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We analyze stability of conservative solutions of the Cauchy problem Received 9 January 2017
on the line for the (integrated) Hunter-Saxton (HS) equation. Accepted 29 August 2018
Generically, the solutions of the HS equation develop singularities
with steep gradients while preserving continuity of the solution
itself. In order to obtain uniqueness, one is required to augment the
equation itself by a measure that represents the associated energy,
and the breakdown of the solution is associated with a complicated
interplay where the measure becomes singular. The main result in 2010 MATHEMATICS
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1. Introduction

In this article, we consider the Cauchy problem for conservative solutions of the (inte-
grated) Hunter-Saxton (HS) Equation [1]

X 00
Uy + Uy, = ij ui(y)dy—ij w,(y)dy,  ul,_y = uo. (1.1)
—00 X
The equation has been extensively studied, starting with studies of Hunter and Zheng
[2,3]. The initial value problem is not well-posed without further constraints: Consider
the trivial case 1y = 0 which clearly has as one solution u(t,x) = 0. However, as can be
easily verified, also

u(t, x) = — %fﬂ(_oo,_gtz) (x) + 27x L g gey () + % (2 00 (%), (12)

is a solution for any « > 0. Here [, is the indicator (characteristic) function of the set A.
Furthermore, it turns out that the solution u of the HS equation may develop singularities
in finite time in the following sense: Unless the initial data is monotone increasing, we find

inf(u,) — —o0 as t ] t* = 2/sup(—u6). (1.3)
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Past wave breaking there are at least two different classes of solutions, denoted conser-
vative (energy is conserved) and dissipative (where energy is removed locally) solutions,
respectively, and this dichotomy is the source of the interesting behavior of solutions of
the equation. We will consider in this article the so-called conservative case where an
associated energy is preserved.

Zhang and Zheng [4-6] gave the first proof of global solutions of the HS equation on
the half-line using Young measures and mollifications with compactly supported initial
data. Their proof covered both the conservative case and the dissipative case.
Subsequently, Bressan and Constantin [7] using a clever rewrite of the equation in terms
of new variables, showed global existence of conservative solutions without the assumption
of compactly supported initial data. The novel variables turned the partial differential
equation into a system of linear ordinary differential equations taking values in a Banach
space, and where the singularities were removed. A similar, but considerably more compli-
cated, transformation can be used to study the very closely related Camassa—Holm equa-
tion, see Bressan and Constantin [8] and Holden and Raynaud [9]. Bressan and Fonte [10]
introduce a metric based on optimal transport for the Camassa-Holm equation. However,
the approach is very different from the present, and is based on approximations by multi-
peakons. Furthermore, Bressan et al. [11] analyze the more general equation u; + f(u), =
L5 f"(w)udx (the standard HS equation corresponds to f(u) = u?/2), and derive an
explicit solution [11, Eqgs. (32) and (33)] that is equivalent to (1.8). The convergence of a
numerical method to compute the solution of the HS equation can be found in [12].

We note in passing that the original form of the HS equation is

1
(ot ) = 538
and like most other researchers working on the HS equation, we prefer to work with an
integrated version. However, in addition to (1.1), one may study, for instance,

1,
ur + uu, = EJ@ u(y)dy,
and while the properties are mostly the same, the explicit solutions differ.
Our aim here is to determine a Lipschitz metric d that compares two solutions
uy (t), uy(t) at time ¢ with the corresponding initial data, i.e.,

d(ui (1), ur(t)) < C(#)d(u1(0), u2(0)),

where C(f) denotes some increasing function of time. The existence of such a metric is
clearly intrinsically connected with the uniqueness question, and as we could see from the
example where (1.2) as well as the trivial solution both satisfy the equation, this is not a
trivial matter. Unfortunately, none of the standard norms in H° or Lf will work. A
Lipschitz metric was derived by Bressan et al. [13], and we here offer an alternative metric
that also provides a simpler and more efficient way to solve the initial value problem.

Let us be now more precise about the notion of solution. We consider the Cauchy
problem for the integrated and augmented HS equation, which, in the conservative
case, is given by

1(* 1 (>
U + uu, = ZJOO du— ZL du, (1.4a)



COMMUNICATIONS IN PARTIAL DIFFERENTIAL EQUATIONS @ 31

M+ (up), = 0. (1.4b)

In order to study conservative solution, the HS Eq. (1.4a) is augmented by the second Eq.
(1.4b) that keeps track of the energy. A short computation reveals that if the solution u is
smooth and u = u2, then Eq. (1.4b) is clearly satisfied. In particular, it shows that the
energy u(t,R) = u(0,IR) is constant in time. However, the challenge is to treat the case
without this regularity, and the proper way to do that is to let u be a non-negative and
finite Radon measure. When there is a blow-up in the spatial derivative of the solution (cf.
(1.3)), energy is transferred from the absolutely continuous part of the measure to the sin-
gular part, and, after the blow-up, the energy is transferred back to the absolutely continu-
ous part of the measure. Thus, we will consider the solution space consisting of all pairs
(u, 1) such that

u(t, ) €L®(R), uc(t, )€ L*(R), wu(t,-)€ Mi(R) and du, = uldx,

where M (R) denotes the set of all non-negative and finite Radon measures on R.

We would like to identify a natural Lipschitz metric, which measures the distance
between pairs (u;, ;), i=1, 2, of solutions. The Lipschitz metric constructed by Bressan
et al. [13] (and extended to the two-component HS equation by Nordli [14,15]) is based
on the reformulation of the HS equation in Lagrangian coordinates which at the same time
linearizes the equation. However, there is an intrinsic non-uniqueness in Lagrangian coordi-
nates as there are several distinct ways to parametrize the particle trajectories for one and
the same solution in the original, or Eulerian, coordinates. This has to be accounted for
when one measures the distance between solutions in Lagrangian coordinates, as one has to
identify different elements belonging to one and the same equivalence class. We denote this
as relabeling. In addition, for this construction one not only needs to know the solution in
Eulerian coordinates but also in Lagrangian coordinates for all ¢.

The present approach is based on the fact that a natural metric for measuring distan-
ces between Radon measures (with the same total mass) is given through the
Wasserstein (or Monge-Kantorovich) distance dy, which in one dimension is defined
with the help of pseudo inverses, see Villani [16]. This tool has been used extensively in
the field of kinetic equations [17,18], conservation laws [19,20] and non-linear diffusion
equations [21-23]. To be more precise, given two positive and finite Radon measures i,
and ,, where we for simplicity assume that y; (R) = 1,(R) = C, let

Fi(x) = w((—o0,x)) i=1,2, (1.5)
and define their pseudo inverses y; : [0, C] — R as follows
7%:(&) = sup{x|F;(x) < ¢}
Then, we define
dw (1, 1) = 121 = 22llpo.cp-

As far as the distance between u; and wu, is concerned, we are only interested in
measuring the “distance in the L* norm”. Thus we introduce the distance d as follows:

d((ur, ), (U2, 1)) = [l (g (7)) — w2 (22( ))||L°°([0,C]) +dw (i, 1a)-
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For this to work, it is necessary that this metric behaves nicely with the time evolu-
tion. Thus as a first step, we are interested in determining the time evolution of both
x(t,x), the pseudo inverse of u(t,x), and u(t, x(¢,x)).

Let (u(t), u(t)) be a weak conservative solution to the HS equation with total energy
u(t,R) = C. To begin with, we assume that F(¢,x) is strictly increasing and smooth,
which greatly simplifies the analysis. Recall that (¢, - ) : [0,C] — R is given by

2(t,n) = sup{x| u(t, (—o0,x)) <n} = sup{x | F(t,x) <n}.

According to the assumptions on F(f, x), we have that F(t,x(t,n)) =n for all n €
[0, C] and yx(t, F(t,x)) = x for all x € R. Direct formal calculations yield that

xe(E, F(t,x)) + 7, (8, F(t,x))Fe (£,x) = 0, (1.6a)
Ly (t, F(t, x))Ex(t, x) = 1. (1.6b)
Recalling (1.4b) and the definition of F(t, x), we have
Fe(t,x) = u(t, x), (L.7a)
Fi(t,x) = J du,(t) = —J du(t)u(t)), = —u(t,x)u(t, x). (1.7b)

Thus combining (1.6) and (1.7), we obtain

7e(t, E(t,x)) = =1, (8, F(t, %))Fe(t, x) = 1, (£, F(t, x))u(t, x)pu(t, x)
= Zy(t F(t, %)) Fa(t, x)us(t, x) = u(t, x).

Introducing n = F(t, x), we end up with
2t m) = u(t, 1 (8 1)),

where we again have used that y(t, F(t,x)) = x for all x € R. As far as the time evolu-
tion of U(t,n) = u(t, x(t,n)) is concerned, we have

Us(t,m) = ue(t, 1 (t,m)) + ux(t, x (1)) 2:(E, 1)
= u(t, ,( (t,n)) + uu(t, x(t,1))

4j ;| dueo

1(tn)
1
:—J t(f——C

2
2F(f x(t; n))— ¢
1 1
=-n—-—C.
2;7 4
Thus we get the very simple system of ordinary differential equations
x(tm) = U(t,n), (1.8a)
1 1
U(t,n) = 51— C. 1.8b
((tm) =5n—7 (1.8b)

The global solution of the initial value problem is simply given by
{(x(t,n), t,U(t,n)) € R*|t € (0,00),17 €]0,C]}. (1.9)
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The above derivation is only of formal character, and this derivation is but valid if
F(t,x) is strictly increasing and smooth. However, it turns out that the simple result
(1.8) also persists in the general case, but the proof is considerably more difficult, and is
the main result of this article.

We prove two results. The first result, Theorem 2.9, describes a simple and explicit
formula for conservative solutions of the Cauchy problem. Let uy € H'(R) and g, be a
non-negative, finite Radon measure with C = p,(IR). Define

Zo(n) = sup{x| py((—00, x)) <n}, (1.10a)
Uo(n) = to (%o (M))- (1.10b)
If lim, g %0 (1) = —lim,—c xo(n) = —oo (all other cases are treated in Theorem 2.9),
we define
t* C ,
w(tn) =\ n=7 | +tUo(n) + %o(n),  if 1 € (0,C), (1.11a)
C .
Uut, &) = (n——) +Uo(n), if n€(0,C). (1.11b)

Then we have

{(x,t, u(t, x))G]R3|t€ [0,00), x € R}
= {(x(t;n), t,U(t,n)) € R*|t € [0,00), n € (0,C)},

where u = u(t,x) denotes the conservative solution of the HS Eq. (1.4).
The second result, Theorem 2.11, describes the Lipschitz metric. Let up; € H 1 (R) and
j be a non-negative, finite Radon measure with C; = y;(R) for j=1, 2, and define
X](t n) and U;(t,n) by (1.10) and (1.11) for j=1, 2 Where ug is replaced by ug; and po
is replaced by Ioj> respectively. Next introduce %;(t,n) = y;(t,Cn) and U i(t,n) =
U;(t,Cm) for j=1, 2. Define

d(( (1), i (1)), (u2(t), 1,(1)))
= ||1;{1(t, -) _Z;IZ(tv ')||L°<‘([O,1])
1708 ) = 2ot oy +1C — Gl
Then we have, see Theorem 2.11, that
(1 (1), (1)), (28), (1))
< (1+t+;t2>d((u1(0),u1(0)), (42(0), 1,(0))).

2. The Lipschitz metric for the Hunter-Saxton equation
Let us study the calculations (1.5)-(1.9) on two explicit examples.
Example 2.1. (i) Let

T

o (x) = (5> Vot (%) o(x) = 12 ,(x)dx = ¢ dx,

where erf(x) = %fx e "dt is the error function. We find that
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Figure 1. The surface {(z,t,U) |t € [0,2.5], n € (0,+/n)} discussed in Example 2.1 (i).

Fo(x) = pto((—00,x)) = \/TE(I + erf(x))

as well as C = Fy(o0) = /. This implies that
2

%o (1) =erf‘1<ﬁn—1>, ne (0,v),
Uo() = (g)l/zerf(\/%erf”(%n—l)), n e (0,y/n).

Considering the system of ordinary differential Equation (1.8) with initial data
(%, U)l = = (%0:Uo), we find

x(tn) = ; <11—%C> + Uo ()t + 70 (1),

Ut,n) = % (n—%C) +Uo(n)-

See Figure 1. Observe that it is not easy to transform this solution explicitly back to
the original variable u.

(if) Let
dx

ug(x) = arcsinh(x),  pto(x) = ug ,(x)dx = =t

Note that u, is not bounded, yet the same transformations apply. We find that
n
Fo(x) = py((—00, x)) = arctan(x) + 5

as well as C = Fy(oo) = 7. This implies that

T i T
%o(1) = tan (11—5> and  Uo(n) = arc31nh<tan <n—5>> for n € (0,m).
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¥ I

Figure 2. The surface {(y,t,U) |t € [0,2.5], n € (0,n)} discussed in Example 2.1 (ii).

Here we find
t? 1
xam)=z>n—5C +Uo(n)t + 20(n),

Uﬁm)=§<n—%é>+udm-

See Figure 2. Again it is not easy to transform this solution explicitly back to the ori-
ginal variable u.
Let us next consider an example where the initial measure is a pure point measure.

Example 2.2. This simple singular example shows the interplay between measures u
and their pseudo inverses y(x) better.! Consider the example uy =0 and p, = ady,
where 0, is the Dirac delta function at the origin, and o > 0. Then F, : R — [0, o reads

0, if x<0,
Fo(x) = {oc, if x>0.
The corresponding pseudo inverse y, : [0, — R is then given by

| =00, if n=0,
%m)_{m if 1 € (0,0].

Thus?

- ) if S 07
%o(Fo(x)) = {0 o0 ;f §>0 and  Fy(xo(n)) =0 for all n € [0,a].

In general, one observes that jumps in Fy(x) are mapped to intervals where y, (1) is
constant and vice versa. This means in particular that intervals where Fy(x) is constant
shrink to single points. Moreover, if Fy(x) is constant on some interval, then uy(x) is
also constant on the same interval.

"The solution in (1.2) comes from this example.
?Note that in the smooth case both y(F) and F() are the identity function!
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Next, we compute the time evolution of both y(¢t,) and U(t,n) = u(t, x(¢,1)).
Following the approach by Bressan et al. [13], we obtain that the corresponding solution
in Eulerian coordinates reads for ¢ positive

——t, 1fx<—gt2,
4 8
2
u(t,x) = f, f—~¢2§x§gﬂ, (2.1a)
—t, if x>=¢%
5 4
p(t, x) = u(t,x)dx = t—zﬂ[faﬂ/s,w/s] (x)dx, (2.1b)
o
0, ﬁxg—gﬁ
4x o o o
Ftyx) = —4+—, if ——£# <x< -t 2.1c
(%) 213 8, "8 (2.1c)
o, if x> =t
8

Calculating the pseudo inverse x(t,n) and U(t,n) = u(t, x(t,n)) for each t then
yields

12 o
X(tv '/I) = Z <71 - E)v ne (07 0(]7 (223)
Uit n) = % <n - %) n €[04, (2.2b)

and, in particular, that
1 o
Ut(t;’?):§<’7—5>v ’16[07“]

Thus we still obtain the same ordinary differential Equation (1.8) as in the smooth
case! In addition, note that %,(0,%) = 0 for all n € (0, o], and hence the important infor-
mation is encoded in U,(t, ).

We can of course also solve y, =4 and U, =1—% directly with initial data
%o = Up = 0, which again yields (2.2). To return to the Eulerian variables u and u we

have in the smooth region that
u(t,x) =U(t,n), x=y(t,n), ne0,a,

and we need to extend U and y to all of R by continuity:

—<f i <0,

£

4

X(t7’7>: <’7—%>7 lfne[oaa]a tzoa

o
gtz—i—n—oc, it n >«
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—%tzU(t,O—i—), if <0,

Ut,n) = %(n—z) if ne€0,0f, t>0.
%t:U(t,a—), if n>a,
Returning to the Eulerian variables we recover (2.1). We can also depict the full solu-
tion in the (x, £) plane in the new variables: The full solution reads
{(u(t,m), 1. U(t,m) € R* [t € (0,00),7 € R}

See Figure 3.

The next example shows the difficulties that one has to face in the general case where
the solution encounters a break down in the sense of steep gradients.

Example 2.3. Let
o(x) = ) (0) o) (), o) = 1 (x)dx = Ty (x)dlx.

Next, we find

Fo(x) = X]I[o,l](X) -+ H[l,oo) (X),
_ [ —oo, if n=0,
W=y i e (0,1,

Us(n) =—n, nelo,1].

~005 000 0.05
X

Figure 3. The surface {(x,t,u) |t € [0,.5], x € [-.05,.05]} discussed in Example 2.2.
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Assuming (1.8) holds also in this case, we find

t2 1
X(R’?):Z =3 )t +n, n € (0,1],

U(t,n) :g (n—%) —n, n€[0,1].

We extend the functions by continuity

tz
2 1 )
x(t,m) = 2 =3 )=t if n €[0,1],
t2
——t+n, it y>1,
8
t
—- if <0
47 1 ,/I— b
TR e if ne0,1]
’ = ~ -5 1 y L]y
n S\n=3)-n n
t
—1 if n>1
4 b) 1 1/]— )

which gives a well-defined global solution given by {(x(t,n),t,U(t,n))|t > 0, n € R}.
However, as we return to Eulerian variables, the time-development is more dramatic.
Solving the equation x = y(¢t,7) for n € [0, 1] yields

_ Ax+t)2

(t_2)2 € [0,1],

which leads to the solution

dx+12/2)  2x+4t/2
(t—2)° t—2

u(t,x)=U (t,

whenever

P <x<1<(t—2)2—ﬁ).

8 4 2

For t — 2—, we have that u, — —o0 at x = —1/2. The solution on the full line reads

1 1
——t, if x<—=t%
4 8

2x+t/2 1 1
u(t,x) = 7/, if -3 ?<x< i ((t—z)z——>,

t—2

2
lt—1, if x>i<(t—2)2—t—>.

4

The solution is illustrated in Figure 4.
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F B 2 T o R B 2 T o4
02 -0 02
04
04
-0 0s

0§ o 0§
08!

-0
19 3 =z t 3 T 19

Figure 4. The solution discussed in Example 2.3.

The above examples already hint that the interplay between Eulerian and Lagrangian
coordinates is going to play a major role in our further considerations. We assume a
smooth solution of

U + Uy, = i (Joo ui(y) dy — L ufc(y) dy) , (2.3a)
(uz)t + (uuﬁ)x =0. (2.3b)

X

Next, we rewrite the equation in Lagrangian coordinates. Introduce the characteristics
7e(t,8) = u(t,y(t,8)).

The Lagrangian velocity U reads
U(t,&) = u(t,y(t, 9)).

Furthermore, we define the Lagrangian cumulative energy by

y(t:8)
H(t,¢) :J ul(t, x) dx.

—0o0

From (2.3a), we get that
1y ~ 11
Ut:utoy—}—ytuxoyzz u, dx — u; dx :EH_ZC

where C = H(t, 00) is time independent, and
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y(£,8) ¥(t,8)
thj <ui<t,x>>tdx+yfu§<t,y>=j (), + (i), ) (¢, %) dx = 0

—0 —00
by (2.3b). In this formal computation, we require that u and u, are smooth and decay

rapidly at infinity. Hence, the HS equation formally is equivalent to the following sys-
tem of ordinary differential equations:

Ve = []7 (243)
1 1

u=tulc (2.4b)
2 4

H, = 0. (2.4¢)

Global existence of solutions to (2.4) follows from the linear nature of the system.
There is no exchange of energy across the characteristics and the system (2.4) can be
solved explicitly. This is in contrast to the Camassa-Holm equation where energy is
exchanged across characteristics. We have

() = GH(O, g — %c) 2 1+ U(0,8)t + (0, &),

Ut &) = GH(O, g) - %c)m U0, ),
H(t, &) = H(0,¢).

We next focus on the general case without assuming regularity of the solution. It turns
out that in addition to the variable u we will need a measure u that in smooth regions
coincides with the energy density u?dx. At wave breaking, the energy at the point where
the wave breaking takes place, is transformed into a point measure. It is this dynamics that
is encoded in the measure y that allows us to treat general initial data. An important com-
plication stems from the fact that the original solution in two variables (u,p) is trans-
formed into Lagrangian coordinates with three variables (y, U, H). This is a well-known
consequence of the fact that one can parametrize a particle path in several different ways,
corresponding to the same motion. This poses technical complications when we want to
measure the distance between two distinct solutions in Lagrangian coordinates that corres-
pond to the same Eulerian solution, and we denote this as relabeling of the solution.

We will employ the notation and the results by Bressan et al. [13] and Nordli [14].
Define the Banach spaces

E, = {f € L®[R) |f" € L*(R), ég@mf(f) = 0},
E = {f e L*(R)|f € [*(R)},
with norms
Fllg, = Wfllps + Il f € Ejj=1,2.

Let
B=E, XE, XE],
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with norm
I(hsfs B)llp = IAllg, + lellg, + I6llg,,  (ffasf3) € B.
We are given some initial data (uo, ity) € D, where the set D is defined as follows.
Definition 2.4. The set D consists of all pairs (u, i) such that
(i) u€Ey
(ii) u is a non-negative and finite Radon measure such that u,. = ufcdx, where i,

denotes the absolute continuous part of u with respect to the
Lebesgue measure.

The Lagrangian variables are given by ({, U, H) (with { = y—Id), and the appropriate

space is defined as follows.

Definition 2.5. The set F consists of the elements ({,U,H) € B=E, x E; X E;
such that

(i) ({,U,H) e (W'°(R))?, where {(&) = y(é)=&;
(i) ye>0, H: > 0 and y: + He > ¢, almost everywhere, where c is a strictly posi-
tive constant;
(iii)  yeH; = U? almost everywhere.

The key subspace Fy C F is defined by
Fo={X=(y,UH)EF|y+H=1d}.

We need to clarify the relation between the Eulerian variables (u,u) and the
Lagrangian variables ({, U, H). The transformation

L:D—Fy, X=L(up)
is defined as follows.

Definition 2.6. For any (u, u) in D, let

(&) = sup{x | 1u((—00,x)) +x < f}, (2.5a)
H(¢) = &—y(8), (2.5b)
U(&) = uoy(d). (2.5¢)

Then X = ({,U,H) € F, and we denote by L : D — F, the map which to any (u, u) €
D associates ({,U,H) € F, as given by (2.5).

From the Lagrangian variables, we can return to Eulerian variables using the follow-
ing transformation.
Definition 2.7. Given any element X in F. Then, the pair (u, 1) defined as follows:

u(x) = U(&) for any & such that x = y(&), (2.6a)
= ya(H: ) (2.6b)
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belongs to D. Here, the push-forward of a measure v by a measurable function f is the
measure fzv defined by fxv(B) = v(f~!(B)) for all Borel sets B. We denote by M : F —
D the map which to any X in F associates (u, 1) as given by (2.6).

The key properties of these transformations are (cf. [13, Prop. 2.11])
LoM|z =1ds,, Mol =Idp. (2.7)

The formalism up to this point has been stationary, transforming back and forth
between Eulerian and Lagrangian variables. Next, we can take into consideration the
time-evolution of the solution of the HS equation.

The evolution of the HS equation in Lagrangian variables is determined by the system
(cf. (2.4))

S: F—F, X(t)=S8(X), Xi=S8X), X, =Xo. (2.8)
of ordinary differential equations. Here
1 v 1
sx) = | 2H-2c |,
2 0 4

Next, we address the question about relabeling. We need to identify Lagrangian solu-
tions that correspond to one and the same solution in Eulerian coordinates. Let G be
the subgroup of the group of homeomorphisms on R such that

f—Id and f~'—Id both belong to W">*(R),
f:—1 belongs to L*(R).

By default, the HS equation is invariant under relabeling, which is given by equiva-
lence classes

[X] = {X € F| there exists g € G such that X = X og},
F/G={lx]|x € F}.

The key subspace of F is denoted F, and is defined by
Fo={X=(y,UH)€F|y+H=1d}.

The map into the critical space F is taken care of by (cf. [13, Def. 2.9])
O:F—F, NX)=Xo(y+H),

with the property that I1(F) = F,. We note that the map X—[X] from F, to F/G is a
bijection. Then we have that (cf. [13, Prop. 2.12])

IToS;oll =110 S;,
and hence we can define the semigroup
Si=MoS : Fo— Fo. (2.9)

We can now provide the solution of the HS equation. Consider initial data
(uo, 11y) € D, and define Xo = (¥,, Uy, Ho) = L(uo, f1y) € Fo given by



COMMUNICATIONS IN PARTIAL DIFFERENTIAL EQUATIONS @ 323

¥o(&) = sup{x|x + F(0,x) <&},

Uo(&) = uo(7,(8))
Ho(&) = £-7,(8),
i u(t) €D

)). Next, we want to determine the solution (u(t)

with F(0,x) = uy((—00,x)).
(we suppress the dependence in the notation on the spatial variable x when convenient)

for arbitrary time ¢.
(2.10)

Define
X(t)=8Xo€F, X(t)=S8Xo€F,
The advantage of X(t) is that it obeys the differential Eq. (2.8), while X(¢) keeps the
relation y + H = Id for all times. From (2.9) we have that
X(t) = (X (1)).
We know that X(t,&) = (y(t, &), U(t,&),H(t,&)) € F is the solution of
7(t,8) = U( 9, (2.11a)
Uﬁé%—H(@ (2.11b)
H(t,&) =0, (2.11¢)

Xo. Straightforward integration yields

where C = y,(R) and X(0)
(0.9 =5 (A3 )+ 00 45,00,

00,9 = (A0 5) 1+ (@)
H(t, &) = Ho(&) = &=y, (9).
The solution (u(t), u(t)) = M(X(t)) in Eulerian variables reads

u(t,x) =U(t,¢), y(t¢) =x,

(
u(t,x) = yy (He(t, £)dC),
with F(t,x) = u(t, (=00,x)) = [}, o (1= 3,(£))d.
However, for X(t,&) = (y( ,5, U(t,&),H(t,&)) € Fo, which satisfies
X(t)=X()o (y+H) " €Fo,

we see, using (2.7), that
(t,&) = sup{x|x+ F(t,x) <&}
sup{x|x + F(t,x) <y(t,&) + H(t,{)}
where we in the second equality use that X(f) € Fo. Note that we still have
(u(t), u(t)) = M(X(t)) = M(X(¢)), and thus
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u(t,x) =U(t, &), y(t,&) =x,
u(t, x) = yg(He(t, £)dE),

with F(t,x) = u(t, (—00,x)) = [, - . He(t, &)dE. Since X(t) = X(t) o (y + H), we find
that

y(t,8) =y(t,y(t,&) + H(t, &) = sup{x|x+ F(t,x) <y(t,&) + H(t, ) }. (2.12)

This is the only place in this construction where we use the quantity X(f).
Define now

2(t,n) = sup{x | u(t, (—o0,x)) <n} = sup{x|F(t,x) <n}.
We claim that
x(tm) = y(t,1(tm),
where we have introduced (¢, - ) : [0, C] — R by
I(t,n) = sup{&| H(t,&) <n}. (2.13)
Note that since H; = 0, we have that
I(t,n) =1(0,n) and L(t,n) =0.
Recall that for each time t, we have (cf. (2.12))
y(t, &) = sup{x |x + F(t,x) <y(t, &) + H(t, é)},
which implies that
J(LE +F(L3(t0) <36 + H(t,&) <3(t,&) + F(t.y(t, O)+).
Subtracting y(t, £) in the above inequality, we end up with
F(t,y(t,&)) < H(t,&) < F(t,y(t,&)+) for all £ €R.
Comparing the last equation and (2.13), we have
F(t,y(t,1(t,n))) < H(t,1(t,n)) =n < F(t,y(t,1(t,n))+).
Since y(t, - ) is surjective and non-decreasing, we end up with
x(tn) = sup{x | F(t,x) <n} =y (£, (t,m)).
Introduce the new function
Ut,n) = U (t,1(t,n)).

We are now ready to derive the system of ordinary differential equations for y(t,#)
and U(t,n). Therefore recall that

H(t,I(t,n)) = H(0,I(t,n)) = H(0,1(0,1)) =n for all n € [0,C],

since H(0, ¢) is continuous. Direct calculations yield
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1e(t,n) = %)_/(t,l(o,r])) :)_/t(t)l(ovn)) = U(t,l(O,n)) = U(t’ l(tﬂ?))

=Uut,n),
d _ 1. 1
U(t,n) = EU(t’ 1(0,n)) = U(t,1(0,n)) = EH(t’ l(O,n))—ZC
1 1
=21 5C
Thus we established rigorously the linear system
%t n) = Ut,n), (2.14a)
1 1
= _pn—— 2.14
Uyt,n) = n—7C (2.14b)

of ordinary differential equations, with solution

1 1
x(t,n) = <Z” - §C> £+ U0,n)t + 1(0,1),
1 1

Example 2.8. Recall Example 2.2. Let us compute the corresponding quantities in the
case with uy = 0 and p;, = dy. Here we find that

¢, for £ <0,
Y& =<0, for ¢ € (0,1),
5_17 for 52 17
00(6) :07
B 0, for ¢ <0,
Ho(¢) =4 & for £€(0,1),
1, for &>1.

The solution of X = $;X, (cf. (2.10)) reads

t2
5_57 fOI' égoa
2

y(t,¢) = ﬁé—t— for &€ (0,1)
- 4 87 bl )

t2
gL for i,

)

t
1 t for £ <0,
é_Z’ for ¢ € (0,1),

for & > 1,

)

t
2
t
4
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0, for £<0,
H(tE =4 & for E€(0,1),
1, for &> 1.

If we compute the corresponding quantities X(t) = X(t) o (y + H) ™", we find

2

t
for £ < ——
¢, or { < g
t2 t2 t2 t2
t’f = - ) fq €<__7_ 1)7
o) Fra amgg ore s's "
t2
€_1> f0r52§+17
t 12
T f £<_77
4 ore="77%
2t 2\ t 21
(t,%) PR 5—1—8 7 or £ € 8’8+ ,
t ?
- f > +1
7 oré_8+ ,
tZ
0 f < ——
b) Oré— 87
4 ? 2
H(t,¢) = __( Q : EQ__ Q
(t,8) 214 f+8, or &£ 8’8+ ,
t2
1, f0r52§+1,

with the property that y + H = Id. Finally, we find

6 m = —o0, for n =0,
(£.0) = 1, for n € (0,1],

e =3(eien) =5 (n-1). ne

_ t 1
as expected.

Theorem 2.9. Let uyg€E, and u, be a non-negative, finite Radon measure
with C = p,(R). Let (u(t),u(t)) denote the conservative solution of the HS equation.
Define

To(M) = sup{x | Ko ((—00,%)) < ’7}7

Uo () = to(%o(1)-
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If limy o 10(11) and lim,_.c xo(n) are finite, we define

C
—gt2 + tU(0) + x0(0) + 1,  if n<0,

x(tn) = §0ﬁ§>+ﬂhmy+hw» if n€(0,C,

C
gtz + tuO(C) + XO(C) +n-C, lf n>C,

C
—Zt+ud®, if n<0,

kazgor9+wm»#n6&q

C
Zbﬂ@@% if n>C.

Then we have
{(x,t,u(t,x)) € R?|t € [0,00), x € R}
= {(x(t,n),t,U(t,n)) € R*|t € [0,00), n € R}.

I lim,—o 70(n) = —lim,—c £o(n) = —oo, we define

x(tn) =

Then we have
{(x,t,u(t,x)) e R?*|t € [0,00), x € R}
= {(x(t,n),t,U(t,n)) € R’ |t € [0,00), n € (0,C)}.

Similar results hold if one of lim,_.o xo(n) and lim,_.c xo(n) is finite.

We can now introduce the new Lipschitz metric. Define
d((a (1), i (1)), (w2(8), p12(1))) = U (8) = Us (O] 0,09y + 12 (8) = 22 ()12 0.
which implies that
d((u (1), 1 (1)), (2(0), (1))
= U1 (t) = U (Ol 1< o.cp + 10 () = Ol 0.y
< (L4 COIth1(0) = Ua(0) | 1 po.cp) + 1121 (0) = %2(0) I 12 o,
< (14 C)d((101(0), 11(0)), (2(0), 15(0))).
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A drawback of the above construction is the fact that we are only able to compare
solutions (uy, ;) and (up, p,) with the same energy, viz. 1, (R) = p,(R) = C. The rest
of this section is therefore devoted to overcoming this limitation.

A closer look at the system (2.14) of ordinary differential equations reveals that we
can rescale y(t,n) and U(¢,7) in the following way. Let

x(t,m) = x(t,Cn),
U(t,n) =U(t,Cn).

Then j(t, -): [0,1] = R, U(t, -):[0,1] — R for all ¢ and
T(t,n) =U(t,m),
. 1
t,n) = —C ——=.
Direct computations then yield
N N A N 1 1
L1 (t, ) = Uty o) < U0, ) =U2(0, - )l o,1)) T3t |Ci—Ca | n — 2 1< (o,1])

’ . 1
<610, ) =Ua(0, )l oy + 511 C1=Ca

and

21t ) = Tt Mooy 17100 -) = 2200, o) + t|e41(0, ) = Us (0, Mo,

1
—|—§t2|C1—C2|.

Thus introducing the redefined distance by
d((u1, ), (425 45)) = 112 (Cr-) — 22(Ca- )||L1([o,1])

+ (|11 (21 (C1+)) = w2 (22(Co - )l < (o,

we end up with

d((ul (t)> /“Ll(t))> (”2(t>7 MZ(t)))
< (1 +t+§t2>d((ul<o>,ul<o>), (1(0), 15(0))).

In particular, d((u1,u,), (42, 1,)) =0 immediately implies that C; =y, (R) =
U, (R) = C,, which then implies y,(¢,x) = y,(¢,x) and thus u; (¢, x) = u, (¢, x).

Example 2.10. Recall Example 2.2. Consider initial data uy =0 and w,; = 29y yielding
solutions (ug(t), p;(t)). Here we find

d((uo, to,1), (o, o)) = d((0,2100), (0, 0200)) = [0t — 02| -
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Thus

d((r(0), 11 (1)), (20), 12 (1))) < (1 +t+;t2) a1 — .

Theorem 2.11. Consider ug; and p,; as in Theorem 2.9 for j= 1, 2 with C; = y,;(R).
Assume in addition that

0 00
J Foj(x)dx + J (G — Fio(x))dx< o0, j=1,2. (2.15)
—00 0

Define the metric

d((ur (1), 1, (1)), (1), 15(1)))
= [[tda(t, Cr ) = Ua(t, Co ) [l (o,1))

F 71 (tCi-) = xa(t,Co Moy + |C—C.

Then we have

d(((t), (1)), (wa(t), (1)) < (1 + t+%t2> d((Uo,15 Ho1)s (4025 Ho2))-

Proof. 1t is left to show that y;(t) € L'([0,Cj]) for all ¢ positive and j=1, 2. For the
remainder of this proof, fix j and drop it in the notation.

Note that (2.15) is equivalent to %(0,7) € L'([0, C]). Indeed, denote by #, the point at
which %(0,7) changes from negative to positive, then by definition

x(0,n) = sup{x | F(0,x) < 17},

and thus

C

C M
1l 0.y = L | x(n)dn = — L x(mydn +J x(mydn

m

o0

< roo F(0,x)dx + J (C — F(x))dx.

0

It remains to show that y(¢) remains integrable, i.e., 7(t) € L'([0, C]) for all ¢ positive.
Translating the condition (2.15), we find

(o]

&
[ mrae+ | c-myoue<w, (2.16)
- <1

where &, is chosen such that y(&;) = 0. Note that it does not matter if there exists a
single point or a whole interval such that y(&) = 0, since in the latter case y.(&) = 0.
Denote by &(t) the time-dependent function such that y(t, &(t)) = 0 for all ¢, which is
not unique. Then the first term can be rewritten as
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Q0 Q0

—00

()

= [ A0.9(5:0.0 + 10:0.0 + ;PR:0. )ac
&t) B &(t)

< J (1+ 1)Hy, (0, é)d£+J

—0o0 —0o0

<t +it2)HH¢(O, &)dé
&(0) &)

- (1+t)J Hy.(0, f)d£+(1+t)J ) Hy:(0,&)d¢ + Gt+%t2>H2(o,5(t))

—00 &
&) &) 1 1
< (l—l—t)J Hy (o, f)df—l—(l—l—t)J Hy:(0,&)dé + <2t—|—8t2>C2,
. 0
where we used (2.11) and that Ué(t, ¢) = Hepe(t,&). The term on the right-hand side

will be finite if we can show that the second integral on the right-hand side is finite.
Therefore observe that

&) 7(0,4(1) 7(0,£(1)) 7(0,£(1))
J Hy.(0,¢)d¢ = J F(x)dx = J F(x)dx = J F(x)dx
&(0) 7(0,£(0)) 0 y(£E(®)

< Clste,&0)-50.60)1 < (o1 vt0. 2 + )

t2
< C(t|u0||Loc(R) +§C> < 00.

Similar considerations yield that the second integral in (2.16) remains finite as
time evolves. 0

Remark 2.12. Observe that the distance introduced in Theorem 2.11 gives at most a
quadratic growth in time, while the distance in [13] has at most an exponential
growth in time.

We make a comparison with the more complicated Camassa—Holm equation in the
next remark.

Remark 2.13. Consider an interval [£;, &] such that Uy(&) = Up(&,) and H(&,) = H(E)
for all ¢ € [, &,]. This property will remain true for all later times. In particular, this
means that these intervals do not show up in our metric, and the function y(t,#) always
has a constant jump at the corresponding point #. This is in big contrast to the
Camassa-Holm equation where jumps in y(t,7) may be created and then subsequently
disappear immediately again. Thus the construction for the Camassa—Holm equation is
much more involved than the HS construction.

This is illustrated in the next examples.
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Example 2.14. Given the initial data (uo, ty) = (0, d + 201 ), direct calculations yield

3 3,
-, x < —=¢,
4 8
2 3 1
Zx, — TP <x< ——1
t 8 — 7~ 8
1 1 1
u(t,x) =< ——t, —— P <x<1-—-1,
4 8 8
2 1 3
Z(x—1), 1-—-£<x<1+=t
t( ), gl Sxs 1+t
3t 1+3t2<
- = x
47 8 —_ "
3
0, x < —=F,
8
3+4 3t2< < 1t2
~ _x7 S —x—__ )
2t 8 8
12 12
F(t,x) =< 1, —— P <x< 1=t
8 — "~ 8

3 4 1 3
S (x—1), 1--<x<1+>1%
5T (x—1) gl sx< +8

3 1427 <
= x.
) 8 —
Calculating the pseudo inverse y(t,n) and U(t,n) = u(t, x(t,n)) for each ¢, then
yields

—00, n= 07

—tz <1]— —) 0< n <1
) =~ 4,
X(ta”) - 4 2

1+t2< 3) 1<n<3
2 n 2 ) N>,

t 3
Uit,n) == n—=), forall yelo,3]
2 2
Here two observations are important. Note that /(t,7) is continuous and differenti-
able with respect to #, while y(,7) on the other hand has at each time ¢ a discontinuity
at n=1 (and of course at # =0). In particular, one has
1 1
lim y(t,n) = —<t d lim y(t,n) =1—=£.
Jim () = —gt* and - lim (¢, n) s
Thus the jump in function value remains unchanged even if the limit from the left
and the right are time dependent.
In order to understand the behavior of I(t,#), let us have a look at the solution in
Lagrangian coordinates, which is given by
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__t27 <07
¢ s ¢
1/, 3\,
—lEe-2 )t 0<é<1
e ezena
1
S 1<¢&<2,
1 5
R S A 2<¢<4
(e asess
3
¢4+§9, 4 <¢,
3
——t <0
47 é—?
1 3
(=), o0<éx<,
(o) o=
Ut ¢ = —3b 1<¢é<2,
1 5
| &—= |t 2<EL4
D) aesa
3
—t 4 <
47 —é’
0, ¢<o,
¢, 0<¢<,
H(t,¢) =4 1, 1<¢<2,
6_17 2§6S47
3, 4<é.
Hence direct computations yield that
—00, ’1:01
I(t,n) = 10,n) = 4 n, 0<n<1,

n+1, 1<np<3.

Note that 1(0,#) is non-constant on the intervals where both 2/(0,%) and x(0,#)
are constant.
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