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The stochastic dynamics of networks of biochemical reactions in living cells are typically modelled using
chemical master equations (CMEs). The stationary distributions of CMEs are seldom solvable analytically,
and few methods exist that yield numerical estimates with computable error bounds. Here, we present two
such methods based on mathematical programming techniques. First, we use semidefinite programming to
obtain increasingly tighter upper and lower bounds on the moments of the stationary distribution for networks
with rational propensities. Second, we employ linear programming to compute convergent upper and lower
bounds on the stationary distributions themselves. The bounds obtained provide a computational test for the
uniqueness of the stationary distribution. In the unique case, the bounds collectively form an approximation of
the stationary distribution accompanied with a computable `1-error bound. In the non-unique case, we explain
how to adapt our approach so that it yields approximations of the ergodic distributions, also accompanied
with computable error bounds. We illustrate our methodology through two biological examples: Schlögl’s
model and a toggle switch model.

I. INTRODUCTION

Cell-to-cell variability is pervasive in cell biology and
biotechnology. This stochasticity stems from the fact
that biochemical reactions inside living cells often involve
biomolecules present in only few copies per cells1–3. Un-
der well-mixed conditions the chemical master equation
(CME) is used to model the stochastic dynamics of inter-
acting biochemical components in the cell. Prominent ex-
amples include gene regulatory and signalling networks,
some of which are involved in cellular adaptation and cell
fate decisions4–6. As increasingly accurate experimental
techniques become available, it is of paramount impor-
tance to develop accurate and reliable solution methods
to stochastic models. By enabling the reliable inference
of underlying model parameters7,8, these methodologies
can facilitate the identification of molecular mechanisms9

and the design of synthetic circuits in living cells10,11.
Significant efforts have been made to investigate the

stationary distributions of CMEs because they determine
the long time behaviour of the underlying continuous-
time Markov chain12. While exact Monte-Carlo meth-
ods have been developed to sample from stationary
distributions13, analytical solutions, however, are known
only in a few special cases. These include single species
one-step processes14, certain classes of unimolecular re-
action networks15,16, networks obeying the conditions of
detailed balance17,18, deficiency zero networks19,20, and
small model systems21,22. Despite these efforts, the CME
is generally considered intractable because, aside of sys-
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tems with finite state space, it consists of infinitely many
coupled equations.

One approach to circumvent this problem is to com-
pute moments of the stochastic process. However, this
approach circumvents the problem only for networks of
unimolecular reactions. In all other cases the equations
for the first few moments involve unknown higher mo-
ments and thus these equations also constitute an infi-
nite number of coupled equations that cannot be solved
analytically. Moment approximations, some of which re-
quire assumptions about the apriori unknown distribu-
tion solution, are commonly employed to overcome this
issue23–26. Few of these methods, however, admit quan-
tified error estimates on its solution27,28. Independently,
mathematical programming has been employed to com-
pute bounds on the moments of Markov processes in vari-
ous contexts. All of these consider a finite set of moment
equations supplemented by moment inequalities whose
solutions can be bounded in terms of a linear program
(LP)29,30 or, under stronger conditions, using a semidef-
inite program (SDP)31,32.

Another approach is to approximate the distribu-
tion solution, either by expanding the CME using a fi-
nite number of basis functions33,34 or by projecting it
onto finite state spaces35,36. The finite state projection
algorithm35, for instance, solves the CME on a finite sub-
set with an absorbing boundary. A particular advantage
of this approach over other methods is that the accuracy
of its solution is controlled. Specifically, the solution of
the finite state projection algorithm is a lower bound on
the time-dependent solution of the CME, while the prob-
ability mass in the absorbing state yields a bound on the
total error of its solution. However, at long times, all of
the probability mass becomes trapped into the absorbing
state, and for this reason the method is not well-suited to
study the CME’s long-term behaviour and its stationary
distributions.
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In this paper we present two mathematical program-
ming approaches, one that yields upper and lower bounds
on the moments of any stationary distribution, the other
that provides bounds on the probability that the sta-
tionary distribution gives to a given subset of the state
space. We build on previous methodologies developed
to obtain moment bounds of polynomial diffusions using
semidefinite programming32 and adapt these to discrete
reaction networks with polynomial or rational propen-
sities. In particular, we consider the first few moment
equations, which are generally not closed (that is, un-
derdetermined), and constrain their solution space using
positive semidefinite inequalities that are satisfied by the
moments of any admissible probability distribution.

The second approach yields convergent upper and
lower bounds on the probability that the stationary dis-
tributions give to a given subset of the state space by
solving LPs. By repeatedly applying the approach, we
produce bounds on the complete stationary distributions
and their marginals. The method considers finite but
underdetermined systems of stationary equations supple-
mented with inequalities involving a moment bound com-
puted using the first approach. Additionally, we quantify
the error in our approach, by providing a computable
bound on the total variation (or, equivalently, the `1)
distance between the vector of bounds and the exact dis-
tribution solution (Lemma 3).

The paper is organised as follows. In Sec. II we review
the basic equations for stationary moments and distri-
butions. We then discuss the problem of bounding the
stationary moments in Sec. III. We introduce our ap-
proach by demonstrating how analytical bounds for the
first two moments can be obtained for a single-species
example and then develop its generalisation to multi-
species networks with rational propensities. In Sec. IV,
we show how to bound event probabilities, Theorem 2.
We first demonstrate the approach for single-species one-
step processes for which distribution bounds can be ob-
tained analytically. Then, we explain how to generalise
the approach to bound event probabilities, distributions
and marginals of arbitrary networks. In Sec. V, we ex-
emplify the usefulness of our methods by computing the
stationary distribution and marginals of a toggle switch.
We conclude with a discussion of our results in Sec. VI.

II. STATIONARY MOMENTS AND DISTRIBUTIONS

We consider a generic reaction network involving S
species X1, X2, ..., XS that interact via R reactions of the
form

v−1jX1 + · · ·+ v−SjXS
aj−→ v+1jX1 + · · ·+ v+SjXS , (1)

where j is the reaction index running from 1 to R,
aj(n) is the propensity of the jth reaction, and v±ij are
the stoichiometric coefficients. Denoting the number of
molecules at time t with x(t) := (x1(t), . . . , xS(t)), the

probability pn(t) = Pr(x(t) = n) of observing the pro-
cess in the state n := (n1, . . . , nS) at time t satisfies the
CME37,38

dp

dt
= Qp,

with initial conditions pn(0) = Pr(x(0) = n) for each n
in NS . The rate matrix Q is defined as

Qnm :=


aj(m) if m = n+ vj
−
∑R
j=1 aj(m) if m = n

0 otherwise

,

for all vectors n ∈ NS and vj := (v+1j−v
−
1j , . . . , v

+
Sj−v

−
Sj)

is the stoichiometric vector that denotes the net-change
of molecule numbers incurred in the jth reaction.

A stationary distribution p of the network is a distri-
bution on NS such that if the x has law p at time zero,
then x is a stationary process. Consequently, p is a fixed
point of the CME, e.g. see Theorem 4.3 in Chapter 5.4
of Ref.38,

Qp = 0. (2)

Since the network may have more than one stationary
distribution, we denote the set of solutions by P. As-
suming that the network is positive recurrent, the sta-
tionary distributions determine the long term behaviour
of the chain12. Verifying whether or not a network is
positive recurrent consists of finding an appropriate Lya-
punov function39, which in certain cases can be achieved
using mathematical programming40.

Alternatively, we can consider expectations: from
Eq. (2), it follows that, if a real-valued function f(n) on
NS satisfies some integrability conditions (for example,
Condition (B1) in Appendix B), then〈

QT f
〉
p

= 0, (3)

where we are using vector notation (QT f)(n) :=∑
m∈NS Qmnf(m), see the proof of Theorem 1 in Ap-

pendix B. For networks with polynomial propensities
aj(n), the equations for the moments up to moment or-
der d are obtained by letting f(n) := nα1

1 nα2
2 . . . nαS

S in
Eq. (3) for all α1+α2+. . .+αS ≤ d. However, these equa-
tions are closed only for networks with propensities that
depend at most linearly on the molecular states n, such
as networks composed solely of zero-order and unimolec-
ular reactions with mass-action propensities. For net-
works composed bimolecular or higher-order reactions,
the equations of order d depend on moments of order
higher than d, and hence these equations are not closed,
that is, they form a system of underdetermined linear
equation.

III. BOUNDING THE STATIONARY MOMENTS

We here develop rigorous bounds on the stationary
moments of the CME. We introduce our approach for
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FIG. 1. Constructing the set of possible moment val-
ues for Schlögl’s model Eqs. (4)-(5). Parameter values
are k1 = 1, k2 = 1, k3 = 4/5, and k4 = 1. (a) The set of
feasible moment values is constructed using the first moment
Eq. (6) involving the first three moments, y1, y2 and y3, whose
values are constrained by positive semidefinitive inequalities
(see main text for details, Eqs. (7)-(8)). The area between
the blue and purple lines denotes the solutions obtained from
combining the moment equation with y1y3− y22 ≥ 0, the area
above the green line is y2 − y21 ≥ 0. The intersection of these
sets is the feasible set of moment values E3 (grey area) given
by Eq. (9). Dots show upper and lower bounds on the first and
second moments (black dots). (b) Increasing the number of
moment equations and inequalities narrows down the feasible
set of moment values (areas contained in coloured outlines).
The corresponding lower and upper bounds on the moments
(dots) approach each other.

a model system and obtain analytically bounds on the
first two moments, and then present the general method
that relies on solving SDPs.

A. Moment bounds for Schlögl’s model

We consider an autocatalytic network proposed by
Schlögl41, that models a chemical phase transition in-
volving a single species X,

2X
a1
�
a2

3X, ∅
a3
�
a4

X. (4)

The propensities follow mass-action kinetics and are
given by

a1(n) = k1n(n− 1), a2(n) = k2n(n− 1)(n− 2),

a3(n) = k3, a4(n) = k4n. (5)

If the reactions are modelled stochastically, the network
has a unique stationary distribution p with either uni-
or bimodal distributions depending on the parameters42,
and all of its moments are finite for any set of positive
reaction rate constants, see Appendix A.

At stationarity, the first moment equation reads

0 = b1y0 − b2y1 + b3y2 − b4y3, (6)

where y0 := 〈1〉p = 1, y1 := 〈n〉p, y2 :=
〈
n2
〉
p
, and

y3 :=
〈
n3
〉
p

denote the moments of p, and b1 := k3, b2 :=

k1+2k2+k4, b3 := k1+3k2, b4 := k2. Instead of applying
a moment closure, which assumes a particular form of the
distribution, we will consider inequalities satisfied by the
moments of any possible distribution.

Specifically, for any distribution N with moments
y0, y1, y2, and y3, it holds that the following two matrices
are positive semidefinite43 (in short � 0)[

y0 y1
y1 y2

]
� 0,

[
y1 y2
y2 y3

]
� 0. (7)

By Sylvester’s criterion the above is equivalent to

y0 ≥ 0, y1 ≥ 0, y2 ≥ 0, y3 ≥ 0,

y0y2 − y21 ≥ 0, y1y3 − y22 ≥ 0. (8)

The first five inequalities state that the moments are non-
negative and that so is the distribution’s variance. The
last inequality gives a condition involving moments 1-3.

The set E3 of vectors y := (y0, y1, y2, y3) ∈ R4 that
satisfy Eq. (6), the inequalities (8), and the normalising
condition y0 = 1, constrains the values the moments of
p can take in the sense that (1, 〈n〉p ,

〈
n2
〉
p
,
〈
n3
〉
p
) ∈ E3.

To give an explicit characterisation of this set, we restrict
ourselves to the case b3 ≥ 2

√
b2b4 (the other case can be

treated similarly). A vector y satisfies the last inequality,
y0 = 1, and the moment equation (6) if and only if

0 ≤ b1y1 + b3y1y2 − b4y22 − b2y21
= b1y1 + (b3 − 2

√
b2b4)y1y2 − (

√
b4y2 −

√
b2y1)2.

The set of pairs of nonnegative numbers that satisfy the
above inequality and y2 ≥ y21 can be reduced to

y1 ≥ 0, max{y21 , r−2 (y1)} ≤ y2 ≤ r+2 (y2),
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FIG. 2. The moment bounds for Schlögl’s model Eqs. (4)-(5) converge to the true moments. (a) Upper (red) and
lower (blue) bounds on the first three moments computed increasing the number of moment equations and moment inequalities
(see Sec.III B 2). Inset shows that the difference between upper and lower bounds decreases with the number of moment
equations used, which indicates that either bound converges to the true moment. Dashed lines indicate the limiting value
approximating the true moment. (b) Using the moment bounds in (a) we compute estimates of several summary statistics
such as the coefficient of variation, the variance of fluctuations and their skewness. The inset shows the difference of lower and
upper bounds on these summary statistics, which indicates convergence to the true statistic with increasing number of moment
equations and inequalities. Parameters are k1 = 6, k2 = 1/3, k3 = 50, and k4 = 3 leading to a unimodal distribution.

with

r±2 (x) :=
b3y1 ±

√
4b1b4y1 + (b23 − 4b2b4)y21

2b4
.

In summary, the feasible set of moment values is given
by

E3 =

y ∈ R4 :
y0 = 1, 0 ≤ y1 ≤ r4,
max{y21 , r−2 (y1)} ≤ y2 ≤ r+2 (y1),
y3 = (b1 − b2y1 + b3y2)/b4.

 .

(9)

The projection of this set onto the y1-y2 plane is shown
in Fig. 1a.

Because the moments of p are contained in E3, which
is clearly bounded, we have that

min{yα : y ∈ E3} ≤ 〈nα〉p ≤ max{yα : y ∈ E3}

are respective upper and lower bounds on 〈nα〉p for
α = 1, 2, 3. To determine these bounds, we note that
the functions x 7→ x2 and x 7→ r±2 (x) are monotonically

increasing, such that the maximum values of y1 and y2
are achieved at the furthermost northwestern intersec-
tion point of the curves y2 = y21 and y2 = r+2 (y2) (Fig. 1a
dots). In other words, there is a unique maximum (y∗1 , y

∗
2)

with y∗2 = r+2 (y∗1) and y∗1 is the rightmost root r4 of the
quartic polynomial x 7→ x(b1 − b2x + b3x

2 − b4x
3). It

hence follows that

0 ≤ 〈n〉p ≤ r4, 0 ≤
〈
n2
〉
p
≤ r+2 (r4),

which provides us with lower (albeit uninformative) and
upper bounds on the first and second moments.

B. Moment bounds for multi-species reaction networks

We generalise the above approach to obtain moment
bounds of multi-species networks of the form (1). Since
in many applications reaction networks with rational
propensities are prevalent, it is desirable to consider mo-
ment equations that allow for this type of propensity. To
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this end, we introduce rational moments of the form〈
nα

q(n)

〉
p

, (10)

with polynomial denominator q(n) (with q(n) > 0 for
all n ∈ NS). Here, we employ multi-index nota-
tion in which multi-indices are denoted by Greek let-
ters α := (α1, α2, . . . , αS), monomials are written as
nα := nα1

1 nα2
2 . . . nαS

S , and |α| := α1 + α2 + . . . + αs.
More generally, we denote by the rational moments of
order d those for which |α| ≤ d in Eq. (10).

The key observation is that by letting f(n) = nα in
Eq. (3), one obtains linear equations involving the ra-
tional moments with appropriately chosen denominator
q(n). Moreover, the power moments can be expressed as
linear combinations of these moments

〈nα〉p =
∑
β≥0

qβ

〈
nβ+α

q(n)

〉
p

,

where the qβ denote the polynomial coefficients such that
q(n) =

∑
β≥0 qβn

β . As we show in the following

inf{fT y : y ∈ Edq } ≤ 〈nα〉p ≤ sup{fT y : y ∈ Edq }, (11)

where the vector f represents the polynomial coefficients
of q(n)nα and Edq is the set of admissible values for the ra-
tional moments of order up to order d with denominator
q(n), which satisfy both the rational moment equations
and certain positive semidefinite inequalities. Since the
set is Edq is defined by linear equalities and semidefinite
inequalities, both the left and right hand side of (11) are
SDPs, a tractable class of convex optimisation problems
that can be efficiently solved computationally using stan-
dard solvers. The details of this approach are developed
in the following.

1. Rational moment equations

To derive the moment equations for networks with
rational propensities, we rewrite the propensities as
aj(n) = ãj(n)/q(n), where ãj(n) and q(n) > 0 are poly-
nomials of degrees dãj and dq. For example, for aj(n) :=
sj(n)/tj(n), where sj(n) (resp. tj(n)) are nonnegative
(resp. positive) polynomials, a convenient choice is the

common denominator q(n) :=
∏R
j=1 tj(n) > 0.

Choosing now f(n) = nα in Eq. (3) and rearranging,
we find that the rational moments satisfy the linear equa-
tions∑
|β|<da+|α|

Cαβ

〈
nβ

q(n)

〉
p

= 0,

where

Cαβ :=

R∑
j=1

∑
δ≤β,δ<α

(
α

δ

)
vα−δj ãj,β−δ,

and ãj,β are the coefficients in the polynomials ãj(n) =∑
β≥0 ãj,βn

β and da := maxj{dãj} is its maximum de-

gree. Note that ãj,α = 0 for |α| > dãj and that the second
sum is taken over all δ such that δi ≤ min{αi, βi} for all
i and such that there is at least one i for which δi < αi.
It is clear that for polynomial propensities, i.e. q(n) = 1,
we recover the equations for the power moments.

The equations obtained by plugging f(n) := nα into
Eq. (3) for all |α| ≤ d − da + 1 involve the rational mo-
ments of order d. We can write these equations com-
pactly in vector notation as

Cdy = 0,

where yα := 〈nα/q(n)〉p for all |α| ≤ d, and Cdαβ := Cαβ
for all |β| ≤ d. For instance, in the case of Schlögl’s
model, C3y = 0 is just a shorthand of Eq. (6). If
da > 1 the above equations form a underdetermined sys-
tem equations. In the following, we constrain the set of
solutions with the use of so-called moment inequalities.

2. Semidefinite inequalities for the moments

The rational moments of any probability distribution
on the nonnegative integers satisfy certain semidefinite
inequalities43,44. In particular, we define the moment
matrices

(M0
d (y))αβ := yα+β , ∀α, β ∈ NSbd/2c,

(M i
d(y))αβ := yα+β+ei , ∀α, β ∈ NSb(d−1)/2c,

for i = 1, . . . , S, where NSd := {n ∈ NS : |n| ≤ d}, and
ei denotes the ith unit vector. For instance, M0

3 (y) and
M1

3 (y) are the matrices we employed in (7) for Schlögl’s
model. If y is the vector of rational moments of some
distribution p on NS , that is

yα :=

〈
nα

q(n)

〉
p

, ∀α ∈ NSd , (12)

then these matrices are positive semidefinite (or in short
M0
d (y) � 0, M i

d(y) � 0). This follows from the fact that
for any polynomial g(n) of degree bd/2c with polynomial
coefficients gα, it holds that

gTM0
d (y)g =

∑
|α|≤bd/2c

∑
|β|≤bd/2c

gαgβyα+β

=

〈
1

q(n)

 ∑
|α|≤bd/2c

gαn
α

 ∑
|β|≤bd/2c

gβn
β

〉
p

=

〈
g2(n)

q(n)

〉
p

≥ 0,

since q(n) > 0. Similarly, we have

gTM i
d(y)g =

〈
nig

2(n)

q(n)

〉
p

≥ 0.
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Additionally, since any probability distribution must
have mass of one

qT y =
∑
|α|≤dq

qα

〈
nα

q(n)

〉
p

= 1.

3. Bounding moments using semidefinite programs

In summary, the set of vectors satisfying both the ra-
tional moment equations and the positive semidefinite
inequalities is a spectrahedron, a convex set defined by
matrix inequalities, which reads

Edq :=

y ∈ R#d :
qT y = 1
Cdy = 0
M i
d(y) � 0, ∀i = 0, 1, . . . , S

 ,

(13)

where #d denotes the cardinality of NSd . Denoting the
set of stationary distributions with rational moments up
to order d by Pd,q, that is the set of p ∈ P such that
all the averages in Eq. (10) are finite for all |α| ≤ d, we
obtain the following straightforward theorem:

Theorem 1. For any p in Pd+1,q, the vector containing
the rational moments of order d or less of p (defined in
Eq. (12)) belongs to Edq .

A proof of the theorem can be found in Appendix B.
This result has the following useful consequences that for
any polynomial f(n) of degree d and p ∈ Pd,q

l̂df ≤
〈
f(n)

q(n)

〉
p

≤ ûdf ,

where

l̂df = inf{fT y : y ∈ Edq }, ûdf = sup{fT y : y ∈ Edq }.
(14)

In particular, choosing f(n) := q(n)nα with |α| ≤ d−dq,
it follows that the power moment 〈nα〉p is contained in

the interval [l̂df , û
d
f ] and thus we obtain the bounds of

Eq. (11). Computing either l̂df or ûdf consists of solving

the corresponding SDP given in Eq. (14).
Our result does not allow us to conclude on the con-

vergence of these bounds with increasing number of mo-
ment equations and inequalities. However, it follows by
construction that the sequence of lower bounds is non-
decreasing while the sequence of upper bounds is non-
increasing with increasing number of moments equalities
and inequalities, i.e. it holds that

l̂df ≤ l̂d+1
f ≤ . . . , ûdf ≥ ûd+1

f ≥ . . . .

In practice, however, we find that the bounds often con-
verge to the true moments (or, in the case of multiple sta-
tionary distributions, the maximum/minimum moments

over the set of stationary distributions). For example,
for Schlögl’s model, in Fig. 1b we can see the projec-
tion of Ed1 onto the y1-y2 plane collapsing onto the point
(〈n〉p ,

〈
n2
〉
p
) as d is increased.

To investigate this convergence further, in Fig. 2a we
show the upper and lower bounds on the first three mo-
ments as a function of d for Schlögl’s model with a differ-
ent parameter set than that in Fig. 1b. The insets show
that the difference between upper and lower bounds de-
creases with d indicating that either bound converges to
the true moment. Similarly, using these bounds we ob-
tain converging bounds on several commonly used sum-
mary statistics as shown in Fig. 2b.

C. Implementation details and numerical considerations

To set-up the SDPs we used the modelling package
YALMIP45, and to solve them we used the solver SDPA-
GMP46 in conjunction with the interface mpYALMIP47.

Before proceeding onto bounding the distributions, we
should mention that SDPs associated with moment prob-
lems, such as those we have discussed in this section, are
often ill conditioned. The reasons why are as of yet un-
clear. As we discuss in Section 5 of32, we believe they re-
volve around the fact that the moments of distributions
change order of magnitude very quickly which leads to
numerical instability in the solvers. This, and the suc-
cess encountered in48 when using SDP-GMP to tackle
similar SDPs, motivated us to employ the multi-precision
solver SDP-GMP instead of a standard double-precision
SDP solver. Alternatively, employing rational moments,
even when the network has polynomial propensities, can
ameliorate this problem.

IV. BOUNDING THE STATIONARY DISTRIBUTIONS

Here we explain how to bound the probability that the
stationary distributions give to any given subset of NS ,
and, in the case of a unique stationary distribution, how
to iterate our approach to yield informative bounds on
the complete distribution and its marginals. We begin by
illustrating our approach with analytically tractable one-
step processes. We then present our main result which
enables us to use linear programming to bound the prob-
ability that the distributions give to any given subset of
NS . The case of a unique stationary distribution is con-
sidered next. Lastly, we consider the non-unique case and
we show how our method provides a computational test
for uniqueness of the stationary distribution and how to
adapt it to yield informative bounds in the non-unique
case.
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A. Semi-analytical bounds for one-step processes

For simplicity, we first focus on the case of a one-
step process that involves a single species whose molecule
count changes in the reactions by ±1. In this case, the
stationary CME (2) can be solved recursively14 to obtain

pn =

n∏
i=1

a+(i− 1)

a−(i)︸ ︷︷ ︸
=:hn

p0, n = 1, 2, . . . , (15)

where a±(n) are the propensities of the forward and back-
ward jumps and we have defined the function hn. The
probability p0 is obtained by invoking the normalising
condition

1 = p0

∞∑
n=0

hn. (16)

Obtaining p0 analytically is, however, possible only in
simple cases.

1. Upper bounds

In cases for which computing p0 analytically is not pos-
sible, it is numerically straightforward to truncate the
sum in Eq. (16) considering only states for which n < r.
While this procedure may be commonly used in practice,
it does only provide an upper bound on the probability
distribution. Specifically, since 1 ≥ p0

∑r−1
n=0 hn, for all

r = 1, . . . , we have that

pn ≤
hn∑r−1
n=0 hn

=: urn, (17)

where the right hand side, urn, is an upper on pn for every
n < r. Clearly, urn tends to pn as r →∞.

2. Lower bounds

Less obvious, however, is how to obtain lower bounds
on pn. To this end, we consider the mass µr of the tail
of the distribution that can be bounded using Markov’s
inequality as follows

µr :=

∞∑
n=r

pn ≤
〈nα〉p
rα

.

However, explicit expressions for the involved moment
are available only for linear propensities. To this end,
we employ an upper bound 〈nα〉p ≤ ûdα that is readily
computable using the method discussed in Sec. III. This
provides us with a computable bound on the mass of the
tail

µr ≤
ûdα
rα

=: εr.

Since

p0

r−1∑
n=0

hn =

r−1∑
n=0

pn = 1− µr ≥ 1− εr,

and using Eqs. (16,17) we obtain the lower bound

pn = hnp0 ≥ urn(1− εr) =: lrn.

3. Error bounds

Generally, we would like to determine how close the
vector of upper bounds ur := (urn)n=0,1,...,r−1 is to the
vector composed of the first few values of the stationary
distribution pr := (pn)n=0,1,...,r−1 for a given r. To this
end, we consider their `1-distance (or, equivalently, twice
the total variation distance)

||ur − pr||1 =

r−1∑
n=0

(urn − pn) = µr ≤ εr, (18)

where we have used the fact that
∑r−1
n=0 u

r
n = 1 by defi-

nition (17).
Similarly, the `1-distance between the vector of lower

bounds lr := (lrn)n=0,1,...,r−1 and pr is bounded by

||pr − lr||1 =

r−1∑
n=0

(pn − lrn) = εr − µr ≤ εr. (19)

Alternatively, by combining the upper bound urn on pn
the lower bound lrn we can quantify the remaining uncer-
tainty in our knowledge of the individual probabilities of
the stationary distribution:

max{|pn − urn| , |pn − lrn|} ≤ urn − lrn = εru
r
n ≤ εr. (20)

Since εr tends to 0 as r → ∞, Eqs. (18-20) imply that
the vectors of bounds converge both statewise and in `1-
norm to p as r →∞.

4. Schlögl’s model

As an application of these distribution bounds we
consider Schlögl’s model introduced in Sec. III A. The
first and third propensities in Eq. (5) can be lumped
together into a+(n) := a1(n) + a3(n), while the sec-
ond and fourth reaction can be lumped together into
a−(n) := a2(n) +a4(n). The model enjoys the particular
advantage that it can be solved exactly and it thus pro-
vides an ideal test case for the derived bounds. Using the
normalising condition and Eq. (16), p0 can be expressed
in terms of a generalised hypergeometric function

1

p0
= 2F2

(
− c1+1

2 , c1−12 ;− c2+1
2 , c2−12 ; k1k2

)
, (21)
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FIG. 3. Bounding the probability distribution of a one-step process. Schlögl’s model Eqs. (4)-(5) is an example of a
one-step process which has both unimodal (a,b) and bimodal (c,d) stationary distributions depending on kinetic parameters.
(a) Parameters resulting in an unimodal distribution. Shaded areas between upper and lower bounds on the probability
distributions are shown using the first r = 16 (red), r = 21 (green) and r = 26 (blue) stationary equations obtained using
a bound on the first moment. The black line shows the exact distribution, Eqs. (15) and (21). The lower bounds were all
computed using the upper bound on the 1st moment. (b) The total error computed using the `1-distance between the exact
solution and the upper bound (yellow) decreasing with increasing truncation r. The total error of the lower bounds is computed
using a bound on the 1st moment (red) and 25th moment (blue line). Error bounds given by Eq. (19) and (20) are in good
agreement with the actual errors for moderate to large truncations. (c) Bounds for different parameters yielding a bimodal
distribution for r = 51 (red, scaled by a factor of 1/3), r = 111 (green), r = 126 (blue) are compared to the exact distribution
(black). The lower bounds were computed using the upper bound on the 1st moment for r = 51, 126 and that on the 25th

moment for r = 126. (d) Total errors and error bounds shown as in (b). In (a) and (b) parameter values are k1 = 6, k2 = 1/3,
k3 = 50, k4 = 3 yielding upper bounds of û25

1 = 17.5 and û25
25 = 5.79 × 1035 on the 1st and 25th moment, respectively. In (c)

and (d) we used k1 = 1/9, k2 = 1/1215, k3 = 27/2, k4 = 59/20 which gives upper bounds of û25
1 = 98.0 and û25

25 = 6.37× 1051.

with c1 =
√

1− 4k3/k1 and c2 =
√

1− 4k4/k2. To com-
pute the bounds, we require a bound on the mass of the
tail. To this end, we compute upper bounds on the 1st

and 25th moments using the first 23 moment equations
and the corresponding matrix inequalities involving the
first 25 moments. We considered two parameter sets,
one for which the stationary distribution is unimodal,
and another for which it is bimodal. In Figs. 3a and
3c, we compare the bounds we obtained with the exact
distribution computed using Eq. (15) and (21).

In practice, we need to choose both the truncation pa-
rameter r and which moment bound to employ when
computing the vectors lr and ur. As Lemmas 3 and
4 in the following section show, we can always use the
computed vectors and the moment bound to a posteriori
bound the `1-distance between the vector of bounds and
the stationary distribution, which we refer to as the “to-
tal error”. If the error bound is unsatisfactory, then we
can increase r and re-compute these bounds. Choosing a
good r and moment bound combination a priori is not so

straightforward. A basic guideline follows from Jensen’s
inequality

εr =
ûdα
rα
≥
〈nα〉p
rα

≥
( 〈n〉p

r

)α
.

In words, to achieve an error of less than 1/2, r must al-
ways be greater than the mean number of molecules. To
investigate this matter further, we studied in Figs. 3b and
3d how the error and the bound on the error depend on r
and on which moment we employed for Schlögl’s model.
The error (solid lines) was computed using the analytical
expression available for the stationary distribution of this
simple network, Eqs. (15) and (21). For more general
networks where no such expression is known, the error
is not computable. However, the error bounds (dashed
lines) are still readily available as their computation only
involves the vectors ur, lr, and the bound on the mo-
ment. From the definition of the error bound εr, it is
clear that the error bound converges to zero far quicker
when using the 25th moment (blue dashed line) rather
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than the 1st moment (red dashed line), in good agree-
ment with the actual error (solid blue and red). Hence
for large truncations r it is preferable to use a higher mo-
ment to compute the distribution bounds. However, for
moderate r it is interesting to note that lower moments
can also outperform higher ones.

B. Linear programming approach to multi-species
networks

The approach of the previous section relied on ex-
pression (2), only available for single-species one-step
process, that relates the whole stationary distribution
p to one single entry p0. To generalise our approach
to multi-species networks, we deal directly the station-
ary equations. Specifically, we consider the equations for
n := (n1, n2, . . . , nS) such that

|n|w := w1n1 + w2n2 + · · ·+ wSnS < r, (22)

where the wi’s are positive weights. Introducing such
weights is important in applications because it allows
choosing truncations based on the abundance of different
species. There are #w

r -many such equations involving the

#̃w
r -many states contained in

Nr := {n ∈ NS : |n|w < r}
R⋃
j=1

{n+ vj ∈ NS : |n|w < r}. (23)

Let R∞ denote the space of all real-valued vectors in-
dexed by NS and Pr (resp. P̃r) be the projection operator
that takes a vector z ∈ R∞ and returns (zn){n:|n|w<r} ∈
R#w

r (resp. (zn)n∈Nr
∈ R#̃w

r ). We can write these first

few equations as QrP̃rp = 0, where Qr := PrQP̃
T
r is

a #w
r × #̃w

r -dimensional matrix. These equations are
underdetermined since, except for finite state spaces,
#w
r < #̃w

r . We overcome this issue in a similar manner to
how we overcame the issue for the moments: we supple-
ment these equations with inequalities and then compute
the bounds by solving LPs (a subclass of SDPs). To this
end, we require an upper bound on a moment, which via
Markov’s inequality also equips us with an upper bound
on the mass of the tail.

1. Bounding event probabilities

Let Pdc denote the subset of stationary distributions p

such that 〈|n|dw〉p ≤ c, where c is a constant. A bound on
the mass of the tail µr, i.e. the mass in the complement
of Nr, is obtained as follows

µr :=
∑

n∈(Nr)c

pn ≤
∑
|n|w≥r

pn ≤
〈|n|dw〉p
rd

≤ c

rd
, (24)

for any p ∈ Pdc and the summation in the second sum is
over all states n for which |n|w ≥ r. The second inequal-
ity is an instance of Markov’s inequality. Consider now
the convex polytope defined by

Br :=

z ∈ R#̃w
r :

z ≥ 0,
1− c/rd ≤ 1T z ≤ 1,
Qrz = 0,∑
n∈Nr

|n|dw zn ≤ c

 .

For any A ⊆ NS (resp. A ⊆ Nr) let 1A ∈ R∞ (resp.

1A ∈ R#̃w
r ) to denote the indicator vector

(1A)n :=

{
1 if n ∈ A
0 otherwise

,

for all n ∈ NS (resp. n ∈ Nr). For any p, the probability
of an event A is then given by 1TAp, and can be bounded
from above and below as follows:

Theorem 2. Pick any A ⊆ NS, let Ar := A ∩Nr and

lrA := inf{1TArz : z ∈ Br}, urA := sup{1TArz : z ∈ Br}.

1. For any p ∈ Pdc , we have that

lrA ≤ 1TArp, 1TArp ≤ urA

for all r ≥ 0.

2. Suppose that Pdc is non-empty and let

lA := inf{1TAp : p ∈ Pdc }, uA := sup{1TAp : p ∈ Pdc }.

Both sequences {lrA}r≥0 and {urA}r≥0 converge and

lim
r→∞

lrA = lA, lim
r→∞

urA = uA.

A proof of the above theorem is given in Appendix C.
Note that by definition 1TArp ≤ 1TAp and thus lrA is indeed
a lower bound on 1TAp. The number urA will be an upper
bound on 1TAp if A ⊆ Nr. Computing either lrA or urA
consists of solving a LP, that can efficiently done using
any one of the solvers are readily available online. The
practical implications of the theorem are discussed in the
following sections.

2. Unique case: Bounding probability distributions

If there exists a unique stationary distribution p, we are
often interested in computing the complete distribution
instead of the probability that p assigns to a single subset
A of the state space NS . Suppose that Pdc = {p} and
A = {n}, then Theorem 2 implies that

lrn := lr{n} ≤ pn ≤ u
r
{n} := urn,

statewise for each n ∈ Nr. Additionally, we have that
both lrn and urn converge to pn as r →∞.
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Denoting by lr := (lrn)n∈Nr
the vector of lower bounds

for all states n ∈ Nr and similarly for ur, it follows that

max
{∣∣∣∣∣∣P̃rp− lr∣∣∣∣∣∣

1
,
∣∣∣∣∣∣P̃rp− ur∣∣∣∣∣∣

1

}
≤ ||ur − lr||1 .

In words, by computing the lower bounds in lr and the
upper bounds in ur we can bound the `1-distance between
p and either vector of bounds. We refer to this distance
as the “total error” of the vector of bounds and we refer
to any bound on the total error, such as that appearing
in the above, as an “error bound”. Additionally, we have
the following two other error bounds

Lemma 3. For any p ∈ Pdc , we have that∣∣∣∣∣∣P̃rp− lr∣∣∣∣∣∣
1

= 1− 1T lr − µr ≤ 1− 1T lr, (25a)∣∣∣∣∣∣ur − P̃rp∣∣∣∣∣∣
1

= 1Tur − 1 + µr ≤ 1Tur − 1 +
c

rd
.

(25b)

That is, we can also bound the total error of one vector
of bounds without computing the other vector of bounds.
A proof of the above lemma can be found in Appendix
C.

3. Unique case: Bounding marginal distributions

For high-dimensional networks we are often interested
in marginal distributions rather than the full stationary
distribution. For simplicity, we assume that we are inter-
ested only in the first S̃ species, so that we are marginal-
ising over the last Ŝ := S− S̃ species. We decompose the

vectors of molecule numbers into (n,m) where n ∈ NS̃

and m ∈ NŜ such that the marginal distribution p̃ on NS̃
is as follows

p̃n :=
∑
m∈NŜ

p(n,m) ∀n ∈ NS̃ .

To proceed we introduce the n-slice of Nr in Eq. (23),

Nr,n := {m ∈ NŜ : (n,m) ∈ Nr},

and let A := Nr,n in Theorem 2. Thus, for each n ∈ NS̃

for which there exists at least one m ∈ NŜ such that
(n,m) ∈ Nr, we find that

l̃rn := inf

 ∑
m∈Nr,n

z(n,m) : z ∈ Br
 ,

is a lower bound on p̃n. In contrast,

ũrn := sup

 ∑
m∈Nr,n

z(n,m) : z ∈ Br
 , (26)

is not necessarily an upper bound for p̃n because
marginalising over m involves infinitely many states not
included in the truncated space Nr,n. However, the prob-
ability mass of these states is bounded by the mass of
the tail µr and hence by c/rd in Eq. (24). It follows that
ũrn + c/rd is an upper bound on p̃n. We thus have that

l̃rn ≤ p̃n ≤ ũrn +
c

rd
=: ũ∗rn ,

for each n ∈ NS̃ for which there exists an m ∈ NŜ such
that (n,m) ∈ Nr. Moreover, Theorem 2 implies that

both l̃rn and ũrn converge to p̃n as r → ∞ (and, conse-
quently, so does ũ∗rn ). As an analogue of Lemma 3, the
following result gives error bounds on the marginal dis-
tribution estimates:

Lemma 4. For any p ∈ Pdc , we have that∣∣∣∣∣∣P̃rp̃− l̃r∣∣∣∣∣∣
1
≤ 1− 1T l̃r, (27a)∣∣∣∣∣∣ũr − P̃rp̃∣∣∣∣∣∣

1
≤ 1T ũr − 1 +

2c

rd
, (27b)∣∣∣∣∣∣ũ∗r − P̃rp̃∣∣∣∣∣∣

1
≤ 1T ũ∗r − 1 +

c

rd
. (27c)

A proof of the above lemma can be found in Appendix
C.

4. Non-unique case

In the case where the network admits multiple station-
ary distributions, our method provides lower and upper
bounds on the set of all stationary distributions. That
is, setting A := {n} in Theorem 2, we obtain the bounds

lrn ≤ inf{pn : p ∈ Pdc } ≤ pn ≤ sup{pn : p ∈ Pdc } ≤ urn,

that hold for any p ∈ Pdc .
Non-uniqueness occurs due to different stationary dis-

tributions being reached from different initial conditions
(these stationary distributions are known as the ergodic
distributions). For example, the network

∅ −⇀↽− 2X,

modelled using mass action propensities admits two er-
godic distributions depending on whether we start the
network with an even or odd number of molecules. Each
of these distributions has support on distinct irreducible
subsets of the state space, namely the even or odd nat-
ural numbers. The set of stationary distributions is the
set of convex combinations of the ergodic distribution12.
If n is even (resp. odd), the ergodic distribution corre-
sponding to the odd (resp. even) numbers assigns zero
probability to state n. Thus inf{pn : p ∈ Pdc } = 0 and it
follows that are lrn = 0 for all r such that n ∈ Nr.

Conversely, by the above reasoning, if, for any single
n, our method returns a single non-zero lower bound lrn,
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then there must exist at most a single stationary distri-
bution. While uniqueness is typically verified by checking
irreducibility of the state-space40,49, our method provides
a direct computational criterion to establish uniqueness
of the stationary distribution. This criterion is not only
sufficient but necessary in the sense that, by the con-
vergence of the bounds, if there is a unique stationary
distribution p, then lrn will be positive for large enough r
and n such that pn > 0.

If non-uniqueness holds but the irreducible sets are
known, like in the above example, our method can be
modified to provide informative bounds on the ergodic
distributions. In particular, as can be verified from the
proofs in Appendix C, given any support set S, replacing
Br with

BrS := Br ∩ {z ∈ R#̃w
r : zn = 0, ∀n 6∈ S ∩ Nr},

then Theorem 2, Lemma 3, and 4 hold with Pdc replaced
by

Pd,Sc := Pdc ∩ {p ∈ R∞ : pn = 0, ∀n 6∈ S},

the set of stationary distributions with support contained
in S. So, for instance, if we pick S to be the even (resp.
odd) natural numbers in the above example, our bounds
converge to the network’s ergodic distribution on the
even (resp. odd) natural numbers.

V. APPLICATION: A TOGGLE SWITCH

As an application of the methods discussed in this pa-
per, we consider a network of two mutually repressing
genes. Such toggle switches are common motifs in many
cell fate decisions13,50,51. In particular, we consider the
asymmetric case

∅
a1(n)−−−⇀↽−−−
a2(n)

P1, ∅
a3(n)−−−⇀↽−−−
a4(n)

P2,

whose propensities are

a1(n) =
k1θ

3

θ3 + n3P2

, a2(n) = k2nP1
,

a3(n) =
k3

1 + nP1

, a4(n) = k4nP2
, (28)

which model mutual repression via Hill functions and
dilution via linear unspecific decay. The model has a
unique stationary distribution and all its moments are
finite for all sets of positive kinetic parameters, see Ap-
pendix A.

A. Bounds on the joint distribution

For constructing a tail bound, we require an upper
bound on a certain moment. Since our example involves

rational propensities, we use rational moments as defined
in Eq. (10) with

q(n) = (1 + nP1
)
(
1 + (nP2

/θ)3
)
,

given by the common denominator of the propensities,
Eq. (28). Due to asymmetric repression of the two pro-
teins, the range of molecule numbers for protein P1 is
larger than for protein P2, which we account for using
the weight vector w := (1, 2) in the state space trunca-
tion, Eq. (22). We then compute an upper bound on the
6th moment of〈
|n|6w

〉
p
≤ c = 5.0901× 108,

using the SDP (11) with E10q in Eq. (13) including the
first d = 10 rational moments and the parameters θ = 1,
k1 = 30, k2 = k4 = 1 and k3 = 10. Markov’s inequality
implies that the mass of the tail µr is bounded by

µr ≤
c

r6
,

depending on the state space truncation parameter r.
Using the method described in Sec. IV B 2, we com-

puted upper and lower bounds on the joint distributions
for small (r = 44) and large (r = 74) state space trunca-
tions as shown in Fig. 4. These bounds give an accurate
account of the uncertainty in the probabilities using only
the first few states of the CME. For small state spaces, we
find that the maximum absolute discrepancies are found
near the distribution modes (Fig. 4a,b). Increasing the
number of states, the upper and lower bounds are nearly
indistinguishable (Fig. 4c), the difference between these
bounds is smaller than 10−9 (Fig. 4d).

B. Bounds on the marginal distributions

The method described in Sec. IV B 3 allows us to obtain
upper and lower bounds on the marginal distributions as
well. The corresponding bounds for the distributions of
protein P1 and P2 are shown in Fig. 5a and demonstrate
the convergence of our estimates. To verify our imple-
mentation we compare with histograms obtained from
stochastic simulations. In Fig. 5b we show the corre-
sponding total error estimates given by Eq. (27a) and
(27c) that bound the distance between the respective
lower and upper bounds and the underlying marginal dis-
tribution. We also show the error estimate on the upper
bound of the truncated state space (yellow), which does
not provide an upper bound on the marginal distribu-
tions but rather presents an approximation.

Finally, we apply the method to gain insights over
whole parameter ranges. For example, increasing the dis-
sociation constant θ of protein P2 from zero to finite val-
ues allows to induce expression of protein P1. To quantify
this dependence we use the lower bounds on the marginal
distributions shown in Fig. 6. For intermediate levels of θ,
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FIG. 6. Flipping the toggle switch: deterministic vs. stochastic models. Tuning the promoter dissociation constant
θ from small to high values results in a switch-like increase of the production of protein P1 molecules while simultaneously
repressing the production of protein P2. In deterministic models such tuning leads to two stable steady states in the transition
region (solid red lines) accessible from different initial conditions. In the stochastic model the marginal stationary probabilities
(heatmap) displays two coexisting populations. We observe good correspondence between the modes of the distributions and
the deterministically stable steady states. Each marginal is obtained from lower bounds computed using r = 83 resulting in
1806 equations involving 1891 states. The error bound according to Eq. (27a) is at most 3× 10−3. Parameters as in the main
text except for θ.

we observe that induction of P1 does not occur gradually
but is represented by two coexisting populations corre-
sponding to fully induced and repressed populations, i.e.
one with high levels of P1 but low levels of P2 and an-
other one with low levels of P1 but high levels of P2.
We find that the modes of the marginal distributions are
in good correspondence with the stable solutions of the
steady-state rate equations.

C. Implementation details and numerical considerations

To set-up the LPs we used the modelling package
YALMIP45, and to solve them we used the solver
CPLEX52. As in Section III B, for the SDPs we used
YALMIP45, SDP-GMP46, and mpYALMIP47.

Numerically, in the case of the LPs, the constraint re-
lating to the moment bound makes the problem data ill
conditioned and causes the solvers struggle. One can re-
move this constraint, the LPs still yield bounds, and the
error bounds in Lemmas 3 and 4 still hold, as can be
verified from the proofs in Appendix C. However, con-
vergence of the bounds can no longer be established and,
even though in our practical experience the bounds often
still converge, we have encountered one example (a 4-D
toggle switch) for which they appeared not to.

VI. CONCLUDING REMARKS

We developed an approach to bound stationary mo-
ments and distributions of multivariate biochemical re-
action networks. These statistical quantities satisfy the
stationary moment equations and the stationary CME,
respectively, both which consist of a generally intractable

infinite set of equations. Considering a finite subset
of these equations, the proposed method enables us to
bound the set of solutions using mathematical program-
ming techniques and yields accurate estimates of mo-
ments and probabilities with computable error bounds.

To compute the moment bounds, we supplement the
moment equations with semidefinite inequalities that are
satisfied by the moments of any stationary distribution
and allow us to formulate a SDP whose solution yields
an upper or lower bound on any given moment. Re-
peated applications of the method yield sequences of up-
per (resp. lower) bounds that are monotonically decreas-
ing (resp. increasing) as a function with the number of
moment equations and inequalities used (Theorem 1).
Using biological relevant examples we demonstrate that
these moment estimates often converge to the true mo-
ment in practice, although we have no theoretical proof
of convergence.

To compute bounds on probabilities, we formulate a
LP by supplementing the truncated CME with a bound
on a single moment and one on the mass of the tail de-
rived from the moment bound. Repeated applications of
the method yield sequences of bounds that converge to
the probability of interest (Theorem 2). We place no re-
strictions on the network nor its propensities, aside from
the availability of a moment bound. In particular, in the
case of a unique stationary distribution, we can use the
method to obtain converging lower and upper bounds on
the complete distribution and its marginals. We provide
quantified error estimates for both set of bounds (Lemma
3), making our procedure a systematic self-contained ap-
proach to computing stationary distributions of reaction
networks and their marginals. As an aside, we explained
in Sec. IV B 4 how the method also provides a computa-
tional test for uniqueness of the stationary distributions,
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and described a simple way to adapt it to the non-unique
case.

An alternative approach to obtaining bounds on sta-
tionary probability distributions was been introduced by
Spieler et al.53,54. The method constructs a finite set
of Markov chains whose minimum and maximum state-
wise probabilities bound the stationary distributions. It
does not rely on a moment bound but instead requires
only a tail bound. Their approach to obtaining such a
tail bound consists of finding a Lyapunov function on a
case-by-case basis. A second approach for the class of
networks with affine propensities was presented in55. It
also involves finding a Lyapunov function, but this time
the search is carried out computationally. The problem
of finding such Lyapunov functions is essentially dual56

to that of finding the moment bounds as we do in Sec-
tion III. Compared with these two other methods, our
approach enjoys the advantages that it guarantees con-
vergence of the bounds and that it is accompanied by
computable error bounds.

In our experience, the disadvantages of our approach
those of numerical nature discussed in Sections III C and
V C. Future improvements in LP and SDP solvers likely
will mitigate these issues, but at the present time they
pose limitations to the applicability of the approaches
discussed in this paper.

An interesting technical point that we have omitted
from the main text is the following. When solving each
LP one obtains a feasible vector zr ∈ Br that, up to
some numerical tolerance, achieves the optimum (that
is 1TArzr = lrA or 1TArzr = urA, depending on which LP
we solved). If there is a unique stationary distribution
p, then the sequence of vectors {zr}r≥0 converges point-
wise to p, see Corollary C.2 1. in Appendix C. In other
words, by solving a single LP for high r (instead of one for
each state n) and extracting the optimal point zr, we can
obtain a good approximation of the stationary distribu-
tion, namely zr. In the non-unique case, there is at most
one stationary distribution p per positive recurrent state
n such that pn = u{n}, namely the ergodic distribution

with support on the irreducible set that n belongs to12.
Corollary C.2 2. shows that zr converges to p. Thus,
by solving a single LP for high r we can obtain a good
approximation of p without any a priori knowledge of
the regarding the irreducible set associated with p. The
issue with these computationally cheaper approaches to
approximating the stationary distribution, is that, as of
yet, we know of no way to quantify the approximation er-
ror, that is we have no error bounds of the sort of those
in Lemmas 3.

A distinct feature of our method is that it enables the
direct computation of lower and upper bounds on the
marginal distributions. In particular, we need not to
compute bounds for each state of joint distribution, but
only bounds for each state of the marginal distribution
of interest. These distributions are of particular interest
for the analysis of high-dimensional networks, for which
we provide practical error estimates (Lemma 4). We thus

expect that our approach will be particularly valuable in
applications where accurate approximations with quan-
tified errors are needed. These include, for example, esti-
mating distributions of phenotypic switches, determining
persister fractions in bacterial populations and inferring
model parameters from noisy single cell data57.
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Appendix A: Existence, uniqueness, and finite of moments
of stationary distributions

Theorems 2.1 and 4.2 in Ref.39 show that least one
stationary distribution exists and that all stationary dis-
tributions have finite dth-order moment if there exists a
function u : NS → [0,∞) and constants c1, c2 > 0 such
that

QTu(n) ≤ c2 − c1 |n|d ∀n ∈ NS ,
{n :∈ NS : u(n) ≤ c} is finite ∀c ∈ R.

For Schögl’s model we have that

QTnd−2 = gd−1(n)− k2(d− 2)nd,

where gd−1 is a polynomial of degree d − 1. Thus, we
have that

QTnd−2 ≤ sup
n∈NS

{
gd−1(n)− k2(d− 2)

2
nd
}
−k2(d− 2)

2
nd.

Picking d ≥ 3 then tells us that at least one stationary
distribution exists, and that

〈
n1
〉
p
, . . . ,

〈
nd
〉
p

are finite

for any stationary distribution p. Since we can choose
ever larger d we have finiteness of all moments.

Similarly, to prove existence of stationary distributions
and finiteness of all their moments for the toggle switch
consider

QT |n|d
= (a1(n) + a3(n))((nP1

+ nP2
+ 1)d − (nP1

+ nP2
)d)

+(a2(n) + a4(n))((nP1 + nP2 − 1)d − (nP1 + nP2)d)
≤ (k1 + k3)((nP1

+ nP2
+ 1)d − (nP1

+ nP2
)d)

+(a2(n) + a4(n))((nP1 + nP2 − 1)d − (nP1 + nP2)d)
≤ gd−1(nP1

+ nP2
)− d(k2nP1

+ k4nP2
)(nP1

+ nP2
)d−1

≤ gd−1(nP1
+ nP2

)− dmin{k2, k4} |n|d

.
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The remainder of the argument is identical to that of
Schögl’s model.

Uniqueness follows from the fact that they are both
one-step processes and consequently they are irreducible.
Alternatively, for the particular parameter values we ex-
amined, uniqueness followed from the fact that we ob-
tained non-zero lower bounds, see Figs. 3-4 and Section
IV B 4.

Appendix B: Proof of Theorem 1

All that we must prove here is that Eq. (3) holds for
f(n) = nα for any α ∈ NSd−da+1 under the conditions in
the theorem’s premise. The theorem then follows directly
from the discussion in Section III B and Eq. (3). We will
show that Eq. (3) holds for any f such that

R∑
j=1

(
〈aj(n) |f(n)|〉p + 〈aj(n) |f(n+ vj)|〉p

)
<∞,

(B1)

Then, if p has rational moments of order d + 1 (as in
the theorem’s premise), we have that Condition (B1) is
satisfied for any f(n) = nα with α ∈ NSd−da+1. Thus,
Eq. (3) holds for any such f and we have that the rational
moments satisfy Cdy = 0.

Noting that Condition (B1) implies that the integrals∑
n∈NS

aj(n)f(n+ vj),
∑
n∈NS

aj(n)f(n),
∑
n∈NS

QT f(n)

are all well-defined and finite, the proof of Eq. (3) is
straightforward:

〈
QT f

〉
p

=
∑
n∈NS

pn

 R∑
j=1

aj(n)(f(n+ vj)− f(n))


=

R∑
j=1

((∑
n∈NS

pnaj(n)f(n+ vj)−
∑
n∈NS

pnf(n)

))

=

R∑
j=1

((∑
n∈NS

pn−vjaj(n− vj)f(n)−
∑
n∈NS

pnf(n)

))

=
∑
n∈NS

 R∑
j=1

(
pn−vjaj(n− vj)− pn

) f(n)

=
∑
n∈NS

(Qp)(n)f(n) = 0,

where we have tacitly used the convention pnan := 0 for
any n 6∈ NS .

Condition (B1) is only sufficient for Eq. (3) to hold.
A necessary condition is that

〈∣∣QT f(n)
∣∣〉
p
< ∞, other-

wise Eq. (3) is ill-defined. However, for general chains,
the weaker condition

〈∣∣QT f(n)
∣∣〉
p
<∞ is not sufficient,

as Example 2 in Ref.56 shows. We are unsure whether
this is still the case for networks with rational propensity
functions and polynomial fs. Fortunately, the difference
between

〈∣∣QT f(n)
∣∣〉
p
< ∞ and Condition (B1) in the

context of Theorem 1 is only whether we require p to
have d or d+ 1 rational moments.

Appendix C: Proofs of Section IV B

The proof of Theorem 2 builds on the following tech-
nical lemma.

Lemma C.1. Suppose that Pdc is non-empty. Then, Br
is non-empty for each r = 0, 1, . . . . Let zr ∈ Br for r =
0, 1, . . . . Identify the vectors zr with vectors in R∞ by
padding them with zeros. For each A ⊆ NS, the sequence
{1TAzr}r≥0 is relatively compact. Furthermore, for each
convergent subsequence {1TAzrj}j≥0 we have that

lim
j→∞

1TAz
rj = 1TAp

where p ∈ Pdc . The limiting distribution p depends on the
subsequence in question, but not on the set A.

Proof. Pick any p ∈ Pdc . From (24) and the definition

of Pdc it follows that P̃rp ∈ Br and consequently Br is
non-empty. Now, let zr be as in the premise and metrise
NS using the discrete metric (which makes any function
f : NS → R continuous). Pick an r∗ such that c/rd∗ ≤ 1/2
and define

pr :=
zr

1T zr
, ∀r = r∗, r∗ + 1, . . . .

Note that pr is a probability distribution. Additionally,〈
|n|dw

〉
pr

=
1

1T zr

∑
n∈Nr

|n|dw z
r
n ≤ 2c.

Since n 7→ |n|dw is an inf-compact function on NS , Propo-
sition 1.4.15 in Ref.31, combined with the above uniform
bound, shows that the sequence (pr)r≥r∗ is tight. By
Prohorov’s Theorem, Theorem 1.4.12 in Ref.31, we have
that (pr)r≥r∗ is relatively compact in the sense that ev-
ery sub-sequence of (pr)r≥r∗ has a subsequence that con-
verges weakly to a probability distribution on NS . Let p
be any of these accumulation points and (prk)k≥0 be a
subsequence that converges to p. By weak convergence
we have that for each n

(Qp)n = lim
k→∞

(Qrkp
rk)n = lim

k→∞

1

1T zrk
(Qrkz

rk)n = 0.

Since, non-emptiness of Pdc implies that underlying
Markov chain is regular (at least when restricted to
the set of initial conditions relevant to the stationary
distributions)12, the fact that Qp = 0, implies that p
is a stationary distribution of the network, see Theorem
4.3 and the discussion after Theorem 4.5 in Chapter 5.4
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of Ref.38. Additionally, since n 7→ |n|dw is a continuous
function on NS that is bounded from below, Proposition
1.4.18 in Ref.31 shows that〈

|n|dw
〉
p
≤ lim inf

k→∞

〈
|n|dw

〉
prk

.

Additionally,〈
|n|dw

〉
prk

=
1

1T zrk

∑
n∈N rk

|n|dw z
rk
n ≤

c

1− c/rdk

Thus
〈
|n|dw

〉
p
≤ c and we have that p ∈ Pdc .

We now argue that {1TAzr}r≥0 is relatively compact
and that it has the desired accumulation points. Pick any
subsequence {1TAzrj}j≥0 of {1TAzr}r≥0, and let {prj}j≥0
be the associated subsequence of {pr}r≥0. Due to rel-
ative compactness of {pr}r≥0, we can find a convergent
subsequence {prjk }k≥0 of {prj}j≥0 and let p ∈ Pdc be its
limit. Weak convergence of {prjk }k≥0 and the fact that
1− c/rd ≤ 1T zr ≤ 1 implies that {1TAzrjk }k≥0 converges
too and that

lim
k→∞

1TAz
rjk = lim

k→∞
(1T zrjk )(1TAp

rjk ) = 1TAp.

Note that p in the above depends on the subsequence
{prjk }k≥0 but not on A. Since the above holds for
any subsequence of {1TAzr}r≥0, we have argued that
{1TAzr}r≥0 is relatively compact and that it has the de-
sired accumulation points.

We are now in a position to prove Theorem 2.

Proof of Theorem 2. 1. As pointed out in the proof of
Lemma C.1, it is the case that if p ∈ Pdc , then

P̃rp ∈ Br for each r ≥ 0, and the result follows.

2. The lower bounds. Because the set Br is com-
pact (from its definition it is closed, and it is

contained in the hypercube [0, 1]#̃
w
r ), and because

z 7→ 1TArz is a linear function on R#̃w
r , for each

r ≥ 0, there exists a zr ∈ Br that achieves the
infimum; 1TArzr = lrA. Due to 1. we have that

1TArzr ≤ lA. (C1)

Lemma C.1, tells us that every accumulation point
{1TArzr}r≥0 is of the form 1TAp where p ∈ Pdc (the p
may depend on the subsequence in question). Thus
we have that

lim inf
r→∞

1TArzr ≥ inf{1TAp : p ∈ Pdc } = lA.

Combining the above with Eq. (C1) tells us that
{1TArzr}r≥0 converges and that its limit is lA.

The upper bounds: The proof is analogous to
that of the lower bounds, one just needs to use

1TArzr +
c

rd
≥ uA,

instead of Eq. (C1).

The following is a simple corollary of Theorem C with
useful consequences that we briefly discuss in Section VI

Corollary C.2. As in Lemma C.1, in this corollary we
are identifying vectors z ∈ Br with vectors in R∞ by
padding them with zeros.

1. Suppose that Pdc is the singleton {p} and let zr ∈
Br. Then, the sequence {zr}r≥0 converges point-
wise to p. That is, for each n ∈ NS, the sequence
{zrn}r≥0 converges to pn.

2. Suppose that there exists a unique p ∈ Pdc such that
lA = 1TAp (resp. uA = 1TAp) and let zr ∈ Br be
such 1TArzr = lrA (resp. 1TArzr = urA). Then, the
sequence {zr}r≥0 converges pointwise to p.

Proof. 1. We prove this statement by contradiction.
Uniqueness of p and Lemma C.1 tells us that, for
each n, {zrn}r≥0 is relatively compact and that pn is
the limit point of any converging subsequence. Sup-
pose that {zrn}r≥0 does not converge to pn. This
means that we can find an ε > 0 and a subsequence
{zrjn }j≥0 such that

∣∣zrjn − pn∣∣ > ε for all j. But, by
relative compactness of {zrn}r≥0, the subsequence
{zrjn }j≥0 has a convergent subsequence and its limit
must be pn, giving us a contradiction.

2. We prove the statement for the lower bounds, the
proof for the upper bounds is analogous. Theorem
2 tells us that {1TAzr}r≥0 converges to 1TAp. Lemma
C.1 then tells us that, for each n ∈ NS , {zrn}r≥0 is
convergent too with limit pn.

The proofs of Lemmas 3 and 4 are very similar:

Proof of Lemma 3. Using the fact that ur ≥ Prp compo-
nentwise and Eq. (24) we have that∣∣∣∣∣∣ur − P̃rp∣∣∣∣∣∣

1
= 1T (ur−P̃rp) = 1Tu−1+µr ≤ 1Tur−1+

c

rd
.

Similarly, using the fact that lr ≤ P̃rp componentwise we
have that∣∣∣∣∣∣P̃rp− lr∣∣∣∣∣∣

1
= 1T (P̃rp− lr) = 1− 1T lr − µr ≤ 1− 1T lr.

Proof of Lemma 4. Let

Ñ r : {n ∈ NS̃ : ∃m ∈ NŜ , (n,m) ∈ NR},

be the projection of N r onto NS̃ . By Theorem 2 1. we
have that

∑
m∈Nn

p(n,m) ≤ ũrn. Consequently

∣∣∣∣∣∣ũr − P̃rp̃∣∣∣∣∣∣
1

=
∑
n∈Ñ r

|ũrn − p̃n| =
∑
n∈N r

∣∣∣∣∣∣ũrn −
∑
m∈NŜ

p(n,m)

∣∣∣∣∣∣
=
∑
n∈Ñ r

ũrn − ∑
m∈Nr,n

p(n,m)

+
∑
n∈Ñ r

∑
m∈(Nr,n)c

p(n,m)

≤ 1T ũr − 1 + 2µr ≤ 1T ũr − 1 +
2c

rd
,
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where the first inequality follows from the facts that⋃
n∈Ñ r

⋃
m∈Nr,n

{(n,m)} = Nr,

⋃
n∈Ñ r

⋃
m∈N c

r,n

{(n,m)} ⊆ (Nr)c,

and the second from Eq. (24).

Since p̃n ≥ l̃rn and p̃n ≤ ũ∗rn , the proofs of Eqs. (27a)
and (27c) are identical to those of Eqs. (25a) and (25b).
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