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Estimating the demands placed by services on physical resources is an essential step for the
definition of performance models. For example, scalability analysis relies on these parameters to
predict queueing delays under increasing loads. In this paper, we investigate maximum likelihood
(ML) estimators for demands at load-independent and load-dependent resources in systems with
parallelism constraints. We define a likelihood function based on state measurements and derive
necessary conditions for its maximization. We then obtain novel estimators that accurately and
inexpensively obtain service demands using only aggregate state data. With our approach, and
also thanks to approximation methods for computing marginal and joint distributions for the
load-dependent case, confidence intervals can be rigorously derived, explicitly taking into account
both topology and concurrency levels of the services. Our estimators and their confidence intervals
are validated against simulations and real system measurements for two multi-tier applications,
showing high accuracy also in the presence of load-dependent resources.
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1 INTRODUCTION

Guaranteeing Quality-of-Service (QoS) is an important concern for cloud service providers
in order to meet customer expectations. Analytical models based on queueing theory can be
used for performance analysis, resource allocation, and performance prediction and therefore
can support engineers in coping with these challenges [23]. Closed queueing networks, in
particular, are often used for software systems [23] since real applications are layered and
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thus operate under pooling constraints that limit the maximum parallelism level at each layer
and the underpinning hardware resources. For instance, Layered Queueing Networks (LQN),
which describe the nested structure of softwares, are based on closed queueing networks
and have applications in a wide range of distributed computer systems [12]. Even though
solution methods for such models have been systematically investigated, the inference of their
parameters from real measurements is often difficult, but still essential to obtain accurate
performance predictions [37]. Among the required input parameters, the service demand,
i.e., the cumulative time a request seizes from a resource excluding contention overheads, is
particularly challenging to estimate. Since demands need to exclude contention overheads,
they can require fine-grained application profiling that typically introduces monitoring
overheads in the system. Statistical inference addresses this issue by determining demand
estimates from high-level measurements of throughputs, resource utilizations, queue-length
sizes, or request response times [6, 17, 21, 22, 27, 29, 43] .
Linear regression methods that use utilization and request throughputs have been tradi-

tionally used for this purpose, however these methods are known to suffer from a variety of
issues [17], such as multi-collinearity that leads to biased estimates [15]. Recently, the idea of
exploiting response time measurements has also been investigated [17, 29, 43]. Nonetheless,
collecting response times may pose unacceptably large overheads in production applications,
in particular if one needs to track multiple requests across tiers. Moreover, response-time
based estimation is sensitive to the scheduling policies used at the resources, thus requiring
policy-specific inference techniques [17].

In this paper, we instead investigate a state-based approach to obtain demand estimates.
We assume that the software service has a finite threading limit and runs on a set of parallel
or distributed resources. Stemming from this assumption, we abstract the application using
a closed queueing network model where we represent the state as the number of concurrently
executing jobs at each resource. Since state samples, i.e., measurements of the number
of executing requests at each resource, are relatively easy to collect in real systems, we
investigate the service demand estimation problem from state measurements. Differently from
other measures such as response times, in time-shared resources, such as CPUs, queue-length
samples are weakly sensitive to scheduling policies and to the moments of the service demand
higher than the mean, as a consequence of the insensitivity properties of the M/GI/1-PS
queue. Therefore, state based demand estimation appears more widely applicable than
response time based estimation.

In order to infer demands from state samples, we use the equilibrium distribution of product-
form closed queueing networks to formulate the estimation as a likelihood maximization
problem. We then develop analytical conditions required for likelihood maximization. Such
conditions indicate that only aggregate state data is required to obtain demands, either
mean queue-length samples or samples of marginal state probabilities, depending on the
resource type. Stemming from this result, we propose a tight closed-form approximation for
the maximum likelihood estimator. Moreover we derive efficient expressions for the Hessian
matrix of the likelihood function and use them to obtain the confidence intervals associated
to the estimated demands.
Although most existing demand estimation methods are limited to load-independent

models, i.e., models where the service demand remains constant irrespectively of the number
of requests running at a resource, our conditions to identify maximum likelihood estimators
readily extend to load-dependent models, where demands are functions of the queue-length
size. Real-world systems typically exhibit a load dependent behavior, often as a result of
job parallelism. Therefore the ability to estimate how a request demand varies with the
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load is essential for predicting performance of real applications. We illustrate efficiency and
accuracy of the proposed estimators using data from simulation and experiments on two
multi-tier applications, Apache OFBiz and JPetStore.

This paper generalizes our preliminary work in [41], adding in particular an approximate
method for computing marginal probabilities and second-order joint probabilities in load-
dependent closed queueing networks, derived from the Distribution Analysis by Chain (DAC)
algorithm [11], that improves the computational efficiency of load-dependent estimation,
often by orders of magnitude. We also extend the validation in [41] with a novel case study
on Apache OFBiz.

The rest of the paper is organized as follows. Section 2 reviews previous work on service
demand estimation. Section 3 gives technical background. A motivating example is given
in Section 4. Section 5 and 6 present the proposed demand estimation algorithms for load-
independent and load-dependent models, respectively. Validations and experimental case
studies are given in sections 7 and 8. A conclusion is given in Section 9.

2 RELATED WORK

Existing work on resource demand estimation often focuses on statistical inference from
CPU utilization, throughputs and response time measurements. In particular, methods for
regressing CPU utilization and throughput to obtain service demand have gained much
attention [27, 32, 33, 43]. Later [6] has proposed an approach for robust demand estimation,
based on a Least Trimmed Squares regression technique. However regression methods suffer
from known problems, such as multi-collinearity [15] that can lead to biased estimates. To
overcome this shortcoming, several algorithms have been proposed. Kalman filters [39, 42, 44]
have proven effective in parameter tracking and offer theoretical guarantees under certain
assumptions, but they do not typically achieve the lowest mean demand estimation errors
among existing estimation methods [37]. Other methods including clustering [8, 9], pattern
recognition [13, 16], independent component analysis [36] have also been used in multiclass
analysis of service demands. However, these methods require CPU utilization measurements
that are not always available at the granularity of each individual service class and that can
be difficult to measure accurately inside virtual machines. Moreover, several studies indicate
that utilization-based demand estimation can incur fairly large errors [17, 37]. Compared
to these algorithms, our proposed methods rely on queue-length samples, which can be
collected by monitoring the number of running worker threads in a system and the class of
the running requests.

Besides CPU utilization, response times have also been used for estimating service demands.
The work in [21] defines a quadratic programming using end-to-end response time and CPU
utilization together with request throughputs. The methods introduced in [17] and [34]
also employ response time values, but they only apply to FCFS servers. The works in
[2, 22] focus on estimating demands for some load-independent queueing models through
optimization programs that use response time data. Recent work [29] also proposes new
algorithms based on regression and maximum likelihood methods for response time data.
However, collecting response data may pose additional overhead to the system compared to
queue-length monitoring, since both arrivals and departures need to be continuously tracked
and response time based fitting algorithms are more sensitive to the scheduling policy.

State samples have also been exploited in previous work for demand estimation. The study
in [40] uses Gibbs sampling and Bayesian estimation methods to obtain service demands from
queue-length data. The proposed algorithm, called GQL, also allows for prior information
in the estimation. However, GQL is computationally expensive, with running times often
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exceeding tens of minutes or even hours on large models. This makes the technique difficult
to apply to online systems, besides being much slower than prior art methods. The authors
in [38] have developed an algorithm based on Bayesian inference, which has been shown to
be robust to missing data. A Ornstein-Uhlenbeck diffusion is used for demand estimation in
[34] also using queue-length samples. Compared to the present work, the methods in [38]
and [34] are limited to open models, while we here focus on closed models, which therefore
can take into account thread parallelism limits commonly in place in complex software.

As mentioned, our method offers confidence intervals on demand estimates. Such intervals
can be readily obtained in inference methods based on linear regression, which provide
confidence intervals under assumptions on the distribution of the residuals [27, 32, 33, 43].
However, since these estimators are applied to a single resource, they cannot take into
account the covariance between measurements arising due to the inter-dependencies between
resources, which are instead taken into account by our confidence intervals.
Recent work in [1] proposes a method that can estimate online demands in single-class

models using profiling of the cumulative CPU execution time. Compared to this work, our
technique applies also to multiclass systems. A method for obtaining confidence interval is
given in [20], however this is also limited to single-class models only and does not apply to
load-dependent networks. [14] propose a scalable approach to estimate resource demand
through linear programming, which can take into account workload mixes. This method
has not been yet generalized to load-dependent networks, which are instead addressed in
the present work. The work in [18] is to our knowledge the first attempt to estimate the
demand in a load-dependent queueing network, however it only applies to open systems
and requires a-priori knowledge of a parametric expression for the load-dependent function.
Instead, the estimation technique presented in this paper applies to closed models. Lastly,
[26] proposes a method to model service demands a s function of the workload by collecting
measurements with single user tests. However, this method is limited to CPUs and it is not
always possible to run single user tests in production systems.

3 REFERENCE MODEL

In this section we introduce the reference model used for estimation. A summary of the main
notation is given in Table 1. We consider distributed services composed by a network of
parallel or distributed resources, e.g., parallel cores, web servers. We assume that the system
may be modelled as a product-form closed queueing network [3]. These are closed networks
of −/GI/1-PS, −/M/1-FCFS, or −/GI/∞ (i.e., pure delay) stations, with multiple service
classes, probabilistic routing and a finite population of jobs for each class.
In performance engineering, the −/GI/1-PS queueing system is a common abstraction

of resources that operate under time-sharing scheduling, such as CPUs. A network of such
queues can be used either to model contention within each core of a single computer system,
in which case a −/GI/1-PS queue may represent a single core, or to describe distributed
systems, where instead each −/GI/1-PS queue represents a server. In the latter case, to
model that a single server features multiple cores, one may either approximately use a
load-independent model with a rate proportional to the number of cores in the server, or
model the queue service process as load-dependent, as we show in our case studies.
In real-world applications, either running on a single machine or adopting a distributed

architecture, it is common to implement admission control mechanisms to bound the number
of jobs in execution. This is done to avoid memory swapping and performance degradation
arising due to an excessively large number of jobs contending the resources. In these situations,
queue-lengths at the resources are upper bounded by the maximum parallelism level, and
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closed queueing network models, rather than open models, will be better able to capture
heavy-load scenarios where such a constraint becomes a factor limiting performance. This is
done by setting the number of jobs in the model to match the parallelism constraint. In the
case where the constraint does not differentiate between classes of services, the per-class job
populations in the closed model are usually chosen to capture the average mix of job classes
seen in the system.
We assume the queueing network model to have R classes of jobs, M queues, a think

time of θ0j for job class j, a service demand θij at queue i for class j, and a population of
Nj jobs of class j. The population vector is denoted by N = (Nj). Note that the service
demand θij represents the cumulative time that a class-j job spends at resource i in between
service completions. Since closed queueing networks with different routing probabilities,
but identical demands, have the same utilization and end-to-end performance metrics, it is
sufficient to obtain the demands θij , the think times, and the number of jobs within each
class to parameterize a performance model solvable by mean-value analysis [31].
A station is either a delay node where jobs spend their think time or a queue. Indexes

range in 1 ≤ i, k ≤ M, 1 ≤ j, h ≤ R. In the presence of class switching, the model can
be transformed into an equivalent queueing network where all jobs belonging to the same
chain are placed into the same class [3]; thus we assume that jobs cannot switch class.
When needed, we will explicit the dependence of the above metrics on the demand vector
θ = (θ01, . . . , θMR).

Let n0j be the total number of class j jobs in thinking state and let nij be the number of

class-j jobs at station i. Define ni =
∑R

j=1 nij as the total number of jobs at station i. The

probability of observing state n = (n01, . . . , n0R, n11, . . . , n1R, . . . , nMR) at equilibrium is

P(n|χ,N) =
1

g(χ,N)

 R∏
j=1

θ
n0j

0j

n0j !

 M∏
i=1

ni!

R∏
j=1

θ
nij

ij

nij !

ni∏
u=1

γi(u), (1)

where γi(u) is the load-dependent function that scales the demand for station i when
its queue-length is u, γ = (γi(u)), χ = (θ,γ), and g(χ,N) is the normalizing constant
ensuring that

∑
n∈S P(n|θ) = 1, being S the state space of a set of vectors n, where∑M

i=0 nij = Nj , nij ≥ 0. The case γi(u) = 1, 1 ≤ u ≤ ni, in which each demand is
independent of the station queue-length state, is referred to as the load-independent case,
whereas the general case is referred to as the load-dependent case. For ease of readability, in
the following we will omit the population vector N unless required by the derivations.

In order to estimate demands, let us consider a set of independent1 state samples nl ∈ D,
D being a dataset of empirical observations of vectors nl, 1 ≤ l ≤ L. The problem of
estimating the demands θ and scaling factors γ may be formulated as obtaining a maximum
likelihood (ML) estimator

χ̂ = (θ̂, γ̂) = argmax
χ∈Θ

L(χ|D) = argmax
χ∈Θ

L∏
l=1

P(nl|χ) (2)

where L(·|D) is the likelihood function for the dataset D, P(·|χ) is defined as in (1), and Θ
is the parameter space composed by the candidate demands θ and scaling factors γ.

1We have frequently observed in real web traces that the assumption of independence of state samples is

typically acceptable for estimation purposes, with the autocorrelation function of samples quickly decreasing
as the time spacing between samples increases, see [40] for a recent analysis of this problem.

ACM Transactions on Modeling and Performance Evaluation of Computing Systems, Vol. 0, No. 0, Article

00. Publication date: 2000.



00:6 W. Wang et al.

Table 1. Summary of main notations used in this paper

R the number of job classes

M the number of queues

Nj the number of class-j jobs

N the total number of jobs

N population vector with entries Nj , j = 1, . . . , R

θ0j the think time of class-j jobs

θij the service demand of class-j jobs at the ith station

θ service demand matrix with elements θij i = 1, . . . ,M , j = 1, . . . , R

γi(u) the load-dependent scaling factors

γ scaling factor matrix with elements γi(u) i = 1, . . . ,M , u = 1, . . . , N

nij the number of class-j jobs at the ith station

ni the total number of jobs at the ith station

D dataset of empirical state samples

L the number of samples in D

L(·|D) likelihood function conditional on the dataset D

n
(l)
ij the number of class-j jobs at the ith station of the lth observed sample

xij the mean queue-length of class-j jobs

x̃ij empirical mean queue-lengths over the dataset D

Θ the parameter space for θ and γ

1j vector of zeros with a one in the jth position

g(χ,N) the normalizing constant of the steady state probability

g−i(χ,N) the normalizing constant of the original model with the ith queue removed

S the state space of the model

4 MOTIVATING EXAMPLE

We now give a motivating example that compares three state-of-the-art demand estimation
algorithms and illustrates their limitations. We consider three methods that are representative
of different paradigms for demand inference: utilization-based regression (UBR) (e.g., [43]),
Gibbs Sampling for Queue Lengths (GQL) [40] and Extended Regression for Processor
Sharing (ERPS) [29]. UBR is based on multivariate linear regression of CPU utilization
against request throughput. GQL combines Bayesian estimation and Gibbs sampling to
obtain service demands from queue length data; GQL is an iterative algorithm along each
dimension of the demand vector and thus computationally expensive. ERPS is a regression-
based method that relies on response time and arrival queue length measurements.
We generate random queueing models with M = 2 queues and R = 4 classes of requests

and assume that the total number of users N varies in {4, 20, 40}, demands vary in [0, 1].
We generate 80 models by randomly choosing Nj and θij using a uniform distribution.

The think time is assumed known and it is set in all random models to θ0j = 1,∀j. All
service processes are load independent. The required data for each algorithm is generated
via simulation using the methodology described later in Section 7. Simulation is carried out
until 5× 105 service completions are observed in the system.

Figure 1 illustrates the mean relative absolute error and the execution time for the above
algorithms. It can be noted that UBR shows a low estimation accuracy. Figure 1(a) instead
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Fig. 1. Comparison of estimation methods presented in prior work

shows that GQL and ERPS achieve good accuracy, but Figure 1(b) reveals that the execution
time of GQL is fairly large. ERPS performs well in terms of both accuracy and execution
time, nonetheless it requires response time data, which assumes the ability to track the state
of individual requests across the distributed system.
Overall, the results in Figure 1 indicate that existing methods are either accurate or

inexpensive, but seldom they feature both properties. In the rest of the paper we develop a
novel family of estimators that are at the same time accurate and computationally efficient.As
shown later in the experimental results in Section 7.1, which are carried out on very similar
models, the accuracy of the proposed estimators is comparable to the one of GQL and ERPS,
but a fraction of the time being a closed form expression.

5 LOAD-INDEPENDENT RESOURCES

In this section, we focus on demand estimation for load-independent models, thus we ignore
scaling factors since γi(u) = 1, ∀i, u, and use the short-hand notation for the likelihood
L(θ) ≡ L(θ|D). We thus focus on deriving estimators for the service demand vector θ only
and their confidence intervals. Thus, in this section the χ vector is replaced by θ. Finally,
we introduce a closed-form approximate formula that simplifies the task of obtaining an
accurate estimate.

5.1 Necessary conditions

We begin by assuming that the parameter space Θ is a compact set and that the think times
θ0j are known for each class j and strictly positive. Under the above conditions, it is simple
to show that the likelihood function is continuous and that a ML estimator exists [28]. We
also assume that Θ is large enough for the true value of the demand estimate θ∗ to be a
point in the interior of this set. A consequence of this assumption is that our results do not
cover the estimation of demands with value θ∗ij = 0. This is equivalent to say that we assume
a-priori knowledge of what classes of jobs can visit a given resource, which seems a realistic
assumption in many practical situations; for classes that do not visit a resource the analyst
can simply set their service demand to zero.

Let xij(θ̂) ≡ xij(θ̂) be the mean queue-length of class-j jobs at node i, as predicted by

a product-form queueing network model parameterized with demands θ̂ and population
N . Under the above assumptions, we can give the following characterization of the ML
estimator in (2).
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Theorem 1. Given a dataset D, a necessary condition for an interior point of Θ to be

an ML estimator θ̂ of the service demand vector θ is that

xij(θ̂) = x̃ij , ∀i, j,

where x̃ij = x̃ij(D) =
∑L

l=1 n
(l)
ij /L are the empirical mean queue-lengths calculated over the

dataset D.

Proof. A sufficient condition for existence of a ML estimator is that the parameter space
is compact and the likelihood function continuous. We have assumed Θ to be compact and
since the normalising constant is continuous in θ and g(θ) ̸= 0 since θ0j > 0, ∀j, then L(θ)
is also continuous in θ.

Given existence, we now determine the ML estimator. Consider the following relationship
proved in [10]

∂g(θ)

∂θij
=

xij(θ)

θij
g(θ) (3)

We now differentiate the log-likelihood with respect to θij

∂logL(θ)
∂θij

=
∂

dθij

(
L∑

l=1

M∑
i=1

log n
(l)
i ! +

R∑
r=1

n
(l)
ir log θir − log n

(l)
ir !− log g(θ)

)

=
n
(l)
ij

θij
− 1

g(θ)

∂g(θ)

∂θij

(4)

Plugging (3) in the expression, we find the expression

∂logL(θ)
∂θij

=

L∑
l=1

(
n
(l)
ij

θij
−xij(θ)

θij

)
= L

x̃ij − xij(θ)

θij
(5)

A stationarity point needs thus to satisfy xij(θ̂) = x̃ij .
□

Note that the predicted mean queue lengths xij(θ̂) can be computed using the MVA
algorithm [31].
The main contribution of Theorem 1 is to provide a theoretical case for estimating

demands in load-independent models by simply matching theoretical predictions of mean
queue-lengths to the observed mean values in the real system. According to Theorem 1 this
does not introduce a bias. Furthermore, the theorem states that the demand estimation
depends only on the mean queue-length, even though the maximum-likelihood function
depends on the measured states of the distributed system. That is, if one can find a vector
θ that generates by the MVA algorithm mean queue-length predictions that are identical
to the observed values, then this vector will satisfy the necessary condition to be a ML
estimator.
Since mean queue-lengths uniquely determine throughputs, response times and utiliza-

tions [31], even if Theorem 1 is only necessary for θ̂ to be the ML estimator, the condition of

the theorem ensures that θ̂ will achieve correct mean performance predictions that reproduce
the measurements. Hence, while in principle several vectors θ may satisfy the same neces-
sary condition, any of these appears a suitable choice for software performance prediction
purposes. In order to prove that Theorem 1 gives a sufficient condition, one would need to
show that a given set of queue-length values xij(θ) can be obtained by a single vector θ.
This appears intuitive, but we are not aware of a formal characterization of this property
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for product-form models, presumably due to the non-linearity of the MVA equations that
prevents this derivation also in our case.

In order to provide a deeper analysis of the demand vectors obtained from (1), we derive
the expression of the Hessian matrix for the underpinning closed queueing network that can
be used to verify that a candidate vector is indeed a local maximum for (2). We denote by

H(θ̂) the Hessian matrix of the log-likelihood and use the following shorthand notation

H(θ̂)ij,kh =
∂2logL(θ)
∂θij∂θkh

∣∣∣∣
θ=θ̂

We now give the main result for the Hessian matrix. Let x+k
kh (θ̂,N − 1j) be the mean queue

length in a model obtained by adding an identical replica of queue k to the closed network
under study and by removing a job of class j from the population vector. We take the

convention that x+k
kh (θ̂,N −1j) also includes the queue-length of the replica station, whereas

x+i
kh(θ̂,N − 1j) for k ̸= i does not.

Theorem 2. The Hessian matrix of logL(θ) evaluated at θ̂ is a MR×MR matrix with
elements

H(θ̂)ij,kh =


L

θ̂2kh
(xkh(θ̂)(xkh(θ̂)− x+k

kh (θ̂,N − 1j))− x̃kh), i = k, j = h

Lxij(θ̂)

θ̂ij θ̂kh
(xkh(θ̂)− x+i

kh(θ̂,N − 1j)), otherwise

where N = (N1, . . . , NR) and L is the total number of samples.

Proof. From (5) we have

∂ logL(θ)
∂θij

=
1

L(θ)
∂L(θ)
∂θij

= L
x̃ij − xij(θ)

θij
(6)

We now note that xij(θ) = θijg
+i(θ,N − 1j)/g(θ), where 1j is a vector of zeros but a one

in the j-th position and g+i(·) refers to a model with an additional station identical to queue
i in the original model (i.e., with the same demands as node i) [19, eq. (12)].

If i = k and j = h, we then have

∂xij(θ)

∂θij
=

g+i(θ,N − 1j)

g(θ)
− θijg

+i(θ,N − 1j)xij(θ)

θijg(θ)
+

θij
g(θ)

x+i
ij (θ,N − 1j)

θij
g+i(θ,N − 1j)

=
xij(θ)

θij
(1 + x+i

ij (θ,N − 1j)− xij(θ))

(7)

For the other cases, we find with similar passages

∂xij(θ)

∂θkh
=

θij
g(θ)

x+i
kh(θ,N − 1j)

θkh
g+i(θ,N − 1j)−

θijg
+i(θ,N − 1j)xkh(θ)

θkhg(θ)

=
xij(θ)

θkh
(x+i

kh(θ,N − 1j)− xkh(θ))

(8)
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Combining (7) and (8) with (5) and the definition of the Hessian matrix, the diagonal
elements of the Hessian are

H(θ)ij,ij =
∂2 logL(θ)

∂2θij
= L

xij(θ)− x̃ij

θ2ij
− L

θij

∂xij(θ)

∂θij

= L
xij(θ)(xij(θ)− x+i

ij (θ,N − 1j))− x̃ij

θ2ij

The non-diagonal elements are

H(θ)ij,kh =
∂2 logL(θ)
∂θij∂θkh

= − L

θij

∂xij(θ)

∂θkh

=
Lxij(θ)

θijθkh
(xkh(θ)− x+i

kh(θ,N − 1j))

Setting θ = θ̂ completes the proof. □

Using the Hessian matrix at θ̂, we can easily check if the generated estimate is a local

minimum, a local maximum or a saddle point. In particular, if H(θ̂) is invertible and positive

definite, i.e. all its eigenvalues are positive, then θ̂ is a local minimum. If H(θ̂) is negative

definite, i.e. all its eigenvalues are negative, then θ̂ is a point of local maximum and therefore
a local maximum likelihood estimator.

We also remark that Theorem 1 does not specify how one can find the demand vector θ̂,

since the expression of θ̂ is given there in implicit form. An explicit approximation for θ̂ is
developed later in Section 5.3.

5.2 Exact confidence intervals

In this section, we assume that the vector θ̂ in Theorem 1 has been obtained and we give
a characterization of the resulting confidence intervals. As shown in the proof of the next
theorem, this result follows from the fact that we have found that the Fisher information
matrix I can be explicitly computed for a closed queueing network, since this is simply the

negative Hessian matrix at θ̂. For the confidence interval, we assume the critical value c is
given, which determines the confidence level (e.g., c = 1.96 is used to obtain 95% confidence
level).

Corollary 1. Assume that θ̂ satisfies the standard regularity conditions for asymptotic
normality. The confidence interval for the ML estimator is then given by

θ̂ij ± c

√
(I(θ̂)−1)ij,ij

where I(θ̂) is the negative Hessian matrix, i.e. I(θ̂) = −H(θ̂).

Proof. The distribution of the maximum likelihood estimator θ is asymptotically normal

with mean θ̂ and the covariance matrix being approximated by the inverse of the Fisher

Information matrix I(θ̂) [28]. The resulting confidence interval for θ̂ij is then

θ̂ij ± c
√
I(θ̂)−1

ij,ij
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where c is the appropriate critical value (e.g. 1.96 for 95% confidence level). The Fisher
Information for unknown parameters θ is a matrix I(θ) defined by elements [28, Chap. 9]

I(θ)ij,kh = −E

[
∂2 logL(θ)
∂θij∂θkh

]
At the maximum likelihood estimator θ̂, the latter simplifies to [28, Chap. 2]

I(θ̂)ij,kh = −∂2 logL(θ)
∂θij∂θkh

∣∣∣
θ=θ̂

= −H(θ̂)ij,kh

The Hessian matrix provided in Theorem 2 thus provide the formulas required to compute
the confidence intervals. □

The above expression for the confidence intervals can assist in evaluating the ML estimation
accuracy. The main result is that, similarly to the ML estimator, also confidence intervals can
be computed using the standard MVA algorithm, since this involves evaluating models where
some queues are replicated, i.e., where we add new stations having identical demands. As we
show later in this paper, confidence interval calculation is more complex in load-dependent
models.

5.3 Approximate Closed-Form Expression

We now turn our attention to computing an estimator θ̂ that satisfies the necessary conditions
of Theorem 1. One possibility is to apply search method such as numerical optimization

or fixed point iteration to find a vector θ̂ that matches the empirical mean queue-lengths.
However, since the expression of xij in the theorem is non-linear, this turns out to be
expensive in the case of numerical optimization. Moreover, we have not been able to find
fixed point iteration schemes that were converging on all instances.

To cope with the above problems, we develop in this section an approximation of θ̂ using
the Bard-Schweitzer (BS) algorithm [35]. This is an iterative approximation that seeks for a
fixed-point solution to the closed queueing network by iterating on the values of the mean
queue-lengths. By doing so, this method has computational costs independent of the number
of jobs in the model and typically converges to good estimates in a few iterations. Analytical
expressions are given later in the proof of Theorem 3.
Our idea is to relax the necessary condition of Theorem 1 by requiring that the mean

queue-length xij(θ̂) is computed not by exact methods, but by the BS approximate mean-

value analysis, which provides a simple non-recursive form for xij(θ̂). The BS approximation
is rather accurate for multiclass models and therefore the error of the approximation of the
necessary condition for the ML estimator tends to be small.

Theorem 3. Assume
∑M

k=1 x̃kj ̸= Nj, ∀j. Let θbs be an interior point of Θ and assume

that xbs
ij (θ

bs) = x̃ij for some vector θbs, where xbs
ij (·) is the Bard-Schweitzer approximation

of xij(·). Then

θbsij =
x̃ij

(Nj −
∑M

k=1 x̃kj)

θ0j

(1 +
∑R

h=1 x̃ih − x̃ij/Nj)
(9)

Proof. By the Arrival Theorem [31] we have:

θij =
xij(θ)

Tj(θ)(1 +Aij(θ))
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where

Tj(θ) =
Nj

θ0j +
∑M

i=1 θij(1 +Aij(θ))

is the mean class-j throughput and Aij =
∑R

r=1 xir(θ,N−1j) is the mean queue-length seen

upon arrival to queue i by a job of class j. Since by Little’s law Tj(θ)θ0j +
∑M

i=1 xij(θ) = Nj ,
we get

θij =
xij(θ)

(Nj −
∑M

i=1 xij(θ))

θ0j
(1 +Aij(θ))

(10)

Direct substitution can be used to check that this expression holds also for the BS solution,

which is based on the approximation Aij ≈
∑R

r=1 x
bs
ir (θ) − xbs

ij (θ)/Nj . Plugging the last
expression in (10) and simplifying we get the approximation

θbsij =
xbs
ij (θ

bs)

(Nj −
∑M

i=1 x
bs
ij (θ

bs))

θ0j

(1 + xbs
i (θbs)− xbs

ij (θ
bs)/Nj)

For the BS estimator, the last expression becomes (9) since xbs
ij (θ

bs) = x̃ij . □

Theorem 3 is a closed-form formula that can be readily computed using the empirical
mean queue lengths. This makes it suitable for online use. Note though that the condition∑M

k=1 x̃kj ̸= Nj requires that the observation period is long enough to observe some jobs
j in thinking state, according to their class think time θ0j , for all classes j. For ease of
reference, throughout we refer to the demand vector θ obtained with (9) as the QMLE
demand estimator.

5.4 Estimation Methodology

The methodology to apply the results given in the previous sections may be summarized
as follows. One starts by collecting a number of state samples from a running version of
the system, and first determines the empirical mean queue-lengths x̃ij . Using these values,
Theorem 3 will then return the QMLE demand estimates. Note that the QMLE method does
not require samples of the joint states of multiple stations, but rather of mean queue-lengths
for each class. The latter can be collected through periodic sampling of a station only. The
degree of overhead implied by monitoring data collection is usually tunable, depending on
the frequency of collection of the samples and the monitoring tool used.

Confidence intervals can be generated using (1) parameterized with the QMLE estimates.
Alternatively, a slightly more precise estimate may be obtained by performing a numerical

search over the θ̂ vectors up to matching the necessary condition in Theorem 3.

6 LOAD-DEPENDENT RESOURCES

In this section, we illustrate how the previous results generalize to the load-dependent case.
Here the problem is more complex since one needs to estimate not just the demands θij , but
also the scaling factors γi(u), which together define the mean demand θij(u) = θijγi(u) for
station i when it has u enqueued jobs. Recall that we have denoted by γ the vector collecting
the scaling factors γi(u), ∀i, u. Here we present the ML estimates for the service demand
vector θ as well as for the scaling function γ, which both appear in the likelihood (2). We
then introduce a technique to identify the initial points that help in efficiently searching for
the optimal estimates.
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6.1 Necessary conditions

We take similar assumptions for the parameters set as for the load-independent case, with
the main difference being that the scaling factors γi(u) are unknown. We assume these terms
γi(u) to be bounded and, without loss of generality, we take γi(1) = 1 so that θij(1) = θij .
These conditions guarantee existence of the estimators [28].

Theorem 4. Given a dataset D, a necessary condition for a point χ̂ = (θ̂, γ̂) in the
interior point of Θ to be a ML estimator of demands and scaling factors is that

xij(χ̂) = x̃ij , ∀i, j,

and

P(nk = v|χ̂) = P(ñk = v), ∀k, v

where x̃ij ≡ x̃ij(D) and P(ñk = v) ≡ P(ñk = v|D) are respectively the empirical mean
queue-length and empirical marginal queue-length probabilities obtained from the dataset D.

Proof. Similar to the proof of Theorem 1, it is not difficult to verify the existence of the
ML estimator. From [10], the relationship in (3) still holds for the load-dependent queueing
network. Define χ = (θ,γ), therefore considering θij , we have

∂logL(χ)
∂θij

=

L∑
l=1

(
n
(l)
ij

θij
− xij(χ)

θij

)
= L

x̃ij − xij(χ)

θij
(11)

which implies the condition xij(χ̂) = x̃ij . For γk(v), we have

∂ logL(χ)
∂γk(v)

=
LP(ñk ≥ v)

γk(v)
− L

g(χ)

∂g(χ)

∂γk(v)
= L

P(ñk ≥ v)− P(nk ≥ v|χ)
γk(v)

(12)

with P(ñk ≥ v) ≡ P(ñk ≥ v). The stationarity point χ̂ requires P(ñk ≥ v) = P(nk ≥ v|χ̂),
∀k, v, that further simplifies to P(ñk = v) = P(nk = v|χ̂),∀k, v. □

Let χ̂ = (θ̂, γ̂), we now generalize the Hessian matrix notation to the load-dependent case.
Let us first observe that we can partition the Hessian matrix as

H(χ̂) =

[
A B

BT C

]
where

Aij,i′j′ =
∂2 logL(χ)
∂θij∂θi′j′

∣∣∣∣
χ=χ̂

Bij,kv =
∂2 logL(χ)
∂θij∂γk(v)

∣∣∣∣
χ=χ̂

Ckv,k′v′ =
∂2 logL(χ)

∂γk(v)∂γk′(v′)

∣∣∣∣
χ=χ̂

where i, i′, k, k′ = 1, . . . ,M ; j, j′ = 1, . . . , R; v, v′ = 1, . . . ,
∑

j Nj . The expression of the
above partial derivatives is derived in the next theorem.
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Theorem 5. The Hessian matrix of L(χ) evaluated at χ̂ = (θ̂, γ̂) is a M(R + N) ×
M(R+N) matrix with elements

Aij,i′j′ =


L

θ̂2ij
(xij(χ̂)

2 − E[n2
ij |χ̂] + xij(χ̂)− x̃ij) if i = i′, j = j′

L(xij(χ̂)xi′j′(χ̂)− E[nijni′j′ |χ̂])
θ̂ij θ̂i′j′

otherwise

Bij,kv = L
xij(χ̂)P(nk ≥ v|χ̂)− E[nij |χ̂, nk ≥ v]

θ̂ij γ̂k(v)

Ckv,k′v′ =


L
P(nk ≥ v|χ̂)2 − P(ñk ≥ v)

γ̂k(v)2
if k = k′, v = v′

L(P(nk ≥ v|χ̂)P(nk′ ≥ v′|χ̂)− P(nk ≥ v, nk′ ≥ v′|χ̂))
γ̂k(v)γ̂k′(v′)

otherwise

Proof. The following computes the partial derivative of xij(χ) with respect to θi′j′ . If
i = i′, j = j′, we have

∂xij(χ)

∂θi′j′
=

∂
∑

n∈S nijP(n|χ)
∂θij

=

∑
n∈S nijP(n|χ)(nij − xij(χ))

θij

=

∑
n∈S n2

ijP(n|χ)− xij(χ)
∑

n∈S nijP(n|χ)
θij

=
E[n2

ij |χ]− x2
ij(χ)

θij

(13)

Otherwise, we have with a similar derivation

∂xij(χ)

∂θi′j′
=

∂
∑

n∈S nijP(n|χ)
∂θi′j′

=

∑
n∈S nijP(n|χ)(ni′j′ − xi′j′(χ))

θi′j′

=

∑
n∈S nijni′j′P(n|χ)− xi′j′(χ)

∑
n∈S nijP(n|χ)

θi′j′

=
E[nijni′j′ |χ]− xij(χ)xi′j′(χ)

θi′j′

Substituting (13) and the last result into the derivative of (11) with respect to θi′j′ , we get

Aij,ij = L
xij(χ)− x̃ij

θ2ij
− L

θij

∂xij(χ)

θij
=

L

θ2ij

(
x2
ij(χ)− E[n2

ij |χ] + xij(χ)− x̃ij

)
and

Aij,i′j′ =
∂2 logL(χ)
∂θij∂θi′j′

− L

θij

∂xij(χ)

θi′j′
= L

xij(χ)xi′j′(χ)− E[nijni′j′ |χ]
θijθi′j′
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Since

∂P(nk ≥ v|χ)
∂θij

=
∑

n∈S,nk≥v

∂P(n|χ)
∂θij

=
1

θij

∑
n∈S,nk≥v

P(n|χ)(nij − xij(χ))

=
1

θij

(
E[nij |χ, nk ≥ v]− xij(χ)P(nk ≥ v|χ)

)
we obtain using (12) that

Bij,kv = L
xij(χ)P(nk ≥ v|χ)− E[nij |χ, nk ≥ v]

χijγk(v)

For the last term in the Hessian, note that if k = k′, v = v′

∂P(nk ≥ v|χ)
∂γk(v)

=
∑

n∈S,nk≥v

∂P(n|χ)
∂γk(v)

=
∑

n∈S,nk≥v

P(n|χ)
γk(v)

− P(n|χ)
g(χ)

∂g(χ)

∂γk(v)

=
∑

n∈S,nk≥v

1

γk(v)
P(n|χ)(1− P(nk ≥ v|χ))

=
1− P(nk ≥ v|χ)

γk(v)
P(nk ≥ v|χ)

and otherwise with similar passages

∂P(nk ≥ v|χ)
∂γk′(v′)

=
∑

n∈S,nk≥v

∂P(n|χ)
∂γk′(v′)

=
∑

n∈S,nk≥v,nk′≥v′

P(n|χ)
γk′(v′)

−
∑

n∈S,nk≥v

P(n|χ)
g(χ)

∂g(χ)

γk′(v′)

=
P(nk ≥ v, nk′ ≥ v′|χ)

γk′(v′)
−

∑
n∈S,nk≥v

P(n|χ)P(nk′ ≥ v′|χ)
γk′(v′)

=
P(nk ≥ v, nk′ ≥ v′|χ)− P(nk ≥ v|χ)P(nk′ ≥ v′|χ)

γk′(v′)

Therefore, we have

Ckv,kv = L
P(nk ≥ v|χ)− P(ñk ≥ v)

γk(v)2
− L P(nk ≥ v|χ)1− P(nk ≥ v|χ)

γk(v)2

= L
P(nk ≥ v|χ)2 − P(ñk ≥ v)

γk(v)2

and

Ckv,k′v′ = L
P(nk ≥ v|χ)P(nk′ ≥ v′|χ)− P(nk ≥ v, nk′ ≥ v′|χ)

γk(v)γk′(v′)

and the proof is completed by setting χ = χ̂. □
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The above results generalize the ones in Theorem 1 and Theorem 2 and similar considera-
tions apply. We see in particular that for load-dependent models an optimization program
can be formulated by minimizing the difference between theoretical and observed mean
queue lengths and now also marginal probabilities. For example, the load-dependent MVA

algorithm [3] can be used in an optimization program to find vectors θ̂ and γ̂ that satisfy
the mean queue-length necessary condition of Theorem 4. However, load-dependent MVA is

known to be computationally expensive as the model size grows, having O(MRN
∏R

r=1 Nr)

time and O(MN
√∏R

r=1 Nr) storage requirements[4]. Therefore, these methods experience

early memory bottlenecks when the model size grows. This means that even for small models
with a few queues, load-dependent MVA is difficult to use in an optimization program due
to its large computational requirements. Moreover, efficient computation of the marginal
probability P(nk ≥ v|χ̂) is also required by Theorem 4. To alleviate this computational
bottleneck, we define a method to locate a good initial point for the optimization program
and an approximate evaluation method for load-dependent models.

6.2 Initialization heuristic

As introduced in Section 6.1, an optimization program can be formulated to obtain the ML
estimates from Theorem 4. However, the heavy computational requirement of MVA restricts
its application to large models. Therefore, here we develop an algorithm to alleviate this
problem by identifying a good initial point for the optimization program.

Observe that the structure of (1) allows us to conveniently work with logarithms, we write

log(P(n|χ)) =
M∑
i=1

R∑
j=1

nij log(θij) +

ni∑
u=1

log(γi(u))− log(g(χ)) +

R∑
j=1

n0j log(θ0j)

+

M∑
i=1

log(ni!)−
M∑
i=0

R∑
j=1

log(nij !)

(14)

For each observed state ñ ∈ S ′, where S ′ is the observed state space, we instantiate (14) as

log(P(ñ|χ)) =
M∑
i=1

R∑
j=1

ñij log(θij) +

ñi∑
u=1

log(γi(u))− log(g(χ)) + I (15)

where I =
∑R

j=1 ñ0j log(θ0j) +
∑M

i=1 log(ñi!)−
∑M

i=0

∑R
j=1 log(ñij !) is a constant.

If the number of observed states ñ ∈ S ′ is large enough, as commonly the case in practice,
by treating log(P(ñ)|χ) as a measured response variable and log(θij), log(γi(u)) and the
normalizing constant log(g(χ)) as unknown variables, we can estimate the latter using a
multivariate least squares method. This therefore provides an initial guess for the demands
θ and scaling factors γ, without the need for computing the most expensive term, i.e.,
the normalizing constant g(χ). The above approach can therefore assist in initializing the
optimization programs used to find the ML estimator. As we show later in the validation,
this initial point can substantially improve the optimization compared to the use of a random
initial point.

6.3 Approximate analysis

Even though the initialization heuristic improves the execution time of the estimation
algorithm, the latter still requires a high computational effort. This is because the load-
dependent MVA algorithm is expensive for large models. To tackle this problem, we propose
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here a novel method for the efficient calculation of the marginal probabilities and second-order
joint probabilities in load-dependent closed queueing networks. Throughout this section, for
ease of presentation we explicit the dependence of the probabilities on the vector N as our
main results are recurrence relations on N .

Proposition 1. Assume θij > 0, γk(v) > 0 and γk(1) = 1, ∀k, j, i, v. When M = 1, we
have the following recurrence relations

P(ni|χ,N) =
θ0jP(ni|χ,N − 1j) + niθijγi(ni)P(ni − 1|χ,N − 1j)

θ0j +
∑N

t=1 tθijγi(t)P(ni = t− 1|χ,N − 1j)

P(nij , ni|χ,N) =
θ0jP(nij , ni|χ,N − 1j) + niθijγi(ni)P(nij − 1, ni − 1|χ,N − 1j)

θ0j +
∑N

t=1 tθijγi(t)P(ni = t− 1|χ,N − 1j)

P(nij , nir, ni|χ,N) =
θ0jP(nij , nir, ni|χ,N − 1j) + niθijγi(ni)P(nij − 1, nir, ni − 1|χ,N − 1j)

θ0j +
∑N

t=1 tθijγi(t)P(ni = t− 1|χ,N − 1j)

for all ∀r ̸= j, i ̸= 0, and ni ≥ 1.

Proof. Let n ∈ S be a network state. The distribution analysis by chain (DAC)
method [11, Eq. (20)] defines the following recurrence relation

P(n|χ,N) =
Tj

Nj

M∑
i=1

θirniγi(ni)P(n− 1ij |χ,N − 1j)

where n− 1ij removes from n a job of class j in class i and by the load-dependent MVA
algorithm [31]

Tj =
Nj

θ0j +
∑N

t=1 tθijγi(t)P(ni = t− 1|χ,N − 1j)

is the throughput of class j. Let ni = (ni1, . . . , niR). When M = 1 it is n0j = Nj − nij ,
i = 1, and since for the infinite server station γ0(n0) = n0, the DAC recurrence relation
specializes into

P(ni|χ,N) =
Tj

Nj
θ0rP(ni|χ,N − 1j) +

Tj

Nj
θirniγi(ni)P(ni − 1j |χ,N − 1j)

The expression of P(ni|χ,N), P(nij , ni|χ,N), and P(nij , nir, ni|χ,N) follow directly from
the last expression by summing over all possible values of the variables not appearing in the
argument of these marginal and joint probabilities. □

Note that the probabilities used in the expressions in Proposition 1 are used in the
calculation of the Hessian for load-dependent models, in particular for computing the terms
E[nij |χ̂, nk ≥ v] and E[nijni′j′ |χ̂]. The terms in the expressions are zero whenever the
marginal queue-length value is infeasible in the considered model, e.g., nij + nir > ni.
Even though the previous theorem does not allow to compute the case ni = 0 directly,
the corresponding values are readily obtained by requiring that probabilities sum to one.
For example, one may set P(0|χ,N) = max(0, 1 −

∑
ni≥1 P(ni|χ,N)), where we use the

maximum function for numerical robustness when
∑

ni≥1 P(ni|χ,N) is close to 1.
Thanks to Proposition 1 we are able to compute the exact marginal probabilities using a

number of steps equal to the total number of jobs in the network. However, the result only
applies to networks with a single queue and a think time server (M = 1). In the general
case with multiple stations (M ≥ 2), one can either use DAC [11, Eq. (20)] or approximate

ACM Transactions on Modeling and Performance Evaluation of Computing Systems, Vol. 0, No. 0, Article

00. Publication date: 2000.



00:18 W. Wang et al.

the marginal probabilities by the following aggregation technique. We compute the marginal
probabilities for queue i by considering it in isolation in a closed network with think time
θ∗0j = θ0j +

∑
k ̸=i Wkj , where Wkj is the mean response time of class-j requests at station

k ̸= i, which can be efficiently computed by the BS approximation. Since the resulting model
has a single queue, the marginal probabilities can be computed by applying Proposition 1.

With the above approximation, we can use Theorem 4 to numerically search for the demand
estimators using the approximated marginal probabilities from Proposition 1. The mean

queue length xij(θ̂, γ̂) can be computed with the recently proposed QD-AMVA algorithm [7].
We refer to the resulting estimator as QMLE-LD.

6.4 Estimation Methodology and Confidence Intervals

The estimation methodology for load-dependent systems is similar to the load-independent
case. Upon collecting measurements for the input dataset, the main difference compared to
QMLE is that in addition to the empirical mean queue-lengths x̃ij one needs to record also
to estimate the marginal queue-length probabilities P(ñk = v). Note that the latter are total
value, not differentiated by class. However, similarly to QMLE, the collection of monitoring
samples is sufficient to obtain the input data needed to parameterize the model. As such,
there is no need for synchronous monitoring at all the resources of a distributed system.
Overheads can normally be tuned by a suitable choice of the sampling frequency and of the
monitoring tool. Both the QMLE-LD estimates and the matching of the necessary conditions
in Theorem 4 now require to use a numerical search method, for which we recommend the
initialization heuristic given in Section 6.2.

Confidence intervals may be again generated using the Hessian matrix in Theorem 5. The
result given in Corollary 1 holds also for load-dependent systems as

θ̂ij ± c
√
(I(χ̂)−1)ij,ij

γ̂k(v)± c
√

(I(χ̂)−1)kv,kv

where the tuples (ij, ij) and (kv, kv) are here used to index the positions in the Hessian

matrix of the diagonal elements corresponding to θ̂ij and to γ̂k(v), respectively. In the
formula, c is the desired critical value (e.g. 1.96 for 95% confidence level) and I(χ̂) is the
negative Hessian matrix for the log-likelihood in the load-dependent case, i.e. I(χ̂) = −H(χ̂).

7 NUMERICAL VALIDATION

Following this method, we have evaluated the estimation algorithms using randomly generated
queueing models. Service completions data are simulated from the underlying Markov Chain
of a closed network, which is described in [3]; 5× 105 service completions are simulated for
each instance. We have then generated artificial measurements such as response time, CPU
utilization, throughput and queue-length samples. In particular, to obtain independent queue-
length samples, we have first computed the steady state probability from the simulation
events. Then we have sampled from it by generating random numbers between 0 and 1
and determining which sample fits in the cumulative probability. This is also known as the
inverse transform sampling. Our experiments have been run on a desktop machine with
an Intel Core i7-2600 CPU, running at 3.4GHz with 16 GB of memory. We use the mean
absolute percentage error as the evaluation criteria.
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Fig. 2. Results for load-independent networks

7.1 Load-independent network

7.1.1 QMLE evaluation. We begin with evaluating the proposed algorithm for load-
independent networks. We compare QMLE with several other existing demand estimation
algorithms: CI [29], UBR [43], GQL [40] and ERPS [29]. UBR, ERPS and GQL have been
already introduced in Section 4. CI requires the complete sample path of the requests for
analysis. The input data for these algorithms is generated from the same simulation dataset,
therefore they use 5× 105 samples. In the case of GQL, the number of samples generated to
estimate the service demand is 5000.
The parameters for the random models are M ∈ {2, 4, 8}, R ∈ {2, 3, 4}, N =

∑
j Nj ∈

{4, 20, 40}, θ0j ∈ {1, 5, 10}. For each generated model, 80 sub-models are defined by randomly
generating Nj and θij using the uniform distribution. Without loss of generality, demands

are normalized so that
∑R

j=1 θij = 1 . Here, we focus on the QMLE estimator in Theorem 3
since it is much more practical to compute than the exact one in Theorem 1, which requires
nonlinear search.
Figure 2 presents a sensitivity analysis of the considered algorithms with respect to the

number of jobs and state samples. Each bar represents the group of experiments for which
one of the experimental parameters is the same. The error for UBR is around 100% and
not included in the diagram for graphical reasons. From the figure, it can be noticed that
CI is the most accurate method since it relies on the knowledge of the complete sample
path. However, this method typically cannot be applied to production systems, where only
sample measurements are available. The errors of QMLE and GQL are similar and around
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Fig. 3. Execution time and confidence interval validation

5%. This is remarkable since QMLE and GQL use the same input data, but GQL features
a much more complex algorithm based on Gibbs sampling and iterative approximation of
the normalising constant g(χ) of the state probabilities of the queueing network. ERPS is
worse than QMLE in terms of accuracy, but generally still quite accurate. As expected, the
accuracy of QMLE and GQL increases as the number of observed queue-length samples
increases. However, with just 500 queue-length samples QMLE already achieves a small 10%
error.
Figure 3(a) shows the execution times. QMLE is much faster than the other algorithms

with an average execution time of 0.0002s against 1400s (CI), 3s (ERPS), and 148s (GQL).

7.1.2 Confidence Interval validation. Validation on the confidence interval requires com-

puting the maximum likelihood estimates of the service demand θ̂. For this purpose, we have

implemented a fixed point iteration method based on Theorem 1 to estimate θ̂. The test is
based on a queueing model with M = 2, R = 3, N = 4. Each test consists of H experiments
with a queue-length dataset D of L = {500, 2000, 5000} entries generated from the same
model. Each experiment has a different queue-length dataset which is generated from the
same simulation events. Confidence intervals are computed at 95% significance level.
Figure 3(b) shows the confidence interval validation result. H is set to {100, 500, 1000}.

The vertical axis shows the percentage of the cases where the exact demand lies in the
confidence interval of the estimated demand. For different L and H, results suggest that the
confidence interval appears to be correct.

7.2 Load-dependent networks

7.2.1 Exact analysis. For the evaluation of load-dependent queueing networks, we have

used the MATLAB fmincon solver to estimate θ̂ and γ̂i(t) based on Theorem 4. We consider
the following scaling factors γi(t): γi(t) = 1/t and γi(t) = 1/min(t, Ci), where Ci is the
number of servers at queueing node i. These two represent some typical load-dependent
functions.
The random models generated here consider M = 2 queues, R = 2 classes, N = 8

jobs, think time θ0j ∈ {1, 5, 10} and Ci ∈ {2, 3, 4}. This is a very small model, but we are
limited in scalability by the cost of load-dependent MVA. We generate 8 sub-models for each
combination of parameters and randomly generate the number of jobs and the demands
using a uniform distribution. Figure 4 shows the result for different scaling factors. It is
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easy to observe that the error drops as the number of observed queue-length samples L
increases since the average queue-length and marginal probability becomes more accurate.
Given L = 5000 samples the error for the demands is already below 10% and the error on
scaling factors around 20%.

7.2.2 Confidence interval validation. We here present the confidence interval validation
based on Section 6.1. The exact demand is computed in the same way as in the previous
section. The test is based on a queueing model with M = 2 queues, R = 2 classes, N = 4
jobs. We explicitly consider the multi-core load-dependent behavior here with Ci = 2. Each
test consists of H experiments with a queue length dataset D of L = {2000, 5000, 10000}
entries generated from the same model. We use confidence intervals at 95% confidence level.
The result is presented in Figure 5 and shows that the computed confidence interval appear
correct, up to statistical noise.

7.2.3 Initialization heuristic validation. Here, we present the evaluation for the proposed
method in Section 6.2 to determine the initial point for the optimization program and the
impact on the evaluation process.
The random queueing models are generated with M = 2, R = 2, N = 4, C ∈ {2, 3, 4},

θ0j ∈ {1, 5, 10}; 8 instances are randomly generated. Figure 6 shows results. In Figure 6(a),
we demonstrate the error on the demands θ and γ comparing both the initial points (referred
to as LR) and the estimates from the optimization program (referred to as OPT ). Clearly
the initial points already provide accurate estimates. Figure 6(b) compares the execution
time of the optimization program with randomized initial points and with the initial points
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Fig. 7. Errors and execution times for approximating marginal probabilities

returned by the LR heuristic. It can be noticed that, using the heuristic, the execution time
drops significantly. Note that the time to compute the initial points using LR is not included
in the averages, but it is negligible since it is based on linear regression and on all instances
it takes always less than 0.1s.

7.2.4 Approximating marginal probabilities. We now evaluate the approximation algorithm
for the marginal probabilities proposed in Section 6.3 by comparing it against the direct
numerical solution of the continuous-time Markov chain underlying the queueing network
model. The experiment is based on queueing models with M ∈ {2, 3}, R ∈ {2, 3}, N ∈ {5, 10}.
The load dependent function is considered to be the multi server function where the number
of servers varies in C ∈ {2, 4}. 10 sub-models are defined by randomly generating the number
of jobs and the demands from the uniform distribution. We restrict our study to small and
medium-size models due to the computational demand of the exact algorithm. The error is
computed as the L1-norm between the observed and the computed probabilities.

Figure 7 presents the evaluation result. It can be seen that the proposed algorithm is able
to compute the marginal probabilities efficiently and with low approximation error. The
execution time, in particular, is orders of magnitude less than for the exact CTMC-based
computation.
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7.2.5 Approximate load-dependent analysis. We now assess the application of approximate
marginal probabilities to load-dependent demand estimation. We focus on load-dependence
functions of the kind γi(u) = 1/min(u,Ci), which are used to represent multi-server node i
with Ci servers. Mean queue lengths are computed using the QD-AMVA method [7], which
provides a computationally efficient implementation of approximate MVA in the presence of
load-dependent behaviour, but which cannot provide marginal probabilities.
The initial demand estimate is obtained using the LR heuristic. In order to smooth

discontinuities in the minimum function, we approximate min(u,Ci) using a softmin function,
i.e.,

min(u,Ci) ≈
ueαu + Cie

αCi

eαu + eαCi
(16)

that is exact in the limit α→ − ∞; throughout we set α = −10. The advantage of this
representation is that it requires to estimate only Ci to uniquely define the γi(u) values.
For validation, we then randomly generate queueing models with M ∈ {2, 4}, R ∈

{2, 3}, N ∈ {4, 10, 20}, C ∈ {2, 3, 4}. In total, we simulate 5× 104 samples. Figure 8 presents
the evaluation results. The figure shows the error incurred at the initial estimated obtained
from the LR heuristic (LD-LR) and the result obtained after numerical search based on the
approximate marginal probabilities (LD-APP). LD-APP largely improves accuracy compared
to the LD-LR initial points. The error on the estimation of Ci is similar for both methods.
In Figure 8(d), we also report the execution time of LD-LR and LD-APP. Due to the fast
computation of linear regression, the initial points can be identified with negligible time.
However, thanks to the approximation for marginal probabilities, also the numerical search
converges in a few seconds.

8 CASE STUDIES

In this section, we present a case study based on two multi-tier applications, Apache OFBiz
and JPetStore. The goal of this and the next section is to show that QMLE and QMLE-LD
are applicable to real-world performance models. Note that since the goal of the validation
is to reproduce the measurement, we do not focus on prediction scenarios, which are meant
instead to validate primarily the accuracy of the queueing model, as opposed to the demand
estimation method. Ample evidence exist that closed queueing networks can be used to
accurately model distributed multi-tier applications, see e.g. [43] and references therein.

8.1 Apache OFBiz

We evaluate the proposed algorithms based on data collected from a real application, Apache
Open for Business (OFBiz)2, which is an open source enterprise resource planning system.
We generate a set of user requests for this application using the OFBench tool [24] with an
installation where the web server is co-located with the default Apache Derby database. The
experiment is run on Amazon EC2, with OFBiz running simultaneously on two load-balanced
virtual machines, a c1.medium instance and a c1.xlarge instance with 2 and 8 virtual CPUs,
respectively. Our goal is to estimate the demands at both virtual machines.

We use OFBench to send 8 classes of requests to OFBiz and we parse the OFBiz logs to
determine the D dataset. In order to avoid assuming knowledge on the population of the
model, which may be unrealistic in some applications, the class populations are estimated
from the dataset as the maximum number of concurrently executing jobs in the system,
in each class. In order to estimate the think time, the mean throughput is also obtained

2https://ofbiz.apache.org/
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Fig. 8. Errors and execution times for load-dependent estimation algorithms

from the log files, so that by Little’s Law θ0j = n0j/Tj where n0j , 1 ≤ j ≤ R represents
the average number of users in thinking state and Tj the mean throughput of class j. The
number of jobs (i.e., clients) is varied from 5 to 25 for the deployment on the c1.medium
instance and 10 to 90 for the c1.xlarge instance.

8.2 Results

Since in the real system the exact demand is unknown, we have compared the estimation
algorithms in terms of the observed performance metrics and the predictions obtained from
the models parameterized with the estimated demands. We focus on QMLE-LD, QMLE,
and the state-of-the-art estimators introduced in Section 7.1.

The performance metrics considered here are average throughput (T ), average queue length
(Q) and average response time (W ). To produce these performance metrics, we consider using
both load-independent models (LI) solved by the Bard-Schweitzer (BS) approximation and
load-dependent models (LD) solved using the QD-AMVA method [7]. For load-dependent
models, we consider two cases:

• Estimation focuses only on service demands, while the load-dependent scaling is set
to γ(ui) = 1/min(ui, Ci) with Ci set to the number of CPUs in the virtual machine.
This case is called fixed γ.

• Both demands and effective parallelism are estimated, generating an approximate value
of Ci. This case is referred to as estimated γ and only QMLE-LD can be applied to
this scenario, since the other methods cannot estimate Ci.
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We remark that while the QMLE-LD method may be used more generally to fit a whole
set of different γ(ui) rates, not bound to a specific functional shape, this may result in
over-fitting the queue-length dependence. It is thus best to focus on simpler parametric
functions which captures the key dependencies, such as the multi-server rate function. In
both cases, the resulting load-dependent model is solved using QD-AMVA. The observed
performance metrics include average throughput and response times, whereas the observed
mean queue length is computed by Little’s law.
Table 2 and Table 3 present the results. Note that the CI method requires knowledge of

the state of each resource along the entire sample path of the system, thus it is not included
in the table as this tends to constrain its applicability.

From the tables, we see that LD estimation improves over LI estimation; this is expected
since LD models have more degrees of freedom than LI models. In addition, the QMLE-
LD method typically produces more accurate results than the other estimators. The only
exception is for the light-load case with N = 5 in Table 2; the error is by large due to an
inaccurate estimate of the parallelism Ci. However, if we assume the Ci is given in advance,
as in the fixed γ case, the error on Q and W can be reduced to 27%. Even though in this
specific experiment the fixed γ algorithm performs better than the estimated γ one, the
other experiments in the following tables suggest that typically the two methods feature
similar accuracy. Therefore, we recommend to use fixed γ in first instance, with the option
of switching to the more complex estimated γ method if predictive accuracy of the fixed
γ needs to be improved. Metrics such as average throughputs or average queue-lengths
predicted by the closed queueing network can be compared against the empirical values
collected in the dataset D and used to discriminate the more accurate estimation method
for a specific system configuration.

The results also indicate that QMLE fares similarly to GQL, as also seen on the random
experiments. This is expected since GQL asymptotically converges to the maximum-likelihood
estimator. However, GQL takes several minutes to run, whereas QMLE takes milliseconds.
The CI method alternatively gives lower or higher error than the QMLE-LD approach. It
should be noted that the two methods use different measurements, therefore their accuracy
is not simple to relate; however as mentioned before CI is difficult to apply to production
systems.

8.3 JPetStore

In this section, we present a second case study based on the MyBatis JPetStore3 application.

8.4 Experimental setting

The benchmarking application chosen is JPetStore, an open source version of Sun’s J2EE pet
store application. It is an e-commerce application that allows customers to login, browse pet
categories, select pets and checkout payments. A single end-to-end transaction is considered,
with customers visiting all the application pages sequentially. 5GB of data (2× 106 items)
for viewing and selection by customers is used in the testbed.
Two tiers of servers are used, with both the Web/Application and Database servers

consisting of 4-core Intel Xeon E5620 CPUs with 8 GB of memory. Thus, the result-
ing queueing network model has two queues and an infinite server node. The Grinder
(http://grinder.sourceforge.net) open source testing framework is used for load injection,
with each test lasting 10 minutes to eliminate transient values. The experiment setup is

3https://github.com/mybatisjpetstore-6
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Table 2. Percentage error on performance metrics computed from estimated demands (%) - OFBiz -
deployment on 2 core virtual machine

LI LD

Nj
fixed γ est. γ

ERPS GQL QMLE ERPS GQL QMLE QMLE-LD QMLE-LD

5
T 1.5 1.5 1.6 0.3 0.4 0.5 0.5 0.6
Q 99.9 42.7 43.5 9.5 12.9 14.0 28.7 51.9
W 99.9 44.2 45.0 10.8 14.3 15.4 27.7 52.4

10
T 1.1 1.7 1.6 0.6 1.1 1.0 0.4 0.4
Q 99.9 37.1 37.0 14.3 22.8 23.3 10.9 16.8
W 99.9 38.9 38.7 15.9 24.5 24.9 12.1 17.3

15
T 1.2 1.7 1.8 1.2 1.7 1.8 0.9 0.2
Q 99.9 24.6 26.6 17.3 25.0 27.1 17.5 2.4
W 99.9 27.8 29.7 20.3 28.1 30.2 15.8 0.8

20
T 0.7 0.8 0.9 0.7 0.8 0.8 1.0 0.3
Q 100.0 11.7 12.5 9.3 11.1 11.9 24.0 3.7
W 100.0 13.4 14.2 11.0 12.8 13.6 24.5 2.8

25
T 1.5 0.6 0.6 1.4 0.5 0.5 1.0 0.4
Q 100.0 8.2 7.4 17.0 7.4 6.6 21.7 4.3
W 100.0 11.2 10.7 20.6 10.4 9.9 19.7 1.6

All
T 1.2 1.3 1.3 0.8 0.9 0.9 0.8 0.4
Q 99.9 24.9 25.4 13.5 15.8 16.6 20.6 15.8
W 99.9 27.1 27.7 15.7 18.0 18.8 19.9 15.0

listed in Table 4, with Database server CPU utilization values listed corresponding to tested
concurrency values. As bottlenecks are observed at the Database server CPU (maximum
contribution to overall service demands), these metrics are used in the performance analysis
(i.e., network, memory and disk are negligible).

8.5 Results

Here we still consider to compare the observed performance metrics and the theoretical ones
computed with the estimated demands to evaluate the proposed algorithm.
Table 5 presents the analysis result. The findings here is consistent with the findings in

the OFBiz case study. Methods with QD-AMVA evaluation is more accurate and the LD
approach in general is more accurate than all the other algorithms. We do not include the
performance prediction experiment reported in [41] here since the result remains the same.

9 CONCLUSION

In this paper, we have proposed a class of maximum likelihood estimators for resource
demands in closed queueing networks. Our method is applicable to both load-independent
and load-dependent nodes. After identifying necessary conditions for an estimator to be a
maximizer of the likelihood function, we have derived explicit and tractable approximations
for demand estimators. An advantage of our methodology is that it generalizes to load-
dependent nodes, allowing the efficient estimation of load-dependent demands. Confidence
interval expressions have also been derived for the proposed estimators. Finally, evaluation
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Table 3. Percentage error on performance metrics computed from estimated demands (%) - OFBiz -
deployment on 8 core virtual machine

LI LD

Nj
fixed γ est. γ

ERPS GQL QMLE ERPS GQL QMLE QMLE-LD QMLE-LD

10
T 1.9 1.9 1.9 0.2 0.2 0.2 0.0 0.0
Q 100.0 87.9 88.3 10.4 8.5 11.4 0.2 0.2
W 100.0 88.3 88.7 12.2 10.3 13.2 3.0 3.0

30
T 3.1 3.1 3.1 0.7 0.6 0.6 0.0 0.0
Q 100.0 88.1 88.1 19.4 16.7 16.8 1.6 0.9
W 100.0 88.8 88.8 22.2 19.4 19.6 4.4 3.7

50
T 3.3 3.2 3.2 0.8 0.7 0.7 0.0 0.0
Q 100.0 86.8 86.9 20.3 17.6 18.2 0.3 0.3
W 100.0 87.8 87.9 24.7 22.0 22.5 5.0 5.0

70
T 4.2 4.4 4.4 0.8 1.2 1.2 0.0 0.0
Q 100.0 84.8 84.9 13.6 23.0 23.2 0.4 0.4
W 100.0 86.2 86.3 18.8 28.0 28.1 5.7 5.7

90
T 3.2 5.2 5.2 0.6 2.3 2.3 0.0 0.0
Q 100.0 82.6 82.8 9.6 37.1 37.2 0.5 0.5
W 100.0 85.0 85.1 16.7 44.1 44.2 9.6 9.6

All
T 3.1 3.6 3.6 0.6 1.0 1.0 0.0 0.0
Q 100.0 86.0 86.2 14.7 20.6 21.3 0.6 0.5
W 100.0 87.2 87.4 18.9 24.8 25.5 5.5 5.4

Table 4. Experiment setup.

Think time Number of jobs CPU Utilization

0.1s {1, 3, 5, 10, 15} {0.12, 0.38, 0.58, 0.90, 0.95}
0.5s {1, 3, 5, 10, 20} {0.03, 0.14, 0.23, 0.44, 0.79, 0.93}
1s {1, 2, 5, 10, 20, 40} {0.04, 0.06, 0.14, 0.26, 0.51, 0.88}
5s {1, 10, 20, 40, 80, 120} {0.01, 0.06, 0.12, 0.22, 0.45, 0.67}

based on simulation data and traces of a multi-tier application demonstrate the applicability
of the proposed methods to demand estimation in real software systems.
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