Fig. (3.1.2) shows the experimental total photoionisation cross-section of
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the HF molecule as well as a series of Stieltjes imaging results obtained via
full diagonalisation of the ADC(1) matrix and block-Lanczos diagonalisation
of the ADC(2) and ADC(2)x Hamiltonian matrices. The details of the calculations can be found in Table (3.1.1). The most recent experimental result we
have found is from 1981 and the experimental method used in that work [5]
is the magic-angle dipole (e,2e) spectroscopy technique. We observe that
our theoretical results are in good agreement with the previous theoretical
multichannel random phase approximation results of Ref. [6] and the most
recent coupled cluster results of Ref. [111].
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Figure 3.1.2: Total photoionisation cross-section of HF. Squares - experimental result of Ref. [5], dashed-dotted line - ADC(1)-Stieltjes result, dashed
line - ADC(2)-Lanczos-Stieltjes cross-section obtained using block-Lanczos
pseudospectrum of 3800 eigenvalues and eigenvectors, full line - ADC(2)xLanczos-Stieltjes cross-section obtained using block-Lanczos pseudospectrum
of 3800 eigenvalues and eigenvectors. From Ref. [95].
Fig. (3.1.3) shows the experimental total photoionisation cross section of
the NH3 molecule as well as a series of Stieltjes imaging results obtained via
full diagonalisation of the ADC(1) matrix and block-Lanczos diagonalisation
of the ADC(2) and ADC(2)x Hamiltonian matrices. The details of the calculations can be found in Table (3.1.1). As in the case of H2 O and HF, one can
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see that the agreement between the experimental and the theoretical cross
sections improves with the order of the ADC scheme, with the difference between ADC(1) and ADC(2) being more critical than between ADC(2) and
ADC(2)x. The experimental measurements in Ref. [8] were performed using
the dipole (e,e) spectroscopy technique, while in Ref. [7] the cross-section is
measured directly by use of a double ionisation chamber. Average relative
deviations of the computed NH3 cross-sections from the experimental one [8]
are given in Table (3.1.2). The main contribution to the deviation comes
from the tail of the cross-section in the energy range above 60 eV.
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Figure 3.1.3: Total photoionisation cross-section of NH3 . Squares - experimental result of Ref. [7], crosses - experimental result of Ref. [8], dasheddotted line - ADC(1)-Stieltjes result, dashed line - ADC(2)-Lanczos-Stieltjes
cross-section obtained using block-Lanczos pseudospectrum of 3920 eigenvalues and eigenvectors, full line - ADC(2)x-Lanczos-Stieltjes cross-section
obtained using block-Lanczos pseudospectrum of 3920 eigenvalues and eigenvectors. From Ref. [95].
Fig. (3.1.4) shows the experimental total photoionisation cross section of
the CH4 molecule as well as a series of Stieltjes imaging results obtained via
full diagonalisation of the ADC(1) matrix and block-Lanczos diagonalisation
of the ADC(2) and ADC(2)x Hamiltonian matrices. The details of the cal53

culations can be found in Table (3.1.1). The experimental measurement in
Ref. [9] were performed using the dipole (e,e) spectroscopy technique. One
can see that the agreement between the experimental and the theoretical
cross sections improves with the order of the ADC scheme. The highest
order ADC(2)x result essentially coincides with the experimental one apart
from the value at the peak that is underestimated by about 5 Mb. This
underestimation of the maximum height of the peak is characteristic to some
degree of the computed photoabsorption cross-sections of C2 H2 and C2 H4
(see below). Average relative deviations of the computed CH4 cross-sections
from the experimental one are given in Table (3.1.2).
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Figure 3.1.4: Total photoionisation cross-section of CH4 . Squares - experimental result of Ref. [9], dashed-dotted line - ADC(1)-Stieltjes result, dashed
line - ADC(2)-Lanczos-Stieltjes cross-section obtained using block-Lanczos
pseudospectrum of 3980 eigenvalues and eigenvectors, full line - ADC(2)xLanczos-Stieltjes cross-section obtained using block-Lanczos pseudospectrum
of 3980 eigenvalues and eigenvectors. From Ref. [95].
Fig. (3.1.5) shows the experimental total photoionisation cross section of
the C2 H2 molecule as well as a series of Stieltjes imaging results obtained
via full diagonalisation of the ADC(1) matrix and block-Lanczos diagonalisation of the ADC(2) and ADC(2)x Hamiltonian matrices. The details of the
calculations can be found in Table (3.1.1). C2 H2 photoionisation has been
well studied theoretically, in particular sharp resonance features in the fixed55

geometry valence cross-sections has been revealed [10]. The limited resolution of the Stieltjes imaging procedure does not allow to reproduce such fine
structures, however, due to vibrational broadening the experimental values
can be directly compared to the Stieltjes imaging results. Among the available experimental data, the most recent and extended set has been reported
by Ref. [11], who deduced it using dipole (e,e) and (e,e-ion) spectroscopies
and we have chosen these data to compare our theoretical cross-section with.
The same experimental method has been used by Cooper et al. to measure the photoabsorption cross-sections of C2 H4 and CH4 . One can see that
the agreement between the experimental and the theoretical cross sections
improves with the order of the ADC scheme. In particular, the position of
the cross-section main peak at 15.5 eV is reproduced essentially exactly by
the ADC(2)x scheme. The height of the peak is smaller with respect to the
experimental measured value, being underestimated by about 5 Mb as in the
case for CH4 . This difference is due to the energy resolution of the Stieltjes
imaging procedure. For the same reason also the double hump structure in
the energy region between 13 eV and 16 eV is only approximately reproduced
by our Stieltjes imaging cross-section, resulting in a small shoulder at 13 eV.
Average relative deviations of the computed C2 H2 cross-sections from the
experimental one are given in Table (3.1.2).
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Figure 3.1.5: Total photoionisation cross-section of C2 H2 . Squares - experimental result of Ref. [11], dashed-dotted line - ADC(1)-Stieltjes result,
dashed line - ADC(2)-Lanczos-Stieltjes cross-section obtained using blockLanczos pseudospectrum of 3170 eigenvalues and eigenvectors, full line ADC(2)x-Lanczos-Stieltjes cross-section obtained using block-Lanczos pseudospectrum of 3170 eigenvalues and eigenvectors. From Ref. [95].
Fig. (3.1.6) shows the experimental total photoionisation cross section of
the C2 H4 molecule as well as a series of Stieltjes imaging results obtained
via full diagonalisation of the ADC(1) matrix and block-Lanczos diagonalisation of the ADC(2) and ADC(2)x Hamiltonian matrices. The details of the
calculations can be found in Table (3.1.1). The experimental measurement
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in Ref. [12] were performed using the dipole (e,e) spectroscopy technique.
One can see that the agreement between the experimental and the theoretical cross sections improves significantly from the ADC(1) to the ADC(2)
scheme. The highest order ADC(2)x result, while more accurate in the tail
region from 30 eV to 100 eV, does not improve the agreement with the experimental one in the main peak region. As in the case of C2 H2 , also the
C2 H4 cross-section exhibits a sharp double hump structure in the energy region around 18 eV at the top of the peak, which is missed by both ADC(2)
and ADC(2)x and is attributed to the resolution of the Stieltjes imaging. On
the contrary, the maximum value of the measured cross-section (≈ 61 Mb) is
better reproduced, comparing to CH4 and C2 H2 . Average relative deviations
of the computed C2 H4 cross-sections from the experimental one are given in
Table (3.1.2).
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Figure 3.1.6: Total photoionisation cross-section of C2 H4 . Squares - experimental result of Ref. [12], dashed-dotted line - ADC(1)-Stieltjes result,
dashed line - ADC(2)-Lanczos-Stieltjes cross-section obtained using blockLanczos pseudospectrum of 3870 eigenvalues and eigenvectors, full line ADC(2)x-Lanczos-Stieltjes cross-section obtained using block-Lanczos pseudospectrum of 3870 eigenvalues and eigenvectors. From Ref. [95].
Fig. (3.1.7) shows the experimental total photoionisation cross section of
the CH2 O molecule as well as a series of Stieltjes imaging results obtained via
full diagonalisation of the ADC(1) matrix and block-Lanczos diagonalisation
of the ADC(2) and ADC(2)x Hamiltonian matrices. The details of the calculations can be found in Table (3.1.1). The experimental measurements in
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Ref. [13] were performed using the dipole (e,e) spectroscopy technique. One
can see that the agreement between the experimental and the theoretical
cross sections improves with the order of the ADC scheme. Both ADC(2)
and ADC(2)x methods struggle to reproduce the very sharp peak near 13 eV
and the structure of the main peak at 18-20 eV, but give a better representation of the tail of the cross-section than the ADC(1) result. Average relative
deviations of the computed CH2 O cross-sections from the experimental one
are given in Table (3.1.2). As in the case of NH3 , the main contribution to
the average deviation comes from the tail of the cross-section, in the energy
range above 30 eV.
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Figure 3.1.7: Total photoionisation cross-section of CH2 O. Squares - experimental result of Ref. [13], dashed-dotted line - ADC(1)-Stieltjes result,
dashed line - ADC(2)-Lanczos-Stieltjes cross-section obtained using blockLanczos pseudospectrum of 3960 eigenvalues and eigenvectors, full line ADC(2)x-Lanczos-Stieltjes cross-section obtained using block-Lanczos pseudospectrum of 3960 eigenvalues and eigenvectors. From Ref. [95].
Fig. (3.1.8) shows the experimental total photoionisation cross section of
the CO2 molecule as well as a series of Stieltjes imaging results obtained via
full diagonalisation of the ADC(1) matrix and block-Lanczos diagonalisation
of the ADC(2) and ADC(2)x Hamiltonian matrices. The details of the calculations can be found in Table (3.1.1). The experimental measurements in
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Ref. [14] were performed using the dipole (e,e) spectroscopy technique. One
can see that the agreement between the experimental and the theoretical
cross sections improves with the order of the ADC scheme. The double narrow peak at near 20 eV is reproduced by Stieltjes imaging as a single peak.
The main difference between the ADC(2) and ADC(2)x results is in the region of the cross-section minimum that is described more accurately by the
ADC(2)x scheme.
Finally, the oscillations present in the experimental cross section in the
30-60 eV range are missed completely by the ADC(1) result and they are
not yet fully reproduced by the second order ADC(2) and ADC(2)x Stieltjes
imaging results. More specifically we observe that the first plateau around
35 eV is well reproduced by both second order methods, while the second
one at 55 eV is not. This is due to the low resolution of the converged
Stieltjes orders, interpolated to obtain the cross-sections, in the 45-65 eV
energy range. Average relative deviations of the computed CO2 cross-sections
from the experimental one are given in Table (3.1.2).
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Figure 3.1.8: Total photoionisation cross-section of CO2 . Squares - experimental result of Ref. [14], dashed-dotted line - ADC(1)-Stieltjes result,
dashed line - ADC(2)-Lanczos-Stieltjes cross-section obtained using blockLanczos pseudospectrum of 3920 eigenvalues and eigenvectors, full line ADC(2)x-Lanczos-Stieltjes cross-section obtained using block-Lanczos pseudospectrum of 3920 eigenvalues and eigenvectors. From Ref. [95].
Stieltjes imaging has been long established as an efficient way of calculation of total photoionisation cross-sections using discretised continuum
pseudospectra of the final states. However, the accuracy of this technique
is limited by both the ability of the chosen basis set to represent continuum
functions within the interaction volume and the numerical instability of the
63

computational algorithm of the Stieltjes-Chebyshev moment theory. In view
of these limitations, it could be doubted that improving the many-body theoretical description of the ionised system leads to significantly better crosssections justifying the required higher numerical effort. Indeed, the resulting
difference in the calculated cross-sections might fall within the margins of the
inaccuracy incurred by the basis set and the Stieltjes imaging procedure. The
first results on ADC-Lanczos-Stieltjes method [107], indicate that this is actually not the case and full inclusion of double electronic excitations does lead
to more accurate Stieltjes imaging cross-sections. However, the initial work
dealt only with two atomic and one molecular system. Within the specific
family of post-HF many-electron methods used here (ADC), ADC(2) leads
to clear, substantial improvement over the single-excitation ADC(1) theory
for all molecules considered, while for some of them, even a more demanding
ADC(2)x level of theory leads to better agreement with the available experimental data (see Table 3.1.2). On average, the precision gain achieved with
ADC(2)x relative to ADC(2) in the considered energy window (from ionisation threshold up to 100 eV) is about three times smaller than the precision
gain of ADC(2) relative to the single-excitation ADC(1) method. It is instructive to analyse the relative deviations of the three ab initio methods as
function of photon energy Fig. (3.1.9). Indeed, one observes that below 60
eV both ADC(2) and ADC(2)x methods lead to impressive agreement with
experiment with the relative deviations below 10%. At higher photon energies inaccuracy of all the ADC schemes grows reaching 20% level around 80
eV. Since this behaviour does not depend on the level of ab initio theory, we
conclude that it has to do with the limitations of the Gaussian single-electron
basis sets. This first work establishes the ADC-Lanczos-Stieltjes method as
an efficient and reasonably accurate technique for molecular cross-sections
in the valence region. Indeed, even within an unoptimised straightforward
implementation of the method on the Intel Core i7-2600 processor, typical
CPU time required for the cross-section calculations presented here is of the
order of a few hours.
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Figure 3.1.9: Relative deviations of the ADC-Stieltjes photoionisation crosssections from the experimental results averaged on the eight molecules calculated as a function of the energy in the energy range of ionisation threshold to 100 eV. Dashed-dotted line - ADC(1)-Stieltjes result, dashed line ADC(2)-Lanczos-Stieltjes cross-section, full line - ADC(2)x-Lanczos-Stieltjes
cross-section. From Ref. [95].

3.2

Excited states molecular photo-ionisation
cross-sections by ADC-Lanczos-Stieltjes method

We have also extended the ab initio method for ground states molecular photoionisation cross-sections to the calculation of total photoionisation cross65

sections of molecules in electronically excited states [134]. The computational
procedure is similar to the one described in section 3.1, except the initial
state in Eq. (1.1.1) is an excited state rather than the ground state. The
basic physical difference between the ground state and the excited state photoionisation becomes apparent if one considers these processes qualitatively
as transitions between single electronic configurations within the frozen orbital approach, see Fig. (3.2.1). Indeed, from Eq. (2.1.14), one can easily
see that the HF ground state can only be excited into a 1h1p configuration,
while a 1h1p excited state can be excited both to another 1h1p and to a
2h2p configurations. This simple qualitative argument suggests that inclusion of the 2h2p configurations into the photoionisation theory is essential
for the excited state processes. In what follows, we shall test the validity
of this conclusion quantitatively. In order to investigate how the different
levels of ab initio theory work for the excited state photoionisation, we have
performed calculations for different excited states of three molecules: N2 ,
CO, and H2 O, one of which (N2 ) has been investigated experimentally in
Ref. [26]. The calculated vertical and (for CO and N2 ) adiabatic ADC(2)
and ADC(2)x excitation energies of the electronic states considered in this
work are reported in Table (3.2.1), together with the corresponding experimental values (the basis sets used for the ADC calculations are reported
further below). The lowest lying singlet excited state of water, 11 B1 is a
rapidly dissociating state, leading to the H(2 S) and OH(X 2 Π) formation as
has been shown both experimentally [135, 136] and theoretically [137]. The
next 11 A2 excited electronic state of water is dipole forbidden and has been
identified by electron-impact energy-loss spectroscopy [138]. The 11 A2 state
is also predicted to be dissociative and, similarly to the lower 11 B1 state,
is thought to be involved in the pre-dissociation processes of higher lying
states [137, 139]. Thus, Table (3.2.1) gives no adiabatic excitation energies
for the water excited states.
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Figure 3.2.1: Schematic representation of a two-step dipole excitation process within simple frozen orbital approach. In the first step, HF ground state
is excited by dipole (i.e., a single-electron operator) to singly excited configurations (1h1p’s), whereas in the second step each 1h1p can be excited to
both 1h1p’s and 2h2p’s.
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Table 3.2.1: Comparison between the ADC(2) and ADC(2)x values and the
experimental values for the vertical and adiabatic excitation energies of the
1 −
11 B1 , 11 A2 excited states of water, the 11 Π+
g and 1 Σu excited states of N2 ,
1
1 −
and the 1 Π and 1 Σ excited states of CO.

State
H2 O 1 1 B 1
H2 O 1 1 A 2
CO 11 Π
CO 11 Σ−
N2 1 1 Π+
g
N2 1 1 Σ −
u

ADC(2)
7.18
8.82
8.85
10.15
9.55
10.31

CO 11 Π
CO 11 Σ−
N2 1 1 Π+
g
N2 1 1 Σ −
u

8.11
7.57
8.58
8.69

Vertical excitation energies (eV)
ADC(2)x
6.98
8.63
8.32
9.64
8.98
10.13
Adiabatic excitation energies (eV)
7.63
7.12
8.10
8.40

Experimental
7.40-7.46a,b,c,d,e
9.09b
8.51f
9.88f
9.31g
9.92g
8.07h
8.07h
8.59h
8.45h

The results we obtain for the vertical excitation energies are in a very
good agreement with the experimental ones and constitute an improvement
over the previously reported ADC results [147] due to the larger basis sets we
use in this calculation. Our calculated adiabatic excitation energies are also
in a good agreement with the experimental values, apart from the CO 11 Σ−
state, where a larger discrepancy is observed. It should be noted that ADC
schemes are all based on HF solution of the ground state and their accuracy
is expected to deteriorate at internuclear distances significantly larger than
the ground state equilibrium geometry. Among the excited states considered
here, CO 11 Σ− state shows the largest distortion of the excited state geometry relative to the ground state one, and the available precise computations
a

Ref.
Ref.
c
Ref.
d
Ref.
e
Ref.
f
Ref.
g
Ref.
h
Ref.
b

[140]
[138]
[141]
[142]
[143]
[144]
[145]
[146]
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of the corresponding adiabatic transition energy are based on the multiconfigurational and multireference approaches [148, 149]. For almost all excited
states considered, the extended ADC(2)x does not lead to a clear improvement over ADC(2), as could be expected for the states dominated by single
excitations. The experimental-theoretical discrepancies in the vertical excitation energies of water in Table (3.2.1) partly result from the assignment of
the experimental value as the maximum of the band rather than its centre of
gravity (see Ref. [150] for the detailed analysis in the harmonic approximation). The discrepancies between the ADC and the experimental adiabatic
excitation energies are affected by the lack of correction of the theoretical
values for the zero point energy differences. Apart from the CO 11 Σ− state
mentioned above, our ADC results are found to be in a very good agreement
with previous theoretical calculations of the vertical and adiabatic excitation
energies, see Ref. [151, 152].
Fig. (3.2.2) and (3.2.3) show the total photoionisation cross-sections of
the H2 O molecule in the first 11 B1 and the second 11 A2 electronically excited
states, as a result of the Stieltjes imaging technique applied to the pseudospectra obtained via full diagonalisation of the ADC(1) matrix and blockLanczos diagonalisation of the ADC(2) and ADC(2)x Hamiltonian matrices
in the dipole-allowed final symmetry spaces. Every cross-section reported in
this section is drawn as a function of the photon energy, starting from the
calculated photoionisation threshold of the respective initial excited bound
state.
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Figure 3.2.2: Total photoionisation cross-section of the H2 O molecule from
the first 11 B1 electronically excited state at the ground state equilibrium
geometry (a) and at the excited state saddle point geometry (b) (see text
for details). Dashed-dotted line - ADC(1)-Stieltjes, dashed line - ADC(2)Lanczos-Stieltjes, full line - ADC(2)x-Lanczos-Stieltjes. Note the expanded
scale of the photon energy axis below 15 eV. See Table (3.2.2) for computational details. From Ref. [134].
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Figure 3.2.3: Total photoionisation cross-section of the H2 O molecule from
the second 11 A2 electronically excited state at the ground state equilibrium
geometry (a) and at the excited state saddle point geometry (b) (see text
for details). Dashed-dotted line - ADC(1)-Stieltjes, dashed line - ADC(2)Lanczos-Stieltjes, full line - ADC(2)x-Lanczos-Stieltjes. Note the expanded
scale of the photon energy axis below 15 eV. See Table (3.2.2) for computational details. From Ref. [134].
The basis set employed, as well as the dimension of the ADC(2)x matrices
and that of the Lanczos pseudospectrum space for which the convergence
in the cross-section has been obtained are reported in Table (3.2.2). In
both cases, the cross-sections have been calculated for two different nuclear
geometries: the equilibrium ground state geometry and the lowest energy C2v
geometries for the lowest excited states of H2 O as calculated in Ref. [152].
The latter geometries correspond to the saddle points of the dissociative full
potential energy hypersurfaces of the excited water molecule.
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Table 3.2.2: The basis sets employed, the dimension of the ADC(2)x matrices
in the initial and in the final dipole-allowed symmetry spaces, and the dimension of the final space Lanczos pseudospectrum, for which the converged
cross-section has been obtained, are reported for each molecular initial excited state studied in this section.
Molecular
state
H2 O 1 1 B 1
H2 O 1 1 A 2
N2 1 1 Π+
g
N2 1 1 Σ −
u
CO 11 Π
CO 11 Σ−

Basis set
cc-pVTZ + O(10s7p6d);
H(3s3p2d)
cc-pVTZ + O(10s10p4d);
H(3s3p2d)
N:cc-pCVTZ+(6s9p6d3f)
N:cc-pCVTZ+(9s9p9d6f)
C,O:cc-pVDZ+(4s6p5d)
C,O:cc-pVTZ+(4s6p5d2f)

Initial
dim.

Final
dim.

Krylov
dim.

46507

49785

6025

45695

48665

8000

82777
125292
40749
88704

87431
131499
44016
93744

9600
11580
6700
10000

At the photon energies close to threshold, all three methods give similar
results for the cross-section, with the quantitative differences being comparable to those obtained for ground state photoionisation. However, throughout
the > 20 eV photon energy range at both geometries, the ADC(1) crosssection represents just a small fraction of the total one predicted by the
ADC(2) and the ADC(2)x methods. The main cross-section peak is simply
absent from the ADC(1) result. This inadequacy of the single excitation theory can be easily explained by our qualitative considerations [see Fig. (3.2.1)].
Indeed, the ADC(2) method produces a much larger cross-section because it
takes into account the Slater-Condon-allowed transitions to the doubly excited final states. The dramatic change in the cross-section profile occurring
when going from the single excitation to the double excitation methods tells
us that the photoionisation channels leaving the molecular ion in an excited
state are not only significantly, but are actually starting to be the dominant
ones already about 10 eV above threshold.
Contrary to the situation with the ground state cross-sections, the ADC(2)
cross-sections differ quite strongly from the ADC(2)x ones. Once the 2h2p
final states become important, the interactions between the 2h2p configurations, first taken into account in the ADC(2)x method, start playing a role
as well. Looking, for example, at the photoionisation cross-section from the
11 B1 state calculated at the ground state nuclear geometry we see that the
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ADC(2)x peak energy is shifted by around 8 eV with respect to the ADC(2)
value. The difference is appreciable also in the 60-100 eV energy range in
which the ADC(2)x cross-section is considerably lower than the ADC(2)
prediction [see Fig. (3.2.2)]. The difference between the ADC(2) and the
ADC(2)x results is even more appreciable in the cross-section from the 11 A2
state [see Fig. (3.2.3)].
In our previous ground state calculations, we have used starting Lanczos
blocks consisting of all 1h1p intermediate states, |Ψ̃I i. In the present excited state calculations, this strategy is no longer the optimal one, because
of the importance of the doubly excited configurations in the final states of
the absorption process. Instead, we have found it beneficial to use a bigger
starting block also consisting of the first N double excitations with the greatest dipole transition moments from the initial state, hΨ̃2 | D̂ |ΨIn i calculated
at the ADC(2) level. In the case of the first 11 B1 excited state of the H2 O
molecule, the latter approach with N = 100 leads to convergence after only
25 iterations, i.e., with 6025 Lanczos vectors in contrast with the previous
(N = 0) approach where the Lanczos vectors used would be 15665 (more
than twice as much iterations). We have done every calculation reported in
this section using both schemes for the initial block and we have checked that
both cases lead to the same convergent cross-section. Unfortunately, when
the strict ADC(2) method is used, the scheme including the 2h2p’s into the
initial block is not applicable, because the nature of the Hamiltonian matrix
leads in that case to exact linear dependence in the Krylov space immediately after the first Lanczos iteration. This is due to the fact that the double
excitations block in the strict ADC(2) method is diagonal, and therefore the
result of the action of the Hamiltonian on any doubly excited state is a linear
combination of this state and of all the 1h1p states it is coupled to. In other
words, Hamiltonian action leads in this case to a state lying in the starting
Krylov space.
Simple qualitative considerations [see Fig. (3.2.1)] suggest that the central
feature of the excited state cross-sections, namely, the importance of the double excitations, should not depend crucially on the molecular geometry. Our
calculations performed at the saddle point geometry of the 11 B1 excited water molecule [see Fig. (3.2.2)] show that this is indeed the case. The dramatic
differences between the ADC(1) and the doubly excited ADC(2)-ADC(2)x
calculated cross-sections are still present at the modified nuclear geometry.
The same turns out to be true for all the excited states cross-sections studied
in this section. We nevertheless observe some modifications in the excited
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states ADC(2) and ADC(2)x cross-sections depending on the nuclear geometry; in the case of the water 11 B1 state the main peak shifts of about 3 eV
with respect to the ground state equilibrium geometry energy position value,
both in the ADC(2) and ADC(2)x cross-sections. Differently with respect
to the ADC(2) cross-section, where the peak maximum increases by about
5 Mb, the height of the peak in the ADC(2)x result at the excited state
equilibrium geometry shows a slight decrease. The cross-section dependence
on nuclear positions show up a bit stronger in the 11 A2 excited state, where
both the ADC(2) and the ADC(2)x peaks are shifted of about 3 and 7 eV,
respectively, with the ADC(2) height being increased of about 14 Mb while
the ADC(2)x one being decreased by about 3 Mb at the excited state saddle
point geometry [Fig. (3.2.3)].
In Figs. (3.2.4)-(3.2.7) we report the total photoionisation cross-sections,
computed with the Stieltjes imaging technique applied to the full diagonalisation pseudo-spectrum of the ADC(1) matrix and the block-Lanczos
diagonalisation pseudo-spectra of the ADC(2) and ADC(2)x Hamiltonian
matrices, calculated fixing as starting state for the absorption process, respectively, the first 11 Πg , the second 11 Σ−
u excited states of the N2 molecule
1
1 −
and the first 1 Π and the second 1 Σ excited states of the CO molecule.
The basis set employed, as well as the dimension of the ADC(2)x matrices
and that of the Lanczos pseudospectrum space for which the convergence in
the cross-section has been obtained are reported in Table (3.2.2). For all of
these excited states, the calculations are computed at two different nuclear
geometries, the ground state equilibrium one and the specific excited state
equilibrium one as taken from Ref. [146].
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Figure 3.2.4: Total photoionisation cross-section of the N2 molecule from the
first 11 Σ−
u electronically excited state in the ground state (a) and excited state
(b) equilibrium geometries. Dashed-dotted line - ADC(1)-Stieltjes, dashed
line - ADC(2)-Lanczos-Stieltjes, full line - ADC(2)x-Lanczos-Stieltjes. Note
the expanded scale of the photon energy axis below 15 eV. See Table (3.2.2)
for computational details. From Ref. [134].
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Figure 3.2.5: Total photoionisation cross section of the N2 molecule from the
second 11 Πg electronically excited state in the ground state (a) and excited
state (b) equilibrium geometries. Dashed-dotted line - ADC(1)-Stieltjes,
dashed line - ADC(2)-Lanczos-Stieltjes, full line - ADC(2)x-Lanczos-Stieltjes.
Note the expanded scale of the photon energy axis below 15 eV. See Table
(3.2.2) for computational details. From Ref. [134].
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Figure 3.2.6: Total photoionisation cross-section of the CO molecule from the
first 11 Π electronically excited state in the ground state (a) and excited state
(b) equilibrium geometries. Dashed-dotted line - ADC(1)-Stieltjes, dashed
line - ADC(2)-Lanczos-Stieltjes, full line - ADC(2)x-Lanczos-Stieltjes. Note
the expanded scale of the photon energy axis below 15 eV. See Table (3.2.2)
for computational details. From Ref. [134].
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Figure 3.2.7: Total photoionisation cross-section of the CO molecule from
the second 11 Σ− electronically excited state in the ground state (a) and excited state (b) nuclear equilibrium geometry. Dashed-dotted line - ADC(1)Stieltjes, dashed line - ADC(2)-Lanczos-Stieltjes, full line - ADC(2)xLanczos-Stieltjes. Note the expanded scale of the photon energy axis below
15 eV. See Table (3.2.2) for computational details. From Ref. [134].
The difference between the ADC(2) and the ADC(2)x cross-sections at
the ground state nuclear equilibrium geometry is even more evident in the N2
and CO molecules than in water. However, in the excited states of the N2 and
CO molecules studied in this section, we notice that, in general, the ADC(2)x
cross-sections show smaller dependence, if any, with respect to the nuclear
geometry in comparison to the strict ADC(2) ones. Therefore, the difference
between the two methods calculated cross-sections tends to increase with
distortion of the nuclear equilibrium geometry, even if not as much as it does
in the case of the 11 A2 excited state cross-section of water molecule. For all
the four states considered, the ADC(2)x cross-section, in the nuclear ground
state equilibrium geometry, exhibits a smaller peak at a lower energy with
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respect to the ADC(2) one, this behaviour has being confirmed at different
nuclear geometries as well. Apart from the near-threshold energy region, the
ADC(1) cross-sections are found to be strongly suppressed in comparison
with the ones calculated using double excitation theories. Qualitatively, one
could expect a single excitation theory to fail starting from the energy region
of the first satellite (2h1p-like) states of the ionised system giving rise to
the 2h2p-like final photoionisation states. For the molecules considered here,
the satellites in the molecular ion spectra first appear about 10 eV above the
ground state of the ion (see, e.g., Ref. [153]), and indeed in this energy region,
the ADC(2)x results already differ strongly from the ADC(1) ones; on the
other hand, the strict ADC(2) ones start to considerably differ from the single
excitation theory results at slightly higher energies [see Figs. (3.2.2)-(3.2.7)].
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4
4.1

Total Penning ionisation widths
Theory for Penning ionisation

Following Ref. [33] and Ref. [32], the formula for Penning ionisation width
for a single final state (single channel) has been given by Ref. [34]
2

Γ(R) = 2π hΨE0 | Ĥ − E0 |Ψ0 i ,

(4.1.1)

where E0 is the energy of the initial state A∗ + B, calculated as the expectation value of the electronic Hamiltonian Ĥ with the initial (bound-like)
state wavefunction, Ψ0 , and ΨE0 is the wavefunction of the final (continuum)
states, having the same energy E0 due to energy conservation [30]. The
wavefunctions satisfy the normalisation conditions
hΨ0 |Ψ0 i = 1,
hΨE |ΨE 0 i = δ(E − E 0 ).

(4.1.2)
(4.1.3)

One notices that the orthogonality between Ψ0 and ΨE0 is not required. It
is due to the −E0 term in Eq. (4.1.1), which compensates for any overlap
between the initial and the final state subspaces.
To construct the wavefunctions, Ψ0 and ΨE , we employ the ADC schemes.
For Penning ionisation calculations, ADC(2)x scheme was used. Both the
initial and the final states of Penning ionisation are of the 1h1p character,
since the initial state is singly excited while the final state is singly ionised.
We shall see, nevertheless, that the larger configuration space of ADC(2)x is
required for the correct description of the Penning ionisation.
Construction of the ADC approximations to Ψ0 and ΨE proceeds through
selection of the appropriate configurations for each state. In the initial state
of the system, A is excited, leaving a hole in A∗ . In the final state, B is
ionised, leaving a hole in B + . In a 1h1p configuration of A + B, the hole
can be either located in A or B. When the hole is localised on A, the
configuration is part of the initial state (A∗ + B) subspace. On the other
hand, when the hole is localised on B, the configuration belongs to the final
state (A + B + + e− ) subspace. A 2h-2p configuration with both holes in A
belongs to the initial state subspace and its admixture reflects configuration
interaction in the initial bound-like state. Similarly 2h-2p configurations with
both holes in B are added to the configuration subspace of the final state.
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All other 2h-2p configurations with holes distributed over the two colliding
particles can be included in both initial state and the final state configuration
subspaces. In Penning ionisation, the inter-atomic/molecular distances are
sufficiently large so that the hole localisation is distinctly defined on one of
the atoms/molecules. We use the term Fano-ADC to refer to the selection
of excitation configurations for the construction of the ADC Hamiltonian.
For Penning ionisation calculations, the ADC-ISR configurations are obtained used Gaussian-type single-electron basis sets, as in most of the ab
initio quantum chemical calculations. A consequence of using such functions
is that contrary to the requirement of Eq. (4.1.3), the continuum is discretised
and the wavefunctions of the states above the ionisation threshold, {Φi }, are
unit-normalised as
hΦi |Φj i = δij .
(4.1.4)
Another consequence is that the discretised continuum (E → Ei ) violates
the conservation of energy during the autoionisation transition, unless by
coincidence there is a state in the discretised continuum with the energy
Ei = E0 . This complication is solved by the application of Stieltjes imaging
where Eq. (4.1.1) is recovered.
In sections 3.1 and 3.2, we have shown that an efficient alternative to
full diagonalisation is a substitution of the full discrete pseudospectrum by
the result of iterative block-Lanczos diagonalisation. In the case of blockLanczos method, such as used here, a set of ϕm
0 starting states is selected. For
Penning ionisation, the states of interest are the final singly ionised states of
the electronic decay, and we therefore choose our initial block as a collection
of all the final subspace 1h1p configurations.
Here, we provide an alternative to the Fano-ADC method to gain more
physical insight on Penning ionisation and estimate Γ(R) qualitatively before doing the calculation. Eq. (4.1.1) is going to be expanded and analysed
within the framework of Wigner-Weisskopf theory [154, 155]. If the wavefunctions of the initial and the final states of Penning ionisation are single
Slater determinants constructed using the same orthonormal set of molecular
orbitals, Eq. (4.1.1) becomes
Γ(R) =2π hφA (x1 ) χE0 (x2 )|

1
|φA∗ (x1 ) φB (x2 )i
r12

2
1
− hφA (x1 ) χE0 (x2 )|
|φA∗ (x2 ) φB (x1 )i ,
r12
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(4.1.5)

where φA and φB are occupied orbitals of A and B, φA∗ is the excited orbital
of A∗ , χE0 is the continuum orbital of the free electron and r12 is the distance
between the two electrons. The first term of Eq. (4.1.5) corresponds to an
energy transfer mechanism of Penning ionisation. A∗ de-excites to A, and
the excess energy goes to B ionising it. The second term of Eq. (4.1.5)
corresponds to the usually dominant electron transfer mechanism. One B
electron fills the hole in A∗ , while the initially excited electron is ejected into
continuum producing A + e− . Efficiency of the electron transfer mechanism
depends strongly on the distance R that affects the overlap between orbitals
φA and φB . As long as A and B are not too close together, the overlap
between φA and φB is determined by the asymptotic parts of the orbitals
which are exponential functions of the distance from their respective atoms
(or molecules). As a result, the electron transfer term as a function of R
is exponential as well. At shorter R, the overlap between φA and φB is no
longer exponential, and the form of Γ(R) becomes system-specific.
The energy transfer term, on the other hand, does not rely on the overlap
between A and B. At R  r1 , r2 , one can write
1
z1 − z2
1
= −
r12 R
R2
 
1
3(z1 − z2 )2 − (r1 − r2 )2
+O
+
,
3
2R
R4

(4.1.6)

where z-axis coincides with inter-atomic axis, R. The energy transfer term
is then expanded into a series of multipole couplings [156]
hφA (x1 ) χE0 (x2 )|

1
|φA∗ (x1 ) φB (x2 )i
r12

1
= 3 [d1 · d2 − 3(R · d1 )(R · d2 )/R2 ] + O
R



1
R4

(4.1.7)


,

where d1 and d2 represent the transition dipole moments hφA | r̂1 |φA∗ i and
hχE0 | r̂2 |φB i, r̂1 and r̂2 are position operators relative to centres of A and
B respectively. Eq. (4.1.7) is derived from the R−3 term of Eq. (4.1.6).
Eq. (4.1.7) shows that if A∗ → A is a dipole-allowed transition, then the
energy transfer term is proportional to R−3 . However, recombination transitions of the metastable states used in Penning ionisation experiments are
typically forbidden, sometimes by more than a single selection rule of multipole and/or spin nature.
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For example, single-photon dipole transition is forbidden in the decay of
He (1s2s 1 S) → He(1s2 1 S). By taking the electron repulsion potential V̂ =
Σi>j (1/rij ) as the perturbation, the corresponding second-order perturbation
expression of the Penning ionisation width in Wigner-Weisskopf theory [157]
is
2
X hΨE | V̂ |Ψi i hΨi | V̂ |Ψ0 i
,
(4.1.8)
Γ(R) = 2π
E
−
E
i
0
i
∗

where Ψi and Ei are the wavefunctions and energies of dipole-allowed virtual
states. At large R, both hΨE | V̂ |Ψi i and hΨi | V̂ |Ψ0 i expand according to
Eq. (4.1.7), resulting in
1
(4.1.9)
Γ(R) ∝ 12 .
R
Unlike in the theory of inter-atomic Coulombic decay (ICD) widths in clusters [158], here one is unable to find a general expression that relates the
asymptotic (large-R) Penning ionisation width given by Eq. (4.1.8) to the
radiative decay rate of He and photoionisation cross-section of the ionised
species B, because each virtual transition of He is coupled to a corresponding virtual transition of B in the sum of Eq. (4.1.8). As a result, the Penning
ionisation width does not factorise into the radiative decay and photoionisation terms.
An asymptotic power law similar to Eq. (4.1.9) can be derived for another
typical Penning ionisation system, He∗ (1s2s 3 S) − B. The metastable atom
He∗ (1s2s 3 S) is initially a triplet state. As a result of Penning ionisation,
the atom de-excites and becomes singlet. The transition is forbidden in
non-relativistic quantum mechanics. The relativistic corrections to the twoelectron term 1/r12 can be derived from the Dirac equation. Expanding the
Dirac equation to the 1/c2 order produces the Breit-Pauli Hamiltonian [159]
which contains two-electron terms of spin-orbit and spin-spin nature. For
a two-electron system, the spin-dependent corrections to 1/r12 in the BreitPauli Hamiltonian are
1
Ĥspin = 2 3 [−(σ̂ 1 + 2σ̂ 2 ) · r̂12 × p̂1
4c r12
+ (σ̂ 2 + 2σ̂ 1 ) · r̂12 × p̂2
(4.1.10)
+ σ̂ 1 · σ̂ 2
2
− 3(σ̂ 1 · r̂12 )(σ̂ 2 · r̂12 )/r12
]
2
− 8π(σ̂ 1 · σ̂ 2 )δ(r̂12 )/(3c ),
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where p̂1 and p̂2 are momentum operators of electron 1 and 2 respectively, σ̂ 1
and σ̂ 2 are Pauli spin vectors, and r̂12 = r̂1 − r̂2 + R is the distance between
the two electrons (r12 = |r̂12 |). In the asymptotic region, one can ignore the
contribution from the last term in Eq. (4.1.10). Replacing 1/r12 with Ĥspin
in Eq. (4.1.5), we obtain a non-zero energy transfer term for systems of the
He∗ (1s2s 3 S) − B type:
hφA (x1 ) χE0 (x2 )| Ĥspin |φA∗ (x1 ) φB (x2 )i =
hφA (x1 ) χE0 (x2 )| ĤE−transfer |φA∗ (x1 ) φB (x2 )i ,

(4.1.11)

where only those terms of the Ĥspin interaction are retained in the ĤE−transfer
operator that let electron 1 change its spin state:
ĤE−transfer =

1
3
4c2 r12

[−σ̂ 1 · r̂12 × p̂1 + 2σ̂ 1 · r̂12 × p̂2

(4.1.12)

2
+ σ̂ 1 · σ̂ 2 − 3(σ̂ 1 · r̂12 )(σ̂ 2 · r̂12 )/r12
],

i.e., the choice of the direct matrix element only (leaving out the exchange
integral corresponding to the electron transfer) breaks the permutational
symmetry. Eq. (4.1.12) can be expanded in powers of R−1 the same way as
Eq. (4.1.7). The expansion of Eq. (4.1.12) requires
1
3(z1 − z2 )
1
= 3−
3
r12 R
R4
 
1
5(z1 − z2 )2 − 3(r1 − r2 )2
+O
+
5
2R
R6

(4.1.13)

and
1
1
5(z1 − z2 )
= 5−
+O
5
r12
R
R6



1
R7


.

(4.1.14)

Both equations, (4.1.13) and (4.1.14), are obtained from Eq. (4.1.6).
The leading term of Eq. (4.1.12) is R−2 ,
(2)

ĤE−transfer =

1
4c2 R2

(−σ̂ 1 · R/R × p̂1 + 2σ̂ 1 · R/R × p̂2 ),

(4.1.15)

which vanishes due to the orthogonality between the initial and final wavefunctions, as each term in Eq. (4.1.15) has only one spatial operator. The
84

next order in the expansion is
1

(3)

ĤE−transfer =

4c2 R3

[ − σ̂ 1 · (r̂1 − r̂2 ) × p̂1
+ 2σ̂ 1 · (r̂1 − r̂2 ) × p̂2
− 3(z1 − z2 )
× (−σ̂ 1 · R/R × p̂1 + 2σ̂ 1 · R/R × p̂2 )
+ σ̂ 1 · σ̂ 2 − 3σ̂z1 σ̂z2 ].

(4.1.16)

The spin-spin terms in Eq. (4.1.16) vanish immediately because they do not
have any spatial operator. Other terms do not contribute either, because
h2s| r̂ |1si = h2s| p̂ |1si = h2s| r̂× p̂ |1si = 0. The next order in the expansion
is
1 
(4)
ĤE−transfer = 2 4 − 6(z1 − z2 )
8c R
× [−σ̂ 1 · (r̂1 − r̂2 ) × p̂1
+ 2σ̂ 1 · (r̂1 − r̂2 ) × p̂2 + σ̂ 1 · σ̂ 2 ]
+ [5(z1 − z2 )2 − 3(r1 − r2 )2 ]
(4.1.17)
× (−σ̂ 1 · R/R × p̂1 + 2σ̂ 1 · R/R × p̂2 )
− 6{[σ̂ 1 · (r̂1 − r̂2 )]σ̂z2
+ σ̂z1 [σ̂ 2 · (r̂1 − r̂2 )]}
+ 30σ̂z1 σ̂z2 (z1 − z2 ) .
The R−4 order does not vanish, and it reduces to
(40 )

ĤE−transfer =

5
6c2 R4

|r̂1 |2 σ̂ 1 · p̂2 × (R/R),

(4.1.18)

where only those spatial terms that couple 1s and 2s orbitals have been
retained. Substitution into the Wigner-Weisskopf expression and neglecting
the exchange (electron transfer) contribution, we obtain the long-distance
approximation for the decay width of the He∗ (1s2s 3 S) − B system:
Γ(R) =

1 25π
|hφA | r̂2 |φA∗ i|2
8
4
R 18c
· |hξA | σ̂ |ξA∗ i · hχE0 | p̂ |φB i × (R/R)|2 ,

(4.1.19)

where ξA and ξA∗ are spinors of φA and φA∗ . Here, unlike in the singlet He
case, the asymptotic expression does factorise into the recombination and
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ionisation terms. However, neither are proportional to the matrix elements
of the lowest-order processes in the isolated atoms, such that use of the corresponding radiative lifetimes and photoionisation cross-sections to simplify
Eq. (4.1.19) can not be made.

4.2

Fano-ADC results of Penning ionisation widths

We applied the Fano-ADC-Stieltjes-Lanczos method to calculate Penning
ionisation widths in the He∗ − H2 systems for a series of metastable states
of He [30]. The first step of the Fano-ADC calculation is obtaining the restricted Hartree-Fock solution for the ground state He−H2 system. The same
as the cross-section calculations, HF is obtained using an ab initio program
package MOLCAS 7.6. We used fully uncontracted cc-pV5Z Gaussian-type
basis set augmented with 8s4p3d2f 1g Kaufmann-Baumeister-Jungen diffuse
Gaussian functions for both He and H2 . Then the ADC(2)x Hamiltonian
matrix for the initial state He∗ − H2 was constructed using the configuration
selection algorithm described in section 4.1, and diagonalised using Davidson
algorithm [160]. The initial state wavefunction has been selected from the
Davidson eigenstates as possessing the largest overlap with the 1h1p configuration that represents the initial state and the eigenvalue closest to the
isolated atom excitation energy. Next, the matrix for the final state was
constructed, and diagonalised using block-Lanczos algorithm. Each discretised continuum wavefunction produced was then coupled to the initial state
wavefunction according to Eq. (4.1.1). Finally, Γ(E) is recovered by the
Stieltjes imaging technique and interpolated to produce the Γ(E0 ), i.e., the
Penning ionisation width of a specific initial state He∗ − H2 . The procedure
was repeated for different R values, orientations of H2 and excited states of
He. The distance between He and the centre of mass of H2 is parametrised
by R. The orientation of H2 is parametrised by θ, such that at θ = 0◦ , all
the nuclei are aligned, whereas at θ = 90◦ , the bond of H2 is perpendicular
to the direction of R. The bond length of H2 was fixed to be 0.7428Å. In
what follows, we consider the θ = 0◦ case unless mentioned otherwise.
First we compare our results with Penning ionisation widths calculated by
other groups, shown in Fig. (4.2.1). We calculate Penning ionisation width
of He∗ (1s2s 3 S) − H2 using Fano-ADC method, and also using an analytical approximation of Γ(R) evaluated as the overlaps between the tails of
hydrogenic wavefunctions [161] such that Γ(R) is simply parameterised by
the ionisation potentials of He and H2 . And we compare the results with
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Γ (meV)

stabilisation method calculations of the same system [162, 163]. Our result
is in good agreement with the analytical model and the two other calculations. We then calculate Penning ionisation width with the same atom and
molecule at θ = 90◦ . The resulting ionisation widths for θ = 0◦ and θ = 90◦
have the same exponent and are very similar in magnitude. We compare the
T-shape (θ = 90◦ ) result with a calculation using resonances via Padé technique [164]. The Padé width is only in agreement with other results before
3Å, it decays with distance at a different exponent.
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Figure 4.2.1: Penning ionisation width of He∗ (1s2s 3 S) − H2 . The black solid
line is the Fano-ADC-Stieltjes-Lanczos result at θ = 0◦ . The red solid line
is the Fano-ADC-Stieltjes-Lanczos result at θ = 90◦ . The blue short dashed
line is the result calculated from the approximation of Γ(R) using hydrogenic
expressions for wavefunction tails [161]. The purple long dashed line is the
result from Ref. [162]. The green short dash-dotted line is the result from
Ref. [163]. The orange long dash-dotted line is the result from Ref. [164] at
θ = 90◦ . From Ref. [30].
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Considering the singlet case, we note that Eq. (4.1.8) contains a summation over all the virtual states that couple to the initial and the final states
through dipole transitions. If the initial and final states in Eq. (4.1.8) are
represented by 1h1p single Slater determinants, the virtual states Ψi will be
2h2p configurations that can be reached by dipole transitions from both the
initial and the final states. Therefore the 2h2p configurations are necessary to
describe correctly the asymptotic tail of Γ(R) in the singlet case. Fig. (4.2.2)
compares the results of Γ(R) with and without including the virtual 2h2p
states Ψi in Eq. (4.1.8), demonstrating the importance of these configurations for the description of the Penning process. In particular, we see that
the exponential (electron transfer) behaviour of the decay width disappears
after 5Å and instead the predicted polynomial (energy transfer) dependence
sets in.
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Figure 4.2.2: Penning ionisation width of He∗ (1s2s 1 S) − H2 . The black
solid line is the Fano-ADC-Stieltjes-Lanczos result calculated including all
the 2h2p states in Eq. (4.1.8). The red dotted line is the result calculated
without the virtual 2h2p states in the perturbation expansion in Eq. (4.1.8).
From Ref. [30].
Fano-ADC(2)x calculation for the He∗ (1s2s 3 S) − H2 system is shown in
Fig. (4.2.3). In the triplet case, Γ(R) is an exponential function of R between
3Å and 8Å due to electron transfer. Since there is no spin-orbit coupling term
in our Fano-ADC(2)x approximation, the power law of Eq. (4.1.19), is not
reproduced. We can, nevertheless, evaluate the asymptotic decay width of
Eq. (4.1.19) directly by computing the appropriate recombination (r2 ) and
ionisation (p) matrix elements between the appropriate Hartree-Fock orbitals
of He∗ (1s2s 3 S) and H2 . We have performed such a calculation using Stieltjes
imaging for the ionisation matrix element. The spin part of Eq. (4.1.19) has
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been averaged over all the spin direction, giving
Γ(R) =

1 25π 2 2 4
|hr i| · |hpx i|2 ,
8
4
R 18c
3

(4.2.1)

where, given R is aligned with the z-axis, hpx i = hpy i. Fig. (4.2.4) shows
that the energy transfer term is overwhelmed by the electron transfer term
in Penning ionisation of He∗ (3 S) − H2 with small intermolecular distance.
With an intermolecular distance of 12.5Å or larger, the ionisation process
will be killed by the radiative decay of the excited He∗ (3 S) atom.
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Figure 4.2.3: Penning ionisation width of He∗ (1s2s 3 S) − H2 . The black solid
line is the Fano-ADC-Stieltjes-Lanczos result calculated with all the 2h2p
states in Eq. (4.1.8). The red dotted line is the result calculated without
the virtual 2h2p states in the perturbation expansion in Eq. (4.1.8). From
Ref. [30].
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Figure 4.2.4: Penning ionisation width of He∗ (1s2s 3 S) − H2 . The black solid
line is the Fano-ADC-Stieltjes-Lanczos result. The black dotted line is the
extrapolation of the Fano-ADC result, the exponential feature suggests that
it is the electron transfer term. The red dashed line is the energy transfer
term evaluated according to Eq. (4.2.1). The horizontal line indicates the
value of the decay width of He∗ (1s2s 3 S) [165]. From Ref. [30].
Fig. (4.2.5) shows Penning ionisation width of He∗ (1s2s 3 S) − H2 system
calculated at different θ from 0◦ to 90◦ . It shows that θ only changes the
relative magnitude of the ionisation width, and does not affect the exponent
of Γ(R). Fig. (4.2.6) shows the dependence of the ionisation width on θ.
The initial state is He∗ (1s2s 3 S) − H2 with θ varying from 0 to 90◦ . We find
that the rotation of H2 has very small effect on Γ(R). Fig. (4.2.7) compares
Γ(R)’s of different initial states. Three excited states of He are compared,
He∗ (1s2s 3 S), He∗ (1s2px 3 P) and He∗ (1s2pz 3 P), where z is in the direction of
R. Again, different initial states do not have significantly different Γ(R)’s.
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Figure 4.2.5: Penning ionisation width of He∗ (1s2s 3 S) − H2 as a function of
R at various angles θ. From Ref. [30].
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Figure 4.2.7: Penning ionisation width of He∗ −H2 . The black solid line is the
Fano-ADC-Stieltjes-Lanczos result of Γ(R) of the initial state He∗ (1s2s 3 S) −
H2 . The red dotted line is the state He∗ (1s2px 3 P) − H2 . The green dashed
line is the state He∗ (1s2pz 3 P) − H2 . From Ref. [30].
Fig. (4.2.8) shows the Γ(R) of He∗ (1s2s 1 S)−H2 in the asymptotic region.
It is clear from Fig. (4.2.8) that the calculated Γ(R) matches the prediction
of Eq. (4.1.9) very well. Knowing the form of Γ(R), one is able to make a
simple classical calculation that determines the physical significance of this
asymptotic tail in a Penning collision. For fixed R, the survival probability
of the initial state is P (t) = exp(−Γt). If He∗ and H2 are colliding, Γ(R)
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changes with time, and the survival probability becomes

 Z t
0
0
Γ(R(t )) dt
P (t) = exp −
−∞
 Z ∞

0
0 dR
Γ(R )
= exp −
,
v(R0 )
R

(4.2.2)

where v(R) is the relative velocity between He∗ (1s2s 1 S) and p
H2 . The value
of v(R) is determined by the temperature of the system (v ∼ kB T /m) and
by the potential energy gradient they experience as they move towards each
other. For the R−12 tail to have significant contribution to the ionisation
probability, the integral in Eq. (4.2.2) has to be of the order of unity
Z ∞
1 Γ0
dR ∼ 1,
(4.2.3)
12
R0 v(R) R
where the lower limit of the integral is the minimal distance at which Eq. (4.1.9)
still holds, which is about 5Å. We estimate that the dispersion force due to
2s-excited helium polarisability [166] will draw an arbitrarily cold He and
H2 from 20Å to 5Å in about a picosecond resulting in the energy transfer
Penning yield of about 0.05%.
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Figure 4.2.8: Penning ionisation width of He∗ (1s2s 1 S) − H2 . The black solid
line is the Fano-ADC-Stieltjes-Lanczos result. The red dotted line is a scaled
function of R−12 . The blue dashed line indicates the value of the two-photon
decay width of He∗ (1s2s 1 S) in the presence of H2 as a function of R calculated
using ADC. From Ref. [30].
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4.2.1

Summary

In this section, we have extended the Fano-ADC-Stieltjes-Lanczos method
to triplet excitations and applied it to the calculation of Penning ionisation widths. Fano-ADC was used to construct the initial and the final state
wavefunctions of Penning ionisation. The Stieltjes-Lanczos procedure dealt
with the problem of discretised continuum. Above 3Å, all the calculated
Γ(R)’s display exponential features to a certain extent. It is explained by
the electron transfer mechanism and the exponentially decreasing overlap
of the involved orbitals. In triplet case of He∗ − H2 , our computational results show strong domination of the electron transfer mechanism over energy
transfer mechanism at small R (< 10Å). Our analytical results show that the
domination continues until 15Å where the radiative decay of He∗ becomes
the dominant decay channel. In the case of singlet system He∗ (1s2s 1 S) − H2 ,
the result of Γ(R) shows R−12 dependence after 5Å due to the second-order
energy transfer mechanism. The energy transfer mechanism dominates in
singlet case for another 15Å until Penning ionisation is suppressed by the
radiative decay. Eq. (4.1.9) confirms that the correct R-dependence is obtained. The value of Γ(R) in this asymptotic region is very small (< 1µeV).
Our classical estimations show that lowering the collisional temperature will
not result in substantial contribution of energy transfer mechanism because
in the low kinetic energy regime, the timescale of the collision defined by
the attractive tail of the potential is much faster than the energy transfer
Penning decay. Nevertheless, the asymptotic part of the ionisation width
in the singlet case still has a physical significance, because it starts from
above the decay width of the metastable He∗ [Fig. (4.2.8)], as a result the
Penning ionisation is still a faster process than the radiative recombination.
Therefore, we propose a different physical realisation of the asymptotic Penning decay using doped helium droplets. Metastable helium atoms produced
by electron impact tend to stay on the surface of a helium droplet [167],
while impurities captured by the droplet move rapidly to the centre [168]
(with few exceptions [169]). Since the typical sizes of helium droplets are
much larger than 5Å [170], at which the asymptotic tail begins, small doped
helium droplets are potential candidates for observing the R−12 decay of Penning ionisation, unless the decay rate of He∗ changes significantly on droplets.
This process would then be equivalent to resonant inter-atomic Coulombic
decay (ICD), see the study of normal ICD in He droplets in Ref. [171]. The
situation for the triplet case is principally different: in the region where the
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energy transfer term dominates the Penning decay width, it is several orders
of magnitude lower than the radiative decay making the energy transfer in
the triplet system unobservable.
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5
5.1

Counter-rotating bi-circular high harmonic
generation
Theory for bi-circular high harmonic generation

Unlike linearly polarised HHG, Circularly polarised high harmonic beams
cannot be generated from a single circularly polarised driving field. It is
explained by the wave packet of the free electron missing the parent ion
in a circular field within the semiclassical model [66]. Generating circularly
polarised HHG requires the combination of a circularly polarised driving field
and a counter-rotating second harmonic [172]. Adding together two elliptical
electric fields of frequencies ω0 and 2ω0 gives
"
E
1
p 1 (x̂ − iε1 ŷ)ei(ω0 t−k0 z)
E(x, y, z, t) =
2i
1 + ε21
#
(5.1.1)
E2
+p
(x̂ − iε2 ŷ)ei2[ω0 (t−td )−k0 z] + c.c.,
2
1 + ε2
where E1 and E2 are the electric field strengths, ε1 and ε2 are the ellipticities,
x̂ and ŷ are the unit vectors in x and y direction respectively, k0 = ω0 /c,
and td is a time delay that is introduced to control the HHG behaviour.
A counter-rotating bi-circular field has ε1 = −ε2 = ±1. The generated
high harmonics obey a special selection rule where all the 3k harmonics are
suppressed as a result of the dynamical symmetry of the particular lightmatter interaction [173]. The 3k + 1 harmonics have the same ellipticity as
the fundamental field ε1 , while the 3k + 2 harmonics have the same ellipticity
as the second harmonic ε2 . Such an alternating harmonic spectrum prevents
the production of highly elliptical bursts of ultrashort pulses, because though
individual harmonics are circularly polarised, the attosecond pulses produced
will be linearly polarised if harmonics of opposite ellipticities have relatively
the same intensity [174]. Both experimental [89] and analytical [91] results
on the bi-circular HHG scheme have shown intensity difference between the
intensities of the 3k + 1 and 3k + 2 harmonics. To generate circular or
highly elliptical attosecond pulses, the difference between the intensities of
two ellipticities has to be maximised.
Derived from classical electrodynamics, the HHG spectrum is calculated
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from the expectation value of the time-dependent electron acceleration,

Z ∞ 2
2
d
−iωt
S(ω) = const.
hr(t)i
e
dt
,
(5.1.2)
2
−∞ dt
where I(ω) is the intensity of the generated harmonic with photon energy ω
and hr(t)i = hΨ(t)| r̂ |Ψ(t)i. The cutoff law for counter-rotating bi-circular
HHG is different from linear HHG. It is given by [172]
1
nmax ~ω0 = √ 3.17Up + 1.2Ip ,
2

(5.1.3)

where Ip is the ionisation potential of the HHG atom, and Up is the ponderomotive energy of the entire field,
Up =

e2 E22
e2 E12
+
.
4me ω02 16me ω02

(5.1.4)

Section 5.2 presents ab initio simulations of the bi-circular HHG process
by building the atomic wavefunctions of He, Ne and Ar using B-spline ADC
method and then propagating the wavefunctions in strong IR fields by solving TDSE. The atomic wavefunctions are constructed from B-spline [115]
basis set. It has been explained by Ref. [175] that, while Gaussian-type orbitals have been very useful in ab initio quantum chemistry calculations as
single-electron basis, they will run into linear dependence problems for high
energy and high resolution calculations. For HHG calculation, B-spline basis
provides better description of the continuum of the free electron interacting
with the driving field without linear dependence problems. So in the first
step of our calculation, B-spline basis set is used to generate the Hartree-Fock
solution. Then the normal ADC(1) scheme is performed to approximate the
excited states of the atomic system.
After Hartree-Fock and ADC, we obtain the ADC ground |Ψ0 i and excited states |Ψn i. The time-dependent wavefunction |Ψ(t)i is propagated
according to
|Ψ(t + ∆t)i = e−iĤ∆t/~ |Ψ(t)i ,
(5.1.5)
where Ĥ is the Hamiltonian operator of the electronic system in the electric
field. |Ψ(t)i is a mix of the ground state |Ψ0 i and excited eigenstates |Ψn i,
X
|Ψ(t)i = C0 (t) |Ψ0 i +
Cn (t) |Ψn i .
(5.1.6)
n
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The unknown coefficients C0 (t) and Cn (t) are obtained by diagonalising the
Hamiltonian matrix via Arnoldi-Lanczos algorithm [176]. First, one performs
polynomial expansion on the evolution operator in Eq. (5.1.5)
e

−iĤ∆t/~

≈

K
X


c j Pj

j=1


i
− Ĥ∆t ,
~

(5.1.7)

where Pj is a polynomial of degree j, and cj is the expansion coefficient. At
every time step t, the Hamiltonian of the system is projected onto a Krylov
subspace constructed at the same time t. If the Hamiltonian if Hermitian,
Arnoldi-Lanczos algorithm reduces to the Lanczos algorithm described in
section 2.6. The Hamiltonian for HHG is not Hermitian due to the additional
complex absorbing potential (CAP),
Ĥ = Ĥ0 + D̂E(t) − iŴ,

(5.1.8)

where Ĥ0 is the field-free Hamiltonian, D̂E(t) is the dipole interaction with
the laser field, and −iŴ is the CAP.
Then the evolution operator is approximated in the Krylov subspace
Ψ(t + ∆t) = e−iĤK ∆t/~ Ψ(t),

(5.1.9)

where ĤK is an approximated Hamiltonian constructed in the Arnoldi-Lanczos
algorithm, which is smaller than the full Hamiltonian of the system and has a
simpler matrix structure to diagonalise. The time-dependent ADC approach
as prescribed in this section was first implemented for linearly polarised HHG
spectra [83] (Fig. 5.1.1).
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Figure 5.1.1: ADC(1) HHG spectra of Ar from Ref. [83] generated by 10 fs
800 nm linearly polarised pulses of peak intensities 1.5 and 3.2 × 1014 W/cm2 .
An alternative approach to the bi-circular HHG problem has been proposed by Ref. [177], providing an analytical solution to Eq. (5.1.2). By
rewriting the Schrödinger equation in the integral form, the expectation value
of the electric dipole moment becomes a multidimensional integral. This integral is analysed using the saddle point method [178].
The saddle point method states that for an integral over a complex contour C,
Z
I=
eλf (z) dz,
(5.1.10)
C

where λ is positive and large and f (z) is holomorphic, the integral reduces
to,
s
2π
,
(5.1.11)
I = eλf (z0 ) eiφ
λ|f 00 (z0 )|
where z0 is the saddle point, φ is the direction of steepest descent of Re f (z)
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near z0 . If f (z) has several saddle points, the integral becomes a sum of the
contribution from each saddle point.
Calculating the dipole moment of Eq. (5.1.2) analytically using the saddle
point method leads to, in the monochromatic limit [177],



2π(N − q)
2
S =|A1 | 3 + 2 cos
3


1/2
2π(N − q)
2
+ 2|A1 | 2 + 2 cos
×
(5.1.12)
3

 



 4π(N − q)
sin 2π(N3 −q)



− atan 
×cos

3
cos 2π(N −q) + 1 
3

where q is +1 for the 3k + 1 harmonics and −1 for the 3k + 2 harmonics,
N is the harmonic number, and |A1 | is proportional to the amplitude of the
ionisation and recombination matrix elements.

5.2

B-spline ADC results of bi-circular HHG spectra

Here we present ab initio calculations of the bi-circular HHG spectra from
individual He, Ne and Ar atoms. The driving field used in all cases is composed of a fundamental IR pulse of 790 nm having a pulse duration t0 = 10 fs,
a carrier-envelope phase φ0 = 0, and its second harmonic with the same duration. The laser pulses have the envelope of the form,
6

f (t) = e−(t/t0 ) .

(5.2.1)

Multiplying Eq. (5.2.1) by the circularly polarised plane wave solution of
Eq. (5.1.1) produces the combined pulse,
"
1
6
E1 (x̂ − iŷ)eiω0 t−(t/t0 )
E(t) = √
2 2i
#
(5.2.2)
+ E2 (x̂ + iŷ)ei2ω0 (t−td )−[(t−td )/t0 ]

6

+ c.c.,

where x, y and z are set to zero. The peak intensity of the fundamental pulse
is under 1.2×1014 W/cm2 . In order to simulate convergent HHG spectra with
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these driving pulses, 54 radial B-spline functions are used to construct the
wavefunctions. The basis has a maximum angular momentum of lmax = 30.
They are defined on a grid with Rmax = 60 a.u. and the grid step being
∆r = 1.48 a.u.. After 40 a.u. from the centre of the grid, there exists a CAP,
iŴ = iη(r − rCAP )2 ,

(5.2.3)

where rCAP = 40 a.u. and η = 0.0005. −iŴ is added to the Hamiltonian
operator to minimise the reflection of the wavepacket off the boundary.
Fig. (5.2.1) shows the bi-circular HHG spectra of an Ar atom with different intensities of the driving field. The second harmonics have the same
intensities as the fundamentals. The ionisation potential of Ar is at 10 harmonic orders. Below the ionisation potential, the 3k + 2 harmonics have
relatively higher intensity than the 3k + 1 harmonics, and vice versa. Overall, the differences between adjacent peaks are within one order of magnitude,
and are not large enough to produce high elliptical bursts. The cutoff position of the bi-circular HHG spectrum is correctly predicted by Eq. (5.1.3).
Here, the intensity starts to decrease around 20 harmonic orders.
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Figure 5.2.1: HHG spectra of Ar generated by counter-rotating bi-circular
field with different intensities from 0.8 × 1014 W/cm2 to 1.2 × 1014 W/cm2 ,
which are the peak intensities of the fundamental fields (790 nm). The second
harmonics have the same intensities as the fundamental, and they arrive
simultaneously, td = 0. The 3k + 1 harmonics have the same ellipticity as the
fundamental ε1 , marked by the red clockwise arrow. The 3k + 2 harmonics
have the same ellipticity as the second harmonic ε2 , marked by the blue
anti-clockwise arrow.
Fig. (5.2.2) shows the bi-circular HHG spectra of an Ne atom with different intensities of the driving field. The second harmonics have the same
intensities as the fundamentals. The ionisation potential of Ne is at 14 harmonic orders. Below the ionisation potential, the 3k + 2 harmonics have
relatively higher intensity than the 3k + 1 harmonics, and vice versa. Again,
the differences between adjacent peaks are not large enough to produce high
elliptical bursts. In the case of Ne, the intensity starts to decrease around 25
harmonic orders.
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Figure 5.2.2: HHG spectra of Ne generated by counter-rotating bi-circular
field with different intensities from 0.8 × 1014 W/cm2 to 1.2 × 1014 W/cm2 .
They are the peak intensities of the fundamental fields (790 nm). The second harmonics have the same intensities as the fundamental and they arrive
simultaneously, td = 0.
Fig. (5.2.3) shows the bi-circular HHG spectra of an He atom with different intensities of the driving field. The second harmonics have the same
intensities as the fundamentals. The ionisation potential of He is at 15 harmonic orders. Below the ionisation potential, the 3k + 2 harmonics have
relatively higher intensity than the 3k + 1 harmonics, and vice versa. Once
again, the differences between adjacent peaks are not large enough to produce high elliptical bursts. In the case of He, the intensity starts to decrease
around 28 harmonic orders.
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Figure 5.2.3: HHG spectra of He generated by counter-rotating bi-circular
field with different intensities from 0.8 × 1014 W/cm2 to 1.2 × 1014 W/cm2 ,
which are the peak intensities of the fundamental fields (790 nm). The second harmonics have the same intensities as the fundamental and they arrive
simultaneously, td = 0.
Fig. (5.2.4) shows the bi-circular HHG spectra of an Ar atom with driving
fields at 1.0 × 1014 W/cm2 peak intensities for both the fundamental and
the second harmonic pulses, but the second harmonic arrives with different
time delays. The 10 fs fundamental pulse in the present calculations have
approximately 7 optical cycles, therefore we delayed the second harmonic for
up to 7 optical cycles. As the delay between the pulses increases, the overall
spectral intensity reduces, and the relative intensities between adjacent peaks
remain the same. When the overlap between the ω0 and 2ω0 pulses drops to
minimal, i.e., having 7 cycles of time delay td = 14π/ω0 , forbidden harmonics
start to show.
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Figure 5.2.4: HHG spectra of Ar generated by counter-rotating bi-circular
field at the intensity of 1.0 × 1014 W/cm2 for both the fundamental and the
second harmonic pulses. The blue line has the two pulses arrive simultaneously, td = 0. The orange line has the second harmonic delayed by one
optical cycle of the fundamental, td = 2π/ω0 . The blue and orange lines have
almost identical peaks. The green line has the second harmonic delayed by
two optical cycles of the fundamental, td = 4π/ω0 . The red line has the second harmonic delayed by three optical cycles of the fundamental, td = 6π/ω0 .
The purple line has the second harmonic delayed by five optical cycles of the
fundamental, td = 10π/ω0 . The brown line has the second harmonic delayed
by seven optical cycles of the fundamental, td = 14π/ω0 .
Fig. (5.2.5) shows the bi-circular HHG spectra of an Ar atom with fundamental driving field at 1.0 × 1014 W/cm2 peak intensity. A weaker second
harmonic is introduced, and time delay is also applied. A drop in the 3k + 2
harmonics is observed at 11 harmonic orders, every other peak doublet has
similar relative intensities. Again, the time delay has no effect on the relative
intensities.
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Figure 5.2.5: HHG spectra of Ar generated by counter-rotating bi-circular
field. The fundamental pulse has a peak intensity of 1.0 × 1014 W/cm2 .
The blue line has a second harmonic with the same peak intensity as the
fundamental, and the two pulses arrive at the same time, td = 0. The orange
line has a weaker second harmonic at 0.5 × 1014 W/cm2 , and the two pulses
arrive at the same time, td = 0. The green line has a weaker second harmonic
at 0.5 × 1014 W/cm2 , and it arrives one optical cycle (of the fundamental)
later than the fundamental pulse, td = 2π/ω0 .
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5.2.1

Summary

Counts per
second

We have presented the B-spline ADC simulation of the counter-rotating bicircular HHG of He, Ne and Ar at different intensities and time delays of the
driving fields. The selection rule of bi-circular HHG is reproduced correctly
as well as the cutoff position. We show that at single atom level, the HHG
spectra display a small intensity difference between the 3k + 1 and 3k + 2
harmonics. An experiment of bi-circular HHG in Ne has shown a larger
intensity difference between adjacent peaks (Fig. 5.2.6).

Experiment
Simulation

106
105
104
20

25

30

35

40

HHG order
Figure 5.2.6: Measured and simulated spectra of bi-circular HHG in 650 torr
of Ne from Ref. [89].
The enhanced contrast between the 3k + 1 and 3k + 2 harmonics in the
experiment could be a propagation effect which is missing from single atom
calculations.
The intensity difference from single atom HHG can be explained by the
propensity rules proposed in Ref. [177]. They showed that for 2p+ electrons,
the 3k + 1 harmonics are stronger than the 3k + 2 harmonics above Ip and
weaker below Ip . The opposite is true for 2p− electrons. These features are
determined by the recombination matrix amplitude in |A1 | in Eq. (5.1.12).
As suggested by Ref. [177], the dominance of 2p+ is due to the preference in
the ionisation step. The ionisation amplitude for 2p+ is dominant over 2p−
as a result of the ionisation velocities. Their analytical theory also predicts
110

that by changing the relative intensity and time delay between the fundamental and second harmonic driving field, the intensity difference between
the ellipticities can be controlled, while in our results, changing the relative
intensity has limited control over the difference between the ellipticities, and
changing the time delay has none.
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6

Conclusions and perspectives

This thesis has shown the successful application of an efficient ab initio numerical method based on algebraic diagrammatic construction (ADC) theory
to the calculation of many-electron dynamics in atomic (He, Ne, Ar), molecular (H2 O, CH4 , CO2 , etc.) and atom-molecule (He∗ − H2 ) systems. Some are
field-free, others are in the presence of perturbative and non-perturbative
laser fields. The ADC framework allows the description of electron correlation at different approximation levels as a hierarchy of ADC(n) schemes.
The ADC(n) schemes are originally developed for the calculations of properties of bound electronic systems, and have limitations against continuum
wavefunctions of the systems.
First, the accuracy of the ADC method is established by comparing the
ADC-Lanczos-Stieltjes total photoionisation cross-sections in the valence ionisation region with the experimental values for a series of eight molecules of
first row elements, H2 O, HF, NH3 , CH4 , C2 H2 , C2 H4 , CH2 O and CO2 . The
calculations are performed in Gaussian-type basis with ADC(1), ADC(2)
and ADC(2)x schemes. The photoionisation cross-section is calculated from
the dipole transitions between the ground states of the molecules and the
final continuum states of the ionisation products. The ADC(n) schemes and
the use of Gaussian-type basis can only generate discretised excited states
of the molecules. Stieltjes imaging technique is used to calculate the transition moments between the bound state and the continuum without having
the continuum wavefunctions. The full pseudospectrum of the ADC Hamiltonian is needed to apply Stieltjes imaging. However, the full diagonalisation of
the ADC Hamiltonian is not amenable beyond single excitations. Therefore
the full pseudospectrum of the Hamiltonian matrix is approximated by the
block-Lanczos pseudospectrum. The block-Lanczos Hamiltonian has smaller
dimension than the full matrix, and it has a tridiagonal structure which
makes it easier for diagonalisation.
Then we extend the ADC-Lanczos-Stieltjes method to compute photoionisation cross-sections of electronically excited molecular states. Comparison
of the series of excited state cross-sections computed at the different levels
of the ab initio theory led us to conclude that the single excitation ADC(1)
method is inadequate for the description of the excited state photoionisation
even at the qualitative level. The reason for the inapplicability of the firstorder scheme is the double excitation (2h2p) character of many of the final
states of the process. While this feature is fully expected on the basis of the
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simple Slater-Condon rule analysis, the extent to which the double excitations change the cross-section could be seen only in a quantitative study such
as performed here. Our numerical results show beyond doubt that the full
inclusion of double electronic excitations is absolutely necessary in order to
produce even a qualitatively accurate photoionisation cross-sections. Moreover, we have found that it is important to include the coupling between
the double excitations into the theory. Indeed, within the ADC family of
methods used here ADC(2)x leads to clear, substantial difference from the
strict second-order ADC(2) theory for all molecules and all geometries considered. This is in sharp contrast to the ground state cross-sections, where
ADC(2) and ADC(2)x results were found to be in much better agreement.
Since the doubly excited final states of the excited state photoionisation are
much better described by the ADC(2)x theory, we assume that the ADC(2)x
cross-sections represent a major improvement over the ADC(2) results.
There is no reason to assume that the failure of the single-excitation theory for the excited state photoionisation is unique to the ADC(1) scheme.
Indeed, our results imply that any single-excitation (with respect to the
ground state) method, such as singly excited configuration interaction, linear
response TDDFT, etc., cannot be expected to provide a correct description
of the process. A separate issue is whether the non-perturbative TDDFT
calculations, such as performed in Ref. [26] can describe ionisation of a
many-electron wavepacket consisting of the ground and a series of excited
states. For the exchange-correlation functionals used in Ref. [26], one would
expect that in general the contribution of the double excitation relative to
that of the singles is subject to non-physical constraints stemming from the
single-determinant description and as a result the XUV ionisation probability
should not be given correctly. Indeed, artefacts arising from the single determinant character of the wave function have been extensively discussed in
the context of the related time-dependent HF (TDHF) method [179]. However, if the exciting IR field can be considered as an adiabatic perturbation,
the initial (approximately HF, i.e., single-determinant) ground state would
physically evolve into a TDHF-like state under the influence of the IR field.
XUV ionisation of such an adiabatic TDHF state should be given correctly
by the TDHF or TDDFT theory as long as the XUV intensity is in the perturbative regime. Whether or not these conditions are met by the experiment
of Ref. [26] can be subject of a separate investigation. It is clear, however,
from the present cross-section analysis that careful benchmarking of the performance of the non-perturbative TDDFT with various exchange-correlation
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functionals in the time-dependent modelling of excitation-ionisation schemes
is highly warranted.
The ADC(2)x-Stieltjes-Lanczos method is then extended to the calculation of Penning ionisation widths. Fano-ADC was used to construct the
initial and the final state wavefunctions of Penning ionisation. The StieltjesLanczos procedure dealt with the problem of discretised continuum. Above
3Å, all the calculated Γ(R)’s display exponential features to a certain extent.
It is explained by the electron transfer mechanism and the exponentially decreasing overlap of the involved orbitals. In triplet case of He∗ − H2 , our
computational results show strong domination of the electron transfer mechanism over energy transfer mechanism at small R (< 10Å). Our analytical
results show that the domination continues until 15Å where the radiative
decay of He∗ becomes the dominant decay channel. In the case of singlet
system He∗ (1s2s 1 S) − H2 , the result of Γ(R) shows R−12 dependence after
5Å due to the second-order energy transfer mechanism. The energy transfer
mechanism dominates in singlet case for another 15Å until Penning ionisation is suppressed by the radiative decay. Eq. (4.1.9) confirms that the
correct R-dependence is obtained. The value of Γ(R) in this asymptotic region is very small (< 1µeV). Our classical estimations show that lowering the
collisional temperature will not result in substantial contribution of energy
transfer mechanism because in the low kinetic energy regime, the timescale of
the collision defined by the attractive tail of the potential is much faster than
the energy transfer Penning decay. Nevertheless, the asymptotic part of the
ionisation width in the singlet case still has a physical significance, because
it starts from above the decay width of the metastable He∗ [Fig. (4.2.8)],
as a result the Penning ionisation is still a faster process than the radiative recombination. Therefore, we propose a different physical realisation
of the asymptotic Penning decay using doped helium droplets. Metastable
helium atoms produced by electron impact tend to stay on the surface of a
helium droplet [167], while impurities captured by the droplet move rapidly
to the centre [168] (with few exceptions [169]). Since the typical sizes of
helium droplets are much larger than 5Å [170], at which the asymptotic tail
begins, small doped helium droplets are potential candidates for observing
the R−12 decay of Penning ionisation, unless the decay rate of He∗ changes
significantly on droplets. This process would then be equivalent to resonant
inter-atomic Coulombic decay (ICD), see the study of normal ICD in He
droplets in Ref. [171]. The situation for the triplet case is principally different: in the region where the energy transfer term dominates the Penning
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decay width, it is several orders of magnitude lower than the radiative decay
making the energy transfer in the triplet system unobservable.
The use of the Gaussian-type basis sets has its inherent limitations when
representing ionisation continuum. In the cases of photoionisation crosssections and Penning ionisation widths, we have overcome the difficulties
by applying Lanczos-Stieltjes technique. In second part of the research, the
Gaussian-type basis approach is abandoned and the B-spline basis is implemented in the ADC(1) and ADC(2) schemes. B-spline basis set is able to
accurately describe the strongly oscillating continuum orbitals, such as in the
case of HHG processes. Such a task poses a challenge to Gaussian-type basis
which will easily run into linear dependence problems for high energy and
high resolution calculations. The implementation of B-spline ADC method
has been demonstrated on the calculations of photoionisation cross-sections
and linear HHG spectra of closed-shell atoms [83]. The new implementation has the superior accuracy over the old method in terms of the ability
to predict the shape and position of Ar Cooper minimum, and to reproduce
the high-energy tails of the photoionisation cross-sections. The results are in
excellent agreement with the experiment.
In this thesis, the use of B-spline ADC method has been extended to
the calculations of HHG spectra with counter-rotating bi-circular fields. An
atom in the presence of two counter-rotating circularly polarised fields of
790 nm and 395 nm generates harmonics of order 3k + 1 and 3k + 2. The
adjacent 3k + 1 and 3k + 2 harmonics are circularly polarised and counterrotating. The harmonics of order 3k are forbidden by the selection rules due
to the dynamical symmetry of the system [173]. The HHG Hamiltonians in
this work are not Hermitian due to the addition of the CAP. Therefore the
generalised Lanczos algorithm, Arnoldi-Lanczos algorithm, is implemented
to diagonalise the Hamiltonians at every time step of the atom-laser interactions. The calculations show that, for He, Ne and Ar, the difference between
the intensities of left- and right-circularly polarised harmonics is present at
single atom level. However, the difference is not large enough (compared
to Ref. [89, 177]) to generate circular or highly elliptical attosecond pulses.
The dominant polarisation shifts from left to right around the ionisation potential of the atom. The resulting spectra also suggest that changing the
relative intensity of the driving ω0 and 2ω0 pulses, or varying the time delay between them has limited control over the difference in the spectra at
single atom level. The difference is more significant in the case of Ne and
Ar, which can be explained by the propensity rules proposed in Ref. [177].
115

They showed that for 2p+ electrons, 3k + 1 harmonics are stronger than the
3k + 2 harmonics above IP and weaker below IP. The opposite is true for
2p− electrons. These features are determined by the recombination matrix
amplitude in |A1 | in Eq. (5.1.12). As suggested by Ref. [177], the dominance
of 2p+ is due to the preference in the ionisation step. The ionisation amplitude for 2p+ is dominant over 2p− as a result of the ionisation velocities.
Their analytical theory also predicts that by changing the relative intensity
and time delay between the fundamental and second harmonic driving field,
the intensity difference between the ellipticities can be controlled. In this
work, changing the relative intensity has limited control over the difference
between the ellipticities, and changing the time delay has none [Fig. (5.2.4)
and Fig. (5.2.5)].
The future works for the application of B-spline ADC theory involve ab
initio description of strong field multiphoton ionisations, above-threshold
ionisations, hole migration, attosecond spectroscopies such as single-photon
laser-enabled Auger decay (spLEAD) [180], etc. In order to apply the Bspline ADC method to larger molecules, we also plan to extend the one
centre expansion scheme of the B-spline basis in the current implementation
to multicentre basis method while retaining the advantages of the B-spline
basis set. Two realisation of the multicentre basis are under development:
a mixed B-spline/Gaussian-type basis set, where the Gaussians are added
as off-centre radial functions, or, a multicentre full B-spline basis set, where
all the off-centre functions are B-splines. We aim to develop an efficient
multicentre B-spline ADC method, so that the electron correlation in large
dynamical molecule-laser interactions can be reliably described on attosecond
time scale.
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