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Abstract

Existing stabilizing conditions that employ a terminal cost and con-
straint that, if satisfied, ensure stability and recursive feasibility for de-
terministic, robust and stochastic model predictive control are briefly re-
viewed and analysed. It is pointed out that these conditions do not cover
all situations. Proposals are made to cover a wider range of desired ap-
plications.
keywords: Model Predictive Control, Stabilizing conditions, Descent
Property, Recursive feasibility

1 Introduction

The purpose of this note is to review stabilizing conditions for ensur-
ing stability and recursive feasibility for many conventional, robust and
stochastic MPC problems, to point out some limitations and to offer pro-
posals to alleviate these limitations. Most papers on MPC ensure sta-
bility by the addition of a suitable terminal cost and terminal constraint
to the optimal control problem solved online; the stabilizing conditions
are essentially conditions that the terminal cost and constraint must sat-
isfy to ensure stability and recursive feasibility. We therefore restrict our
attention to those versions of model predictive control in which the op-
timal control problem solved online includes a (single) terminal cost and
a (single) terminal constraint. This class includes most versions of model
predictive control as shown in [1] but there are other versions of model
predictive control, some of which are briefly reviewed in [2]. Examples in-
clude a method for ensuring stability [3] that employs a terminal cost but
no terminal constraint and relies on the horizon N in the optimal control
problem solved online to be sufficiently large. It is difficult, using this
approach, to ensure recursive stability; a possible reason for this difficulty
is given in [4]. The class of stabilizing conditions studied in this paper
is extended in several versions of model predictive control that employ
a set of equibrium points [5, 6] rather than a single equilibrium point to
increase the region of attraction of the resultant controller. An interesting
development is the finite-step terminal condition [2, 7] in which a single
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terminal cost-terminal constraint pair is replaced by a sequence of sim-
pler pairs. The approach taken in [8] , which provides valuable insights,
appears to be very different from conventional MPC in that the optimal
control problem, whose solution yields the model predictive control, has
an infinite horizon. However, as shown for example in [8, Algorithm 2.1]
for deterministic MPC, a solution to the infinite horizon problem is ob-
tained via the solution to a finite horizon optimal control problem with a
terminal penalty and constraint set that satisfy the stabilizing conditions
for conventional MPC. Most versions of MPC achieve, or can achieve, sta-
bility and recursive feasibility if the optimal control problem solved online
includes a single terminal cost-terminal constraint pair. We restrict at-
tention to this class in the sequel.

The stabilizing conditions for conventional MPC [1], if satisfied, facili-
tate the derivation of the descent property of the value function V 0

N(·) for
the optimal control problem PN(x) solved online; the descent property is:

V 0
N (x+) ≤ V 0

N (x)− ℓ(x, κN (x))

in which x is the current state, x+ = f(x, κN (x)) is the successor state
of the system being controlled, ℓ(x, u) is the stage cost and κN (x) is
the model predictive control action at state x. This property is crucial
for establishing asymptotic or exponential stability. However, a second
important property yielded by the stabilizing conditions is recursive fea-

sibility ; if the current state x is feasible for the optimal control problem
solved online, so is the successive state x+ = f(x, κN (x)). This property
ensures that, if the initial state is feasible, so are all successive states.
These two properties enable, subject to a few minor ancillary conditions,
asymptotic or exponential stability of the target, usually the origin, to be
easily established.

A major motivation for this technical note is the observation by the
authors of [9] that none of the recent approaches to stochastic MPC deal
directly “with stability under receding horizon control as a ‘standalone’
problem’ ”; the purpose of [9] is to provide such a framework. We take this
to mean the purpose of [9] is to provide stability conditions for stochastic
model predictive control.

We summarize in this note proposals made in the literature for sta-
bilizing conditions for deterministic, robust and stochastic MPC, propose
a few extensions of these conditions for robust and stochastic MPC and
make some suggestions for further research in the development of useful
stabilizing conditions for robust and stochastic MPC.

Standing Assumptions:
We assume in the sequel that f(·), ℓ(·) and the terminal cost Vf (·) are con-
tinuous and satisfy f(0, 0) = 0 or f(0, 0, 0) = 0, ℓ(0, 0) = 0 and Vf (0) = 0.
We also assume that the state constraint set X is closed and that the
terminal constraint set Xf and the control constraint set U are compact;
in addition, each set X, U and Xf contains the origin in its interior.
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2 Stabilizing conditions for deterministic

MPC

We first recall the stabilizing conditions for deterministic MPC. Deter-
ministic MPC addresses the problem of controlling a deterministic system
x+ = f(x, u) subject to the state and control constraints by determining a
control u = κN (x) that is obtained from the solution to an optimal control
problem minu{VN (x,u) | u ∈ UN(x)} in which UN (x) is the set of control
sequences u , (u(0), u(1), . . . , u(N − 1)) satisfying the state and control
constraints x(i) ∈ X, u(i) ∈ U and the terminal constraint x(N) ∈ Xf ;
VN (x,u) ,

∑N−1
i=0 ℓ(x(i), u(i)) + Vf (x(N)) and Vf (·) is the terminal cost.

In these definitions x(i) is the solution φ(i;x,u) at time i of x+ = f(x, u)
when the initial state (at time 0) is x and the input (control) sequence
is u. The control applied to the system is the first element of the mini-
mizing control sequence; this defines the implicit control law κN (·). The
stabilizing conditions on Vf (·), Xf and ℓ(·) for the deterministic problem
take the form:

Assumption 1 (Stabilizing conditions: deterministic MPC)

Vf (·), Xf and ℓ(·) have the following properties:

1. For all x ∈ Xf , there exists a u = κf (x) ∈ U such that Vf (f(x, κf (x))) ≤
Vf (x)− ℓ(x, κf (x)), and f(x, κf (x)) ∈ Xf .

2. Xf ⊂ X

3. There exist K∞ functions α1(·) and αf (·) satisfying

ℓ(x, u) ≥ α1(|x|), ∀x ∈ XN ,∀u ∈ U

Vf (x) ≤ αf (|x|), ∀x ∈ Xf

Assumption 1 implies that Xf is control invariant for the system x+ =
f(x, u) and that Vf (·) is a local control Lyapunov function (global con-
trol Lyapunov function if X = R

n); Xf may be chosen to be a suitably
small sublevel set of Vf (·). In the sequel, u denotes the control sequence
(u0, u1, . . . , uN−1).

Descent property: Assumption 1 ensures the existence of a local control
law κf (·) satisfying Vf (x

+) ≤ Vf (x)− ℓ(x, κf (x)) and x+ , f(x, κf (x)) ∈
Xf for all x ∈ Xf . Suppose x lies in XN , the set of states x for which
problem PN(x) is feasible. Let u0(x) , (u0

0(x), u
0
1(x), . . . , u

0
N−1(x)) de-

note the minimizing control sequence; the MPC control is κN (x) , u0
0(x)

(the first element of u0(x)); let x0(x) , (x0
0(x), x

0
1(x), . . . , x

0
N (x)) de-

note the associated state sequence. Let ũ(x) denote the control sequence
(u0

1(x), u
0
2(x), . . . , u

0
N−1(x), κf (x

0
N(x))). It follows from Assumption 1 that

ũ(x+) ∈ UN (x) (i.e. ũ(x) is feasible for PN(x+)) and that VN (x+, ũ(x)) ≤
V 0
N (x)− ℓ(x, κN (x)) so that

V 0
N (x+) ≤ V 0

N (x)− ℓ(x, κN (x)), x+
, f(x, κN (x))

for all x ∈ XN , {x | UN(x) 6= ∅}, the set of feasible initial states. This is
the descent property.
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Recursive feasibility: The stabilizing conditions in Assumption 1 en-
sure that the control sequence ũ(x) is feasible for PN (x+) for all x in
XN (the set of of states x for which a feasible solution to PN(x) exists).
Hence for every x ∈ XN , there exists a feasible solution to the optimal
control problem PN (x+), x+ = f(x, κN (x)); the optimal control problem
is recursively feasible.

Stability: It is then possible [1], given Assumption 1 and some minor
ancillary conditions, to establish that there exist K∞ functions α1(·) and
α2(·) such that the value function V 0

N(·) satisfies

α1(|x|) ≤ V 0
N (x) ≤ α2(|x|)

V 0
N(f(x, κN (x))) ≤ V 0

N(x)− α1(|x|)

for all x ∈ XN , the set of feasible initial states. The value function
is, therefore, a Lyapunov function for the controlled system establish-
ing asymptotic stability of the origin.

3 Stabilizing conditions for robust MPC

We consider now the design of a robust controller for the system

x+ = f(x, u,w) (1)

in which the input w models the uncertainty. The disturbance is assumed
to satisfy w ∈ W where W is compact and contains the origin in its
interior. The controlled system is required to satisfy the same state, and
control constraints as above, namely x ∈ X, u ∈ U and the terminal
constraint x(N) ∈ Xf . Because of the disturbance, superior control may
be achieved by employing feedback, in the form of a control policy, i.e.
a sequence π = (u0, π1(·), . . . , πN−1(·)) consisting of a control at time 0
(since the state is known) followed by a sequence of control laws at times
1, 2, . . . , N − 1 when the state depends on the disturbance; each control
law is a function mapping states in R

n into control actions in R
m; if the

control law at time i > 0 is πi(·), then the system at time i satisfies
x(i + 1) = f(x(i), πi(x(i)), w(i)). Because of uncertainty, feedback and
open-loop control for a given initial state are not equivalent.

The solution at time i of (1) with control and disturbance sequences
u = (u(0), . . . , u(N − 1)) and w = (w(0), . . . , w(N − 1)) if the initial
state is x at time 0 is denoted by φ(i;x,u,w). Similarly, the solution at
time i due to feedback policy π = (u0, π1(·), . . . , πN−1(·)) and disturbance
sequence w is denoted by φ(i;x,π,w). The cost is often assumed to be the
maximum taken over all possible realizations of the disturbance sequence
although other costs (nominal or average cost) are also considered. With
the former, the cost due to policy π with initial state x is

VN (x,π) , max
w

{JN (x,π,w) | w ∈ W} (2)
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in which JN (x,π,w) is the cost due to an individual realization w of the
disturbance process and is defined by

JN (x,π,w) ,
N−1
∑

i=0

ℓ(x(i), u(i)) + Vf (x(N)) (3)

in which x(i) = φ(i;x,π,w), u(i) = πi(x(i)) and W is the class of admis-
sible disturbance sequences; since the initial state x in PN(x) is known,
the first element in π may be chosen to be the control u0. The solution to
the problem defined by Equation (2) is w0(x,π). To avoid excessive com-
plexity, the policy π is assumed to be finitely parameterized. At state x
an admissible policy π satisfies the state, control and terminal constraints
for each admissible disturbance sequence w; Π(x) is the class of admissi-
ble policies at state x. The robust optimal control problem is, therefore,
the finite dimensional optimal control problem

PN(x) : V 0
N (x) = min

π

{VN(x,π) | π ∈ Π(x)} (4)

The set of states x for which PN (x) is feasible is

XN , {x ∈ R
n | Π(x) 6= ∅}

We assume that PN (x) is well defined and has a solution at all x ∈ XN .
The solution to PN(x) is the policy π

0(x)

π
0(x) = (u0

0(x), π
0
1( · ;x) . . . , π

0
N−1( · ;x)) (5)

and the value function is V 0
N (x) = VN (x,π0(x)). The notation π0

i ( · ;x)
denotes that π0

i (·) is a control law (function of the state at time i) that
depends on the initial state x(0) = x. Since it is necessary to consider
only a single state x at time 0, the control law π0

0( · ;x) may be replaced
by the control action u0

0(x), the first element of the sequence π
0(x).

Two cases should be considered. In some problems (Case 1) it is pos-
sible to control the state to the origin despite the effect of the disturbance
w. An example of such a system is x+ = Ax+Bu+

∑q

j=1(Cjx+Dju)wj

with w = (w1, . . . wq) ∈ W considered in [10]. This constraint can be
expressed as w ∈ W(x, u) in which W(x, u) converges to the set {0} as
(x, u) → 0. Stabilizing conditions for Case 1 problems have been given
in [1, 11]. The more usual case (Case 2) occurs when it is not possible
to steer the state to the origin. It does not seem that explicit stabilizing
conditions for this case have yet been given in the literature.

Assumption 2 (Stabilizing conditions: robust MPC, Case 1)

Vf (·), Xf and ℓ(·) have the following properties:

1. For all x ∈ Xf there exists a u = κf (x) ∈ U such that

• Vf (f(x, κf (x), w)) ≤ Vf (x)− ℓ(x, κf (x)) and

• f(x, κf (x), w) ∈ Xf , ∀w ∈ W(x, κf (x))

2. Xf ⊆ X.
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3. There exist K∞ functions α1(·) and αf (·) satisfying

ℓ(x, u) ≥ α1(|x|), ∀x ∈ XN , ∀u ∈ U

Vf (x) ≤ αf (|x|), ∀x ∈ Xf

An important feature of this Assumption is that it postulates the exis-
tence, at any x ∈ Xf \ {0}, of an admissible control u = κf (x) that can
decrease Vf (x). This enables one to conclude that the origin is asymptot-
ically stable despite the disturbance and requires the effect of the distur-
bance to decay to zero as the state tends to the origin.

As an example of the use of Assumption 2, we now show that, if As-
sumption 2 is satisfied, the descent property and recursive feasibility both
hold for robust MPC when the optimal control problem PN (x) is the min-
max problem specified in Equation (4).

Descent Property Suppose x ∈ XN and consider an arbitrary admis-
sible disturbance sequence w = (w(0), w(1), . . . , w(N − 1)); then x+ =
f(x, u0

0(x), w(0)). Let w̃ , (w(1), w(2), . . . , w(N − 1), w(N)) and let
w̃0(x+, π̃(x)) denote the maximizer with respect to w̃ ∈ W of JN (x+, π̃(x), w̃);
W denotes the class of admissible disturbance sequences. It follows from
the definition of PN (x) and Assumption 2 that the control policy sequence

π̃(x) , (π0
1(x

+;x), π0
2( · ;x), . . . , π

0
N−1( · ;x), κf (·))

is feasible for PN (x+) and that

JN (x+, π̃(x), w̃) ≤ JN (x,π0(x),w) − ℓ(x, u0
0(x)) (6)

Since the inequality (6) holds for all admissible disturbance sequences
(w(0), w̃), it holds for the sequence (w(0), w̃0(x+, π̃(x))); its subsequence
w̃0(x+, π̃(x)) does not maximize JN (x,π0(x),w) with respect to w ∈ W
so that
JN (x,π0(x), w̃0(x+,π0(x))) ≤ VN (x,π0(x)) = V 0

N(x). Also

JN (x+, π̃(x), w̃0(x+, π̃(x))) = VN (x+, π̃(x))

It follows from (6) that

VN(x+, π̃(x)) ≤ V 0
N (x)− ℓ(x, u0

0(x))

But V 0
N(x+) ≤ VN(x, π̃(x)) so that

V 0
N (x+) ≤ V 0

N(x)− ℓ(x, u0
0(x))

which establishes the descent condition.

Recursive feasibility: It is shown above that, since π
0(x) is feasible for

PN (x), then π̃(x) is also feasible for PN(x+). This result ensures recursive
feasibility.

The descent and recursive feasibility properties, coupled with a few
ancillary conditions, ensure that the origin is asymptotically stable in the
set XN .

Satisfaction of Assumption 2 also ensures the descent property and
recursive feasibility both hold for robust MPC for the simpler case when
VN (·) in the optimal control problem PN(x) is the nominal cost.
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Motivated by the desirability of possessing a framework that guaran-
tees stability for the more general case when the effect of the disturbance
does not decay to zero we propose the following new set of stabilizing con-
ditions; this set is a slight modification of the conditions recently proposed
in [12].

Assumption 3 (Stabilizing conditions: robust MPC, Case 2)

Vf (·), Xf and ℓ(·) have the following properties:

1. For all x ∈ Xf there exists a u = κf (x) ∈ U such that

• Vf (f(x, κf (x), 0)) ≤ Vf (x)− ℓ(x, κf (x)) and

• f(x, κf (x), w) ∈ Xf , ∀w ∈ W

2. There exists a δ ∈ (0,∞) such that for all x ∈ Xf

Vf (f(x, κf (x), w)) ≤ Vf (x)− ℓ(x, u) + δ, ∀w ∈ W

3. Xf ⊆ X

4. There exist K∞ functions α1(·) and αf (·) satisfying

ℓ(x, u) ≥ α1(|x|), ∀x ∈ XN , ∀(u,w) ∈ U×W

Vf (x) ≤ αf (|x|), ∀x ∈ Xf

Comment: If Vf (·) is continuous and if Xf , {x | Vf (x) ≤ b}, as
is usually the case, then δ ≤ b. An interesting consequence of these
conditions is that, in Xf , Vf (x) can be decreased if the disturbance w is
zero but not necessarily otherwise.

Assumption 3 for robust MPC, implies that Vf (·) is a local robust
control Lyapunov function and that Xf is robust control invariant, i.e. for
each x ∈ Xf there exists a control u ∈ U(x) such that x+ = f(x, u,w) ∈ Xf

for all w ∈ W. The assumption differs from that for the deterministic case
in that conditions have to be satisfied for all w ∈ W. It also differs from
Assumption 2 for robust MPC in which it is required that Vf (·) is a local
control Lyapunov function satisfying Vf (f(x, u, w)) ≤ Vf (x)− ℓ(x, u) for
all x ∈ Xf , all w ∈ W, permitting the state to be controlled to the origin;
this is seldom possible. It follows from Assumption 3 that there exists a
K∞ function α1(·) such that V 0

N(x) ≥ α1(|x|) for all x ∈ XN , the domain
of V 0

N(·). Determination of an upper bound for V 0
N(·) is difficult, so we

assume that there exists a K∞ function α2(·) such that V 0
N(x) ≤ α2(|x|)

for all x ∈ XN . As an example of the use of Assumption 3, we now
explore the consequences of this assumption when the optimal control
problem PN (x) is the min-max problem specified in Equation (4).

Modified descent property: As above, suppose x ∈ XN and consider
an arbitrary disturbance sequence w = (w(0), w(1), . . . , w(N − 1)) in W;
then x+ = f(x, u0

0(x), w(0)). Let w̃ , (w(1), w(2), . . . , w(N − 1), w(N)).
It follows from the definition of PN(x) and Assumption 3 that the control
policy sequence

π̃(x) , (π0
1(x

+;x), π0
2( · ;x), . . . , π

0
N−1( · ;x), κf (·))
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is feasible for PN (x+) and that

JN (x+, π̃(x), w̃) ≤ JN (x,π0(x),w)− ℓ(x, u0
0(x)) + δ (7)

Since the inequality above holds for all admissible disturbance sequences
(w(0), w̃), it holds for the sequence (w(0), w̃0(x+, π̃(x))); its subsequence
w̃0(x+, π̃(x)) does not maximize JN (x,π0(x),w) with respect to w so
that
JN (x,π0(x), w̃0(x+, π̃(x))) ≤ VN(x,π0(x)) = V 0

N (x). Also

JN (x+, π̃(x), w̃0(x+, π̃(x)) = VN (x+, π̃(x))

It follows from (2) and the inequality (7) above that

VN(x+, π̃(x)) ≤ VN (x,π0(x))− ℓ(x, u0
0(x)) + δ = V 0

N(x)− ℓ(x, u0
0(x)) + δ

It follows from the inequality displayed immediately above and Assump-
tion 3 that

VN(x+, π̃(x)) ≤ VN (x,π0(x))− ℓ(x, u0
0(x)) + δ

But V 0
N(x+) = VN(x+,π0(x+)) ≤ VN(x+, π̃(x)) so that

V 0
N(x+) ≤ V 0

N(x)− ℓ(x, u0
0(x)) + δ

Recursive feasibility: It is shown above that π̃(x) is feasible for PN(x+)
if π0(x) is feasible for PN(x). This ensures recursive feasibility.

The modified descent property and recursive feasibility are sufficient to
establish, under mild conditions, the existence of a sublevel set A of V 0

N(·)
if W is sufficiently small, to which all trajectories emanating from an
initial state x in XN converge to, and remain in, within a finite number
of iterations.

4 Stabilizing conditions for stochastic MPC

Introduction:
The authors of [9] point out that there are very few papers that deal

with stability conditions for stochastic MPC and that none, prior to [9],
deal “directly with stability under receding horizon control as a ‘stan-
dalone’ and fundamental problem”.

The problem considered in the sequel is control of the system

x+ = f(x, u,w)

in which (w(0), w(1), . . .) is a sequence of independent, identically dis-
tributed random variables taking values in the measurable set W. The
system is subject to the control constraint u ∈ U in which U is a compact
set containing the origin in its interior and the state constraint x ∈ X

in which X is a closed set also containing the origin in its interior. The
stochastic problem is similar to the robust problem except that the dis-
turbance w is random and it is assumed that all random variables lie in
a probability space for which P (·) is the probability measure and E(·)
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is expectation under P . The system is assumed to satisfy (1). The cost
VN (·) due to policy π with initial state x is defined by

VN(x,π) , E|x[JN (x,π,w) | w ∈ W]

in which JN (·) is defined above in (3) and E|x denotes expectation condi-

tional on x(0) = x. The control policy is defined by π , (π0(·), π1(·), . . . , πN−1(·)).
The optimal control problem PN (·) that is solved online to yield the con-
trol is defined by:

PN(x) : V 0
N (x) = min

π

{VN(x,π) | π ∈ Π(x)}

in which Π(x) is the class of admissible control policies π satisfying the
control and state constraints and the terminal state when the initial state
is x. Problem PN(x) is assumed to be well defined. The set XN , {x |
Π(x) 6= ∅} of feasible initial states is Rn.

Contribution by Primbs and Sung
An early proposal for stability conditions for a stochastic MPC problem is
implicit in [10]. The problem considered in this paper is predictive control
of a stochastic system described by

x+ = f(x, u,w) = Ax+Bu+ C(x, u)w

in which C(·) is continuous and satisfies C(0, 0) = 0 so that f(0, 0, w) = 0
for all w; w is a zero mean random variable with finite variance. The
system is subject to state and control constraints. The optimal control
problem PN solved online incorporates a terminal cost Vf (·) and a termi-
nal constraint; in the online optimal control problem, all constraints are
replaced by their expectations conditional on the current state. The ter-
minal cost has the usual form Vf (x) = x′Pfx and the terminal constraint
set is Xf = {x | Vf (x) ≤ α}. It is assumed there exists a global control law
κf (·) and that the terminal cost is a global stochastic Lyapunov function
satisfying

E|x[Vf (x
+)] ≤ Vf (x)− ℓ(x, κf (x)), ∀x ∈ R

n

in which x+ = f(x, κf (x), w) and ℓ(·) is the stage cost in PN(x). This is an
extension of the usual stability condition that Vf (·) is a local control Lya-
punov function. The usual condition that the terminal constraint set Xf is
control invariant is replaced by the requirement that for any distribution
on an initial state x satisfying E[x] ≤ α, the state emanating from this
initial state under the control law κf (·) and disturbance sequence satisfies
the expectation state and control constraints. This is an extension of the
usual condition that Xf is control invariant. However recursive feasibility
is not guaranteed since the state and control constraints are satisfied only
in expectation; an alternative control strategy, which does not necessarily
respect the constraints, has to be employed when the current state is not
feasible.

Contribution by Chatterjee and Lygeros
A major contribution is made in the paper [9] that is the only paper
proposing ‘standalone’ stability conditions for stochastic MPC. The prob-
lem is as stated above except that there are no state or terminal con-
straints. Because there are no state constraints, a solution π

0(x) =
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(u0
0(x), π

0
1( · ;x), . . . , π

0
N−1( · ; x)) to PN (x) exists for all x ∈ R

n. The sta-
bilizing conditions for stochastic MPC proposed in [9] are (rewritten in
our notation) given in

Assumption 4 (Stabilizing conditions: stochastic MPC [9])
There exists a measurable terminal control law κf (·) : R

n → R
m, a number

b ≥ 0 and a bounded measurable set K such that

E[Vf (f(x, κf (x), w))] ≤ Vf (x)− ℓ(x, κf (x)), ∀x /∈ K

and

sup
x∈K

{E[Vf (f(x, κf (x), w))]} ≤ Vf (x)− ℓ(x, κf (x)) + b

Under the basic assumptions that (i): the cost VN (x,π) is finite for all
x ∈ R

n and all π ∈ Π(x), (ii): for all x ∈ R
n there exists a solution

π
0(x) that solves PN(x) and (iii) the stage cost ℓ(·) satisfies some modest

conditions, it is shown in [9] that the stability Assumption 4 implies that
there exists a λ ∈ [0, 1) such that V 0

N satisfies the geometric drift condition

E|x[V
0
N(f(x, κN (x), w))] ≤ λV 0

N(x)

outside some compact subset of Rn. Hence the sequence (E|x[V
0
N (x(t))])t∈I≥0

is bounded. If V 0
N (·) is norm-like (V 0

N(x) → ∞ as |x| → ∞) boundedness
of this sequence implies the usual notion of stochastic stability’ [9].

Potential developments: While the paper [9] is a significant contri-
bution to the topic of stabilizing conditions for stochastic MPC, there
are some extensions that, if practical, would be desirable. Firstly, the
requirement for a global stochastic Lyapunov function is onerous and is
avoided in stabilizing conditions for deterministic and robust MPC; also
this requirement cannot necessarily be met if the system to be controlled
is open-loop unstable. Secondly, it would be desirable to have stabilizing
conditions for problems that include state constraints.

Currently it does not seem possible to make these extensions if the
disturbance process w does not take values in a compact set. Hence,
we present two extensions under the extra strong assumption that the
disturbance w takes values in the compact set W that encloses the origin
in its interior and the state is required to [1] lie in the closed set X ⊂ R

n

that also encloses the origin in its interior in the hope that these results
may be generalized in the future.

Assumption 5 (Stabilizing conditions: stochastic MPC, extension 1)

Vf (·), Xf and ℓ(·) have the following properties:

1. For all x ∈ Xf there exists a u = κf (x) ∈ U such that

• Vf (f(x, κf (x), 0)) ≤ Vf (x)− ℓ(x, κf (x))

• f(x, κf (x), w) ∈ Xf , ∀w ∈ W

2. There exists a δ ∈ (0,∞) such that for all x ∈ Xf

E|x[Vf (f(x, κf (x), w))] ≤ Vf (x)− ℓ(x, κf (x)) + δ

3. Xf ⊆ X

10



4. There exist K∞ functions α1(·) and αf (·) satisfying

ℓ(x, u) ≥ α1(|x|), ∀x ∈ R
n, ∀u ∈ U

Vf (x) ≤ αf (|x|), ∀x ∈ Xf

Note that δ = maxx,w{E|x[Vf (f(x, κf (x), w))] − Vf (f(x, κf (x), 0)) | x ∈
Xf , w ∈ W}. We now show that Assumption 5 and our standing assump-
tions imply that the model predictive controller u = κN (x) possesses a
modified descent property as well as recursive feasibility.

Modified descent property: As above, suppose x ∈ XN and consider
an arbitrary disturbance sequence w = (w(0), w(1), . . . , w(N−1)) in W so
that x+ = f(x, κN(x), w(0)). Let w̃ , (w(1), w(2), . . . , w(N−1), w(N)) ∈
W. It follows from the definition of PN (x) and Assumption 5 that the
control policy sequence

π̃(x) , (π0
1(x

+;x), π0
2( · ;x), . . . , π

0
N−1( · ;x), κf (·))

is feasible for PN(x+), x+ , f(x, κN (x), w), for any x ∈ XN , w ∈ W.
Using the definitions of JN (·) and w, we obtain

JN (x+, π̃(x), w̃) = JN (x,π0(x),w)− ℓ(x, κN (x))− Vf (x(N))

+ ℓ(x(N), κN (x(N)) + Vf (f(x(N), κf (x(N)), w(N))) (8)

in which x(N) , φ(N ;x,π0(x),w) and is also the solution of x+ =
f(x, u, w) if the initial state is x+ = f(x, κN (x), w(0)) at time 1, the
control policy is π0(x) with the first element κN (x) removed and the dis-
turbance sequence is (w, w(N)) = (w(0), w(1), . . . , w(N)). Inequality (8)
holds for all (w, w(N)) ∈ W

N+1. Let

γ(x, (w, w(N))) , −Vf (x(N))+ℓ(x(N), κN (x(N)))+Vf (f(x(N), κf (x(N)), w(N)))

Using Assumption 5 and the fact that

E|x[γ(x, (w, w(N)))] = E|x[E|(x,(w,w(N))[γ(x, (w, w(N)))]]

It follows that

E|x[−Vf (x(N)) + ℓ(x(N), κN (x(N)) + Vf (f(x(N), κf (x(N)), w(N)))] ≤ δ

Taking expectation, conditional on x(0) = x, on both sides of (8) and
using Assumption 5 yields

E|x[JN (x+, π̃(x), w̃)] ≤ E|x[JN (x,π0(x),w)]− ℓ(x, κN (x)) + δ

But E|x[V
0
N(x+)] = E|x[JN (x,π0(x+),w)] ≤ E|x[JN (x+, π̃(x),w)] so that

E|x[V
0
N (x+)] ≤ V 0

N (x)− ℓ(x, κN (x)) + δ (9)

for all w ∈ W. Inequality (9) is the modified descent condition.

Recursive feasibility: It is shown above that the control policy se-
quence π̃(x) , (π0

1(x
+;x), π0

2( · ;x), . . . , π
0
N−1( · ;x), κf (·)) is feasible for

PN (x+), x+ , f(x, κN(x), w), for any x ∈ XN , w ∈ W. This establishes
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recursive feasibility.

Stability: If we assume that ℓ(·) is quadratic and satisfies ℓ(x, u) ≥ c1|x|
2

so that V 0
N(x) ≥ c1|x|

2 for all (x, u) and that V 0
N (x) ≤ c2|x|

2 for all
x ∈ XN , then

E|x[V
0
N (x+)] ≤ γV 0

N(x) + δ

with γ = 1−c1/c2 ∈ (0, 1). Let c , δ/(γ∗−γ), γ∗ ∈ (γ, 1). Then V 0
N(x) ≥

c if and only if γV 0
N (x) + δ ≤ γ∗V 0

N (x). Let K , closure{x | V 0
N (x) ≤ c}.

With x+ , f(x, u,w), it then follows that

E|x[V
0
N (x+)] ≤ γ∗V 0

N (x), ∀x ∈ XN \K

that is a geometric drift condition outsideK. Let β , supx{E|xV
0
N(f(x, κN (x), w)) |

x ∈ K} < ∞ in which κN (x) is the MPC control u0
0(x). Let x(i) ,

φ(i;x, κN (·),w), the solution at time i of x+ = f(x, κN (x), w) if the ini-
tial state at time 0 is x and the disturbance sequence is w. It follows from
Proposition 1 in [9] that

E|x[V
0
N (x(i))] ≤ (γ∗)iV 0

N(x) + β/(1− γ∗) (10)

for all i ∈ I≥0 so that E|xV
0
N(x(i)) → d ≤ β/(1 − λ∗) as i → ∞.

Hence the sequence
(

E|x[V
0
N (x(i))]

)

i∈I≥0

is uniformly bounded. Since

V 0
N (x) ≥ ℓ(x, κN (x)) ≥ α1(|x|), the sequence (E|x|x(i)|)i∈I≥0

is also uni-
formly bounded - a common notion of stochastic stability. If ℓ(x, u) =
x′Qx+u′Ru is positive definite, then V 0

N (x) ≥ ℓ(x, κN (x)) ≥ c|x|2, c > 0,
so that the sequence (E|x|x(i)|

2)k∈I≥0
converges to d/c as i → ∞ and

is uniformly bounded, also a form of stochastic stability (mean square
boundedness). Hence, as shown in [9], the conditional probability, given
the initial condition x(0) = x of the state x(t) is at a distance r from the
origin decays faster than 1/r2 as r grows large, uniformly over time t.

A disadvantage of this form of the stabilizing conditions is the difficulty
of determining a set Xf satisfying condition 2 in Assumption 5 because of
the required expectation. This observation motivates the following set of
stabilizing conditions.

Assumption 6 (Stabilizing conditions: stochastic MPC, extension 2)

Vf (·), Xf and ℓ(·) have the following properties:

1. For all x ∈ Xf there exists a u = κf (x) ∈ U such that

• Vf (f(x, κf (x), 0)) ≤ Vf (x)− ℓ(x, κf (x))

• f(x, κf (x), w) ∈ Xf , ∀w ∈ W

2. There exists a δ ∈ (0,∞) such that for all x ∈ Xf

Vf (f(x, κf (x), w)) ≤ Vf (x)− ℓ(x, κf (x)) + δ, ∀w ∈ W

3. Xf ⊆ X

4. There exist K∞ functions α1(·) and αf (·) satisfying

ℓ(x, u) ≥ α1(|x|), ∀x ∈ R
n,∀u ∈ U

Vf (x) ≤ αf (|x|), ∀x ∈ Xf
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If Vf (x) = x′Px, P positive definite, and Xf = {x | Vf (x) ≤ a}, as is
common, then δ ≤ a.

Modified descent property: The analysis here is similar to that fol-
lowing Assumption 5. Equation (8) holds for all (w, w(N)) ∈ W

N+1.
Hence

JN (x+, π̃(x), w̃) = JN (x,π0(x),w)− ℓ(x, κN (x))− Vf (x(N))

+ ℓ(x(N), κN (x(N))) + Vf (f(x(N), κf (x(N), w(N)))

so that, by Assumption 6

JN (x+, π̃(x), w̃) ≤ JN (x,π0(x),w)− ℓ(x, κN (x)) + δ

for all w and w̃ in W. Hence, taking expectation conditional on x(0) = x,
yields

E|x[JN (x+, π̃(x),w)] ≤ E|x[JN (x,π0(x),w)]− ℓ(x, κN (x)) + δ

But E|x[V
0
N(x+)] = E|x[JN (x+,π0(x),w)] ≤ E|x[JN (x+, π̃(x),w)] so that

E|x[V
0
N (x+)] ≤ V 0

N (x)− ℓ(x, κN (x)) + δ (11)

which is the modified descent condition.

Recursive feasibility: It can be shown, as in the proof that Assumption
5 implies satisfaction of the modified descent property, that the policy
sequence π̃(x) is feasible for PN (x+), x+ , f(x, κN (x), w) for all x ∈ XN .
This establishes recursive feasibility.

Stability: Stability of the closed-loop system x+ = f(x, κN (x), w) (in
the sense that the sequence (E|x[|x(i)|])i≥0 is bounded) follows as shown
above in the discussion of Assumption 5.

5 Conclusion

We have given a summary of stabilizing conditions for deterministic,
robust and stochastic MPC as well as some extensions for robust and
stochastic MPC; we hope these results will stimulate further research
to reduce limitations inherent in current stabilizing conditions for these
problems. While existing stabilizing conditions for deterministic MPC
have been successfully employed by many researchers, corresponding con-
ditions for robust and stochastic MPC are only now being developed. An
existing set of stabilizing conditions for robust MPC [1, 11] is restricted
to situations in which it is possible to control the state to the origin (see
Assumption 2 above). An extension to the more general case is given in
Assumption 3 above and in [12] but has not been extensively employed.
Until the recent appearance of [9], no attention had been given to ‘stan-
dalone’ stabilizing conditions for stochastic MPC; the paper [9] gives a
good foundation for further development of this topic. For application,
it would be desirable to remove the necessity for knowledge of a global

stochastic Lyapunov function to serve as the terminal penalty Vf (·) and
to permit consideration of state constraints in the problem formulation.
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This may not be possible if the disturbance w is not bounded. If the
strong extra assumption that the disturbance w is bounded is made, it
is possible, as shown in Assumption 5, to permit the system being con-
trolled to be subject to state constraints and to employ a local rather than
a global Lyapunov stochastic function as the terminal penalty. A further
simplification is provided in Assumption 6 that permits straightforward
computation of a terminal penalty Vf (·) and terminal constraint set Xf

in essentially the same way as is commonly employed for deterministic
MPC.

The determination of suitable stabilizing conditions for robust and
stochastic MPC remains in an early stage. It is hoped that the results
presented above will stimulate further research on this important topic.
It would be desirable to extend, if possible, Assumptions 5 and 6 to deal
with disturbances that are not necessarily bounded; a useful development
would be to establish whether or not it is necessary for Vf (·) to be a global
stochastic Lyapunov function when the disturbance w is unbounded.
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