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AN ELLIPTIC BOUNDARY VALUE PROBLEM FOR
Go-STRUCTURES

by Simon DONALDSON

Dedicated to Jean-Pierre Demailly, for his 60th birthday

ABSTRACT. — We show that the G2 holonomy equation on a seven-dimensional
manifold with boundary, with prescribed 3-form on the boundary and modulo the
action of diffeomorphisms, is elliptic. The main point is to set up a suitable linear
elliptic theory. This result leads to a deformation theory, governed by a finite-
dimensional obstruction space. We discuss conditions under which this obstruction
space vanishes and as one application we establish the existence of certain Gg
cobordisms between two small deformations of a Calabi—Yau 3-fold.

RiSUME. —  Nous montrons que 1’équation d’holonomie G2 sur une variété
de dimension 7 a bord, avec 3-forme prescrite sur le bord et modulo I'action de
difféomorphismes, est elliptique. Le point clé est de mettre en place une théorie
linéaire elliptique adaptée. Avec ce résultat une théorie de la déformation est défi-
nie, gouvernée par un espace d’obstruction de dimension finie. Nous discutons les
conditions pour lesquelles cet espace d’obstruction est trivial, et donnons une ap-
plication en démontrant ’existence de certains G2-cobordismes entre deux petites
déformations d’une variété Calabi-Yau de dimension 3.

1. Introduction

The purpose of this paper is to develop a deformation theory for torsion-
free Ga-structures on 7-manifolds with boundary. This extends the well-
established theory for closed manifolds, going back to Bryant and Harvey
(see [1, p. 561]) and further developed by Joyce [9, 10] and Hitchin [7, §].
Recall that a torsion-free GGo-structure on an oriented 7-manifold M can be
viewed as a closed 3-form ¢ which is “positive” (in a sense we recall below)
at each point of M and which satisfies the nonlinear equation

(1.1) dxy =0,

Keywords: exceptional holonomy, Ga-structures, elliptic boundary value problems.
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2784 Simon DONALDSON

where 4 is the *-operator of the Riemannian metric g4 defined by ¢ (which
we also recall below). Begin with the standard case when M is a closed
manifold and let ¢ be a class in H3(M;R). Write P, for the set of positive
3-forms representing c. Certainly a torsion-free structure ¢ defines a point
in P. with ¢ = [¢]. Conversely, if we have a ¢ such that P, is not empty
then, as Hitchin observed, solutions of equation (1.1) in P, correspond to
critical points of the volume functional

(1.2) V() = Vol(M, g5)

on P.. In fact d(x4¢) can be regarded as the derivative dV' of the volume
functional on the infinite-dimensional space P.. The basic results of the
standard theory can be summarised as follows.

(1) The derivative dV is a Fredholm section of the cotangent bundle of
the quotient Q. = P./G of P. by the group G of diffeomorphisms
of M isotopic to the identity. Thus the kernel of the Hessian of the
volume functional on Q. at a solution of (1.1) is finite-dimensional.

(2) In fact this kernel is always 0, which implies that if ¢ is a solution
of (1.1) and if ¢ is sufficiently close to ¢ = [¢] in H3(M) then there
is a unique solution ¢’ in Q. close to ¢. (Throughout this paper,
cohomology is always taken with real coefficients.) In other words
the “period map” ¢ — [¢] defines a local homeomorphism from the
moduli space of torsion-free Ga-structures to H*(M).

(3) In fact the Hessian of V on Q. is negative-definite. A solution
of (1.1) gives a strict local maximum for the volume functional

on Q..

Now we go on to the case of a compact, connected, oriented manifold M
with non-empty boundary OM. If p is a closed 3-form on M we define an
enhancement of p to be an equivalence class of closed forms ¢ on M which
restrict to p on the boundary, under the equivalence relation ¢ ~ ¢+da for
all 2-forms a which vanish on OM. So the set of enhancements is an affine
space with tangent space H3(M,OM). There is an algebraic notion of a
positive 3-form on M. One definition is that these are exactly the forms
which extend to positive forms on some neighbourhood of OM in M. Fix a
closed positive form p on M and enhancement 5. We write P, for the set of
positive forms in the enhancement class (in general, P; could be the empty
set) and Q; for the quotient by the identity component of the group of
diffeomorphisms of M fixing the boundary pointwise. The boundary value
problem, which was introduced in [5] and which we consider further here,

ANNALES DE L’INSTITUT FOURIER
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is to solve equation (1.1) for ¢ in P;. Just as before, this is the Euler—
Lagrange equation for the Hitchin volume functional, which descends to a
functional on Q.

The author has only been able to extend the first of the three results from
the standard theory above to this setting. That is (continuing the informal
discussion, more precise technical statements are given later), we will show
below (Proposition 4.5) that the derivative of the volume functional is
a Fredholm section of the cotangent bundle of Q;. This comes down to
showing that our problem can be set up as an elliptic boundary value
problem. The crucial linear result is Theorem 3.5. The kernel of the Hessian
at a critical point ¢ is a finite dimensional vector space Hy but this is not
0 in general. Similarly, we can show that the Hessian has finite index (i.e.
a finite dimensional negative subspace) but we have not been able to show
that the Hessian is semi-definite. We will discuss these questions at greater
length in Section 5 below. In any event, we do know cases in which the space
Hy is zero and in such cases we get a straightforward deformation theory for
our problem: for any enhanced boundary data sufficiently close to p there is
a unique solution to the corresponding boundary value problem close to ¢
(Theorem 4.6). In Section 5 we give one application to the existence of “Ga-
cobordisms” between closed 3-forms on a Calabi—Yau 3-fold (Theorem 5.8).

The authors’s work is supported by the Simons Collaboration Grant
“Special holonomy in Geometry, Analysis and Physics”.

2. Review of standard theory

We begin with some purely algebraic statements.

e A 3-form ¢ € A3(V*) on an oriented 7-dimensional real vector space
V is called positive if the A"V *-valued quadratic form on V

(2.1) v iy (@) Nin(9) A

is positive definite. We fix a Euclidean structure g4 in this conformal
class by normalising so that |¢|?> = 7. Then, as in the Introduction,
we have a 4-form *4¢ which we also write as ©(¢). So © is a smooth
map from the space of positive 3-forms on V to A*V*. The positive
3-forms on V form a single orbit under the action of GLT(V), so
they are all equivalent. A convenient standard model for this paper
is to take V = R @ C? = {(t, 21, 22, z3)} and

(2.2) ¢ =w A dt + Im(dzdzedzs),
where w is the standard symplectic form > dz, A dy, on C3.

TOME 68 (2018), FASCICULE 7
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e The stabiliser in GL(V') of a positive 3-form is isomorphic to the
exceptional Lie group G2. Under the action of this group the forms
decompose as

(2.3) A2=A2p AN =N A2@ AL,
Here AZ is the image of V under the map v — i,(¢) and A2, is the
orthogonal complement; A3 is the image of V under the map v
iv(*¢®), A is the span of ¢ and A3 is the orthogonal complement
of their sum.

We have a quadratic form on A2 defined by o — a A a A ¢.

The eigenspaces of this form, relative to the standard Euclidean
structure, are A2, A2,. For a; € A2

(2.4) a7 Aag A ¢ = 2|az|*vol,
and for a4 € A3,

(25) aig Nagg Ao = 7|C¥14|2V01.

e The volume form vol is a A7-valued function on the open set of
positive 3-forms. Its derivative is given by

1
(2.6) vol(¢ + d¢) = vol(¢) + gégb A BO(g) + O(5¢?).
To identify the second derivative we write

0¢ = 019 + 67¢ + 0279,
according to the decomposition (2.3). Then

vol(6 + 66) = vol(9) + 266 A (+46) + 2q(56) vol(d) + 0(66%),
3 3

where ¢ is the quadratic form
4
(2.7) q(6¢) = §|51¢>|2 + [67¢* — |027[>.
This formula also gives the derivative of the map © ([10, Proposi-

tion 10.3.5]):

28) 00+ 60) = 0(0) + (5 10 616-+ sabd — wabr) +OG?).

Now let M be an oriented 7-manifold and ¢ be a positive 3-form on M
which defines a torsion-free Ga-structure, so both ¢ and *,¢ are closed
forms. We can decompose the exterior derivative according to the decom-
position of the forms

P =02, =0 a0,

ANNALES DE L’INSTITUT FOURIER
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The resulting operators satisfy various identities, akin to the Kéhler iden-
tities on Kéahler manifolds. The following Proposition states the main iden-
tities we will need in this paper (there is a comprehensive treatment in [2]).
Write x : A' — A2 for the bundle isomorphism x(n) = *4(n A ¢). We also
usually write * for *4 and d* for the usual adjoint constructed using the
metric gg.

PROPOSITION 2.1.

(1) The component dy : 93, — Q3 is identically zero.

(2) The component d7 : Q3, — Q2 is equal to the composite 1y o d*
where d* : Q2, — Q! and the component d; : Q% — Q2 is equal to
the composite *%X od* where d* : Q2 — QL.

(3) Fordy: Q' — Q2 and dy4 : Q! — Q32, we have

2
d*dyy = 2d"d; = Zd*d
on QL.

Proof. — For the first item, it suffices to prove that for a compactly
supported a € 92, and function f the L2-inner product (da, f¢) is zero.
This inner product is

/Mda/\f*gb:—/ aANdf A x¢,

M

(using d * ¢ = 0) which vanishes since df A *¢ lies in Q3. For the second
item we consider first an o € 3, as above and the inner product (d*a,n)
for a 1-form 7. By definition this is (o, dn) and by (2.5) the latter can be

expressed as
— / aANdnA .
M

By Stokes” Theorem (using, this time, d¢ = 0) this is

[ dannno=(da,stnn o) = (draxn).
M
One computes readily that for any n we have

Ix(m)? = 4n|?,

and it follows that dra = ix o d*a. The argument for the second part of
the second item (for a € Q2) is the same using (2.4).

For the third item: the equality d*d;4 = 2d*d; follows from the second
item and the fact that the component of d? from Q! to €3 is zero. The
equality d*d4 = %d*d follows in turn because d*d = d*d; + d*d4. O

TOME 68 (2018), FASCICULE 7
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The variation of the volume functional (1.2) with respect to compactly
supported variations of ¢ makes sense, even if M is not compact. Suppose
for the moment that ¢ is any closed positive 3-form on M and that « is a
2-form with compact support. The pointwise formula (2.6) and integration
by parts give

1
Vol(¢ + da) = Vol(¢) — 3 / aAdO(¢) + O(a?),
M
which shows that the torsion-free condition d©(¢) = 0 is the Euler—
Lagrange equation associated to the volume functional for exact variations.
For any such ¢ we have

(2.9) *p dO(¢) € QF,(M).
This follows by direct calculation or, more conceptually, from the diffeo-
morphism invariance of the volume functional (see [4, Lemma 1]).

Now go back to assuming that ¢ defines a torsion-free Ga-structure, i.e.
dO(¢) = 0. For a in Q?(M) we define
(2.10) W(a) = *3dO(¢ + da)
so the equation W («) = 0 is the torsion-free equation, for such variations.
For any o we have d*W(a) = 0 and W («) takes values in the sub-bundle

*¢A§4,¢+da C A%

in an obvious notation. Let L be the linearisation of the nonlinear operator
W at a =0, i.e. W(a) = L(a) + O(a?). By (2.8) this linearised operator
is given by the formula

4
(211) L(a) = gd*dla + d*d704 — d*d27a.
PROPOSITION 2.2. — The linear operator L vanishes on Q% and takes
values in Q2,. For a = a7 + a4 we have
* * 3 *
L(a) = d*dra1g — d*dorong = —Aong + §d14d Q14

Proof. — The fact that L vanishes on Q2 follows from diffeomorphism
invariance (or by direct calculation). Similarly, the fact that L takes values
in 2, is a consequence of the fact above that W («) is a section of *¢A?)¢+da
(or can be shown by direct calculation). The formulae for L(«) follow from
items (1) and (3) in Proposition 2.1. O

There is a similar discussion for the Hessian of the volume functional.
For o of compact support Vol(¢ + da) = Vol(¢) + 2Q(c) where

4
(2.12) Qo) = §||d104||2 +ldzal® — [ldaral®.

ANNALES DE L’INSTITUT FOURIER
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This can also be expressed, for & = a7 + a4, as
(2.13) Q() = || drara]]® — [|dareaal* = (Laia, ara).

But we should emphasise that (2.12) is the “primary” formula (derived
pointwise on M) and the passage to the expressions in (2.13) involves an
application of Stokes’ Theorem.

We will now sketch a treatment of the standard results for closed mani-
folds mentioned in the Introduction. In this sketch we will just give a formal
treatment, ignoring the analytical aspects, but these will be taken up in a
more general setting in Section 4. To avoid unimportant complications we
suppose here that H?(M) = 0.

With ¢ = [¢] € H3(M), the tangent space of P, at ¢ is

TP. =Im(d: Q* — Q).

The infinitesimal action of the group G of diffeomorphisms of M is by the
Lie derivative. But, since ¢ is closed, for a vector field v we have

Ly = d(iv(¢))
and the 2-forms i,(¢) are exactly Q2. So the tangent space of Q. at ¢ is
Im(d : Q2(M) — Q3(M))
02 '

Let 7 : 92, — TQ,. be the map induced by exterior derivative. This is
14

TQC =

obviously surjective and the kernel consists of those a4 € 0%, such that
there is an ay € Q2 with day = dag4. Under our assumption that H2(M) =
0 this means that a4 —ay = dn for some np € Q', s0 a14 = di4n. Conversely,
if ay4 = di4nm we can define a; = —d7m. So we see that the kernel of 7 is
the image of di4 : Q' — 02, and

TQ.=0%,/Imdy4.

By standard elliptic theory this can be identified with the kernel of the
adjoint:
TQ. =kerd* : 03, — Q'

Now by items (1) and (2) of Proposition 2.1, for a € kerd* C Q32
the only component of da is dora € Q3. It follows that for such « the
linearised operator L(a) is —Aa. In other words, after taking account of
the diffeomorphism group action in this way, the linearised operator is

—A: (kerd* € QF,) — (kerd* C Q,),

which is invertible. Similarly, with this representation of T'Q, the Hessian is

Q(a) = —|lda/?,

TOME 68 (2018), FASCICULE 7
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which is negative definite.

3. The boundary value problem-linear theory

This section represents the heart of this paper, in which we set up a linear
elliptic boundary value problem. We suppose, as in the Introduction, that
M is a compact, connected, oriented 7-manifold with non-empty boundary
and that the 3-form ¢ defines a torsion-free Ga-structure on M. We will give
a representation of the tangent space of Q; at ¢ for the enhanced boundary
value p determined by ¢ and study the linearisation of the torsion-free
equation in this representation.

As a preliminary, note that there are two different notions of “restriction
to the boundary” of a p-form ¢ on M. One is that the pull back under the
inclusion map, an element of QP (M), vanishes. We will denote this by the
usual notation o|gp = 0. For the other, stronger, notion we mean that the
restriction vanishes regarded as a section of the bundle APT*M|spr. We
will denote this by the notation o||ga; = 0.

To begin we define a vector space

{dy:y € D (M),~]on =0}
{dB: g€ Q2(M), Bllam = 0}

The definition of our space P, and the identification of the vector fields
on M with A% suggests that this should represent the tangent space of the

(3.1) TQ =

infinite dimensional manifold @, but we postpone any precise treatment of
this for the present and just take (3.1) as a definition. Similarly we do not
at this stage consider any topology on the vector space. In the same vein,
we define a vector space Hy C T'Q to be

_ {dy iy € Q2(M), L(y) = 0,9]om = 0}
{dB: p e QF(M), Bllom = 0}

This is the space of solutions of the linearised equations modulo infini-
tesimal diffeomorphisms. Note that on the right hand side of (3.2) the
denominator is a subspace of the numerator since L vanishes on Q2.

We now discuss the linear algebra of the decomposition A2 ® A2, on the
boundary. We have a 3-form p = ¢|sn and a 2-form w € Q?(OM) given
by w = i,(¢) where v is a unit outward-pointing normal. At a point p
on OM the situation corresponds to the model (2.2) on R @& C3. There is
a complex structure on the tangent space of OM at p; the 2-form w is a

(3.2) Hy

ANNALES DE L’INSTITUT FOURIER
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positive (1,1) form and p is the real part of a complex volume form. In
terms of the splitting TM = TOM & Rv at p the form ¢ is

¢=wAV" +p,

where v* is the 1-form dual to v. We define a bundle map
X6 : A (OM) — A*(OM)

by

Xo(tvw) = iv(p),
for v € TOM. We have a decomposition
(3.3) A2(OM) = AZP @ A2 @ AD?
where, in terms of the complex structure, the summand Ag’a consists of
the real parts of forms of type (2,0), the summand A;,a consists of the real

(1,1) forms orthogonal to w and A?’a is the 1-dimensional space spanned
by w. Then g is a bundle isomorphism from A'(OM) to Aé’a.

LEMMA 3.1. — At a boundary point:
(1) A2 =AY @ {a Av* +xo(a) : a € AY(OM)},
(2) A2, = A27 @ {2a Av* — x6(a) : a € AL(OM)}.

This is straightforward to check, from the definitions. For a form o €
Q2,(M) we write afpg for the section of Ag’a over OM defined by the
decomposition in the second item of Lemma 3.1. Note that for a 2-form «
in either of the spaces Q% 03, the two notions ooy = 0,allanr = 0 are
equivalent. Now define a vector space

(3.4) A={ae (M) d"a=0,allss = 0}.

We define a linear map Fj : A — TQ as follows. It is clear from
Lemma 3.1 that if a4 € Q3 satisfies a14/as = 0 we can find a form
B7 € Q2 such that (a14 + B7)|oar = 0. For ayy € A we define Fj(a14) to
be the equivalence class of d(a4 + 87) in TQ. The definition of T'Q means
that this is well-defined, independent of the choice of 7.

We digress here to review some standard Hodge Theory for manifolds
with boundary. For any p we consider the Laplace operator A : QP (M) —
OP(M) and the equation with boundary conditions

(3.5) Ap=p, plorr =0, d*ulor =0.

PRrROPOSITION 3.2.

e If d*p = 0 then any solution y of (3.5) satisfies d*u = 0. In fact
this holds without assuming that p|sp = 0.

TOME 68 (2018), FASCICULE 7
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e Ifp =0 then a solution satisfies di = 0. The space of such solutions
HP ={p e QP :du=0,d"pu=0, ulon = 0},

represents the relative cohomology group HP(M,0M).

e There is a solution of (3.5) if and only if p is L?-orthogonal to HP.
In this case we define Gp to be the unique solution p orthogonal
to HP.

o If p=d*c for some o € QPT! then p is orthogonal to HP.

Apart from the third item, the proofs are straightforward variants of the
usual theory for closed manifolds, checking boundary terms. The third item
is an application of elliptic boundary value theory. These results go back
to Spencer and Duff, Morrey and Friedrichs. A standard modern reference
is Section 2.4 in [11].

With this theory at hand we can return to the space A.

LEMMA 3.3. — For a € H? the component m4(c) € Q3, lies in A and
the induced map w4 : H? — A is injective.

Proof. — First suppose that o = a7 + ayg lies in H2. Since d*a and
d7a both vanish it follows from the second item of Proposition 2.1 that
d*ay4 = 0. Since a vanishes on the boundary it follows that aq4]ja,s = 0
and thus a4 € A. Suppose that a4 = 0. Then arz|snr = 0 and, as we noted
above, this implies that az||apr = 0. The 2-form «7 is harmonic and by the
general theory (see [10, Section 3.5.2] for example) the Bochner formula
on Q2 is the same as that on Q'. Thus we have V*Va7; = 0 (since the
Bochner formula on Q! involves the Ricci curvature, which vanishes in our
case). Now integration by parts, using the boundary condition az||gar = 0,
shows that Va; = 0, and since a7 vanishes on the boundary it must be zero
everywhere. This shows that 74 induces an injection from H? to A. O

Define A C A to be the orthogonal complement of 7m4H?2.

PROPOSITION 3.4. — The map F} : A—TQis surjective with kernel
714(H?). Hence there is an induced isomorphism Fa : A — TQ.

Proof. — Consider any v = y14 + 7 € Q2(M) with v|par = 0. We apply
Proposition 2.2 with p = d*v14, so we find an n = G(d*y14) with n|gar =0
and d*dn = d*v14. Now, by the third item of Proposition 2.1, we have
d*dyym = %d*dn = %d*714. This means that a4 = v14 — %dlm satisfies
d*aq4 = 0. Also, since 1 vanishes on the boundary so does dn, and this
means that a14/lg,s = 0. Thus ay4 lies in A. Going back to the definition

ANNALES DE L’INSTITUT FOURIER



BOUNDARY VALUES OF G2-STRUCTURES 2793

of F';: the form
3 3
F=a14+77—§d777=’)’—§d77

vanishes on the boundary, so F’ A(au) is the equivalence class of dI" in T'Q.
But d?n = 0 so dI' = dvy. This shows that F'; is surjective.

In the other direction, suppose that F'4 (a14) = 0, for some a4 € A. This
means that we can choose an a; € Q% such that o = a7 + a4 restricts
to zero on the boundary and da = 0. As in the proof of Lemma 3.3, the
condition d*ai4 = 0 implies that d*a = 0, so « lies in H? and a4 is in
T14 (H2) O

We can now set-up the linear boundary value problem which is the main
point of this paper.

THEOREM 3.5. — For p in Q3,(M) the equation Aa = p for a € Q3
with boundary conditions

aHa,S = Oa d*a‘ﬁM = 07

is a self-adjoint elliptic boundary value problem. Moreover if d*p = 0 then
a solution « satisfies d*a = 0.

The statement that this is a self-adjoint elliptic boundary value problem
has the following standard consequences. Define

(3.6) H={acQ,:Aa=0, allps =0, d*alon = 0}.
Then
(1) H is finite dimensional;
(2) a solution to the boundary value Izroblem in Theorem 3.5 exists if

and only if p is L?-orthogonal to H;
(3) in such a case we have elliptic estimates

lellzz < Cillpllzz -

2

The proof of Theorem 3.5 extends across the next few pages, including
Lemmas 3.6 and 3.7.

There is a standard definition of an elliptic boundary value problem
(see [12, Chapter 5] for example) but the general theory is somewhat com-
plicated and we do not need much of it here. We take as known the theory
of the Dirichlet problem for the Laplace operator on 9%, and, for simplic-
ity, we assume initially that the only solution a € 02, of Aa = 0 with
allaar = 0 is a = 0. Then, by the standard theory, for any p € 03, and sec-
tion 6 of the restriction of A2, to M there is a unique solution a = a(p, 0)
of the equation Aa = p with «|laas = 6. Now consider a 1-form a on M

TOME 68 (2018), FASCICULE 7
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and set 6(a) = 2a A v* — xg(a) as in Lemma 3.1. The boundary value
problem in Theorem 3.5 then becomes an equation for a:

d*a(p,0(a))|om = 0.
Write d*a(p, 0)|oar = —o and let
P:QYOM) — QY (OM)

be the operator which maps a to d*a(6(a),0)|ons. Then the equation to
solve for a is

(3.7) P(a) =o.

The claim that the boundary value problem is elliptic is equivalent to the
claim that P is an elliptic pseudo-differential operator of order 1 on OM.
When this holds the equation (3.7) can be solved for a provided that o lies
in a subspace of finite codimension and the solution a is unique up to a finite
dimensional kernel. These facts imply the corresponding statements about
the boundary value problem. The simplifying assumption on the solubility
of the Dirichlet problem is unnecessary since the whole discussion can take
place modulo finite dimensional subspaces. From another point of view we
can run the arguments above in a model “flat” case (as in the proof of
Lemma 3.6 below) and use the solution there to construct a parametrix for
our boundary value problem.

The ellipticity of the operator P is a condition on the symbol and this
symbol can be described as follows.

LEMMA 3.6. — Define an operator P : Q' (OM) — QY(OM) by
P(a) = 2AY20 — djarxe(a).
Then P and P have the same symbol.

Proof. — To see this we can consider a situation where the geometry is
locally flat, so we can work in C? x (—oo, 0] with boundary C* = C? x {0}
and co-ordinate ¢ in the R factor. We write a 2-form as

O[ZZGtAdt—\Ijt

where a;, U; are respectively ¢-dependent 1-forms and 2-forms on C3. Then

d
d*a = 2% — A5, + 2(dzay)dt,

where dj denotes the d* operator on C3. In our situation we have o € Q3,
so ¥; = xgas + Oy, where ©; takes values in A%,s and ©g = 0. Thus the
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restriction of d*a to the boundary is given by

da .
thh:O — dg(x6(a0)),

where a(t) is the harmonic extension of the given 1-form a on the boundary.

2

Thus %\tzo is obtained from ag by applying the “Dirichlet-to-Neumann”
operator, whose symbol is the same as that of A2, and this gives the
statement in the Lemma. g

The symbol of A2 at a cotangent vector & on M is multiplication by
|€]. Thus the ellipticity of our boundary value problem follows from the
following statement.

LEMMA 3.7. — If £ is a unit cotangent vector on OM the symbol of
a — d},,xe(a) at & has eigenvalues 0, £1

Proof. — To prove this Lemma we can compute in the flat model C? as
in (2.2), with standard co-ordinates z; = ; + v/—1y;, with w = dz1dy; +
dzodys + dasdys and with

p = —dy1dydys + dy1dzsdrs + dorydysdes + dridradys.
One finds from the definition that if @ = Z?Zl Aidy; + pidx; then
Xe(a) = > pi(dy;dyy — dajdzy) + Xi(dy;dag + dajdys),

cyclic

where the notation means that (ijk) run over cyclic permutations of (123).
Since the symmetry group SU(3) acts transitively on the unit sphere it
suffices to check any given unit co-tangent vector £, so we take £ = dzx;. In
other words we have to pull out the 0; = 8%1 term in d*xe(a). This is

(alug)d{EQ — (61,u2)dx3 + (81)\2)dy3 — (81)\3)dy2
To get the symbol we replace the derivative d; by multiplication by /—1.
We see that the symbol at dz; is the linear map X with
E(dxl) =0 Z(dl‘g) = —V —1d$3 2(d$3) =V —1d1‘2
E(dyl) =0 E(dy2) =V —1dy3 E(dyg) = —V —ldyg.
This linear map X has eigenvalues 0,1,—1 (each with multiplicity
two). O

Next we establish the self-adjoint property. Let us denote the boundary
conditions in the statement of Theorem 3.5 by (BC). Recall that in general
the adjoint boundary conditions (BC)* are defined by saying that 8 € 32,
satisfies (BC)* if and only if we have an equality of L? inner products
(Aa, B) = {a, AB) for all a satisfying (BC). We want to show that the
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boundary conditions (BC)* are the same as (BC). To do this it suffices,
by a simple dimension-counting argument, to show that if o, 8 both satisfy
(BC) then (Aa, ) = {a, AB). We can see this by an indirect argument
using the operator L given by (13). First we claim that if o, 8 € 3, satisfy
allas = Bllag = 0 then (La, B) = (o, LB). Indeed choose o/, 3’ € Q2 such
that (o + o')|onm, (8 + 8')|oa vanish. Then

(Lo, B) = (Lo + o), B+ B'),

since L vanishes on Q2 and maps to Q%,. Let (-, ) be the symmetric
bilinear form associated to the quadratic form @ on 03,

4
(3.8) (v1,72) = §<d171, div2) + (d7v1, d7y2) — (da7v1, d27y2)-
Then if 1,72 vanish on OM we have
(3.9) (1172)Q = (L71,72) = (11 L72)-

We apply this to a+ o', + ', which vanish on the boundary by construc-
tion, so we have

(Lla+a),8+8") ={a+a, 8+ )¢

which is symmetric in «, 5. This we have shown that (La, 8) is symmetric
in a, 8. Now, using Proposition 2.1 we can write A = L+ %d14d* on Q2,. If
a, B satisfy the other part of (BC) that is, if d*a|ans = d*Blaar = 0, then

(dd*e, B) = (d*a, d*B) = (a,dd*3)

since the relevant boundary terms vanish. This completes the proof of self-
adjointness.

The last statement in Theorem 3.5 (that d*p = 0 implies d*a = 0) is
a particular case of the first item in Proposition 2.2. This completes the
proof of Theorem 3.5.

The operator L and the symmetric form (-, - ) are related by a boundary
term. For a € Q%, with al|gs = 0 we define a 1-form on OM:

0.6 = Xg (alonr).

al

Recall also that we have a 2-form w on dM given by the contraction of ¢
with the normal vector.

ProrosiTioN 3.8. — If 0114,514 are in 9%4 with a14||3’87514||3’8 =0
then

(Loia, Bra) = (@14, Bra)o + (@14lla,6, Br4lla,6)0
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where, for 1-forms a,b on OM,
(a,b)o = — / Yo(@) Ad(b A w).
OM

It follows from this proposition that, given p € 93, with d*p = 0, our
linear boundary value problem is the Euler-Lagrange equation associated
to the functional on A given by

(3.10) —[lda|* + {alla,6, alla,e)o — (o, ).

Proof. — We give a derivation of Proposition 3.8 although we will not
use the result, so this is a digression from our main path. First, one can
check that (-,-)s is symmetric, so by polarisation it suffices to prove the
formula for $14 = a14. As before, choose a7 so that o = a4 + 7 vanishes
on the boundary. It follows then by integration by parts that

(@, a1)q = (a, Lag) =0

and
(o, a14)g = (@, Lara) = (a4, Laia).
Thus
(aus, a7)q = —(ar,a7)q
and

(14, 14) @ = (@14, Lais) + (a7, a7)q.

Let v be the vector field on M such that ay = i,(¢) and let S : A3 — A3
be the bundle map equal to %,—1—1, —1 on the factors A3, A2 A3, respec-
tively. Thus by (2.8) the first variation of ©(¢) for a variation d¢ in ¢ is
*S(0¢). Take 0¢ = day = L, ¢, so that by diffeomorphism invariance of the
constructions xS (dar) = L, (x¢) = di,(*¢). Now

<O[7, 047>Q = <d047, S(da7)> = /M dar A d(Zv(*gb))7

and we can write this as a boundary integral

/ ar A d(iy * @).
oM

On the boundary the assumption that (a7 + a14)|oar = 0 implies that v is
tangential to OM. Then

iy (x0) = %iv(uﬁ) =—-aAw,

where a = —i,(w). Thus, on the boundary ay = —a A v* — xg(a) and
a14lom = xe(a), so a = aq4llo,¢ and the boundary term is the integral of
—x6(a) Ad(a Aw) as required. O
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Remarks 3.9.

e The ellipticity of our boundary value problem depends crucially on

the factor 2 appearing in the decomposition of A3, in Lemma 3.1;
more precisely that this factor is not +1. By contrast there is a
similar-looking boundary value problem for forms in Q2 which is
not elliptic. For this we consider the equation Ay = 0 for v € 2
with boundary condition, in the obvious notation, d*y|gy = 0 and
Y|la,1 = 0. Under the identification between 22 and Q! the solutions
correspond to 1-forms n on M with d7n = 0,d*n = 0 and with
i,(n) = 0 on OM. This is the gauge-fixed, abelian, “Gs-instanton”
equation and the space of solutions is infinite-dimensional.

By standard theory, there is a complete set of eigenfunctions as-
sociated to our problem i.e. solutions of —Aa = A« satisfying
(BC). The spectrum is discrete and bounded above so there are
only finitely many positive eigenvalues. This 1-sided boundedness
can be seen by considering the 1-parameter family of product met-
rics on M x S with the length of the S'-factor equal to , lying in
the interval [27, 47] say. We consider sections of the bundle 7*(A%,)
lifted by the projection 7 : M x S' — M. There is an obvious way
to lift the boundary conditions (BC) to M x S and we consider
the operator

d

2
—Aprxst = Ay + <d€) ;

with these lifted boundary conditions. The same discussion as be-
fore shows that this is an elliptic boundary value problem. The
crucial fact is that the eigenvalues of the symbol ¥ in the proof of
Lemma 3.6 have modulus less than 2. If the spectrum of our origi-
nal problem is not bounded above there are eigenfunctions a; with
eigenvalues \; — co. For all large ¢ we can choose parameter values
#; such that v/A; =0 mod &; Then the sections

& = o cos(v/\ib)

satisfy Aprxst@; = 0, and this plainly contradicts the elliptic es-
timate on M x S', which holds uniformly for parameter values
K € [2m, 4m].
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4. The nonlinear problem
4.1. Gauge fixing

So far in this paper the connection between the linear theory and the
deformations of Gio-structures has only been made at a formal level. We now
correct this and develop the full nonlinear theory. There are two aspects
to the nonlinearity, the first involving the action of the diffeomorphism
group and the second involving the nonlinear nature of the torsion-free
condition. For the first, happily, we are able to refer to the careful treatment
of Fine, Lotay and Singer in [6]. This treats a 4-dimensional problem, but
the proofs, extending the well-known results of Ebin for closed manifolds,
go over immediately to our situation.

The standard approach to constructing a slice for the action of the dif-
feomorphism group on some space of tensors is to consider, at a tensor T,
the variations 7 which are L? orthogonal to the Lie derivatives L,7, for
all vector fields 7. Under the identification of tangent vectors with A2 the
Lie derivatives of the closed 3-form ¢ are the image of d : Q2 — Q3. So
in our case the standard slice for the diffeomorphism group action is given
by variations §¢ with m7(d*(d¢)) = 0, where 77 is the projection to A2. As
usual, it is convenient to work with Banach spaces and following [6] we will
use Sobolev spaces, although Hélder spaces would work just as well. We fix
some suitably large s, say s = 5, and consider the set of maps from M to M
which are equal to the identity on the boundary and with s+ 1 derivatives
in L2. Such maps are C' and it makes sense to consider diffeomorphisms
of this class. These diffeomorphisms form a topological group and we de-
fine G5t to be the identity component of these L2, diffeomorphisms. The
group G5t acts on the space of L? 3-forms on M. With our choice of the
Sobolev index s these forms are also C'. In particular the notion of positive
3-form makes sense. For § > 0 let

Ss ={o+x:lIxllzz <0, mrd*x = 0}.

PROPOSITION 4.1. — There are constants €,d > 0 such that for every
3-form ¢ with |[¢ — ¢||2 < € there is a unique diffeomorphism f € G5t!

such that f*(¢) lies in S;.

The statement is modelled on Theorem 2.1 of [6] and the proof is essen-
tially the same so we do not go into it in detail here. However we do want
to recall the linear result which underpins the proof.
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LEMMA 4.2. — For any o € Q2 there is a unique v = I'(0) € Q2% with
Ylloar = 0 and wyd*dy = 0. The map T’ extends to a bounded map from
L3 | toL2,,.

Proof. — 1t is easy to check that m7d*d is a self-adjoint elliptic operator
on Q2. Thus by the standard theory it suffices to show uniqueness, in other
words that for v € Q2 if m7d*dy = 0 and 7||gar = 0 then v = 0. Integrating
by parts, the conditions imply that dy = 0. Using the identification of A2
with tangent vectors, v corresponds to a vector field v, vanishing on the
boundary of M, with L,(¢) = 0. This implies that v is a Killing field for the
metric g4 and it is a simple fact from Riemannian geometry that vanishing
on the boundary forces v to vanish everywhere. g

The set of closed 3-forms in a given enhancement class is preserved by
the diffeomorphism group G. Thus we immediately get from Proposition 3.8
a model for a neighbourhood in Q. Define

T = {da:ac Q*(M), alpy = 0, 7zd*da = 0},

and let T be the L2 completion of T Let P be the L7 version of P, in an
obvious sense, and QZ be the quotient by G**! Then Proposition 3.8 implies
that for suitable small § > 0 the map x — ¢+ x induces a homeomorphism
from the ball {x € T : [[x|[z2 < 6} to a neighbourhood of [¢] € Q3. Slightly
more generally, if a 3-form ¢; is sufficiently close to ¢ in L? norm and if
p1 is the corresponding enhancement class, the map x — ¢1 + x induces
a homeomorphism from this same ball in Ts to a neighbourhood of [¢;]
in le.

It follows immediately from Lemma 4.2 that the natural map from T to
T Q is an isomorphism. Define a vector space

B={a=ar+a € Q*(M): a4 € A, aloy =0, mrd*da = 0}.

The map « — 14 induces a map p : B —+ A and Lemma 4.2 implies that
this is an isomorphism. To spell this out, it is clear from the decomposition
of the forms on the boundary that we can choose a smooth bundle map
7 : A2, — AZ supported in a neighbourhood of the boundary, such that
for all B € O3, we have 8+ 7(83)|aar = 0. Now for a4 € A define

(41) F(0114) = 14 + 7(0414) — F(7T7d*d(0514 + T(OZ14)).

Then F maps to B and is the inverse to p. It is clear from the formula that
this extends to an isomorphism (of topological vector spaces) F': Asy1 —
Bgy1 where Bgyg is the Lg 11 completion of B. Now the exterior derivative
induces a map from B to T and it follows from Proposition 3.2 and the
above-noted isomorphism of 7" and T'Q that this is an isomorphism and
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also for the corresponding Sobolev versions. Putting all this together we
have the following result.

PROPOSITION 4.3. — There is a ¢’ > 0 such that, if ¢1 is sufficiently
close to ¢ in L2, the map o — ¢1 +dF () induces a homeomorphism from
the ball in Agi1: {o € Agyy - Hoz||L§+1 < ¢’} to a neighbourhood of [¢1] in
Q3 where p is the enhanced boundary value determined by ¢1.

4.2. A Fredholm equation

We want to represent the solutions of our boundary value problem, for
given data p, as the zeros of a Fredholm map. Recall that for a € Q2(M)
we defined W (a) = %45dO(¢ + da). In our description from Proposition 4.3
of a neighbourhood in Q3 the torsion-free equation is W(F'(a)) = 0, for
small & € A;11. The complication is that for general a the term W (F(«))

lies in the subspace *¢Qi’4q§ where ¢ = ¢ + dF(a) and this space also

depends on ¢. We use a projection construction to get around this, which
essentially amounts to constructing a local trivialisation of the cotangent
bundle of Q3.

For any a as above, write 0 = W(F(a)) = *4dé. Then d*o = 0 and o
is a section of the bundle *¢A?47$. Let 0 = 07 4+ 014. By our Hodge theory
result, Proposition 2.2, there is a unique n € Q! orthogonal to H' solving
the equation d*dn = d*o7 with n|gar = 0. Now recall (as in the proof of

Proposition 3.2) that d*d = %d*dm on Q. Thus
3
d*014 = —d*0'7 = —id*d1477.
Set 614 = 014 + %d1477, so G14 lies in Q2 and satisfies d*G14 = 0.

LEMMA 4.4. — There is a 6" > 0 such that if ”a”L2+1 < ¢" theno =0
if and only if 514 = 0.

Proof. — We know that o is a section of the bundle *¢Ai’4 I When
® = ¢ this is exactly the bundle A3, Tf ¢ is close to ¢ in C° we can use the

standard graph construction. There is a bundle map
2 2
Szt Ay — A7

such that elements of *¢A‘;’4 5 are of the form 714 + S(£714. If o is small in

L2,y then Sj is small in L2. Tn the preceding discussion, we have o7 =
5(5014 SO
lozllrz < ellovallrz,
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for k < s —1, where we can make € as small as we please by taking « small
in L? +1- On the other hand, the elliptic estimates for the boundary value
problem give
lduanlz < Cllorll 2.

The Lemma follows by choosing §” such that 2Ce < 1. O

Write 614 = I15(0). The conclusion of Proposition 4.3 and Lemma 4.4 is
that the solutions of the torsion free equation in a neighbourhood of [¢] in
Q correspond to the zeros of a map F defined by

(4.2) Fla) =TI; (W(6+dFa)).
This map F takes values in the space A’ = {a € 93, : d*a = 0}. Write

Al _, for the L2_; completion.

PRrROPOSITION 4.5. — F extends to a smooth Fredholm map of index
0 from a neighbourhood of the origin in Asy1 to AL_,. The derivative at
a=0is —A:Agy — AL,

Proof. — The proof is straightforward, given Theorem 3.5. We compute
the derivative formally:

W(F(a)) = L(F(a)) + O(a?),
(by definition of the linearised operator L);
L(F(a)) = L(a),
(since F(a) differs from a by a term in Q2 and L vanishes on Q2);
L(a) = —Aq,

(by the discussion in Section 3). Clearly the derivative of the projection
term II; at o = 0 is the identity on 02,. Now one can check that these
calculations are compatible with the Sobolev structures.

We know that A is self-adjoint on A so the index is zero and the cokernel
can be identified with the kernel. This kernel is

Ho=ANH={aecQ}, :d"a=0,Aa=0,afss =0},

and the isomorphism from A to T'Q takes Hy4 to the space Hy defined
in (3.2). O
This proposition achieves our goal of representing the solutions of the
torsion-free equation in Qf‘) as the zeros of a Fredholm map. By standard
elliptic regularity any L2 41 solution is smooth.
To complete the discussion, we consider varying the boundary data p.
Let 6 be a closed 3-form on M which is small in L2, so that ¢ + 6 is a

59
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closed positive 3-form on M which defines perturbed enhanced boundary
data p(6). By Proposition 4.3, the map

a— ¢+ 0+ dF(a)

gives a homeomorphism from the 6”-ball in A°*! to a neighbourhood of
[¢ + 6] in Qsy. In this neighbourhood the solutions of the torsion-free
equation correspond to the zeros of a perturbed map

Fola) =115 (W(¢p+ 0 +dFa)),

where ¢ = ¢ + 0 + dF(a). This is a smooth map in the two variables
0 € kerd N L2, o € Agy1, taking values in A,_;. Thus we can apply stan-
dard theory to study the solutions of the torsion-free equation for nearby
boundary data. In particular we have by the implicit function theorem:

THEOREM 4.6. — If the vector space Hy is zero then for smooth § which
are sufficiently small in L? there is a unique solution of the torsion-free
equation in Q) close to p + 0.

More generally, if Hy is not zero the standard theory of Fredholm maps
gives a finite-dimensional “Kuranishi model” for the solutions of the torsion-
free equation.

This discussion of the local structure in Q; can be extended to the
Hitchin functional. We define a quadratic form on A by

(4.3) gs(e) = —(a, Aar).

So the eigenvalues associated to our boundary value, which we discussed in
Section 3, are the eigenvalues of the quadratic form g4 relative to the L?
form. Standard theory (as described in [3, Proposition 2.5], for example)
gives a diffeomorphism from one neighbourhood of the origin in A1 to
another which takes the Hitchin functional to a sum foxw + %q¢, where f
is a real-valued function on Hy and 7 : A1 — Hy is L? projection.

We emphasise that the crucial difference in this case of manifolds with
boundary, compared with the closed case, is that the quadratic form ¢4
is not manifestly negative definite due to the boundary term in Proposi-
tion 3.8.

5. Examples and questions

We have seen that the deformation theory for our boundary value prob-
lem is governed by a finite-dimensional vector space

_ {da:alay =0, L(a) = 0}
{daz s azlop =0}

Hy
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Now we define another vector space
~ {daz rar € B(M)} N {da: o € D*(M), a|par = 0}
{da : ar|anr = 0} '

(5.1) Ky

There is an obvious map E : K, — H, arising from the fact that L(cr)
vanishes for any a; € Q2 and it also obvious that this map F is injective.
Next recall that we have a decomposition of forms on the boundary

2*(0M) = Q2% @ 057 @ 037,
and write
2,0 2,0 2,0
Q77 =Q7" @ Q7.
Thus the forms in Q?’a are exactly the restrictions to the boundary of forms
in Q%(M). We define

Vy = {0 Q2?40 =0},
and
Wy = {ar € Q3(M) : day = 0}.
So there is a restriction map
t: Wy — Vg

The space W, corresponds to the vector fields on M preserving ¢ (which
are Killing fields for the metric) and, as we have noted in the proof of
Lemma 4.4, the map ¢ is an injection.

The exact sequence of the pair (M, 9M) gives a co-boundary map from
H?(OM) to H3(M,dM). Since an element of V,, defines a class in H2(0M)
we have a map, which we denote by

p:Vy— H3(M,0M).
PROPOSITION 5.1. — There is an isomorphism
K4 = kerp/(kerpnIme).

Proof. — For simplicity, we just prove that if the right hand side is zero
then so also is K, (which is what we will use). So suppose that we have
a pair «, oy representing a class in K, (i.e. da = day and alp=p). Thus
the restriction of a7 to the boundary is a 2-form, 6 say, in V. Recall that
in general the definition of the boundary map is that we extend 6 to some
2-form © over M and take the cohomology class of d® in H3(M,dM). In
our case we can take © = a7 and the fact that daz = da with a|y = 0
says exactly that p(f) = 0. So by assumption 6 lies in the image of ¢, say
0 = (a7). But now we can replace a7 by ay — a7, representing the same
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class in K. Thus we may as well suppose that a7 restricts to zero on the
boundary, which means that the class in Ky is zero. g

THEOREM 5.2. — Suppose that M is a domain with smooth boundary
in a closed manifold with torsion-free G5 structure (M ¥, ™) and that ¢ is
the restriction of ¢*. Then E : Ky — H, is an isomorphism.

As we mentioned before, injectivity is trivial so we have to prove that
the map is surjective. The proof is simply to extend deformations from M
to M7 and then apply the standard theory on the closed manifold. The
only complication is that we have to work with forms that are not smooth.

Let a € Q?(M) represent a class in Hy, so alpy = 0 and L(a) = 0. The
first step is to show that we can suppose thata satisfies the stronger condi-
tion a|lgpr = 0. Indeed suppose that in a normal product neighbourhood,
with normal coordinate t,

o = atdt + bt,

where a;, by are t-dependent forms on OM. The hypothesis is that by = 0.
Let € be the 1-form tag in this product neighbourhood, extended smoothly
over M. Then de = tdagt — apdt and o/ = « + de satisfies o'||spr = 0. Since
o represents the same class in Hy we may as well suppose that a|[gar = 0.

Next let o be the 2-form on M* equal to o on M and extended by
zero over the complement. This extension is not smooth but it is Lipschitz,
so a € LY(M™) for all p. We apply the standard theory, as sketched in
Section 2, to a. Thus we solve the equation An = d*a;,. The Lipschitz
condition means that d*a;, has no distributional component and standard
elliptic theory gives n € LE(M™) for all p. We find a harmonic form hi4
on M™ such that 14 = ay4 — d1am + hi4 is orthogonal to the harmonic
space. Then by construction d*@&14 = 0. Now we bring in the hypothesis
that L(a) = 0. Taking the inner product with « this implies that Q(«) = 0
(since the relevant boundary term vanishes). The arguments for smooth
forms all extend to LY forms, and we deduce that Q(&14) = 0. But since
d*@14 = 0 we have Q(A14) = ||da14]|* so dajs = 0 and hence ay4 is
harmonic. But this means that &i4 vanishes, since it was chosen to be
orthogonal to the harmonic forms.

Then

da = d(a; + ay4 +drn + dian + k) = d(ar)

with &7 = a; + d7n. If we know that & is smooth on the manifold-with-
boundary M, then we have shown that the pair «, &7 represents a class in
K4 mapping by E to the given class in Hy, thus completing the proof of
the theorem. This smoothness follows from the following Lemma.
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LEMMA 5.3. — Suppose a7 is an L} section of A2 over M™ such that
déay is smooth up to the boundary on M. Then &7 is also smooth up to
the boundary on M.

Proof. — Let D be the operator d : Q%j — Q3(0M). This is an overde-
termined elliptic operator, so if 6 lies in some Sobolev space on OM and D@
is smooth on OM then 6 is also smooth. We apply this to the restriction of
a7 to OM. This lies a priori in a Sobolev space Lfﬁl/p
it is a smooth form on @M. The relation between d* and d; on Q2 shows
that d*ay is also smooth up to the boundary on M. So the same is true of

Adr. Thus a7 solves an elliptic boundary value problem

but now we see that

B - .-
Adar =p, arlom =0, d'arlom =T,

with p smooth up to the boundary on M and o, 7 smooth on 9M. It follows
by elliptic regularity that &7 is smooth up to the boundary on M. |

The example discussed in [5] is an annular region in R” which can be
embedded in a compact torus, so Theorem 5.2 applies. In that example
K is not zero, so the same is true of Hy and the deformation problem is
obstructed.

In a similar vein we have

PROPOSITION 5.4. — For (M,¢) C (M*,¢") as in Theorem 5.2 the
quadratic form q4 Is negative semi-definite.

This is essentially the same (in slightly different language) as [5, Propo-
sition 1].
These results raise the following questions.

QUESTION 5.5. — Is it true that for all (M, ¢) we have Hy = K47

QUESTION 5.6. — Is it true that for all (M, ¢) the form g4 is negative
semi-definite?

The author has spent some effort attempting to answer these questions,
without success. By the same argument as in [5, Proposition 1] an equiva-
lent form of Question 5.6 is to ask whether the inequality

[dazaiall = ||d7ayll

holds for all compactly supported a4 € Q3.

The equation DO = 0 (in the notation of Lemma 5.3) is highly overde-
termined, so one expects that typically the space Vy is 0, and hence also
K. If the answer to Question 5.5 above is affirmative it would follow that
in most situations the space Hy is zero i.e. that the same three facts for the
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closed manifold theory reviewed in the introduction hold for the boundary
value problem, in most situations.

Leaving aside this question aside: Theorem 5.2 and Proposition 5.1 can be
used to supply examples where Hy vanishes. We will just consider one class
of examples here. Let N be a closed Calabi-Yau 3-fold i.e. a complex 3-fold
with Kéhler form w and holomorphic 3-form © such that w and p = Im(©)
are equivalent to the standard model (2.2) at each point. For L > 0 let M|,
be the manifold with boundary N x [0, L] with 3-form ¢ = wdt + p.

LEMMA 5.7. — For this ¢ on My, we have Hy = 0.

Proof. — We can embed M7, in a closed manifold M x S so Theorem 5.2
applies. Thus we have to identify the space V, which is the sum of two copies
of the kernel ker D of the operator D on N. Taking cohomology we have
amap h : ker D — H?(N) and it follows from the Hodge decomposition
that the image of this is V = R[w] + Hg’ where Hy° denotes the real
part of complex cohomology. We claim that h is injective, so that ker D is
isomorphic to V. Suppose that 6 lies in the kernel of h, so § = dn for some
1-form n on N. In other words the component of dy in A(l)’1 vanishes. The
Hodge-Riemann bilinear relations give that

dn Adn Aw = (2|din]* + |den|?) vols,

(where d; denotes the component in Rw and dg the component in A%’O).
So we have, by Stokes theorem,

0= / dy A dy Aw = 2]dy]l? + [dan]?.
N

Hence dn = 0 and the claim is proved.

We now have Vy = V © V with one copy of V' for each boundary
component. In this case H*(M0M;) = H*(N) and the map p : Vy —
HS(MLﬁML) is

p(01,02) = 61 — 0s.

So the kernel of p is the diagonal copy of V in V & V. On the other hand
it is clear that the space Wy is isomorphic to V' and that + maps on to the
diagonal so we see from Proposition 5.1 that Ky = 0. g

We can apply our main result to get an existence theorem for defor-
mations of these product manifolds. To state this we need to pin down
the choice of enhancement data. Recall that the space of enhancements is
an affine space modelled on H3(M,dM) but with no canonical origin. In
our case we have H3(My,0Mp) = H?(N), as above. Fix 2-cycles o, in N
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representing a basis for Ho(N). Then for any 3-form ¢ on M}, we define

I, = / d)
04 X[0,L]

The collection of these integrals can be regarded as an element I(v¢) €
H?(N). This induces an identification between the enhancements of a given
boundary form and H?(N). Clearly I(¢r) = L{w].

THEOREM 5.8. — For L and (N, w, p) as above there is a neighbourhood
U of p in the space of closed forms on N (in the C* topology) and a
neighbourhood U’ of L{w] in H?(N) such that if pg, pr, are in U and define
the same cohomology class in H3(N) and v is in U’ then there is a torsion
free Gy-structure ¢ on My, which restricts to pg, pr on the two boundary
components and with I(¢) = v.

Of course there is also a uniqueness statement, for solutions close to ¢r..
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