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Abstract

The study of properties of gradual evaluation methods in argumentation has
received increasing attention in recent years, with studies devoted to various
classes of frameworks/methods leading to conceptually similar but formally dis-
tinct properties in different contexts. In this paper we provide a novel systematic
analysis for this research landscape by making three main contributions. First,
we identify groups of conceptually related properties in the literature, which
can be regarded as based on common patterns and, using these patterns, we
evidence that many further novel properties can be considered. Then, we pro-
vide a simplifying and unifying perspective for these groups of properties by
showing that they are all implied by novel parametric principles of (either strict
or non-strict) balance and monotonicity. Finally, we show that (instances of)
these principles (and thus the group, literature and novel properties that they
imply) are satisfied by several quantitative argumentation formalisms in the lit-
erature, thus confirming the principles’ general validity and utility to support a
compact, yet comprehensive, analysis of properties of gradual argumentation.
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1. Introduction

In argument-based reasoning, Abstract Argumentation Frameworks (AFs)
and their semantics [1] are a well-known formalism to represent at an abstract
level the existence of conflicts between arguments, expressed as a binary re-
lation of attack amongst arguments and to evaluate the acceptance status of
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the arguments on the basis of the attack relation. While this relatively simple
formalism has proven to be extremely useful to study the general properties of
conflict management and to be able to capture several concrete formalisms as
special cases [1], some of its underlying assumptions can be rather restrictive
in some settings. For this reason, in recent years several ways of extending or
modifying the traditional AF formalism have been considered. For example, a
support relation among arguments (and its role in argument evaluation) can be
considered alongside (e.g. see [2]) or instead of (e.g. see [3]) the attack rela-
tion. While traditional semantics [1] produce simple assessments of argument
acceptance or, equivalently, acceptance labelings for arguments [4], finer-grain
gradual evaluation methods, based on numerical scales or rankings, can be used
for AFs (e.g. see [5, 6, 7, 8]). These gradual evaluation methods may be com-
plemented by an initial evaluation (e.g. called ‘base score’ in [9] and ‘weighting’
in [3]) of each argument, reflecting its assessment before its dialectical relations
to other arguments are considered. These base scores may be fixed, i.e. identi-
cal for all arguments which are considered a-priori equal as in AFs, or variable,
representing, for example, the authoritativeness of their source, the credibility
of their premises, the importance of the goals they support or, as in [10], votes
they have received.

These interchangeable characteristics have given rise to a wide range of ex-
tensions of argumentation frameworks and gradual evaluation methods, some
of which are not necessarily dissimilar to one another. Numerous works (see [5,
7, 11, 12, 13, 8]) use standard AFs to calculate differing strengths with dif-
ferent semantics. Social AFs (see [10]) and Weighted Argumentation Graphs
(WAGs, as defined in [14]) both incorporate a variable base score to AFs but
their strengths are calculated on different scales. Variable base scores are also
used in Support Argumentation Frameworks (SAFs, see [3]) but here supports
are the sole relation, in place of attacks. Both attacks and supports are present
with a fixed base score in Bipolar Argumentation Frameworks (BFs, see [2])
and alongside variable base scores in Weighted Bipolar Argumentation Graphs
(BAGs, see [15]) and Quantitative Argumentation Debate (QuAD) frameworks
(see [9]).

Given the variety of gradual evaluation methods possible, as witnessed by
the many proposed in the literature, several works include (e.g. [5, 10]) or
are completely devoted to (e.g. [13, 12]) the definition and study of properties
that these methods (should) satisfy and that can be useful for their analysis,
classification and design. This has given rise to a relatively large and varied body
of properties, which are often somehow similar in spirit and may share basic
intuitions but are presented in technically different contexts and are investigated
separately. This multiplication of similar but different studies, while potentially
fruitful, carries the risk of concealing underlying common roots and possible
overlappings.

In this paper we take a step towards the unification of efforts within this re-
search trend, first defining generic Quantitative Bipolar Argumentation Frame-
works (QBAFs), in which each argument has a (possibly empty) set of attack-
ers, a (possibly empty) set of supporters, and an initial evaluation (possibly
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the same for all arguments) on a chosen scale, all contributing to a final argu-
ment evaluation, provided by a strength function, on the chosen scale (Section
2). Restrictions of these QBAFs are able to represent the various extensions of
AFs from the literature, thereby providing a generalised framework to unify the
many semantics and properties that we consider. This allows us to reformulate
33 literature properties and show that they are implied by 11 group properties,
each based on a basic idea which can give rise to many variants, thus high-
lighting many more fine-grained properties not yet considered in the literature
(Section 3). We then show that the 11 group properties are in turn implied
by four novel basic parametric principles, (strict and non-strict) balance and
(strict and non-strict) monotonicity, which thus have the potential to support
a greatly simplified analysis of actual formalisms (Section 4). We then confirm
this potential by demonstrating that suitable instances of these principles are
satisfied by a variety of existing gradual argumentation formalisms from previ-
ous literature (Section 5) before comparing with related works and concluding
(Section 6).

This paper is a substantial development of the initial results presented in [16]
and in particular extends this previous work as follows: the proposed formalisms
have been slightly adjusted for a better presentation, additional properties from
recent literature have been included in the analysis of Sections 2 and 3; appli-
cations have been suggested for the properties in Section 4; a number of addi-
tional approaches have been analysed with respect to the proposed principles
in Section 5 (Sections 5.2, 5.3, 5.8, 5.9 and 5.10 describe the newly considered
semantics) adding counter-examples for the cases where the approaches do not
satisfy the principles; a more extensive discussion has been included in Section
6; all non trivial proofs have been included in Appendix A and a systematic list-
ing of properties implied by our principles while not considered in the previous
literature has been provided in Appendix B.

2. Preliminaries

Let I be a set equipped with a preorder ≤ where, as usual, a<b denotes a ≤ b
and b ≰ a. I may (but is not required to) contain top (⊺) and bottom (�) values,
such that if ⊺ ∈ I, then i < ⊺ for all i ∈ I/{⊺} and, if � ∈ I, then � < i for all
i ∈ I/{�}. For example, I = [0,1] with ⊺ = 1, � = 0, or I = {low,medium,high}
with low ≤ medium ≤ high and ⊺ = high, � = low, or I = {in,out,und} with
out ≤ und ≤ in and ⊺ = in, � = out, or I = (0,∞). A QBAF assigns relations of
attack and support and an initial evaluation (base score) in I to arguments.

Definition 1. A Quantitative Bipolar Argumentation Framework (QBAF) is
a quadruple ⟨X ,R−,R+, τ⟩ consisting of a finite set X of arguments, a binary
(attack) relation R− on X , a binary (support) relation R+ on X and a total
function τ ∶X→ I; for any α ∈ X , we call τ(α) the base score of α.

Some comments on Definition 1 are in order.
First, we assume that the set X is finite since some properties we consider

from the literature rely on this assumption and are based on intuitions which
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are valid only in the finite case, e.g. that if there is a bijection between two
sets one cannot be a strict subset of the other. Considering the infinite case
and revising the properties’ definitions accordingly is an interesting direction of
future work.

Second, while we do not make any assumption on the nature and meaning
of the base score, it is worth remarking that this abstract notion corresponds
to an assessment of arguments which precedes the consideration of the rela-
tions of attack and support with other arguments. This notion admits several
concrete counterparts. For instance the base score may be determined on the
basis of positive and negative votes received by arguments from an audience in
a social evaluation context [10, 17] or, in a technical debate context, can be the
outcome of an expert assessment [9]. In other approaches the base score arises
from an evaluation of the structural components of the argument. In particu-
lar in [18] the first “tier” in the evaluation of argument strength is called the
support dimension and concerns assessing the premisses and the rules used in
the construction of arguments to define a degree of support independently of
the presence of other arguments. In general, the study of suitable methods to
define arguments’ base scores in different application contexts is an active re-
search subject (see for instance the discussion of the notion of weight of argument
based on imprecise probabilities in [19]) and the notions mentioned above can be
combined together, e.g. by putting votes on arguments already equipped with a
degree of support, giving rise to articulated mechanisms of base score definition.
We leave these aspects to future work, remarking that the abstract notion of
base score we use is compatible with any underlying generating mechanism.

QBAFs can be visualised as graphs, e.g. Figure 1 visualises ⟨{a, b, c, d},{(c, a),
(c, b)},{(d, b)}, τ⟩ (for any τ).

Figure 1: Example QBAF visualised as a graph.

In the remainder of the paper, unless specified otherwise, we assume as given
a generic QBAF Q = ⟨X ,R−,R+, τ⟩.

Arguments in a QBAF have a final evaluation (strength):

Definition 2. For any α ∈ X , the strength of α is given by σ(α) where σ ∶ X → I
is a total strength function. For any set of arguments A ⊆ X , we refer to the
multiset {σ(β)∣β ∈ A} as σ(A).1

If � ∈ I, arguments with � strength may or not play a role in evaluating

1In this paper we use the same notation for multisets as for sets.
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arguments they attack or support. Thus, we consider two alternative notions
of equivalence of sets of arguments as two alternative comparative notions of
strength: those which take into account arguments with the � strength and
those which do not.

Definition 3. Let ∗ be either σ� or σ/�. For Z ⊆ X , let Z∗ denote σ(Z) if
∗ = σ� and σ(Z)/{σ(z) ∈ σ(Z)∣σ(z) = �} if ∗ = σ/�. Then, for A,B ⊆ X , A is
∗-strength equivalent to B, denoted A=∗B, iff A∗=B∗; A is at least as ∗-strong
as B, denoted A≥∗B, iff there exists an injective mapping f from B∗ to A∗

such that ∀α ∈ B∗, σ(f(α))≥σ(α); A is ∗-stronger than B, denoted A>∗B, iff
A≥∗B and B≱∗A.

It can be noted that if a set is ∗-stronger than another it exhibits a form of
dominance over it.

Lemma 1. For any A,B ⊆ X such that A ≥∗ B, A >∗ B iff ∣B∗∣ < ∣A∗∣ or for
every injective mapping f from B∗ to A∗ ∃β ∈ B∗ ∶ σ(f(β))≰σ(β).

To exemplify, if we take the QBAF in Figure 1 with some σ such that σ(c) = �
and σ(d) = ⊺, then comparing the sets of attackers ({c}) and supporters (∅) of
a we obtain {c} >σ� ∅ but {c} =σ/� ∅, however, for both choices of ∗ when
we compare similarly the attackers ({c}) and supporters ({d}) of b, we get
{c} <∗ {d}.

It is worth noting that Definition 3 for ∗ = σ� is analogous to the notion of
group comparison in [7, 13].

In the remainder of the paper ∗ is either σ� or σ/�.

Definition 4. For any α∈X , the set of attackers of α is R−(α)={β ∈ X ∣(β,α) ∈
R−} and the set of supporters of α is R+(α)={β ∈ X ∣(β,α) ∈ R+}. Also,
R−
∗(α) = R−(α) if ∗= σ� and R−

∗(α) = R−(α)/{β ∈ R−(α)∣σ(β) = �} if ∗=σ/�.
Similarly, R+

∗(α) = R+(α) if ∗=σ� and R+
∗(α) = R+(α)/{β ∈ R+(α)∣σ(β) = �}

if ∗=σ/�.

The notations R−
∗,R+

∗ and =∗ will be needed to capture properties from the
literature. We use R−

∗(α) (R+
∗(α)) to denote the set of attackers (supporters,

resp.) of an argument α including or excluding, depending on the choice of ∗,
those with bottom strength. For example, in the QBAF in Figure 1 with some σ
such that σ(c) = � and σ(d) = ⊺, R−

σ�(b) = {c} but R−
σ/�(b) = ∅, whereas for both

choices of ∗, R+
∗(b) = {d}. Note thatR−

∗(α)=R−
∗(β) impliesR−(α)=∗R−(β) but

not vice versa (similarly for supporters). Moreover, R−
∗(α) = ∅ is equivalent to

R−(α) =∗ ∅ (similarly for supporters).
The definition of our group properties and principles will also be parametric

w.r.t. an operator over I, ≪, expressing a form of strict comparison between
values in I. The basic requirement for this operator is that < ⊆ ≪ ⊆ ≤ and,
naturally, m ≫ n iff n ≪ m. Throughout the paper, we will consider the
following instances of ≪, in addition to ≪=< and ≪=≤:

≪=<×, where m <× n iff m<n or m=n=×, where × is one of �, ⊺, or some
other specified element of I.
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3. Grouping Literature Properties

In this section we show that 33 literature properties (Ps) introduced and
analysed separately for one gradual argumentation formalism or another2, can
be seen as instances of or are directly implied by 11 group properties (GPs) that
we introduce for generic QBAFs in terms of parameters I, *, ≪. In order to
describe the Ps in terms of QBAFs, we introduce a number of restrictions of
QBAFs which correspond to several existing formalisms in the literature. Let a
QBAF Q be referred to as:

aQBAF if ∀α ∈ X ,R+(α) = ∅
sQBAF if ∀α ∈ X ,R−(α) = ∅
We also introduce here the notion of QBAFs having fixed base scores for their

arguments, i.e. ∀α ∈ X , τ(α) = i for some i ∈ I. Some properties and semantics
in the literature have been defined for (restrictions of) QBAFs with fixed base
scores, which are generalised by our properties (defined for unrestricted QBAFs).

Then, for the purposes of our analysis in this paper, aQBAFs (i.e. QBAFs
with empty support) with fixed base score ⊺ for all arguments correspond to AFs
[1] (formally, a generic AF ⟨X ,R−⟩ can be understood as a QBAF ⟨X ,R−,∅, τ⟩
where ∀α ∈ X , τ(α) = i ∈ I for some i), aQBAFs correspond to Social AFs [10]
(where base scores are determined by votes) and to Weighted Argumentation
Graphs [14], sQBAFs (i.e. QBAFs with empty attack) correspond to Support
Argumentation Frameworks [3], and QBAFs with a fixed base score for all argu-
ments correspond to Bipolar Argumentation Frameworks, as in [2]. Quantitative
Argumentation Debate (QuAD) frameworks [9] and Weighted Bipolar Argumen-
tation Graphs (BAGs) [15] can be seen as generic QBAFs for the specific choice
of I = [0,1].3

Table 1 summarises the concrete choices of base score τ , I4 and the appro-
priate special type of QBAF for the approaches from the literature recalled in
this paper and hence for the Ps defined therein (we will give the other choices
of parameters in Table 2 later). Note that if a specific value i ∈ I is given for τ
in the table, then τ(α) = i ∀α ∈ X , whereas a − indicates that τ is any generic
base score as in Definition 1.

Our analysis in this section results in a principled catalogue of Ps, collated
into groups, and, as a relevant side-effect, the (implicit) definition of several
other properties, variants of Ps, which, to the best of our knowledge, have not
been considered in the literature before their existence was evidenced in [16]. To
give a simple illustrative example, consider the property of maximality, stating
for attack-only frameworks that an argument with no attackers has strength
equal to its base score [14], and the property of minimality, stating for support-

2Some properties were introduced referring to a generic notion of strength, others were
proven for specific strength proposals.

3See Section 5 for a formal description of the choices of parameters and restrictions used
in several evaluation methods in the literature.

4 The ranges in Table 1 can be identified by inspection of the papers; rankings/orders can
be naturally mapped onto I.
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Literature QBAF τ I
Matt & Toni, 2008 [5] aQBAF 1 [0,1]

Amgoud & Ben-Naim, 2013 [7] aQBAF ⊺ ranking

Thimm & Kern-Isberner, 2014 [11] aQBAF ⊺ ranking

Amgoud & Ben-Naim, 2016 [12] aQBAF 1 [0,1]

Bonzon et al., 2016 [13] aQBAF ⊺ pre-order

Amgoud et al., 2016 [8] aQBAF ⊺ [1,∞)

Leite & Martins, 2011 [10] aQBAF − I ⊇ {�,⊺} (ordered set)

Amgoud & et al., 2017 [14] aQBAF − [0,1]

Amgoud & Ben-Naim, 2016 [3] sQBAF − [0,1]

Amgoud et al, 2008 [2] QBAF 0 [−1,1]

Amgoud & Ben-Naim, 2017 [15] QBAF − [0,1]

Baroni et al., 2015 [9] QBAF − [0,1]

Rago et al., 2016 [20] QBAF − [0,1]

Table 1: Choices of QBAFs, base score (where any i ∈ I represents τ(α) = i ∀α ∈ X and −
represents any variable base score) and I for the literature considered.

only frameworks that an argument with no supporters has strength equal to its
base score [3]. Clearly, they share the same basic idea that if an argument is
not the dialectical target of any arguments, then its strength coincides with
its base score as it cannot be, positively or negatively, affected by anything.
Thus these two Ps can be grouped (intuitively by conjoining them) giving a
further property for QBAFs, namely stability [15]. Further, the basic idea of
this GP admits variants concerning whether arguments with bottom strength
should count as effective attackers/supporters or not, i.e. whether the sets
whose emptiness has to be checked are those of attackers/supporters tout court
or with non-bottom strength. Each variant of the basic idea is a reasonable
property in its own right but not all variants have been given in the literature,
in particular the case where bottom strength arguments do not count has not
been introduced explicitly for aQBAF and sQBAF.

In this section we give formally our GPs in turn, each preceded by a short
informal description of the underlying basic idea and followed by formal results
on Ps5 that are instances of or directly implied by the GP6. For ease of refer-
ence and to disambiguate some homonymies, we number Ps. Tables 1 and 2
summarise the choices of parameters for capturing Ps as (implied by) instances
of our GPs. Table 2 also indicates with hyphens instances of GPs without an
explicit counterpart in the literature. Thus, each hyphen corresponds to (at

5The trivial (i.e. obtainable by inspection of the definitions) proofs for Propositions 1 to
15, 18, 20 and 21 have been omitted. The (non-trivial) proofs for the other Propositions are
included in Appendix A

6We remark that some GPs could be formulated in different ways which are conceptually
similar but formally slightly different. We chose to use definitions that are formally as close
as possible to the existing properties in the literature.
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least) one new property, instance of one of our GPs. As an illustration, the
first row of Table 2 specifies that P1 (i.e. maximality, discussed earlier) is the
instance of GP1 (defined later) for aQBAFs with ∗ = σ�, but no corresponding
instance of GP1 for aQBAFs with ∗ = σ/� has been considered. In Appendix B,
we will give explicitly the properties corresponding to these hyphens, interesting
in their own right. These instantiations of the GPs turn out to be appropriate
in several different potential application contexts (see [21]) but this is outside
the scope of this work. In the remainder, unless specified otherwise, α,β ∈ X in
the given generic QBAF Q = ⟨X ,R−,R+, τ⟩.

σ� σ/�
< <� <⊺ ≤ < <� <⊺ ≤

GP1
aQBAF P1 -
sQBAF P2 -
QBAF P3 P4

GP2
aQBAF - - - - - P5 - -
QBAF - - - - - - - -

GP3
sQBAF - - - - - - P6 -
QBAF - - - - - - - -

GP4
aQBAF - P7
QBAF - -

GP5
sQBAF - P8
QBAF - -

GP6
aQBAF P9, P15 P10
sQBAF P11 P12
QBAF P13 P14

GP7
aQBAF P17 - - P18 - P19, P20 - -
QBAF - - - P16 - - - -

GP8
sQBAF - - - - - - P22 -
QBAF - - - P21 - - - -

GP9
aQBAF - P23 - - - - - -
sQBAF - - P24 - - - - -
QBAF - - - - - - - -

GP10
aQBAF P25 P26, P27 - - - - - -
QBAF - - - - - - - -

GP11
sQBAF - - P28, P29 - - - - -
QBAF - - - - - - - -

Table 2: GPs and their instances (in bold) or implied instances (in normal font) in the
literature. Note that GP1, GP4-GP6 do not use ≪. GP2, GP4, GP7, GP10 have no sQBAF
variants and GP3, GP5, GP8, GP11 have no aQBAF variants.

Basic Idea 1. The strength of an argument differs from its base score only
if the argument is the dialectical target of other arguments, i.e. the strength
is equal to the base score if the argument is not the dialectical target of other
arguments.
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GP1. If R−
∗(α) = ∅ and R+

∗(α) = ∅ then σ(α) = τ(α).

Proposition 1. The following are instances of GP17:
P1. Maximality [12, 14], [10, Prop. 11] - For any α ∈ X , if R−(α) = ∅ then
σ(α) = τ(α).
P2. Minimality [3] - For any α ∈ X , if R+(α) = ∅ then σ(α) = τ(α).
P3. Stability [15] - For any α ∈ X , if R−(α) = ∅ and R+(α) = ∅ then σ(α) =
τ(α).
P4. Equation 4 [9] - For any α ∈ X , if ∄β ∈ R−(α) such that σ(β) > � and
∄γ ∈R+(α) such that σ(γ) > � then σ(α) = τ(α).

Note the difference between the way in which GP1 for QBAFs with ∗ = σ/�
is expressed and that for P4, despite the two properties being equivalent.

The hyphens in Table 2 in the rows for GP1 correspond to the following
novel properties:
GP1 for σ/�:

• For any α ∈ X in an aQBAF, if ∄β ∈ R−(α) such that σ(β) > � then
σ(α) = τ(α).

• For any α ∈ X in an sQBAF, if ∄β ∈ R+(α) such that σ(β) > � then
σ(α) = τ(α).

We give the properties corresponding to the other hyphens from Table 2 in
Appendix B.

Basic Idea 2. In the absence of supporters, if there is at least an attacker then
the strength of an argument is lower than its base score.

GP2. If R−
∗(α)≠∅ and R+

∗(α)=∅ then σ(α)≪τ(α).

Proposition 2. GP2 implies the following:
P5. Weakening [12, 14] - For any α ∈ X , if τ(α) > � and ∃β ∈R−(α) such that
σ(β) > � then σ(α) < τ(α).

Basic Idea 3. In the absence of attackers, if there is at least a supporter then
the strength of an argument is greater than its base score.

GP3. If R−
∗(α) = ∅ and R+

∗(α) ≠ ∅ then τ(α) ≪ σ(α).

Proposition 3. GP3 implies the following:
P6. Strengthening [3] - For any α ∈ X , if τ(α) < ⊺ and ∃β ∈ R+(α) such that
σ(β) > � then τ(α) < σ(α).

7Each P is reformulated using our notation, but this reformulation is equivalent to the
original formulation in the literature. Here and throughout, instantiation amounts to the
choices of QBAF and I in Table 1 and of ∗ and ≪, if applicable, in Table 2. By showing that
Ps are instances of GPs we show that the former are equivalent to (suitable instances of) the
latter.
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Basic Idea 4. If the strength of an argument is lower than its base score then
the argument has at least one attacker.

GP4. If σ(α) < τ(α) then R−
∗(α) ≠ ∅.

Proposition 4. The following is an instance of GP4:
P7. Weakening Soundness [12, 14] - For any α∈X with τ(α) > �, if σ(α) < τ(α)
then ∃β ∈R−(α) with σ(β)>�.

Basic Idea 5. If the strength of an argument is higher than its base score then
the argument has at least one supporter.

GP5. If σ(α) > τ(α) then R+
∗(α) ≠ ∅.

Proposition 5. The following is an instance of GP5:
P8. Strengthening Soundness [3] - For any α ∈ X , if σ(α) > τ(α) then ∃β ∈
R+(α) such that σ(β) > �.

Basic Idea 6. Arguments with equal conditions in terms of attackers, support-
ers and base score have the same strength.

GP6. If R−(α) =∗ R−(β), R+(α) =∗ R+(β) and τ(α) = τ(β) then σ(α) = σ(β).

Proposition 6. The following are instances of GP6:
P9. Equivalence [12, 14] - For any α,β ∈ X , if τ(α) = τ(β) and there exists a
bijective function f from R−(α) to R−(β) such that ∀γ ∈R−(α), σ(γ) = σ(f(γ))
then σ(α) = σ(β).
P10. Neutrality [12, 14] - For any α,β ∈ X , if τ(α) = τ(β), R−(α)=R−(β)/{γ},
γ ∈R−(β) and σ(γ)=� then σ(β)=σ(α).
P11. Equivalence [3] - For any α,β ∈ X , if τ(α) = τ(β) and there exists a
bijective function f from R+(α) to R+(β) such that ∀γ ∈R+(α), σ(γ) = σ(f(γ))
then σ(α) = σ(β).
P12. Dummy [3] - For any α,β ∈ X , if τ(α) = τ(β), R+(α) = R+(β)/{γ} and
γ ∈R+(β) with σ(γ) = � then σ(β) = σ(α).
P13. Bi-variate Equivalence [15] - For any α,β ∈ X , if τ(α) = τ(β) and
there exists a bijective function f from R−(α) to R−(β) such that ∀γ ∈R−(α),
σ(γ) = σ(f(γ)) and there exists a bijective function f ′ from R+(α) to R+(β)
such that ∀δ ∈R+(α), σ(δ) = σ(f ′(δ)) then σ(α) = σ(β).
P14. Neutrality [15] - For any α,β ∈ X , if τ(α) = τ(β), R−(α) ⊆ R−(β),
R+(α) ⊆ R+(β), R−(β) ∪R+(β) = R−(α) ∪R+(α) ∪ {γ} and σ(γ) = �, then
σ(β) = σ(α).

Proposition 7. GP6 implies the following:
P15. Non-Attacked Equivalence [13] - For any α,β ∈ X , if R−(α) = ∅ and
R−(β)=∅ then σ(α)=σ(β).
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Basic Idea 7. A strictly larger8 set of attackers determines a lower strength.

GP 7. If R−
∗(α) ⊊ R−

∗(β) and R+
∗(α) = R+

∗(β) and τ(α) = τ(β) then σ(β) ≪
σ(α).

Proposition 8. The following is an instance of GP7:
P16. Equation 2 [9], [20, Prop. 12] - For any α,β ∈X , such that τ(α)= τ(β)
and R+(α) =R+(β), if R−(α) ⊊R−(β) then σ(α) ≥ σ(β).

Proposition 9. GP7 implies the following:
P17. Void Precedence [7, 13], [8, Th. 5] - For any α,β ∈X , if R−(α)=∅ and
R−(β)≠∅ then σ(α)>σ(β).
P18. Weak Void Precedence [11] - For any α,β ∈X , if R−(α)=∅ then σ(α)≥
σ(β).
P19. Triggering [12] - For any α,β ∈ X , if σ(α) > �, ∀γ ∈ R−(α), σ(γ) = �,
and R−(α) =R−(β)/{δ} for some δ ∈R−(β) with σ(δ) > � then σ(β) < σ(α).
P20. Counting [14]9 - For any α,β ∈ X , if τ(α) = τ(β), σ(α) > � and R−(α) =
R−(β)/{γ} for some γ ∈R−(β) with σ(γ) > � then σ(β) < σ(α).

Basic Idea 8. A strictly larger set of supporters determines a higher strength.

GP 8. If R−
∗(α) = R−

∗(β) and R+
∗(α) ⊊ R+

∗(β) and τ(α) = τ(β) then σ(α) ≪
σ(β).

Proposition 10. The following is an instance of GP8:
P21. Equation 3 [9], [20, Prop. 13] - For any α,β ∈X such that τ(α) = τ(β)
and R−(α)=R−(β), if R+(α)⊊R+(β) then σ(α)≤σ(β).

Proposition 11. GP8 implies the following:
P22. Counting [3] - For any α,β ∈X , if τ(α)=τ(β), R+(α) =R+(β)/{γ} for
some γ ∈R+(β) with σ(γ)>� and σ(α)<⊺, then σ(β)>σ(α).

Basic Idea 9. A higher base score gives a higher strength.

GP9. If R−
∗(α) =R−

∗(β), R+
∗(α) =R+

∗(β) and τ(α) < τ(β) then σ(α) ≪ σ(β).

Proposition 12. GP9 implies the following:
P23. Proportionality [14] - For any α,β ∈ X , if R−(α) = R−(β), τ(β) > τ(α)
and either σ(α) > � or σ(β) > �, then σ(β) > σ(α).
P24. Coherence [3] - For any α,β ∈ X , if R+(α) = R+(β), τ(β) > τ(α) and
σ(α) < ⊺, then σ(β) > σ(α).

8Note that this and several other GPs in the remainder admit equivalent alternative for-
mulations by “switching” the adjectives, like “A strictly smaller set of attackers determines a
higher strength”.

9We omit here the more restrictive form of Counting given in the earlier [12].
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Basic Idea 10. A weaker set of attackers determines a higher strength.

GP 10. If R−(α) <∗ R−(β), R+
∗(α) = R+

∗(β) and τ(α) = τ(β) then σ(β) ≪
σ(α).

Proposition 13. The following is an instance of GP10:
P25. Strict Counter-Transitivity [7, 13], [8, Th. 8] - For any α,β ∈ X , if
R−(α) <σ� R−(β), then σ(α) > σ(β).

Proposition 14. GP10 implies the following:
P26. Boundedness [12] - For any α,β ∈X with γ ∈R−(α) and δ ∈R−(β) where
σ(δ) > σ(γ), if R−(β)/{δ} =R−(α)/{γ} and σ(α) = � then σ(β) = �.
P27. Reinforcement [14]10 - For any α,β ∈ X , with τ(α) = τ(β), either σ(α) >
� or σ(β) > �, γ ∈ R−(α) and δ ∈ R−(β) where σ(δ) > σ(γ), if R−(β)/{δ} =
R−(α)/{γ} then σ(β) < σ(α).

Basic Idea 11. A stronger set of supporters determines a higher strength.

GP 11. If R−
∗(α) = R−

∗(β), R+(α) >∗ R+(β) and τ(α) = τ(β) then σ(β) ≪
σ(α).

Proposition 15. GP11 implies the following:
P28. Boundedness [3] - For any α,β ∈ X with γ ∈ R+(α), δ ∈ R+(β) and
σ(δ)>σ(γ), if τ(α)=τ(β), R+(β)/{δ}=R+(α)/{γ} and σ(α)=⊺ then σ(β)=⊺.
P29. Reinforcement [3] - For any α,β ∈ X , with γ ∈ R+(α) and δ ∈ R+(β)
where σ(δ) > σ(γ) > �, if τ(α) = τ(β), R+(β)/{δ} = R+(α)/{γ} and σ(α) < ⊺
then σ(β) > σ(α).

Other Ps are implied by combinations of GPs, as illustrated by the following
proposition:

Proposition 16.

• GP6 and GP7 with ∗ = σ� and with any ≪ imply:
P30. Monotony [12], [5, Prop. 6] - For any α,β ∈ X , if τ(α) = τ(β) and
R−(α) ⊆R−(β) then σ(α) ≥ σ(β).

• GP6 and GP8 with ∗ = σ� and with any ≪ imply:
P31. Monotony [3] - For any α,β ∈X , if τ(α)=τ(β) and R+(α)⊆R+(β)
then σ(α)≤σ(β).

• GP6 and GP10 with ∗ = σ� and with any ≪ imply:
P32. Theorem 7 in [8] - For any α,β ∈ X , if τ(α) = τ(β) and there exists
an injective mapping f from R−(α) to R−(β) such that ∀γ ∈ R−(α),
σ(f(γ)) ≥ σ(γ) then σ(β) ≤ σ(α).
P33. Counter-Transitivity [7, 13] - For any α,β ∈ X , if τ(α) = τ(β) and
R−(α) ≤σ� R−(β), then σ(α)≥σ(β).

10We omit here the more restrictive form of Reinforcement given in the earlier [12].
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Table 3 shows the possible combinations of GPs and their implied Ps, while
highlighting yet more “missing” properties. Note here that although the four
Ps are implied by the combinations of properties for any choice of ≪, the prop-
erties themselves are distinct from one another. We give some of the properties
corresponding to the hyphens from Table 3 in Appendix B.

σ� σ/�
< <� <⊺ ≤ < <� <⊺ ≤

GP6 & GP7
aQBAF P30 - - - -
QBAF - - - - - - - -

GP6 & GP8
sQBAF P31 - - - -
QBAF - - - - - - - -

GP6 & GP10
aQBAF P32, P33 - - - -
QBAF - - - - - - - -

Table 3: Some possible combinations of GPs and implied instances in the literature.

4. (Strict) Balance/Monotonicity Principles

GPs capitalise on similarities across argumentation frameworks and instan-
tiation of parameters to synthesise various fine-grained Ps, while pointing to
several new ones, but are still numerous. In this section we define more syn-
thetic principles of (strict) balance (Section 4.1) and monotonicity (Section 4.2),
in terms of the same parameters as for GPs, and show that they imply all the
GPs (by showing that if the implied GPs’ premises hold, then so do the imply-
ing principle’s, and that the principle’s conclusions imply the conclusions of the
GPs). As a by-product, any Ps equivalent to or implied by the GPs, as shown
in Section 3, are also implied by these principles. Moreover, it turns out that
some additional literature properties not implied by GPs are also implied by
our principles.

4.1. (Strict) Balance

The intuition behind our first principle is that a difference between strength
and base score of an argument must correspond to some imbalance between the
strengths of its attackers and supporters, for example, from a dialectical view-
point, because the reasons against an argument are stronger than the reasons
for it. Thus, an argument with attackers ∗-strength equivalent to its support-
ers has a strength equal to its base score, while an argument with attackers
∗-stronger than (∗-weaker than) its supporters has a strength not greater (not
less, resp.) than its base score and cannot attain the top (bottom, resp.) value.
(Strict) Balance, admitting multiple instances for different choices of ∗ and ≪,
expresses this:

Principle 1. A strength function σ is:
● balanced iff for any α ∈ X :
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1. If R−(α) =∗ R+(α) then σ(α) = τ(α).
2. If R−(α) >∗ R+(α) then σ(α) ≪ τ(α).
3. If R−(α) <∗ R+(α) then σ(α) ≫ τ(α).
● strictly balanced iff σ is balanced and for any α ∈ X :
4. If σ(α)<τ(α) then R−(α) >∗ R+(α).
5. If σ(α)>τ(α) then R−(α) <∗ R+(α).

For illustration, consider the QBAF given in Figure 1 with τ(a) = τ(b),
σ(c)=� and σ(d)>�. Let σ be balanced and ≪=<. If ∗ = σ�, by Definition 3,
R−(a) >∗ R+(a) and so, by Point 2 of Principle 1, σ(a)≪ τ(a), meaning σ(a) <
τ(a). However, if ∗ = σ /�, by Definition 3, R−(a) =∗ R+(a) and so, by Point
1 of Principle 1, σ(a) = τ(a). Let instead ≪=<⊺. Then, for both choices of
∗, R−(b) <∗ R+(b) and so, by Point 3 of Principle 1, σ(b) ≫ τ(b), meaning
σ(b) > τ(b) or b’s strength is saturated, i.e. σ(b) = τ(b) = ⊺.

We foresee different applications requiring strict balance, balance or neither
of these principles. Strict balance seems to be a legitimate choice for applica-
tions where sets of arguments are evaluated based on a dominance-based set
comparison measure such as ours. For example, consider the QBAF shown
in Figure 2 in which X = {a, b, c, d} with R−(a) = {b} and R+(a) = {c, d}.
If we were looking to analyse a general debate between a group of people
in which the strengths of the arguments could be a few discrete values, e.g.
{very weak,weak, strong, very strong}, then the evaluation of arguments may
be based on a dominance-based ranking, such as σ�, and therefore, for example,
it may be desirable that σ(a) > τ(a) corresponds to {b} <σ� {c, d}. This may
not be the case in more gradual applications, for example e-Polling (see [17]),
in which the base scores may correspond to the number of votes a particular
argument received and so the base scores and strengths are on a continuous
scale. Requiring a difference in base score and strength to correspond to our
version of set comparison may be restricting in this setting, for example, if
σ(b) = 0.9, σ(c) = 0.8 and σ(d) = 0.8, it may be desirable that σ(a) > τ(a)
though {b} <σ� {c, d} does not hold. Finally, some applications may require
that balance is not fulfilled. These may include adversarial settings in which ar-
guments’ strengths may be based on sets of arguments (see [22]). For example,
in the law domain, attacks which are not defended against may present a loss in
credibility. In the example this could be shown by the undefended attack from
b reducing σ(a) to �, regardless of σ(c) or σ(d).
Proposition 17. If σ is balanced for some ∗,≪ then it satisfies GP1 to GP3
for the same ∗,≪; if σ is strictly balanced for some ∗,≪ then it satisfies GP1 to
GP5 for the same ∗,≪.

Note that the reverse of Proposition 17 does not hold. For example, if a is
an argument in a QBAF such that R−

∗(a) =R+
∗(a) but σ(a) ≠ τ(a) then GP1–GP5

may hold while σ is not (strictly) balanced.11

11This is the case for the QuAD algorithm, where R−

∗
(a) =R+

∗
(a) ≠ ∅, described later.
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Figure 2: Example QBAF for strict balance.

Note also that other properties have been considered in the literature which
are directly implied by balance, as shown by the following proposition.

Proposition 18. Balance implies the following:
Weakening [15] - with ∗ = σ/� and ≪=<� - For any α ∈ X , if τ(α) > � and there
exists an injective function f from R+(α) to R−(α) such that ∀β ∈ R+(α),
σ(β) ≤ σ(f(β)) and either R−

σ/�(α)/{f(γ)∣γ ∈ R+} ≠ ∅ or ∃δ ∈ R+(α) ∶ σ(δ) <
σ(f(δ)), then σ(α) < τ(α).
Strengthening [15] - with ∗ = σ/� and ≪=<⊺ - For any α ∈ X , if τ(α) < ⊺ and
there exists an injective function f from R−(α) to R+(α) such that ∀β ∈R−(α),
σ(β) ≤ σ(f(β)) and either R+

σ/�(α)/{f(γ)∣γ ∈ R−} ≠ ∅ or ∃δ ∈ R−(α) ∶ σ(δ) <
σ(f(δ)), then σ(α) > τ(α).

4.2. (Strict) Monotonicity

Our second principle requires that the strength of an argument depends
monotonically on its base score and on the strengths of its attackers and sup-
porters. From a dialectical viewpoint, the strength of an argument depends
exclusively on its intrinsic strength, the reasons for it and the reasons against
it, and any strengthening or weakening of these will strengthen or weaken the
argument. To define this principle formally, we first define the notion of shaping
triple of an argument, as follows.

Definition 5. For any α ∈ X , the shaping triple of α is (τ(α),R+(α),R−(α)),
denoted ST (α).

We define partial orders over shaping triples, parametric w.r.t. ∗, based on
the ordering of their elements. Intuitively, the orders rank the ability of the
triples to boost arguments.

Definition 6. Given α,β ∈ X , ST (β) is said to be:

• as ∗-boosting as ST (α), denoted ST (α)≃∗ST (β), iff τ(α)=τ(β), R+(α)=∗
R+(β), and R−(β)=∗R−(α);

• at least as ∗-boosting as ST (α), denoted ST (α)⪯∗ST (β), iff τ(α) ≤ τ(β),
R+(α) ≤∗ R+(β), and R−(β) ≤∗ R−(α).

• strictly more ∗-boosting than ST (α), denoted ST (α)≺∗ST (β), iff ST (α)⪯∗
ST (β) and ST (β)â∗ST (α).
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In the remainder of Section 4, whenever we refer to α,β ∈ X , we assume
that, unless stated otherwise, τ(α)=τ(β), R+(α)=∗R+(β) and R−(β)=∗R−(α).

(Strict) Monotonicity is defined by comparing shaping triples using the
orders in Definition 6. Both forms of monotonicity are parametric w.r.t. ∗, and
strict monotonicity is also parametric w.r.t. ≪.

Principle 2. A strength function σ is:

• monotonic iff for any α,β ∈ X , if ST (α) ≃∗ ST (β) then σ(α) = σ(β) and
if ST (α)⪯∗ST (β) then σ(α) ≤ σ(β);

• strictly monotonic iff σ is monotonic and for any α,β ∈ X , if ST (α)≺∗ST (β)
then σ(α) ≪ σ(β).

Note that if ≪=≤, then strict monotonicity coincides with monotonicity. For
illustration, consider the QBAF in Figure 1 with τ(a)=τ(b) and σ(d) = �. For
a strictly monotonic σ:

• if ∗ = σ�, by Definitions 3 and 6, ST (a)≺∗ST (b). Then, by Principle 2,
σ(a)≪ σ(b). For ≪=<, σ(a)≪ σ(b) amounts to σ(a) < σ(b), while for
≪=<�, it amounts to σ(a) < σ(b) unless σ(a)=σ(b)=�;

• if ∗ = σ/�, by Definitions 3 and 6, ST (a) ≃∗ ST (b) and then, by Principle
2, σ(a) = σ(b).

Note that for ≪=<� (≪=<⊺), if a shaping triple already gives rise to a � (⊺,
resp.) strength, a less (more, resp.) boosting triple cannot produce a strictly
lesser (greater, resp.) strength. For ≪=<, strict monotonicity and the attain-
ment of extreme values are somehow incompatible.

We foresee different applications requiring strict monotonicity, monotonicity
or neither of these principles. Strict monotonicity seems to suit applications
in which monotonic behaviour is always required. An example of this may be
weighting the comments in social media (see [10]), in which every attacking
or supporting comment, no matter how weak, may have an effect on an ar-
gument’s score to maintain users’ interests. For example, consider the QBAF
shown in Figure 3 in which X = {a, b, c, d} with R−(a) = {b, c} and R+(a) = {d}.
Strict monotonicity here may correspond to the addition of c decreasing σ(a)
regardless of σ(a), σ(b) and σ(d) beforehand. However, this may not be de-
sirable behaviour in settings where the aggregated strengths of an argument’s
attackers or supporters may require saturation. An example of this may be a
semantics deployed in an engineering discussion on a component’s design (see
[20]) where an attacker of an argument proposing a particular design may be
that said design would cause the component to fail. Here, this attacker may
take on a special “defeater” status, e.g. σ(b) = ⊺, which maximises the aggre-
gated attacking component of a, irrespective of its other attackers, and therefore
the addition of c has no effect on σ(a). Finally, some applications require that
monotonicity is not fulfilled. These may include settings, such as political de-
bates, in which self-attacks are more powerful than other attacks, regardless
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of the attackers’ strengths (see [5]). For example, if the attacks from b and c,
where σ(b) > � or σ(c) > �, were replaced by a self-attack from a, then R−(a) is
reduced based on any choice of ∗ but it may also be desirable that σ(a) is also
reduced, due to the contradiction the self-attack represents.

Figure 3: Example QBAF for monotonicity.

Proposition 19. If σ is monotonic for some ∗,≪ then it satisfies GP6 for the
same ∗,≪; if σ is strictly monotonic for some ∗,≪ then it satisfies GP6 to GP11
for the same ∗,≪.

Note that the reverse of Proposition 19 does not hold. For example, if a, b
are arguments in a QBAF such that R−(b) <∗ R−(a), R+(b) >∗ R−(a) and
τ(b) > τ(a) but σ(a) > σ(b) then GP6–GP11 may hold while σ is not (strictly)
monotonic.

Note also that other properties have been considered in the literature which
are directly implied by (strict) monotonicity, as shown by the following propo-
sitions.

Proposition 20. Monotonicity implies the following:
Bi-variate Monotony [15] with ∗ = σ� - For any α,β ∈ X , if τ(α) = τ(β) > �,
R−(α) ⊆R−(β) and R+(β) ⊆R+(α), then σ(α) ≥ σ(β).
Bi-variate Reinforcement [15] with ∗ = σ� - For any α,β ∈ X , ∀S,T ⊆ X and
∀γ, δ, ε, ζ ∈ X /(S ∪ T ), if τ(α) = τ(β) > �, R−(α) = S ∪ {γ}, R−(β) = S ∪ {δ},
R+(α) = T ∪ {ε}, R+(β) = T ∪ {ζ}, σ(γ) ≤ σ(δ) and σ(ε) ≥ σ(ζ), then σ(α) ≥
σ(β).

Proposition 21. Strict monotonicity implies the following:
Strict Bi-variate Monotony [15] with ∗ = σ/� and ≪=<�,⊺ - For any α,β ∈ X , if
τ(α) = τ(β) > �, R−(α) ⊆ R−(β), R+(β) ⊆ R+(α), (σ(α) > 0 or σ(β) < 1) and
(R−

σ/�(α) ⊊R−
σ/�(β) or R+

σ/�(β) ⊊R+(α)), then σ(α) > σ(β).
Strict Bi-variate Reinforcement [15] ∗ = σ� and ≪=<�,⊺ - For any α,β ∈ X ,
∀S,T ⊆ X and ∀γ, δ, ε, ζ ∈ X /(S ∪ T ), if τ(α) = τ(β) > �, R−(α) = S ∪ {γ},
R−(β) = S ∪ {δ}, R+(α) = T ∪ {ε}, R+(β) = T ∪ {ζ}, σ(γ) ≤ σ(δ), σ(ε) ≥ σ(ζ),
(σ(α) > 0 or σ(β) < 1) and (σ(γ) < σ(δ) or σ(ε) > σ(ζ)), then σ(α) > σ(β).

Table 4 summarises the main results in this section.
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GP1 GP2 GP3 GP4 GP5 GP6 GP7 GP8 GP9 GP10 GP11

Balance ✓ ✓ ✓

Strict Balance ✓ ✓ ✓ ✓ ✓

Monotonicity ✓

Strict Monotonicity ✓ ✓ ✓ ✓ ✓ ✓

Table 4: GPs implied by the principles.

5. Principles Versus Existing Approaches

In this section we show that suitable instances (i.e. with assigned type of
QBAF, I, * and ≪, and possibly fixed base score) of the principles introduced
in Section 4 are satisfied by several gradual evaluation methods considered in
the literature for various kinds of argumentation framework, as well as by some
non-gradual semantics for AFs. Thus, by virtue of Propositions 17, 19, we
synthetically prove that each approach satisfies the implied GPs and any liter-
ature and other property they are equivalent to or that the GPs imply. This
shows that the level of generalisation afforded by the principles is well-chosen,
by showing that the principles, for specific choices of parameters, are satisfied
by existing concrete gradual and non-gradual semantics for various instances of
QBAFs.

The results obtained in this section are summarised in Table 5. Here, we
indicate with a ✓ the instances of our principles that hold and with a ⋅ the
instances that do not hold (as illustrated by suitable counter-examples later). If
the choices are indicated with a −, that choice is not applicable to the semantics,
e.g. if a semantics does not hold balance or strict monotonicity then the choice
for ≪ is not applicable. The column labelled τ gives the fixed base score for the
QBAFs where this is present.

Note that if a principle is satisfied for ≪=< then it is also satisfied for every
possible ≪ since < is the strongest possible instance of ≪.

This table also highlights alternative semantics which may be interesting
but have not yet been proposed in the literature. For example, a new form of
Social Models semantics which suited the choice ∗ = σ� would exhibit different
behaviour to the original semantics and therefore may satisfy fewer properties
and be suitable for different applications.

5.1. Besnard & Hunter Categorizer

Besnard & Hunter [23] introduce the notion of h-categoriser, which basically
is a function providing a quantitative evaluation of argument strength for tree-
shaped abstract argumentation frameworks (aQBAFfs). In our notation, the
h-categoriser is defined as follows, for α ∈ X :

σ(α) = 1

1 +∑β∈R−(α) σ(β)
(1)
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Semantics
Choices Principles

QBAF I τ ∗ ≪ B SB M SM

h-Categorizer aQBAF (0,1] 1 σ� < ✓ ✓ ✓ ✓

Inverse Equational System aQBAF [0,1] 1 σ/� <� ✓ ✓ ✓ ✓

Suspect Equational System aQBAF [0,1] 1 σ� ≤ ✓ ✓ ⋅ ⋅

Max Equational System aQBAF [0,1] 1 σ� < ✓ ✓ ✓ ⋅

GTAA aQBAF [0,1] 1 σ� < ✓ ✓ ⋅ ⋅

GTBA QBAF [0,1] 1 − − ⋅ ⋅ ⋅ ⋅

LocMax QBAF [−1,1] 0 σ/� <0 ✓ ⋅ ✓ ⋅

LocSum QBAF [−1,1] 0 σ/� < ✓ ⋅ ✓ ✓

Social Models aQBAF ordered set − σ/� < ✓ ✓ ✓ ✓

Weighted Max-Based aQBAF [0,1] − σ/� < ✓ ✓ ✓ ⋅

Weighted Card-Based aQBAF [0,1] − σ� < ✓ ✓ ✓ ✓

Weighted h-Categorizer aQBAF [0,1] − σ/� < ✓ ✓ ✓ ✓

Top-Based Support sQBAF [0,1] − σ/� <⊺ ✓ ✓ ✓ ⋅

Reward-Based Support sQBAF [0,1] − σ/� <⊺ ✓ ✓ ✓ ✓

Aggregation-Based Support sQBAF [0,1] − σ/� <⊺ ✓ ✓ ✓ ✓

QuAD QBAF [0,1] − σ/� − ⋅ ⋅ ✓ ⋅

DF-QuAD QBAF [0,1] − σ/� ≤ ✓ ⋅ ✓ ⋅

Restricted Euler-based QBAF [0,1] − σ/� <�,⊺ ✓ ⋅ ✓ ✓

Complete Labellings aQBAF {in,out,und} in σ/� < ✓ ✓ ✓ ⋅

Table 5: Semantics in the literature assessed against our principles: Balance (B), Strict
Balance (SB), Monotonicity (M) and Strict Monotonicity (SM).

Here, the fixed base score is 1 because for any α ∈ X , if R−(α) = ∅, then
σ(α) = 1. It can be noted that 0 < σ(α) ≤ 1, thus in this approach I = (0,1]
with ⊺ = 1 and no bottom value � in I. Consequently, in this approach there is
no difference between σ� and σ/�.

Proposition 22. The h-categoriser is strictly balanced and strictly monotonic
for any choice of ∗ and ≪ (i.e. for ≪=<).

To make the consequences of Proposition 22 explicit we note that this means
that the h-categorizer satisfies the GPs implied by strict balance and strict
monotonicity in virtue of Propositions 17 and 19) (i.e. GP1–GP11), and hence
also all the properties implied (including the “hyphen” ones), according to Ta-
bles 2 and 3, by these GPs for aQBAFs with any choice of ∗ and of ≪. As to
GP1 this means that the h-categorizer satisfies Maximality (P1) and the hyphen
in the same row for ∗ = σ/�. Similarly for other GPs (and their combinations in
Table 3) it follows that the h-categorizer satisfies P5, P7, P9, P10, P15, P17,
P18, P19, P20, P23, P25, P26, P27, P30, P32, P33 and the hyphens in the
relevant rows.

5.2. Equational Approaches

In [6] a generic numerical approach to argumentation semantics is proposed
where each argument is assigned a value in the scale [0,1] on the basis of a
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system of equations derived from the structure of the framework. Each equation
in the system, called basic equation in the following, relates the value assigned
to each argument with the values assigned to its attackers. In general the
resulting system of equations may have many solutions, each representing a
valid assignment of values to arguments.

We analyse in the following the three alternative forms of basic equation
considered in [6]. Note that no notion of base score is considered in the equa-
tional approach and so for all three variants we assume that the fixed base score
is 1 because for any α ∈ X , if R−(α) = ∅, then σ(α) = 1.

In the Inverse Equational System the basic equation for an argument α
is defined as follows:

σ(α) = ∏
β∈R−(α)

(1 − σ(β)) (2)

Note that any attacker β such that σ(β) = 0 has no actual effect on σ(α)
hence the inverse equational system fits the option ∗ = σ/�.

Proposition 23. The inverse equational system is strictly balanced and strictly
monotonic with ∗ = σ/� and ≪=<�.

The Suspect Equational System is a variation of the inverse equational
system where a special treatment is devoted to self-defeating arguments.

σ(α) = ∏
β∈R−(α)

(1 − σ(β)) if α ∉R−(α); (3)

σ(α) = σ(α) ⋅ ∏
β∈R−(α)

(1 − σ(β)) if α ∈R−(α). (4)

This variation ensures that for a self-defeating α argument it holds that
σ(α) = 0. As a consequence, one needs to consider ∗ = σ� for (strict) balance
since a self-defeating argument, namely a bottom strength attacker, reduces its
own strength below its base score. In turn, we must also weaken the second
parameter to ≪=≤ to account for bottom strength attackers not weakening an
argument which is not self defeating.

Proposition 24. The suspect equational system is strictly balanced with ∗ = σ�
and ≪=≤.

Compared with the inverse equational system the introduced variation breaks,
as far as self-defeating arguments are concerned, monotonicity. Consider the
aQBAF shown in Figure 4 with fixed based score 1 in which X = {a, b} with
R−(a) = {b} and R−(b) = {b}. Here, monotonicity is shown not to hold for this
semantics since ST (a) ≃∗ ST (b) but σ(a) = 1 ≠ σ(b) = 0.

In the Max Equational System the basic equation for an argument α is
defined as follows:

σ(α) = 1 − max
β∈R−(α)

σ(β) (5)
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Figure 4: Example (a)QBAF for Suspect Equational System and GTAA.

Here, any attacker β such that σ(β) = 0 has no actual effect on σ(α) hence
the max equational system fits the option ∗ = σ/�.

Proposition 25. The max equational system is strictly balanced and monotonic
with ∗ = σ/� and with any ≪.

It can be noted that strict monotonicity does not hold, since different sets
of attackers having the same maximum value give rise to the same final score.
For example, consider the aQBAF shown in Figure 5 with fixed based score 1
in which X = {a, b, c} with R−(a) = {b, c} and σ(b) = σ(c) = 1. Here, the max
equational system gives σ(a) = 0 both before and after c has been added to the
framework.

Figure 5: Example aQBAF for Max Equational System and weighted max-based semantics.

5.3. Game-Theoretic Semantics

[5] and [22] give semantics for AFs and BFs using game-theoretic evaluations
of arguments in two-person, zero-sum games. In both cases an argument’s
strength belongs to the interval I = [0,1] and corresponds to the value of a game
of argumentation strategy when a proponent is forced to play that argument
in its strategies (sets of arguments) against an opponent who may play any
strategy.

We first consider the game-theoretic semantics in [5] for AFs, that we refer
to as GTAA. We recall synthetically its definition in the following, the reader is
referred to the original paper for more detailed explanations. For a given aQBAF
Q and α ∈ X , the sets of strategies for the proponent P and opponent O are
SP = {P ∣P ⊆ X , α ∈ P} and SO = {O∣O ⊆ X}, respectively. The set of attacks
from a set of arguments A ⊆ X to a set of arguments B ⊆ X is B←A = {(a, b) ∈
A ×B∣(a, b) ∈ R−}. The degree of acceptability function φ ∶ SP × SO ↦ [0,1] for
a proponent strategy P ∈ SP relative to an opponent strategy O ∈ SO is defined
as follows:

φ(P,O) = 1

2
[1 + f(∣O←P ∣) − f(∣P←O ∣)] (6)
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where f(n) = n
n+1 .

This becomes the reward for proponent P whenever specified borderline con-
ditions are not triggered. Formally, the reward for P playing P against the
opponent O playing O ρ ∶ SP × SO ↦ [0,1] is:

ρ(P,O) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

0 iff P←P ≠ ∅
1 iff P←O = ∅
φ(P,O) otherwise

Let SP = {P1, P2, . . . , Pm} and SO = {O1,O2, . . . ,On} with probability dis-
tributions p = {p1, p2, . . . , pm} and o = {o1, o2, . . . , on}, respectively. For an
argument α ∈ X , the strength σ(α) is then the value of the game for the pro-
ponent playing α using the minimax theorem, i.e. σ(α) = maxpminoE(α, p, o),
where E(α, p, o) = ∑nj=1∑mi=1 piojρ(Pi,Oj) is the expected payoff.

Here, we see that attackers with � strength may have an effect on the at-
tacked argument’s strength, for example if they trigger one of the borderline
conditions, and thus this approach fits the option ∗ = σ�. We can also see that
the fixed base score is 1 because for any α ∈ X , if R−(α) = ∅, then σ(α) = 1.

Proposition 26. The GTAA semantics is strictly balanced with ∗ = σ� and
≪=<.

The GTAA semantics is not monotonic. For example, first consider the
aQBAF shown in Figure 4 with fixed base score 1 in which X = {a, b} with
R−(a) = {b} and R−(b) = {b}, where σ(a) = 0.25 and σ(b) = 0. Then consider
the aQBAF shown in Figure 6 with fixed base score 1 in which X = {a, b, c}
with R−(a) = {b} and R−(b) = {c}, where σ(a) = 0.5, σ(b) = 0.25 and σ(c) = 1.
From the former to the latter, the attackers of a increased in strength yet a’s
strength has also increased.

Figure 6: Example (a)QBAF for GTAA.

We now consider the asymmetrical game-theoretic semantics for BFs in [22],
which we refer to as GTBA. For a given QBAF Q and α ∈ X , the sets of
strategies for the proponent P and opponent O are defined similarly to the
GTAA semantics. The set of supports from a set of arguments A ⊆ X to another
B ⊆ X is B⇐A = {(a, b) ∈ A×B∣(a, b) ∈R+}. The degree of acceptability function
φ ∶ SP ×SO ↦ [0,1] for a proponent strategy P relative to an opponent strategy
O, where f(n) = n

n+1 , is:

φ(P,O) = 1

4
[2 + f(∣O←P ∣) − f(∣P←O ∣) + f(∣P⇐P∪O ∣) − f(∣O⇐P∪O ∣)] (7)
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The strength is then calculated using the reward function in an identical
manner to the GTAA semantics.

Once again, attackers with � strength may have an effect on the attacked
argument’s strength, as may supporters with � strength on a supported argu-
ment’s strength, for example if they trigger one of the borderline conditions,
and thus this approach also fits the option ∗ = σ�. We can also see that the
fixed base score is 1 because for any α ∈ X , if R−(α) = ∅ and R+(α) = ∅, then
σ(α) = 1.

The GTBA semantics is not balanced. For example, consider the QBAF
shown in Figure 7 with fixed base score 1 in which X = {a, b, c, d, e} withR−(a) =
{b, c} and R+(a) = {d, e}. Here, σ(a) = 0.375 even though a’s attackers and
supporters are balanced, since attacks are of higher importance than supports
in this semantics due to its adversarial nature.

Figure 7: Example QBAF for GTBA, QuAD, DF-QuAD, and restricted Euler-based seman-
tics.

The GTBA semantics is not monotonic. For example, first consider the
QBAF shown in Figure 4 with fixed base score 1 in which X = {a, b} with
R−(a) = {b} and R−(b) = {b}, where σ(a) = 0.375 and σ(b) = 0. Then consider
the QBAF shown in Figure 6 with fixed base score 1 in which X = {a, b, c} with
R−(a) = {b} and R−(b) = {c}, where σ(a) = 0.5, σ(b) = 0.375 and σ(c) = 1.
From the former to the latter, the attackers of a increased in strength yet a’s
strength has also increased, while its supporters were empty throughout.

In most cases both game-theoretical semantics behave monotonically ; it is
exceptions like the one shown in the counter-examples that cause monotonicity
to not be satisfied. This arises from the fact that on the opponent side there
is no counterpart of the “conflict-free” borderline conditions, to which the pro-
ponent is required to adhere, in either semantics. Choosing different borderline
conditions and acceptability functions, for example following the spirit of those
which are labelled as symmetrical in [22]12, would possibly allow the satisfaction
of the principles.

12These semantics are outside the scope of this work since they give a strength of an argu-
ment relative to another, rather than per se, and so were not assessed here.
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5.4. Local Valuation in Bipolar Frameworks

Amgoud et al. [2] introduce a generic local gradual evaluation scheme for ar-
guments in bipolar argumentation frameworks (QBAFs with fixed base scores):
we analyse here two instances thereof. In both cases arguments’ strengths range
over the interval I=[−1,1]. No explicit notion of base score is given in [2]: for
our purposes here, the fixed base score is 0 because for any α ∈ X , if R−(α) = ∅
and R+(α) = ∅, then σ(α) = 0. The first instance, which we call LocMax, is
defined as follows, for α ∈ X :

σ(α) =
maxβ∈R+(α) σ(β) −maxγ∈R−(α) σ(γ)

2
(8)

Under the convention that when applied to the empty set the max operator
returns � = −1, we get that supporters and attackers with � strength have no
effect, and thus this approach fits the option ∗ = σ/�. To satisfy balance it also
requires the choice ≪=<0, where m <0 n iff m < n or m = n = 0.

Proposition 27. LocMax is balanced and monotonic with ∗ = σ/� and ≪=<0.

LocMax is not strictly balanced since, for example, σ(α) < τ(α) can occur
when the maximum strength of the attackers is greater than that of the sup-
porters but the attackers and supporters are incomparable for any choice of ∗.
For example, consider the QBAF shown in Figure 8 with fixed base score 0 in
which X = {a, b, c, d, e, f, g} with R−(a) = {b, c}, R+(a) = {d, e}, R−(b) = {f}
and R+(c) = {g}, where σ(b) = −0.5, σ(c) = 0.5, σ(d) = 0, σ(e) = 0, σ(f) = 0 and
σ(g) = 0. Here, LocMax gives σ(a) = −0.25 but R−(a) and R+(a) are incompa-
rable for any choice of ∗. The same framework can be used to demonstrate a
counter-example for strict monotonicity since LocMax gives σ(a) = −0.25 both
before and after e is added to the framework.

Figure 8: Example QBAF for LocMax.

The second instance, called LocSum, is given, for α∈X , by:

σ(α) = 1

1 + h(R−(α)) −
1

1 + h(R+(α)) (9)

where, for S ⊆ X , h(S) ≜ ∑β∈S σ(β)+1
2

. Under the convention that when applied
to the empty set the sum returns 0, we get that supporters and attackers with a
strength of −1 = � have no effect, and thus this approach fits the option ∗ = σ/�.
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Proposition 28. LocSum is balanced and strictly monotonic with ∗ = σ/� and
for any choice of ≪ (i.e. with ≪=<).

LocSum is not strictly balanced since, for example, σ(a) < 0 can occur when
h(R−(a)) > h(R+(a)) but the attackers and supporters are incomparable for
any choice of ∗. For example, consider the QBAF shown in Figure 9 with fixed
base score 0 in which X = {a, b, c, d, e, f, g, h} withR−(a) = {b, c},R+(a) = {d, e},
R−(b) = {f}, R+(c) = {g} and R−(f) = {h}, where σ(b) = −0.25, σ(c) = 0.333,
σ(d) = 0, σ(e) = 0, σ(f) = −0.333, σ(g) = 0 and σ(h) = 0. Here, LocMax gives
σ(a) = −0.01 but R−(a) and R+(a) are incomparable for any choice of ∗.

Figure 9: Example QBAF for LocSum.

5.5. Leite & Martins Social Model

[10] introduce a generic gradual evaluation method for social abstract ar-
gumentation frameworks (aQBAFs). The method is defined in terms of well-
behaved social abstract argumentation semantic framework, which is a 5-tuple
S = (L, τ,⋏,⋎,¬) where: L is a totally ordered set including ⊺ and �; τ is a vote
aggregation function which assigns a base score in L to each argument α based
on the positive and negative votes received by α in the considered social context;
the operator ⋏ ∶ L × L → L is continuous, commutative, associative, monotonic
w.r.t. both arguments, and ⊺ is its identity element; the operator ⋎ ∶ L ×L→ L
is continuous, commutative, associative, monotonic w.r.t. both arguments, and
� is its identity element; the operator ¬ ∶ L → L is antimonotonic, continuous,
with ¬⊺ = �, ¬� = ⊺, and ¬¬x = x. Then σ ∶ X → L is a S −model iff for α ∈ X :

σ(α) = τ(α) ⋏ ¬ ⋎ {σ(β) ∣ β ∈R−(α)} (10)

It can be noted that � is the identity element of ⋎ and thus this approach fits
the option ∗ = σ/�. In [10] there is no remark about whether the monotonicity
properties of ⋏, ⋎, and ¬ are to be interpreted as strict. By interpreting them
as strict then a well-behaved S −model is balanced13. Monotonicity is part of
the definition of S −model, and is strict if the monotonicity properties of ⋏, ⋎,
and ¬ are strict. Formally:

13This interpretation is natural as non-strict monotonicity might lead to flat evaluation
methods annihilating all differences. The instance in [10] satisfies strict monotonicity.
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Proposition 29. A well behaved S −model is monotonic with ∗ = σ/�. If the
monotonicity properties of ⋏, ⋎, and ¬ are strict, then a well behaved S −model
is strictly balanced and strictly monotonic with ∗ = σ/� and for any choice of ≪
(i.e. for ≪=<).

5.6. Semantics for Weighted Argumentation

[14] gives three semantics for Weighted Argumentation Frameworks (aQBAFs),
analysed below.

The weighted max-based semantics is such that (Theorems 4 and 5 of
[14]) for α ∈ X :

σ(α) = τ(α)
1 +maxβ∈R−(α)σ(β)

. (11)

Note that attackers with 0 strength have no actual effect in Eq. 11, and thus
this approach fits the option ∗ = σ/�.

Proposition 30. The weighted max-based semantics is strictly balanced and
monotonic with ∗ = σ/� and for any choice of ≪ (i.e. with ≪=<).

The weighted max-based semantics is not strictly monotonic as clearly there
can be cases where ST (α) <σ/� ST (β) but τ(α) = τ(β) and maxγ∈R−(α) σ(γ) =
maxδ∈R−(β) σ(δ). For example, consider the aQBAF shown in Figure 5 in which
X = {a, b, c} with R−(a) = {b, c} and τ(a) = τ(b) = τ(c) = 1. Here, the weighted
max-based semantics gives σ(a) = 0.5 both before and after c has been added
to the framework.

The weighted card-based semantics is such that (Theorems 6 and 7 of
[14]) for α ∈ X :

σ(α) = τ(α)
1 + ∣R−(α)∣ + ∑β∈R−(α) σ(β)

∣R−(α)∣

, (12)

where
∑β∈R−(α) σ(β)

∣R−(α)∣ = 0 if ∣R−(α)∣ = 0.

Note that attackers with 0 strength play a role in (12) (e.g. through the
term ∣R−(α)∣), and thus for this approach ∗ = σ�.

Proposition 31. The weighted card-based sem. is strictly balanced and strictly
monotonic for ∗ = σ� and any ≪.

The weighted h-categorizer semantics generalises the h-categorizer given
in Section 5.1 so that, for α ∈ X :

σ(α) = τ(α)
1 +∑β∈R−(α) σ(β)

. (13)

Note that attackers with 0 strength have no actual effect in Eq. 13, and thus
this approach fits the option ∗ = σ/�.

Proposition 32. The weighted h-categoriser is strictly balanced and strictly
monotonic with ∗ = σ/� and for any ≪.
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5.7. Amgoud & Ben-Naim Support Semantics

[3] introduce three gradual semantics for support argumentation frameworks
(sQBAFs).

According to the top-based semantics the strength of arguments ranges in
I=[0,1] and is related to their base score and to the strength of their strongest
supporter (see Theorem 3 of [3]) according to the following equation, for α ∈ X :

σ(α) = τ(α) + (1 − τ(α)) max
β∈R+(α)

σ(β) (14)

where maxβ∈R+(α) = 0 if R+(α) = ∅. Accordingly, supporters with � strength
have no effect, which means that this approach fits the option ∗ = σ/�.

Proposition 33. The top-based semantics is strictly balanced and monotonic
with ∗ = σ/� and ≪=<⊺.

The top-based semantics is not strictly monotonic since clearly there can
be cases where ST (a) <σ/� ST (b) but τ(a) = τ(b) and maxc∈R+(a) σ(c) =
maxd∈R+(b) σ(d). For example, consider the sQBAF shown in Figure 10 in
which X = {a, b, c} with R+(a) = {b, c} and τ(a) = τ(b) = τ(c) = 0.5. Here,
top-based semantics gives σ(a) = 0.75 both before and after c has been added
to the framework.

Figure 10: Example sQBAF for top-based semantics.

The reward-based semantics is based on the notion of founded argument:
α ∈ X is founded iff there is a finite sequence α0 . . . αn, for n ≥ 0, such that
τ(α0) > 0, αn = α, and for every i = 0, . . . n − 1: αi ∈ R+(αi−1). Then, the
strength of arguments ranges in I=[0,1] and is related to their base score and
to the strength of their supporters (see Theorem 6 of [3]) according to the
following equation, for α ∈ X :

σ(α) = τ(α) + (1 − τ(α))
⎛
⎝

n(α)−1
∑
j=1

1

2j
+ m(α)

2n(α)
⎞
⎠

(15)

where n(α) = ∣R+(α)∣ and m(α) = ∑β∈R+(α) σ(β)
n(α) and, by convention, ∑n(α)−1j=1

1
2j
+

m(α)
2n(α) = 0 if R+(α) = ∅.

Proposition 4 of [3] proves that if an argument α is founded then σ(α) > 0.
It is also immediate to see that if σ(α) > 0 then α is founded (from σ(α) > 0
and Equation (15) we get that either τ(α) > 0 or R+(α) ≠ ∅). It follows that
supporters with zero strength have no effect, and thus this approach fits the
option ∗ = σ/�.
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Proposition 34. The reward-based semantics is strictly balanced and strictly
monotonic with ∗ = σ/� and ≪=<⊺.

Finally, according to the aggregation-based semantics, the strength of
arguments ranges in I=[0,1] and is related to their base score and to the strength
of their supporters (see Theorem 9 of [3]) according to the following equation,
for α ∈ X :

σ(α) = τ(α) + (1 − τ(α))
∑β∈R+(α) σ(β)

1 +∑β∈R+(α) σ(β)
(16)

It follows that supporters with zero strength have no effect (they do not
affect the sum ∑β∈R+(α) σ(β)), and thus this approach fits the option ∗ = σ/�.

Proposition 35. The aggregation-based semantics is strictly balanced and strictly
monotonic with ∗ = σ/� and ≪=<⊺.

5.8. Semantics for QuAD Frameworks

[9] and [20] give semantics for Quantitative Argumentation Debate (QuAD)
Frameworks (QBAF), analysed below. In both cases arguments’ strengths are
over the interval I=[0,1]. The DF-QuAD algorithm is a “discontinuity-free”
development of the QuAD algorithm.

The QuAD algorithm [9] is defined as follows, for α ∈ X :

σ(α) = g(τ(α),Fa(τ(α), σ(R−(α))),Fs(τ(α), σ(R+(α)))) (17)

where if (α1, . . . , αn) is an arbitrary permutation of the (n ≥ 0) attackers in
R−(α), σ(R−(α)) = (σ(α1), . . . , σ(αn)) (and similarly for supporters).

The operator g is defined as g ∶ I × I ∪ {nil} × I ∪ {nil} → I, where for
v0, va, vs ∈ I:

g(v0, va, vs) = va if vs = nil and va ≠ nil (18)

g(v0, va, vs) = vs if va = nil and vs ≠ nil (19)

g(v0, va, vs) = v0 if va = vs = nil (20)

g(v0, va, vs) =
va + vs

2
otherwise (21)

Letting × stand for either a or s, the operator F× is defined as F× ∶ I∗ → I,
where for S = (v1, . . . , vm) ∈ I∗, (w1, . . . ,wn) is an arbitrary permutation of the
non-zero elements in S14:

14This formulation is a modification of the original formulation of F×, in which (w1, . . . ,wn)
was not used.
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if n = 0 ∶ F×(v0, S) = nil (22)

if n = 1 ∶ F×(v0, S) = f×(v0,w) (23)

if n > 1 ∶ F×(v0, (w1, . . . ,wn)) = f×(F×(v0, (w1, . . . ,wn−1)),wn) (24)

with the base expressions f× ∶ I×I→I defined, for v0, v ∈ I, as:

fa(v0, v) = v0 − v0 ⋅ v = v0 ⋅ (1 − v) (25)

fs(v0, v) = v0 + (1 − v0) ⋅ v = v0 + v − v0 ⋅ v (26)

In both this approach and the one that follows we see that supporters and
attackers with � strength have no effect, and thus they fit the option ∗ = σ/�.

Proposition 36. The QuAD algorithm is monotonic with ∗ = σ/�.

Note that the QuAD algorithm is not balanced. For example, consider the
QBAF shown in Figure 7 in which X = {a, b, c, d, e} with R−(a) = {b, c} and
R+(a) = {d, e}, where τ(a) = τ(b) = τ(c) = τ(d) = τ(e) = 1. Here, the QuAD al-
gorithm gives σ(a) = 0.5 even though its attackers and supporters are balanced.
The same framework demonstrates that strict monotonicity does not hold since
σ(a) = 0.5 both before and after c or e are added to the framework.

The DF-QuAD algorithm [20] is defined as follows, for α ∈ X :

σ(α) = c(τ(α),F ′(σ(R−(α))),F ′(σ(R+(α)))) (27)

where if (α1, . . . , αn) is an arbitrary permutation of the (n ≥ 0) attackers in
R−(a), σ(R−(α)) = (σ(α1), . . . , σ(αn)) (and similarly for supporters).

The polarity function is defined as c ∶ I × I × I→ I, where for v0, va, vs ∈ I:

c(v0, va, vs) = v0 − v0 ⋅ ∣vs − va∣ if va ≥ vs (28)

c(v0, va, vs) = v0 + (1 − v0) ⋅ ∣vs − va∣ if va < vs (29)

The strength aggregation function is defined as F ′ ∶ I∗ → I, where for S =
(v1, . . . , vn) ∈ I∗:

if n = 0 ∶ F ′(S) = 0 (30)

if n = 1 ∶ F ′(S) = v1 (31)

if n = 2 ∶ F ′(S) = f ′(v1, v2) (32)

if n > 2 ∶ F ′(S) = f ′(F ′(v1, . . . , vn−1), vn) (33)

with the base function f ′ ∶ I×I→I defined, for v1,v2 ∈I, as:

f ′(v1, v2) = v1 + (1 − v1) ⋅ v2 = v1 + v2 − v1 ⋅ v2 (34)
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Proposition 37. The DF-QuAD algorithm is balanced and monotonic with
∗ = σ/� and ≪=≤.

The DF-QuAD algorithm is not strictly balanced. For example, consider
the QBAF shown in Figure 7 in which X = {a, b, c, d, e} with R−(a) = {b, c} and
R+(a) = {d, e}, where τ(a) = 0.5, τ(b) = 1, τ(c) = 0.2, τ(d) = 0.7 and τ(e) = 0.5.
Here, the DF-QuAD algorithm gives σ(a) = 0.425 ≠ τ(a), R−(a) and R+(a) are
incomparable for any choice of ∗. The same framework demonstrates that strict
monotonicity does not hold since σ(a) = 0.425 both before and after c has been
added to the framework.

Both semantics for QuAD Frameworks do not satisfy the strict monotonicity
property because the strength aggregation function saturates at the ⊺ value.

5.9. Restricted Euler-Based Semantics

In [15] an Euler-based semantics for restricted (i.e. acyclic) BAG Frame-
works (acyclic QBAFs) is introduced.

The restricted Euler-based semantics is such that for α ∈ X :

σ(α) = 1 − 1 − τ(α)2
1 + τ(α) ⋅ eE (35)

where:
E = ∑

β∈R+(α)
σ(β) − ∑

γ∈R−(α)
σ(γ). (36)

Here, 0 ≤ σ(α) ≤ 1, thus in this approach I = [0,1] with ⊺ = 1 and � = 0. It
can be seen that attackers with 0 strength have no effect in Equations 35 and
36 and so this approach fits the option ∗ = σ /�. This semantics also exhibits
behaviour such that for any α ∈ X , if τ(α) = 0 then σ(α) = 0 or if τ(α) = 1 then
σ(α) = 1. This therefore requires a new choice to be defined such that ≪=<�,⊺,
where m <�,⊺ n iff m < n or m = n = ⊺ or m = n = �.

Proposition 38. The restricted Euler-based semantics is balanced and strictly
monotonic with ∗ = σ/� and ≪=<�,⊺.

The restricted Euler-based semantics is not strictly balanced. For example,
consider the QBAF shown in Figure 7 in which X = {a, b, c, d, e} with R−(a) =
{b, c} and R+(a) = {d, e} and base scores τ(a) = 0.5, τ(b) = 0.1, τ(c) = 0.9,
τ(d) = 0.2 and τ(e) = 0.3. Here, σ(a) = 0.425 < τ(a) even though it is not the
case that R−(a) >σ/� R+(a).

5.10. Non-Gradual Semantics for Abstract Argumentation

Complete Semantics [1] plays a central role in traditional Dung’s seman-
tics for AFs. It is based on the notion of the complete extension, which, briefly,
is a conflict-free set of arguments which consists of all the arguments it defends.
Many other semantics (in particular stable, preferred, grounded, semi-stable
and ideal semantics) are complete-based, i.e. the extensions that they sanction
are a subset of the set of complete extensions. Thus, results which are proven
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for complete semantics directly hold for the many other complete-based seman-
tics. An extension can be equivalently expressed as a three-valued labelling
of the arguments, using the set of labels Λ = {in,out,und}, where the label in
for an argument corresponds to being a member of the extension, out to being
attacked by the extension, und to not being a member nor being attacked. In
terms of acceptance, these three values correspond to a simple qualitative scale
I = {in,und,out}, where out < und < in, so out is the bottom value � and in is the
top value ⊺.

In this context, complete labellings can be formally characterised as follows.
Given an AF ⟨X ,R−⟩ a labelling L ∶ X → {in,out,und} is a complete labelling
for any α ∈ X [4]:

• L(α) = in iff ∀β ∈R−(α) ∶ L(β) = out;

• L(α) = out iff ∃β ∈R−(α) ∶ L(β) = in;

• L(α) = und iff ∄β ∈R−(α) ∶ L(β) = in and ∃β ∈R−(α) ∶ L(β) = und.

Given that an unattacked argument is labelled in, it is natural to adopt the
convention that τ(α) = in for every argument α. Thus, an AF corresponds to
an aQBAF with fixed base score in as indicated in Table 5. Further, it can
be observed that arguments labelled out have no effective role in determining
the labels of other arguments, hence complete labellings fit the option ∗ = σ/�.
Complete labellings satisfy balance and monotonicity for aQBAFs with fixed
base score in and I = {in,und,out} as given above.

Proposition 39. Every complete labelling is strictly balanced and monotonic
with ∗ = σ/� and with any ≪.

Note that the complete semantics does not satisfy strict monotonicity since
there can be cases where ST (α)≺∗ST (β) while L(α) = L(β). In particular,
the addition of attackers labelled und does not affect the status of an argument
already labelled und. For example, consider the aQBAF shown in Figure 11 with
fixed base score in, in which X = {a, b, c} where R−(a) = {b, c}, R−(b) = {b},
R−(c) = {c}, L(b) = und and L(c) = und. Here, the complete semantics gives
L(a) = und both before and after c has been added to the framework.

Figure 11: Example aQBAF for complete semantics.

Corollary 1. Any semantics for abstract argumentation that is complete-based
is also strictly balanced and monotonic with ∗ = σ/� and with any ≪.
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6. Discussion and Conclusions

This paper provides a contribution towards an enhanced understanding of
the landscape of properties for gradual argumentation in several respects.

First, while a variety of fine-grained properties have been previously intro-
duced and discussed in the literature, thanks to the notion of parametric group
properties we have shown that many more fine-grained properties can be iden-
tified.

Second, the existence of so many properties, together with the relative
numerosity of group properties, has evidenced the need for some higher-level
synthesis, which has been achieved with the general principles of balance and
monotonicity. They have been shown to support a simplified compact analysis
of gradual argumentation formalisms on the basis of the implication relations
holding with respect to the group properties. The results in Section 5 illustrate
the practical value of these principles, by showing that a variety of gradual meth-
ods, conceived in different contexts, satisfy suitable instances of both balance
and monotonicity. Our principles’ simplicity and power, confirmed by these re-
sults, is one of the main advancements with respect to the previous literature.
As powerful as they are, we remark that the general principles are not meant
to replace finer levels of analysis, which of course are required when (some of)
the principles do not hold, while some of their implied properties might hold
anyway.

Third, the parametric nature of the group properties and of the principles
turns out to provide a further advantage as it allows one to directly reveal
and compare some basic design choices underlying different formalisms. These
concern in particular the role of bottom strength arguments and the possibility
of saturation in the assigned strength (evidenced by the use of <× operators)
and/or in the aggregated effects of attackers and supporters (occurring when
monotonicity is not strict).

Making these choices explicit can be useful to identify variants of existing
approaches, derivable by changing some parameter, and to support an investiga-
tion about which combinations of the parameters ∗ and ≪ are more appropriate
with respect to the needs of different argumentative contexts (e.g. epistemic vs.
practical reasoning, monological or dialogical argumentation). This appears to
be a significant direction of future work.

At a higher level of abstraction, principles ease the classification of gradual
argumentation approaches in broad families with different underlying notions
of strength. The study of these families represents another important line of
future investigation. As an example, we only mention the case of GTBA and
QuAD formalisms, where the absence of the balance property indicates that the
base score has quite a different role than in other approaches. For instance, in
QuAD a top base score is insensitive to the presence of supporters, while it can
be decreased by the presence of attackers.

While the GPs and principles proposed in this paper are fairly comprehen-
sive, it is appropriate to remark that there are properties considered in the
literature which they do not cover. In particular our approach assumes as a
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basis for strength assessment the strength values of the attackers and support-
ers, respectively, and cannot capture properties where other kinds of factors
are considered. Some examples of these properties include cardinality prece-
dence [3, 14], which prioritises the cardinality of attackers/supporters rather
than their strengths; quality precedence [3, 14], which prioritises the maximum
strength of attackers/supporters rather than their combined effect; and compen-
sation [3, 14] and franklin [15], both of which consider some kind of interaction
between attackers and supporters themselves, a dense problem which warrants
studies in itself.

Some other properties in the literature are implied by our principles while
not being covered by our GPs. For example, as shown in Section 4, weakening
and strengthening [15] are implied by balance, while (strict) bi-variate monotony
and (strict) reinforcement [15] are implied by (strict, resp.) monotony. Our GPs
have been conceived to correspond to relatively simple ideas, while GPs defined
for the above properties would be less immediate and would closely resemble the
general principles. The fact that these properties are relatively few in number
justifies our choice of GPs.

In [24] the concepts of “subsumption” and “incompatibility” between ranking-
based argumentation principles, i.e. literature properties, are introduced. Al-
though this work shares our intentions of simplifying axiomatic analysis of grad-
ual evaluation methods, it differs from ours in that we create group properties
which subsume a number of literature properties, before showing that princi-
ples subsume these group properties. In other words we carry out a systematic
analysis at different grain levels, while in [24] relationships between existing
fine-grained properties are considered.

Some quantitative semantics were not included in the analysis of Section
5 since their behaviour exhibits significantly different characteristics to those
we analysed. For example, the compensation-based semantics in [8] and simi-
larly the variable-depth propagation semantics in [25] satisfy neither balance nor
monotonicity, due to the fact that the strength of an argument increases with
the number of its attackers, provided that they are in turn attacked. Meanwhile
the graded semantics of [26] uses the cardinality of attackers and defenders,
rather than their strengths, in order to calculate an argument’s strength. Stud-
ies on the relationships and shared ideas between these works and our principles
is another interesting line of future work.

More generally, the study of the applicability of our principles to different
gradual evaluation schemes, for example that proposed in [27], based on aspects
and votes, or to different kinds of abstract frameworks, e.g. with weighted
argument relationships as in [28], or considering additional relationships with
respect to attack and support, may provide further insights into the principles’
flexibility. In this respect, we remark that the notion of shaping triple lends
itself to be extended to a notion of shaping tuple, including other elements while
keeping the basic formulation of the principle of monotonicity. A generalization
in the same direction, involving a change to the formal structure of the current
definition while preserving the underlying intuition, would need to be applied
to the principle of balance.
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Finally, given the foundational nature of the approach, connections with
other related works at large are worth examining.

In the argumentation context, this may concern for instance a comparison
with the properties of traditional non-gradual semantics (e.g. conflict-freeness
or reinstatement).

More generally, relationships with approaches to qualitative decision making
can be considered. For instance the work presented in [29], concerning the
qualitative assessments of pros and cons, contains many basic ideas (e.g. those
for weak unanimity and status quo consistency) which may be relevant to the
study of gradual properties addressed in this paper.
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Appendix A. Proofs

Lemma 1. For any A,B ⊆ X such that A ≥∗ B, A >∗ B iff ∣B∗∣ < ∣A∗∣ or for
every injective mapping f from B∗ to A∗ ∃β ∈ B∗ ∶ σ(f(β))≰σ(β).

Proof. Given A ≥∗ B, to prove the statement we have to show that B ≱∗ A
iff ∣B∗∣ < ∣A∗∣ or for every injective mapping f from B∗ to A∗ ∃β ∈ B∗ ∶
σ(f(β))≰σ(β). Now, by Definition 3, when B≱∗A there is no injective mapping
f from A∗ to B∗ such that ∀α ∈ A∗, σ(f(α))≥σ(α), which happens iff the set of
injective mappings from A∗ to B∗ is empty (i.e. ∣B∗∣ < ∣A∗∣) or every member of
this set does not satisfy the required condition (i.e. for every injective mapping
f from B∗ to A∗ ∃β ∈ B∗ ∶ σ(f(β))≰σ(β)).

Proposition 16.

• GP6 and GP7 with ∗ = σ� and with any ≪ imply:
P30. Monotony [12], [5, Prop. 6] - For any α,β ∈ X , if τ(α) = τ(β) and
R−(α) ⊆R−(β) then σ(α) ≥ σ(β).

• GP6 and GP8 with ∗ = σ� and with any ≪ imply:
P31. Monotony [3] - For any α,β ∈X , if τ(α)=τ(β) and R+(α)⊆R+(β)
then σ(α)≤σ(β).

• GP6 and GP10 with ∗ = σ� and with any ≪ imply:
P32. Theorem 7 in [8] - For any α,β ∈ X , if τ(α) = τ(β) and there exists
an injective mapping f from R−(α) to R−(β) such that ∀γ ∈ R−(α),
σ(f(γ)) ≥ σ(γ) then σ(β) ≤ σ(α).
P33. Counter-Transitivity [7, 13] - For any α,β ∈ X , if τ(α) = τ(β) and
R−(α) ≤σ� R−(β), then σ(α)≥σ(β).

34



Proof. We first prove for ≪=< and then the rest follows.
Let τ(α) = τ(β) and R−

σ�(α) = R−
σ�(β) then, by GP6, σ(α) = σ(β). Let

τ(α) = τ(β) and R−
σ�(α) ⊊ R−

σ�(β) then, by GP7, σ(α) > σ(β). Therefore, in
both cases σ(α) ≥ σ(β) and GP6 and GP7 imply Monotony [12].

Let τ(α) = τ(β) and R+
σ�(α) = R+

σ�(β) then, by GP6, σ(α) = σ(β). Let
τ(α) = τ(β) and R+

σ�(α) ⊊ R+
σ�(β) then, by GP8, σ(α) < σ(β). Therefore, in

both cases σ(α) ≤ σ(β) and GP6 and GP8 imply Monotony [3].
Let τ(α) = τ(β) and there exists an injective mapping f from R−(α) to

R−(β) such that ∀γ ∈ R−(α), σ(f(γ)) ≥ σ(γ) and therefore, by Definition
3, R−(α) ≤σ� R−(β). If R−(α) =σ� R−(β) then, by GP6, σ(α) = σ(β). If
R−(β) ≥σ� R−(α) and R−(α) ≱σ� R−(β), i.e. R−(α) <σ� R−(β), then, by
GP10, σ(α) > σ(β). Therefore, in both cases σ(α) ≥ σ(β) and GP6 and GP10
imply Theorem 7 in [8].

It follows that GP6 and GP10 imply Counter-Transitivity.

Proposition 17. If σ is balanced for some ∗,≪ then it satisfies GP1 to GP3
for the same ∗,≪; if σ is strictly balanced for some ∗,≪ then it satisfies GP1 to
GP5 for the same ∗,≪.

Proof. Let σ be balanced.
If R−

∗(α) = ∅ and R+
∗(α) = ∅ then R−(α) =∗ R+(α) and, by Principle 1.1,

σ(α) = τ(α), therefore balance implies GP1.
If R−

∗(α) ≠ ∅ and R+
∗(α) = ∅ then R−(α) >∗ R+(α) and, by Principle 1.2,

σ(α) ≪ τ(α), therefore balance implies GP2.
If R−

∗(α) = ∅ and R+
∗(α) ≠ ∅ then R−(α) <∗ R+(α) and, by Principle 1.3,

σ(α) ≫ τ(α), therefore balance implies GP3.
Let σ be strictly balanced.
If σ(α) < τ(α) then, by Principle 1.5, R−(α) >∗ R+(α), therefore R−(α) ≠ ∅

and strict balance implies GP4.
If σ(α) > τ(α) then, by Principle 1.6, R−(α) <∗ R+(α), therefore R+(α) ≠ ∅

and strict balance implies GP5.

Proposition 19. If σ is monotonic for some ∗,≪ then it satisfies GP6 for the
same ∗,≪; if σ is strictly monotonic for some ∗,≪ then it satisfies GP6 to GP11
for the same ∗,≪.

Proof. Let σ be monotonic.
If R−(α) =∗ R−(β), R+(α) =∗ R+(β) and τ(α) = τ(β) then, by Defini-

tion 6, ST (α) ≃∗ ST (β). Therefore, by Principle 2, σ(α) = σ(β) and (strict)
monotonicity implies GP6.

Let σ be strictly monotonic.
If R−

∗(α) ⊋ R−
∗(β), R+

∗(α) = R+
∗(β) and τ(α) = τ(β) then R−(α) >∗ R−(β)

and, by Definition 6, ST (α)≺∗ST (β). Therefore, by Principle 2, σ(α) ≪ σ(β)
and strict monotonicity implies GP7.

If R−
∗(α) = R−

∗(β), R+
∗(α) ⊋ R+

∗(β) and τ(α) = τ(β) then R+(α) >∗ R+(β)
and, by Definition 6, ST (β)≺∗ST (α). Therefore, by Principle 2, σ(α) ≫ σ(β)
and strict monotonicity implies GP8.
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If R−
∗(α) = R−

∗(β), R+
∗(α) = R+

∗(β) and τ(α) < τ(β) then, by Definition
6, ST (α)≺∗ST (β). Therefore, by Principle 2, σ(α) ≪ σ(β) and monotonicity
implies GP9.

If R−(α) <∗ R−(β), R+
∗(α) = R+

∗(β) and τ(α) = τ(β) then, by Definition 6,
ST (β)≺∗ST (α). Therefore, by Principle 2, σ(β) ≪ σ(α) and strict monotonicity
implies GP10.

If R−
∗(α) = R−

∗(β), R+
∗(α) >∗ R+

∗(β) and τ(α) = τ(β) then, by Definition 6,
ST (β)≺∗ST (α). Therefore, by Principle 2, σ(β) ≪ σ(α) and strict monotonicity
implies GP11.

Proposition 22. The h-categoriser is strictly balanced and strictly monotonic
for any choice of ∗ and ≪ (i.e. for ≪=<).

Proof. For every argument α in this case R+(α) = ∅.
Then Point 1 of Principle 1 is equivalent to: if R−(α) = ∅ then σ(α) =

τ(α) = 1, which is clearly satisfied by (1). Point 2 is equivalent to: if R−(α) ≠ ∅
then σ(α) < 1 which is also satisfied by (1), given that if R−(α) ≠ ∅ then

∑β∈R−(α) σ(β) > 0. Finally, Point 3 is irrelevant since the case R−(α) <∗ ∅
cannot occur. Therefore, the h-categoriser is balanced.

Further, Point 4 becomes: if σ(α) < 1 then R−(α) >∗ ∅, i.e. ∃β ∈ R−(α),
which is also satisfied by (1), given that if σ(α) < 1 then ∑β∈R−(α) σ(β) > 0 and,
therefore, ∃β ∈ R−(α). Finally, Point 5 is irrelevant since ∑β∈R−(α) σ(β) ≥ 0
and hence σ(α) > τ(α) = 1 cannot occur. Therefore, the h-categoriser is strictly
balanced.

For every argument α and β we have τ(α) = τ(β) and R+(α) = R+(β) = ∅.
Then, in this case strict monotonicity is equivalent to if R−(β) <∗ R−(α) then
σ(α) > σ(β). Given that for every argument σ(α) > 0, we have that R−(β) <∗
R−(α) implies ∑δ∈R−(β) σ(δ) < ∑γ∈R−(α) σ(γ) and then σ(α) > σ(β) from (1).
Therefore, the h-categoriser is strictly monotonic.

Proposition 23. The inverse equational system is strictly balanced and strictly
monotonic with ∗ = σ/� and ≪=<�.

Proof. Point 1 of Principle 1 is equivalent to: ifR−(α) = ∅ then σ(α) = τ(α) = 1,
which is satisfied since the default value of 1 is assigned in absence of attackers.
Point 2 is equivalent to: if R−(α) >σ/� ∅ then σ(α) < τ(α) which is satisfied
by (2), given that if R−(α) >σ/� ∅ then ∃β ∈ R−(α) such that σ(β) > 0 and
then ∏β∈R−(α)(1 − σ(β)) < 1. Point 3 is irrelevant since the case R−(α) <σ/� ∅
cannot occur. Further, Point 4 becomes: if σ(α) < τ(α) then R−(α) >σ/� ∅, i.e.
∃β ∈ R−(α) with σ(β) > 0, which is also satisfied by (2), given that if σ(α) <
τ(α) then ∏β∈R−(α)(1 − σ(β)) < 1 and, therefore, ∃β ∈ R−(α) with σ(β) > 0.
Finally, Point 5 is irrelevant since σ(α) > τ(α) = 1 cannot occur. Therefore,
the inverse equational system is strictly balanced. Turning to monotonicity, for
every argument α and β we have R+(α) = R+(β) = ∅ and τ(α) = τ(β) = 1.
Clearly, if also R−(α) =σ/� R−(β) we get from (2) that σ(α) = σ(β).
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In this case strict monotonicity is equivalent to if R−(β) <σ/� R−(α) then
σ(α) <� σ(β). Now R−(β) <σ/� R−(α) means that for every γ ∈R−(β) such that
σ(γ) > 0 it exists δ ∈R−(α) such that σ(δ) ≥ σ(γ). Moreover it holds that either
∃γ ∈R−(β), ∃δ ∈R−(α) such that σ(δ) > σ(γ) > 0 or ∣R−

σ/�(β)∣ < ∣R−
σ/�(α)∣. From

the above conditions it follows that if ∃γ ∈ R−(β) such that σ(γ) = 1 then also
∃δ ∈ R−(α) such that σ(δ) = 1 and then from (2) σ(α) = σ(β) = 0. If instead
∄γ ∈ R−(β) such that σ(γ) = 1 then σ(β) > 0 and the conditions listed above
imply that ∏γ∈R−(β)(1 − σ(γ)) > ∏δ∈R−(α)(1 − σ(δ)), i.e. σ(α) < σ(β), which
completes the proof.

Proposition 24. The suspect equational system is strictly balanced with ∗ = σ�
and ≪=≤.

Proof. We first consider the cases when (3) applies, i.e. α ∉ R−(α). Point 1
of Principle 1 is equivalent to: if R−(α) = ∅ then σ(α) = τ(α) = 1, which is
satisfied since the default value of 1 is assigned in absence of attackers. Point
2 is equivalent to: if R−(α) >σ� ∅ then σ(α) ≤ τ(α) which is satisfied by (3),
given that σ(α) ∈ [0,1]. Point 3 is irrelevant since the case R−(α) <σ� ∅ cannot
occur. Further, Point 4 becomes: if σ(α) < τ(α) then R−(α) >σ� ∅, which is
also satisfied by (3), given that if σ(α) < τ(α) then ∏β∈R−(α)(1 − σ(β)) < 1
and, therefore, ∃β ∈ R−(α). Finally, Point 5 is irrelevant since σ(α) > τ(α) = 1
cannot occur.

We then prove the statement for the cases when (4) applies, i.e. α ∈R−(α).
Point 1 is irrelevant since α ∈ R−(α) so the condition R−(α) =σ� ∅ does not
hold. Point 2 is equivalent to: if R−(α) >σ� ∅ then σ(α) ≤ τ(α) which is
satisfied by (4) since σ(α) = 0 = � in this case. Point 3 is irrelevant since the
case R−(α) <σ� ∅ cannot occur. Further, Point 4 becomes: if σ(α) < τ(α) then
R−(α) >σ� ∅, which is satisfied by (4), given that α ∈R−(α) and σ(α) = 0 here.
Finally, Point 5 is irrelevant since σ(α) > τ(α) = 1 cannot occur. Therefore, the
suspect equational system is strictly balanced.

Proposition 25. The max equational system is strictly balanced and monotonic
with ∗ = σ/� and with any ≪.

Proof. Point 1 of Principle 1 is equivalent to: ifR−(α) = ∅ then σ(α) = τ(α) = 1,
which is satisfied since the default value of 1 is assigned in absence of attackers.
Point 2 is equivalent to: if R−(α) >σ/� ∅ then σ(α) < τ(α) which is satisfied
by (5), given that if R−(α) >σ/� ∅ then ∃β ∈ R−(α) such that σ(β) > 0 and
then 1 −maxβ∈R−(α) σ(β) < 1. Point 3 is irrelevant since the case R−(α) <σ/� ∅
cannot occur. Further, Point 4 becomes: if σ(α) < τ(α) then R−(α) >σ/� ∅,
i.e. ∃β ∈ R−(α) with σ(β) > 0, which is also satisfied by (5), given that if
σ(α) < τ(α) then we get 1 − maxβ∈R−(α) σ(β) < 1 and, therefore, ∃β ∈ R−(α)
with σ(β) > 0. Finally, Point 5 is irrelevant since σ(α) > τ(α) = 1 cannot occur.
Therefore, the max equational system is strictly balanced.

Turning to monotonicity, for any arguments α and β we have R+(α) =
R+(β) = ∅ and τ(α) = τ(β) = 1. Clearly if R−(α) =σ/� R−(β) we get from
(5) that σ(α) = σ(β) and it remains to check that if R−(β) ≤σ/� R−(α) then
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σ(α) ≤ σ(β). Now R−(β) ≤σ/� R−(α) implies that maxγ∈R−(β) ≤ maxδ∈R−(α)
and then from (5) σ(α) ≤ σ(β), as desired.

Proposition 26. The GTAA semantics is strictly balanced with ∗ = σ� and
≪=<.

Proof. In this case, for every argument α, R+(α) = ∅. Then Point 1 of Principle
1 is equivalent to: if R−(α) =σ� ∅ then σ(α) = 1. This is satisfied by the
borderline conditions since if α has no attackers, using this argument alone in
P will give ρ(P,O) = 1 in every case and therefore σ(α) = 1. Point 2 then
becomes: if R−(α) >σ� ∅ then σ(α) < 1, which is also satisfied given that
φ(P,O) < 1 and the only way that ρ(P,O) = 1 is if P←O = ∅, which cannot hold
since α ∈ P . Finally, Point 3 is irrelevant since the case R−(α) <σ� ∅ cannot
occur. Therefore, the GTAA semantics is balanced.

Further, Point 4 becomes: if σ(α) < 1 then R−(α) >σ� ∅, which is satisfied
given that if σ(α) < 1 and therefore φ(P,O) < 1 for all proponent strategies, then
there is no P where P←O = ∅ i.e. R−(α) >σ� ∅. Finally, Point 5 is irrelevant
since σ(α) ≤ 1. Therefore, the GTAA semantics is strictly balanced.

Proposition 27. LocMax is balanced and monotonic with ∗ = σ/� and ≪=<0.

Proof. Point 1 of Principle 1 is equivalent to: if R−(α) =σ/� R+(α) then σ(α) =
0, which is clearly satisfied by (8). As to point 2, from R−(α) >σ/� R+(α)
it follows that maxβ∈R+(α) σ(β) ≤ maxγ∈R−(α) σ(γ), hence σ(α) ≤ 0 < ⊺ = 1,
hence σ(α) <0 τ(α). Similarly, as to point 3, from R−(α) <σ/� R+(α) it follows
that maxβ∈R+(α) σ(β) ≥ maxγ∈R−(α) σ(γ), hence σ(α) ≥ 0 > � = −1 and hence
σ(α) >0 τ(α). Therefore, LocMax semantics is balanced.

Given two arguments α and β clearly if ST (α) ≃σ/� ST (β) then σ(α) = σ(β)
from (8). If ST (α) ⪯σ/� ST (β) we have that maxγ∈R+α σ(γ) ≤ maxγ∈R+β σ(γ)
and maxγ∈R−α σ(γ) ≥ maxγ∈R−β σ(γ). From equation (8) it follows that σ(α) ≤
σ(β). Therefore, LocMax semantics is monotonic.

Proposition 28. LocSum is balanced and strictly monotonic with ∗ = σ/� and
for any choice of ≪ (i.e. with ≪=<).

Proof. Point 1 of Principle 1 is equivalent to: ifR−(α) =σ/� R+(α) then σ(α) = 0,
which is clearly satisfied by (9) since in this case h(R−(α)) = h(R+(α)). As to
point 2, from R−(α) >σ/� R+(α) it follows that h(R−(α)) > h(R+(α)), hence
σ(α) < 0 = τ(α) < ⊺ = 1. Similarly, as to point 3, from R−(α) <σ/� R+(α) it
follows that h(R−(α)) < h(R+(α)), hence σ(α) > 0 = τ(α) > � = −1. Therefore,
LocSum semantics is balanced.

Given two arguments α and β clearly if ST (α) ≃σ/� ST (β) then σ(α) =
σ(β) from (9). If ST (α)≺σ/�ST (β) it follows that h(R+(α)) ≤ h(R+(β)) and
h(R−(α)) ≥ h(R−(β)) with at least one of the above inequalities being strict
and from (9) it follows that σ(α) < σ(β). Therefore, LocSum semantics is
strictly monotonic.
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Proposition 29. A well behaved S −model is monotonic with ∗ = σ/�. If the
monotonicity properties of ⋏, ⋎, and ¬ are strict, then a well behaved S −model
is strictly balanced and strictly monotonic with ∗ = σ/� and for any choice of ≪
(i.e. for ≪=<).

Proof. For every argument α in this case R+(α) = ∅.
Then Point 1 of Principle 1 is equivalent to: if R−(α) = ∅ then σ(α) = τ(α),

which is satisfied by (10) given that ⋎∅ = � (see Proposition 11 in [10]). Point
2 is equivalent to: if R−(α) >σ/� ∅ then σ(α) < τ(α). This is also satisfied by
(10) if the monotonicity properties are strict: if R−(α) >σ/� ∅ then x = ⋎{σ(β) ∣
β ∈ R−α} > �, then ¬x < ⊺ and τ(α) ⋏ ¬x < τ(α). Finally, Point 3 is irrelevant
since the case R−(α) <∗ ∅ cannot occur. Therefore, the S −model is balanced.

Further, Point 4 becomes: if σ(α) < τ(α) then R−(α) >σ/� ∅, i.e. ∃β ∈
R−(α) ∶ σ(β) > �, which is also satisfied by (10), given that if σ(α) < τ(α) then
⋎{σ(β) ∣ β ∈ R−(α)} > � and, therefore, ∃β ∈ R−(α) ∶ σ(β) > �. Finally, Point
5 is irrelevant since ¬ ⋎ {σ(β) ∣ β ∈ R−(α)} ≤ ⊺. Therefore, the S −model is
strictly balanced.

Monotonicity follows directly from the definition of S −model.

Proposition 30. The weighted max-based semantics is strictly balanced and
monotonic with ∗ = σ/� and for any choice of ≪ (i.e. with ≪=<).

Proof. For every argument α in this case R+(α) = ∅. Then Point 1 of Principle
1 is equivalent to: if R−(α) =σ/� ∅ then σ(α) = τ(α), which is satisfied by
(11) since maxβ∈R−(α)σ(β) = 0. Point 2 then becomes: if ∃β ∈R−(α) ∶ σ(β) > 0
(thereby making R−(α) >σ/� ∅) then σ(α) < τ(α), which is also satisfied by (11),
given that if ∃β ∈ R−(α) ∶ σ(β) > 0 then maxβ∈R−(α)σ(β) > 0. Finally, Point
3 is irrelevant since the case R−(α) <σ/� ∅ cannot occur. Therefore, weighted
max-based semantics is balanced.

Further, Point 4 becomes: if σ(α) < τ(α) then R−(α) >σ/� ∅, i.e. ∃β ∈
R−(α) ∶ σ(β) > 0, which is also satisfied by (11), given that if σ(α) < τ(α) then
maxβ∈R−(α)σ(β) > 0. Finally, Point 5 is irrelevant since maxβ∈R−(α)σ(β) ≥ 0.
Therefore, weighted max-based semantics is strictly balanced.

Given two arguments α and β clearly if ST (α) ≃σ/� ST (β) then σ(α) =
σ(β) from (11). We need now to prove that if ST (α)≺σ/�ST (β), meaning
τ(α) ≤ τ(β) and R−(α)≥σ/�R−(β), then σ(α) ≤ σ(β). Since R−(α)≥σ/�R−(β),
maxγ∈R−(α) σ(γ) ≥ maxδ∈R−(β) σ(δ) as otherwise there could be no correspon-
dence from R−(α) to R−(β) such that ∀γ ∈R−(α), σ(f(γ)) ≤ σ(γ). Therefore,

τ(α)
1+maxγ∈R−(α) σ(γ)

≤ τ(β)
1+maxδ∈R−(β) σ(δ)

and σ(α) ≤ σ(β). Therefore, weighted max-

based semantics is monotonic.

Proposition 31. The weighted card-based sem. is strictly balanced and strictly
monotonic for ∗ = σ� and any ≪.

Proof. For every argument α in this case R+(α) = ∅. Then Point 1 of Principle
1 is equivalent to: if R−(α) =σ� ∅ then σ(α) = τ(α), which is satisfied by
(12) since its denominator is equal to 1 in this case. Point 2 then becomes: if
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∃β ∈ R−(α) (thereby making R−(α) >σ� ∅) then σ(α) < τ(α), which is also
satisfied by (12), since its denominator is greater than 1 if ∣R−(α)∣ > 0. Finally,
Point 3 is irrelevant since the case R−(α) <σ� ∅ cannot occur. Therefore,
weighted card-based semantics is balanced.

Further, Point 4 becomes: if σ(α) < τ(α) thenR−(α) >σ� ∅, i.e. ∃β ∈R−(α),
which is also satisfied by (12), given that if σ(α) < τ(α) then ∣R−(α)∣ > 0 or

∑β∈R−(α) σ(β) > 0. Finally, Point 5 is irrelevant since the denominator in (12)
is at least 1. Therefore, weighted card-based semantics is strictly balanced.

Given two arguments α and β clearly if ST (α) ≃σ� ST (β) then σ(α) = σ(β)
from (12). We need now to prove that if ST (β) ⪯σ� ST (α), meaning τ(α) ≥ τ(β)
and R−(α) ≤σ� R−(β), then σ(α) ≥ σ(β). We let xa = ∣R−(α)∣, xb = ∣R−(β)∣,
ya = ∑γ∈R−(α) σ(γ) and yb = ∑δ∈R−(β) σ(δ). Now we know that xa ≤ xb and
ya ≤ yb since R−(α) ≤σ� R−(β) implies ∣R−(α)∣ ≤ ∣R−(β)∣ and ∑γ∈R−(α) σ(γ) ≤
∑δ∈R−(β) σ(δ), resp. Now if xa = 0 we get σ(α) = 0 and then σ(α) ≤ σ(β).
We can then assume 0 < xa in the following. Then, R−(α) ≤σ� R−(β) implies

xa + ya
xa

≤ xb + yb
xb

iff
x2
a+ya
xa

≤ x2
b+yb
xb

, which becomes x2axb + xbya ≤ xax2b + xayb
and then xaxb(xa − xb) ≤ xayb − xbya. Now since xa, xb, ya, yb ≥ 0 and ya≤yb it
holds that xaya − xbya ≤ xayb − xbya, thus if xaxb(xa − xb) ≤ xaya − xbya then
xaxb(xa−xb) ≤ xayb−xbya. To prove this we require xaxb(xa−xb) ≤ ya(xa−xb)
and, given that (xa − xb) ≤ 0, ya ≥ 0 and xaxb ≥ 0), this holds iff xaxb ≥ ya,
which holds because either 1 ≤ xa ≤ xb and ya ≤ xa or 0 = xa ≤ xb and ya = 0. As
to strict monotonicity, if ST (β)≺σ�ST (α) we get that τ(α) > τ(β) or xa < xb or
ya < yb, each of these strict conditions individually and any of their combinations
leading to derive a strict inequality σ(α) < σ(β) using the same line of reasoning
as above.

Proposition 32. The weighted h-categoriser is strictly balanced and strictly
monotonic with ∗ = σ/� and for any ≪.

Proof. For every argument α in this case R+(α) = ∅.
Then Point 1 of Principle 1 is equivalent to: if R−(α) = ∅ then σ(α) = τ(α),

which is clearly satisfied by (13). Point 2 is equivalent to: if R−(α) >σ/� ∅ then
σ(α) < τ(α) which is also satisfied by (13), given that if R−(α) >σ/� ∅ then

∑β∈R−(α) σ(β) > 0. Finally, Point 3 is irrelevant since the case R−(α) <σ/� ∅
cannot occur. Therefore, the weighted h-categoriser is balanced.

Further, Point 4 becomes: if σ(α) < τ(α) then R−(α) >σ/� ∅, i.e. ∃β ∈R−(α)
with σ(β) > 0, which is also satisfied by (13), given that if σ(α) < τ(α) then

∑β∈R−(α) σ(β) > 0 and, therefore, ∃β ∈ R−(α) with σ(β) > 0. Finally, Point
5 is irrelevant since ∑β∈R−(α) σ(β) ≥ 0 and hence σ(α) > τ(α) cannot occur.
Therefore, the weighted h-categoriser is strictly balanced.

For every argument α and β we have R+(α) =R+(β) = ∅. Then, in this case
strict monotonicity is equivalent to (i) if τ(α) = τ(β) and R−(β) =σ/� R−(α)
then σ(α) = σ(β), (ii) if τ(α) > τ(β) and R−(β) ≤σ/� R−(α) then σ(α) > σ(β),
and (iii) if τ(α) ≥ τ(β) and R−(β) <σ/� R−(α) then σ(α) > σ(β). Condition (i)
is clearly satisfied by (13). As to conditions (ii) and (iii), given that R−(β) ≤σ/�
R−(α) implies ∑γ∈R−(β) σ(γ) ≤ ∑γ∈R−(α) σ(γ) and R−(β) <σ/� R−(α) implies
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∑γ∈R−(β) σ(γ) < ∑γ∈R−(α) σ(γ), they are also satisfied by (13). Therefore, the
weighted h-categoriser is strictly monotonic.

Proposition 33. The top-based semantics is strictly balanced and monotonic
with ∗ = σ/� and ≪=<⊺.

Proof. For every argument α in this case R−(α) = ∅.
Then Point 1 of Principle 1 is equivalent to: if R+(α) = ∅ then σ(α) = τ(α),

which is clearly satisfied by (14). Point 2 is irrelevant since the case ∅ >σ/� R+(α)
cannot occur. Finally, Point 3 is equivalent to if ∅ <σ/� R+(α) then σ(α) >⊺ τ(α).
If ∅ <σ/� R+(α) then maxβ∈R+α σ(β) > 0 and in Equation (14) we have that
the term (1 − τ(α))maxβ∈R+α σ(β) > 0 or τ(α) = 1. It follows that either
σ(α) = τ(α) = 1 = ⊺ or σ(α) > τ(α) i.e. σ(α) >⊺ τ(α). Therefore, top-based
semantics is balanced.

Further, Point 4 is irrelevant since maxβ∈R+(α) σ(β) ≥ 0. Finally, Point 5
becomes: if σ(α) > τ(α) then ∅ <σ/� R+(α), i.e. ∃β ∈ R+(α) ∶ σ(β) > 0, which
is also satisfied by (14), given that if σ(α) > τ(α) then maxβ∈R+(α)σ(β) > 0.
Therefore, top-based semantics is strictly balanced.

Given two arguments α and β clearly if ST (α) ≃σ/� ST (β) then σ(α) = σ(β)
from (14). If ST (α) ⪯σ/� ST (β) we have that τ(α) ≤ τ(β) and maxγ∈R+(α) σ(γ) ≤
maxδ∈R+(β) σ(δ). The fact that σ(α) ≤ σ(β) follows then from the fact that for
x, y in [0,1] the function f(x, y) = x+(1−x)y is a T-conorm (called probabilistic
sum) and is monotonic with respect to both arguments, i.e. f(x, y) ≤ f(x′, y′)
if x ≤ x′ and y ≤ y′. Therefore, top-based semantics is monotonic.

Proposition 34. The reward-based semantics is strictly balanced and strictly
monotonic with ∗ = σ/� and ≪=<⊺.

Proof. For every argument α in this case R−(α) = ∅.
Then Point 1 of Principle 1 is equivalent to: if R+(α) = ∅ then σ(α) =

τ(α), which is clearly satisfied by (15). Point 2 is irrelevant since the case
∅ >σ/� R+(α) cannot occur. Finally, Point 3 is equivalent to if ∅ <σ/� R+(α)
then σ(α) >⊺ τ(α). If ∅ <σ/� R+(α) then R+

F (α) ≠ ∅ and in Equation (15) we

have that the term (1 − τ(α)) (∑n(α)−1j=1
1
2j
+ m(α)

2n(α) ) > 0 or τ(α) = 1. It follows

that either σ(α) = τ(α) = 1 = ⊺ or σ(α) > τ(α) i.e. σ(α) >⊺ τ(α). Therefore,
reward-based semantics is balanced.

Further, Point 4 is irrelevant since σ(α) ≥ τ(α). Finally, Point 5 becomes: if
σ(α) > τ(α) then ∅ <σ/� R+(α), i.e. ∃β ∈R+(α) ∶ σ(β) > 0, which is also satisfied

by (15), given that if σ(α) > τ(α) then ∑n(α)−1j=1
1
2j
+m(α)

2n(α) > 0. Therefore, reward-
based semantics is strictly balanced.

Given two arguments α and β clearly if ST (α) ≃σ/� ST (β) then σ(α) = σ(β)
from (14). If ST (α)≺σ/�ST (β) it follows that τ(α) ≤ τ(β), ∣R+

F (α)∣ ≤ ∣R+
F (β)∣

and ∑γ∈R+
F
(α) σ(γ) ≤ ∑γ∈R+

F
(β) σ(γ) with at least one of the above inequalities

being strict. This in turn entails that ∑n(α)−1j=1
1
2j
+ m(α)

2n(α) ≤ ∑
n(β)−1
j=1

1
2j
+ m(β)

2n(β) and
either this inequality is strict or τ(α) < τ(β). Then, σ(α) <⊺ σ(β) follows from
the fact that for x, y in [0,1] for the function f(x, y) = x+ (1−x)y it holds that
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if x ≤ x′ and y ≤ y′ and at least one of the inequalities is strict, then f(x, y) <
f(x′, y′) unless x = 1 or y = 1, in which case obviously f(x, y) = f(x′, y′) = 1 = ⊺.
Therefore, reward-based semantics is strictly monotonic.

Proposition 35. The aggregation-based semantics is strictly balanced and strictly
monotonic with ∗ = σ/� and ≪=<⊺.

Proof. For every argument α in this case R−(α) = ∅.
Then Point 1 of Principle 1 is equivalent to: if R+(α) = ∅ then σ(α) = τ(α),

which is clearly satisfied by (16). Point 2 is irrelevant since the case ∅ >σ/� R+(α)
cannot occur. Finally, Point 3 is equivalent to if ∅ <σ/� R+(α) then σ(α) >⊺ τ(α).
If ∅ <σ/� R+(α) then ∑β∈R+(α) σ(β) > 0 and

∑β∈R+(α) σ(β)
1+∑β∈R+(α) σ(β)

> 0. It follows that

either σ(α) = τ(α) = 1 = ⊺ or σ(α) > τ(α) i.e. σ(α) >⊺ τ(α). Therefore,
aggregation-based semantics is balanced.

Further, Point 4 is irrelevant since σ(α) ≥ τ(α). Finally, Point 5 becomes:
if σ(α) > τ(α) then ∅ <σ/� R+(α), i.e. ∃β ∈ R+(α) ∶ σ(β) > 0, which is also
satisfied by (16), given that if σ(α) > τ(α) then ∑β∈R+(α) σ(β) > 0. Therefore,
aggregation-based semantics is strictly balanced.

Given two arguments α and β clearly if ST (α) ≃σ/� ST (β) then σ(α) = σ(β)
from (16). If ST (α)≺σ/�ST (β) it follows that τ(α) ≤ τ(β) and ∑γ∈R+(α) σ(γ) ≤
∑γ∈R+(β) σ(γ) with at least one of the above inequalities being strict. This

in turn entails that
∑γ∈R+(α) σ(γ)

1+∑γ∈R+(α) σ(γ)
≤ ∑γ∈R+(β) σ(γ)

1+∑γ∈R+(β) σ(γ)
and either this inequality

is strict or τ(α) < τ(β) (note in particular that the function x
1+x is strictly

monotonic w.r.t. x). Then, as above, the fact that σ(α) <⊺ σ(β) follows then
from the fact that for x, y in [0,1] for the function f(x, y) = x+ (1−x)y it holds
that if x ≤ x′ and y ≤ y′ and at least one of the inequalities is strict, then f(x, y) <
f(x′, y′) unless x = 1 or y = 1, in which case obviously f(x, y) = f(x′, y′) = 1 = ⊺.
Therefore, the aggregation-based semantics is strictly monotonic.

Proposition 36. The QuAD algorithm is monotonic with ∗ = σ/�.

Proof. Let P be a sequence over (0,1], Q be a sequence where all elements are
0, and R be the concatenation of P and Q. Then, for either × = a or × = s,
F×(R) = F×(P ) since, from (25) and (26), fa(v0,0) = v0 and fs(v0,0) = v0,
therefore attackers or supporters with th bottom strength have no effect on an
argument’s strength.

Then, for two sets of arguments S,T ⊆ X , let S′ and T ′ be the corresponding
sets with the 0 values removed. If S =σ/� T , (23) and (24) show that Fa(S) =
Fa(T ) and Fs(S) = Fs(T ). Alternatively, let us consider a situation where
S >σ/� T and there exists an injective mapping from T ′ to S′ such that ∀α ∈
T ′, σ(f(α)) ≥ σ(α). Now it can be seen from (25) ((26)) that if v > 0 then
fa(v0, v) <� v0 (fs(v0, v) >⊺ v0, resp.). Also, for v0, v

′
0, v, v

′ ∈ I, , where v0 = v′0
and v = v′ unless differently stated, if v0 > v′0 or v > v′ then fa(v0, v) <� fa(v′0, v′)
(fs(v0, v) >⊺ fs(v′0, v′), resp.). Therefore, if S >σ/� T , then Fa(S) <� Fa(T )
(Fs(S) >⊺ Fs(T ), resp.). This is shown in Proposition 3.3 of [9].
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In the following, we assume that nil ≤ 0 and nil < x for every x ≠ 0. Given two
arguments α and β, we let v0 = τ(α), v′0 = τ(β), va = Fa(τ(α), σ(R−(α))), v′a =
Fa(τ(β), σ(R−(β))), vs = Fs(τ(α), σ(R+(α))) and v′s = Fs(τ(β), σ(R+(β))).
Clearly if ST (α) ≃σ/� ST (β) then v0 = v′0, va = v′a and vs = v′s. Now, for both α
and β, if (18) holds σ(α) = σ(β) = va = v′a. If (19) holds σ(α) = σ(β) = vs = v′s.
If (20) holds σ(α) = σ(β) = v0 = v′0. Finally, if (21) holds σ(α) = σ(β) = va+vs

2
=

v′a+v
′
s

2
and therefore σ(α) = σ(β) in all cases.

If ST (α) ⪯σ/� ST (β) then v0 ≤ v′0, va ≤ v′a and vs ≤ v′s. Now if (18) holds
for α, vs = nil and so σ(α) = va. If (18) holds for β, then σ(β) = v′a and so
σ(α) ≤ σ(β). If (19) holds for β, then σ(β) = v′s. We know that v′s ≥ v′0 ≥ v0 ≥ va
and so σ(α) ≤ σ(β). If (20) holds for β, then σ(β) = v′0 and again σ(α) ≤ σ(β).
If (21) holds for β, then σ(β) = v′a+v

′
s

2
with v′s > v′a > va and so σ(α) ≤ σ(β).

If (19) holds for α, va = nil and so σ(α) = vs. In this case, since R−(β) ≤σ/�
R−(α) =σ/� ∅, v′a = nil and since R+(β) ≥σ/� R+(α) > ∅, v′s ≠ nil. Therefore (19)
holds for β, giving σ(β) = v′s and so σ(α) ≤ σ(β).

If (20) holds for α, va = vs = nil and so σ(α) = v0. In this case, since
R−(β) ≤σ/� R−(α) =σ/� ∅, v′a = nil. If (19) holds for β, then σ(β) = v′s. We know
that v′s ≥ v′0 ≥ v0 and so σ(α) ≤ σ(β). If (20) holds for β, then σ(β) = v′0 and
again σ(α) ≤ σ(β).

Finally, if (21) holds for α, va ≠ nil and vs ≠ nil so σ(α) = va+vs
2

. In this case,
since R+(β) ≥σ/� R+(α) > ∅, v′s ≠ nil. If (19) holds for β, then σ(β) = v′s. We

know that v′s ≥ vs > va and so σ(α) ≤ σ(β). If (21) holds for β, then σ(β) = v′a+v
′
s

2

with
v′a+v

′
s

2
≥ va+vs

2
and so σ(α) ≤ σ(β).

This means that in all cases given by (18) to (21), σ(α) ≤ σ(β) and so the
QuAD algorithm is Monotonic.

Proposition 37. The DF-QuAD algorithm is balanced and monotonic with
∗ = σ/� and ≪=≤.

Proof. Let P be a sequence over (0,1], Q be a sequence where all elements are
0, and R be the concatenation of P and Q. Then, F ′(R) = F ′(P ) since, from
(34), f ′(v1,0) = v1, therefore attackers or supporters with the bottom strength
have no effect on an argument’s strength.

Then, for two sets of arguments S,T ⊆ X , let S′ and T ′ be the corresponding
sets with the 0 values removed. If S =σ/� T , (30) to (33) show that F ′(S) =
F ′(T ). Alternatively, let us consider a situation where S >σ/� T and there
exists an injective mapping from T ′ to S′ such that ∀α ∈ T ′, σ(f(α)) ≥ σ(α).
Then, we have one of three cases: i. the cardinality is the same but at least
one mapped element has greater value; ii. the cardinality is not the same, the
injective mapping involves elements all with the same value and there is at least
one additional non-zero value; iii. the cardinality is not the same, at least one
mapped element has greater value and there is at least one additional non-zero
value. We show that in all cases, F ′(S) >⊺ F ′(T ). For case i, it can be seen from
(34) that if v2 > 0 then f ′(v1, v2) >⊺ v1. Also, for v1, v

′
1, v2, v

′
2 ∈ I, where v1 = v′1
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and v2 = v′2 unless differently stated, if v1 > v′1 or v2 > v′2 then f ′(v1, v2) >⊺
f ′(v′1, v′2). Therefore, by (30) to (33), F ′(S) >⊺ F ′(T ). For case ii, (33) and
(34) show that if S ⊋ T , if ∃v ∈ S/T such that v > 0, then F ′(S) >⊺ F ′(T ). Case
iii is a combination of case i and case ii so, by the above, and therefore in all
cases where S >σ/� T , F ′(S) >⊺ F ′(T ).

Point 1 of Principle 1 is equivalent to: ifR−(α) =σ/� R+(α) then σ(α) = τ(α),
which is satisfied by (27) on the basis of (28) and (29) since in this case
F ′(σ(R−(α))) = F ′(σ(R+(α))). As to point 2, from R−(α) >σ/� R+(α) it fol-
lows that F ′(σ(R−(α))) >⊺ F ′(σ(R+(α))), hence, by (28), σ(α) ≤ τ(α). Sim-
ilarly, as to point 3, from R−(α) <σ/� R+(α) it follows that F ′(σ(R−(α))) <⊺
F ′(σ(R+(α))), hence, by (29), σ(α) ≥ τ(α). Therefore, the DF-QuAD algo-
rithm is balanced.

Given two arguments α and β, we let v0 = τ(α), v′0 = τ(β), va = F ′(R−(α)),
v′a = F ′(R−(β)), vs = F ′(R+(α)) and v′s = F ′(R+(β)). Clearly, if ST (α) ≃σ/�
ST (β) then v0 = v′0, va = v′a and vs = v′s therefore σ(α) = σ(β) by (27).

If ST (α) ⪯σ/� ST (β) then v0 ≤ v′0, va ≥ v′a and vs ≤ v′s. Now, let (28) hold
for α such that va ≥ vs. If (28) also holds for β then v′a ≥ v′s and therefore
∣vs −va∣ ≥ ∣v′s −v′a∣. Given that v0 ≤ v′0, it can then be seen that v0 −v0 ⋅ ∣vs −va∣ ≤
v′0−v′0 ⋅ ∣v′s−v′a∣ and σ(α) ≤ σ(β). Otherwise, let (29) hold for β such that v′a < v′s.
By inspection, c(v0, va, vs) ≤ v0 ≤ v′0 ≤ c(v′0, v′a, v′s) and so σ(α) ≤ σ(β).

Now, let (29) hold for α such that va < vs. In this case it is not possible
for (28) to hold for β because this would require v′a ≥ v′s, which is incompatible
with va < vs, va ≥ v′a and vs ≤ v′s. Otherwise, let (29) also hold for β such that
v′a < v′s. Then, given that ∣vs − va∣ ≤ ∣v′s − v′a∣ and v0 ≤ v′0, it can then be seen
that v0 + (1 − v0) ⋅ ∣vs − va∣ ≤ v′0 + (1 − v′0) ⋅ ∣v′s − v′a∣ and σ(α) ≤ σ(β).

This means that in all cases given by (28) to (29), σ(α) ≤ σ(β) and so the
DF-QuAD algorithm is Monotonic.

Proposition 38. The restricted Euler-based semantics is balanced and strictly
monotonic with ∗ = σ/� and ≪=<�,⊺.

Proof. Firstly we rearrange (35) to obtain (1−σ(α))(1+eE ⋅τ(α)) = (1−τ(α))(1+
τ(α)). Point 1 of Principle 1 is equivalent to: if R−(α) =σ/� R+(α) then σ(α) =
τ(α). If the former is the case then by (36), E = 0 and eE = 1 so, by (35),
(1 − σ(α))(1 + τ(α)) = (1 − τ(α))(1 + τ(α)), hence σ(α) = τ(α). As to point
2, from R−(α) >σ/� R+(α) it follows from (36) that E < 0 and eE < 1, hence
(1 − σ(α))(1 + eE ⋅ τ(α)) = (1 − τ(α))(1 + τ(α)), where eE ⋅ τ(α) < τ(α). Here,
unless τ(α) = 0 or τ(α) = 1, it must be the case that σ(α) < τ(α). Similarly, as
to point 3, from R−(α) <σ/� R+(α) it follows from (36) that E > 0 and eE > 1,
hence (1 − σ(α))(1 + eE ⋅ τ(α)) = (1 − τ(α))(1 + τ(α)), where eE ⋅ τ(α) > τ(α).
Here, unless τ(α) = 0 or τ(α) = 1, it must be the case that σ(α) > τ(α).
Therefore, restricted Euler-based semantics is balanced.

Given two arguments α and β clearly if ST (α) ≃σ/� ST (β) then σ(α) =
σ(β) from (35) and (36) since Eα = Eβ and τ(α) = τ(β). If ST (α)≺σ/�ST (β)
then τ(α) < τ(β), R−(α) >σ/� R−(β), R+(α) <σ/� R+(β) or a combination
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of these applies. If R−(α) >σ/� R−(β) or R+(α) <σ/� R+(β) (or both) apply
then Eα < Eβ and eEα < eEβ . By inspection this shows that σ(α) < σ(β)
unless τ(α) = τ(β) = σ(α) = σ(β) = 0 or τ(α) = τ(β) = σ(α) = σ(β) = 1.
If τ(α) < τ(β), then τ(β) ≠ 0. If τ(β) = 1 then σ(β) = 1 while τ(α) < 1
so, by inspection, σ(α) < 1 thus σ(α) < σ(β). If τ(β) < 1 then we must

prove that 1 − 1−x2

1+xz < 1 − 1−y2
1+yz where x < y. Cancelling and rearranging we

obtain (1 − x2)(1 + yz) > (1 − y2)(1 + xz) then by inspection it can be seen
that (1 − x2) > (1 − y2) and (1 + yz) > (1 + xz) so σ(α) < σ(β). Therefore, if
ST (α)≺σ/�ST (β), then σ(α) < σ(β) or σ(α) = σ(β) = 0 or σ(α) = σ(β) = 1 and
therefore the restricted Euler-based semantics is strictly monotonic.

Proposition 39. Every complete labelling is strictly balanced and monotonic
with ∗ = σ/� and with any ≪.

Proof. Recall that in argumentation frameworks, for every argument α it holds
R+(α) = ∅ and let us consider balance first. Then Point 1 of Principle 1 is
equivalent to: if R−(α) =σ/� ∅ (i.e. ∀β ∈R−(α) L(β) = out) then σ(α) = L(α) =
in, which is satisfied. Point 2 is equivalent to: if R−(α) >σ/� ∅ (i.e. ∃β ∈ R−(α)
such that L(β) ≠ out) then L(α) ≠ in, which is satisfied. Point 3 is irrelevant
since the case R−(α) <σ/� ∅ cannot occur. Point 4 corresponds to: if L(α) ≠ in
then ∃β ∈ R−(α) such that L(β) ≠ out, which, again is clearly satisfed. Finally
point 5 is irrelevant since L(α) > in cannot occur. In summary, any complete
labelling is strictly balanced.

As to monotonicity, if ST (α) ≃σ/� ST (β), i.e. in particular R−(α) =σ/� R−(β),
we get that L(α) = L(β).

Moreover, if ST (α)≺σ/�ST (β), we get that it must be the case that R−(α) >σ/�
R−(β), which means that there exists an injective mapping f from R−

σ/�(β) to
R−
σ/�(α) such that ∀γ ∈R−

σ/�(β), L(f(γ))≥L(γ) and either ∣R−
σ/�(α)∣ > ∣R−

σ/�(β)∣ or
∃δ ∈R−

σ/�(β) ∶ L(f(δ)) > L(δ)). From these conditions we get that:

• if L(β) = in (i.e. R−
σ/�(β) = ∅) then it must be the case that L(α) ≠ in

since it must be the case that R−
σ/�(α) ≠ ∅, i.e. α has at least an attacker

labelled in or und;

• if L(β) = out then it must be the case that L(α) = out, since also α must
have at least an attacker labelled in;

• if L(β) = und then it must be the case that L(α) = und or L(α) = out,
since also α must have at least an attacker labelled und or possibly in.

It follows that L(α) ≤ L(β) and complete semantics satisfies monotonicity.

Appendix B. Additional Hyphen Properties

Here, we give novel properties corresponding to the hyphens in Table 2 for
GP2 to GP11 and all of those in Table 3. Moreover we provide more general
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versions for the properties which are listed as implied in Table 2. To the best of
our knowledge, these properties have not already been identified in the previous
literature. While the list in this appendix is somehow arid it is meant to provide
an exhaustive reference for future use. Also, this long list provides a sort of
visual evidence supporting the utility of more synthetic principles as proposed
in this paper. Some short comments on specific properties are given. For a more
extensive discussion focused on the properties belonging to GP2, GP3, and GP9
the reader may refer to [21].

The hyphens in Table 2 in the rows for GP2 correspond to the following
novel properties:
GP2 for σ� and <:

• For any α ∈ X in an aQBAF, if R−(α) ≠ ∅ then σ(α) < τ(α).

• For any α ∈ X in a QBAF, if R−(α) ≠ ∅ and R+(α) = ∅ then σ(α) < τ(α).

GP2 for σ� and <�:

• For any α ∈ X in an aQBAF, if R−(α) ≠ ∅ then σ(α) < τ(α) or τ(α) =
σ(α) = �.

• For any α ∈ X in a QBAF, if R−(α) ≠ ∅ and R+(α) = ∅ then σ(α) < τ(α)
or τ(α) = σ(α) = �.

GP2 for σ� and <⊺:

• For any α ∈ X in an aQBAF, if R−(α) ≠ ∅ then σ(α) < τ(α) or τ(α) =
σ(α) = ⊺.

• For any α ∈ X in a QBAF, if R−(α) ≠ ∅ and R+(α) = ∅ then σ(α) < τ(α)
or τ(α) = σ(α) = ⊺.

The two latter properties may seem somewhat counter-intuitive in allowing
arguments with top base score to have top strength even when they are attacked.
However, here and later, this behaviour may be useful when arguments with a
top base score need to have a special “tautological” status.

GP2 for σ� and ≤:

• For any α ∈ X in an aQBAF, if R−(α) ≠ ∅ then σ(α) ≤ τ(α).

• For any α ∈ X in a QBAF, if R−(α) ≠ ∅ and R+(α) = ∅ then σ(α) ≤ τ(α).

GP2 for σ/� and <:

• For any α ∈ X in an aQBAF, if ∃β ∈ R−(α) such that σ(β) > � then
σ(α) < τ(α).

• For any α ∈ X in a QBAF, if ∃β ∈ R−(α) such that σ(β) > � and ∄γ ∈
R+(α) such that σ(γ) > � then σ(α) < τ(α).
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GP2 for σ/� and <�:

• For any α ∈ X in an aQBAF, if ∃β ∈ R−(α) such that σ(β) > � then
σ(α) < τ(α) or τ(α) = σ(α) = �. 15

• For any α ∈ X in a QBAF, if ∃β ∈ R−(α) such that σ(β) > � and ∄γ ∈
R+(α) such that σ(γ) > � then σ(α) < τ(α) or τ(α) = σ(α) = �.

GP2 for σ/� and <⊺:

• For any α ∈ X in an aQBAF, if ∃β ∈ R−(α) such that σ(β) > � then
σ(α) < τ(α) or τ(α) = σ(α) = ⊺.

• For any α ∈ X in a QBAF, if ∃β ∈ R−(α) such that σ(β) > � and ∄γ ∈
R+(α) such that σ(γ) > � then σ(α) < τ(α) or τ(α) = σ(α) = ⊺.

Again, the latter two properties may be useful if arguments with top base
score need to have special status.

GP2 for σ/� and ≤:

• For any α ∈ X in an aQBAF, if ∃β ∈ R−(α) such that σ(β) > � then
σ(α) ≤ τ(α).

• For any α ∈ X in a QBAF, if ∃β ∈ R−(α) such that σ(β) > � and ∄γ ∈
R+(α) such that σ(γ) > � then σ(α) ≤ τ(α).

The hyphens in Table 2 in the rows for GP3 correspond to the following
properties:
GP3 for σ� and <:

• For any α ∈ X in an sQBAF, if R+(α) ≠ ∅ then τ(α) < σ(α).

• For any α ∈ X in a QBAF, if R−(α) = ∅ and R+(α) ≠ ∅ then τ(α) < σ(α).

GP3 for σ� and <�:

• For any α ∈ X in an sQBAF, if R+(α) ≠ ∅ then τ(α) < σ(α) or τ(α) =
σ(α) = �.

• For any α ∈ X in a QBAF, if R−(α) = ∅ and R+(α) ≠ ∅ then τ(α) < σ(α)
or τ(α) = σ(α) = �.

The two latter properties may seem somewhat counter-intuitive in allowing
arguments with bottom base score to have bottom strength even when they are
supported. However, here and later, this behaviour may be useful when argu-
ments with a bottom base score have a special “fallacious” status.

GP3 for σ� and <⊺:

15Note that P5 is implied by this property.
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• For any α ∈ X in an sQBAF, if R+(α) ≠ ∅ then τ(α) < σ(α) or τ(α) =
σ(α) = ⊺.

• For any α ∈ X in a QBAF, if R−(α) = ∅ and R+(α) ≠ ∅ then τ(α) < σ(α)
or τ(α) = σ(α) = ⊺.

GP3 for σ� and ≤:

• For any α ∈ X in an sQBAF, if R+(α) ≠ ∅ then τ(α) ≤ σ(α).

• For any α ∈ X in a QBAF, if R−(α) = ∅ and R+(α) ≠ ∅ then τ(α) ≤ σ(α).

GP3 for σ/� and <:

• For any α ∈ X in an sQBAF, if ∃β ∈ R+(α) such that σ(β) > � then
τ(α) < σ(α).

• For any α ∈ X in a QBAF, if ∄β ∈ R−(α) such that σ(β) > � and ∃γ ∈
R+(α) such that σ(γ) > � then τ(α) < σ(α).

GP3 for σ/� and <�:

• For any α ∈ X in an sQBAF, if ∃β ∈ R+(α) such that σ(β) > � then
τ(α) < σ(α) or τ(α) = σ(α) = �.

• For any α ∈ X in a QBAF,if ∄β ∈R−(α) such that σ(β) > � and ∃γ ∈R+(α)
such that σ(γ) > � then τ(α) < σ(α) or τ(α) = σ(α) = �.

Again, the latter two properties may be useful if arguments with bottom
base score need to have special status.

GP3 for σ/� and <⊺:

• For any α ∈ X in an sQBAF, if ∃β ∈ R−(α) such that σ(β) > � then
τ(α) < σ(α) or τ(α) = σ(α) = ⊺. 16

• For any α ∈ X in a QBAF, if ∄β ∈ R−(α) such that σ(β) > � and ∃γ ∈
R+(α) such that σ(γ) > � then τ(α) < σ(α) or τ(α) = σ(α) = ⊺.

GP3 for σ/� and ≤:

• For any α ∈ X in an sQBAF, if ∃β ∈ R+(α) such that σ(β) > � then
τ(α) ≤ σ(α).

• For any α ∈ X in a QBAF, if ∄β ∈ R−(α) such that σ(β) > � and ∃γ ∈
R+(α) such that σ(γ) > � then τ(α) ≤ σ(α).

The hyphens in Table 2 in the rows for GP4 correspond to the following
properties:
GP4 for σ�:

16Note that P6 is implied by this property.
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• For any α ∈ X in an aQBAF or in a QBAF, if σ(α) < τ(α) thenR−(α) ≠ ∅.

GP4 for σ/�:

• For any α ∈ X in a QBAF, if σ(α) < τ(α) then ∃β ∈ R−(α) such that
σ(β) > �.

The hyphens in Table 2 in the rows for GP5 correspond to the following
properties:
GP5 for σ�:

• For any α ∈ X in an sQBAF or in a QBAF, if σ(α) > τ(α) thenR+(α) ≠ ∅.

GP5 for σ/�:

• For any α ∈ X in a QBAF, if σ(α) > τ(α) then ∃β ∈ R+(α) such that
σ(β) > �.

The hyphens in Table 2 in the rows for GP7 correspond to the following
properties:
GP7 for σ� and <:

• For any α,β ∈ X in an aQBAF, if R−(α) ⊊ R−(β)and τ(α) = τ(β) then
σ(β) < σ(α). 17

• For any α,β ∈ X in a QBAF, R−(α) ⊊ R−(β) and R+(α) = R+(β) and
τ(α) = τ(β) then σ(β) < σ(α).

GP7 for σ� and <�:

• For any α,β ∈ X in an aQBAF, if R−(α) ⊊ R−(β) and τ(α) = τ(β) then
σ(β) < σ(α) or σ(α) = σ(β) = �.

• For any α,β ∈ X in a QBAF, if R−(α) ⊊ R−(β), R+(α) = R+(β) and
τ(α) = τ(β) then σ(β) < σ(α) or σ(α) = σ(β) = �.

GP7 for σ� and <⊺:

• For any α,β ∈ X in an aQBAF, if R−(α) ⊊ R−(β) and τ(α) = τ(β) then
σ(β) < σ(α) or σ(α) = σ(β) = ⊺.

• For any α,β ∈ X in a QBAF, if R−(α) ⊊ R−(β) and R+(α) = R+(β) and
τ(α) = τ(β) then σ(β) < σ(α) or σ(α) = σ(β) = ⊺.

GP7 for σ� and ≤:

• For any α,β ∈ X in an aQBAF, if R−(α) ⊊ R−(β) and τ(α) = τ(β) then
σ(β) ≤ σ(α). 18

17Note that P17 is implied by this property.
18Note that P18 is implied by this property.
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GP7 for σ/� and <:

• For any α,β ∈ X in an aQBAF, if R−
σ/�(α) ⊊R−

σ/�(β) and τ(α) = τ(β) then
σ(β) < σ(α).

• For any α,β ∈ X in a QBAF, R−
σ/�(α) ⊊ R−

σ/�(β), R+
σ/�(α) = R+

σ/�(β) and
τ(α) = τ(β) then σ(β) < σ(α).

GP7 for σ/� and <�:

• For any α,β ∈ X in an aQBAF, if R−
σ/�(α) ⊊R−

σ/�(β) and τ(α) = τ(β) then

σ(β) < σ(α) or σ(α) = σ(β) = �. 19

• For any α,β ∈ X in a QBAF, if R−
σ/�(α) ⊊ R−

σ/�(β), R+
σ/�(α) = R+

σ/�(β) and
τ(α) = τ(β) then σ(β) < σ(α) or σ(α) = σ(β) = �.

GP7 for σ/� and <⊺:

• For any α,β ∈ X in an aQBAF, if R−
σ/�(α) ⊊R−

σ/�(β) and τ(α) = τ(β) then
σ(β) < σ(α) or σ(α) = σ(β) = ⊺.

• For any α,β ∈ X in a QBAF, if R−
σ/�(α) ⊊ R−

σ/�(β), R+
σ/�(α) = R+

σ/�(β) and
τ(α) = τ(β) then σ(β) < σ(α) or σ(α) = σ(β) = ⊺.

GP7 for σ/� and ≤:

• For any α,β ∈ X in an aQBAF, if R−
σ/�(α) ⊊R−

σ/�(β) and τ(α) = τ(β) then
σ(β) ≤ σ(α).

• For any α,β ∈ X in a QBAF, if R−
σ/�(α) ⊊ R−

σ/�(β), R+
σ/�(α) = R+

σ/�(β) and
τ(α) = τ(β) then σ(β) ≤ σ(α).

The hyphens in Table 2 in the rows for GP8 correspond to the following
properties:
GP8 for σ� and <:

• For any α,β ∈ X in an sQBAF, if R+(α) ⊊ R+(β) and τ(α) = τ(β) then
σ(α) < σ(β).

• For any α,β ∈ X in a QBAF, R−(α) =R−(β), R+(α) ⊊R+(β) and τ(α) =
τ(β) then σ(α) < σ(β).

GP8 for σ� and <�:

• For any α,β ∈ X in an sQBAF, if R+(α) ⊊ R+(β) and τ(α) = τ(β) then
σ(α) < σ(β) or σ(α) = σ(β) = �.

• For any α,β ∈ X in a QBAF, if R−(α) = R−(β), R+(α) ⊊ R+(β) and
τ(α) = τ(β) then σ(α) < σ(β) or σ(α) = σ(β) = �.

19Note that P19 and P20 are implied by this property.
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GP8 for σ� and <⊺:

• For any α,β ∈ X in an sQBAF, if R+(α) ⊊ R+(β) and τ(α) = τ(β) then
σ(α) < σ(β) or σ(α) = σ(β) = ⊺.

• For any α,β ∈ X in a QBAF, if R−(α) = R−(β), R+(α) ⊊ R+(β) and
τ(α) = τ(β) then σ(α) < σ(β) or σ(α) = σ(β) = ⊺.

GP8 for σ� and ≤:

• For any α,β ∈ X in an sQBAF, if R+(α) ⊊ R+(β) and τ(α) = τ(β) then
σ(α) ≤ σ(β).

GP8 for σ/� and <:

• For any α,β ∈ X in an sQBAF, if R+
σ/�(α) ⊊R+

σ/�(β) and τ(α) = τ(β) then
σ(α) < σ(β).

• For any α,β ∈ X in a QBAF, R−
σ/�(α) = R−

σ/�(β), R+
σ/�(α) ⊊ R+

σ/�(β) and
τ(α) = τ(β) then σ(α) < σ(β).

GP8 for σ/� and <�:

• For any α,β ∈ X in an sQBAF, if R+
σ/�(α) ⊊R+

σ/�(β) and τ(α) = τ(β) then
σ(α) < σ(β) or σ(α) = σ(β) = �.

• For any α,β ∈ X in a QBAF, if R−
σ/�(α) = R−

σ/�(β), R+
σ/�(α) ⊊ R+

σ/�(β) and
τ(α) = τ(β) then σ(α) < σ(β) or σ(α) = σ(β) = �.

GP8 for σ/� and <⊺:

• For any α,β ∈ X in an sQBAF, if R+
σ/�(α) ⊊R+

σ/�(β) and τ(α) = τ(β) then

σ(α) < σ(β) or σ(α) = σ(β) = ⊺. 20

• For any α,β ∈ X in a QBAF, if R−
σ/�(α) = R−

σ/�(β), R+
σ/�(α) ⊊ R+

σ/�(β) and
τ(α) = τ(β) then σ(α) < σ(β) or σ(α) = σ(β) = ⊺.

GP8 for σ/� and ≤:

• For any α,β ∈ X in an sQBAF, if R+
σ/�(α) ⊊R+

σ/�(β) and τ(α) = τ(β) then
σ(α) ≤ σ(β).

• For any α,β ∈ X in a QBAF, if R−
σ/�(α) = R−

σ/�(β), R+
σ/�(α) ⊊ R+

σ/�(β) and
τ(α) = τ(β) then σ(α) ≤ σ(β).

The hyphens in Table 2 in the rows for GP9 correspond to the following
properties:
GP9 for σ� and <:

20Note that P22 is implied by this property.
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• For any α,β ∈ X in an aQBAF, if R−(α) = R−(β) and τ(α) < τ(β) then
σ(α) < σ(β).

• For any α,β ∈ X in an sQBAF, if R+(α) = R+(β) and τ(α) < τ(β) then
σ(α) < σ(β).

• For any α,β ∈ X in a QBAF, R−(α) =R−(β), R+(α) =R+(β) and τ(α) <
τ(β) then σ(α) < σ(β).

GP9 for σ� and <�:

• For any α,β ∈ X in an aQBAF, if R−(α) = R−(β) and τ(α) < τ(β) then
σ(α) < σ(β) or σ(α) = σ(β) = �. 21

• For any α,β ∈ X in an sQBAF, if R+(α) = R+(β) and τ(α) < τ(β) then
σ(α) < σ(β) or σ(α) = σ(β) = �.

• For any α,β ∈ X in a QBAF, if R−(α) = R−(β), R+(α) = R+(β) and
τ(α) < τ(β) then σ(α) < σ(β) or σ(α) = σ(β) = �.

GP9 for σ� and <⊺:

• For any α,β ∈ X in an aQBAF, if R−(α) = R−(β) and τ(α) < τ(β) then
σ(α) < σ(β) or σ(α) = σ(β) = ⊺.

• For any α,β ∈ X in an sQBAF, if R+(α) = R+(β) and τ(α) < τ(β) then
σ(α) < σ(β) or σ(α) = σ(β) = ⊺. 22

• For any α,β ∈ X in a QBAF, if R−(α) = R−(β), R+(α) = R+(β) and
τ(α) < τ(β) then σ(α) < σ(β) or σ(α) = σ(β) = ⊺.

GP9 for σ� and ≤:

• For any α,β ∈ X in an aQBAF, if R−(α) = R−(β) and τ(α) < τ(β) then
σ(α) ≤ σ(β).

• For any α,β ∈ X in an sQBAF, if R+(α) = R+(β) and τ(α) < τ(β) then
σ(α) ≤ σ(β).

• For any α,β ∈ X in a QBAF, R−(α) =R−(β), R+(α) =R+(β) and τ(α) <
τ(β) then σ(α) ≤ σ(β).

GP9 for σ/� and <:

• For any α,β ∈ X in an aQBAF, if R−
σ/�(α) =R−

σ/�(β) and τ(α) < τ(β) then
σ(α) < σ(β).

• For any α,β ∈ X in an sQBAF, if R+
σ/�(α) =R+

σ/�(β) and τ(α) < τ(β) then
σ(α) < σ(β).

21Note that P23 is implied by this property.
22Note that P24 is implied by this property.
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• For any α,β ∈ X in a QBAF, R−
σ/�(α) = R−

σ/�(β), R+
σ/�(α) = R+

σ/�(β) and
τ(α) < τ(β) then σ(α) < σ(β).

GP9 for σ/� and <�:

• For any α,β ∈ X in an aQBAF, if R−
σ/�(α) =R−

σ/�(β) and τ(α) < τ(β) then
σ(α) < σ(β) or σ(α) = σ(β) = �.

• For any α,β ∈ X in an sQBAF, if R+
σ/�(α) =R+

σ/�(β) and τ(α) < τ(β) then
σ(α) < σ(β) or σ(α) = σ(β) = �.

• For any α,β ∈ X in a QBAF, if R−
σ/�(α) = R−

σ/�(β), R+
σ/�(α) = R+

σ/�(β) and
τ(α) < τ(β) then σ(α) < σ(β) or σ(α) = σ(β) = �.

GP9 for σ/� and <⊺:

• For any α,β ∈ X in an aQBAF, if R−
σ/�(α) =R−

σ/�(β) and τ(α) < τ(β) then
σ(α) < σ(β) or σ(α) = σ(β) = ⊺.

• For any α,β ∈ X in an sQBAF, if R+
σ/�(α) =R+

σ/�(β) and τ(α) < τ(β) then
σ(α) < σ(β) or σ(α) = σ(β) = ⊺.

• For any α,β ∈ X in a QBAF, if R−
σ/�(α) = R−

σ/�(β), R+
σ/�(α) = R+

σ/�(β) and
τ(α) < τ(β) then σ(α) < σ(β) or σ(α) = σ(β) = ⊺.

GP9 for σ/� and ≤:

• For any α,β ∈ X in an aQBAF, if R−
σ/�(α) =R−

σ/�(β) and τ(α) < τ(β) then
σ(α) ≤ σ(β).

• For any α,β ∈ X in an sQBAF, if R+
σ/�(α) =R+

σ/�(β) and τ(α) < τ(β) then
σ(α) ≤ σ(β).

• For any α,β ∈ X in a QBAF, if R−
σ/�(α) = R−

σ/�(β), R+
σ/�(α) = R+

σ/�(β) and
τ(α) < τ(β) then σ(α) ≤ σ(β).

The hyphens in Table 2 in the rows for GP10 correspond to the following
properties:
GP10 for σ� and <:

• For any α,β ∈ X in a QBAF, R−(α) <σ� R−(β), R+(α) = R+(β) and
τ(α) = τ(β) then σ(α) < σ(β).

GP10 for σ� and <�:

• For any α,β ∈ X in an aQBAF, if R−(α) <σ� R−(β) and τ(α) = τ(β) then
σ(α) < σ(β) or σ(α) = σ(β) = �. 23

• For any α,β ∈ X in a QBAF, if R−(α) <σ� R−(β), R+(α) = R+(β) and
τ(α) = τ(β) then σ(α) < σ(β) or σ(α) = σ(β) = �.

23Note that P26 and P27 are implied by this property.
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GP10 for σ� and <⊺:

• For any α,β ∈ X in an aQBAF, if R−(α) <σ� R−(β) and τ(α) = τ(β) then
σ(α) < σ(β) or σ(α) = σ(β) = ⊺.

• For any α,β ∈ X in a QBAF, if R−(α) <σ� R−(β), R+(α) = R+(β) and
τ(α) = τ(β) then σ(α) < σ(β) or σ(α) = σ(β) = ⊺.

GP10 for σ� and ≤:

• For any α,β ∈ X in an aQBAF, if R−(α) <σ� R−(β) and τ(α) = τ(β) then
σ(α) ≤ σ(β).

• For any α,β ∈ X in a QBAF, R−(α) <σ� R−(β), R+(α) = R+(β) and
τ(α) = τ(β) then σ(α) ≤ σ(β).

GP10 for σ/� and <:

• For any α,β ∈ X in an aQBAF, if R−(α) <σ/� R−(β) and τ(α) = τ(β) then
σ(α) < σ(β).

• For any α,β ∈ X in a QBAF, R−(α) <σ/� R−(β), R+
σ/�(α) = R+

σ/�(β) and
τ(α) = τ(β) then σ(α) < σ(β).

GP10 for σ/� and <�:

• For any α,β ∈ X in an aQBAF, if R−(α) <σ/� R−(β) and τ(α) = τ(β) then
σ(α) < σ(β) or σ(α) = σ(β) = �.

• For any α,β ∈ X in a QBAF, if R−(α) <σ/� R−(β), R+
σ/�(α) =R+

σ/�(β) and
τ(α) = τ(β) then σ(α) < σ(β) or σ(α) = σ(β) = �.

GP10 for σ/� and <⊺:

• For any α,β ∈ X in an aQBAF, if R−(α) <σ/� R−(β) and τ(α) = τ(β) then
σ(α) < σ(β) or σ(α) = σ(β) = ⊺.

• For any α,β ∈ X in a QBAF, if R−(α) <σ/� R−(β), R+
σ/�(α) =R+

σ/�(β) and
τ(α) = τ(β) then σ(α) < σ(β) or σ(α) = σ(β) = ⊺.

GP10 for σ/� and ≤:

• For any α,β ∈ X in an aQBAF, if R−(α) <σ/� R−(β) and τ(α) = τ(β) then
σ(α) ≤ σ(β).

• For any α,β ∈ X in a QBAF, if R−(α) <σ/� R−(β), R+
σ/�(α) =R+

σ/�(β) and
τ(α) = τ(β) then σ(α) ≤ σ(β).

The hyphens in Table 2 in the rows for GP11 correspond to the following
properties:
GP11 for σ� and <:
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• For any α,β ∈ X in an sQBAF, if R+(α) >σ� R+(β) and τ(α) = τ(β) then
σ(β) < σ(α).

• For any α,β ∈ X in a QBAF, R−(α) = R−(β), R+(α) >σ� R+(β) and
τ(α) = τ(β) then σ(β) < σ(α).

GP11 for σ� and <�:

• For any α,β ∈ X in an sQBAF, if R+(α) >σ� R+(β) and τ(α) = τ(β) then
σ(β) < σ(α) or σ(α) = σ(β) = �.

• For any α,β ∈ X in a QBAF, if R−(α) = R−(β), R+(α) >σ� R+(β) and
τ(α) = τ(β) then σ(β) < σ(α) or σ(α) = σ(β) = �.

GP11 for σ� and <⊺:

• For any α,β ∈ X in an sQBAF, if R+(α) >σ� R+(β) and τ(α) = τ(β) then
σ(β) < σ(α) or σ(α) = σ(β) = ⊺. 24

• For any α,β ∈ X in a QBAF, if R−(α) = R−(β), R+(α) >σ� R+(β) and
τ(α) = τ(β) then σ(β) < σ(α) or σ(β) = σ(β) = ⊺.

GP11 for σ� and ≤:

• For any α,β ∈ X in an sQBAF, if R+(α) >σ� R+(β) and τ(α) = τ(β) then
σ(β) ≤ σ(α).

• For any α,β ∈ X in a QBAF, R−(α) = R−(β), R+(α) >σ� R+(β) and
τ(α) = τ(β) then σ(β) ≤ σ(α).

GP11 for σ/� and <:

• For any α,β ∈ X in an sQBAF, if R+(α) >σ/� R+(β) and τ(α) = τ(β) then
σ(β) < σ(α).

• For any α,β ∈ X in a QBAF, R−
σ/�(α) = R−

σ/�(β), R+(α) >σ/� R+(β) and
τ(α) = τ(β) then σ(β) < σ(α).

GP11 for σ/� and <�:

• For any α,β ∈ X in an sQBAF, if R+(α) >σ/� R+(β) and τ(α) = τ(β) then
σ(β) < σ(α) or σ(α) = σ(β) = �.

• For any α,β ∈ X in a QBAF, if R−
σ/�(α) =R−

σ/�(β), R+(α) >σ/� R+(β) and
τ(α) = τ(β) then σ(β) < σ(α) or σ(α) = σ(β) = �.

GP11 for σ/� and <⊺:

• For any α,β ∈ X in an sQBAF, if R+(α) >σ/� R+(β) and τ(α) = τ(β) then
σ(β) < σ(α) or σ(α) = σ(β) = ⊺.

24Note that P28 and P29 are implied by this property.
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• For any α,β ∈ X in a QBAF, if R−
σ/�(α) =R−

σ/�(β), R+(α) >σ/� R+(β) and
τ(α) = τ(β) then σ(β) < σ(α) or σ(β) = σ(β) = ⊺.

GP11 for σ/� and ≤:

• For any α,β ∈ X in an sQBAF, if R+(α) >σ/� R+(β) and τ(α) = τ(β) then
σ(β) ≤ σ(α).

• For any α,β ∈ X in a QBAF, if R−
σ/�(α) =R−

σ/�(β), R+(α) >σ/� R+(β) and
τ(α) = τ(β) then σ(β) ≤ σ(α).

To conclude, we give examples of some of the hyphens in Table 3:
GP6 and GP7 for σ� and ≤:

• For any α,β ∈X in an aQBAF, if R−(α) ⊆R−(β) and τ(α) = τ(β) then
σ(β)≤σ(α). 25

• For any α,β ∈ X in a QBAF, R−(α) ⊆R−(β), R+(α) =R+(β) and τ(α) =
τ(β) then σ(β) ≤ σ(α).

GP6 and GP7 for σ/� and ≤:

• For any α,β ∈ X in an aQBAF, if R−
σ/�(α) ⊆R−

σ/�(β) and τ(α) = τ(β) then
σ(β) ≤ σ(α).

• For any α,β ∈ X in a QBAF, if R−
σ/�(α) ⊆ R−

σ/�(β), R+
σ/�(α) = R+

σ/�(β) and
τ(α) = τ(β) then σ(β) ≤ σ(α).

GP6 and GP8 for σ� and ≤:

• For any α,β ∈ X in an sQBAF, if R+(α) ⊆R+(β) and τ(α) = τ(β) then
σ(α)≤σ(β). 26

• For any α,β ∈ X in a QBAF, R−(α) =R−(β), R+(α) ⊆R+(β) and τ(α) =
τ(β) then σ(α) ≤ σ(β).

GP6 and GP8 for σ/� and ≤:

• For any α,β ∈ X in an sQBAF, if R+
σ/�(α) ⊆R+

σ/�(β) and τ(α) = τ(β) then
σ(α) ≤ σ(β).

• For any α,β ∈ X in a QBAF, if R−
σ/�(α) = R−

σ/�(β), R+
σ/�(α) ⊆ R+

σ/�(β) and
τ(α) = τ(β) then σ(α) ≤ σ(β).

GP6 and GP10 for σ� and ≤:

• For any α,β ∈ X in an aQBAF, if R−(α) ≤σ� R−(β) and τ(α) = τ(β) then
σ(α) ≥ σ(β). 27

25Note that P30 is implied by this property.
26Note that P31 is implied by this property.
27Note that P32 and P33 are implied by this property.
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• For any α,β ∈ X in a QBAF, R−(α) ≤σ� R−(β), R+(α) = R+(β) and
τ(α) = τ(β) then σ(α) ≥ σ(β).

GP6 and GP10 for σ/� and ≤:

• For any α,β ∈ X in an aQBAF, if R−(α) ≤σ/� R−(β) and τ(α) = τ(β) then
σ(α) ≥ σ(β).

• For any α,β ∈ X in a QBAF, if R−(α) ≤σ/� R−(β), R+
σ/�(α) =R+

σ/�(β) and
τ(α) = τ(β) then σ(α) ≥ σ(β).
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