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Abstract

Transmission expansion planning (TEP) is facing unprecedented challenges with
the rise of integrated renewable energy resources (RES), flexible load elements,
and the potential electrification of transport and heat sectors. Under this real-
ity, the inadequate information of the stochastic parameters’ behavior may lead
to inefficient expansion decisions, especially in the context of very high renew-
able penetration. This paper proposes a novel data-driven scenario generation
framework for the TEP problem to generate unseen but important load and
wind power scenarios while capturing inter-spatial dependencies between loads
and wind generation units’ output in various locations, using a vine-copula
based high-dimensional stochastic variable modeling approach. The superior
performance of the proposed model is demonstrated through a case study on a
modified IEEE 118-bus system. The expected result of using the expected value
problem solution (EEV) and the net benefits of transmission expansion (NBTE)
are used as the evaluation metrics to quantitatively illustrate the advantages of
the proposed approach. In addition, the case of very high wind penetration is
carried out to further highlight the importance of the multivariate stochastic
dependence of load and wind power generation. The results demonstrate that
the proposed scenario generation method can result in near-optimal investment
decisions for the TEP problem that make more net benefits than using limited
number of historical data.

Keywords: Renewable energy resources, Multivariate dependence, Scenario
generation, Wind Power, Transmission expansion planning, Vine copulas.

Nomenclature

Sets and indices

γ ∈ Γ Indices of thermal generators, Γ ⊂ G
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d ∈ Nd Indices of load

g ∈ G Indices of all generators

i, j ∈ Λ Existing transmission lines

i, j ∈ Λnew Candidate transmission lines

i, j ∈ ΩB Indices of the network buses

t ∈ T Scenarios

w ∈W Indices of wind generators, W ⊂ G

Input parameters

D Matrix of sampled load [MW]

Pmax
Γ Matrix of maximum conventional generators capacities [MW]

Pmax
W Matrix of sampled wind power [MW]

Z Branch-node incidence matrix with elements zij

πg Generation cost of generator g [$/MWh]

Ψ Curtailed wind power penalty cost [$/MWh]

τ Duration of each scenario [hour]

Υ Value of lost load [$/MWh]

Bij Susceptance of existing line from bus i to j [p.u.]

Bnewij Susceptance of candidate line from bus i to j [p.u.]

fmaxij Power flow limit of the transmission line from bus i to j [MW]

Ii,j Cost of building a line from bus i to j [$/year]

pt Probability of scenario t

Decision Variables

F Matrix of power flow with elements fij [MW]

PΓ Matrix of conventional generator output [MW]

PW Matrix of wind generator output [MW]

U Matrix of load curtailment with elements Ud [MW]

V Matrix of wind curtailment with elements VW [MW]

θi Phase angle at bus i [rad]

fij Power flow of transmission line from bus i to j [MW]
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1. Introduction

The increasing penetration of Renewable Energy Resources (RES) and flex-
ible demand introduces more operational variability and uncertainty in Trans-
mission Expansion Planning (TEP) in power systems. Meanwhile, in order to
reduce carbon emissions, it becomes imperative to further decrease the use of
fossil fuel in energy supply through the electrification of transport and heating
sectors, which may introduce radical changes in power demand when it is as-
sociated with electric vehicles (EVs) and heat pumps (HPs) [1], [2]. This new
reality renders it imperative to carry out transmission investment that consid-
ers multiple uncertainties (e.g., demand growth , location, timing and amount
of connection of renewable generation) on a cost-benefit basis. The optimal
decision should minimize the total cost, including the system operation and
transmission investment costs, especially in the context of very high renewable
penetration. In particular, uncertainties in wind generation arise from the large-
scale deployment and the inherent variability in production. Consequently, be-
yond the classical TEP challenges of non-convexity, nonlinearity and the mixed
integer problem (MIP) (e.g. linearized with direct current (DC) power flow [3]),
the focus of recent researchers has shifted towards incorporating appropriate
models that deal with uncertainty.

Conventionally, the TEP problem has been solved by deterministic approaches
(e.g., linear programming [4]). However, it may not be appropriate to perform
TEP only based on one operating profile, especially in the context of substantial
power flow fluctuations introduced by the stochastic variables beyond the oper-
ator’s control. To this end, probabilistic TEP models (e.g. two-point estimation
method [5] and Monte Carlo simulation [6]) have been proposed to consider the
uncertainties stemming from various sources. In [7], a novel method based on a
combination of robust and stochastic optimization strategies has been proposed
to solve the bundled generation and transmission planning problem. Contrasted
with stochastic programming methods, dynamic robust optimization approach
has been implemented in [8] to address the challenges of the resolution of the
dynamic TEP problem when considering the year-by- year representation of
uncertainties and investment decisions in an integrated manner. In [9], a novel
TEP model considering the consumption-based carbon emission accounting is
proposed. In addition, robust optimization based on reformulation (i.e., lin-
ear decision rules) and decomposition (i.e., column-and-constraints generation
method) has been introduced in [10] as an efficient technique in developing
models considering flexibility and resiliency of power systems. Note that the
focus of this paper is not investigation of alternative advanced TEP models but
on a novel scenario generation framework that can provide sufficient and effec-
tive input data for solving a Monte Carlo approximation of the stochastic TEP
problem.

Recently, the uncertainties in both demand and wind have been simultane-
ously investigated in the literature. In general, three types of assumptions are
considered: (i) no correlation (i.e. uncorrelated demand and total wind gen-
eration [11]); (ii) bivariate correlation (i.e. correlated between total load and

3



total wind [12], [13]); (iii) multivariate correlation (i.e. inter-spatial correlated
between demand and wind generation at various locations [14]). As illustrated
in [12], load and wind power generation may not have statistically independent
magnitudes (e.g., relatively high wind generation outputs may correspond to
low values of load during the night). Neglecting correlation between load and
wind-generation may result in suboptimal and inefficient investment decisions.
Nevertheless, it is inappropriate to assume that the individual variables (i.e.
electricity consumption at each node and power output of each wind farm) are
perfectly correlated. This substantial simplification is due to high computa-
tional burden related to modeling of the stochastic variables at the individual
level. However, in the context of high penetration of renewable generation, it
is crucial to capture the inter-spatial correlations of load and wind output at
various locations. As stated in [15], a stochastic program with the real opti-
mal solution can be approximately solved by sampling a certain number of the
program’s stochastic parameters. With the increasing number of samples, the
solution of the approximated problem will be improved and converged to the
real optimal solution if distributions of the stochastic variables are available
and a sufficient number of samples can be generated. To this end, carrying out
Monte Carlo simulation-based TEP entirely depending on the limited number
of real historical observations [6] is insufficient in the high RES penetration case
because not all potential future scenarios can be derived from historical obser-
vations. Therefore, it becomes crucial to identify the underlying distribution
of the existing data and generate as many samples as required to enhance the
investment decisions for TEP. In the literature, a series of wind power scenario
generation approaches have been proposed such as [16], [17]. Note that some
of the proposed scenario generation approaches (e.g., [12], [18]) are actually
scenario reduction methods, which aim to reduce the computational time for
solving the TEP problem by selecting representative scenarios from historical
data that can describe the uncertainty of and the correlation between load and
wind-power production with corresponding probabilities, which is not the objec-
tive of this paper. In this paper, we propose a framework for generating unseen
but important scenarios (e.g., high demand and low wind-power production)
that may drive transmission investment for future electricity systems.

To obtain an accurate representative distribution, multivariate statistical
models have been broadly implemented to interpolate and extrapolate histori-
cal observations. The constructed model can generate samples that are similar
but not identical to what has already been encountered [19]. For example, Gaus-
sian Mixture Model (GMM) has been employed in [20] to represent distribution
system loads. Recently, the authors in [21] have proposed the generalized dy-
namic factor model (GDFM) to represent the load and wind generation as the
sum of a periodic component, common component, as well as idiosyncratic noise
component, with the capability of retaining the correlation structure between
load and wind. Beyond the correlation structure, another challenging task of a
multivariate statistical framework is in its ability to model large-scale measure-
ment data by accurately capturing the nonlinear dependence structure of data
and the non-Gaussian marginal distributions. Given this point, copulas have
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been demonstrated as a powerful tool to accomplish this task. For example,
in [22], multivariate Gaussian copula is used to model historical measurement
and to generate synthetic wind power output from 15 sites in the Netherlands.
Authors in [23] employ the high-dimensional copula theory and discrete con-
volution method to conduct a high-dimensional dependent discrete convolution
calculation for analyzing power system uncertainty. Also, a stochastic TEP
model has been proposed in [14] considering multivariate dependent load and
wind generation modeling based on a multivariate Gaussian copula. The gradual
improvement, from independent to bivariate and multivariate and from aggre-
gated to disaggregated variables that are related to specific network locations,
highlights the importance of capturing stochastic dependences at the level of
individual variables when performing TEP. The amount of operational variabil-
ity and importance of capturing spatial correlation is likely to increase in the
future because of the higher penetration of renewables and the looming electri-
fication of transport and heating sectors. However, a single multivariate copula
has limited flexibility and parameter restrictions for accurate dependence struc-
ture modeling when moving to a high-dimensional framework. On the other
hand, more advanced tools based on vine copulas have been recently investi-
gated in the context of this problem. For example, in [24], vine copulas have
been used to generate time-coupled wind power infeed scenarios for an aggrega-
tion of wind farms. In [25], vine copulas have been implemented to capture the
spatiotemporal interdependencies of wind power and to determine energy stor-
age requirements. Nevertheless, the significant computational burden of pair-
copula construction can make the computation intractable even for a moderate
number of dimensions.

In this work, we propose a novel data-driven scenario generation framework
based on D-vine copulas. Real load and wind generation measurements from
French electricity system are mapped to the IEEE 118-bus test system and then
modeled via different tested methods. Afterwards, an appropriate transmission
expansion plan could be obtained by carrying out a Monte Carlo simulation
using the samples generated from the constructed models. To evaluate the so-
lution quality and compare conventional methods, the expected value problem
solution (EEV) and net benefits of transmission expansion (NBTE) are em-
ployed as the assessment metrics. Note that although a large amount of load
and wind generation data can be obtained from historical data, more extreme
scenarios that have not been encountered in historical observations should be
generated and considered for future transmission planning, which is one of the
key contributions of this paper. As stated above, the key contributions can be
summarized as follows:

1) A novel data-driven scenario generation approach is proposed for Monte-
Carlo simulation-based transmission expansion planning. Concretely, compar-
ing with our previous work (i.e., [14]), which employed a single multivariate
Gaussian copula to approximately describe high-dimensional non-linear depen-
dency structure, a novel composite D-vine copulas-based approach is proposed
in this paper to construct a detailed underlying statistical model and then gener-
ate sufficient number of samples with unobserved but important scenarios while
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accurately capturing the complex inter-spatial dependencies between loads and
wind generation units’ output across various locations. It is important to high-
light that the integrated clustering stage and feature extraction stage can make
the pair-copula construction procedure perform in a more effective space with
a significant speed-up.

2) For TEP, the importance of accurately capturing stochastic dependences
at the level of individual variables is demonstrated in this paper. The gradual
improvements, from independent to bivariate to multivariate, from aggregated
to disaggregated variables that pertain to specific network locations, and from
simple to accurate models are indicated by increasing NBTE and decreasing
total cost gap between the tested methods and benchmark. The proposed D-vine
copulas-based approach is demonstrated to identify near-optimal investment
decisions that result in the largest net benefits.

2. Main Challenges

As illustrated in [26], the large-scale integration of RES and the introduction
of flexible load elements result in a tremendous increase of uncertainty in trans-
mission operation and planning. In particular, the stochastic variables beyond
the TSO’s control include: 1) active and reactive load; 2) uncontrollable renew-
able energy generation injections; and 3) external injections and withdrawals.
In this paper, the multivariate stochastic variables of loads and wind generation
outputs are considered as the sources of stochasticity.

Figure 1: Histograms of marginals distributions and bivariate scatter plots of active loads
(MW) and wind power output (MW) for randomly selected buses in France, measured between
Jan 2012 and Feb 2012.

Dependence modeling of stochastic variables in power systems faces two
important challenges: capturing non-Gaussian marginal distributions and com-
plex nonlinear dependence structures. For example, in Fig. 1, we show his-
tograms and bivariate scatter plots of five stochastic variables taken from the
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French transmission system; variables L1 and L2 are loads at different locations
whereas W1 and W2 are wind injections from two wind farms. Highly non-
normal marginal distributions and nonlinear dependencies of stochastic vari-
ables can be observed from the diagonal histograms and the scatter diagrams,
respectively, which indicate that the dependencies among the outputs of the
wind farms, among the different loads, and among individual loads and wind
power injections are highly complex and non-standard. As such, it is of great
potential benefit to moving beyond the assumption of the perfect correlation
between loads/wind power injections at different locations and investigating the
dependence structure at the level of disaggregated variables in more detail. The
first step towards this direction is being able to fit a model that can accurately
capture all these characteristics, which can be subsequently used as an engine
for the generation of a large number of stochastic scenarios.

3. Proposed Data-Driven Scenario Generation Framework Using Vine
Copulas

3.1. Proposed Scenarios Generation Framework

Figure 2: The workflow of the proposed scenario generation framework.

Given the limited number of high-dimensional historical scenarios (i.e., demand-
wind dataset) S̃ = [s̃1, ..., s̃N ]T ∈ RN×d that consist of N observations of d
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interdependent load and wind injections, the proposed framework is first used
to identify a parametric statistical model P̂ = {Pθ : θ ∈ Θ}, where the set Θ
denotes the estimated parameters based on S̃, which can accurately represent
the underlying distribution P . Let C∗(S̃, P ) denote optimal system cost (i.e.,
operation cost and investment cost), our target is to generate sufficient number

of sampled scenarios Ŝ ∈ RNs×d (Ns � N) from the estimated model P̂ so that

C∗(Ŝ, P̂ ) ' C∗(P ). To achieve this, we propose a high-dimensional scenario
generation framework for Monte-Carlo simulation-based TEP that include the
five main stages illustrated in Fig. 2: 1) Clustering stage; 2) Feature extraction
stage; 3) Vine copulas modeling stage; 4) vine copulas sampling stage; and 5)
Backprojection stage. In particular, the proposed multi-stage framework can be
summarized in the following steps:

Stage I: The Clustering Stage aims to decompose the complex depen-
dence structure by grouping the total number d of inter-dependent loads and
wind power injections into K clusters, where S̃K ⊆ S̃, for k = 1, ...,K. The
proportion of observations classified in cluster k determines the weight of S̃K .

Stage II: The Feature Extraction Stage is proposed to extract important
features and reduces the dimensionality of each S̃K . It can be considered as
a pre-processing procedure for Vine Copulas Modeling Stage . In the first
step, S̃K is transformed from the original domain to the rank-uniform domain
[0, 1]d via the empirical cumulative distribution functions (ECDF) and the re-
sults for each k in the transformed data Yk. This step is necessary to reduce
the sensitivity of the dimension reduction caused by data skewness and ensure
the accurate reconstructed marginal distributions of the final sampled scenar-
ios. Afterwards, for each cluster k, the dimension of Yk is reduced from d to qk

where qk ≤ d, resulting in the low-dimensional data set X k ∈ RNk×qk , where
Nk represent the number of observations in cluster k. Moreover, eigenvectors
of the respective cluster k are obtained and stored for reconstruction purpose
at the Backprojection Stage .

Stage III: At the Vine Copulas Modeling Stage , the vine copulas-based
parametric model P̂ k is fitted to Uk in the uniform domain. Note that Uk is
obtained by carrying out the uniform transformation through the ECDFs of
X k.

Stage IV: Determine the target number of samples Ns as the input of the
Vine Copulas Sampling Stage , each parametric model p̂k generates samples
Ûk of size Nk

S × qk where Nk
S = NS ×W k and W k denotes the weight of cluster

k. Note that the detailed procedure of D-vine modeling and sampling will be
introduced in Section 3.

Stage V: The Backprojection Stage aims to transform the generated
samples Ûk from the uniform domain back to the domain of X k, thus obtain-

ing X̂ k ∈ RNk
S×q

k

via the inverse empirical distribution functions (ECDF−1).

Subsequently, X̂ k is backprojected to the original dimensional space RNk
S×d,

denoted by the data set Ŷk. Finally, each Ŷk is clipped to the [0, 1]d domain
and transformed via the ECDF−1 of the original data set S̃k. Let Ŝk represent
the sampled data for the cluster k; the final high-dimensional sampled load and

8



wind power scenarios set is Ŝ = Ŝ1 ∪ ... ∪ ŜK ∈ RNS×d.
By solving the stochastic TEP problem with the generated scenarios set Ŝ,

we can obtain the near optimal investment decisions if the constructed statisti-
cal model is accurate and the number of samples is sufficient. As demonstrated
in [19], the combination of D-vines, hierarchical clustering and Locality Preserv-
ing Projection (LPP) has potential synergies with considerable performance in
terms of modeling the dependence of high-dimensional stochastic variables in
power systems. Consequently, in this work we employ hierarchical clustering
with complete linkage and LPP in the Clustering Stage and the Feature
Extraction Stage , respectively. D-vine copulas method is considered as the
key technique that used in the Vine Copulas Modeling Stage and the Vine
Copulas Sampling Stage to generate effective scenarios for TEP while cap-
turing the complex dependence among loads and wind generation outputs. To
summarize, the proposed algorithm is outlined in Algorithm 1. Note that de-
tailed explanation of each function will be illustrated in the following subsec-
tions.

Algorithm 1 The Proposed Data-Driven Scenario Generation Method

Input: Historical high-dimensional scenarios: S̃ ∈ RN×d, Number of clusters:
K, Information retainment threshold: IR, Number of samples: Ns.

Output: Sampled scenarios: Ŝ ∈ RNs×d.
1: [S̃1...S̃K ; W̃ 1...W̃K ] = HierarchicalCluster(S̃,K).
2: for i = 1:mg do

3: Yk = ECDF (S̃k)
4: [X k, Eigenvectorsk] = LPP (Yk, IR)
5: Uk = ECDF (X̃k)
6: P̂ k(Θk) = DV ineCopulasModeling(Uk)
7: Ûk = DV ineCopulasSampling(P̂ k(Θk), Ns ×W k)

8: X̂ k = ECDF−1( ˆ̃Uk)

9: Ŷk = BackProject( ˆ̃Xk, Eigenvectorsk)

10: Ŝk = ECDF−1( ˆ̃Y k)
11: Ŝ = Ŝ ∪ Ŝk
12: end for

3.2. Hierarchical clustering

The challenges attributed to the vast number of historical observations and
to the complexity of dependencies require the use of clustering techniques to
partition the measurements into groups of similar statistical attributes. As the
connectivity-based clustering method, hierarchical clustering constructs a hier-
archy of clusters using a measure of similarity between groups of data points.
In general, there are two approaches to perform hierarchical clustering; ag-
glomerative clustering (bottom-up approach) and divisive clustering (top-down
approach). In terms of the intergroup similarity, different linkage criterions (e.g.
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average linkage, single linkage, complete linkage, ward linkage, etc.) have been
proposed with a variety of properties that have been concretely investigated and
compared in [27]. In this paper, we use agglomerative clustering with the com-
plete linkage, which is also known as farthest neighbor clustering, because of the
following reasons: 1) hierarchical clustering method can handle non-spherical
data, which is the case of real load-wind scenarios as shown in Fig 1; 2) no
prior knowledge of K (i.e, number of clusters) is required to perform hierarchi-
cal clustering and we can terminate the agglomeration process at any K as we
required; and 3) in terms of the repeatability, the constructed hierarchical clus-
ters have the deterministic nature because they are independent to their initial
points. Note that detailed mathematical explanations are not introduced here.
More explanations can be found in the literature such as [28]. In Algorithm 1,
we use function HierarchicalCluster(·) to represent the hierarchical clustering
procedure that performed in the Clustering Stage of the proposed framework.

3.3. Locality Preserving Projections (LPP)

When performing modeling and sampling based on vine copulas, efficient
feature extraction and high-dimensionality are two major challenges that need
to be handled in the proposed framework. In general, feature selection and
feature extraction are two main approaches to solve the high-dimensionality
problem. In the proposed framework, we need to sample all the stochastic vari-
ables and therefore feature extraction is more appropriate in this case that can
be employed to extract informative features. Among various linear (e.g., PCA
and LDA) and non-linear dimensionality reduction techniques (e.g., kernel PCA,
Laplacian Eigenmaps, and Kohonen self-organizing maps), linear dimensionality
reduction (DR) method is selected to render the domain back-projection from
low-dimensional space to the original dimensional space. As one of the widely
used linear DR approaches, Locality Preserving Projections (LPP) is a sparse-
spectral linear dimensionality reduction (feature extraction) technique that is
designed to identify a low-dimensional data set that preserves the local neigh-
borhood structure of the original data manifold [29]. Note that a manifold is
defined as a topological space that locally resembles Euclidean space near each
data point [30].

The first step to performing LPP is to construct an adjacency graph by using
the k nearest neighbors (KNN) method. Each edge of this graph is weighted
and a weights matrix Wij ∈ Rm×m is constructed. Subsequently, a gener-
alized eigenanalysis is performed. The resulting eigenvectors (i.e., defined as
Eigenvectorsk in Algorithm 1 for the cluster k) can be used to map the original
data set to a lower-dimensional space with more effective features. Note that
the new number of dimensions is defined based on an information retainment
threshold.

Consequently, the feature space and length are varying over different clus-
ters. Compared with the strategy that first perform feature extraction and then
clustering, which makes each cluster have the same number of features, the pro-
posed approach has the benefits of retaining key information for each cluster and
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therefore improving the effectiveness of the vine copulas modeling stage with a
given information retainment threshold (e.g., 97.5%). As shown in Algorithm
1, we need to run the function LPP (·) for each cluster S̃k with a user-defined
parameter Information retainment threshold IR in [0, 1], which indicates the
proportion of variances that required to be retained in the reduced space. Note
that instead of performing LPP in the domain of S̃, extracting important fea-
tures in the domain of Y, which is obtained through the ECDF transformation
of S̃, can ensure the accuracy of the reconstructed marginal distributions.

3.4. D-Vine Copulas

For the TEP problem, stochastic parameters may be most accurately de-
scribed as continuous random variables, which is a very difficult task for high-
dimensional random variables with complex dependence structure and therefore,
they are generally approximated by discrete distributions with a finite number
of scenarios for the random variables. To this end, historical data can be re-
garded as measured samples from the ‘real’ underlying statistical model and
thus there are unseen scenarios that have not be observed but could poten-
tially drive investments in the future such as the scenario of high load and low
wind. Traditional statistical models such as multivariate Gaussian distribution
usually focus on capturing lower-order statistics such as the first and the sec-
ond moments (i.e., mean and variance). However, to accurately represent the
underlying model, higher-order statistics must be captured. For instance, tail
dependence, defined to measure the comovements of a pair of random variables
in the tails of the distributions [31], is directly related to the unseen but impor-
tant scenarios such as the extreme scenario of high load and low wind. When
building the statistical model, accurately capturing tail dependence between
stochastic variables renders it possible to generate such extreme scenarios.

As one of the key contributions, the proposed framework is designed to be
capable of capturing such extremely complex multivariate dependence structure
by using a powerful tool, copulas. The principles behind copulas can be demon-
strated using the introduction of Sklar’s theorem [32]. Let the copula version of
the probability density function f and of the cumulative distribution function F
be c and C, respectively. Consider d random variables S̃ = (S̃1, ..., S̃d) ∈ Rd with
marginal density functions fi(s̃i) and distribution functions Fi(s̃i) for i = 1, ..., d,
the joint probability density function can be expressed as follows:

f(s̃1, ..., s̃d) =

(
d∏
i=1

fi(s̃i)

)
× c1...d (F1(s̃1), ..., Fd(s̃d)) (1)

where the copula density c1...d : [0, 1]d → R describes the dependency between
uniform random variables {Y1, ...,Yd} = {F1(S̃1), ..., Fd(S̃d)}. Although both
information on the individual marginal distributions and the correlation among
stochastic variables are contained in a joint density function, a wide range of
parametric copula families causes the isolation of the dependency structure. In
general most of the copula families are limited to the bivariate case that results
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in multiple limitations when handling high-dimensional data. In particular, it is
inaccurate to model complex inter-dependencies based on a single multivariate
distribution (e.g., multivariate Gaussian (employed in our previous work [14]),
multivariate Archimedean copulas, etc.) because of their insufficient flexibil-
ity and parameter restrictions. Thus highlighting the imperative of proposing
an effective approach to construct a more detailed underlying statistical model
for the high-dimensional stochastic variables of loads and wind power outputs.
In [33], vines, which are graphical models, have been introduced to decom-
pose a high-dimensional copula density as a product over bivariate copulas and
marginal density functions. In the literature, two types of vines have been
broadly used in many research areas to model high-dimensional dependence of
data: the canonical (C-) vines and D-vines. As stated in [34], the relationships
between variables should be specified in advance to determine the root node
for C-vines, however, it is free to select which pairs of variables for D-vines
structure. In other words, D-vines represent a sequential structure with the
advantages of flexibility and interpretability [35] and therefore we consider the
D-vine in this paper. Mathematically, D-vine representation for the density
function f(s̃1, ..., s̃d) can be expressed as:(

d∏
i=1

fi(s̃i)

)
×
d−1∏
j=1

d−j∏
i=1

ci,i+j|vi,j
(
Fi|vi,j , Fi+j|vi,j

)
(2)

where vi,j = (i+ 1) : (i+ j − 1), j indicates the trees Tj |d−1
j=1 and i run over the

edges. Note that each node in any tree is connected to at most two edges in a
D-vine. Graphically, D-vine constructions can be represented as a sequence of
dependency trees T1, ..., Td−1. For instance, D-vine for d = 4 is presented in Fig.
3 including three trees, six edges and 9 nodes. It can be seen that each edge cor-
responds to a pair-copula density function that is fitted to the connected nodes.
Vine copulas are graphical models that allow us to represent a d-dimensional
multivariate density using d(d − 1)/2 bivariate copula densities (pair-copulas)
in a hierarchical manner: the first d− 1 have dependence structures of uncondi-
tional bivariate distributions, and the remaining have dependence structures of
conditional bivariate distributions. For each pair-copula, an appropriate copula
family should be selected with corresponding estimated parameters. Note that
all pair-copulas are estimated as parametric bivariate copulas and the best-
fitting parameters for each family must have already been estimated via the
Maximum Likelihood Estimation (MLE) method. In terms of the criteria used
to select the best-fitting pair copula, the Akaike information criterion (AIC) is
shown to be a reliable metric in [36]. More detailed description can be found in
[37],[38],[39].

Given that the number of tested pair-copula families is Nf , the number of
distinct D-vines on d nodes (i.e., d!/2) and the total number of estimated pair
copulas (i.e., Nf × d(d− 1)/2) significantly increase with the dimension of data
d during the D-vine model construction procedure including D-vine structure
selection, pair-copula family selection and parameter estimation, thus result-
ing in the issue of computational intractability for high-dimensional data (e.g.,
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Figure 3: Example of D-vine structure for d = 4.

hundreds or thousands of variables). Also, such flexibility of the D-vine model
may potentially suffer from the overfitting problem if we perform the model
construction procedure directly on the original data. To this end, as one of our
key contributions, the Clustering Stage and the Feature Extraction Stage
introduced in Section 3. B and .C can successfully address the issues of high-
dimensionality and overfitting, therefore rendering it applicable to model very
high-dimensional scenarios for the TEP problem. In Algorithm 1, the function
DV ineCopulasModeling(·) is used to construct the optimal D-vine model for
each cluster k based on the input data Uk and the output of this function is
the model P̂ k(Θk) where Θk is the set of estimated pair-copula parameters.
Subsequently, given the constructed model P̂ k(Θk) and the number of samples
Ns×W k, the function DV ineCopulasSampling(·) is simulated to generate nu-
merous sampled scenarios in the domain of Uk. The output of this function
is Ûk. For the cluster k, the detailed scenario generation procedure for D-vine
is outlined in Algorithm 2. Note that after generating Ûk, the final samples
in original domain (e.g., MW) Ŝ could be obtained through a series of do-
main transformation in the Backprojection Stage . Additionally, the function
h(a, b, θ) = F (a|b) = ∂Ca,b(a, b, θ)/∂b in Algorithm 2 is the h-function, which
represent conditional distribution function for uniform distributed variables a
and b.

4. Simulation Study and Results Analysis

4.1. Test System and Data Set

In this study, the TEP problem is modeled and solved based on a modified
version of the IEEE 118-bus system, adding ten wind farms of size 100 MW,
and 10 candidate transmission lines with capacity 1000 MW, which are deter-
mined by choosing the the most highly-utilized ones. The original library of
the considered real database was provided by RTE, the French Transmission
System Operator (TSO), consisting of 14,251 measurements at 5-minute inter-
vals in 2012, and spans over 7,000 load buses and 200 wind plants [19]. In this
work, the historical load and wind injection measurements are mapped onto
the test system, constructing a 128-dimensional dataset including 118 demand
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Algorithm 2 DV ineCopulasSampling(P̂ k(Θk), Nk
S)

Input: Constructed D-vine model: P̂ k(Θk), Number of samples:
Nk

S = Ns ×W k.

Output: Samples: Ûk = [ûk
1, ..., û

k
qk ] ∈ RNk

S×qk

.

1: for t = 1 : Nk
S do

2: Generate a random vector ~w = {ŵ1, ..., ŵqk} ∈ [0, 1]q
k

3: ûk1 = z1,1 = ŵ1

4: ûk2 = z2,1 = h−1(ŵ2, z1,1,Θ1,1)
5: z2,2 = h(z1,1, z2,1,Θ1,1)
6: for i = 3 : qk do
7: zi,1 = ŵi
8: for j = i− 1, i− 2,..., 2 do
9: zi,1 = h−1(zi,1, zi−1,1,Θ1,i−1)

10: end for
11: if i == qk then
12: Stop
13: end if
14: zi,2 = h(zi−1,1, zi,1,Θ1,i−1)
15: zi,3 = h(zi,1, zi−1,1,Θ1,i−1)
16: if i > 3 then
17: for j = 2:i− 2 do
18: zi,2j = h(zi−1,2j−2, zi,2j−1,Θj,i−j)
19: zi,2j+1 = h(zi,2j−1, zi−1,2j−2,Θj,i−j)
20: end for
21: end if
22: zi,2i−2 = h(zi−1,2i−4, zi,2i−3,Θi−1,1)
23: end for
24: Ûk = Ûk ∪ {ûk1 ...ûkqk}
25: end for
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buses and 10 wind generators, from the original library via scaling them by the
ratio between the maximum coincident peak demand of the original data and
the sum of active power demand across all buses defined in the system. Conse-
quently, the complex dependence structure between the stochastic variables can
be sustained.

To evaluate the performance of the proposed method, we employ the two-
stage TEP model described in [14], whose objective is to identify the optimal
transmission expansion decisions that minimize the total costs, which consist of
investment and operational costs. More specifically, the TEP model accounts
in the first stage for expansion decisions of the transmission lines, represented
as binary variables, and in the second stage for the uncertain operating cost.
In addition, the model includes the power balances constraint, maximum ca-
pacity limits constraints, load curtailment constraint, thermal capacity limit
constraints, and DC power flow constraints. The parameters are established
as follows; the annualized investment cost for one candidate transmission line
is Cij = $5, 000, 000/year; the value of lost load Υ = $4, 000/MWh; penalty
cost on curtailed wind generation Ξ = $100/MWh; duration of each scenario
τ = 8, 760h; and M = 10, 000, 000MW. In terms of the pair-copula functions,
we consider Gaussian, Student-t, Gumbel, Frank, and Clayton, as well as their
rotated versions in this work in order to well-capture the complex dependence
structure of stochastic variables.

4.2. Visual Comparison

To illustrate the importance of inter-spatial nonlinear correlations among
stochastic variables for TEP, we generate the load and wind power scenario
samples by the following methods for comparison; i) consider the total load and
total wind power as two independent variables (BiInd); ii) consider the total
load and total wind power as two dependent variables and model them via a
bivariate Gaussian copula (BiGc); iii) consider the individual load and wind
power as multivariate dependent variables and model them via a multivariate
Gaussian copula (MGC) [14]; and iv) consider the individual load and wind
power as multivariate dependent variables and model them via the proposed
D-vine copulas based scenario generation approach (DVine). Note that individ-
ual load and wind at different locations are assumed to be perfectly correlated,
respectively, in methods i) and ii). In other words, static sharing factors be-
tween each bus/wind farm are used for the first two methods. An example of
the scatter plot of a single load variable and a single wind infeed variable is
given in Fig. 4 to illustrate the dependency structures of the historical oper-
ating points (N = 1, 4251) and the sampled points (Ns = 40, 000) generated
by the tested methods. As shown in Fig. 4 (a), the point-cloud of historical
measurements consist of numerous clusters with complex nonlinear dependence
structures, indicating the challenges of building an accurate model for this type
of data. In Fig.4 (b) and Fig. 4 (c), the generated samples are shown to be
almost zero or linear correlations, respectively, and they cover huge spaces of
virtually impossible points because of the static sharing factors. For this prob-
lem, the dependence structure reconstructed by using MGC method, as shown
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in Fig. (d), is shown to be able to briefly describe the historical data points,
but still with some ‘over-covered’ spaces. In Fig. 4(e), DVine exhibits better
performance than the other tested methods, in terms of the separated groups of
data points and their well reconstructed nonlinear correlations. Overall, it can
be demonstrated that the disaggregated correlations between load/wind can be
successfully and accurately captured when using the DVine approach.

Figure 4: An example of bivariate scatter plot of historical scenarios(a), scatter plots of
scenarios generated via BiInd(b), BiGc(c), MGC(d), and DVine(e).

4.3. Solution Quality Evaluation

To demonstrate the superiority of the proposed scenarios generation frame-
work, the expected result of using the expected value problem solution (EEV ),
defined in [40], is used to measure the performance of the investment decisions ŷ
obtained via different tested methods, by calculating the corresponding optimal
operation cost of the second-stage problem. Mathematically, let S = [D,Pmax

W ]
denote the full operating points, given ŷ, EEV for TEP is defined as follows:

EEV (ŷ) =

N∑
n=1

τpnΞ(yij ,D
t,P t

W

max
) (3)

Note that we consider the value of EEV (ŷ∗) as the benchmark optimal result
with perfect information about the distributions of the stochastic variables,
where ŷ∗ is the optimal investment decisions of the proposed TEP problem
solved with all historical operating points. In addition, the evaluation procedure
of the tested methods can be summarized in the following steps:

Step 1. Let the original historical operating points S of size 14, 251 ×
128 denote the case with complete and accurate information. Solve the TEP
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problem based on S and obtain the optimal benchmark solution with the optimal
investment decisions ŷ∗ and the minimum total cost C∗(S) =

∑
i,j∈Λnew

Iij ŷ
∗
ij+

EEV (ŷ∗).
Step 2. Construct the training data set Strain that consists of Ntrain =

1, 000 samples randomly picked from S. Note that Strain is considered as the
partly known information of the stochastic variables in the proposed TEP model.
Solve the TEP problem using Strain and obtain the investment decisions ŷtrain
for comparison with the tested methods;

Step 3. Build the statistical model P̂method based on Strain via each of the
tested methods. Then generate Nsamples = 4, 000 samples Ŝmethod for TEP to
obtain the corresponding investment decisions ŷmethod;

Step 4. Given ŷtrain and ŷmethod, calculate EEV (ŷtrain) and EEV (ŷmethod)
for the training data set Strain and the sampling set Smethod generated via each
tested method, respectively. Then, calculate the corresponding total cost using
the equation: C∗(Ŝ) =

∑
i,j∈Λnew

Iij ŷij + EEV (ŷ);
Step 5. For each method, calculate the gap between the benchmark optimal

total cost and the approximate optimal total cost, denoted by ε = C∗(Ŝ) −
C∗(S). Note that a lower ω̄ value indicates a better performance of the candidate
method.

Additionally, the net benefits of transmission expansion (NBTE) is employed
as an alternative metric to quantify the actual benefit because of the invested
transmission lines. Let EEV (y0) denote the operation cost without transmission
investment (i.e. where y0

ij) based on the full operating points. Then, given the
investment decisions ŷ NBTE can be calculated by using the equation:

NBTE(ŷ) = EEV (y0)− EEV (ŷ)−
∑

i,j∈Λnew

Iij ŷij . (4)

To evaluate the performance of the tested methods, first, the benchmark
result C∗(S) of the perfect information case in Step 1 and NBTE(ŷ∗) is given
in Table I, where ŷ∗ = [1, 1, 0, 0, 0, 1, 0, 0, 0, 1]. Note that the operational cost
without investments is EEV (y0) = 1964.96 million/year. Then we set the

Table 1: TEP Solution Benchmark with All Scenarios ($ million/year)

Investment
Cost

Operational
Cost

Total Cost Net Benefits

s 20 1505.13 1525.13 439.83

Table 2: Computation Times for Different Methods (4,000 Samples for Each Method)

BiInd BiGC MGC DVine
CPU Times (s) 2.43 3.72 5.51 267.15

number of replications Nr = 10 for the processes from Step 2 to Step 5. Note
that the modeling methods (i.e. BiInd, BiGc, MGC, and DVine) and the TEP
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optimization problem were implemented in MATLAB 2016b and FICO Xpress,
respectively, and run on an Intel Xeon E5-2690 PC with eight cores. For compar-
ison, the time consumption of these four methods for generating 4,000 samples
are given in Table 2. Note that, for DVine method, the number of clusters was
set to 3, as determined by various clustering validity indicators, and a 97.5% in-
formation retainment threshold was employed. The copula families considered
in this work include Clayton, Frank, Gaussian, Gumbel, Student-t as well as
their 90◦, 180◦ and 270◦ rotated versions. D-Vine model parameterization and
sampling were performed in parallel for each cluster. It is important to high-
light that comparing with the case of IR = 100%, which takes approximately
4301.21s to fit the full D-Vine model with 128 variables, the proposed approach
significantly reduce the computational time to 267.15s, which has an about 94%
improvement. Table III shows the expected investment cost, operational cost,
and gap ε of the training data set as well as all the tested methods.

First, in the investment stage, it can be found that the proposed DVine
method presents the lowest expected investment cost (i.e. $ 22 million/year),
which is also the closest cost to the benchmark value (i.e. $ 20 million/year),
whereas the other tested methods have higher expected values. Nevertheless, our
main target of TEP is to minimize the total cost C∗(Ŝ), which is the sum of the
investment cost

∑
i,j∈Λnew

Iij ŷij and EEV (ŷ) based on the obtained investment
decisions ŷ. To this end, the benefit of generating more samples (i.e. Nsamples =
4, 000) instead of using the limited number of historical operating points (i.e.
Ntrain = 1, 000) can be demonstrated by the result that all the tested methods
have lower expected total costs C̄∗(Ŝ) and higher net benefits NBTE(ŷ) than
the training data. Furthermore, DVine exhibits superior performance indicated
by the lowest expected total cost, the minimum expected gap value, and the
highest net benefits. Specifically, compared with the training case, about 20%
and 99% improvements can be observed in terms of the expected total cost and
the gap value, respectively, when using the proposed DVine framework to model
the multivariate dependence structure of load and wind.

Table 3: Solution Quality Evaluation ($ million/year)

Expected
Investment

Cost

Expected
Total
Cost

Expected
Gap
ε̄

Expected
Net

Benefits
Train 23 1908.54 383.37 56.42
BiInd 25 1836.63 311.46 128.33
BiGC 31 1558.58 33.41 406.38
MGC 28 1541.12 15.99 423.84
DVine 22 1528.92 3.79 436.04

Regarding the actual benefits because of the estimated investments deci-
sions, the importance of accurate modeling and sampling can be indicated by
the increasing net benefits from 56 $million/year to 423.84 $million/year. It is
clear that the reductions in operation cost are not significant for Train and Bi-
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Ind methods because of their non-optimal investment decisions, as indicated by
their lower net benefits 56.42 $million/year and 128.33 $million/year, respec-
tively. Take an example of ŷtrain = [1, 1, 1, 0, 0, 1, 0, 0, 0, 0], when comparing
with ŷ∗ = [1, 1, 0, 0, 0, 1, 0, 0, 0, 1], the inefficient reinforcement plan for line #3
significantly reduces the net benefits even though it has the same investment
cost to the benchmark. In contrast, DVine method is shown to be able to pro-
vide very optimal investment decisions (e.g. ŷDV ine = [1, 1, 1, 0, 0, 1, 0, 0, 0, 1])
that result in the largest net benefits, which is only about 2.80% lower than
that of the case with full information. This also indicates the importance of
building line #10 when making investment decisions in this case. Most impor-
tantly, a substantial improvement in the solution quality, as indicated by ε̄ is
obtained when using DVine compared with the quality obtained using the other
examined modeling approaches, which give rise to unrealistic scenarios and lead
to inefficient investment decisions. The gradual enhancement, from bivariate
independent (ε̄ = 311.46) to bivariate correlated (ε̄ = 33.41), from aggregated
(ε̄ = 33.41) to disaggregated variables that pertain to the specific network lo-
cations (ε̄ = 15.99), as well as from using a simple model (ε̄ = 15.99) to using
a complex model (ε̄ = 3.79) highlights the significance of accurately modeling
stochastic dependence at the level of individual variables for TEP.

Table 4: Solution Quality Evaluation (50% Wind Penetration) ($ million/year)

Expected
Investment

Cost

Expected
Gap
ε̄

Variation
σ(ε)

Expected
Net

Benefits
Train 19 312.20 171.56 56.14
BiInd 16 309.06 167.90 59.28
BiGc 36 17.75 9.82 350.58
MGC 27 13.00 5.76 355.34
DVine 20 2.92 2.97 365.42

Benchmark 10 - - 368.34

The amount of operational variability and the importance of capturing spa-
tial correlation are expected to increase in the future because of the higher pene-
tration of renewables and the looming electrification of the transport and heating
sectors [41]. To this end, the case of very high wind penetration (i.e. manually
increased from 7% to 50%) is performed to further demonstrate the importance
of capturing detailed multivariate dependence. Note that we also set Nr = 10,
Ntrain = 1, 000, and Nsamples = 4, 000. In the context of 50% wind penetration,
the benchmark total cost obtained in Step 1. is decreased to 1256.93 million
per year. In addition, the variation of ε̄ is quantified by calculating the stan-
dard deviation σ(ε) for each method. As shown in Table IV, the performance
order of the tested methods is highly consistent with the lower wind penetration
case. The increasing net benefits can be observed from bivariate independent
(NBTE = 59.28) to bivariate correlated (NBTE = 350.58), from aggregated
(NBTE = 350.58) to disaggregated (NBTE = 355.34), and from using a sim-
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ple model (NBTE = 355.34) to using a complex model (NBTE = 365.42). It
is imperative to highlight that DVine produces approximately 6.5 times more
net benefits than Train. In terms of the total cost, DVine method shows ap-
proximately 99.06% and 98.26% improvements in the expected gap between the
tested methods and benchmark and the variation of the gap, respectively.

5. Conclusions

This paper proposes a novel D-vine copulas-based scenario generation ap-
proach to accurately identify the underlying statistical model for limited his-
torical operating points and generate as many samples as required with more
important but unobserved load-wind generation scenarios for the TEP prob-
lem. In addition, BiInd, BiGc and MGC methods are examined for comparison.
First, based on the real load and wind generation measurements, a visual com-
parison between the historical and the sampled scenarios demonstrates that the
inter-spatial dependence structure can be adequately captured and accurately
re-constructed when employing the DVine method. Furthermore, to evaluate
the effectiveness of the generated scenarios, a two-stage stochastic TEP model
is tested in this study. The expected value of total cost and its gap to bench-
mark are used as the metrics, obtained by calculating the EEV for each method.
The results of the comparison suggest that the expected total cost of the TEP
problem is closer to the benchmark when using a larger number of samples gen-
erated via a more accurately constructed model (i.e., DVine), especially in the
context of very high wind penetration. Additionally, the NBTE is employed
to measure the actual benefit of the investment decisions obtained via different
tested methods. The results demonstrate that the proposed DVine method can
provide near optimal investment decisions that make about 6.5 times more net
benefits than using limited number of historical data in this case.

Further research can focus on proposing a more advanced stochastic variable
modeling approach for scenario generation to accommodate more complex de-
pendence structure. In addition, based on a larger-scale system, multistage and
multi-year TEP model with security constraints can be implemented for further
investigation. Beyond the spatial correlation between different variables, it is
also important to further develop the proposed model to consider the temporal
correlation.
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