CYCLE CLASSES IN OVERCONVERGENT RIGID COHOMOLOGY AND A SEMISTABLE
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ABSTRACT. In this article we prove a semistable version of the variational Tate conjecture for divisors in
crystalline cohomology, showing that for k a perfect field of characteristic p, a rational (logarithmic) line bundle
on the special fibre of a semistable scheme over [[¢] lifts to the total space if and only if its first Chern class does.
The proof is elementary, using standard properties of the logarithmic de Rham—Witt complex. As a corollary,
we deduce similar algebraicity lifting results for cohomology classes on varieties over global function fields.
Finally, we give a counter example to show that the variational Tate conjecture for divisors cannot hold with

Qp-coefficients.
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INTRODUCTION

Many of the deepest conjectures in arithmetic and algebraic geometry concern the existence of algebraic
cycles on varieties with certain properties. For example, the Hodge and Tate conjectures state, roughly
speaking, that on smooth and projective varieties over C (Hodge) or finitely generated fields (Tate) every
cohomology class which ‘looks like’ the class of a cycle is indeed so. One can also pose variational forms of
these conjectures, giving conditions for extending algebraic classes from one fibre of a smooth, projective
morphism f : X — § to the whole space. For divisors, the Hodge forms of both these conjectures (otherwise
known as the Lefschetz (1, 1) theorem) are relatively straightforward to prove, using the exponential map,
but even for divisors the Tate conjecture remains wide open in general.

Applying the principle that deformation problems in characteristic p should be studied using p-adic
cohomology, Morrow in [Mor14] formulated a crystalline variational Tate conjecture for smooth and proper
families f : X — § of varieties in characteristic p, and proved the conjecture for divisors, at least when f is
projective. The key step of the proof is a version of this result over S = Spec (k[t1, .. .,%,]), with k a perfect
field of characteristic p. When n = 1 this is a direct equicharacteristic analogue of Berthelot and Ogus’
theorem [BOS83, Theorem 3.8] on lifting line bundles from characteristic p to characteristic 0.
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Morrow’s proof of the local statement uses some fairly heavy machinery from motivic homotopy the-
ory, in particular a ‘continuity’ result for topological cyclic homology. In this article we provide a new
proof of the local crystalline variational Tate conjecture for divisors, at least over the base S = Spec (k[t]),
which only uses some fairly basic properties of the de Rham—Witt complex, and is close in spirit to the
approach taken in [Mor15]. The point of giving this proof is that it adapts essentially verbatim to the case
of semistable reduction, once the corresponding basic properties of the logarithmic de Rham—Witt complex
are in place.

So let 2" be a semistable, projective scheme over k[¢], with special fibre Xy and generic fibre X. Write
K =W (k)[1/p] and let % denote the Robba ring over K. Then there is an isomorphism

2 V=0 ~ 172 -0
Hrig (X/%) = Hlog—cris (XO>< /KX )N

between the horizontal sections of the Robba ring-valued rigid cohomology of X and the part of the log-
crystalline cohomology of Xj killed by the monodromy operator. The former is defined to be the base
change Hrzig (X/&T) @4+ Z to the Robba ring of the &-valued rigid cohomology Hrzig (X/&T) constructed
in [LP16]. These groups are (¢, V)-modules over % and & respectively. In particular, if . is a line bundle
on Xy, we can view its first Chern class ¢; (%) as an element of H2 (X /%). Our main result is then the

rig
following semistable version of the local crystalline variational Tate conjecture for divisors.

Theorem (4.5). 2 lifts to Pic(2 )q if and only if ¢ (L) lies in H3, (X /6") C H3, (X /).

There is also a version for logarithmic line bundles on Xy. The general philosophy of p-adic cohomology
over k((¢)) is that the & -structure Hriig (x/6M) ¢ Hr"ig (X /) is the equicharactersitic analogue of the Hogde
filtration on the p-adic cohomology of varieties over mixed characteristic local fields. With this in mind,
this is the direct analogue of Yamashita’s semistable Lefschetz (1,1) theorem [Yaml11]. As a corollary,
we can deduce a global result on algebraicity of cohomology class as follow. Let F' be a function field
of transcendence degree 1 over k, and X /F a smooth projective variety. Let v be a place of semistable
reduction for X, with reduction X,. In this situation, we can consider the rigid cohomology of X /K (see
§5), and there is a map

sp, %izg (X/K)V="— Hl%)g—cris (X, /K))

from the second cohomology of X to the log crystalline cohomology of X,,.

Theorem (5.2). A class o € <%ﬂr12g (X/K)V=Cis in the image of Pic(X)q under the Chern class map if and

only if sp, (&) is in the image of Pic(X,)q.

One might wonder whether the analogue of the crystalline variational Tate conjecture holds for line
bundles with QQ,-coefficients (in either the smooth or semistable case). Unfortunately, the answer is no.
Indeed, if it were true, then it follows relatively easily that the analogue of Tate’s isogeny theorem would
hold over k((¢)), in other words for any two abelian varieties A, B over k((t)), the map

Hom(A,B) © Q, — Hom(A[p™], B[p~]) @z, Q,

would be an isomorphism. That this cannot be true is well-known, and examples can be easily provided
with both A and B elliptic curves.

Let us now summarise the contents of this article. In §1 we show that the cycle class map in rigid
cohomology over k((¢)) descends to the bounded Robba ring. In §2 we recall the relative logarithmic
de Rham-Witt complex, and prove certain basic properties of it that we will need later on. In §3 we reprove
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a special case of the key step in Morrow’s article [Mor14], showing the crystalline variational Tate conjec-
ture for smooth and projective schemes over k[¢]. The argument we give is elementary. In §4 we prove
the semistable version of the crystalline variational Tate conjecture over &[]}, more or less copying word
for word the argument in §3. In §5 we translate these results into algebraicity lifting results for varieties
over global function fields. Finally, in §6 we give a counter-example to the analogue of the of crystalline

variational Tate conjecture for line bundles with Q,-coefficients.
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by a Marie Curie fellowship of the Istituto Nazionale di Alta Matematica “F. Severi”. Both authors would
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writing of this article.

Notations and convenions. Throughout we will let k be a perfect field of characteristic p > 0, W its ring
of Witt vectors and K = W[1/p]. In general we will let F = k((r)) be the field of Laurent series over &,
and R = k[¢] its ring of integers (although this will not be the case in §5). We will denote by &, %2, &
respectively the bounded Robba ring, the Robba ring, and the Amice ring over K, and we will also write
&+ =W|[t] @w K. For any of the rings &+, &7, %, & we will denote by @X) the corresponding category
of (¢, V)-modules, i.e. finite free modules with connection and horizontal Frobenius. A variety over a given
Noetherian base scheme will always mean a separated scheme of finite type. For any abelian group A and
any ring S we will let Ag denote A ®7 S.

1. CYCLE CLASS MAPS IN OVERCONVERGENT RIGID COHOMOLOGY

Recall that for varieties X /F over the field of Laurent series F = k((¢)) the rigid cohomology groups

H, . (X/&) are naturally (¢,V)-modules over the Amice ring &. In the book [LP16] we showed how

to canonically descend these cohomology groups to obtain ‘overconvergent’ (¢, V)-modules Hr’lg (X/&T)

over the bounded Robba ring &7, these groups satisfy all the expected properties of an ‘extended’ Weil
X/&),

cohomology theory. In particular, there exist versions X /&T) with compact support.

crlg( Cl’lg(

Definition 1.1. Define the (overconvergent) rigid homology of a variety X /F by

H®(X/6) = Hiy(X/6)", H*(X/E7) = Hy(x/&T)

and the (overconvergent) Borel-Moore homology by

HPMU(X /&) = H. 3y (X/ &)Y, HPME(X/ET) = H (X /6T).

cng( Cl‘lg(

In [Pet03] the author constructs cycle class maps in rigid cohomology, which can be viewed as homo-
morphisms

Ag(X) = HO(X /&)

from the group of d-dimensional cycles modulo rational equivalence. Our goal in this section is the follow-
ing entirely straightforward result.

Proposition 1.2. The cycle class map descends to a homomorphism

Aq(X) — Hy "8 (x /&7 V=001,
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Proof. Note that since Hf dM’rig X/& +)Vzo"p:"d - Hf dM’rig (X/&) it suffices to show that for every integral

closed subscheme Z C X of dimension d, the cycle class 11(Z) € Hf dM’rig (X /&) actually lies in the subspace
BM,ri —0.0=p4
H,, "8(x /&T)\V=00=r"

By construction, 11(Z) is the image of the fundamental class of Z (i.e. the trace map Trz : H*¢

c.rig(Z/g) -
&(—d)) under the map

Hy)" "2/ 8) = Hy) (X ) 6)
induced by the natural map H %, (X/&) — H2%,
suffices to simply observe that both this map and the trace map descend to horizontal, Frobenius equivariant
maps on the level of &'-valued cohomology. Alternatively, we could observe that both ch‘riig (X/&) —
ch‘riig(Z /&) and Try are horizontal and Frobenius equivariant at the level of &-valued cohomology, which

(Z/&) in compactly supported cohomology. Hence it

gives

Au(X) — Hy) " (X 6)T=007",

then applying Kedlaya’s full faithfulness theorem [Ked04, Theorem 5.1] gives an isomorphism

BM ri —0.0=p? ~ 7yBMi —0.0=p1
Hy (X ) &)V=00=" 2 goMIE (x /£ T) V00211,

2. PRELIMINARIES ON THE DE RHAM—-WITT COMPLEX

The purpose of this section is to gather together some results we will need on the various de Rham—Witt
complexes that will be used throughout the article. These are all generalisations to the logarithmic case
of well-known results from [I1179], and should therefore present no surprises. The reader will not lose too
much by skimming this section on first reading and referring back to the results as needed.

We will, as throughout, fix a perfect ground field k of characteristic p > 0, all (log)-schemes will be
considered over k. Given a morphism (Y,N) — (S,L) of fine log schemes over k, Matsuue in [Mat17]
constructed a relative logarithmic de Rham—Witt complex W, a)(*[’ N)/(S.L)? denoted W'AZF)C N)/(S.L) in [Mat17].
This is an étale sheaf on Y equipped with operators F,V satisfying all the usual relations (see for example

[Mat17, Definition 3.4(v)]) and which specialises to various previous constructions in particular cases.

(1) When S = Spec (k) and the log structures L and N are trivial, then this gives the (canonical extension
of the) classical de Rham—Witt complex W,Qy (to an étale sheaf on ¥).

(2) More generally, when the morphism (¥,N) — (S,L) is strict, it recovers the relative de Rham—Witt
complex W,Qy, /s of Langer and Zink [LZ04].

(3) When the base (S, L) is the scheme Spec (k) with the log structure of the punctured point, and (Y, N)
is of semistable type (i.e. étale locally étale over k[xi,...,x411]/(x1 - -x;) with the canonical log
structure) then Matsuue’s complex is isomorphic the logarithmic de Rham—Witt complex W wy
studied in [HK94].

(4) If we take (Y,N) semistable but instead equip Spec (k) with the trivial log structure, the resulting
complex is isomorphic to the one denoted W @y in [HK94].

If we are given a morphism of log schemes (Y, N) — (S, L) over k, then as in [Mat17, §2.2] we can lift the
log structure N — Oy to a log structure W,.N — W, Oy, where by definition W,.N = N & ker (W, 0y)* — 0y)

and the map N — W, 0y is the Techmiiller lift of N — Oy. Since W,a)(ly N)/(S.L) is a quotient of the



C. Lazda, A. Pal

pd-log de Rham complex w(W,Y WyN) (W, S,W,L) (see [Matl7, §3.4]) there is a natural map dlog : W,N —
Wrw(mv) J(S,L) and hence we obtain maps

leg . ng — Wrw(lY,N)/(S,L)

. . . 1 .
which are compatible as r varies. We let W, Oy n)/(S.L) denote the image.

Jlog
When both log structures are trivial, and ¥ — Spec (k) is smooth, then [I1179, Proposition 1.3.23.2] says

that dlog induces an exact sequence
1= (65 — 65 — W Qy 100 — O,

and our first task in this section to obtain an analogue of this result for semistable log schemes over k. In
fact, since we will really only be interested in the case when Y arises as the special fibre of a semistable
scheme over k[¢], we will only treat this special case.

We will therefore let 2" denote a semistable scheme over R = k[¢] (not necessarily proper). We will let
L denote the log structure given by the closed point of Spec (R), and write R* = (R,L). We will denote by
L, the inverse image log structure on R, = k[[t]/(t"*!), and write R = (R,,,L,). We will also write k* =
(k,Lp). We will denote by M the log structure on .2 given by the special fibre, and write 2% = (2", M).
Similarly we have log structures M, on X, = 2" ®g R,,, and we will write X,* = (X,,,M,,). Finally, when
considering the logarithmic de Rham—Witt complex relative to k (with the trivial log structure) we will drop
k from the notation, e.g. we will write W, a) X instead of W, w} K
Proposition 2.1. The sequence

0— p'ME — M 28 W,

X5 logg)o

is exact.

Proof. The surjectivity of the right hand map and the injectivity of the left hand map are by definition, and
since p"W, a)XX Jog = 0, the sequence is clearly a complex. The key point is then to show exactness in the
middle. So suppose that we are given m € Mgp is such that dlogm = 0. We will show that m € p” Mgp by
induction on r.

When r = 1 we note that the claim is étale local, we may therefore assume XOX to be affine, étale and

strict over Spec (M) say Xp = Spec (A). We have

ANc @A dlogx; ® GB A -dx;.
i=c+1

Now suppose that we are given a local section m = u[];_, x;" of M‘gp for u € A* and n; € Z. Write

dlogu = Za dlogx; + Z a;idx;
i=c+1
with @; € A, note that since dlogu actually comes from an element of Q/k it follows that a; € x;A for
1 <i<c. In particular, we have n; = —x;b; for 1 <i < ¢ and some b; € A; passing to A/x;A it therefore
follows that n; = 0 in k. Hence each n; is divisible by p. It follows that []{_ ]x is in pM(%p , and its dlog
vanishes. By dividing by this element we may therefore assume that m = u € A*. Since semistable schemes
are of Cartier type, we may apply [Kat89, Theorem 4.12], which tells us that (étale locally) u € A(P)* (since
dlogu =0 = du = 0). Since k is perfect, AP)* = = (A*)” and we may conclude.
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When r > 1 and dlogm =0 € Wra))l(X log’ then in particular dlogm =0 € W,_4 w)l(x; hence by applying
0 0
my. But now this implies that pr_ldlogml =0¢ Wra))l(X s
0
claim that in fact it follows that dlogm; =0 € a))l{x. Indeed, since (1)}1(X is a locally free Ox,-module, to
0

r—1

the induction hypothesis we obtain m = p we

prove that a section vanishes it suffices to show tha;)t it does so on a dense open subscheme. In particular,
by restricting to the smooth locus of X we can assume that X is smooth and the log structure is given by
ﬁ)*(o @ N, (u,n) — u.0". We now apply [I1179, Proposition I.3.4] and [Mat17, Lemma 7.4] to conclude that
dlogm; = 0 as required. Thus applying the case » = 1 finishes the proof. (]

The following is analogous to [I1179, Corollaire 1.3.27].

Proposition 2.2. The sequences of pro-sheaves

1-F
0 {Wooh oo b Wb}, ' {Wab.}, —0,
’ r

r

1 1 1-F 1

are exact.

Proof. Letus consider the first sequence. We will apply Néron—Popescu desingularisation [Pop86, Theorem
1.8] to write 2~ as a cofiltered limit 2" = MO‘E " X% of schemes X% which are smooth over k. Moreover,
after possibly changing the indexing category A we may assume that there exist closed subschemes D* C X*
such that:

o DB = D% xya XP forall B — a,

e Xy =D% xya Z forall .
Again, after possible changing the index category A we may assume that each D% C X% is a normal cross-
ings divisor. Thus using the fact that the logarithmic de Rham—Witt complex commutes with filtered colim-
its, we may reduce to considering the analogous question for ¥ smooth over k with log structure N coming
from a normal crossings divisor D C Y. The claim is étale local, we may therefore assume that Y is étale
over k[xi,...,x,] with D the inverse image of {x;---x, = 0}. Locally, N is generated by &y and x; for
1 <i<e¢, soin order to see that the sequence is a complex, or in other words that (1 — F)(dlogn) =0,
it suffices to check that (1 — F)(dlogx;) = 0. This is a straightforward calculation. For the surjectivity of
1 — F we claim in fact that

L=F : W10y ) = W0y 5

is surjective. For this we note that by [Mat17, §9] there exists an exact sequence

0—W,Ql — W,a)('y_N) — W, 0p, -dlogx; — 0
i=1
for all r, where D; are the irreducible components of D. Denote the induced map W, w(ly N~ W, Op, by Res,;.
(In fact, it is assumed in [Mat17, §9] that Y is proper over k, however, the proof of the exactness in [Mat17,
§8.2] is local, and therefore works equally well in the non-proper case.) Since (1 — F)(dlogx;) = 0 it
follows that we have the commutative diagram

00— Wr+1911/ —_— Wr+1w(ly_’N) — D= Wr10p, —— 0

0 w,Ql Wrw(lyw) —— @ W, 0p, —— 0
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where W,Q)l, is the usual (non-logarithmic) de Rham—Witt complex of Y. It therefore suffices to apply
[11179, Propositions 1.3.26, 1.3.28], stating that the left and right vertical maps are surjective. Finally, to
show exactness in the middle, suppose that we are given @ € Wr+1a)('Y7N> such that (1 — F)(®) = 0. Then
applying [11179, Proposition 1.3.28] we can see that

Res;(®) € Z/p" "' Z +ker (W1 Op, — W, 0p,)

for all i. Hence after subtracting off an element of d1og(N®P) we may assume that in fact
® € Wy 1 Q) +ker (WrH w(IY.’N) — W,w(IYA’N)) .

Now applying [I1179, Corollaire 1.3.27] tells us that
o € dlog(N*®) + ker (Wr+1w(1y7N) — W,a)(ly_’N)>

and hence the given sequence of pro-sheaves is exact in the middle.
For the second sequence, the surjectivity of 1 — F follows from the corresponding claim for the first

sequence, since sections of Wra);(X Jpx can be lifted locally to Wra)}x. We may also argue étale locally;
; Y
assuming that X* is étale and strict over Spec (N” — w) The fact that the claimed sequence is a

complex follows again from observing that (1 — F)(dlogx;) = 0 for 1 <i < c¢. To see exactness in the
middle we use the fact that (again working étale locally) we have an exact sequence
0— @W,Q})l_ — Wrw)l(OX o @W,ﬁbﬁ =0
i v
by [Matl7, Lemma 8.4], where D; are the irreducible components of XOX and D;; their intersections. More-
over, this fits into a diagram

gp
dlog dlog

0—— @lWrQID E— Wrw)lfx — @ierﬁDij —0
! 0

[k

1-F 1-F 1-F

0—— eaiWV*l'Q'}),- E— erlw)l(OX/kx E— @ierflﬁD,-j — 0

with exact rows. Exactness of the middle vertical sequence at Wra))l(X Jpx DOW follows from the classical
0

result [11179, Corollaire 1.3.27, Proposition 1.3.28] and a simple diagram chase. O

Next, we will need to understand the kernel of W,a);(X e W, !
0

o, X k> Jog

Lemma 2.3. Forall r > 1 the sequence

0— —0

— W, 0!

7
Adlogt — W,o! Xk log

P 7, X, log
is exact.

Proof. Note that by [Matl7, Lemma 7.4] it suffices to show that

/
dlog(Mo) NW,Ox, Ndlogt = 7 Adlogt
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inside Wr(o)l(X , the inclusion D is clear. For the other, suppose that we are given an element of the form
0
gNdlogt € Wra))l(X which is in the image of dlog. Then we know that § Adlogt = dlogn+cin W,y a))l(X ,
0 0

1

for some ¢ € ker (Wr+1 o, — W,w)lfx) and § € W, O, lifting g. Arguing as in Proposition 2.2 above

XOX 0
we can see that (1 — F)(dlogn) = 0, and again applying [Mat17, Lemma 7.4] we can deduce that in fact
g =F(g) in W,0x,. Hence g € Z/p"Z as claimed. O

Finally, we will need to know that the logarithmic de Rham—Witt complex computes the log crystalline
cohomology of the semistable scheme 2. To do so, we need to construct a suitable comparison morphism

RM{%X/W*ﬁgfli/W :> Ww:;//‘x,

where ugx jyy 0 (27 /W )eris — Z is the natural projection from the log-crystalline site of 27 /W to the
étale site of :Z". Unfortunately, we cannot directly appeal to the construction of [Mat17, §6], since 2" is
not of finite type over W. However, we can easily get round this by exploiting the fact that the log scheme
Spec (R*) has an obvious log-p-smooth lift over W, namely the scheme Spec (W [[t]) together with the log
structure Ly defined by the divisor # = 0. We therefore take an embedding system

20— (%)

| |

27— (Spec (W[r]), Lw)

for the finite type morphism of log schemes 2% — (Spec (W{t])),Lw) in the sense of [Mat17, Definition
6.3], and then simply consider 2%, Z,° and (%,,N,) instead as (simplicial) log schemes over Spec (W),
the latter being endowed with the trivial log structure. We now proceed exactly as in [Mat17, §6], or [I1179,
6IL.1] to produce the required comparison morphism

Ru g s @‘,ﬁrii W 5 Wy ..
Proposition 2.4. The induced map
Hll;)g—cris(‘%/'X/W) - Héom(‘%/ét’wwe%x)
on cohomology is an isomorphism, for all i > 0.

Proof. Tt suffices to show that (27 /W,) = H (X, W, 7%, ) for all r, where W, = W,(k). Arguing
locally on .2~ we may assume in fact that 2 is affine, and in particular admits a closed embedding 2~ — &

i
Hlog—cris

into some affine space over W, [¢t]. Thus if we equip & with the log structure coming from the (smooth)
divisor defined by # = 0, the closed immersion 2~ — & can be promoted to an exact closed immersion of
log schemes.

Now applying Néron—Popescu desingularisation [Pop86, Theorem 1.8] to W, [t] — W,[¢], we may write

P =limy P as a limit of smooth W,[t]-schemes, such that:

e there exist compatible closed subschemes X% C P%, each of whose inverse image in & is precisely
4, an each of which is smooth over k;
e the divisors D% := X* N {t = 0}, each of whose inverse image in .2 is precisely the special fibre

Xo, have normal crossings.
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Both the log de Rham—Witt complex and étale cohomology commute with cofiltered limits of schemes, thus
by using [Matl7, Theorem 7.2] it suffices to show that the same is true of log-crystalline cohomology, in
other words that we have

Hiog oris (27 /W;) = colimgHijy s (Xor /W),
where X, denotes the scheme X, endowed with the log structure given by Dy. By [Kat89, Theorem 6.4],
Hi

og -cris (X5 /W) is computed as the de Rham cohomology of the log-PD envelope of X,; inside Py. Since
log-PD envelopes commute with cofiltered limits of schemes (i.e. filtered colimits of rings), it suffices to

show that H (2 /W,) can be computed as the de Rham cohomology of the log-PD envelope of 2"~

log-cris
inside 2.
In other words, what we require a logarithmic analogue of [Kat91, Theorem 1.7], or equivalently a
log-p-basis analogue of [Kat89, Theorem 6.4]. But this follows from Proposition 1.6.6 of [CV15]. O

3. MORROW’S VARIATIONAL TATE CONJECTURE FOR DIVISORS

The goal of this section is to offer a simpler proof of a special case of [Mor14, Theorem 3.5] for smooth
and proper schemes 2~ over the power series ring R = k[[t]. This result essentially states that a line bundle
on the special fibre of 2" lifts iff its its first Chern class in H>

s does, and should be viewed as an equichar-
acteristic analogue of Berthelot and Ogus’s theorem [BO83, Theorem 3.8] stating that a line bundle on the
special fibre of a smooth proper scheme over a DVR in mixed characteristic lifts iff its Chern class lies in
the first piece of the Hodge filtration. We will also give a slightly different interpretation of this result that
emphasises the philosophy that in equicharacteristic the ‘correct’ analogue of a Hodge filtration is an &-
structure. Our proof is simpler in that it does not depend on any results from topological cyclic homology,
but only on fairly standard properties of the de Rham—Witt complex. As such, it is more readily adaptable
to the semistable case, which we shall do in §4 below.

Throughout this section, 2~ will be a smooth and proper R = k[t]-scheme. Let R, denote k[¢] /(¢"*!) and
set X, = 2 ®gr R,. Write X for the generic fibre of 2" and X for its formal (z-adic) completion. Since all
schemes in this section will have trivial log structure, we will use the notation W, Q* for the de Rham—Witt

complex instead of Wew*. The key technical calculation we will make is the following.

Lemma 3.1. Fixn > 0, write n = p™ng with (ng,p) = 1, and let r = m+ 1. Then the map

dlog:1+1t"0x, — WrQ)l(n,log

is injective.

Proof. Tt suffices to prove the corresponding statement for sections on some open affine Spec (4,) C X,,
which we may moreover assume to be étale over R,[x|,...,x4]. In this case, since deformations of smooth
affine schemes are trivial, we have A, = Ay ®; R,. Hence 1+1"A,, = 1+1t"Ag, and our problem therefore
reduces to showing that if a € Ay is such that dlog[1 4 at”] = 0, then in fact @ = 0. But vanishing of a may
be checked over all closed points of Spec (Ay), so by functoriality of the dlog map we may in fact assume
that Ag is a finite extension of k; enlarging k we may moreover assume that Ag = k. In other words we need
to show that the map

dlog: 141"k — WrQ}en

is injective. Since k is perfect, any 14 ar” € 14"k can be written uniquely as (14 £"0b)P" for some b € k,
hence dlog[l + at"] = p™dlog(1 +¢"0b). 1t follows that if dlog[l + ar"] = 0, then nop™bt™~'dt = 0 in
WrQ}en - note that although b € k, nonetheless p”b still makes sense as an element of W, (k) = W,(k).
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Since any non-zero such b is invertible, the lemma will follow if we can show that p#"0~!dt is non-zero in

W,Q,len. This can be checked easily using the exact sequence

Wo((1))
W (1))
from [LZ05]. (Il

d
S Wol w, i) WiRn = W, Qg — 0

From this we deduce the following.

Proposition 3.2. For r>> 0 (depending on n) there is a commutative diagram

| —— 1+10y, o3 o5 1
ldlog ldlog
dlog 1 1
| —— 1+10x, —— WiQy 1og — Wiy 15y — 0

with exact rows.

Proof. Tt is well-known that the top row is exact, and the diagram is clearly commutative, it therefore
suffices to show that for all n the sequence

1= 1+10x, = WeQy 10g = WrQY jog — 0
is exact for r > 0. From the definition of W,Q)'(n_log and the exactness of the sequence
1= 1+t0x, — Oy, — Ox, — 1

it is immediate that W,Q}lfmlog — WrQ)l(OJOg is surjective and the composite 1 +¢0x, — WrQ)l(O,log is zero.

Given a € Oy mapping to 0 in W,Q}(O_log, it follows from [I1179, Proposition 1.3.23.2] that there exists

B € 0% and y € 1 +10x, such that a = B?" 47, and hence dloga = dlogy in W,Q)l(mlog. The sequence
1+10x, = W,Qx 106 = Wik, jog — 0
is therefore exact, and it remains to show that
dlog:1+t0x, — WrQ)I(,,,log

is injective for » > 0. By induction on # this follows from Lemma 3.1 above. ([

‘We now set
i N i
Wer,IOg = hanrQXn,log
as sheaves on X4 and define

H({ont (:{étﬂ WQ?{.Iog) =H/ (Rh'{n Rr(:{éh Wrgléf,log)) :

As an essentially immediate corollary of Proposition 3.2, we deduce the key step of Morrow’s proof of the
variational Tate conjecture in this case.

Corollary 3.3. Let £ € Pic(Xo), with first Chern class ¢1(£) € HY i (Xo.6,, WQL

Xolog)- Then L lifts to
Pic(2") if and only if ¢1 (L) lifts 10 Hign(Zéet; WYy 10)-

10
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Proof. One direction is obvious. For the other direction, assume that the first Chern class ¢; (%) lifts to
Hclom(t%%t,WQ}%]Og), in particular it therefore lifts to Hclom(%ét,WQ%bg). Hence by Proposition 3.2 it
follows that . lifts to Pic(X), and we may conclude using Grothendieck’s algebrisation theorem that it
lifts to Pic(2"). O

From this the (crys-¢) form of the variational Tate conjecture follows as in [Mor14].

Corollary 3.4. Let £ € Pic(Xo)q, with first Chern class ¢\(£) € H2 (Xo/K)?=P. Then & lifts to
Pic(2 ) if and only if ¢\ (L) lifts to H2. (2 /K)?=P.

Proof. Let us first assume that k is algebraically closed. By [Morl4, Proposition 3.2] the inclusions

WQY: o [—1] = WQY | and WQy 1 [—1] — W5

Xo,log induce an isomorphism

1 1 ~ 72
Heong (X0¢ét’ WQXO,log)Q — H;

ris

(Xo/K)P="

and a surjection

Hclont(‘%tvwg}fﬁ,log)Q - chris(%/K)(p:p'

The claim follows. In general, we argue as in [Mor14, Theorem 1.4]: the claim for k algebraically closed
shows that . lifts to Pic(2")g after making the base change k[t] — k[t]. Let k[¢]*" denote the strict
Henselisation of k[[¢] inside k[¢], by Néron—Popescu desingularisation there exists some smooth local k[[¢]*"-
algebra A such that & lifts to Pic(2")g after making the base change k[t] — A. But the map k[t]*" — A
has a section, from which it follows that in fact . lifts to Pic(.2 )Q after making some finite field extension
k — k. But now simply taking the pushforward via 2" ®; k' — 2 and dividing by [k : k] gives the
result. ]

To finish off this section, we wish to give a slightly different formulation of Corollary 3.4. After [LP16]
we can consider the ‘overconvergent’ rigid cohomology Hriig X/& T) of the generic fibre X, which is a
(¢, V)-module over the bounded Robba ring . Set H (X /%) := H},(X /") ® g+ %. By combining
Dwork’s trick with smooth and proper base change in crystalline cohomology we have an isomorphism

Hriig(X/‘%)V:O = Hriig(XO/K)

for all i. In particular, for any .Z € Pic(Xp)g we can consider ¢;(.Z) as an element of Hr’;g (X/%)V=°
Hr’ig (X/%). One of the general philosophies of p-adic cohomology in equicharacteristic is that while the
cohomology groups Hriig (X/2) in some sense only depend on the special fibre Xp, the ‘lift” X of X is
seen in the &"-lattice Hi (X / &N C H},, (X /2). The correct equicharacteristic analogue of a Hodge filtra-
tion, therefore, is an &'-structure. With this in mind, then, a statement of the variational Tate conjecture
for divisors which is perhaps slightly more transparently analogous to that in mixed characteristic is the

following.

Theorem 3.5. Assume that 2 is projective over R. Then a line bundle £ € Pic(Xy)q lifts to Pic(Z )q if
and only if c|(£) € Hrzig(X/%) lies in Hl%g(X/(gﬁ).

Proof. This is simply another way of stating the condition (flat) in [Mor14, Theorem 3.5]. (]
Remark 3.6. It seems entirely plausible that the methods of this section can be easily adapted to give a proof
of [Mor14, Theorem 3.5] in general, i.e. over k[fy,...,f,] rather than just k[z].

11
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4. A SEMISTABLE VARIATIONAL TATE CONJECTURE FOR DIVISORS

In this section we will prove a semistable version of Theorem 3.5, or equivalently an equicharacteristic
analogue of [Yam1 1, Theorem 0.1]. The basic set-up will be to take a proper, semistable scheme 2" /R, as
before we will consider the semistable schemes X, /R, as well as the smooth generic fibre X /F. We will
also let X denote the formal completion of 2 .

The special fibre of 2~ defines a log structure M, and pulling back via the immersion X,, — 2~ defines
a log structure M,, on each X,. For each n we will put a log structure L, on R, via N — R,, 1 — 7, note
that for n = O this is the log structure of the punctured point on k. We will let L denote the log structure
on R defined by the same formula. As before we will write R* = (R,L), R = (Ry,Ly), 2 = (2, M),
X = (X,,M,) and k* = (k,Ly). The logarithmic version of Proposition 3.2 is then the following.

Proposition 4.1. For r > 0 (depending on n) there is a commutative diagram

| —— 1410y, o3 1z 1
| —— 1410, M M 0
J J/dlog Jdlog

1 1
1 Hon,r WOy 10g — Wiy o jog — 0

with exact rows. Moreover each Jt, , fits into an exact sequence of pro-sheaves on X, &
1= 14+t0x, — {0}y = {2Z/p"Z} — 0
which is split compatibly with varying n.

Proof. We first claim that if we replace Wra))l(X K% Jog by Wr(x))l(X log then we obtain an exact sequence
0 ’ 0

1 1
1= 1+1t0x, — W,a)XnX tog W’onX Tog 0

for r > 0. Using Proposition 2.1 the proof of the exactness of

1 1
1+t0x, — W,a)xnX Jog WerOX Jog 0

is exactly as in Proposition 3.2. In fact, to check exactness on the left we can even apply Proposition 3.2: to
check a section of 1+ 10y, vanishes it suffices to do on a dense open subscheme of X,,, we may therefore
étale locally replace X, by the canonical thickening of the smooth locus of the special fibre. But now we
are in the smooth case, so we apply Proposition 3.2 (which holds locally).

Applying Lemma 2.3 we know that the kernel of

1 1
WerOX Jlog - WerOX /k* log

is isomorphic to Z/p’Z, generated by dlogs. The snake lemma then shows that, defining .7, , to be the

kernel of Wr(x)1 % — W,a))l(X
0

, we have the exact sequence
X slog

/k* log
1= 14+1t0x, = Hpy, > Z/p"Z—0

for r > 0. To see that it splits compatibly with varying r and n it therefore suffices to show that there exist

: 1 : : 1 1 1 .
compatible classes @, € W,coxnx whose image in W,a)xOX Jog generate the kernel of W,a)x(JX Jog — W,(x)xoX K Jog?
as we have already observed the classes of dlogt will suffice. ]

12
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Let Pic(X;) = H' (Xo.&, ME") and Pic(2*) = H' (%, M®). As before, we therefore obtain the fol-

lowing.

Corollary 4.2. Let £ € Pic(X;) (resp. Pic(Xp)). Then L lifts to Pic(Z ) (resp. Pic(Z)) iff c1(ZL) €

1 1 : 1 1
Hcont(XO,étﬂwaOX /kx,log) lifts to Hcont(%tvwwﬂ/f&log)'

Proof. This is similar to the proof of Corollary 3.3, although a little more care is needed in taking the limits
in n and r. Again, one direction is clear, so we assume that we are given a (logarithmic) line bundle whose

Chern class lifts. First we note that we have isomorphisms
PiC(f{) = Hclont(XO,éta {ﬁ;n }n); PiC(%X) = Hclont(XO,éta {Mr%p}n)

and hence the obstruction to lifting (in either case) can be viewed as an element of chom (X()7ét, {1+t0x,}n).

The fact that the Chern class lifts implies that this obstruction vanishes in
Hion(Xo.e0:{Hnr}.r) := H* (REMRIEmRT (Xo.6, 7))
and hence the fact that the exact sequence of pro-sheaves
1= 14+1t0x, = {0, }y > {Z/p"Z} — 0

splits, compatibly with varying n, shows that the obstruction must itself vanish in HZ (X &, {1410, }n).
Finally, we need to see that we have isomorphisms Pic(¥) 2 Pic(.2") and Pic(X*) 2 Pic(Z" ). The first is
Grothendieck’s algebrization theorem, to see the second we note that Pic(2 *) = Pic(X), the Picard group
of the generic fibre of 2, similarly Pic(X*) 2 Pic(X®"), the Picard group of its analytification. The two
are isomorphic by rigid analytic GAGA. ]

To relate this to log crystalline cohomology, we use the following.

Lemma 4.3. The inclusions W,a)}KX Jog[—l] — W, @7 and Wra)lOX 1] — W,a);goX induce surjec-

Jk* ,log[_ Jk*

tions
1 1 2 =
Hcont(%tyww%’x,log)Q - Hlog-cris(%X/K)qj r

1 1 2 =
Heon (Xoers va)(o>< /kX,IOg)Q - Hlog—cris (XO>< /KX )(p r

where @ is the semilinear Frobenius operator. If k is algebraically closed, then the latter is in fact an

isomorphism.

Proof. Let us first consider .2"*. Define the map .7 : {W,a)fz.lX b= {W,a);x 1, to be pi~'F in degree i,
note that in degrees > 1 it is a contracting operator, and hence 1 — .% is invertible on W,a);}x. Similarly,
themap 1 -V : {W, 09}, — {W, 04}, is an isomorphism. From this and Proposition 2.2 it follows that
the triangle
1-Z
0= {W,0% < oo }r = (We03L ) = (W03}, —0

. : >
of complexes of pro-sheaves is exact. Since p.# = @ on Wra)@lX , we deduce an exact sequence

1
0—s Hclont(‘%éhwwi’x )Q
im(¢ —p)

For a complex of K-modules C* with semilinear Frobenius, let us write Ry—,(C*) for the mapping cone

! 1 2 >1 0=
HHcont('%fétvww%x.rlog)Q *)Hcom(ﬂfét’WwEKX)(% P .

Cone(C* oy C*), and Hy_,(C*) for its cohomology groups. Then since 1 —V =1 — pe~ 7 is invertible
on {W,0 4}, we deduce that

Ry (R cont( Zé, W03 )g) = Ry p (R cont( 2, W0y )).-

13
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From this we extract the diagram

>1
H(:lont('g&fétswwéfx )Q

0 e H}_,(RTcont( 2, W03 )q) — Hau(Za, W3 )5 —— 0
Hclon (‘%e Wo? )Q J % l =
0 lim(‘rpfpﬁf Hy (Rl cont( Ze, W@ )g) —— Hfom(%ét,Wa)jw)é P50

with exact rows, such that the middle vertical arrow is an isomorphism. In particular, the right vertical arrow

is an surjection, and applying Proposition 2.4 we see that the map

1 1 2 =
Hcont(‘%étvwwgfxﬁlog)(@ - Hlog»cris(%X/K)w b

is surjective as claimed. An entirely similar argument works for X, replacing Proposition 2.4 with [Mat17,
Theorem 7.9], and in fact shows that

Hclont (Xoéta le

2 =
X /kX710g)Q - I—Ilog—cris(xo>< /KX )(P P

is an isomorphism if and only if (¢ — p) is surjective on Hﬂ)g_cris

(X, /K™ ). If k is algebraically closed, this

follows from semisimplicity of the category of ¢-modules over K. ]
This enables us to deduce the following.

Corollary 4.4. Let £ € Pic(X)q (resp. Pic(Xo)q). Then Z lifts to Pic(Z *)q (resp. Pic(Z)q) iff
c1(ZL) € H? (X /K*)P=P lifts to Hﬁg_cris(ﬂfx/l()"’:p.

log -cris
Proof. Exactly as in the proof of Corollary 3.4. O

Let us now rephrase this more closely analogous to Yamashita’s criterion in [Yam11]. Note that thanks

to [LP16, Corollary 5.8] we have an isomorphism

Hrllg(X/‘%) = Hliog-cris (XO>< /KX) QA

of (¢, V)-modules over %, which induces an isomorphism
Hriig (X/‘%)VZO = Hliog—cris (XOX /KX )NZO'

By [Yam11, Proposition 2.2] (whose proof does not use the existence of a lift to characteristic 0), the first
Chern class ¢ (.Z) of any . in Pic(X,;)g or Pic(Xp)q satisfies N(c1(-Z")) = 0. Hence we may view ¢ (.Z)
(X/2).

as an element of Hrzig

Theorem 4.5. Assume that 2" is projective over R. Then £ lifts to Pic(Z *)q (resp. Pic(Z)q) iff
ci1(Z) € Hiy(X /&) C H (X /).

Proof. Note that if ¢, (L) € Hrzig(X /&), it is automatically in the subspace Hrzig(X /ENHV=09=r  Now
consider the Leray spectral sequence for log crystalline cohomology

(Spec (R¥) ,Rpf*ﬁfa?i/IJ = H  (277/K),

log-cris

Pad _ g4
E2 - Hlog—cris
where f: 27 — Spec (R*) denotes the structure map. Since 2" is projective we obtain maps

W RO - RIVEOGS
of log-F-isocrystals over R* by cupping with the class of a hyperplane section, we claim that « is an iso-
morphism. To check this, we note that we can identify the category of log-F-isocrystals over R* with the

14
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category m;’iog of log-(@,V)-modules over the ring &1 := W[¢] @w K as considered in [LP16, §5.3].

We now note that the functor of ‘passing to the generic fibre’, i.e. tensoring with & := &+ (¢t~!) is fully
faithful, by [Ked04, Theorem 5.1] (together with a simple application of the 5 lemma), and hence by the
hard Lefschetz theorem in rigid cohomology [Car16] (together with standard comparison theorems in crys-
talline cohomology) the isomorphy of u’ follows. Hence applying the formalism of [Mor14, §2] we obtain
surjective maps

2 2 i
Hlog—cris(%X/K) - Hl(())g—cris (Spec (RX> aR f* ﬁ;}i/[()
— : ¢=p
I_Ilig—cris(‘%f>< /K)(pip - Hl(())g—cris (Spec (RX) asz* ﬁgflsx /K)
as the edge maps of degenerate Leray spectral sequences (see in particular [Mor14, Lemma 2.4, Theorem
2.5]). Finally we note that again applying Kedlaya’s full faithfulness theorem, together with the proof
of [LP16, Proposition 5.45], we can see that

i =P T\V=0,0=
Hl%g—cris (Spec (RX) 7R2f* ﬁ%sx /K) = Hr%g(X/g )V 0.9=p
and the claim follows. ]
We will now give one final reformulation of this result.

Definition 4.6. (1) We say that a cohomology class in Hrzig (X /&7 is algebraic if it is in the image of
Pic(X)q under the Chern class map.
(2) We say that a cohomology class in HI%g —oris (Xo /K) is log-algebraic if it is in the image of Pic(X )g
under the Chern class map.
(3) We say that a cohomology class in H2

log-cris

(X, /K) is algebraic if it is in the image of Pic(Xy)q
under the Chern class map.

Let

Sp - Hr2ig (X/éﬁ)vzo - HrZig (X/‘%)VZO = Hl%)g—cris (XO>< /K)N:() — Hl%)g—cris (XOX /K)

denote the composite homomorphism.

Theorem 4.7. Assume that 2 is projective, and let o, € Hrzig (X /&T). The following are equivalent.

(1) o is algebraic.
(2) V(o) =0and sp(a) is log-algebruaic.
(3) V(a) =0 and sp(a) is algebraic.

Proof. Note that since sp is injective, the hypotheses in both (2) and (3) imply that ¢(a) = pa. Since 2
is flat, its special fibre is a principal Cartier divisor, therefore the restriction map Pic(.2")g — Pic(X)q is as
isomorphism. The claim then follows from Theorem 4.5. ]

5. GLOBAL RESULTS

In this section we will deduce some global algebraicity results more closely analogous to the main results
of [Mor14]. We will therefore change notation and let F denote a function field of transcendence degree one
over our perfect field k of characteristic p. We will let v denote a place of F' with completion F; and residue
field k,. Let € denote the unique smooth, proper, geometrically connected curve over k with function field
F. Let F*°P denote a fixed separable closure of F' with Galois group Gp.

15
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Definition 5.1. Define F-Isoc(F/K) := 2-colimy F-Isoc(U/K), the colimit being taken over all non-empty
open subschemes U C €.

Note that by [Ked07, Theorem 5.2.1], for any E € F-Isoc(F/K), defined on some U C %, the zeroeth
cohomology group
EV=0=HJ,(U/K,E)
is a well-defined (i.e. independent of U) F-isocrystal over K. For any smooth and projective variety X /F
we have cohomology groups jf;iig (X/K) € F-Isoc(F /K) obtained by choosing a smooth projective model
over some U C €, taking the higher direct images and applying [MT04, Corollaire 3]. As constructed

in [Pdll5, §6] (see in particular Propositions 6.17 and 7.2) there is a p-adic Chern class map
c1 : Pic(X)g — (X /K)V=0

and we will call elements in the image algebraic.
Assume now that X has semistable reduction at v, denote the associated log smooth scheme over kS by
X< Let £’J denote a copy of the bounded Robba ring ‘at v’, so that by [Tsu98, §6.1] there is a functor

it : F-Isoc(F /K) %mj,@j’

Thanks to the proof of [LP 16, Proposition 5.52] this functor sends %’;i, (X/K) to H?

e (Xg,/&)). In particular

we obtain a map

rot g (X/K)Y0 = Hy (Xp, /6)7°

and composing with the specialisation map considered at the end of §4 we obtain a homomorphism
V=
Sp, ji‘;lzg (X/K) 0 - Hl%)g»cris (va /Kj)
where K, = W (k,)[1/p].

Theorem 5.2. Assume that X is projective, and let o, € %‘fg (X/K)V=C. The following are equivalent.
(1) «is algebraic.
(2) sp, () is algebraic.
(3) sp,(a) is log-algebraic.

Proof. As before the hypotheses in (2) and (3) imply that (o) = pa. By Theorem 4.7 we clearly
have (1) = (2) < (3), and if (2) or (3) hold then there exists a line bundle .Z € Pic(XF,)g such that
() = ¢1(&) in Hrzig(Xpv /ENY=0. To descend & to Pic(X)g we follow the proof of Corollary 3.4.
Specifically, applying Néron-Popescu desingularisation to the extension F — F, from the Henselisation to
the completion at v and arguing exactly as before we can in fact assume that . descends to X i and hence
to Xp+ for some finite, separable extension F’/F. Again taking the pushforward and dividing by the degree

gives the result. U

6. A COUNTER-EXAMPLE

A natural question to ask is whether or not the analogue of Corollary 3.4 or Corollary 4.4 holds with
Pic(—)q replaced by Pic(—)g,. We will show in the section that when £ is a finite field this cannot be the
case, since it would imply Tate’s isogeny theorem for elliptic curves over k[¢]. Let us return to the previous
notation of writing F = k((¢)) and R = k[¢] for its ring of integers.

We first need to quickly recall some material on Dieudonné modules of abelian varieties over k, R and
F. As before, we will let W denote the ring of Witt vectors of k, set Q = W[¢] and let " be the p-adic
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completion of Q[t!], so that we have &% = Q[1/p] and & = I'[1/p]. Fix compatible lifts o of absolute

Frobenius to W C Q C I'. By [dJ95, Main Theorem 1] there are covariant equivalences of categories
D:BT; = DMy, D:BTz = DMgq, D:BTr = DMr

between p-divisible groups over k (resp. R, F) and finite free Dieudonné modules over W (resp. Q,
I). In particular, if <7 is an abelian variety over any of these rings, we will let D(<) denote the (co-
variant) Dieudonné module of its p-divisible group o7 [p™]. It follows essentially from the construction
(see [BBM82]) together with the comparison between crystalline and rigid cohomology that when A/F is
an abelian variety we have D(A) ®r & = Hrlig (A/&)V(—1) as (@, V)-modules over &, and from [Ked00, The-
orem 7.0.1] that D(A) ®r & canonically descends to a (,V)-module D¥(A) = H} (A/&7)¥(~1) over &7.
The results of [BBMS2, §5.1] give a canonical isomorphism D(AY) 22 D'(A4)Y(—1) of (¢,V)-modules
over &7, In particular, if E is an elliptic curve then we have a canonical isomorphism E =2 EV and hence an
isomorphism D(E) =2 DT (E)V(—1).

We can now proceed to the construction of our counter-example. It will be a smooth projective relative
surface 2~ over R, obtained as a product & Xg (opzv (= &1 xgr &) where &; are elliptic curves over R (to be
specified later on). Let X denote the generic fibre of 2™ and Xj the special fibre. As a product of elliptic
curves, we know that the Tate conjecture for divisors holds for Xp, that is, the map

cl: PiC(X())Qp —)Hrzig(X()/K)(p:p

is surjective. Functoriality of Dieudonné modules induces a homomorphism

D} p, : Hom(E\, E2) ©2Q), — Homyev (D'(E1), D' (E2))

\%
&t

which is injective by standard results.

Theorem 6.1. Assume that any £ € Pic(Xo)q, whose first Chern class ¢\(£) € Hrzig(X/%) lies in the

subspace Hrzig(X /ET) C Hrzig(X /) lifts to Pic(Z")q,, in other words, assume that the Qp-analogue of
Corollary 3.4 holds. Then the map Dzl B, isan isomorphism.

Proof. This is essentially well-known. To start with, we note that we have a commutative diagram

. S — —
Pic(X)q, —— Hi (X /&T)V=00=r

| [

Pic(Xo)g ——— H3,(Xo/K)?=

with bottom horizontal map surjective. Under the given assumptions the top horizontal map is also sur-
jective, and induces an isomorphism NS(X)q, =+ H2,(X/&)Y=09=P_ It follows from the Kiinneth for-

rig
mula [LP16, Corollary 3.78] that

(E, /Y@ H]

Hrzlg(X/gT)g@@T(_l)@Hl rlg(Eﬁ//éaT)@gT<_l)

rig
where the terms on either end are H” ® H? and H> ® H® respectively. Since Hrlig (E\/&T) = DY(E;) and
Hrlig(Eﬁ//éaT) ~D(E,)Y(—1) we have that

Hrzig(X/@@T)V:O"(p:p = Qp @ (DT(EI) Q gt D (Ez)\/)VZO,(p:id @@p
=Q, EBHommZT (D (E), D (E2)) ©Q,
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Next, let DCy(E, Ey') denote the group of divisorial correspondences from E; to E;’ modulo algebraic
equivalence, in other words line bundles on E| x E; whose restriction to both E; x {0} and {0} x E} is
trivial. Then we have shown that the map

DCug(E1,E5 )q, — Homygy (D' (E1), D' (E2))
is an isomorphism, and since DCyje (E1, Ey )g = Hom(E|, E»)q, it follows that the map
Hom(Ey, Ez)g, — Homm;% (DT(E}),D' (Ey))
is also an isomorphism. This completes the proof. (|

In other words, to produce our required counter-example 2~ we need to produce elliptic curves & and
&> as above such that D};l [, 18 not surjective. So let k = » and let Ey /k be a supersingular elliptic curve
such that Frob ,» = [p] € End(Ep) (such elliptic curves exist by Honda-Tate theory). It easily follows that
any k-endomorphism of Eo has to commute with Frob >, and is hence defined over k. By the p-adic version
of Tate’s isogeny theorem the p-divisible group functor induces an isomorphism:

End(E) ® Z, — End(Eo[p™]).

Lemma 6.2. There is an isomorphism ¢ : Eo[p”| — Eo[p*] whose Qp-linear span in End(Eo[p~]) ®z, Q)

cannot be spanned by an element in
End(Ey) ® Q C End(Ep) ® Q, = End(Ey[p™]) ®z, Qyp.

Proof. Since End(Ey[p>]) is an order in a quaternion algebra over Q, by [Sil86, Ch. V, Theorem 3.1], so
its group of invertible elements is a p-adic Lie group of dimension at least 3. Therefore the Q,-linear spans
of elements of End(Ep[p™])* is uncountable. As End(Ep) ® Q is countable, there is a ¢ € End(Ep[p™])*
whose QQ,,-linear span cannot be spanned by the left hand side of the inclusion above. ([l

Let &) be an elliptic curve over R whose special fibre is Ey and whose generic fibre E| over F = k((¢)) is
ordinary. Via the isomorphism ¢ in the lemma above we can consider &} [p™] as a deformation of Ey[p™].
By the Serre-Tate theorem [Mes72, V. Theorem 2.3] there is a deformation & of E over R corresponding
to this deformation of p-divisible groups. Let E, denote the generic fibre of &, over F.

Proposition 6.3. The map
D} ;. :Hom(E| E;)®Q, — Homygy. (DT (Ey),D'(E,))
is not surjective.

Proof. Assume for contradiction that in fact DEIA’ £, 18 an isomorphism. By construction &} [p™] = &[p”~],
so by the functoriality of Dieudonné modules Hom(D(&}),D(&3)) is non-zero. Hence Hom(D(E;),D(E3))
is also non-zero. As
D'(E) @4+ & =D(E;) ®r &,

we get that Hom(D'(E;), D" (E;)) is also non-zero, by Kedlaya’s full faithfullness theorem [Ked04, The-
orem 5.1]. So by our assumptions Hom(E,E>) is also non-zero, and the elliptic curves E; and E, are
isogeneous.

As &7 is generically ordinary but has a supersingular special fibre, it is not constant, that is, the j-
invariant of its generic fibre j(E;) ¢ F,. Therefore End(E;) = Z, so by the above Hom(E|,E;) ® Q,
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is one-dimensional. Therefore the same holds for Hom(D(E;),D(E,)), too. We have a commutative
diagram:
Hom(&1,6,) ® Q, ———  Hom(E|,E>) ®Q,

| |

Hom(D(&7),D(4)) ®z, Q, —— Hom(D'(E;), D (E3)).

The lower horizontal map is an isomorphism by de Jong’s full faithfullness theorem [dJ98], the upper
horizontal map is an isomorphism since any abelian scheme is the Néron model of its generic fibre, and
the right vertical map is an isomorphism by assumption. So the left vertical map is an isomorphism, too.
Specialisation furnishes us with another commutative diagram:

Hom(&1,6) ® Q, ———  End(Ep) ® Q,

J |

Hom(D(¢1),D(63)) ©z, Qp —— End(D(Eo)) @z, Qp-
By construction the image of the lower horizontal map in
El‘ld(D(E())) ®Zp Qp = End(Eo [pm]) ®Zp Qp

contains the span of ¢. Since the domain of this map is one-dimensional, we get that its image is the span
of ¢. Since the left vertical map is an isomorphism by the above, we get that the span of ¢ is spanned by
the specialisation of any non-zero isogeny &1 — &>. This is a contradiction. ]

We therefore arrive at the following.

Corollary 6.4. There exists a smooth, projective relative surface 2 /R with generic fibre X and special
fibre Xo, and a class £ € Pic(Xo)q, whose Chern class c¢\(£) € Hrzig(X/%’) lies inside Hrzig(X/é"T) but
which does not lift to Pic(2)q,-

REFERENCES

[BBMS82] P. Berthelot, L. Breen, and W. Messing, Théorie de Dieudonné Cristalline II, Lecture Notes in Mathematics, vol. 930,
Springer-Verlag, 1982, http://dx.doi.org/10.1007/BFb0093025. T 17

[BO83] P. Berthelot and A. Ogus, F-isocrystals and De Rham Cohomology. 1, Invent. Math. 72 (1983), no. 2, 159-199, http:
//dx.doi.org/10.1007/BF01389319. 1 1, 9

[Carl6] D. Caro, Hard Lefschetz theorem in p-adic cohomology, Rend. Semin. Mat. Univ. Padova 136 (2016), 225-255, https:
//doi.org/10.4171/RSMUP/136-15.1 15

[CV15] D. Caro and D. Vauclair, Logarithmic p-bases and arithmetical differential modules, preprint (2015), https://arXiv.
org/abs/1511.07797.1 9

[dJ95] A. J. de Jong, Crystalline Dieudonné module theory via formal and rigid geometry, Publ. Math. LH.E.S. 82 (1995), 5-96,
http://www.numdam.org/item?id=PMIHES_1995__82__5_0.1 17

, Homomorphisms of Barsotti-Tate groups and crystals in positive charateristic, Inventionnes Mathematica 134
(1998), 301-333, http://dx.doi.org/10.1007/s002220050266. T 19

[HK94] O. Hyodo and K. Kato, Semi-stable reduction and crystalline cohomology with logarithmic poles, Astérisque (1994),
no. 223, 221-268, Périodes p-adiques (Bures-sur-Yvette, 1988). 1 4

[11179] L. llusie, Complexe de de Rham-Witt et cohomologie cristalline, Ann. Sci. Ecole Norm. Sup. (4) 12 (1979), no. 4, 501-661,
http://www.numdam.org/item?id=ASENS_1979_4_12_4_501_0.14,5,6,7,8, 10

[Kat89] K. Kato, Logarithmic structures of Fontaine-Illusie, Algebraic Analysis, Geometry and Number Theory (1989), 191-224.
15,9

[dJ98]

19


http://dx.doi.org/10.1007/BFb0093025
http://dx.doi.org/10.1007/BF01389319
http://dx.doi.org/10.1007/BF01389319
https://doi.org/10.4171/RSMUP/136-15
https://doi.org/10.4171/RSMUP/136-15
https://arXiv.org/abs/1511.07797
https://arXiv.org/abs/1511.07797
http://www.numdam.org/item?id=PMIHES_1995__82__5_0
http://dx.doi.org/10.1007/s002220050266
http://www.numdam.org/item?id=ASENS_1979_4_12_4_501_0

Cycle classes and Lefschetz (1,1)

[Kat91]

[Ked00]

[Ked04]

[Ked07]

[LP16]

[LZ04]

[LZ05]

[Mat17]

[Mes72]

[Mor14]

[Morl5]

[MTO04]

[Pal15]

[Pet03]

[Pop86]

[Sil86]

[Tsu98]

[Yam11]

KORTEWEG-DE VRIES INSTITUTE, UNIVERSITEIT VAN AMSTERDAM, P.O. Box 94248, 1090 GE, AMSTERDAM, THE NETHER-

LANDS

, The explicit reciprocity law and the cohomology of Fontaine-Messing, Bull. Soc. Math. France 119 (1991), no. 4,
397-441, http://wuw.numdam. org/item?id=BSMF_1991__119_4_397_0.1T9

K. S. Kedlaya, Descent theorems for overconvergent F-crystals, Ph.D. thesis, Massachusetts Institute of Technology, 2000.
17

, Full faithfulness for overconvergent F-isocrystals, Geometric aspects of Dwork theory. Vol. I, 1I, Walter de
Gruyter, Berlin, 2004, pp. 819-835. 1 4, 15, 18

, Semistable reduction for overconvergent F-isocrystals I: Unipotence and logarithmic extensions, Comp. Math.
143 (2007), 1164-1212, http://dx.doi.org/10.1112/80010437X07002886. 1 16

C. Lazda and A. Pdl, Rigid Cohomology over Laurent Series Fields, Algebra and Applications, vol. 21, Springer, 2016,
http://dx.doi.org/10.1007/978-3-319-30951-4. 1 2, 3, 11, 14, 15, 16, 17

A. Langer and T. Zink, De Rham—Witt cohomology for a proper and smooth morphism, J. Inst. Math. Jussieu 3 (2004),
n0. 2, 231-314, http: //dx.doi.org/10.1017/S1474748004000088. 1 4

, Gauf3-Manin connection via Witt-differentials, Nagoya Mathematical Journal 179 (2005), 1-16, http://
projecteuclid.org/euclid.nmj/112851845. 1 10

H. Matsuue, On relative and overconvergent de Rham—Witt cohomology for log schemes, Math. Z. 286 (2017), no. 1-2,
19-87, http://dx.doi.org/10.1007/s00209-016-1755-1.174,5,6,7, 8,9, 14

W. Messing, The crystals associated to Barsotti-Tate groups: with applications to abelian schemes, Lecture Notes in
Mathematics, vol. 264, Springer-Verlag, Berlin-New York, 1972, http://dx.doi.org/10.1007/BFb0058301. T 18
M. Morrow, A variational Tate conjecture in crystalline cohomology, preprint (2014), https://arXiv.org/abs/1408.
6783.11,3,9,11, 15

, K-theory and logarithmic Hodge—Witt sheaves of formal schemes in characteristic p, preprint (2015), https:
//arXiv.org/abs/1512.04703.1 2

S. Matsuda and F. Trihan, Image directe supérieure et unipotence, J. Reine Angew. Math. 469 (2004), 47-54, http:
//dx.doi.org/10.1515/cr11.2004.028. 1 16

A. Pél, The p-adic monodromy group of abelian varieties over global function fields in charcateristic p, preprint (2015),
https://arXiv.org/abs/1512.03587. 1 16

D. Petrequin, Classes de Chern et classes de cycles en cohomologie rigide, Bull. Soc. Math. France 131 (2003), no. 1,
59-121, http://eudml.org/doc/272359. 1 3

D. Popescu, General Néron desingularization and approximation, Nagoya Math. J. 104 (1986), 85-115, http://
projecteuclid.org/euclid.nmj/1118780554. 1 6, 8

J. H. Silverman, The arithmetic of elliptic curves, Graduate Texts in Mathematics, vol. 106, Springer-Verlag, New York,
1986, http://dx.doi.org/10.1007/978-1-4757-1920-8. 1 18

N. Tsuzuki, Slope filtration of quasi-unipotent overconvergent F-isocrystals, Ann. Inst. Fourier, Grenoble 48 (1998), no. 2,
379-412, http://www.numdam.org/item?id=AIF_1998__48_2_379_0.1 16

G. Yamashita, The p-adic Lefschetz (1,1) theorem in the semistable case, and the Picard number jumping locus, Mathe-
matical Research Letters 18 (2011), no. 1, 107-124, http://dx.doi.org/10.4310/MRL.2011.v18.n1.a8. T 2, 12,
14

Email address: c.d.lazda@uva.nl

DEPARTMENT OF MATHEMATICS, IMPERIAL COLLEGE LONDON, HUXLEY BUILDING, 180 QUEEN’S GATE, SOUTH KENS-
INGTON, LONDON, SW7 2AZ, UK

Email address: a.pal@imperial.ac.uk

20


http://www.numdam.org/item?id=BSMF_1991__119_4_397_0
http://dx.doi.org/10.1112/S0010437X07002886
http://dx.doi.org/10.1007/978-3-319-30951-4
http://dx.doi.org/10.1017/S1474748004000088
http://projecteuclid.org/euclid.nmj/112851845
http://projecteuclid.org/euclid.nmj/112851845
http://dx.doi.org/10.1007/s00209-016-1755-1
http://dx.doi.org/10.1007/BFb0058301
https://arXiv.org/abs/1408.6783
https://arXiv.org/abs/1408.6783
https://arXiv.org/abs/1512.04703
https://arXiv.org/abs/1512.04703
http://dx.doi.org/10.1515/crll.2004.028
http://dx.doi.org/10.1515/crll.2004.028
https://arXiv.org/abs/1512.03587
http://eudml.org/doc/272359
http://projecteuclid.org/euclid.nmj/1118780554
http://projecteuclid.org/euclid.nmj/1118780554
http://dx.doi.org/10.1007/978-1-4757-1920-8
http://www.numdam.org/item?id=AIF_1998__48_2_379_0
http://dx.doi.org/10.4310/MRL.2011.v18.n1.a8

	Introduction
	1. Cycle class maps in overconvergent rigid cohomology
	2. Preliminaries on the de Rham–Witt complex
	3. Morrow's variational Tate conjecture for divisors
	4. A semistable variational Tate conjecture for divisors
	5. Global results
	6. A counter-example
	References

