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Summary
A 9-node co-rotational curved quadrilateral shell element with novel treatment for rotation at
intersection of folded and multi-shell structures is presented. The element’s co-rotational reference
frame is defined by the two bisectors of the diagonal vectors generated using the four corner nodes
and their cross product. In reference frame, the element rigid-body rotations are excluded in
calculating the local nodal variables from the global nodal variables. Rotations are not represented
by axial (pseudo) vectors, but by components of polar (proper) vectors, of which additivity and
commutativity lead to symmetry of the tangent stiffness matrix. In the global coordinate system, the
two smallest components of the mid-surface normal vector at each node of a smooth shell, or at
nodes away from the intersection of non-smooth shells, are defined as rotational variables. In
addition, of the two nodal orientation vectors at intersections of folded and multi-shell structures,
two smallest components of one vector, together with one smaller component of another vector, are
employed as rotational variables, leading to the desired additive property for all nodal variables in
a nonlinear incremental solution procedure. In the local coordinate system, the two smallest
components of the mid-surface normal vector(s) at any node of a smooth shell, or in each smooth
patch of non-smooth shell, are defined as rotational variables. Different from other existing co-
rotational finite-element formulations, the resulting element tangent stiffness matrix is symmetric
owing to the commutativity of the local nodal variables in calculating the second derivative of strain
energy with respect to these nodal variables. To alleviate membrane and shear locking phenomena,
the membrane strains and the out-of-plane shear strains are replaced with assumed strains, using the
Mixed Interpolation of Tensorial Components (MITC) approach, for obtaining the element tangent

stiffness matrices and the internal force vector. Finally, a series of benchmark, challenging smooth,



folded and multi-shell structures undergoing large displacements and large rotations are analyzed to
demonstrate the reliability and computational accuracy of the proposed formulation.
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1. Introduction

Folded and multi-shell structures are widely used in engineering practice, such as thin-walled
steel beams and columns, pressure vessels, silos, liquid and gas storage tanks, tubular towers,
branching and intersecting pipelines, etc. In most of such multi-shells, the adjacent elements are
usually stiffly connected to each other. But there also exist simply connected and partly simply
supported shell junctions as well as the elastically and dissipatively deformable shell junctions [1-
5]. In this paper, only rigid junctions (the deformation of the multi-shell structure has no effect on
the angle between the middle surfaces of the two shells at the junction) are considered, and the
intersection of irregular shell structures are treated as curved lines between different smooth shell
patches with their mid-surface interconnected non-smoothly.

Different rotation parameters can be employed in shell elements [6-14]. In most existing finite
element formulations based on classical shell theory, even though the rotation around the normal to
the shell mid-surface are disregarded, these elements still demonstrate satisfying performance in
modeling of smooth shell structures. Classical shell theory did not, however, achieve the same level
of success in finite element modeling of non-smooth shell structures (such as folded shells and
multi-shells) and connections of shells with beams, columns and stiffeners. The absence of a rotation
component around the shell director makes it difficult to impose continuity at the branching points,
or provide a compatible connection with a beam model [15-17]. To circumvent such problems, some
researchers attempt to impose appropriate kinematic constraints at the branching points [17], or
work in a local coordinate system which is aligned with the shell boundary [17]. Unfortunately, the
former is sensitive to numerical ill-conditioning in shallow shell geometry, while the latter is
cumbersome in numerical implementation [17]. To facilitate the modeling of non-smooth shell
structures, some researchers introduced the drilling rotation component in developing finite element
formulations, leading to shell finite elements with three rotation parameters per node [17-26].

Ibrahimbegovic and Frey [17-19] proposed a consistent formulation of geometrically-linear shell



theory with drilling rotations by consistent linearization of geometrically non-linear shell theory.
Chroscielewski et al.[20] proposed constitutive relations for composite shells within the framework
of 6-parameter shell theory with drilling degree of freedom. Fox and Simo [21] obtained a three
rotational degree of freedom formulation by enforcing weakly the kinematic constraint to identify
the drilling rotation via a Lagrange multiplier term appended to the variational principle of the
classical model. Since the corresponding Lagrange multiplier is shown to vanish at equilibrium, it
is possible to construct a regularization of this constrained variational principle which yields the
equilibrium equations for any value of the regularization parameter. Witkowski [22] presented a 4-
node Co shell element with drilling degrees of freedom within the nonlinear 6-field shell theory,
where kinematics of the shell is described by the vector field of translations and the orthogonal
tensor field of rotations, and no restriction is applied on magnitudes of displacements and rotations.
Ibrahimbegovic and Wilson [23] obtained a unified formulation for triangular and quadrilateral flat
shell finite-elements with 6 nodal degrees of freedom by superposing discrete Kirchhoff plate
bending elements and the membrane elements with drilling degrees of freedom. Kebari and Cassell
[24] presented a nine-node degenerate stress-resultant shell element with 6 degrees of freedom at
each node and the sixth dof is incorporated by using the penalty function method.

Some difficulties are encountered in numerically implementing shell finite elements with
drilling rotations, since the stiffness due to three rotations arises merely from the intersection of
surfaces, whereas the stiffness due to the drilling rotation at any node away from the intersection of
non-smooth shell is very low or even zero, thus numerical problems arise if a drilling rotation is
employed at every node. This problem can be prevented by a classification of nodes — either located
in the smooth areas or on the intersections. There is no general criterion to automatically distinguish
these two types of nodes, thus requiring a manual classification. Alternatively, some kind of drilling
rotation stabilization can be used [27-28]. To handle geometries with junctions and allowing for
arbitrary intersections of patches, Dornisch and Klinkel [28] presented an enhanced isogeometric
Reissner-Mindlin shell formulation which neither requires drilling rotation stabilization, nor user
interaction to quantify the number of rotational degrees of freedom for every node. They assigned
control points with corresponding physical location to one common node for the finite element
solution, and defined a nodal basis system in every control point, which ensures an exact

interpolation of the director vector throughout the whole domain. To avoid the problem of drilling



degrees of freedom, several researchers developed solid-shell elements [29-33], in which nodal
displacements are the only degrees of freedom, thus finite-rotation axial (pseudo) vectors and their
complex update procedures are entirely avoided. Effective treatments for shear locking, membrane
locking, trapezoidal locking, and Poisson thickness locking must, however, be introduced [29-33].

In the present 9-node co-rotational curved quadrilateral shell element formulation for smooth,
folded and multi-shells, the Reissner-Mindlin theory is employed, allowing for shear deformation.
Rotation is represented not by axial (pseudo) vector, but by components of polar (proper) vector, of
which additivity and commutativity lead to symmetry of the tangent stiffness matrix. At any node
of a smooth shell, or at a node away from the intersection of non-smooth shells, the two smallest
components of the mid-surface normal vector in the global coordinate system are selected as
vectorial rotational variables [34]. Such vectorial rotational variables had been successfully
employed in developing 4-node and 9-node quadrilateral elements, 3-node and 6-node triangular
elements accommodating elastic or elasto-plastic or composite behavior for smooth shells
undergoing large displacement and large rotations [35-40]. On the other hand, at a node on the
intersection edge of non-smooth shells, we introduce a novel treatment of rotation (without using
an axial rotation vector) by using two smallest components of one vector and one smaller component
of another vector of a triad oriented initially to three axes of the global coordinate system as vectorial
rotational variables. These vectorial rotational variables could be different components of the same
(polar / proper) vector(s) even at the same node in different incremental steps of a nonlinear
incremental solution procedure. Two smallest components of the mid-surface normal vector are
defined as vectorial rotational variables at any node of smooth or non-smooth shells in the local
coordinate system. To alleviate the membrane and shear locking phenomena, the membrane strains
and the out-of-plane shear strains are replaced with assumed strains in calculating the element strain
energy. The tying point scheme used in the MITC approach [41] is employed in the calculation of
the assumed strains. Different from the MITC isotropic quadrilateral shell finite element
formulations using linear covariant natural strain tensor, in the present 9-node curved quadrilateral
shell element formulation:

1) The linear covariant natural strain tensor is replaced with the Green-Lagrange strains
specialized for shallow curved shell (with nonlinear terms);

2) A co-rotational framework is adopted in calculating the local internal force vector and



element tangent stiffness matrix.

In other existing co-rotational element formulations, most researchers employed axial vectors
to represent rotations, and thus used non-vectorial rotational variables, enforcing the semi-tangential
behaviour of nodal moments through a correction matrix to the conventional geometric stiffness
matrix [42-48]. Felippa and Haugen [45] presented a co-rotational formulation, using spin (coming
from the derivative of the rotation matrix) instead of rotation axial vector as nodal degree of freedom,
that lead to non-symmetric geometric tangent stiffness matrix, and thus non-symmetric tangent
stiffness matrix. Due to the non-commutativity of finite rotations about fixed axes, this method
always leads to a non-symmetric tangent stiffness matrix [43-54]. Crisfield and his co-workers
[43,46] also encountered this phenomenon, and artificially symmetrized the element tangent
stiffness matrix by excluding the non-symmetric term. While this treatment can greatly improve the
computational efficiency, quadratic convergence of solution, however, can not be expected. Crisfield
[43] and Simo [49] suggested that a symmetric tangent stiffness matrix could be achieved if a certain
set of additive rotational variables were employed in a co-rotational element formulation. Battini
and Pacoste [55-56] parameterized the global rotations based on the Euler parameters (quaternion)
[44], and obtained additive rotation variables, and thus symmetric tangent stiffness matrix.
Ibrahimbegovic et al. [9] proposed a vector-like parameterization of three-dimensional finite
rotation expressed through the well-known Rodrigues formula [6,44,57]. Even though these rotation
parameters are additive, and lead to symmetric tangent stiffness, they are, however, not valid
globally due to singularities that require additional treatments. To eliminate the singularities of the
vector-like parameterization and the associated ill-conditioning problem, Ibrahimbegovic [10]
employed incremental vector-like rotation parameters by restricting the size of the incremental
rotation, where the finite rotations in each increment are updated by an iterative procedure, in which
the material form of the incremental rotation vector is first updated by adding its iterative increment
to the incremental rotation vector. The total spatial rotation is next obtained from its updated material
representation by making use of the exponential mapping.

Compared with other existing co-rotational element formulations, the present curved 9-node
quadrilateral shell element formulation has several features:

1) The vectorial rotational variables are defined as components of polar vectors, and thus all

nodal variables (displacements and rotations) in the global coordinate system are additive in an



incremental nonlinear solution procedure;

2) All nodal variables are commutative in calculating the second derivatives of the element
strain energy with respect to local nodal variables to obtain the local element tangent stiffness matrix
and the local variables with respect to the global nodal variables to obtain the transformation matrix
from local to global coordinate systems, resulting in symmetric element tangent stiffness matrices
in the local and global coordinate systems;

3) The element tangent stiffness matrix and the transformation matrix from the local to global
coordinate systems are updated using the total values of the nodal variables in an incremental
solution procedure, making it advantageous for solving dynamic problems [58-59].

To verify the reliability and computational accuracy of the present 9-node co-rotational curved
quadrilateral shell element, one smooth shell and six non-smooth plate/shell problems with large
displacement and large rotation [60-63] are analyzed.

The outline of the paper is as follows. Section 2 presents the co-rotational framework defined
for the 9-node curved quadrilateral shell element and the element kinematics. Section 3 describes
the local and global element formulations, and the assumed strain procedure used to alleviate
locking problems. Section 4 describes the treatment of special load and boundary conditions.
Section 5 introduces the nonlinear solution procedure adopted in solving the following examples.
In Section 6, one smooth shell and six folded or multi-plates/shells problems undergoing large
displacements and large rotations are analyzed to demonstrate the reliability and computational

accuracy of the proposed element formulation. Concluding remarks are presented in Section 7.

2. Kinematics

The Reissner-Mindlin theory is adopted in the present shell element. Only rigid junctions at
the intersection of folded and multi-shell structures are considered. The intersections of irregular
shell structures are treated as curved lines with the mid-surfaces of different shell patches
interconnected non-smoothly. A co-rotational approach is used to exclude the influence of element
rigid-body rotations from the local displacement field, leading to an element-independent

formulation.



2.1. Co-rotational framework

In Figure 1, XYZ defines the global coordinate system, while xyz defines the local co-rotational
system which rotates rigidly with the element as it deforms. The x and y axes of the local coordinate
system are defined to be coincident with the bisectors of the diagonal vectors generated from the

four corner nodes [34], while the local z axis is defined as orthogonal to the x-y axes.
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Figure 1. Definition of co-rotation framework and nodal orientation matrix

The co-rotational system at the initial configuration is defined by the orientation vectors V,,,

and V,,,, as obtained from:
Vig = Xao - XlO; Vs = ><40 - Xzo (1a,b)

where X,, is the global co-ordinates of Node i in the initial configuration.

The corresponding normalized unit vectors of (V5 , V,,, )---called the “cross” vectors, each in the

direction of a pair of opposite corner nodes---- are defined by:

V130 . V24O

, Cos =
|V130|

=== (2a,b)
|\/240|

Cigo =

With the adopted definition of the local system, the initial triad vectors (&,,,€,,,€,,) of the local



co-rotational system are therefore determined as [34]:

Ciag —C Cing +C
eXO — 130  ¥240 : eyO — M1 eZO — eXO X eyO (Ba’b,c)
C130 — Cosg Ciz t+ Cz40|

We note here that defining the pair of orthogonal vectors (exo,eyo) along the bisectors of the

“cross” vectors (C,sy,C,y0) [64] is similar to the method in Hughes and Liu [65-66], Hughes [67],

and Belytschko et al. [68, p.569, Eq.(9.5.16)].1  Similarly, in the deformed configuration, the co-

rotational framework is defined by the orientation vectors (V,5, V,,):
Vig = Vi +d; —dy; Vay = Vo +d, —d, (4a,b)

where d, is the translational global displacement vector of Node i in the global coordinate
system, with dI = <Ui V. Wi>.

The corresponding unit vectors are determined from:

\'% \'
Cp =717 Cpp =72 (5a,b)
Vi [Vl
leading to the triad (e, , e, , €, ) of the co-rotational system in the deformed configuration:
C,—C C,,+C
e, =224, , = e, =€, xe, (6a,b,c)
|013 - C24| |C13 + C24|

In the global system, the element employs either five or six degrees of freedom at each node,

depending on the type of node:

ug=(d] ni, - dl ny o odiong) )

At every node, there are three global nodal translational degrees of freedom contained in the matrix

1 The difference is that the local coordinate system here is defined for the entire element, whereas the
local coordinate system in Belytschko et al. [68, p.568, Eq.(9.5.13)] is based on two tangent vectors to
the two coordinate lines in a shell lamina (a surface within a shell, at a constant transverse coordinate),
and is pointwise, i.e., at a specific point within the shell lamina.



d' = <Ui V, Wi> . At a node away from a shell intersection, there are two vectorial rotational
degrees of freedom in n; :<piyn pi’m>, where ( P, , P, ) are the two smallest global
components of the nodal normal vector p; . Atanode on the intersection of non-smooth shell, there

are three vectorial rotational degrees of freedom in n;:<eiy'n €y m eiz,n> , Where

, y.m , y.n| and (€, o= (€, [, with {n,m,I} being circular permutation of {X, Y,

il = - [e| 2 o

Z}, are assumed at the preceding incremental loading step to keep the signs of e, and €, ,

unchanged at the present incremental loading step. The value of n, m and | may be different at

different node, and may change at different incremental step in an incremental solution procedure.

In other words, €, ., and €, arethetwosmallestcomponents of vector €; atNode i, whereas
€,, Isthe smallest, or next to smallest, component of vector e;, at Node i.

Three other components ofe; ande;, can be calculated from (e, ,.,€, . €, ;) at the present

incremental loading step as follows

2_ .2 2 2 [ 2 2
” eiy ” = eiy,I + eiy,m + eiy,n = l:> eiy,I = Sl 1_ (eiy,m + eiy,n) (88.)
I €, ”2: eizz,l + ei?i,m + eizz,n =l= €iim = 33\/1_ (eizz,n + eizz,l) (8b)

2
los | =1
y 2 2
”eiZ”Z 1l eiz’l _ - eiy,Ieiy,neiz,n + s2€iyém 1- eiy,n - eiz,n (8¢)
" g 1-¢e?
eiyeiz -

where the sign symbols (S, , S;) take numerical value 1 or -1, and have the same signs as those of

the components €, and €,

iz,m?

respectively, in last incremental step, and S, =—S, - S,.
Vector €, is the cross-product of Vector €, and Vector e, ,

ei>< = eiy X eiz (9)
In the local coordinate system, the element has 45 degrees of freedom:

ul=(t] o] - tf o - t7 0]) (10)



where tT = <ui v, Wi> is the translational displacement vector of Node i in the local system, and

0] = <I’iX riy> represents the two local components of the nodal normal vector p; along the local
X-and Y -axes, respectively.

The relationship between the local and global nodal translational displacements is explicitly
given by:

t,=Rd, + (R-Ry)v,, 1=12,---9 (11)

where R, and R are the orientation matrices of the co-rotational framework at the initial

configuration and the current configuration, respectively, defined as:

ROT = [exO ey0 ezo] RT = [ex ey ez] (12)
with
Vip = Xio = X, 1=1,2,+,9 (13)

representing a vector oriented from Node 9 to Node i.

In transforming the global nodal displacements to local nodal displacement according to
Eq.(11), the initial local reference system is first rotated about Node 9 to the same orientation of the
current reference system, though the centre of rotation is actually unimportant, and the local
translations excluding rigid body rotation are measured from the initially rotated configuration, as
illustrated in Figure 1.

The relationship between the local components and the global components of the nodal normal

vector of mid-surface at a node away from the intersection of shell are obtained from:
Fio = RoPio (14)

r,=Rp, (145)

where p;, and p; are the initial and current global components of the nodal normal vector at

Node i, respectively; r,, and r; contain the initial and current local components of the nodal

normal vector at Node i, respectively.



With the two smallest global components of the normal vector p; used as vectorial rotational

degrees of freedom at Node i, which is away from the intersection of shell mid-surface, the

remaining component is obtained from:

Pi, = 54\/1_ piz,n - piz,m =129 (15)

where s, =11 takes the same sign as used for ,, at the previous incremental step of load, and

(Pins Pim) represent the two smallest components of p; used as global rotational degrees of

freedom at Node i.
The relationship between the local components and the global components of the nodal normal

vector of mid-surface at a node on the intersection of shell are obtained from:

o = RoPig (162)
r= RRiTRiOpiO (16D)

The orientation matrices R;, and R; of Node i on a shell intersection correspond to the
initial configuration and current configuration, with

RiTo:[eixo €ivo eizo] (173)

R'T:[eix eiy eiz:l (17b)

For convenience, the initial orientation matrix R, is defined as being coincident to the

orientation matrix of the global coordinate system, i.e.,

e =( 0 0) (18a)
ero=(0 1 0) (18b)
ero=(0 0 1) (18c)

and the triad of current orientation matrix R; is evaluated from three nodal rotational variables as

Egs.(8a-c) and Eq.(9).



2.2. Evaluating mid-surface normal vector of smooth and non-smooth shell

Lagrangian interpolation functions are adopted to describe the geometry and the displacement

field of the 9-node curved quadrilateral shell element:

_(6-6)E-8) (m-n)mn-1n)

i=12,---,9 (19)
¢ _gj)(é:l = &) (1. —m,)7. — 1)

h(,n)

where (&,7,) represent the natural co-ordinates of Node i , with §i#& #¢& and

n, #n =1, representing the natural co-ordinates of the remaining nodes.

In the initial configuration, the local coordinates at any point within the element are obtained

as:
X= Zhi (&)X + %é/ahi (&,mr (20)

where ¢ isthe natural co-ordinate in the direction of the element thickness, T, the initial normal

vector at Node i in the local coordinate system, and a the thickness of element.
The local coordinates of Node i, required in Eq.(20), can be obtained from the corresponding

nodal coordinates in the global coordinate system as:
Xio = RqVi (21)

The same Lagrangian shape functions are used to interpolate the translational and rotational

fields, leading to an isoparametric formulation:
t=> h&mt (22)
h= z h($,7)0, (23)

where t is the vector of local translational fields, and T, the vector of local rotational fields.

The global components of the initial normal vector at Node i of the curved shell element are
obtained from the cross-product of the tangent lines corresponding to independent variation in the

two natural coordinates:

Pio = Yo,g X Xo,n (&.m) =129 (24)



where

. 9

X, = Zhj(f.ﬂ)xjo
j=1

with on representing the global co-ordinates of Node j.

To minimize any discontinuity of slope between adjacent elements at Node i, due to the
parametric definition of the element shape in terms of nodal co-ordinates with polynomial functions,
the mean value of the normal vectors from the surrounding elements within the same piece of

smooth shell is adopted:

i=12,---9 (25)

On the other hand, if the true mid-surface of the curved shell is not smooth along the inter-
element edges, the normal vector of element at node i shared by multiple elements within different
adjacent pieces of smooth shell must be obtained independently, and three global rotational degrees
of freedom would then be required for each node along the edges of the slope discontinuity. The

normal vector of element at node i in the current configuration is updated as follows:
T
P = Ry RioP;o (26)

where the rotation matrices R;, and R, correspond respectively to the initial orientation and the

current orientation of Node i at the inter-element edge of non-smooth shell, as presented in Egs.(8a-

c), (9), (17a-b) and (18a-c).

3. Local and Global Element Formulations

The total potential energy of the 9-node curved quadrilateral shell element is calculated from,
H:lj sTDadV+1j D ydV-W @7)
ol 1 5 v P e

where I1 is the total potential energy function, € the in-plane strain vector, y the transverse



shear strain vector, V the volume of the element, W, the work done by external forces, with

D, and D, being the elastic-moduli matrices,

1 0
E " E 10
Dl:l 2 % 1 0 ; Dzzklm 0 1 (28a,b)
—u
0 0 1""7“

. 5 2
where K, is the shear factor, and k; :E or k :f—z, E the Young’s modulus, and v the

Poisson’s ratio.
The Green-Lagrange strains specialized for shallow curved shell [43] are adopted in calculating

the element strain energy. For convenience, the in-plane strain vector € is split into two parts, a

membrane strain vector € and a bending strain vector Zz,y, resulting in Eq.(27) being rewritten

as
H:lj (€, +27) Dy(e, +2 )dV+1j "D,ydV—W, (29)
o Jy\Em iX) V&, + 4% > V'Y Y e
where
__ __ _ 2 _\2
@g{M} J(%j
oX 2 OX 2\ oX
gxx _ . _ 2 _\2
e ol oo Afowmez)] tifon Lo 300
S o 2 oy 2\ oy b2
Pv) lou ov oW+2)0(W+Z,) 07, 0,
oy OX OX oy oX oy

. <8(‘X 1) o, —1,) a(r,-r,) ol —ry0)> (30b)

X = ) ] +
OX oy oy OX
r—r,+ ow
x x0T A,
Vy2 -7+



with rx:Z:hirix ; rxo:Z:hirixo ; ry:zhiriy ; ryo:Z:hiriyo ; Uzzglhiui ,

Uzzglhiui ; WthiWi 7 =§1:hizi0 .

The derivatives of the nodal variables with respect to the local coordinates can be calculated

from
o) (2 X oy
x ol 05 05 0¢
Ol_ja] o1, j_|x o a (31a,b)
oy on on on on
ol e A 4
oz oc ¢ o ¢ |

The variation of the potential energy of the element with respect to the local nodal variables is

given by

Su =0 (32)

ext

o =[[ (en+27) Dy(B, +2B,)dV+ | y'D,B, dVIsu T

Where the matrices B, z,B,,and B, are respectively the first derivatives of the membrane

strain vector €, , the bending strain vector Z,y, and the out-of-plane shear strain vector y with

respect to the local nodal variable vector. The expressions of these derivatives are given in Appendix
A.

The internal force vector in the local coordinate system is given by

f=f, =] (B,+2B,) Dy(e, +2zx)dV+ | B/D,ydv
= [ [BiDs&, + (2, 'BIDxldV + [ B]D,ydV (33)

By differentiating the internal force vector with respect to the local nodal variables, the tangent

stiffness matrix of the 9-node curved quadrilateral shell element is obtained

oBT
k; = [[B]D.B, +(z fB;D,B, + — Dt + B'D,B,]dV (34)
\Y%

uy



oB, . —_— . .
where T is the second derivative of the membrane strain vector € with respect to the local

u.

nodal variable vector; see the details in Appendix A.
Eq.(33) and Eq.(34) are the conforming element formulations for the 9-node curved
quadrilateral shell element in the local coordinate system. Due to the commutativity of the local

nodal variables in calculating the second derivatives of the potential functional IT, the resulting
element tangent stiffness matrix K is symmetric.

In solving thin-shell problems, the membrane and shear locking phenomena will not only lead
to inaccurate results, but also deteriorate the convergence and the computational efficiency of the
element formulations. To improve the performance of the present curved quadrilateral shell element
formulation, the membrane strains, the out-of-plane shear strains, and their first and second
derivatives with respect to the local nodal variables are replaced, respectively, with assumed strains
and their derivatives with respect to the local nodal variables. The improved element formulations

are then given as follows

f= | [BID.E, +(zBIDxldV + [ B/D,ydV (35)
-~ Bl =i =
K, = IV[B;Dle +(z)B]D,B, +WDlam +B]D,B,JdV (36)
L
where
éxx é
=T ~ ~ = =T =~ =~ = o o Xz
8m :< XX gyy }/xy> ! 7 :<'sz sz> ' Bm = ?yy ! By :{é } !
B, v
B,
|
aBm — 6Byy
oul | au]
oB,,
ou/

The Mixed Interpolation of Tensorial Components (MITC) approach [41] is employed in

calculating the assumed strains by replacing the membrane strain and out-of-plane shear strain



components in natural coordinates with the membrane strains and the out-of-plane shear strains in

Cartesian coordinates.
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Figure 2. Tying positions of the curved quadrilateral shell element
The assumed strains are interpolated by using the conforming strains at the well-chosen tying

points on the shell mid-surface (see Figures 2a-e),

6 4

6 6 6
EXXZZNiSixx; Eyy:ZNigiyy; 77xy:;Ni7/ixy; yxz:;Niyixz ; 77yz :;Niyiyz
(37a-e)

where the first subscript 1 in the right side of the conforming strain &, , &,,, ¥y, 7 and

IXX 1

Vi, Tepresents the position of the tying point with natural coordinates (&1, ). For the normal

strain =~ & and transverse shear strain ¥, , the interpolating functions are

XX

N2 6=¢) (n=m)n-m)
V=&)X -ne)

E-4) (r-m)
(§| _é:j)(nL_nK)

. For the in-plane shear strain ;7Xy , the interpolating functions

are N, =

. For the normal strain Eyy and transverse shear strain ;7yz, the



(5—5,—)(5—93) (77_77J)
(§| _é:jXSZl —fk)(m—m)

. In these interpolation functions,

interpolating functions are N, =

& =&, #& and i #mn, #n, are the natural coordinates of the tying points, and take the

valuesof 0, +a, =b or *c,with a:i, b:\/g, c=1.
J3 5

After introducing the assumed strains, the resulting element tangent stiffness matrix is still

symmetric.

The internal force vector fg of the curved quadrilateral shell element in the global coordinate

system can be calculated from that in the local coordinate system,
f,=T'f (38)

where T is the transpose of the transformation matrix T , which can be calculated from the

relationships of the nodal variables in the local and global coordinate systems as follows [see

Eq.(11), Egs.(14a,b), and Egs.(16a,b)]

& M
2, 2,
R )
od, ong ody, on,
T{%}: T (39)
Yo ELET LT
2, 2,
w o, o, o,
ad, ong ody  ongg |

with the details of the sub-matrices of T given in Appendix B.

The element tangent stiffness matrix K in the global coordinate system is calculated by

differentiating fg with respect to the global nodal variable vector U to yield

af T T T
L=T" afT + aTT f=T" afT T+ 8TT f =TTkTT+i
Oug Oug Oug ou, Oug OUg

kTG = f (40)
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with the details of the sub-matrices of — given in Appendix B. In the right side of Eq.(40), the
G

first term is symmetric. Owing to the commutativity of the global nodal variables in the
differentiation of Eq.(41), the second term of Eq.(40) is also symmetric, consequently leading to the

element tangent stiffness matrix in the global coordinate system being symmetric.?

T

The derivation of the symmetry of the term f in Eq.(40) begins with writing Eq.(39) with

T
G

indices as follows,

T=[T,]= B%ﬂ (42)

with the subscripts “L” and “G” meaning “Local” and “Global”, respectively, whereas i is the row

index and j the column index. Then the force fg can be written with components as

fo=Tf = {f,}= (T f )= {Zuu( fk} (43)

Gi

where the summation on the repeated index k was implied, and

T 2 2 2 T \"
oT £ 0°Uy, (f )= cup f || Quuf | _[oT £ (44)
OUg OUg;OUg; OUg;OUg; OUg;OUg; OUg

since

2 While symmetry of the tangent stiffness matrix would be relevant for traditional finite-element codes
it is not relevant for multibody-dynamics codes, in which both rigid bodies and flexible bodies can co-
exist with complex connections among them, since all second-order ODEs are converted to first-order
ODEs so many advanced Higher-Order Time INTegrators (HOTINT) can be used, resulting in non-
symmetric “tangent-stiffness” matrix [71][72].
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T

It follows that the second term f of Eq.(40) is symmetric.

G

4. Treatment of special load and boundary condition

Different from other existing co-rotational shell elements --- which use rotation axial vectors
(pseudo-vectors) or the related spin tensors as degrees of freedom, leading to non-symmetric tangent
matrix --- the present element formulation employs vectorial rotational variables that are
components of polar (proper) vectors to develop a co-rotation framework for large displacement and
large rotation problems. Any existing applied moments that correspond to the rotation axial vectors

are transformed into equivalent loads for the corresponding vectorial rotation variables [70].

Assuming that vector e, is rotated through infinitesimal rotations of

n

RN = <50X 00, 5491> to become vector e, then an approximate relationship of e, and

n+l?

e,.4 Can be given as

€, =€, +Bxe, =[1+S(MD)]e, (46)
where | is a 3X3 unit matrix, and S(s®) a skew-symmetric matrix of components of the

corresponding spin tensor [44]

0 -46, 09,
S(®)=| 56, 0 -56, (47)
-06, 00, 0
Eq.(46) can be rewritten as
€1 — € :S(&)en :_S(en)& (48)
or
&, =-S(e,)B (49)

Thus the relationship between the orientation vectors (e, ,e;) at Node i and the nodal axial

rotation vector s can be written as



&, = —S(eiy)éﬁ} 50

&iz = _S(eiz)&)
Furthermore, the relationship between the incremental vectorial rotation variables and the nodal

axial rotation variables can be given as

é‘eiy,n Sn,1(eiy) Sn,Z(eiy) Sn,S(eiy) 500(
&iy,m = Sm,l(eiy) Sm,z (eiy) Sm,3 (eiy) 59iy (51)
é‘eiz,n Sn,l(eiz) Sn,z(eiz) Sn 3(eiz) 5‘9iz

where S, (e,) and S, (e;,) arerespectively the componentsof S(e,) and S(e;,) atj"row

and k™ column.
In calculating the equivalent components of the external force vector with respect to vectorial
rotation variables, the work done by the equivalent components must be equal to that done by the

corresponding moments at Node i, that is,

T T

M eql 5eiy,n M ix 59ix
M eq2 5eiy,m =M iy 50iy (52)
MeqS &iz,n M iz 59iz

where M __. (j=1,2,3) are the equivalent components of the external force vector with respect to

eqj
vectorial rotation variable,and M,, (a =X, Y, Z) the moment components applied at Node i.

Substitute Eq.(51) into Eq.(52), the equivalent components of the external force vector with

respect to vectorial rotation variables can be calculated as

eql Sn.1(eiy) Sn,z(eiy) Sn,3(eiy) 7 Ivlix

eq2 (T Sm,l(eiy) Sm,z(eiy) Sm,S(eiy) Miy (53)

eq3 Sn,l(eiz) Sn,z(eiz) Sn,3(eiz) Iv'iz

If the direction of a constraint of nodal displacement is not coincident with any axis of global

M

<

M

coordinate system, a modification of the element tangent stiffness matrix K is necessary. Anew

orientation matrix R_ is defined at the node with special constraint, part of its orientation vectors

is selected to be coincident to the directions of constrained displacements, then a relationship

between the constrained displacement d and its components d. in global coordinate system is

established through the new orientation matrix



d,=Rd, or Ad,=R_.Ad, (54)

ci cHi
Similarly, the relation between the load components in the constraint directions and those in the

directions of global coordinate axes is obtained as follows
P,=R/P, o AP, =R_AP, (55)
In an incremental nonlinear solution procedure, substitute Eq.(54) and Eq.(55) into the element
force-displacement relation in global coordinate system
K.cAUg; = AP, (56)

to obtain the force-displacement relation

*Kre  "kie  “Kre |[ Aug AP,
"kic  “Kie ki [{RIAd; = 1RAP, (7)
ke Ko Ko || Aug AP,

where, “K,; (a = A,B,---,F) are the sub-matrices of K ; the column matrices Aug,,Ad,
and Aug, are the sub-matrices of AUy ; likewise, the column matrices AP,, AP, and AP, are
the sub-matrices of AP, .

Using the orthogonality of the orientation matrix R, Eq.(57) can be rewritten with the matrix

R, appearing in the tangent stiffness matrix as follows

AkTG ° kTG RI ¢ kTG AuGl APl
I:ach'ITG RchTGRI RcEkTG Ad =1 AP, (58)

Ci Cl

CL T E T T F
kTG kTGRc kTG AuG3 AP3
The element tangent stiffness matrix expressed in Eq.(58) is then assembled into the global

stiffness matrix, which incorporates the displacement constraints via the orientation matrix R, .

5. Nonlinear solution procedure
In the present nonlinear solution procedure, the incremental force-displacement relation at the

start of the ith loading increment is given as follows

K{AU, = AP (59)



where KL is the assembled global tangent stiffness matrix at the start of the incremental loading
Stepi ; AU; the increment of the global variables; P the prescribed external force vector; and

AZ{ the increment of the loading parameter, calculated in accordance with the general

displacement control procedure [70]:

Aii=(—D”AZHGSPﬁ (60)

where GSP is the General Stiffness Parameter, with n being the number of times that the sign of

GSP changes, and AJ; a prescribed initial incremental loading parameter, which can be

evaluated through an advanced trial. The GSP is calculated as follows
Ul

i-1T) i

Uy ™ Uy

GSP = (61)

where the matrices Uli, Ulf[l, and Uli1 are obtained from solving the linear problems

KiU; =P, Ki'U, =P, and KU, =P, respectively, with K} and K} being the
assembled global tangent stiffness matrices at the start of the 1and the  (i-1)th incremental loading
steps, respectively.

The equilibrium equation at the jth iteration of the ith loading increment is given by
K\ AU, =AZP+P,, j>2 (62)

where Kijfl is the assembled global tangent stiffness matrix at the end of the (j —1)th iteration,

AUij the increments of the global variables obtained at the jth iteration, P, the residual or

unbalanced loading vector at the end of last iteration, and A/lij the incremental loading parameter

calculated in accordance with the general displacement controlling procedure [70] as follows

_ U i-1 U I.
Moy *
1j

1



For convenience, Eq.(62) can be rewritten as
KU, =P (64a)
KLU, =P, (64b)
and the increments of the global variables given by
AU, =AZ U, + U, (65)

Considering that all the global variables are additive in the present incremental nonlinear

solution procedure, the global variables U' atthe end of the ith load increment are updated by

U'=U"+> AU; (66)

i=1
where U™ s the state of the global variables at the end of the (i —1)th load increment, and

m the number of iterations at the ith load increment.
The iterative process is terminated when the following convergence criterion is satisfied

re

T

U, P
2L N <err (67)
AUTAZP

where err represents a small error tolerance. In the numerical examples below, we set

err=10°.

6. Numerical examples

To demonstrate the reliability and computational accuracy of the present 9-node co-rotational
quadrilateral shell element, designated as the Quad9 element, a hyperbolic-paraboloid shell with
smooth mid-surface and six folded and multi-shell problems, all involving large displacement and
large rotation are analyzed. The results are compared to those from other researchers [60-63].
6.1. Hyperbolic-paraboloid shell subjected to concentrated moment

Consider a hyperbolic-paraboloidal shell (Figure 3) with the geometry described by the
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equation Z = T and with thickness a = 0.2m. Its projection in the X-Y plane is a square
with the two corners A and B lying in the X-Z plane of symmetry. The side length of the projected
square is L =20m. The corners A and B are not sharp, but are snipped by a cut normal to the X-

Z plane, making an edge with width b, so only quadrilateral elements are used in the discretization.

The shell material Young’s modulus is E =10" k%z , and Poisson’s ratio x =0.0. This

hyperbolic-paraboloidal shell is supported at two corners A and B (Figure 3) in such a way that these
points of support can undergo displacements in the directions normal to the shell mid-surface at
those points, whose displacements are constrained in the direction tangent to the curved symmetric

line ADB that is the intersection of the shell and the X-Z plane of symmetry, which halves the shell

into two mirror-image parts. Two opposite distributed moments M = f - p-b are applied at the

supported corner edges A and B, with f being the load factor, p = 5kN % the density of the

distributed moment, and b the width of the supported edges. This example was proposed by Basar
and Ding [60] for testing large-rotation shell theory and for assessing shell finite elements in flexure

with warped meshes.




Figure 3. Hyperbolic paraboloidal shell loaded by two opposite moments along supported edges
Due to symmetry, only a quarter of the hyperbolic-paraboloidal shell (the colored zone in

Figure 3) is modeled and analyzed using a mesh of 24 X8 QUADS elements. The mesh is generated

by reducing projected element lengths onto X-axis with a constant ratio of q=21/1.175in the

direction of DA, while the projected element lengths onto Y-axis is divided equally. Figure 4 depicts
the relationship between the applied load and the displacement of Point B relative to Point D. For
comparison, the results from Chroscielewski et al. [61] using 8 X3 CAMel6 elements (Lagrange
family of 16-node displacement-rotation based shell elements), 12 X4 SEMe9 elements (9-node
stress resultant based semi-mixed shell element), 24X 8 SEMe4 elements (4-node stress resultant
based semi-mixed shell element), 12X 4 ASCe9 elements (9-node assumed strain shell elements)
and 24 X 8 ASCe4 elements (4-node assumed strain shell elements), respectively, are also
represented in this figure. The solutions from using 24X 8 QUAD?9 elements agree well with those

from using 8 X3 CAMel6, 12 X4 SEMe9, 12 X4 ASCe9 and 24 X 8 ASCe4 elements, respectively.
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Figure 4. Applied load vs displacement of Point B relative to Point D
The deformed shapes of the hyperbolic-paraboloidal shell subjected to different magnitudes of
applied moment (with load factor A=0, 2, 3, 5, 7.23, respectively) calculated by using 28 X4 QUAD9
elements are presented in Figure 5, where large displacements and large rotations can be clearly

seen.

Figure 5. Deformed shapes of hyperbolic-paraboloidal shell subjected to

different magnitudes of applied moments.



6.2. Aright-angle cantilever subjected to distributed tip force/moment
Chroscielewski et al. [61] presented a right-angle cantilever plate clamped at one end, and loaded

either by distributed force or distributed moment at the free end (Figures 6a,b). The plate has
Young’s modulus E =3x107, Poisson’s ratio p=0.0, with dimensions, length L=12, width b=3,

and thickness a=0.03.

r ‘l £
b b b/ Z&m
L L
Z(w) Z (w)
Y (v) L Y ¥) L
/,L o //—
0 X (u) Za 0 X (u) a

a) Distributed tip force b) Distributed tip moment
Figure 6. A right-angle cantilever subjected to distributed tip force/moment
Both cases of distributed tip force and tip moment are analyzed using the same mesh of (12+12)
X2 QUADS9 elements. The load-displacement curves for these two cases are depicted in Figure 7
and Figure 8, respectively. For comparison, the results obtained using the finite-element program
ANSYS 18.0 [62] with a mesh of (12+12) X 2 “Shell-81” elements (4-node quadrilateral shell
element with six degree of freedoms per node, including a drilling rotation) are also depicted in
these figures, showing a good agreement between the present QUAD9 element and the “shell-81"

element of ANSYS [62].
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Figure 7. Load-displacement curve of right-angle cantilever subjected to distributed tip force
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Figure 8. Load-displacement curve of right-angle cantilever subjected to distributed tip moment
The deformed shapes are presented in Figs. 9a,b, respectively, with clear large displacements

and large rotations.



a) b)
Figure 9. Deformed shapes of right-angle cantilever under different magnitudes of
distributed tip force and moment
6.3. Cantilever sickle shell subjected to lateral tip force
A cantilever sickle shell is subjected to a lateral force at the free end (Figure 10). The sickle

shell has dimensions, radius R=5, length L=10, width B=1, and thickness a=0.01. The material

parameters are Young’s modulus E = 3x10", and Poisson’s ratio p = 0.3.

I 7 ‘_fl_ ‘_’—ﬁi_f \\
2R=1¢ —

L=10 /
Figure 10. A cantilever sickle shell subjected to a lateral tip force
The sickle shell is discretized using (10+10) X2 QUAD9 elements, with the load-deflection
curves at the midpoint of its free end given in Figure 11. The results from Chroscielewski et al. [61]
using (10+10) X 2 SEMe9 elements and  (10+10) X 2 SELe9 elements (9-node standard

degenerated shell element with six degree of freedoms per node, including a drilling rotation) are



also presented in this figure. The results from using (10+10) X 2 QUAD9 elements compare

favourably with those from using (10+10) X 2 SELe9 elements.
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Figure 11. Load-displacement curves of cantilever sickle shell subjected to lateral tip force

Figure 12. Deformed shape of cantilever sickle shell under different tip force magnitudes
The deformed shapes of the sickle shell at different magnitudes of the lateral tip force are
presented in Figure 12.
6.4. Cantilever I-beam subjected to transversal tip force

Figure 13 depicts a cantilever I-beam subjected to a transverse tip force lying in the plane X-



Z, and located at the center of the free end. The beam geometry is characterized by length

L=4800mm, flange width b=300mm, web height hy,=300mm, and thickness for both flange and web

a=25mm. The beam’s material properties are Young’s modulus E = 2x10° %mz , and Poison’s

ratio u=0.3.

Figure 13. Cantilever I-beam subjected to transverse tip force

Amesh of (2+2+2) X 8 QUAD9 elements is used to model this I-beam. To determine the critical
load, a perturbation tip force, orthogonal to the applied force P and lying in the plane Y-Z, with
magnitude P/1000, is applied at the centre of the free end before the beam approaches a critical state.
Once instability occurs, i.e., when the beam begins to bend sideways, this perturbation load is
subsequently removed. The load-displacement curves at the centre of the I-beam are presented in
Figure 14. For comparison, the results from Chroscielewski et al. [61] using the meshes with (2+2+2)
X 8 CAMel6 elements, (2+2+2) X8 CAMe9 elements (Lagrange family of 9-node displacement-
rotation based shell elements with drilling rotations), (2+2+2) X8 SEMe4 elements and  (2+2+2)
X 8 SEMe9 elements, respectively are also presented in this figure. The solutions from using (2+2+2)

X 8 QUAD?9 elements fits very well with those from using (2+2+2) X8 CAMel6 elements.
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Figure 14. Load-displacement curves of cantilever 1-beam subjected to a transverse tip force

The deformed shapes of the I-beam under the force magnitudes A =1570 and A =2931,

with P=AP, and P, =1000N , are presented in Figure 15, from which large displacement

and large rotation can be observed.

Figure 15. Deformed shapes of cantilever I-beam subjected to transverse tip force



6.5. Cantilever stiffened doubly-curved cylindrical panel
Shown in Figure 16 is a stiffened doubly-curved cylindrical panel fixed at one end, and

subjected to a transverse force at the free end. The parameters for the shell geometry are length L=2,

radius R=1, web height H=0.4, flange curvature angle « =45°, and thickness a=0.01. The shell

material properties are Young’s modulus E =10°, and Poisson’s p = 0.25.

Figure 16. Cantilever stiffened doubly-curved cylindrical panel subjected to transverse tip force
The cantilever stiffened cylindrical panel is analyzed using a mesh of (4+4+2) X6 QUAD9
elements, with the resulting load-displacement curves at Points A and B presented in Figure 17. For
comparison, the results from Chroscielewski et al. [61] using, respectively, (5+5+2) X6 CAMel6
elements, (4+4+2) X6 CAMe9 elements and (4+4+2) X6 SEMe9 elements, are also reported in

this figure.
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Figure 17. Load-displacement curves of cantilever stiffened cylindrical panel
subjected to transverse tip force

The deformed shapes of the stiffened cylindrical panel at two different load levels are presented

in Figure 18.

Figure 18. Deformed shapes of cantilever stiffened cylindrical panel

at two different load magnitudes

6.6. Intersecting-plate structure

A structure consisting of three intersecting flat plates is subjected to six concentrated forces at



six different points, as shown Figure 19. The boundary conditions and reference loads are selected
to bend the front plate and induce a torsional deflection of the middle plate. Consequently the
induced torque must be supported by the clamped plate. The geometric dimensions of the

intersecting plates are presented in Figure 19. The thickness of all three plates is a =0.02. The
material properties are Young’s modulus E =2x107, and Poisson’s p=0.25. All loads are
controlled by a load factor and the same reference load P, =2 in the incremental nonlinear

solution procedure.

10 = P‘\ /

' r
Figure 19. Intersecting plates subjected to six concentrated forces
A mesh with 3(8X24) QUADS9 elements is used to model the intersecting-plate structure,
resulting in the load-displacement curves at Point A as depicted in Figure 20. The results obtained
using, respectively, 3(8X24) CAMel6 elements [25], 3(12<36) and 3(36 X 72) EANS4 elements
(a 4-node Cq shell element with drilling degrees of freedom) [63] are also reported in this figure for

comparison. The results from using 3(8 X 24) QUADS elements agree well with those from using

3(8X24) CAMel6 elements [25] and 3(36 X 72) EANS4 elements [63].
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Figure 20. Load-displacement curves at Point A of intersecting-plate structure
subjected to six concentrated forces
The initial shape and subsequent deformed shape of the intersecting-plate structure at the force

magnitude A =7.04 are presented in Figure 21.
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Figure 21. Initial and deformed shapes of intersecting-plate structure



7. Conclusions

A 9-node co-rotational curved quadrilateral shell element formulation is proposed in this paper
for smooth, folded and multi-shell structures undergoing large displacements and large rotations.
Different from other existing shell element formulations, additive and communative vectorial
rotational variables are employed, resulting in symmetric element tangent stiffness matrices in both
local and global coordinate systems. These vectorial rotational variables are components of normal
vector or orientation vectors, which are (additive and commutative) polar / proper vectors, and not
(non-additive and non-commutative) rotation axial / pseudo vectors. A sign-determination procedure
for these vectorial rotational variables is introduced to update these variables in a nonlinear
incremental solution procedure. To overcome membrane and shear locking phenomena, the
membrane strains and the out-of-plane shear strains are replaced with assumed strains, using the
Mixed Interpolation of Tensorial Components approach, for obtaining the element tangent stiffness
matrices and the internal force vector. The reliability and computational accuracy of the present shell
formulation are demonstrated in a number of smooth, folded and multi-shell problems involving

large displacements and large rotations.



APPENDIX A: Various derivatives of strains with respect to local nodal variables

The first derivatives of membrane strains with respect to local nodal variables:

B,=(By, 0 - B, 0) (A-1a)
N, 0 8(W+Z)NiX
’ ax 1’
By=| 0 N, a(W+Z)Niy i=1,2,...9 (A-1b)
8y ¥
olw+z olw+z
Nivy le ( )Ni,x+ )Ni,y
L oy OX |
where,
N = ‘]l_llNi,f + ‘]1_21Ni,;7 (A-2a)
Ni, = ‘]2_11Ni,§ + ‘]2_21Ni,77 (A-2b)

J j"kl(j,k =1,2) is the component of inverse Jacobian matrix at jth row and kth column; N; . and

Ni,ry are respectively the first derivative of the shape function N; with respectto £and7.

The first derivatives of shear strains with respect to local nodal variables:

B, = <Br1 B,, - By Br18> (A-3a)
0 0 N, _
By(2i—1) = 00 N i=1,2,...,9 (A-Sb)
iy
NI O .
B, i) = 0 N, i=1,2,....9 (A-3c)

The first derivatives of bending strains with respect to local nodal variables:

B,=(0 By -+ 0 By) (A-4a)
Niy O

Bbl = O Nl,y i=l,2,...,9 (A'4b)
Ni,y i, X

The second derivatives of membrane strains with respect to local nodal variables:



aB'T = Ni,xNj,x
auL 1,5i-2,5j-2
B, =N N. ij=1,2,...,9. (A-5)
auT Ly Iy
L /25i-25j-2
aB;" =N, N, , +N; /N,
6uL 3,5i-2,5]-2

where, three subscripts outside the parentheses in the right side of (A-5) represent the position of

the component at the three dimensional matrix. The values of other unmentioned components of the

three dimensional matrix are equal to zero.

APPENDIX B: Sub-matrices of transformation matrix T and its first derivatives with respect
to global nodal variables

Sub-matrices of transformation matrix T:

&
ot oR 0
ad‘fl_ :W(dk +Vk0)+R§kII = a‘j e; (dk +Vk0)+ Ré‘kll (B-l)
| | | T
ez

If Node k is away from intersections of non-smooth shell, two vectorial rotational variables are

employed in global coordinate system, thus, the corresponding sub-matrices of T are evaluated as

following,
00, R, 0 |&
= = B-2
odT  odt X [ad{egDpk (B-2)
o9, P _|& | P
=R.Oo, —X = o) B-3
oy, b gt L; “ant &)

In Egs.(B-1) and (B-2)

6e$ _ aeTX acng N aeTX ac2T4 (B-4)
od, oc;;od; oc,, od,

10,
ey — aey aClS + aey ac24 (B_5)
od/ ocj, od ac), od!

oe 6(exxey)
z _ B-6
T - ad! (B-9)

In Egs.(B-1)~ (B-6), k, 1=1,2,....,9.



oe 1
X = | -e, ®e, (B-7)
aC1T3 |C13 - C24| ( )

oe -1
* = (1-¢e, ®e,) (B-8)
6C24 |C13 - C24|
oe 1
L = (I -e, ®ey) (B-9)
aC13 |C13 + C24|
oe 1
L = (I -e, ®ey) (B-10)
6Cz4 |C13 + C24|
0Cys 1
=+t—I(l-c,®cC B-11
ot ~Hug (G0 ®C) (B-1)
in (B-11), j=1 or 3, and if j=1, then, “ +  takes the value of “-", else if j =3, it takes the value of

“+”, For other cases, the right side of (B-11) is a zero matrix.

oc,, 1
=+——(I-c, ®cy) (B-12)
od] |V,
in (B-12), j=2 or 4, and if j=2, then, “+ ” takes the value of “-, else if j =4, it takes the value of

“+”. For other cases, the right side of (B-12) is a zero matrix.

Pux MPux

Pyn P
opy _ OPey  OPuy (B-13)
Ng | Men  Pem

Pz Pz

| OPkn OPim |

in (B-13), Py x, Pcyand p, , represent the three components of shell mid-surface normal vector
Py in the directions of global coordinate axes -X,-Y and -Z, respectively. p, ,and p,  are the

two vectorial rotational variables at Node k, they are the two smallest components of P, ,, Py y

and p, ,, and
% - % =1 (B-14a)
apk,n apk,m
P __ Pen (B-14b)

OPy.n - Px.i



P __Pen (B-14c)

Py m Pr.i
in (B-14a~c), | #n=m, I,n,me {X ,Y,Z}, and they may take different values at different

node of the same element. Other components not mentioned are equal to zero in Eq. (B-13).
If Node k locates at an intersection of non-smooth shell, three vectorial rotational variables are
employed in global coordinate system, they are three smaller components of the triad vectors of

orientation matrix at Node k, and

00, OR, .1 0 {eﬂ ;

—7 =1 Ri RioPio =7 .7 |Ri RioPio (B-15)
od; oad; i ley

0, R/ 0

= 5Ry R P = SRy — [ &y € Riob: (B-16)
T ij’vh T ioMi0 ij' vh T ix iy iz ioMio

Ny any; i

The first derivative on the right side of Eq. (B-15) is the same as Egs.(B-4)-(B-12), and the first

derivative on the right side of Eq. (B-16) is evaluated as following,

aeix aeiy aeiz
= X8, Hey X —F (B-17)
ong  ony Ny
=
ong | oe,, Oy,
aeiTZ _ oe, oOe, Oe, (B-19)
on gi aeiy,n aeiy,m aeiz,n
The components in Egs. (B-18) and (B-19) are calculated as following,
Piyn =1; Oy =1; Py __Eyn (B-20a~c)
aeiy:” aeiy,m aeiy,n eiy,l
0€; e 0€,;
iy, — _ iym : iz,n =1 (B—20d~e)
aeiy,m ely | aeiz,n
oe, 1 o€, oc
L= 2 |~ = €iy.n€izn — iy 1€izn — S1S3€y m —+ 2eiz,|eiy,n (B-20f)
8ely n 1- eiy,n aeiy,n iy,n

08, 1 aeiy,l
—= - o €iy.nCizn — 153Gy (B-209)



oe, | 1 oc,
= ~€yCyn —SSEy

2 iy,n iy,m
aeiz,n 1- eiy,n aeiz,n
aeiz,m - _ eiz,I aeiz,I . aeiz,m - _ eiz,I aeiz,I
aeiy,n eIZ m 6ely n aeiy,m eIZ m aeiy,m
aeiz,m _ _eIZ n eiz,I aeiz,I
aeiz,n e|z,m eiz,m aeiz,n
in Eqgs.(B-20f)~(B-20h),
2 2
CO = 1_eiy,n _eiz,n
aC0 — B ely n, 6Co _ —€in
aeiy,n CO aeiz n C0

(B-20h)

(B-20i~j)

(B-20K)

(B-21a)

(B-21b~c)

The first derivatives of transformation matrix T’s sub-matrices with respect to global nodal

variables:
0%t :{ o%t, S 0}
odjoug | od]od] odjodg
0%, :{ o%e, o8, o8 %, }
odjoug | odjed; odjong, odlod; odjong,
0%, { o, o, o &%, }
ongdug | ongad;  ongong on odg  ongong,

In (B-22)~(B-24) , i, j=1,2,...9, and the sub-matrices are presented as following,

ot o°R R R
odjod] ad{ad[( o) T ady
0% | [ oel ] el |
od]ody od] ady
o%! oe! oe!
= Y d + Vi )+ | —= |0, 1 +| —= |51
od}ody (A +ve) ad] | |adf |
o%, oe; de,
od]ody od] | ody |

(B-22)

(B-23)

(B-24)

(B-25)

If Node k is away from intersections of non-smooth shell or the mid-surface of shell is smooth,



2,T
o‘e,

T T
aZei _ aZRh p: adjza_?k p
1 1
odjod; odjody e,
od]ody
oe;
0°8; :ath P _ ad} 0P,
adlon,  ad] “ony, |28 | " ony,
od]
0’0, 0°p;
AT AT Y%k T AT
ongong, " ongong,

In (B-25)~(B-28), i, j, k=1,2,...

Egs.(B-4)-(B-12), and Egs. (B-13)-(B-14c).

0%

0%, OC,

0%,

2
de, o%,,

odTed] :(

0%cl, od;

acjy0cy, ody )od]

0%, OCy

OCy4 j 0C,yq n

acl, adTadT

2
de, 0%,

{

2
0 €y 0Cy

ocj,0c], ody

0%c), od}

0%, 0c,, |0C,y, N
od]

acj, odjod]

2
aey 0°Cyq

Gzey —
odlod]

0%c], od;

acjy0cy, ody )od]

826 oCys

0%
y ac24 j ac13 +

oct, adTadT

2
aey 0°Cyy

{

ac;acfs od}

o°cl, od]

in Egs.(B-29)~(B-30) , j, k=1,2,3,4.

0%, OCy |0C,, n
odT

acj, odjod]

6T] 1 Z(I_ex®ex)®ex
iz ) ey —Ca

ok,

ok,

J |C 1C Z(I_ex®ex)®ex
13~ V24

2

azeT L (aex e, +e, @
0°Cyy |013 C24| a(:13

2

8Tex 1 (aex ®e, +e,&®
0C;30C, |C13 Cz4| 0C5,

2
aze 1 (aex ®e. 16 .8
0°Cyq |C13 C24| 0C5
o, 1 ( oe
azclTa |C13 + Cz4| 0Cys

2

oy -1 (ay(@e +e, o
0C;50C5, |013+C24| 0C54

oe
- Qe, —e,® Tyj— 1
oc

|C13 + C24|

2(I—ey®ey)®e

y j_ 1
=
8024 |C13 —Cyy

y

|2 (I—ey®ey)®e

j : —1c ~(1-e, ®e,)®e¢,
13 24

y

(B-26)

(B-27)

(B-28)

,9, the first derivatives in Egs.(B-25) and (B-27) are calculated as

(B-29)

(B-30)

(B-31)

(B-32)

(B-33)

(B-34)

(B-35)



, (B30

0% _ oe oe
— = 1 [ +®e, +e,® TV]— 1 2(I—ey®ey)®e
0°Cy |C13 + C24| 0Cyy OCyy |C13 + Cz4|

0°Cyy ~-1(eéc oc
=+ B ®c,+C,0 2
od ody {|v13| (ad: BRI ad] ]

In (B-37), j,k=1 or 3, and if j=1, then, the first “ + ” takes the value of “-”, else if j =3, it takes the

il(

——
Vil

I -c,®cC,)® 04 (B-37)

value of “+”; if k=1, then, the second “+ ” takes the value of “-", else if k=3, it takes the value of

“+”; For other cases, the right side of (B-37) is a zero matrix.

0°c,, ~1(oc,, oc +1
=+ ®c, +C,, ® —2 |—-——(l-c, ®c,,)®C B-38
adjadl‘(r |:|V24|(8d1— 24 24 adl‘(r |V24|2 ( 24 24) 24 ( )
In (B-38), j,k=2 or 4, and if j=2, then, the first “ + ” takes the value of “-”, else if j =4, it takes the
value of “+”; if k=2, then, the second “ =+ ” takes the value of “-", else if k=4, it takes the value of
“+”: For other cases, the right side of (B-38) is a zero matrix.
2 o%le, xe
aTeZ T ( TX Ty) (B-39)
odlod;  od’ad,
in (B-39), j, k=1,2,3,4.
o%p; °p;
— = ' Lo B-40
angong, o°p; o°p; (B-40)
OPm 0P, OPp,
0° Pix o? Pix o Pix
ops, opn, op,, 0Py,
2 2 2 2 2 2
6 Fz)i — a pziY : a Fz)i — a pziY : a pi — a piY (B—4la~C)
ap”i ap"i apmi apmi apni apmi apni apmi
o’ Piz o° Piz o Pz
ops, opn, op,, 0Py,
82 2 82 2 82
an __ 1 pr; : Bh 1 p";i ; P _ P S“‘i (B-42a~c)
apni pli pli apmi pli pli apni apmi pli

in (B-40)~(B-42c), i=1,2,...9.

If Node k locates at an intersection of non-smooth shell,



2,T
o‘e,

520, R, 1 odiody | .
= RiRioPio = b1 |RIRioPio (B-43)
adlod! odled] oe, |1
odTod]

The second derivatives on the right hand side of Eq. (B-43) are the same as Eqs.(B-29)-(B-39).

0’0, OR, . OR] odj | | oe, 0, e,
i — _ i R.p. = J 5 ix ly iz 1R. D. B-44
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2 2T
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"M ongong  ongong  ongong,
azeix aZei azeiz aei aeiz aei aeiz
aTaT:aTayT ><eiz+eiy><5TaT+aTy 8T+aTyXaT (B-46)
NgoNg  ONgONg, NNy Ny Ny 0Ny 0Ny

The first derivatives in Egs.(B-44) and (B-46) are calculated as Eqgs.(B-4)-(B-12), and Egs. (B-18)-

(B-21c). The second derivatives in Eqgs.(B-45) and (B-46) are calculated as following,

2 2

2 2 2
a eiy,I _ _eiy,n _ 1 . a eiy,I __eiy,neiy,m . 8 eiy,I _ _eiy,m _ 1 (B-47a~c)
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