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Abstract 

The nonlinear dynamic analysis to obtain the response of whole building structures or structural 

components under blast loading can be computationally prohibitive. Two approaches have been 

considered in this study to improve the efficiency of such analyses: i) to employ an appropriate 

time integration scheme and, ii) to employ accurate simplified models of structural components. 

A new implicit-explicit time integration scheme has been developed and implemented with a 

novel automatic element-based mesh partitioning approach. The scheme allows simultaneous 

execution of implicit integration and explicit integration in different parts of a system to maximise 

computational efficiency. The developed scheme has also been notably incorporated to the novel 

domain decomposition approach developed previously at Imperial College London. The scheme 

is also successfully incorporated with the mixed-dimensional coupling technique included in the 

domain decomposition approach. 

Simplified models of structural components have been improved for a better representation of 

responses under blast loading. Mechanical models of fin plate connections have been modified 

by including material nonlinearity and material strain rate effect in the coupled axial and shear 

response of bolt rows. The flat shell elements have been verified in their ability to capture the 

influence of transverse damage in floor slabs due to uplift on the in-plane diaphragm stiffness and 

strength. These simplified models have been incorporated in the global model of a reference 

building, which has been analysed and assessed under characteristic blast loading.  

Typical masonry cavity cladding has been investigated as a case study. The failure mode and the 

interaction between the cladding and the structural frame have been successfully obtained from 

mesoscale models employing the mixed-dimensional domain decomposition approach and the 

implicit-explicit time integration scheme. A SDOF model based on the results of the detailed 

model has been constructed and incorporated in the global model of the reference building. 
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CHAPTER 1 Introduction 

1.1 Background 

The response of a physical system may be represented by a mathematical model in the form of 

partial differential equations, though such a mathematical model is only a conceptual notion 

when it comes to complex nonlinear structural analysis problems. Even for simple problems 

where the formulation of a mathematical model is feasible, closed form analytical solutions are 

often impossible to obtain. Accordingly, numerical methods are typically used for predicting the 

response of structures, in both the linear and nonlinear ranges of response. Among the various 

numerical methods, the Finite Element Method is the most commonly applied for building 

structures. To meet the increasing functional requirements on civil structures, complex and mega 

structures are increasingly constructed, while the growth in computer power has made the 

analysis of such structures feasible. 

The computational demand in finite element (FE) analysis is not simply related to the size of the 

structure, but also to the extent of discretisation. Even small structural components of complex 

geometry that require detailed discretisation may be associated with a very large number of 

unknown response parameters that should be solved for. On the other hand, global models of a 

building structure are also associated with a large number of unknown response parameters, even 

though the discretisation of individual components may be relatively coarse. Over the past few 

decades, extensive studies have been carried out on the blast resistance of structures, with the 

main topics including the local effects of blast loading, progressive collapse, and resistance of non-

structural elements. The consideration of the overall response of structures under global blast 

loading, as may arise from explosions in nearby petrochemical facilities (ASCE 2010), has received 

less attention due to the challenge to accurately model the building, the blast overpressure and 
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the interaction between the building and blast. For example, on the 11th of December 2005, a 

major explosion occurred at the Buncefield oil storage near the M1 motorway in London. The 

accident started with the explosion of a vapour cloud of winter grade gasoline and eventually 

caused a fire lasting 5 days (SCI 2009). The blasts have also caused damages in various buildings 

at surrounding areas of the site, including the Northgate building as shown in Figures 1.1(a-b). 

The building experienced global damage including broken windows, light cladding removals and 

minor damages to the structural frame (SCI 2009, INERIS 2014). 

 

(a) 

 

(b) 

Figure 1.1: Damaged Northgate building under the Buncefield Explosion 
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The present work was motivated in part by a joint European project BASIS ‘Blast Actions on 

Structures in Steel’ funded by the European Union’s Research Fund for Coal and Steel (RFCS) 

research programme under grant agreement number RFSR-CT-2013-00020. The focus of the 

project, which is also the ultimate objective of the present research, was the development of 

simplified structural models for the global response of whole buildings under blast loading. Within 

this context, a principal aim of the current research has been the development of an advanced 

solution procedure that enables computationally feasible and efficient finite element simulations 

of whole building structures under blast loading, without introducing gross simplifications that 

would adversely affect accuracy. This is achieved in this work, firstly by adopting a novel domain 

decomposition technique previously developed at Imperial College (Jokhio and Izzuddin 2015, 

Izzuddin and Jokhio 2017), secondly enhancing this technique with a novel implicit-explicit 

solution procedure that is specifically developed for partitioned modelling, and thirdly proposing 

new simplified models for connections and masonry cladding under blast loading.  

1.2 Objectives and Originality of Present Research 

The present research is concerned with developing a comprehensive and efficient framework for 

the nonlinear dynamic analysis of large scale structures under extreme loading. Towards this 

objective, a new generalised implicit-explicit time integration scheme is developed and 

implemented in the nonlinear structural analysis programme ADAPTIC (Izzuddin 1991) developed 

at Imperial College London. As part of the new approach, separate implicit integration and explicit 

integration are allowed simultaneously in the different parts of the same model following an 

automatic implicit-explicit partitioning of the mesh. Both elements and nodes are grouped as 

either implicit or explicit. Unless specified otherwise, elements associated with a diagonal mass 

matrix, which is the main contribution to the diagonal tangent stiffness matrix, are grouped as 

explicit, which naturally excludes certain types of elements from the explicit group, such as the 

spring elements and link elements used for the mechanical model of structural connections. This 

forms the basis of the automatic implicit-explicit mesh partitioning approach, which aims for the 

largest possible explicit mesh to achieve the best stepwise computational efficiency, since the 

same time step is adopted for the implicit and explicit parts. Nevertheless, since the stability 

criteria are independent for the implicit and explicit parts, more elements can be moved to the 

implicit group if they are associated with extremely small critical time steps, to enhance the 

overall efficiency of the analysis. 
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With the development and implementation of the proposed implicit-explicit time integration 

scheme in ADAPTIC (Izzuddin 1991), nonlinear dynamic analysis can be performed for the same 

structural model using a pure implicit scheme, a pure explicit scheme or a hybrid implicit-explicit 

scheme. This is easily achieved by specifying the type of analysis and elemental mass lumping 

properties, which brings significant modelling benefits. This feature, along with the possibility of 

undertaking hybrid implicit-explicit analysis, is in contrast to commercial finite element analysis 

programs, such as ABAQUS (2016), which have separate versions for implicit and explicit dynamic 

analysis. 

A notable originality of the current work relates to the incorporation of the implicit-explicit time 

integration scheme within the domain decomposition approach developed previously at Imperial 

College London (Jokhio and Izzuddin 2015, Izzuddin and Jokhio 2017). In this partitioned modelling 

approach, a parent partition represents the full domain, and is modelled in a process which has 

overall control of the nonlinear analysis. Subdomains are considered as child partitions, which are 

represented in the parent partition via placeholder super elements (Jokhio and Izzuddin 2015) 

with the actual model of each subdomain considered within a different process. In a monolithic 

model that does not utilise partitioned modelling, implicit elements could be manually grouped, 

but the process requires specification of each element. In a model with partitioned modelling, 

subdomains are included in different partitions and are processed separately; this provides the 

facility for identifying a whole subdomain as implicit or explicit with a single specification. 

The original domain decomposition approach also includes a mixed-dimensional coupling 

technique based on a master-slave approach (Izzuddin and Jokhio 2017), allowing the coupling of 

one-dimensional (1D) beam-column elements to three-dimensional (3D) continuum elements. 

This is particularly beneficial for problems requiring the use of both types of element, including a 

cavity masonry wall with ties between the two leaves and a framed building structure with 

masonry infill. Within this approach, the original 3D partitioned boundary of a child partition is 

transformed to a 1D partition boundary via a number of master-slave elements, where the 1D 

nodes act as master nodes on the new partitioned boundary, with the 3D nodes of the original 

partitioned boundary becoming slave nodes. The incorporation of explicit dynamic analysis 

capabilities with mixed-dimensional partitioned modelling provides a significant challenge that 

has been also addressed in the present research. 
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Besides the main developments of implicit-explicit time integration, this work has also been 

concerned with the development of simplified models of structural components for effective 

application in global models of whole buildings. This includes the development of a novel 

component model of connections that allows for coupled axial-shear actions, including the 

viscoplastic response under high strain rates. In addition, a simplified single degree of freedom 

(SDOF) model is developed for masonry cavity walls under blast loading, the main purpose of 

which is to establish the blast load transfer to the building structure. 

The computational benefits and the accuracy of the developments undertaken in this work are 

illustrated throughout the thesis, and two case studies are finally presented to demonstrate the 

practical application of the new approach. The first case study considers a masonry cavity cladding 

system under characteristic blast loading, where the benefits of implicit-explicit time integration 

are clearly shown. The coupling of the two masonry cladding panels through wall ties and physical 

contact is effective modelled in the parent partition with the mixed-dimensional coupling 

technique. The second case study considers the global blast response of a typical office building, 

designed as part of the BASIS project, where effective use is made of the developed simplified 

models, and practical application of the overall modelling capability in identifying strengthening 

requirements is demonstrated. 

1.3 Thesis Outline 

This thesis is comprised of seven chapters. This chapter introduces the background and objective 

of the present research. Chapter 2 lays out the context of the thesis in the form of a 

comprehensive literature review. 

Chapter 3 presents the proposed implicit-explicit time integration scheme. The methodology and 

implementation of the scheme are discussed in detail, and several verification examples are 

presented. 

In Chapter 4, the novel extension of implicit-explicit time integration to partitioned modelling is 

presented, including the consideration of mixed-dimensional coupling.  

Chapter 5 presents the simplified models of fin plate connections and composite floors under 

extreme loading, including several verification examples. 
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Chapter 6 utilises two case studies that use the implicit-explicit time integration with domain 

decomposition and the simplified models of structural components. The first case study considers 

a masonry cavity cladding system, where the response under characteristic blast waves is studied, 

and a novel simplified SDOF model is proposed. The second case study considers a global model 

of a whole steel framed building, where the response under characteristic blast loading is 

assessed, and strengthening requirements are evaluated using the developed methods. 

Finally, Chapter 7 draws conclusions from this research and identifies areas for future research.  
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CHAPTER 2 Literature Review 

This chapter provides a detailed review on the main context of the present research. The 

nonlinear dynamic structural analysis is introduced briefly before a detailed review on the time 

integration schemes for dynamic analysis, including single-type integration schemes and hybrid 

integration schemes. A novel implicit-explicit time integration scheme is proposed and 

implemented with domain partitioned modelling, a review on which is, therefore, also included, 

with special focus on its compatibility to heterogeneous solution procedures. The research also 

considered improving the responses of simplified models of structural components under blast 

loading. Therefore, material nonlinearity and strain rate effect are reviewed. Furthermore, SDOF 

idealised models are reviewed for a better understanding of the context in the first case study in 

Chapter 6. Lastly, the global response of building structures under blast loading is also reviewed. 

2.1 Nonlinear Structural Analysis Methods 

Structural analysis is concerned with the solution of boundary value problems, where the 

distribution of displacements and stresses within the structure is sought for given boundary 

conditions, including supports, applied loads, prescribed displacements, temperatures, etc. For 

the nonlinear analysis of large scale structures, numerical solution methods, as opposed to 

analytical methods, are the only feasible approach. Although numerical methods introduce a 

degree of approximation, such approximation can be controlled through suitable refinement 

techniques. Among the various developed numerical methods, the Finite Element Method is the 

most commonly applied owing to its capacity to solve a wide range of structural problems of 

arbitrary size and complexity. The method has its roots in the aircraft industry but has been 

developed and stretched to today’s wide application as a general analytical tool. A vast literature 
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is devoted to the different subjects of the method; Zienkiewicz and Taylor (2000) and Bathe (1996) 

for example provide a comprehensive coverage of the method (Greening 1999).  

There exist two main types of Finite Element Methods in structural and solid mechanics: the 

displacement-based method (Melosh 1963) and the equilibrium-based method (de Veubeke 

1964). From a variational point of view, these methods depend on the stationary principles of 

total potential energy and total complementary energy, respectively (Santos and Moitinho de 

Almeida 2010). In the displacement-based method, the solution of the problem is fully defined in 

terms of nodal (translational or rotational) displacements. The displacement fields within the 

elements, hence the strain fields via the compatibility conditions and the stress fields via the 

constitutive law, are described by the nodal displacements through element specific interpolation 

polynomial functions, generally referred to as shape functions (Zienkiewicz and Taylor 2000). 

Elemental equilibrium equations are derived through the principle of stationary total potential 

energy in conjunction with the shape functions, strain-displacement relationships and the 

material constitutive law. These equations, following possible transformation at the elemental 

level between the local and global reference systems, are assembled to a global system of 

equations, which could then be solved using iterative or direct equation solvers (Bathe 1996).  

Due to the degree of shape functions, a single element is usually not sufficient for representing 

the displacement field of a whole structural member, especially if a high level of nonlinearity is 

envisaged; the use of a number of elements per member is necessary (Izzuddin 1991). This gives 

rise to models with a large number of elements when large scale structures or structures of 

complex geometry are analysed. Moreover, to minimize the discretisation errors associated with 

finite element analysis, mesh refinement consisting of either increasing the number of elements 

or adopting elements of higher-order shape functions is usually applied, referred to as h-

refinement and p-refinement, respectively (Zienkiewicz and Taylor 2000). Both refinement 

methods lead to an increased size of the system of simultaneous discrete equilibrium equations, 

which can become enormous (order of millions) for applications to real structural problems. 

Solving such systems, especially in transient dynamic analysis, requires special numerical 

techniques to tackle the inevitable memory and computational bottlenecks even with modern 

computational capabilities (Rudnyi and Korvink 2006). The following sections present a review on 

nonlinear structural analysis, the numerical approaches and their application to large scale 

structures. 
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2.1.1 Nonlinear Static Analysis 

In a nonlinear static analysis, the equilibrium of a discrete structural system is achieved when the 

global resistance forces R  are equal to the equivalent loads P . In other words, the out-of-balance 

forces G  acting on the structure are zero: 

   G R P 0  (2.1) 

The equivalent nodal loads P  are typically obtained from the actual applied loading, which can 

be distributed over a surface or a volume, via virtual work equivalence (Bathe 1996). The 

equivalent nodal loads are normally expressed as the product of a set of nominal loads 0P  with 

specific load factors. Under proportional loading, a single load factor is considered for all the 

nominal loads as follows: 

 0P P  (2.2) 

In other cases, such as under time-history loading, different nodal loads in 0P  may be assigned 

with different load factors that vary independently. 

For a discrete structural system, the nodal resistance forces R  are determined by a nonlinear 

vector function of the primary system unknowns, which are the nodal displacements U , using the 

combined conditions of compatibility and constitutive law as follows: 

 

( ) Compatibility

( ) Constitutive law

( )Nodal resistance forces

Virtual work (static/kinematic duality)

T

T

d

f

R

 




  


 

 

d U

f d

R UR T f

d
T

U

 (2.3) 

where d  and f  are the deformations and associated internal forces of deformable components. 

T  is a geometric transformation matrix that is employed for the conditions of discrete equilibrium 

between internal component forces f  and nodal resistance forces R , yet which can be shown 

according to the principle of virtual work to be the derivative of component deformations d  with 

respect to nodal displacements U , a notion that is referred to as the static kinematic duality 

(Carpinteri 2017). It is worth noting that in geometric nonlinear analysis, the compatibility 

conditions are typically nonlinear, hence T  depends on U , and in material nonlinear analysis, the 

constitutive relations are nonlinear. 
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The above expressions apply equally to the transformation of the local response of finite 

elements, defined as an equivalent component with local displacements d  and local forces f , to 

the global structural level. This is the  basis of corotatinal approaches (Izzuddin and Liang 2015), 

where the local element response may be considered for simplicity to be geometrically linear, yet 

the element can be upgraded with geometrically nonlinear capabilities through suitable nonlinear 

geometrical relations between the local element displacements d  and the global nodal 

displacements U . 

As expressed by (2.3), the nodal resistance forces R are nonlinear in terms of the nodal 

displacements U , hence the solution of the governing system of discrete equilibrium equations 

presented by (2.1) is typically performed using incremental/iterative procedures, along with 

techniques such as load and displacement control (Crisfield 1997). The most effective solution 

procedures are based on the use of the tangent stiffness matrix G TK , as a first-order guide 

towards a zero out-of-balance vector G , which is defined as: 

 G T





G
K

U
 (2.4) 

When considering geometric nonlinearity, the equilibrium of a system is expressed in the 

unknown deformed configuration (Wriggers 2008, Santos and Moitinho de Almeida 2010); hence, 

the effective tangent stiffness can be divided into material and geometric stiffness contributions 

as follows (Crisfield 1997): 

 G T G E G G K K K  (2.5) 

where: 

 T
G E K T KT  (2.6) 

 
2 2

2 2G G

W 
 
 

d
K f

U U
 (2.7) 

The instantaneous material stiffness matrix G EK  is modified over the analysis to account for 

deflection but assuming an unstressed/unloaded deflected shape. The effects of loading to the 

stiffness of the structure are captured by the geometric stiffness matrix G GK , which can be in 

comparable magnitude to G EK  for structures with considerable forces or loading. In the example 

of beam-column effect, axial compression of columns leads to a reduced stiffness in flexure and, 

on the other hand, prestress cables present better stiffness than otherwise. 
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In almost all direct solvers for systems of equations, the coefficient matrix, which is the effective 

tangent stiffness matrix in a structural problem, requires to be inverted or factorised for solution. 

Geometric nonlinearity increases the complexity of the tangent stiffness matrix and, moreover, 

its non-constancy implies that such a factorisation process is carried out at each calculating step, 

greatly increasing the computational demands. In addition, the inclusion of material nonlinearity 

(Crisfield 1997), typically presented in the stress-strain relationship (constitutive relationship) of 

a material, further increases the computational demand of a nonlinear analysis. Numerical 

methods that are designed for efficient computer implementation of nonlinear structural analysis 

are presented in the following sections. 

2.1.2 Nonlinear Dynamic Analysis 

Nonlinear static analysis is suitable when the duration of a sensibly constant loading is orders of 

magnitude longer than the natural period of the structure, provided that the structure does not 

experience a sudden reduction in resistance, for example due to buckling. When the rate of 

loading is high, such as for blast loading, dynamic effects due to inertia and damping must be 

properly modelled. Time-history analysis, including modal and direct analysis methods, is used 

when loading is explicitly defined over the time domain. Modal analysis, which is based on modal 

decomposition and superposition, is restricted to linear analysis; and the more general direct 

integration method, which is applied to the full set of degrees of freedom (DOF), is readily 

applicable to nonlinear analysis (Doyle 1991). 

In the direct time integration method for nonlinear dynamic analysis, the discrete dynamic 

equilibrium equations are expressed as in nonlinear static analysis, but allowing for the additional 

contribution of inertial and damping forces. At time step 1nt  , the equations are expressed as: 

 1 1 1 1 1 1( ) 0n G n G n n n n         G MU CU R U P  (2.8) 

where G M  is the global mass matrix, G C  is the global damping matrix, and 1nU  and 1nU  are the 

velocities and accelerations associated with the system parameters 1nU . Structural mass and 

damping are properly discretised into the mass and damping matrices. For example, lumped mass 

at nodal locations of a finite element model and mass-proportional damping lead to simple 

diagonal matrices, the computational processing of which is straightforward. However, the 

commonly used Rayleigh damping is a combination of the mass and stiffness matrices, namely 

1 2  C M K , thus leading to a non-diagonal damping matrix for non-zero 2 . 
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The system of equilibrium equations can only be solved with the introduction of two additional 

sets of equations relating accelerations 1nU  and velocities 1nU  to displacements 1nU  and 

associated entities at the end of one or more of the previous time steps, where single-step 

methods are the most common (Atkinson 2003). These additional sets of equations define 

temporal discretisation, and they are specific to the chosen time integration scheme, which can 

be generally classified as either explicit or implicit (Bathe 1996). The practical differences between 

the two types relate to the uncoupling of simultaneous equations and algorithm stability. The 

usually unconditionally stable implicit schemes allow relatively large time steps t  to be applied, 

but they are less efficient per step due to the need to solve simultaneous equations. Explicit 

schemes, on the other hand, require a trivial computational effort per time step in solving the 

resulting uncoupled equations, but the choice of the time step is governed by stability (Bathe 

1996). In application to large scale structures, where computational efficiency is of paramount 

importance, the choice of the integration scheme can be crucial. A detailed review on the 

different time integration schemes is presented in section 2.2. 

2.1.3 Direct Solution Methods for Linearised System of Equations 

Solving linear systems of equations Ax B  lies at the heart of many computational science and 

engineering problems (Gould et al. 2005). Even in nonlinear structural static/dynamic analysis, 

the solution for the unknown displacements U is obtained using iterative methods, where 

iterative corrections U  are obtained from the solution of a linearised system of equations in the 

general form G   K U G . There exist two broad categories of numerical methods for solving a 

system of linear simultaneous equations: iterative methods and direct methods (Scott and Hu 

2007). Iterative solvers approach the solution by generating a sequence of improving 

approximations until convergence (Saad 2003). The most widely used direct solvers, on the other 

hand, are variants of Gauss elimination and involve the explicit factorisation of the coefficient 

matrix A  into a product of triangular matrices (Scott and Hu 2007). Although direct solvers often 

become too demanding in terms of both computational effort and memory requirements for 

large systems of equations, they are still preferred over iterative solvers, where it is particularly 

difficult to find suitable preconditioners for large scale nonlinear problems (Gould et al. 2005, 

Scott and Hu 2007). Overall, direct solvers are the preferred solvers for nonlinear structural 

analysis due to their robustness and generality. 
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Apart from conventional algorithms based on Gauss elimination, such as the LU decomposition 

and the Cholesky decomposition (Atkinson 2003), specially tailored direct solvers are developed 

to take advantage of the sparsity of the effective stiffness matrix G K  of large scale structures by 

applying the band or profile storage techniques to minimise the storage and computations 

associated with zero terms. Alternatively, the frontal method (Irons 1970) takes advantage of the 

sparsity of G K  by storing and working on only parts of the matrix (Wriggers 2008), and the 

multifrontal method (Duff and Reid 1983) is an extension of this method for further enhancement 

in efficiency. These various methods are reviewed in the following sub-sections.  

2.1.3.1 Gauss elimination: LU decomposition & Cholesky decomposition 

Gauss elimination applies a sequence of linear operations on the rows and/or columns of the 

matrix and right-side vector, which defines the system of equations Ax B , transforming it to an 

equivalent triangular system which could be solved through simple substitutions (Atkinson 2003). 

While it is the basis for other variant solution procedures, Gauss elimination is not the most 

efficient. Its successful variants, including the LU and Cholesky decompositions, require fewer 

operations in obtaining the same triangular form.  In the LU decomposition, matrix A  is factorised 

into lower and upper triangular matrices L and U as A LU . If A  is symmetric and positive 

definite, the Cholesky method could be adopted, and it is arranged so that U  is the transpose of 

L , hence TA LL . More often, the form of TA LDL  is used instead with a block diagonal matrix 

D . Once the decomposition is completed, the solution procedure starts with a forward 

substitution to find y  as: 

  or  Ly B LDy B  (2.9) 

and followed by a backward substitution to determine the primary unknowns in x  as: 

  or T Ux y L x y  (2.10) 

If n is the size of the problem, both the forward and backward substitutions require 2( )O n  

multiplications and the factorisation requires 3( )O n  multiplications. Hence, for large scale 

structures, the total operation number is determined by the factorisation stage  (Kreyszig 2010). 

2.1.3.2 Sparse system solvers: band method & profile method 

Matrix sparsity arises from loosely coupled systems, such as when discretising continuum 

problems into the finite element models (Gould et al. 2005). The Gauss elimination methods solve 
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the system of equations Ax B  by operating on all the entries in the coefficient matrix A , 

including the zero terms. Therefore, a significant proportion of the 3( )O n  multiplications in actual 

implementation would be unnecessary, depending on the degree of matrix sparsity. An advantage 

of finite element analysis is that the effective stiffness matrix G K  can be transformed into a 

banded matrix, where all of the non-zero entries are clustered around the diagonal of the matrix, 

subject to suitable numbering of the nodal parameters. Defining Am  as the half-bandwidth of the 

system, then 0ijk   for Aj i m  . In the band storage technique, only terms within the band 

(2 )Am  are stored and operated on. A similar but more economical storage technique is the profile 

storage, where only entries from the first non-zero entry to the last non-zero entry in each 

column/row are stored; therefore, the storage requirements are not severely affected by a few 

very long columns as in band storage  (Bathe 1996, Singh 2013). Figure 2.1 shows an example 

profile matrix, which is also a banded matrix with half-bandwidth 3Am  . 

 

Figure 2.1: Example profile matrix (Bathe 1996) 

Gauss elimination preserves the skyline of the original coefficient matrix in the resulting upper 

triangular matrices, although non-zero fill-ins under the skyline are expected. Consequently, the 

operation counts for the factorisation and solution stages are reduced to 2( )AO m n  and ( )AO m n , 

respectively. Considering that Am n  in large scale systems, the computational demand is thus 

significantly reduced. Because of dominant role of Am  in determining the operation count, an 

effective ordering of the nodal parameters should be adopted to give the least bandwidth and 

the most compact matrix A  (Bathe 1996, Felippa 2013b).  
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2.1.3.3 Frontal method 

Conventional Gauss elimination operates on the fully assembled global stiffness matrix, leading 

to considerable computational and memory demands in solving large systems of equations. In 

this respect, sparse system solvers provide significant benefits in the nonlinear analysis of large-

scale structures, though these solvers operate after the complete assembly of the sparse system 

of equations. As an alternative, the frontal method, first proposed by Irons (1970), realises 

minimal memory requirements by storing and working on small dense subsets of the global 

stiffness matrix. Specifically, elements are assembled in turn, bringing nodes to the so-called front 

and assembling the associated entries of the current subset of the stiffness matrix, referred to as 

the frontal matrix. When one or more nodes are detected to have had their last appearance, that 

is they do not belong to the subsequent unassembled elements, partial factorisation (normally, 

LU or Cholesky factorisation) on the frontal matrix is carried out to eliminate these nodes from 

the front. Element assembling continues until the next partial factorisation. In other words, the 

frontal method utilises the feasibility of eliminating the parameters of a node just after the 

assembly of all the elements connected to it, and makes use of the fact that the eliminated 

parameters do not need to be considered in the further stages of the elimination process 

(Izzuddin 1991).  

The content and the size of the frontal matrix (frontwidth) change continuously as the elements 

are assembled, where the frontwidth history at the point of factorisation is closely related to the 

total operation count. As nodal numbering is essential in a skyline storage method, element 

ordering plays a critical role in determining the efficiency of the frontal method  (Irons 1970). The 

optimum element assembly order, although normally not unique, is difficult to find for complex 

or large scale structures. Izzuddin (1991) developed an automatic ordering procedure based on a 

ranking algorithm operating on the unassembled elements, and choosing the element with the 

lowest rank to be assembled next. The approach is an adaptation of the method proposed by 

Sloan (1989) and it has been found effective in comparison with the more involved method of 

Sloan and Randolph (1983) which is based on graph theory.  

2.1.3.4 Multifrontal method 

The multifrontal method of solving linear systems of equations was developed by Duff and Reid 

(1983) as an extension to the frontal method by allowing more than one front to proceed at the 

same time. Due to the weak interaction between nodes in a large scale discrete structural system, 
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if an effective element ordering is adopted, the multifrontal method is capable of generating 

much smaller frontal matrices than that in the frontal method. The element ordering in the 

multifrontal method is no longer a monolithic sequence but a tree with multiple branches 

corresponding to the multiple fronts (L'Excellent 2012). This is referred to as the elimination tree 

and is obtained from a symbolic analysis of the structure of the global stiffness matrix. The Schur 

complements (L'Excellent 2012) resulting from the partial factorisation of the frontal matrices are 

merged to a new frontal matrix, to which more elements are assembled and nodes are eliminated. 

A typical problem that would benefit from a multifrontal solution usually has separate 

subdomains joining at discrete positions. The main body parts of the subdomains are solved with 

separate fronts, and the nodes at the joint area are not included on the front until the multiple 

fronts are reduced to only the respective boundary nodes and merged together. In the example 

discrete structural model in Figure 2.2, the frontal method assembles the legs one by one as 

indicated by the gradient arrows. While assembling the second and third legs, some nodes at the 

joint are needlessly included in the front, leading to additional operations in the frontal matrix. 

This is avoided in the multifrontal method as the legs are assembled in separate frontal 

excursions, and the nodes at the joint are left to the end before they are eliminated. In this 

example, the multifrontal method uses less than half the number of operations required by the 

frontal method. This relative superiority in efficiency increases with the scale of the problem.  

In this work, an interface to an external multifrontal solver package MUMPS (L'Excellent 2012) 

has been developed and implemented in ADAPTIC (Izzuddin 1991). An example two-dimensional 

(2D) slab is discretised into different meshes of 4-noded slab elements and is solved separately 

with the built-in frontal method and with MUMPS. As the size of the problem increases, it is 

difficult to establish analytically the number of operations, hence the computation time per 

iteration (or per solution of the simultaneous system of equations) is compared instead. Figure 

2.3 depicts the computing time per iteration of the two methods against the model size, 

expressed in terms of the total number of DOFs. Clearly, the multifrontal method becomes 

increasingly more efficient than the frontal method with an increasing problem size. For the 

largest problem size considered, the multifrontal method is around 50 times faster than the 

frontal method. 
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(a) Frontal method: operation count = 2104 

 

(b) Multifrontal method: operation count = 972 

Figure 2.2: Comparison of the frontal and multifrontal methods 
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Figure 2.3: Comparison of the frontal and multifrontal methods – 2D slab model 

An additional benefit of the multifrontal method is the possibility of parallel computing over the 

fronts. The domain decomposition approach (Jokhio and Izzuddin 2013, 2015) discussed in section 

2.4 enables parallelisation of the processes associated with different partitions. If the frontal 

method is adopted in the partitions, this domain decomposition approach is effectively an 

implementation of the multifrontal method, with the frontal excursions predefined by the 

individual partitions. 

2.2 Time Integration Schemes 

To solve a transient dynamic analysis problem, the structural response is discretised in both space 

and time. The governing equations are solved at every time step using a time integration scheme 

that relates the velocity and acceleration parameters to the respective displacement parameters. 

In explicit integration, the current displacement parameters are found directly from parameters 

already established in the previous time step. This removes nonlinearity from the discrete 

equilibrium equations, and it allows the uncoupling of the associated simultaneous equations 

with the use of lumped mass/damping matrices. In implicit integration, on the other hand, the 

interdependence of current displacement, velocity and acceleration parameters requires the 

solution of simultaneous nonlinear equations. The characteristics of the two types of integration 

schemes are discussed in the following sub-sections. 
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2.2.1 Implicit Time Integration Schemes 

2.2.1.1 The Newmark method 

The most successful family of time integration methods was proposed by Newmark (1959), which 

has since formed the basis of various other implicit integration methods. The Newmark method 

employs the following parametric single-step difference equations: 

 2
1 1((1/2 ) )n n n n nt t       U U U U U  (2.11) 

 1 1((1 ) )n n n nt      U U U U  (2.12) 

where   and   are scheme constants that distinguish the specific algorithm from others in the 

Newmark family. Entities with subscript n are values at the last time step nt  and entities with 

subscript 1n   are the unknown values at the current time 1nt  . It is noted that, for non-zero   

and  , the current entities are interrelated. The current accelerations and velocities are 

expressed in terms of the current displacements by manipulating (2.11-12): 

 1 12

1 ˆ
n n n

t
  


U U U  (2.13) 

 1 1
ˆ

n n n
t




  


U U U  (2.14) 

with: 

 2

2

1ˆ ( (1 2 ) )n n n nt t
t




     


U U U U   (2.15) 

 ˆ ˆ((1 ) )n n n nt     U U U U  (2.16) 

Substituting (2.13-14) in (2.8) gives the following governing system of discrete dynamic 

equilibrium equations: 

 1 1 1 0n n n    G R P  (2.17) 

 1 1 12

1
n G G n n

t t



 
  

 
     

R M C U R  (2.18) 

 1 1 1 1
ˆ ˆ

n n G n G n     P P MU CU  (2.19) 

In the context of nonlinear analysis, the resistance forces 1nR  are nonlinear in terms of the nodal 

displacements 1nU , hence the solution of (2.17) requires the solution of a set of simultaneous 

nonlinear equations, which is most realistically achieved using an iterative procedure. The most 

popular are the Newton-Raphson method, where the tangent stiffness matrix G TK  is recalculated 
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at each iteration, and the modified Newton-Raphson procedure, where G TK  is determined and 

factorised only for the first iteration (Crisfield 1997). As a generalisation combining the 

convergence benefits of the Newton-Raphson procedure and the computational efficiency of the 

modified Newton-Raphson procedure, Izzuddin (1991) proposed an iterative procedure where 

the number of initial stiffness reformations can be specified by the user. 

The most common form of the Newmark method is based on ( 1/ 4, 1/2)   , referred to as 

the average acceleraton scheme or trapezoidal rule. It can be shown that the satisfaction of 

2 1/2    ensures unconditional stability in the algorithm. However, time steps still have to 

be chosen carefully for accuracy, where a typical choice would be 1/20 of the period of the highest 

mode of interest obtained from frequency analysis based on the linear response (Hughes 2003). 

The most effective approach for ensuring accuracy of nonlinear dynamic analysis would then be 

to repeat the analysis with a smaller time step, and establish whether convergence has been 

achieved in the entities of interest to within an acceptable tolerance. 

2.2.1.2 HHT-α method 

The HHT-α method is another single-step implicit method for the direct integration of the dynamic 

structural response. The method aims at reducing the contribution of higher modes by increasing 

the amount of numerical damping (Hilber et al. 1977). The Newmark assumptions in (2.11-12) are 

still adopted, but the equilibrium equations are modified to the following: 

 1 1 1 1 1 1((1 ) ) ((1 ) ) ((1 ) ) 0n G n G n n n n n n n                    G MU C U U R U U P P  (2.20)  

If 0  , the HHT-α method is equivalent to the Newmark method. 

2.2.2 Explicit Time Integration Schemes 

As explained above, the dependence of the current displacements 1nU  in (2.11), hence the 

resistance forces 1nR  on the unknown accelerations 1nU  leads to a simultaneous set of 

nonlinear equations with implicit time integration, which is principally a consequence of a non-

zero  . By employing the combination of ( 0,  1/2)    in (2.11-12), an explicit central 

difference scheme is realised (Hughes 2003): 

 
2

1
2

n n n n

t
t


  U U U U  (2.21) 
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2

1 1
2

n n n n

t
 


  U U U U  (2.22) 

Substituting (2.21-22) into the dynamic equilibrium equations in (2.8) leads to: 

 1 1 1 1 0
2 2

n n G n nG G n n

t t
   

    
        
   

G U C R PM C U U  (2.23) 

The current nodal displacements 1nU , hence the resistance forces 1nR , can be directly obtained 

from the previous entities at nt , thus removing nonlinearity from the system of equations in 

(2.23). Furthermore, if both G M  and G C  are diagonal matrices with non-zero diagonal terms, 

(2.23) is reduced to an uncoupled system of linear equations. The current accelerations 1nU  are 

found as the primary unknowns from (2.23) with trivial computations, and the current velocities 

1nU  are subsequently established from (2.22). However, the relative computational benefits per 

time step can easily be overcome by the need for very small time steps, as explicit schemes are 

restricted by conditional stability, requiring the adoptinog of time steps smaller than a critical 

value. For the central difference explicit scheme, 2 /crit maxt    represents the critical time step 

for linear dynamic analysis, where the max  is the highest natural frequency of the finite element 

model (Bathe 1996). However, if the highest natural frequencies (periods) cannot be easily 

obtained, for example for large scale structures, an alternative method can be used instead, 

adopting the dispersion theory with the Courant number (Plešek et al. 2011). The critical Courant 

number critCr  limiting the length of time step in explicit integration follows the well-established 

formula (Plešek et al. 2011):  

 
2

critCr


  (2.24) 

where   is the dimensionless frequency defined as: 

 
1

maxH

c


   (2.25) 

in which H is the smallest dimension of a finite element in the mesh, 1c  is the speed of fastest 

wave propagation, and max  is the maximum natural frequency of the mesh. Therefore, the 

critical time step of the central difference explicit scheme is simply found as follows: 

 
1

2 crit
crit

max

Cr H
t

c
    (2.26) 
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The fastest wave propagation speed in an elastic isotropic continuum is found as (Plešek et al. 

2011): 

 1,

2
continuum

G
c




  (2.27) 

with the Lamé constants defined as follows (Bathe 1996): 

 
    

,  
1 1 2 2 1

E E
G



  
  

  
 (2.28) 

where E is Young’s elastic modulus,   is Possion’s ratio and   is the density. Nearly equally well-

established as the formula in (2.24) is the recommendation of 1critCr  , i.e. 2  , for linear finite 

elements, leading to a critical time step obtained as the shortest time for a wave to travel through 

a finite element as follows: 

 
1

crit

H
t

c
   (2.29) 

This condition is referred to as the CFL condition after Courant, Friedrichs and Lewy (1928). For 

quadratic elements, the dimensionless frequency is much higher at 7.37   (Plešek et al. 2011). 

While H and 1c  can be easily found from the geometric and material properties of the model, the 

highest natural frequency, on the other hand, would normally require an eigenvalue analysis. The 

comparison of both methods finding the critical time step is presented extensively in Chapter 3. 

The expression in (2.27) is used only for continuum elements, including shell and solid elements, 

while the fastest wave propagation speed for beam-column elements is elaborated in Chapter 3. 

2.2.3 Hybrid Time Integration Schemes 

Although any structural dynamic analysis problem can in principle be integrated entirely with a 

single method with a specific time step, the computations are often uneconomical for complex 

large scale structures. The main driver for the initial development of hybrid time integration 

schemes has been media-structure interaction problems, including fluid-structure interactions 

(Belytschko et al. 1979). The distinct mechanical properties of the media mesh and the structural 

mesh allow the different integration schemes to be best exploited in the appropriate subdomains 

(Hughes and Liu 1978a). Extensive studies have been carried out in various types of hybrid time 

integration schemes as discused next. 
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2.2.3.1 Mixed solution integration schemes 

Implicit integration schemes with different solution solvers have a major application in media-

structure interaction problems. Direct solution procedures pose considerable computational 

demands and memory requirements for large media meshes, such as 3D solid element meshes of 

soil subdomains. Because iterative solvers of simultaneous equations are slow in producing 

accurate solutions for structural meshes, an efficient implicit integration scheme for such media-

structure interaction problems might involve the use of an iterative solver in the media mesh and 

a direct solver in the structural mesh. Such a procedure could be referred to as an implicit-implicit 

(I-I) partition (Belytschko et al. 1979). 

2.2.3.2 Implicit-explicit time integration schemes 

Bearing in mind the advantages and disadvantages of explicit and implicit time integrations, they 

are best employed for different types of problems, and the most important would be to identify 

the certain types of problems that require small time steps regardless of the numerical stability 

requirements. To formalise these concepts, Belytschko (1976) categorised problems into wave-

propagation problems and inertial problems. Generally, the rise time and duration of the load 

relative to the time required for a wave to traverse the structure is a critical factor in the 

categorisation: if the rise time and duration exceed several traversal times, such as under a 

seismic load, the problem is often an inertial problem; otherwise, if the rise time and duration are 

similar to the traversal time, such as under a wave pressure, the problem is mostly likely a wave-

propagation problem. Implicit integration methods are best employed in inertial problems while 

explicit integration methods are more suitable for propagation problems, which may be 

associated with small time steps anyway. For building structures under blast loading, they are 

likely to fall into the group of wave-propagation problems and, therefore, are efficient with 

explicit time integration. Taking advantages of the implicit and explicit time integrations when 

they are applied to the suitable structural domains, hybrid implicit-explicit time integration 

schemes could potentially achieve the best efficiency for the nonlinear dynamic analysis of 

structures.  

The use of a partitioned treatment of hybrid integration schemes was initially applied to media-

structure interaction systems (Felippa et al. 1999). Specifically, the large sized media mesh can be 

integrated explicitly at moderate time steps, and the relatively stiff structural mesh adopts 

implicit integration to avoid strict stability limits that may arise otherwise. Hybrid implicit-explicit 
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time integration schemes could extend to general complex structural problems with components 

of distinct properties. 

Different methods of partitioning and coupling implicit and explicit algorithms in a system were 

proposed independently in the mid-1970s by three groups of researchers (Felippa et al. 1999): 

(Belytschko and Mullen 1976, 1978) from Northwestern University, Hughes and Liu (1978a) from 

CalTech and Park, Felippa and DeRunts (1977) from Lockheed Palo Alto Research Laboratories 

(LPARL). The work of the last group considered applications to problems in multi-physical fields, 

including heat and electromagnetics, and complex artificial subsystems. The work of the other 

two groups focused on simple structure-structure and fluid-structure finite element problems.  

In the approach proposed by Belytschko and Mullen (1976, 1978), a node-based mesh partitioning 

scheme is adopted. At each time step, the explicit mesh is solved first, and the results are 

subsequently used by the implicit mesh as boundary conditions. Elements are classified into 

explicit elements with pure explicit nodes, implicit elements with pure implicit nodes and 

interface elements with both types of nodes. The coupling between the two partitions is realised 

by the interface elements, and under the so-called ‘strong coupling’, the stability of the overall 

procedure is simply controlled by the respective stability conditions of the uncoupled meshes, 

hence that of the explicit mesh. With the initial success of this development in producing 

economical dynamic analysis of interaction problems, Hughes and Liu (1978a) and Hughes and Liu 

(1978b) designed an alternative implicit-explicit algorithm adopting an element-based 

partitioning scheme. In their approach, the notion of interface elements is avoided, and the 

coupling is realised at the element level when forming the global effective stiffness matrix as will 

be explained later. In addition, the global system is solved as a whole using advanced solvers 

without the necessity of going through the sequence from the explicit nodes to the implicit nodes. 

The algorithm is summarised by the following equations, where the superscripts I and E associate 

the quantities with implicit and explicit elements, respectively: 

 1 1 1 1 1 1 1
I E I E

n G n G n G n G n G n n           G MU C U C U K U K U P  (2.30) 

with: 

 I E
G G G M M M  (2.31) 

 1 1 1
I E

n n n   P P P  (2.32) 

 1 (1- )n n nt   U U U  (2.33) 
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   U U U U  (2.34) 

 1 1 1n n nt   U U U  (2.35) 

 2
1 1 1n n nt    U U U  (2.36) 

Expressions (2.33-34) are the so-called predictor velocities and displacements, and those in (2.35-

36) are the current unknown values, often referred to as corrector values. As indicated by the 

equilibrium equations, implicit elements use the current unknown velocities and displacements 

to generate the damping and resistance forces, respectively, while explicit elements use the 

predictor values instead. In linear analysis, expression (2.30) could be rearranged to: 

 1 1 1n G n n   G KU P  (2.37) 

where: 
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The global effective tangent stiffness matrix G K  consists of contributions from the two meshes, 

where the implicit I
G K  is fully populated due to the existence of I

G K  in (2.39), and the explicit 

E
G K  is normally a digaonal matrix if masses are lumped at the nodes, i.e. diagonal E

GM . Under 

such circumstances, G K  is fully populated but with diagonal subregions in its data structure 

generaetd from the explicit mesh. A schematic illustration of G K  is shown in Figure 2.4, which is 

taken from an example included in the initial paper of Hughes and Liu (1978a). 

As mentioned before, the coupling of the implicit and explicit groups in the implicit-explicit 

integration scheme proposed by Hughes and Liu (1978) does not need the so-called ‘interface 

elements’ (Belytschko and Mullen 1976, 1978); it is fully accounted for by the usual finite element 
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‘assembly’ procedure. This has enabled the scheme to be concisely and easily implemented in 

finite element analysis packages. Therefore, the implicit-explicit time integration scheme 

proposed in this research is also applied at the element level and is intrinsically linked to the data 

structure without the need of additional coupling between the two groups. 

 

Figure 2.4: Example profile of effective stiffness G K  (Hughes and Liu 1978a) 

2.2.3.3 Implicit-explicit time integration schemes for nonlinear analysis 

Hughes, Pister and Taylor (1979) extended the element-based implicit-explicit method to 

nonlinear dynamic analysis, where the resulting equilibrium equations are presented more 

generally as: 

 1 1 1 1 1 1 1( , ) ( , )I E
n G n n n n n n         G MU N U U N U U P  (2.44) 

where G M  and 1nP  are the same as in (2.31) and (2.32), while the internal forces due to damping 

and static resistance are expressed as nonlinear functions of velocities and displacements of the 

separate meshes IN  and EN . The explicit effective tangent stiffness matrix G
EK  remains the same 

as in linear analysis in (2.40), while the implicit G
IK  is changed to: 
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where I
G C  and I

G K  are replaced by the tangent matrices defined as follows: 
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The stability condition is the same as that in the linear application where the explicit mesh plays 

a paramount role. This approach considers the damping matrix similarly to the stiffness matrix as 

the former is also usually as fully populated as the latter. As a result, the damping matrix does not 

appear in the explicit effective tangent stiffness matrix E
G K  in (2.40). However, in the commonly 

adopted Rayleigh damping (Bathe 1996), the damping matrix is the summation of a typically 

diagonal mass-proportional sub-matrix and a fully populated stiffness-proportional sub-matrix as 

follows: 

 1 2     M KC C C M K  (2.48) 

where 1  and 2  are constant coefficients. This allows a similar treatment of the mass-

proportional sub-matrix 
MC  as the mass matrix M, multiplying corrector velocities in forming the 

damping forces and, as a result, the MC  now appears in the explicit E
G K . In structural finite 

element modelling, some elements may only have mass and some may only have stiffness. The 

separate computational processing of the sub-matrices of C could lead to a more effective 

implementation of the explicit integration, especially in the assembly process over the different 

elements. This is one of the major improvements of the implicit-explicit integration scheme in the 

present research over the existing schemes. 

2.2.3.4 Mixed time step integration schemes 

Explicit schemes are preferably used for flexible structures due to the moderate critical time steps 

required. However, straight explicit integration with a single time step can be inefficient due to 

the more restrictive stability limits arising from the stiff components of the system. One treatment 

to the resulting inefficiency is the so-called mE-E partition that adopts a smaller time step of 

/t m  for the stiffer part, where t  is determined only by the lowest frequency in the flexible 

part. Belytschko and Mullen (1977) have successfully proposed and implemented a mE-E scheme 

and Liu and Lin (1982) have presented the proof of stability of the scheme for first-order systems 

using the energy method (Gravouil and Combescure 2001). 

Liu and Belytschko (1982) proposed a general mixed time step implicit-explicit partition procedure 

which allows different time steps and different integration schemes, implicit and explicit, to be 

used in the different parts of the system. Such a procedure is referred to as a mE-I partition where 

m explicit time steps are used for each implicit time step. If in the case 1m , the partition 

technique is reduced to the implicit-explicit partition of Hughes and Liu (1978a). The mE-I partition 
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is advantageous for the transient dynamic analysis of structure-media problems in which an 

effective implicit integration procedure is used in the media mesh and a mE integration procedure 

is used in the structure mesh. In a companion paper (Liu et al. 1983), the authors confirmed the 

accuracy and the stability of the partition technique with the suggested time steps.  

2.3 Mass Lumping Techniques 

A mass matrix is a discrete representation of a continuous mass distribution. The global mass 

matrix is assembled from elemental mass matrices, following similar assembly procedures as used 

for the global stiffness matrix. A notable difference with the stiffness matrix is the possibility of 

having a diagonally lumped mass matrix (DLMM) based on either direct mass lumping or applying 

diagonalisation to the consistent mass matrix (CMM). The advantages of a diagonally lumped 

mass matrix include obvious reduced computational demands in solving the governing system of 

equations using explicit time integration for dynamic analysis (Cook et al. 2001).  

The non-diagonal CMM CM  is obtained by expressing the kinetic energy of the element as: 

 
1

2
TT d


  v v  (2.49) 

where   represents the element domain,   is the density of the element and v is the velocity 

vector. If N is the shape function matrix and u  contains the nodal velocities, the velocity vector is 

simply v Nu  and the kinetic energy is obtained as follows: 

  
1 1 1

2 2 2

T T T T
CT d d 

 
     Nu Nu u N N u u M u  (2.50) 

Therefore, the consistent mass matrix is found in the following: 

 
T

C d


 M N N  (2.51) 

A CMM is symmetric and positive definite and, as a minumum requirement, it conserves the total 

elemental mass, which can be easily checked by comparing the linear momentum of the element 

at a uniform translational velocity (Felippa 2013a). For example, consider a 3-noded triangular 

plane strain/stress element with area A, mass density   and thickness t. The total mass is 

em At  and the CMM is obtained as follows: 
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M N N  (2.52) 

Consider the 6-noded quadratic triangular element with the same material and geometric 

properties as the linear element, the resulting CMM, adopting 6 Gauss points as indicated in 

Figure 2.5,  is obtained as follows: 
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M N N  (2.53) 

It is noted that the CMM has negative terms, which would cause problems in mass lumping as will 

be explained later. Hereafter, various mass lumping techniques are reviewed, highlighting their 

main characteristics and benefits. 

 

Figure 2.5: Example optimal mass lumping of quadratic elements (Felippa 2003) 

2.3.1 Direct Mass Lumping 

Direct mass lumping is usually used for simple elements where the distribution of the element 

mass can be uniquely defined considering only symmetry and conservation. Specifically the total 

element mass em  is apportioned to nodes, and the formed mass matrix is a diagonal matrix 

without cross coupling between the nodal parameters (Felippa 2013a). For example, consider the 

3-noded triangular element mentioned above, the total elemental mass em At  is divided into 

Symmetric 
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three equal parts that are assigned to each node. The element has two translational degrees of 

freedom (DOF) per node, hence the DLMM is as follows: 

 6
3

e
L

m
M I  (2.54) 

where I6 denotes a 6 6  identity matrix. This process conserves not only the total mass but also 

the translational kinetic energy. Assume the element moves as a rigid body at a constant velocity 

of 
T

x y x y x yv v v v v vv , where xv  and yv  are the velocities in the two orthogonal directions. 

The kinetic energy of the element using 
LM  is found as follows: 

 2 21 1 1
( )

2 2 2
T T

L e e x yT m m v v   v M v v v  (2.55) 

The translational kinetic energy of the element is obviously conserved and so are the linear 

momentum values as shown below: 

 / /

/

x y e x y

x y

T
p m v

v


 


 (2.56) 

When applied to simple elements with rotational freedoms, the direct mass lumping method does 

not automatically assign rotational masses at the nodes. Rotational masses are instead added 

separately based on the conservation of rotational inertia (Felippa 2013a). Consider a 2-noded 

beam element, with two translational DOFs and one rotational DOF per node, its DLMM can be 

expressed as follows: 

 2 21/2 1/2 1/2 1/2L em L L    M  (2.57) 

where L is the length of the element and   is a parameter to be defined. Assuming the element 

has a uniform mass distribution and rotates about its centre, the moment of inertia is 

2 /12c em LI , hence 1/24   (Cook et al. 2001). 

Direct mass lumping is the only mass lumping method that does not require the formation of the 

CMM. However, since the method is based on the observation of symmetry, it is only applicable 

to a limited number of simple elements, where the lumping is physically obvious (Zienkiewicz and 

Taylor 2000), such as in the 2-noded bar element and the 3-noded triangle element. For more 

complex elements, such as the 3-noded bar element, the method is no longer straightforwad. The 

method is not applied in this research due to the complication of the considerred elements. 
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2.3.2 Row-Sum Mass Lumping Method 

In the row-sum mass lumping method, the CMM is generated firstly, and terms in each row of the 

matrix are summed and lumped to the diagonal (Zienkiewicz and Taylor 2000): 

 ii ij
j

M M  (2.58) 

This method assumes tht the element moves as a rigid body, where DOFs in the same translational 

or rotational direction have the same velocity and acceleration. Therefore, the method gains 

accuracy when the element size decreases with mesh refinement. Figure 2.6 shows the row-sum 

lumped masses for the linear and quadratic triangle elements. The DLMM of the linear element 

generated based on the CMM in (2.52) is exactly the same as that generated by the direct mass 

lumping scheme. For the quadratic element, the direct mass lumping is no longer applicable and 

the row-sum lumping based on the CMM in (2.53) gives rise to zero corner masses. Such a loss of 

positive definiteness is undesirable in the solution process and cancels out the advantages of 

lumping (Zienkiewicz and Taylor 2000). Zeros on the diagonal of the DLMM may or may not be 

problematic in the analysis, depending on the chosen algorithm; however, negative masses would 

usually need special solution algorithms  (Cook et al. 2001).  

 

Figure 2.6: Example row-sum mass lumping of triangular elements (Zienkiewicz and Taylor 2000) 

2.3.3 Optimal Mass Lumping Method 

Mass lumping can be regarded as the result of using an appropriate quadrature rule to evaluate 

the integral in (2.51). If the Gauss points coincide with the nodes of an element with only 

translational DOFs, no off-diagonal terms are generated, directly resulting in a DLMM, where the 

diagonal terms are in proportion to the weighting factors of the corresponding Gauss points 

(Zienkiewicz and Taylor 2000). If p is the degree of the highest-order complete polynomial 

contained in the shape function matrix N, and q is the highest differentiation order in the strain 

energy expression ( 1q   for translational and 2q   for bending), the minimum order of 
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integration for optimal lumping is 2( )p q   (Fried and Malkus 1975, Cook et al. 2001). For 

example, consider a 3-noded bar element with 2p   and 1q  , the minimum order of integration 

for optimal mass lumping is 2. Simpson’s integration rule (Atkinson 2003) with cubic precision can 

be effectively used and the resulting lumped masses are as shown in Figure 2.7 together with 

those of other quadratic elements.  

 

Figure 2.7: Example optimal mass lumping of quadratic elements (Cook et al. 2001) 

Such DLMMs are said to be optimally lumped. For very simple elements, such as 2-noded bar 

elements or 3-noded triangular elements, the optimal method results in the same lumped masses 

as the direct lumping method using symmetry. This method is especially useful for elements 

where direct mass lumping cannot be applied, and their nodal distributions confirm to available 

quadrature rules. However, as the examples in Figure 2.7 show, although mathematically 

appealing, the optimal lumping method frquently leads to negative or zero lumped masses, which 

are numericallly undesirable as mentioned for the row-sum mass lumping. 

2.3.4 HRZ Mass Lumping Method 

Similar to the row-sum method, the HRZ method (Hinton et al. 1976) is also based on the CMM 

but only the diagonal terms are required in this case. Specifically, in each of the  ( 1,2,3)n n  

directions, the diagonal terms of the corresponding translational DOFs are added and denoted as 

 ( 1, , )iS i n . Then, for each direction i, the total element mass em  is apportioned to the 

corresponding DLMM entries of both translational and rotational DOFs according to the ratio of 

the CMM diagonal entries to iS  (Hinton et al. 1976, Felippa 2013c). Therefore, this mass lumping 

method is also called the diagonal scaling method (Zienkiewicz and Taylor 2000). As an ad hoc 

method, the scaling procedure ensures that zero or negative lumped masses are completely 

avoided. In addition, the method is directly applicable to rotational DOFs, which are not easily 

considered in the direct lumping or the optimal lumping methods. Therefore, the HRZ method 

can be applied extensively to any finite element as long as the CMM is available. Comparing the 
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results in Figure 2.8 with those in Figure 2.7 indicates that the HRZ method produces different 

lumped mass to the optimal method for the quadratic 6-noded triangular and serendipity 8-noded 

element, but identical lumped mass for the quadratic Lagrange 9-noded element. The method is 

used for the beam-column element and the 20-noded brick element considered in this study 

primarily due to the positive definiteness of the resulting DLMMs. The shell element that is also 

investigated adopts a rather ad hoc method due to the complication of the element. 

 

Figure 2.8: Example HRZ mass lumping of quadratic elements (Zienkiewicz and Taylor 2000) 

2.4 Domain Decomposition 

The computational demands of nonlinear dynamic analysis can be prohibitive for practical 

applications in large scale structures, particularly with detailed models such as the mesoscale 

models of masonry (Macorini and Izzuddin 2011) and the distributed plasticity models for shell 

elements (Izzuddin et al. 2004). These detailed models are typically too computationally 

demanding when applied to the modelling of large scale structures, such as a whole building, 

where the nonlinear analysis can take several days of computing time. A possible solution to this 

problem is to allow parallel computing, which could significantly reduce the wall-clock time 

required for computations. While procedural parallelisation on shared memory systems offers 

one option in this respect, it does not address memory bottlenecking when considering very large 

scale systems, and it is not scalable to a large number of processors. The alternative parallelisation 

approach based on domain decomposition, on the other hand, can utilise distributed memory 

systems (Jokhio and Izzuddin 2015, Izzuddin and Jokhio 2017) and is much more suited for 

application to large scale structures (Izzuddin et al. 2013). 
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2.4.1 Partition with Dual Super Element 

For parallelisation approaches based on domain decomposition, compatibility and equillbrium at 

the subdomain interfaces are achieved through inter-process communication. A novel approach 

of domain decomposition has been recently developed at Imperial College by Jokhio and Izzuddin 

(2013,2015), where the inter-process communication is realised through the concept of dual 

super elements. Specifically, a subdomain is represented at the parent structural level by a 

placeholder super element, with the actual subdomain considered as a child partition that is 

modelled under a separate process (Figure 2.9). A dual super element wraps the child partition 

along its partitioned boundary. In a frontal solution process, the recovery of child partition forces 

and condensed tangent stiffness matrix at the boundary is then achieved relatively easily by 

placing the dual super element at end of the list of assembled elements (Jokhio and Izzuddin 

2015). Overall, the communication between the parent process and child processes is primarily 

about providing iterative displacements of the placeholder super elements from the parent to the 

corresponding child dual super elements, which in turn return resistance forces and the 

condensed tangent stiffness matrix to the placeholder super elements.  

 

Figure 2.9: Schematic representation of partitioned modelling (Jokhio and Izzuddin 2015) 
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The parallelisation over an increasing number of processors eventually becomes less effective 

with reducing speedup rates due to the inter-process communication overhead. The maximum 

wall-clock speedup, hence the optimal partitioning, is achieved when the number of interface 

DOFs is similar to the number of interior DOFs within individual partitions  (Jokhio and Izzuddin 

2015). However, in some cases, especially when the computational demand is dominated by the 

evaluation of the element response, rather than the global solution process or the inter-process 

communication, fine partitioning is preferred. Inevitably, issues such as modelling complexity and 

increasing size of the parent structure may arise, and an improvement may be achieved with the 

use of hierarchic partitioning (Jokhio 2012). With hierarchic partitioning, any child partition can 

become an intermediate parent partition that may be further divided into lower level partitions 

and usually an unlimited number of intermediate levels can be created. 

In addition to the benefits of traditional partitioning approach, the current approach facilitates 

the use of dimensional coupling between partitions as well as mixed methods such as implicit-

explicit time integration schemes (Jokhio and Izzuddin 2015). For large scale structures, sub-

structures of very distinct characteristics may exist and require different modelling techniques 

and analysis methods for accuracy and efficiency purposes. By considering such sub-structures as 

child partitions or intermediate parent partitions, mixed methods can be developed and 

implemented with relative ease. One of the focuses of the present work is to develop a mixed 

time integration method and implement it within the framework of domain decomposition using 

the dual super element concept. 

2.4.2 Mixed-Dimensional Coupling 

The previously developed partitioning approach is particularly effective for analysing 

heterogeneous systems such as framed buildings with masonry components as walls or cladding. 

To reduce computational demand, the structural frame is usually modelled with 1D beam-column 

elements while the masonry components are better represented by mesoscale models with 3D 

solid and 2D interface elements (Macorini and Izzuddin 2011). The differently dimensioned 

elements can be included in different partitions and then connected with suitable interface 

elements across the partition boundary. Izzuddin and Jokhio (2017) proposed a mixed-

dimensional coupling approach with the use of master-slave elements on the boundary in the 

child partitions. A single ‘master’ 1D node with 6 DOFs is connected to all the 3D ‘slave’ nodes on 

a cross-section regardless of shape. In this case, the 3-DOF nodes that would have been previously 
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assigned to the partitioned boundary are now connected to master-slave elements, each with a 

6-DOF master node, where the master nodes are designed as the new nodes on the partition 

boundary, as shown in Figure 2.10 (Izzuddin and Jokhio 2017).  

The coupling between the slave nodes and the master node leads to a fully populated effective 

tangent stiffness matrix of the master node. This cancels out the benefit of an explicit solution on 

the parent level, if this is comprised of mainly master nodes. A ‘lumping’ scheme, similar to the 

mass lumping of conventional finite element, is carried out on the effective tangent stiffness 

matrix of the master node to achieve an efficient explicit solution. 

 

Figure 2.10: Master-slave mixed 1D-3D coupling element (Izzuddin and Jokhio 2017) 

2.5 Mesoscale Modelling of Masonry Structures 

A nonlinear detailed mesoscale modelling scheme has been recently developed at Imperial 

College London (Macorini and Izzuddin 2011), where brick and block units are modelled as 3D 

solid elements, and mortar joints are discretely accounted for by means of zero-thickness 2D 

interface elements, as illustrated in Figure 2.11.  

 
Figure 2.11: Mesoscale modelling of masonry with solid elements and nonlinear interfaces 

(Macorini and Izzuddin 2011) 



Literature Review 

37 

The 20-noded solid elements allow a simple treatment of large displacement and small strain 3D 

continuum problems, while the 16-noded interface elements, each connecting the two faces of 

the adjacent solid elements, account for both the geometric and material nonlinearities 

associated with masonry. To capture potential cracks propagating through the brick and block 

units, interface elements are inserted between solid elements, where the number of interface 

elements per brick/block unit depends on the desired accuracy of the specific problem. In 

addition, such a formulation also allows the modelling of masonry panels of any arrangement. 

The linear characteristics of the interface elements before the formation of cracks can be fully 

defined by the normal and shear stiffness, while the material nonlinearity developed after 

cracking is more complicated and is considered by employing a cohesive model to effectively 

represent damage, cracks and inelastic deformations (Brocks et al. 2002, Macorini and Izzuddin 

2011). In particular, a multi-surface plasticity criterion is utilised to determine the boundaries of 

the elastic domain as shown in Figure 2.12. Minga et al. (2018) proposed an alternative multi-

surface criterion for the interface with a conical surface F2 and two planer surfaces F1 and F3, as 

shown in Figure 2.13. 

 

Figure 2.12: Initial plastic surfaces and potentials of the interface element (Macorini and 
Izzuddin 2011) 

 

Figure 2.13: Initial plastic surfaces and potentials of the interface element (Minga et al. 2018) 
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The shapes of the hyperbolic functions are determined by the material properties at the interface. 

However, along with the developing of cracks, the degradation of the material properties at the 

interface is inevitable and when the internal plastic work terms 1plW  and 2plW , associated with 

tension and compression, approach the fracture energies fIG  and fIIG , the corresponding 

material properties converge to their residual values (Macorini and Izzuddin 2011). For example, 

Figure 2.14 shows the traction-separation curves in tension and shear. In the model of Minga et 

al. (2018), three internal work terms and three corresponding fracture energies are used to define 

the evolution of the yield surfaces. 

 
Figure 2.14: Traction-separation curves of the interface element in tension and shear (Macorini 

and Izzuddin 2011) 

The 20-noded solid elements and the 16-noded nonlinear interface elements make the mesoscale 

analysis of large unreinforced masonry (URM) structures computationally prohibitive. The 

associated memory and computational demands are effectively addressed using the partitioned 

modelling approach (Jokhio and Izzuddin 2015) as demonstrated in recent applications of this 

approach (Macorini and Izzuddin 2013, 2014). 

2.6 Material Strain Hardening and Strain Rate Effect 

Most metals show a strain rate sensitive plasticity even for moderate rates such as the ones from 

a gravity-driven event (e.g. sudden column loss) (Pereira 2012). The strain rate effect becomes 

significant when the structure or structural component is under extreme loads, such as seismic or 

explosions. In the scope of the present research, the structural responses under blast loading are 

investigated, hence material strain hardening and strain rate effect are considered and reviewed 

in this section.  

Amongst the different material models that have been developed to account for the strain rate 

effect on the elasto-plastic material response, the elastic/visco-plastic model (Malvern 1951, 
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Perzyna 1996) incorporating the so-called overstress concept has received much attention due to 

its simplicity (Izzuddin and Fang 1997). In addition, the model is established within the framework 

of classic theory of plasticity, hence different hardening rules can be readily incorporated. Denote 

p  as the plastic flow stress and it can be expressed as: 

 ( , ) ( ) ( , )p p p y p p pH V          (2.59) 

where p  and p  are the plastic strain and strain rate, y  is the rate insensitive yield stress and 

H and V are the strain hardening overstress and viscoplastic overstress, respectively.  

2.6.1 Strain Hardening Effect 

In modelling the strain hardening overstress H, two types of strain hardening are commonly 

considered, namely isotropic and kinematic (Bower 2009). Isotropic strain hardening is where the 

yield surface, such as the von Mises’ yield surface, remains the same shape but expands with 

increasing plastic deformation. If the yield strengths in tension and compression are initially the 

same, these remain equal as the yield surface expands. However, with the kinematic hardening 

rule, hardening with an increasing tensile strength leads to a reduction in the compressive 

strength, and vice versa. This is achieved by maintaining the same shape and size of the yield 

surface, but allowing it to translate in the stress space with increasing plastic strains. 

The von Mises’ yield condition, involving interaction between the normal stress x  and the 

twisting moment per unit area  , can be expressed for isotropic strain hardening as follows: 

 2 2
02

3
( , , ) 0

4
x ps x

pz
           (2.60) 

where 0  is the current value of uniaxial yield stress, dependent on the accumulated equivalent 

plastic strain ps  and pz  is the equivalent plastic twist arm of the monitoring area. On the other 

hand, in kinematic strain hardening, which provides a more realistic representation of the 

hardening of steel than isotropic hardening, could be expressed as follows: 
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( , , ) ( ) ( ) 0

4
x ps x xc c y

pz
               (2.61) 

where y  is the initial uniaxial yield stress and xc  and c  are the current centre of the yield 

surface, dependent on the accumulated equivalent plastic strain ps . The implementation of 
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kinematic hardening by Izzuddin and Lloyd Smith (1996) has inpired the formulation of the 

coupling of the axial and shear directions of bolt rows in a structural connection in this research, 

hence the procedure is presented in detail in the following context. 

If the application of the current increment of strain ( , )x    leads to a stress state ( , )e e
x   

which traverses the yield surface, plastic strains ( , )p p
x    are introduced using the one-step 

Euler procedure (Crisfield 1997) as illustrated in Figure 2.15. The centre of the yield surface 

translates in the radial direction (Ziegler 1959) defined by the current stress strate is expressed as 

follows: 
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where: 
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and 'H  and h  are the material properties as indicated in the trilinear curve for the uniaxial 

monotonic response as shown in Figure 2.16. 

 

Figure 2.15: Backward Euler return with kinematic hardening 

 

Figure 2.16: Trilinear uniaxial stress-strain curve 
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Substituting (2.62) in (2.61), the dependence on the equivalent plastic strain becomes restricted 

to translation factor r , leading to the following simplified yield condition: 

 2 2
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o o

x ps x xc c y
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r
z

                (2.64) 

The current stess state ( , )x   can be related to the elastic stress state ( , )e e
x   and the multiplier 

for plastic strains   as follows: 
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N  (2.67) 

E is the matrix of elastic propertie as follows: 
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in which E is Young’s modulus, G is elastic shear modulus and ez  is the equivalent elastic twist 

arm of monitoring area.  Considering that the increment of equivalent plastic strain ps  is 

idential to   (Crisfield 1997), the incremental translation coefficient r  appearing in (2.64) and 

(2.67) is determined according to the following: 
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 (2.69) 

The nonlinear system of three simultaneous equations given by (2.64) and (2.65) can be solved 

iteratively using a Newton-Raphson strategy, through which the current entities of ( , )x  ,  , 

r , and the current centre of the yield curve ( , )xc c   can be established. Once structural 

equilibrium for the current time step is achieved, the values of ( , )o o
x  , ( , )o o

xc c   and o  are 

updated to ( , )x  , ( , )xc c   and o  . 
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The consistent tangent modulus matrix TE  is identical to the elastic matrix E in (2.68) if the current 

stress increment is elastic; otherwise, TE  can be obtained from the following expression: 
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where I2 is a 2 2  identity matrix and: 
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2.6.2 Strain Rate Effect 

Different functions of the viscoplastic overstress V have been proposed in the past and typical 

choices for metals are a logarithmic function, such as the Malvern (1951) model as follows: 

 ( ) ln(1 )p pV s b    (2.74) 

and a power function with inverted exponent, such as the Cowper-Symonds (1957) model: 
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where s and b in (2.74) q and D in (2.75) are material constants obtained from experimental tests. 

For example, literature on the constants for the Cowper-Symonds model are summarised by 

Pereira (2012) and presented in Table 2.1. 

Table 2.1: Comparison between Cowper-Symonds 
model material parameters  

 q D (s-1) 

Cowper & Symonds (1957) 5 40.4 
Abramowicz & Jones (1986) 3.585 802 
Schneider & Jones(2004) 4.67 7.39 
Hsu & Jones (2004) 5.56 114 
Marais  et al. (2004) 3  844 
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2.7 SDOF Model Idealisation 

Obtaining the response of a structure or structural component to blast loading can be challenging 

as blast loads vary with both time and position and structures response dynamically, often with 

large deformations, in response to these loads (Cannon et al. 2013). It depends on the required 

fidelity of the results to choose the suitable analytical technique, such as detailed models or 

simplified models. For example, the detailed mesoscale modelling technique, as presented in 

section 2.5, provides accurate results in predicting the response of URM under blast loading 

(Macorini and Izzuddin 2014). However, if only the most important characteristics of structural 

response are required, SDOF models, constructed through a number of reasonable assumptions, 

can be effectively utilised, and save a great amount of computational memory and time.  

An effective SDOF model adopts sound approximations on the distributed mass and stiffness of 

the system and on the load distribution. Biggs (1964) developed a technique which equates the 

SDOF system to the actual system by adopting certain work equivalency factors. These load and 

mass factors are based on approximations on the distribution of the actual mass, stiffness and 

load on the real system relative to the simplified SDOF system (Cannon et al. 2013). The detailed 

definition of these parameters are presented in the following context. 

The equivalent mass of the SDOF system for a structure with continuous mass is given by: 

 2( )eM d    (2.76) 

where ( )   is the assumed shape of the SDOF system. The mass factor MK  (Biggs 1964) is defined 

as the ratio of the equivalent mass eM  to the actual total mass of the structure tM  as follows: 

 e
M
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M
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M
  (2.77) 

Similarly, the equivalent force on the idealized system for a structure with distirbuted loads, which 

is usually the case for blast loading, is given by: 

 ( ) ( )eF p d     (2.78) 

and the load factor LK  (Biggs 1964)  is the ratio of the equivalent to actual total force as follows: 
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F
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  (2.79) 
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Biggs (1964) defined resistance in terms of the load distribution for which the analysis is being 

made. Therefore, the maximum resistance is the total load having the given distribution which 

the system can sustain statically. In addition, the stiffness is numerically equal to the total load of 

the same distribution which would cause a unit deflection at the point where the deflection is 

equal to that of the equivalent system. Therefore, it can be concluded that the resistance factor 

RK (Biggs 1964) must always be equal to the load factor LK  as follows: 

 e
R L

t

R
K K

R
   (2.80) 

Having established the transformation factors, the equilibrium equation of the actual system 

expressed as: 

 t t tM a R F   (2.81) 

can be converted to that of the equivalent system as follows: 

 M
M t R t L t t t t

L

K
K M a K R K F M a R F

K
      (2.82) 

where a single transformation factor, namely the load-mass factor LM M LK K K , is used. Biggs 

presented in his original work (Biggs 1964) the transformation factors of beams and slabs in 

example scenarios. For example, for a simply supported two-way slab under uniformly distributed 

loads, in the elastic range, the load factor is around 1/2 and the mass factor is around 1/3, leading 

to a load-mass factor of around 2/3. When the slab enters the plastic range, the load factor is 

slightly reduced to around 1/3 and the mass factor is also reduced to around 1/5, leading to a 

load-mass factor of around 3/5. SDOF models of masonry cavity cladding systems are built based 

on Biggs’s approach and the results of the detailed mesoscale models. The above estimations of 

transformation factors are not observed in the current SDOF models due to the coupling between 

the internal and external masonry panels. 

2.8 Response of Whole Buildings under Blast Loading 

A blast on a structure can either be pre-mediated, such as a terrorist attack, or accidental, such 

as that arise from the ignition of a gas leakage (the Buncefield explosion mentioned in the 

introduction). The catastrophic damages and losses caused by these events, including, for 

example, the 9/11 attacks, have urged engineers and the government to improve the resilience 

and robustness of building structures to blast loading. 
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Unlike natural hazards such as earthquakes, acts of terrorism are executed with the purpose of 

maximising their damages. Therefore, it is virtually impossible to eliminate such blast attacks to 

building structures and damages can only be minimised through preventative measures. The 

current practice for the design and analysis of structures subjected to blast loading is based on 

the assessment of individual members (UFC 4-023-02 2008, UFC 4-023-03 2009, ASCE 2010). In 

such assessments, the local response of the individual structural and non-structural members is 

determined, and the critical members are identified. While this type of assessment can be 

conservative, it does not provide a description of the global response of the building, especially 

of the deformations in the lateral load resisting system, which can usually be critical (Nourzadeh 

et al. 2015). Unlike in general loading conditions, such as wind and gravity loads, the building 

frame must be analysed to behave in-elastically due to the magnitude and uncertainty of blast 

loading. Therefore, the assessment of global response of a building structure through nonlinear 

dynamic analysis of large scale systems can be computationally prohibitive. To realise efficient 

analysis, a number of assumptions and simplifications of the structures and blast loading are 

usually employed. For example, blast waves can be simplified to triangular pulses with a maximum 

intensity and a positive time duration, neglecting the negative phase. Furthermore, Ngo et al. 

(2007) idealised a structure into a simple SDOF model to allow efficient simulations.  

More detail of literature on the simplification of blast waves, the interaction between blast waves 

and structures and the assessment of building under blast loading are included in the second case 

study in Chapter 6. In this research, an efficient implicit-explicit time integration scheme and 

simplified models of structural components are developed to allow the efficient nonlinear 

dynamic analysis of a global model of a benchmark building. 
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CHAPTER 3 Implicit-Explicit Time Integration Scheme 

Mixed time integration schemes were initially developed during the mid-1970s to address 

numerical inefficiency issues in the transient analysis of interaction media problems such as fluid-

structure and soil-structure interactions. No single integration approach could fit efficiently to the 

overall system and mixed integration could be effectively used. On the one hand, a single time 

integration scheme, either implicit or explicit, could still be adopted for the overall problem but 

with different time steps or solution solvers in the structure and the interacting medium to reduce 

computational demands. On the other hand, the more studied implicit-explicit time integration 

schemes simply allow implicit integration in the structure and explicit integration in the 

interacting medium, as the latter, being typically more flexible, is associated with a less strict 

stability limit for explicit integration. Different methods have been proposed with the main 

difference being whether these adopt node-based or element-based partitioning of the problem. 

In any case, the partitioning for interaction problems is straightforward due to the distinct 

mechanical properties of the structure and the interacting medium. The partitioning for general 

structural problems, where different integration schemes are employed in different parts of the 

same structure, is however less intuitive and is highly dependent on the structure.  

The implicit-explicit time integration scheme developed in this work is an element-based method 

but requires a preliminary nodal classification in relation to mass. This is because an explicit 

element is only defined if all associated nodes have mass, arising from either the element itself 

or the surrounding elements. This process automates the initial grouping of elements, where the 

implicit parts are defined so that they would not interrupt from being integrated explicitly. In 

addition, some elements could be specified within the implicit group even though they facilitate 

explicit integration. This is usually beneficial when certain elements or parts of the structure are 

associated with a very small critical time step. Making these elements implicit exempts them from 

determining the critical time step for the explicit integration. 
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In addition to the traditional grouping of explicit and implicit elements, the proposed approach 

further divides explicit elements non-exclusively into predictor and corrector elements. 

Specifically, a corrector explicit element has only a mass matrix and a mass-proportional damping 

matrix hence using only the corrector values in finding the resistance forces. A predictor explicit 

element, on the other hand, has only a stiffness matrix and a stiffness-proportional damping 

matrix and uses only predictor values. This further grouping simplifies the assembly process of 

the explicit mesh by processing the two groups of elements separately and avoiding unnecessary 

computations on null matrices. 

A number of typical finite elements for modelling building structures are considered for 

generating the necessary DLMM using the appropriate mass lumping methods. For example, cubic 

beam-column elements are frequently used to model structural frames but a linear mass 

formulation is preferred over the consistent cubic mass formulation for the element. This is due 

to the special form of the linear mass matrix, which requires mass lumping only once for the whole 

analysis even at large displacements. Other elements include the flat shell element for composite 

floor slabs and brick elements for masonry or other continuum domains. The detailed 

formulations for the corresponding DLMMs are derived, and their respective accuracy is verified. 

3.1 Implicit-Explicit Algorithm for Nonlinear Dynamic Analysis 

In a typical implementation of an implicit-explicit time integration scheme, a commonly used 

implicit scheme, such as the Newmark Methods (Newmark 1959), is chosen and the explicit 

predictor-corrector scheme is then naturally defined. The main difference between the various 

mixed integration schemes lies in the mesh partitioning and coupling approach. Compared with 

node-based mesh partitioning, the element-based mesh approach proposed by Hughes, Liu and 

co-workers (Hughes and Liu 1978a, 1978b) is more practical (Hughes et al. 1979). The current 

approach developed in this work is inspired by the element-based approach of Hughes and Liu, 

but involves a further partition of the explicit mesh according to the characteristic element 

matrices. 

Except for efficiency considerations, such as in structure-media interaction problems, an explicit 

element is defined only if its nodal DOFs are associated with a positive definite mass matrix EM , 

which is the single contribution to the global effective tangent stiffness matrix E
G K . In 
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implementation, the terms in the mass matrix are not necessarily from the mass of the element 

itself but could be from the surrounding or overlapping elements. To elaborate the proposed 

approach, a structural domain in Figure 3.1 is considered subjected to arbitrary restraints and 

loading conditions. The 12 4-noded bilinear elements are connected to form a rectangular 

domain, where elements E2 and E3, as well as elements E11 and E12, are overlapping, 

respectively.  

 

Figure 3.1: An illustrative finite element domain 

This particular problem domain is discretised with three types of elements that generally exist in 

a structural finite element model: Type I mass elements without stiffness, Type II structural 

elements without mass, and Type III elements with both mass and stiffness. If a Type I element 

and a Type II element overlap, they are effectively functioning as a Type III element. The types of 

elements in the domain are clearly indicated. Nodes are defined as full-mass nodes if all the 

associated DOFs are associated with mass. Therefore, a node of a Type II structural element could 

still be a full-mass node if it is connected to elements belonging to any of the other two types. For 

example, nodes 4, 6 and 8 of the structural element E5 are full-mass nodes. Overall, in the domain, 

only nodes 1, 9, 12 and 16 are not full-mass nodes.  

Unless otherwise specified, elements with all full-mass nodes are grouped as explicit elements 

and the mass at these nodes are always lumped so that the corresponding nodal parameters can 

be determined without solving simultaneous equilibrium equations as will be explained in detail 

in the following context. The remaining elements are defaulted to be implicit elements. In some 

cases, as mentioned before, if certain explicit elements are obviously associated with an 

extremely critical time step, they can be removed from the explicit group manually by specifying 

the elemental mass not to be lumped. Nevertheless, this necessary grouping is regardless of 
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computational efficiency but is only to ensure that the explicit elements are associated with non-

zero diagonal terms in the global effective tangent stiffness matrix. In the illustrative domain, the 

five elements (E1, E5, E7, E9 and E10) connected to at least one of the non-full-mass nodes (nodes 

1, 9, 12 and 16) are implicit elements. The other seven elements are integrated explicitly.  

Rayleigh damping is commonly used in mathematical models of dynamic structural analysis. The 

damping matrix is proportional to the mass and stiffness matrices as follows:  

 1 2     M KC C C M K  (3.1) 

where 1  and 2  are constant coefficients (Wilson 2004). The Rayleigh damping matrix is almost 

never diagonal except when 2  is taken as zero. Therefore, in most explicit integration schemes, 

or the predictor-corrector scheme of mixed schemes, the stiffness-proportional damping forces 

are obtained using the predictor velocities in order to exclude the non-diagonal damping matrix 

from the explicit effective tangent stiffness matrix, which should ideally be diagonal for an 

efficient solution. In the current work, the two contributions to the Rayleigh damping matrix, 

namely the mass and stiffness proportional contributions, are treated separately and the 

nonlinear dynamic equilibrium equation is accordingly modified from that of Hughes and Liu 

(Hughes and Liu 1978a, 1978b) to the following: 

 1 1 1 1 1 1 1( ) ( )I E E I E
G n G n G n G n n n n             M KMU C U C U C U N U N U P  (3.2) 

The superscripts I and E refer to the implicit and explicit groups, respectively. The predictor and 

corrector values are the same as those defined in (2.35-38). It is noted that, the mass-proportional 

damping forces and the structural resistances of the explicit mesh are evaluated with the 

predictor values 1nU  and 1nU , while the stiffness-proportional damping forces are evaluated 

with the current velocities 1nU . 

A Type II structural element can be included in the explicit group if all of its nodes are full-mass 

nodes. Such an explicit element has only E
TK  and possibly E

KC  and uses only predictor values in 

obtaining the resistance forces. These elements are called predictor explicit elements. Similarly, if 

an explicit element has only EM  and E
MC , such as the Type I mass element, it uses only the 

corrector values in obtaining the resistance forces, hence it is referred to as a corrector explicit 

element. It is worth noting that the predictor and corrector explicit elements are not exclusive to 

each other. If an element has both EM  and E
TK , hence, E

MC  and E
KC , such as the Type III 
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elements, it is a predictor and a corrector explicit element at the same time. In the example 

domain, the two Type I elements (E3 and E12) are purely corrector explicit elements, the three 

Type II elements (E2, E6 and E11) are purely predictor explicit elements, and the other two Type 

III elements (E4 and E8) are both predictor and corrector explicit elements. Although elements 

are not distinguished as Type I, II or III elements in implementation, grouping them into predictor 

and/or corrector elements is effectively the same. In addition, this further partitioning of the 

explicit mesh simplifies the assembly process of the explicit mesh, which, as will be elaborated in 

the implementation, is essential to the overall efficiency of the predictor-corrector scheme. 

The Newmark Method is adopted for illustration; hence, the single-step parametric difference 

equations in (2.12) and (2.13) are assumed and are transformed to: 

 
2

1 1 1n n nt    U U U  (3.3) 

 1 1 1n n nt   U U U  (3.4) 

where 1nU  and 1nU  are the predictor values defined as follows: 

 2
1 (1 2 )n n n nt t     U U U U  (3.5) 

 1 (1 )n n nt    U U U  (3.6) 

The notations of 1nU  and 1nU  are referred to as the corrector displacements and velocities. 

Substituting (3.3-4) into (3.2) gives the following governing equation: 

 1 1 1n n n    G N P 0  (3.7) 

where: 

 1 1 1
I E
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M KP P M U C U U C U N U  (3.13) 
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The solution to the nonlinear system of equations in (3.7) is found using iterative procedures and 

employing an effective tangent stiffness matrix defined as: 

 1

1

n
G T

n









G
K

U
 (3.14) 

Assuming that G M  and G C  are independent of 1nU , and considering (3.8-13), G TK  can be 

expressed for the implicit and the explicit meshes separately as follows: 

 
2

1I I I I
G T G G G T

t t



 
  
 

K M C K  (3.15) 
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1E E E
G T G G

t t



 
 
 

K M C  (3.16) 

where I
G TK  is simply the implicit tangent stiffness matrix defined as follows: 

  G

I
I
T





N
K

U
 (3.17) 

The explcit tangent  stiffness matrix in (3.16) is composed of the explicit mass matrix and damping 

matrix; if these are constant, the iterative procedures for the implicit nodes are not required. 

While the terms in the governing equations in (3.2) are assembled in an element-by-element 

fashion, the solution is found on a nodal basis regardless of the equation solver adopted. Hence, 

nodes are also necessarily grouped as implicit or explicit, where those connected exclusively to 

explicit elements are referred to as explicit nodes and those connected to at least one implicit 

element are implicit nodes. This avoids the fully populated effective tangent stiffness matrices of 

the implicit elements from destroying the diagonal form of the explicit sub-matrices. Graphically, 

nodes that are ‘contaminated’ by implicit elements are implicit nodes and only those surrounded 

by explicit elements are explicit nodes. In Figure 3.2, nodes on the red boundary lines separating 

the implicit and explicit elements are all implicit nodes. In the example domain, only nodes 5, 7, 

10 and 18 are explicit nodes although an explicit analysis is specified for the overall domain. 

For simplicity, two DOFs are assumed per node for this illustrative example, hence the global 

effective tangent stiffness of the overall domain is a 36×36 matrix and is shown in Figure 3.3. G TK  

is symmetric and has diagonal sub-regions corresponding to the explicit DOFs. The inversion of 

the explicit diagonal sub-matrix involves simply finding the reciprocals of the diagonal entries. The 
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remainder of the matrix is populated but could have a smaller band width if an optimized nodal 

ordering of the implicit nodes is adopted. 

 

Figure 3.2: Implicit-explicit partitioning of the illustrative domain 
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Figure 3.3: Effective tangent stiffness matrix of the illustrative domain 

X represents non-zero entries 
D represents single diagonal entries 

Symmetric 



Implicit-Explicit Time Integration Scheme 

53 

3.2 Implementation 

At each time step of a nonlinear dynamic analysis, the displacements of the explicit nodes could 

be simply solved for from a set of uncoupled linear equations, while those of the implicit nodes 

require the solution of simultaneous nonlinear equations hence the use of iterative procedures. 

The two schemes are carried out independently of each other, including the assembly, 

factorisation and solution processes. An obvious exception relates to the implicit nodes that are 

connected to explicit elements, whose contributions to the resistance forces and the effective 

tangent stiffness matrix of the implicit solution are collected in the predictor-corrector explicit 

scheme. 

3.2.1 Predictor-Corrector Explicit Scheme 

The following steps of the predictor-corrector explicit scheme are carried out once per time step 

for the explicit nodes, i.e. those that are connected exclusively to explicit elements: 

  
2

1E E E
G T G G

t t



 
 

 
MK M C  (3.18) 

 1 1 1 1

    

  ( )     

  

E E E E E
G n G n n n

Corrector elemental forces Predictor elemental forces

        M KG C U C U N U P  (3.19) 

 E E
G T  G K U  (3.20) 

 1 1n n  U U U  (3.21) 

 2
1 1 1( ) / ( )n n n t     U U U  (3.22) 

 1 1 1n n nt   U U U  (3.23) 

The calculations involved in solving the governing equations in (3.20) for the incremental 

displacements U  are trivial due to the diagonal form of the effective tangent stiffness matrix

E
G TK . In addition, using U  to update the current entities in (3.21-23) also requires only minimal 

computations. While the overall efficiency of the scheme highly depends on the size of the time 

step t , which is determined by the material characteristics and the smallest element dimension, 

the efficiency of computations at a single time step depends on the formation of the resistance 

forces. As (3.19) indicates, separate procedures are carried out in the corrector elements and the 

predictor elements to find the corresponding contributions to the global resistance forces. In fact, 
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because the global mass-proportional damping matrix E
G MC  have been constructed when 

generating the effective tangent stiffness matrix, the contribution of the corrector explicit 

elements to the global resistance forces, as in the first underlying bracket in (3.19), could be easily 

found by multiplying these global matrices with the corresponding nodal entities. The predictor 

explicit elements are also only processed once to find the static resistance forces and the stiffness-

proportional damping forces. The design of these procedures, benefiting from the further 

grouping of explicit elements, avoids unnecessary computations on zero terms, such as when 

trying to find the static resistance of a Type I mass element or to collect the contribution of a Type 

II structural element to the effective tangent stiffness matrix. Elements that are grouped as both 

corrector and predictor elements are involved in both procedures. The illustrative domain has 4 

explicit nodes; therefore only the 8×8 sub-matrices of the property matrices, including G
EM , 

G
E
MC  and G

E
TK , are used to solve the explicit DOFs. The actual sizes of these matrices are even 

larger as they also contain the contributions to the connected implicit DOFs. In fact, in 

implementation, for each matrix, only the diagonal terms rather than all of the entries are stored, 

saving memory requirements of the current problem. 

3.2.2 Implicit Scheme 

A Newton-Raphson-type iterative procedure is adopted to solve for displacements of the implicit 

nodes in a nonlinear dynamic analysis. In this way, the governing equations are linearised at each 

iteration and can be solved using any solver of linear simultaneous equations, such as the frontal 

or multifrontal solver or sparse solvers for large scale systems. Similarly, as in the predictor-

corrector scheme, the incremental displacements U  are solved as the primary unknowns and 

are used to update the current dynamic structural entities. It is worth noting that explicit elements 

that are connected to implicit nodes are considered in the implicit scheme in order to collect their 

contributions to the effective tangent stiffness and resistance forces of the connected implicit 

nodes. The implementation steps are similar to those adopted by Hughes et al. (1979) and are 

organised into three phases as follows: 

Predictor phase (once per time step): 0i   (i is the iterative counter)  

 ( )
1

i
n n U U  (3.24) 

 ( ) ( ) 2
1 1 1( ) / ( )i i

n n n t     U U U  (3.25) 

 ( ) ( )
1 1 1

i i
n n nt   U U U  (3.26) 
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Calculation phase (once per iteration): 

 ( )
12

1
( )I I I I i

G T G G G T n
t t



 
  

 
K M C K U  (3.27) 

 ( ) ( ) ( )
1 1 1 1( )I I i I i I i I

G n G n n n      G MU C U N U P  (3.28) 

 I I
G T  G K U  (3.29) 

Corrector phase (once per iteration): 

 ( 1) ( )
1 1

i i
n n


  U U U  (3.30) 

 ( 1) ( 1) 2
1 1 1( ) / ( )i i

n n n t  

    U U U  (3.31) 

 ( 1) ( 1)
1 1 1

i i
n n nt 

   U U U  (3.32) 

If another iteration is performed, i is increased by 1, and the procedure resumes from the 

calculation phase. The first iteration of a time step uses the values at the end of the previous time 

step to calculate the incremental displacements U  and the following iterations use the 

corrector values that are updated at the end of the previous iteration. Iterating continues until 

the convergence requirements, normally defined in terms of small U  or I
G G , are met, and the 

last updated corrector values are the solutions of the current time step. The efficiency of the 

scheme depends on the solution of the simultaneous equations in (3.29), and it is further 

determined by the efficiency of factorising the effective tangent stiffness matrix I
G TK . For large 

scale structures, the frontal or multifrontal methods are preferred due to the minimal 

requirement on storage and the enhanced efficiency of calculation. 

3.3 Mass Lumping of Finite Elements  

3.3.1 Beam-Column Elements 

The main difference between the Euler-Bernoulli beam theory and the Timoshenko beam theory 

relates to whether shear transverse deformations are neglected or not. In the Euler-Bernoulli 

theory, plane sections remain plane and are always normal to the longitudinal axis of the beam. 

In the Timoshenko beam theory, plane sections also remain plane but are not necessarily normal 

to the longitudinal axis. When reflected in a finite element formulation, a basic Euler-Bernoulli 

beam element employs cubic shape functions for the transverse translational displacement fields, 

while a basic Timoshenko beam element uses only linear shape functions for all the displacement 
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fields. The two theories result in different CMMs, in terms of both the structure and the values. 

When generating a DLMM to facilitate explicit time integration and transforming the elemental 

mass matrices to global matrices, the structure of the local CMM plays a critical role as will be 

discussed in the following sub-section. The derivations are presented for the 3D case only, from 

which the 2D case can be readily extracted. 

3.3.1.1 Local consistent mass matrices 

To generate a DLMM of a beam-column element with rotational DOFs, direct mass lumping or 

optimal mass lumping methods are not applicable. Therefore, the elemental CMM is always 

formulated first. A 3D beam-column element has 12 local DOFs d refer to the last equilibrium 

configuration, as shown in Figure 3.4 (Izzuddin 1991):  

 1 1 1 1 1 1 2 2 2 2 2 2

T

x y z x y zu v w u v w     d  (3.33) 

        

Figure 3.4: Local DOFs of the cubic beam-column element  (Izzuddin 1991) 

3.3.1.1.1 Linear formulation 

In the linear formulation based on the Timoshenko beam theory, the rotational displacement 

fields are independent to the translational fields. Therefore, the local displacement field vector 

has six entries as follows: 

 
T

x y zu v w   U  (3.34) 

The shape function matrix N  relating the local fields to the local nodal DOFs by U Nd  are: 

  1 6 2 6 N I I  (3.35) 

where 6I  is the 6 6   identity matrix and both 1  and 2  are linear functions: 

 1 21 ,  
x x

L L
     (3.36) 
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The same shape functions could be employed for the local acceleration field vector. L
CM  is the 

local CMM where the superscript L stands for linear formulation. Employing the principle of virtual 

work to obtain L
CM  and considering inertia forces: 
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 (3.37) 

Further elaboration of (3.37) yields the following local CMM: 
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M M M M  (3.40) 

where 3I  is the 3 3  identity matrix, yI  and zI  are the respective second moments of area about 

the local y and z axes of the beam element to which the formulated mass matrix is assigned. 

3.3.1.1.2 Cubic formulation 

In the cubic formulation based on the Euler-Bernoulli theory, rotations y  and z  along the 

element length are the first-order derivatives of the translational displacements w and v, 

respectively; therefore, they are excluded from the local displacement field vector: 

 
T

xu v w u  (3.41) 

The shape functions, except for those of the axial displacements, are cubic functions: 
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The local CMM C
CM , where the superscript C stands for cubic formulation, is obtained using the 

principle of virtual work as in (3.37) but the rotations y  and z  are replaced by 'w  and 'v : 

 

 

 

 

12

,
1

' '
' '

e

i i i

x
C i j j x e

j i i

x
x

i i

u w v
u yw zv y z

d d d

v
M d v z z d

d d

w
w y y

d d


 







     
         

  
         

 
         

   (3.49) 

The derivatives of the shape functions in (3.43-48) are used to obtain 'w  and 'v , and their 

corresponding accelerations:  

 3,3 1 3,5 1 3,9 2 3,11 2' ' ' ' 'y yw N w N N w N      (3.50) 

 3,3 1 3,5 1 3,9 2 3,11 2' ' ' ' 'y yw N w N N w N      (3.51) 

 2,2 1 2,6 1 2,8 2 2,12 2' ' ' ' 'z zv N v N N v N      (3.52) 

 2,2 1 2,6 1 2,8 2 2,12 2' ' ' ' 'z zv N v N N v N      (3.53) 

The cubically formulated local CMM C
CM  is a populated matrix and the entries are listed in 

Appendix A. The mass matrix is no longer constituted of diagonal sub-matrices.  
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3.3.1.2 Global consistent mass matrix 

Denote T  as the transformation matrix between the local and the global reference systems, with 

the former referring to the last equilibrium configuration of the element: 

 





d
T

U
 (3.54) 

where U  contains the nodal displacements in global coordinates. The global mass matrix G CM  is 

obtained within an updated Lagrangian framework as follows: 

 T
G C CM T M T  (3.55) 

where the transformation matrix T  is a block diagonal matrix depending on the direction cosines 

of the last equilibrium configuration (Izzuddin 1991): 

 
1 1 1

2 2 2

3 3 3

,  
x y z

x y z x y z

x y z

c c c

c c c

c c c

 
  
              

R
R

T R c c c
R

R

 (3.56) 

The global CMM in the linear formulation is obtained as follows: 

 

1,1 1,2

1,1 1,2
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2,1 2,2
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M MR R
M MR R

M
M M RR

RM MR

R M R R M R

R M R R M R

R M R R M R

R M R R M R

 (3.57) 

Because ,ti jM  and ,ri jM  are all diagonal matrices and 3
T R R I , the obtained global CMM L

G CM  is 

the same as the local CMM L
CM : 

 

1,1 1,2

1,1 1,2

2,1 2,2

2,1 2,2

t t

r rL L
G C C

t t

r r

 
 
  
 
 
 

M M

M M
M M

M M

M M

 (3.58) 

In nonlinear dynamic structural analysis, although the local CMM remains constant, the global 

CMM can change with the updated transformation matrix each time step or iteration, and mass 

lumping of the global CMM should then be repeatedly applied each time. For linearly formulated 



Implicit-Explicit Time Integration Scheme 

60 

mass, this is not necessary as the global CMM is exactly the same as the local one. Therefore, only 

one mass lumping operation would be required for the whole analysis. On the other hand, since 

the cubic local CMM is not constituted of diagonal sub-matrices, its global form is different from 

the local form, and mass lumping would be required for every time step. In this respect, the 

computational efficiency associated with mass lumping is greatly improved by using linearly 

formulated mass. 

3.3.1.3 Lumped mass matrix 

Both the row-sum and the HRZ methods, as discussed in section 2.3 are applicable to the beam-

column elements with rotational freedoms employing a linear mass formulation. In fact, the 

simple form of the CMM L
CM  leads to the same DLMM L

LM  using both methods and the diagonal 

terms in L
LM  are stored in a vector as follows: 

  
( ) ( )

           
2 2 2 2 2 2 2 2 2 2 2 2

T

y z y y z yL e e e e e ez z
L

L I I LI L I I LIm m m m m mLI LI
diagonal

     
M (3.59) 

3.3.1.4 Verification 

A uniform cantilever beam modelled with 10 beam-column elements is considered. For this 

example, the beam is a 5m long I beam with typical material properties for steel as indicated in 

Figure 3.5.  

 

Figure 3.5: Cantilever beam cross-section and material properties 

25188mmA   
7 48 10 mmyI     

6 46.02 10 mmzI    
52.1 10 MPaE    
3 37.8 10 kg /m     
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The exact values of the natural frequencies of axial vibration and flexural vibration could be found 

analytically as follows: 

 
2 1

,   1,2,3 ...
2

axial

n E
n

L







   (3.60) 

 2

4
,  1,2,3...flexural n

EI
n

AL
 


   (3.61) 

 1 2 3 4 51.875, 4.694, 7.855, 10.996, 17.279          (3.62) 

The percentage errors of the first few natural frequencies of the beam using different mass 

matrices are shown in Table 3.1. It is noted that the elemental stiffness matrix is formulated using 

cubic and linear shape functions for the transverse and axial displacements, respectively. The 

linear consistent and lumped masses, L
CM  and L

LM , are as in (3.38) and (3.59), respectively. For 

simplicity, the cubic mass matrices exclude the contribution of the second moments of inertia for 

the rotational accelerations. The HRZ method is used to generate the lumped cubic mass matrix: 

 
2 2 2 2( ) ( )

( )            
2 2 2 2 78 78 2 2 2 2 78 78

T

y z y zC e e e e e e e e e e
L

L I I L I Im m m m L m L m m m m L m L
diagonal

  
M (3.63) 

Table 3.1: Percentage errors of computed natural frequencies, using different mass 
matrices, of a 10-element cantilever beam.  

Mode number 
Cubic formulation Linear formulation 

MC
C
  MC

L ML
C
  ML

L  

Axial mode 

1 0.10 -0.10 0.10 -0.10 

2 0.93 -0.92 0.93 -0.92 

3 2.59 -2.55 2.59 -2.55 

4 5.08 -4.96 5.08 -4.96 

5 8.37 -4.09 8.37 -8.12 

Flexural mode 

1 -0.33 -0.50 -0.20 -0.59 

2 -0.01 -0.50 -0.07 -0.46 

3 0.73 -1.96 0.10 -2.50 

4 3.79 -3.46 1.36 -4.68 

5 0.01 -1.96 1.01 -1.63 

6 8.66 -5.14 2.43 -7.23 

7 0.02 -17.32 -5.06 -20.02 

8 -23.35 -27.27 -21.99 -26.71 

9 -18.73 -38.31 -24.89 -40.99 

10 -59.47 -65.99 -56.39 -67.78 
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The results indicate that all mass matrices are accurate only in the first few modes. In general, 

CMMs overestimate the natural frequencies while DLMMs underestimate these frequencies. 

Compared with the cubic mass matrices, the linear matrices provide acceptable accuracy.  

3.3.2 Flat Shell Element 

A 2D flat shell element (Izzuddin et al. 2004) was developed at Imperial College for composite and 

reinforced concrete floor slabs subject to extreme loading, accounting for the effects of geometric 

and material nonlinearities. The shell element is particularly useful for problems associated with 

the geometric orthotropy of composite floor slabs through a modification of the conventional 

Reissner-Mindlin hypothesis. The kinematic assumptions underlying the formulation of the shell 

element are provided in Appendix B. Assuming that mass is uniformly distributed with density 

, the local CMM is found using the principle of virtual work as follows: 

 ,
1

DOF

e

N

C i j j e
j i i i

u v w
M d u v w d

d d d





   
       

   (3.64) 

 
24,  basic form 

54,  higher-order formDOFN


 


 (3.65) 

The matrix of shape functions N  is formed separately for the cover and the rib regions. Consider 

the higher-order element with 54DOFN  , in the shape function matrix of the cover, terms 

associated with the additional rib freedoms are zero: 

 [3 54] [:,1:20] [:,21:24] [:,29:48]
Cov Cov Cov Cov


   N N N 0 N 0  (3.66) 

 
1 1 2 2 3 3 4 4

[:,1:20] 1 1 2 2 3 3 4 4

1 2 3 4

L L L L L L L L

Cov L L L L L L L L

L L L L

N zN N zN N zN N zN
N zN N zN N zN N zN

N N N N

    
     
 
 

N  (3.67) 

 [:,21:24]

1 2 3 4

Cov

Q Q Q QN N N N

 
 


 
  

N  (3.68) 

        
1 1 2 2 3 3 4 4

[:,29:48] 1 1 2 2 3 3 4 4

1 2 3 4

Q Q Q Q Q Q Q Q

Q Q Q Q Q Q Q Q

C C C C

Cov
N zN N zN N zN N zN

N zN N zN N zN N zN
N N N N

   

   

 
 
 
 

N  (3.69) 

The local CMM of the cover is found as follows:  

 ( )
e

Cov Cov T Cov
C ed


 M N N  (3.70) 

and the detailed formulation is provided in Appendix B. 
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The shape function matrix for the ribbed region is shown in (3.71), though the shape functions L
iR  

and Q
jR  that are associated with the additional rib freedoms are different for each of the three 

element variants (see Appendix B). 

 [3 54] [:,1:20] [:,21:24] [:,25:28] [:,29:48] [:,49:54]
Rib Rib Rib Rib Rib Rib


   N N N N N N  (3.71) 

 [:,1:20] [:,1:20] [:,21:24] [:,21:24] [:,29:48] [:,29:48],  ,  Rib Cov Rib Cov Rib Cov  N N N N N N  (3.72) 

 
1 2

[:,25:28] 1 2

L L

Rib L L

R R

R R

 
 

  
  

N  (3.73) 

 
1 2 3

[:,49:54] 1 2 3

Q Q Q

Rib Q Q Q

R R R

R R R

 
 

  
  

N  (3.74) 

The general form of the local CMM of a rib element is in (3.75), and the detailed formulation is 

also provided in Appendix B. 

 ( )
e

Rib Rib T Rib
C ed


 M N N  (3.75) 

The global CMM is obtained using the transformation matrix T similar to the beam-column 

elements. 

3.3.2.1 Lumped mass matrix 

Due to the complication of the CMMs of both the cover and rib, in the presence of additional 

DOFs, the mass lumping methods mentioned in the literature, including the HRZ, the optimal or 

the row-sum methods cannot be simply used. Both the CMMs of the cover and rib regions are 

conventionally lumped to form respective DLMMs.  

Specifically, both the total rotational and translational masses are uniformly divided between the 

basic nodal freedoms. However, for the additional freedoms, only the associated diagonal terms 

are kept while the off-diagonal terms are simply set to zero. The detailed expressions for the cover 

region and the rib regions of the different variants are presented in Appendix B. 

3.3.2.2 Verification 

The formulated consistent and lumped mass matrices of the 2D shell element have been included 

in ADAPTIC (Izzuddin 1991). Two simply supported slabs are modelled with the 2D flat shell 

elements, where one of these is a uniform-thickness slab with only the variant (III) cover elements, 
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and the other is a composite slab employing all four variants. The two models have the same 

dimensions and mesh as indicated in Figure 3.6.  

 

Figure 3.6: Simply supported slab with flat shell elements 

The natural frequencies of the first 10 modes of vibration are compared as predicted by the 

consistent or diagonally lumped mass matrices in Table 3.2 and Table 3.3, respectively, for the 

two slab models. The DLMM is found to compare well against the CMM in both models, where 

the differences for the first 10 modes are less than 0.2%. 

Table 3.2:Natural frequencies of the first 10 vibration modes of the 
uniform thickness slab using the CMM and DLMM 

Mode  ωCMM  (rad/s) ωDLMM (rad/s) Difference 

1  37.16 37.16 0.00% 

2  92.93 92.95 0.02% 

3  93.25 93.25 0.00% 

4  148.81 148.83 0.02% 

5  186.05 186.12 0.04% 

6  187.43 187.44 0.00% 

7  241.71 241.79 0.03% 

8  242.88 242.92 0.01% 

9  316.58 316.77 0.06% 

10  320.60 320.61 0.01% 

Concrete 
42.6 10 MPaE    

0.2    
3 32.4 10 kg /m     

 
 
Deck 

52.1 10 MPaE    
300MPat    

0.01    
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Table 3.3: Natural frequencies of the first 10 vibration modes of the ribbed slab 

Mode  ωCMM  (rad/s) ωDLMM (rad/s) Difference 

1  54.30 54.29 -0.01% 

2  108.23 108.20 -0.03% 

3  161.89 161.83 -0.04% 

4  196.84 196.70 -0.07% 

5  217.57 217.45 -0.06% 

6  307.70 307.41 -0.09% 

7  320.32 319.89 -0.13% 

8  340.93 340.66 -0.08% 

9  364.26 364.17 -0.02% 

10  397.36 396.95 -0.10% 

3.3.3 Solid Elements 

Solid elements are 3D finite elements that can model solid bodies without any a priori geometric 

and/or kinematic simplifications. These types of element are convenient in applying boundary 

conditions and usually result in meshes that geometrically resemble the physical system. The 

typical solid elements are 4-noded or 10-noded tetrahedral elements, 5-noded or 13-noded 

pyramid element, 6-noded or 15-noded wedge elements and 8-noded or 20-noded brick 

elements. The element variant in each set with the fewer nodes is linear with the other one being 

quadratic. 

3.3.3.1 Consistent mass matrix 

The CMM of a solid element is given by: 

 
e

T
C ed


 M N N  (3.76) 

where N  is the shape function matrix comprising of linear or quadratic shape functions: 

 
1 1 1

, ,  
nd nd ndN N N

i i i i i i
i i i

u N u v N v w N w
  

      (3.77) 

 where ndN  is the number of nodes. The formulated CMM is found as follows: 
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The most frequently used solid element for structural modelling is the 20-noded brick element, 

which utilises 8 corner nodes and 12 side nodes. The Jacobian is simply defined as follows: 

 

x x x

y y y

z z z

  

  

  

   
   
 
   

    
 
   

    

J  (3.79) 

where  ,   and   are the natural coordinates in the local x, y and z directions, repectively. 

Assuming that the faces of the brick element are all rectangulars, which is usually the case in 

structural models, the natural coordinates are therefore as follows: 

 

1 1,  
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1 1,  
2

a
x

b
y

c
z

 

 

 


    


   


    


 (3.80) 

where a, b and c are dimensions, and the determinant of the Jacobian is obtained as: 

 det( ) ,  
8

V
V abc J  (3.81) 

The detailed formulation of the CMM of a brick element is found in Appendix C. 

3.3.3.2 Diagonally lumped mass matrix 

It is relatively straightforward to form a DLMM for solid elements as they only have translational 

DOFs. Due to symmetry, for the 20-noded brick element, all corner masses and side masses are 

respectively identical. The optimal mass lumping method is not applicable for the 3D element. 

The row-sum and HRZ methods yield the following respective diagonal matrices, whose diagonal 

terms are stored in vectors as follows: 

 
 

1 8 9 20 masses Side masses 

4 4
1         1             

3 3                                                                                             
L row sum

L LCorner M M

diagonal V


 

  M
 (3.82) 

 
 

1 8 9 20 masses Side masses 

7 7 2 2
               

248 248 31 31                                                                                                   
L HRZ

L LCorner M M

diagonal V

 

M
 (3.83) 

The row-sum method results in negative corner masses, hence the HRZ method is preferred. 
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3.3.3.3 Verification 

A cantilever I-beam is modelled using 20-noded brick elements as shown in Figure 3.7. The natural 

frequencies of the first 10 modes of vibration are compared in Table 3.4 as predicted by the 

consistent and the lumped mass matrices. The minimal differences verify the accuracy of the 

diagonally lumped mass matrix.  

 

Figure 3.7: Cantilever beam modelled with brick elements 

Table 3.4: Natural frequencies of the first 10 vibration modes of a cantilever 
I-beam modelled with 20-noded brick elements using the CMM and DLMM 

Mode  ωCMM  (rad/s) ωDLMM (rad/s) Difference 

1  347.80 347.99 0.05% 

2  439.47 436.74 -0.62% 

3  860.20 861.97 0.21% 

4  1167.26 1160.31 -0.60% 

5  1233.55 1210.97 -1.83% 

6  1319.67 1318.22 -0.11% 

7  1359.86 1359.21 -0.05% 

8  1585.23 1552.63 -2.06% 

9  1724.12 1729.52 0.31% 

10  2234.47 2221.58 -0.58% 

3.4 Stability Considerations 

The stability requirements of a hybrid implicit-explicit time integration scheme are different for 

the individual schemes. The respective requirements are explained in Chapter two. Generally, the 

implicit scheme is unconditionally stable, at least for linear problems, when the scheme 

coefficients are appropriately chosen. However, the explicit scheme requires time steps smaller 

than a critical value. In this case, finding the critical time step for the explicit mesh is essential to 

52.1 10 MPaE    
0.3    

3 37.8 10 kg /m     
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an efficient analysis of the overall model. A popular recommendation of 2 /crit maxt    is 

extensively used but requires an eigenvalue analysis to find the highest natural frequency max  

(Bathe 1996). Alternatively, when eigenvalue analyses are too computationally demanding for 

large scale structures, analytical methods using the Courant number could be adopted. Both 

methods indicate that the critical time step depends on the geometry and material properties of 

the finite elements. In the following, a number studies are presented to illustrate and compare 

the two methods of estimating the critical time step for explicit dynamic analysis.  

3.4.1 One-dimensional beam  

Consider a cantilever beam whose length is variable depending on the number of elements N, 

each element being 1m long. Cubic beam-column elements and linear mass elements are used in 

the mesh. The cross-sectional dimensions and the material properties are the same as those 

indicated in Figure 3.5. The longitudinal wave propagation speed is obtained from the 

considered material properties as: 

 
5

1
1 6 3

2.1 10 MPa
5188.75m s

7.8 10 kg mm

E
c





 


   

 
. (3.84) 

The normalised natural frequency could be computed from the highest mode of vibration as 

1/maxH c  , where 1c  is the propagation speed and H is the smallest element dimension, 

i.e. 1m in this example. The critical time step for explicit integration is 12 /critt H c  .  

Cubic beam-column elements are formulated using linear functions for the axial displacement 

and torsional rotation fields and using cubic functions for the transverse displacement fields. 

In this example beam model, for various N, the highest vibration modes are associated with 

bending about the strong axis, followed immediately by the highest modes in the axial 

direction. The torsional modes are all rather non-critical. Figure 3.8 shows the vibration mode 

corresponding to the highest frequency of the 20-element mesh. It is obvious that the highest 

mode is determined primarily by the single element at the free end. 

 

Figure 3.8: Highest mode of vibration of the cantilever beam (Scale=1000) 
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The normalised values of the highest natural frequencies in the different directions are listed 

in Table 3.5 for the various Ns. The axial normalised natural frequencies are found to converge 

from below to 1.9992 with mesh refinements. It is only slightly lower than the recommended 

2.0   given by Plešek et al. (2011) for bilinear elements with row-sum DLMMs. The 

normalised frequency of the highest torsional mode torsional  is the smallest and its ratio to 

axial  is found to be constant at 0.0268. Therefore, as mentioned, in general application for 

typical beam members, torsional  is usually non-critical in determining the critical time step for 

explicit integration. The more interesting is the normalised frequency of the highest bending 

mode bending , whose ratio to axial  converges to 1.7014. This value could actually be verified 

considering a single-element beam model, where the natural frequencies of the axial, 

torsional and strong-axis bending modes are analytically found as follows: 
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  (3.85) 
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   (3.86) 

where *H  is a coefficient decided only by the geometry of the element and is calculated to be 

1.7507 for the current beam. This is very close to 1.7014 found in the N-element beam model. 

Hence, in practice, since axial  can be easily computed, the actual highest natural frequency 

bending  could be directly found by multiplying *H  with axial . 

Table 3.5: Highest normalised natural frequencies for the fixed-free beam 

N 

1/maxH c   

Axial Torsional Torsional/Axial Bending Bending/Axial 

2×1 1.8470 0.0495 0.0268 3.2773 1.7744 

4×1 1.9608 0.0526 0.0268 3.3800 1.7238 

6×1 1.9821 0.0532 0.0268 3.5669 1.7128 

8×1 1.9896 0.0534 0.0268 3.5627 1.7084 

10×1 1.9930 0.0535 0.0268 3.5612 1.7061 

20×1 1.9976 0.0536 0.0268 3.5602 1.7027 

40×1 1.9988 0.0536 0.0268 3.5602 1.7017 

60×1 1.9990 0.0536 0.0268 3.5602 1.7015 

80×1 1.9991 0.0536 0.0268 3.5602 1.7014 

100×1 1.9992 0.0536 0.0268 3.5602 1.7014 

120×1 1.9992 0.0536 0.0268 3.5602 1.7014 

140×1 1.9992 0.0536 0.0268 3.5602 1.7014 
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3.4.2 Two-dimensional slab 

The basic form of the Variant II cover flat shell element is bilinear, and the associated terms in the 

DLMM are obtained using the row-sum method. However, due to the out-of-plane side freedoms, 

the normalised highest natural frequency is expected to differ from 2.0. A simply supported slab 

is considered and discretised using the Variant II elements. The overall area increases with the 

number of elements, each of which is a square with 150mm sides.  The fastest wave propagation 

is calculated with the same concrete material properties as in Figure 3.6, approximately ignoring 

the influence of the reinforcement and the steel deck: 

 1
1

2
3469.44m s

G
c




    (3.87) 

The normalised frequencies are calculated for the various meshes with the smallest element 

dimension being the element side, i.e. 150mm. The results are listed in the second column of 

Table 3.6 and they are found to converge to higher than 2.0. The additional rib DOFs, although 

corresponding to linear shape functions, are not nodal DOFs and their associated diagonal masses 

are not obtained from the row-sum method. Therefore, for the rib elements, the recommended 

2.0   does not apply as well. Consider a ribbed slab similar to the uniform slab, where each 

element is also a square with 150mm sides and the overall area increase with the number of 

elements. The resulting highest normalised frequencies converge to an even higher value.  

Table 3.6: Normalised natural frequencies for the slab 
models with flat shell elements 

N 

1/maxH c   

Cover slab Ribbed slab 

5×5 4.2565 6.0159 

10×10 4.2583 6.0271 

15×15 4.2597 6.0305 

20×20 4.2604 6.0321 

25×25 4.2608 6.0330 

30×30 4.2611 6.0336 

35×35 4.2613 6.0339 

40×40 4.2614 6.0342 

45×45 4.2615 6.0344 

50×50 4.2616 6.0346 

55×55 4.2616 6.0347 

60×60 4.2616 6.0347 
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The example slabs discussed above are 70mm deep in the cover region and 60mm deep in the rib 

region. These depths are both increased to 100mm to investigate the influence of the cross-

sectional geometry to the values of the normalised natural frequencies. The results of both the 

cover slab and the ribbed slab are updated and listed in Table 3.7. The converged normalised 

natural frequency for the cover slab has decreased but that of the ribbed slab has only slightly 

changed. As the flat shell element is usually used to model ribbed composite floor slabs, the 

normalised natural frequency of 6.0   could be practically used to estimate the critical time 

step for explicit time integration, as in the example in section 3.6.2.  

Table 3.7: Normalised natural frequencies for the slab 
models with flat shell elements (deep) 

N 

1/maxH c   

Cover slab Ribbed slab 

5×5 3.2231 6.0388 

10×10 3.2227 6.0504 

15×15 3.2242 6.0542 

20×20 3.2250 6.0560 

25×25 3.2254 6.0571 

30×30 3.2257 6.0577 

35×35 3.2259 6.0582 

40×40 3.2261 6.0585 

45×45 3.2262 6.0587 

50×50 3.2263 6.0589 

55×55 3.2263 6.0590 

60×60 3.2263 6.0590 

3.4.3 Three-dimensional continuum masonry column 

Consider an unreinforced masonry column with a fixed base. The column is modelled with a single 

stack of N brick elements, connected by zero-thickness interface elements. The brick elements 

respond elastically and allow a simple treatment of large-displacement and small-strain three-

dimensional continuum problems while the interface elements that connect the two faces of the 

adjacent solid elements account for both the geometric and material nonlinearities associated 

with masonry (Macorini and Izzuddin 2011, 2014). Typical material properties of masonry units 

and mortar joints are used for the brick and interface elements as shown in Table 3.8. Each brick 

element is 120mm(length) 100mm(depth) 60mm(height)  . The faces connected by the 

interface elements are 120mm 100mm . 
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Table 3.8: Material properties of masonry units and mortar joints 

Masonry units Mortar joints  

Elastic modulus 410 MPauE   Normal stiffness 380kN/mmnk   

Poisson’s ratio 0.15   Tangential stiffness 340kN/mmtk   

 Tensile strength 0 1.2MPat   

 Cohesion 0 3.0MPaC   

 Friction angle 0tan 0.6   

 Compressive strength 0 14.0MPac   

The Courant number method could only be used in an elastic monolithic domain; therefore, 

another model of the column is built with only a stack of brick elements connected directly to 

each other. Refer to the columns with and without interface elements as Model I and Model II, 

respectively. The propagation wave speed in the bricks is calculated as follows: 

 1
1

2
2357.41m s

G
c




    (3.88) 

The normalised frequencies for various Ns are calculated with the smallest element dimension of 

60mmH   and are listed in Table 3.9. The highest frequencies converge to 6.9181I   and 

7.0862II   for Models I and II, respectively. Both I  and II  are only slightly smaller than the 

suggested 7.374 for quadratic serendipity elements with HRZ DLMMs (Plešek et al. 2011), though 

the interface elements have led to higher frequencies to the masonry domain. 

Table 3.9: Normalised natural frequencies for the masonry column model 

N 

1/maxH c   

Model I Model II 

5×1 6.8815 7.0722 

10×1 6.9099 7.0830 

20×1 6.9165 7.0854 

40×1 6.9179 7.0861 

60×1 6.9181 7.0861 

80×1 6.9181 7.0862 

100×1 6.9181 7.0862 

3.5 Efficiency and Accuracy Comparisons  

3.5.1 Cantilever I beam with beam-column elements 

A cantilever steel I beam is modelled with 10 cubic beam-column elements with linear mass. 

Considering a distant blast and a resulting uniform pressure applied to the beam, as depicted in 
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Figure 3.9. The cross-sectional dimensions and the material properties are also included in Figure 

3.9. The blast signal has a triangular shape with an overall positive duration of 50 ms and a peak 

overpressure of 1MPa at 10ms, as shown in Figure 3.10, where the deformed shape of the beam 

model is also shown. 

 

Figure 3.9: Cantilever beam under uniform blast overpressure  

 

Figure 3.10: Deformed shape of the cantilever beam under a deflagration blast wave 

Transient analyses of the model are carried out using the implicit-explicit and the implicit time 

integration schemes. Although the beam elements are Type I structural elements, they are 

overlapped with Type II mass elements therefore the hybrid analysis is in fact purely explicit. Both 

analyses lead to very similar results as indicated by the tip displacements at the free end in Figure 

52.1 10 MPaE    
355MPat    

0.01    
3 37.8 10 kg /m     
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3.11. Upon the sudden application of the blast load, the free end displaces by a maximum of about 

2.1m and returns to a residual value of 1.8m after the blast load.  

 

Figure 3.11: Tip displacements of the cantilever beam  

The critical time step found in eigenvalue analysis is 53.650 10 scritt    ; therefore, for the 0.5s 

long explicit analysis, 15000 time steps are employed, corresponding to an actual time step of 

53.333 10 st    . In the implicit analysis, 50 time steps are specified for the analysis but a total 

of 592 iterations are carried out due to step reduction and the iterative solution procedure for 

nonlinear analysis. Overall, as Table 3.10 indicates, the explicit analysis performs about 24 times 

more iterations than the implicit analysis. In addition, according to the wall-clock times recorded, 

the computing times per iteration are at a similar level for the two schemes. This can be explained 

by the simplicity and the small scale of this problem. For larger and more complicated problems, 

the explicit scheme should show more efficient calculations per time step. 

Table 3.10: Efficiency comparison between the explicit and implicit integrations 
for the cantilever beam with beam-column elements 

 Explicit Implicit 

Pre-defined time step 3.333×10-5s 1×10-2s 

Actual time step 3.333×10-5s 1×10-2s, 1×10-2s 

No. of time steps 1.5×104 50 

No. of iterations 1.5×104 331 

Wall-clock time of analysis 2.368s 0.068s 

Wall-clock time per iteration 1.579×10-4s 2.054×10-4s 
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3.5.2 Composite slab with shell elements 

Consider a simply supported composite slab modelled with flat shell elements. Specifically, the 

mesh has 20 and 19 element divisions longitudinally and transversely, respectively, where the 19 

divisions include one left rib, one right rib, eight centre ribs and nine covers. The material 

properties are as indicated in Figure 3.6. Transient analyses of the slab under an uplifting 

deflagration blast wave are carried out using implicit-explicit and implicit time integrations. 

Because all elements in the mesh are Type III elements with specified density, the implicit-explicit 

analysis is essentially pure explicit. The deflagration wave has a typical triangular form with a 

positive duration of 100ms and a peak overpressure of 1000mbar (0.1MPa). The slab with the 

maximum deformation is shown in Figure 3.12, and the development of the uplift at the centre 

of the slab in both analyses is plotted in Figure 3.13. The explicit analysis is found to compare well 

with the implicit analysis.  

 

Figure 3.12: Deformed shape of the composite slab under uplifting deflagration blast wave 

 

Figure 3.13: Uplifts at the centre of the slab 
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The Courant number method, adopting the converged value of 6.0 for the highest normalised 

frequency for shell elements and taking the smallest element dimension as 150mm, results in a 

critical time step as follows: 

  5

1

2 2 0.15m
1.441 10 s

6.0 3469.44m/s
crit

H
t

c


    


 (3.89) 

and the eigenvalue analysis leads to the following critical time step: 

 5

5 1

2 2
1.512 10 s

1.3228 10 s
crit

max

t





    


 (3.90) 

As shown in Table 3.11, 14000 time steps are employed for the 0.2s long explicit analysis, 

corresponding to a constant time step of 51.429 10 st    . For the implicit analysis, a total of 

3464 iterations are carried out despite the 200 time steps specified. Most of the implicit analysis 

is performed with an automatically reduced time step of 10-4s, rather than the intended 10-3s, due 

to convergence problems. In fact, the smallest time step in the implicit analysis is even smaller 

than the explicit time step. As a result, according to the wall-clock time recorded, the explicit 

analysis is about twice more efficient than the implicit analysis. When considering the efficiency 

per iteration, the advantage of the explicit analysis is very obvious for the nonlinear analysis of 

such a relatively large scale structure.  

Table 3.11: Efficiency comparison between the explicit and implicit integrations 
for the simply supported floor slab with flat shell elements 

 Explicit Implicit 

Pre-defined time step 1.429×10-5s 1×10-3s 

Actual time step 1.429×10-5s 1×10-3s, 1×10-4s, 1×10-5s 

No. of time steps 1.4×104 200 

No. of iterations 2.8×104 3474 

Wall-clock time of analysis 8m38s 22m18s 

Wall-clock time per iteration 1.850×10-2s 3.851×10-1s 

In large-displacement nonlinear structural dynamic analysis, time step reduction and excessive 

iterations are expected for implicit integration, making the explicit integration potentially more 

efficient, as this example illustrates. However, in small-displacement problems, the benefit of 

efficient stepwise calculations may be offset by the larger number of time steps that the explicit 

integration requires. For example, Figure 3.14 shows the uplift displacement at the centre of the 

slab under the same blast wave but with a lower peak overpressure of only 0.01MPa. An elastic 



Implicit-Explicit Time Integration Scheme 

77 

response and small displacements have been observed. Similar levels of the time per computation 

are found as those when the slab is under the higher blast wave. As indicated by Table 3.12, 

without excessive step reduction and extra iterations, the implicit analysis requires much less 

wall-clock time for the overall analysis compared to explicit analysis. 

 

Figure 3.14: Uplifts at the centre of the slab under the lower blast load  

Table 3.12: Efficiency comparison between the explicit and implicit integrations 
of the slab for a lower deflagration of 0.01MPa peak overpressure 

 Explicit Implicit 

Pre-defined time step 1.429×10-5s 1×10-3s 

Actual time step 1.429×10-5s 1×10-3s 

No. of time steps 1.4×104 200 

No. of iterations 2.8×104 400 

Wall-clock time of analysis 4m23s 2m59s 

Wall-clock time per iteration 9.393×10-3s 4.475×10-1s 

3.5.3 Fixed-fixed beam with brick elements 

Brick elements are used to model an I-beam for a more detailed representation of its elastic 

response. The beam is clamped on both ends and is under a suddenly applied mid-span point load 

of 6000kN along the top flange on top of the web. The cross-sectional dimensions and material 

properties are as indicated in Figure 3.7. Specifically, the 3m long beam is composed of 10 blocks 

of elements, each of length 0.3m. Both flanges have five elements in the transverse direction and 

only one element over the thickness, and the web has one and five elements over the thickness 
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and depth, respectively. Overall, 150 (150×10) brick elements are used for the beam model. The 

mesh is shown in Figure 3.15, where the deformed shape of the beam in the explicit analysis 

indicates that the instability of the web under axial load is also captured in addition to the overall 

flexural deformation of the beam. In the implicit analysis, mass of the brick elements is also 

lumped to minimise the potential difference between the consistent and lumped masses over a 

coarse discretisation of the beam with a single element in the thickness of the flanges and the 

web. Figure 3.16 shows the mid-span deflection of the beam in the direction of the load in both 

types of analyses. Overall the explicit analysis achieves acceptable accuracy compared with the 

implicit analysis before the onset of buckling at about 0.04st  . The post-buckling response of 

the beam becomes unpredictable for this highly nonlinear dynamic problem; therefore, the 

explicit and implicit analyses have shown different post-buckling responses. 

 

Figure 3.15: Deformed shape of the fixed-fixed beam under suddenly applied point load 

 

Figure 3.16: Mid-span displacements of the fixed-fixed beam 
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The Courant number method, adopting the recommended normalised frequency of 7.374 for 

quadratic HRZ elements with the smallest element dimension of 7mm, results in the following 

critical time step: 

 1
1

2
6020.18m s

G
c



 
    (3.91) 

  7

1

2 2 0.007m
3.154 10 s

7.374 6020.18m/s
crit

H
t

c


    


 (3.92) 

and the eigenvalue analysis leads to the following critical time step: 

 6

6 1

2 2
3.582 10 s

5.5835 10 s
crit

max

t





    


 (3.93) 

Therefore, 53 10  time steps are used for the 0.1s long explicit analysis, corresponding to an 

actual time step of 73.333 10 st    . In fact, for modelling simplicity, the flanges and the web 

are modelled separately and are connected by rigid links where necessary. Despite the infinite 

stiffness related to the rigid links, they do not influence the highest natural frequency which is 

determined by the smallest element dimension of the brick elements. As Table 3.13 shows, 

although the implicit analysis is almost 8 times less efficient step-wisely, it is overall twice more 

efficient due to the much fewer iterations.  

Table 3.13: Efficiency comparison between the explicit and implicit 
integrations for the beam 

 Explicit Implicit 

Pre-defined time step 3.333×10-7s 3.333×10-5s 

Actual time step 3.333×10-7s 3.333×10-5s 

No. of time steps 3×105  3000 

No. of iterations 3×105  11577 

Wall-clock time of analysis 71min32s 24min32s 

Wall-clock time per iteration 1.431×10-2s 1.271×10-1s 

3.5.4 Masonry column 

The mesoscale partitioned modelling of large scale unreinforced masonry structures under blast 

loading was previously investigated by Macorini and Izzuddin (2014). The simple illustrative 

example used by the authors to validate the proposed approach is adopted in this study to verify 

the accuracy and efficiency of the implicit-explicit time integration scheme. An unreinforced 

masonry column is restrained at the top and bottom in order to develop compressive arching 
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action, which is typical for most URM panels in infill frames under extreme out-of-plane actions. 

In the simplified model in ADAPTIC, a stack of 18 brick elements connected by the zero-thickness 

interface elements are included. The mechanical properties used in the numerical analysis are as 

listed in Table 3.7. It is noted that, because each hollow block used by Dennis et al. (2002) in the 

tests is represented by a single brick element, a reduced elastic modulus for concrete is used to 

account for the larger deformability due to the holes in the block. A typical blast overpressure is 

uniformly applied on the column and the deformed mode is shown in Figure 3.17. 

   

Figure 3.17: Applied blast overpressure curve and deform mode of column 

While Macorini and Izzuddin used the implicit Hilber-Hughes-Taylor scheme (Hilber et al. 1977) 

with 0.3    for the nonlinear dynamic analysis of the model in ADAPTIC, the implicit-explicit 

scheme based on the same scheme is used in this study. The critical time steps obtained from the 

eigenvalue analysis and the Courant number method are as follows: 

  6

1

2 2 0.05m
5.752 10 s

7.374 2357.41m/s
crit

H
t

c


    


 (3.94) 
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5 1

2 2
4.225 10 s

4.7336 10 s
crit
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 (3.95) 

Therefore, 104 time steps are used for the 0.04s long explicit analysis, corresponding to an actual 

time step of 64 10 st    . The out-of-plane displacements at mid-height of the column are 
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compared in Figure 3.18. Both the implicit and implicit-explicit analyses in ADAPTIC achieved 

similar accuracy as the more detailed numerical models. 

 

Figure 3.18: Out-of-plane displacement at mid-height of the column 

As Table 3.14 shows, the implicit-explicit analysis is almost 10 times faster per iteration than the 

implicit analysis, and a similar total number of iterations is required by the two analyses. 

Therefore, the overall wall-clock time of the implicit analysis is about six times more than that of 

the explicit analysis. The improvement in efficiency will be of more significance when full-scale 

masonry walls or cladding panels are considered. 

Table 3.14: Efficiency comparison between the explicit and implicit integrations 
for the masonry column 

 Explicit Implicit 

Pre-defined time step 4×10-6s 4×10-5s 

Actual time step 4×10-6s 4×10-5s, 4×10-6s, 4×10-7s 

No. of time steps 104  1000 

No. of iterations 104 7224  

Wall-clock time of analysis 38s 4min7s 

Wall-clock time per iteration 3.800×10-3s 3.419×10-2s 
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CHAPTER 4 Implicit-Explicit Time Integration with Domain 
Decomposition 

The domain decomposition approach developed by Jokhio and Izzuddin (2013, 2015) at Imperial 

College London aims at improving computational efficiency of structural analysis by allowing 

parallel processing over the partitions. This approach also has the potential to accommodate 

heterogeneous solution procedures within each partition, including different equation solvers or 

time integration schemes. This chapter addresses the development of the implicit-explicit 

integration scheme presented in Chapter 3 for application in partitioned nonlinear structural 

analysis. 

4.1 Overview of the Domain Decomposition Approach 

An example domain is considered here subject to arbitrary loading and support boundary 

conditions, as depicted in Figure 4.1. The domain is decomposed into three child partitions 1 3  

enclosed by the blue dotted lines and a parent structure 0 . Assuming that each node has 

2 DOFs, the overall domain has a problem size of 100 and an effective tangent stiffness matrix 

[100 100]K , where prescribed displacements at the supports are dealt with through a subsequent 

imposition of the essential boundary conditions. It is noted that the left-side subscript G, used 

previously to denote global matrices, is omitted in this chapter for clarity of presentation.  

In a monolithic (non-partitioned) model, the correction of displacements is found iteratively from: 

      
1

100 100100 100
 


 U K G  (4.1) 

and the iterative process continues until the out-of-balance forces  100
G  are sufficiently small: 

    100 100
G O  (4.2) 
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usually within a pre-defined tolerance on the norm of G. Other convergence criteria may also be 

used, such as ones based on the norm of iterative displacement correction U  or the energy 

norm TU G . 

  

Figure 4.1: Example partitioned structural domain 

4.1.1 Solution at parent level 

With partitioning, the parent structure has a reduced number of 46 nodes, 23 of which are 

connected to the partition super elements, so-called dual super elements (Jokhio and Izzuddin 

2015). Partition 1  has 12 nodes with 10 on the boundary forming the dual super element. 

Partitions 2  and 3  each has 9 nodes with 8 on the boundary. The partitions are taken out of 

the overall domain for illustration in Figure 4.2. The nodes in the parent partition are renumbered 

for presentational convenience. The effective tangent stiffness matrix of the parent is now a 

92×92 matrix [92 92]K , and this is assembled in the usual way by first considering contributions 

from the conventional finite elements followed by the partition super elements. The super 

element corresponding to 1  has 10 nodes, which are numbered consecutively from 24 to 33 for 

presentational purposes. Therefore, the contribution of partition 1  to the global effective 

tangent stiffness matrix of the parent is assembled as follows: 

      
1 20 2047:66,47:66 47:66,47:66

c

 
 K K K  (4.3) 

where  
1 20 20

c

 
K  with a left superscript c is the condensed effective tangent stiffness matrix of 

partition 1  after the internal nodes have been eliminated.  
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The contributions from the second and third partitions are similarly assembled as follows: 

      
2 16 1661:76,61:76 61:76,61:76

c

 
 K K K  (4.4) 

      
3 16 1677:92,77:92 77:92,77:92

c

 
 K K K  (4.5) 

The resistance forces {92}R  are also assembled in a similar way from the conventional and the 

partition super elements, where in the latter case they are the condensed resistance forces 
p

c
R . 

The out-of-balance forces {92}G  at the parent level are then obtained as: 

      92 92 92
 G R P  (4.6) 

and the iterative correction of displacements is obtained as: 

      
1

92 9292 92
 


 U K G  (4.7) 

Since there are 23 nodes shared with the partitioned elements, 46 of the entries in  92
U  are 

transferred to the corresponding child partitions to establish the iterative correction of 

displacements of the internal nodes within the partitions. The recovery of the condensed tangent 

stiffness matrix and resistance forces as well as the determination of the iterative internal 

displacements at the child level are discussed next. 

 

Figure 4.2: Partitioned structure: parent structure and child partitions 
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4.1.2 Solution at child level 

For improved efficiency in solving the governing equations of discrete equilibrium, which are 

typically associated with a sparse system, alternative procedures may be applied at the child level,  

including the frontal method (Irons 1970) and the multifrontal method (Duff and Reid 1983). With 

the standard frontal solution method, the super element wrapping the partition boundary can be 

conveniently placed as the last element in the order of assembly (Jokhio and Izzuddin 2015), which 

allows the straightforward recovery of the condensed resistance forces and effective tangent 

stiffness matrix to be sent to the parent. To illustrate this point, consider the linearised system of 

equations within a child partition before condensation: 

 

1 11,1 1,2 1,

2 22,1 2,2 2,

,1 ,2 ,

n

n

n nn n n n

U GK K K

U GK K K

U GK K K







     
     

          
    
         

 (4.8) 

where n is the size of the partition. Forward elimination of the equation system is carried out until 

the only active DOFs are those on the partition boundary, which would be automatically realised 

at the end of the assembly process before eliminating the DOFs associated with the partition 

super element. At this point, (4.8) is transformed to: 
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 (4.9) 

where h is the number of DOFs associated with the super element. 

The lower right part of the stiffness matrix, which can be expressed as [( 1) ( 1)]' n h n h    K , is associated 

with the boundary DOFs and represents the condensed effective tangent stiffness matrix 
p

c
K  for 

child partition p. Similarly, the lower part of the right hand side, expressed as { 1: }' n h n G , 

represents the condensed resistance forces vector 
p

c
R . The iterative correction of 

displacements for partition p at the partition boundary, 
p

c U , is returned from the parent. 



Implicit-Explicit Time Integration with Domain Decomposition 

86 

These values correspond to those of the active boundary DOFs at the child level, { 1: }n h n  U , which 

are then used to find the iterative correction of displacements at the internal freedoms, {1: }n h U  , 

through a backward substitution process: 

 ,
1,

1
' ' ( 1,..., )

'

n

i i i j j
j ii i

G K i n h
K

 
 

 
     

 
U U  (4.10) 

4.2 Implicit-Explicit Time Integration at Parent Level 

When applying the implicit-explicit time integration scheme to a discrete structure, the first step 

is to group elements as either implicit or explicit for separate consideration in the assembly and 

solution procedure. In the parent partition of a structure modelled with domain decomposition, 

super elements representing child partitions are treated similarly to conventional finite elements; 

hence, they may be similarly grouped as either implicit or explicit. However, unlike conventional 

finite elements which are classified as fully explicit or implicit according to the criteria discussed 

in Chapter 3, partition super elements can have a partial explicit/implicit classification depending 

on the nature of the conventional elements within the corresponding child partitions. 

For conventional finite elements, an implicit element has a fully populated effective tangent 

stiffness matrix IK  and an explicit element has a diagonal effective tangent stiffness matrix EK  

subject to appropriate lumping of the mass and damping, as discussed in Chapter 3. Accordingly, 

the assembled effective tangent stiffness associated with explicit nodes, connected only to 

explicit elements, is diagonal, while that associated with the remaining implicit nodes, each 

connected to at least one implicit element, is fully populated. The effective tangent stiffness 

matrix of a partition super element assembled at the parent level is the condensed matrix 
p

c
K , 

which results from forward elimination of the internal DOF parameters within the child partition. 

Considering this forward elimination process within the child partition, if all boundary nodes are 

explicit nodes, then the resulting 
p

c
K  is diagonal, and hence the partition super element 

becomes a fully explicit element for the parent. Alternatively, if there exist implicit nodes in the 

child partition on the boundary, the resulting 
p

c
K  is non-diagonal and the partition super 

partition element is no longer explicit for the parent. Considering the partition super element in 

this case to be implicit can become very inefficient if the majority of the nodes on the boundary 

in the child partition are in fact explicit with only a few implicit nodes. To avoid such inefficiency, 
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p

c
K  is divided into a diagonal sub-matrix and a fully populated sub-matrix, effectively leading to 

a super element which is explicit/implicit, with boundary nodes that can be implicit or explicit. 

The solution procedure for the mixed implicit-explicit time integration scheme with domain 

decomposition is elaborated over this and the following two sections considering the same 

example problem, as shown in Figure 4.3, where the conventional finite elements are classified 

as either implicit or explicit, as discussed in Chapter 3. 

 

Figure 4.3: Elemental implicit-explicit mesh of the example domain 

Partitions 2  and 3  employ pure explicit and pure implicit time integrations, respectively. 

Accordingly, for the solution procedure in the parent partition 0 , the super elements 

representing partitions 2  and 3  are an explicit element and an implicit element, respectively. 

Partition 1  has a mixture of implicit and explicit conventional finite elements connected to the 

boundary, hence the corresponding super element in the parent partition is explicit/implicit. 

Specifically, this super element has 6 implicit nodes, namely nodes I3-I8 in the child domain, and 

4 explicit nodes, namely E1-E4 in the child domain. It is worth noting, however, that 2 of these 

4 explicit nodes, namely E1-E2, are not treated as explicit in the parent partition, since they are 

attached to an implicit conventional element. The condensed effective tangent stiffness matrices 
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for the super element representing partition 1  are therefore a diagonal explicit matrix 
1 [8 8]

c E
 K  

and a populated implicit matrix 
1 [12 12]

c I
 K . Overall, 24 of the 46 nodes in the parent structure are 

explicit and 22 are implicit, where the corresponding global effective tangent stiffness matrices 

are therefore [48 48]
E

K  and [44 44]
I

K . The implicit and explicit nodes are numbered separately to 

elaborate the respective assembly of the effective tangent stiffness matrices. The numbering of 

the nodes on the partition boundary is different in the parent and child partitions for 

presentational convenience.  

The explicit effective tangent stiffness matrix  
1 8 8

c E

 
K  of super element representing partition 

1  and the condensed explicit effective tangent stiffness matrix  
2 16 16

c E

 
K  of super element 

representing partition 2  are assembled to the global explicit effective tangent stiffness matrix 

EK  as follows: 

      139:42,39:42 39:42,39:42 5:8,5:8

E E c E


 K K K  (4.11) 

      241:48,41:48 41:48,41:48 5:8|11:14,5:8|11:14

E E c E


 K K K  (4.12) 

and the remaining parts of 
1

c E
K  and 

2

c E
K , although diagonal sub-matrices, are assembled into 

the fully populated IK as the corresponding nodes become implicit in the parent structure: 

 
     113:14|17:18,13:14|17:18 13:14|17:18,13:14|17:18 1:4,1:4

I I c E


 K K K  (4.13)  

      221:28,21:28 21:28,21:28 1:4|9:10|15:16,1:4|9:10|15:16

I I c E


 K K K  (4.14) 

The implicit effective tangent stiffness matrix  
1 12 12

c I

 
K  of the super element representing 1  

and the condensed effective tangent stiffness matrix  
3 16 16

c I

 
K  of the super element representing 

3  are assembled into IK  as follows: 

      
1 12 129:12|15:16|19:24,9:12|15:16|19:24 9:12|15:16|19:24,9:12|15:16|19:24

I I c I

 
 K K K  (4.15)  

      
3 16 1629:44,29:44 29:44,29:44

I I c I

 
 K K K  (4.16) 

The resistance forces of the parent structure {48}
ER  and {44}

IR , hence the out-of-balance forces, are 

assembled similarly to the stiffness matrices. The iterative correction of displacements at the 

parent structure are then obtained as follows: 
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1

48 4848 48
( )E E E 


 U K G  (4.17) 

      

1

44 44 44 44
( )I I I 


 U K G  (4.18) 

noting that the solution expressed by (4.17) is trivial due to the diagonal explicit stiffness matrix. 

The correction of displacements for the nodes connected to the partition super elements are 

provided to the dual super elements in the respective child domains: 

    
1 5:8 39:42

c E E 


U U  (4.19) 

 
   

2 41:485:8|11:14

c E E 


U U  (4.20) 

    1 12 9:12|15:16|19:24

c I I 


U U  (4.21) 

    1 1:4 13:14|17:18

c E I 


U U  (4.22)  

 
   

2 21:281:4|9:10|15:16

c E I 


U U  (4.23) 

    
3 16 29:44

c I I 


U U  (4.24) 

The internal nodes of the partitions are solved through backward substitution, followed by partial 

forward elimination to recover the condensed tangent stiffness and resistance forces at the 

boundary nodes, for consideration in the next iteration at the parent level. The iterative process 

continues until convergence is achieved at the parent level and within the individual partitions. 

4.3 Implicit-Explicit Time Integration at Child Level 

The forward elimination process within a child partition stops when the active nodes are only 

those along the partition boundary belonging to the dual super element. The standard solution 

procedure at the child level starts with transferring the condensed stiffness matrix and resistance 

forces to the parent partition, and receiving the iterative correction of displacements at the 

partition boundary in return. The internal nodes are solved subsequently through backward 

substitution. This process only describes the scenario where implicit integration is used and 

should be modified if explicit or mixed implicit-explicit integration is adopted in the child partition.  

The solution process described above applies to partition 3 , which is integrated purely implicitly. 

For partition 2 , explicit integration means that conventional forward elimination is not carried 

out as the inversion of the effective tangent stiffness matrix 
2 [18 18]

E
 K  is easily achieved by finding 
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the reciprocals of the diagonal entries. Hence, the condensed matrix 
2 [16 16]

c E
 K  is simply the sub-

matrix of 
2 [18 18]

E
 K  excluding terms relating to the internal node E1 as expressed by: 

  

 

2

2

1,1

2,218 18

16 16

E

E E

c E

K

K
 

 

 
 

  
 
 

K

K

 (4.25) 

Similarly, the condensed resistance forces vector {16}
c EG  is a sub-vector of the global vector {18}

EG : 

  

 

2

1

218

16

E

E E

c E

G

G


 
 

  
 
 

G

G

 (4.26) 

The correction of displacements on the boundary returned from the parent is no longer a 

prerequisite to determine the correction of displacements of the internal nodes, which could be 

found directly by dividing the out-of-balance forces by the corresponding diagonal stiffness 

entries as follows: 

  

 

2

1:2

1:2

1,1 2,2,

E
E

TE EK K





G
U   (4.27) 

Nevertheless, the correction of displacements of an explicit super element is sent back to the child 

partition to determine the predictor values that are required for the calculations in the next time 

step. It also simplifies the implementation as the mutual communication between the parent and 

the child partitions is carried out for the implicit and explicit/implicit super elements anyway. 

For partition 1 , the condensed implicit stiffness matrix 
1 [12 12]

c I
 K  and resistance forces 

1 {12}
c I

G  

are results of the partial forward elimination on the linear system of equations relating to the 

implicit nodes. Because all of the explicit nodes are on the boundary, the explicit stiffness matrix 

and resistance forces are directly taken as the ‘condensed’ ones: 

    
1 18 8 8 8

E c E

   
K K  (4.28) 

    
1 18 8

E c E

 
G G  (4.29) 

The correction of displacements of the implicit nodes on the boundary, namely 
1 {12}

c I
U  or 

1 {5:16}
I
U

, is used to determine the correction of displacements of the two internal implicit nodes 
1 {1:4}

I
U : 
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1 1

16

,
1,

1
' ' 1, ,4

'
I I

i i i j j
j ii i

G K i
K

  

 

 
    

 
U U  (4.30) 

The correction of displacements of the explicit nodes is returned from the parent but is not 

required in finding the correction of displacements at the internal nodes as explained for child 

partition 2 . 

4.4 Implicit-Explicit Time Integration in Hierarchic Partitioning 

The implicit-explicit time integration scheme can also be applied to a hierarchically partitioned 

structural model. The methodology is extended from the single-level of partitioning, where a child 

partition can be further partitioned into its own child partitions, and it would observe a similar 

relationship with these child partitions as observed with its parent. For illustration, the mesh in 

Figure 4.3 is used again, while partition 1  is further decomposed into partitions 4  and 5 , 

each of which having implicit and explicit elements. 

 

Figure 4.4: Elemental implicit-explicit mesh of the hierarchically decomposed domain 
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In the lowest level child partitions, nodes are easily defined as implicit or explicit based on the 

type of elements. In the illustrative domain, partition 4  has 3 explicit nodes E1-E3 and 6 implicit 

nodes I1-I6. Partition 5  has 2 explicit nodes E1-E2 and 4 implicit nodes I1-I4. The intermediate 

partition 1  has only 2 partition super elements without any conventional finite elements; 

hence, the explicit nodes on the boundaries remain explicit at the intermediate level. The 

assembly of the explicit and implicit effective tangent stiffness matrices are as follows: 

    
41 6 61:6,1:6

E c E

 
K K  (4.31) 

      
51 1 4 45:8,5:8 5:8,5:8

E E c E

  
 K K K  (4.32) 

    1 41:10,1:10 9:10|1:8,9:10|1:8

I c I

 
K K  (4.33) 

      
51 1 8 81:2|9:14,1:2|9:14 1:2|9:14,1:2|9:14

I I c I

  
 K K K  (4.34) 

Except for 
4 [10 10]

c I
 K  that results from eliminating the only internal node I1 in partition 4 , all of 

the contributing matrices from the child partitions 4  and 5  are the originally assembled 

matrices, although they are denoted as condensed matrices. 

The intermediate partition 1  has only 11 nodes as node I1 in Figure 4.3 is now an internal node 

in partition 4 . The implicit nodes in partition 1  are renumbered from I1-I7. The new I1 is 

eliminated in the forward elimination process of the implicit mesh. The assembly of the 

intermediate partition to the parent is then similar to that in the single-level partitioned model as 

expressed in (4.11), (4.13) and (4.15).  

4.5 Mixed-Dimensional Coupling 

A mixed-dimensional coupling technique based on a master-slave approach has been developed 

by Jokhio and Izzuddin (2017) for parallel analysis of nonlinear structures using the domain 

partitioning method described above. The single master node is a 1D node with 6 DOFs, 

connected to a number of slave 3D nodes with 3 DOFs each. It could be applied to a framed 

structure which is mainly modelled with 1D elements but with some more critical parts modelled 

with 3D elements for accuracy. The coupling method allows 3D nodes over a cross-section of a 3D 

continuum model to be coupled to a single 1D node attached to 1D beam-column elements. This 

also has an important application in modelling masonry infills within steel frames, as illustrated in 
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the first case study in Chapter 6. In the context of the partitioned modelling approach, the 3D 

partition boundary can be coupled to several 1D nodes, which then form the new partition 

boundary as indicated in Figure 2.8 (Izzuddin and Jokhio 2017). In this section, the formulation of 

the method and its application within the implicit-explicit time integration scheme are discussed 

in detail. 

The master-slave elements are placed between the original 3D and the new 1D boundaries of the 

child partition. For equilibrium, the master-slave elements transform the condensed resistance 

forces and the condensed effective tangent stiffness matrix of the boundary nodes from the slave 

to the master level. In return, for compatibility, the correction of displacements obtained at the 

master level is transformed to the slave level. In the implicit-explicit time integration scheme, the 

assembly and solution procedures are separate for the explicit and implicit nodes, where the 

explicit ‘condensed’ effective tangent stiffness matrix is a diagonal matrix and only the diagonal 

entries are sent from the child to the parent. Therefore, it is important to find the influence of the 

master-slave elements on the explicit nodes on the partition boundary. The primary question to 

address is whether the master node attached to explicit slave nodes can be considered to be 

explicit. 

4.5.1 Formulation of Master-Slave Element 

By definition, the sets of slave nodes associated with the different coupling elements are mutually 

exclusive. The transformation between the slave nodes and the master node are as follows: 

          , 6 6, 6 6
,  ,  

i j i i

c c c c
s m s m i m i si j i ii j h h h h

 
  

  K K R R U U  (4.35) 

where the left m and s subscripts represent master and slave entities, respectively. The 3D 

partition boundary is treated similarly as a rigid cross-section, where the translations and 

rotations of the master node could be identified as the translations and rotations of the 3D cross-

section.  

In the global reference system, as shown in Figure 4.5, the displacement vector for a 1D master 

node is: 

 ,  ,  

t x
m t r

rm m m y
m

z

u

v

w







   
      

       
      

   

U
U U U

U
 (4.36) 
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Figure 4.5: Global freedoms of 1D master node (Izzuddin and Jokhio 2017) 

The displacements of slave node k are then found as: 

 t r
s k m r k m U U T U  (4.37) 

where the r kT  is the rotational transformation matrix of slave node k (Izzuddin and Jokhio 2017) 

that is determined by the relative global coordinates of the slave node k to the master node 

T

s k s k s kx y z as follows: 

 

0

0

0

s k s k

r k s k s k

s k s k

z y

z x

y x

 
 

 
 
  

T  (4.38) 

The resistance forces associated with a slave node k contribute to the resistance forces of the 

master node, which are thus determined from the principle of virtual work and expressed as: 

 
1

sn
c T c

m k s k
k

R T R  (4.39) 

where sn  is the number of slave nodes associated with the master node, and kT  represent the 

first derivatives of the displacements of slave node k with respect to those of the master node: 

  3
s k

k r kT
m


 


U
T I T

U
 (4.40) 

where 3I  is the identity matrix and r kT  is already obtained in (4.38). 

The condensed effective tangent stiffness matrix is defined as the first derivative of the 

condensed resistance forces with respect to the corresponding master nodal displacements at 
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the partition boundary. The condensed effective tangent stiffness matrices of the slave nodes and 

the master node are defined respectively as: 

 ,  
c c

c cs m
s mT T

s m

    
    

   

R R
K K

U U
 (4.41) 

Therefore, the sub-matrix of c
mK  that is related to master nodes i and j on the new partition 

boundary can be obtained as the transformation of the associated 3 3  sub-matrices of the 

condensed stiffness matrix c
sK  related to the associated slave nodes (Izzuddin and Jokhio 2017): 

 
.,

, ,
1 1

s js i nn
c T c

m i j k s k l l
k l 

K T K T  (4.42) 

where ,s in  and ,s jn  are the numbers of slave nodes to master nodes i and j, respectively. 

The master nodes on the new partition boundary could be coupled or uncoupled with the other 

master nodes depending on the mesh of the child partition. The master-slave element with at 

least one implicit slave node is treated as implicit in the parent partition and is considered as a 

normal implicit element. On the other hand, consider master node i of a master-slave element 

with all explicit slave nodes, whose responses are characteristically explicit at the child level as 

defined by the predictor resistance forces and the constant diagonal corrector effective tangent 

stiffness matrices ,
c
s k kK  ,( 1, , )s ik n . The corresponding effective tangent stiffness matrix of the 

master node is non-diagonal when obtained as follows: 

 
.

, ,
1

s in
c T c

m i i k s k k k
k

K T K T  (4.43) 

It seems that master nodes of master-slave elements can only be treated as implicit in the parent 

partition. This removes the efficiency from an explicit solution procedure at the parent level, as 

the assembled system of equations becomes both coupled and nonlinear. In some cases, the 

computation associated with the super elements comprising of master nodes of the master-slave 

elements on the partitioned boundaries of the child partitions is paramount in determining the 

overall efficiency of the parent partition. It is then beneficial to ‘force’ a master node to be explicit 

simply by establishing predictor resistance forces and an appropriate constant and diagonal 

effective tangent stiffness matrix for the master node. The detailed method is explained in the 

following section. 
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4.5.2 Explicit Master Node 

The method applies to master nodes of master-slave elements with all explicit slave nodes only. 

If the considered master node in the parent is attached to implicit elements, including other super 

elements, it is not necessary to be approximated to explicit as it will be changed back to implicit 

in the parent anyway. The effective tangent stiffness matrix and the effective resistance forces 

are obtained in the usual transformation as shown in (4.29) and (4.32). However, on the other 

hand, if the master node in the parent is not attached to any implicit element, it can be fully 

explicit and an approximation is introduced at the master-slave element level to ‘force’ the master 

node to be explicit. This is achieved by establishing the predictor resistance forces and a constant 

diagonal effective tangent stiffness for the master node. 

Specifically, the explicit effective tangent stiffness matrix of the master node is obtained as the 

diagonal approximation of the expression in (4.43): 

 
.

, ,
1

s in
c T c

m i i k s k k k
k

approximate


 
  

 
K T K T  (4.44) 

The transformed stiffness matrix corresponding to a single slave node k could be found as follows: 
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 (4.45) 

where the off-diagonal sub-matrices are directly ignored. The sub-matrix associated with the 

translational DOFs of the master node is directly the effective tangent stiffness matrix ,
c
s k kK  of the 

explicit slave node k, which is already constant and diagonal. The sub-matrix associated with the 

rotational DOFs of the master node is obtained as follows: 

 

2 2

2 2
,

2 2

( )

( )

( )

s k s k x s k s k x s k s k x

T c
r k s k k r k s k s k y s k s k y s k s k y

s k s k z s k s k z s k s k z

y z K x y K x z K

x y K x z K y z K

x z K y z K x y K

   
 

    
    

T K T  (4.46) 

Again, the off-diagonal terms in the matrix in (4.46) are ignored and the diagonal terms are further 

approximated to an average value of: 

 
2 2 2 2 2 2( ) ( ) ( )

3

s k s k x s k s k y s k s k zr
k

y z K x z K x y K
K

    
  (4.47) 
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leading to a diagonal effective tangent stiffness matrix of the explicit master node i as:  

 
.

,
,

1 3

s i cn
c s k k

m i i r
k kK

 
  

 


K
K

I
 (4.48) 

The diagonalization process is similar to the mass lumping technique for conventional explicit 

finite elements. In this case, with a linear diagonal characteristic response, the master node i, 

which has all explicit slave nodes and is connected to only explicit conventional finite elements or 

super elements, can be treated as fully explicit in the parent partition. The computational benefits 

of explicit dynamic analysis are realised subjected to typical ‘lumping’ inaccuracy. If there exist 

both implicit and explicit master nodes on the partition boundary, the super element representing 

the child partition is explicit/implicit in the parent partition, as introduced in the previous context 

of this chapter.  

The effective resistance forces of the master node are accurately obtained in (4.39). The effective 

resistance forces of the slave nodes  ( 1, )c
s k ik nR  are evaluated with the predictor slave nodal 

displacements, which are found directly from the previous slave nodal displacements, velocities 

and accelerations. The transformation matrix kT  is exactly evaluated with the predictor 

displacements of the master node. 

4.6 Verification 

This section presents a number of verification examples that demonstrate the efficiency and 

accuracy of the implicit-explicit time integration scheme with domain decomposition. The stability 

of the approach depends solely on the explicit mesh of the structure in the parent and child 

partitions. The same discussion on the stability of the implicit-explicit scheme presented in 

Chapter 3 for monolithic models applies also to partitioned models.  

4.6.1 Composite Floor Slab 

The first example is a small-scale problem used to compare the monolithic and the partitioned 

models with implicit-explicit dynamic analysis. The same composite floor slab model used in 

Chapter 3 is decomposed here into two child partitions each with a 19×10 mesh of flat shell 

elements. The partition boundary is the transverse section at mid-span as illustrated in Figure 4.6. 

In the implicit-explicit analysis, both child partitions are purely explicit, which thus applies also to 
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the corresponding super elements and to the overall parent structure. In this case, the implicit-

explicit analysis is in fact a purely explicit analysis. The slab is subjected to a triangular deflagration 

signal of 100ms duration and 1000mbar (0.1Mpa) peak overpressure and develops a residual out-

of-plane deformation. Figure 4.7 compares the uplifts at the centre of the slab between the 

monolithic and the partitioned models, where identical results are obtained between the two 

types of models for both implicit and explicit analyses. 

 
Figure 4.6: Partitioned composite floor slab model at maximum upward deflection 

 

Figure 4.7: Uplift at the centre of the slab with monolithic and partitioned models 

The critical time step of explicit time integration depends on the highest frequency of the model, 

which, in a mesh employing a single type of element, is associated with the smallest element 
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model. The efficiency of the different analyses is summarised in Table 4.1. The explicit analysis of 
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this is due to parallelising the computations over two child partitions, where most of the 

computational demand is related to the evaluation of the predictor element resistance forces. 

The computations at the parent level and the communication overhead between the child 

partitions and the parent are relatively small. Similarly, for the implicit analysis, the computation 

time in the partitioned model, overall and per iteration, are reduced to about half of those in the 

monolithic model. 

Table 4.1: Efficiency comparison between the explicit and implicit integrations for the floor 
model with shell element 

 Explicit Implicit 

 Monolithic Partitioned Monolithic Partitioned 

Pre-defined time step 1.429×10-5s 1×10-3s 

Actual time step 1.429×10-5s 1×10-3s, 1×10-4s, 1×10-5s 

No. of time steps 1.4×104 200 

No. of iterations 2.8×104 3474 2.8×104 

Wall-clock time of analysis 8min38s 4min42s 8min38s 4min42s 

Wall-clock time per iteration 1.850×10-2s 1.007×10-2s 1.850×10-2s 1.007×10-2s 

As a feature of the partitioning approach, different integration schemes could be adopted in the 

different partitions. For example, the parent partition can be considered with implicit analysis 

while child partitions are solved explicitly; however, since in this case the parent only consists of 

super elements, implicit analysis provides identical results to explicit analysis as the effective 

stiffness matrices obtained from the child partitions are diagonal and constant. Alternatively, one 

of the child partitions can be made implicit; however, this would not be efficient due to the 

resulting computational demand per time step and the excessive number of time steps still 

required by the other partition. Accordingly, the developed implicit-explicit time integration 

scheme is best applied to problems where selected implicit elements/nodes are allowed to 

facilitate the overall explicit time integration with the largest possible time steps. 

4.6.2 Fixed-Ended Beam with Brick Elements 

The second example is the fixed-ended beam modelled with 3D brick elements that has been 

studied previously in Chapter 3. The cross-sectional discretisation, dimensions and material 

properties are therefore identical to those provided in Figure 3.7. The beam is partitioned into 

three subdomains, corresponding to the top flange, bottom flange and web, respectively. The 

partitioned model is illustrated in Figure 4.8, where the partition boundaries are where the three 
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plates connect. To achieve reasonable loading balancing on the parallel processors in partitioned 

modelling, similar sizes should be typically sought for the child partitions in terms of number of 

nodes and/or elements. The adopted partitioning approach for this beam is effective as it 

generates partitions of similar sizes and leads to a relatively small number of nodes on the 

partition boundaries compared to partitioning in the longitudinal direction, in which case, the 

partitioned boundaries would be the cross-sections of the beam. 

 
Figure 4.8: Decomposed model of fixed-fixed beam with brick elements 

 
Figure 4.9: Mid-span displacement of the fixed-fixed beam in monolithic and partitioned models 
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 As shown in Figure 4.9, the predictions of mid-span displacement due to the suddenly applied 

point load of 6000kN are similar between the monolithic and the partitioned models, although 

the difference in the post-buckling behaviour after 0.04st   still exist between the different 

analyses due to the highly nonlinear nature of the problem. 

Similar to the slab model, the implicit-explicit analysis of the beam model is a pure explicit analysis 

as only solid elements are used. Table 4.2 presents a comparison of efficiency between the 

different analyses. It is observed that the improvement in efficiency due to domain decomposition 

is more obvious in the explicit analysis compared to the implicit analysis. Specifically, the 

partitioned model takes about 1/3 of the wall-clock time of the monolithic model in explicit 

analysis while the ratio in implicit analysis is about 1/2-1/3. The communication between the 

partitions and the parent relates mainly to sending/receiving the effective tangent stiffness matrix 

and load vector from the child to the parent and the iterative correction of displacements from 

the parent to the child. In the explicit analysis, only the diagonal entries of the effective tangent 

stiffness matrix are sent, which corresponds to a much smaller size compared to the overall matrix 

in the implicit analysis.  

Table 4.2: Efficiency comparison between the explicit and implicit integrations for the fixed-
ended beam 

 Explicit Implicit 

 Monolithic Partitioned Monolithic Partitioned 

Pre-defined time step 3.333×10-7s 3.333×10-5s 

Actual time step 3.333×10-7s 3.333×10-5s 

No. of time steps 3×105 1500 

No. of iterations 3×105 11577 11555 

Wall-clock time of analysis 71min32s 25min33s 24min32s 10min33s 

Wall-clock time per iteration 1.431×10-2s 5.111×10-3s 1.271×10-1s 5.478×10-2s 

Considering hierarchic partitioning next, the child partitions 1 3  are each further decomposed 

into two equivalent lower level partitions, as shown in Figure 4.10, making the former 

intermediate level partitions. The intended implicit-explicit analysis leads to a purely explicit 

analysis and the same time step is adopted as in the monolithic model and the single level 

partitioned model. As shown in Figure 4.11, the resulting mid-span displacement of the beam 

compare well with the results of the single level partitioned model, respectively in explicit and 

implicit analyses, especially prior to buckling.  
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Figure 4.10: Hierarchically partitioned model of fixed-fixed beam with brick elements 

 
Figure 4.11: Mid-span displacement of the fixed-fixed beam in single level partitioned and 

hierarchically partitioned models 
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level partitioned model, although not halved due to the additional computation of the 

intermediate parent partitions and the communication overhead between the partitions. On the 

other hand, the further domain decomposition does not reduce the wall-clock time of the implicit 

analysis at all due to the associated heavy inter-process communication overhead. 
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Table 4.3: Efficiency comparison between the explicit and implicit integrations for the fixed-ended 
beam (monolithic, partitioned and hierarchically partitioned) 

 Explicit Implicit 

 Monolithic Partitioned Hierarchic Monolithic Partitioned Hierarchic 

Pre-defined time step 3.333×10-7s 3.333×10-5s 

Actual time step 3.333×10-7s 3.333×10-5s 

No. of time steps 3×105 1500 

No. of iterations 3×105 11577 11555 11528 

Wall-clock time of 

analysis 
71min32s 25min33s 15min33s 24min32s 10min33s 10min24s 

Wall-clock time per 

iteration 
1.431×10-2s 5.111×10-3s 3.110×10-3s 1.271×10-1s 5.478×10-2s 5.413×10-2s 

 

4.6.3 Cantilever Beam  

The detailed models of beams with brick elements are usually computationally prohibitive. 

Therefore, in the non-critical parts, the model could be simplified to 1D beam-column elements. 

This example considers a cantilever I-beam, where half of the beam at the supported end is 

modelled with brick elements and the other half is modelled with 1D beam-column elements. The 

two mixed-dimensional parts are coupled with the master-slave elements (Izzuddin and Jokhio 

2017). The mesh and the cross-sectional discretisation are shown in Figure 4.12. The beam is 

under a tip point load of 42 10 kN  suddenly applied as a dynamic load. For comparison, the 

detailed monolithic model of the beam is also considered.  

 

Figure 4.12: Cantilever beam under tip point load 
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In the considered mixed-dimensional model, the 3D mesh is included in a child partition while the 

1D mesh is incorporated in the parent partition. A single master-slave element is used at mid-

span assuming the beam cross-section remains plane. When adopting the implicit-explicit 

integration scheme, the child is purely explicit hence the single master node of the partition 

boundary, adopting the previously introduced approximations on the effective tangent stiffness 

matrix, is treated as explicit in the parent, which is then also purely explicit. In the monolithic 3D 

continuum model, the implicit-explicit integration scheme also leads to a purely explicit analysis. 

The two models at maximum deformation are shown in Figure 4.13. The tip displacements in 

Figure 4.14 indicate that the mixed-dimensional coupling introduces some inaccuracy but the 

implicit-explicit integration scheme does not introduce any additional discrepancy compared with 

the implicit scheme.  

  

Figure 4.13: Cantilever I-beam monolithic detailed model and mixed-dimensional model 

 
Figure 4.14: Tip displacements of cantilever beam 
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The critical time step associated with the brick elements is obtained with 40mmH   as: 
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while that associated with the 1D elements is obtained with 200mmH  as follows: 
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The respective critical time steps agree with the eigenvalue analyses results. Therefore, the critical 

time step for the implicit-explicit analysis of the mix-dimensional model is the same as the 

monolithic model, which is 61.802 10 scritt     determined by the brick elements, and an actual 

time step of 61.667 10 st     is used. Under a relatively small load, the implicit analyses are 

more efficient overall than the explicit analyses due to a much smaller number of iterations. The 

mixed-dimensional model takes less time per iteration than the monolithic model in both types 

of analysis. The implicit-explicit analyses of the two models take the same number of iterations 

hence the overall wall-clock time of the mixed-dimensional model is proportionally lower. In the 

implicit analyses, the beam-column elements require more iterations than the brick elements 

hence the overall analysis of the mixed-dimensional model is in fact less significant.  

Table 4.4: Efficiency comparison between the explicit and implicit analyses of the cantilever 
beam 

 Explicit Implicit 

 Monolithic Mix-dimensional Monolithic Mixed-dimensional 

Pre-defined time step 1.667×10-6s 1×10-3s 

Actual time step 1.667×10-6s 1×10-3s, 1×10-4s 

No. of time steps 3×104 50 

No. of iterations 3×104 180 393 

Wall-clock time of analysis 93min47s 47min54s 20min42s 26min21s 

Wall-clock time per iteration 1.876×10-1s 9.58×10-2s 6.900s 2.038s 

In some cases, if the beam-column elements are associated with an even smaller critical time step 

than the brick elements, the parent structure can be integrated implicitly while the child partition, 

that is the 3D detailed mesh in this case, can be kept explicit. For example, consider a modified 
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mesh of the cantilever beam, as shown in Figure 4.15, where a finer mesh is employed in the 1D 

model and a coarser mesh is employed in the 3D model.  

 

Figure 4.15: Change of mesh of the mixed-dimensional model of the beam 

The critical time steps are calculated as follows: 
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The critical time steps agree with the eigenvalue analysis results. If the overall model is integrated 

explicitly, the critical time step is that of the beam-column elements 62.527 10 scritt    . 

However, if the beam-column elements are integrated implicitly, which is not likely to influence 

the computational efficiency per iteration due to the simplicity and small-scale of the 1D mesh, 

the critical time step is increased to that of the brick elements 63.604 10 scritt    . Figure 4.16 

shows that the tip displacements of the two analyses compare well against the implicit results of 

both the original and the modified meshes. In terms of efficiency, as Table 4.5 indicates, although 
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the implicit analysis is still the most efficient due to the small load applied, by integrating the 

beam-column elements implicitly, the efficiency of the overall explicit analysis is obviously 

enhanced. The wall-clock time per iteration is not greatly affected by the implicit beam-column 

elements but the reduction in the number of time steps is rather significant. This advantage is 

brought about relatively easily by the heterogeneous solution procedures facilitated by the 

partitioning approach. 

 

Figure 4.16: Tip displacement of the beam with the new mesh 

Table 4.5: Efficiency comparison between the implicit, explicit and implicit-explicit 
integrations for the new mesh of the mixed-dimensional model of the cantilever beam 

 Implicit Explicit Implicit-Explicit 

Pre-defined time step 1×10-3s 2.5×10-6s 3.57×10-6s 

Actual time step 1×10-3s, 1×10-4s 2.5×10-6s 3.57×10-6s 

No. of time steps 50 2×104 1.4×104 

No. of iterations 484 2×104 1.4×104 

Wall-clock time of analysis 3min28s 8min8s 5min58s 

Wall-clock time per iteration 0.430s 2.440×10-2s 2.557×10-2s 
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CHAPTER 5 Simplified Models of Structural Components 
under Extreme Loading 

This chapter presents simplified models of structural components developed to capture the 

component responses under extreme blast loading. These simplified models can be used 

independently, though their advantages of computational efficiency are best exploited when 

incorporated in the global model of a building. The development of these simplified models has 

been part of the BASIS ‘Blast Actions on Structures in Steel’ RFCS funded project. One of the main 

aims of this project relates to the prediction of the overall response of a whole building under 

characteristic blast loading. Towards this end, a global model of a reference building is 

constructed, and a parametric study of nonlinear transient analyses under a range of typical blast 

signals is carried out, as presented in Chapter 6. The efficiency achieved through employing the 

simplified models is essential towards making such analyses possible.  

In the global mechanical model of a fin plate connection, bolt rows are usually represented by 

spring elements with separate axial and shear responses. Such a model works effectively under 

some extreme loading scenarios, such as those related to sudden column loss (Vlassis et al. 2008). 

In this study, the connection model is improved by coupling the axial and shear responses of bolt 

rows through an interaction curve. This allows a better representation of material nonlinearity in 

the presence of significant interaction between shear and axial actions. In addition, the strain rate 

effect is also taken into account to model the response of the bolts under short duration extreme 

loading. 

When a building is subjected to a global blast loading, such as due to explosion in a remote petro-

chemical facility, the overpressures can be transmitted into the building through openings caused 

by cladding or glazing failures. If the transmission occurs in a storey but not in the storey above, 

the transmitted overpressure, a blast uplift action is exerted on the floor above. Such an action 

would cause permanent transverse damage in the floor slabs due to the cracking of the concrete 
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cover. Importantly, such damage can lead to a reduction in the diaphragm stiffness and resistance 

of the affected floor slabs, which may compromise the ability of the structure to transfer the blast 

loads to the lateral sway resistance systems, typically at the ends or at the centre of a building. A 

simplified model of composite floors using flat shell elements and rigid links is therefore 

developed, and its ability to capture the reduction in the floor diaphragm response due to 

transverse damage is investigated. 

5.1 Fin Plate Steel Connections 

Beam-to-beam and beam-to-column connections using fin plates are widely used, especially in 

countries with low seismic hazard such as the United Kingdom, as they can easily accommodate 

off centre and skewed beams and present no erection difficulties. A fin plate connection consists 

of a length of plate welded to the supporting member, to which the supported beam web is 

bolted, as shown in the examples in Figure 5.1.  

 

Figure 5.1: Fin plate beam-to-beam and beam-to-column connections (SCI & BCSA 2014) 

Either a single column or two columns of bolts are used, and the number of bolt rows usually 

increases with the size of the supported beam. This type of connection is popular as it is quick to 

assemble and solves the problem of shared bolts in two-sided connections. Fin plate connections 

derive their rotational capacity from hole distortions in the fin plate and/or the beam web and 
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shear deformation of the bolts. These are all components in establishing the mechanical model 

of a fin plate connection with the widely used Component Method as used in Eurocode 3 (2005).  

5.1.1 Component Method 

The largely used Component Method (Eurocode 3 2005) requires that a connection is modelled as 

an assembly of basic components. Although it was developed for specific connections, the 

principal advantage of the component method is that its methodology is general, and thus it can 

be applied to any type of connection if the correct components are included. With reference to 

fin plate connections, the components that are included in the model are: 1) bolts in shear, 2) 

bolts in tension, 3) bolts bearing on beam web (BW) and fin plate (FP), and 4) BW and FP in 

shear/tension/compression. As a simplified alternative to detailed modelling, the mechanical 

model based on the component method simulates the connection response by employing a set 

of rigid links and nonlinear springs, with the latter corresponding to the active components. 

Figure 5.2 presents a typical beam-to-column fin plate connection and a commonly used 

mechanical model of the connection. The member sizes of the supporting and supported beams 

are HE240AA and IPE360, respectively. The fin plate is a Grade S275 100mm×10mm plate with a 

single vertical line of three bolt rows. The plate is welded to the flange of the supporting column 

with two 10m fillet welds and bolted to the supported beam web with three M20 8.8 bolts in 

22mm-diameter holes. As fin plate connections are less popular in European design practice due 

to seismic considerations, the Eurocode 3 provisions (2005) cannot be directly used. The 

calculation of the tying and shear capacities of the connection are based on the current UK design 

procedures (SCI & BCSA 2014), and the results are presented in Table 5.1. The tying capacity is 

310.8kN governed by the bearing capacity of the bolts on the beam web and the shear capacity 

is 271.2kN associated with the bolts bearing on the fin plate.  

Table 5.1: Tying and shear capacities of the fin plate connection 

Components Tying capacity (kN) Shear capacity (kN) 

1. Bolts in shear 320.4 282.0 

2. Fin plate in tension/shear 481.8 298.2 

3. Bolts bearing in fin plate 423.6 271.2 

4. Beam web in tension/shear 423.3 365.7 

5. Bolts bearing in beam web 310.8 336.6 

Capacity 310.8 271.2 
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(a) 

 

(b) 

Figure 5.2: Typical beam-to-beam fin plate connection (a) geometry and (b) mechanical model 
(All dimensions in mm) 

Both the supporting and the supported beams at the connection are represented by sets of rigid 

links connected by five springs. The inner three springs at 70mm spacing correspond to the axial 

response of the three bolt rows, where usually a bilinear response with a 1% strain hardening 

factor is assumed in both tension and compression, as seen in Figure 5.3. The elastic limits of the 

bolt rows ,a yF  are identically 1/3 of the tying capacity of the connection, i.e. 103.6kN.  
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Figure 5.3: Symmetric axial response of bolt rows (Vlassis 2007) 

As for the stiffness, expressions in the Eurocode 3 are used, where the components of bolts in 

shear and bolts bearing in fin plate and beam web are all taken into account. The effective axial 

stiffness per bolt row is then found as follows: 
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and the results are listed in Table 5.2. 

Table 5.2: Axial stiffness per bolt row  

Components Stiffness per bolt row (kN/m) 

1. Bolt in shear K1 32,000 

2. Bolt bearing in fin plate K2 184,500 

3. Bolt bearing in beam web K3 169,200 

Effective stiffness Ka  69,179 

The two extreme springs located at the top and bottom flanges of the supported beam represent 

the gap-contact rigid-plastic response associated with the contact between the beam flanges and 

the face of the column. The plastic limits are the crushing resistances of the beam flanges in 

compression. Due to the brittle nature of shear failures, in some extreme scenarios such as 

column loss (Vlassis et al. 2008), the shear response of the connection is simply modelled by 

assigning a rigid-plastic curve to the shear direction of only one of the springs. In this case, the 

shear stiffness is a less crucial parameter compared with the shear capacity. However, in other 

scenarios such as when considering the uplifting of the floor slabs, the shear response of the 

connection should be correctly represented, and, in fact, the overall response of the connection 
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is better captured if the axial and shear responses are coupled to account for material 

nonlinearity, as elaborated in the following sections. Finally, the beam and the column are 

modelled with beam-column elements connected to the rigid links, while composite action 

between the concrete slab and the beam is modelled through rigid-pinned links (Izzuddin 2003). 

5.1.2 Elasto-Plastic Response under Combined Axial and Shear Actions 

The commonly used mechanical model of a fin plate connection considers the axial and shear 

responses of a bolt row to be uncoupled. In order to accurately model the elasto-plastic response 

of the bolt rows, the interaction between the axial and shear responses is considered by using a 

closed convex plastic interaction curve  (Izzuddin and Lloyd Smith 1996), which is further 

generalised in this work to consider rate-sensitivity, as elaborated in the following section. 

In modelling strain hardening effects, two types of strain hardening are commonly considered, 

namely isotropic and kinematic (Bower 2009). Isotropic strain hardening is where the yield surface 

remains the same shape but expands with increasing plastic deformation. If the tensile yield 

strength is increased, the compressive yield strength is raised by the same proportion. However, 

with the kinematic hardening rule, hardening with an increasing tensile strength leads to a 

reduction in the compressive strength, and vice versa. This is achieved in kinematic hardening by 

maintaining the same shape and size for the yield surface, but allowing it to translate in the stress 

space with increasing plastic strains. The kinematic hardening rule provides a more realistic 

representation of steel hardening, hence it is adopted and modified for the coupled axial and 

shear response of bolt rows. The interaction yield curve is thus expressed as follows: 
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where aF  and sF  are the axial and shear forces in the bolt row, ,a yF  and ,s yF  are the respective 

yield forces, and ,a cF  and ,s cF  are the current centre of the yield surface, depending on the 

accumulated equivalent plastic deformation ,p accud . 

If the elastic application of the current increment of deformation  ( , )a sd d   leads to the , ,( , )a e s eF F  

which traverse the yield surface, plastic deformations , ,( , )a p s pd d  must be introduced in 

accordance with the associated flow rule to bring the force state back to the yield surface. The 

one-step backward Euler procedure (Crisfield 1997) as illustrated in Figure 5.4, is adopted by 
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virtue of its efficiency and the fact that it results in a symmetric consistent tangent modulus matrix 

TK . Accordingly, the current force state ( , )a sF F  must satisfy (5.2) and the following: 
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where , ,a y s yC F F  is a constant,   is a positive multiplier for the incremental plastic 

deformations, N is the normal to the interaction surface at the final unknow force state, and 

0

0
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s
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K  is the initial stiffness matrix of the bolt row. 

 

Figure 5.4: Backward Euler return with kinematic hardening 

The centre of the yield surface translates in the radial direction defined by the current forces as: 
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where r  is the incrememtal translation coefficient and is dependent on the accumulated 

equivalent plastic deformation ,p accud . Hence, the interaction equation in (5.2) is simplified to:  

   0 2 2 0 2
, , , ,, , ( ) ( ) ( ) 0a s p accu a a c s s c a yF F d F F C F F F r         (5.7) 
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Since the increment of the equivalent plastic deformation ,p accud  is identical to   (Crisfield 

1997), r  is obtained as follows: 
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where 'H  and hd  are the parameters of the axial force-displacement curve in Figure 5.5. It is 

noted that the bilinear curve in Figure 5.3 is generalised here to a trilinear curve to allow a post-

yield plateau before the initiation of hardening.  

 

Figure 5.5: Trilinear force-displacement curve of the axial component 

The N vector that defines the plastic deformation components according to the associate flow 

rule, and is obtained as follows: 
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Equations (5.3) and (5.7) provide a nonlinear system of simultaneous equations from which the 

current force state ( , )a sF F , the current centre of the yield curve , ,( , )a c s cF F  and the multiplier   

can be established. The nonlinear system of equations can be solved using a Newton-Raphson 

iterative strategy, where the values of ( , )a sF F , , ,( , )a c s cF F  and   are initialised to , ,( , )a e s eF F , 

0 0
, ,( , )a c s cF F  and zero, respectively. Once global equilibrium for the current step is achieved, the 

values of 0 0( , )a sF F , 0 0
, ,( , )a c s cF F  and 0  are updated to ( , )a sF F , , ,( , )a c s cF F  and 0   from the last 

time step. The consistent tangent modulus matrix  is identical to K if the current force increment 
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is elastic; otherwise, TK  is obtained based on the stationary condition of the interaction function 

in (5.7) as follows: 
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The above expression is applied to start on the hardening branch in Figure 5.5 when a hd d , 

otherwise, ' 0H  . Using equation (5.3), the infinitesimal increment of ( , )a sF F is expressed as: 
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where: 
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Rearranging (5.11) gives the following: 
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Premultiply (5.14) by TN and combining with (5.10) gives: 
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Substituting (5.17) into (5.14) gives: 
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Therefore, the consistent tangent modulus matrix TK  is expressed as: 
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5.1.3 Treatment of Viscoplasticity 

The total deformation of the elasto-plastic components in the connection model can be 

decomposed into an elastic part and a plastic part. Under short duration extreme loading, such 

as due to blast, the strain rate effect should be considered, where a plastic over-strength is 

realised depending on the rate of plastic deformation, typically modelled using viscoplastic theory 

(Izzuddin and Fang 1997). The plastic flow stress in the material model can be expressed as: 

 ( ) ( )p y p pH V        (5.20) 

where H  and V  represent the increases in strength due to strain hardening and strain rate 

effects, respectively. Similarly, the plastic force in spring elements can be expressed as: 

 ( ) ( )p y F p F pF F H d V d    (5.21) 

The over-strength FV  is dependent on the current plastic deformation rate pd , which is obtained 

by dividing the increment of the equivalent plastic deformation ,p accud  by the time step. Under 

kinematic hardening, FH  leads to the translation of the yield surface while FV . results in the 

dynamic expansion or contraction of the surface depending on pd . 

The popular Cowper-Symonds model (1957), which relates the viscoplastic overstress to the strain 

rate through a power law as follows: 
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is adopted and adjusted for the response of a bolt row as follows: 
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The same power law is used for the over-strength in terms of the deformation rate, though the 

material constants q’ and D’ are necessarily modified. Considering a uniaxial bar idealisation, with 

A and L being the cross-sectional area and the effective length of the considered component, the 

relationship between the adjusted material constants for the component and the original material 

constants is established as follows: 
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where E and k are Young’s modulus and stiffness of the specimen. The interaction curve in (5.7) 

is modified to include the over-strength FV  as follows: 

 0 2 2 0 2
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FV  depends on the current increment of plastic deformation ,p accud , i.e.  , and it is reflected 

in the infinitesimal form of the interaction curve as follows: 
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where: 
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The expressions for    and TK  are accordingly modified to the following: 
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5.1.4 Verification 

The developed model of bolt rows is designed to be included in the global mechanical model of 

fin plate connections. It improves the original mechanical model primarily by coupling the axial 

and shear responses of the bolt rows to achieve a more realistic representation of material 

nonlinearity. Viscoplasticity is also included for improved accuracy, especially under extreme 

loads where the strain rate effect becomes important. The model of the typical beam-to-column 

fin plate connection in Figure 5.2(b), considered previously by Vlassis et al. (2008),  is accordingly 

modified. In order to carry out a parametric study on the response of the connection solely, the 

concrete slab and the columns are excluded. In addition, the rigid link representing the column at 

the connection is fully restrained. Only a short length of 200mm of the beam is considered, where 

loads are applied at the end of the beam, with the beam model shown in Figure 5.6.  

 

Figure 5.6: Simplified mechanical model of the fin plate connection (All dimensions in mm) 

Simple actions, including pure axial loads, pure shear loads and pure bending moments are 

applied, and the responses of the previous and new models are compared. The short length of 

the beam would result in some additional but negligible bending moments to the connection. The 

responses under combinations of the simple actions are also investigated. All loads are applied 

over a short duartion of 0.01s in order to observe the strain rate effect, where the influence of 

rate-sensitivity can be excluded in the new model by adopting an extremely large D’ parameter 

of the Cowper-Symonds model. 

Several parameters need to be determined for the developed model, including the capacity and 

stiffness values , ,( , , , )a a y s s yK F K F  for the bolt rows, the material parameters ( ', )hH d  of strain 

hardening, and the material constants ( ', ')q D  relating to the strain rate effect. The capacity 

values are found according to the UK design guidance (SCI & BCSA 2014), as previously presented 
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in Table 5.1. The axial stiffness is found according the Eurocode 3 (2005) and is presented in 

Table 5.2, while the shear stiffness is similarly obtained and presented in Table 5.3. 

Table 5.3: Shear stiffness per bolt row  

Components Stiffness per bolt row (kN/m) 

1. Bolt in shear K1 32000 

2. Bolt bearing in fin plate K2 264375 

3. Bolt bearing in beam web K3 211500 

Effective stiffness Ka  85943 

 

Assuming typical Cowper-Symonds parameters of 14000sD   and 5q   for steel materials, the 

corresponding component parameters are: 
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 ' 5q q   (5.32) 

Finally, assumed 1% material strain hardening and a bilinear force-displacement relationship for 

the bolt row, the following component parameters are obtained: 

 ' 0.01 691.79kN/maH K    (5.33) 

 0hd   (5.34) 

5.1.4.1 Pure axial load 

 
Figure 5.7: Axial force-displacement curves under pure axial load 
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An axial load is applied to the connection at a rate of 80kN/ms. Under such a load without rate 

sensitivity, the response of the coupled model is not different from the uncoupled axial response. 

When considering the strain rate effect, an over-strength of around 35% is observed in the 

coupled model, as shown in Figure 5.7. After yield, the axial plastic displacement rate is 

approximately 44 10 mm/s , and the observed over-strength is consistent with the corresponding 

estimate obtained from: 

 

1 1
4' 5

6

4 10 mm/s
40%

' 3.544 10 mm/s

q
p

F y y y

d
V F F F

D

   
     

   
 (5.35) 

5.1.4.2 Pure shear load 

A pure shear load is applied to the connection at a rate of 80kN/ms. In the coupled model, the 

strain hardening parameter 'H  is defined so as to correspond to an axial strain hardening of 1%, 

resulting in a slightly lower 0.7% strain hardening under shear action as shown in Figure 5.8. 

 

Figure 5.8: Shear force-displacement curves under pure shear load 

To demonstrate, modify the interaction curve in (5.7) to pure shear action scenario: 
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Assuming positive shear force, (5.36) is further transformed to the following:  
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Therefore, the effective strain hardening in shear is: 

 
1%' 1 1% 69179kN/m
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85943kN/m
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s s
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 (5.38) 

On the other hand, the strain hardening in the uncoupled model is specified as 1% for both axial 

and shear actions, which explains the slight discrepancy between the two models in the post-yield 

range. A similar over-strength of around 35% is observed for the shear capacity as for the axial 

capacity in the pure axial load scenario.  

5.1.4.3 Pure bending moment 

A bending moment is applied to the connection at a rate of 3kN·m/s and the response is shown 

in Figure 5.9. Without considering strain rate effect, the rotation of the connection develops 

linearly until the top bolt row yields in tension at a total rotation of about 0.021rad. The curves 

enter another hardening stage at 0.065rad due to the closure of the 10mm gap at the bottom 

flange. Again, the strain rate effect enhances the response by a similar percentage as in the pure 

axial load case. 

 
Figure 5.9: Moment-rotation curves under pure bending moment 
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strain rate effect has enhanced the capacities. Since the axial and shear load rates are constant 

and equal, the path along which the interaction yield curve moves can be easily established, 

where the centre has equal shear-axial coordinates. At an axial displacement of 10mm, the over-

strengths due to strain hardening are 27kN, and those of a single bolt row are 9kN. Therefore, as 

shown in Figure 5.12, the current yield curves of a single bolt row are centred at (9kN, 9kN), and 

the rate-sensitive curve has dramatically expanded by 40%.  

 
Figure 5.10: Axial force-displacement curves under combined axial and shear loads 

 

Figure 5.11: Shear force-displacement curves under combined axial and shear loads 
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Figure 5.12: Interaction yield curves at 10mm axial displacement of a single bolt row 

Considering now a reduced shear load rate to half its previous value at 40kN/ms, the interaction 

yield curve moves twice as much in the axial direction as in the shear direction. The current curves 

at 10mmad   are shown in Figure 5.13, and they are centred at (9kN, 4.5kN) instead. 

 

Figure 5.13: Interaction yield curves at 10mm axial displacement of a single bolt row: reduced 
shear load rate 
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5.1.4.5 Combined axial load and bending moment 

An axial load at 80kN/ms and a bending moment at 3kN·m/s are applied simultaneously to the 

connection. Under the combined action, the individual bolt rows respond axially. As shown in 

Figure 5.14, due to the additional axial deformation caused by the axial load, the yield stage starts 

at a slightly smaller rotation than the 0.021rad observed previously in the pure bending case. The 

closure of the gap is slightly delayed to 0.068rad due to the additional tensile deformation of the 

axial load.  

 

Figure 5.14: Moment-rotation curves under combined axial load and bending moment 
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Figure 5.15: Moment-rotation curves under combined shear load and bending moment 

 
Figure 5.16: Shear force-displacement curves under combined shear load and bending moment 
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predicting the response of floor slabs under extreme loading conditions (Elghazouli and Izzuddin 

2004), this study focuses on its ability to capture the influence of damage due to blast uplift on 

the in-plane diaphragm stiffness and strength of the slab.  

5.2.1 Simplified Model with 2D Flat Shell Elements 

In Deliverable 4.4 of the BASIS project (TECNALIA 2016), a 1.8m×2m ComFlor 46 (Tata Steel 2016) 

slab is modelled to subject to transverse loads on the steel deck before its shear stiffness and 

capacity are measured. The influence of transverse deformations and damage on the shear 

stiffness and capacity was determined using detailed 3D continuum finite element models. 

Figure 5.17 shows the detailed model and the deformed configuration under shear action. The 

slab is connected to relatively rigid steel beams through shear studs at the top and bottom edges. 

Under transverse loading, the slab is simply supported, while under shear loads the edges are 

fully restrained and only allow the sliding on the top. The results obtained from the detailed model 

are used to verify the more simplified models developed in this work based on shell elements. 

 

Figure 5.17: Detailed model of the composite slab and the deformed shape (TECNALIA 2016) 

There are 8 long bolts at the top and bottom ends of the slabs in the detailed model, where the 

bolts were introduced in an experimental programme for simplifying the testing while achieving 

a similar effect to shear studs. The bolts are restrained against out-of-plane displacement, and 

the slab is effectively a simply supported slab. The free ends of the bottom bolts are fully 

restrained against shear movements while the top bolts are unrestrained.  
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Under shear action, the 16 bolts deform in combined shear and bending, and the corresponding 

stiffness values can be obtained as follows: 

 
2 2 5
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where 100mmh  and 8mmr   are the length and radius of the bolts. When considering the 

bending of the bolts, they are assumed to defom as fixed-ended beams. Therefore, the transverse 

stiffness of each bolt is 312 /EI h  as used in (5.40), thus the ovreall shear stiffness is: 

 

, ,
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1 1bolt

bolt shear bolt bending
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K K

 



 (5.41) 

In the simplified model, the slab is discretised into a mesh of 20 15  flat shell elements as shown 

in Figure 5.18. While shear studs are usually modelled with rigid links, spring elements with 

prescribed response characteristics are used instead for this developed model. This is due to the 

significant stud deformations observed in the detailed model in Figure 5.17. There are 16 nodes 

along each of the two edges of the slab, and each node is connected to a spring element in order 

to evenly distribute the stiffness of the bolts. Therefore, there are a total of 32 spring elements 

and each has a shear stiffness of 3.875kN/mm (124kN/mm)/32 .  

 

Figure 5.18: Simplified model with a mesh of 20 15  flat shell elements 
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A robust nonlinear material model is adopted for concrete (Izzuddin et al. 2004) which captures 

the salient response characteristics under extreme loading. Compressive nonlinearity, including 

softening effects, is considered, and the modelling of crack opening and closure as an important 

requirement under dynamic loading, is also considered. The adopted material model parameters 

are listed in Table 5.4. 

Table 5.4: Parameters for the nonlinear material model of concrete (Izzuddin et al. 2004) 

Young’s modulus 53.3 10 MPaE    Elastic shear retention factor 0.4t   

Poisson’s ratio 0.2   Compressive strength 38MPacf   

Tensile strength 2.9MPatf   Normalised initial compressive strength 0.4cs   

Tensile softening slope 600MPata   Normalised residual compressive strength 0.2cr   

5.2.2 Results 

A deflagration uplift pressure of 0.1s duration is applied to the ribbed side of the slab followed by 

a linearly increasing shear load. The uplift is applied to the whole slab as a uniform pressure. The 

transverse capacity found in the detailed model is 44kN; therefore, 5 transverse load cases were 

considered in the detailed model: 22kN, 44kN, 66kN, 88kN and 110kN, corresponding to 50%, 

100%, 150%, 200% and 250% of the estimated capacity. More load levels up to 400% (176kN) are 

considered in the simplified model in order to observe more significant influences on the shear 

response of the slab. The estimated shear capacity of 638kN is applied along the top edge of the 

slab over a relatively long duration of 0.9s, starting at 0.1s and finishing at 1s. Full details on the 

variation of the applied uplift and shear loads with time are provided in Figure 5.19. 

 

           (a) Transverse force              (b) Shear force 

Figure 5.19: Transverse load (a), followed by linearly increasing shear force (b) 
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5.2.2.1 Transverse response 

Figures 5.20-21 show the transverse displacement at the slab centre in the detailed and simplified 

models, respectively. In general, the simplified model underestimates the displacements for the 

lower load levels but overestimates for the higher load levels. Nevertheless, the comparison is 

acceptable in terms of the residual mid-span transverse displacement as shown in Table 5.5. The 

table also provides the corresponding permanent curvatures that are computed based on the 

deformed shape of the slab. The curvatures allow a more general representation of the extent of 

transverse damage, as elaborated later in comparisons with the real-scale slab model. 

 

Figure 5.20: Transverse displacements at centre of slab in the detailed model (TECNALIA 2016) 

 

Figure 5.21: Transverse displacements at centre of slab in the simplified model 
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In determining curvatures, the deflection of the slab is approximated with a 4th order polynomial 

function, which provides a good fit for the observed deflected shape (Figure 5.22): 

  
4 3

4 3

16 32 16

5 5 5

dx dx dx
y x

L L L
    (5.42) 

where d is the mid-span deflection, L is the span (2.0m) and x is the distance from one end of the 

slab. The 2nd order curvatures along the span are hence obtained as follows: 
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x y x

L L
     (5.43) 

The absolute values of curvatures for the various load levels are summarised in Table 5.5, where 

three additional load levels (300%, 350% and 400%) are considered in the simplified model for a 

more complete picture. 

 

Figure 5.22: Simplified model at maximum transverse deformation in the 100% load case 
(Scale=200) 

Table 5.5: Residual displacements and curvatures of slab under uplift  

Transverse load 

Simplified model Detailed model 

Displacement Curvature Displacement Curvature 

22kN (50%) 0 0 0 0 

44kN (100%) 0 0 0 0 

66kN (150%) 0 0 3mm 7.2×10-6mm-1 

88kN (200%) 2mm 5.0×10-6mm-1 5mm 1.2×10-5mm-1 

110kN (250%) 10mm 2.0×10-5mm-1 9mm 2.2×10-5mm-1 

132kN (300%) 35mm 8.4×10-5mm-1   

154kN (350%) 60mm 1.0×10-4mm-1   

176kN (400%) 80mm 2.0×10-4mm-1   

5.2.2.2 Shear response 

The shear force-displacement curves from the detailed model are shown in Figure 5.23, identified 

by the respective permanent curvatures for a more objective comparison of the shear response 

between the simplified and detailed models. The original shear stiffness is around 90kN/mm and 
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the original shear capacity is around 170kN. Even a small amount of transverse damage can cause 

a reduction in the shear stiffness and capacity, where the influence becomes significant when the 

curvature is greater than 1×10-5 mm-1.  

 

Figure 5.23: Shear force-displacement curves of the system at small displacements in the 
detailed model (TECNALIA 2016) 

The initial shear stiffness of the composite floor system has contributions from the slab in planar 

shear, the slab in planar bending (as opposed to out-of-plane bending) and the bolts. If the 

contribution of the ribs is neglected, the stiffness could be obtained as follows: 
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This 97kN/mm is very close to the 90kN/mm observed in the detailed model, hence which is 

eligible to compare with the value found in the simplified model. The shear force-displacement 

curves in the simplified model are plotted in Figure 5.24. The initial shear stiffness is 86kN/mm, 

only marginally smaller than the prediction of the detailed model. The reduction of the stiffness 
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due to transverse damage is also captured in the simplified model although the influence is much 

less significant than in the detailed model. An obvious reduction of the initial stiffness occurs only 

when the permanent curvature exceeds 1×10-4mm-1, 10 times higher than the critical value of 

1×10-5mm-1 found in the detailed model. This is mainly due to the way the bolts are modelled in 

the simplified model, as elaborated next. 

 

Figure 5.24: Shear force-displacement curves of the slab with the simplified model 
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system is in the bolt area rather than in the slab domain. The shear response of the bolts is 
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damage in the bolts, this effect is only tangible for the small-scale test specimen considered for 

the current comparison. At the scale of a real floor slab, the influence of transverse damage within 

the slab will be more significant, and this is captured well by the simplified models, as considered 

in the following section. 
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Figure 5.25: Shear force-displacement curves of the slab alone in the simplified model 

5.2.2.3 Real-scale slab 

A real-scale slab model covering a single structural bay of typical dimensions is considered. The 

model is 7.2m long along the ribs and 9m wide in the orthogonal direction. While ComFlor 46 deck 

is used for the small scale model, the more popular ComFlor 60 (Tata Steel 2016) deck is used for 

the real slab. As shown in Figure 5.26, the two 7.2m long primary beams are connected to the 

slab through rigid links representing the shear studs, where unlike the small-scale specimen the 

deformation of the studs is ignored. A planar shear force is applied perpendicular to the ribs along 

one of the primary beams which is free to move in the loading direction, while the other beam is 

fixed. Both beams are allowed to develop torsional deformation when under transverse loading, 

making the slab effecively simply supported.  

 

Figure 5.26: Simplified real-scale model of a composite slab of a structural bay 
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Similar to the small-scale models, an uplift pressure load is applied on the ribbed side of the slab 

followed by a distributed shear load along the primary beam. Different values of transverse 

pressure are applied to introduce various levels of transverse damage, and the resulting planar 

shear response is shown in Figure 5.27.  Evidently, both the initial shear stiffness and the shear 

capacity are significantly reduced by transverse damages. Comparing the response curves to 

those in Figure 5.25, for the same permanent curvature of about 8.5×10-5mm-1, the reduction is 

much more obvious in the real-scale slab than in the small-scale slab. Specifically, the stiffness is 

reduced by around 70% compared with 40% for the small-scale slab, while the capacity is reduced 

by about 30% compared with a negligible reduction for the small-scale slab. This highlights that 

the influence of transverse damage within the slab on the planar shear response is much more 

significant for actual slabs compared to the small-scale specimens where local damage around 

the studs is more prominent. 

 

Figure 5.27: Shear force-displacement curves of the real-scale slab model 
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CHAPTER 6 Case Studies 

The previous chapters have introduced techniques and methods to improve the computational 

efficiency of nonlinear dynamic structural analysis, including efficient equation solvers, hybrid 

implicit-explicit time integration for monolithic and partitioned structures and simplified models 

for structural components. This chapter illustrates the application of the developed methods 

through two case studies. 

The first case study is two masonry cavity cladding systems that demonstrate the application of 

the implicit-explicit time integration for partitioned structural models. The example demonstrates 

the ease of modular modelling combined with the implicit-explicit time integration scheme, 

where the mesoscale child partitions are analysed with an explicit scheme while the intermediate 

parent partitions and the parent partition are considered with an implicit scheme. The obtained 

results indicate that adopting the implicit-explicit time integration scheme allows a more 

complete analysis, while the pure implicit analysis stops abruptly when convergence issues arise 

at the contact of the masonry panels. The efficiency of the implicit-explicit scheme depends on 

the level of the blast loading. The behaviour and load-transfer characteristics of the cavity 

cladding systems are discussed in detail, and SDOF models are proposed and verified for efficient 

application to a wider range of blast load levels and utilisation in global building models. 

The second case study looks at the global response of a mid-rise three-floor office building 

subjected to various characteristic blast load signals. To achieve this, a global model of the 

building is constructed adopting the simplified models of structural components presented in 

Chapter 5 and the SDOF idealised model of masonry cavity cladding developed in the first case 

study. The hierarchic partitioned modelling approach (Jokhio 2012, Jokhio and Izzuddin 2015) is 

adopted again to achieve further computational efficiency. The implicit-explicit integration 

scheme is considered for the global model but is not used due to the very small critical time step 
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required. The building deforms mainly in the direction of the blast loading with most of the 

deformation concentrated in the lower storey. It presents low to medium damage levels under 

the considered typical blast signals, but high damage level or even collapse may arise when the 

blast overpressure is transmitted into the building with glazing failure on the front face. Simple 

strengthening methods, including employing stronger bracing members, would significantly 

improve the response of the building. 

6.1 Masonry Cavity Cladding 

Unreinforced masonry panels have been used as structural or non-structural components due to 

their durability, fire resistance, low maintenance and aesthetic appeal. Single leaf URM systems 

are popular choices for interior walls, while for exterior components cavity URM systems, either 

as load-bearing walls or as non-load-bearing cladding, provide the better insulation required. 

Cavity URM cladding systems normally do not require structural assessment hence are 

constructed using similar methods to cavity walls, comprising of a brick leaf, a block leaf and 

distributed wall ties connecting the two leaves. Notwithstanding their popularity in practical use, 

neither single leaf URM systems nor cavity URM systems are considered as ductile components 

under out-of-plane loads. Current regulations provide very conservative models for the out-of-

plane flexural and shear capacities for URM systems implying that they are inadequate to sustain 

extreme blast loads (Macorini and Izzuddin 2014). Tests on single leaf URM panels under blast 

loading have revealed that the brittle failure modes observed in URM panels are a result of the 

weak tensile strength of mortar joints, and that providing confinement to the panels is an 

effective retrofitting technique by activating out-of-plane arching action (Dennis et al. 2002, 

Hynyk and Myers 2008, Abou-Zeid et al. 2011). Some of the conclusions on single URM leaves 

could shed some light on the behaviour of cavity URM systems under blast loading; however, it is 

interesting to identify the influence of the cavity on the overall behaviour of the cladding system.  

Very limited studies have been carried out on cavity URM systems despite their wide application 

in modern buildings and the fact that these exterior components are the first to resist the blast 

overpressures and to transfer these to the main structural frame. A series of tests conducted by 

Walsh et al. (2014) considering the out-of-plane response of cavity walls established similar failure 

modes for the cavity walls compared to single leaf walls but with an improved out-of-plane 

capacity due to the cavity ties. However, cladding systems are different from walls in various ways, 
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including the loading and support conditions and the restraints provided by the surrounding 

frame. This study applies the developed implicit-explicit time integration scheme with hierarchic 

domain decomposition to the mesoscale model of a typical masonry cavity cladding system. The 

failure modes under typical blast signals and the load transfer ability of the system are carefully 

investigated. The results could be directly used in the global modelling of framed buildings 

without the need to include the computationally demanding mesoscale models of the masonry 

panels. Furthermore, the efficiency of the hybrid time integration scheme is also studied. 

6.1.1 Finite Element Modelling Approach 

The mesoscale mixed-dimensional partitioned modelling framework (Izzuddin and Jokhio 2017) 

for framed structures with URM components has been implemented into the general structural 

analysis finite element code ADAPTIC (Izzuddin 1991). The accuracy and efficiency of this strategy 

in application to structures with general URM components under various loading scenarios have 

been well established (Macorini and Izzuddin 2013, 2014, Xavier et al. 2015). It is used in this 

study, with the implicit-explicit time integration scheme, to investigate the response of cavity 

URM cladding systems in steel frame buildings under blast loading through a parametric study. 

6.1.1.1 Typical masonry cavity cladding  

Non-load-bearing masonry cavity cladding systems are conventionally designed to only withstand 

wind loads and to provide a weather-proof layer to the main structural frame. The manner by 

which the cladding panels are supported depends on the specific seating arrangement. Figure 6.1 

shows three example seating arrangements of URM cavity walls for a reinforced concrete frame 

with timber floors (Giaretton et al. 2016). Similar arrangements could be applied to URM cavity 

cladding for steel frame buildings with composite floors.  

 

(a) RC beam on inner panel (b) RC beam extending across 
both panels 

(c) Continuous outer and 
inner panels 

Figure 6.1: Example seating arrangement of URM cavity walls (Giaretton et al. 2016) 
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Figure 6.2 shows a popular cavity cladding system in modern medium rise office buildings where 

continuous windows are designed to allow a bright working environment while keeping the 

aesthetic appeal of the brickwork. The detailed seating arrangement of the cladding system is 

typically similar to the second and the third examples in Figure 6.1, which are plotted as detailed 

in Figures 6.3(a) and 6.3(b) respectively. In design A, the panels are discontinuous at the beam 

locations, where the upper parts of the panels rest on the edge beam and the lower parts rest on 

a lintel that is fixed to the edge columns. In design B, both panels are outside of the perimeter of 

the building frame and are supported only at the bottom by a single lintel for each storey. The 

constructed models of the two designs are referred to as model A and model B, respectively. 

 

Figure 6.2: Typical masonry cavity cladding system 

The detailed arrangement and dimensions of the two masonry cladding systems are shown in 

Figures 6.3(a-b). The windows and the masonry panels are each 1.8m and 2.1m high, adding up 

to a total of 3.9m storey height. In both designs, the windows are supported by a separate lintel, 

and their weight is not transferred to the masonry panels; therefore, the top edges of both panels 

can be assumed to be free. When subjected to lateral actions, either due to wind or blast loads, 

the floor system, including the floor slabs, the beams and the service space above the ceiling, 

provides a significant lateral support to the cladding system. The support is applied only on the 

internal block panel that is in direct contact with the floor system hence only the 0.9m-high part 
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of the block panel above the floor system is able to develop any out-of-plane movement. The 

finite element models of both designs are accordingly built to include only this part of the block 

panel with its bottom edge fully restrained. The external brick panel is also only modelled for the 

0.9m-high part, considering that the lower part is completely restrained by the floor system hence 

the applied blast load can be fully transferred regardless of the damage in the lower panel. In 

design A, the bottom of the brick panel is connected to the beam with mortar joints, hence it is 

assumed as fixed in the finite element model. However, in design B, the brick panel is supported 

only at the lowest edge, hence the upper part is assumed to be unrestrained in the out-of-plane 

direction. 

   

(a) Cladding system A    (b) Cladding system B 

Figure 6.3: Detailed arrangement of masonry cladding systems A and B (All dimensions in: mm) 

In addition to the floor system, edge columns also provide out-of-plane restraints to the block 

panel discretely along the perimeter of the building. Therefore, the masonry cavity cladding 

system covering only a single bay of the building is modelled with the sides of the block panel fully 

restrained to represent this support. The geometry of the two models is exactly the same, and 

the only difference between model A and model B lies in the boundary condition of the brick 

panel as shown in Figure 6.4. Specifically, the height is 0.9m as discussed, and the length is a 

typical bay length of 7.2m. The depth is 282.5mm, which is comprised of 102.5mm for the brick 

panel, 100mm for the block panel and 80mm for the cavity. Each masonry unit is modelled by two 
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solid elements with a vertical interface element in between to account for the potential crack 

propagation within the unit. Overall, the brick panel has 12 layers of 65 solid elements each, and 

the block panel has 4 layers of 33 solid elements each. An upper level and a lower level of wall 

ties are considered to connect the two panels, where the upper level is 0.225m from the top and 

the lower level is 0.225m from the bottom.  Horizontally, these wall ties are evenly distributed at 

0.45m intervals, hence each level has 16 wall ties and the whole model has 32 wall ties. 

 

 

(a) Model A     (b) Model B 

Figure 6.4: Masonry cavity cladding system model and restraints 

The material properties used for the mesoscale models (Minga et al. 2018) were chosen based on 

the experimental results reported in the BASIS project deliverable D4.2 (Gu et al. 2016), which 

refer to the same materials used for the cavity cladding specimens in the experimental tests of 

the same project (INERIS 2015b). 

Table 6.1: Material properties of masonry units and mortar joints 

Parameters Clay brick units Concrete block units 

Elastic modulus E 104MPa 104MPa 
Possion’s ratio ν 0.15 0.15 
Density ρ 1900kg/m3 1900kg/m3 

Parameters Brick mortar joints Block mortar joints 

Normal stiffness kn 80kN/mm3 80kN/mm3 

Tangential stiffness kt 40kN/mm3 40kN/mm3 

Tensile strength σt0 0.25MPa 0.1MPa 

Cohesion C0 0.5MPa 0.2MPa 

Friction angle tanφ0 0.6 0.6 

Compressive strength σc0 8.3MPa 5.0MPa 

Fracture energies Gf,1=1N/mm, Gf,2=2N/mm, Gf,3=9N/mm 



Case Studies 

142 

6.1.1.2 Mixed-dimensional partitioned finite element model 

The hierarchic partitioning approach is adopted in the cavity masonry cladding models to allow 

efficient parallel analysis. The two levels of partitioning are illustrated in Figures 6.5(a-b). On the 

first level, the masonry panels are conveniently modelled as separate child partitions and their 

connection is achieved in the parent partition with 1D beam-column elements representing the 

embedded wall ties.  

 

(a) First level partitioning 

 
(b) Second level partitioning 

Figure 6.5: Partitioning approach for modelling the masonry cavity cladding 
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More specifically, the parent structure in Figure 6.5(a) is comprised of only the beam-column 

elements and the two 3D partition super elements representing the masonry panels. Their 

connection is achieved through the mixed-dimensional coupling technique (Izzuddin and Jokhio 

2017) explained in Figure 6.6. Effectively, 32 master-slave elements, corresponding to the 32 wall 

ties, constitute the partition boundary of each panel, and the master nodes are located at the 

centre of the respective brick element. The 4 slave nodes of each master-slave element belong to 

the bottom face of the mortar joint where the specific wall tie is embedded. Therefore, the 

slipping of the wall ties is completely neglected. 

 

Figure 6.6: Mixed-dimensional coupling to connect masonry to beam-column elements 

In the second level of partitioning, each panel is further decomposed into lower level partitions. 

To achieve enhanced efficiency, similar computational requirements should be generated in the 

different partitions. Therefore, the brick panel is decomposed into 6 partitions while the block 

panel has only 3 partitions as shown in Figures 6.5(b). For each child partition of the panels, in 

addition to the nodes on the interface connecting them to the adjacent child partition, more 

nodes are included on the partition boundary so that these could be used as slave nodes for the 

master-slave elements at the intermediate parent level of the panels. Figure 6.7 indicates the 

partition boundaries of the child partitions of the brick panel. Each partition has another 16 or 24 

nodes at the locations of wall ties. In addition, more nodes are included on the partition 

boundaries to model the contact of the two panels, similar to the mixed-dimensional modelling 

of the wall ties, except that springs with a contact response curve, rather than beam-column 

elements, are introduced between the master nodes of the master-slave elements.  
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Figure 6.7: Partitions of the brick panel substructure 

6.1.1.3 Modelling of stainless steel wall ties 

Blast loads are applied as uniformly distributed loads on the outer face of the brick panel, while 

the block panel is only under point loads transferred by the embedded wall ties. These wall ties 

working in compression are crucial as they control the coupling of the two panels and the closing 

of the cavity, which are essential components in the overall response of the cavity cladding 

system. The typical RT2 225mm long stainless steel wall ties, as shown in Figure 6.8, from Ancon 

Buildings (2013) are used in the cavity model. The hook shaped ends that are embedded in the 

bed mortar joints are designed to ensure minimal sliding and the zigzag shape was initially 

designed to prevent water from crossing to the inner panel of masonry.   

 

Figure 6.8: RT2 225mm long stainless steel wall tie from Ancon Building (2013) 

A simple tensile experiment of the wall tie was conducted and the results are reported in the 

BASIS project deliverable D4.2 (Gu et al. 2016). The wall tie starts to lose its zigzag shape at 1.5kN 

and has a yield capacity of 6.5kN. The product brochure provides a reference tensile capacity of 

1.8kN and a reference compressive capacity of 1.3kN for the product group of the chosen wall tie. 

The reference 1.8kN is slightly larger than the observed value of 1.5kN, however the comparison 

is acceptable considering that the chosen 225mm long tie is one of the weakest in the group. 

Based on the test result of 6.5kN yield capacity, the yield strength of the wall tie is obtained as: 

  
2

6.5kN
866MPa

7.5mm
yf    (6.1) 
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where 7.5mm2 is the cross-sectional area of the wall ties. It is noted that the vlaue of 866MPa is 

much larger than the typical yield strength of stainless steel of 250MPa ; however, because the 

wall ties are working in compression, as long as the compressive capacity is correctely captured, 

the yield strength would not significantly influence the response of the ties and the cavity system. 

Towards this end, a numerical model has been developed for a single wall tie as in Figure 6.9, 

where 14 beam-column elements are used to represent accurately the zigzag shape, which is 

likely to control the compressive capacity of the tie. Both ends of the wall tie are fully restrained 

and only allowing axial movement at the right end. The wall tie loses stability and the zigzag shape 

under a compressive force of 1.3kN, which is very close to the reference value. Therefore, this 

model of wall ties is adopted in the cavity cladding model with the strain-stress relationship of 

the material shown in Figure 6.10.  

 

(a) Undeformed shape with element numbers 

 

(b) Deformed shape in tension 

 

(c) Deformed shape in compression 

Figure 6.9: Detailed model of the stainless steel wall ties 

 

Figure 6.10: Stress-strain relationship of the stainless steel wall ties 
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6.1.1.4 Time integration scheme 

The developed implicit-explicit time integration scheme can be effectively adopted for the 

partitioned models of the cavity cladding systems. In general, explicit integration becomes more 

efficient if implicit analysis of the structure also has to adopt a very small time step, mostly after 

time step reduction, due to convergence issues in nonlinear analysis. The 2D interface elements 

in mesoscale models for URM are usually associated with convergence issues arising mainly from 

the usage of softening cohesive models (Xavier et al. 2015). For the cavity cladding models under 

extreme blast loading, extensive cracking would develop in the interface elements, making 

numerical convergence even more difficult. In this case, explicit integration is preferred for the 

masonry panels, i.e. the lowest level child partitions. Fully explicit analyses could be realised in 

the child partitions except for the interface elements representing the lowest bed mortar joints. 

These elements do not have full-mass nodes hence they are grouped as implicit elements, though 

this does not influence the overall efficiency of the explicit solution of the partition. The critical 

time step is determined by the smallest element dimension and the material properties. The 

fastest wave propagation speed in the brick elements is found to be identical for the two panels 

as follows: 

 1
1

2
2357.41m s

G
c




    (6.2) 

The smallest element dimension is 75mm, which is the height of brick elements in the brick panel. 

The maximum normalised natural frequency is taken as 7.0862  , which is the converged value 

in the masonry column example in Chapter 3. Hence, the critical time step is obtained as: 
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Eigenvalue frequency analysis of the panels is carried out to find the following critical time step: 
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The eigenvalue analysis result is more than three times smaller than the hand calculated value in 

(6.3). In mesoscale models, an interface element is inserted within each brick/block unit to model 

the potential cracks propagating through the units. These interface elements are similar to the 

mortar head joint but have a much greater stiffness. In the cavity cladding models, the stiffness 

of the brick interfaces are specified as 104N/mm3. Therefore, considering the interface elements 
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equivalently as brick elements and assuming a minimal thickness of 1mm, the brick interface has 

the same elastic modulus of 104MPa as the brick units. Lumped masses at the nodes of the brick 

interfaces are generated from the adjacent brick elements. According to the HRZ lumped masses 

in (3.83), the equivalent density of the interface element is found as: 

 
112.5mm 7 2

' 2 4 83.47
1mm 248 31

  
  

        
  

 (6.5) 

The wave propagation speed in the brick interfaces and the critical time step, taking the smallest 

element dimension as 1mm, are then obtained as follows: 
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    (6.6) 
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Although this value is not exactly the same as the eigenvalue analysis result in (6.4), it provides 

an explanation as to why the time step found in (6.3) overestimates the critical time step. In 

practice, for mesoscale models, eigenvalue analyses are suggested instead of the Courant number 

method to find the critical time step due to the heterogeneous characteristics of the model. The 

current scheme does not allow mixed time steps; therefore, a time step of 62 10 st     is used 

for the overall model except where an even smaller critical time step is established for the other 

explicit parts of the structure.  

If the intermediate parent and the root parent are intended for implicit-explicit analysis, the 

majority of the intermediate parents are explicit as determined by the meshes in the child 

partitions. For the root parent, the beam-column elements modelling wall ties are explict while 

the spring and link elements modelling the cavity are implicit. The master nodes are connected 

exclusively to explicit slave nodes in the intermediate parent; therefore, those connected to the 

spring and link elements are implicit while those connected to the beam-column elements are 

explicit. Regardlessly, the computational demands of the intermediate parents and the parent are 

very small compared with those of the mesoscale child partitions. The former are not necessary 

to be implicit-explicit due to the insignificant improvement in efficiency, not to mention the 

potentially smaller critical time step they may lead to. Therefore, for the cavity cladding models, 

only the child partitions representing the masonry panels are applied with the implicit-explicit 

integration scheme and the intermediate parents and the parent are integrated implicitly.  
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6.1.2 Characteristic Blast Loading 

A comprehensive parametric study of the masonry cavity cladding model is carried out under a 

wide range of blast loads. Blast signals can be grouped as deflagrations or detonations, where the 

former propagates subsonically by heat transfer while the latter propagates supersonically by 

shock waves. Although both types are forms of blast loading, the two phenomena describe very 

different events in terms of energy release (INERIS 2014). The ideal profiles for both types of blast 

signal are nonlinear, each consisting of a positive stage and a following negative suction stage. 

However, since the damage induced by a blast wave is primarily linked to the overpressure 

magnitude and the impulse (Kinney and Graham 1985), simple linear models characterised by the 

intensity and the positive stage duration could be effectively used. Accordingly, Baker’s linear 

models (Baker et al. 1983) depicted in Figure 6.11 are adopted in this study.  

 

Figure 6.11: Baker’s linear models detonations (left) and deflagrations (right) (Baker et al. 1983) 

For structures under blast loading on industrial sites, the peak overpressure maxP  is suggested to 

fall into four ranges corresponding to different levels of damage (Reimeringer et al. 2007) as 

summarised in Table 6.2. For masonry cladding, the second and third ranges are of particular 

relevance, hence the maxP  values of 20mbar, 50mbar and 140mbar are used in this study. 

Depending on the shape of the blast signal (i.e. deflagration or detonation) and the total energy 

of the reacting material, the positive duration 2pt   could be estimated with analytical methods. 

Typical durations are between 0-2s for deflagrations and 0-1s for detonations. In this study, 2pt   

is varied between 100-500ms for deflagrations and 50-150ms for detonations.  

Table 6.2: Typical incident overpressure ranges and corresponding damage in structures  

0-20mbar Destruction of windows and tiles  

20-50mbar External light cladding ripped off and projected 

50-140mbar Significant damages appear in the steel frame and collapse of brick walls 

>200mbar Major structural damages and steel cladding may be damaged 
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The blast signal is considered to be perfectly orthogonal to the masonry panels, which are 

assumed to be rigid in their interaction with the blast load. Therefore, the reflected overpressure 

applied on the building is simply obtained as the multiplication of the incident overpressure maxP  

and the reflection coefficient kR , which is a function of the atmosphere pressure 0P  and 

overpressure 1 0 maxP P P   as follows: 

  1 0

1 0

8 6

6
k

P P
R

P P





 (6.8) 

and the results are summarised in Table 6.3. 

Table 6.3: Typical incident and reflected overpressures  

Incident overpressure maxP  20mbar 50mbar 140mbar 

Reflected coefficient kR  2.02 2.04 2.12 

Reflected overpressure k maxR P  40mbar 102mbar 296mbar 

The responses of models A and B under the three levels of incident overpressures (20mbar, 

50mbar and 140mbar) are presented in the following two sub-sections. The results can be used 

directly in the global modelling of buildings where the mesoscale modelling of cladding in the 

whole scale buildings is necessarily avoided to reduce computational demand. Alternatively, the 

results could also be utilised to construct SDOF idealisations of the cavity cladding systems, which 

could be efficiently used to determine the transferred blast load by the cladding system for a 

more extensive range of blast waves. Towards this end, SDOF models are formulated and 

presented in the final sub-section, where verification against the results of the detailed mesoscale 

models is also provided.  

6.1.3 Response of Masonry Cavity Cladding Model A 

Nonlinear dynamic analyses of the cladding model A in Figures 6.3(a) and 6.4(a) under the chosen 

blast signals are carried out to identify the deforming pattern and failure mode of the cavity 

cladding system. The transfer of blast loads, in terms of total magnitude and distribution, by the 

panels to the surrounding frame is also investigated thoroughly. In addition, the benefits of the 

implicit-explicit time integration scheme with partitioned modelling are elaborated. 

6.1.3.1 High incident overpressure 

The cavity cladding system fails under all considered high-level blast waves. The characteristic 

states in the deformation process includes the brittle failure of the brick panel, the failure of the 
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wall ties and the contact of the two panels due to the closure of the cavity. Observing the time-

histories of the transferred blast load and deformations, the capacities and times of these 

characteristic deformation states could be established. This is essential in understanding the 

overall behaviour of the cavity cladding system under blast loading. 

The scenario under the high-level deflagration with the long duration 2 500mspt    is used for 

example. Figure 6.12 shows the out-of-plane displacements at the top of the brick and block 

panels at mid-span and the brick panel at edge. The panels only start to develop obvious 

deformation after 50mst  , when brittle failure of the brick panel occurs at a displacement 

of only 2mm due to the development of cracking in the bottom bed mortar joints. At this 

stage, all displacements plotted in Figure 6.12 are almost identical, indicating that the brick 

panel deforms evenly along its length and the wall ties are effectively working in compression 

to maintain the cavity gap. Figure 6.13 shows the applied blast load and the transferred loads 

in an implicit analysis and an implicit-explicit analysis. Considering the results of the implicit-

explicit analysis, and the applied blast load is completely transferred until about 35kN at 

50mst  . Afterwards, the brick panel is unable to transfer the increasing blast load while the 

wall ties are still transferring blast loads to the block panel. Therefore, the total transferred 

load keeps increasing, although at a lower rate than the applied load.  

 

Figure 6.12: Model A out-of-plane displacements under high-level deflagration with 

2 500mspt    

0

40

80

120

160

200

0 0.05 0.1 0.15 0.2 0.25

D
is

p
la

ce
m

en
t 

(m
m

)

Time (s)

Block panel, mid-span

Brick panel, mid-span

Brick panel, edge



Case Studies 

151 

 

Figure 6.13: Model A applied and transferred blast loads under high-level deflagration with 

2 500mspt    

The displacements of the two panels only start to show obvious discrepancy at about 

110mst   which corresponds to the buckling failure of the wall ties. As the deformed shapes 

in Figure 6.14 shows, the cavity is clear and constant along the length at 110mst  . 

Afterwards, the cavity gap closes as the brick panel keeps deforming while the block panel 

bounces back under a decreasing blast load transferred to it by the wal l ties. The overall 

transferred blast load also starts to reduce from a temporary peak of 60kN at 110mst   to 

35kN, right before it jumps back to a higher value at 150mst   due to the contact of the 

panels. As the displacements in Figure 6.12 shows, from 150mst  , the block panel resumes 

to deflect in the blast direction and maintains a 80mm difference of displacement compared 

to the brick panel along the length, which corresponds to the depth of the cavity. 

The contact of the panels can be considered as the effective failure of the cavity cladding 

system, as the subsequent response is rather unpredictable by numerical simulations. As 

Figure 6.13 shows, the implicit and implicit-explicit analyses obtain similar results prior to the 

contact of the panels. However, the implicit analysis ends abruptly at contact due to local 

convergence issues related to the mortar joints while the implicit-explicit analysis continues 

to provide predictions of the post-contact behaviour. This is true in most of the scenarios, 

hence the results presented hereafter are all obtained using implicit-explicit analysis.  
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110mst   

 

150mst   

 

180mst   

(a) Top views 

                                                                                           

                       110mst          150mst             180mst   

(b) Side views 

Figure 6.14: Model A deformed shapes under high-level deflagration with 2 500mspt    

The efficiency comparison of the two analyses is summarised in Table 6.4. The implicit analysis 

experienced numerical convergence issues very early, where the time step is subdivided twice 

to 75 10 s  at only 42mst  . The explicit analysis also had step reductions but at a much large 

stage after the contact of the panels. As a result, the majority of the implicit analysis has an actual 

time step of 75 10 s , which is only 1/4 of the main time step of 62 10 s in the implicit-explicit 

analysis. For a more precise comparison of efficiency, the implicit-explicit analysis is carried 

out until 148mst  , when the panels contact and the implicit analysis is terminated. The 

efficiency properties of this analysis are also included in Table 6.4 and are used instead to 

compare with those of the implicit analysis. Due to the complication of the masonry panels, 

the wall-clock time per iteration is much higher in the implicit analysis, and, hence, the 

implicit-explicit analysis is around 3 times more efficient overall.  
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Table 6.4: Model A efficiency comparison between the implicit-explicit and implicit analyses 

under high-level deflagration with 2 500mspt    

 Implicit-explicit Implicit 

Pre-defined time step 2×10-6s 5×10-5s 

Actual time step 2×10-6s 5×10-5s, 5×10-6s, 5×10-7s 

End of analysis 0.238s 0.148s 0.148s 

No. of time steps 132121 74000 28854 

No. of iterations 2.61×105 1.22×105 6.02×104 

Wall-clock time of analysis 13h4min 8h7min 26h41min 

Wall-clock time per iteration 0.180s 0.240s 1.596s 

 

When 2pt   is reduced to 100ms, as shown in Figure 6.15, the transferred blast load has the 

same characteristics as discussed for the longer blast duration but is overall slightly higher 

due to dynamic effects. In both cases, the transferred blast loads, hence the impulses as 

shown in Figure 6.16, are almost always lower than the corresponding applied entities, 

indicating that the masonry cavity cladding system is unable to keep its integrity and 

completely transfer the applied blast loads under high-level deflagrations. On the other hand, 

under high-level detonations, although the cladding system presents the same critical 

deformation stages, they are less obviously observed from the time-histories of the 

transferred blast loads and impulses that are shown in Figures 6.17-18.  

 

Figure 6.15: Model A applied and transferred blast loads under high-level deflagration with 

2 100mspt    
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Figure 6.16: Model A applied and transferred blast impulses under high-level deflagrations 

 

Figure 6.17: Model A applied and transferred blast loads under high-level detonations  
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Figure 6.18: Model A applied and transferred blast impulses under high-level detonations 

In conclusion, the cavity cladding system A practically fails under the considered high-level 

blast waves. The total transferred load is similar to the applied loading until 35kN, 

representing the brittle failure of the brick panel, after which it enters a softening stage to 

60kN before the wall ties buckle under axial compression. As the cavity gap reduces, the 

transferred load also reduces until the contact of the panels. Although this contact leads to a 

sudden increase of the transferred load, especially via the block panel, it is soon followed by 

the complete failure of the system and the transferred load drops significantly. 

6.1.3.2 Medium incident overpressure  

Lowering the incident overpressure from 140mbar to 50mbar allows the cladding panels to 

almost fully transfer the detonation blast loads and impulses to the surrounding frame as 

shown in Figures 6.19-20. However, this does not necessarily mean that the cavity cladding 

system is undamaged. For example, Figure 6.21 shows the mid-span out-of-plane 

displacements of the panels under the medium-level detonation with 2 150mspt   . As 

mentioned previously, brittle failure of the brick panel occurs at a displacement of only 2mm; 

therefore, the brick panel fails shortly after the application of the medium detonation wave 

at about 10mst  . Figure 6.22 presents the variation of the axial forces of the wall ties on the 

left half of the system as the ties are symmetrically distributed in the cavity. It is observed 

that the ties fail from the edge towards the mid-span, due to the stiffer response of the block 
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panel near the restrained edge, and that the upper ties fail earlier than the lower ones, since 

the lower edge of the brick panel is restrained. Considering the variation of displacements in 

Figure 6.21, the cavity starts to close from 50mst  , when all of the upper ties have failed. 

The cavity is kept constant after 80mst   without being fully closed, indicating that the lower 

ties are able to maintain the cavity gap under the medium detonation. 

 

Figure 6.19: Model A applied and transferred blast loads under medium-level detonations with 
50mbarmaxP   

 

Figure 6.20: Model A applied and transferred blast impulses under medium-level detonations 
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Figure 6.21: Model A mid-span displacement under medium-level detonation with 2 150mspt    

 

Figure 6.22: Model A axial compression forces in wall ties on the left half of the system under 

medium-level detonation with 2 150mspt    

Under the medium-level deflagrations, the cladding system is also damaged to a certain 

extent but is able to almost completely transfer the applied blast loads and impulses, as 
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the applied load reduces quickly after the failure of the wall ties, the cavity is kept almost 

clear. However, for the long duration wave, the cavity has enough time to close and the panels 

collide at 310mst  , which leads to a sudden increase of the transferred blast load, bringing 

it back to a similar level as the applied. The transferred impulses in Figure 6.24 provide a 

better picture of the complete transfer of blast loading for the medium-level deflagrations. 

 

Figure 6.23: Model A applied and transferred blast loads under medium-level deflagrations  

 

Figure 6.24: Model A applied and transferred blast impulses under medium-level deflagrations 
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As shown in Table 6.5, under the medium-level deflagration, the implicit-explicit analysis is still 

more efficient due to the small time steps that the implicit analysis has to take after step reduction 

so as to address convergence issues. The two analyses are compared accurately until 312mst   

at the contact of the panels, although the efficiency difference between the two analyses is not 

as obvious as under the high-level deflagration as shown in Table 6.4, the implicit-explicit analysis 

is still over one time more efficient than the implicit analysis. 

Table 6.5: Model A efficiency comparison between the implicit-explicit and implicit analyses 

under medium-level deflagration with 2 500mspt    

 Implicit-explicit Implicit 

Pre-defined time step 2×10-6s 1×10-4s 

Actual time step 2×10-6s 1×10-4s, 1×10-5s, 1×10-6s 

End of analysis 0.5s 0.312s 0.312s 

No. of time steps 2.50×105 1.56×105 3130 

No. of iterations 4.18×105 2.23×105 5.76×104 

Wall-clock time of analysis 12h51m 7h18m 18h6m 

Wall-clock time per iteration 0.111s 0.118s 1.131s 

 

6.1.3.3 Low incident overpressure 

Under the low blast signals, the applied loads are all completely transferred by the cladding 

panels. In fact, as shown in Figures 6.25-28, although the dynamic effects observed under the 

detonations, the transferred loads and impulses have almost the same time-histories as the 

corresponding applied entities. The maximum blast load is 26kN, which is lower than the 35kN 

referring to the brittle failure of the brick panel. Hence, the panels respond elastically without 

developing any damage. As a result, the majority of the analysis employs the original time step of 

10-3s, which is 500 times of the time step of the implicit-explicit analysis. Overall, the implicit 

analysis is significantly more efficient, where the explicit analysis is 27 times slower.  

Table 6.6: Model A Efficiency comparison between the implicit-explicit and implicit analyses 

under low-level deflagration with 2 500mspt    

 Implicit-explicit Implicit 

Pre-defined time step 2×10-6s 1×10-3s 

Actual time step 2×10-6s 1×10-3s, 1×10-4s 

End of analysis 0.5s 0.5s 

No. of time steps 2.5×105 500 

No. of iterations 2.5×105 1247 

Wall-clock time of analysis 9h15min 20min 

Wall-clock time per iteration 0.133s 0.962s 
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For simple elastic analysis where convergence is not causing excessive iterations, the implicit 

analysis is therefore preferred. However, when the cladding system is under higher levels of blast 

loads, the development of cracking in the interface elements causes convergence issues that 

would require a time step similar or even smaller than that of the implicit-explicit analysis, 

allowing the latter to become superior in terms of computational efficiency.  

 

Figure 6.25: Model A applied and transferred blast loads under low-level detonations  

 
Figure 6.26: Model A applied and transferred blast impulses under low-level detonations 
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Figure 6.27: Model A applied and transferred blast loads under low-level deflagrations  

 

Figure 6.28: Model A applied and transferred blast impulses under low-level deflagrations  
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6.1.4 Response of Cavity Cladding Model B  

Model B is constructed based on the masonry cladding system design in Figures 6.3(b) and 6.4(b). 

The brick panel is free to move in the out-of-plane direction; thus it is not able to transfer any 

blast load to the surrounding frame. As a system, the brick panel, the wall ties and the block panel 

work in series in transferring blast load. The responses of model B under the chosen blast signals 

are rather similar to those in model A, hence they are not discussed separately. The following sub-

section describes the response of model B focussing on the differences compared to model A. 

6.1.4.1 Response of the model 

Consider the response of model B under the high-level deflagration with 2 100mspt    for 

example. The brick panel, which is not restrained on its boundaries but is only connected to the 

block panel by the wall ties, moves towards the block panel uniformly without obvious damage 

within the panel itself. The movement is initially resisted by the wall ties until they start to fail 

under compression. The axial forces in the wall ties at the left half of the panels are shown in 

Figure 6.29. Unlike in model A, where the top level wall ties fail earlier and are associated with a 

smaller residual resistance, the upper ties of model B generally fail later as the top of the block 

panel can move out-of-plane. Nevertheless, the upper and lower ties respond similarly overall, 

and this is reflected by the deformation pattern of the brick panel before contact in Figure 6.30. 

 

Figure 6.29: Model B axial compression forces in wall ties at the left half of the system under 

high-level deflagration with 2 100mspt    
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40mst   

 

66ms (contact)t   

 
100mst   

(6) Top views 

                                                                       
                        40mst          66ms (contact)t                   100mst   

(b) Side views 

Figure 6.30: Model B deformed shapes under high-level deflagration with tp2
+=100ms 

 

Figure 6.31: Model B applied and transferred blast loads under high-level deflagration with 
tp2

+=100ms 
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more as a rigid panel, and less as a cantilever, along the height compared to the brick panel in 

model A; therefore, it collides with the block panel almost completely and the two panels start to 

deform together afterwards, as shown in Figure 6.30. Overall, the response of model B is similar 

to that of model A but is simpler as it does not involve the brittle failure of the brick panel.  

It is worth noting that the transferred blast load is similar to the applied value after the contact 

due to the fact that the block panel is not completely destroyed and is able to resist an increasingly 

applied load. When the duration is increased to 2 500mspt   , as shown in Figure 6.32, although 

the transferred blast load also grows sharply at the contact, it is lower than the applied value, and 

the analysis ends earlier than the blast signal due to the significant damage in the masonry panels.  

 

Figure 6.32: Model B applied and transferred blast loads under high-level deflagration with 

2 500mspt    

Under all considered high-level blast signals, contact of the panels, i.e. the practical failure of the 

cavity cladding system, is observed. In all high-level scenarios, the transferred blast load reaches 

a high value of 33kN, corresponding to the capacity of the wall ties, before it enters a softening 

stage due to the closing of the cavity. The transferred load keeps decreasing until it is suddenly 

raised to a high value at the contact of the panels. This high value does not stay or increase with 

the applied load but drops greatly while the panels are developing out-of-plane deformations. 

When under the medium-level blast signals, contact is only observed when associated with the 

long durations but the characteristics of the deformation mode are similar to those under the 

high-level signals. The low-level signals are completely transferred by the panels without damage.  
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6.1.4.2 Efficiency comparison between implicit and implicit-explicit analyses 

As in model A, the implicit-explicit analysis provides better convergence characteristics after the 

contact of the panels, hence it is adopted for all analyses of model B. A thorough comparison of 

computational efficiency between the implicit-explicit and the implicit analyses of all scenarios is 

presented in Tables 6.7 and 6.8, for deflagrations and detonations, respectively.  

Table 6.7: Model B efficiency comparison between the implicit-explicit analysis and the pure 
implicit analysis under deflagration waves 

High-level deflagrations 
140mbarmaxP   

2 100mspt    2 500mspt    

Implicit-explicit Implicit Implicit-explicit Implicit 

Pre-defined time step 2×10-6s,1×10-6s 1×10-3s 2×10-6s 10-3s 

Actual time step 2×10-6s,1×10-6s 
1×10-3s,1×10-4s 
1×10-5s,1×10-6s 

2×10-6s 
1×10-3s,1×10-4s 
1×10-5s,1×10-6s 

End of analysis 0.1s 0.069s 0.164s 0.142s 

No. of time steps 67000 69 82000 142 

No. of iterations 135363 19899 160789 28064 

Wall-clock time of analysis 11h53m 17h20min 12h51min 18h51min 

Wall-clock time per iteration 0.316s 3.136s 0.288s 2.419s 

Medium-level deflagrations 
50mbarmaxP   

2 100mspt    2 500mspt    

Implicit-explicit Implicit Implicit-explicit Implicit 

Pre-defined time step 2×10-6s 1×10-3s 2×10-6s 1×10-3s 

Actual time step 2×10-6s 
1×10-3s,1×10-4s 
1×10-5s,1×10-6s 

2×10-6s 
1×10-3s,1×10-4s 
1×10-5s,1×10-6s 

End of analysis 0.2s 0.2s 0.341s 0.260s 

No. of time steps 100000 200 170500 260 

No. of iterations 197491 23005 282523 29794 

Wall-clock time of analysis 24h28min 18h4min 37h44min 19h13min 

Wall-clock time per iteration 0.446s 2.827s 0.481s 2.322s 

Low-level deflagrations 
20mbarmaxP   

2 100mspt    2 500mspt    

Implicit-explicit Implicit Implicit-explicit Implicit 

Pre-defined time step 2×10-6s 1×10-3s 2×10-6s 1×10-3s 

Actual time step 2×10-6s 
1×10-3s,1×10-4s 
1×10-5s,1×10-6s 

2×10-6s 
1×10-3s,1×10-4s 

1×10-5s 

End of analysis 0.2s 0.2s 0.5s 0.5s 

No. of time steps 100000 200 250000 500 

No. of iterations 114208 1966 250000 2689 

Wall-clock time of analysis 15h15min 39min 40h31min 1h42min 

Wall-clock time per iteration 0.481s 1.195s 0.583s 1.353s 

 



Case Studies 

166 

Table 6.8: Model B efficiency comparison between the explicit analysis and the pure implicit analysis 
for model B under detonation waves 

High-level detonations 
140mbarmaxP   

2 50mspt    2 150mspt    

Implicit-explicit Implicit Implicit-explicit Implicit 

Pre-defined time step 2×10-6s 5×10-4s 2×10-6s 5×10-4s 

Actual time step 2×10-6s 
5×10-4s,5×10-5s 
5×10-6s,5×10-7s 

2×10-6s 
5×10-4s,5×10-5s 
5×10-6s,5×10-7s 

End of analysis 0.1s 0.063s 0.046s 0.045s 

No. of time steps 50000 126 23000 90 

No. of iterations 100103 15744 46339 15080 

Wall-clock time of analysis 12h17m 6h46min 5h44m 11h27min 

Wall-clock time per iteration 0.442s 1.548s 0.445s 2.734s 

Medium-level detonations 
50mbarmaxP   

2 50mspt    2 150mspt    

Implicit-explicit Implicit Implicit-explicit Implicit 

Pre-defined time step 2×10-6s 5×10-4s 2×10-6s 5×10-4s 

Actual time step 2×10-6s 
5×10-4s,5×10-5s 
5×10-6s,5×10-7s 

2×10-6s 
5×10-4s,5×10-5s 
5×10-6s,5×10-7s 

End of analysis 0.1s 0.1s 0.2s 0.2s 

No. of time steps 50000 400 100000 400 

No. of iterations 99878 17076 200771 50441 

Wall-clock time of analysis 12h51min 11h51min 25h11min 22h47min 

Wall-clock time per iteration 0.462s 2.498s 0.452s 1.626s 

Low-level detonations 
20mbarmaxP   

2 50mspt    2 150mspt    

Implicit-explicit Implicit Implicit-explicit Implicit 

Pre-defined time step 2×10-6s 5×10-4s 2×10-6s 1×10-3s 

Actual time step 2×10-6s 
5×10-4s,5×10-5s 

5×10-6s 
2×10-6s 

5×10-4s,5×10-5s 
5×10-6s 

End of analysis 0.2s 0.2s 0.2s 0.5s 

No. of time steps 100000 400 100000 500 

No. of iterations 114208 2807 144094 2708 

Wall-clock time of analysis 15h15min 1h57min 14h43min 1h1min 

Wall-clock time per iteration 0.481s 2.415s 0.318s 1.356s 

Overall, under the low-level blast waves, the implicit analyses are much more efficient due to the 

small number of iterations associated with the low responses of the panels. Under the medium-

level blast waves, the efficiencies of the two types of analyses in terms of wall-clock time per unit 

time of analysis are comparable. The implicit analyses are associated with excessive iterations at 

this level and the dominant actual time steps are in fact at the same magnitude as the explicit 

time steps. Under the high-level blast waves, the implicit-explicit analyses are in general more 

efficient as the implicit analyses employ an even larger number of iterations and smaller time 
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steps than required at the medium-level. For example, under the high-level detonation with 

2 150mspt   , the dominant time step in the implicit analysis is 75 10 s , which is only 1/4 of that 

in the implicit-explicit analysis. 

The conclusions drawn above are consistent with those obtained previously in Chapter 3, with 

implicit-explicit integration recommended when pure implicit integration is associated with 

excessive time-step reduction and iterations in large-displacement nonlinear structural dynamic 

analysis. On the other hand, in small-displacement problems, the benefit of efficient stepwise 

calculations of implicit-explicit integration may be easily offset by the necessary large number of 

time steps.  

6.1.5 Single Degree of Freedom Idealisation 

The partitioned modelling approach enables the detailed mesoscale simulations of the cavity 

masonry cladding models under a wide range of characteristic blast waves to be undertaken much 

more efficiently than with the conventional monolithic approach. However, such detailed models 

are still prohibitively expensive for consideration in structural models of whole buildings. For 

example, under the medium to high-levels of blast waves, the simulations take about 10 hours of 

wall-clock time for 0.1s of analysis. A reasonably constructed model of a whole typical steel frame 

building with composite floor slabs takes no more than 1 hour for 0.1s of dynamic analysis. 

Therefore, including the partitioned mesoscale models of cavity cladding systems in the global 

models of buildings would necessarily mean that the analysis is dominated by the computational 

demands of the cavity wall models. Furthermore, considering a typical three-storey building with 

14 bays × 3 storeys leading to 42 cavity wall panels, this would need approximately 450 processors 

on HPC to ensure the parallel computing between the partitions to achieve the 10 hours 

mentioned above, ignoring any impact on communication overhead between the processors, 

which is unrealistic from a resource perspective. Therefore, a SDOF model based on a generalised 

form of the Biggs (1964) approach is developed. The results of the detailed mesoscale models of 

the cavity cladding systems under the characteristic blast waves are used to capture the main 

features of the response curves of the components, including the separate panels and their 

interaction through the wall ties including physical contact. The separate responses are combined 

to obtain the overall responses of SDOF models of the two cladding systems, and the different 

deformation modes are considered in formulating the dynamic characteristics of the SDOF model, 

as elaborated in the following two sub-sections for models A and B. 
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6.1.5.1 Model A 

6.1.5.1.1 Response of individual components 

The response of each component can be divided into stages in the form of a piecewise linear 

response curve. For the masonry panels, their brittle response can be successfully captured by 

triangular response curves as shown in Figure 6.33(a). The horizontal axis d stands for the out-of-

plane displacement at the top mid-span of the panel and the vertical axis F stands for the 

resistance to uniformly distributed loading. Specifically, the brick panel achieves a capacity of 

30kN at 2mm displacement and the block panel reaches 120kN at 15mm. The block panel is more 

ductile due to the additional supports at the sides. The upper level wall ties lose stability when 

the overall transferred load by all ties is about 30kN. Figure 6.33(b) shows the response curve of 

the wall ties, where the horizontal axis corresponds to the relative displacement of the two 

panels.  The lower ties that fail later than the upper ones manage to maintain the overall 

resistance at a residual value of 15kN up to the contact of the panels, where the corresponding 

effect is equivalent to an increased resistance for the wall ties. 

 

   

(6) (b)  

Figure 6.33: Force-displacement curves of the components in SDOF model A 

6.1.5.1.2 Assembled system response  

The response curves of the components in Figure 6.33 are synthesised into the overall static 

response curve of model A as shown in Figure 6.34. The horizontal axis u is the out-of-plane 

displacement at the top mid-span of the brick panel and the vertical axis F is the overall resistance 

of the system to a uniformly distributed load applied to the brick panel, considering the brick 

panel to be acting in parallel with a series system consisting of the wall ties and the block panel.  

Brick panel:  
F1=30kN, d1=2mm, d2=85mm 

Block panel:  
F1=120kN, d1=15mm, d2=220mm 

Wall ties:  
F1=30kN, d1=1mm 

F2=15kN, d2=20mm 

d3=80mm 
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Figure 6.34: Force-displacement curve of overall SDOF model A 

The synthesised response is divided into 7 characteristic stages: 

 Stage 1: u=0→2mm, F=0→46kN.  

The masonry panels and the wall ties are all responding elastically. The deformation of 

the wall ties is negligible; hence, both panels have the same out-of-plane displacements 

increasing from zero to 2mm. The 46kN of resistance is comprised of the 30kN capacity of 

the brick panel and the 16kN by the block panel at 2mm displacement. 

 Stage 2: u=2→5mm, F=46→59kN.  

At u=2mm, brittle failure occurs in the brick panel and leads to a reduced resistance. The 

wall ties are still stable under compression, hence, at the end of this stage, the block panel 

resists a blast load up to 30kN, i.e. the capacity of the wall ties, which corresponds to a 

displacement of 4mm ( 15mm 30kN/120kN)   and leads to a total displacement of 5mm 

for the brick panel considering the 1mm deformation of the wall ties. The resistance by 

the brick panel is slightly reduced from 30kN to 29kN ( 30kN 80mm/83mm)  , which is 

then added to the 30kN of the block panel to give 59kN at the end of the stage. 

 Stage 3: u=5→22mm, F=59→38kN.  

The wall ties have buckled and their resistance drops from 30kN to the residual 15kN as 

the deformation increases to 20mm. Because the block panel was responding elastically, 

its displacement drops from 4mm to 2mm. Overall, the displacement of the brick panel 

increases from 5mm to about 22mm ( 20mm 2mm)   while the resistance drops further 

to 23kN ( 30kN 63mm/83mm)  , leading to an overall resistance of 38kN. 

 Stage 4: u=22→85mm, F=38→15kN. 

While the resistance of the brick panel drops to zero at 8mm, the resistance of the wall ties 

and the block panel is kept at 15kN. The displacement of the block panel is still 2mm while 

the deformation of the wall ties has increased dramatically to 80mm which is the cavity depth 

between the two panels. Contact occurs at the end of this stage. 

Assembled system: 
F1=46kN,   u1=2mm 

F2=59kN,   u2=5mm 

F3=38kN,   u3=22mm 

F4=15kN,   u4=82mm 

F5=120kN, u5=95mm 

                   
u6=300mm 
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 Stage 5: u=85→95mm, F=15→120kN. 

After the contact of the panels, they move together in the out-of-plane direction. The block 

panel responds elastically until it reaches the capacity of 120kN at 15mm. The reference 

displacement of the brick panel is increased by  13mm ( 15mm 2mm)   to 95mm. 

 Stage 6: u=95→300mm, F=120kN→0. 

Following the failure of the block panel at 95mm, the resistance drops slowly to zero.  

 Stage 7: u=300mm+, F=0. 

The cavity system has completely failed and has no resistance to blast load.  

6.1.5.1.3 Transformation factors 

In transforming a real structure into an idealised SDOF system, it is essential to correctly represent 

the mass, load distribution and resistance. Biggs (1964) suggested the use of transformation 

factors to convert a real system into an equivalent system on the basis of an assumed mode shape 

of the actual system, representing incremental deflections for the current response stage. When 

the mass, load and resistance of the real structure are multiplied by the corresponding 

transformation factors, they become the parameters for the equivalent SDOF model. 

Let 1  and 2  represent the brick and block panel domains, with the mode shapes of the 

respective panels represented by 1( )   and 2( )  . Before contact of the panels, the brick panel 

moves in the out-of-plane direction mainly as a cantilever, where deformation is uniform along 

the length and varies linearly over the height. Due to the end restraining columns, the block panel 

deforms in an assumed parabolic shape along the length and linearly over the height. The 

variation of the mode shapes for both panels is ignored over the thickness. Therefore, 1( )   and 

2( )   are expressed as follows: 

  1( )before

y

H
    (6.9) 

 2 2

( )
( )

( /2)
before

x L x y

L H



   (6.10) 

where x and y are the coordinates in the length L and the height H of the panels as in Figure 6.35. 

After contact, the block panel maintains its deformation mode and the brick panel deforms with 

the block panel, hence they have the same mode shape as follows: 

 1 2 2
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after after

x L x y
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     (6.11) 
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Figure 6.35: Dimensions and coordinates of the masonry panels 

The mass of an equivalent SDOF system with continuous mass is given as below (Biggs 1964): 

 2( )eM d    (6.12) 

where   is the density of the domain. The effective mass of the block panel found in (6.14) is 

constant but that of the brick panel depends on whether contact of the panels has taken place or 

not as shown in the following expressions 
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where D1 and D2 and 1  and 2  are the depths and densities of the brick and the block panels, 

respectively. For the present model, 1 2     is assumed. The mass factor MK , which is 

defined as the ratio of the equivalent mass to the actual mass, is expressed as follows: 

 

2( )
e

M

t

dM
K

M d





 
 






 (6.16) 

In the SDOF model, the overall cavity system, rather than the separate masonry panels, is 

considered, therefore the transformation factor of the cavity system, i.e. 1 2  , is used. The 

total mass of the system is simply the summation of those of the separate panels: 

 1 2 1 2( )t t tM M M LH D D     (6.17) 

The effective mass, hence the mass transformation factor, of the cavity cladding system varies at 

the different stages of the response curve: 
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 Stage 1-2: u=0→5mm. 

The wall ties are stable in compression and keep the cavity almost constant; hence, 

1 2du du du  . 

 1 1 2 2
1, 2

8

3 45
e e before e

LD H LD H
M M M
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 (6.19) 

 Stage 3: u=5→22mm. 

After the wall ties buckle, the displacement of block panel recovers from 4mm to 2mm while 

that of the brick panel increases by 17mm.  Hence, 1du du  and 2 (2/17)du du  . 
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 Stage 4: u=22→85mm. 

As the axial load of the wall ties is kept at 15kN, the displacement of the block panel is constant 

at 2mm. Therefore, 1du du  and 2 0du  . 
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 Stage 5-7: u=85→300mm+. 

After the contact, the two panels move together until they are completely destroyed. 

Therefore, 1 2du du du  . 
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The equivalent load on the SDOF system for distributed loads is given by (Biggs 1964): 

 ( ) ( )eF p d     (6.26) 

where ( )p   is the constant pressure value and the load transformation factor KL  is defined as 

the ratio of the equivalent to the actual total load: 
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In the cavity cladding system, because the blast overpressure is applied only on the brick panel, 

i.e. 1 , KL is calculated based on only the brick panel. KL is different before and after the contact 

of the panels and the values are calculated as follows: 

 1 1( )tF p d pLH     (6.28) 
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The dynamic equation of motion for the SDOF model can be expressed as (Biggs 1964): 

 M
M t R t L t t t t

L

K
K M a K R K F M a R F

K
      (6.33) 

where KR is the resistance transformation factor that is equal to the load factor KL and the ratio 

between the mass and the load transformation factors is defined as the load-mass factor: 

 M
LM

L

K
K

K
  (6.34) 

The equation of motion of the idealised model is simply transformed from the standard SDOF 

equation in (2.81) by multipling the total mass by KLM. The KL, KM and KLM values are summarised 

in Table 6.9. It is observed that the KLM values are close to 0.5 in the early and later stages when 

both panels are moving in the direction of the blast. The KLM values for the third and fourth stages 

are much smaller due to the closing of the cavity and the panels moving in the opposite directions. 

Table 6.9: Transformation factors at different response stages of the SDOF model A 

Stages KM  KL KLM 

Stage 1-2: u=0→2mm 0.2565 1/2 0.5130 
Stage 3: u=10→25mm 0.1699 1/2 0.3398 
Stage 4: u=25→85mm 0.1687 1/2 0.3374 
Stage 5-7: u=85→300mm+ 0.1778 1/3 0.5334 
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6.1.5.1.4 Verification  

The results of the SDOF model are compared against those of the detailed models using ADAPTIC 

(Izzuddin 1991) under the considered blast signals. Overall, the SDOF model is able to reproduce 

the transferred blast loads and impulses reasonably well, as shown in the examples in Figure 6.36-

41, and hence it can be used extensively for a wider range of blast signals. 

 
Figure 6.36: Model A applied and transferred blast loads under low-level deflagration with 

2 500mspt     

 
Figure 6.37: Model A applied and transferred blast impulses under low-level deflagration with 

2 500mspt    
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Figure 6.38: Model A applied and transferred blast loads under medium-level deflagration with 

2 500mspt    

 
Figure 6.39: Model A applied and transferred blast impulses under medium-level deflagration 

with 2 500mspt    

 

-60

-30

0

30

60

90

120

0 0.1 0.2 0.3 0.4 0.5

Lo
ad

 (
kN

)

Time (s)

Applied
Transferred, ADAPTIC
Transferred, SDOF

0

4

8

12

16

20

0 0.1 0.2 0.3 0.4 0.5

Im
p

u
ls

e
 (

kN
∙s

)

Time (s)

Applied

Transferred, ADAPTIC

Transferred, SDOF



Case Studies 

176 

 

Figure 6.40: Model A applied and transferred blast loads under high-level deflagration with 

2 500mspt    

 
Figure 6.41: Model A applied and transferred blast impulses under high-level deflagration with 

2 500mspt    
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6.1.5.2 Model B 

6.1.5.2.1 Response of individual components 

In model B of the cavity cladding system, the brick panel moves without restraint along the edges, 

hence it does not transfer any loading to the surrounding frame. On the other hand, the block 

panel maintains an identical response to that in model A, with its force-displacement response as 

given in Figure 6.33. The force-displacement curve of the wall ties reflects on how the cavity closes, 

hence it is different from that in model A. As shown in Figure 6.42, the wall ties transfer a 

maximum of 33kN before they reduce to zero. The suddenly increased resistance at 80mm 

represents the contact of the panels. 

 

Figure 6.42: Force-displacement curves of the components in SDOF model B 

6.1.5.2.2 Assembled system response 

The synthesised response curve of model B is shown in Figure 6.43, which is based on the wall-

ties acting in series with the block panel, with the resistance of the brick panel ignored due to its 

rigid movement. Again, the horizontal axis u is the out-of-plane displacement at the top mid-span 

of the brick panel and the vertical axis F is the overall resistance. The curve is much simpler than 

that of model A in Figure 6.34, especially prior to contact. 

 

Figure 6.43: Force-displacement curve of overall SDOF model B cavity cladding system  

Wall ties: 
F1=33kN, d1=1mm 

d2=80mm 

 

Assembled system: 
F1=33kN, u1=5mm 

u2=80mm 

F3=120kN, u3=95mm 

u4=300mm 
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The synthesised response is divided into 5 characteristic stages: 

 Stage 1: u=0→5mm, F=0→33kN.  

Before the wall ties fail in compression, the block panel responds elastically. At the upper 

limit, the block panel has a displacement of 4mm ( 15mm 33kN/120kN)  , hence the overall 

displacement at the brick panel is 5mm ( 4mm 1mm)  . 

 Stage 2: u=5→80mm, F=33kN→0.  

The wall ties have buckled, and their overall resistance drops to zero while the cavity closes. 

The block panel bounces back to the undeformed shape as the load transferred to it by the 

wall-ties drops to zero. The overall displacement at the brick panel is 80mm before contact. 

 Stage 3: u=80→95mm, F=0→120kN.  

The two panels are moving out-of-plane together without a gap in between. The response 

curve is basically that of the block panel alone.  

 Stage 4: u=95→300mm, F=120kN→0.  

The block panel starts to fail while further developing out-of-plane displacement. The 

resistance gradually reduces to zero when the panels completely fail. 

 Stage 5: u=300mm+, F=0. 

The cavity system has completely failed. 

6.1.5.2.3 Transformation factors 

The brick panel moves rigidly in the out-of-plane direction before it collides with the block panel; 

therefore, its mode shape in this range is as follows: 

  1( ) 1before    (6.35) 

Before contact, deformation of the block panel varies quadratically along its length and linearly 

in height, as in model A. The mode shape is as follows: 
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   (6.36) 

The bottom mortar bed joints of the block panel fail almost immediately after the contact. Both 

panels  deform quadratically in length but uniformly in height with the following mode shape: 

 1 2 2

( )
( ) ( )

( /2)
after after

x L x

L
 


     (6.37) 

The effective masses of the panels before and after contact are calculated as follows: 

 2
1, 1 1 1 1 1( )e before beforeM d LD H       (6.38) 
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The mass transformation factor of the cavity cladding system can then be calculated at the various 

stages of the response curve: 

 Stage 1: u=0→5mm. 

Wall ties are stable in compression, keeping the cavity constant, i.e. 1 2du du du  . 
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 Stage 2: u=5→80mm. 

The block panel recovers elastically from 4mm to the undeformed shape as the blast load 

applied on it drops from 33kN to zero. Hence, 1 2(75/ 4)du du du   . 
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 Stage 3-5: u=80→300mm+. 

After contact, the panels move in the out-of-plane direction together, i.e. 1 2du du du  . 
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As in model A, the load transforamtion factor KL is calculated only based on the brick panel. KL is 

different before and after the contact and are obtained as follows: 

 , 1 1 1( ) ( )e before beforeF p d pLH      (6.48) 
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The resistance transformation factor KR is always the same as the load transformation factor KL 

and the load-mass factor KLM can be obtained directly as the ratio between KM and KL, as shown 

in Table 6.10 for the different stages.  

Table 6.10: Transformation factors at different response stages of the SDOF model B 

Stages KM KL KLM 

Stage 1: u=0→5mm 0.5940 1 0.5940 
Stage 2:  u=5→80mm 0.5064 1 0.5064 
Stage 3-5:  u=80→300mm+ 0.5333 2/3 0.8000 

 

6.1.5.2.4 Verification 

The SDOF model compares generally well with the detailed model under the considered blast 

signals. As shown by the examples in Figure 6.44-49, the failure of the wall ties, the closing of the 

cavity and the contact of the panels are all estimated very well. The transferred impulses are 

higher bounds to those in the detailed model; therefore, the SDOF model can be conservatively 

used in global models of buildings. 

 
Figure 6.44: Model B applied and transferred blast loads under low-level deflagration with 

2 500mspt    
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Figure 6.45: Model B applied and transferred blast impulses under low-level deflagration with 

2 500mspt    

 

Figure 6.46: Model B applied and transferred blast loads under medium-level deflagration with 

2 500mspt    
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Figure 6.47: Model B applied and transferred blast impulses under medium-level deflagration 

with 2 500mspt    

 

Figure 6.48: Model B applied and transferred blast loads under high-level deflagration with 

2 500mspt    
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Figure 6.49: Model B applied and transferred blast impulses under high-level deflagration with 

2 500mspt    

 

6.2 Whole Steel Framed Building 

In this part of the study, a full-scale steel frame building with composite floors is considered under 

realistic blast loading. The building was designed for the BASIS project, and a part of the study 

presented hereafter is also in the scope of the project. While the responses of separate structural 

components under blast loading can be easily studied, the global response of a whole building is 

only possible or realistic with an efficient global model. To this end, the simplified models of 

composite slabs and structural connections discussed in Chapter 5, are employed and the 

hierarchic domain partitioning approach (Jokhio 2012, Jokhio and Izzuddin 2015) is adopted to 

further reduce the wall-clock time of the nonlinear dynamic analyses. The SDOF model of the 

masonry cavity cladding system in the first case study is adopted when investigating the 

protection that the cladding panels can provide to the main structural frame without actually 

including the computationally demanding mesoscale models of the masonry panels in the global 

model. Overall, an analysis of the global model under a typical blast loading can be efficiently 

carried out in less than half an hour using the partitioned modelling approach. 
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6.2.1 Overview on the Design of the Steel Frame Building 

The design of this mid-rise steel frame office building is based on Eurocodes and their 

corresponding National Annexes for the UK. A detailed description of the design can be found in 

the project Deliverable 2.2 (SCI 2013).Figure 6.50 shows the architect’s impression of the building 

with masonry cladding and this section presents a number of the key facts about the building. 

 

Figure 6.50: Architect’s impression of the building with masonry cladding 

The office building has 3 basic levels with extensions to a fourth level for the stair towers at the 

edges and a plant room accommodating services as shown in Figures 6.51-52. The three basic 

floors are typical office areas, while the fourth floor is the main roof to the building. Each storey 

is 3.9m high, and the stair towers and the plant room on the roof are 3.8m high, adding up to a 

total height of 15.5m. The building has a rectangular plan 18m wide and 50.4m long. 

 

 

Figure 6.51: Plan of the building at level three 

50.4m 

7.2m 

9m 

9m 
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Figure 6.52: Front elevation of the building 

The stair towers facilitate the rearrangement of columns in those areas. Lateral stability is 

provided by braced end bays, and the detailed arrangement is shown in Figure 6.53. ComFlor 60 

deck is used with normal weight C30/37 concrete. The slab is connected to beams with shear 

studs, as shown for an example in Figure 6.54.  

 

Figure 6.53: Bracing arrangement of the frame 

 

Figure 6.54: Section of composite floor connecting to beam through shear studs 

15.5m 
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6.2.2 Finite Element Modelling Approach 

The developed simplified models of structural components in Chapter 5 are incorporated in the 

global model of the building. In the following context, these models are modified to adapt to the 

designs in the building. The hierarchic partitioning scheme is also adopted and presented. 

6.2.2.1 Simplified model of fin plate connections 

Mechanical models of fin plate connections are improved, as presented in Chapter 5, by coupling 

the axial and shear responses of bolt rows to allow a more realistic representation of material 

nonlinearity. The coupling is achieved through a closed convex plastic interaction curve for the 

generalised axial and shear forces of the spring elements representing the bolt rows. 

Viscoplasticity is also considered in the model to include strain rate effect under transient blast 

loading. The parametric study applies different actions, including shear, axial and bending, and 

their combinations to the coupled model of a typical beam-to-column fin plate connection. The 

validated simplified model of a fin plate connection is used in the global model of the building. 

Identical responses are assumed for all bolt rows of a single connection. A typical bilinear strain-

stress relationship with 1% strain-hardening is adopted the steel material at the connections. The 

outermost springs utilise a gap-contact rigid-plastic curve to model the gap between the beam 

flange and the column, with the plastic limit taken as the resistance of the beam flange in 

compression increased by 20% to account for strain-hardening. As for the parameters of the strain 

rate effect, ' 5q   applies for all connections, though 'D  varies and is included in Table 6.11, 

where the response of the components of all connections are summarised. 

Table 6.11: Response parameters of the mechanical models of fin plate connections 

Connections 

classified by 
supported 
beam 

Bolt rows (properties per bolt row) Beam flanges Strain rate 
effect 

parameter 
D’ (m/s) 

Axial 
capacity 

(kN) 

Shear 
capacity 

(kN) 

Axial initial 
stiffness 
(kN/m) 

Shear initial 
stiffness 
(kN/m) 

Gap 
(mm) 

Crushing 
resistance 

(kN) 

IPE 140 60.9 63.6 53749 66866 10 214.6 4561 
IPE 200 72.5 85.3 58865 73196 10 362.1 4165 
IPE 240 80.3 94.0 61839 76874 10 501.0 3965 
IPE 270 85.5 90.4 63658 79123 10 586.6 3851 
IPE 300 91.9 90.4 65770 81733 10 783.8 3727 
IPE 330 97.1 90.4 67344 83676 10 783.8 3640 
IPE 360 103.6 90.4 69179 85943 10 919.7 3544 
IPE 400 106.8 86.8 71210 88450 10 1035.2 3442 
IPE 450 106.8 86.8 73665 91479 10 1181.7 3328 
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6.2.2.2 Simplified models of composite floor 

The simplified model of a composite floor system with the recently developed flat shell elements 

(Izzuddin et al. 2004) was investigated in Chapter 5 for its ability to capture the influence of 

transverse damage due to uplifting upon the shear response of the floor system. The local effects 

caused by the shear studs decreases with the increasing scale of the floor slab; therefore, shell 

elements are connected rigidly to the beam elements directly in the global model. 

6.2.2.3 Hierarchic partitioning scheme 

The building includes 1D beam-column elements for the beams and columns, rigid link elements 

and spring elements for the connections, and 2D shell elements for the composite floor slabs. 

Although these elements are not as computationally demanding as 3D elements, such as those 

used for mesoscale modelling of the masonry cavity wall cladding, a large number of elements is 

required to model the three-storey building. The nonlinear dynamic analysis of such a building is 

unrealistically demanding with monolithic modelling on standard PC workstations. The recently 

developed hierarchic partitioning modelling scheme (Jokhio 2012, Jokhio and Izzuddin 2015) is 

therefore adopted, and the model is analysed on HPC to utilise efficient parallel processing. 

 

Figure 6.55: First level of domain partitioning of the building 

 
(a) 1st, 2nd and 3rd floors    (b) roof terrace 

Figure 6.56: Second level of domain partitioning of the building 

Ω1 
 

Ω2 

 

Ω3 
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On the first level of partitioning, the building is divided into one parent structure and three 

partitions as illustrated in Figure 6.55. Each floor is modelled as a separate partition, where the 

concept of modular modelling is utilised to take the advantage of the fact that the three floors 

have similar layouts. The identical partitions have to be developed only once, with the rest 

becoming a question of connecting the corresponding super elements at the parent structure 

level. Each of the three intermediate partitions is further discretised into 13 lower level child 

partitions, corresponding to the 13 structural bays as shown in Figure 6.56. The plant room and 

the stair towers are included in the 3rd intermediate partition, which thus has a total of 16 child 

partitions instead of 13. The composed global model of the building is shown from different angles 

in Figures 6.57-59. 

 

Figure 6.57: Front view of the global model of the building 

 

Figure 6.58: Side view of the global model of the building 
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Figure 6.59: Top view of the global model of the building 

6.2.2.4 Implicit-explicit time integration scheme 

The critical time step of an implicit-explicit analysis can be accurately obtained from the highest 

natural frequency associated with the explicit mesh. However, eigenvalue analysis only gives the 

highest natural frequency of the overall model and, therefore, for such a complex model, it may 

lead to an overly small critical time step which is associated with the implicit mesh rather than 

the explicit mesh. To find the critical time step analytically with the Courant number, all types of 

elements in the global model need to be considered separately. There exist four main types of 

elements in the global model, including beam-column elements for the frame members, flat shell 

elements for the composite floor and spring and link elements for the mechanical models of 

connections. The spring and link elements are usually not associated with mass hence are grouped 

as implicit elements and are not considered in finding the critical time step.  

As indicated in Figure 6.58, the flat shell elements modelling the composite floor slabs are 

arranged to have a uniform size of 0.5m 0.6m . Therefore, the smallest element dimension is 

0.5mH  . The fastest wave propagation speed is found as: 

 1
1

2
3849m s

G
c




    (6.52) 

and the critical time step is calculated with 6.0347   as: 

 5
, 1

1

2 2 0.5m
4.305 10 s

6.0347 3849m s
crit slab

H
t

c





    

 
  (6.53) 

The longitudinal wave propagation speed is the same in all beam-column elements and is equal 

to 5188.75m/s as given by (3.80). The flexural wave propagation speed is dependent on the cross-

sectional dimensions and the element length hence it varies for the different members. Table 6.12 
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lists the critical time steps associated with the beam-column elements modelling the different 

beam and column members in the building. The smallest element dimension H is similar across 

the beams and columns in the building; therefore, approximately, 0.4mH   is taken for all beams 

and 0.5mH   for all columns. The overall critical time step is associated with the beam member 

IPE 450 at 53.269 10 scritt    . As the smaller cross-sections are associated with larger critical 

time steps, it is not necessary to check the bracing members. Preliminary implicit analyses of the 

building indicate that stable results can be obtained at a time step of 0.01st   under the 

considered scenarios. It is more than 300 times larger than the critical time step required in the 

implicit-explicit analysis. In addition, the preliminary analyses also have shown that the stepwise 

superiority in efficiency of the implicit-explicit time integration cannot compensate the massively 

more time steps it requires to take. As a result, only implicit time integration is adopted for the 

global model and the results presented hereafter are from implicit analyses. 

Table 6.12: Critical time steps associated with beam-column elements 

Beam/column H H* (3.86) critt  

IPE 140 0.4m 1.802 4.278×10-5s 
IPE 200 0.4m 1.829 4.214×10-5s 
IPE 240 0.4m 1.936 3.983×10-5s 
IPE 270 0.4m 1.986 3.881×10-5s 
IPE 300 0.4m 2.041 3.777×10-5s 
IPE 330 0.4m 2.100 3.671×10-5s 
IPE 360 0.4m 2.163 3.564×10-5s 
IPE 400 0.4m 2.248 3.429×10-5s 
IPE 450 0.4m 2.358 3.269×10-5s 

HE 180 0.5m 1.805 5.338×10-5s 
HE 200 0.5m 1.822 5.288×10-5s 
HE 220 0.5m 1.841 5.235×10-5s 
HE 240 0.5m 1.861 5.178×10-5s 
HE 260 0.5m 1.886 5.111×10-5s 
HE 280 0.5m 1.910 5.044×10-5s 
HE 400 0.5m 2.067 4.663×10-5s 

6.2.3 Loading 

6.2.3.1 Combination of actions 

Table 6.13 shows the permanent and variable actions considered for the building, which are taken 

and simplified from those used in the design of the building according to Eurocodes and National 

Annexes. The self-weight of columns/beams is not included in the table as it varies per member.  
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Table 6.13: Permanent and variable actions for the different floors 

Level 3 
Main roof of the building 

Permanent actions kN/m2 

  Composite floor ComFlor 60 2.56 

  Membrane and insulation 0.2 

  Service on the ceiling below 0.5 

  Total:   3.26 

Variable actions  

  Imposed action – machinery (plant room only) 7.5 

  Imposed action –  roof (overall roof) 0.6 

  Total: 8.1 

Level 1 and 2 Permanent actions  

  Composite floor ComFlor 60 2.56 

  Ceiling and building services 0.5 

  Raised access floor 0.5 

  Total: 3.56 

Variable actions  

  Office space load 2.5 

  Toilet areas 2 

  Movable partitions 0.8 

  Total: 3.3 

The accidental design situations are adopted as the combination of actions for the blast analysis 

of the building and Expression 6.11 in BS EN 1990 (Eurocode 2002) is used: 

 , 1 ,11 k j kj
G A Q


   (6.54) 

where ,k jG  are the characteristic values of the permanent actions, A is the leading accidental 

action and ,1kQ  is the characteristic value of the leading accompanying variable action. The partial 

factor 1  applied to the accompanying variable action is taken as 0.5 for office areas. This 

accidental combination of actions is applied to the building as initial loads. Blast actions are 

applied as dynamic loads and transient analyses of the whole model are carried out. The dynamic 

loads could be modelled varying independently in the time domain, allowing more than one blast 

overpressure signal to be applied on the building. This is essential because the reflected waves 

around the building on the different faces are different under the same incident signal. 

6.2.3.2 Blast actions 

6.2.3.2.1 Incident blast overpressures 

The first case study suggests that the masonry cavity cladding systems fail under all of the high-

level blast waves with 140mbarmaxP   and some of the medium-level waves with 50mbarmaxP  . 
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Therefore, as is also suggested in Table 6.2, 140mbar and 50mbar are taken as the high and low-

level incident intensities of blast waves to be applied for the global model of the reference 

building. The linear models of blast waves in Figure 6.13 are adopted again, and typical durations 

of 50ms and 500ms are chosen for the detonations and deflagrations, respectively. 

6.2.3.2.2 Reflected blast overpressures 

A study carried out by INERIS (2015a) introduces the reflection of blast waves on the different 

faces of a rigid body. The shock-wave-rigid-structure interaction discussed in the study is adopted, 

neglecting complications caused by the structure itself or neighbouring obstacles. Specifically, the 

reflected overpressures for the roof and side walls are the same because the wave is parallel to 

these faces. The front face is perpendicular to the wave hence has the highest reflection factor 

close to 2.0. The rear face has a similar level of reflected overpressure as the side faces but is 

associated with a delay in time. The resulting reflected overpressures on the various faces under 

the four considered incident blast waves are presented in Table 6.14. It is worth noting that the 

deflagration waves are transformed to detonations with the same intensity and positive duration 

in order to obtain the reflected overpressures according to the method adopted by INERIS. 

Table 6.14: Incident and reflected deflagration overpressures 

Incident Overpressure 
Reflected overpressures 

Front face Side faces and roof Rear face 

 

 

  

Low-level deflagration 
p1=50mbar,   t1=250ms 

                        t2=500ms 

p0=102mbar 

p1=36mbar,   t1=139ms 

                        t2=500ms 

 
p1=45mbar,   t1=51ms 

                        t2=500ms 

                        t0=51ms 

p1=45mbar,   t1=233ms 

                        t2=551ms 

High-level deflagration 
p1=140mbar, t1=250ms 

                        t2=500ms 

p0=296mbar 

p1=100mbar, t1=136ms 

                        t2=500ms 

 
p1=123mbar, t1=50ms 

                        t2=500ms 

                        t0=50ms 

p1=123mbar, t1=225ms 

                        t2=550ms 

Low-level detonation 
p1=50mbar,   t1=0ms 

                        t2=50ms 

p0=102mbar 

p1=0mbar,     t1=50ms 

                        t2=50ms 

 
p1=22mbar,   t1=50ms 

                        t2=50ms 

                        t0=50ms 

p1=22mbar,   t1=95ms 

                        t2=102ms 

High-level detonation 
p1=140mbar, t1=0ms 

                        t2=50ms 

p0=296mbar 

p1=0mbar,     t1=50ms 

                        t2=50ms 

 
p1=60mbar,   t1=50ms 

                        t2=50ms 

                        t0=50ms 

p1=60mbar,   t1=93ms 

                        t2=100ms 
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6.2.3.2.3 Transmitted blast overpressure  

In case of glazing failure, the blast wave is transmitted into the building, causing overpressures on 

the different faces of the opened storey. Atkinson’s method (2011) is adopted to estimate the 

transmitted overpressures as it can be applied to both deflagrations and detonations. The 

intensities of the transmitted waves are 50mbar and 137mbar, respectively, for the low and high 

incident overpressures. It is assumed that the transmitted blast wave has the same time-history 

as that of the incident overpressure. In addition, reflection factors Rk that are found previously 

for the exterior faces are used for the interior faces. 

6.2.3.2.4 Application of blast loads 

The blast overpressure is a uniform pressure load applied on the different faces of the building, 

including the interior faces in case of openings. The loads are applied to the columns and slabs 

according to a suitable division of the applied area. The façade of a single storey includes 1.8m of 

glazing, 1.2m of cladding covering the floor system and 0.9m of cladding above the floor level. 

The applied blast loads on the glazing and the 1.2m cladding are assumed to be completely 

transferred to the floor slabs and columns as point loads. The load on the 0.9m cladding is also 

assumed to be completely transferred, except when considering the results of the masonry 

cladding in Case Study 1. In case of front face opening, the blast loads on the glazing is ignored by 

assuming that the glazing fails almost immediately under the blast. 

6.2.4 Assessment Criteria 

The damage level of the overall building is described by the damage or response levels of the 

structural components as concluded in Table 6.15. The building is repairable for the two lower 

levels with moderate and significant repair costs. The high damage level is essentially pre-collapse 

therefore would be assessed between repair and replacement. The damage levels of structural 

components are also conveniently categorised into three typical levels as described in Table 6.16, 

which is based on Table 5.B.1.B of an ASCE publication on the blast-resistant design of 

petrochemical facilities (ASCE 2010). The primary method to determine the adequacy of a 

conventionally designed structure is to compare the stress levels achieved in the building with the 

maximum values permitted. Deflections are only checked for serviceability or architectural 

reasons. However, in dynamic design, e.g. under blast loading, the yield stress is usually exceeded 

to achieve an economic design. Hence, the stress level is no longer appropriate for judging 
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member response and maximum deformation is used instead. The ductility ratio and hinge 

rotation based on the peak deformation are mostly used for components responding primarily in 

flexure (ASCE 2010). For structural connections, the plastic rotation is frequently adopted as an 

acceptable criterion (ASCE 41 2007, UFC 4-023-03 2009). 

Table 6.15: Building damage levels (ASCE 2010) 

Damage level Description 

Low Localised component damages. Building can be used, however, requires 

repairs to restore integrity of structural envelop. Moderate repair cost. 

Medium Widespread component damage. Building should not be occupied until 

repaired. Significant repair cost. 

High Key components may have lost structural integrity and building collapse 

due to environmental conditions (i.e. wind, snow, rain) may occur. 

Building should not be occupied. Repair cost approach replacement cost. 

 

Table 6.16: Component response levels (ASCE 2010) 

Response level Description 

Low Component has none to slight visible permanent damage. 

Medium Component has some permanent deformation. It is generally repairable, 

if necessary, although replacement may be economical and aesthetic. 

High Component has not failed, but has significant permanent deflection 

causing it to be unrepairable. 

6.2.4.1 Components responding in flexure 

The ductility ratio and hinge rotation are the mostly used parameters in determining the response 

level. The ductility ratio   is simply found by dividing the maximum displacement of the member 

by the displacement at the elastic limit. It measures the degree of inelastic response experience 

by the member. Hinge rotation    is another measure of the member response which relates the 

maximum deflection to span, reflecting on the proximity to failure in critical areas of the member. 

The hinge rotation could refer to the rotation at the support or the rotation at location of 

maximum deflection, typically at mid-span, where the latter is usually twice the value of the 

former. In a typical case where the components are designed using a procedure that explicitly 

considers the dynamic component response, such as the dynamic FE analysis used for the 

reference building in this study, the response limits for steel components are provided in Table 

5.B.2 of the same ASCE publication (ASCE 2010). The data relevant to the reference building are 

extracted and summarised in Table 6.17. The first, second and third rows of data in the table apply 

to secondary beams, columns and primary beams, respectively. 
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Table 6.17: Response limits for steel components (ASCE 2010) 

Component 

Ductility ratio   Support hinge rotation   

Low  Medium High Low  Medium High 

Hot rolled steel compact secondary 
members (beams, girts, purlins) 

3 
 

10 
 

20 
 

20 
(0.0349) 

60 

(0.1047) 
120 

(0.2094) 

Steel primary frame members 
(with significant compression) 

1.5 
 

2 
 

3 
 

10 

(0.0175) 
1.50 

(0.0262) 
20 

(0.0349) 

Steel primary frame members 
(without significant compression) 

1.5 3 
 

6 
 

10 

(0.0175) 
20 

(0.0349) 
40 

(0.0524) 

6.2.4.2 Connections 

The capacity of a member to deform significantly is dependent on the ability of the connections 

to maintain strength. In fact, connections often control the blast capacity for structures which 

have been designed for conventional loads only (ASCE 2010). In view of the lack of specific 

acceptance criteria for connections under blast loading, the recommendations provided in the 

ASCE 41 (2007) publication on seismic rehabilitation of existing buildings and the UFC 4-023-03 

(2009) publication on the progressive collapse design of buildings are adopted. The accepted 

plastic rotations for primary and secondary connections are different. The fin plate connections 

considered for assessment are primary components that contribute directly to the integrity of the 

building. Hence, the accepted plastic rotation is established as 0.0502-0.0015dbg in radians, where 

dbg is the bolt group depth in inch units. For connections with three bolt rows and four bolt rows, 

the resulting values are 0.0419 and 0.0378, respectively. Taking these values as the high response 

limits, the medium and low limits are simply assumed to be 1/2 and 1/4 of the high limits similar 

to the limits in Table 6.17 for primary members without significant compression. The limit values 

are summarised in the following Table. 

Table 6.18: Plastic rotation response limit for fin plate connections 

Connections Low response Medium response High response 

3 bolt rows (rad) 0.0105 0.0210 0.0419 

4 bolt rows (rad) 0.0095 0.0189 0.0378 

6.2.4.3 Inter-storey sidesway limits 

In accordance with Table 5-8 in UFC 4-023-02 (2008), for blast response designed to avoid 

imminent collapse, the deflection criteria used for frames limit the inter-storey drift to H/25, 

where H is the storey height. A more complete set of limits are provided by the ASCE publication 

(ASCE 2010), and the values for the considered building are shown in Table 6.19. 
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Table 6.19: Sidesway limits for steel frame structures 

 Low response Medium response High response 

Sidesway displacement  H/50 (78mm) H/35 (111mm) H/25 (156mm) 

6.2.5 Response and Assessment of the Building 

The only boundary condition applied to the building is the simple restraints of the column bases. 

As shown in the deformed shape of the building under the high-level deflagration in Figure 6.60, 

the building reacts mainly in the blast direction, although it is under all-around overpressures. 

Noting that the out-of-plane displacement refers henceforth to the displacement in the blast 

direction, simulation results have shown that the variations of the out-of-plane displacement over 

the width and depth of the building are small relative to the variation over the height.  

 
(a) Side view 

 

(b) Top view 

Figure 6.60: Deformed shape of the building under high-level deflagration 

At this stage, the reflected blast overpressures are assumed to be fully transferred by the façade, 

including the glazing and the cladding, and the building is assumed to have no openings. The out-

d3 
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of-plane displacement at the mid-width of the third floor d3, as shown in Figure 6.60, is used next 

as the primary indicator when comparing the responses of the building under the different blast 

signals. As shown in Figure 6.61, except for the high-level deflagration with 140mbarmaxP  , the 

building does not develop obvious residual deformations.  

 

Figure 6.61: Out-of-plane displacement of the building under considered blast signals 

The primary natural period of the building deforming in the out-of-plane direction is around 

1sT  . Therefore, the detonations with 2 50mspt T   lead to impulsive responses and the 

deflagrations with 2 500mspt T    lead to dynamic responses. In either case, the impulses 

rather than the intensity of the blast signals are more important in determining the response of 

the building. Table 6.20 shows the impulses of the considered blast signals in the blast direction, 

which are obtained simply as an algebraic combination of the impulses applied on the front and 

rear faces of the building. The high-level detonation results in a similar level of impulse to the low-

level deflagration, which explains the similar maximum response for these two cases in Figure 

6.61. The low detonation has an impulse of around 1/3 of that of the high detonation, hence the 

deformation of the building is proportionally lower than that under the high detonation. 

Table 6.20: Impulses in the blast direction 

 Low deflagration 

( 50mbar)maxP   

High deflagration 

( 140mbar)maxP   

Low detonation 

( 50mbar)maxP   

High detonation 

( 140mbar)maxP   

Front face 1076kN∙s 3012kN∙s 174kN∙s 501kN∙s 

Rear face -777kN∙s -2122kN∙s -39kN∙s -104kN∙s 

Total 299kN∙s 890kN∙s 135kN∙s 397kN∙s 
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Observing the deformed shape in Figure 6.60 and the out-of-plane displacements in Figure 6.62 

under the high-level deflagration, deformation decreases from the first storey to higher storeys. 

The first storey is where most of the damage concentrates, and, even though this is not observed 

under the current conditions, the collapse of the building is likely to initiate from the first storey. 

 
Figure 6.62: Out-of-plane displacements at different floors under high-level deflagration 

 

Figure 6.63: Column notations (Col1-Col4) and connection notations: front (FCon1-FCon4), 

internal (ICon1-ICon3) and rear (RCon1-RCon4) 
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Due to the symmetry, only the components in the left part of the building are assessed as 

indicated in Figure 6.63. Only the edge columns on the front face, noted as Col1-Col4, are assessed 

due to the similar deformation of the building over the depth. However, connections on the front 

and rear faces and at interior positions are all assessed as, although their total rotations might be 

similar, the plastic rotations that could be considerably different due to the varying elastic limit 

rotations of the different connections. Only connections that are connecting the 9m-span 

secondary beams to the columns are considered, since only these connections will undergo 

substantial deformations when the building moves in the blast direction in parallel to the 

secondary beams. 

6.2.5.1 Assessment of the building under high-level deflagration 

Table 6.21 shows the maximum values of the inter-storey drifts Δd of the three storeys under the 

high-level deflagration. The two lower storeys are in medium-level damage and the top storey is 

in low-level damage. 

Table 6.21: Maximum inter-storey drifts Δd under high-level deflagration 

 First storey Second storey Third storey 

Maximum inter-storey drift Δd 98mm 80mm 50mm 

Notes: low (≤78mm), medium (≤111mm), high (≤156mm), exceed high (>156mm). 

The column chord rotations are also determined based on the inter-storey drifts as |  /| Hd , 

where 3.9mH  , and the maximum values are shown in Table 6.22. The responses are in 

accordance with those observed in terms of the inter-storey drifts, and these indicate that the 

columns are repairable and need not to be replaced. Overall, the results indicate a medium 

damage level of the building. 

Table 6.22: Column chord rotations under high-level deflagration 

Column 1max,  2max,  3max,  

Col1 (HE200) 0.0244 0.0197 0.0135 
Col2 (HE240) 0.0247 0.0197 0.0144 
Col3 (HE240) 0.0248 0.0200 0.0152 
Col4 (HE220) 0.0253 0.0203 0.0147 

Notes: 

 ( =1,2,3)max,i i , i corresponds to the ith storey; 

Low (≤0.0175), medium (≤0.0262), high (≤0.0349), exceed high (>0.0349). 



Case Studies 

200 

The reference building behaves as a frame where the connections respond mainly by developing 

rotations rather axial deformations. The plastic rotations of the connections pl  are obtained as: 

 max( ,0)pl tot el     (6.55) 

where tot  and el  are the total rotation and elastic limit rotation. As Table 6.23 shows, all 

connections are well within the medium response limits. The building has an overall medium-level 

damage, and the connections need repairs before the building may be used following a high-level 

deflagration. 

Table 6.23: Plastic rotations of connections under high-level deflagration 

Connection el  ,1tot  ,1pl  ,2tot  ,2pl  ,3tot  ,3pl  

FCon1 (3 bolt rows) 0.019 0.022 0.003 0.018 0 0.012 0 

FCon2 (4 bolt rows) 0.017 0.019 0.002 0.013 0 0.025 0 

FCon3 (3 bolt rows) 0.020 0.021 0.001 0.013 0 0.030 0.010 

FCon4 (4 bolt rows) 0.017 0.021 0.003 0.015 0 0.004 0 

ICon1 (4 bolt rows) 0.017 0.028 0.011 0.018 0.001 0.032 0.015 
ICon2 (3 bolt rows) 0.021 0.027 0.006 0.022 0.001 0.038 0.017 
ICon3 (3 bolt rows) 0.021 0.026 0.005 0.019 0 0.019 0.002 

RCon1 (3 bolt rows) 0.020 0.023 0.003 0.028 0.008 0.014 0 

RCon2 (4 bolt rows) 0.017 0.025 0.008 0.019 0.002 0.034 0.017 

RCon3 (3 bolt rows) 0.021 0.028 0.007 0.023 0.002 0.035 0.014 
RCon4 (3 bolt rows) 0.021 0.028 0.007 0.023 0.002 0.021 0 

Notes: 

el  is the elastic rotation, ,tot i and ,pl i  ( 1,2,3)i   are the total and plastic rotations at each 

floor; 
3 bolt row: low (≤0.0105), medium (≤0.0210), high (≤0.0419) and exceed high (>0.0419); 
4 bolt row: low (≤0.0095), medium (≤0.0189), high (≤0.0378) and exceed high (>0.0378). 

6.2.5.2 Assessment of the building under low-level deflagration 

The building is expected to have a low-level response under the low-level deflagration. The 

connections are not assessed since the values in Table 6.23 under the high-level deflagration are 

already mostly within the low response limits. The assessment of the inter-storey drifts and the 

column rotations are shown in Table 6.24 and Table 6.25, respectively, and they confirm that the 

building is in low damage level under the low-level deflagration. This means that the building can 

continue to be occupied after a low-level deflagration. 

Table 6.24: Maximum inter-storey drifts Δd under low-level deflagration 

 First storey Second storey Third storey 

Maximum inter-storey drift Δd 24mm 23mm 20mm 

Notes: low (≤78mm), medium (≤111mm), high (≤156mm) and exceed high (>156mm). 
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Table 6.25: Column chord rotations under low-level  deflagration 

Column 1max,  2max,  3max,  

Col1 (HE200) 0.0058 0.0060 0.0046 

Col2 (HE240) 0.0058 0.0059 0.0049 

Col3 (HE240) 0.0058 0.0059 0.0052 

Col4 (HE220) 0.0061 0.0059 0.0050 

Notes: Low (≤0.0175), medium (≤0.0262), high (≤0.0349), exceed high (>0.0349). 

6.2.5.3 Influence of blast overpressures on roof and side faces 

A blast that originates at a certain distance from a building causes reflected overpressures on all 

faces, including the side faces and the roof, which has been considered in the global model in this 

study. These reflected overpressures are not in the direction of the incident blast wave but lead 

to a slightly higher response in the building. As Figure 6.64 shows, the building has a slightly 

smaller response when excluding the reflected overpressures on the side faces and the roof, 

which does not change the damage level of the building under the high-level deflagration, as also 

reflected in the maximum inter-storey drifts presented in Table 6.26. 

Table 6.26: Maximum inter-storey drifts Δd under high-level deflagration without 
overpressures on side faces and roof 

 First storey Second storey Third storey 

Maximum inter-storey drift Δd 100mm 73mm 51mm 

Notes: low (≤78mm), medium (≤111mm), high (≤156mm) and exceed high (>156mm). 

 

Figure 6.64: Out-of-plane displacement of the building under high-level deflagration with and 
without overpressures on the side faces and the roof 
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6.2.5.4 Influence of the failure of masonry cladding 

The first case study includes a comprehensive study on the characteristics of the masonry cavity 

cladding system in transferring the applied blast loads. The results are integrated into the SDOF 

models presented in Section 6.1.5, which are proven to be accurate in reproducing the amount 

of blast load and impulse that a bay of cladding is able to transfer to the surrounding frame. The 

SDOF model of masonry cladding system A is used in the global model to establish the transferred 

blast loads and impulses to the building frame. For example, Figures 6.65-67 show the equivalent 

transferred blast overpressures by the cladding system under the high-level deflagration on the 

front, side and rear faces of the building. In fact, except for under the high-level deflagration, the 

cladding system can almost completely transfer the applied blast overpressures, hence the 

influence of the masonry cavity cladding on the response of the building is only established under 

the high-level deflagration. Specifically, the SDOF model is applied to only the 0.9m-high masonry 

cladding panels beneath the windows and the 2m-high parapet masonry panels on the roof, while 

the other parts of the masonry cladding, mainly covering the floor systems, are assumed to 

transfer their blast load completely. The resulting algebraic impulse applied to the building in the 

blast direction is decreased by about 60% of the original value as shown in Table 6.27. 

Table 6.27: Impulses in the blast direction under the high-level deflagration 

 Original Cladding 

Front face 3012kN∙s 2182kN∙s 

Rear face -2122kN∙s -1803kN∙s 

Total 890kN∙s 379kN∙s 

 
Figure 6.65: Transferred blast overpressure on the rear face under high-level deflagration 
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Figure 6.66: Transferred blast overpressure on the side faces and roof under high-level 
deflagration 

 

Figure 6.67: Transferred blast overpressure on the rear face under high-level deflagration 

The out-of-plane displacement d3 of the building under the high-level deflagration with and 

without including the SDOF model of the masonry cladding are compared in Figure 6.68. The 

building develops much less deformation due to the reduction in the load transfer by the 

damaged cladding. The inter-storey drifts and column rotations in Tables 6.28-29 indicate that 

the building has reduced from medium damage level to low damage level. 
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Table 6.28: Maximum inter-storey drifts Δd under high-level deflagration with SDOF cladding 
model 

 First storey Second storey Third storey 

Maximum inter-storey drift Δd 21mm 24mm 20mm 

Notes: low (≤78mm), medium (≤111mm), high (≤156mm) and exceed high (>156mm). 

 

Table 6.29: Column chord rotations under high-level  deflagration with SDOF cladding model 

Column 1max,  2max,  3max,  

Col1 (HE200) 0.0143 0.0106 0.0068 

Col2 (HE240) 0.0143 0.0106 0.0068 

Col3 (HE240) 0.0143 0.0106 0.0068 

Col4 (HE220) 0.0143 0.0106 0.0068 

Notes: Low (≤0.0175), medium (≤0.0262), high (≤0.0349), exceed high (>0.0349). 
 

 

Figure 6.68: Out-of-plane displacement of the building under high-level deflagration with and 
without SDOF model of cladding 

6.2.5.5 Consideration of the front face opening 

The glazing of the second storey on the front face is assumed to have failed immediately at the 

application of the blast overpressure, which is then transmitted into the building, imposing 

reflected overpressures on the ceiling, floor and the walls. The peak incident overpressure 

decreases slightly when transmitted into the building, and the duration is assumed to be kept the 

same. The response of the building has been reduced in all scenarios as shown in Figures 6.69-70. 
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Figure 6.69: Out-of-plane displacement of the building under deflagrations with and without 
front face opening 

 
Figure 6.70: Out-of-plane displacement of the building under detonations with and without 

front face opening 

The impulses in the blast direction are modified from those in Table 6.21 to Table 6.30. The total 

impulses under the detonations are only moderately increased and so are the responses of the 

building. The damage levels of the building observed are not raised. The total impulses under the 

deflagrations are significantly increased and so are the responses of the building. Therefore, the 

building is assessed under the deflagration scenarios. 
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Table 6.30: Impulses in the blast direction for the building with front face opening 

 Low deflagration 

( 50mbar)maxP    

High deflagration 

( 140mbar)maxP   

Low detonation 

( 50mbar)maxP   

High detonation 

( 140mbar)maxP   

Front face 1406kN∙s 3940kN∙s 197kN∙s 564kN∙s 

Rear face -777kN∙s -2122kN∙s -39kN∙s -104kN∙s 

Total 629kN∙s 1818kN∙s 158kN∙s 460kN∙s 

Original total 299kN∙s 890kN∙s 133kN∙s 397kN∙s 

The building remains at low damage level under the low-level deflagration although more out-of-

plane deformation is observed due to front face opening. The inter-storey drifts and column 

rotations shown in Tables 6.31-32 are all in the lowest damage ranges. The plastic rotations of 

connections are not assessed as they are less critical in determining the damage level of the 

building as observed previously. 

Table 6.31: Maximum inter-storey drifts Δd under low-level deflagration with front face 
opening 

 First storey Second storey Third storey 

Maximum inter-storey drift Δd 60mm 38mm 30mm 

Notes: low (≤78mm), medium (≤111mm), high (≤156mm) and exceed high (>156mm). 

 

Table 6.32: Column chord rotations under low-level  deflagration with front face opening 

Column 1max,  2max,  3max,  

Col1 (HE200) 0.0154 0.0102 0.0068 

Col2 (HE240) 0.0153 0.0101 0.0071 

Col3 (HE240) 0.0151 0.0099 0.0072 

Col4 (HE220) 0.0152 0.0098 0.0072 

Notes: Low (≤0.0175), medium (≤0.0262), high (≤0.0349), exceed high (>0.0349). 

Results in Tables 6.33-35 for the high-level deflagration indicate that the building with front face 

opening has been raised from medium-level damage to have exceeded high-level damage. It is 

extensively damaged across the different storeys though some of the connections in the third 

storey have not failed and may be repairable. Nevertheless, in practice, the building would have 

collapsed due to the blast and would need to be rebuilt completely.  

Table 6.33: Maximum inter-storey drifts Δd under high-level deflagration with front face 
opening 

 First storey Second storey Third storey 

Maximum inter-storey drift Δd 446mm 298mm 200mm 

Notes: low (≤78mm), medium (≤111mm), high (≤156mm) and exceed high (>156mm). 
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Table 6.34: Column chord rotations under high-level  deflagration with front face opening 

Column 1max,  2max,  3max,  

Col1 (HE200) 0.1211 0.0876 0.0514 

Col2 (HE240) 0.1178 0.0844 0.0507 

Col3 (HE240) 0.1144 0.0813 0.0500 

Col4 (HE220) 0.1115 0.0788 0.0485 

Notes: Low (≤0.0175), medium (≤0.0262), high (≤0.0349), exceed high (>0.0349). 

 

Table 6.35: Plastic rotations of connections under high-level deflagration with front face opening 

Connection el   ,1tot  ,1pl  ,2tot  ,2pl  ,3tot  ,3pl  

FCon1 (3 bolt rows) 0.019  0.105 0.086 0.070 0.051 0.047 0.028 
FCon2 (4 bolt rows) 0.017  0.093 0.076 0.065 0.048 0.039 0.022 
FCon3 (3 bolt rows) 0.020  0.092 0.072 0.063 0.043 0.029 0.009 

FCon4 (4 bolt rows) 0.017  0.094 0.077 0.065 0.048 0.043 0.026 

ICon1 (4 bolt rows) 0.017  0.052 0.035 0.052 0.034 0.057 0.040 

ICon2 (3 bolt rows) 0.021  0.073 0.052 0.059 0.038 0.056 0.035 

ICon3 (3 bolt rows) 0.021  0.078 0.056 0.050 0.029 0.046 0.025 

RCon1 (3 bolt rows) 0.020  0.121 0.101 0.083 0.063 0.065 0.045 

RCon2 (4 bolt rows) 0.017  0.091 0.074 0.060 0.043 0.060 0.043 

RCon3 (3 bolt rows) 0.021  0.098 0.077 0.067 0.046 0.064 0.043 

RCon4 (3 bolt rows) 0.021  0.094 0.073 0.066 0.045 0.050 0.029 

Notes: 

3 bolt row: low (≤0.0105), medium (≤0.0210), high (≤0.0419) and exceed high (>0.0419); 
4 bolt row: low (≤0.0095), medium (≤0.0189), high (≤0.0378) and exceed high (>0.0378). 

6.2.6 Enhanced Bracing System 

The building without front face opening is within the medium and low damage limits under the 

high and low-level blast signals, respectively. The building need not be retrofitted since it falls 

within the appropriate damage limit for the considered blast load level. When considering front 

face opening, although the building exhibits increased deformation, it is generally still within the 

respective damage limits, except for when it practically collapses under the high-level 

deflagration. The building should be retrofitted, and this scenario is used to identify the 

effectiveness of the strengthening measure. 

Figure 6.71 shows the axial forces in the bracing members at the left stair tower of the building 

with front face opening under the high-level deflagration. The member on the first storey fails in 

tension at a capacity of 21052kN ( 355MPa 2964mm )  , which leads to the subsequent failure of 

the other members and the rapid development of deformation in the building. To simulate the 

potential benefits of more substantial bracing, full end restraints are applied on the building 
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where the bracing members are connected to the columns at the three storeys, where a minimal 

response of the building has been observed. 

 

Figure 6.71: Bracing member forces with front face opening under high-level deflagration 

 

Figure 6.72: Reaction forces and the required bracing member forces in building with end 
restraints 
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Figure 6.72 indicates the reaction forces at the restraints and the associated axial forces that 

would be obtained in the bracing members. The bracing members on the first and third storeys 

would be in tension (f1 and f3), while the brace on the second storey would be in compression (f2). 

The reaction forces (R1, R2 and R3) could be directly retrieved from the FE simulation results, and 

the bracing member forces could then be obtained based on these reaction forces and the 

geometry of the building as follows: 

 1 1 2 3( ) cosf R R R      (6.56) 

 2 2 3( ) cosf R R      (6.57) 

 3 3 cosf R    (6.58) 

where   is the angle between the bracing member and the floor as indicated in Figure 6.72, 

obtained identically the three storeys as: 

 1 1 o3.9
tan tan 41

4.5

h

b
     
     

   
 (6.59) 

 

Figure 6.73: Bracing member forces of the building with end restraints under the high-level 
deflagration signal 
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all components to be within the high response limits, it is not necessary to reduce the deformation 

of the building to the minimal response observed in the building with full  end restraints. Hence, 

the bracing system need not be enhanced to increase the axial capacity of the bracing by as much 

as 4 times. Instead, marginally stronger bracing members could potentially reduce the damage of 

the building to the acceptable level; for this purpose, a CHS 273×10 with a tensile capacity of 

2933kN is considered. The out-of-plane displacement d3 of the enhanced building is greatly 

reduced by almost 50% compared with that of the original building, as shown in Figure 6.74. The 

assessment of the structural components are shown in Tables 6.36-38. 

 

Figure 6.74: Out-of-plane displacement of the building with front face opening under high-level 
deflagration with original and enhanced bracing members  

Table 6.36: Maximum inter-storey drifts Δd of the building under high-level deflagration 
with front face opening and enhance bracing 

 First storey Second storey Third storey 

Maximum inter-storey drift Δd 237mm 149mm 129mm 

Notes: low (≤78mm), medium (≤111mm), high (≤156mm) and exceed high (>156mm). 

 
Table 6.37: Column chord rotations of the building under high-level  deflagration 

with front face opening and enhance bracing 

Column 1max,  2max,  3max,  

Col1 (HE200) 0.0652 0.0411 0.0323 

Col2 (HE240) 0.0633 0.0403 0.0322 

Col3 (HE240) 0.0613 0.0396 0.0320 

Col4 (HE220) 0.0605 0.0383 0.0310 

Notes: Low (≤0.0175), medium (≤0.0262), high (≤0.0349), exceed high (>0.0349). 
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Table 6.38: Column chord rotations of the building under high-level deflagration with front 

face opening and enhanced bracing 

Connection el   ,1tot  ,1pl  ,2tot  ,2pl  ,3tot  ,3pl  

FCon1 (3 bolt rows) 0.019  0.056 0.037 0.039 0.020 0.035 0.016 

FCon2 (4 bolt rows) 0.017  0.045 0.028 0.032 0.015 0.016 0 

FCon3 (3 bolt rows) 0.020  0.043 0.023 0.033 0.013 0.033 0.013 

FCon4 (4 bolt rows) 0.017  0.049 0.032 0.032 0.015 0.029 0.012 
ICon1 (4 bolt rows) 0.017  0.046 0.029 0.039 0.022 0.043 0.025 

ICon2 (3 bolt rows) 0.021  0.050 0.029 0.041 0.020 0.045 0.024 

ICon3 (3 bolt rows) 0.021  0.042 0.021 0.035 0.014 0.033 0.012 

RCon1 (3 bolt rows) 0.020  0.061 0.041 0.043 0.023 0.040 0.020 

RCon2 (4 bolt rows) 0.017  0.051 0.034 0.039 0.022 0.047 0.030 

RCon3 (3 bolt rows) 0.021  0.058 0.037 0.042 0.021 0.053 0.032 

RCon4 (3 bolt rows) 0.021  0.057 0.036 0.040 0.019 0.037 0.016 

Notes: 

3 bolt row: low (≤0.0105), medium (≤0.0210), high (≤0.0419) and exceed high (>0.0419); 
4 bolt row: low (≤0.0095), medium (≤0.0189), high (≤0.0378) and exceed high (>0.0378). 

The plastic rotations of the connections are all within the high response limits but the drifts and 

column rotations in the lower storeys exceed the high response limits. The maximum tensile force 

in the first storey bracing member is found to be 1600kN, which is much smaller than the yield 

capacity of 2933kN. This is explained by observing the deformed shape of the building in Figure 

6.75, where the edge columns (HE 260 AA) connecting to the bracing members have shown 

obvious failure in the first storey. The column member loses stability under the combined action 

of compression and flexure which stops the bracing member from achieving the higher axial force 

and leads to the rapid development of deformation in the building.  

 

Figure 6.75: Deformed shape of the building with front face opening under high-level 
deflagration with enhanced bracing members 

Edge column 
HE 260 AA 
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These critical edge columns on both ends are upgraded to HE 400 AA to allow the bracing member 

to achieve higher axial forces and to improve the resistance of the building. The resulting 

displacement is significantly lower compared to those in the previous two cases, as shown in 

Figure 6.76. The bracing member on the first storey fails at a higher capacity of 2400kN. It 

indicates that it is not enough to simply strengthen the bracing member, but the overall system 

including the components connected to the bracing members needs to be considered and 

improved. Tables 6.39-40 shows the inter-storey drifts and column chord rotations of the building 

with enhanced bracing members and columns. The drifts are now all within the high response 

limit. The column chord rotations on the higher two storeys are within the medium response 

limits, however those on the first storey slightly exceed the high response limit. It can be argued 

that the column chord rotation is not so crucial when P-Delta effects are included in the analysis, 

as in the case here. The plastic rotations of connections are not assessed, as those in Table 6.36 

are all within the medium response limits already. Therefore, the enhanced building achieves a 

high damage level under the high-level deflagration. The building no longer has collapsed at the 

application of the blast loading but may still need replacement due to the high repair cost. 

 

Figure 6.76: Out-of-plane displacement of the building with front face opening under high-level 
deflagration with original bracing, enhanced bracing members and enhanced columns 
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Table 6.39: Maximum inter-storey drifts Δd of the building under high-level deflagration 
with front face opening and enhanced bracing and columns 

 First storey Second storey Third storey 

Maximum inter-storey drift Δd 154mm 93mm 84mm 

Notes: low (≤78mm), medium (≤111mm), high (≤156mm) and exceed high (>156mm). 

 
Table 6.40: Column chord rotations of the building under high-level  deflagration 

with front face opening and enhanced bracing and columns 

Column 1max,  2max,  3max,  

Col1 (HE200) 0.0395 0.0252 0.0201 

Col2 (HE240) 0.0392 0.0247 0.0205 

Col3 (HE240) 0.0385 0.0248 0.0206 

Col4 (HE220) 0.0389 0.0243 0.0203 

Notes: Low (≤0.0175), medium (≤0.0262), high (≤0.0349), exceed high (>0.0349). 
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CHAPTER 7 Conclusions 

7.1 Summary 

The present research focuses on developing new methods for efficient nonlinear dynamic analysis 

of large scale structures, especially under extreme blast loading. Inspired by the hybrid time 

integration schemes developed for interaction media problems, the author has proposed a 

general implicit-explicit time integration scheme for building structures and combined it with a 

domain decomposition approach recently developed at Imperial College London (Jokhio and 

Izzuddin 2013, 2015), implementing this advanced capability within ADAPTIC (Izzuddin 1991). In 

addition, simplified models of structural components, including fin plate connections, composite 

floors and masonry cavity walls have been developed for an enhanced and efficient 

representation of their response under extreme blast loading.  

The developed capability has been used in two case studies to demonstrate its practical 

application, both studies making a contribution towards the assessment of whole building 

structures under blast loading and the establishment of strengthening requirements. In the 

following sections, the main features of the developed methods, related conclusions and the 

outcomes of the case studies are presented. 

7.1.1 Implicit-Explicit Time Integration Scheme 

The proposed implicit-explicit time integration scheme applies to general structural dynamic 

analysis problems, including the response of structures under blast loading. When the time step 

required using implicit analysis becomes small so as to overcome numerical convergence issues, 

the computational efficiency of explicit analysis over a single step can lead to superior overall 

efficiency, despite the need for smaller time steps in explicit analysis compared to implicit analysis 
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necessitated by algorithmic stability requirements. The developed hybrid scheme allows the 

simultaneous consideration of implicit and explicit integration in different parts of the model. The 

mesh partitioning is carried out through an automatic process with the principal classification 

criterion for an explicit element as one which is connected exclusively to nodes with full mass. In 

this way, elements that are eligible for explicit integration are grouped as explicit elements, unless 

otherwise specified, in order to obtain the largest possible explicit mesh subdomain and achieve 

the highest stepwise efficiency of the implicit-explicit scheme. 

The implicit elements use corrector values, which are unknown for the current time step, to 

evaluate the elemental resistance forces, while the explicit elements use predictor values which 

are known in terms of values at the previous time step. As a result, the explicit effective tangent 

stiffness matrix is only comprised of the explicit mass matrix, which is mandatorily diagonal to 

realise an efficient explicit solution. Nodes are also grouped as implicit or explicit, where those 

connected exclusively to explicit element are explicit nodes, while those connected to at least one 

implicit element are implicit nodes. The nodal displacements are solved as the primary unknowns 

as in a typical displacement-based finite element analysis. 

Within the proposed hybrid integration scheme, some elements can still be classified as explicit 

even though they do not possess elemental mass matrices. This would be the case if the element 

is overlapped or surrounded by elements with mass, making all nodes of the considered element 

full-mass nodes. Such an explicit element does not contribute to the global explicit tangent 

stiffness matrix but only contributes to the explicit effective resistance forces that are evaluated 

with predictor values. They are accordingly termed predictor explicit elements. On the other 

hand, if an explicit element represents only mass or mass-proportional damping, its effective 

resistance forces are evaluated with corrector values, and it is termed a corrector explicit 

element. When Rayleigh damping is considered, the mass-proportional sub-matrix and the 

stiffness-proportional sub-matrix are treated similarly as the mass matrix and the stiffness matrix, 

respectively. These two types of explicit elements are processed separately in generating the 

effective resistance forces, avoiding unnecessary operations on zero matrix terms, such as when 

generating static resistance forces for a mass element. An element can be a predictor explicit 

element or corrector explicit element at the same time, such as the flat shell element modelling 

composite floor slabs, which includes static resistance forces and allows for lumped mass. 
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The implicit-explicit time integration scheme has been implemented in the general nonlinear 

finite element analysis program ADAPTIC (Izzuddin 1991). It allows pure implicit analysis, pure 

explicit analysis and hybrid implicit-explicit analysis within the same computational environment, 

facilitating the comparison between different types of analysis using the same types of element. 

The newly developed scheme has been verified against the original implicit time integration 

scheme using several example problems. Under relatively low levels of loading, explicit 

integration is shown to be less efficient than the implicit analysis; however, under high levels of 

loading that introduce significant nonlinearity in the response, the implicit analysis becomes less 

effective after step reduction necessitated by numerical convergence requirements.  

7.1.2 Mass Lumping 

The global explicit effective tangent stiffness matrix is comprised of only the mass matrices and 

mass-proportional damping matrices of the corrector explicit elements. In order to realise the 

most efficient explicit solution, the mass matrices associated with explicit elements should be 

diagonal. In fact, in the current scheme, elements with consistent mass matrices are excluded 

from the explicit group to avoid destroying the diagonal form of the global explicit effective 

stiffness matrix. Therefore, mass lumping has been considered within the proposed implicit-

explicit time integration scheme, where the lumped mass formulation has been developed for 

several finite elements. 

The mass of beam-column elements can be formulated with linear or cubic shape functions. The 

former leads to a fully populated CMM, with diagonal sub-matrices, which does not change over 

the transformation from local to global coordinates. In this case, mass lumping of the finite 

element, i.e. diagonalization of the CMM, is only carried out once at the beginning of the analysis 

and can be used for the whole analysis. Therefore, the DLMM formed with linear interpolation 

functions has been used for the explicit beam-column elements in the implicit-explicit time 

integration scheme. It has been shown through a verification example that the linearly formulated 

DLMM compares well with the CMM in terms of the first few lowest natural frequencies of the 

model.  

The conventionally used lumping methods, including the HRZ method, the row-sum method and 

the optional method, cannot be used directly for the flat shell element due to the use of additional 

DOF parameters. Therefore, a customised mass lumping method has been proposed and 
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presented in detail in Chapter 3. With the higher-order form of the flat shell element employing 

54 DOFs, diagonalisation is carried out for sub-matrices rather than the overall matrix. A 

verification example considering a simply supported composite floor slab has shown that the 

difference in the lowest natural frequencies between the DLMM and CMM is negligible. 

In generating the DLMM for the 20-noded brick element, the HRZ method has been effectively 

used, since the optional method is not applicable for 3D elements and the row-sum method 

generates negative masses. Again, favourable comparison has been achieved between the 

considered CMM and DLMM for a cantilever I-beam problem modelled with the 20-noded brick 

elements. 

7.1.3 Implicit-Explicit Time Integration Scheme with Domain Decomposition 

To achieve further improvement in computational efficiency, the implicit-explicit time integration 

scheme has been combined with a domain decomposition approach recently developed at 

Imperial College London (Jokhio and Izzuddin 2013, 2015). Within the proposed extension, the 

communication between the parent partition and the child partitions is not modified, where the 

condensed resistance forces and tangent stiffness matrices are still sent from the child partitions 

to the parent partition, and the corrections of displacements on the partitioned boundary are 

returned from parent partition to the child partitions. 

Similar to conventional finite elements, the partition super elements can also be classified as 

implicit or explicit, and their stiffness matrices are assembled into the corresponding matrices in 

the parent. This classification is only dependent on the implicit-explicit mesh within the child 

partitions, where explicit partition super elements have explicit nodes only. To save 

communication overhead, only the diagonal terms of the explicit condensed stiffness matrices 

are returned to the parent. More generally, the classification of partition super elements can be 

explicit/implicit, where implicit and explicit nodes exist on the partitioned boundary. The sub-

matrices corresponding to the implicit and explicit nodes are sent to and collected in the parent 

separately according to the conventions of implicit and explicit elements, respectively. Several 

verification examples have been undertaken which demonstrate the applicability, accuracy and 

efficiency of the implicit-explicit integration scheme with domain decomposition.  
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7.1.4 Implicit-Explicit Time Integration with Mixed-Dimensional Coupling 

A mixed-dimensional coupling technique based on a master-slave approach was previously 

developed by Izzuddin and Jokhio (2017) within the domain decomposition method. With this 

technique, a single 1D master node with 6 DOFs is connected to a number of 3D slave nodes each 

with 3 DOFs. The approach has an important application in modelling masonry infills (3D) with 

steel frames (1D), as well as for masonry cavity walls as illustrated in the first case study of Chapter 

6. The 3D partition boundary is coupled to several 1D nodes, which then form the new partition 

boundary. In implicit-explicit analysis, the master nodes are grouped as either implicit or explicit. 

Due to the transformation between the slave nodes to the master nodes, the stiffness matrices 

of the master nodes are always fully populated hence are implicit nodes by definition. However, 

in order to maintain the potential efficiency of the explicit solution in the parent, diagonalisation 

is carried out to the effective stiffness matrix of master nodes, which are connected to only 

explicit nodes in the child partition and to only explicit elements in the parent. This process is 

similar to the mass lumping technique for conventional explicit finite elements so as to maximise 

the efficiency of explicit dynamic analysis. 

7.1.5 Simplified Models of Structural Components under Blast Loading 

Improved simplified models of fin plate connections and composite floor slabs are proposed for 

a better representation of the response under blast loading. More specifically, when considered 

in a building with glazing failure, the blast overpressure is transmitted internally within the storey, 

causing uplift on the floor slabs and significant shear actions on the fin plate connections. The 

models are improved accordingly and are later incorporated, as part of the second case study of 

Chapter 6, into the global model of the reference building for consideration under characteristic 

blast loading. 

The widely used Component Method (Eurocode 3 2005) models a connection as an assembly of 

basic components. Bolt rows are represented by spring elements with predefined separate 

response curves. To better represent material nonlinearity, the axial and shear responses of the 

bolt rows have been coupled by adopting an interaction yield curve with kinematic strain 

hardening. In addition, viscoplasticity has also been included by generalising the Cowper-Symonds 

(1957) model. This provides better accuracy for responses under extreme short duration loads 
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when the strain rate effect becomes important. The proposed model has been verified thoroughly 

using several examples. 

An existing flat shell element (Izzuddin et al. 2004) was previously shown to provide good accuracy 

in predicting the response of composite floor slabs under extreme loading conditions. This 

element has been investigated in this study in terms of its ability to capture the influence of 

transverse damage due to blast uplift on the in-plane diaphragm stiffness and strength of the slab. 

The local effects of the shear studs observed in the detailed model of a small-scale slab become 

less significant as the scale of the slab increases. For a full-scale floor slab, the influence of 

transverse damage within the slab itself, i.e. the shell elements, on the in-plane diaphragm 

stiffness and strength of the slab has been shown to be successfully captured. 

7.1.6 Case Studies 

Two case studies are presented applying the developed methods and models. The first case study 

considers two masonry cavity cladding systems, which demonstrate the applicability of the 

implicit-explicit time integration scheme with domain decomposition modelling and mixed-

dimensional coupling. The brick and block panels are modelled as intermediate parent partitions 

with 6 and 3 child partitions, respectively. Their coupling through the wall ties and the physical 

contact is achieved in the parent partition through beam-column elements and spring elements 

with a rigid-contact response curve. Considering the contact of the masonry panels as the 

practical failure of the cladding system, the implicit-explicit analysis has been shown to provide 

the post-contact behaviour of the cladding system while the original implicit analysis stops 

abruptly at the point of contact. In terms of computational efficiency, the results are in 

accordance to the conclusions drawn in Chapter 3, where the implicit-explicit analysis is preferred 

when the system is under high-level blast signals, since the pure implicit analysis requires too 

many iterations and small time steps to overcome convergence issues. 

The results of the detailed models are used to develop new equivalent SDOF models, which 

generalise the method of Biggs (1964), with static piecewise linear resistance-displacement 

response curves assembled from the constituent responses of the brick panel, block panel and 

intermediate ties. The new SDOF models have been shown to effectively capture the 

characteristic stages in the deformation process of the detailed models and to reproduce well the 

transferred blast loads/impulses by the masonry panels to the surrounding frame. An important 
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benefit of the developed SDOF models is their efficiency and applicability to a wide range of blast 

signals, allowing the effective evaluation of blast load transfer in the global analysis of a building 

structure.  

The second case study considers a global model of a reference steel framed building, designed as 

part of the RFCS funded European project BASIS ‘Blast Actions on Structures in Steel’ (SCI 2013), 

using the developed methods and models, including the simplified models of the structural 

components and the SDOF model of the masonry cavity cladding system. The hierarchic 

partitioned modelling approach (Jokhio 2012) has been adopted to achieve further efficiency. The 

response of the building subjected to various characteristic blast signals is investigated and 

assessed. It has been established for this case study that the applied blast impulses are more 

important than the amount of transferred blast loads in deciding the response of the building; 

therefore, the detonations with lower impulses have led to lower responses. The building without 

openings has been found to be at the medium/low-level damage under the high/low-level blast 

signals. Therefore, the building does not need to be retrofitted in this respect. The inclusion of 

the masonry cavity cladding has been found to greatly reduce the response of the building in all 

scenarios. In the case of front face opening due to glazing failure, the blast overpressure is 

transmitted into the affected storey, and the building practically collapses under the high-level 

deflagration. Therefore, the building requires retrofitting for this scenario which has been 

achieved by using moderately enhanced bracing members, allowing the building to respond 

within the high-damage level under the high-level deflagration.  

7.2 Recommendations for Future Research 

The successfully implemented and verified implicit-explicit time integration scheme with domain 

decomposition modelling and mixed-dimensional coupling has provided an efficient framework 

for the nonlinear dynamic analysis of large scale structures. Naturally, additional improvements 

can be made to this method, which can be considered in future research, as outlined below. 

7.2.1 Improved Implicit-Explicit Mesh Partitioning 

The Courant number method of finding the critical time step for explicit time integration has been 

investigated extensively in this research, and it was found to be relatively accurate compared with 

the eigenvalue analysis method. The Courant number method considers each element or each 
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type of elements separately based on the material and geometric properties. This method can be 

used analytically only for simple models but becomes too demanding for complex models such as 

mesoscale models of masonry and models of whole buildings. The present implicit-explicit time 

integration scheme employs an automatic elemental implicit-explicit mesh partitioning strategy, 

where elements exclusively with full-mass nodes are grouped as explicit elements. The strategy 

also allows an explicit element to be moved to the implicit group by specifying the adoption of 

CMM for the considered element. 

Instead of manual application of the Courant method of finding the critical time step, this method 

can be implemented for automatic application with the implicit-explicit mesh partitioning 

procedure through a preliminary assessment of the stability of each element. Furthermore, 

elements that are associated with a very small critical time step may be moved to the implicit 

group, preventing these from reducing the overall efficiency of the explicit analysis. In addition, a 

threshold value of time step could be defined, and any element that leads to a critical time step 

smaller than the threshold value may be moved to the implicit group. 

7.2.2 Mixed Time Step Implicit-Explicit Time Integration Scheme 

The present implicit-explicit time integration scheme adopts a uniform time step for the overall 

implicit-explicit analysis. This time step is bounded by the stability requirement of the explicit 

mesh, hence it may be too small for the implicit mesh. If an implicit mesh is used for a significant 

part of the model, such as in a framed building where a large number of implicit link and spring 

elements are used to model the structural connections, the implicit-explicit analysis can become 

much less efficient than the pure implicit analysis. A potential resolution of this problem is to 

adopt separate time steps for the implicit and explicit meshes according to the respective stability 

and accuracy requirements. In this respect, the implicit integration scheme may employ a time 

step m t  which is m times that of the explicit integration scheme t  (Liu and Belytschko 1982, 

Gravouil and Combescure 2001). In this way, the parameters of the implicit nodes are only 

updated once for every m time steps, which the parameters of the explicit nodes are updated for 

every time step.  
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Appendix A: Mass of Beam-Column Element 

The cubically formulated mass matrix of beam-column elements is as follows: 
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If mass is assumed to concentrate at the centroidal line, the second moments of area Iy and Iz 

disappears from the expressions. 
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Appendix B: Mass of Slab Element 

B.1 Formulation 

The 2D flat shell element takes four variants to accommodate the geometric orthotropy of 

composite floor slabs. As shown in Figure B.1, Types (I), (III) and (IV) have a rib under the cover 

while type (II) is only a cover. The element is formulated in a local co-rotational framework, using 

linear strain-displacement relationships to generate property matrices such as the CMM, and the 

influence of geometric nonlinearity is only addressed through transformations between the local 

and the global systems (Izzuddin et al. 2004).  

 
   (I)           (II)    (III)           (IV)                

Figure B.1: Variants of composite flat shell element (Izzuddin et al. 2004) 

The conventional Reissner-Mindlin hypothesis is retained in the cover region for all of the four 

element variants, where the displacements 
T

u v w of a material point at ( , , )z   are related to 

the local displacement fields 
T

p p p x yu v w  u  by the following relationship: 

 

( , , ) ( , , ) ( , )

( , , ) ( , , ) ( , )

( , , ) ( , , ) 0

p x

p y
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u z u z
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w z w z

      

      

   

     
    

     
    
    

 (B.1) 

with, referring to Figure B.2, 
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           Real coordinates                   Natural coordinates 

Figure B.2: Local real and natural coordinates system of the cover region (Izzuddin et al. 2004) 

In the rib region of the element variants (I), (III) and (IV), the conventional Reissner-Mindlin 

hypothesis is modified through the incorporation of two additional rib displacement fields 

T

a r ru vu , as shown in Figure B.3. The local displacements are slightly modified from (B.1) to 

the following: 

 

( , , ) ( , , ) ( , ) ( , , )

( , , ) ( , , ) ( , ) ( , , )

( , , ) ( , , ) 0 0

p x r

p y r

p

u z u z u z

v z v z z v z

w z w z

        

        

   

       
      

        
      
      

 (B.3) 

The mapping between the real and natural coordinates accounts for the trapezoidal rib shape and 

is accordingly specific to each of the three element variants: 

 

(1 )
1 1,  

2 2

1 1,  
2

0
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r rW t
x z

h

L
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t
h z

 
 

 

     
         

    


    



    


 (B.4) 

with: 

 

1 :  variant (I)

0     :  variant (III)

1:  variant (IV)

r

r

r

r

r







  


 
  

 (B.5) 

where r is the trapezoidal rib ratio. 
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           Transverse deformation   Longitudinal deformation 

Figure B.3: Modified Reissner-Mindlin hypothesis: additional rib freedoms (Izzuddin et al. 2004) 

The local fields discretised in terms of basic and hierarchic element freedoms using polynomial 

shape functions as follows:  
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 (B.6) 

 
T

i i i xi yiu v w    are the basic translational and rotational local nodal freedoms 

associated with the bilinear shape functions L
iN  

 
T

i i i xi yiu v w    are the hierarchic translational and rotational side freedoms 

associated with quadratic shape functions Q
iN  

 iw  are the hierarchic out-of-plane translational freedoms associated with cubic shape 

functions C
iN  

 
T

ri riu v  are the rib freedoms along the two edges (1-2) and (3-4) associated with linear 

approximation functions L
iR  

  1,2
T

ri riu v i   are the hierarchic rib freedoms along the two edges (1-2) and (3-4) 

associated with quadratic approximation functions Q
iR  
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  3
T

ri riu v i   are element-specific hierarchic rib freedoms associated with a quadratic 

approximation function 3
QR  

The shape functions are as follows: 
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 (B.8) 

 

2

2

2

2

(1 )(1 )

(1 ) (1 )1
( , )

2 (1 )(1 )

(1 ) (1 )

CN

  

  
 

  

  

  
 

  
  

  
   

 (B.9) 
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where: 

 
2

1
z t

h



   (B.16) 



Appendix B: Mass of Slab Element 

234 

B.2 Consistent Mass Matrix 

B.2.1 Cover Region 

The CMM of the cover region for all element variants could be expressed as follows: 

 

[1:20,1:20] [1:20,21:24] [1:20,29:48]

[21:24,1:20] [21:24,21:24] [21:24,29:48]

[29:48,1:20] [29:48,21:24] [29:48,29:48]

Cov Cov Cov
C C C

Cov Cov Cov
C C C

Cov
C

Cov Cov Cov
C C C

 
 
 
 
 
 
 
 

M M M

M M M

M

M M M

 (B.17) 

where the first 20 freedoms are the nodal freedoms 
T

i i i x i y iu v w   , the following four 

freedoms are the hierarchic out-of-plane side freedoms 
iw  and the last 20 are the remaining 

hierarchic side freedoms 
T

i i i xi yiu v w   . Due to symmetry, only the six sub-matrices in the 

upper triangular half are computed.   

[1:20,1:20]
Cov
CM  is expressed as follows: 

 

1,1 1,2 1,3 1,4

2,1 2,2 2,3 2,4

[1:20,1:20]
3,1 3,2 3,3 3,4

4,1 4,2 4,3 4,4

Cov
C

 
 
 
 
 
 

M M M M

M M M M
M

M M M M

M M M M
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M  (B.18) 

 
1 1 1 1 1 1

2

1 1 1 1 1 1
det( ) ,  det( ) ,  L L L L

t i j t i jm N N d d d m z N N d d d z t        
     

       J J  (B.19) 

where   is the density and J denotes the Jacobian matrix: 

 ,  det( )
8

x x x

y y y WLt

x y z

z z

  

  



   
   
 
   

    
 
   

    

J J  (B.20) 

in which, t is the thickness of the cover and  W and L are the planar dimensions of the cover. 

The off-diagonal [1:20,21:24]
Cov
CM  could be vertically divided into four sub-matrices, each of which 

has only a single row of non-zero values: 
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[1:20,29:48]
Cov
CM  is a 20×20 matrix and is similarly found as the [1:20,1:20]

Cov
CM : 

 

1,1 1,2 1,3 1,4

2,1 2,2 2,3 2,4

[1:20,29:48]
3,1 3,2 3,3 3,4
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[21:24,21:24]
Cov
CM  on the diagonal of M is a fully–populated matrix: 
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[21:24,29:48]
Cov
CM  is divided into 4 sub-matrices, each of which has only one column of non-zero values: 

  

1,

2,

[21:24,29:48] 1 2 3 4 [4 5]
3,

4,

,  

i

jCov
C j

j

j

m

m

m

m



 
 
  
 
 
 

M M M M M M  (B.28) 

  
1 1 1

, 1 1 1
det( )Q C

i j i im N N d d d   
  

    J  (B.29) 

The [29:48,29:48]
Cov
CM  on the diagonal of Cov

CM  is again a block diagonal matrix as follows: 

 

1,1 1,2 1,3 1,4

2,1 2,2 2,3 2,4
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B.2.2 Rib Region 

The CMM associated with the rib region of variants I, III and IV could be expressed as follows: 

 

[1:20,1:20] [1:20,21:24] [1:20,25:28] [1:20,29:48] [1:20,49:54]
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 (B.33) 

Due to symmetry, only the 13 sub-matrices in the upper triangle of Rib
CM  are computed. 

[1:20,1:20]
Rib
CM  is expressed as follows: 

  

1,1 1,2 1,3 1,4

2,1 2,2 2,3 2,4
[1:20,1:20]
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    J  (B.36) 

The Jacobian of the rib region is expressed similarly as that of the cover region based on (B.4-5) 

and its determinant is the same for all variants: 

 
(2 ( 1)(1 ))

det( )
8

WLh r  
J  (B.37) 

where W and L are the planar dimensions of the rib, which are the same as those of the cover, h 

is the depth of the rib and r is the trapezoidal rib ratio. The off-diagonal [1:20,21:24]M  is found the 

same as in the cover region in (B.21-22). 

[1:20,25:28]
Rib
CM  is further divided into sub-matrices as follows:  
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[1:20,29:48]
Rib
CM  is similarlty obtained as [1:20,1:20]

Rib
CM  in (B.34-36) but L

jN  is replaced by Q
jN  throughout. 

[1:20,49:54]
Rib
CM  is divided as follows: 
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[21:24,21:24]
Rib
CM  and [21:24,29:48]

Rib
CM  are found the same as those in the cover region in (B.26-27) and 

(B.28-29), respectively. 

[25:28,25:28]
Rib
CM  is expressed as follows: 
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[25:28,29:48]
Rib
CM  is expressed as follows: 

 
, ,1,1 1,2 1,3 1,4
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[25:28,49:54]
Rib
CM  is expressed as follows:  

 
1,1 1,2 1,3

[25:28,49:54] , [2 2] 2 ,
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det( )L Q

i j i jm R R d d d   
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[29:48,29:48]
Rib
CM  is similarly obtained as  [1:20,1:20]

Rib
CM  in (B.34-36) but L

iN  and L
jN  are throughout 

replaced by Q
iN  and Q

jN , respectively. 
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[29:48,49:54]
Rib
CM  is expressed as follows: 
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2,1 2,2 2,3
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At last, [49:54,49:54]
Rib
CM  is expressed as follows: 

 
1,1 1,2 1,3
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B.3 Diagonally Lumped Mass Matrix 

B.3.1 Cover Region 

The DLMM of the cover region can be expressed as follows: 
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 (B.56) 

The total translational and rotational masses are evenly divided between the four basic nodes, 

therefore [1:20,1:20]
Cov
LM  is simply as follows: 
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As for the sub-matrices [21:24,21:24]M  and [29:48,29:44]M  that are associated with additional freedoms, 

the off-diagonal terms are ingored, leading to the following: 
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B.3.2 Rib Region  

The DLMM of the rib region is the same for the different variants and is expressed as follows: 
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 (B.60) 

[1:20,1:20]
Rib
LM  can be expressed similarly as [1:20,1:20]

Cov
LM  but with different total translational and 

rotational masses: 
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 , 2 2 2 2(6 8 3 2 4 3 )
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m h r hrt rt h ht t       (B.62) 

For the remaining sub-matrices in (B.60), again, only the diagonal terms are kept and the off-

diagonal terms are ignored. [21:24,21:24]
Rib
LM  and [29:48,29:48]

Rib
LM  are similarly expressed as those for 

the cover region in (B.58-59) but the total translational and rotational masses are of the rib region 

as shown in (B.62). Those assocaited with the rib additional freedoms are expressed as follows: 
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Appendix C: Mass of 3D Solid Element 

The shape function matrix for any solid element can be expressed as follows: 
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For the 20-noded brick element, 20n   and the shape functions are expressed as follows: 
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2 2
17 18

2 2
19 20

1
(1 )(1 )(1 )

4
1 1

(1 )(1 )(1 ),  (1 )(1 )(1 )
4 4
1 1

(1 )(1 )(1 ),  (1 )(1 )(1 )
4 4

N N

N N
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The resulting CMM is a fully populated matrix as follows: 

3

28 22 20 22 22 20 17 20 32 26 26 32 26 18 18 26 32 26 18 26

28 22 20 20 22 20 17 32 32 26 26 26 26 18 18 26 32 26 18

28 22 17 20 22 20 26 32 32 26 18 26 26 18 18 26 32 26

28 20 17 20 22 26 26 32 32 18 18 26 26 26

135
C

abc

           

           

           

         

M I

18 26 32

28 22 20 22 26 18 18 26 32 26 26 32 32 26 18 26

28 22 20 26 26 18 18 32 32 26 26 26 32 26 18

28 22 18 26 26 18 26 32 32 26 18 26 32 26

28 18 18 26 26 26 26 32 32 26 18 26 32

64 40 32 40 32 20 16 20 40 40 20 20

64 40

 

           

           

           

           

32 20 32 20 16 20 40 40 20

64 40 16 20 32 20 20 20 40 40

64 20 16 20 32 40 20 20 40

64 40 32 40 40 40 20 20

64 40 32 20 40 40 20

64 40 20 20 40 40

64 40 20 20 40

64 40 32 40

64 40 32

64 40

64

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  

 (C.3) 

where a, b and c are the dimensions of the element in the x, y and z directions, respectively,   is 

the density of the elements and I3 is a 3×3 identity matrix.  

Symmetric 


