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Magnetised thermal self-focusing and filamentation of long-pulse lasers in
plasmas relevant to magnetised ICF experiments
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(Received 20 July 2018; accepted 19 August 2018; published online 4 September 2018)

In this paper, we study the influence of the magnetised thermal conductivity on the propagation of a

nanosecond 1014 W cm�2 laser in an underdense plasma by performing simulations of a paraxial

model laser in a plasma with the full Braginskii magnetised transport coefficients. Analytical theory

and simulations show the shortening of the self-focal length of a laser beam in a plasma as a result of

the reduction of the plasma thermal conductivity in a magnetic field. Furthermore, the filamentation of

a laser via the thermal mechanism is found to have an increased spatial growth rate in a magnetised

plasma. We discuss the effect of these results on recent magnetised inertial fusion experiments where

filamentation can be detrimental to laser propagation and uniform laser heating. We conclude that the

application of external magnetic fields to laser-plasma experiments requires the inclusion of the

extended electron transport terms in simulations of laser propagation. VC 2018 Author(s). All article
content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY)
license (http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/1.5049229

I. INTRODUCTION

Laser self-focusing in a plasma is the effect in which the

laser causes the local plasma refractive index to change by

digging a density channel. The beam then refracts into this

channel in a process that feeds back and becomes unstable

and forms laser filaments.1,2 This process can occur via ther-

mal, ponderomotive, and relativistic mechanisms and can be

detrimental to the performance of Inertial Confinement

Fusion (ICF) experiments as the nonuniformity of the beam

can seed hydrodynamic instabilities in direct drive3 and the

high-intensity laser fields in the filaments can make the

experiment more susceptible to parametric instabilities.4

The pursuit of better performance in ICF experiments

has led to proposing the use of applied magnetic fields.5–7

The hohlraum of an indirect drive experiment is magnetised

by an axial magnetic field from an external Helmholtz coil

with the aim to reduce the perpendicular heat flow and local-

ise alpha particle transport, thus relaxing the conditions

required for thermonuclear burn. Likewise, the Magnetised

Liner Inertial Fusion (MAGLIF) scheme8–10 relies on an

axial magnetic field to reduce the perpendicular heat flow in

the DT fuel within the liner.

The presence of laser propagation through a magnetised

plasma in these experiments leads to the question of the

effect of the magnetic field on the laser propagation through

the plasma itself.

In laser plasmas, the plasma beta, the ratio of thermal to

magnetic pressure, is very large and so the magnetic pressure

is insignificant. However, in magnetised high energy density

environments referenced above, the dimensionless Hall

parameter, defined as the product of the electron cyclotron

frequency xe and the electron-ion collision time sei

v ¼ xesei; (1)

reaches the order of 1–10, and so, the transport becomes

magnetised.

Electrons in a magnetic field travel on circular orbits

perpendicular to the direction of the magnetic field. As such,

the electron mean free path is magnetically confined and the

collisional process of thermal transport is reduced perpendic-

ular to the magnetic field. Following the formalism of

Braginskii,11 this magnetisation causes thermal transport to

deviate from the classical isotropic form

jclas ¼
128

3p
fðZÞnevthkei: (2)

This is the product of the electron number density ne, the

electron thermal speed vth, the electron-ion collision length

kei, and the function f(Z) which is

fðZÞ ¼ Z þ 0:24

Z þ 4:2
: (3)

Along with the factor 128/3p, this is taken from Epperlein12

and accounts for an electron - electron collisional correction

to the conductivity; henceforth, we will use jð1Þ ¼ 128
3p fðZÞ.

The thermal conductivity becomes anisotropic to a degree

dependent on the Hall parameter. In this formalism, the elec-

tron heat flow driven by a temperature gradient splits the

familiar Fourier law into the parallel ðjkÞ, perpendicular

(j?), and Righi-Leduc ðj� Þ terms relative to the direction of

the magnetic field b

q ¼ �jkbðb � rTÞ � j?b� ðrT � bÞ � j� b�rT: (4)

The magnetised reduction approximately follows the

relation

j? �
jk

1þ v2
; (5)

where the thermal conductivity perpendicular to the mag-

netic field is reduced by a factor that is a function of the Hall

parameter.a)h.watkins15@imperial.ac.uk
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The functional form of the magnetised perpendicular

thermal conductivity we will use is

j? ¼ jclasj
c
?ðv; ZÞ: (6)

The factor jc
?ðv; ZÞ corresponds to a normalised Hall

parameter dependent correction to account for the magnet-

isation. In the analysis and the numerical simulations that

follow, the explicit expression of this term is the Epperlein

and Haines form13 obtained via a polynomial fit to a numer-

ical solution of the electron Vlasov-Fokker-Planck equa-

tion. However, unlike in the Epperlein-Haines expression,

in this paper, we will take it to be the normalised form such

that jc
?ð0; ZÞ ¼ 1.

The thermal mechanisms of self-focusing and filamenta-

tion of a laser are mediated by the thermal conductivity;14 as

such, we expect these processes to be modified by the plasma

magnetisation and importantly the factor jc
?ðv; ZÞ. There has

been limited consideration of the influence of magnetized

transport effects in existing theoretical and simulation stud-

ies of self-focusing and filamentation.

Read et al.15 report simulations using a coupled paraxial

laser MHD-Braginskii transport code, highlighting the role

of Nernst advection of the B-field in self-focusing. Here, we

develop a theoretical model that elucidates the effect of mag-

netised thermal conductivity on the self-focusing length. We

show that this is in qualitatively good agreement with para-

xial-MHD-Braginskii simulations. We also consider for the

first time the effect of the magnetic modification of thermal

conductivity on filamentation, demonstrating via a theoreti-

cal model that applied magnetic fields can enhance the spa-

tial growth rate.

This paper is organised as follows: in Sec. II, the equa-

tion set and starting point for the analytical model are intro-

duced; in Sec. III, an analytical macroscopic focusing model

is derived and compared to fully nonlinear simulations with

a laser-plasma code. In Sec. IV, the filamentation model is

derived and the influence of an applied magnetic field is ana-

lysed and compared with filamentation simulations. The non-

local kinetic effects are also discussed. Finally, in Sec. V, the

impact of this magnetised laser propagation is discussed in

the context of magnetised laser-fusion experiments.

II. MATHEMATICAL MODEL

The analytical starting point for our investigation is a

static laser plasma model followed from Epperlein,16 Kaw,2

and Schmitt.17 However, in contrast, we account for the ten-

sor thermal conductivity in the Braginskii formalism of a

magnetised plasma.11

This model consists of the momentum and energy bal-

ance equations derived from the reduced single-fluid

momentum equation and energy equation alongside the para-

xial Helmholtz equation for the propagation of the laser

nr?T þ Tr?n ¼ � 1

2
e0

n

nc
r?jwj2; (7)

�r? � j � r?T
� � ¼ 1

2
e0

n

nc
�eijwj2; (8)

2ik0@zwþr2
?wþ k2

0d�w ¼ 0: (9)

The variables present are the electron number density n, the

electron temperature T, and the electric field envelope of the

laser w. The laser wavevector is directed along the z direc-

tion with wavenumber k0 which also defines the critical den-

sity of the plasma nc. The factor e0 is the vacuum

permittivity. In this paraxial laser model, we assume that the

variation in n and T along the beam is much smaller than

across (that is perpendicular ? to the laser wavevector) the

beam, allowing us to ignore the parallel derivatives.

The plasma is coupled to the paraxial equation via the

dielectric variation d� which in this paper is defined as

d� ¼ � dn

nc
: (10)

dn is the difference between the “background” electron den-

sity where there is no laser field and the local electron num-

ber density. The laser envelope couples to the plasma in the

momentum equation via the ponderomotive force, represent-

ing a balance between the ponderomotive force and the elec-

tron pressure. In the energy equation, the laser couples

through an inverse bremsstrahlung heating source term

which is proportional to the electron-ion collision frequency

�ei, giving an energy balance between laser heating and ther-

mal dissipation.

III. MAGNETISED THERMAL SELF-FOCUSING

The development of a semi-analytical model for the

self-focusing of the beam will enable the determination of

the effect of the thermal conductivity on the propagation of a

Gaussian beamlet or envelope. The theory of self-focusing

here follows from the approach described by He18 for neutral

media. The aim is to determine the plasma response to the

laser in terms of the density change dn.

Using the cylindrically symmetric Gaussian beam

approximation, the laser envelope w is assumed to have the

form

w ¼ Aðr; zÞeik0Sðr;zÞ; (11)

jwj2 ¼ A2 ¼ A2
0

aðzÞ2
e
� r2

a2
0
a2
; (12)

S ¼ bðzÞ r
2

2
þ /ðzÞ; (13)

which satisfy the boundary conditions

að0Þ ¼ 1;

/ð0Þ ¼ 0;

bð0Þ ¼ 1

R
;

A2ðr; 0Þ ¼ A2
0e
�r2

a2
0 :

(14)

This approximation means that the beam has an initial beam

waist of size a0 positioned at z¼ 0 and a radius of curvature
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of the phase front of R. Using Eq. (11), the paraxial equation

[Eq. (9)] becomes the coupled pair

2@zSþ
@S

@r

� �2

¼ 1

k2
0A

@2A

@r2
þ 1

r

@A

@r

� �
þ d�;

@zA
2 þ A2 @2S

@r2
þ 1

r

@S

@r

� �
þ @S

@r

@A2

@r
¼ 0:

(15)

The dielectric variation d� can be represented by an expan-

sion in terms of orders of r

d�ðz; rÞ ¼ d�0ðzÞ þ d�1ðzÞr þ d�2ðzÞr2 þ Oðr3Þ: (16)

By putting Eqs. (12) and (13) into the first of Eq. (15), one

finds an algebraic expression in powers of r. Equation (19) is

found by equating the terms proportional to r0 and Eq. (18) by

the terms proportional to r2. Equation (17) is found by putting

expressions (12) and (13) into the second of Eq. (15)

a0 ¼ ba; (17)

b0 þ b2 ¼ 1

k2
0a4

0a
4
þ d�2; (18)

2/0 ¼ � 2

k2
0a2

0a
2
þ d�0: (19)

The primes represent derivatives with respect to z.

Furthermore, by taking the derivative of Eq. (17), we find

a00 ¼ b0 þ b2
� �

a: (20)

The focal spot of the beam is thus the point at which the nor-

malised Gaussian variance a2 is a minimum.

A. Thermal mechanism

The magnetised thermal effect appears through the heat

flow. When the applied magnetic field is parallel with the

direction of the laser wavevector, the problem becomes

cylindrically symmetric, so the energy balance equation [Eq.

(8)] becomes

� 1

r

@

@r
rj?

@T

@r

� �
¼ e0

n

2nc
�eijwj2: (21)

This equation and the momentum equation are nonlin-

ear; therefore, to find an analytical solution, we linearise the

momentum and energy equations with small perturbations

about a background constant density and temperature

T ¼ T0 þ dT;

n ¼ n0 þ dn:
(22)

With these approximations, the energy and momentum equa-

tions become

n0

@dT

@r
þ T0

@dn

@r
¼ �e0

n0

2nc

@jwj2

@r
;

� 1

r

@

@r
rj0
?
@dT

@r

� �
¼ e0

n0

2nc
�0

eijwj
2;

(23)

where j0
? and �0

ei are the constant thermal conductivity and

collision frequency, as functions of the background density

and temperature, respectively.

Equations (10), (12), (18), (20), and (23) are then used to

derive an equation for the normalised beam waist a(z). The

full derivation can be found in the Appendix along with the

definition of all parameters. The result of the derivation is

a2ðzÞ ¼ 1

2
1þ c1

c2

� �
þ 1

2
1� c1

c2

� �
cos

ffiffiffiffiffi
c2

p
z

� �
: (24)

This expression gives the variance of the beam along the

propagation direction, the focal point zf of the beam being

the z position where the variance is a minimum

zf ¼
p

2
ffiffiffiffiffi
c2
p ; (25)

which can be written in more intuitive form in terms of the

peak laser intensity I0 and the electron-ion collision length kei

zf ¼ p
nc

n0

kei

ffiffiffiffiffiffiffiffiffiffiffiffi
cn0T0

I0

r ffiffiffiffiffiffiffiffi
jð1Þ

p ffiffiffiffiffiffi
jc
?

p
: (26)

B. Effect of the magnetic field on focusing

The factor jc
? appears in the expression for the focal length;

therefore, as the thermal conductivity decreases with increasing

magnetisation, the focal length will shorten. With a greatly

reduced heat flow, gradients in the temperature profile are main-

tained. This leads to a higher pressure gradient and deeper elec-

tron density channel formation. The refractive index changes

more, and the beam refracts with a shorter focal length.

This is illustrated in Fig. 1. According to Eq. (26), for a

Z¼ 1, 1 keV temperature, 1� 1020 cm�3 number density

plasma, the focal length of a 1 lm wavelength, 1� 1014 W

cm�2 Gaussian beam under a 2 T axial field (magnetising the

plasma to a Hall parameter of v ¼ 4.8) is 0.2 of the unmag-

netised focal length. In the highly magnetised regime

FIG. 1. The focal length of the beam relative to the unmagnetised case

shows that the focal length decreases with an increasing magnetic field

strength. In a plasma with 1 keV electron temperature and density of

1� 1020 cm�3, the length drops sharply, and at lower temperatures, the gra-

dient becomes shallower.
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corresponding to v� 1, the relative focal length is inversely

proportional to the applied field strength B.

Looking at the intensity of the laser as it undergoes self-

focusing also shows a significant impact of the magnetic

field. The axial intensity of a Gaussian beam normalised to

the initial peak intensity follows the expression

Iðz; r ¼ 0Þ
I0

¼ 1

aðzÞ2
: (27)

Therefore, the axial intensity can be found from Eq. (24),

and this is plotted in Fig. 2 for 0, 5, and 10 T applied fields

with the same parameters as in Fig. 1. Comparing the three

curves, we find that the axial intensity grows faster over a

much shorter length to be multiple times the initial intensity

as the applied magnetic field increases.

C. Simulations of the self-focusing of a Gaussian
beam in a magnetised plasma

To compare this theory with the nonlinear regime, a simu-

lation was performed with the PARAMAGNET Eulerian mag-

netised laser-plasma code. The PARAMAGNET code is an

implicit single fluid plasma code with the full Braginskii elec-

tron transport coefficients using the Epperlein and Haines poly-

nomial fits.13 The plasma is coupled to a paraxial laser model

by the ponderomotive force and inverse bremsstrahlung.

A 1 lm wavelength laser with a cylindrical Gaussian

profile and a peak intensity of 1� 1014 W cm�2 is incident

on a pre-ionised Z¼ 1, 20 eV plasma with an initially uni-

form electron density of 1� 1020 cm�3. The beam has an ini-

tial waist size of 100 lm at the edge of the simulation

domain and propagates through the 3 mm plasma under

applied magnetic fields of 0, 5, and 10 T orientated parallel

to the beam wavevector.

Figure 3 shows the comparison between the axial laser

intensity extracted from the simulation after 100 ps and the

analytical model given by Eq. (27). Two cases are compared,

one with a 10 T field applied axially with the beam and the

other without a magnetic field. In the magnetised simulation,

the position of the focal point matches closely with the

model but the model breaks down when it hits a singularity.

At this point, the simulation begins to see oscillating behav-

ior where the beam focusses and defocusses in and out of the

density channel.

Despite the approximations made in the derivation of Eq.

(24), the fully nonlinear PARAMAGNET simulation shows

that Eq. (24) reproduces the correct focal point position but

underestimates the gradient of the intensity increase leading

up to the focal point. As with the analytical model, the inten-

sity grows significantly over the spatial scale of the simulation

to multiple times the initial intensity. The simulation domain

was chosen as 3 mm to be similar to laser-underdense plasma

experimental conditions such as the preheating stage of

MAGLIF.19 This implies that the laser propagating in such an

experiment will focus significantly over the length of several

millimeters in a way not present without consideration of the

magnetisation of the thermal conductivity.

IV. MAGNETISED THERMAL FILAMENTATION

Self-focusing of an optical beam is closely related to fil-

amentation which here will be defined as the breakup of a

laser beam seeded by perturbations perpendicular to the

direction of beam propagation. This also occurs via a thermal

mechanism and will also be influenced by the magnetised

thermal conductivity in the same manner.

To derive the spatial growth rate c of the filamentation

of a perturbation mode k? perpendicular to the laser with

wavenumber k0, we follow the approach taken by

Epperlein.16,20 In this case, the steady-state Eqs. (7)–(9) are

used and linearised with

T ¼ T0 þ dTeðik?�x�czÞ;

n ¼ n0 þ dneðik?�x�czÞ;

w ¼ w0 þ ðdw1 þ idw2Þeðik?�x�czÞ;

(28)
FIG. 2. The normalised axial laser intensity from the analytical model shows

the focusing of the beam when an axial magnetic field is applied with field

strengths of 0 T, 5 T, and 10 T. The beam focuses over a shorter distance

when the magnetic field strength increases.

FIG. 3. The normalised axial laser intensity is compared for the simulated

and analytical models for an unmagnetised laser focusing over 3 mm and for

a laser-plasma magnetised with a 10 T axial field. The analytical model

shows good agreement with the simulation up to the first focal point where

the analytical model breaks down.
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where the “background” envelope w0 is real. These lead to a

set of linear equations

2k0cdw2 � k2
?dw1 � k2

0

dn

nc
w0 ¼ 0;

2k0cdw1 þ k2
?dw2 ¼ 0;

n0dT þ T0dn ¼ �e0

n0

nc
w0dw1;

j0 : k?k?dT ¼ e0

n0

nc
�0

eiw0dw1:

(29)

These equations are then used to derive the filamentation

dispersion relation with spatial growth rate c

4k2
0c

2 ¼ k2
0k2
?

n0

nc

� �2 e0jw0j
2

n0T0

1þ n0�
0
ei

j0 : k?k?

 !
� k4

?: (30)

This expression can be simplified by defining the angle h
between the magnetic field direction and the perturbation

vector k?, and this allows us to write

j0 : k?k? ¼ k2
?jclasðjc

k cos2 hþ jc
? sin2 hÞ: (31)

Considering now only the magnetic fields parallel with the

laser wavevector (that is, when the angle h ¼ p/2), the dis-

persion relation can be written as

4k2
0c

2 ¼ k2
0k2
?

n0

nc

� �2 2I0

cn0T0

1þ 1

k2
eij
ð1Þjc

?k2
?

 !
� k4

?: (32)

We have used the vacuum relation

I ¼ 1

2
ce0jwj2: (33)

This dispersion relation includes both the ponderomotive

and thermal mechanisms, with the latter modified by the nor-

malised magnetised thermal conductivity jc
?.

Figure 4 shows the spatial growth rate of a 1� 1014 W

cm�2 laser undergoing filamentation due to the thermal

mechanism alone under 0, 5, and 10 T applied axial fields.

With an electron density of 1� 1020 cm�3 and a temperature

of 1 keV, this corresponds to Hall parameters of v ¼ 0, 11.9,

and 23.9. It is plotted against the perturbation wavelength,

defined as k? ¼ 2p
k?

, normalised with the laser wavenumber

k0. The thermal mechanism dispersion relation is obtained

by ignoring the factor of unity in Eq. (32).

As the term jc
? is reduced through magnetisation, the

maximum growth rate will increase and the growth rate will

cutoff at higher perturbation wavenumbers. Indeed, the max-

imum spatial growth rate under a 10 T field is two orders of

magnitude greater than that of the unmagnetised plasma. In

the highly magnetised case where approximately jc
? � 1=v2,

the maximum thermal growth rate is

cmax �
n0

nc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I0

2cn0T0

r
vffiffiffiffiffiffiffiffi

jð1Þ
p

kei

: (34)

It is instructive to look at the combined effect of both

the ponderomotive and thermal mechanisms and their influ-

ence on the growth e-folding length, defined as

Lg ¼ ð2cÞ�1: (35)

This parameter will allow us to compare the susceptibility of

experimental parameters to this instability. If the scale length

of the plasma is smaller than a couple of e-folding lengths,

the experiment is susceptible to this instability. Figure 5

shows the growth length against perturbation wavelength for

an applied axial magnetic field with strengths of 0, 5, and

10 T. Superimposed onto the plot is a line representing

2 mm. This has been chosen as this is a characteristic experi-

mental scale length in laser plasma experiments with mag-

netic fields.8,21,22 Therefore, the region of the plot above this

line is stable to this instability since the length is too short

for the instability to grow significantly over the length scale.

As can be seen in Fig. 5, a significant proportion of the

growth length curve dips into the unstable region. The effect

FIG. 4. The filamentation growth rate of the thermal mechanism plotted

against the perturbation wavelength shows that as the applied magnetic field

increases, the peak growth rate increases and the cutoff is shifted to shorter

wavelengths.

FIG. 5. The dispersion relation shows the relationship between the growth

length and perturbation wavelength for combined ponderomotive and ther-

mal mechanisms. As the magnetic field is increased, the longer wavelength

modes have a shorter growth length, meaning that magnetised experiments

are more susceptible to long perturbation wavelength filamentation.
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of the magnetic field appears as a lowering of the instability

growth length at longer perturbation wavelengths, whereas

the combined ponderomotive-thermal mechanism cutoff

(where the combined mechanism growth rate equals zero)

provides a lower limit to the influence of the magnetic field.

This means that under a magnetic field, the longer wave-

length perturbation modes will grow faster and an experi-

ment in which these modes are present will be more

susceptible to filamentation.

A. Simulations of filamentation in a magnetised
plasma

To verify the linear analysis of this magnetised effect, the

PARAMAGENT code was used to simulate a uniformly irra-

diated Z¼ 1 plasma. A uniform 1 lm laser field of intensity

1� 1015 W cm�2 with small (0.1%) harmonic perturbations

heated the plasma with an initial uniform electron density of

1� 1020 cm�3 under a magnetic field parallel to the laser

wavevector. The initial temperature of the plasma was 20 eV,

and the magnetic field strengths used were 0, 5, and 10 T.

The initial perturbation wavelength has been chosen as

representative of longer-wavelength laser inhomogeneity

such as those seeded by the disintegration of the target win-

dow in magnetised liner inertial fusion.10 The use of local

Braginskii transport in the theory and simulations presented

above is justified in the regime where the electron mean free

path or Larmor radius is smaller than the perpendicular

wavelength. In the simulation above, the parameters k?kei

and k?rL (with rL being the Larmor radius) are 0.022 and

0.15, respectively. As such, the use of Braginskii transport in

the fluid simulations is justified. When these conditions are

not satisfied, kinetic effects must be considered, and this is

investigated in Sec. IV B.

Figure 6 shows the output from the PARAMAGNET

simulation after 100 ps. It shows the difference between the

normalised laser intensity and the initial background under

three different field strengths. The 10 T field has caused the

beam perturbations to grow to 50% of the uniform back-

ground intensity over a length of only 0.4 mm, whilst the

unmagnetised case sees little variation over the same length.

Using the output of the simulation at 100 ps, where the back-

ground temperature had reached an average value of

�730 eV, Eqs. (32) and (35) yield a growth length of

0.35 mm for the unmagnetised case, 0.09 mm for 5 T, and

0.05 mm for 10 T.

B. Kinetic effects in thermal filamentation

Kinetic effects on thermal transport are important in

laser-produced plasmas.22–24 Small scale structures in laser

filamentation in the thermal regime mean that the corre-

sponding temperature profile will have characteristic length

scales of the same magnitude as the electron-ion collision

length. In unmagnetised plasmas, this kinetic correction has

been found to significantly alter filamentation.16,20

In this regime, heat flow becomes nonlocal and the

kinetic modification to the thermal conductivity must be

included. It is therefore a useful question to ask what is the

influence of nonlocal transport effects on the magnetised

thermal mechanism filamentation.

The nonlocality of thermal transport in the absence of

magnetic fields is encapsulated in the dimensionless nonlocality

parameter
ffiffiffi
Z
p

kkei, defined as the product of the wavenumber

of a perturbation in the plasma temperature k and the electron

delocalisation mean free path ked ¼
ffiffiffiffiffiffiffiffiffiffiffi
keekei

p
¼

ffiffiffi
Z
p

kei. For

higher values of this parameter, the thermal conductivity drops

off relative to the Spitzer-Harm result according to an expres-

sion introduced by Epperlein14

jnl

jsh
¼ 1

1þ ð30
ffiffiffi
Z
p

kkeiÞ4=3
: (36)

However, when a plasma is magnetised, the heat flow of

the plasma is localised.25,26 These two effects, the reduction

of the heat flow via nonlocality and via magnetisation, com-

bine, and the dual influence on filamentation must be consid-

ered. Kinetic, magnetised thermal transport has been

considered by Brantov;27 however, only a simplified phe-

nomenological form is required.

Therefore, we propose a phenomenological function for

the thermal conductivity perpendicular to the magnetic field

relative to the local, unmagnetised conductivity

j?nl

jclas
¼ a

1þ bð
ffiffiffi
Z
p

k?keiÞc þ dve
: (37)

This model includes the combined effect of the reduction

from the magnetisation (v) and via nonlocality (k?kei).

In order to find the parameters a, b, c, d, and e, the

Epperlein-Short test14 is performed. The Epperlein-Short test

aims to find the nonlocal thermal evolution of a 1D plasma

using a numerical Vlasov-Fokker-Planck (VFP) model.

Given the requirements for a magnetised plasma, we use the

IMPACT VFP code.28 IMPACT solves the electron VFP

equation in the diffusion approximation alongside the full

FIG. 6. This plot shows the deviation of the laser intensity away from the

uniform background as a factor of the background value. Evident is the fila-

mentation of a uniform laser with 0.1% perturbations for the unmagnetised

(top), 5 T (middle), and 10 T (bottom) cases showing the laser filaments

with a shorter growth length as the magnetic field increases.
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Maxwell’s equations allowing the inclusion of magnetic field

phenomena.

We use Brodrick’s24 approach, in which a 1D hydrogen

(Z¼ 1) plasma is initialised with a small (0.1%) sinusoidal

temperature perturbation and is allowed to decay over multi-

ple collision times. A static and uniform magnetic field of

varying strengths is applied perpendicular to the temperature

perturbation. The decay rate of the sinusoidal perturbation is

proportional to the thermal conductivity of the plasma via

j?nl

jclas
¼ cnl

cclas

: (38)

The local unmagnetised decay rate for a sinusoid with wave-

number k is defined as

cclas ¼
2

3
k2
?

128

3p
fðZÞvthkei: (39)

The nonlocal decay rate cnl is found by fitting a decaying

sinusoid to the output of the IMPACT simulations. The out-

put from the IMPACT simulations is shown in Fig. 7. The

function Eq. (38) is fitted to the data, and the values are

found to be a¼ 1.116, b¼ 2.73, c¼ 1, d¼ 3.72, and e¼ 1.4.

The result is shown in Fig. 7. The use of the diffusion

approximation on the IMPACT code limits the accuracy of

the decay in the high k?kei regime, as such the data are fitted

to runs up to values of k?kei ¼ 10.

The thermal filamentation dispersion relation using this

nonlocal expression [Eq. (37)] now has both a magnetisa-

tion and nonlocality parameter dependence, and the growth

rate is plotted in Fig. 8. In the local limit (kkei � 1), the

curves all plateau with a value determined by the magnet-

isation. As the nonlocality parameter increases, the curve

drops off, and the point where the curve begins to drop off

is shifted to the right at higher magnetisation values. This is

the result of the magnetisation localising the thermal

conductivity.

Looking now at the plot of the dispersion relation of

thermal filamentation in isolation in Fig. 8 [using the con-

ductivity defined in Eq. (37)], the most obvious difference as

compared to the local thermal mechanism is the much higher

peak growth rate. Also, unlike the local case in Fig. 4 where

the curve flattened to a constant at long wavelengths, the

kinetic growth rate converges towards the local rate at longer

wavelengths. Whilst this is subdued in the magnetised

curves, the influence is still noticeable. In the absence of a

magnetic field, the dispersion curve cutoff is shifted far to

the left and has a higher peak growth rate.

If we now compare the mixed ponderomotive and

thermal growth length curves between Figs. 5 and 9,

the differences compared with the local case are most

evident at longer perturbation wavelengths. The curve

shows some deviation from the local curve in the long

wavelength region whilst the low wavelength cutoff is

unchanged.

FIG. 7. The kinetic decay rate of a small temperature perturbation relative to

the local analytical result against the nonlocality parameter. Data for

IMPACT simulations with five different Hall parameters, 0, 0.1, 1, 2, and

10. The fit is overlaid on the data. The magnetisation localises and reduces

the thermal conductivity; the nonlocal curl off of the conductivity is shifted

down and to the right.

FIG. 8. The filamentation growth rate of the kinetic thermal mechanism

(solid lines) plotted against the perturbation wavelength shows that in the

unmagnetised case, the peak growth rate is greater relative to the local case

(dashed lines) and the cutoff is shifted to shorter wavelengths. This nonlocal

effect is suppressed in the magnetised curves.

FIG. 9. The combined ponderomotive and thermal filamentation dispersion

relation with the kinetic corrections (solid lines) shows some deviation from

the classical case (dashed lines) in the longer wavelength region.
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V. MAGNETISED SELF-FOCUSING IN ICF
EXPERIMENTS

In recent years, the use of magnetic fields has been sug-

gested as a means to improve the performance of inertial

confinement fusion experiments. We will discuss the signifi-

cance of the reported modifications to laser-propagation due

to magnetised transport in the context of two schemes, the

pre-pulse stage of the MAGLIF scheme29 and magnetised

hohlraums.6

The MAGLIF scheme necessarily has the laser pre-

pulse propagating through a low Z plasma with a coaxial

10 T magnetic field. The purpose is to pre-heat the fuel and

as such uniform and deep penetration is required for effec-

tive heating. In such experiments, the plasma is strongly

magnetised and it is given that the laser wavelength and

intensity sit well within the unstable region of thermal

regime filamentation. In the filament, the local intensity can

reach multiples of the initial intensity.

Taking as example the parameters of pre-heat experi-

ments performed on the OMEGA-EP laser,10 a 1.3� 1014 W

cm�2 intensity laser propagating through a plasma with ne

¼ 2.5� 1020 cm�3(0.025nc) under an axial magnetic field of

7.5 T. When a temperature of 400 eV is used, the maximum

thermal growth length calculated using Eq. (34) is 1.01 mm,

much smaller than the scale length of the 8 mm D2-gas filled

tube used in the experiment.

Parametric instabilities such as Stimulated Raman

Scattering (SRS) and Stimulated Brillouin Scattering (SBS)

have an intensity threshold. The choice of laser intensity in

the pre-heat stage is partially to undercut this threshold and

mitigate the influence of SRS and SBS backscatter. This

backscatter can reduce the absorption of the laser light into

the MAGLIF fuel cell by scattering it out of the fuel and also

reducing the depth of the penetration of the laser into the

fuel cell.

Therefore, the magnetisation can lead to more backscat-

ter as the local filament intensity exceeds the parametric

instability threshold; as such, the laser penetration will

shorten and the absorption is less effective compared to the

unmagnetised case.

In a hohlraum environment, the effect of magnetic fields

can likewise influence laser propagation and absorption. In

such experiments, the magnetic field can be applied exter-

nally6,8 or self-generated;30 the orientation of the magnetic

field will not be exactly parallel to the laser wavevector as

investigated in this work; however, the influence of the mag-

netised thermal conductivity will similarly drive down the

instability threshold for thermal regime filamentation, attenu-

ated by a trigonometric factor to account for orientation.

Taking as example the parameters of the magnetised helium

gas-fill hohlraum simulations performed by Strozzi,31 the

maximum thermal filamentation growth length is 0.82 mm,

relative to the hohlraum length of 1 cm.

Furthermore, in direct drive experiments, the laser uni-

formity is important for ensuring the reduction of laser-

imprint seeded hydrodynamical instabilities.3 The phenome-

non of laser filamentation can cause small scale non-

uniformity to grow in the underdense coronal plasma. The

magnetisation increases the spatial growth rate of filamenta-

tion, thus putting greater constraints of laser uniformity in

the case of an experiment with an applied magnetic field.

VI. CONCLUSIONS

In summary, we investigated how the effect of a magne-

tised thermal conductivity influences the propagation of a

laser through an underdense plasma in regimes common in

magnetised high energy density physics experiments. By

using an analytical model of the self-focal point of a

Gaussian beam derived from a steady-state fluid-plasma

paraxial-laser model, the focal point is shown to shorten by a

factor proportional to the square root of the perpendicular

thermal conductivity of the magnetised plasma; this is a

direct result of the anisotropic magnetised transport of

Braginskii. This in turn means that for a highly magnetised

plasma, the focal length relative to the unmagnetised case is

approximately inversely proportional to the magnetic field

strength parallel to the wavevector of the laser.

Using the PARAMAGNET laser-plasma transport code,

simulations of this self-focusing effect were performed with

a Gaussian laser in a plasma with a range of magnetic field

strengths. In these simulations, the self-focal point from the

analytical model is retrieved whilst showing nonlinear

behavior such as repeated defocusing and refocusing not pre-

sent in the analytical model. The quantitative difference in

focusing behaviour resulting from magnetisation of the ther-

mal conductivity is manifest.

Similarly, a linear model of thermal filamentation of a

laser was derived and the dispersion relation follows the same

asymptotic dependence of the normalised thermal conductiv-

ity leading to an increase in the thermal mechanism growth

rate as electrons are increasingly magnetised. When combined

with the ponderomotive mechanism, the effect of magnetisa-

tion means that the filamentation of long-wavelength perturba-

tions is particularly significant. Simulations performed with

the PARAMAGNET code of the linear regime of filamenta-

tion of a plasma heated by a uniform laser under a magnetic

field with harmonic perturbations yield an order of magnitude

shortening of the e-folding length for even low values of the

Hall parameter in the range of 0.1–1.

Considering the nonlocality of thermal transport in

laser-plasma interactions in the regimes typical in the experi-

ments noted above, the Epperlein-Short test was performed

to find a phenomenological fit for the perpendicular thermal

conductivity in plasma where both kinetic and magnetic

effects are included. When this fit is used in the filamentation

dispersion relation, it shows even shorter e-folding lengths in

the long-wavelength limit compared to the local dispersion

relation.

When considering these effects in the context of magne-

tised laser fusion experiments, it is found that they sit in

regimes susceptible to significant laser focusing exacerbated

by magnetisation. The resulting filamentation produces

localised intensities much higher than the threshold for para-

metric instabilities. These instabilities are detrimental to

laser absorption and penetration by the laser by backscatter-

ing the laser light out of the fuel or Hohlraum. As such, it is
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important in the modeling of high-energy-density laser

plasma experiments to include the influence of full thermal

magnetised transport not just on the plasma but also on the

laser propagation.
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APPENDIX: DERIVATION OF THE NORMALISED
GAUSSIAN BEAM WAIST

After substituting the linearised momentum equation

into the linearised energy equation, using the form of w
defined in Eq. (12), the equation for the density change is

thus

1

r

@

@r
r
@dn

@r

� �
¼ 1

2

n0

T0nc
e0jwj2

n0�
0
ei

j0

þ 4

a2
0a

2
1� r2

a2
0a

2

 ! !
:

(A1)

In order to solve this, we use the close-to-axis assumption

jwj2 � A2
0

a2
1� r2

a2
0a

2

 !
: (A2)

The second order dielectric variation required to find the

equation for the beam variance is then

d�2 ¼ �
1

8

n0

nc

� �2 e0A2
0

n0T0a2

n0�
0
ei

j0
þ 4

a2
0a

2

 !
: (A3)

This is then used with Eqs. (22) and (24) to get

a00 ¼ c1

a3
� c2

a
; (A4)

with

c1 ¼
1

k2
0a4

0

� 1

2

n0

nc

� �2 e0A2
0

T0a2
0

;

c2 ¼
1

8

n0

nc

� �2 e0A2
0

n0T0

n0�
0
ei

j0

:

(A5)

This can be written as

da2

dz

� �2

¼ �c2a
2 ln a2 þ c3a

2 � c1: (A6)

In order to find an analytical result, the approximation to the

natural log about a ¼ 1 is used

a2 ln a2 � a2ða2 � 1Þ; (A7)

which yields

da2

dz

� �2

¼ �c2a
4 þ ðc3 þ c2Þa2 � c1; (A8)

and the solution is found to be

a2 ¼ d1 þ d2 sin ðd3zþ d4Þ; (A9)

with constants d1 – d4 defined as

d1 ¼
1

R2
þ c1 þ c2

2c2

;

d2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2

1 �
c1

c2

r
;

d3 ¼
ffiffiffiffiffi
c2

p
;

d4 ¼ arcsin
1� d1

d2

� �
:

(A10)

In the case of a long geometric focus such that the

Rayleigh length is very long relative to the propagation dis-

tance, R!1. These expressions can be reduced to

d1 ¼
1

2
1þ c1

c2

� �
;

d2 ¼
1

2
1� c1

c2

� �
;

d3 ¼
ffiffiffiffiffi
c2

p
;

d4 ¼
p
2
:

(A11)
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