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Abstract

This thesis focuses on the approximate message passing (AMP) based al-
gorithms for solving compressed sensing problems and provides corresponding

modifications and state evolution analyses based on the following situations.

We consider the correlated distributed compressed sensing (C-DCS) model,
in which multiple measurement instances are included. This model allows cor-
relation between measurement matrices and signals across different measure-
ment instances. We modified the AMP algorithm for the C-DCS model such
that it can handle correlated matrices and correlated signals. Correctness
justification is provided for our proposed algorithm for two special cases: dis-
tributed compressed sensing (DCS) and multiple measurement vectors (MMV)
models. Simulations show that the empirical results almost perfectly match

the theoretical predictions achieved by state evolution.

We consider a practical signal transmission /receiving application with fixed
energy budget and assume that the thermal noise is the dominant noise source.
Under such conditions, we observe that the overall signal-to-noise ratio (SNR)
per measurement decreases quadratically with the increase of the number of
measurements. By applying the AMP algorithm and state evolution analysis,
we are able to provide an optimal number of measurements to minimize the

mean squared error of the estimate which is different from the common wisdom



where more measurements often mean a better performance. Numerical results
justify the correctness of our analysis.

The performance of AMP may severely deteriorate when the measurement
matrix is not a standard Gaussian random matrix. We propose an improved
AMP (IAMP) algorithm that works better for non i.i.d. Gaussian random
matrices when the correlations between elements of the measurement matrix
deviate from those of the standard Gaussian. The derivation is based on a
modification of the message passing mechanism that removes the conditional
independence assumption. Examples are provided to demonstrate the per-
formance improvement of IAMP where both a particularly designed matrix

and a matrix from real applications are used.
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Chapter 1

Introduction

1.1 Motivation of Compressed Sensing

In the traditional digital signal processing field, the Nyquist sampling theorem
plays as the fundamental role which says in order to capture all the information
of a finite bandwidth continuous-time signal, the minimum sampling rate must
at least twice (x2) the highest frequency component of the continuous-time
signal. Otherwise, aliasing will occur when converting the digital sequence back
to the continuous-time domain. Similarly, in linear algebra, the fundamental
rule tells us that at least n independent measurements is required in order to
ensure the reconstruction of an n-dimensional signal. Otherwise, the solution
is not unique. These principles underlie most devices of current technology,
such as analogue to digital conversion and medical imaging processing [2].
Compressed sensing (CS) is a novel theory which was introduced in [3, 4],
providing a new data acquisition approach which breaks the limitations of
above principles under the assumption that the original signal has a sparse

representation in some transform domain.
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Traditional compression techniques such as JPEG and MP3, firstly, require
a fully sampled sequence, then approximate the signal by only storing a small
set of the largest basis coefficients (e.g. in Fourier domain or Wavelet domain)
while setting other basis coefficients to zero. Ignoring small basis coefficients
will lose some information, but the compressed signal is still a good approxima-
tion of the original signal with a significantly reduced file size. The drawback
is that the fully sampled sequence should obey the Nyquist sampling theorem
in order to acquire full information which is sometimes a costly and difficult
measurement procedure. But at the same time, a lot of the (negligible) in-
formation will eventually be thrown away in the latter compression process,
this seems to be a waste of resources [2]. CS, alternatively, directly embeds
the compression process in the sampling stage by using a small number of

measurements to acquire the maximum amount of information from the signal

[5].

1.2 Mathematical Model of Compressed Sens-

ing

In CS, the problem is usually mathematically represented by the following
linear system:

y=®a+ w, (1.2.1)

where y € R™ represents the observation, ® € R™*" (m < n) denotes the
sensing matrix, a € R" is the unknown signal and w € R™ is the additive

noise. In addition, the signal ¢ is assumed to have a sparse representation in
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certain basis W, mathematically say

a=Yzx,

where x € R" is the S-sparse representation of « in the basis of ¥ € R™*",
We call a signal S-sparse when at most S (< n) of its coefficients are non-zero,
ie.

]y < 5,

where ||-||, denotes the {y-pseudo norm which counts the number of non-zero el-
ements of . The sparse representation assumption is reasonable because a lot
of natural signals and synthetic signals inherently have sparse representations
[6, 2], such as electrocardiogram (ECG) signals [7, 8], audio/music signals [9]
as well as image/video signals [10]. The corresponding basis might be discrete
Fourier transform (DFT) matrices, discrete cosines transform (DCT) matrices,
discrete sines transform (DST) matrices, Haar transform matrices or discrete

wavelet transform (DWT) matrices, to name a few.

Let A := ®W, one can rewrite (1.2.1) as

y= Az +w. (1.2.2)

In the rest of the thesis, the problem formula and analysis mainly focus on

(1.2.2). See Fig 1.2.1 for the intuitive representation.

The initial attempt to solve (1.2.2) for the noise free case is via fp-minimization:

min, ||z, s.t. Az =1y,



28 CHAPTER 1. INTRODUCTION

Figure 1.2.1: Sparse representation (without noise). y represents the observa-
tion, @ is the sensing matrix, & denotes the sparse representation in the basis
¥ and the sparsity S = 6.
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which, unfortunately, is an NP-hard problem thus there is no computation-
ally tractable algorithm currently exist to efficiently solve it. Alternative ap-
proaches should be tried either by relaxing the problem or seeking an approx-

imate answer.

1.3 Algorithms for Sparse Recovery

A number of reconstruction algorithms have been proposed during the recent
decades especially after [3, 4, 11] had been published around 2005. Most of
these algorithms can be categorized into three major classes as follows. (A

more detailed classification can be found in [5].)

1. Convex Relaxation

Algorithms in this class treat the reconstruction task as a convex op-
timization problem through linear programming (LP) [12] or quadratic
programming (QP) by replacing the ¢y-norm with the ¢;-norm. The rep-
resentative algorithms include basis pursuit (BP), BP denoising (BPDN)
[13] and least absolute shrinkage and selection operator (LASSO) [14]

and their corresponding mathematical formulas are

BP mmin, ||z||, s.t. Az =y,
BPDN :min, ||z|, s.t. [|[Az —y|3 <e.,

1
LASSO :ming_ ||y — Azl st. |z|, < S,

where €, is a small positive value and S represents the number of non-
zero elements of x. BP is suitable for noise free case while BPDN and

LASSO are suitable for the noisy case. BPDN and LASSO are equivalent
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problems (for certain corresponding values of S and A) both of which can

be solved via
1
BPDN/LASSO : min, ly — Az|5 + Xz, (1.3.1)

where A is a penalty parameter which controls the trade-off between

reconstruction fidelity and the sparsity level.

Other algorithms include least angle regression (LARS) [15] and Dantzig
selector [16], to name a few. The estimation performance achieved
through convex optimization usually is quite good (e.g. few measure-
ments required and low mean squared error (MSE)) at the cost of a
relatively high computational complexity compared with greedy algo-

rithms.

. Greedy Algorithms

As its name, greedy algorithms solve the reconstruction problem iter-
ation by iteration. At each iteration, a local optimum is achieved by
minimizing a least squared error problem related with observation y and
the information of selected columns of A will be updated for the next
iteration. The process will continue until meeting some stopping criteria,
such as the maximum number of iterations, or the MSE of the current
estimation has already been smaller than a required value. Most greedy
algorithms are easy to implement and have low computational complexity
for each iteration, thus usually provide high speed reconstruction. The
representative algorithms include orthogonal matching pursuit (OMP)

[17], regularized OMP [18], stagewise OMP (StOMP) [19], subspace pur-
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suit (SP) [20], compressive sampling matching pursuit (CoSaMP) [21]
and gradient pursuits [22], etc. Unfortunately, in most situations, the
greedy algorithms will not provide a globally optimal solution because

the greedy choices are made based on a local criterion.

3. Iterative Thresholding Algorithms

In some articles, the iterative thresholding algorithms are considered as
a sub-category of greedy algorithms. Here we list these algorithms sepa-
rately from above because these iterative thresholding algorithms usually
do not need to update the information of selected columns of A. Instead,
they estimate the signal through a noise corrupted version by soft or
hard thresholding functions [23, 24]. In addition, the accelerated itera-
tive thresholding algorithms such as fast iterative shrinkage-thresholding
algorithm (FISTA) [25] and Nesterov [26] are eventually fast convex op-

timization solvers for the LASSO problem [27].

Recently, a new proposed algorithm which is called approximate message pass-
ing (AMP) [1, 28] has triggered a lot of attention in the CS field. It has a very
similar structure as iterative soft-thresholding (IST) algorithm but with an

additional term to the residual part at each iteration:

IST :z't! = (ATrt + :vt> :
,rt—i-l =y — A$t+1,
AMP '™ =p (AT'rt + :ct) :

Pl =y — Azt 4 (15 <77/ (ATTt + wt)>,rt’
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Comparison of Different Algorithms

1 T T T T T T T T

ST

0.9

— AMP

0.8F 2

Figure 1.3.1: Phase transition curves of IST (with non-optimally tuned thresh-
old value), ¢; minimization and AMP algorithms [1]

where 7 (-) is an element-wise operator (e.g. a soft-thresholding function),
§ = ™ > 0 is the undersampling ratio (m is the number of measurements and
n is the dimension of '), and r*! represents the residual and the additional

term

<77’ (AT'rt + wt>> r (1.3.2)

ST

is usually referred to as the Onsager term.

Here we give a short description of the effect of the Onsager term. We start
with the IST algorithm. The input of the n (&) function can be decoupled
into the superposition of the ground truth signal & and the equivalent noise

w? (see Chapter 2 for the derivation):

w! = (ATA — I) (w — wt) + ATw. (1.3.3)
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By assuming the terms of (ATA -1 ), (x — x') and ATw are mutually inde-
pendent and the elements of each of them are i.i.d. (or approximately i.i.d.),
the statistics of w! can be easily and well estimated. The problem of IST
is that after the first iteration, the terms of (ATA -1 ) and (x — ') will
be dependent (the estimation of @' depends on A) and this correlation can-
not be ignored [29]. Thus, the statistics of w’ obtained based on (1.3.3) and
the aforementioned independence assumption are no longer precise. In this
situation, the threshold value of the soft-thresholding function 7 (-) of IST is
not optimally tuned, which affects the performance. On the other hand, the
Onsager term of AMP plays the critical role which can asymptotically cancel
these correlations, keeping that mutual independence assumption valid across
iterations. It is proved in [1, 28] that for i.i.d Gaussian measurement matri-
ces by adding this Onsager term, the performance of AMP dramatically out-
performed IST (with non-optimally tuned threshold value) via substantially
improving the sparsity-undersampling trade-off (the phase transition curve)
see Fig 1.3.1 for illustration. For the optimally tuned IST algorithm, which
provably solves the LASSO problem as discussed in [27], should have the same
sparsity-undersampling trade-off of AMP but with a significantly larger num-
ber of iterations to achieve convergence. (Notice: the sparsity-undersampling
trade-off or the phase transition curve of an algorithm describes the rela-
tionship between the undersampling ratio ¢ and the normalized sparsity level
p = % It provides the information that for a given sparsity level, the min-
imum number of measurements required in order to successfully reconstruct
the signal with high probability. The theoretical results for AMP are for the
linear sparsity, constant undersampling ratio regime (i.e. S = O(n)), whereas

the original compressed sensing papers assume a sub-linear sparsity regime
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(i.e. S =o0(n)). A detailed explanation of the phase transition curve will be

given in Chapter 2.)

The advantage of AMP algorithm is that the sparsity-undersampling trade-
off (the phase transition curve) achieved for the i.i.d Gaussian matrices match-
ing the theoretical curve of LP-based reconstruction, which is the best one
currently known [1]. At the same time, AMP is an iterative algorithm which
has low computational complexity per iteration and fast convergence speed
with i.i.d. Gaussian matrices. Moreover, the performance of AMP algorithm
can be predicted via a simple scalar iteration which is called state evolution
(SE) rather than restricted isometry property (RIP) (listed below). AMP is
essentially suitable for large-scale applications which traditional LP-based al-

gorithms may have difficulty to handle.

One drawback of AMP algorithm is that it is designed for a specific class
of measurement matrices (i.i.d. Gaussian/sub-Gaussian). The performance
of AMP may severely deteriorate if the measurement matrix is significantly
different from the standard Gaussian random matrix, whereas convex opti-
mization based algorithms such as (optimally tuned) IST/FISTA work with

general matrices.

A bunch of AMP related algorithms have been proposed after the first AMP
paper [1] had been published since 2009. Typical ones of the modified AMP
algorithms include generalized AMP (GAMP) [30], swept AMP (SwAMP) [31]
expectation-maximization Gaussian-mixture AMP (EM-GM-AMP) [32], com-
plex AMP (CAMP) [33] and vector AMP (VAMP) [34], etc. The performance
of AMP has been rigorously analysed in [29] in the limit for large dimensions
and in [35] for large but finite dimensions. The applications directly related

with AMP analysis include sparse superposition codes [36] and spatial coupling
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37, 38.

1.4 Restricted Isometry Property

The reconstruction performances of CS algorithms largely depend on the struc-
ture of the measurement matrix A. The most popular tool used for judging
whether the current matrix A is a good choice for CS problems is called re-
stricted isometry property (RIP), which was first introduced in [3] to analyse

the stability and recoverability of CS [39].

Definition 1.4.1 (Restricted Isometry Property [3]). The matrix A has the
restricted isometry property (RIP) of order S if there exists a constant 0 <

ds < 1 such that

(1= ds) zll; < | Azl < (1+ds) |zl

A 2
14212 _ s

or (1 —dg) < 5
e

for all S-sparse vectors x.

In linear algebra, the RIP characterizes matrices which are nearly orthonor-
mal, at least when operating on sparse vectors and a smaller dg usually repre-
sents a better RIP for the current sparsity value S. The problem is that for a
given large matrix A, the RIP condition is usually difficult to check because
the computation of these constants (dg) is strongly NP-hard [40] and is hard
to approximate as well [41]. (It has been shown that for many random ma-
trices such as random Gaussian, Bernoulli and partial Fourier matrices, the
RIP condition is satisfied with high probability with number of measurements

nearly linear in the sparsity level [42].)
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1.5 Applications of Compressed Sensing

Due to the small amount of measurements required of CS and sparse represen-
tations of signals, it has lots of potential applications in various kinds of fields
include undersampling [1, 43], imaging and localization [44, 45, 46], sparse
learning [47] and denoising [48], to name a few. Some specific examples are as

follows:

1. Medical imaging such as ECG [49], magnetic resonance imaging (MRI)
[50, 51] and computerized tomography (CT) [52]. MRI scan requires the
patents to lie on a flat bed and keep as still as possible during the scan
which usually lasts 15 to 90 minutes [53]. The children and patients
suffer from attention deficit hyperactivity disorder (ADHD) may have
difficulty to meet the requirement of long time stillness. CT scan contains

x-ray radiation, reducing the scan time will reduce the radiation dosage

absorbed by the body.

2. Wireless sensor networks (WSNs) [54, 55]. Reducing the number of mea-
surements means reducing the energy consumption of wireless sensors for
both data acquisition and transmission. As most of the wireless sensors
are battery powered, it will further reduce the labour cost for battery

replacement.

3. Compressive radio detecting and ranging (RADAR) [56, 44]. The RADAR
systems designed based on CS framework can avoid the using of pulse
compression matched filter at the receiver thus simplify the hardware
design [44, 5]. Analysis and simulation results in [44, 57| demonstrate

that CS techniques can help to improve the resolution of the classical
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RADAR systems of which the resolution is restricted by transmitted

signal’s bandwidth and time-frequency uncertainty principles.

4. Machine learning such as multi-class classification [58] and feature se-
lection [59]. This kind of application requires the appropriate design of
matrix A in (1.2.2) based on the given training data set, and utilize the
inherent sparse property of the coefficient vector . Taking the clas-
sification problem as an example, one can separate the columns of A
into different classes by adding labels. When a new data y (e.g. an
image) comes in, by applying a proper CS algorithm, an estimate of x
will be achieved. By finding the largest magnitude of elements inside the

estimated signal, one is able to label the new data.

1.6 Main Contributions

This thesis focuses on AMP based algorithms and the main contributions are

as follows:

1. We extend the AMP algorithm to the correlated distributed compressed
sensing (C-DCS) cases, i.e. y, = Arxy + wy Vk € {1,2,..., K}. This
model can universally tackle the distributed compressed sensing (DCS),
multiple measurement vectors (MMYV) and the situations between these
two special cases. We consider the measurement matrices A;’s and un-
known signals a;’s have the same dimensions and allow correlations ex-
ist in both A,’s and x,’s across different measurement instances. By
grouping the correlated elements from different measurement instances

together to form the block signal and block matrix, we are able to explic-
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itly outline the matrices/signals correlation effects and apply SE tech-
nique to predict the reconstruction performance. Correctness justifica-
tions for the DCS and MMV cases are given. For the general cases, due
to the complexity and difficulty of applying the Gaussian conditional
lemma, the rigorous analysis is not provided but simulation results show

the probability of the correctness. Details are provided in Chapter 3.

. We consider a practical signal transmission/receiving application with

fixed energy budget such as radar/sonar. This kind of system can be
modelled by linear equations as (1.2.2) with the assumption that the
total energy can be allocated to signals is fixed and thermal noise is
the dominant noise source. Under this circumstances, the signal energy
per measurement decreases linearly and the noise energy per measure-
ment increases approximately linearly with the increase of the number of
measurements. Thus the signal-to-noise ratio (SNR) decreases quadrati-
cally with the number of measurements. By applying the state evolution
technique for AMP algorithm, we are able to find an optimal number
of measurements required to achieve the minimum mean squared error
(MMSE) metric. We consider three typical signal models: Gaussian,
Bernoulli-Gaussian (BG) and least-favourite (LF) distributions (with a
soft-thresholding estimator) in both real and complex domains. Our
analysis shows that for these signal models, the optimal under-sampling
ratio (measurement number divided by signal dimension) is always upper

bounded by 2. Details are provided in Chapter 4.

. We propose an improved AMP (IAMP) algorithm that can work better

for non i.i.d. Gaussian random matrices. The proposed algorithm is
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equivalent to AMP for standard Gaussian random matrices but provides
better recovery when the correlations between elements of the measure-
ment matrix deviate from the standard Gaussian random matrices. The
proposed algorithm is based on a new message passing mechanism with
all messages are computed at the variable nodes. Details are provided in

Chapter 5.

1.7 Organization of the Thesis

The rest of the thesis is organized as follows. In Chapter 2, we review the
background of AMP algorithm and recall the heuristic derivation of AMP
from a standard message passing algorithm. In Chapter 3, we discuss the
extended AMP algorithm for the C-DCS model. In Chapter 4, we apply SE
techniques for AMP algorithm to analyse the optimal number of measurements
required for a practical signal transmission/receiving application with fixed
energy budget. In Chapter 5, we discuss the IAMP algorithm. In the last
chapter, we give conclusions about the thesis and possible future research

work.
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Chapter 2

Approximate Message Passing

In this chapter, we briefly describe the background of the special algorithm
which is called AMP. Compared with other CS algorithms such as OMP [17],
SP [20] and CoSaMP [21], etc. whose performance guarantees are often based

on RIP condition, the performance of AMP algorithm is based on SE.
In order to make the chapter self-sufficient, we first review the required

information.

Consider the linear system
y= Az +w, (2.0.1)

where y € R™ denotes the vector of observations, A € R"*" is a Gaussian
random matrix with elements i.i.d drawn from distribution N (0, %), x e R"”
stands for the sparse unknown signal vector and w € R™ is the additive white
Gaussian noise (AWGN) with distribution N (0,02). In CS, m < n is usually
assumed such that (2.0.1) is an underdetermined linear system which cannot

be directly solved by the normal equation to achieve a unique solution. In

41
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addition, x is assumed to be S-sparse which means that x has at most S non-
zero components. The aim of CS is to find the sparest solution that satisfies

(2.0.1).

2.1 Overview of AMP

AMP is an iterative algorithm which can be simply described by the following
two equations with an initial guess £ = 0, at each iteration ¢, we estimate

't via

't =1 (ATrt + a:t) , (2.1.1)

rtl =gy — Axtt! 4 (15 <77’ (AT'rt + wt)> rt, (2.1.2)

where 7 (+) is the component-wise denoiser, 1’ (+) denotes the derivative of the

function 7 (-), AT is the transpose of matrix A, § := ™ and (v) = = 37" | v,
computes the average of v € R". The last term of (2.1.2) is usually referred

to as the Onsager term.

For the signal x, the elements are assumed to be i.i.d. drawn from an
unknown distribution p, (only the sparsity € = % is given). Denote the class of
these kinds of signals as F, we have p, € F.. In [1, 60] the soft-thresholding

function is selected as the estimator

-0 itz >0
gt = (j;f) =@ o it 7t < —6 (2.1.3)

0 otherwise
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where &' = ATr! + x' and the non-negative value ¢’ is the corresponding

threshold (will be talked about later). The corresponding derivative is

1 if |7 > 16",
0 (#) = (2.1.4)

0 otherwise.

Worst case analysis considers the following minimax problem

inf sup E [|x — :%ﬂ ,
T preFe

where # is the estimate of z. When the estimator (2.1.3) is applied, the

following least-favourite (LF) distribution is chosen [60],
PLr (:E) = gdsjcc:—oo + (1 - 6) 5£:0 + %6£=+oo7 (215)

where §7 is the Dirac delta function. The superscript / is used to distinguish
the delta function 4/ from the constant 4.

The soft-thresholding function with the LF distribution is a universal de-
noiser for different kinds of sparse signals, providing sub-optimal solutions for
distributions other than LF but with the same sparsity level. For other given
distributions, the 1 (-) function can be optimally designed as the MMSE esti-

mator which should outperform the soft-thresholding function.

2.2 Threshold Value: 6'

In [29, 60], a heuristic argument was presented to derive the specific form of

&' and 0'. The idea is to decouple the input of the 7 (-) function into the
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superposition of the original signal & and white Gaussian noise. Consider
three modifications at each iteration ¢: replace 1) the matrix A with a new
independent copy A (t), 2) the observation vector y with y* = A (t)x + w
and 3) the Onsager term in (2.1.2) with 0. The input of the 7 (-) function can

be written as

2 =A0)"r +a
=AW (v - A@M) ')+,
=AW Az +w-A@M)a') +a' +z -,

=x + w! (2.2.1)
which is the ground truth signal & plus an equivalent noise
w=(AWTA®) -TI)(z-a')+ AW w. (2.2.2)

By the central limit theorem and the assumption that A (¢)’s are indepen-
dent across t, (A t"A@)—T ) and (x — a') are always independent, thus
the equivalent noise w! is always approximately Gaussian and contains i.i.d.
components. Then the statistics (variance) of the equivalent noise w? can be

computed based on (2.2.2) which gives

(o!)" = (1$Errt + o2, (2.2.3)
where
Brr, = lim o o (2.2.4)



2.2. THRESHOLD VALUE: 45

represents the MSE of the previous estimation (! is achieved at the (t — 1)-th

iteration).

When the soft-thresholding function (2.1.3) is chosen as the estimator with

the corresponding LF distribution (2.1.5), Err; is computed via
2
Err, =M (e,oﬂ) (at_l) : (2.2.5)

where (02_1)2 is the variance of the equivalent noise at the previous iteration

(with initial value (¢°) = ”‘Z! ) and
of = arg min M (e, ) , (2.2.6)

acRy

M(e,a)=e(l+a?)+(1-e)[2(1+0a?) ®(-a) —20¢(a)], (227

where ¢ (z) is the standard Gaussian density and ® (x) = [* ¢ (¢) dt is the
corresponding cumulative distribution function. The optimal threshold for

current iteration ¢ is achieved by

0" = afol. (2.2.8)

AMP algorithm does not have independent copy of A (t) and new observa-
tion y' at each iteration, but with the efforts of the Onsager term in (2.1.2),
the Gaussianity of w! still holds. The Onsager term asymptotically cancels

the correlation between iterations.
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2.3 State Evolution and Phase Transition

SE describes the asymptotic performance of the AMP algorithm in the asymp-
totic region, in which m, n — oo and keep 6 — ™ as a constant. The per-
formance of the system can be described by a sequence {77},., with initial

condition 77 = 02 + E[X?] /§ ( X with a density function p,), for all £ > 0,

we have

T = F (77,0"), (2.3.1)

w?

F(72,0) = (15E (X +7Z;0) - X)*| + 0 (2.3.2)

where Z ~ N (0,1) is independent of X. More details about SE can be found
in [60] and the correctness of SE has been rigorously proved in [29].

The sequence {77}, can be calculated using (2.2.3) and (2.2.5). As long
as the sparsity level € is given, the value of af can be easily calculated via
(2.2.6) and M (e, oﬁ) becomes a constant. Assume AMP algorithm converges,
when ¢ — oo, the value of ¢! (or 7;) coverages to a steady state point and the
final MSE of the algorithm can be calculated. The SE technique is often used
to predict the asymptotic performance of the system even without applying
the AMP algorithm.

Let p = %, then € = po. AMP algorithm has a phase transition curve
shown as in Fig 2.3.1 which is achieved under the asymptotic assumption.
The curve represents the trade-off between sparsity level and under-sampling

ratio, separating the figure into two regions [1], in the noise free case:

e Region 1 (below the curve): in this region, F'(72,0) < 72 for all 72 €

(0,E (X?)]. When t — oo, 72 — 0: the SE converges to zero.
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Phase Transition Curve

1 T

p=S/m

| | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

5=m/n

Figure 2.3.1: Phase transition curve of AMP. Below the curve is region 1 where
we can successfully reconstruct the signal with high probability, above the
curve is region 2 where we cannot reconstruct the signal with high probability.

e Region 2 (above the curve): in this region, the SE will not converge to

Zero.

In the noisy case (with noise variance o2), the same curve exists but 772 will
converge to a non-zero value M.o2 /M (e,oﬂ) and the estimation error will

converge to M.o? where

M(e,o/r . .
W, m Reglon 1

M, = (2.3.3)

090, in Region 2

which is called the noise sensitivity. Interested readers can refer to [61] for

more details.
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2.4 A Heuristic Derivation from Message Pass-

ing
The authors of [29, 60] provide a heuristic derivation of AMP from the tra-
ditional message passing (MP) algorithm which contains the following two

iterative equations,

rttz—n‘ = Ya — Z Aasz'_m, (2.4.1)
JEm\i

f:la - T] ( Z Abzrb_n) ) (242)
be[m]\a

where subscript @ — i in (2.4.1) represents the message from the factor node
(contains information of observations) a € [m] to the variable node (contains
information of signals) ¢ € [n], and i — @ in (2.4.2) represents the message from
the variable node i to the factor node a, [n] .= {1,2,...,n} and [n]\i denotes
the set of [n] but without element 7. A direct calculation of MP based on (2.4.1)
and (2.4.2) will not be practical especially for large dimension systems as it
requires to update mn messages per iteration. The computational complexity

of MP is extremely high and approximation must be applied.

The right-hand side of (2.4.1) contains a summation over ©(n) messages.

For any fixed a, r._,, only depends on i as it excluded from the summation

%

S e Agixt Similarly, for any given 4, 2%} only depends on a. Thus we
jEmN\i “tajtj—a i—a

can set

rt —?" —|—Ara_n,t —:U—i—Ax

a—1 z—>a

(2.4.3)

1—a)

where Ar? |

; and Azl denote some small values O (m_l/ 2). Substituting
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(2.4.3) into (2.4.1) and (2.4.2) provides

7“2 + ATZ—M’ =Yy — Z Aaj (.Tz + Al’;_m> + Ag (»’Ef + Awﬁ—)a) )

J€ln]
o Axttl = ( > Ay (TZ + Arlt)—m‘) — Aai (TZ + ATZ—”)) '
be[m]

Recall that A, = O (m_l/ 2) by definition, it will be safe to drop the terms

AgAxt, and Ay Art .. (Note: the terms inside Y cannot be ignored). We

a a—1

have

rhH AT =ya— Y Ay (mz + Am?_m> + Azt (2.4.4)
jeln]
o+ Azl = ( > Ay (Tf, + Arf,_n-) - Aairfl> .
be[m]

By applying first order Taylor’s expansion to the second equation listed above,

we achieve the following approximation

SL”;:+1 + Ax’;:la ~ ) ( Z Ap; (rlf; + Aréﬁi)) —n ( Z Ay (ri + Aréﬁi)) AairZ,
bem) be[m]

(2.4.5)

where 7 (+) only needs to be almost-everywhere differentiable according to [29,

60], thus this approximation is suitable for the soft-thresholding function which

is only non-differentiable at n (£6).

Now compare (2.4.4) and (2.4.5) with (2.4.3), a reasonable decomposition
will be

rh=vy.— > Ay (x? + Axgqa) : (2.4.6)

J€n]
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Arg_y; = A, (2.4.7)
it = (Z Api (rh+ Ar}i%)) , (2.4.8)
be[m]
Azt =1 ( > Au (rh+ Ar@)) Agirt. (2.4.9)
be[m)]

Based on the definition 3,¢(, A%; = 1, the AMP algorithm can be achieved

by substituting (2.4.9) into (2.4.6) and substituting (2.4.7) into (2.4.8).



Chapter 3

Correlated-Distributed

Compressed Sensing

In this chapter, we study the correlated distributed compressed sensing (C-
DCS) scenarios where the measurement matrices and the signals at different
sensors can be correlated. It is assumed that the measurement matrices are
Gaussian random matrices and the elements across signals at the the same
positions share a same distribution. Our model is a generalization of the
commonly used DCS model where the measurement matrices are independent
and the standard MMV model where the measurement matrices are identical.
Based on the famous AMP framework, an algorithm is developed to address
correlated matrices and correlated signals. Correctness justification of the two
special cases has been given. For the more general cases between DCS and
MMV, we outline the complexity and difficulty to justify the correctness but

simulation results validate the accuracy of SE .

51
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3.1 Introduction

In many applications such as parallel magnetic resonance imaging [51], direc-
tion of arrival estimation [62], distributed sensor networks [63] and medical
imaging [64], the system can be modelled as compressed sensing with multiple
measurement instances (MMI), each involving a standard compressed sensing
procedure. It is typical that the unknown signals or/and the measurement ma-
trices from different measurement instances are not independent [65]. It has
been widely accepted that the performance gain is possible by joint processing

that explores the structure of multiple instances [65].

In this chapter, we model the C-DCS systems via y, = Axx,+wy, k € [K]
where K is the total number of measurement instances and [K| == {1,2, ..., K'}.
Let z,; be the i-th element from the k-th signal x;. For the involved signals
xi’s, we consider the elements in the same x; (e.g. xy; and zy; for i # j,
i,j € [n], k € [K]) are independent from each other, whereas for elements
across different x;’s at the same location (e.g. z,; and xp; for a # b, a,b € [k],
i € [n]) are dependent. There are different ways to model the measurement
matrices A,’s. In decades long MMV model, it is typically assumed that
Ay’s are identical. In DCS setting [65, 43], it is often assumed that Aj’s are
independent. In a more recent work [66], a matrix innovation model is used
where Aj’s are modelled as a times series and the matrices at adjacent time
instances, say Ay_1 and Ay, are correlated with a constant correlation factor.
In this chapter, we consider the general model (C-DCS) that accommodates all
the three cases above. In particular, we model each measurement matrix Ay
as a Gaussian random matrix and correlations across measurement matrices

by a multivariate Gaussian distribution.
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Special cases of the C-DCS model has been studied in the literature. Most
algorithmic solutions focus on exploring the common sparse support structure
of the signals, resulting in distributed subspace pursuit (DiSP) [67], distributed
and collaborative orthogonal matching pursuit (DC-OMP) [68, 69], subspace
augmented multiple signal classifier (SA-MUSIC) [70], MMV focal underde-
termined system solution (M-FOCUSS) [71], approximated message passing
MMV (AMP-MMV) [66] and joint approximated message passing [43, 72], to
name a few. Performance analysis mainly focuses on the DCS scenarios where
the measurement matrices are independent. RIP based analysis has been used
to analyse greedy algorithms [73, 67, 68, 69]. A more recent tool, SE for AMP,
has been used to exactly quantify the performance in an asymptotic regime
(66, 43].

The contributions of this chapter are

1. We consider both the measurement matrices and unknown signals in the
C-DCS model are correlated. By grouping the correlated coefficients
from different measurement instances together to form the block signal
and block matrix (see Definition 3.2.1 and Definition 3.2.2), we are able to
derive our algorithm which is called AMP-C-DCS based on the standard
message passing algorithm and explicitly outline the matrices/signals

correlation effects.

2. Although the derivation of our algorithm follows the same steps of the
original AMP algorithm which is clearly understandable, the rigorous
proof of the correctness is another story. Due to the correlation be-
tween measurement matrices A’s, the extension of Gaussian conditional

lemma, which is a key technique in the AMP proof provided in [29], is
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not straightforward. We provide a detailed discussion about this problem
and show the complexity and difficulty to justify the correctness in the
general form of our algorithm. Simulation results validate the accuracy

of SE.

3. We pay particular attention to the special cases: DCS and MMV. By
certain rearrangement of the structure of the super components, which
are treated as diagonal matrices in the DCS model and as row vectors
in the MMV model, the general form of our algorithm degenerates to
the two simplified models, such that the analysis in [29, 37] can be ap-
plied to prove the correctness of our algorithm for the two special cases.
Our proposed algorithm can be considered as a generalized version of the
algorithm proposed in [74, 37] which is only designed for the MMV prob-
lem. Although the correlated measurement matrices condition has been
considered in [66] and performance improvements have been observed by
reducing the matrix correlation level, the matrix correlation effect has

not been inherently analysed in their algorithm.

The structure of this chapter is as follows. In section 2, we provides the detailed
description of our proposed system model and recall the background of AMP
algorithm. In section 3, we discuss the AMP-C-DCS algorithm. In section
4, we justify the correctness of our proposed algorithm. The case study of
the Bernoulli-Gaussian (BG) and Gaussian signals and simulation results are

listed in section 5.
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3.2 Preliminaries

3.2.1 System Model for C-DCS

Consider an application system contains K sensors (measurement instances

henceforth), each of which is represented by a linear system:
Yr = Apx + wy, VE € [K], (3.2.1)

where y;, € R™ is the observation vector, Ay € R™*" denotes the measurement
matrix, x; € R" stands for the unknown signal vector, wy € R™ represents
the additive measurement noise, and the set [K] = {1, 2, ..., K'}. The overall

system can be written in a compact form with a diagonal structure as

D —model : yp = Apxp + wp, (3.2.2)

€ REm™*K ig a block diagonal matrix with

where yp = diag ([y1, Y2, .-, Yx])
diagonal elements (vectors or matrices) y;’s and same definition applies for
Ap € REmxEn g, € RE™E and wp € RE™ K (Notice: in some cases such
as Gaussian conditional lemma which we will talk about later, we treat observa-
tion yp = [y{, yl' .yl " € RE™ g vector just for mathematical calculation,
the same applies for unknown signals and noise. As long as the measurement
matrix keeps the block diagonal structure, these models are mathematically
equivalent)

For the signal, we allow correlation between the elements across different

measurement instances. A statistical model is defined to allow more detailed

description of signal components as follows.
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Figure 3.2.1: Group signals. x’s, Vk € [K]| have the same signal dimension.
x.;’s, Vi € [n] are the group signal elements, white colours represent zero
elements. The elements in @y, k € [K] are independent from each other and
x.;’s, i € [n] are i.i.d drawn from a multivariate distribution (e.g. multivariate
BG distribution and multivariate Gaussian distribution).

Definition 3.2.1 (Block Signal Model). Consider K signals of the same di-
mension x; € R", k € [K]. Group the i-th components of x;’s together to form
the block component (super component) @.; = [21, ..., 2k, € R, i € [n]
(see Fig 3.2.1). Define the block signal as zp = {le,,xTn}T e RE". The
block components (super components) .;’s are i.i.d drawn from a multivari-

ate distribution px,, (z) (e.g. multivariate BG distribution and multivariate

Gaussian distribution).

Following the convention in compressed sensing, the measurement matrices
A;’s are assumed to be Gaussian random matrices. Different from standard
models in the literature, we allow the components of the measurement matri-
ces to be correlated. This is motivated by the fact that in most compressed
sensing applications, physical or design constraints do not allow independent

measurement matrices at sensors. Specifically, we have
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Definition 3.2.2 (Block Matrix Model). Consider K matrices of the same di-
mension Ay € R™*" k € [K]. Group the (4, j)-th components of A;’s together
to form the block component (super component) @.;; = [a14, ..., axi;] €
RE i € [m], j € [n]. Assume that the block components (super components)
a.;;’s areii.d. multivariate Gaussian random variables based on the multivari-
ate Gaussian distribution N/ (0, %E A) 1 where, for the normalization purpose,
the diagonal elements of the covariance matrix 34 are one. Define the block

matrix as Ap € RE™E" where the (i,7)-th block Ap;; = diag(a.;;) €

RKXK

This proposed model generalizes several popular models in signal processing
and compressed sensing. The traditional subspace-based methods, for example
Multiple Signal Classification (MUSIC) and Estimation of Signal Parameters
by Rotational Invariance Techniques (ESPRIT), typically assume the MMV
model where the measurement matrices Ay’s are identical [75]. This model
can be interpreted as a special case of Definition 3.2.2 where all the entries
in the covariance matrix 34 are one. A mathematical explanation is based
on (3.2.1), which can be used to represent a source localization problem with
multiple time samples. Assume that a same sensor takes multiple snapshots
from the source during a short period, we will have repeated measurement
matrices (i.e. Ay = Ay for k € [K]), and x;’s may be highly correlated.
At the opposite extreme, the most common assumption of DCS is that the
measurement matrices A;’s are independent. This corresponds to the case that
the covariance matrix 34 in Definition 3.2.2 is the identity matrix. We can

still use (3.2.1) and the source localization problem to explain this situation,

IThe constant % is introduced for normalization and convenience. The same normaliza-
tion appeared in the literature [29].
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Figure 3.2.2: Equivalent model (K = 3). The elements at the same position
from different measurement instances are represented with the same colour
while the values of them are not necessary to be the same. A;;, x.; and w.;
are treated as super components.
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but this time, completely different sensors are applied.

A more general model, referred to as matrix innovation model, proposed

in [66] which treats the measurement matrices A;’s as a time series given by

where 8 € [0, 1] controls the correlation between the matrices at adjacent time
instances. They start with a Gaussian random matrix A; with elements i.i.d.

drawn form N (O, %) Let U, be a Gaussian random matrix with elements

iid. drawn from N (0, (% — 1) %) and independent of Aj_ 1 (Uy is not re-
quired when 5 = 0). This model is also a special case of Definition 3.2.2 : for
a given finite K, the elements in a row of the ¥, form a geometric series of

1 — 8. For example, when K = 3, we have

1 1-8 (1-8)
dig= 1-p 1 1-p
1-p*1-8 1

(Notice: as in Definition 3.2.2, we take the parameter i out from X 4.)

Based on Definition 3.2.1 and Definition 3.2.2, the overall system can also

be written as the following compact form
B — model : YB :ABmB+wB, (324)

where yp, g, wg have the structure as in Definition 3.2.1 and Apg has the

structure as in Definition 3.2.2. (see Fig 3.2.2(b))

Remark 3.2.3. We consider B — model and D — model are mathematically
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equivalent. We will most often omit the subscript B and D for simplified
notation as long as the model is clear according to the context. With slight
abuse of notation, the mean vector and the covariance matrix of Ap;; are
referred to as those of its diagonal vector a.; ;. In addition, the block signal
element @.; and block matrix element Ap;; both can be referred to as super

components.

3.2.2 AMP Algorithm with an MMSE Estimator

Recall that AMP algorithm is proposed in [1] for solving the linear equations
(3.2.2) when K = 1 (ignore the subscript D) by assuming A is a standard
Gaussian random matrix, x is a random vector and w is the additive white
Gaussian noise, all containing i.i.d. components. AMP algorithm updates the
estimated signal ™! at the ¢-th iteration via (2.1.1) and (2.1.2) and the input
of 7 (-) can be written as (2.2.1) which is the ground truth signal & plus the
equivalent noise w! (more detailed information can be found in Chapter 2).
If only the sparsity level of x is given without knowing its actual distribu-
tion, a soft-thresholding function (2.1.3) can be chosen for denoising. If the
distribution of the signal @ (or more precisely, of the signal elements x;’s) is
given (e.g. BG distribution), the soft-thresholding function can be replaced
by an optimally designed MMSE estimator which usually provides a better
performance. Given the statistics of the signal and the equivalent noise, based
on (2.2.1), the specific form of the MMSE estimator can be obtained via the

following equation, for each element of x‘*!,

it =p (;Z‘f) = Bzt {xz|iﬂ , Vi € [n], (3.2.5)
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then the statistics of the estimation error & — x!*! can be calculated which will

t+1

“*1in the next iteration. ( The special

be used to update the equivalent noise w
situation, in which the sparsity structure of the signal is given, i.e. group
sparse signals, has been recently discussed in [76, 77, 78]. Unfortunately, the

performances of these AMP based algorithms were not theoretically analysed,

i.e. SE technique cannot be used to predict their performances.)

3.2.3 State Evolution of AMP

The SE technique describes the asymptotic performance of the AMP algorithm
m — § fixed. The

in the asymptotic region, in which m,n — oo and keep ™
performance of the system can be described by a sequence of {(02)2}t>0 with
initial condition (00)® = 1E[X?] 4+ ¢2 (X with a density function py), for

t > 0, calculate
(01) = 55 [(n (x +017'2) = )] + 02, (3.2.6)

where Z ~ N (0,1) is independent of X. The calculation of (3.2.6) is directly

based on the (2.2.2) and the Gaussianity of w? plays the key role during the

t

)’ t
e converges to

calculation. If AMP algorithm converges, when ¢t — oo, (o
a fixed point and the performance of the system can be predicted without
applying the AMP algorithm.

The rigorous proof of the correctness of the SE is given in [29] with a more

general form listed below, with initial condition ¢° and define m~=! = 0,

ht+1 = ATmt - étqtu mt = 0t (btu w) )

b'=Aq' —\m'™, ¢ =f (ht, a:) , (3.2.7)
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where g; (), fi (+) are assumed to be Lipschitz continuous (almost everywhere
continuously differentiable, see [29] for the rigorous definition) and applied
component-wise, & = (g; (b, w)), and X, == 3 (f/ (h',x)). As mentioned in

[29] , the AMP algorithm is a special case of (3.2.7) by defining

ht“:w—(ATrt—i-wt), =z’ —u,

b'=w—7r", m'=—r" (3.2.8)

with f; (h',z) = n,_1 (& — h') — x, g, (b',w) = b" — w and initial condition
q° = —x. (3.2.8) only can be applied for mathematical analysis as it requires
x to initialize ¢°. The terms &q' and \;m!~! in (3.2.7) play the same role as
the Onsager term in (2.1.2) which ensure the Gaussianity of h'*! and b at

each iteration. For the AMP case, h'*! eventually represents the equivalent

noise w.

The key ideal of the proof in [29] is to avoid directly tracking the statistics
(conditional distributions) of m!, ¢ given A at each iteration. Instead, they
calculate the conditional distribution of A given the o-algebra &,y 4o ((¢1,12) =
(t,t) or (t1,12) = (t + 1,t)) generated by {b'},.o, {m'},5,, {h'}5; and {q'}.,.

To be more explicit, define

R+ a0 IR+ &g m°|.. jm]
= A" ,
X; M,
[6°] ... [b' !+ Ay "l 1g"]
Y, Q:

the proof in [29] tracks the conditional distribution of A given linear equations
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(3.2.9), i.e.

d
A|Q§t1,t2 = A|Xt2:ATMt2,1’tl:AQt17 (3210)

where < represents equal in distribution. As long as Ale,, ,, is achieved, the
corresponding conditional distributions of b'|g,, and h'™!|e,,, , will be calcu-

lated and the Gaussianity can be checked.

3.3 AMP for C-DCS

The original AMP algorithm can be extended for the C-DCS model based on
(3.2.4) where both the measurement matrices and the signals can be correlated.
We call the derived algorithm as AMP-C-DCS which estimates the unknown

signal via

xt = (Ag""% + th) ;
t+1 41, L £\
ry =yp — Apx}y +5(Im®(EA®D)) 5, (3.3.1)
where ® denotes the Kronecker product, ® stands for the component wise
multiplication, !I' = n, (:17;2) and D' = 1y o (zﬁt ) where 1) (v;) =

8"373:”) denoting the Jacobian matrix of n; (v;) : RE — RE. We provide a
heuristic derivation of AMP-C-DCS algorithm in Section 3.6.1.

The state evolution technique can also be applied for the AMP-C-DCS al-
gorithm, but this time, we are tracking the covariance matrix of the equivalent
noise rather than a scalar value as in (3.2.6). The corresponding equation
changes to

S — () 20F {(m (x+27) - X)2] + 021, (3.3.2)

(S
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where Z!7! ~ N (0,X571) is independent of X € R¥ with initial value X0 =
s () 20X+ JfUI where X x is the covariance matrix of the random vector
X (i.e. the super component of the unknown signal as in Definition 3.2.1).
Equation (3.3.2) is achieved based on the equivalent noise (2.2.2) and the

following theorem.

Theorem 3.3.1. Let u = (ATA - I) v + ATw, where A € RE™En 45 ¢
block matriz as in Definition 3.2.2 with mean zero and covariance matrix %EA,
v € RE" 4s a block random vector as in Definition 3.2.1 with mean vector zero
and covariance matriz 3, . w € RE™ s the white Gaussian noise with o2,
and A, v and w are mutually independent. Then the vector u € RE™ is also
a block vector and the covariance matriz of each super-component u.; € RE |

j € [n] can be calculated by the following equation

¥, (Z4) 20X, +021, (3.3.3)

n
m
where (+) .2 means component-wise square operation, ® stands for the component-

wise multiplication.

Proof. Consider the B — model of the system, the elements of w, v, w and A
are all super components. Let H;; € REXK he the 4, -th super component of
(ATA — I) € RE™En with diagonal vector h.;; € RX as in Remark 3.2.3.
Just like the original AMP algorithm, we can treat h.;;’s for j # [, j,1 € [n]

as approximately i.i.d. Gaussian vectors with mean 0 and covariance matrix

COV (h;,jyl) = Z COV (Am-a:ﬂ‘,l) s
i=1

o 1
= (EA> '27
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where a.;; € R¥ is the diagonal vector of A;; € REXK and = holds by
Lemma 3.3.2 listed below. Next, we calculate the covariance matrix of the

super component u. ; € R¥, j € [n]:

COV (’U/:J) = COV <Z Hj,l'U:,l + Z AZ'J’lU;’i) ,
=1 =1

= Z COV (Hj,lv:,l) + Z COV (Az,jw,z> )
=1

i=1

ZE(EA)?@EU‘FO'?UI,
m

which provides (3.3.3). O

Lemma 3.3.2. Let u = diag (h) v where h,v € RX are two independent ran-
dom vectors with mean zero and covariance matrices 35 and 2, respectively.

Then the vector w is of mean zero and covariance matrix 3y © X,,.

For the denoising function, based on the decoupled model in (2.2.1), we
have

Ep =xp + Wy, (3.3.4)

(B — model is used for joint estimation), at ¢-th iteration, the MMSE estimator

will act on each super component individually

)

based on the statistic information of the equivalent noise w?. The covariance

matrix (XF) of the equivalent noise can be computed by Theorem 3.3.1.
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Then based on the following equation (see section 3.6.7 for the proof):

t+1 t
i = w ()
= Egt, {Em:,ili’,ﬁi [mlez‘itzH — Bz, {77 (itz) n' (itzﬂ , (3.3.6)
we are able to estimate the covariance matrix Effl of super component (:131 — a:tfl)
which contains the statistic information of the estimated error by function n; ()
in (3.3.5). The matrix 3! then can be used to update 35 of the equivalent

noise at the next iteration.

Our approach is significantly different from that in [66]. There, the so-
called AMP-MMYV algorithm was proposed for the MMV model based on the
authors’ previous work the turbo-AMP in [79]. Though the signal correlations
are considered by adding an extra layer for the signal components in the factor
graph, there is no inherent part in their algorithm to handle the correlations
in the measurement matrices. By contrast, we extend the original AMP by
grouping the correlated signal /matrix components to form super components.
The derivations of the denoising function 7, (-) and the Onsager term are based

on the super components.

(Notice: signal estimation is based on (3.3.4) and X 4 only affects the equiv-
alent noise (3.3.2). For the special case when ¥4 = I, the elements in each
super component of the equivalent noise are uncorrelated due to (3.3.2), but
the correlations between signals are always required during the estimation of

signals at each iteration.)
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3.4 Correctness Justification of AMP-C-DCS

3.4.1 Gaussian Conditional Lemma

In the rigorous proof of [29], the Gaussian conditional lemma is the fundamen-

tal technique for the whole proof. In our case, it can be written as

Lemma 3.4.1. [29, Extension of Lemma 11] Let z € R™ be a random vector
with N (0, X)), and let D € R™ "™ be a linear operator with full row rank.

Then for any constant vector b € R™, the distribution of z conditioned on

Dz = b satisfies:
2lpsy £ .07 (DS.DT) b+ P (2)

where Z is an independent copy of z, P (2) = (I —-3.D7 (DEZDT)_1 D) z
and P =1 —-3.DT (DEZDT>71 D is a projector.

Proof. The above lemma can be achieved via the standard version of Gaussian
conditional lemma (Lemma 3.4.2) listed below. For the mean value, we let
3. — 0 which gives X, D7 (DEZDT> ~'b. For the covariance matrix, we have
3. -3, D7 (DE:ZDT)_1 ¥, =P .. Inaddition, Cov(P (2))=P =P T =

P 3,. The above lemma is proved. O]

Lemma 3.4.2. Given b = Dz+w where D € R™*" is a deterministic matrix,

z~N(0,3,) and w ~ N (0,%,) are Gaussian random vectors. Assume all
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the matriz inverses exist, we have the following consequences

pp=2.D" (DS.D" +2,) b
= (=7'+D"s,'D) ' D'S,'b,
2= (5 +D's,'D)

-, -=.D"(DE.D" + Ew)*l 5.

where p.)p is the conditional mean and X, is the conditional covariance ma-

trix.

Proof. The proof can be found in many books talking about multivariate Gaus-

sian density or related papers [80]. O]

In [29, Lemma 11], ¥, = Io? thus in their case, P (2) = Pip.—o} is the
orthogonal projection onto the subspace {Dz = 0}. For the correlated case
where X, # Io?, P (%) is no longer an orthogonal projection and usually the
statistic information contained by P (2) is much more complicated compared

with the orthogonal projection case. See the following as an example.

Example 3.4.3. Consider the case in which K = 2. Let Dy = { I, 0, 0 },
D, = [ 0, I, 0, ] where I, € R?*2 is the identity matrix and 0, € R?*?
contains all zero elements. Assume by, by € R? is given, 21,2z, € RS are

two Gaussian vectors with across correlation among super components z.; ~

L op
N (0,%) where ¥ = € R**2. We can write the compact linear

p 1
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equations as

b1 D1 zZ1

b2 = DQ zZ9
N—— —_— —

b D z

with 2 ~ N (0,X,) and X, = X ®I. This function is written in the D — model
but in order to apply Gaussian conditional lemma, we need to write b and z
in the vector form. Based on Lemma 3.4.1, we achieve the covariance matrix

after estimation

Yp=3%.-%.D7 (Dx.D") "' DX,

0

0,

(1—=p)I2

0

I,

pI>

0,

(1 - /))IQ

0,

0

pl>

I,

(3.4.1)

The blue elements in (3.4.1) show that the covariances between corresponding
elements in z after estimation can still be represented by ¥, while the red
elements can’t, which makes the analysis of state evolution complicated. The

exceptions are the cases when p =1 and p = 0.

Next, we need to apply Lemma 3.4.1 to the Gaussian matrix A with
restrictions X = ATM, Y = AQ as in (3.2.10). But this extension is
not straightforward due to the structure of A. For simplicity, let’s consider
only one restriction X = ATM or equivalently X7 = M7TA. The matrix
A = diag (Ay, ..., Ak) has a diagonal structure (consider D — model). If we
directly estimate A column by column, we eventually estimate A, As,...,Ax

separately without considering the correlation effects (described by X4, here



T0CHAPTER 3. CORRELATED-DISTRIBUTED COMPRESSED SENSING

we ignore the normalization factor %) between them. The correct way is to
jointly estimate i-th column form all A;’s for i € [n], k € [K]. In order to
apply joint estimation, we define the reshuffle and inverse reshuffle operations

as follows

Definition 3.4.4. For any block diagonal matrix B, define the reshuffle 7 /7

and the corresponding inverse operations 7, '/7; ' as follows

Bl Bl
(B
@ (3.4.2)
m '(Bo)
Bk Bk
I |
B Bco
B,
D) { B ] (3.4.3)
miBr) L K o
BK Bpg
B

Thus the mean value of A|x_ 47y; is calculated via 7, * (ZmM (MTEmM) - ] (XT)>
where 3, = 34 ® I, and ® is the Kronecker product and the corresponding
mean value of Aly_aq is7; ! <7-2 (Y) (QTEHQ)_l QTEn) where 3, = 241,,.

Based on [29, Lemma 10], we can achieve the extended version for our case.

Lemma 3.4.5. [29, Extension of Lemma 10] Given two linear systems Yy =
AQ; and X, = ATM,, where each of them contains K measurement in-
stances denoted by Yiyn = ArQrn , Xk = AL My for k € [K|, respec-
tively. Define 34 as the covariance matriz of super components of A. The

conditional distribution of the random matriz A given the o-algebra &,y 4o will
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be
Ao, = Ei 4o + P (fi) ;

where A L A is a random matriz independent of &y 42 and
1 T -1 o7
Etl,t2 =Ty (Tz Ytl (QﬂEthl) Qtlzn)

+7 (2 Mt2 MtQE Mt?) n (XtTQ))
o (

1
S My (M3 My)

X7y (M,g@l (72 (Yo) (@Q12.Qu) " QZ}&))) (3.4.4)
and
P2 (A) =7, (7'2 ( (Pﬂﬁﬁ (A))) Péfl) (3.4.5)

) [ J || n T Lo
where Py, = I-P),,, and P, = I-Py and P, = 3, My, (M5, M) M}

-1
and chtl =3,04u (QtTIZnQﬂ) Q1L are two projectors.

According to example 3.4.3 and the reshuffle operations listed in Lemma
3.4.5, we found the analysis of tracking the statistics of A is extremely com-
plicated. Thus, in the following analysis, we focus on the two special cases: 1)
independent case where ¥4 = I and 2) the identical case where ¥4 = 1. We

can achieve the following corollary.

Corollary 3.4.6. For the two special cases: (1) Ay’s are independent, (2)
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Ay’s are identical, Ey 19 and P o (A) can be simplified as

Eiq 42

Yo (QhQn) " Q% + M (MEM,) ' X}

My, (MEMy) MEYa (QhQn) @ iEa=1

1
=< Ik ® (YR,tl (Qg,tlQR,tl) Qg,tl)

-1
+Ir ® (MR,tZ (sz?;tzMR,tQ) X%,tQ)

-1
—Ig® (MR,tQ <M£7t2MR7t2> M}%Q
T 17 .
X YR41 (QR7t1QR,t1) QRJl ifrXs=1
and
P, (A) Py, if $y=1

Pusn(A) = o (P
K Q@ Ly

R

,tQA,PCﬁR’“) if S, =1

where @ denotes the Kronecker product, A represents the independent copy of
A, and Ay = A, = ... = Ak denotes the identical matriz inside of A for
the identical case. Py = I — Py, and Py is the orthogonal projector onto the

column space of matriz 'V .

Proof. The proofs of the two special cases are given in section 3.6.2 and 3.6.3.

]

3.4.2 Special Cases Analysis

In order to justify the correctness of our proposed algorithm, we need go back

to the general form as (3.2.7). The corresponding formulas (apply B — model)
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based on (3.3.1) are

htJrl = ATmt - (I ® €t) qta mt = Gt (bta w) )

b'=Aq" — (I X)m'™!, ¢ = f, (ht, zc) , (3.4.6)

where & = (g; (b, w)), Ay = 3240 (f] (h', z)) € RE*X are two matrices, gj,
f! are Jacobian matrices of g; (b',w) = b —w, f, (h',x) = n, (x — h') — x
with respect to the first argument, respectively, and ® denotes the element-
wise production. B — model is preferred here, because both g; and f; are
element-wise operations applied for each super component, thus the connect
between (3.4.6) and (3.2.7) is more explicit. The inputs of g; and f; are (super
components) always treated as vectors. In addition, & and A; are two matrices
that multiplied by each super component of g' and m!. The direct analysis
based on (3.4.6) is not adequate as the Gaussian conditional lemma suffers from
reshuffle operations and the analysis is extremely complicated. But for the two

special cases, (3.4.6) can be simplified by removing the reshuffle operations.

For the independent case, where 3 4 will be an identity matrix, thus both &;
and A; are diagonal matrices. In addition, based on the Corollary 3.4.6, there is
no need for joint estimation and we can compute Ak|Xk,t2:A{Mk,t2,Yk,m:Aka,m
separately for each k € [K]. Under this condition, we can rewrite (3.4.6) based

on D — model. For each measurement instance k € [K], we have

R = ATl — gl ml = [0 (b))

b = Aug. — My gh = i (R =), (3.4.7)

where &, and Ay, represent the k-th diagonal elements of & and A; respec-
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tively. The notations in (3.4.7) have the same definition as those in (3.2.7)
except g; and f; operate on the super components. Although joint estimation
is applied for m! and ¢', the correlations across m}’s and q}’s are eventually
ignored by the effect of independent measurement matrices Ay’s which result-
ing independent h:"'’s and b’s (independent Gaussian noise). This property
is reflected in (3.3.2) by letting ¥4 = I. Thus (3.4.7) should have a similar
behaviour as (3.2.7). In section 3.6.4 we provide an illustration of proving that

the conditional distribution h'*! and b’ will always be Gaussian for ¢ > 0 by

the effects of (I ® &) q" and (I ® A\;) m'~L.

For the identical case, where 34 is a matrix with all 1 value. Based on the
Corollary 3.4.6, we only need to compute the statistics for one measurement
matrix Ay, and the corresponding two constraints can be replaced by Yz ;1 =

ArQpru and Xp o = AT M r2. Recall that
MR,t2 = [Ml,t27 M2,t27 sy MK,tZ}

and based on (3.2.9) each M, ;o = [m2| . |m’,;_1}. Rearrange the columns of

Mg o to form the following form

0 t—1 t—l}

{ml...m(}(|---|m1 emi | = [m?!mf||mi‘1]

where m! = [m!|...|mk]. Apply the corresponding rearrangement for Xp o

(the same as Yg and Qg1 ), will change (3.4.6) to

t+1 __ T, .t t T t __ t
hT - AI m’r’ - qrét ) mr - gt (br7 wT‘) )

b= A;qt —m!T'AL ¢l = f, (hf,, wr) : (3.4.8)
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where g, € R™¥ is treated as an n-dimension vector with each super com-
ponent as a K-dimension row vector. The definitions for other notations with
subscript r are the same. The new form is exactly the same as the one pro-
posed in [37, Proposition 5|. The correctness of state evolution of this form

has already been analysed in [37].

3.5 Case Study and Simulations

3.5.1 Bernoulli-Gaussian Prior

In order to practically justify the correctness of our proposed algorithm, we
take the well known BG distribution p, , (x) = (1 —€) 6 _o + ep(x; 0, ;)
as an example, where ¢ € (0, 1] stands for the sparsity level, 59{:0 is the
Dirac delta function, p (x; 0, 3,) represents the Gaussian density with mean
0 and covariance matrix X, € RE*X_ For each super component, we have

corresponding 7 (+)(ignoring the superscript t)

n (i',z) - /m:,ip (m:,i|j:,i) dw:,i
Rzx.;
- it , (3.5.1)
Clexp (—%ifiZglRi:J) +1

where R= (2;' + ;)7 'S and 0y = 22 |3, (2 + Ze_l)|% (see section
3.6.8 for the detailed proof). The direct computation of 3, based on (3.3.6)

will be

Sy (p.q) = €Za (p,q) — 22 (p,q) (3.5.2)
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where . (p, q) = Ez,, {Efm [2p| . 5] Eajz,, [l'q‘:i:,iﬂ and X3, (p, q) represents the

element at location (p,q) of matrix ¥, and

[R:i:,i]p [Rjz,i]q €pPc (:i,lu 07 ECIE + Ee)
Crexp (—%ifiﬁglRi:,i) +1

3. (p.q) :/ dz. ;, (3.5.3)
where [Rfi:,i]p represents the single element of vector R&. ; at position p (proof
is given in section 3.6.9). The computation of (3.5.3) will be difficult or even
not achievable in practice as it contains high-dimensional integration (with
respect to &.;). An alternative calculation of the covariance matrix is based

on the following lemma.

Lemma 3.5.1. Consider a random vector X € RX with a conditional prob-
ability density function of the form pxyv (z|v) = ﬁexp (¢0 () + :I:Tﬁe_lv)
where Z (v) is a normalization constant, then we have covariance matriz of X

conditioned on v is given by
Sxv—s = D (Exy [X|V =0]) %, (3.5.4)

where D (Exjy [X|V =]) = 0Exy [X|V = v] /v € REXK with the (1, j)-

th component calculated by OExy [ X |V = v], /0v;.

Proof. See section 3.6.6. [

Combine Lemma 3.5.1 with the Gaussian part of BG distribution (both
mean vector and covariance matrix of non-Gaussian part are zero), we have
x=x,; v==a,and E, 5 [x.]&,;] =n(E,). The corresponding covari-

ance matrix of «., given &.;, can be calculated by n’ (€.,) . and the average
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covariance matrix for the whole system, can be calculated by

¥ (%) = DX, (3.5.5)

where D = E; , [ (&;)] and for the large system limit, D = 3" n' (Z.;).

)

The (I, j)-th component of i’ (&.,) is calculated by

R i)

Cy |='Ra. | 3.5.6
Cy+1 (02+1)22{e "”L (3:5.6)

where Cy = Clexp (—%:E?;E;lR:E:J) and R, ; is the ([, j)-th component of R.
The pseudo code of AMP-C-DCS is give in Algorithm 3.1 and the correspond-

ing state evolution is given in Algorithm 3.2.

3.5.2 Gaussian Prior

Now consider Gaussian signals for the DCS and MMV cases. Then MMSE
estimator (3.5.1) and the associated covariance matrix of estimation error have

nice closed forms:

n (i,z) = Exl\fcl [m:,i|a~3:,i] = Rd’:,i; (357)
1

N (3.5.8)

which can be achieved via the standard result of an MMSE estimator for
a Gaussian prior signal or derived form BG analysis by setting ¢ = 1 (see
detailed proof in section 3.6.10). When the signal covariance matrix 3, are of
special forms, i.e., either X, = 02T or ¥, = 021 where all the entries of the

matrix 1 € RE*E are one, the state evolution admits simple closed forms.
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Algorithm 3.1 Pseudo code of AMP-C-DCS algorithm.

Input: Measurement (block) matrix A, observation (block) vector y, covari-
ance matrices X4, 3., 02, sparsity level e.

Output: Estimated signal x’.
Initialization: r° =y, 2° = 0, Eg =ed,, t=0.
Iteration: In the ¢-th iteration, do

1. Compute
i = ATr! + !,

2. Compute covariance matrix of equivalent noise
S = (24 0% 4+ 02T
e A . n w )
m
3. Estimate signal
ot = (at) vie [
and calculate D¢,

4. Update covariance matrix by fast calculation
t+1 _ bt
¥, =D'%,
5. Update residual

Py Azt (15 (Im 2 (EA o Dt)) rt

6. t=1t+1,
7. Go back to step 1 unless the stopping criteria are satisfied.
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Algorithm 3.2 State evolution of AMP-C-DCS algorithm.
Input: Covariance matrices X4, X, 02, sparsity level e.

Output: MSE of estimation.
Initialization: 297 =ed,, t=0.
Iteration: In the ¢-th iteration, do
1. Compute covariance matrix of equivalent noise
t N 2 t 2
Yo=—(B4) 0% o1
m
2. Update theoretical value of covariance matrix
t+1 t
i =w (3,

3. t=t+1,

4. Go back to step 1 unless the stopping criteria are satisfied.

Define the average recovery distortion at the steady state by d® = 2 |l& — x> 5.

It can be verified, via steady state analysis, that when 3, = ¢2I (independent

signals),

00 o0 0 1-4 2 2 1-96 2 2 2 2 52

MMV = 4Ds =5 5 ¢ 9w + 5 02402 | +40202 |, (3.5.9)
and when 3, = 021 (repeated signals: @) = -+ = xf),

o 6 [[1-6, o 1-6 , o2\? 40202
B

1-K 1-K 2
dps Zg (< 5 605 —qu> + \/< 5 50% +o§u> —|—4K0§U?U) . (3.5.11)

(see detailed proof in section 3.6.11.)
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It is interesting to observe that the same results can be obtained by solely
applying random matrix theory. Specifically, consider a linear system y =
Az +w where A € R™*" is Gaussian random matrix with i.i.d. entries drawn
from N (0, %), x € R" is the signal drawn from N (0,02I), and w € R™
is the noise drawn from A (0,021). Let (m,n) — oo simultaneously with
 — 0. The empirical distribution of the eigenvalues of AT A converges to
the Marchenko-Pastur distribution weakly. Based on this fact, the average

distortion of MMSE estimate, i.e., lim,,_,o % |x — aAzMMSEHg, can be computed

as [81, 82, 29

F(0.0%0%) = 2t (5) = ~or (02T +0,2474) )

2
= g (1 g 505 — Ji) + J <1g(50§ + Ji) + 40203”) , (3.5.12)

where tr (M) calculates the trace of a square matrix M.

(A recent paper [83] proved that random matrix theory can also be used
to calculate the MMSE for non-Gaussian signal priors. The performance com-
parison between random matrix theory and SE technique is not included here

but should be an interesting future research topic)

3.5.3 Numerical Results

In Fig. 3.5.1, we focus on the case K = 2. Consider the block signal and
matrix models specified in Definition 3.2.1 and 3.2.2 respectively. Assume
YXa=1[1pa; pal]and 3, = [1 py; p, 1]. In the simulations, we numerically
study the performance of AMP-C-DCS as a function of p4 when p, = 0.5 (in

Fig. 3.5.1a ) and p, = 0.1 (in Fig. 3.5.1b). The signal sparsity level is set to € =
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SNR=10dB
% =[10.5;0.5 1]

0 0.085 [
0.16
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0.075
0.12
0.07 1
w 0.1 ' ' - - ' ' '
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0.08 - _ ]
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0.04!] _E|_pA=0.5 Practical
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0.02H p ,=0 Practical

= p A=0 Theoretical

| | | | |
0.2 0.4 0.6 0.8 1 1.2
m/n

(a) Signal correlated coefficient :p, = 0.5

SNR=10dB
% =[10.1;,0.11]

T T T
0.183 0.083 ‘ ‘ ‘ 1
016l N 0.0828 ]

0.0826
014" 0.0824|
012l 0.0822
0.082
w 0.1f : : :
@ / 03995 04  0.4005
0.08 - * ]

—a—/)A=1 Practical

0.06 -4 p,=1 Theoretical i

-0 A=0.5 Practical

0.04 | . . b
= p=0.5 The-oretlcal M*
0.02 /)Aio Practlca-l '""""+-m-,...+ ......... s . ,
+= p,=0 Theoretical
1 1 1 1 1 1
0 0.2 0.4 0.6 0.8 1 1.2
m/n

(b) Signal correlated coefficient : p, = 0.1

Figure 3.5.1: Simulation results. For AMP-C-DCS with BG prior where
K = 2, the off diagonal elements of X, are denoted by p, which controls
the correlation between signals, the off diagonal element of 3 4 is denoted by
pa which controls the correlation between matrices.
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DCS Gaussian Case, SNR=10dB

1 T T T T
=»-,=0 Practical
4 p=0 Theoretical
=8-,=0.5 Practical
0.8 % -= p=0.5 Theoretical||
p=1 Practical
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0.6 1
w *x
(77}
=
04r 1
" .
0.2 e, 1
* 'l.*..
"'*i *
0 1 1 1 1 1 1
0 0.2 0.4 0.6 0.8 1 1.2 1.4
m/n
(a) DCS model with Gaussian prior: pg =0
1 MMV Gaussian Case, SNR=10dB
N =»-,=0 Practical
"\\ 4 p=0 Theoretical
=e-/=0.5 Practical
0.8 - p=0.5 Theoretical |
p=1 Practical
**- p=1 Theoretical
0.6 1
w
(7}
=
o4r T, 1
* R
02r T * :
0 1 1 1 1 1 1

0 0.2 0.4 0.6 0.8 1 1.2 1.4
m/n
(b) MMV model with Gaussian prior: psq = 1

Figure 3.5.2: Simulation results. For AMP-C-DCS with Gaussian prior where
K = 2, the off diagonal elements of 3, are denoted by p which controls the
correlation between signals.
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0.2 and the signal dimension is given by n = 3000. The simulated curves are
obtained from the average of 250 trials. We add the theoretical curve achieved
by state evolution (Algorithm 3.2) to judge the performance of AMP-C-DCS.
The difference between them is less than 1% and noticeable only when the
curves are zoomed in. Furthermore, from Fig. 3.5.1a, where signal components
are more correlated, it can be observed that AMP-C-DCS performs better
when the measurement matrices become more independent. Such gains become
tiny in Fig. 3.5.1b when the signal components are nearly independent. This
is consistent with the results in Theorem 3.3.1 which suggests the gain of
AMP-C-DCS comes from the independence of the measurement matrices and
the correlation of the signals. The special cases of DCS and MMV systems
with Gaussian prior (¢ = 1) are illustrated in Fig 3.5.2. For empirical study,
the dimension of the signal x; is set by n = 1000. The numerical results are
obtained from the average of 100 trials. Similar comments can be made with a
more significant performance gain. Although the correctness of the proposed
algorithm for the general case where 0 < p4 < 1 has not be rigorously analysed,

simulation results validate the accuracy of SE .

The above observed phenomenon can be explained by the following exam-
ple: assume in the noise free case, we take several photos of an object (identical
signals) with a same camera (identical measurement matrices). No additional
information will be achieved compared with a single snapshot of the object. If
we take photos with different kinds of cameras, for example, one is an optical
camera which produces a regular colour image of the object and another is the
so called depth camera which provides a depth image of the object (less cor-
related measurement matrices). Each pixel of the depth image represents the

distance between a target point and the camera. With the information pro-
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vided by the colour image and the depth image, we may create the 3D model
of the object as more information is provided with less correlated measurement

madtrices.

3.6 Proof

3.6.1 AMP-C-DCS Algorithm: A Heuristic Derivation

In this section we provide the heuristic derivation of our proposed AMP-C-
DCS algorithm. The steps are mainly based on the heuristic derivation of the
original AMP algorithm proposed in [60, Section 5.2] and based on B — model.
To simplify representation, we omit the subscript B in the following analysis.

We start from the following message passing algorithm, at ¢-th iteration,

j€n\i
x5, = m ( > Abiri%) , (3.6.2)
be[m|\a

where subscript @ — 7 in (3.6.1) denotes the message passing from factor node
a € [m] to variable node i € [n], subscript i — a in (3.6.2) denotes the message
passing from variable node i to factor node a and [n]\i represents the set [n]
without element 4. Recall, in the C-DCS model, the elements (e.g. y, € R¥,
Ay € RFEK gt e RF, 7!, € R¥) are no longer scalars, instead, they

are super components. A natured guess is that rf_,, = v} + 8 (nil/ 2) and

x =zl + [9] (m_l/Q), then setting

i—a

vl o=rl AP 2l =2+ Azl (3.6.3)

a—1 i—a
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Substituting in (3.6.1), (3.6.2) and ignore the terms A, Azt ,, and A, Ar!

a—1

which are of order 1/n (the magnitude of each element inside the super com-

ponent), provides

LA =y — Y Ay (a:; + Améﬁa) + Ayt (3.6.4)
Jj€ln]
zc§+1 + Aa:f:la = ( Z Ay (rl’; + Ar};ﬂ-) — Am-rfl> )
be[m]

By applying first order Taylor’s expansion to the 7, function, we have the

following approximation

i+ Azt =, ( > Ay (Tlt) + AT’tHi))

be[m]

—n ( > Ay (’ré + Arg_n»)) Ayt (3.6.5)

be[m)]

where n; is the Jacobian matrix of ;. Now compare (3.6.3) with (3.6.4) and

(3.6.5), a reasonable decomposition will be

rh=ya— Y Ay (ah+ A2l ), (3.6.6)
Jj€ln]

Ay = Au, (3.6.7)

z = ( > A (rh+ Ar;%)> (3.6.8)
be[m)]

be[m]

Awih, = —n, ( > Ay (rh+ Ariﬁi)> Auig (3.6.9)
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Substituting (3.6.7) in (3.6.8) and Yy, A — I from the definition of the

block matrix model in Definition 3.2.2, we have
' =mn, (ATrt + :vt)

which is the first equation of our proposed algorithm.

Substituting (3.6.9) in (3.6.6) yields

=2 Ay ) Ayl

J€ln] j€ln]
— ) Agx]
JE€M]
+ Z Aaj’l’]; (Z Ab]’rb 1 ) Aaj’l"z 1
jE€n] be[m]

Define D™ = n;_; (Spem) Ayt + @) and D' = Ly3 ) D

have

- > Agzi+ > A,;DY LA, rit

Jj€ln] jeln

— Y Ayl +nE |A,DI T Ayt
Jj€ln]

_ .t 1 t—1Y\ ,t—1
> Agz; + 5 (EAG)D )’ra
j€(n]

t—1

, We

which provides the second equation of our proposed algorithm. This finishes

our derivation.
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3.6.2 Independent Case Where X, = Iy

Apply D — model and we have X, = Ig,, and X, = Ig,. The first term in

(3.4.4) becomes

7 (n()(@'.Q) Qs.)
' (nv) (@) @)
Y (Q'Q) Q"

Similarly, the second term in (3.4.4) becomes
! (EmM (M"s,.M) ' (XT)>
-M (M"M) " X",
then the third term in (3.4.4) is

7 (M (MTM) n (M7 (V) (@7Q) Q7))
o (M (M™M) ' n (M Y (Q"q) QT))

-M (MTM)_1 MTY (QTQ) or
For the projection (3.4.5), first calculate the left projection
o (Pl (A))
o ((I - M (MTM)" MT) - (A))
- (I -M(M'M) MT> (A)

=P (A) :
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then calculate the right projection

The proof finished for the independent case.

3.6.3 Identical Case Where X4 = 1x

Apply D — model and we have X, = 1k ® I,,, and X,, = 1k ® I,,. Follow the
same steps as in section 3.6.2. The first and second terms in (3.4.4) can be

easily achieved as

wt(nv)(@'2.0) " @5,
~Iis (Ve (@hQr) ' Qk)
! <2mM (MTEmM>_1 m (XT))

-1
) (MR (M%MR> X}_{) ,
and the third term is

(B (M) (0710 (v (@) )]
(b (MEM) (7)1 (v (@h) )
- 1 (3 (MEM) M) [ (¥ (@) 0

— I ( My (MF M) "MEYr (QRQr) ' @F).
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For the projection (3.4.5), first calculate the left projection

(BT ())

(ﬁ ~%,M (MEMg) M'n (A))
—rl (1 a® A -, M (MEM) 7 (MTA)>

<1le ® A; — S, M (M, M) M};AI)
—Ix ® [(I — My (MEMg) ™ Mg) AI}

where 1x,; € REX! with all one value. then calculate the right projection

75! (7’2 (IK ® (PﬁRAI)) ng)
=71 ((I—EnQ (QEQR) 71QT)71 (IK® (PJ\LJRAI)T))T
= I ® ((I - Qr (Qh@r) Q%) A?P@)T

=Ir® (P]\J/_[RAIPé_R) .

The proof finished for the identical case.

3.6.4 Gaussianity Analysis

The rigorous proof requires to check all the steps appeared in [29], but here
we just provide an illustration to analyse the Gaussianity of h'™! and b® based
on the conditional distribution Ale,, ,, and assume the induction hypothesis
used in [29] where K = 1 can be extended to our case where K > 1 and
a=1. Weuse 2 to denote the requirements of certain induction hypothesis.

Recall, according to Section 3.4.2, for the independent A;’s, we can consider
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all the super components in (3.4.6) and &;, A; as diagonal matrices. The
analysis in Corollary 3.4.6 is based on D — model, but we can easily rewrite it
to B — model without changing the formula (Note: we can’t do this operation
in the identical case) and the following analysis in this section will mainly

based on B — model, unless mentioned otherwise. Define the following

t—1 t—1
mﬁ = Zai om', Q|t| = Z,Bi Sq’
=0 i=0

3? = E?t = [ao, ...,at,ﬂT

B =8:=180 81"

where a;, B; € RE*E are diagonal matrices, © is the operation that multiple
each super components of m’ and g° with the same diagonal matrices «; and
Bi,iea;Odm' = (I®a;)m! =m'S a;. Let v,u € R™*K a5 Definition

3.2.1 but with diagonal super components, define the following inter product

1 m
(v,u) = — ; ViU,

We are going to show:

t—1

d i 1 ~ .
ht+1|®t+1,t = Z a;Oh g ATmﬁ_ + Q11041 (1) (3.6.10)
=0
=l o i
Ve, =Y B:iOb + Aq' + M3, (1) (3.6.11)
=0

where 0; (1) € R *K is a t-dimensional vector contains diagonal super com-

ponents with all the diagonal elements converges to 0 almost surely as n — oc.

Based on (3.2.9) and (3.4.6), we have

Xt — Ht + QtEt7 ‘l/; - Bt + [OlMtfl] At (3612)
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where H; = [h'|...|hY], B, = diag (&, ...,&_1), B; = [b°]...]b""!] and A, =
diag (Ao, ..., A—1). As the conditional distribution Als,, ,, has the same form
as in [29], just changing the scalar elements to the block diagonal super com-
ponents. Let m' = mj +m{ and q' = g, + g%, we can get the same results

as [29, Lemma 12]:

-1
E/, m' =X, (M/M,) Mm)|

—1
+ Qe (QT1Qui1) Y ml, (3.6.13)
—1
Et,tqt =Y, (Q?Qt) QQﬁ
—1
+ M, (M M,)  X[q'. (3.6.14)

Now focus on b'|s, ,, with (3.6.14) and Corollary 3.4.6, we have

bt|®t,t
L AG IS, —mT O N
T\ ' ATt T
=Y, (Qt Qt) Q. g+ M, (Mt Mt) X/q)
+ Py, AP ¢ —m/T o\
= B, (Q?Qt) QTqH + P]\J/'I APé‘t t
+ [0|M; 1] Ay (QtTQt)i Q$Qf\
+ M, (MIM,) Hl'q, —m' o (3.6.15)

where £ is achieved based on (3.6.12) and the following

XT(L_ = HTQJ_ +'—'tTQt QJ_

= H/q',
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as g = Qtﬁ and QI q’ = 0. Next we are going to show

/M, A (QFQ)  Ql'q)

+ M, (MtTMt)AHthtL_mFl@ Ar=M,0, (1).

The left-hand side can be treated as a linear combination of vectors m?, ..., m!~!.
For any [ = 1, ...,t we are going to show that coefficients ( denoted by diagonal

matrices) of m!~! converges to 0. The coefficient is

(v7p) " G - a8 (3.6.16)

where [J; is the indicator function. Note: the subscript [ is the index of the

MT

MM, T
super component. Let G := == for simplicity, then

(M/M) " H gl

L MEMN ! ;
( p t>l = (h.q'~ )

m

r=1
t

ZZ_:GM5< Qtﬁ>

T

t

—ZG3(15< .q —Zq ®ﬂs>-

r=1

We have

nh_>n§o§<hT q —Zq ®ﬂs>

. 1 h' . ro_S
= i 5 (h 7qt>—2_%7}£205<h7qws
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and recall ¢' = f; (h', x), then

lim (15<hr,qt> = lim 1<hr, fi (ht7zc)>

n—oo n—oo ()

i 2 () (10 (51 2)
iy () (16 (5 (1)

n—oo ()

= =

I

lim G, ;A
n—o0 it

where £ holds based on Lemma 3.6.1 but only focus on the diagonal elements,
2 holds due to the definition of A, = 34 0 (f/ (h',x)) and ¥, = I. Thus,

the coefficient of m'~! can be computed via

t

i {3 (6, 6= 3 (67), [S el
r=1 ’ 7 Ls=0

r=1
N (_ﬂl)ul#t}
t—1
= nlalgo At I:Il:t - Z ASIBS I:Il:s _Al (_ﬂl)ul#t}
s=0
0.

where = means the equality holds almost surely. Thus (3.6.15) can be simpli-

fied as

-1 - .
blo, < B (Q/Q:) Qq)+ Py, APg,q' + M6, (1).
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based on [29, Corollary 2], we can write

7 (Q?@)l ’q

n n
_ (QIQ: ~ Qlq|
n n

as QI'q" = 0 then we reach

t—1
blle,, £ Biob + Py AP q' + MG, (1).
=0

t—1
=0

t—1
S Biob + Agl — Py, Aq + M6, (1)

=0
1

~+

Bi S b + Ath + M;o; (1)
0

i

base on the fact that Py, Aq} < M,6, (1), which can be proved by rewriting
Py, Aq! in the D — model then apply Lemma 3.6.2(c) to each Py, ,Argl,

for k € [K], separately. Proof of (3.6.10) is similar.

3.6.5 Additional Lemmas

Lemma 3.6.1 (Stein’s Lemma [37, Lemma 5)). For jointly Gaussian random

vectors x1, s € RE with zero mean and any function f : RE — RE where

E {81(;(;1)] and E [iﬂlf (mQ)T} exist, the following holds

of (-’132)]T

E [wlf (mz)T} = Cov (x1,x2) F [ X

Lemma 3.6.2 (|29, Lemma 2|). For any deterministic u € R” and v € R™
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with ||u|| = ||v|| = 1 and o Gaussian matriz A distributed as A € R™" we

have
1. vTAu 2 Z/\/m where Z ~ N (0,1).
2. lim,_ HAUHQ =1 almost surely.

3. Consider, for d < m, a d-dimensional subspace W of R™, an orthogonal
basis wy, ..., wyq of W with ||'wz||2 =m fori=1,...,d, and the orthogonal
projection Py, onto W. Then for D = [wy]...|w,], we have Py Au <
Dzx with x € R? that satisfies: lim,, o, ||| “ 0 (the limit being taken

with d fized). Note that x is 04 (1) as well.

3.6.6 Proof of Lemma 3.5.1

Define the following probability function

1
Z (v)
Z (v) = /exp (¢0 (x) + a:TZ?glv) de,

px|v (x|v) = exp (qﬁo (x) + wTEglv) ,

where Z (v) is a normalization constant, & and v are vectors with a same
dimension and X, denotes a positive semi-definite matrix.
Firstly, calculate the derivative of Z (v):

07 (v) _
v

[ exp (00 @) + 279 0) da
= [/ xlexp <¢0 (x) + 93T2e_1’0> dw} ».

=Z(v)Exv [m\v]T >t
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then rearrange the formula which provides

Exy [efo] =

sl o]

= /meW(a:]'v) de.

Secondly, calculate the derivative of Ex|y [z|v]:

aE)qV (a:]'v)
ov
Ty -1
3m;(i:)eexp (gbo (x) + azTEe_l'v) dx
xZ (v) Expy [z]v]" ;!
N / Z? (v)

exp (gbo (x) + acTE;111> dex,

:l ﬁv)

exp (¢g (x) + :l:TE;lv> dw] >t

— [ 7 (v)exp (qﬁo (x) + chEglfv) da;] Exyv [w\v]T >

=Exjv |[za"|v]| 2. - Expy [@]v] Expy [@]v]” 2.7

Finally, multiply 3. on both sides, we achieve

aE)qV (CC|U)
ov

]T

Y

3. =Exv {waW} — Exyv [z|v] Exv [z|v

= Cov (z|v).
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3.6.7 Proof of Estimation Error of an MMSE Estimator

Define the estimator & = n (&) = E,; [x|], the covariance matrix of & — &

which is defined as X, can be calculated via

%, =E[(@-2)(@@-2)

—E [mT — 2B,z [@]@] @7 + Bz (@] Bz [2]2]"]
B [Eajs [22” — 2B,z [@]] & + Eaps (28] Baps [2]2] ]|
Ez [Baje [w2”|&]| — E; [Eujs [2]@) Eus [2]]”]

Es [Eops [z27]2]] — s [0 (2)n (2)")]
3.6.8 Proof of n(-) with Bernoulli-Gaussian Prior

Recall the BG distribution:
pe(@)=(1—€d_g+ep(x; 0, %,), (3.6.17)

where

1 1
p(x; 0,3,) = [27X%,]| 2 exp (—QwT§]x1w> . (3.6.18)

Define the system model

T =x+ w,, (3.6.19)

where w, is the additive Gaussian noise, thus we have

Pu, (We; 0, Be) = p (we; 0, Be), (3.6.20)
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The joint probability of & and @ has the following formula,
ez (T, &) =p(& —x;0, 2.) (1 —¢) (5,];:0 +ep(x—x; 0, X.)p(x;0, X,),
and based on (3.6.19), we have
pz(@) =1 —¢)p(x;0, X.) +ep(x;0, X, + 3,) .

Let & = E,|; [x|®] and based on Bayes’ theorem, we have

- — T . (3.6.21)

Based on Lemma 3.4.2, we have

Jzp (@ —x; 0, X.)p(x;0, &,) dz
p(2;0, 3, + %)

e

(=0 s s (36.22)

which is the MMSE estimate for a Gaussian prior signal with an identity

measurement matrix. Apply the fact (3.6.22) in (3.6.21), we will reach (3.5.1).

3.6.9 Proof of 3, with Bernoulli-Gaussian Prior

Define X, = E; By [22”|2|| - Bz [0 (&) n (&)] where n(2) = Eys [z]d].
Assume the system model as (3.6.19) with signal and noise distributions as
(3.6.17) and (3.6.20). Note that E; {EQM {wa]iH =E [:ca:T} = €X, based
on the law of total expectation. We focus on the calculation of the (p,q)-

th elements of E; {'r; ()m (:E)T} and | let R = (2;'+ 217 ' 221, based on
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(3.6.21), we have

E: [[n (@), [n (@)],]

k. [e2prp (2 —x; 0, %) p(x;0, X,)dx [z,p(Z — x; 0, ) p(x;0, X,) dx
' (1= €)p (@0, Z) + ep (0, By + %))°

_ / e [zp(®—x;0,3,)p(x;0, X,)de [z,p (2 —x; 0, X.)p(x;0, 3,)d

(I —e)p(&;0, X.) + ep (2;0, B, + X.)
J zpp(@—;0, Ze)p(x;0, B2 )dz [ z4p(@—; 0, X )p(w;0, By )da

iy

= P(&:0, 3z +3c) p(F0, 5, +50) _
- €~/ (1—6)]7(@;0,25) + 1 dm
p(%0,5,4+%:) | p(&0,T,+3.)
(@ / [Rz], [Rz] ep (& 03, + ) .
(1-¢)

€

=, (S50 + 372 exp (—127S RE) + 1

where ¥ is based on (3.6.22). The final 3, can be written in a compact form

as

3, = Bs [Bys |22’ |2]] — s [n ()7 (2)"]
[Rz) [R&E]" ep (&; 03, + .)
T _/ 1=9 |5, (B;1 + 271)|? exp (— 1275, Ri)
x x e p Zw e X + 1

€

d& (3.6.23)

3.6.10 Proof of (-) and X, with Gaussian Prior

The results can be directly achieved from Lemma 3.4.2, but here, we derive

the results based on the consequences from BG prior.

For the estimator n (+), we start from (3.6.21), by setting ¢ = 1, we directly

achieve
Jap(@ —x; 0, X.)p(x;0, X,) dx

T p(ﬁj;O, 2m+26) ’

and based on (3.6.22) we can prove (3.5.7)
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For the X, we start form (3.6.23), by setting € = 1, we have

s, -3, -R {/:ﬁﬁ:Tep (@ 0%, + %) dé| R”,

=%, - RE [¢z"| R". (3.6.24)
Recall that

R= 2;1 + Ee_l)_l 26_17

=%, (T, +32.)7", (3.6.25)
substituting (3.6.25) into (3.6.24) will give

2, =%, -2, (S, +2) %,

R O

where "2 is based on Woodbury Matrix Identity (WMI) listed below. The

achieved result coincides with Lemma 3.4.2.

Lemma 3.6.3 (Woodbury matrix identity (WMI)[84]). For matrices A, U,
C and V of the correct sizes, assuming all the matrices have inverses, then

we have the following

(A+UCV) ' =A" —AU(C +VA'U) VA
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3.6.11 Heuristic State Evolution Analysis for Gaussian
Signals
For the C-DCS model, we are tracking the covariance matrices of the equivalent

noise (X}) and the estimation error (37). The SE analysis is based on the

following equations:

1
! = 5 (B4) 0% +0o1, (3.6.26)
st = (2; + (=) ) . (3.6.27)

where § = .
Case 1: Assume X, = 02T (independent signals), for both MMV and DCS
cases, 3, and X} will keep as diagonal matrices. Thus, (3.6.26) will degenerate

into the following scalar version

2 1 o2 (ot)?
(o!) = Q(t)lz +02 (3.6.28)
007+ (at™)
and by assumption o!~! = o = 0° at the steady state point, we have equiv-

alent noise with variance

(15;50323 + O'Z)) + \/(1560§ + 012”)2 + 40202
2

where the negative part has been ignored. The corresponding MSE can be
calculated via § ((0600)2 — ai) which provides (3.5.9)
Case 2: Assume X, = 021 (identical signals) and consider DCS case where

34 = I. The inverse of 3, is not exist, thus, we consider the pseudo inverse

3> * instead. The Singular Value Decomposition (SVD) of 3, and X can be
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written as

K 1 L
3, = 02U ul,sf=—uU| " U’

o2
Ox—1 x OOK 1

Dx(K=1) are diagonal

where U is an orthogonal matrix, Ox_1, cox_1 € RE~
matrices with diagonal elements 0 and oo, respectively. Due to the property
of 34, Xt = (02)2 I will always be a diagonal matrix, thus we can write the

following decomposition

- 1
S = (o) UUT, (%) = UU”
(af)
and Eﬁ] can be achieved via
1
-1\ ! 21K + 1 2
(2; + (=) ) =|u| =" o U’
XOK-1

(a2)°

02K + (ot)°

xT-

-1
We only focus on the diagonal elements of (E; + (22)_1) which should be
ot)’o2
%(;)2 , the state evolution will also degenerate into the following scalar

form
t 2

2
t+1 2 1 (ge) gz 2
—__e T 3.6.29

(Ue ) 50_3%}—(— + (0_2)2 + Ow ( )
notice the difference between (3.6.29) and (3.6.28). Following the rest analysis

steps in Case 1, we will achieve (3.5.11)

Case 3: Assume X, = o21(identical signals) and consider MMV case

where ¥4 = 1. The analysis is the same as in DCS case, the only difference is
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that X! is no longer a diagonal matrix. Instead, we have

o'l = o'U

T . 2 t
U = (24). @En
Ox_1

then

= gatl +oiuu”

- %atK + 02

UT
UiIK—1
and Eﬁ] can be achieved via
-1
_ 1 1
(=+(=)7) || AR g
XK1
(%atK + 02})

_ 2t+1
1 z =
St K + 02 + 02K K
which indicates

1.t 2 ;2
altl — (504K+aw)a

%atK +02 + 02K

We still focus on the diagonal elements of (Ej + (Ez)_1>_1, define
(UZ)Q I := Diag (22)

where Diag(-) is the operator that keeps the diagonal elements of a matrix

103

(3.6.30)
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unchanged but set others to zero and based on (3.6.30), we have

(02)2 = ;at +02, (3.6.31)
5

then o'*! can be rewritten as a function of o, which gives

K (ot 2 2 K —1) 0202
altl — (‘762) Ia 2( )0uT: (3.6.32)
K(ol)"+Ko2—(K—-1)o

Substituting (3.6.32) into (3.6.31) will provide

The following steps are the same as in Case 1 and finally achieve (3.5.10).



Chapter 4

Number of Measurements

Selection via AMP

In this chapter, we consider a practical signal transmission /receiving applica-
tion with fixed energy budget such as radar/sonar. The system is modelled
by linear equations with the assumption that the total energy that can be
allocated to signals is fixed and thermal noise is the dominant noise source.
Under this circumstances, we discover that the signal energy per measurement
decreases linearly and the noise energy per measurement increases approxi-
mately linearly with the increase of the number of measurements. Thus the
SNR decreases quadratically with the number of measurements. This model
suggests an optimal operation point different from the common wisdom where
more measurements often mean a better performance. Our analysis shows that
there is an optimal number of measurements, neither too few nor too many, to
minimize the mean squared error of the estimate. The analysis is based on a
state evolution technique which is proposed for the approximate message pass-

ing algorithm. We consider the Gaussian, BG and LF distributions (when the

105
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soft-thresholding function is chosen as the estimator) in both real and complex

domains. Numerical results justify the correctness of our analysis.

4.1 Introduction

This chapter focuses on a system design inspired by practical scenarios where
the total energy budget of the linear measurements is fixed, the signal energy
per measurement decreases linearly and the noise energy per measurement
increases approximately linearly with the number of measurements. This sce-
nario arises in many active sensing applications where measuring means ob-
serving the responses of a physical system to the stimulants that we actively
put in. One example is radar systems. The number of measurements could cor-
respond to the number of pulses per unit time (pulse frequency) or the number
of sub-channels in the entire spectrum. When the number of measurements is
increasing, the signal energy per measurement (per pulse/sub-channel) is de-
creasing linearly with the number of measurements. For the measurement
noise, we adopt the commonly used additive white Gaussian noise model.
Based on the famous thermal noise effect of a sampling circuit [85, 86, 87],
which shows that the noise in a sampling circuit increases with the increase of
the sampling rate, we assume that the noise variance increases approximately
linearly with the increase of the number of measurements. With the above
assumptions, the SNR per measurement should decrease quadratically if we
add more measurements. Our goal in this chapter is to address this trade-off
and determine the optimal number of measurements. It is worth noting that
although this chapter focuses on sparse signals, the same trade-off exists for

non-sparse signals as we show in Section 4.3.
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The main contribution of this work is that we analyse the quadratic de-
creasing SNR model and find the exact optimal number of measurements re-
quired to minimize the MSE under certain mathematical assumptions. For
the purpose of analysis, we assume a Gaussian measurement matrix, i.e., the
elements in the measurement matrix are independently drawn from a Gaussian
distribution. Let m be the number of measurements, n be the dimension of
the unknown signal, and S be the number of non-zero elements. Further, let
m, n, S — 0o with constant ratios § := ™ (normalized number of measure-
ments, under-sampling ratio) and € := % (sparsity level). By characterizing
the asymptotic distortion as a function of the normalized number of measure-
ments d, one can find the optimal number of measurements &' that minimizes
the distortion. The §" may be directly achieved by a closed-form formula or by
numerical calculation which depends on the statistics of the unknown signal.
In order to provide intuition about the value of &' for different unknown sig-
nals, we study upper bounds on ' for three typical signal models: Gaussian,
BG and LF distributions in both real and complex domains. The first two
signal models are commonly used for non-sparse and sparse signal analysis,
respectively. The third model is used for worst case analysis meaning the re-
sulting MSE performance is an upper bound on that of signals with arbitrary
distribution with the same sparsity level. The worst case analysis result is
pessimistic in general but at the same time universal. Our analysis shows that
for all three models, in both real and complex domains, the optimal value &7

is upper bounded by 2.

Our results are based on the AMP algorithm and the associated state
evolution analysis. It is noteworthy that though the rigorous derivation of

state evolution of AMP requires a random Gaussian matrix, numerical results
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in [28] show that the same results are relatively accurate for partial Fourier and

Rademacher matrices when the sizes of these matrices are sufficiently large.

4.2 Problem Formulation

4.2.1 System Model

Consider a signal transmission /receiving system with fixed energy budget such
as radar/sonar. If we sample a signal with more measurements m then the
energy allocated to each single measurement is reduced. Thus, we assume
the signal variance is proportional to m~!. This effect can be modelled by
multiplying each measurement by a factor of 1/y/m. In addition, based on [88],
when considering the noise power of a receiving system especially for radar,
an adequate assumption is that the receiver system is ideal and only consider
the thermal noise. It is known that the thermal noise in a sampling circuit

increases with the sampling rate [85, 86, 87], we assume a linear relationship

2

2) and the number of measurements (m). Let H

between the noise variance (o

represents the real (R) or complex (C) domain. The system is modelled as

y=Azx +w, (4.2.1)

where y € H™ denotes the observation vector; A € H"™*" is the standard
Gaussian random matrix with elements scaled by 1/y/m; @ € H" represents
the unknown signal and w € H™ is additive Gaussian noise with mean zero.
In addition, based on the assumption of the linear relationship between o2 and

m, we define

02 = 602, (4.2.2)

w



4.2. PROBLEM FORMULATION 109

where § := ™ and 0§ denotes the noise base level which is a constant. Let &

be the estimated signal. The performance of the system is given by the MSE
1 L2
Err == lim — ||z — &|". (4.2.3)
n—oo n,

In particular, we are interested in the value of ¢ that minimizes the MSE
(4.2.3). We consider the system model (4.2.1) for both non-sparse and sparse

signals.

4.2.2 Non-Sparse Setting

For the non-sparse setting, we consider the widely used Gaussian signal as an
example. The asymptotic MSE analysis for the traditional problem is well
known. Assume that A is a Gaussian random matrix with i.i.d. elements
drawn from N (0, %) when H = R (or CNV (0, %) when H = C), x is drawn
from N (0,02I) when H = R (or CN (0,02I) when H = C) and the noise w
is drawn from N (0,021) when H = R (or CN (0,021) when H = C). The

asymptotic MSE of the MMSE estimator can be directly calculated based on

random matrix theory [29]. Denoting ¢ = @, we have
lim ! |z — &|* = 0 {(002 - 02) + \/(002 +02)° + 40202 . (4.2.4)

By replacing the noise variance with our model (4.2.2), a trade-off between
MSE and § is achieved. Figure 4.2.1 plots an example, where we set 02 = 1
and vary the value of 2. For each given o2, by increasing the number of
measurements, the MSE first decreases until reaches the optimal point; further

increasing the number of measurements, the MSE becomes larger.
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Gaussian Signal
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Figure 4.2.1: Trade-off for Gaussian signals. o7 is the noise base level. The
optimal ¢ decreases with increasing o2.

For sparse signals, we want to find a similar relationship, taking into ac-
count the non-linear property of the sparse decoder. Instead, we use the state
evolution technique of the well known AMP algorithm [29, 1]. Although AMP
was originally proposed for solving CS problems in which the unknown signals
are assumed to be S-sparse, we will show that the same analysis is also valid
for non-sparse signals in Section 4.3.3. The background of AMP has been
given in Chapter 2. Here we just recall the key parts. At each iteration, AMP
estimates the signal based on (2.2.1) which requires the information of the
ground truth signal and the equivalent noise. When the actual distribution of
@ is unknown, a worse case analysis will be applied (see Section 2.1). When
the distribution of x is given, then the corresponding MMSE estimator will
be used (see Section 3.2.2). The statistics of the equivalent noise is calculated

based on (2.2.2) which requires the knowledge of the estimation error of the
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previously iteration. When the measurement matrix is a standard Gaussian
random matrix, the performance of AMP can be described by SE which tracks

the variance of the equivalent noise via
ne_ 1 2
(o!) = B+ oy, (4.2.5)

where Err; represents the estimation error of the previously iteration which
is defined by (2.2.4). Thus, in order to apply AMP algorithm and the corre-
sponding SE technique, we need to choose the estimator 7(+) and calculate Erry,
properly. When AMP algorithm converges, we have t — oo, 0! = o/l = ¢
and Err; = Err,y = Erry.. In the following sections, we will study the relation-
ship between MSE (Err.,) and 0 according to some specific signal distributions

such as LF and BG distributions in both real and complex domains.

4.3 Analysis in Real Domain

In this section, we analyse the relationship between MSE and § (or equivalently
m) in the real domain for both LF and BG distributions. Then we extend the
analysis to the complex domain in the next section. We first consider the
situation that the actual distribution of the unknown signal is not given and
we only know the sparsity level € = % The analysis in this case will provide
a worst case universal solution. A designed decoder based on a given signal

distribution should outperform the universal decoder. To study this case, we

consider the BG distribution.
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4.3.1 Least-Favourite Distribution (Worst Case Analy-
sis)

For the worst case analysis, the soft-thresholding function (2.1.3) will be chosen

as the 7 () function and the corresponding LF distribution is defined by (2.1.5).

The optimal threshold value 6 and Err,,;, at each iteration, are calculated via

0" = a'o!, af =arg min M (¢, )
acR4

and

Erryyy =M (e,oﬁ) (at)2. (4.3.1)

[

where M (6, aT) is given by (2.2.7).
We apply the above results to our system model and achieve the following

theorem

Theorem 4.3.1. For a linear measurement system (4.2.1) with signal model
(2.1.5) and additive white Gaussian noise with variance (4.2.2), apply AMP
algorithm with estimator (2.1.8). By the convergence assumption of (4.2.5),
we have

st =M (e, oﬁ) : (4.3.2)
which is independent of the noise variance.

t+1

Proof. By the convergence assumption, when ¢ — oo, we have ottt = ¢! = o

and Err,; = Erry = Erry,. Substituting (4.2.5) into (4.3.1) provides Err,, =
M(e,af>620'8

76—M(e,oﬁ) . Now

M (e, oﬂ) (%Erroo + (508) which can be rewritten as Err,, =
Err, is a function of . Take the derivative of Err,, with respect to d and set it

equal to zero, for 6 > M (e, oﬂ) (which ensures that Err,, is a positive value),
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we have the only saddle point 67 = 20 (e, oﬁ). As § — oo, we have Err,, — 00,

thus, 6' is a local minima which is the required solution. In addition, 6t does
M(e,aT)52o(2)

57M(€,G£T) and

not depend on the base noise level o3, that is because Erry, =

o2 works as a scalar factor which will not affect 7. O

4.3.2 Bernoulli-Gaussian Distribution

Next we consider the BG prior [89, 72, 43] with probability density given by
pe=(1—€8_y+epc (x; 0, 0926) : (4.3.3)

where pg (z; 0, 02) represents the Gaussian density with mean 0 and variance

2

lopt

The 7 (+) function can be designed based on the prior information of @. Let

Rt =02/ ((02)2 + ag) and define

(R ::/ ¢ () : 2dz. 434
( 6) 1+%ﬁexp(—%ﬁ%)x . ( )

The component-wise function 7 (-) can be chosen as the MMSE estimator, for

each element of &!:

~t. 2
n (7)) = = (x(;g; w) €R'E;, (4.3.5)

with p (2}) = (1 —€) pa (iﬁ, 0, (02)2) +epa (if, 0, (02)24—0926). For simplified nota-
tion, define
1—¢€ | (o) + 02 R!

1 N2
V= , Uy = 5, U3 =11 eXpP <—2U2 (l‘f) > s

(7¢)
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we have 1 (z]#!) = R'/ (v3 + 1) + Rlvgvy (#)* / (v3 + 1)* and

R'e ¢ ¢ %
Erryq = L — (1 —R'I (R 76))] (08) : (4.3.6)

(See Section 4.6.1 for the detailed proof.)

Fast calculation of Err;,1: We can increase the efficiency of AMP algo-
rithm by avoiding the integration of (4.3.4). Based on Lemma 4.3.2, Err;

can be approximately calculated by

n

Erres; ~ Lll > (xt)] (o!)" (4.3.7)

Proof. As mentioned before, the input of 7 (:) can be written as & = = + w,
(we ignore the subscript ¢ and superscript t for simplification). Consider the
conditional probability

op(@E)  (L—e)pe (@ — ;0,02 8  epe (2:0,02) pe (F — 250,02

P =G T b * p(@) |

in which we only care about the second term (the first term has no contribu-
tions to E [2|Z] and var [2|Z] due to 6/_,). The numerator of the second term

can be written as

~ 2
€vG (x; 0, ai) pa (i — x;0, ag) = ¢ T;ggexp <—;j%> \/;—UEGXP (_(332—0;)>

1 72 —o? -0 , X
=€ exp 53 exp Taﬁ' + — |-
2moL0, 20¢ 20507 o

e

The term ezml —exp (—%) can be moved to the denominator. Compare the

remaining part exp (_Ug_ag x? + i—f) with the term exp (¢o () + uv) in Lemma

252
20Z0%
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4.3.2 listed below, we have u = %5 and v = 7. Based on (4.3.5) and Lemma

e

4.3.2, we have
- EX|V ==z n(z
sy == BRIV =3 _ 2@
0—8 0-6
- _ ' (E) X ey .
var (U|V =7) = p zvar<gg|V:x za—gvar(Xﬂ/:x),

Recall that the MSE considers the average value of var (X |V = Z) with respect

to different 2’s, thus (4.3.7) is proved. O

Lemma 4.3.2. [30, Lemma 2] Consider a random variable U with a condi-
tional probability density function of the form pyy (ulv) == %exp (do (u) +uv),

where Z (v) is a normalization constant, Then,

0
%logZ (v) =E[U|V =]
2

0
wlogZ (v) = %E UV =v] =var (U|V =v).

We do not have a closed form of Err;, thus we cannot directly achieve the
optimal ¢ as in Theorem 4.3.1. On the other hand, when AMP converges,
Err, and of will converge to fixed points Err,, and 02°, respectively. Based on
the relationship between Erry, and 0% given in (4.3.6), the optimal §" can be

obtained by the following theorem.

Theorem 4.3.3. For a linear measurement system (4.2.1) with signal model
(4.3.3) and additive white Gaussian noise with variance (4.2.2), apply AMP al-

gorithm with estimator (4.3.5). For any given set of parameters {e, 0°, o2, o2}
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such that (02°)* — 408Erre, > 0, by the convergence assumption of (4.2.5), we

have
(02°)* + \/(030)4 — 403Err,,
0= 5 . (4.3.8)
20
The optimal value §7 = % is achieved when (02°)* = 402Errs,.
0

t+1

Proof. It AMP algorithm converges, in which ¢ — oo, it = ¢! = ¢° and

Err;y = Erry = Err.. Based on (4.2.5), we have the following equation

1
()% = EEHOO + 8o, (4.3.9)

where Erry, is a function of 62° (4.3.6). Treat § as the only unknown variable,

we achieve the corresponding solutions (4.3.8). For any given set of parameters

o) 2

{e, 0°, 02, o2} such that ¢ is a positive real value, we say that this is a valid

o0

)2 the only constraint is

parameter set. Because \/ (0°)" — 403Errs < (0

that (02°)* — 4062Errs, > 0. The optimal ¢ will have a unique solution when

e}
€

4_ 4.2 : st (020)?
)" = 4ogErr,, and the optimal value is 0" = 55
0

(o O

This can be explained by Figure 4.2.1, when o2° is set relatively large (Errq,
will also be large), there are two possible ¢’s that satisfy (4.3.9). Eventually,
the conclusions from Theorem 4.3.3 can be used to derive the result of Theorem
4.3.1. Recall that in the worst case analysis, based on (4.3.1), we have Err,, =

M (e, oﬁ) (2°)*. In Theorem 4.3.3, the optimal § is achieved when (¢2°)* =

402Erry, = 402 M (e,oﬂ) (¢2°)?, which provides (02°)* = 402 M (e,oﬁ). The
. .  (0)? 402M(e,oﬁ)
optimal value is 07 = e : 202

=2M (6, aT) which coincides with the

solution achieved in Theorem 4.3.1.
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4.3.3 Non-Sparse Case (Gaussian)

The state evolution analysis for sparse signals is also valid for the non-sparse
case by considering the BG prior with € = 1. In this case, (4.3.4) will degen-
erate to the variance of a standard Gaussian distribution which is a constant

with value equal to 1. The estimated error (4.3.6) then has a closed form

2

Err; = R (0‘2) : (4.3.10)

Substituting (4.3.10) into (4.2.5) and setting 0! = o™ = ¢° | leads to

(co2 + d03) + \/(cag +003)° + 402002
2 )

oo)Q _

(0-6

where ¢ = @. We ignore the negative value due to the non-negative prop-

erty of the error. The final estimation error at the fixed point will be
Erre, =0 ((U;’O)Q - 50(2))

which is exactly the same as (4.2.4) (i.e. AMP achieves the optimal MMSE).

4.4 Analysis in Complex Domain

The analysis in the complex domain follows the same line as it in the real

domain but we need to take care of the modifications.

For LF distribution: The Complex AMP (CAMP) algorithm for LF
distribution has been analysed in [33] providing a new Onsager term. The LF

distribution becomes pj; = (1 —€) (5|J;|:O +ed! with the assumption that

j2]=-+o0
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the phase of x is isotropic and based on [33], the 7 (-) function will be,

0" (zt)
~t ogt\ . st i
{3 #) = (x ] ) a0} (441)
where || {|at]>00} denotes the indicator function. The formula of Erre, will be

the same as in real case but with a new M¢ (€, ) function:
Mc (e,a) =€ (1 + az) +(1—¢) {\/ 21 (\/ﬁa) — 20/ ® (—\/504)} . (4.4.2)

Compare (4.4.2) with (2.2.7), we can find the estimation error of non-zero
components of signal are the same (first term). The difference between them
comes from the de-noising for the zero components of signal (second term).
For the complete derivation of new Onsager term and calculation of 7’ (Z£, 6"),

please refer to [33].

For BG distribution: We assume that the real part and imaginary part
of a complex variable share the same mean and variance and they are uncor-
related. For example, let z ~ CN (u,02), then we have ()% (@) ~ N (u, ‘7—2’%)

Under this assumption, we have

2 R ol I ol
pee (;11,0%) = p ( () iy | e | (@) s =

1 |z — MC|2
= ——exp <—> , (4.4.3)

2 2
ToZ o

where p. = p+ +/—1p and the BG distribution in the complex domain be-
comes p(z) = (1 —¢€) (5‘J;|:0 + epoc (x). For the estimate function 7 (-), we just
replace the pg probability in (4.3.5) with poe defined above. Now let pgl =

pea (850, (01 +02) , by = poa (#;0,(01)%), phy = (1 — €) b, +€ply and
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pl o= —mpgg - 2(;756)19;72 - 02+2(;)2p%1 , the four derivatives of 7 () can

be calculated based on the following formulas:

877R (jt) pz _\R\?2 p%
0@ Gy (&) + et 4y
anR (i.;) — 877] (j§> . pf) 2p;71€R (;i‘g)R (;Z';)I (445>

o(#) ()" (k)

M) B (@) e (446

i\ L
TS
Finally, (4.3.6) will be replaced by
R'e 2
Bricass = |1 g (1 e (R0))| (o) (147)
¢c () 2, 17 R
Ic (R e :/ / - |z|” dx’dx (4.4.8)
( ) eft Jol 1 + %1_1Rtexp (_ lth |ZL‘|2)

where ¢¢ (x) = pee (x;0,1) is the standard complex normal distribution.

(4.4.7) and (4.3.6) are exactly the same except the integration terms (see Sec-

tion 4.6.1 for the detailed proof).

Fast calculation of Errc,;i: The same as in the real domain, we can
efficiently calculate Equation (4.4.7) by focusing on the real part of the signal

only,

n onf (3t )2
Errd, & ;; ;(fg‘;ﬁ (‘75) (4.4.9)
Errgip =~ 2Errgt = 1271; a;;g;? (02)2 (4.4.10)
= J

which based on the assumption that the real part and imaginary part of the
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complex random variable are i.i.d..
The optimal 61 can be achieved by using the same theorems in section 4.3,
just replacing M (e, oﬁ) and Erry.; functions with Mg (e, oﬁ) and Erre g,

respectively.

4.5 Discussion and Numerical Justification

4.5.1 Discussion on the Optimal of §'

The optimal &' for LF distribution can be directly achieved by (4.3.2), while
for BG, 61 is achieved by numerically calculation. In order to find the common
attribute of 6" and get an intuition into the values of 6t for different kinds of
signals, we analyse the upper bounds for Gaussian, BG and LF distributions.

We first focus on the real domain. For the Gaussian case, based on (4.2.4),

we are able to achieve 67 = (\/0;*/03 + 1602 /08 — 032;/0(2)) /4, which is a mono-
tonically decreasing function of oy € (0,00], and &' is upper bounded by 2.
For the LF distribution, based on Theorem 4.3.1 and the fact that M (e, off) €
(0,1], the same upper bound applies. For the BG case, based on Theorem
4.3.3, 61 is an increasing function of Errs,, which is upper bounded by the
Gaussian case. Thus, §' is also upper bounded by 2. The same results can be

shown also in the complex domain (the detailed proof is given in Section 4.6).

4.5.2 Numerical Justification

For the simulation, we set n = 1000, o2 = 0.01 as constants. Each simulation
point is the average of 100 independent trials. The simulation results provided

in Fig. 4.5.1 and Fig. 4.5.2 show the relationship between the MSE and the
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Figure 4.5.1: MSE (Errs,) vs 0 for real case. For the same sparsity and noise
levels, the MMSE estimator provides better performances.



122CHAPTER 4. NUMBER OF MEASUREMENTS SELECTION VIA AMP

Worst Case(Complex)
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Figure 4.5.2: MSE (Erry,) vs 0 for complex case. For the same sparsity and
noise levels, the MMSE estimator provides better performances.
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measurement ratio ¢ for a given sparsity level e. From the figure, one can
observe that, when § increases, initially, the MSE decreases dramatically until
it reaches a minimum. After that, further increase in ¢ will increase the MSE.
This phenomenon verifies our presumption that there exists an optimal §' (or
m') for a limited energy transmission system. The overall performance of BG
distribution is better than the one of LF distribution which coincides with
our explanation at the beginning of Section 4.4. The numerical results of BG
signals match the theoretical curves quite well but for the LF distribution,
the numerical results are slightly larger than the theoretical curves. The main
reason is that for the theoretical analysis in this case, we assume that the values
of the non-zero coefficients are +o00, but in simulations, these values can only
be set as certain large numbers which results in a lower SNR compared with
the one in the theoretical case. For both signal distributions, the trends in &'

for different e values coincide with above optimal analysis.

The relationship between optimal 6" and the sparsity level e for different
types of distributions are listed in Fig. 4.5.3 and Fig. 4.5.4. For LF distribu-
tion, at the same sparsity level, the optimal ¢ in the complex case is smaller
than the value in the real case. For BG distribution, at the same sparsity level
and same noise base level, a similar phenomenon can be observed. In addition,
if the sparsity level is relatively small (e.g. € = 0.1, depends on the current
noise base level), when the noise base level increases, the optimal ¢ will move
up which means we need to slightly increase the number of measurements; if
the sparsity level is relatively large (e.g. € = 0.35, depends on the current noise
base level), when the noise base level increases, the optimal 6 may move down

which means we may need to decrease the number of measurements.
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) Least-Favourite distribution (Real)
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Figure 4.5.3: Optimal § vs sparsity level for real case. For LF distribution,
the curve is not related with noise; for BG distribution, the noise base level
changes from 0.005 to 0.1. All curves are upper bounded by 2.
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Least-favorite distribution (Complex)
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Figure 4.5.4: Optimal ¢ vs sparsity level for complex case. For LF distribution,

the curve is not related with noise; for BG distribution, the noise base level
changes from 0.005 to 0.1. All curves are upper bounded by 2.
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4.6 Proof

4.6.1 Proofofr(-) and Err for Real and Complex Bernoulli-

Gaussian Prior

For the real case, we directly apply the conclusion from Chapter 3. Based

on (3.5.1) by setting K = 1, we achieve (4.3.5). Based on (3.6.23) by setting
K =1, we have

7 0 2 2
Err = 60920 — €R2/ = pGl(:L" O + Ue)

~92 1~
E \/gexp (—%R) N 1x dz. (4.6.1)

Changing the variable by defining v =

z

vl then dz = /0?4 o2dy.

Substituting these into (4.6.1) will produce

2

1 ol
Err = EUi - EgiR/ 1—0) \/217 ( 22 2
02y gen (-5 ) + 1
= 6032: (1 — RI (R7 6)) )

Re 9
1—R (1 - RI(R7€>)067

qQ [N—

vy,

and (4.3.6) is proved.

For the complex case, we starts from (4.4.3). Following the same steps in
section (3.6.8) , we have

pec (x) = (1 =€) 6]y + epoc (2:0,02)

pxz (2,%) = (1 —€) pea (j — 0, af) 5:{:0 + epoa (1:; Rz, Raf) PG (a?; 0,02 + ai)

pe (Z) = (1 —€) pea (i; 0, 02) + epoa (i; 0,02 + ai)
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and

The MSE calculation is based on section (3.6.7) and in the complex case, it

becomes

Errg = Ex* — E; {Exﬁ [x]:?]f

where we still have Fz? = eo2. The second term provides

Exe lolal['| = [ |Eue lo13]] pe () di
p%’G (Ziu 070_3 + O—i)
pc (2)
:eRQ/ : pCG (70,0, + 7,) | ?dzfd’ (4.6.2)

—e) pcg(x 0,02)
e poa(%;0,02 +02)

‘|

— €2R2

\Z|? di

Recall that ¢.(x) = peg (x,0,1) which is the standard complex Gaussian

distribution, by defining x = o,y we have

11 o2 y2
bce (37; 07092;) = ;;GXP ( a|2 | >
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This implies that (4.6.2) can be rewritten as

Define v = \/%, we have dift = /o2 + o2dy" | d¥' = /o2 + o2dy’,

—€)  pca(E;0,02)
e poa(Z;0,02402)

2 29250 ( )
of+oz 2402
z\x |ZL' :| = 6-R2/ / \/ - |f|2di‘Rd‘i‘I
at +1

2
1Z]> = (62 + 02) |y|* and substituting into E; { E,z [m|f]‘ , the MSE will be
Errg = eo? — 02eR / / = & (7)3 ~— [ dryidy,
VI S T RexXp (_I—R 7] ) +1

=eo?(1— Rlc (R, ¢)),

Re 9
- 1-R (1 - R[C (R7€)) Oc)»

(4.4.7) is proved.

4.6.2 Boundary Analysis for Gaussian Distribution

We have the MSE for Gaussian estimator with 02 = do?,

1 )
lim — ||z —2|° = 3 [(—503 + cai) + \/(503 + co2)® + 460202 .

n—oo n,

where ¢ = 1%5. Define

F(0) = (=0%5 + (1 - V(6202 + (1 — 6) 02)* + 4630302

S 2 2\ 2 2
g6) = L9 (— 41 ’5 —0) %) +an%

a9 0o a9

= (=02 +( )+ \/(52 + ( C1)* 4 463Cy
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‘&w

where C; = 75 . Let 8%7(;) = 0 which provides

oz

o

2076° + C6% — 2076 = 0

as (] is a positive value, the only possible solution is the positive roots of

20° +C16 — 20, =0

which gives

JC2+16C, — C
gt = Y1 L o).

4

We have

OL(CY) _ _(Gr+8) | 4

0C1  (C?+160})

[N

then for C; > 0, L(C}) is a monotonic increasing function and

s VORI +16C -G VCE+16C+64—C (Cy+8)—Cy ,

4 4 4

4.6.3 Boundary Analysis for Least-Favourite Distribu-

tion

Firstly, we consider (2.2.7) for the real case analysis, which can be rewritten
as

M (6, Oé) = €T1 -+ TQ,
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where

T, = (1+a2)—1—20@(04)—2(1—1—042)@(—04),

Ty=2(1+0a?) ®(—a) - 2a¢(a).

For any a > 0, we have ® (—«) < %, thus

which means for any fixed o > 0, M (e, o) is a monotonic increasing function.
Thus, for any 0 < €; < e < 1, we have M (1, ) < M (e2,a) < M (1, ).
Where

M(1,0) =1+ a?
and based on
-i- o .
al = argglzlglM (1, )
we have af =0 and M (1, aT> = 1. Finally, we found that

O<M(e,cﬂ)§1

the lower bound is by definition. Based on Theorem 4.3.1, § is upper bounded
by 2.
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For the complex case, we also can rewritten (4.4.2) as M¢ (e, ) = €1 + T

where

Th=1+a%— \/ﬁgb (\/504) + 204/7P (—\/504) ,
Ty = \/%gb (\/ia) — 200/ ® (—\/504) .

and for any given o > 0, we have

Ty =1+a%—V2r¢ (\/5&) + 200/ ® (—\/ﬁa)
> 1+a2—\/%¢<\/§oz>
=1+0a®—exp (—042)

>0
By following the same analysis in the real case, a same result can be achieved.

4.6.4 Boundary Analysis for Bernoulli-Gaussian Distri-

bution

Firstly, we consider the real case analysis. Based on Theorem 4.3.3, we have

5 (02" £ \/(02)" ~ dofBrrs (0
203

and

(ST _ (Ue )2
203

where (62°)* = 462Err,, (€) which means 6! will increase with the increasing

of Erry (€)(here we use Erry (€) instead of Erry, to highlight that Erre (€) is
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a function of €). Recall (4.3.6) which is

Err (e) == 1]j€R (1— RI(R,¢))|o?

=o0%¢—02RI (R, ¢) ¢

where
I(R,e) ::/ ¢ () ~x’dz.
L+ 126 \/11—R6Xp (_%z%)
Then for any given R = 02(2;2”02 >0, let 0 < e < ey <1, we have

0<1I(Re)<I(R,e)<1.

Define
fl (6) = 0267
o
fo(€) = 02RI (R, €) e = = :021 (R, ¢€) e,
4

O-(l'

fale) = 024027
and

fiz3 (€) = fi(e) — fa(e),
fa2(€) = fa(€) — fa(e).

Because we have fi(€) /fs(e) > 1 and f5(€)/fa(e) > 1 for any 0 < e < 1,

which means fi3 (¢) and f33 (¢) are both monotonic increasing functions. In
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addition

Err (€) = fi3(€) + f52 (€) = fi(e) — fa(€),

which is also a monotonic increasing function. Thus for 0 < ¢ < €5 < 1, we
have

0 < Err(e;) < Err(ez) < Err(1)

and for € = 1, the BG distribution degenerates to the Gaussian signal and 47
is also upper bounded by 2.
For the complex case, we focus on (4.4.8) which has the same behaviour of

I (R, ¢), the analysis should be exactly the same as above.
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Chapter 5

Improved AMP for Non I.I.D.

Gaussian Random Matrices

This chapter studies the sparse recovery problem of AMP algorithm with non
i.i.d. Gaussian random matrices. AMP enjoys low computational complexity
and good performance guarantees. However, the algorithm and performance
analysis rely heavily on the assumption that the measurement matrix is a stan-
dard Gaussian random matrix with i.i.d. components. The main contribution
of this chapter is an improved AMP (IAMP) algorithm that works better for
non i.i.d. Gaussian random matrices. The algorithm is equivalent to AMP
for standard Gaussian random matrices but provides better recovery when
the correlations between elements of the measurement matrix deviate from
those of the standard Gaussian random matrices. The derivation is based on a
modification of the message passing mechanism that removes the conditional
independence assumption. Examples are provided to demonstrate the perfor-
mance improvement of IAMP where both a particularly designed matrix and

a matrix from real applications are used.

135



136CHAPTER 5. IMPROVED AMP FOR NON 1.I.D. GAUSSIAN RANDOM MATRICES

5.1 Introduction

The AMP algorithm has received wide attention due to its two nice proper-
ties: low computational complexity and good performance guarantees. It only
involves matrix-vector products and scalar operations and therefore the com-
plexity is O (n?). At the same time, if the measurement matrix is a standard
Gaussian random matrix, it has been rigorously proved that AMP achieves
the same phase transition curve as ¢;-minimisation does. Furthermore, AMP
allows complicated statistical models for both the unknown sparse signal and
the noise [1, 60, 30, 29, 90]. It has been proved in [60] that any signal model
can be applied as long as the corresponding denoiser is Lipschitz continuous.

This extends the applicability of AMP.

One drawback of AMP is that both the algorithm and the performance
analysis rely heavily on the standard Gaussian random matrix. It has been
numerically observed that the performance of AMP may severely deteriorate if
the measurement matrix is significantly different from the standard Gaussian
random matrix. A particularly designed example is given in Section 5.4 to high-
light this phenomenon. This drawback limits the applicability of AMP. There
have been methods proposed to address this issue, including damped GAMP
[91] which linearly combines the results from two adjacent iterations, SwWAMP
[31] which updates components in & sequentially, ADMM-GAMP [92] which
considers the inference problem of generalized linear models (GLM) as a large-
system-limit approximation of the bethe free energy (LSL-BFE) minimization
problem and uses alternating direction method of multipliers (ADMM) method
to solve it, orthogonal AMP [93] which is based on de-correlated linear esti-

mation and divergence-free non-linear estimation, and vector AMP [94] which
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is derived using an approximation of belief propagation on a factor graph with
vector-valued variable nodes.

The major contribution of this chapter is an improved AMP (IAMP) al-
gorithm that works better for non i.i.d. Gaussian random matrices. The
derivation of AMP is based on a factor graph representation of the system
and Gaussian approximations of the passed messages on the factor graph. We
observe that the conditional independence assumption used in the message
computation is not valid any more when the elements of the Gaussian random
matrix are not i.i.d.. It turns out that the correlation profile of the elements of
the measurement matrix needs to be taken into consideration. Based on this
observation, a new message passing mechanism is derived where all messages
are computed at the variable nodes. This is quite different form previous ap-
proaches in [91, 31, 92]. The developed IAMP algorithm reduces to AMP when
the measurement matrix is standard Gaussian; at the same time, substantial
performance improvements of TAMP are demonstrated for non i.i.d. mea-
surement matrices. It is noteworthy that IJAMP involves extra computations.
However the extra computations can be made offline so that the ‘operational’

complexity of TAMP is in the same order as that of AMP.

5.2 Message Passing of Approximate Message
Passing

In [60], it has been shown that AMP can achieve the same phase transition

curve as the famous LASSO/BPDN problem

. 1
&= arg min 1y — A} + )z (5.2.1)
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for an appropriately chosen constant A € R*.

AMP is based on the well known belief propagation mechanism. Describe
the probability model of the system using the factor graph in Fig. 5.2.1, where
a variable node i € [n] contains information of z; and a factor node a € [m]
specifies the conditional probability p (y.|2). The message from a factor node

a to a variable node i, denoted by m,_,; (x;), can be considered as

Ma—yi (T5) = D (Ti]ya) /P(ya|37i,w~i)p("13~i) dx.; (5.2.2)

= /p (ya‘xia Zaﬁi) p (Zaﬁi) dza%i; (523)

where x.; denotes all the components in @ except z;, and 2, := 32,4 AajT;.
Note that generally speaking, p (z,_;) is complicated and it is computationally
expensive to compute the integral involved in m,_,; (z;). However, when A
is a standard Gaussian random matrix, z,_,; is a Gaussian random variable
[60, 95]. The message m,_; (x;) can be easily obtained and is also Gaussian.
Now consider the message from a variable node ¢ to a factor node a. Let

isa = arg max p (zy~a), where
3

p(@ilya) & p(w:) b];[ p (yplzi) o< p () b];[ My (1) (5.2.4)

where the relation (a) is based on the conditional independence assumption.
When each m;_,; (z;) is in Gaussian form, the computation of p(z;|y,) is
highly simplified. In summary, the Gaussian approximation and conditional

independence assumption are the two key elements in the derivation.
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1 2 1 n—1 n

Figure 5.2.1: Factor graph and message passing: Squares represent factor
nodes and circles represent variable nodes.

5.3 Improved Approximate Message Passing
(IAMP)

5.3.1 Modification of Message Passing

The main difference between AMP and IAMP is the message passing mecha-
nism to handle general measurement matrix A. When the matrix A is suffi-
ciently dense, 2, ,; can be approximated by a Gaussian random variable so the
Gaussian assumption for AMP is still valid. However, when the elements of A
are highly correlated, the independence assumption (among my_,;’s, b €~ a) is
not true any more and neither is (5.2.4). To address this issue, a new message
passing mechanism has to be designed. In particular, due to the dependence
between my_,;’s, the computation at the factor nodes becomes unnecessary.

We focus on the message at the variable node

My (zi) = p (zily) o /p(y|$z‘,w~i)p(93~i) dx.;, (5.3.1)

where we stick to the common assumption that p(x~;) = [I;. p(x;). With
the assumption that the measurement noise w ~ N (0,021), the following

Lemma suggests that p (z;|y) can be approximated by a simple Gaussian pdf.
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Lemma 5.3.1. Let A; be the it" column of A and AT is the transpose of A;.

Define j; == Aly , z; .= AT (Z#i Aja:j), Elz;] =0, o2

T

= E [x?], and

2

ol =var(z) =) (AiTAj)Z o2 (5.3.2)

Z; Tj
J#i
Assume that || A;ll, = 1, Vi € [n], and Az is jointly Gaussian. Then p (x;|y)

can be approzimated by N (g]i, o2+ Ugi).

Proof. See Section 5.6.1. m

5.3.2 Algorithm Description

At the variable nodes, the operation of IAMP is the same as that of AMP:

each signal component is denoised individually from its noisy observation

where w; is additive Gaussian noise with distribution A (O, 01%1_). Based on

Lemma 5.3.1, 03 = o2 + 02. To make the notation more intuitive, we also

2
in,s*

denote o3, by o, ;. Now consider the popular denoiser of the form [60]

Ui —0; U >0

T =n(Ji;0:) = 40 —0;, <1;,<0; (5.3.6)

Ui+ g <—0:

where 6; is the corresponding threshold. In this chapter, (5.3.6) is different
from (2.1.3), as we allow different threshold values 6,’s for different g,;’s. Define

the mean squared error of this denoiser by Jgum =E [(:%Z — xl)ﬂ Consider
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Algorithm 5.1 Pseudo code of IAMP algorithm

Import: y: the observation vector. A = [A;, Ay, As, ..., A,]: the measure-
ment matrix. ¢2: the noise variance. €: the nonzero probability (defined
as the ratio between the number of nonzero elements in  and n the
dimension of x).

Output: &: the estimated signal.

Initialization: Let 1 = y, 2 = 0 and t = 0. Set 0%,, = 02 =

out,? x
2 2
(lyl3 —ma2) /1A
Iteration: In the ¢-th iteration, do
1. Based on (5.3.2), compute
2
J?m = Z (AiTAj) agut’j + 02, Vi€ n]. (5.3.3)

JF
2. Let gt = 2t + 3, Aurt. Update the estimated signal
o = (50!), Vi€ ],

where the denoiser 7 (-) and the threshold 6! are defined in (5.3.6) and
(5.3.7) respectively.

3. Update the “residual” signal »'*! by

rett =y, — Z&ﬁ“+2&m@,)LWGWL (5.3.4)

4. Compute o2, ; via Equation (5.3.9).

out,?

5. [Optional] Adjust the “output” noise variance.

Let 62 = Ly | | Alf5 02, Set 02, = coly,;, where

out,? out,?’

o= (- o2) ot

6. t=t+1.

7. Go back to step 1 unless the stopping criteria are satisfied.
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the worst case analysis as in Section 2.1, the optimal threshold #; (to minimise

2 : 2 -
Oouti) and the corresponding mean squared error o, ; are given by

out,i

0; = aoin, (5.3.7)
ol = arg minM (¢, a) (5.3.8)
Ugum‘ =M (Ea CVT) Uizn,i' (5.3.9)

where M (¢, ) is given by (2.2.7).
With above notations, the TAMP algorithm is detailed in Algorithm 5.1. In

the initialisation step, an estimation of the variance of o2 will be needed. From

the model y = Az + w, it is approximately true that || Az| = |Jy||5 — ma?.

2

On the other hand, assume that ;s are independent and o2 = 0y, = o2,

Vi # j. Then ||Az|; ~ ¥ o |Aill2 = 02| Al|7. As a result, one can set
2 2
o2 = (lyl —mo?) / Il
In the IAMP algorithm, L ||rt+1||§ measures the uncertainty that still ex-

ists after current estimation which contains two parts, one part comes from the

t+1>

current estimation of z;""’s and another comes from the measurement noise.

L2 = 02)  calculates the practical uncertainty from the current es-
m 2 w)y

timation and 2 is the corresponding theoretical value. ¢ (in step 5) can be

2 2

treated as the practical-theoretical ratio and by the operation of o5, ; = o5 ;,

we transfer the theoretical value of o2, . into the ‘practical’ value. It is not

out,?
guaranteed that with the optional step, the performance of IAMP algorithm
o+t

will always be improved as it will affect each threshold value at the next

iteration.

The major differences between AMP and TAMP are as follows. Assume

2 _ 2 2 2 : 2 2
that Oinj = Oink and Ooutj = Oouthr J # k, and therefore Oini and Oouti
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are replaced by o2 and o2, respectively. In AMP, Equation (5.3.3) becomes

ol = 302, + 02 with § := . The implementation of the denoising function 7
in (2.1.1) depends on this information. The second difference is that the last
term in (5.3.4) becomes = 7 ' (5 00) vl = 5 (' (gt 00)) L.

The ‘operational’ complexity of IAMP is the same as that of AMP. The
most computationally intensive step is the evaluation of (5.3.3), of which the
complexity is O (n?). However, AT A;, Vi # j, can be computed off-line. All

other steps only involve at most O (n?) computations.

5.4 Performance Discussions

In this section, we will first show that if the measurement matrix A is a stan-
dard Gaussian random matrix, then IAMP reduces to AMP. Next, we construct
a Gaussian random matrix such that the marginal distribution of each entry
is still N/ (O, %) but the entries are dependent. For this scenario, we show
the significant performance improvement of IJAMP. Finally, we demonstrated

the improvement of ITAMP using synthetic data of a real application — radar

imaging.

5.4.1 The Standard Gaussian Random Matrix

In this subsection, we consider the behaviour of IAMP for standard Gaussian
random matrices, i.e., the entries are independently generated from A (O, %)
Under this assumption and using the approximation techniques mentioned in
[60] , the TAMP algorithm can be simplified when the sizes of the system m and
n are sufficiently large. In particular, it can be shown that AT A; = % +o0 (%)

and hence Equation (5.3.3) becomes 02, = $02,,+0240 (1). Furthermore, each
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Theoretical curve
------ IAMP curve
0.8} | ===-AMP curve

02 0.4 06 0.8
m/n

Figure 5.4.1: Phase transition for a standard Gaussian matrix. AMP and
IAMP both achieve the same performance.

component of the matrix A,;, = O (\/%) The last term in (5.3.4) becomes

Lsn o0 (G500 rt = 1 (f (95 0%)) rl. Hence, IAMP reduces to AMP.

m L=i=1 a— § i Y4

Figure 5.4.1 provides the numerical comparison between AMP and IAMP

(without the adjustment of the “output” noise variance). We consider the noise

2

o = 0. We are interested in the phase transition curve, that

free case, i.e., o
is, the exact reconstruction happens with dominant probability in the region
below the curve while the recovery is not accurate with dominant probability
in the region above the curve. (In empirical study, we use 50% probability to
draw the phase transition curve.) The theoretic curve is obtained by asymp-
totic analysis presented in [60]. The empirical results are obtained via 100
independent trials. In the simulations, n = 1000, so that asymptotic analysis
should be accurate. The simulation results suggest that the theoretical phase

transition curve predicts the actual performance and the AMP and TAMP

algorithms give the identical numerical performance.
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Figure 5.4.2: Phase transition for non i.i.d. Gaussian random matrices with
p = 0. The gap between theoretical curve and practical curve of IAMP algo-
rithm is smaller than AMP algorithm.

5.4.2 Non I.I.D. Gaussian Random Matrices

The more interesting results are obtained when the measurements are not the
standard Gaussian matrix. Let B € R™*" be a standard Gaussian random
matrix. Let D € R™*™ be a diagonal matrix whose first m /2 diagonal entries
(denoted by di, k € [m] ) are y/p/2 and the rest m/2 diagonal entries are
given by /(4 — p) /2, where p € [0,4] is a given design constant. Let H be
a normalised Hadamard matrix such that HTH = HH” = I. Define the

measurement matrix as A = HDB.

This definition is motivated by equation (5.3.2). It is clear that A is a
Gaussian random matrix. The marginal distribution of an entry A, ; is given

by Agi ~ N (0, %) Furthermore, it can be shown that the cross-correlation
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between two columns has variance given by

E|(ArA)’| =E|(B! DTHTHDBj)Q}
2
= (BiTDTDBj)ﬂ —E (Zdin,in,j>
k
1 & 24 (4—p? 1
(]

which is not 1/m (the value for standard Gaussian random matrix) unless
p = 2. The resulted IAMP behaves quite different from AMP. Equation (5.3.3)
can be approximated by o2 = $02 (p) 02, + 02.

Figure 5.4.2 compares AMP and TAMP (with the adjustment of the “out-
put” noise variance). TAMP gives much better performance than AMP, and
theoretic prediction of IAMP is also better than that of AMP. Unfortunately,
in this case, neither of the theoretical predictions is accurate. The main reason
is that the Onsager terms in AMP and IAMP will no longer completely cancel
the correlations across iterations, as the matrix A is not a standard Gaussian
random matrix. Thus, after first iteration, A and x! become dependent which
makes the calculation of (5.3.2) no longer precise. In this case, the threshold
values 6%’s for the 7 (-) functions in both algorithms are not optimally tuned.
The practical performances of the non-optimally tuned AMP and TAMP can-

not match the theoretical curves (see the behaviour of the non-optimally tuned

IST algorithm in Fig 1.3.1 as an example).

5.4.3 Radar Imaging

For simplicity, we consider the 1-D radar imaging. (The 2-D image in Figure

5.4.3 is obtained by scan the picture line by line. The size of the image is
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Figure 5.4.3: Radar imaging. TAMP algorithm is robust against noise.



148CHAPTER 5. IMPROVED AMP FOR NON 1.I.D. GAUSSIAN RANDOM MATRICES

207x194). A linear frequency modulated signal is transmitted and reflected by
the existing targets in the scene. The received signal is then the superposition
of the reflected signals. When the number of existing targets is small, this
superposition is sparse. Depending on the distances between the radar system
and the targets, the reflected signals are scaled versions of the transmitted
signal with different delays. Mathematically, the received signal is given by
y = Ax, where columns of A € C™*™ are the transmitted signal with different
delays, and & € C" denotes the reflection coefficient vector and is sparse. The
matrix A has two interesting structures. First, it is deterministic and Toeplitz.
Second, it is tall rather than flat. Here we do not consider the compressed
sensing scenario, i.e., no sub-sampling is performed. In practice, the sampling
rate can be very high resulting m > n.

The simulated results are given in Figure 5.4.3. Besides AMP and IAMP
(with the adjustment of the “output” noise variance), the least squares ap-
proach is also included. This is motivated by the fact that least squares ap-
proach can perfectly recover the signal @ for the noise free case. However, least
squares approach cannot incorporate the sparse prior information and there-
fore does not give a sparse solution for the noisy case. Figure of pseudo inverse
demonstrates this point at SNR = 0dB. By contrast, due to accommodating
sparse prior information, both AMP and TAMP perform well consistently for
both high SNR and low SNR. As of the comparison between AMP and TAMP,
it can be observed that IAMP results in less artifacts (see bottom left corner)
and sharper images.! In summary, among the tested algorithms, IAMP is the

most robust one against the noise.

Tt is interesting to observe that the visual performance of AMP improves when SNR
decreases. We don’t fully understand the reason but suspect that it may be because the
biased estimation of o2 (5.3.3) is neutralised by the large noise variance o2

w*
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5.5 Conclusions

An improved AMP algorithm has been derived for non i.i.d. Gaussian mea-
surement matrices. The performance improvement has been demonstrated by
using a particularly constructed Gaussian matrix and a matrix from real ap-
plications. It turns out that the improvement is obtained by considering the

correlation profile of the elements of the measurement matrix.

5.6 Proof

5.6.1 Proof of Lemma 5.3.1

We first calculate p(y|x;, x.;) by treating y and x.; as constant vectors:

Inp (y| x;, ;) (5.6.1)
] 2

= _272 Z (ya - Aaixi - ZAajxj> +c (562)
Ow a j#i
1

) (xf — 20 + QZixi) +c+d (5.6.3)
O-w
1

= —272 (g’b — Z; — xi)z + & + C/ + CN; (564)
g,

where c is a constant, §; = ATy, 2, = AT (Z#i Aja:j), and ¢ and ¢’ are two

constants and their sum is given by

2

1
/ no__ 2 1T . AT 2
c+c = 202 (H'y”z + HAZ AT o Yi




150CHAPTER 5. IMPROVED AMP FOR NON 1.I.D. GAUSSIAN RANDOM MATRICES

where A} is the orthogonal complement of A;. As a result, the integral in

(5.3.1) becomes

[ p@laiza)p (@) don (5.6.6)
= /p (Ylzi, 2i) p (1) dzi (5.6.7)
b r 2 z

= /01 exp (—20120 (Ui — 2z —x3)" — 2021) dz; (5.6.8)

where = holds as z; = AzT (Z#i Aja:j> is a function of x.; and we only care
about the conditional probability p (y|z;), 2 holds as we treat z; as a Gaussian

variable (based on the joint Gaussian assumption of Ax), thus, we have

p(z:ly) L i)
ily) < coexp | ————— (5 —x)" |,
’ 2(03,—1—032,)

where ¢; and ¢y are two constants. This lemma is therefore proved.



Chapter 6

Conclusion and Future Research

In this chapter, we summarise the contents provided in the thesis and consider

some potential problems for future research.

In Chapter 3, we discussed about the AMP-C-DCS algorithm proposed
for solving the correlated DCS model. This model assumed that correlations
existed in both measurement matrices and unknown signals across different
measurement instances. In order to mathematically describe the correlation
effects, we grouped the elements at the same location from different measure-
ment instances to form the super components which were i.i.d drawn from
some distributions p4 and p, respectively. State evolution technique was used
to analyse the asymptotic performance of the new algorithm in the asymp-
totic region. Correctness justification of the state evolution was provided for
the two special cases in which the measurement matrices were assumed to be
independent (DCS model) and identical (MMV model), respectively. While
for the cases between them, due to the complexity and difficulty of applying
the Gaussian condition lemma, we haven’t found an efficient way to complete

the justification. We consider this unsolved task is worth for future research, of

151
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course, new techniques should be introduced to simplify the proof or to avoid
the complexity issue that appeared during our analysis. Another potential
work is to consider the measurement matrices and signals that do not have the
same dimensions by considering that different kinds of sensors may be applied
in practice. Thus how to describe the correlation effects among these super

components reasonably becomes an urgent subtask.

In Chapter 4, we proposed a quadratically decreasing SNR model according
to a practical signal transmission/receiving system with fixed energy budget.
Under this condition, we were able to find an optimal number of measurements
to minimize the MSE of estimation by applying the state evolution technique
of the AMP algorithm. We considered the Gaussian, Bernoulli-Gaussian and
Least-Favourite distributions for signal models in both real and complex do-
mains. The analysis showed that for these distributions, the normalized opti-
mal number of measurements (67) was upper bounded by 2. Although based
on the simulation results, we could always find an optimal 6" for different kinds
of distributions listed above and different noise base level o7, the uniqueness
of the optimal 67 was not rigorously proved. In order to make our analysis and
model more solid, the justification of the uniqueness of 61 should be necessary
and physical system should be built to check the correctness of our proposed

model.

In Chapter 5, we considered the drawback of the AMP algorithm which was
the assumption that the measurement matrix was a standard Gaussian random
matrix. This kind of assumption is difficult to achieve in practice. It had been
numerically observed that the performance of AMP might severely deteriorate
if the measurement matrix was significantly different from the assumption.

Under this circumstance, we proposed an improved AMP algorithm based
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on a new message passing mechanism where all messages were computed at
the variable nodes. Simulations showed that the improved AMP algorithm
outperformed the AMP algorithm for the non-ideal measurement matrices but
achieved same performance for the ideal case. The main problem was that
for both algorithms, when the measurement matrices were not ideal Gaussian,
there were gaps between the practical performances and theoretical curves
achieved by state evolution, although, the gap of our proposed algorithm was
smaller. We consider this phenomenon may be caused by the Onsager term
which is not optimally designed based on the structure or information provided

by the measurement matrix. Future research is required in this direction.
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