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Abstract

Current lifing techniques for metal superalloys have largely remained empirical, particularly those
addressing the nucleation or initiation of fatigue cracks. However, there is growing interest within
both the academic literature and industrial users to move away from the approaches which are
dependent on empirical models. Instead, there has been greater focus on the advancement of
developing fundamental mechanistically-based models to predict alloy behaviour in order to help
better understand and predict defect nucleation processes.
Early lifing methods in face centred cubic (fcc) and body centred cubic (bcc) polycrystalline alloys
are of interest due to the relevance of cubic alloys in industrial applications, where microstructural
fatigue behaviour to crack nucleation and short crack growth are studied. A stored energy criterion for
fatigue crack nucleation is introduced which is validated with ferritic steel polycrystal specimens to
reveal new evidence and address the scattered cycles to crack nucleation. The criterion is extended
into a 3D crystal plasticity finite element model (CPFEM) representation of RS5 Nickel superalloy
where the method provided a new perspective to quantify microstructurally sensitive cycles to fatigue
crack nucleation in RS5 alloys. Comparisons of experimental and CPFEM investigation of
microstructural stress distributions is presented across a polycrystalline copper where fatigue hotspots
identified provided new insight of common nucleation hotspots, and is typically associated on/near
grain boundaries.
The work is extended using FEM to address Microstructural Sensitive Short Crack Growth (MSCG)
in microstructurally different ferritic notched specimens. Our assessments and methodology
introduced based on Extended Finite Element Method (XFEM) revealed information on the role of
anisotropy to better capture the MSCG paths. In addition, user-defined materials and grain boundary
properties were introduced to address the difficulties in capturing intergranular cracks where grain
boundary properties were introduced to promote the grain boundary cracks as witnessed in
experiments.
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1. Introduction

The fatigue phenomenon has been recognised as one of the fundamental reasons for engineering
components’ failure, whether it is from cyclic mechanical loading or thermal stress fatigue, such as in
gas turbine engines, as illustrated in Figure 1-1, where failure of turbine blade from severe thermal
cycling and high thermal gradients may occur. Failure of material through fatigue can be described by
the tendency of the material to fracture through cracking under high-cycle fatigue or low-cycle fatigue
regime. Low-cycle fatigue is considered when the stress experienced is beyond the elastic limit and
plastic deformation occurs in the material, with typically up to 105 cycles of fatigue life. The concern
of high-cycle fatigue is recognised when the stress magnitudes applied are below the limited nominal
strength, and material is primarily elastic with cycles to failure in orders of >105.

Figure 1-1 Images of the General Electric CFM56 turbofan engine, which failed in service in October 2000,
shortly after taking off from Hobart, Australia [1] (a) high-pressure turbine rotor with the failed blade indicated;
(b) failed high-pressure turbine blade.

The fatigue process as studied over the years have generally been categorised by the crack initiation
phase, the propagation phase and eventual ultimate failure of the material [2]. These processes are
well known to occur in much experimental observations and also in studies [3] of polycrystal
materials, where low cycle fatigue crack nucleation in a Nickel base alloy was explored. Figure 1-2
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shows a crack initiating along predominant slip band. Fatigue failure is generally known to occur on
the external surfaces, from the presence of geometric notches and surface roughness defects. However,
at the microstructural level subsurface defects such as voids, cracked second-phase particles and
inclusions have proven to also be sources of nucleation. Early studies [4] looked at the role of
inclusions in aluminium alloy through optical microscopy observation, and Ruppen et al. [5] studied
the process of subsurface crack initiation of Ti-6Al-4V at a more critical level.

Figure 1-2 Crack initiation at in grain along a predominant slip band (shown by the solid lines) for conditions of
low cycle fatigue at (a) 600 and (b) 2300 cycles [3].

Understanding when and why advanced material alloys fracture is critical to prevent catastrophic
engineering failures such as turbine blades in gas turbine engines during service as shown on Figure
1-1. Hence, in the next section, a brief introduction of advanced engineering alloys and the
significances to address microstructural length scale fatigue is discussed, followed by the motivations
of our research work.

1.1

Materials and Superalloy

Advanced engineering alloys used in industrial components are in high demand and must be designed
for optimum resistance to creep, fatigue and environmental degradation. Cubic crystal alloys such as
Nickel-based superalloy have established their role as important refractory structural alloys in
engineering components due to their superior properties, such as high strength, high melting
temperature, excellent creep, corrosion and fatigue resistance and good damage tolerance. They have
been widely used in energy and aero industries, such as the turbine discs in gas turbine engines. It is
21

recognised in order to improve these properties, strengthening of the gamma matrix phases and
gamma prime precipitates are essential. RS5 Ni alloy was introduced and patented back in 1994 [6] to
provide higher strength, rupture, tensile and fatigue properties over its predecessors RS1 and RS4
alloys. However, ease of fabrication and moulding based on these advanced superalloy are also of
importance; hence, methods such as thermally controlled solidification techniques [7, 8] have been
introduced to improve their castability and weldability. To further progress and develop the next
generation of alloys, a greater understanding of polycrystalline materials at the microstructural scale
must be addressed. These include well accepted knowledge that crystallography, morphology and
interface constraints contribute to the heterogeneity in local stress, strain and dislocation density
witnessed across grains [9-12], and much of the heterogeneity arises from anisotropic slip activity.
The roles of these microstructurally sensitive properties and mechanisms to alloy behaviour are of
considerable interest amongst the research community which is reviewed in the literature (Chapter 2).

1.2

Microstructural Fatigue Failure

Fatigue is widely recognised as one of the key drivers for at least half of all engineering mechanical
failures [13]. A particular design concern in fatigue is the avoidance of progressive deformations in
materials resulting from plastic deformations accumulated per cycle. The stable state of elastic
shakedown is said to occur if the material accumulates plastic strain in initial cycles but subsequently
responds elastically, leaving some state of residual stresses in the material. Similarly, if the material
responds with reverse plasticity for each subsequent cycle but with no accumulating plastic strain, a
stable state of plastic shakedown is said to exist where material responds with some plastic strain
amplitude in each cycle, but the magnitude of strain does not increase. On the other hand, if material
responds with continuous progressive deformation and accumulates plastic strain for each loaded
cycle, then material ratcheting is said to occur which and follows when plastic shakedown does not
occur. An illustration of these phenomena is shown in Figure 1.2-1(a). Another cyclic plasticity
phenomenon known as the Bauschinger effect emphasises the role of microscopic stress distributions
influencing macroscopic fatigue responses and is shown in Figure 1.2-1(b), where plastic deformation

22

in one direction subsequently affects plastic response in the reverse direction, introducing a direction
dependent yield strength of the material.

(a)

(b)

Figure 1.2-1 (a) Metal elastic plastic behaviours under fatigue cyclic loading [14], and (b) schematic illustration
of the Bauschinger effect for metallic materials [15].

Progressively, empirical models have been introduced to address time dependent fatigue fracture.
Lifetime dominated by fatigue crack initiation has generally used stress-life (S-N) curves (in the high
cycle fatigue regime) to appreciate the material performance. Early empirical scaling law by Basquin
[16] proposed the relationship of the sample lifetime to increase as a power law when the external
load amplitude decreases. One of the most widely popularised rule by Miner [17] presented a
cumulative damage model considering different stress levels and cycles to failure. Other empirical
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model, such as Coffin-Manson relation [18, 19], proposed that the number of cycles (N) to fracture in
the low-cycle fatigue is related to the amplitude of the applied cyclic plastic deformation ∆𝜀𝑝 by the
famous relation 𝑁∆𝜀𝑝 𝛽 = 𝐶, where β and C are empirically determined constants. In the fatigue
crack propagation phase, models have generally been developed based on linear-elastic fracture
mechanics (LEFM) where Paris-type laws [20] are commonly used to quantify fatigue crack growth
and lifing, where quantitative parameters such as the stress intensity factor [21] are popularised to
predict the stress state at the crack tip caused by remote load or residual stresses.
However, in the high cycle fatigue regime, the majority of the material life lies in the early crack
initiation phase which means the propagation of microstructurally-sensitive cracks potentially have
greater influence and a more significant role in component life. At this length scale, some researchers
have introduced [22] macroscopic parameters to describe local crystallographic crack growth
behaviour with classical fracture mechanics. But the presence of local microstructural inhomogeneity,
such as that generated by crystallographic orientation and resulting elasto-plastic anisotropy, grain
boundaries, triple junctions and additional phases, often leads to heterogeneity of stress and plastic
strain accumulation and the development of persistent slip bands. Once a crack has nucleated, the
anisotropic plastic field at the crack tip together with crystallographic features influencing the local
elastic field potentially affects what is then, microstructurally (grain length scale) dependent crack
growth [11]. The relevance of macroscale quantities (e.g. stress intensity determined from remote
loading) is then called in to question. Hence, there is growing interest in addressing the influences of
key microstructural features such as grain crystallography, grain boundaries (GBs) and micro texture,
and in the development of appropriate modelling methodologies for microstructurally-sensitive short
crack growth.
The progressive development with cyclic loading of deformation structures, damage, crack nucleation
and growth leading potentially to material and component fracture remains one of the key life-limiting
factors in engineering components. Some components are life-limited by fatigue crack nucleation
processes alone; others by crack propagation in circumstances in which nucleation life are
insignificant. Still both nucleation and growth contribute significantly to overall life; a stage common
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to all is that when the growing crack may be deemed to be influenced significantly by microstructure.
This may be manifested by path tortuosity, in which the direction of growth becomes affected
strongly by local microstructural features such as grain boundaries, triple junctions, or second-phases,
and by crack growth rate in which order of magnitude differences may exist along a grain boundary
compared to those propagating through a grain transgranularly.

Figure 1.2-2 S–N data of René 88DT at 593 °C [23].

Hence an area of fundamental importance in fatigue and fracture is the development of understanding
to address the role of microstructural features in influencing, and in some cases determining, cycles to
crack nucleation. Its importance in the prediction of fatigue limits of specimens and structures is
discussed by, for example, Schijve [24]. Fatigue scatter is commonly witnessed in many experimental
tests and recent examples include those in crack nucleation in AISI 310 stainless steel [25], in notched
DZ951 DS Ni-based superalloy [26] and beyond 107 cycles to failure as shown in Figure 1.2-2 for Nibased superalloy René 88DT [23]. Therefore, heterogeneities at the microstructural scale are now
accepted as the key reason for the variation of fatigue life in alloys. For example, Sauzay and Jourdan
[27] evaluated crack nucleation scatter from the influences of crystallographic orientation and
anisotropy coefficient and argued that a key factor in the scatter originated from distribution of
resolved shear stress. A whole range of fatigue indicator parameters (FIPs) and approaches have been
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studied to address crack nucleation and failure of polycrystal materials. These criteria include failure
based on energy, stress or strain formulations and each of these approaches will be reviewed Chapter
2. However, different criteria are sometimes adopted depending upon the loading regime considered.
Shi, Huang, Yang and Yu [28] used six different critical plane-based criteria to assess which of the
individual criteria corresponded most closely to the observed fatigue failure in their 2nd generation
nickel-based superalloy (DD6).

1.3

Motivation

To date many modelling approaches and lifing techniques for advanced materials, used in applications
such as gas turbines and pressure vessels, have favoured the use of empirical continuum assumptions.
Industries have often turned to these empirical approaches in order to provide safety justification and
conservative lifing of critical components. However, these approaches rarely contain direct physical
significance nor interpretation of the micro-mechanisms relating to plasticity and dislocation motion,
which are key to fatigue processes, and are not explicitly recognised. The micromechanics influences
and often dominates the polycrystal microstructural performance, specifically at the stage of crack
nucleation within an individual grain. This is the stage at which nucleated cracks are much smaller
than the size of the relevant key microstructural feature which may be that of the grain size or, for
example, an inclusion. Such nucleated cracks often then grow in a way which is microstructurally
sensitive just up until the stage at which the crack becomes large relative to the key microstructural
feature (eg the grain size). At this stage, the cracks may be observable and measurable and the
process leading to this stage is often described as crack initiation (as opposed to nucleation). The
loading cycles necessary to achieve this may often consume a significant fraction of total material life.
Recent years have seen a resurgence of interest towards better understanding of the crack nucleation
and initiation phases, where there is a real industrial need to develop understanding of the mechanistic
basis of crack nucleation and microstructurally sensitive short crack growth.
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Within the context of current understanding based on the literature surveyed in Chapter 2, the overall
aims of the research addressed in this thesis are twofold:


Address fatigue crack nucleation criteria in order to establish a mechanistically-based
approach which takes full account of the microstructural sensitivity and provides a physically
persuasive understanding of fatigue crack nucleation. Particularly, the highly anisotropic
nature of strain localisation and dislocation density development leading up to fatigue crack
nucleation are examined in order to capture quantitatively the fatigue scatter resulting from
microstructural variation generally witnessed in superalloys. The studies are married with
experimental data in order to further bridge our physical understandings of the early crack
nucleation phase.



Investigate modelling methodologies which capture microstructurally-sensitive crack growth
up until continuum assumptions become reasonable. Morphology, crystallography and
anisotropy are explicitly addressed where the tortuosity of microstructural short crack growth
phenomena, such as intergranular (between grains) and transgranular (through a grain) crack
growth are addressed. The aim is to capture experimentally observed microstructural crack
growth paths with available experimental data.
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2. Review of the Literature
2.1.

Crystal Plasticity

Crystal structures and lattice structure have favourable slip planes and slip directions. In the interest of
work and industrial relevance, only two families of slip plane and slip direction will be focused; the
face centred cubic (fcc) slip system and body-centred cubic (bcc) slip system where an example is
shown for a particular slip system on Figure 2.1-1.
(a)

(b)

Y

Y

𝒏1

𝒔2
𝒔1

𝒔1
𝒏1
𝒔2

X
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Z

Z

Figure 2.1-1 (a) Example of fcc crystal, one of twelve <111> [110] slip systems, normal to slip plane 𝒏1 =
−1
1
0
−1
1
1
1
(1), slip directions 𝒔1 = ( 1 ) , 𝒔2 = ( 1 ), 𝒔3 = ( 0 ) in unit vectors, (b) example of bcc crystal,
√3
√2
√2
√2
1
−1
0
1
1

one of twelve <110>[111] slip systems, normal to slip plabe 𝒏1 =

1
−1
1
(1), slip directions 𝒔1 = ( 1 ) , 𝒔2 =
√3
√2
0
1
1

1
(−1) in unit vectors.
√2
1
1

It is known for most metals, when plastic deformation takes place, there will be no volume change as
it is an incompressible process. To be able to understand when cracks begin to nucleate and or
deformation of metal to begin, the initiation of slip to occur must be addressed. An example of a
single crystal rod under tension is demonstrated Figure 2.1-2. The applied unit tension follows Y
direction of the rod, where the corresponding active slip plane lies at angle 𝜆𝑜 from the unit load
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vector. This represents that the slip direction 𝒔 will be 𝜆𝑜 away from the applied load direction, with
an angle of 𝜙 𝑜 between the applied load direction and slip plane normal.

𝜎
𝒏

Y

𝜙

𝜆

𝜏𝑟

𝒔
Z

𝐴0

𝐹𝑟

𝐴
X
Figure 2.1-2 Schematic annotation of a single crystal rod subjected to a load in Y direction and plastic slipping.

The applied stress 𝜎 can be expressed as 𝜎 =

𝐹
𝐴0

where the resolved shear stress 𝜏𝑟 can be expressed

in terms of loading direction 𝒍,
𝜏𝑟 =

𝐹𝑟
𝐴

= 𝜎 cos 𝜙 cos 𝜆 = 𝜎(𝒔. 𝒍)( 𝒏. 𝒍) .

(2.1)

For the flow rule the continuum slip theory has been well studied and accepted commonly. From the
above equation shown, with the use of Schmid factor cos 𝜙 cos 𝜆, once the resolved shear stress 𝜏𝑟
(RSS) reaches the yield criterion for crystal, the critical resolved shear stress 𝜏𝑐 (CRSS), it can be
deduced that slip initiation will take place, known as the Schmid’s Law. It is also noted the CRSS
value is not affected by hydrostatic stress which helps simplifies the analysis of multiple slip systems.
To express plastic slip, taking into account for different active slip systems when the resolved shear
stress is greater than CRSS, it is determined using Cottrell [29] formulation and later expanded [30-32]
2 (−∆𝐹 𝑖⁄ )
𝑘𝑇

𝛾̇ 𝑖 = 𝜌𝑚𝑜𝑏𝑖𝑙𝑒 𝑣(𝑏 𝑖 ) 𝑒

(𝜏𝑟 𝑖 −𝜏𝑐 𝑖 )𝛾0 ∆𝑉 𝑖

sinh (

𝑘𝑇

)

(2.2)

where 𝑏 𝑖 with superscript 𝑖 represents the value of Burger’s Vector 𝑏 on the 𝑖 𝑡ℎ slip system, 𝛾̇ 𝑖 is the
shear strain rate, 𝑣 is the frequency of dislocation jumps, 𝜌𝑚𝑜𝑏𝑖𝑙𝑒 is the density of mobile gliding
dislocation, ∆𝐹 is the Helmholtz free energy, and ∆𝑉 is the thermodynamic activation volume which
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can be expressed in terms of the role of length scale effects due to the presence of dislocation
densities. This formulation is favoured over other power or kinetic slip laws as it addresses the
micromechanical interaction of each slip system and the dislocation density. Ashby [33] introduced
geometrically necessary dislocations (GNDs) to accommodate for the variation of plastic shear strain
gradient, alongside with statistically stored dislocations (SSDs) [34] which is accumulated by the
statistical trapping of dislocations during plastic slip. Nye [35] first comprehensively studied the
geometrical relations of dislocation tensor as a function related to the curvature tensor. It is also noted
that the total dislocation (𝜌𝑇𝑜𝑡𝑎𝑙 ) density can be expressed as the sum of the mobile (gliding) and
immobile dislocations as,
𝜌𝑇𝑜𝑡𝑎𝑙 = 𝜌𝑚𝑜𝑏𝑖𝑙𝑒 + 𝜌𝑖𝑚𝑚𝑜𝑏𝑖𝑙𝑒 .

(2.3)

Note that unless specified, 𝜌 with no superscript is denoted as the immobile dislocation density. The
presence of GNDs has been extensively reviewed [36] and is essential to account for the lattice
curvature and dislocations within geometry deformation, which essentially is integrated into crystal
plasticity modelling. The difference with smaller samples subject to strain gradient was identified to
respond with greater plastic strain hardening [37]. This length scale effect has been recognised due to
the presence of GNDs which is geometrically dependent to the model [30, 35]. To model this
behaviour, Dunne, Rugg and Walker [38] reviewed this issue into their slip formulation where
activation volume ∆𝑉 is function of the pinned dislocation distance (𝑙)
∆𝑉 = 𝑙𝑏 2 =

𝑏2
√𝜌𝑆𝑆𝐷 +𝜌𝐺𝑁𝐷

(2.4)

The approach to determine the evolution of GND sought to use the formulation presented by Busso et
al. [30], where the net Burgers circuit 𝑩 on an infinitesimal surface is expressed using Nye’s
dislocation tensor which can be related to the resultant Burgers vector.
𝑩 = ∬𝑠 𝑐𝑢𝑟𝑙(𝑭𝑃 )𝒓 𝑑𝑠 = ∬𝑠 (𝝆𝐺𝑁𝐷 ⨂ 𝐛GND ) 𝒓 𝑑𝑠

(2.5)

where both sides can be re-expressed taken into account the sum of all active slip systems
𝜂
𝜂
𝑠
𝑝
∑𝑁
𝜂=1 𝒃𝐺𝑁𝐷 ⨂𝝆𝐺𝑁𝐷 = 𝑐𝑢𝑟𝑙(𝑭 )

(2.6)
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as 𝐛GND is the net GND Burger’s direction, 𝒓 is the direction normal to the infinitesimal surface 𝑠,
𝑐𝑢𝑟𝑙(𝑭𝑃 ) is Nye’s tensor as 𝑭𝑃 is the plastic deformation gradient from multiplicative decomposition
of the total deformation gradient (see Appendix A).
Hooke’s law states that
𝝈̇ = 𝑮(𝜺̇ − 𝜺̇ 𝑝 )

(2.7)

where 𝑮 represents the global stiffness matrix and is detailed in Appendix B – Introduction to material
anisotropy. The plastic strain rate must be recognised that it only exists when the resolved shear stress
is greater than CRSS. This suggests that when RSS is less than the CRSS, the material will behave
elastically, and only after the RSS on any given slip system is greater than the CRSS will plasticity be
initiated. Further in multi-axial loading systems, 𝜺̇ 𝑝 solution will be a matrix solution of the form
𝜀̇ 𝑝 𝑥𝑥
𝜺̇ 𝑝 = [𝜀̇ 𝑝 𝑦𝑥
𝜀̇ 𝑝 𝑧𝑥

𝜀̇ 𝑝 𝑥𝑦
𝜀̇ 𝑝 𝑦𝑦
𝜀̇ 𝑝 𝑧𝑦

𝜀̇ 𝑝 𝑥𝑧
𝜀̇ 𝑝 𝑦𝑧 ]
𝜀̇ 𝑝 𝑧𝑧

(2.8)

Expressing the rate of plastic deformation 𝑫𝑝 in terms of plastic velocity gradient gives
1

𝑇

𝑫𝑝 = 𝑠𝑦𝑚(𝑳𝑝 ) = 2 (𝑳𝑝 + 𝑳𝑝 )

(2.9)

Note 𝑳𝑝 represents the plastic velocity gradient and is expressed as
𝑁

𝑠
𝑳𝑝 = ∑𝜂=1
(𝛾̇ 𝑖 𝒔𝑖 ⨂ 𝒏𝑖 )

(2.10)

With the knowledge gathered to incorporate crystal plasticity in a material response, for a given
crystallographic structure the plastic strain can be determined based on the formulation which
considers multiple active slip systems. Measurable shear stresses can also be used to apply a slip rule
based on the Schmid law and conclude the formulation with the plastic strain term.
In complex polycrystal and multiple grain morphologies, Finite Element analysis (FEA) approach is
opted such that user defined subroutines can be written to incorporate both full crystal plasticity
behaviour and material anisotropy. This is practical as a full polycrystal microstructure analysis
containing multiple noded grain elements can be integrated to study the overall material behaviour.
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The full validation of incorporating user-defined material into Abaqus FEA with crystal plasticity and
anisotropic behaviour has been internally studied can be referred to in Appendix D – Modelling single
crystal problem.

2.2.

Recent development of crystal plasticity modelling

To model the behaviour of superalloy materials at the microstructure level, it is important that the
crystal plasticity phenomenon is appropriately addressed. In recent years, modelling techniques have
been used to describe fundamental microstructure-based mechanistic behaviour to, for example,
predict fatigue crack nucleation and propagation (Chapter 2.3). Within polycrystal materials, it is
known that there are non-homogeneous behaviours and characteristics, specifically the variability of
plastic deformation gradients across the microstructure. It is also accepted that slip occurs readily on
specific slip directions and crystallographic planes under specific loading. Over the years a good
correlation has been made between crystalline formulations taking into account the effects of texture
and strain hardening to the evolution of dislocation densities where Rajendran et al. [39] further
integrated geometric necessary boundaries (GNBs) into their model. Collectively considering also a
more realistic grain morphology and GB interaction, the roles of grain subdivision has been studied
[40], but it was investigated only in a polycrystalline aggregate with low-angle GBs.
Hatem and Zikry [41] incorporated a full three dimensional multi-slip dislocation density based
crystalline formulation to investigate large strain inelastic deformation modes and dislocation
evolution in martensitic steel. In their crystal modelling approach, they accounted for the varied grain
morphologies, orientations and austenite-martensitic phase change, where 5% of austenite remained in
martensitic phase, which is consistent with observations. It was useful as localisation of mobile,
immobile and shear slip contours were witnessed in their model and field variation results. Their
physics based model was later used for nucleation study in Shanthraj and Zikry [42] work, where GB
dislocation showed significant effect to the shear strain accumulation. Regions of high strain rate
developments were assumed where crack will be initiated, but the theory lacked some experimental
evidence to support their work.
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A more rigorous constitutive model for crystal plasticity response based on dislocation density has
been addressed and modelled using an FEM approach in some fcc and bcc crystal problems. Ma et al.
[43-45] emphasised in their work the importance of the hardening rule to be based on the evolution of
dislocation densities rather than macroscopic quantities such as the plastic strain and strain rate.
Further, in their model they proposed a formulation that the mobile dislocation density is proportional
to the geometric mean of the parallel and forest dislocation densities, schematically shown on Figure
2.2-1. This in effect will implement cross hardening in a natural way. However, the majority of their
evolution formulation of dislocations tend to introduce many new parameters but authors have
defended each have direct physical meanings to the real processes and are not just strain rate or
temperature dependent.

Figure 2.2-1 Schematic concept of slip mechanism for the mobile dislocation needed to overcome resistances of
forest and parallel dislocation [46].

With the importance of dislocation density incorporated into crystal plasticity behaviour at the
microstructural level, further dislocation density behaviour across grain boundaries has been studied
intensively [44, 47]. In these works, the authors imposed GBs as an additional activation energy
barrier for mobile slip transmission in their slip formulation. Their finite element model was
experimentally compared with an aluminium bicrystal under shear loading perpendicular to its GB,
where only a combination of strain gradient and grain boundary effect is sufficient to reproduce the
experimental findings such as shown on Figure 2.2-2. More recently there is a move on a more
atomistic level of study which may further help us understand the roles of GBs in nanocrystalline
materials. Tucker and McDowell [48] modelled non-equilibrium GBs using excess free volume
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approach, where they suggested these GBs lowered the activation energy barriers for key plastic
deformation mechanisms such as GB sliding and dislocation nucleation.

Figure 2.2-2 von Mises strain distribution for small angle boundary after 40% shear on Aluminium bicrystal,
based on dislocation density constitutive model [46].

To model and address GND evolution in a more approachable level, Busso et al. [30] accounted for
Nye’s tensor as a tensorial measure of GND. Here they introduce an incremental evolution of GND
and summed together with all active slip systems. Based on this evolution of dislocation density,
Dunne, Rugg and Walker [38] brought together a full length scale-dependent, elastically anisotropic
crystal plasticity model to study the effects of cold-dwell fatigue in Ti alloys. Their model showed
great importance of the elastic anisotropy and length scale effects at the grain level where it
contributes greatly to stress localisation and the redistribution of the accumulated slip.
It is now generally recognised that crystal plasticity modelling of realistic microstructures enables the
capture of local stress and strain heterogeneity in a given microstructure with reasonable integrity, e.g.
[3]. Zhang et al. [49, 50] have utilised this approach to predict fatigue life based on the statistical
deviations of strain responses in a 3D volume element microstructure to represent their polycrystalline
bar. However, these cuboid representative models were not able to replicate the real microstructural
distribution taking account of morphology and grain size and this may explain why surface crack
development on the specimens was not captured. More detailed representative geometry of a notched
coarse grained sample [51] with uniform quadrilateral mesh to better represents statistical information
about the scatter and identifies the existence of localised strain development, but does not explicitly
capture the detailed 3D representation of the alloy. Other simpler modelling approaches based on
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‘square’ grained meshing [52] show capability of capturing comparable macroscopic stress-strain
response, but do not explicitly model realistic morphologies of polycrystals. In addition to explicit
modelling of the microstructural morphology [53, 54], Voronoi tessellation cell structures provide an
alternative way to represent polycrystalline microstructure by assuming a crystallisation process and
grain growth from random points distributed within a volume, which collides forming grain
boundaries [55]. An example of a controlled Poisson Voronoi tessellation model which has been
integrated into software system, VGrain [56, 57], has been demonstrated to be capable of generating
2D and 3D grain structures representative of experimentally observed microstructures. These
modelling techniques with the aim to capture representative micromechanics have provided a
fundamental knowledge of describing polycrystalline behaviour which can be bridged to address
fatigue failure and is reviewed in the next section.

2.3.

Fundamentals of fatigue crack nucleation and initiation

The fatigue life can be categorised into two periods, the crack initiation period and the crack growth
period which leads up to final failure of material (see Figure 2.3-1). The crack initiation period
includes the development of cyclic slip and persistent slip band formation which results in crack
nucleation at the subgrain length scale, and subsequent microcrack growth up to the length where it
becomes observable and measurable. This is very much dependent on the material structure such as
grain morphology, crystallographic orientation and possible inclusions. At later crack development
stages, passing through many grains (macro crack growth); crack growth resistance is primarily
dependent on the bulk property of the material where Paris type crack growth laws become reasonable
to predict crack growth. It is important to address the microstructural influences on fatigue crack
nucleation relevant to the early phases of lifing (see Chapter 1.2) where continuum fracture mechanics
assumptions are not appropriate. Significant research has focused on the physical understanding and
replication of the microstructural heterogeneities in superalloys. These include studies of anisotropy,
morphology and crystallography in response to fatigue loadings at different length scales [53, 58].
The presence of heterogeneities in the microstructure is important in fatigue life prediction such as in
large grained RS5 alloy, which exhibits significant scatter in fatigue life [6]. The large fatigue life
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scatter due to heterogeneous microstructure is not limited to nickel-based superalloy; this
phenomenon is commonly witnessed in many other alloys as well such as ferritic steel [54]. To better
understand the physical basis of fatigue crack nucleation, recent literature [59-61] has assessed a
range of fundamental approaches which will be reviewed in the following.

Figure 2.3-1 Fatigue life, periods and factors [24]

Failure based on stress has long been considered at the macroscopic (i.e. without consideration of
microstructural features) level. For example, the normal stress associated with a critical plane of
maximum shear strain was considered by Fatemi and Socie [62]. The same approach considering
maximum shear strain amplitude and maximum normal stress has also been assessed in
microstructural level in studies [63-66], which have shown that the shear-based parameter correlated
well with multiaxial fatigue conditions, and sensitivity of crack nucleation for small crack growth in
both low cycle fatigue (LCF) and high cycle fatigue (HCF). Wen and Zabaras [67] considered this
modelling approach and four fatigue indicating parameters (FIPs) based on this criterion were
assessed to determine failure in Ni-based superalloy. The focus was to address the significance of
different particle features and their effects on the FIPs. In other studies Mughrabi [68] simply
attempted to relate cyclic slip irreversibility with fatigue life, but through relations which incorporated
two empirical fatigue ductility constants in their power law model.
Parameters based on the normal components of traction has been considered in some studies such as
Shanthraj and Zikry [42], whom assumed that crack nucleation occurs once a critical fracture stress is
achieved, based on the evolving orientation of cleavage planes. Their physically based model also
considered the dislocation density evolution at the GB where transmission across it is dependent on
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block or pack boundaries. However, random GB misorientation and microstructures were generated
for their arbitrary martensitic steel microstructures and no direct validations with experimental
observations were possible. Ghosh et al. [69, 70] also utilised the normal traction component to
quantify failure for cold dwell fatigue in Ti-6242 alloy, but considered a mixed mode solution where
the effective stress (on a grain badly orientated for slip) is employed. The critical stress they
incorporated is based upon the dislocation pile up which, it is argued, acts similarly to the presence of
a crack that scales with the length of the pile up. The criterion proved satisfactory for identifying
fatigue crack nucleation sites and the corresponding number of cycles to nucleation in a
polycrystalline aggregate material for wedge crack opening. Following studies [71, 72] based on this
model showed that the critical crack nucleation parameter, which is calibrated from experimental data
for failure, played a key role in correlating with experimental observations.

Figure 2.3-2 Energy based approach based on PSB impeded by twin boundaries (Left) Transmission of PSB
through LAGB (<15o), (Right) PSB does not penetrate through HAGB (>15 o) [73].

Local stored energy is recognised as a favourable measure to be used for failure criterion, since it is
argued that the formation of cracks is due to dislocation pile up and constrained plastic flow so that
the stored energy eventually leads to the nucleation of a crack [74, 75]. Stroh’s theory [75] considers
dislocation pile-up and work hardening leading to energy storage, and the stored energy was found to
be proportional to applied plastic strain. The energy build-up leading to crack nucleation was found to
be appropriate to explain and predict the crack formation [75-77]. From the dislocation pile up
37

accumulated near the surface stress regions, through to the development of extrusions and intrusions
from the slip planes during fatigue, it will form structures of Persistent Slip Bands (PSBs), first
quantitatively addressed by Hunsche and Neumann [78]. The relationship with crack nucleation and
free surface effects was addressed by Sauzay and Gilormini [79], and a detailed discussion of PSB
formation as a precurser to crack nucleation and fatigue damage was reviewed in [80]. The energies of
PSBs have been the focus of some researchers and the failure criterion proposed by Sauzay et al. [79]
considered an energy balanced for different surface types. Sangid et al. [73, 81-83] primarily consider
an energy approach where PSB-grain boundary (GB) interaction in polycrystalline Nickel was argued
to govern fatigue crack nucleation. An atomistic-based energy barrier was introduced for slip
transmission and dislocation nucleation along the GB, which evolves with increasing fatigue cycles.
Slip and GB interaction were found to be focused in twin boundary regions where PSBs formed in
large grains were found to play a more indicative role for predicting fatigue crack nucleation as
demonstrated on Figure 2.3-2. It remains, however, a matter of discussion that PSB formation may, in
some materials, require many cycles and form a significant fraction of the crack nucleation history. In
other energy based approach parameters, Sweeney et al. [84] considered a local strain energy
parameter and a critical constraint to be satisfied for failure to occur, and in earlier works a dissipated
energy criteria has been introduced [85] over a cycle at a local point in the simulated crystal plasticity
model. Fine and Bhat [86, 87] modified the Gibbs free-energy parameter by introducing an energy
density function to accommodate for the dislocations that are lost per unit area of the nucleated crack
surface. These criteria adopted in recent studies [88, 89] showed some success in physically capturing
the fatigue life scatter but with variable errors of accuracy.
The role of accumulated plastic strain or discrete slip system measures through their relationship with
PSB formation are known to be precursors to fatigue crack nucleation at the microstructural length
scale. The criterion adopted in Manonukul and Dunne [90], which addressed slip accumulation in
random fcc polycrystals using a crystal plasticity model, showed that experimentally-observed cycles
to fatigue crack nucleation for both low and high cycle fatigue conditions could be captured. Dunne,
Wilkinson and Allen [3] carried out a combined experimental and computational crystal plasticity
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study of a directionally solidified (fcc) nickel-based superalloy with columnar grains undergoing
bending fatigue. It was found that the location of the highest accumulated slip corresponded to the
experimentally observed sites of both plane strain and free-surface, plane stress fatigue crack
nucleation and growth as illustrated from Figure 2.3-. Subsequent studies [53] in a body-centred cubic
(bcc) ferritic steel subject to bending fatigue have demonstrated that accumulated slip, and
particularly rate of slip accumulation, are good indicators of crack nucleation site in a set of ten
independent and different experimentally characterized microstructures. Hochhalter et al. [91]
incorporated three damage criteria based on accumulated slip into their elastic-viscoplastic polycrystal
constitutive model. The criteria were used to study nucleation from second phase particles in
aluminium alloy, prior to microstructurally small fatigue crack growth. Their model showed linear
slip accumulation for up to five loading cycles in the aluminium alloy considered, but Sweeney et al.
[53] have shown that slip accumulation may not be linear with cycles and that the rate of slip
accumulation varies profoundly with spatial position in the microstructure. While Sweeney et al. [53]
discussed the role of elastic anisotropy, length scale and crystallographic slip in determining the site
of crack nucleation, they did not address the cycles necessary for fatigue crack nucleation and
observed in their experimental matrix.
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Figure 2.3-3 A section of the directionally solidified nickel alloy subject to 3 point bending, (Top) Accumulated
plastic slip distribution, (Bottom) Corresponding location crack observed [3]

One of the physical parameters to determine slip activity is the Schmid factor parameter which has
been extensively referenced in many studies [92-98] and associated with fatigue failure. Interpretation
of the Schmid parameter has been extensively extended to correlate with local mechanisms. Studies
by Sriram et al. [92] have shown that dislocation pinning events may not be affected by Schmid factor
differences. Dislocation interactions with grain boundaries (GB) have been an active topic of research
and Kacher et al. [94] discussed some local sensitive criteria for slip transmission across a GB based
on geometry, resolved shear stress, Schmid factor, Burgers vector and interfacial energy. Some
authors have reviewed [96] slip transfer parameters weighted using Schmid factors specifically along
GBs, considering both local stress and macro stress in neighbouring grains. Quantifying Schmid
factors across polycrystals also identifies soft and hard grains for slip, giving a methodology used by
Wang et al. [95] to investigate the relationships between activated dislocation slip and twinning
systems. Other authors [97] considered dislocation channel and GB interactions and argued that the
lower the Schmid factor in a grain adjacent to a discontinuous channel, the higher the strain in the
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channel impinging on the grain. However, many of the studies described here utilise the global stress
tensor to quantify the local Schmid factor. Lim et al. [98] showed in their combined experimental and
crystal plasticity modelling studies on Ta oligocrystals that under high strain, grains with low (global)
Schmid factors or apparently unfavourably orientated for slip often presented large deformations
which were also experimentally observed. This contradicts the understanding of Schmid law where
favourably orientated grains should show greater propensity for slip. Hence as described by the
authors [98], the use of global stress state Schmid factor can be problematic to describe local
mechanical deformation behaviour.
Due to the recognition of the importance of Schmid factors with respect to dislocation slip, some
authors [99-105] have utilised these key microstructural quantities to understand local
micromechanical behaviour for fatigue crack nucleation. Birosca et al. [99] utilised the Schmid factor,
Taylor factor and GND density to address the effect of local texture on crack propagation path in Nisuperalloy and found that secondary cracks are more prone to nucleate on triple junctions between
soft and hard orientated grains, and the Taylor factor parameter was found not to give any direct
indication of dislocation activity within a grain. Mesoscale modelling [100] with quantified Schmid
factor in a polycrystal also concluded that micro-crack initiation near defects is highly dependent on
adjacent grain orientations. Other damage nucleation studies [101] assessed a fracture initiation
parameter considering only the Schmid factor of highly stressed twinning systems, and was found that
large local strains provide geometric accommodation to prevent damage nucleation. Though these
studies used Schmid parameters to link with failure, experimental studies by Risbet et al. [102] have
shown local damage initiation of fatigue extrusion heights in Ni-superalloy have both high and low
Schmid factors. More recent modelling work by Phung et al. [103] used the Schmid criterion to
predict preferential sites of persistent slip marking (PSM), only to conclude that the prediction of the
two different types of PSMs they considered could not be determined based on Schmid criterions,
similarly in also understanding the development of micro-volumes in Ni-based superalloys [104] and
macrozones in Ti-6Al-4V [105]. Hence there remains an element of concern with respect to the use of
Schmid factors (often globally defined) and criteria for slip and damage initiation. Many studies
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continue to use macroscopic stress states to determine the Schmid factors in order to address local
phenomena, and to date, local stress effects have not been thoroughly investigated.

2.4.

Microstructural short crack growth and Finite Element Modelling (FEM)
techniques

Most of today’s engineering crack problems are assessed using the fundamental understanding of
linear-elastic fracture mechanics (LEFM), where work from Griffith [106] and later by Irwin [21]
introduced the stress intensity factor associated with crack propagation rates. Fracture mechanics
provided a platform for many developments of software tools and finite element packages for crack
propagation simulations such as FRANC2D/3D [107, 108], BEASY [109], ADAPCRACK2D/3D
[110, 111] and ZENCRACK [112]. However, most of these packages require extensive continuous remeshing to capture geometric discontinuity during subsequent crack advancements which can be
computationally expensive. There are some techniques which do not require the need for remeshing
including extended finite element method (XFEM), demonstrated for example by Sukumar et al. [113117] in their 2D and 3D models. Similar to XFEM are other possibilities such as that presented by
Chen et al. [118], which introduced a concept called the floating node method. More recent methods
includes meshfree approaches [119, 120] where Barbieri et al. [120] introduced a new weightfunctions for node enrichment and Nguyen et al. [121] demonstrated the potential of phase field
method to simulate crack nucleation and propagation.
Although LEFM provides solutions for long crack growth problems, it is known from early reviews
[122, 123] that the basic LEFM approach fails to correlate crack growth rates at the microstructural
length scale due to significant influences of local morphology, crystallography and the microstructural
features affecting both elastic and plastic behaviour local to the crack front. Reviews (e.g. [60]) have
demonstrated the importance of mechanistic approaches to address microstructural-level deformation
and crack nucleation including the consequences of crystal orientations, grain morphology, and the
establishment of dislocation structures. Micromechanical modelling of short fatigue cracks is also of
current interest and has recently been reviewed [124] and methods have been introduced based on
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empirical, analytical or complex numerical solutions to address local phenomena and crack tip
behaviour.
At the microstructural level a number of modelling techniques have been used to introduce discrete
local separation behaviour. The boundary element method was used in Christ et al. [125] along slip
bands of interest where they looked at conditions for propagating cracks in duplex steel. A more
popular approach is cohesive zone method [126-130], where traction-displacement relationships are
typically applied between grains as cohesive interfaces. Kupka et al. [130] also adopted a cohesive
zone approach in their model to describe grain boundary separation based on a normal traction stress
criterion coupled with fracture energy for crack initiation in their micro-cantilever crystal plasticity
model. A different technique involves a non-local damage method [131-133] which calculates the
degradation of the material stiffness to model damage fracture; some author [132] combined with
non-local damage with crystal plasticity to investigate microstructural-sensitive crack nucleation and
propagation. One advantage with these methods is the flexibility of introducing a user defined failure
criteria such as Vajragupta et al. [134] employed a maximum principal stress criterion in the
martensitic phases in dual-phase steel for cleavage fracture, and a criterion based on stress triaxiality
and equivalent plastic strain for ductile damage in the ferrite phase.
Crack tip opening and sliding displacements have been used in microstructural studies [135, 136] to
model and quantitatively assess the effects of crystallographic orientation for a static crack in the
absence of crack extension. Some modelling approaches at the crystal level have been developed for
short crack growth. Forest et al. [137, 138] introduced in their single crystal plasticity numerical
model a post processing and finite element (FE) remeshing framework, incorporating a damage
criterion based on the accumulated slip, resolved shear stress (RSS) and normal stresses. In other
study [42] a specialised finite element methodology introduced overlapping elements to represent
evolving cleavage fracture surfaces in martensitic steel alloys. A further approach includes using the
Extended Finite Element Method (XFEM) where Sukumar et al. [139] demonstrated the utility and
potential of the XFEM tool to carry out studies for brittle fracture in polycrystalline microstructures.
Their introduction of user defined ratios of critical fracture energy of the grain boundary to that of the
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grain interior further demonstrated the capabilities of XFEM in modelling tortuous crack deviations.
Farhangdoost et al. [140] further developed the toughness ratio parameter approach with XFEM to
address microstructural fatigue crack growth based on dominant slip planes and fracture energy for
intergranular or transgranular fracture. However, the parameter R, which is the ratio of critical
fracture energy between the grain boundary and the neighbouring grains, must be fitted with empirical
data for comparable crack paths as illustrated on Figure 2.4-1. Menk et al. [141] also utilised X-FEM
to model cracks emerging along boundaries in solder joints where equivalent creep strain was used as
criterion for boundary cracking.

Figure 2.4-1 Crack path predicted by (a) Sukumar algorithm (b) recommended criterion by considering R value
that obtained from trial and error method [140]

The XFEM library continue to expand and the availability in commercial Abaqus/Standard packages
has shown that it is capable of linkage with general user-defined material (UMAT), with studies
describing XFEM crack development with irradiation-induced stresses [142] and microstructural
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crystal plasticity behaviours [143]. Further user-defined XFEM crack growth fracture criterion are
possible where criterions such as a stored energy [144] or strain accumulation [145] has been
presented. The application of XFEM in microscale crack initiation-propagation is of growing
popularity, and some researchers [146] used XFEM crack solutions to predict consequently the global
stress-strain behaviour in bimodal Al. These ranges of methods and growth criteria used reflect the
continuing interest to better address local microstructurally-sensitive crack growth phenomena.
Previous research has addressed GB influences on local slip activity and crack interactions [147-152]
and some work also considered the role of twin boundaries [103, 153]. Some of these studies assess
how the orientation of dominant slip planes affects crack propagation and fracture resistance. Some
authors [148, 151] have carried out mechanistic studies of the role of slip plane alignment across GBs
in the context of both slip and crack transmission or inhibition. The favourable alignment of slip
planes across a GB has been shown to exhibit lower resistance for mechanistic transmission of slip
and cracking. In addition, quantitative experimental studies by Jiang et al. [154] have indicated an
important effect provided by the establishment of local high densities of geometrically necessary
dislocations (GNDs) in influencing crack growth path in fatigue at the microstructural level. These
studies clarify the challenges involved with the establishment of appropriate mechanistically-based
modelling methodologies for microstructurally-sensitive crack growth.

2.5.

Summary

The literature studied, addressing the importance of crystal plasticity and to take account of the
dislocation densities, allows some authors to approach and attempt to fundamentally address crack
nucleation and identify fatigue indicating parameters. These studies are of great significance to the
understanding and development of early stage cracking and some authors focussed their work on
microstructurally short crack growth and its effect across features such as grain boundaries. The
approaches to model crack growth phenomena accurately and to reproduce experimental observations
at the microstructural level has proven difficult for a range of reasons including crack tip slip and
dislocation density accumulation and complex plasticity mechanics. Hence to date many crack
modelling techniques still rely on linear elastic fracture mechanics (LEFM).
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From the literature surveyed, there is little work reporting the ability to correctly predict cycles to
microstructural fatigue crack nucleation. Some authors [3, 90, 91, 155] have now shown that the site
in which crack nucleation occurs can be predicted at the grain scale, but fundamentally addressing the
fatigue lifing scatter remains a challenge. Further, there is yet to be any work to clearly define and
model microstructural short crack growth and paths which is not empirically developed.
In the following research work, Chapters 3 to Chapter 5 focus on studies to address microstructurally
sensitive fatigue crack nucleation. A localised stored energy criterion for fatigue crack nucleation in
polycrystals is proposed, with new suggestions to physically determine fatigue crack nucleation in
tested ferritic steel polycrystal samples (Chapter 3). The criterion is extended into a 3D CPFEM
representation for RS5 Ni superalloy specimens to predict and compare with experimental fatigue
observations (Chapter 4). HR-EBSD and CPFEM investigation of the microstructural stress
distributions and identified fatigue hotspots in a polycrystalline copper have been carried out to assess
local influences on the nucleation sites (Chapter 5). Chapters 6 and 7 present studies addressing
modelling techniques to capture MSCG with direct comparisons to experimental fatigue data. A
methodology based on the Extended Finite Element Method (XFEM) is introduced for microstructural
length scale crack studies. The work extends to address the tortuosity of intergranular cracks
witnessed in experiments where influence of grain boundary properties is investigated to promote
grain boundary crack developments in FEM models. Finally, a summary of the research studied and
recommended areas of work in the future is covered in Chapter 8.
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3. A stored energy criterion for fatigue crack nucleation in
Polycrystalsi

Multiple large grained Ferritic steel samples from the work by Sweeney, Vorster et al. [53] provided a
variety of fatigue crack observation data in which different samples contained different
microstructural grain distribution and morphology. These samples will be further studied to provide
new evidence to address cycles of individual samples to crack nucleation. A revisited gradientenhanced crystal plasticity framework, which enables grain by grain detail of slip, geometrically
necessary (GND) and statistically stored (SSD) dislocation densities to be determined, and allows
these quantities to be assessed in the context of a matrix of experimental observations of
microstructurally sensitive fatigue crack nucleation and short crack growth will be presented. We
assess the importance, or otherwise, of these quantities in relation to key microstructural features and
specifically, the known sites of crack nucleation observed in an experimental study in which the
fatigue scatter witnessed in ferritic steel bend samples forms the basis for the present study [53]. The
experimental work also provides measurements of cycles to fatigue crack nucleation which, in
combination with the grain by grain gradient crystal model comparisons, allows a variety of criteria to
be assessed in ranking the observed fatigue nucleation lives. Hence, finally, we propose a stored
energy criterion, which is informed by local slip accumulation, densities of statistically stored and
geometrically necessary dislocations, and stress, for the prediction of both site of crack nucleation,
and quantitative predictions of cycles to crack nucleation in microstructure-sensitive fatigue.

i

In collaboration with Dr. D. W. MacLachlan, Rolls Royce plc. The authors would also like to express their
gratitude to Dr. Caoimhe Sweeney for advice on the geometric FE modelling of beam test samples. This
chapter’s work has been published and is referenced as: [53] V.V.C. Wan, D.W. MacLachlan, F.P.E. Dunne. A
stored energy criterion for fatigue crack nucleation in polycrystals, International Journal of Fatigue 68 (2014)
90-102
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3.1.

Experimental Background and Computational Methodology

In this section, a brief description of the experimental programme reported in [53] and carried out by
Nippon Steel Corp (NSC) on ferritic steel, four-point bend, notched-beam samples is given. A
schematic representation of the experimental set-up is shown in Figure 3.1-1, in which a notched
beam undergoing four-point bending is depicted with dimensions shown. The SUS430LX ferritic bcc
steel has undergone heat treatment to generate large grains (~mm) which leads to grain morphologies
and crystallographic orientations which are prismatic through the thickness of all of the samples. The
sample notch and local grains can be seen to be of the same length scale, but the notch simply causes
fatigue crack nucleation to occur within a pre-defined region of the samples. All samples were
characterised close to the notched regions using EBSD in order to determine full detail of the
crystallographic orientations and morphologies.
Table 3.1-1 SUS430LX Ferritic polycrystal steel composition

The results of fatigue tests on body centred cubic (BCC) prismatic single phase ferritic steel samples
are reported in [53, 54]. The composition of the ferritic steel is listed in Table 3.1-1. The
microstructurally different samples (in particular at the notched region) tested in fatigue, contain
multiple large-grains with varied grain morphologies and orientations, which are detailed in Table
3.1-2, together with the applied loading (400N-520N as shown) and details of observed crack
nucleation site.
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Figure 3.1-1 Typical specimen with dimensions under four-point bending fatigue test, including notch region
with detailed explicit polycrystal representation schematically inset. [53]

The summary of results for the range of four-point bend fatigue tests carried out, including those for
which the morphologies are shown in Table 3.1-2, are given in Figure 3.1-2. Here, the cycles
observed in order to initiate cracks and for sample fracture are both given. Note that here, initiation
(as opposed to nucleation) corresponds simply to the first recorded cracking within a surface grain,
but the crack initiation lengths are different for most samples, and this can be seen from the SEM
images in Table 3.1-3 for both crack initiation and sample fracture for five samples (a subset of those
given in Table 3.1-2for which such measurements were made. It is evident from Figure 3.1-2 that
considerable scatter in lifetime occurs, for given loading, and two shaded regions, indicative of a
nucleation process, and fatigue fracture process are demarcated in Figure 3.1-2. A methodology for
extracting cycles to nucleation is necessary in order to carry out like-with-like comparisons across the
range of samples.
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Table 3.1-2 Results from eight SUS430LX ferritic samples subject to four-point bending tested by NSC
Notch Region & Grain Morphologies

No. cycles to crack

SUS 430LX
Steel
Sample No.

Cyclic
Load
(N)

Initiationii

Fracture

430_02

400

200,000

846,110

Crack nucleates between the GB grain a and
b and crack propagates along GB between
grain c and b

430_06

400

200,000

591,215

Crack nucleates left of grain A and crack
grows with slight deflection (40~45o) across
GB into grain G

430_07

400

200,000

380,554

Crack nucleates largely to the left of the
notch region in grain a, and crack grows
momentarily along GB and into grain c

430_08

420

18,000

241,161

Nucleation of crack starts left of grain I and
grows in the direction to grain M and crack
grows along GB grain M towards grain N

430_09

420

18,000

2,500,000

4 grains share majority of notch surface
region and crack nucleates right side of the
notch region between grain C and D

430_11

440

297,000

1,073,008

Crack nucleates between B,D,C grains triple
point on the notch surface and propagates
straight down and through grain D and into
grain K with slight deviation

430_12

440

355,500

1,276,428

Crack nucleates on the right side of the notch
on grain D and grows in the direction
towards grain K and M

321,573

Crack nucleates on grain F close to GB with
grain B and grows towards GB with grain E.
This propagates down along GB before into
grain K

430_15

ii

440

Remarks

113,400

Crack initiation length varied from 75 – 620 μm based on SEM images provided
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2mm

Table 3.1-3 SEM images of crack propagation and path on microstructurally different SUS430LX ferritic
samples under four-point bending tested by NSC

SEM image

SUS 430LX
Sample No.

Cyclic
Load
(N)

430_06

400

136,198
(5.1nm
cycle-1)iv

430_08

420

-32,939v
(13.6nm
cycle-1)

430_11

440

118,885
(2.86nm
cycle-1)

430_12

440

185,482
(3.2nm
cycle-1)

430_15

440

91,729
(11.5nm
cycle-1)

Crack initiation

1mm

iii

Fracture

Cycles to fatigue
crack nucleationiii

This is the inverse calculated cycles to crack nucleation based on the experimental SEM captured
Crack propagation rate per fatigue cycle
v Due to the high predicted crack growth rate per cycle, the cycles to fatigue crack nucleation deduced based on the SEM
crack initiation length reduces it to a value less than zero. This data will be ignored and assumed crack nucleates
immediately after the first thousand cyclic loading.
iv
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Figure 3.1-2 S-N diagram of SUS430LX-large crystal grain specimen (NSC)

The crack initiation point is taken to be that when a crack has measured length between 75 and 620μm
(an experimental constraint) developing within a surface grain in the ferritic steel notched beam
samples. The measured cycles to initiation are shown in Table 3.1-2. Only five of the eight
SUS430LX samples, shown in Table 3.1-3, have clear SEM images of the cycles to crack initiation
and to fracture. However, for these samples, with known cycles to crack initiation and failure for each
sample and corresponding SEM images shown in Table 3.1-3, the cycles for fatigue crack nucleation
are calculated as follows. Nucleation is defined to have occurred at the point of development of a
surface-grain crack length of 1/40th of the average grain size (measured to be 1856μm). The
nucleation length (1/40th of average grain size) has been chosen simply to ensure that it is very small
(46μm) compared to the key microstructural length scale (the grain size) following Figure 3.1-1, and
that a consistent crack length is used throughout this Chapter. With knowledge of the experimentally
measured initiation length and crack length at failure, and the corresponding cycles for both, the
average small crack growth rate is estimated from
𝐿𝑓𝑟𝑎𝑐𝑡𝑢𝑟𝑒 −𝐿𝑖𝑛𝑖𝑡𝑖𝑎𝑡𝑖𝑜𝑛

Crack propagation rate = 𝑁

(3.1)

𝑓𝑟𝑎𝑐𝑡𝑢𝑟𝑒 −𝑁𝑖𝑛𝑖𝑡𝑖𝑎𝑡𝑖𝑜𝑛
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where 𝐿 denotes crack lengths obtained from the SEM images shown in Table 3.1-3. With this
knowledge for each microstructure independently, the number of cycles to crack nucleation can be
inverse calculated from the cycles to crack initiation. The cycles to crack nucleation estimated in this
way are given in Table 3.1-3 for each of the corresponding microstructures, together with the growth
rates calculated for their determination.
Table 3.1-2 shows that for the same polycrystal material alloy, the grain structure varies greatly from
sample to sample, leading to variations also in the observed cycles to crack initiation and fracture.
Sample 12, for example, gives the highest number of cycles for crack initiation (355,500) and samples
8 and 9 give crack initiation cycles as low as 18,000 cycles. Considering the cycles to fatigue crack
nucleation shown on Table 3.1-3, sample 12 is noted again to lead to the highest number of cycles for
fatigue crack nucleation with an average crack propagation rate of 3.2 nm/cycle.
The four-point beam samples discussed above have been assessed in previous work [53] but only in
the context of site of observed crack nucleation, with respect to the key microstructural features, and
Table 3.1-3 shows the experimentally observed nucleation sites. The focus of this Chapter is to
address a quantitative capability for prediction of the loading cycles necessary in order to nucleate the
cracks, and the role of microstructure in determining this. Hence, crystal plasticity finite element
representations of all the microstructures detailed in Table 3.1-3 (together with the additional
microstructures and the finite element representations shown in Table 3.1-2) are necessary. In these
models, as shown in Table 3.1-2, the beam notched regions incorporate explicit representation of the
EBSD-characterised grain morphologies and crystallographic orientations, and outside of these
regions, because the plasticity is highly localised close to the notch, isotropic elasticity is assumed.
The models all have an average of 35,000 2D (generalised plane strain) quadratic interpolation finite
elements, in which more refined mesh concentration is adopted at the notch region with an average of
661 elements per grain. Sensitivity study [156] have shown the convergence of crystal plasticity
simulations to the formation of shear bands in thin polycrystalline struts need only an average of 98
elements or more per grain. Hence with this information, the mesh density defined in the notch region
presented here is sufficient for the purposes of prediction of crack nucleation sites.
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Detailed grain-by-grain assessment of key calculated quantities including slip, densities of statistically
stored and geometrically necessary dislocation densities and stress may then be carried out using the
models, particularly at those locations where cracks are observed to nucleate in the experiments. This
assessment then leads to the establishment of a microstructurally-verified criterion for fatigue crack
nucleation. In the next section, the gradient-enhanced crystal plasticity model is briefly described, and
this is followed by a presentation of the computational and experimental results.

Crystal Plasticity Modelling

3.2.

A crystal plasticity framework is used to analyse the behaviour of the bcc ferritic steel samples. The
model incorporates explicit coupling of the statistically stored and geometrically necessary dislocation
density content and is therefore gradient-enhanced. The importance of dislocation theory in crystal
plasticity follows from the understanding of work hardening in terms of dislocation mechanics, and a
review of the initial development and studies in the 1950s and 1960s is discussed in Seeger [157].
Ashby [33] introduced geometrically necessary dislocations (GNDs) to accommodate plastic shear
strain gradients, alongside statistically stored dislocations (SSDs) [34] which accumulate through
statistical trapping during plastic slip.
In the crystal model here, the plastic velocity gradient 𝑳𝑝 is expressed in terms of slip rate 𝛾̇ , and
system normal 𝒏 and slip 𝒔 directions as
𝑁

𝑠
(𝛾̇ 𝑖 𝒏𝑖 ⨂ 𝒔𝒊 )
𝑳𝑝 = ∑𝑖=1

(3.2)

where 𝑁𝑠 is the number of active slip systems. The slip rate is given by

𝛾̇ 𝑖 = 𝜌𝑚 𝑣(𝑏 𝑖 )2 𝑒

𝑖

2

(−∆𝐻 ⁄𝑘𝑇 )
(𝜏 𝑖 −𝜏 𝑖 )𝛾 (𝑏 𝑖 )
sinh ( 𝑟 𝑐 0
)
𝑘𝑇√𝜌𝑆𝑆𝐷 +𝜌𝐺𝑁𝐷

(3.3)

In the above, 𝑣 is the energy barrier jump frequency, 𝑏 the Burger’s vector magnitude, ∆𝐻 the
Helmholtz free energy, 𝑘 the Boltzmann constant, 𝑇 the temperature, 𝜏𝑟 the resolved shear stress and
𝜌𝑚 is the mobile dislocation density. Statistically stored dislocation density is taken to evolve with

accumulated slip and to act to cause slip system strengths to harden. Hence the dislocation-based
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hardening effect on slip strength is introduced such that the resultant slip strengths, or critical resolved
shear stresses, are given by
𝜏𝑐 𝑖 = 𝜏𝑐 𝑜 𝑖 + 𝜇𝐺𝑏√𝜌𝑆𝑆𝐷 + 𝜌𝐺𝑁𝐷 ,

(3.4)

where 𝜇 is a material constant and 𝐺 is the shear modulus. The evolution of SSD density in terms of
the accumulated slip rate 𝑝̇ , is given by
(3.5)

𝜌̇ 𝑆𝑆𝐷 = 𝜗𝑝̇

where we introduce 𝜗 as the hardening coefficient, and in turn the accumulated slip rate is determined
from

2

𝑝̇ = ( 𝑳𝑝 : 𝑳𝑝 )
3

1⁄
2

,

(3.6)

and the accumulated plastic strain, p, is then given by

p   p dt .

(3.7)

GNDs [36] account for permanent lattice curvature, or plastic strain gradient, and potentially act in the
same way as immobile SSDs in obstructing dislocation glide. The approach to determine the evolution
of GND density is that presented in [158] where, in summary, the Nye tensor is equated with the open
Burger’s circuit to give
𝑖
𝑖
𝑠
𝑝
∑𝑁
𝑖=1 𝒃𝐺𝑁𝐷 ⨂𝝆𝐺𝑁𝐷 = 𝑐𝑢𝑟𝑙(𝑭 )

(3.8)

where 𝒃𝐺𝑁𝐷 is the net GND Burger’s vector, and GND is the dislocation density vector which gives
information of the dislocation density magnitude and direction. The computational techniques
necessary to deal with the potential non-uniqueness problem in obtaining solutions from (3.8) are
described in [158].
The slip strength (Table 3.2-1) and hardening coefficient ( 𝜗 ) in the crystal model have been
determined by ensuring the bulk shear response of bcc polycrystal ferritic steel is appropriately
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captured by the model. The hardening coefficient used in Eq. (3.5) determines the evolution of SSD,
which influences the hardening development in Eq. (3.4). The shear stress-strain response between
our hardening model and experimental is plotted in Figure 3.2-1, where the hardening coefficient is
determined to be 2.5 × 1013 𝑚−2 . All other material property values for the bcc ferritic steel are those
specified by Sweeney et al [53]. The crystal model described above is implemented in to the finite
element-based solver ABAQUS using a user-defined element subroutine (UEL).
Table 3.2-1– Material properties for the ferritic steel SUS 430LX constitutive model Sweeney et al. (2013)

1.0 × 1010 𝑚−2
2.5 × 10−10 𝑚
5.0 × 1019 𝑠 −1
10.71 × 10−20 𝐽
1.381 × 10−23 𝐽𝐾 −1
293K
2.5 × 1013 𝑚−2
1.0 × 10−3
85MPa

𝜌𝑆𝑆𝐷
𝑏
𝑣
∆𝐻
𝑘
𝑇
𝜗

𝛾0
𝜏𝑐

Shear stress τ (MPa)

150

100

50

Experimental Data
New dislocation based
hardening law

0
0

0.002

0.004

0.006

0.008

Shear strain
Figure 3.2-1 Shear stress-strain response in comparison with calibrated new dislocation based hardening law and
experimental data
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3.3.

Crystal Plasticity Assessment of Experimental Observations

FE geometric crystal models were constructed to replicate the microstructurally differing notchedbeam samples shown in Table 3.1-2, and schematically in Figure 3.1-1, and were subjected to fully
reversed cyclic loading for twenty fatigue cycles. Full crystal plasticity analysis then provides detailed
grain by grain assessment of slip, plastic strain, SSD density, and GND density for all microstructures,
and particularly at the location of experimentally observed and predicted [53] nucleation site. The
results of the analysis for one specific beam sample (sample 12) are shown in at the peak loading
point in the twentieth cycle, in which the accumulated slip, SSD and GND density evolutions are
given by equations (3.7), (3.5) and (3.8) respectively.
Sweeney et al. [53] were able to predict correctly the site of fatigue crack nucleation in all of the
experimental samples based on knowledge of the calculated accumulated slip per cycle, and the arrow
in (a) indicates the experimentally observed and predicted crack nucleation site for sample 12. Given
that this information is available for all samples, we thus employ the crystal plasticity analyses in
order to extract out for each of the samples in turn, at the specific and differing experimentally
observed locations of fatigue crack nucleation, key information as it evolves with cycles and the
corresponding calculations of accumulated slip, GND and SSD density at each of the sampleobserved crack nucleation sites shown in Figure 3.3-2, Figure 3.3-3 and Figure 3.3-4.
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Figure 3.3-1 Field plots of state variables for Sample 12 at the end of the 20th loading cycle, (a) accumulated
slip, (b) GND density, (c) SSD density, (d) axial stress distribution, (e) illustration of grain morphology and
crystallography, where interested quantities are focused at the site of crack nucleation site (see arrow)

Over the eight samples, the evolution of accumulated slip shown in Figure 3.3-2 at the location of
fatigue crack nucleation (Table 3.1-3) can be seen to vary greatly across test samples where sample 12
shows the highest evolution of accumulated slip and samples 6 & 7 the lowest slip after 20 cycles of
loading. It is also observed that the approximate steady state rates of cyclic slip accumulation are
achieved at different numbers of cycles across the samples, clearly indicating the role of
crystallography and morphology.
Both GND and SSD evolution (Figure 3.3-3 and Figure 3.3-4) modelled locally at the crack
nucleation site also show very large differences of rate of development in all samples modelled. There
are some extreme instances where, for example, in sample 12 the lowest GND development is
observed but with correspondingly the highest SSD development, as shown in Figure 3.3-4. This is
thought to occur, again, because of the varied microstructures leading to very differing constraint at
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the particular locations of crack nucleation. A further example of such effects is observed in Sample
11 in which very high GND densities are rapidly accumulated as a result of the presence of a triple
junction (see Table 3.1-2 and Table 3.1-3) local to the notch free surface and observed site of crack
nucleation. Grain boundaries act as barriers to slip and cause localisation of dislocation activity and
plastic strain gradient, which result in the higher GND development observed in, for example, Sample
11.
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Accumulated Slip (p)
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Sample 7

0.020
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0
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No. Cycles
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Figure 3.3-2 Accumulated slip of SUS 430 LX eight samples at the crack nucleation site over 20 simulated
cycles
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Figure 3.3-3 GND evolutions of SUS 430 LX eight samples at the crack nucleation site over 20 simulated cycles
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Figure 3.3-4 SSD evolutions of SUS 430 LX eight samples at the crack nucleation site over 20 simulated cycles

An assessment has been carried out of the three quantities accumulated slip, GND and SSD density at
the experimentally observed locations of fatigue crack nucleation in order to investigate whether any
or all of these quantities may be identified demonstrably to be associated with the measured fatigue
cycles required to cause crack nucleation across all of the test samples. In order to do this from the
full field crystal plasticity calculations over twenty loading cycles, it has been necessary to extrapolate
the values of slip, GND and SSD density with knowledge of their evolutions over twenty cycles at the
known location of crack nucleation to their values at the experimentally known number of cycles to
fatigue crack nucleation. The extrapolation of accumulated slip has been carried out by means of both
a parabolic fit to the data over twenty calculated cycles and a linear extrapolation based on the slip
rate calculated at the twentieth cycle. Similarly, results for the GND and SSD densities at the
experimentally observed cycles to fatigue crack nucleation have been obtained by extrapolating from
the twentieth cycle using their calculated rates of evolution at this cycle. A summary of these results is
given in Table 3.3-1 and Table 3.3-2.
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Table 3.3-1 Extrapolation of data based on the evolution of accumulated slip over 20 simulated cycles, to obtain
a critical accumulated slip value.

Sample

Predicted 𝑝 evolution

𝑝̇

For Cycle > 1

at end
20th

SUS
430LX

Parabolic

No.

relation
𝑝=

R-Square
Value (R2)

Cycle
(Linear)
E-04
cycle-1

Calculated 𝑝 crit at cycles based on;
Crack initiation point
( 𝑁𝑖 ) (Nippon)

Crack nucleation
point ( 𝑁𝑛 )

Parabolic

Linear

Parabolic

Linear

12

0.0038 (𝑁)0.6792

0.9980

8.37

22.383

297.55

14.388

155.19

09

0.0052 (𝑁)0.5499

0.9944

5.45

1.138

9.81

N/A

N/A

02

0.0028 (𝑁)0.6117

0.9931

4.38

4.896

87.6

N/A

N/A

15

0.0044 (𝑁)0.4145

0.9970

2.45

0.548

27.78

0.514

23.79

11

0.3970

0.0060 (𝑁)

0.9841

2.14

0.893

63.56

0.547

26.17

08

0.0016 (𝑁)0.5130

0.9911

2.10

0.244

3.78

N/A

N/A

06

0.0016 (𝑁)

0.4580

0.9967

1.22

0.429

24.40

0.155

16.08

07

0.0020 (𝑁)0.3879

0.9968

0.97

0.228

19.4

N/A

N/A

Analysis of the accumulated slip determined at the appropriate number of cycles for experimentally
observed fatigue crack nucleation shown in either from parabolic or linear extrapolation, shows a very
wide range of accumulated slip values developed over the eight test samples examined. These results
do seem to indicate that while accumulated slip rate may be a good indicator of crack nucleation site
(Sweeney et al. [53]), it does not in its own right enable ranking of life to fatigue crack nucleation.
The establishment of a critical accumulated slip for crack nucleation, at least based on the eight
microstructurally differing bcc polycrystal steel samples considered in this study, does not appear to
be possible. Naturally, there is some scope for error in using the extrapolations of accumulated slip,
but the slip magnitudes achieved both for the point of crack nucleation and initiation are so widely
different across the samples that this fatigue indicator parameter seems unlikely to be useful. Table
3.3-2 shows extrapolations of both GND and SSD densities at the site of crack nucleation using
knowledge of the rates of these quantities determined at the twentieth cycle. These quantities also are
seen in Table 3.3-2 not to correlate directly with the number of cycles necessary in order to cause
crack nucleation, and are therefore also not suitable, in their own right, as fatigue indicator parameters.
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However, it is noted that the maximum calculated SSD density is found always to occur at the
experimentally observed crack nucleation site, and that the maximum GND density does sometimes,
but not always. The former arises since the SSD density is related directly to the accumulated slip rate
through equation (3.5), which has been found to be an excellent indicator of crack nucleation site [53].
Table 3.3-2 Extrapolation of data based on the GND and SSD evolution over the 20 simulated cycles.
GND

SSD

SUS

Rate of evolution

𝜌GND at

430LX

at end of 20th

20th

Max. 𝜌GND coincide

Cycle

Cycle

with max. 𝑝

Sample
No.

(m-2

cycle-1)

(m-2)

E+09

E+11

02

1.0

0.15

06

3.0

07

(nucleation site)?

Rate of evolution

𝜌SSD at

at end of 20th

20th

Max. 𝜌SSD coincide

Cycle

Cycle

with max. 𝑝

(m-2)

(nucleation site)?

(m-2

cycle-1)

E+10

E+11

NO

2.0

4.29

YES

1.07

YES

0.3

1.66

YES

0.2

0.05

YES

0.9

1.65

YES

08

1.0

0.23

YES

0.7

2.00

YES

09

3.0

1.29

NO

1.0

6.60

YES

11

4.0

3.30

YES

0.5

4.77

YES

12

2.0

0.42

NO

2.0

7.16

YES

15

2.0

0.54

YES

0.6

3.80

YES

The availability of full-field and detailed information at the microstructural level from the crystal
plasticity analyses of all of the experimentally characterised and analysed beam test samples, for
which the number of cycles to generate fatigue crack nucleation is known for each, provides for the
possibility of establishing and validating a microstructure-based criterion for fatigue crack nucleation.
This transpires to be based on local stored energy and we introduce a nucleation criterion for which a
critical value of energy density, Gc, is key. The criterion is introduced in the following section.
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3.4.

A Stored Energy Criterion for Fatigue Crack Nucleation

The energy associated with plastic deformation, localised or otherwise, may be dissipated (e.g. in heat
or sound), which has been utilised as a criteria alone previously [85], or stored within the material.
Energy storage mechanisms include the establishment of dislocation structures within, for example,
persistent slip bands which may be ladder-like, the formation of dislocation cells or simply the
establishment of distributions of geometrically necessary dislocations which provide the lattice
curvature to support the existence of local plastic strain gradients. It is argued that the density
magnitude and distributions of both statistically stored and geometrically necessary dislocations play
a role in developing highly localised stress states, capable of causing localised cleavage. The crystal
model employed here facilitates the explicit determination of full-field SSD and GND density
distributions along with the energy associated with the related material slip. We therefore establish a
measure of microstructure-level stored energy and investigate whether it provides a rationale for
ranking cycles to fatigue crack nucleation in the experimentally tested and characterised samples.
The energy per cycle per unit volume associated with plastic deformation is given by

U    : d p

(3.9)

C

in which the integration is carried out over a complete saturated cycle. Typical hysteresis cycles
calculated for test sample 7 are shown in Figure 3.4-1 and particularly, at the twentieth cycle, in
Figure 3.4-2. Both figures make clear that under the applied R=0 loading ratio, local (plastic)
ratchetting, or incremental plasticity, is observed to occur. However, a key factor in establishing crack
nucleation is hypothesised to be the volume within which the energy is stored through the creation of
dislocation structures, here called the storage volume, Vs, which we argue may be written in terms of
the resultant SSD and GND mean free distance, , and hence density as

Vs  As 

As

 SSD   GND 

.

(3.10)
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The fractions of the plastic energy associated with dissipation and storage are not known but writing
the stored fraction as , the stored energy per cycle within the storage volume may then be expressed
as

 : d p As
UVs  
 SSD   GND 
C

(3.11)

 , may be
so that the cyclic energy density, or energy storage rate (per cycle, per unit area), G
expressed as

UVs
G 

As
C

 : d p
.
 SSD   GND 

(3.12)

Figure 3.4-1 Effective stress and accumulated slip over 20 fatigue cyclic loading for sample SUS430LX_07

Figure 3.4-2 Effective stress and accumulated slip at the 20th cyclic load for sample SUS430LX_07
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We further argue that the balance between energy dissipation and storage likely varies during the
cyclic deformation with the establishment of dislocation structures, and therefore the stored energy
content probably dominates early in the cyclic life and reduces once such structures have been
established. The evolutions of SSD and GND densities, together with that of the accumulated slip
shown in Figure 3.3-2, Figure 3.3-3 and Figure 3.3-4 indicate that the early rates of evolution are
much higher than those after, say, fifteen cycles. Independent experimental measurements of GND
density in titanium alloy (and subsequently also in copper) also support these observations [159, 160].
Hence, it is consequently assumed for simplicity, as above, that the rate of evolution of accumulated
slip achieves a steady state early in the cyclic life of the material such that the balance between stored
and dissipated energy has, by this stage, also achieved the steady state. It is the case in many practical
circumstances in fatigue that the number of cycles to achieve the steady state (plastic shakedown) is
small compared with the number required in order to generate crack nucleation and hence we argue
that the stored energy density may be written G  G N , in which N is the number of cycles, and for

 has stabilised to a steady state cyclic value. The criterion for fatigue
the reasons discussed above, G
crack nucleation is therefore that the stored energy density, G, achieves a critical value, Gc at
nucleation such that the number of cycles to nucleation is given by the condition

Gc  G N f

.

(3.13)

The critical stored energy density therefore, like the ductile-enhanced critical strain energy release
rate and the surface energy criterion for brittle fracture of Griffith, has units of Jm-2 but unlike the
latter, has associated with it an implicit microstructural length scale dependence. This results from the
fact that the stored energy has to be calculated with respect to a given length scale, which in practice
becomes that over which the densities of GNDs are measured or calculated in equation (3.8). The
criterion for fatigue crack nucleation in (3.13) is therefore a two-parameter model requiring
knowledge of the critical stored energy density and the length scale measure. In this chapter, we
evaluate the energy storage rate with respect to a specific and stated microstructure length scale at the
locations of all the experimentally observed crack nucleation sites in the matrix of tests described
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earlier, and hence determine the critical stored energy density for crack nucleation. The utility of the
criterion for predicting cycles to fatigue crack nucleation in the ferritic steel samples considered is
next investigated and summarised.

3.4.1. Assessment of crack nucleation criterion in ferritic steel beam tests
The crystal plasticity model has been employed to evaluate, at the experimentally observed sites of
crack nucleation, the accumulated slip, slip rate, GND and SSD densities and Mises effective stress,
together with the stored energy density rate from equation (4.13). For the latter quantity, the fraction,

, of the plastic energy associated with storage, has been assigned a value of 0.05 since it is unknown,
but the fraction of plastic energy dissipated as heat, sound, etc. is taken to be about 95% which agrees
with literature [161] that the majority of energy is dissipated rather than stored. The fraction is argued
above to be approximately constant, at least for the vast majority of fatigue cycles. The length scale
discussed above, reflective of the scale at which GND density has been calculated, is taken in the
calculations here to be ~50 m. The stored energy density rates determined are summarised in Table
3.4.1-1.
Table 3.4.1-1 Summary of essential state variables at the nucleation site of five SUS430LX ferritic steel samples
in the order of cycle to predicted crack nucleation

At the 20th Cycle /

Sample
SUS

Load

430LX

(N)

No.

𝑝̇
(cycle-

𝑝

1

E-02

)

E-04

𝐺̇

𝜌GND

𝜌SSD

Total 𝜌

(m-2)

(m-2)

(m-2)

E+11

E+11

E+11

∮ 𝜎𝑒 d𝑝

Ninitiation

NNucleation

NFailure

(MPa

(J/m2
cycle-1)
E-02

cycle-1)

12

440

8.37

2.80

0.42

7.16

7.58

0.2732

355500

185,482

1,276,428

1.57

06

400

1.22

0.62

1.07

1.66

2.73

0.0434

200000

136,190

591,215

0.42

11

440

2.14

1.90

3.30

4.77

8.07

0.0927

297000

118,885

1,073,008

0.52

15

440

2.45

1.50

0.54

3.80

4.34

0.0801

113400

91,730

321,573

0.61

08

420

2.10

0.76

0.23

2.00

2.23

0.0718

18000

-32,939*

241,161

0.76
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In decreasing order of cycles to crack nucleation, NNucleation, the cyclic rate of accumulated slip
increases respectively with the exception of sample 12 and 8. Sample 8 is seen to have a non-realistic
calculated number of cycles to nucleation due to its short life witnessed from experimental data and
the inverse calculation of cycles to nucleation from initiation and growth rate data discussed earlier

 is found to decrease with increasing
and presented in Table 3.1-3. The stored energy density rate G
cycles to crack nucleation, except only for sample 12, which corresponds to a high number of cycles
to final failure, contrary to expectations given the high applied peak loading of 440N. The cyclic
energy storage rate, cyclic accumulated slip rate (both calculated for the twentieth loading cycle), and
peak load are plotted against the number of cycles to crack nucleation in Figure 3.4.1-1.

Figure 3.4.1-1Stored energy density per cycle and accumulated slip rate at the 20 th cycle, with the cyclic load
applied to cycles to nucleation

With the usual exception of sample 12, the stored energy density calculated at the locations of
experimental crack nucleation are seen to decrease consistently with increasing cycles to nucleation.
The peak applied bending load, however, shows no such relationship with cycles to nucleation,
reflecting that the nucleation process is dominated by both microstructural features and plastic strain
states local to the nucleation site. The variation of cycles to crack nucleation with applied peak load
would normally be described in the context of statistical variation of microstructure. Here, however,
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we are able to explain why it is that the statistical microstructural variations give rise to deterministic
variations in fatigue crack nucleation.
The cyclic stored energy density rate (at the crack nucleation site, and a microstructural-level quantity)
is plotted against applied peak loading (a macro-scale quantity) in Figure 3.4.1-2 in order to show that
there is limited correlation between the two and that the latter is a poor indicator of fatigue
performance to nucleation, at least over limited load ranges for which microstructure is likely to
dominate response. Conversely, the figure makes clear that the local energy associated with plasticity
is not closely related to the applied, remote loading. Rather, microstructural features of grain
morphology, boundaries, crystallographic orientation and elastic anisotropy, for example, dominate
the local behaviour.
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Figure 3.4.1-2 Stored energy density per cycle against the cyclic load

Sweeney et al. [53] found that the cyclic accumulated slip (a rate quantity, as opposed to absolute
magnitude)

predicted the site of fatigue crack nucleation in all of the test samples investigated,

whereas accumulated slip did not. As a result, the cyclic accumulated slip (rate) and the absolute
value of accumulated slip, both calculated at the known locations of crack nucleation in all test
samples for which nucleation was determinable, are plotted in Figure 3.4.1-3. An overall trend of
increasing accumulated slip with cyclic slip rate is observed with the exception of sample 11, but the
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detail for individual test samples shows up strong differences from the trend, such that consideration
of accumulated slip in its own right is unlikely to be a good predictor of either nucleation site or
cycles to nucleation.
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Figure 3.4.1-3 Accumulated slip rate against the total accumulated slip at 20 th cycle

The stored energy density rates shown in Table 3.4.1-1 largely facilitate the ranking of the observed
test sample fatigue behaviour; higher stored energy density rates scale with shorter lives to crack
nucleation. These data have therefore been used in conjunction with equation (3.13) in order to
determine the critical stored energy density for the ferritic steel to reproduce the observed cycles to
nucleation given in Table 3.4.1-1. The result enables the calculated cyclic energy density rate to be
plotted against cycles to nucleation, determined both from experiment and predicted using equation
(3.13). The results are shown for both linear and logarithmic cycle scales in Figure 3.4.1-. The critical
stored energy density is determined in this way to be 580 Jm-2 (with  =0.05).
Figure 3.4.1- shows that the relationship between stored energy density rate and cycles to fatigue
crack nucleation is found to be approximately of decreasing exponential form such that the
relationship is about linear with respect to logarithmic cycles to nucleation. As the stored energy
density rate decreases, the number of cycles to crack nucleation increases and at the limit, when the
stored energy from plasticity diminishes to zero, which suggests the fatigue limit of material is very
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much also microstructurally dependent. The gradient of the energy – cycles graph in Figure.3.4.1-4(b)
indicates that while only a small number of experimental data exist for cycles to crack nucleation in
this study, the sensitivity of crack nucleation to energy density storage is about right. In passing, it is
also worth noting that the critical stored energy density Gc has a magnitude which is representative of
fracture energy values relevant to ductile-enhanced Griffith fracture.
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Figure 3.4.1-4 (a) Stored energy density per cycle to cycles to nucleation - based on the critical accumulated
energy stored (b) in log scale

The approach described in this chapter is to address both the location and the cycles required to cause
crack nucleation in explicitly characterised experimental samples. The intention is to establish
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fundamental techniques enabling the prediction of location of crack nucleation and the cycles required
to cause it in a range of microstructurally differing samples, therefore demonstrating the facility of the
model to account fully for the microstructural variation. A consequence is that validation of the
approach remains difficult over many samples since each one requires full EBSD characterisation,
followed by testing to determine both the site of crack nucleation and the number of cycles to cause
crack nucleation. However, what is more tractable with the current experimental matrix of tests is to
investigate the bounds for the commencement and termination of predicted crack nucleation for the
range of microstructurally differing samples.
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Figure 3.4.1-5 S-N Diagram for SUS430LX steel including: Loads vs Cycles nucleation based on Energy
criterion for all samples, cycles to nucleation from SEM observation, and cycles to experimental fracture of
samples
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Hence, all of the experimentally characterised samples shown in Table 3.1-2 and Table 3.1-3 have
been analysed, the locations of crack nucleation identified and the predicted cycles to crack nucleation
determined using the stored energy density approach. The results obtained have been included on the
overall S-N curve shown in Figure 3.4.1-5. The predicted cycles to nucleation for all samples are
shown, together with all of the experimental results to failure (sample breaking) which include
available experimental samples to nucleation (black arrows). The fatigue model has also been used to
establish the expected bounds on the range of samples tested. The bounds define the cycles for the
commencement of nucleation across all microstructurally differing samples through to the termination
of nucleation (after which all samples are predicted to have nucleated a crack). The two bounds
predicted by the model can be seen to be in good agreement with the experimental fatigue results
across the range of samples tested.
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Figure 3.4.1-6 Stored energy density per cycle with varying cyclic load applied to predicted cycles to crack
nucleation, based on energy criterion on Sample no. 11

Furthermore, experimental sample S11 has been modelled under the same bend fatigue conditions but
over a range of applied loading, and the results obtained for the stored energy density rate are shown
in Figure 3.4.1-6. Here, the sample microstructure is, of course, unchanged so that changes in the
stored energy and fatigue response result now solely from the role of increased load on the localised
material response at the location of crack nucleation. A progressive increase in stored energy density
rate is anticipated as the applied bend loading increases, together with a progressive reduction in
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predicted cycles to crack nucleation. The expected response is observed from the model output shown
in Figure 3.4.1-6.

3.5.

Conclusion

A number of microstructurally differing ferritic steel polycrystal bend fatigue samples have been
examined using SEM in order to identify the site of fatigue crack nucleation in each, together with the
number of cycles needed in order to generate fatigue crack nucleation (which is differentiated here
from crack initiation). Each sample has also been modelled with explicit representation of their grain
morphologies and crystallographic orientations using crystal plasticity finite element techniques. Key
microstructure-level quantities including accumulated slip, slip rate, densities of statistically stored
and geometrically necessary dislocations, have been determined using the model at the experimentally
observed sites of crack nucleation. These quantities considered independently have been found not to
correlate well with the cycles to crack nucleation.
A new microstructure-level stored energy density criterion for polycrystal fatigue crack nucleation has
been proposed in which it is argued that nucleation occurs when the stored energy density achieves a
critical value, Gc. The nucleation criterion is, in fact, a two parameter model in which the second
parameter is the length scale over which the density of GNDs is measured, here taken to be 50m.The
critical stored energy density has been determined from knowledge of experimental cycles to fatigue
crack nucleation to be about 580 Jm-2, and the stored energy density rate has been shown to correlate
well with the experimentally observed cycles to crack nucleation. The criterion enables prediction of
cycles to crack nucleation across the range of experimental samples and has been shown to demarcate
correctly the crack nucleation lives observed over the range of differing experimental microstructures.
In addition, for those experimental samples for which fatigue nucleation lives are known, the criterion
has been shown to give good predictions of cycles to crack nucleation.
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4. Microstructure-sensitive fatigue crack nucleation in a
polycrystalline Ni Superalloyvi

The dislocation based stored energy criterion [54] presented in Chapter 3 is utilised to assess its
sensitivity against fatigue failure scatter, under differing loading conditions and reflecting differing
textures, and assess its performance against independent experimental fatigue observations. Crystal
plasticity finite element modelling (CPFEM) is used to describe the local grain-level behaviour
through a user-defined material subroutine (UMAT). A detailed 3D representative microstructure
using VGrain is generated with morphology based on the experimental microstructure of RS5 Nickel
superalloy measured by electron backscatter diffraction (EBSD). The experimental fatigue test results
are also presented to directly validate the mechanistic model for fatigue crack nucleation.

vi

In collaboration with Dr. J. Jiang Imperial College London and Dr. D. W. MacLachlan, Rolls Royce plc. The
authors would also like to express their gratitude to Dr. W. Li for providing the RS5 Ni sample and experimental
fatigue test data, Prof. J. Lin and Dr. D. Balint for providing access to VGrain software.
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4.1.

Experimental Data

RS5 polycrystal nickel based superalloy is considered in the fatigue crack nucleation study. The
microstructural model development using CPFEM is based on the experimental microstructural
characterization of RS5 samples obtained from EBSD. Experimental fatigue test result for RS5 alloy
are available for a number of loading conditions and provide information on fatigue life scatter under
the differing loading conditions presented.

4.1.1. RS5 characterisation
RS5 cast nickel based superalloy samples were supplied by Rolls-Royce plc. Three samples were
machined, subsequently polished using diamond suspension from 6μm to 3μm to 1μm and finished
with oxide polishing suspension (OPS) (~0.2μm). Prepared samples were then put in the electron
scanning microscope to examine their microstructures via EBSD. The EBSD maps of 5.35mm
x4.00mm with 20μm step size were obtained. The detailed microstructure, grain morphology, texture
and grain size statistical distributions are illustrated in Table 4.1.1-1.

As a whole, it is observed that the RS5 alloy presents relatively large wavy coarse grains. Further,
from the pole figures and texture information of the three maps sampled Table 4.1.1-1, the
convolution frequency of [100], [011] and [110] showed the material has minimal preferred
crystallographic orientation. Considering the grain size distributions across all three maps as
illustrated in Table 4.1.1-1, the grain size varies significantly from small grains of ~50μm to those
largest observed grains of ~980μm. The arithmetic mean grain diameter was determined to be
~690μm. With this microstrutural information and statistical data, representative computationally
comparable models with illustrative microstructures of the alloy may be generated in order to perform
detailed fatigue lifing studies.
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Table 4.1.1-1 Three EBSD measured inverse pole figures generated with respect to horizontal axis and
corresponding pole figures and histogram plots of the grain size distribution.
Map

EBSD Map

Pole figures

Grain size distribution histogram

Distribution [%]
8

No. 1

6
4
2

1000µm

0

0

200

400

600

Grain size (µm)

800

1000

Distribution [%]
16
12

No. 2
8
4

1000µm

0

0

200

400

600

Grain size (µm)

800

Distribution [%]
8
6

No. 3

4
2

1000µm

0

0

200

400

600

800

Grain size (µm)

4.1.2. Fatigue test data
From an industrial perspective, in order to understand and predict the fatigue life of a given material,
it is useful to carry out tests which are representative of the cyclic loading conditions experienced in
service. Hence the fatigue tests on the RS5 alloy were conducted by Rolls-Royce plc. with varied
loading history, and strain ranges under a range of temperature conditions. The fatigue test samples
were cut from bar with dimensions as illustrated in Figure 4.1.2-1(a), where uniaxial strain-controlled
loading was applied along the x-direction. The resulting test data may be used to assess and rank the
material performance under differing experimental test conditions.
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Figure 4.1.2-1 (a) Dimensions of fatigue test specimens (b) an example of ruptured RS5 fatigue test specimen at
650 °C, 0.65% maximum strain after 5,408 cycles

Examination of a fatigue RS5 specimen tested to failure and shown in Figure 4.1.2-1(b) reveals
fatigue crack nucleation and ultimately rupture within the mid-section region of the bar. The crack
nucleation sites are similarly captured in other fatigue tested specimens.
Surface cracks are generally observed and used to determine the onset of fatigue failure of specimens
at two sets of strain ratios (R=0 and R=-1) at 20oC. A summary of the test results is given in Figure
4.1.2-2. Maximum uniaxial strains from 0.50% to 0.65% were applied with strain ratios of R=0 in the
x direction, and fully reversed tests (R=-1) with maximum strains between 0.375% to 0.45% (0.75%
to 0.90% strain range respectively) are considered. For low-cycle fatigue tests, the number of cycles
to nucleation is commonly defined by a measured drop in maximum load which some authors have
attempted to correlate with crack length [162]. Here the number of cycles to 5% load drop is recorded,
as well as the number of cycles to fatigue rupture or failure in the RS5 specimens.

Figure 4.1.2-2 Strain range applied to cycles to failure of RS5 alloy at 20 oC (provided by Rolls-Royce plc.)
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Evidently from Figure 4.1.2-2, RS5 alloy exhibits significant scatter for the same strain ratios and
strain loading. Thirteen RS5 specimens were tested in which each microstructure is different, with
seven tested under R=-1 conditions and the remaining six under R=0 strain ratio. Note that the tests
with strain ranges greater than 0.70% were subjected to strain ratio R=-1, and below 0.70% to R=0
test conditions. Under the load conditions specified, the majority of the fatigue lives recorded are
between 10,000 and 55,000 cycles. As expected, as maximum applied strain increases, so fatigue life
decreases. Under R=0 loading, a specimen tested with maximum strain of 0.65% showed cycles to 5%
load drop and rupture to be 14,407 and 15,572 cycles respectively. However, scatter exists when a
number of tests are carried out under the same strain range as illustrated by the duplicate test(s) with
maximum strain of 0.375% and R=-1, where cycles to 5% load drop were recorded between 10,629 to
29,965 cycles, demonstrating large variation. In order to compare quantitatively the scatter range with
respect to the maximum and minimum cycles recorded for failure, a percentage range ( 𝑒𝑟 ) is
introduced. The scatter range is determined for test data with more than one data point under the same
load condition using Eq. (4.1), where 𝑁𝑚𝑎𝑥 is the maximum and 𝑁𝑚𝑖𝑛 the minimum cycles recorded
under a specific load condition for failure.

𝑒=

100(𝑁𝑚𝑎𝑥 −𝑁𝑚𝑖𝑛 )
𝑁𝑚𝑎𝑥 +𝑁𝑚𝑖𝑛

(4.1)

In this case, based on the three data points in Figure 4.1.2-2 under a maximum strain of 0.375%
applied at R=-1 strain ratio, the average cycles (the average of the maximum and minimum values
only) to 5% load drop is 20,297 ± 9,668 cycles or ±48% (𝑒𝑟 ). Similarly calculated, the number of
cycles to fatigue rupture is 33,619 ± 21,516 cycles or ±64%. Other load conditions with available
scattered test data from Figure 4.1.2-2 are calculated and summarised in Table 4.1.2-1. Here, there is
no common scatter range observed under the load conditions studied, which reinforces the importance
of recognising the role of local microstructure in fatigue, and its implications for crack nucleation and
growth. Therefore, any mechanistically based fatigue crack nucleation criterion must be sensitive to
the local microstructure and micromechanics.
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Table 4.1.2-1 – Summary of fatigue scatter witnessed based on average cycles from experiment data

4.2.

Geometric Model Generation

In order to investigate the experimental scatter data of RS5 alloy, Abaqus FE/CAE was used to
represent the detailed test sample microstructure in order to attempt to capture the experimentally
observed fatigue response of the superalloy, and particularly the scatter in fatigue life. VGrain is used
to generate a representative 3D grain morphology similar to that of the experimental specimens,
which is then meshed using Abaqus in the pre-processing stage. A crystal plasticity model is
embodied within a UMAT subroutine and calibrated for the RS5 Ni alloy behaviour. Microstructure
model integration through VGrain has been demonstrated previously [56] for which the process is
illustrated as shown in Figure 4.2-1, and is used here to develop the model for fatigue lifing analysis
at the grain length scale.

Figure 4.2-1 Illustration of the modelling process and analysis

4.2.1. VGrain-generated test sample
Controlled Poisson Voronoi tessellation is utilised within VGrain developed by Zhang et al. [56, 57].
A grain size distribution function e.g. mean grain size, standard distribution and skewness shown in
Table 4.1.1-1 was generated by VGrain to be representative of the experimental characterisation
presented above. The details of the formulation to determine the regular seed distances of grains and
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the control parameter can be found in [57]; specifically the minimum, mean and maximum grain sizes
need to be specified, and the skewness of the grain size distribution function is measured by a
parameter defined as Pr in [56].

Figure 4.2.1-1 Pre-processing of model illustrating (a) distribution of grains against normalised grain size (b)
surface grain morphology (c) 3D network of internal and external grain boundaries (d) the tetrehedral element
meshed model

Based on the experimental characterisation data of the RS5 alloy from Table 4.1.1-1, it was found that
the average minimum, mean and maximum grain size across three maps within the RS5 sample
received are 50μm, 690μm and 980μm respectively. The 𝑃𝑟 value was set as 0.80 (or 80%) which
gave a distribution of normalised grain sizes as shown in Figure 4.2.1-1(a). The geometric dimensions
of the model specimen were defined from Figure 4.1.2-1(a). As witnessed from ruptured test pieces as
shown in Figure 4.1.2-1(b), failure frequently occurs within the mid-section of the bar, and
considering the computational expense of modelling a complete to-scale model, only the middle
section of the experimental test sample was modelled with an appropriate length 6.4mm and a
diameter of 6.4mm. The VGrain generated microstructure was then modified to the specified
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dimensons in Abaqus CAE. The surface grain morphology of the model containing 332 grains is
illustrated in Figure 4.2.1-1(b). A 3D microstructure model as shown in Figure 4.2.1-1(c) shows a
very complex grain boundaries network within

the polycrystal sample as anticipated. Abaqus

meshing tools with mesh dependent on the grain morphology were used, in which ten-node tetrahedral
elements (C3D10) with an average element size of ~40μm was applied as shown in Figure 4.2.1-1(d).
An average of 297 elements per grain is assigned within the 3D polycrystal model, which is known
[156] is sufficient for the purposes of prediction of crack nucleation sites.
It is worth noting that from the EBSD maps as shown in Table 4.1.1-1, there seem to be exhibited
pixel scale (<10μm) particles distributed within the microstructure due to the presence of carbides,
which were introduced intentionally to increase creep resistance. In this study, we focus on material
physical behaviour at the micron length scale and these particles are not explicitly modelled in our
representative microstructure geometric model.

4.2.2. Crystal plasticity calibration and validation
The kinematic decomposition of the deformation gradient 𝑭 can be expressed in terms of the elastic
𝑭𝑒 and plastic 𝑭𝑝 tensors as described [163] such that
𝑭 = 𝑭𝑒 𝑭𝑝 .

(4.2)

The crystal plasticity model written in a UMAT subroutine, expresses the plastic velocity gradient 𝑳𝑝
in terms of slip rate 𝛾̇ , and system normal 𝒏 and slip 𝒔 directions as
𝑳𝑝 = 𝑭𝑝̇ 𝑭𝑝

−1

𝑁

𝑠
= ∑𝑖=1
(𝛾̇ 𝑖 𝒏𝑖 ⨂ 𝒔𝒊 )

(4.3)

where 𝑁𝑠 is the number of active slip systems. The slip rate is given by [38, 53, 54]
2 (−∆𝐻 𝑖⁄ )
𝑘𝑇

𝛾̇ 𝑖 = 𝜌𝑚 𝑣(𝑏 𝑖 ) 𝑒

sinh (

(𝜏𝑟 𝑖 −𝜏𝑐 𝑖 )𝛾0 ∆𝑉
𝑘𝑇

(4.4)

),

where 𝑣 is the energy barrier jump frequency, 𝑏 the Burger’s vector magnitude, ∆𝐻 the Helmholtz
free energy, 𝑘 the Boltzmann constant, 𝑇 the temperature, ∆𝑉 the activation volume, 𝜏𝑟 the resolved
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shear stress and 𝜌𝑚 indicates mobile dislocation density. The accumulated slip evolving on each of
the 12 considered [111] <100> family face centred cubic (FCC) slip system is explicitly considered
for a Ni crystal. A Taylor dislocation based hardening effect on slip strength is adopted such that the
resultant slip strengths, or critical resolved shear stresses, are given by
𝜏𝑐 𝑖 = 𝜏𝑐 𝑜 𝑖 + 𝜇𝐺𝑏√𝜌𝑆𝑆𝐷 .

(4.5)

The evolution of SSD density is taken to increase in proportion to the evolution of accumulated slip
for the purposes of simplicity and as expressed in a previous study [54].
In order capture accurately the hardening effects of a RS5 superalloy based on Eq. (4.5), a simplified
3.0mmx3.0mm VGrain based on Table 4.1.1-1 is modelled as shown in Figure 4.2.2-1(a). The
polycrystal model contains 39 randomly orientated grains which is expected to be sufficient for
calibration purposes [49]. Uniaxial strain controlled loading has been applied in the y axis up to 1.0%
strain. Resulting from the calibration, the anisotropic cubic elastic constants for this particular alloy
are set to be C11=271GPa, C12=150GPa, C44=130GPa and the critical resolved shear stress (CRSS)
was determined to be 415MPa (𝜏𝑐 𝑜 ). The calibrated crystal plasticity stress strain response is shown
in Figure 4.2.2-2. The Mises stress distribution at 1% strain for the calibration sample is illustrated in
Figure 4.2.2-1(b) where the model indicates the heterogeneity of the stress distributed within the 3D
microstructure.

Figure 4.2.2-1 (a) Grain morphology of RS5 model used for calibration (b) von Mises stress distribution (MPa)
considering all local stress components at 1.00% strain load

82

Figure 4.2.2-2 Calibrated CPFEM response against experimental macroscopic stress strain response

Independent fatigue lifing studies [49, 164] have utilised similar volume element samples to that
shown in Figure 4.2.2-1 to represent a finite volume within their experimental fatigue specimens.
However, in the present work, a statistically representative model is developed as shown in Figure
4.2.1-1 in order to address fatigue scatter and lifing resulting from microstructural variation such that
boundary effects are likely to be small.

4.3.

Fatigue Analyses

In order to capture the statistical variation of differing microstructures, we assigned three different
sets of random crystallographic orientations (which we term ‘realisations’) but maintained the same
morphological features (i.e. grain shape, and size distribution function). The cyclic loading was
applied in the sample axial Z-axis direction shown in Figure 4.2.1-1 where strain is applied to one end
of the sample, and the other end of the sample a condition fixed so that Z=0. Similar to the
experiments, a strain ratio R=0 was applied with maximum strains of 0.50%, 0.55% and 0.65%, and a
strain ratio R=-1 with maximum strains of 0.375%, 0.40% and 0.45% (strain ranges of 0.75%, 0.80%
and 0.90% respectively). The simulated fatigue samples are subjected to 5 cycles of strain controlled
loading. Jiang et al. [154] have shown in their fatigue tests that even a relatively small number of
cycles maybe adequate to allow the local development of dislocation densities and networks of
stresses and accumulated strain in the microstructure which do not necessarily change significantly
with subsequent cycles in a spatial sense. In addition, in the previous Chapter 3 it was shown that with
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a progressively developing field of slip and dislocation accumulation, plastic shakedown occurs
enabling sensible extrapolations to be made over subsequent cycling.

Figure 4.3-1 Macroscopic stress strain response in the z-direction under (a) R=0 strain ratio and (b) R=-1

Figure 4.3-1 shows the macro stress strain response of the polycrystal model under strain ratios of
R=0 (Figure 4.3-1(a)) and R=-1 (Figure 4.3-1(b)) with the strain ranges shown. The straining is
demonstrated to be such that the elastic limit is exceeded as plastic deformation and hardening is
witnessed macroscopically for all load conditions applied. Thereafter the cyclic hysteresis loops
illustrate that elastic shakedown appears to occur, at least at the macro-scale average level.
The accumulation of slip has been used as the indicator of the location of crack nucleation by a
number of authors [3, 53], and in this way, three hotpot sites for crack nucleation are identified on the
free surface in each of the 3 realisation of the sample models. A total of nine initiation hotpots are
closely monitored.
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Figure 4.3-2 Distributions of Mises stress after 5 fatigue cycles at R=0 and 0.50% strain in (a) Sample No. 1 (b)
Sample No. 2 (c) Sample No. 3, over the same morphologies of grain. Identified three (A, B & C) nucleation
hotspots with high accumulation of slip is illustrated with black arrows. Note: Some nucleation hotspots are not
marked on figure as it is located on the other face of the 3D-model and the contours represents stress range
from ~20MPa (blue) to 800MPa (red).
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Figure 4.3-2 shows the Mises stress distributions for R=0 straining with maximum applied strain of
0.50% for the three crystallographic realisations, that is the three samples with differing assigned
crystallographic orientations. It is evident that the differing crystallographic orientation distributions
generate quite different stress heterogeneity within each of the three samples. This is further
highlighted by the different locations of nucleation hotspots identified (on the basis of high slip
accumulation) such as in sample no. 1 - Figure 4.3-2(a); the three hotspots A, B and C are all found
on the top surface along grain boundaries, compared to sample no. 2 (Figure 4.3-2(b)) and sample 3
(Figure 4.3-2(c)), where all hotspots were also found along or in close proximity to grain boundaries
but in different locations and grains.

Figure 4.3-3 Identified fatigue nucleation hotspot ‘C’ in 3 different samples (No. 1, 2 & 3) after 5 fatigue cyclic
loading localised Z-component axial stress-strain behaviour for R=0 strain ratio with max. strain of (a) 0.50%,
(b) 0.55%, (c) 0.65%, and R=-1 strain ratio and max. strain of (d) 0.375%, (e) 0.40%, (f) 0.45%
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Figure 4.3-3 shows the stress-strain response at hotspot ‘C’ for each sample during five fatigue cycles
at the applied maximum strains shown for strain ratio R=0 for (a), (b) and (c) and for strain ratio R=-1
in (d), (e) and (f).
For strain ratio of R=0 (Figure 4.3-3(a-c)), it is evident that with increasing applied maximum strain
from 0.50% to 0.65%, greater plastic strains develop and also that elastic or plastic shakedown is seen
to occur depending on the sample examined. For example, in Figure 4.3-3(b), under the same applied
strain conditions in all three samples (green, blue and black lines) elastic shakedown behaviour is seen
for one sample at the hotspot, whereas the other sample hotspot experience continued reversed
plasticity but without further ratcheting and therefore show plastic shakedown. For strain ratio R=-1,
with increasing applied straining, Figure 4.3-3(d-e), fully reversed cyclic plasticity is captured. The
cyclic hardening behaviours are found to be very different for all three samples, and this emphasizes
the fact that differences in crystallographic orientation and hence texture not only influence the
location of high slip accumulation and potentially crack nucleation location, but also likely greatly
influences the resulting number of cycles necessary to cause fatigue crack nucleation.

4.3.1. Application of fatigue crack nucleation criterion
The stored energy criterion for fatigue crack nucleation developed by Wan et al. [54] presented in the
previous chapter (Chapter 3) is closely associated with the localisation of slip and the density
magnitudes of SSDs and GNDs which are argued to play a significant role in developing the highly
localised stress states and contributing to the local stored energy and the localised cleavage. Explicit
determination of full-field SSD distributions and stored energy associated with material slip are
available from the crystal model. Due to the coarse grained structure in the RS5 alloy, we argue that
the GND density is unlikely to be significant with respect to that from statistically stored dislocations
and hence that the SSD is appropriate to capture the localised development of stored energy. Hence
the stored energy criterion [54] to determine fatigue nucleation life is written as
𝐺𝑐𝑟𝑖𝑡 = 𝐺̇ 𝑁𝑓 ,

(4.6)
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where 𝐺𝑐𝑟𝑖𝑡 is the critical stored energy for crack nucleation calculated from the number of cycles to
fatigue crack nucleation 𝑁𝑓 and the rate of stored steady state energy 𝐺̇ which can be expressed as,

̇

𝑈∆𝑉𝑠
𝐺̇ =
= ∮𝑐
∆𝐴
𝑠

 𝛔:d𝜺𝑝
√𝜌𝑆𝑆𝐷

.

(4.7)

The fraction of the plastic energy associated with energy storage is the fraction  which is assigned a
value of 0.05. The stored energy criterion is used to study and explain the scatter witnessed in the RS5
alloy as shown in Figure 4.1.2-2.

Figure 4.3.1-1 Evolution of (a) ZZ stress (loading direction) against accumulated slip at hotspot ‘C’ and (b)
statistically stored dislocation density across all 3 hotspots in sample No. 1 at R=0 and max. strain of 0.65%
over 5 fatigue cycles

Figure 4.3.1-1(a) shows the evolution of ZZ (loading direction) stress against the accumulated slip for
sample no. 1 at hotspot ‘C’. After the first cyclic straining the rate of evolution of accumulated slip
achieves a steady state early in the cyclic life. As seen in Figure 4.3.1-1(b) the evolution of SSD
density similarly reaches a steady state of growth across all three hotspots in Sample no. 1. Evaluating
the remaining realisations of samples simulated and determining the energy stored per cycle at the
fatigue hotspots Eq. (4.7), the inverse energy rate (proportional to the number of cycles to crack
nucleation, evident from Eq. (4.6)) 𝐺̇ −1 is plotted in Figure 4.3.1-2.
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Figure 4.3.1-2 (a) Applied strain range vs. the predicted number of cycles per Joule of energy stored in all
samples and (b) applied strain range vs number of cycles per Joule of energy stored based only on the maximum
accumulated slip (at the hotspots) in the three samples

From Figure 4.3.1-2(a), the model predictions suggest significant variation in energy stored per cycle
in all hotspots identified in the three samples. At higher strain range, tighter variation is seen in the
models, as opposed to the low strain range of 0.50% which shows much greater variation of
𝐺̇ −1 obtained. It is noted that the 𝐺̇ −1 parameter presents the number of cycles per joule of energy

stored at the hotspot, such that lower strain range leads to a greater number of cycles required to store
the same level of energy hypothesised to nucleate a crack. Considering only the hotspot with highest
rate of stored energy in each of the three samples for each strain range simulated, we show the scatter
range for the strains considered as illustrated on Figure 4.3.1-2 (b) resulting solely from the differing
microstructural texture realisations. The scatter band range reduces much more significantly with
increasing strain range and this band follows lifing curves similar to those typically found in
experimental fatigue tests. Using data from Figure 4.3.1-2(a), the average stored energy rate,
calculated similarly to that for experimental cycles to 5% load drop and rupture in Table 4.1.2-2, is
noted in Table 4.3.1-1 where the range of stored energy rate (using Eq. (4.1)) is also calculated.
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Table 4.3.1-1 Summary of energy stored per cycle scatter based on average stored energy rate based on the
maximum accumulation of slip (top hotpot) in the 3 realisation of samples

Tests with strain ranges of 0.5% to 0.9% show in Table 4.3.1-1 an average stored energy rate of 0.109
to 1.885 J/m2 cycle-1 respectively. The considerable range of stored energy per cycle is followed by a
decreasing scatter band from ± 57% to ± 8%. This would indicate that at higher strain ranges the
development of energy stored in each of the different locations of hotspot show similar rate of stored
energy quantitatively, even when different realisations of crystallography are distributed in the
microstructure samples. The convergence of energy stored per cycle at high plastic deformations
could well support the hypothesis of reaching dislocation saturation and consequently accumulates to
a common critical stored energy density value for nucleation.
In low-cycle fatigue tests, some authors have attempted to correlate crack length [162] with the
measured relative drop in maximum load. More commonly some would refer the number of cycles to
nucleation to a percentage drop in maximum load. Hence in the following, we define the experimental
cycles to 5% load drop data in Figure 4.3.1-3 as the number of cycles to nucleation (𝑁𝑓 ) to address the
scatter witnessed from experimental fatigue test data. From Table 4.3.1-1, the predicted range of
stored energy rate per cycle and the known experimentally observed cycles to nucleation (Figure
4.3.1-3) are used to obtain the critical stored energies (𝐺𝑐𝑟𝑖𝑡 ) using Eq. (4.6) in order to provide the
strongest consistency across the experimental fatigue life data. This is presented in the last column in
Table 4.3.1-1 and shows that a range of critical stored energies is obtained. In principle, a single,
unique value is anticipated (independent of strain range and R-ratio) to provide the definitive material
property for fatigue crack nucleation. However, because of experimental scatter and uncertainty in
relation to the use of the 5% load drop measure to define nucleation, this remains an aspiration. Hence
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we take the average critical stored energy (Gcrit,avg) to be the definitive energy for fatigue crack
nucleation which gives a value of Gcrit,avg = 13,344J/m2 within a range of 18%.

Figure 4.3.1-3 Applied strain range against cycles to crack nucleation for RS5 Ni alloy including: predicted
cycles to nucleation (black symbols), and predicted range based on the energy criterion for crack nucleation for
the three microstructural realisations showing microstructure sensitivity (dashed lines), and the experimental
data to 5% load drop and rupture.

This critical stored energy Gcrit,avg is then utilised to predict the cycles to fatigue crack nucleation for
the three sample microstructural realisations for the range of applied strain loading and results are
plotted against the experimental fatigue test data extracted from Figure 4.1.2-2 and are shown in
Figure 4.3.1-3. The range of predicted scatter (dashed lines in Figure 4.3.1-3) for fatigue crack
nucleation is also shown, which originates solely from the texture variation considered in the three
microstructural realisations. The stored energy criterion therefore gives a predicted scatter band on
fatigue life which captures ~50% of the observed experimental cycles. Some of the experimental
observations lie outside of the predicted range, but we note again that the stored energy criterion aims
to establish crack nucleation. The experimental data shown, however, are those for 5% load drop and
it is therefore anticipated that the experimentally measured cycles will generally exceed those
predicted by the model.
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It is argued that the critical stored energy rate for fatigue crack nucleation presented in this work and
in [54] is representative of the Griffith fracture energy for plasticity-enhanced fracture. The critical
stored energy to fatigue crack nucleation of ferritic steel was determined and published previously to
be 580J/m2 [54]. The fracture toughness (K IC ) of a material in plane stress mode I crack opening is
related to the fracture energy GIC by K IC = √EGIC , where E is Young’s Modulus. Engineering alloys
such as those of nickel have a representative fracture toughness of 100MPa.m0.5 [165] and ferritic
steel was commented to have toughness 20MPa.m0.5 [166]. The modulus of Ni and ferritic steel are
taken to be 205GPa and 206GPa [53] respectively, thus giving a fracture energy (GIC ) of 48,700J/m2
for Ni alloy and 1,900J/m2 for ferritic steel. We note that the critical stored energies for fatigue crack
nucleation determined in this chapter for RS5 Ni alloy and that in [54] for ferritic steel are 13,300J/m2
and 580J/m2 respectively, thus providing a reassuring consistency with Griffith fracture energies.
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4.4.

Conclusions

Finite element crystal plasticity modelling has been used to investigate the deformation and fatigue
response of RS5 polycsrystalline Ni alloy. Experimental microstructures have been characterised
using EBSD to provide morphological and texture information which is used to develop
microstructurally representative crystal plasticity models.
Predicted test sample macroscale response is found to show cyclic elastic and plastic behaviour in
early cycles but to quickly lead to elastic shakedown. However, at the microstructural level, a range of
material responses is observed including that which is purely elastic, together with cyclic plasticity,
ratcheting, plastic and elastic shakedown.
A stored energy criterion is used to investigate and predict fatigue crack nucleation in RS5 Ni alloy.
At higher strain ranges up to 0.90%, greater energy is stored at fatigue ‘hotspots’ and it has been
demonstrated that the predicted microstructural range of stored energy at fatigue hotspots decreases
with increasing applied strain range, giving rise to scatter in fatigue life of only ±8%. At lower strain
ranges, however, the predicted range of fatigue life scatter increases such that for applied cyclic
straining of 0.5%, scatter of ±57% on life is found. The stored energy criterion gives quantitative
prediction of fatigue crack nucleation life and of the fatigue scatter found in the experiments resulting
from microstructural variation. The stored energies determined for Ni alloy RS5 and ferritic steel and
were found to be 13,300J/m2 and 580J/m2 respectively, showing very good consistency with the
corresponding Griffith fracture energies of 48,700J/m2 for Ni alloy and 1,900J/m2 for ferritic steel.
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5. An

HR-EBSD

and

computational

crystal

plasticity

investigation of microstructural stress distributions and
fatigue hotspots in polycrystalline coppervii

This chapter presents an investigation of microstructural stress distributions in polycrystalline copper,
and the influences of Schmid factors where classical Schmid calculation is carried out based on
macro-level stress state, together with the local calculation where full detail of grain-level stress
heterogeneity is accounted for. High resolution EBSD measurements from Jiang et al. [167] are used
to assess local stress states after large deformation in oxygen-free high conductivity (OFHC) copper
polycrystals. A corresponding polycrystal plasticity representative volume element (RVE) model is
developed for quantitative study of deformation history and local, grain-level quantities, including
Schmid factors, stress components, and stress states (including hydrostatic stress and triaxiality)
which are potentially important in fatigue nucleation studies. In particular, fatigue crack nucleation
hotpots are identified using a stored energy criterion which is assessed in the context of local
microstructural features and the grain-level stress-state quantities.
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5.1.

Microstructurally-sensitive stress quantities and experimental and
computational methodology

Crystal plasticity modelling studies [3, 54, 131] utilise Schmid factors in constitutive formulations to
capture the local slip activity, in which the resolved shear stress is determined from the applied stress
and knowledge of the respective crystal glide planes and directions. Often, however, Schmid factors
are calculated with respect to the global, macro-level loading and its direction (e.g. in a polycrystal
subjected to uniaxial loading). In this instance, because the local, grain-level stresses are often not
uniaxial, the Schmid factor calculation may well be significantly in error. High resolution-EBSD
studies have shown [151, 167] non-homogeneous localisation of stresses in terms of both magnitude
and direction.
Hence in this section, a brief description and definitions of the microstructurally-sensitive quantities
addressed are given, together with the overall research methodology in which we carry out
measurement of key microstructure-sensitive quantities using HR-EBSD, and crystal plasticity
modelling, and investigate statistical distributions of such quantities within representative polycrystals.
Microstructure-sensitive quantities examined include:
•

Local and global Schmid factors

•

Local and global resolved shear stresses

•

Local stress components and stress states (including hydrostatic and effective stresses and
stress triaxiality)

A schematic of a single crystal rod under tension is shown in Figure 5.1-1. The applied tension
follows the y-direction of the rod sample, where the corresponding active slip plane normal 𝑛̃ lies at
angle  from the load vector, and the slip direction 𝑠̃ at an angle 𝜆o to the applied load direction [168].
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Figure 5.1-1 (a) SEM image of discrete slip planes under deformation in a single crystal, and (b) schematic
annotation of single crystal slip in a rod subjected to a uniaxial y-direction loading

The kinematic decomposition of the deformation gradient 𝐅 can be expressed in terms of the elastic
𝐅 e and plastic 𝐅 p tensors as described in [33] such that
𝐅 = 𝐅 e 𝐅 p.

(5.1)

The crystal plasticity model written in a UEL subroutine and integrated within the abaqus finite
element code, expresses the plastic velocity gradient 𝐋p in terms of the summation of the
contributions from all active slip systems, each with given rate γ̇ i, system normal 𝐧i, and slip direction
si such that
N

s
𝐋p = 𝐅 ṗ 𝐅 p −1 = ∑i=1
(γ̇ i 𝐬i ⨂ 𝐧𝐢 )

(5.2)

where Ns indicates the summation of all of the twelve potentially active fcc slip systems, such that the
accumulated slip rate ṗ arising from the summation of contributions from all active slip systems is
determined by

2

𝑝̇ = ( 𝑳𝑝 : 𝑳𝑝 )
3

1⁄
2

(5.3)

.

For the single crystal, single slip conditions shown, the Schmid factor is simply expressed as
SF = cos ∅ cos 𝜆 .

(5.4)
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The resolved shear stress on the slip system shown under uniaxial conditions is then
(5.5)

𝜏 = 𝜎 cos 𝜙 cos 𝜆,
which may be re-written as:
𝜏𝑟 = 𝜎 (𝑠̃ . 𝑙̃)(𝑛̃. 𝑙̃)

(5.6)

where 𝑙̃ is the uniaxial loading direction vector, 𝑠̃ the slip direction and 𝑛̃ the slip normal. From Eq.
(5.6) and Schmid factor (𝑠̃ . 𝑙̃)(𝑛̃. 𝑙̃), once the resolved shear stress 𝜏𝑟 reaches the critical resolved
shear stress 𝜏𝑐 (CRSS), slip initiation takes place according to Schmid’s Law. More generally,
multiple slip systems within a given grain may potentially become active when the resolved shear
stress equates to the CRSS value. Hence a high Schmid factor value would indicate the grain is
favourably oriented for slip and would appear to be a ‘soft’ grain; meanwhile a low Schmid factor
value would indicate the grain to be unfavourably oriented for slip and appear to be a ‘hard’.
In a polycrystal containing 𝜂 grains, provided the crystallographic orientation of each grain is known,
the resolved shear stress on each slip system in each grain may be determined, and often this is done
by assuming the remote, applied stress,  remains unchanged in magnitude and direction at the
individual grain level. This we term the remote, or macro-level resolved shear stress.

Figure 5.1-2 Schematic diagram of a polycrystal sample under uniaxial tensile loading in the Y direction
showing the local load direction 𝑙̃𝜇 based on the maximum principal stress (1) direction and the macro-load
direction, 𝑙̃𝑚 .
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An illustration of the remote loading direction is shown in Figure 5.1-2 where the remote loading
direction is simply the direction of the external force applied, shown as 𝑙̃𝑚 . However, in reality, the
constraint developed by grain-to-grain interactions with differing crystallographic orientation and
hence elastic moduli, together with the anisotropy of slip, contrive to cause multiaxial and
heterogeneous stress states to be developed at the grain level which are potentially quite different to
those generated by the remote loading. As a consequence, not only is the magnitude of the local stress
different to the macro-level, but the directions of the principal stresses may well not align with the
remote loading direction either. In order to determine slip activity, therefore, it is necessary to
calculate the local resolved shear stress based on the local multiaxial stress state. In order to
investigate systematically the differences resulting from the macro-level (indicated with m) and local
(indicated ) approaches, the corresponding Schmid factors (SF) are defined by
SF m = (𝑠̃ α,η . 𝑙̃𝑚 )(𝑛̃α,η . 𝑙̃𝑚 ),

(5.7)

SF μ = (𝑠̃ α,η . 𝑙̃𝜇 )(𝑛̃α,η . 𝑙̃𝜇 ),

(5.8)

where the term α corresponds to the crystal slip number, in this case consisting of 12 <110> [1 1 1] fcc
slip directions and planes. The true resolved shear stress may be rigorously determined from 𝜏 =
(𝜎̃𝑛̃). 𝑠̃ and for the purpose of our study local (𝜏 𝜇 ) and global (𝜏 𝑚 ) resolved shear stresses is
introduced and can also be evaluated from
𝜏 𝑚 = 𝜎𝑙 SF m ,

(5.9)

𝜏 𝜇 = 𝜎𝑚𝑎𝑥𝑝𝑠 SF μ,

(5.10)

where 𝜎𝑙 is the macro-level applied stress and 𝜎𝑚𝑎𝑥𝑝𝑠 is chosen to be the local, grain-level maximum
principal stress and Eq. (5.10) provides the general comparison to be made between the macro and
local Schmid approaches.
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The other key local, grain-level quantities investigated include the effective stress, the hydrostatic
stress and the stress triaxiality ratio because of their relevance to defect nucleation studies. In terms of
principal stresses, the effective stress is expressed as
𝜎𝑒 =

1
[(𝜎1
√2

− 𝜎2 )2 + (𝜎2 − 𝜎3 )2 + (𝜎3 − 𝜎1 )2 ]1/2 .

(5.11)

In the experimental measurements considered later, the grain-level stresses have been obtained from
HR-EBSD studies in which the stress components may be determined but only with respect to some
point at which the absolute stress is known. The latter is generally different for each grain (or indeed
unknown), so to overcome this problem, we instead examine stress differences determined as the
deviation of the local stress from the grain average. Hence, the effective stress differences ∆𝜎𝑒n at each
spatial local point (n) across a microstructure is determined using
∆𝜎𝑒n = 𝜎𝑒n -𝜎𝑒n,𝑚𝑒𝑎𝑛

(5.12)

where 𝜎𝑒n,𝑚𝑒𝑎𝑛 is the mean effective stress in the grain within which the local point (n) lies.
The hydrostatic stress is determined from
1

(5.13)

𝜎𝐻 = 3 (𝜎11 + 𝜎22 + 𝜎33 )
where similarly the hydrostatic stress differences within each individual grain are given by
∆𝜎𝐻n = 𝜎𝐻n -𝜎𝐻n,𝑚𝑒𝑎𝑛

(5.14)

Stress triaxiality is a commonly utilised parameter in quantifying stress state dependence of defect
nucleation and ductile failure. For example, studies in austenitic steel show that effective plastic strain
decreases exponentially with increasing stress triaxiality ratio at fracture [169]. The triaxiality ratio is
defined in terms of stress differences by
𝑅 𝑛 𝑇𝑟𝑖𝑎𝑥𝑖𝑎𝑙𝑖𝑡𝑦 = ∆𝜎𝐻n /∆𝜎𝑒n .

(5.15)
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Detailed quantitative and qualitative studies are presented in both experimentally tested copper
polycrystals along with representative 3D polycrystal plasticity RVE models, and for both, the
statistical distributions of the key microstructure-sensitive quantities introduced above are assessed.
In addition, the identification of microstructural ‘hotspots’ for fatigue crack nucleation based on a
stored energy method are identified within the representative polycrystal model, and related, where
possible, to key microstructural features as well as the microstructure-sensitive quantities already
discussed. In the next section, the experimental EBSD investigations are presented.

5.2.

Microstructure sensitivity in polycrystalline copper using HR-EBSD

The cross-correlation-based HR-EBSD technique is used to map the intragranular residual stresses in
an OFHC copper polycrystal after 6% uniaxial strain deformation. The full detail of the HR-EBSD
methodology for residual stress determination may be found in [170-172]. A segment of the (OFHC)
copper polycrystal is identified and illustrated in Figure 5.2-1.

Figure 5.2-1 Microstructural field of interest in Cu polycrystal showing (a) representative grid where each
crossing-line represents a single grid point for data extraction, (b) EBSD scan with 51,529 data points with grain
boundary mapping and grain ID legend, and (c) pole figures representative of the mapped field with the
intensity legend
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The 113.5x113.5μm microstructure Figure 5.2-1(b) contains a 227x227 grid for which each crosssection point from n =1 to 51529 contains full details of local residual stress components after 6%
deformation obtained from HR-EBSD. A close up of a region of the grid is shown in Figure 5.2-1(a)
and has been taken from [167]. The pole figure plots in Figure 5.2-1(c) of the microstructure region of
interest show weak texture containing 142 grains (misorientation tolerance of 10 degrees) with
average grain size found to be about 10μm.
GPa

Figure 5.2-2 Cu polycrystal after 6% deformation (in y-direction) and unloaded showing (a) experimental inplane residual shear stresses from HR-EBSD (legend in GPa) and (b) histograms of stress component
differences calculated pointwise.

After 6% uniaxial deformation along the y-direction, the full field distribution of normalised residual
shear stresses with respect to individual grain reference points is shown in Figure 5.2-(a). Note that
the residual stress determined here is the intragranular stress and further elaboration of the technique
can be found in a recent review [12]. Large heterogeneity is observed together with strong localisation
of residual shear stress across the microstructure and within individual grains. Distribution plots of
three normalised in-plane stress components are shown in Figure 5.2-(b). The xx and yy stress
difference components follow a normal distribution curve with a much lower frequency of direct peak
stress than for the peak shear stress. Further, most of the direct stress differences lie within a range of
+/- 300MPa stress. Using Eq. (5.12) and Eq. (5.14), the effective and hydrostatic stress differences
across the microstructure are plotted in Figure 5.2-(a). Both the stress differences lie within +/- 400
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MPa but the effective stress (difference) is slightly skewed to a mean value of -120MPa. As the
effective stress is always positive, from Eq. (5.12) this would indicate the mean residual effective
stress within a grain has a magnitude difference of 120MPa across individual grains. The distribution
of the residual stress stored within the microstructure and its variation makes clear the level of
inhomogeneity present.

Figure 5.2-3 (a) Resdiual hydrostatic and effective stress differences across the microstructural region of interest
and (b) distribution of angular deviation between the remote load direction and the local principal stress
direction (in degrees)

The maximum principal stresses and directions are calculated by obtaining the eigenvalues of the
residual stress tensors. The local principal direction is compared with the remote loading direction (y
axis) and exposes the distribution of deviation shown in Figure 5.2-(b) with a standard deviation of
30o. This implies that due to the local influence of morphology and crystallography, not all local
grains are deformed under the same uniaxial loading state and there are significant deviations in the
local loading direction. In the next section, a representative Cu polycrystal model is presented to
investigate the development of the local stress states. Firstly, microstructure-level stresses and their
polycrystal distributions are assessed against the experimental measurements presented above. This is
then followed by an assessment of local versus global Schmid analysis for polycrystal samples under
loading.
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5.2.1. Assessment of microstructurally-sensitive Schmid factors, stresses and
stress states
We first examine local versus macro-level Schmid factors arising from the twelve possible slip
systems in fcc copper at all grid points identified for the polycrystal and shown in Figure 5.2-1. The
purpose is to address the importance of the local stress tensor in order to calculate Schmid factor as
opposed to using the global (uniaxial) stress state which has been employed in other studies [99-105].
In this study, it is recognised that it is simply the residual stresses which are present, in the absence of
a macroscopic loading stress. The latter is considered later, but for now, the differences between local
and global Schmid factors based simply on residual stress are considered.
The distributions of local (SF) and global (SFm) Schmid factors obtained from HR-EBSD using Eqns.
(6.5) and (6.6) for the Cu polycrystal are shown in Figure 5.2.1-1(a). There is dramatic difference
between the two Schmid factor distributions which range between 0.25 to 0.5. The higher frequency
of global Schmid factors between 0.25 to 0.3 in Figure 5.2.1-1(a) results from some grains badly
orientated for slip (low Schmid factor) existing within the centre of the microstructure region of
interest as shown in Figure 5.2.1-1(b). However, considering the local principal stress directions
determined from the HR-EBSD measured elastic strains, and hence stresses, and calculating Schmid
factors accordingly, it transpires that the clustered grains apparent in Figure 5.2.1-1(b) in fact are
much better orientated for slip with respect to the local stress state, as shown in Figure 5.2.1-1(c).
Here, most local Schmid factors measured lie within 0.35 to 0.5. If the clustered grains shown in
Figure 5.2.1-1(b) were to be badly orientated for slip, then high gradients of residual stress would be
anticipated around the interfaces between the clustered region of hard grains and soft grains. However,
significantly higher residual stress local to these grains is not observed in the HR-EBSD mapping on
Figure 5.2-2(a).
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SF

Figure 5.2.1-1 (a) Local (SF) and global (SFm) Schmid factor distributions, (b) a global Schmid factor map
based on the applied loading direction, and (c) a local Schmid factor map based on the local principal stress
directions

Detailed study of anticipated slip activity may be evaluated by obtaining the maximum Schmid factor
arising for one of the 12 possible fcc slip systems at each grid point in the microstrucure. The slip
systems so identified but corresponding to the global and local maximum Schmid factors are shown in
Figure 5.2.1-2(a) and (b) respectively. There is significant variation in slip systems identified to have
highest Schmid factor based on the local and global determinations. The global Schmid factors give
rise to many grains with an apparent uniform single slip system with highest Schmid factor but the
local approach shows much more variation within grains. This is because the local stresses, both in
terms of magnitude and principal directions, do in fact vary considerably, with the consequence that a
spatial variation of activated slip system within a given grain becomes likely. Histograms showing the
quantitative distributions of slip systems with highest Schmid factors based on the global and local
determinations are shown in Figure 5.2.1-2(c). Considering the global Schmid factor distribution, slip
systems three and six show the most propensity to activate slip. However, a more balanced
contribution from all twelve slip systems is apparent when considering local Schmid factor analysis,
and no single slip system is found to dominate. In Figure 5.2.1-2(d), the white regions identify those
grain locations where agreement exists on slip system with highest Schmid factor between global and
local Schmid factor determination; the dark regions indicate where contrary slip activation is indicated.
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It is observed that only about 10% of probed points have the same slip systems identified likely to be
activated by the two Schmid factor determinations.

Figure 5.2.1-2 Maps showing slip systems with highest Schmid factor in fcc polcrystal Cu (a) based on global
SFm analysis, (b) based on local SFμ analysis. The colour scale demarcates the 12 slip systems. (c) Frequency
distribution of corresponding slip system with highest Schmid factor based on local and global determination,
and (d) comparison of agreement of slip system activation (shown in white) for the two Schmid factor
determinations. Red lines indicate grain boundaries.

It is recognised that the Schmid analysis described above addresses remote stress-free, relaxed
microstructures containing residual stress fields only and it may be argued that this is inappropriate in
the context of addressing slip activation under remote loading. Experimental measurements of
microstructural-level stresses in the presence of remote loading are not available in this study, but
crystal plasticity modelling facilitates their investigation. Hence in the next section, a representative
Cu polycrystal model is developed. Firstly, microstructure-level stresses and their polycrystal
distributions are assessed against the experimental measurements presented above. This is then
followed by an assessment of local versus global Schmid analysis for polycrystal samples under
loading.
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5.3.

Microstructure sensitivity in polycrystalline copper using crystal plasticity
finite element modelling

3D crystal plasticity modelling is used to model and investigate the behaviour of polycrystalline
copper using a representative volume element (RVE). The objective is to investigate local grain-level
behaviour and in particular, the microstructural quantities assessed experimentally and described
earlier. The model Cu polycrystal is deformed to 6% uniaxial straining, followed by unloading to
leave a residual stress state, and generic comparisons are therefore possible between the experimental
observations for the polycrystal shown in Figure 5.2-1 and the crystal model results.
The finite element RVE comprises 100 uniform hexagonal-shaped grains with three elements through
the sample depth. Uniaxial straining to 6% is imposed followed by complete unloading to replicate
the experimental procedure. The RVE copper polycrystal measures 180x200μm with average grain
size 20μm and is shown in Figure 5.3-1. Twenty-noded brick finite elements with reduced integration
(C3D20R) are employed. All results are extracted from integration points on the free front surface of
the model with spacing of 0.5μm in order to replicate the experimental grid size shown in Figure 5.21(a). Pole figure plots to describe the RVE copper microstructure texture are shown in Figure 5.3-1(a)
which may be compared directly with the experimentally determined texture shown in Figure 5.2-1(b).
With respect to the experimental polycrystal microstructure assessed, due to low stacking fault energy,
a considerable number of annealing twins (Σ3) are present in the microstructure which may be seen in
Figure 5.2-1(b). The twins are not captured in the RVE model because of the consistent grain
morphology adopted, but the experimental texture is represented. Hexagonal-shaped grains are used
within the RVE model to introduce local features such as triple junctions and differing angles of grain
boundaries with respect to the loading direction.
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Figure 5.3-1 (a) Example surface mesh of the RVE model, and (b) pole figure plots of the RVE model texture

The crystal plasticity framework is similar to that described in Chapter 2.1 and in other works [168,
173], where explicit coupling of statistically stored dislocation (SSD) and geometrically stored
dislocation (GND) density, both leading to hardening, are included. The crystal plasticity model is
integrated within the finite element-based solver ABAQUS using a user element subroutine (UEL)
which allows local plastic strain gradients to be captured. The slip rate is given by

𝛾̇ 𝜂 = 𝜌𝑚 𝑣(𝑏 𝜂 )2 𝑒

𝜂
(−∆𝐻 ⁄𝑘𝑇 )

(𝜏 𝜂 −𝜏𝑐 𝜂 )𝛾0 (𝑏𝜂 )2

sinh ( 𝑘𝑇𝑟

√𝜌𝑆𝑆𝐷 +𝜌𝐺𝑁𝐷

)

(6.14)

where 𝑣 is the energy barrier jump frequency, 𝑏 the Burger’s vector magnitude for a given slip system
𝜂 , ∆𝐻 the Helmholtz free energy, 𝑘 the Boltzmann constant, T the temperature, 𝜏𝑟 the resolved shear
stress and 𝜌 indicates dislocation density of the either SSD or GND type. Schmid’s law is used to
determine slip activation in a crystal when the resolved shear stress in a particular slip system reaches
the critical resolved shear stress. The latter is allowed to evolve based on the evolution of dislocation
density to capture the hardening effects as outlined in [54] and is determined by
𝜏𝑐 𝜂 = 𝜏𝑐 𝑜 𝜂 + 𝜇𝐺𝑏√𝜌𝑆𝑆𝐷 + 𝜌𝐺𝑁𝐷 .

(6.15)

The representative model developed is calibrated to match the experimental macroscopic stress strain
response for the experimentally tested OFHC copper polycrystal [167], and the resulting experimental
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and CPFE macroscopic stress strain response is shown on Figure 5.3-2(a) using the slip rule
parameters in Table 5.3-1. The boundary and loading (and unloading) conditions imposed are also
shown in Figure 5.3-22(c).
(b)
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Figure 5.3-2 (a) Experimental and crystal model tensile stress-strain response up to 6% strain showing
considerable material hardening, (b) schematic of loading direction and boundary conditions with accumulated
slip distribution after 6% deformation in the unloaded state, (c) loading history and data extraction point after 6%
deformation in the unloaded state to replicate the experimental conditions of measurement, and (d) number of
active slip systems across the simulation model.
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Table 5.3-1 Material properties for the OFHC copper polycrystal calibrated in the CPFE model
3.5 × 10−10 𝑚
3.5 MPa
0.5 × 1010 𝑚−2
4.91 × 10−20 J
6.0 × 10−4
1.381 × 10−23 JK −1
1.0 × 1011 s −1

𝑏
𝜏𝑐 𝑜
𝜌𝑠𝑠𝐷
∆𝐻
𝛾𝑜
𝑘
𝑣

In addition, the distribution of the number of active slip systems in the polycrystal model contributing
to the accumulated slip distribution in Figure 5.3-3 (c) is plotted in Figure 5.3-4 (d) showing that
multislip occurs commonly.

After 6% applied deformation, and following the unloading shown in Figure 5.3-2(b) such that the
sample material is in a fully relaxed and unloaded state, the direct and shear stress component
differences are extracted in the same way as that for the experimental residual stresses, and are shown
in Figure 5.3-3 in which both the field variation of shear stress difference is shown together with the
frequency distribution plots of the stress component differences. Shear stress differences determined
by the model lie within the range -220MPa to +150MPa with the extremes in close proximity with
grain boundaries and triple junctions. The residual shear stress differences based on the average mean
stress in each grain show a narrow distribution of stress difference with high frequency between +/50MPa as shown in Figure 5.3-3(b). The overall distributions of both shear and direct stress
differences show very good agreement with the experimental results shown in Figure 5.2-2(b). Both
the polycrystal model and HR-EBSD measurements show a much higher frequency of high shear
stress difference compared to direct stress components, and that the xx and yy stress distributions are
similar to one another. The range of stresses measured (-300 to +300MPa) using EBSD is larger than
that predicted by the model. It has been pointed out [167, 174] that the HR-EBSD technique is
capable of picking up locally high stresses generated through discrete dislocation structure formation
which is not captured by the continuum dislocation model.
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Figure 5.3-3 (a) Field variation of shear stress difference and (b) frequency distribution plots of stress
component differences for the modelled polycrystal

The predicted frequency distributions of corresponding hydrostatic and effective stress differences are
similarly calculated using Eqs. (5.12) and (5.14) and are shown in Figure 5.3-4(a). The crystal
plasticity predicted distributions across the microstructure show strong similarity to those obtained
from experiments shown in Figure 5.2-3(a), where the effective stress difference also shows a
negatively skewed normal distribution. The skewed peak in the experiments is found to be about 100MPa whereas that predicted is ~-50MPa. The range of effective and hydrostatic stresses is found
to be broader from the EBSD measurements than that from the model, but in other respects, the
distributions map very similar behaviour.
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Figure 5.3-4 Predicted frequency distributions of (a) hydrostatic and effective stress differences, (b) angular
deviation between the remote load direction and local microstructural principal stress direction, (c) predicted
and HR-EBSD measured distribution of triaxiality ratio within the polycrystal microstructure, and (d) EBSDmeasured stress triaxiality ratio distribution in the experimental copper sample

The distribution of the angular deviation between the local maximum principal stress direction and the
remote loading direction is plotted in Figure 5.3-4(b) where the highest frequencies of deviations lie
within the +/- 45o range. This may be compared with the equivalent experimental results shown in
Figure 5.2-3(b) for which the distribution is similar but somewhat broader; that is, there exist higher
numbers of microstructure locations in the experimental sample than for the model polycrystal for
which bigger deviations exist. This indicates the experimental microstructure contains features which
increase the local heterogeneity more so than that for the polycrystal model and may well result from
annealing twins as discussed earlier, as well as from the general propensity for the HR-EBSD
technique to capture higher, localised stresses for non-continuum reasons. Interestingly, the model
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predicted angular deviations show tails of higher frequency of 90o deviations than do the EBSD
measurements.
The predicted polycrystal distribution of the stress triaxiality defined in Eqn. (5.15) is shown in Figure
5.3-4(c) together with that from the EBSD measurements, showing good agreement. However, there
is greater frequency of stress triaxiality of 0.5 (indicating a stress state between uniaxial and biaxial)
observed experimentally than for the crystal model together with a reversal giving higher frequency of
very low triaxialities from the model. The former could well result from irregular grain morphology
and more complex microstructural features (e.g. annealing twins) not incorporated in the model.
Figure 5.3-4(d) illustrates the experimentally measured stress triaxiality ratio distribution, which
indicates that triaxiality ratios of around 0.5 (shown by the black contours) are found along and close
to microstructural interfaces and boundaries potentially explaining the differences in the frequencies
from model and measurement shown in Figure 5.3-4(c). This suggests that detailed characterisation of
gain boundaries and interfaces could benefit the model prediction of polycrystal behaviour.
Nevertheless, the simple hexagonal mapped polycrystal model with representative texture gives
exceptionally good agreement of stress triaxiality distribution within the microstructure when
compared with experimental measurement.

5.3.1. Assessment of microstructurally-sensitive and global Schmid factors and
resolved shear stresses
We next utilise the polycrystal model to address Schmid analysis in the model Cu polycrystal under
conditions of loading both at the point of first macroscopic yield and that at 1% and 6% strain. Our
interest is again that of the global and local-calculated Schmid factors and slip system resolved shear
stresses. The polycrystal model shown in Figure 5.3-2(c) is subject to uniaxial straining.
At the point of first macro yield at a strain of 0.13%, and utilising Eqs. (5.7) and (5.8), the local (SFμ)
and global (SFm) Schmid factors are extracted and their frequency distributions plotted across the
polycrystal model shown in Figure 5.3.1-1(a). At this point in the loading (at first yield), the local and
global-determined Schmid factor distributions show fairly close agreement. However, notably there
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are differences in that the frequency of the common Schmid factors is lower when account is taken of
local grain constraint effects, or conversely, the frequency of global, macroscale Schmid factors is
over-predicted. Taking due account of the local stress state generated by microstructural constraint, it
is seen that variations of Schmid factor within a single grain occur, contrary to the global Schmid
factor analysis as shown in Figure 5.3.1-1(b).
The global (RSSm) and local (RSSμ) resolved shear stresses (from Eqns. (5.9) and (5.10) respectively)
are also compared within the polycrystal at the point of yielding, and their frequency distributions are
shown in Figure 5.3.1-1(c). Here, revealing that the macro/global Schmid factor approach
significantly overestimates the local frequencies of high resolved shear stresses and therefore likely
slip activity compared to the locally calculated resolved shear stress.
SF

Figure 5.3.1-1 Model polycrystal behaviour at point of first yield showing (a) distributions of global (SFm) and
local (SFμ) Schmid factors, (b) spatial distributions of (left) global (SFm) and (right) local (SFμ) Schmid factors,
and (c) global and local determined resolved shear stresses

The same analysis is next carried out for the model copper polycrystal but at applied strains of 1%,
shown in Figure 5.3.1-2(a) and (b), and at the peak strain of 6%, in Figure 5.3.1-2(c) and (d). At 1%
deformation, the lowest global peak Schmid factor of 0.27 is not observed at all when considering the
local model (Figure 5.3.1-2(a)) and most Schmid factors are found to lie between 0.4 to 0.5.
At 6% defomation, the global Schmid factor analysis indicates the presence of five hard, slip-resistent
grains with Schimd values of 0.25. However the locally-determined Schmid factors shows very little
indication that these hard grains continue to remain slip resistent (Figure 5.3.1-2(d)); rather, the
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heterogeneous stress states developed locally facilitate slip of other systems, generating more uniform
slip fields. The macro Schmid factors for the identified grains (with black arrows in Figure 5.3.1-2
(b)) are calculated and compared with the grain-average local Schmid factor for that grain. The results
in Table 5.3.1-1 show the averaged macro-level Schmid factor SFm, and the grain-averaged local
Schmid factors SF at strain levels corresponding to first yield, 1% and 6% respectively. At first yield,
the grain-averaged SF is identical to the macro-level SFm with the exception of grain no. 2. Beyond
yield, the grain-averaged local SF increases in grains 1 and 2 under 6% strain, but decreases in grain
3, indicating that the effects of local inhomogeneity have an increasing effect on local Schmid factor
with increasing strain. The local maximum and minimum SF documented in Table 5.3.1-1 also
illustrate the Schmid factor range within the grains is found to vary from 0.277 to 0.494. However,
overall, as the strain increases, so the global Schmid calculation shows a more similar frequency
distribution but interestingly transposed to lower Schmid factor values when compared to the more
rigorous local Schmid analysis. Considerable differences do, however, remain demonstrating the need
for caution when utilising global Schmid factors to predict activation or otherwise of slip systems
within the complexity of a typical polycrystal.

SF

SF

Figure 5.3.1-2 (a) Local and global-determined Schmid factors at 1% applied strain, (b) corresponding spatial
variation of (top) global and (bottom) local Schmid factors, (c) local and global-determined Schmid factors at 6%
applied strain, and (d) corresponding spatial variation of (top) global and (bottom) local Schmid factors
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Table 5.3.1-1 – Development of macro-level and grain-averaged local Schmid factor for the grains identified in
Figure 5.3.1-1 (b) (black arrows) for the applied strains shown

5.4.

Microstructure-sensitive fatigue crack nucleation

Hotspots for preferential sites of fatigue crack nucleation in ferritic steel were addressed previously
based on a new stored energy criterion proposed in Chapter 3 and integrated within a crystal plasticity
modelling formulation. Introduction of a critical stored energy and a length-scale measure enabled
both the locations of crack nucleation and the number of loading cycles to develop crack nucleation to
be predicted for a range of experimental microstructurally-differing, polycrystal ferritic steel samples.
In the present work, the stored energy criterion for fatigue crack nucleation is assessed in the context
of the copper polycrystal introduced above in order to consider the relevance or otherwise of the key
microstructural features leading to high Schmid factors, stress levels and (triaxial) stress states.
The stored energy criterion [54] established (Chapter 3) to locate the hotspots of fatigue crack
nucleation and calculated microstructurally point-wise within a crystal plasticity formulation equates a
stored energy density rate with a (Griffith-like) critical value for defect nucleation as follows

UVs
G 

As
C

 : d p
.
 SSD   GND 

(5.16)

The criterion is developed from consideration of local slip activity and the local storage volume Vs
resulting from geometrically necessary

 GND and statistically stored dislocation  SSD accumulation,

defining a mean free distance induced from the plastic behaviour. The local stored energy per cycle
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considered is effectively derived from the point-wise crystal accumulated slip and the plastic energy
associated with a stored fraction  (assigned a value of 0.05) [54].

Figure 5.4-1 A frequency distribution of the stored energy rate for fatigue crack nucleation across the
microstructural field observed at 10th fatigue cycle of loading

The model Cu polycrystal is subjected to ten cycles of strain-controlled (2% peak strain) fatigue
loading (R=0) with the loading and boundary conditions shown in Figure 5.3-2(c). Full spatial fields
of the stored energy rate are captured using the polycrystal model, and these are then assessed in the
context of the Schmid factor differences and grain disorientations. Figure 5.4-1 shows a quantitative
frequency distribution of the stored energy per cycle across the copper polycrystal microstructure,
showing a range of stored energy rate between 0.05-0.24Jm-2 per cycle.
After 10 fatigue cycles, slip accumulation clearly occurs as shown in Figure 5.4-2(a). Thus, there are
localised establishments of stored energy associated with the plastic deformation, and generally, the
stored energy rate in most regions across the model microstructure is ~0.1 Jm-2 per cycle. The focus
for fatigue crack nucleation hotspots is argued to be that for which higher stored energy rates per
cycle are observed. These twelve locations, (the highest 1.5% across the polycrystal, corresponding to
0.153 Jm-2 or higher) are indicated in the microstructure as shown in Figure 5.4-2(b), and an overlay
of the grain boundaries across the microstructure is shown on Figure 5.4-2(c).
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Figure 5.4-2 Spatial distribution at the 10th fatigue cycle of (a) effective plastic strain (p), (b) stored energy rate
per cycle (𝐺̇ ), and (c) as (b) but with grain boundary overlay

Table 5.4-1 shows a summary of the features of each of the twelve hotspots so identified, indicating relevant
microstructural features, crystal orientations and strength of hotspot. The hotspot strength is determined simply
by the number of occurrences of high stored energy rate identified at the fatigue crack nucleation hotspot. The
Schmid factor differences are calculated between the neighbouring grains local to the hotspots where the
negative Schmid factor difference indicates the hotspot in a harder grain. The disorientation angle is also
considered for any hotspot characteristics and is simply the orientation difference between two neighbouring
failure grains. This is calculated with knowledge of the crystallographic orientations of the two neighbouring
grains and is well documented [119, 121]. From Table 5.4-1, the most common type of hotspot identified (9 of
12 hotspots) occurs at a grain boundary (GB) or close to a grain boundary (GB-G), largely resulting from a high
rate of slip accumulation as shown in Figure 5.4-2(a). Two very strong nucleation hotspots (hotspot ID 2 and 5)
are also characterised as at or close to grain boundaries (GB-G). The GB-G hotspots have varied disorientation
angles from 24.8o to 77.2o indicating that disorientation angles do not have clear correlations to potential
nucleation hotspots. The Schmid factor differences across the GB-G hotspots (i.e. over the grain containing the
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nucleation hotspots and the neighbouring grain) show variation from -0.066 to 0.096 where both extreme values
correspond to strongest sites for predicted nucleation. As shown in Figure 5.4-3(a), Schmid factor values along a
path from the nucleation hotspot grain (location 1) to the grain boundary (location 3) and into the neighbouring
grain (location 5) are plotted. Only grain boundary type nucleation hotspots (GB-G and GB) are included and
show that the majority, with exception of hotspot No. 2 and 11, have a higher Schmid factor value at location 1
which tends to decrease towards location 5. This suggests softer grains are favoured sites of nucleation rather
than the neighbouring harder grains.

Table 5.4-1 Identification of fatigue crack nucleation hotspots within the polycrystal model
Hotspot
1
2
3
4
5
6
7
8
9
10
11
12

Typeviii
GB-G
GB-G
TJ
GB
GB-G
GB-G
GB
TJ
TJ
GB-G
GB-G
GB

Frequency of hotspots
9
12
(strength)
4
2
11
8
5
3
2
7
9
4

Schmid factor differences
0.083
-0.066
-0.107 , 0.099
0.026
0.096
0.019
0.091
0.046 , 0.047
-0.051 , 0.007
0.083
- 0.002
0.097

Average disorientations
57.2
24.8
(Degree)
63.2
49.1
68.6
77.2
61.2
62.6
60.3
36.4
48.5
36.0

GND
×1012 m-2

Figure 5.4-3 (a) Schmid factor distribution across grain boundary (GB) nucleation hotspots across RVE copper
polycrystal (location 1 to 5 is path ID from nucleation hotspot to neighbouring grain) and (b) geometrically
necessary dislocation distribution (units in ×1012 m-2).

i - Type: (GB) grain boundary only, (GB-G) grain boundary and within corresponding grain, (TJ) triple junctions only
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GND distributions also show that harder grains typically generate higher localisation of GND
densities around the grain to accommodate the lattice curvature generated by plastic strain gradients,
as shown in Figure 5.4-3(b). Of the 12 nucleation hotpots, with the exception of hotspots 4 and 10,
they all lie within regions of high GND density greater than 1 ×1014 m-2. Although 12 nucleation
hotspots are identified, it is not anticipated that all 12 hotspots will concurrently nucleate cracks at a
given point in the loading history. The three triple junction (TJ) and the three grain boundary (GB)
hotspots identified on average have a frequency of 3.3 failure hotspots, which is relatively low
compared to the average GB-G nucleation hotspots of 9.4 failure hotspots. The higher frequency of
failure points, i.e. the strength of the stored energy for nucleation, indicates GB-G type nucleation
likely to initiate first, noticeably for hotspots No. 2 and 5. However TJ and GB localised secondary
hotspots could provide the development of secondary crack nucleation such as witnessed in RR1000
Ni alloy [99], and may further help to understand and explain the tortuosity of microstructural crack
behaviour generally witnessed.
Hence the stored energy criterion for nucleation previously shown to be able to rank and capture the
location of fatigue crack nucleation and the loading cycles necessary to cause it [54], indicates that
key microstructural features associated with crack nucleation are grain boundaries (as opposed to
triple junctions). The magnitudes of Schmid factor and disorientation differences between soft and
hard grains with respect to indicated nucleation sites show no strong correlation. However, GB-G type
nucleation hotspots seem to favour nucleation indicated by stored energy over and above that at TJ
and GB locations. The GB-G nucleation hotpots in general show the crack nucleating grains are
always better orientated for slip (softer grain) than their neighbouring (hard) grains. Recent studies
[148, 151, 163] have looked into characterising grain boundaries to better identify the roles of the
interfaces in the development of the local slip mechanisms, and micro-crack nucleation. However, the
understanding of the character of grain boundaries for local slip transfer and its implementation into
CPFE remains work in progress, but there is little doubt that it is likely to be of importance in the
context of localised crack nucleation phenomena.
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5.5.

Conclusions

Residual stresses measured from experimental HR-EBSD data for an OFHC copper polycrystal under
6% deformations develop broad distributions of stress, and stress state including triaxiality. Both the
experimental and the calculated stress triaxialities are found in the majority to be representative of
those under uniaxial towards biaxial stress states. However, significant tail of higher triaxial stress
states is found to exist, potentially indicative of defect nucleation sites. The stress components were
found to be distributed approximately normally.
Further, an RVE microstructural crystal plasticity model with gradient-enhanced crystal plasticity
with comparable texture reproduced the same generic microstructural stress distributions showing
excellent agreement with experimental measurements particularly for the distribution of stress
triaxiality. Global and local calculations of Schmid factors are compared using the CPFE model at the
point of yielding (smaller deformation) and after subsequent straining. The Schmid factors with high
frequency were found to agree irrespective of method of calculation, but the local variation of
intragranular Schmid factor did not. It was also found that the magnitude of globally-calculated
resolved shear stresses were generally much higher than those determined rigorously using local,
grain-level stress information, therefore overestimating potential slip activity within the
microstructure. Under larger strains, the differences between local and globally calculated Schmid
factors increase.
A stored energy criterion for fatigue crack nucleation indicates that preferential sites for fatigue crack
nucleation are local to grain boundaries (as opposed to triple junctions), and that hard-soft grain
interfaces where high GND densities develop are preferable.
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6. Integrated

experiment

and

modelling

of

microstructurally-sensitive crack growthix

The research literature demonstrates that X-FEM has been shown to have great facility to model crack
growth without prior knowledge of crack path and without the need of re-meshing. Importantly, XFEM also benefits by providing a reduction in computational expense, complexity and separate
accreditation for use due to its availability in commercial Abaqus/Standard FE software. This chapter
presents a systematic study which utilises X-FEM to address the influences of microstructure
particularly on crack path and tortuosity and includes assessment of the role of local material
behaviour (including isotropic elasticity, anisotropic elasticity and isotropic plasticity). In addition,
cohesive layers and grain boundary zones are also introduced in combination with X-FEM to enhance
the capability of capturing experimentally observed crack paths. A significant feature of this work is
that a range of microstructurally differing two-dimensional, prismatic grain structured ferritic steel
polycrystals subjected to four-point bending are available, providing direct and unambiguous
comparisons between model capabilities and experimental observations. Hence details of each
cracked sample and the model representations have explicit microstructural grain reproductions from
full experimental EBSD characterisation. These experimental data have also been used in previous
studies [53, 54] which address fatigue crack nucleation. A damage evolution technique is also briefly
assessed to model microstructural damage growth incorporated within crystal plasticity material
modelling.

ix

Collaboration with Dr. D. W. MacLachlan, Rolls Royce plc.
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6.1.

Modelling Methodologies

The methodologies are briefly described in this section in the context of microstructure-sensitive
crack growth include complete Abaqus environment CAE-X-FEM combined with cohesive layers, XFEM with grain boundary zones employed within Abaqus/Standard and damage modelling technique.

6.1.1. Extended Finite Element Modelling (XFEM)
The X-FEM method negates the need for re-meshing during the course of moving discontinuities in a
model as the mesh. X-FEM is simply an FE method where typical displacement based approximations
is enriched with features by utilising the concept of partition of unity method [175]. The X-FEM
formulation within Abaqus finite element analysis (FEA) is summarised in [113, 176]. Additional
developments to the X-FEM library include consideration of higher-order displacement functions in
the enrichment feature to compensate for complex crack problems [177].
X-FEM nominally allows automated solution-dependent crack growth in which the crack propagation
path may be modelled independently of the model mesh by incorporating an enriched displacement
vector 𝒖𝒉 is expressed as
𝒖𝒉 (𝑥) = ∑𝑖 𝑁𝑖 (𝑥) 𝑼𝑖 + ∑𝑗∈𝐽 𝑁𝑗 (𝑥) 𝐻(𝑥)𝒂𝑗

(6.1)

where 𝑁 are the shape functions, 𝑼 the displacement vector, 𝐻(𝑥) the Heaviside jump discontinuous
function equal to +1 on one side of the crack and -1 on the other, 𝒂𝑗 is the additional nodal enriched
degree of freedom vector. The Heaviside function is applied to the set of nodes 𝑗 whose shape
function support is cut by the crack interior, and the other remaining node sets 𝑖 in the model follow
conventional classical finite element method formulation. Further detail of the numerical solution can
be found in [117, 139].
The X-FEM Abaqus/Standard model follows a cohesive segment approach and provides crack failure
criteria for growth which include those based on principal or nominal stress or strain, traction or
separation. Shi et al. [26] note from their short crack propagation study on fatigue tested DS Ni-base
super alloy, that microstructural crack propagation initially occurs at sites where maximum principal
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stress was highest, and the crack growth path turned to the plane perpendicular to the loading
direction. In the present X-FEM studies, the maximum principal stress criterion is also employed to
model crack propagation in our 2D prismatic grain structured ferritic steel polycrystals. Following
Abaqus/Standard nomenclature, the crack failure criterion can be represented [175] as

𝑓=

〈𝜎𝑚𝑎𝑥 〉

(6.2)

0
𝜎𝑚𝑎𝑥

(6.3)

1.0 ≤ 𝑓 ≤ 1.0 + 𝑓𝑡𝑜𝑙

0
where 𝜎𝑚𝑎𝑥
is the critical maximum allowable principal stress, 〈 〉 is the Macaulay bracket, and 𝑓 is

the fracture criterion for which the crack is extended when Eq. (6.3) is satisfied, and where 𝑓𝑡𝑜𝑙 is the
fracture tolerance, here set to be 0.05. The critical maximum principal stress is introduced arbitrarily
and is used consistently throughout the X-FEM crack propagation failure analysis presented. A
second energy-based criterion was also introduced to define the evolution of damage until eventual
failure. The XFEM damage energy refers to critical energy release rate for fracture, which can be
calculated from the fracture toughness. Once the failure criterion is satisfied, the crack is extended
perpendicular to the maximum principal stress direction which is integrated within Abaqus/Standard.
This technique is the focus of the method to model microstructure-sensitive crack growth in the
present work, which is facilitated to address intergranular and intragranular cracking in our 2D
polycrystals, and the results are compared directly with experimental observations in ferritic steel
samples using scanning electron microscopy (SEM).

6.1.2. Cohesive Zone Modelling
Cohesive zone modelling is considered in some fracture studies where separation of surfaces is
incorporated through discrete traction behaviour, facilitating flexibility for local specified behaviour
across pre-defined interfaces. Abaqus/Standard offers a library of interaction modules which allow the
user to specify generalised traction-separation behaviour on selected cohesive surfaces. However, it is
possible using cohesive elements to include material behaviour of finite thickness using the
continuum approach. For both cohesive surfaces and cohesive elements, a linear elastic (or more
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complex) traction-separation law may be employed. The traction for the case of a cohesive surface
interaction is given by
t𝑛
𝐾𝑛𝑛
𝐭 = { t 𝑠 } = [ 𝐾𝑛𝑠
t𝑡
𝐾𝑛𝑡

𝐾𝑛𝑠
𝐾𝑠𝑠
𝐾𝑠𝑡

𝐾𝑛𝑡 δ𝑛
𝐾𝑠𝑡 ] { δ𝑠 } = 𝑲𝛅
𝐾𝑡𝑡 δ𝑡

(6.4)

where 𝐭 is the nominal traction stress vector with subscript 𝑛 as the normal component, and 𝑠 and
𝑡 are the two shear traction components. The nominal stress vector is dependent on the separation (𝛅)
with respect to the normal, tangential and shear stiffness components in 3D analysis, which need to be
defined for uncoupled traction-separation behaviour. Non-diagonal terms are included for a coupled
analysis. The interface stiffness values may be selected in order to attempt to replicate experimental
observations, although their mechanistic bases potentially remain elusive. Nonetheless, the cohesive
surface methodology may be employed concurrently with X-FEM and investigate the limitations of
such modelling methodologies.

6.1.3. Boundary zones
Grain boundary based techniques are considered in which finite thickness boundary zones are defined
and modelled using continuum solid elements for which grain boundary property specification then
becomes possible, either through use of Abaqus standard material models or user defined material
models. In the present study, boundary zones are employed at selected microstructural features to
assess local crack behaviour.

Figure 6.1.3-1 Schematic representation of selected grain boundary around grain B with discrete boundary
element zones with a finite thickness
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An example of this is shown in Figure 6.1.3-1 where a boundary zone (in white) is shown
schematically with respect to grain B. This methodology when coupled with X-FEM then enables
investigation of microstructure-sensitive crack propagation as grain boundary properties are varied in
order to give, for example, elastically stiff through to compliant boundary properties. The
computational crack growth studies may, again, be compared quantitatively with experimental SEM
observations.

6.1.4. Damage evolution model
Damage modelling techniques have been employed in some fatigue crack initation studies and in [131,
132], a non-local crack nucleation criterion is used with crystal plasticity to model microstructural
damage evolution. The damage approach leads to a reduction or relaxation of the magnitude of the
material stiffness when failure is deemed to occur on the basis of a defined criterion. The damage
variable utilised in [131, 132] does not in its own right evolve but is incorporated in order simply to
represent local failure In damage modelling, the stress-strain relation is often expressed as
𝜎 = 𝐺(1 − 𝜔)(𝜺𝑇 − 𝜺𝑝 )

(6.5)

where 𝜔 is the damage parameter and 𝐺 is the material stiffness matrix. In its undamaged state, the
material takes a damage value of zero but once a criterion for damage has been achieved, the damage
value increases potentially up to the maximum value of 1.0 resulting in the complete diminution of
point-wise elastic stiffness to zero. The localised maximum accumulated slip has been shown to
correlate well with the experimental site of crack nucleation (e.g. [53]), and is expressed as
(6.6)

𝑝 = ∫ 𝑝̇ 𝑑𝑡

2

1⁄
2

𝑝̇ = (3 𝑳𝑝 : 𝑳𝑝 )

(6.7)

where 𝑝 is the accumulated slip whose rate is determined from the plastic velocity gradient 𝐿𝑝 .
Independent studies [178] have also proposed crack growth in the grain interior to follow the direction
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of slip trace with the maximum accumulated slip. In this context, based on the accumulated slip, the
damage rule is such that

𝐷𝑎𝑚𝑎𝑔𝑒 𝜔 𝑟𝑢𝑙𝑒 {

𝑝 ≥ 𝑝𝑐 → 𝜔 = 0.5
𝑝 < 𝑝𝑐 → 𝜔 = 0

(6.8)

such that 𝜔 takes a value of 0.5 (reduction of 50% material stiffness) once 𝑝 ≥ 𝑝𝑐 is satisfied, and the
critical slip (𝑝𝑐 ) value is chosen to best capture experimental observations. The accumulated plastic
strain may be obtained from continuum Mises plasticity, or from a crystal slip-based model which
provides for the anisotropy of slip. For the latter, a user-defined element (UEL) subroutine is used to
implement full crystal plasticity constitutive behaviour which follows the same methodology outlined
in other works [53, 54]. The crystal plasticity approach provides full detail of localised slip activity,
and distributions of dislocation densities, resulting from local microstructural heterogeneity across the
microstructure.

6.2.

Material, fatigue samples and modelling

Experimental fatigue tests are preferred to be conducted on notched specimens as failure sites are
focused around the region of the notch with high stress concentrations. In polycrystal specimens,
small crack growth may be very dependent on the microstructure and this is evident at nano-micron
scale [179] to micron-level [26, 180] and through to larger millimetre sized grains [53, 54]. For lower
resolution micron studies, it is difficult to monitor fatigue crack growth with good resolution and
some authors [26, 180] have addressed microstructural fatigue scatter by considering crack growth
direction angle with respect to the notch bisector. However, with larger-grained specimens, clearer
detailed crack growth paths can be better captured with SEM as shown in ferritic steel notched
polycrystal specimens [53, 54]. Hence in this chapter, large-grained, two-dimensional prismatic
grained notched samples are considered as originally reported in [53, 54].
The grains are relatively large with an average size of around 1850μm and back-scattered electron
imaging of the α-Fe single phase alloy shows it contains a distribution of TiN precipitates (Figure

126

6.2-1) with size of about 5μm. The TiN precipitates accumulate a total 0.1463% composition in mass
within the SUS430LX alloy (see Appendix E).

Figure 6.2-1 Back-Scattered Electron Image of single phase α-Fe with TiN precipiates indicated by the yellow
arrow

The ferritic steel specimens were loaded under four-point bending configuration experimentally and a
model geometry finite element representation has been generated for each (differing) microstructure
of interest. The specimen geometry is shown in Figure 6.2-2 together with an example microstructure
and the finite element microstructural representation. Within the notch region, the full explicit grain
morphology and crystallographic representation is modelled and outside this key region of interest,
isotropic elastic material behaviour is assumed for simplicity. First-order solid continuum elements
are utilised for the purposes of X-FEM studies where on average each grain is filled with 1,390
elements. A closer look at the finite element mesh is shown in Figure 6.2-2. All 2D models are
generated to follow as close a representation as possible of the prismatic grain structure defined for
the ferritic steel polycrystal specimens and hence mode I crack behaviour is the focus of our crack
growth studies.
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Figure 6.2-2 Geometry of the notched ferritic steel polycrystal under four-point bend [53] with explicit
microstructure representation of densely meshed region around the notch

Six selected ferritic steel notched specimens are considered in this chapter to study the influences of
differing grain morphology and crystal orientation on microstructure-sensitive crack growth. The
clear differences between the six microstructural morphologies are evident from Table 6.2-1 and each
sample is identified and labelled. Full details of the individual grain crystal orientations have been
obtained using electron backscatter diffraction (EBSD) which are represented through Bungee
convention and are listed in Appendix E. Monotonic direct load control is imposed onto the beam at
the location of the two vertical arrows as shown in Figure 6.2-3 to induce progressive crack
development and growth within the notch region. The primary focus in this study is crack path and its
microstructural sensitivity. For this reason, and because the modelling of cyclic loading continues to
be computationally expensive (particularly with combined X-FEM and plasticity material behaviour),
the loading in the modelling is confined to being monotonically increasing. However, failure by crack
advancement under fatigue or monotonic loading in early studies [181, 182] has been shown to be
similar, but naturally crack growth rate and the stress intensity differ. In the crack modelling studies
reported here, the maximum principal stress and its direction are the criteria adopted and assessed to
determine the experimentally observed crack growth directions within the X-FEM crack propagation
model under monotonic load conditions.
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Table 6.2-1 Six different microstructure grain morphology within the notch region where detailed experimental
fatigue crack data are presented in [53, 54]

Based on the six ferritic steel samples with differing microstructural morphology listed (Table 6.2-1),
use of X-FEM together with representation of the microstructure then enables predicted crack paths
for the loaded samples to be established and compared with the experimental observations. The
models allow a systematic study of the roles of elastic anisotropy, plasticity and grain boundary
effects to be evaluated in the context of predicted crack path in the light of the experimental
observations. The results of these studies are presented in the next section, in which X-FEM with
grains represented as elastically isotropic and anisotropic crystals are assessed first. This is followed
by an assessment of cohesive surfaces to represent grain boundaries followed by explicit grain
boundary modelling utilising solid continuum elements.

6.3.

X-FEM results and discussion

In this section, systematic studies using X-FEM and X-FEM coupled with cohesive or boundary zone
techniques to model microstructure-sensitive crack growth in six ferritic steel specimens are presented.
The influences of morphology and material properties are considered and results are compared
directly with known experimental crack paths taken from SEM images. Firstly, for a particular sample,
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only isotropic elastic material behaviour is firstly considered (to provide a simple benchmark) and
thereafter the role of anisotropic elasticity is compared with resulting microstructural cracks presented
for all six ferritic steel samples. Isotropic plasticity is then included and assessed for a further
particular sample. For all model samples, an initial average crack nucleation length of 40μm is
introduced at the location of experimentally known crack nucleation sites with a critical energy
release rate for fracture of 50 N/mm. Local microstructural crack behaviour is discussed, particularly
transgranular and intergranular microstructural crack growth. Cohesive and boundary zones are
integrated with X-FEM in order to capture some of the more complex intergranular crack growth
paths witnessed which were not well captured by the simpler models.

6.3.1. Isotropic elasticity
Based on the model generated with reference to Figure 6.2-2 (Sample A shown in Table 6.2-1), full
isotropic elasticity is assigned to all eleven grains in the sample where each grain is assigned the
nomenclature A-K as described in Table 6.2-1. Note, therefore, that for the case of elastic isotropy,
the polycrystal sample simplifies in fact to a homogeneous elastically isotropic notched beam in
which crack growth normal to the local maximum principal stress is expected initially, and which
ultimately becomes normal to the remote applied (bending) stress once the influence of the notch
stress state has diminished sufficiently. An initial crack is introduced as shown in Figure 6.3.1-1(a) at
the grain triple junction near the left of the notched section where crack nucleation is identified from
the SEM image (shown in Figure 6.3.1-1(e)). As the crack nucleates, the experimental fatigue test
shows the crack grows at an angle of about -4.5o away from the Y axis and there is little change to the
direction as it grows deeper into primary grain D. (Note that a 0.0 o crack growth direction refers to
growth straight vertically downwards.) Once the crack approaches grain boundary D-K (grain
boundary between grains D and K), there is small change of angle but grows straight through the
boundary into grain K at an angle of -5.5o from the Y axis. At the bottom of the SEM image shown in
Figure 6.3.1-1(e), as the crack continues to develop further in grain K a kink develops and deviates to
about -70o away from the Y axis and towards grain boundary K-J.
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Figure 6.3.1-1 Isotropic elasticity with X-FEM sample A microstructure crack modelling (a) initial crack
introduced in the model (b) first incremental loading axial X-stress distribution (c) axial stress distribution midcrack growth in primary grain D (d) final crack path, and (e) SEM image of experimental crack propagation path.
Note: in the model stress distribution contours, red indicates high stress, green medium stress and blue-low
stress magnitudes.

The X-FEM predicted crack path using isotropic elasticity during the first increment of loading with
the initial crack in place is shown in Figure 6.3.1-1(b) and shows the axial X- stress distribution in the
notched region. As the crack develops and grows midway into grain D, shown in Figure 6.3.1-1(c),
the crack tip presents a symmetrical stress field where highest stress is naturally concentrated around
the region of the crack tip. The predicted crack deviates at an angle of -8.0o from the Y axis or
perpendicular to the nominal maximum stress 𝜎𝑚 direction, because of the stress state developed by
the notch. This is clearly different to the experimental crack propagation direction of -4.5o. The
complete predicted crack profile is shown in Figure 6.3.1-1(d) and it becomes apparent that once the
crack grows deeper into grain D, removed from the influence of the notch, the nominal stress
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direction 𝜎𝑚 governs the crack path which becomes parallel to the Y axis direction. No influence of
the grain boundary D-K is anticipated since in this analysis, all ‘grains’ are elastically isotropic.
The elastically isotropic prediction therefore fails to capture the experimentally observed crack
growth within the polycrystal and it is apparent that the local, grain-level anisotropy is potentially
important in driving crack path. Hence this is addressed next.

6.3.2. Anisotropic elasticity
With reference to sample A, full incorporation of crystallographic information listed in Appendix E,
and is assigned to the sample A model and X-FEM is used to model crack propagation behaviour, as
before. Here grain boundaries are defined simply as the demarcation between two grains with
differing crystallographic orientations.

B

C
D
K

Figure 6.3.2-1 Anisotropic elasticity with X-FEM sample A microstructure crack modelling (a) first loading
showing axial stress distribution, (b) axial stress distribution mid-crack growth in primary grain D, (c) final
predicted crack path, and (d) comparing elastically isotropic crack solution ‘1’ to anisotropic elasticity crack
solution ‘2’

Figure 6.3.2-1(a) displays the axial stress distribution early in the loading before significant crack
growth and it is apparent that the grain-level elastic anisotropy greatly modifies the stress distribution.
Greater heterogeneity of stress is developed across the notched region and as the X-FEM crack
advances into primary grain D shown on Figure 6.3.2-1(b), non-symmetric stress fields ahead of the
crack tip are observed. At this stage, the model crack propagates at about -4.0o from the Y-axis
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direction, which is very close to the observed experimental crack direction taking accounting for the
±0.5o tolerance. The final X-FEM microstructural crack path as shown in Figure 6.3.2-1(c) shows the
crack grows with little deviation from the initial crack direction and hence the stress state developed
by the notch and in fact grows straight through grain D into grain K with minimal deviation. This is
the crack growth direction observed experimentally (Figure 6.3.1-1(e)) and it is interesting to note the
very similar crack kinking seen in the same proximity within secondary grain K, highlighted with a
yellow box in Figure 6.3.2-1(c). The elastic anisotropy for sample A shows substantial influence on
the crack growth path and when compared with the isotropic elasticity crack path labelled ‘1’ in
Figure 6.3.2-1(d) the differences are clear and the elastically anisotropic X-FEM crack labelled ‘2’
compares well with the experimental observation. To understand further the differences between the
two crack paths taken, the X-FEM crack propagation criteria used are based on the maximum
principal stress (Eq. (6.2) and (6.3)) and rules that the crack direction grows perpendicular to the local
maximum principal stress direction.

Figure 6.3.2-2 Distribution of maximum principal stress directions locally around the crack tip for (a) isotropic
elasticity and (b) elastically anisotropic grains

Figure 6.3.2-2(a) shows early crack growth, for elastically isotropic ‘grains’, into primary grain D and
the maximum principal stress directions (double-ended arrows) around the vicinity of the crack region.
The size of the principal stress direction arrows is indicative of the magnitude of the maximum
principal stress (longer the arrow, higher the maximum principal stress locally), and the principal
stress direction corresponding to largest magnitude of maximum principal stress (marked with dashed
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line) is located at the crack tip region and is inclined at 8.0o from the X-axis, hence giving rise to the
crack growth direction of -8.0o seen in the model studied on Figure 6.3.1-1 for isotropic elasticity
conditions. Similarly, under anisotropic elasticity conditions, the largest magnitude of maximum
principal stress direction marked on Figure 6.3.2-2(b) shows a lower inclination angle of 4.0o from the
horizontal X-axis compared to the isotropic elasticity solution in Figure 6.3.2-2(a). This results in the
final crack growth path in Figure 6.3.2-1(c) which is near-identical to the experimental crack path in
Figure 6.3.1-1(e).
Elastically anisotropic polycrystal modelling has next been carried out for all of the experimental
polycrystal samples shown in Table 6.2-1, in order to obtain all of the predicted crack paths and they
are shown collectively in Table 6.3.2-1 together with the corresponding experimentally observed
paths obtained through SEM imaging.

Table 6.3.2-1 Full summary and assessment of the six differing microstructure morphology polycrystal samples
based on anisotropic elasticity with X-FEM microstructure sensitive crack modelling
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From Table 6.3.2-1, the crack path modelled in sample D also shows close agreement to the SEM
crack path captured. Across the primary grain A, crack directions in both the model and experimental
observation deviate towards the left of the notch and grows through grain boundary A-G and then
further grows across grain G. Kinking was also interestingly captured in the model midway through
grain G which is also present experimentally. The microstructural crack path developed for Sample C
is slightly more complex as SEM imaging shows crack nucleation just to the right of the notch and
growth towards the left in primary grain B. The direction of the crack path is closely captured in the
model which also propagates towards the left of the notch, but greater deviation is witnessed
experimentally with a difference of 13.0o between the model and known crack direction. As the crack
grows into secondary grain A, the crack direction changes to closer to the vertical which is similarly
observed in SEM. Subsequent model crack growth into the third grain (grain G) predicts crack
deviation towards the left of the grain which is contrary to experimental observation which shows
growth to the right. However, with respect to Table 6.3.2-1, it should be noted that the regions shown
for which microstructural modelling has been carried out are not the complete loaded beam and that
adjacent to the microstructural regions, isotropic elasticity has been utilised in the model beams.
Hence, as model cracks approach and grow close to the bottom boundary, their paths are likely to
differ from the experimental observations so that the predicted response becomes unreliable in this
vicinity.
The SEM images of crack growth for samples B and F both show strong influence of microstructural
features (notably grain boundaries) on crack path, giving rise to both intergranular and transgranular
crack growth characteristics in the samples. For sample B, the SEM-observed crack growth direction
after nucleation in primary grain I (see Table 6.2-1) grows at an angle of -19.0o from the nucleation
point, which was also captured well by the elastically anisotropic X-FEM crack propagation model.
Once the experimentally-observed crack cuts though the primary grain and hits the grain boundary IM, very significant crack path deviation of 80.0o is observed where growth continues along grain
boundary I-M and into neighbouring grain boundary M-N. This intergranular crack behaviour was not
captured with the X-FEM model by which the crack is predicted to grow straight across grain
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boundary I-M and into neighbouring grain M. This behaviour is somewhat similar to that observed for
sample F. The initial crack in the experiment nucleates to the left to mid-section of the notch near
grain boundary B-F and grows to the left of the primary grain F reaching grain boundary E-F with
further growth along the grain boundary. As the crack develops and reaches the triple junction in the
microstructure, the SEM image shown in Table 6.3.2-1 shows intergranular crack growth extending
into boundary K-F, which at the end of the grain boundary deviates 60.0o back into grain K. The XFEM crack propagation model shows similar microstructural short crack behaviour within the primary
grain F and close to grain boundary E-F. But as the crack reaches close proximity to the triple grain
boundary junction, there was found to be no driver for the crack to grow along grain boundary K-F,
and instead develops straight into grain K. In other samples, only Sample E showed significant
differences of crack growth paths between model predicted and experimental results, as seen in Table
6.3.2-1. The SEM image shows the crack grows an average +34.0o from the Y-direction whereas the
model predicts a path of +11.0o. Although the general growth direction is captured (path to the right of
the notch), the large differences in crack growth path could result from other microstructural features
not captured. For example, plasticity effects and local BCC slip activity, strongly dependent on
crystallographic orientation have not been included.

Figure 6.3.2-3 Elastically anisotropic X-FEM crack propagation for sample F showing (a) axial stress for the
initial crack and loading state, and (b) subsequent crack growth up to grain boundary K-F and (c) Von Mises
stress distribution for the same crack growth
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The initial axial stress distribution shown in Figure 6.3.2-3(a) for sample F shows highly localised
regions of stress at the notch surface as expected and noticeably higher stress to the left of the notch
due to the initial crack present. As the crack grows towards the triple junction, a non-symmetric crack
tip stress distribution is shown in Figure 6.3.2-3(b) with inset local to the crack tip. Here higher
stresses are developed to the right along grain boundary K-F where the experimentally-observed crack
in fact grows, rather than across the neighbouring grain boundary K-E. The Mises stress distribution
shown in Figure 6.3.2-3(c) also suggests a similar story, and greater localised stresses are developed
in grain F behind the grain boundary K-F and smaller localised peak stresses are present in the
neighbouring grains.
In summary, based on the anisotropic elasticity X-FEM crack propagation approach, of the six ferritic
notched polycrystal modelled and summarised in Table 6.3.2-1, three samples (A, C and D) showed
good agreement of microstructurally-sensitive crack path between model and experiment if not
identical (for samples A and D); , one sample (E) showed poor agreement and for two further samples
(B and F), crack growth path in the primary grain was well predicted compared to experiment but the
X-FEM model could not capture the intergranular crack growth witnessed in experiment. As these
two model samples showed that the X-FEM model with elastic anisotropy did not capture
intergranular crack growth features, nor the stress states necessary to drive intergranular crack
propagation (as detailed in Figure 6.3.2-3), it is therefore of interest to examine other aspects of the
microstructure in more detail and in this study, grain boundaries are examined further. In order to do
this, further examination is now focused on sample F which, from Table 6.3.2-1, can be seen to show
much intergranular growth. Firstly, the role of plasticity is investigated, and followed by consideration
of grain boundary properties and behaviours.

6.3.3. Elastically anisotropic and plastically isotropic grain modelling
The X-FEM anisotropic elastic crack propagation results (Table 6.3.2-1) for sample F did not feature
intergranular crack development as observed in the experimental test results. Isotropic plasticity with
linear strain hardening is introduced to assess whether any improvement of predicted crack paths may
be obtained. Crack growth to an extent has some form of dependence on plastic deformation in
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regions near the crack tip where stresses exceed the yield stress, potentially influencing stress state
development and crack path. Stress relaxation due to the local deformation within the plastic zone
redistributes the stress fields to satisfy equilibrium conditions. Hence incorporation of plasticity is
assessed to investigate whether the redistribution of stresses affects the local crack growth in
polycrystal sample F using X-FEM.

F

E
K

Figure 6.3.3-1 Anisotropic elasticity and isotropic plasticity X-FEM crack propagation for sample F illustrating
crack growth up to grain boundary K-F with (a) axial stress distribution, (b) von Mises stress distribution, (c)
equivalent plastic strain distribution and (d) final predicted microstructural crack growth path

Details of the axial stress distribution for crack propagation up to grain boundary K-F are shown
Figure 6.3.3-1(a) obtained from the enhanced XFEM model. Inhomogeneity resulting from elastic
anisotropy is again captured throughout the polycrystal model, in a similar way to that shown in
Figure 6.3.2-3(b). At the localised crack tip region (Figure 6.3.3-1(a) zoomed window) a quite evenly
spread of high stresses is distributed in the polycrystal. With the same stress range illustrated, the von
Mises crack tip stress field shown in Figure 6.3.3-1(b) captures somewhat different high stress zones
in comparison to Figure 6.3.2-3(c) when plasticity is not considered. At the crack tip (Figure 6.3.3-1(b)
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zoomed window), a broader butterfly spread of highly localised stresses are captured on both sides of
the neighbouring grain boundaries K-F and E-F locally, whereas Figure 6.3.2-3(c) previously studied
shows a region of high stress simply behind grain boundary K-F. The predicted equivalent plastic
strain distribution is shown in Figure 6.3.3-1(c) where regions of plastic straining are only observed
local to the crack tip. Once the X-FEM crack propagates close to the triple junction and hits grain
boundary K-F, significant build-up of plasticity is present with maximum of 0.371 recorded just
behind the grain boundary. Nevertheless, the X-FEM crack propagates straight through the grain
boundary.
The final predicted crack growth path is shown in Figure 6.3.3-1(d) and when compared with the
anisotropic elasticity X-FEM solution on Table 6.3.2-1 (i.e. no plasticity) - sample F, shows no
improvement in capturing the experimentally observed intergranular local crack growth. Though
plasticity plays a role and affects the crack tip stress distributions and likely crack growth rate, the
effect on crack path is here found to be small. For this reason, focus is next given to grain boundary
properties and behaviours, firstly through consideration of cohesive separation interfaces considered
within the X-FEM crack propagation formulation.

6.3.4. Anisotropic elasticity with cohesive interfaces in X-FEM
It was found above that accurate representation of morphology and crystallographic orientation
(through specification of elastic anisotropic stiffness) integrated within X-FEM was not able to
capture the intergranular cracking witnessed in SEM images of Sample F (Table 6.3.2-1). We
therefore examine the possibility of capturing intergranular cracking by use of cohesive interfaces and
interactions incorporated along specific grain boundaries of interest. Because the incorporation of
isotropic plasticity was found to have minimal effect on the X-FEM crack propagation path solution
when compared with anisotropic elasticity only, for simplicity and consistency, isotropic plasticity is
now neglected. Earlier X-FEM crack propagation solutions demonstrated that crack development in
the primary grain F was captured well together with some grain boundary crack growth captured
along grain boundary E-F, but cracking along grain boundary K-F was not captured.
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Figure 6.3.4-1 Cohesive-separation interfaces around grain F with X-FEM crack propagation (a) axial stress
distribution with top left window showing crack at grain boundary K-F and top right initial separation along
grain boundary, (b) commencement of grain boundary separation and intergranular crack growth and (c) XFEM/cohesive zone finite element model showing crack growth and grain boundary separation

To introduce cohesive interfaces, cohesive traction-separation behaviour is introduced along the entire
grain boundary around primary grain F, and a single X-FEM crack domain is defined in the primary
grain. The traction-separation behaviour employed is given by Eq. (6.4), but for simplicity, the offdiagonal terms are taken to be zero (i.e. no mode coupling). The in-plane normal and tangential
stiffness components 𝐾𝑛𝑛 and 𝐾𝑠𝑠 are set to 5.0GPa and 4.0GPa respectively for uncoupled tractionseparation behaviour. Introducing X-FEM crack propagation to initiate at the site of crack nucleation,
the predicted crack grows up to grain boundary K-F, and the notched region axial stress distribution is
shown in Figure 6.3.4-1(a) which has similar overall form to that obtained without cohesive zone
modelling shown in Figure 6.3.3-1(a). Locally, at the crack tip, high stresses are concentrated within
the primary grain F as shown on Figure 6.3.4-1(a) – top left inset. Separation is witnessed along the
grain boundary K-F once the X-FEM crack reaches the cohesive interface, introducing high stress
concentrations and provoking cohesive separation as shown Figure 6.3.4-1(b). A closer look at the
deformed state separation is shown in the top right inset in Figure 6.3.4-1(b). During the first
indication of separation along grain boundary K-F, the axial stress distribution (inset in Figure
6.3.4-1(a)) shows the displacement of the crack tip stress field along grain boundary K-F and into
grain K. Introducing cohesive interfaces, separation along the whole length of the grain boundary K-F
is subsequently captured (Figure 6.3.4-1(b) zoomed window) and hence in this way, the entire
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transgranular and subsequent intergranular crack growth observed in the experiment for sample F (on
Table 6.3.42-1) is reproduced by the coupled X-FEM-cohesive zone model as shown in
Figure 6.3.4-1(c).
The experimental observations show that the intergranular crack then diverts again into grain K
becoming transgranular. However, the cohesive interaction is achieved by appending two domains in
the model and specifying the respective surface-surface contacts, but the two domains remains
separate in the finite element context, and this prohibits the subsequent use of X-FEM which is
incompatible with multi-domain continuous crack propagation after cohesive separation. A potential
methodology to overcome this problem is the introduction of a crack initiation criterion to provoke
cracking in the second domain. This may well require extensive material modelling behaviour to
capture and address local microstructurally sensitive parameters [53]. Hence the use of cohesive
interfaces currently renders transgranular crack modelling difficult after intergranular cracking is
captured in the model. A further alternative is to address the behaviour of the grain boundaries using
solid continuum elements (as opposed to cohesive zones) as this potentially facilitates continuous
XFEM crack propagation through or along microstructural features (intergranular and/or transgranular
cracks) without limitation and enables control of the grain boundary and interface properties. This is
addressed next.

6.3.5. Anisotropic elasticity with boundary zones
As cohesive interfaces introduce complications for further crack propagation beyond the primary
grain, boundary zones are proposed to benefit the flexibility of a continuous X-FEM crack
propagation in the microstructure. By introducing a zone of independent properties along the grain
boundary interfaces of interest, it is hypothesised that the grain boundary properties may be defined to
provoke the initiation of intergranular cracking, known to occur experimentally in samples B and F in
Table 6.3.2-1. In the present work, the boundaries taken to be elastically isotropic and consists of a
single element thickness of 20μm. ‘Strong’ and ‘weak’ (more strictly, stiff or compliant) grain
boundary properties are investigated and results compared. Here, weak and strong grain boundaries
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have been assigned to have 100x smaller and greater modulus respectively than the equivalent ferritic
grain isotropic modulus.

Figure 6.3.5-1 X-FEM crack propagation with grain boundary zone elements in sample F showing (a) axial
stress distribution, (b) final predicted crack path and (c) enlarged predicted crack path with weak grain boundary
properties, (d) axial stress distribution, (e) final predicted crack path and (f) enlarged predicted crack path with
strong grain boundary properties

For sample F, grain boundary zone elements were exclusively introduced along grain boundaries K-F
and E-F where intergranular cracking is known to occur along these interfaces. The results are shown
in Figure 6.3.5-1. Figure 6.3.5-1(a) and Figure 6.3.5-1(d) are the resulting axial stress distributions
with weak and strong grain boundaries respectively when the X-FEM crack has developed up to grain
boundary K-F. Localised stresses develop along the grain boundary and close examination of the
crack and grain boundary region shows the grain boundary element interface has considerably lower
stresses for the weak grain boundary (Figure 6.3.5-1(a) – black arrow indicating grain boundary
location) in comparison with the neighbouring grains. In contrast, when the strong grain boundary
zone is introduced, very high stresses are developed along the grain boundary. When considering the
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final X-FEM crack growth path obtained, it is seen that the weak grain boundary (Figure 6.3.5-1(b)
and Figure 6.3.5-1(c)) leads to minimal cracking along the grain boundary and the crack simply cuts
through the grain boundary into grain K. However, for the strong grain boundary (shown in Figure
6.3.5-1(e) and Figure 6.3.5-1(f)), the crack is seen to follow the grain boundary path K-F for longer.
Nonetheless, the crack again is seen to deviate away from the grain boundary and into grain K at
about one-third of the length of grain boundary K-F. This remains early compared to the experimental
SEM crack observation for Sample F.
Sample B has also been analysed with inclusion of grain boundary zone modelling in an attempt to
capture the experimentally observed intergranular cracking in this sample. For this sample also, the
transgranular cracking could not be captured using anisotropic elasticity with X-FEM alone. Grain
boundary zones were introduced along grain boundaries I-M and M-N where intergranular cracking is
observed in the experiment. In this instance, the boundary zone modulus has been magnified and set
to 1000x higher or lower than that for the ferritic grain. The X-FEM and grain boundary zone results
for predicted crack path are shown in Figure 6.3.5-2. As the crack advances towards the grain
boundary I-M as shown in Figure 6.3.5-2(a) and Figure 6.3.5-2(d), localised high axial stresses
develop at the grain boundary, resulting from the interaction of the crack tip stress field with the grain
boundary. For the grain boundary zone with weak stiffness in sample B, Figure 6.3.5-2(b) and Figure
6.3.5-2(c) shows that the boundary interaction did not provoke intergranular cracking and instead the
crack is seen to grow into grain M with significant crack path deviation towards the left of the grain.
For strong grain boundary stiffness properties as shown in Figure 6.3.5-2(e) and Figure 6.3.5-2(f),
crack growth along the grain boundaries I-M and M-N was well captured, and the SEM images for
Sample B in Table 6.3.52-1 show very similar microstructurally-sensitive crack growth behaviour.
The model predictions indicate some kinking in the crack path in grain I which was not observed in
the experiment (Table 6.3.52-1) for Sample B. However, it has been shown for the more complex,
contorted crack growth paths in Samples B and F for which both transgranular and intergranular
growth is observed, the combined grain boundary property modelling with X-FEM has provided
significantly improved predictions of experimentally observed complex crack paths over those from
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the simpler methodology of incorporating crystallographic orientation with X-FEM through
anisotropic stiffness, and has considerable advantages over coupled X-FEM and cohesive zone
modelling.

Figure 6.3.5-2 X-FEM crack propagation with boundary elements in sample B showing (a) axial stress
distribution and (b) final predicted crack path and (c) enlarged predicted crack path with weak grain boundary
properties, (d) axial stress distribution, (e) final predicted crack path and (f) enlarged predicted crack path with
strong grain boundary properties. Note: the development of high stress at grain boundary M-N at the base of
Fig. 6.3.5-2(a) is caused by the base boundary effect.

Strong grain boundary stiffness properties describe microstructural transgranular cracking behaviour
better as a result of the higher stresses generated along the boundaries, thus provoking preferential
crack growth along the grain boundary itself rather than deviating to become transgranular. The
development of high concentration of stresses along grain boundaries has been observed
experimentally by Jiang et al. [167] in an EBSD study which shows highest values of the maximum
in-plane shear stress tend to be found close to grain boundaries. These measurements were made,
however, in the absence of the presence of cracking. Clearly, the assumption that grain boundaries
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may be modelled as elastically isotropic is simplistic, and their behaviour is likely to be much more
complex. In addition, the activation of slip at the crack tip, and its interaction with grain boundaries,
potential transfer or build up and contribution to local stresses, are all potentially important. But
results presented earlier indicate that at least in the context of crack growth driven by maximum
principal stress, the presence of plasticity leading to local stress relaxation and redistribution does not
overly influence the crack growth path. Some studies [148] have recognised grain boundaries as key
features for fatigue crack growth resistance and have considered slip crystallography as a key factor to
determine preferable slip and crack transfer. This local information is potentially important in
predicting microstructural grain boundary behaviour and hence influencing crack growth. Therefore,
the microstructural crack propagation which takes account of local crystal plasticity and dislocation
accumulation maybe of importance and need to be addressed using full slip anisotropy with crystal
plasticity. This approach has been used in other studies [131, 132] but using a non-local damage
modelling technique to attempt to address local defect nucleation.
Next, we address sample F with full crystal plasticity following the approach presented by Wan et al.
[54]. Local damage modelling is considered following Eq. (6.5) and implemented and assessed for its
ability to capture the experimentally observed crack nucleation and growth in Sample F presented in
Table 6.3.2-1.

6.4.

Crystal plasticity with damage evolution

The finite element representation for Sample F shown in Table 6.2-1 is again employed but by
introducing full representation of the ferritic crystallography and anisotropic slip. The crystal
plasticity model is described in Chapter 3 and is incorporated in to ABAQUS by use of a user-defined
element formulation. The damage approach introduced in to the stress strain relation in Eq. (6.5),
where the evolution of damage parameter 𝜔 is monitored across the notched polycrystal. The initial
crack is introduced to recognise crack nucleation as before. In order to consider a quite different
criterion for damage nucleation, a modified failure criterion is introduced based on both a critical
accumulated slip criterion and a critical maximum principal stress. Once the critical accumulated slip
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is satisfied for one of the 12 BCC slip systems (Eq. (6.8)), damage is allowed to nucleate in the model
provided a critical maximum principal stress is fulfilled.
(a)

(b)

Figure 6.4-1 Damage evolution (left to right) with crystal plasticity for sample F based on damage parameter 𝜔
with the damage criterion dependent on (a) accumulated slip and (b) maximum principal stress.
Note: Red contours indicate failure of elements

The results obtained are shown in Figure 6.4-1 in which the progressive evolution of damage with
increasing applied loading (as before) is shown from left to right. For Figure 6.4-1(a), damage
evolution is shown for the case in which the criterion for damage nucleation is based on the
accumulated slip when reaching pcrit = 0.001. For Figure 6.4-1(b), however, the same loading analysis
is carried out but for which the damage nucleation is instead controlled by achievement of both the
critical accumulated slip parameter and a critical value of maximum principal stress
𝜎𝑐𝑟𝑖𝑡,𝑚𝑎𝑥𝑝𝑠 =150MPa. For the former in Figure 6.4-1(a), damage begins to nucleate in close proximity
to the triple junction which coincides with the experimental observation. However further damage
development occurs on the right side of the notch. From Table 6.3.2-1 the original nucleation and
crack growth observed is quite different and progresses to grow along grain boundaries B-F and E-F.
The damage evolution model in Figure 6.4-1(a) does not behave this way and instead the two
nucleation damage sites develops into grain F and not towards the grain boundary. This demonstrates
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that the accumulated slip may not provide appropriate information to be acceptable as a criterion for
crack growth which other authors have used in their studies [178].

6.5.

Conclusion

Several modelling techniques have been used and assessed to capture the experimental
microstructurally-sensitive cracking witnessed in notched polycrystal specimens. Based on
anisotropic elasticity with X-FEM crack propagation only, it was found for the six microstructurally
different ferritic notched specimens considered that the X-FEM modelling captured the experimental
observations for three specimens including the transgranular crack kinking and deviations observed.
A further two experimental specimens showed similar microstructural crack growth characteristics
with both intergranular and transgranular behaviour as witnessed from SEM images. However
intergranular crack growth features were found to be difficult to capture with anisotropic elasticity
and X-FEM. To address this, the elastically anisotropic X-FEM models were enhanced with cohesive
interfaces to allow crack growth and grain boundary separation to occur, though this allowed
intergranular cracking to be captured only for the primary grain. A further methodology examined
introduced explicit boundary zones along grain boundaries allowing grain boundary properties to be
specified. Both elastically stiff and compliant grain boundaries were considered, and it was found that
strong grain boundary properties allowed the quantitative prediction of the transition from
transgranular to intergranular crack growth and the experimentally observed tortuous crack paths to be
captured. Proposed studies for the future include consideration of local slip and dislocation activity
which may lead to improved predictive capability for microstructurally-sensitive crack path prediction
when coupled with X-FEM crack propagation modelling.
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7. Crystal plasticity X-FEM modelling of microstructurally
short crack in single crystal and Polycrystalsx

In this Chapter, a technique coupled crystal plasticity-XFEM approach is utilised similarly in other
study [143] in order to assess microstructurally-sensitive crack growth in pseudo-two-dimensional
(prismatic) large-grained ferritic steel polycrystal bend fatigue samples for which a substantial
experimental data base for both crack nucleation and growth already exists (Chapter 3 and 6). In this
way, experimentally observed transgranular and intergranular crack growth paths may be assessed by
providing direct microstructurally-faithful crystal modelling and comparisons. XFEM is utilised in
order to introduce nucleated cracks at the locations observed in the experiments such that their growth
paths, allowing for local crystal plasticity, may then be assessed directly against the experimental
observations. In particular, we focus on the microstructurally-sensitive crack paths observed in Figure
7-1 (from Chapter 3). The introduction of local crystal plasticity at the crack tip is assessed against the
previous elastic analyses (Chapter 6) in which crystallographic orientation and elastic anisotropy was
incorporated but crystal plasticity neglected. In addition, GB interface properties with plasticity are
introduced to study the influence of local stress states which result from microstructural features.

Figure 7-1 Polycrystal four-point bend samples (a) A and (b) B, showing grain morphology and experimental
SEM-observed crack path after fatigue testing (Chapter 3).

x

Collaboration with Dr. D. W. MacLachlan, Rolls Royce plc.
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7.1.

Methodology

Abaqus is used as the finite element framework due to its library capabilities for solving linear and
nonlinear problems, which since Abaqus v6.11 [175], have included XFEM within the
Abaqus/standard framework expanding capabilities of modelling propagation of discontinuities and
hence cracks This is coupled with a crystal plasticity material model to facilitate local material nonlinearity including the evolution of local dislocation density. Previous studies [53, 54] employed a
two-dimensional (2D) generalised plane strain crystal plasticity model incorporated within Abaqus
through the development of a user-defined element (UEL) [38]. The UEL was used to explicitly
simulate fatigue crack nucleation (both microstructural location and cycles to nucleation) within the
notches including those shown in Figure 7-1. In this Chapter, however, because UELs are not yet
compatible with XFEM libraries in Abaqus (so far as the authors are aware), a user-defined material
(UMAT) model is employed instead, following the example set in other work [142]. The
developmental procedure is as follows:


Basic elastic isotropic models with pre-existing cracks are generated to test and validate the
successful coupling of the crystal plasticity UMAT with XFEM.



The crystal plasticity UMAT subroutine is validated and compared with known crystal
plasticity behaviour based on the previous four-point polycrystal beam models which utilise a
UEL formulation [53, 54].



Based on anisotropic elastic crystal behaviour only, the UMAT-XFEM model is tested and
validated for single crystal behaviour and for the two polycrystal beam samples labelled A
and B in Figure 7-1.



UMAT-XFEM with crystal plasticity is employed for polycrystal samples A and B to assess
the observed microstructural crack development and further GB property enhancements tested.

The experimental data-set for fatigue crack nucleation and microstructurally-sensitive crack growth in
polycrystal ferritic steel beam bending samples outlined in [53, 54] provides the observational basis
for the modelling work. Only the detailed microstructure of the two polycrystal illustrated from Figure
7-1 is modelled in this study due to the interest and tortuosity of both intergranular and transgranular
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crack behaviour observed. The specimens are modelled to closely replicate experimental conditions
where four-point bending configuration and explicit finite element representation of the
microstructure is modelled within the notch section. Specimen geometries are modelled with same
experimental specimen dimensions which is detailed in previous works [53, 54]. 2D representation of
the model is simulated to closely capture the prismatic grain structure defined for the ferritic steel
polycrystal specimens hence mode I crack behaviour is the focus of our crack growth studies. Full
details of the individual grain crystal orientations have been obtained using electron backscatter
diffraction (EBSD) which are represented through Bungee convention detailed in (Appendix E). The
primary focus in this study is to study the crack path and its microstructural sensitivity hence
monotonic direct load control is imposed onto the beam to induce progressive crack development and
growth within the notch region. Further modelling of cyclic loading continues to be computationally
expensive particularly combined X-FEM and plasticity. However, failure by crack advancement under
fatigue or monotonic loading in early studies [181, 182] has been shown to be similar, but naturally
crack growth rate and the stress intensity differ.
Failure criteria for microstructural cracking have received some attention in the literature and include
local grain-level slip activity using parameters such as the accumulated slip [145, 178], and the
direction of maximum variance of resolved shear stress [183]. Other criteria include local stored
energy [144] and maximum principal stress (Chapter 6), and for reasons of consistency with previous
work (Chapter 6), the maximum principal stress and direction are considered in the present work for
the purposes of determining microstructural crack growth direction. In addition, the primary focus is
on microstructurally-sensitive crack path so that the rate of crack growth is not explicitly addressed,
such that the maximum principal stress criterion chosen is arbitrarily fixed for consistency across all
models developed.

7.2.

Crystal plasticity and eXtended Finite Element Method (UMAT-XFEM)

7.2.1. Linking Crystal Plasticity with XFEM
The two techniques have rarely been coupled in studies but individually have contributed in much
published research. A UMAT subroutine allows the specification of the elastically anisotropic, crystal
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plasticity model for the material behaviour. The discrete XFEM crack modelling method requires a
domain to be meshed but is independent of the crack discontinuity. XFEM follows a conventional
FEM mesh domain but is enriched with a displacement vector and a discontinuous function
(Heaviside step function) which for 2D crack modelling is applied in intersects of the interior of the
crack. Further detail of the enrichment functions and the formulation can be found in [139].
Before complex models are introduced, a simple 2D plate problem with a pre-existing crack as shown
in Figure 7.2.1-1(a) is tested for the successful linkage of a simple elastic constitutive behaviour
UMAT with XFEM. Equal linearly increased forces of 150MPa are applied on the two edges of the
2D plate. Due to the symmetrical loading conditions and crack present in the centre, the crack is
expected to extend vertically downwards. For this an elastic isotropic UMAT open-sourced from [184]
is integrated into the model with Young’s modulus of 206GPa and Poisson’s ratio of 0.3. A Plane
strain, 4-noded bilinear elements are used. The same element type is also used in subsequent studies
unless specified, due to 2D XFEM being compatible only with 3 noded-triangular or 4 noded-quad
elements.

Figure 7.2.1-1 Isotropic elastic UMAT-XFEM model of plate with pre-existing crack showing (a) boundary and
loading conditions, (b) axial (XX) stress distribution of initial crack early in loading, and (c) the same for an
extended crack. Note: in the model stress distribution contours, red indicates high stress, green medium stress
and blue-low stress magnitudes.
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Figure 7.2.1-1 shows the axial stress field developing in the isotropic medium for a short crack and at
a later stage in the loading with crack extension. While not shown in the figure, the results obtained
are identical to those for XFEM analysis utilising Abaqus integrated elasticity (i.e. in the absence of
the UMAT), hence while simplistic, providing reassuring verification of the UMAT-XFEM coupling.
The UMAT-XFEM framework is further tested in a more complex notched beam model under fourpoint bending with the same geometry and material properties used in other studies [53, 54]. Point
loadings of 100kN are applied linearly with time to force crack growth from an initial defect and the
resulting XX stress distributions are shown in Figure 7.2.1-2.

Figure 7.2.1-2 Isotropic elastic UMAT-XFEM model of a notched beam with (a) pre-existing crack showing
axial (XX) stress distribution, and (b) the same stress component for the extended crack.

Within the notched region, a pre-existing crack length of 150μm is present and during the early stages
of loading as shown in Figure 7.2.1-2(a), large elliptical stress contours are present which are
symmetrical with respect to the vertical centre line. At the end of the simulation, complete fracture is
witnessed and the crack has grown vertically through the entire notched region. The axial stresses
from Figure 7.2.1-2(b) show localised symmetrical distributions at the crack tip anticipated from
isotropic elastic material behaviour. The macro-level principal stress direction at the crack location is
horizontal along the notch face central vertical line, which supports the vertical crack growth direction.
Crystal plasticity is next introduced and coupled with XFEM in the next section, together with the
experimental microstructural features.

152

7.2.2. UMAT with crystal plasticity behaviour
A UMAT with full crystal plasticity material behaviour is used to describe the local behaviour of
crystals and extends the potential use with XFEM to model crack discontinuities. Based on the 2D
crystal plasticity UEL subroutine from other works [53, 54], a UMAT subroutine is developed with
similar slip rule. The total deformation and rotation is described by the deformation gradient 𝑭 which
can be decomposed in terms of the elastic and plastic terms
𝑭 = 𝑭𝒆 𝑭𝒑 .

(7.1)

The rigid body rotation and elastic deformation are described in 𝑭𝒆 and the plastic deformation
gradient of the crystal lattice 𝑭𝒑 can be further expressed in terms of the plastic slip. Ferritic steel
crystals are body centred cubic (BCC) and the first 24 slip systems are considered within the crystal
plasticity framework. The slip rule used is given in terms of the resolved shear stress, and the onset of
slip determined from Schmid’s Law. Non-Schmid effects are not considered since they are not central
to the purpose of this study. The slip rate for each slip system (i) consistently used in previous
Chapters is given by
2 (−∆𝐻 𝑖⁄ )
𝑘𝑇

𝛾̇ 𝑖 = 𝜌𝑚 𝑣(𝑏 𝑖 ) 𝑒

sinh (

(𝜏𝑟 𝑖 −𝜏𝑐 𝑖 )𝛾0 ∆𝑉 𝑖
𝑘𝑇

(7.2)

)

where 𝑏 𝑖 represents the value of Burger’s Vectoron the 𝑖 𝑡ℎ slip system, 𝑣 is the frequency of
dislocation jumps, 𝜌𝑚 the density of mobile gliding dislocation, ∆𝐻 the Helmholtz free energy, and
∆𝑉 is the thermodynamic activation volume which can be expressed in terms of the statistically stored
dislocation (SSD) density 𝜌𝑆𝑆𝐷 . The evolution of (SSD) density follows the same evolution law
presented in [54] for the ferritic steel considered, and the slip rate is non-zero only when the resolved
shear stress (𝜏𝑟 ) is greater than the critical value (𝜏𝑐𝑟 ).
To validate the effects of plasticity, a 2D model subjected to uni-axial loading on the top surface in
the Y direction is simulated. A CRSS is introduced to be 200MPa and tested to expect the critical
yield stress (𝜎𝑦 ) to be
𝜏

𝑐𝑟
𝜎𝑦 = ( 𝒔.𝒍)(𝒏.𝒍)
=

200𝑀𝑃𝑎
(1⁄ )
√6

(7.3)

= 490𝑀𝑃𝑎
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where 𝒔 described is the slip plane direction, 𝒏 is the slip plane normal and 𝒍 is the loading direction
in vector form. Both strain and load controlled simulation conditions are tested under reference crystal
orientation and then randomly orientated to account for anisotropy.
(a)

(c)

(b)

(d)

Figure 7.2.2-1 Single element under uni-axial Y-direction loading (a) reference crystal orientation uni-axial
stress distribution and (b) stress strain response relation, (c) random crystal orientated uni-axial stress
distribution and (d) stress strain relation. Note: Graph Time in seconds and Stress in MPa

From Figure 7.2.2-1(a), the deformation of the single element is expected where the element elongates
in the Y direction and contracts in X direction equally. A single stress field is witnessed across the
element which under reference crystal orientation is expected. Figure 7.2.2-1(b) shows the stress
strain response where at time 0.04s the yield stress (Eq. (7.3)) is achieved with plasticity effect
thereafter. By introducing an orientated crystal configuration, Figure 7.2.2-1(c) shows non
symmetrical deformation and stress in the Y direction highest at the fixed edge corner. This is
accommodated by the stress strain relation shown in Figure 7.2.2-1(d) where each 4 element nodes
respond differently due to the nature of plastic anisotropy introduced in the model.

154

The newly developed crystal plasticity UMAT is validated against an existing UEL crystal plasticity
subroutine which has been used in previous notched beam studies [53, 54]. For sample A with grain
morphology shown in Figure 7-1(a), identical model geometry, mesh, material properties and
hardening behaviour of the ferritic steel is incorporated in the constitutive UMAT model. The element
type has been chosen to be identical to the UEL models for consistency and an eight-noded plane
strain element is used. Initially all grain orientations are in the reference configuration (generating a
single crystal beam), then the inclusion of full elastic anisotropy within the UMAT is compared with
the UEL model, and finally, crystal plasticity is also activated to provide validation of the full
elastically anisotropic crystal plasticity UMAT against the UEL.

Figure 7.2.2-2 Axial stress distributions within the notched beam under four-point loading for the grain
morphology of sample A for (a) UMAT model with all grain crystal orientations in the reference orientation (i.e.
generating a single crystal beam), (b) full elastic anisotropy response with true grain orientations represented,
and (c) the UEL model solution for the same conditions as in (b)

Figure 7.2.2-2(a) shows the stress distribution around the notched region when all grain crystal
orientations in Sample A have been orientated in the reference configuration (thereby generating a
single crystal beam). It is expected to behave like a single crystal and the resulting stress fields have
similar attributes to those of Figure 7.2.1-2(a) but in the absence of a pre-existing crack. When full
details of the local individual grain orientations are integrated into the model, Figure 7.2.2-2(b) and
Figure 7.2.2-2(c) show the axial stress distributions for both the UMAT and UEL implementations to
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be near-identical. Most of the higher localised stresses are focused on the left surface of the notch
where a GB is present and same inhomogeneous distribution of stresses is witnessed.
(c)

Figure 7.2.2-3 Axial stress distribution in polycrystal sample A with anisotropic elasticity and crystal plasticity
for (a) UMAT model, (b) UEL model, and (c) and stress path along the notch central vertical line

When introducing crystal slip into the model, the UMAT stress distributions shown in Figure
7.2.2-3(a) capture the same inhomogeneous stress distributions across the microstructure to that of the
UEL model in Figure 7.2.2-3(b). Significant higher stress is now localised further subsurface from the
notch resulting from the effect of localised plasticity redistributing the stresses; the heterogeneity of
the microstructure-level stress has been demonstrated in Chapter 3. Further quantitative comparisons
are exhibited in Figure 7.2.2-3(c) between the UMAT and UEL calculations where the axial stress
along a central vertical line at the mid-section of the notch is studied. The stress distribution along the
path shows close agreement except for the UMAT giving stresses slightly higher near to the notch.
However, the UMAT formulation does not allow for the generation of geometrically necessary
dislocations, because the UMAT model developed does not have the flexibility to compute the spatial
gradients of the plastic deformation for each finite element, and hence the preference for using the
UEL subroutines in other studies [38]. Further the UMAT model simulated has defined the element
types as 4-noded bilinear element (CPE4), as opposed to the UEL defined 8-noded plane strain
elements (CPE8) which would also contribute to the differences of stresses on Figure 7.2.2-3(c). But
this is not a key feature of the present study in which GND evolution is neglected and that the general
heterogeneity of stresses is captured well in the UMAT model.
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With the UMAT incorporated with full anisotropic elasticity and crystal slip behaviour, the final
validation step is to incorporate XFEM for short crack growth. Therefore, final validations of the
UMAT-XFEM linkage with the full constitutive UMAT subroutine model is assessed with known
previous results (Chapter 6) when considering elastic anisotropy only.

7.3.

Validation of UMAT-XFEM

7.3.1. Elastic anisotropic single crystal
With the full constitutive UMAT subroutine developed, further complex models are introduced to test
the robustness and accuracy when linking the new UMAT with XFEM model. Using the same
notched beam model, a single crystal with elastic anisotropic behaviour is introduced by setting the
critical resolved shear stress very high to prohibit slip. The material properties, geometry and
conditions all follow those in previous work (Chapter 6) where a linear increased monotonic loading is
applied. The crystal is initially in the reference configuration to observe XFEM crack solutions and
further short crack growth development is studied when the crystal is orientated. The UMAT-XFEM
crack path solutions are compared with identical models generated using Abaqus library material
behaviour and XFEM. The complete Abaqus environment XFEM (CAE-XFEM) allows a benchmark
of results to compare and validate the user defined XFEM (UMAT-XFEM) for further studies.

Figure 7.3.1-1 Crack development for elastic anisotropic single crystal in reference configuration using (a) CAE
XFEM, (b) axial stress field around the crack tip and (c) UMAT-XFEM crack path solution. (d) A representative
complete crack growth rate in both CAE-XFEM and UMAT-XFEM models

With a small pre-existing crack at the centre of the notch, in the reference crystal orientation the short
cracks extend vertically into the notch region as exhibited in both the CAE-XFEM and UMAT-XFEM
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results in Figure 7.3.1-1(a) and Figure 7.3.1-1(c). The stress ahead of the crack tip (Figure 7.3.1-1(b))
shows very similar distribution to that of previous isotropic elasticity stress tests (Figure 7.2.1-1(c)
and Figure 7.2.1-2(b)) and due to the crystal symmetry, symmetrical stresses are experienced on each
side of the crack face to induce vertical crack growth. The anisotropic elastic material behaviour in the
simulation presented a total crack length extension of 2000μm which is identical to the CAE-XFEM
solution for which comparisons are shown in Figure 7.3.1-1(d).
Table 7.3.1-1 Sample A Grain F crystal orientations represented in Euler angles
Average orientation (Degrees)
Ф
𝜑1
𝜑2
85.59
12.07
280.35

The crystal is next orientated away from the reference configuration and Euler orientation information
for grain F in polycrystal sample A is used (Table 7.3.1-1). The introduction of a rotated grain is
expected to alter the crack growth direction and is captured in both the CAE-XFEM and UMATXFEM models shown in Figure 7.3.1-2(a) and Figure 7.3.1-2(b) respectively. Here it is evident both
cracks have extended towards the left of the notch where a closer look at the crack path shows both
have a crack deviation angle of 𝜃 = 4.0o from the initial direction of crack nucleation. A graphic
representation of the orientated grain shows the cubic crystal tilted at an angle which seems to align
well with the crack direction. This implies that crystal elastic anisotropy has significant influence and
affects the crack path direction because of its influence on the local elastic stress field, thus changing
the local maximum principal stress directions.
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Figure 7.3.1-2 Orientated single crystal anisotropic elastic crack development based on (a) CAE-XFEM and (b)
results obtained using UMAT-XFEM with close up examination of crack growth direction angle 𝜃 and
representative orientated cubic crystals

With this information and the validation of the UMAT-XFEM model in a single crystal environment,
we look to confirm the model using full anisotropic elastic polycrystal behaviour where the two
samples exhibiting intergranular cracking (Figure 7-1) are modelled and compared against known
preceding works in Chapter 6.

7.3.2. Elastic anisotropic polycrystal
In previous work (Chapter 6), elastically anisotropic CAE-XFEM polycrystal models were generated
and microstructural short crack growth developed based on utilising criteria for growth and direction
based on the maximum principal stress and principal directions respectively. These results were
directly compared with experimental SEM images of known crack path and it was found that
intergranular cracking could not be captured by such a model without further introduction of GB
features. The CAE-XFEM results of the two polycrystal samples A and B from Figure 7-1 are firstly
reproduced in the UMAT-XFEM model to provide confirmation that the model captures the same
short crack growth behaviour before crystal slip is introduced. Due to the additional framework
introduced using the UMAT subroutine to describe material behaviour with XFEM, convergent rates
were different to CAE-XFEM and changes to time step and loading were altered to ensure model
convergence.
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Figure 7.3.2-1 (a) Polycrystal A with elastic anisotropy crack path solution using CAE-XFEM from (Chapter 6),
and (b) results using newly developed UMAT-XFEM

A pre-existing crack is introduced at the same known crack nucleation sites, which for polycrystal
sample A (Figure 7.3.2-1) lies in close proximity to the GB between grains B and F. CAE-XFEM
(Figure 7.3.2-1(a)) captures the same crack development in the primary grain F where initial
transgranular cracking is observed and some GB cracking between grains E and F. This behaviour is
also captured using UMAT-XFEM exhibited in Figure 7.3.2-1(b). Experimental data shows the crack
to grow continuously along the GB as seen in Figure 7-1(a) but based on the CAE-XFEM model, the
crack grows straight into grain K which the UMAT-XFEM follows also.
Further applying the UMAT-XFEM model to a different polycrystal (sample B), Figure 7.3.2-2(a)
shows the results using CAE-XFEM in which the crack deviates towards the left of grain I in the
direction of grain M. This direction of crack growth is similar with the UMAT-XFEM in Figure
7.3.2-2(b) where slight deviation of crack path is also seen towards the left of grain I. Once both
cracks hit the GB between grains I and M, the crack extends straight into grain M which is captured in
both CAE-XFEM and UMAT-XFEM. The inability to capture the intergranular cracking as witnessed
in SEM images (Figure 7-1(b)) between grains I and M, and grains M and N shows the UMATXFEM responding similarly to the CAE-XFEM. There are some microstructural differences where a
kink is witnessed in grain M which the UMAT-XFEM did not capture. This could be due to the
different rates of convergence in the two models which may affect the chosen maximum principal
direction for the resulting crack paths, but the general crack behaviour is captured similarly.
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Figure 7.3.2-2 Polycrystal B elastically anisotropic crack path solution using (a) CAE-XFEM (Chapter 6) and (b)
using UMAT-XFEM with corresponding plots of axial stress distributions

Plasticity effects in single crystal crack growth and GB cracking in samples A and B is next explored,
where the introduction of local slip using the UMAT developed is assessed in the context of the
microstructure dependant crack results observed in experiments and from the elastically anisotropic
calculation results above.

7.4.

Crystal Plasticity and XFEM Crack Evolution

7.4.1. Single Crystal beam
XFEM crack development in a single crystal notched beam under four-point loading is presented first.
Extending the work from Chapter 7.3.1, crystal plasticity is introduced and XFEM crack development
is monitored to evaluate the influence of plasticity on the crack path. In addition, the introduction of
Abaqus/CAE isotropic plasticity is also considered. A notched single crystal is considered initially
with the crystal reference configuration but which is subsequently rotated to the orientation given in
Table 7.3.1-1. The crack is allowed to grow as before based on the same criteria of maximum
principal stress and direction at the crack tip, dependent on the material model solution using UMATXFEM.
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(a)

Reference

Orientated

(c)

(b)

Figure 7.4.1-1 Single crystal notched beam in reference and orientated grain crystallographic orientations for (a)
crack path using CAE-XFEM with anisotropic elasticity and isotropic plasticity and (b) results obtained using
UMAT-XFEM with anisotropic elasticity and crystal plasticity, and (c) the effective plastic strain distributions
with anisotropic elasticity and isotropic plasticity.

With the introduction of plasticity, in the reference configuration both the CAE-XFEM (Figure
7.4.1-1(a) - left) and UMAT-XFEM (Figure 7.4.1-1(b) - left) capture and confirm the crack to grow
vertically downwards along the crystal [010] direction. When the crystal is orientated differently, the
crack deviates similarly in both models as shown on the right of Figure 7.4.1-1(a) and Figure
7.4.1-1(b). The crack deviates to the left of the notch at an angle of ~4.0o from the direction of crack
nucleation, which shows the same crack deviation path when single crystal elastic anisotropy is
considered (Figure 7.3.1-2). The corresponding effective plastic strain field evolution (Figure
7.4.1-1(c)) shows a progressive increase in crack tip strain level when isotropic plasticity is
introduced. The distribution of plastic strain shows similar attributes to experimental strain
measurements in other authors’ short crack growth studies [11] where asymmetric lobes of plastic
strain are accumulated at the crack tip. The single crystal modelling of crack growth considered here
is next extended to include the full representation of the experimental polycrystal morphologies and
crystallographic orientations associated with samples A and B (Figure 7-1) in which effects of
plasticity are studied.
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7.4.2. Polycrystal beam
Capturing and modelling intergranular cracking remains problematic. Studies [150] suggest that
plastic anisotropy plays a greater role than that of elastic anisotropy in order to capture the local stress
effects along GBs. It is also evident that elastic anisotropy alone within the crack growth model
cannot capture the interfaces of experimentally observed GB cracking. Hence using the fully
developed UMAT with crystal plasticity, the effects of local slip are introduced and integrated into the
two polycrystal XFEM models (Figure 7-1) for polycrystal samples A and B where explicit
representation of grain morphologies, crystallographic orientations, and GBs are modelled. Previously
the introduction of isotropic plasticity (Chapter 6) into the crack growth model seems to show little
influence on the crack path development across GBs. The evolution of equivalent plastic strain
distribution across the GB for polycrystal samples A and B with a crack present is shown in Figure
7.4.2-1. Is it recognised that the plastic strain field captures the presence of the GB better than stress
alone. Non uniform distributions of high plastic strain fields are witnessed along the path of the crack
which is observed to be influenced by the microstructural morphology in the polycrystal.

Figure 7.4.2-1 Equivalent plastic strain (PEEQ) distribution from CAE-XFEM with anisotropic elasticity and
with isotropic plasticity in (a) polycrystal A and (b) polycrystal B

The introduction of crystal plasticity is considered to assess whether it improves the microstructural
short crack growth development. The coupled crystal plasticity UMAT-XFEM predicted crack paths
for polycrystal samples A and B are shown in Figure 7.4.2-2. The crack path predicted in Figure
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7.4.2-2(a) for polycrystal A shows similar initial crack development in grain F which captures the
characteristics of that seen in the experiment. The crack interaction with GB K and F replicates the
crack development when elastic anisotropy is considered (in the absence of plasticity). However, a
closer look at the point of crack interaction with the GB shows a significant crack kinking, forcing the
crack to grow partially along the GB. But clearly much sooner than anticipated from the experiment,
the crack deviates and turns into grain K becoming transgranular. This brief intergranular crack
development, however, was not captured for polycrystal B where again the primary grain crack
direction is similarly captured well when compared with experiment but shows no significantly
improved predictions over those from the elastic solution.

Figure 7.4.2-2 (a) Polycrystal A and (b) polycrystal B with UMAT-XFEM crystal plasticity crack path solutions

It was hypothesised that the highly localised nature of grain-level slip and associated heterogeneous
stress states would potentially provide the explanation for the transformation of transgranular crack
growth to that occurring intergranularly. The hypothesis was tested by introduction of crystal slip, but
the outcome in fact is that this in its own right has not significantly altered the crack paths which
come from elastic anisotropy intrinsic to crystal orientation. It may be that the inclusion simply of
slip is not sufficient; that the crack path deviation arises possibly because of the establishment of SSD
and GND cells and structures not currently embodied within the crystal model. It may be that
processes within the grain boundary itself have not been included and are essential to capture
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experimental observations. On the other hand, it could be argued that considering monotonic loading
conditions over fatigue in the experimental tests could influence the difference in crack behaviour.
However, it is demonstrated in earlier studies (Chapter 6) that even under monotonic loading
conditions, the majority of the crack paths observed in experimental fatigue observations were in fact
captured well.
Although the inclusion of crystal plasticity in the UMAT-XFEM model showed slight improvement in
the intergranular crack path for polycrystal A when compared to elastic anisotropy alone, or
additionally when compared with inclusion of isotropic plasticity, further effort is needed to address
the GB interfaces. One such method previously addressed (Chapter 6) was to include a GB interface
with independent element properties to better reflect the reality of GBs. In the next and last section,
this is addressed within the UMAT-XFEM modelling.

7.4.3. Polycrystal with grain boundary interface properties
Polycrystal sample B is further considered by incorporation of grain boundary properties by explicit
finite element representation of grain boundaries. It has been demonstrated (Chapter 6) by introducing
a separate single-element thick domain along the GB has allowed the CAE-XFEM model to
reproduce the intergranular microstructural crack path observed in experimental assessments. This
approach is thus adopted here in the crystal plasticity UMAT-XFEM model by the introduction of a
‘softer’ and ‘harder’ GB phase, by decreasing or increasing the elastic modulus of the grain boundary
property respectively. The analysis is performed for polycrystal Sample B. Midway through the crack
development, the crack extends near to the GB I-M and the maximum principal stress distributions
shown in Figure 7.4.3-1 indicate significant inhomogeneity within the primary grain and local to the
introduced GB phase which is ‘soft’ in Figure 7.4.3-1(a) and ‘hard’ in Figure 7.4.3-1(b).
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(a)

(b)

I

M

I

N

M

(c)

N

(d)

Figure 7.4.3-1 Polycrystal B with (a) soft GB and (b) hard GB properties showing the maximum principal stress
distributions with UMAT-XFEM crystal plasticity during crack development in grain I. Superimposed images
of (c) elastic anisotropic crack path (black line) and experimental SEM image crack solution (white line) and (d)
UMAT-XFEM crack path (black line) and experimental SEM image crack solution (white line)

When introducing a softer GB domain between grains I - M, and N – M, lower principal stresses are
witnessed along the GB (Figure 7.4.3-1(a)). Conversely introducing a stiffer GB phase, a much higher
localised principal stress (red contours) is present along the GB of interest (Figure 7.4.3-1(b)). Using
the UMAT-XFEM has demonstrated to allow the user to locally modify and introduce the unique GB
physics and mechanism capturing similar MSCG behaviour as illustrated (Figure 7.4.3-1(d)). Hence
this method gives potential in future works to incorporate local criterions such as those demonstrated
in references [148, 151] to determine a GB is soft or hard in terms of the geometric properties
influencing slip resistance and favour of crack growth direction. In summary the elastic anisotropy
crack path compared with experimental findings (Figure 7.4.3-1(c)) escalated specific interest for
intergranular crack behaviour which when a stiffer GB like Figure 7.4.3-1(b) is introduced, so does
aid of crack growth along the GB (Figure 7.4.3-1(d)). Although the stress distributions and crack
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paths were captured well, the UMAT-XFEM with GB phases presented frequent difficulties for crack
to extend and converge, which proposes further work and restructure of the framework to improve
efficiency in the model. However, these early stages and potential of this work could allow further
extensions in the UMAT-XFEM to be more efficient.

7.5.

Conclusion

Based on the maximum principal stress and direction as crack growth parameter and considering only
elastic anisotropic material behaviour, it is recognised from previous work (Chapter 6) intergranular
crack growth behaviour was not captured used CAE-XFEM. A step by step validation and
development of crystal plasticity in a user-defined material UMAT subroutine was revised to link
with XFEM to assess and the support a better technique to model microstructural short cracks.
It was found the introduction of plasticity show little influence in capturing transgranular crack paths
which was demonstrated with experimental ferritic steel samples data. The introduction of local
micromechanics of slip and plasticity had some, but not significant influence in capturing
intergranular crack growth path. The models developed allows for future incorporations of local GB
criterions to capture slip resistance and greater stress localisation is needed to persuade and capture
intergranular crack growth. Further the UMAT-XFEM crack model and framework established gives
the user significant flexibility to modify and describe local deformation behaviour which can be
favourable in complex modelling discontinuity problems.
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8. Summary


A new microstructurally sensitive local stored energy density criterion for polycrystal fatigue
crack nucleation has been proposed in which it is argued that nucleation occurs when the
stored energy density achieves a critical value, Gc. The criterion extends the ability to predict
cycles to crack nucleation across a range of experimental ferritic steel samples and has been
shown to demarcate nucleation life correctly over the range of differing experimental ferritic
polycrystal fatigue tests.



Utilising the stored energy criterion developed, polycrystalline models of RS5 Ni superalloy
were constructed and have demonstrated that microtexture strongly influences the predicted
location of crack nucleation which is favoured to occur at grain boundaries on free surfaces. It
was also shown that macroscopic stress strain response provides insufficient information to
capture the local hotspot developments and that locally, cyclic plasticity phenomena such as
hysteresis, plastic shakedown, elastic shakedown and ratcheting all occur depending on local
microstructural features.



An RVE microstructural crystal plasticity model generated for a copper polycrystal with
comparable texture reproduced from experimentally characterised sample showed excellent
agreement with experimental measurements for the microstructural distribution of stress
triaxiality. Global and local calculations of Schmid factors with high frequency were found to
be about the same irrespective of method of calculation, but the local variation of
intragranular Schmid factor were not. Hotspots for fatigue crack nucleation were found to be
local to grain boundaries (as opposed to triple junctions), and that hard-soft grain interfaces
where high GND densities develop are also preferred.



Modelling techniques have been assessed to capture the experimental microstructurallysensitive cracking witnessed in notched ferritic polycrystal specimens. Maximum principal
stress and principal stress direction were utilised as crack growth parameters and for elastic
anisotropic material behaviour with XFEM crack propagation only, it was found that three of
six microstructurally differing ferritic notched MSCG paths were captured very well where
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transgranular crack kinking and deviations were captured. However, two of the six remaining
MSCG samples exhibited intergranular crack features which were difficult to capture.
However, the introduction of grain boundary stiffness properties was found to enable crack
growth to transform from transgranular to grain boundary growth reflecting the experimental
observations.


A user-defined material UMAT subroutine was developed to link with XFEM in order to
introduce crystal slip and dislocation hardening in to the material behaviour in order to
improve the modelling of microstructural short cracks. The introduction of plasticity was
found to show little influence in capturing transgranular crack paths as demonstrated in the
experimental ferritic steel samples data. However, this novel technique is still in its infancy
and there remains much research to be carried out in order to explore the possibilities for
capturing microstructurally-sensitive crack propagation paths and rates of growth.

8.1. Recommendations for future work
Proposed extended studies and questions include:


How sensitive is the energy based criterion two-parameter model (𝐺̇ ) in Chapter 3 to length
scale effects? GND calculations were neglected in Chapter 4, so it remains to establish how
significant the GND density is in influencing the stored energy and hence fatigue crack
nucleation. Sensitivity studies on crack nucleation and growth at the microstructural level are
needed.



How good an approximation is using Voronoi statistics to represent the 3D microstructure
generated in Chapter 4? There exists the possibility of using x-ray diffraction techniques [185]
to reproduce explicitly the 3D microstructure of experimental samples, and make
comparisons with the Voronoi 3D generated polycrystal model. Further, knowledge of exact
number of cycles to fatigue crack nucleation and corresponding tested sample morphology
would help determine more accurately a critical stored energy value Gc for RS5 alloy.
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Representative polycrystal models with hexagonal shaped grains were compared with
experimental characterised polycrystalline samples in Chapter 5. Although good agreement in
stress distributions was established, explicit model representation of the sample would have
been preferable to explicitly address the role of observed annealing twins present in the
experimental sample, together with more representative microstructures.



The monotonic load conditions simulated in Chapter 6 were found to be able to capture very
well the microstructural fatigue crack paths. It remains to be established how important it is to
include the cyclic nature of the loading to address fatigue conditions to capture
microstructural fatigue crack growth paths. Intergranular cracking was difficult to capture,
except by inclusion of grain boundaries stiffness properties leading to locally high stresses
and stress states leading to grain boundary growth. Hence, the basic mechanism which
introduces the high stresses present along the grain boundaries in the polycrystal needs to be
addressed. In the fatigue tested samples, further investigation using HR-EBSD techniques
could be employed to identify if there was significant build-up of high stresses along grain
boundaries. This would potentially further our understanding of grain boundary effects and
their role in microstructural short crack growth.



Introduction of slip and dislocation accumulation within the material model coupled with
XFEM showed little influence in modifying or capturing transgranular crack paths in Chapter
7. The role of plasticity on microstructurally-sensitive crack growth paths therefore remains to
be established. In addition, it is likely that the local plasticity also plays a significant role in
determining the rate of crack growth, and this is also an area of work worthy of consideration.
The criterion utilised to establish crack path and growth rate may well not be the maximum
principal stress and principal stress direction. There is ongoing research which recognises the
possibility of alternative local criteria [148, 151] to determine crack transmission across grain
boundaries, in relation to slip resistance and crack growth direction. This is also an area of
research which remains to be addressed.
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9.

Appendix A – Decomposed form of curl (A)

Curl of a tensor quantity is generally related to the derivatives of scalars and vectors. For vector 𝑨 in
𝐴1
the form (𝐴2 ), the 𝑐𝑢𝑟𝑙(𝑨) can be simply expressed as determinant of the component vectors
𝐴3
gradient by
𝑖
𝐴1
𝜕
𝑐𝑢𝑟𝑙(𝑨) = ∇ × (𝐴2 ) = |
𝜕𝑥
𝐴3
𝐴1

𝑗
𝜕
𝜕𝑦
𝐴2

𝑘
𝜕
|
𝜕𝑧
𝐴3

Determinant of a matrix can simply be found and final solution as
𝜕𝐴3 𝜕𝐴2
𝜕𝐴1 𝜕𝐴3
𝜕𝐴2 𝜕𝐴1
(
−
)𝑖 + (
−
)𝑗 + (
−
)𝑘
𝜕𝑦
𝜕𝑧
𝜕𝑧
𝜕𝑥
𝜕𝑥
𝜕𝑦
Or re-expressed as
𝜕𝐴3 𝜕𝐴2
(
−
𝜕𝑦
𝜕𝑧

𝜕𝐴1 𝜕𝐴3
−
𝜕𝑧
𝜕𝑥

𝜕𝐴2 𝜕𝐴1
−
) = (𝐴3,𝑦 − 𝐴2,𝑧
𝜕𝑥
𝜕𝑦

𝐴1,𝑧 − 𝐴3,𝑥

𝐴11
If vector F is considered as a second order tensor in the form (𝐴21
𝐴31
give the solution

𝐴1 2
𝐴2 2
𝐴3 2

𝐴2,𝑥 − 𝐴1,𝑦 )
𝐴1 3
𝐴2 3 ), the 𝑐𝑢𝑟𝑙(𝑨) will
𝐴3 3

𝐴3,𝑦 1 − 𝐴2,𝑧1

𝐴1,𝑧1 − 𝐴3,𝑥 1

𝐴2,𝑥 1 − 𝐴1,𝑦 1

𝑐𝑢𝑟𝑙(𝑨) = (𝑐𝑢𝑟𝑙(𝐴1~3 2 )) = (𝐴3,𝑦 2 − 𝐴2,𝑧 2

𝐴1,𝑧 2 − 𝐴3,𝑥 2

𝐴2,𝑥 2 − 𝐴1,𝑦 2 )

𝐴1,𝑧 3 − 𝐴3,𝑥 3

𝐴2,𝑥 3 − 𝐴1,𝑦 3

𝑐𝑢𝑟𝑙(𝐴1~31 )
𝑐𝑢𝑟𝑙(𝐴1~3 3 )

𝐴3,𝑦 3 − 𝐴2,𝑧 3
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10. Appendix B – Introduction to material anisotropy
For any strain load applied in the fixed global coordinate axis, it is known there will be dissimilar
stress response of the material when crystal orientation has been rotated from the reference frame. It is
then important to understand and incorporate the material stiffness behaviour with respect to the
global coordinate axis, sensitive to its own crystallographic orientation. The introduction of Euler
angles will be presented to describe the crystallographic orientation in a 3-dimensional Euclidean
space, using the Bunge convention. Here, three Euler angles (∅1 , 𝜃, ∅2) with their corresponding axis
are schematically shown in Figure 10-1,

Figure 10-1 Final local coordinates axis (X,Y,Z) with respect to the global coordinate axis (x,y,z)

where ∅1 the first rotation angle about the z axis, 𝜃 is the second rotation angle about the N axis and
∅2 is the third rotation about the z axis. Further taking the coordinates of the new vector about the z
axis, N axis and Z axis, the rotation matrix can be obtained to relate the local stresses and global
stresses through the transformation matrix 𝐓. See Appendix C - Rotation transformation matrices
incorporating local to global axis orientation for full derivation and expression for 𝐓σ.
𝛔′ = 𝐓σ 𝛔

(10.1)

𝛆′ = 𝐓ε 𝛆

(10.2)
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𝜎𝑥𝑥
𝜎11
𝜎
𝜎
𝑦𝑦
Note: 𝝈′ = [𝜎22 ] represents the local stresses and 𝝈 = [ 𝜎 ] represents the global stresses where its
33
𝑧𝑧
𝜏12
𝜏𝑥𝑦
axis is always fixed on Xo, Yo and Zo.
Considering an example Figure 12-1 single element plane strain problem, where 𝜎13 = 𝜎23 = 𝜎31 =
𝜎32 = 0, following basic principles of Hooke’s Law for 3D isotropic local stress strain relation the
local stiffness matrix 𝑫 can be expressed as
𝜎11
1−𝑣
𝜎22
𝐸
[𝜎 ] = (1+𝑣)(1−2𝑣) [ 𝑣
𝑣
33
𝜏12
0

𝑣
1−𝑣
𝑣
0

𝑣
𝑣
1−𝑣
0

𝜀11
0
𝜀22
0
] [𝜀 ] = 𝑫𝜺
0
33
(1 − 2𝑣)/2 𝛾12

(10.3)

Rearranging and substituting Eq. (10.1), (10.2) and (10.3) considering the elastic and plastic strain
terms Eq. (2.7) and (2.8) previously covered in crystal plasticity theory in Chapter 2.1, the final plane
strain anisotropic stress strain relation for the full local orientation and global material response gives
𝜎𝑥𝑥
𝜀𝑥𝑥
𝜀𝑥𝑥 𝑝
𝜎𝑦𝑦
𝜀𝑦𝑦
𝜀𝑦𝑦
[ 𝜎 ] = 𝐓σ −1 𝑫𝐓ε {[ 𝜀 ] − [ 𝜀 ] } = 𝑮𝜺𝑒
𝑧𝑧
𝑧𝑧
𝑧𝑧
𝜏𝑥𝑦
𝛾𝑥𝑦
𝛾𝑥𝑦

(10.4)

where 𝑮 is the global stiffness matrix which describes the stress strain response for a given material in
the global coordinate fixed axis. In a 2D problem considered on Figure 12-1, the transformation
matrix 𝐓 is only sensitive to one rotational Euler angle direction, which can be diagrammatically
shown on Figure 10-2.

Figure 10-2 Rotation of element axes in 2D with corresponding stresses
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11. Appendix C - Rotation transformation matrices incorporating local to global
axis orientation
Using the principle of Bunge convention to describe local coordinates axis respect to the global
coordinate axis, three Euler angles (∅1 , 𝜃, ∅2) are introduced. Where ∅1 the first rotation angle about
the Zo axis is, 𝜃 is the second rotation angle about the X1 axis and ∅2 is the third rotation about the Z1
axis (see Figure 3-8). Further taking the rotation about the Zo axis, X1 axis and Z2 axis, the rotation
matrix can be obtained to relate the local and global axis.
Taking the rotation about Zo axis the new coordinate vector and rotation matrix becomes
𝑋1 = 𝑋 0 cos ∅1 + 𝑌 0 sin ∅1
cos ∅1
1
0
0
𝑹
=
(−
}
sin ∅1
𝑌 = −𝑋 sin ∅1 + 𝑌 cos ∅1
∅1
0
𝑍1 = 𝑍 0

sin ∅1
cos ∅1
0

0
0)
1

Taking the rotation about X1 axis the new coordinate vector and rotation matrix becomes
1
𝑋 2 = 𝑋1
𝑌 = 𝑌 cos 𝜃 + 𝑍1 sin 𝜃 } 𝑹𝜃 = (0
0
𝑍 2 = −𝑌1 sin 𝜃 + 𝑍1 cos 𝜃
2

1

0
cos 𝜃
− sin 𝜃

0
sin 𝜃 )
cos 𝜃

Taking the rotation about Z2 axis the new coordinate vector and rotation matrix becomes
𝑋 3 = 𝑋 2 cos ∅2 + 𝑌 2 sin ∅2
cos ∅2
𝑌 3 = −𝑋 2 sin ∅2 + 𝑌 2 cos ∅2 } 𝑹 ∅2 = (− sin ∅2
0
𝑍3 = 𝑍2

sin ∅2
cos ∅2
0

0
0)
1

Combing the three rotation matrixes gives
𝑹( ∅1 , 𝜃, ∅2 ) = 𝑹 ∅1 𝑹𝜃 𝑹 ∅2
cos ∅2 cos ∅1 − cos 𝜃 sin ∅1 sin ∅2
= (−sin ∅2 cos ∅1 − cos 𝜃 sin ∅1 cos ∅2
sin 𝜃 sin ∅1

cos ∅2 sin ∅1 + cos 𝜃 cos ∅1 sin ∅2
−sin ∅2 sin ∅1 + cos 𝜃 cos ∅1 cos ∅2
− sin 𝜃 cos ∅1

sin ∅2 sin 𝜃
cos ∅2 sin 𝜃 )
cos 𝜃

Simplifying further let
𝑅11
𝑹 = (𝑅21
𝑅31

𝑅12
𝑅22
𝑅32

𝑅13
𝑅23 )
𝑅33

With the rotation matrix known, the local stress components can now be expressed in terms of the
global stress components by
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𝝈′ = 𝑹 𝝈 𝑹𝑇
where 𝝈′ is the local stress components and 𝝈 is the global stress components. Expanding and
simplifying the stress components for a plane strain problem gives
𝑅11
𝝈 = (𝑅21
𝑅31
′

𝑅12
𝑅22
𝑅32

𝜎𝑥𝑥
𝑅13
𝑅23 ) (𝜎𝑦𝑥
𝑅33
0

𝜎𝑥𝑦
𝜎𝑦𝑦
0

0
𝑅11
0 ) (𝑅21
𝑅31
𝜎𝑧𝑧

𝜎11
𝝈′ = (𝜎21
0

𝜎12
𝜎22
0

0
0 )
𝜎33

𝑅12
𝑅22
𝑅32

𝑅13 𝑇
𝑅23 )
𝑅33

where
𝜎11 = 𝜎𝑥𝑥 𝑅11 2 + 𝜎𝑦𝑦 𝑅12 2 + 𝜎𝑧𝑧 𝑅13 2 + 2𝜎𝑥𝑦 𝑅11 𝑅12
𝜎22 = 𝜎𝑥𝑥 𝑅21 2 + 𝜎𝑦𝑦 𝑅22 2 + 𝜎𝑧𝑧 𝑅23 2 + 2𝜎𝑥𝑦 𝑅21 𝑅22
𝜎33 = 𝜎𝑥𝑥 𝑅31 2 + 𝜎𝑦𝑦 𝑅32 2 + 𝜎𝑧𝑧 𝑅33 2 + 2𝜎𝑥𝑦 𝑅31 𝑅32
𝜎12 = 𝜎21 = 𝜎𝑥𝑥 𝑅11 𝑅21 + 𝜎𝑦𝑦 𝑅22 𝑅12 + 𝜎𝑧𝑧 𝑅13 𝑅23 + 𝜎𝑥𝑦 (𝑅12 𝑅21 + 𝑅11 𝑅22 )
Rewriting the expression in the form
𝜎𝑥𝑥
𝜎11
𝜎
𝜎
𝑦𝑦
[𝜎22 ] = 𝐓 [ 𝜎 ]
33
𝑧𝑧
𝜎12
𝜎𝑥𝑦
gives the final form of the transformation matrix 𝐓 as

𝐓=

𝑅11 2
𝑅21 2
𝑅31 2
(𝑅11 𝑅21

𝑅12 2
𝑅22 2

𝑅13 2
𝑅23 2
𝑅33 2
𝑅13 𝑅23

𝑅32 2
𝑅22 𝑅12

For global local strain relation it can now also be expressed as
𝜀𝑥𝑥
𝜀11
𝜀𝑦𝑦
𝜀22
[ 𝜀33 ] = 𝐓
𝜀𝑧𝑧
1⁄ 𝛾
1
[ ⁄2 𝛾𝑥𝑦 ]
2 12
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2𝑅11 𝑅12
2𝑅21 𝑅22
2𝑅31 𝑅32
(𝑅12 𝑅21 + 𝑅11 𝑅22 ))

12. Appendix D – Modelling single crystal problem
To study the effects of plasticity, a single crystal under uni-axial loading parallel to the Y coordinate
axis is modelled. Here a simple study of the stress-strain behaviour can be performed following the
fundamentals of continuum plasticity. Face centred cubic (FCC) crystal follows slip plane of the type
[111] and direction of the type <110>. For body centred cubic (BCC) crystals the first 12 slip system
family consists of six slip planes of the type [110] with each two <111> directions. For preliminary
BCC crystal studies, only the first 12 slip system is considered as studies shows [186] it adequately
describes general global and local slip behaviour in bcc crystals.
Y
Y

Fyy

X
X

Figure 12-1 Single crystal element subjected to strain on its YY component axis problem

From the crystal plasticity literature covered in Chapter 2.1 and knowledge of Eq.’s (2.1) to (2.10),
integrating it into a user written MATLAB program, our phenomenological model is used to study a
simple stress strain response and plotted to correspond to the situation shown on Figure 12-1, where
the bottom surface of the element is fixed in the Y direction (Y=0) and left surface of the element is
fixed in the X direction (X=0). Further for this example, the slip rate does not need to be physically
based and can be simplified for basic modelling understanding using the material parameters 𝛼 and 𝛽:
𝛾̇ 𝑖 = 𝛼 sinh[𝛽(𝜏𝑟 𝑖 − 𝜏𝑐 𝑖 )]

(12.1)

The accumulation of the stress and strain measures are followed in an explicit integration scheme as
shown on Eq. (12.2) and (12.3),
𝜀 𝑡+∆𝑡 = 𝜀 𝑡 + 𝜀̇∆𝑡

(12.2)

𝜎 𝑡+∆𝑡 = 𝜎 𝑡 + 𝜎̇ ∆𝑡

(12.3)

where ∆𝑡 is the simulation time step.
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The material of problem considered, BCC maraging steel, has properties CRSS ( 𝜏𝑐 )
approximately 110𝑀𝑃𝑎, Young Modulus (E) 210𝐺𝑃𝑎 and for simplicity the temperature dependent
material parameters 𝛼 and 𝛽 will be 0.1 with no hardening effect to consider. A displacement
controlled unit load is applied in the Y direction (Fyy) up to 0.01 strain. Looking at the next Figure
12-2, it can be seen plastic slip to occur on the single element modelled once the resolved shear stress
was measured to be greater than the CRSS at around 1.5x10-3 total strain applied in the Y direction.
This involves at this point the plastic strain rate parameter to be considered in Eq. (12.1), which
clearly shows that no stress change will occur with increasing applied total strain.

Stress yy (MPa)

Strain yy (×10-3)
Figure 12-2 Stress Strain relation from a single crystal element subjected to strain with varying strain rate
load 𝜀̇ = 1.0𝑠 −1 (Blue)𝜀̇ = 0.1𝑠 −1 (Red) 𝜀̇ = 0.01𝑠 −1 (Green) 𝜀̇ = 0.001𝑠 −1 (Yellow)

By making the changes made to the strain rate applied on the single point element, with increasing
strain rate applied from 0.001s-1 to 1.0s-1, the model illustrates the greater the yield stress would be.
This agrees with earliest study [187] on strain rate effect, where a descriptive explanation describes
that the rate of dislocation generation from the applied strain rate, exceeds the rate at which it diffuses
to grain boundaries, hence increasing the dislocation density and resulting in a greater assumed yield
stress. However, for plasticity, plastic straining will occur once stress computed exceeds the material
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yield point. At this instant, slip systems will be activated and a slip rate will be active once the critical
yield stress is met, which can be defined from the resolved shear stress in Eq. (2.1). Hence the critical
yield stress for this model is:
𝜏

𝑐𝑟
𝜎𝑦 = ( 𝒔.𝒍)(𝒏.𝒍)
=

110𝑀𝑃𝑎
(1⁄ )
√6

(12.4)

= 270𝑀𝑃𝑎

A sensitivity study of the slip rate, dependent upon the temperature associated parameters 𝛼 and 𝛽 has
been studied conducted with:
−∆𝐹⁄ )
𝑘𝑇

𝛼 = 𝜌𝑔 𝑣(𝑏)2 𝑒 (
𝛽=

(12.5)

𝛾0 ∆𝑉
𝑘𝑇

(12.6)

By varying the sensitivity dependent parameters, a greater understanding of the effects driven into the
stress response for a constant strain rate applied is studied. Here, a strain rate of 1.0s-1 is used and both
𝛼 and 𝛽 parameters are varied independently from 0.1, 0.01 and 0.001.

Stress yy (MPa)

Strain yy
Figure 12-3 Sensitivity study of a single crystal element subjected to strain with constant 𝛽 = 0.1, and varying
𝛼 = 0.1 (Blue) 𝛼 = 0.01 (Red) 𝛼 = 0.001 (Green)
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Stress yy (MPa)

Strain yy
Figure 12-4 Sensitivity study of a single crystal element subjected to strain with constant 𝛼 = 0.1, and varying
𝛽 = 0.1 (Blue) 𝛽 = 0.01 (Red) 𝛽 = 0.001 (Green)

From Figure 12-3 and Figure 12-4, it can be clearly pointed out that the lower the sensitivity
parameter becomes, the greater the effective yield stress. This is simply due to the formulation
adapted in Eq. (2.1) that strain rate sensitivity affects the final RSS solution, increasing the expected
yield position. A much larger response is seen from modifying the 𝛽 parameter. This suggests that
parameters in 𝛽, such as the thermodynamic activation volume (∆𝑉) and the initial shear strain has
greater influences of plastic slip initiation.
Another simple study can be made by varying the time-step subject to constant parameters of 𝛼 =
𝛽 = 0.1 and 𝜀̇ = 1.0𝑠 −1 . From Figure 12-5, at large time steps the effects of stability using the
explicit integration 1st order Euler scheme overshoots from the equilibrium yield strength. This simply
shows the inaccuracy and vulnerability using the explicit integration scheme when subjected to large
simulation time steps, which will affect the total simulation time to reach equilibrium.
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Stress yy (MPa)

Strain yy
Figure 12-5 Sensitivity study of a single crystal element subjected to strain, varying ∆𝑡 = 0.0001𝑠 (Blue)
∆𝑡 = 0.001𝑠 (Red)

For further consideration of complex polycrystal grain structures, reasonable consideration of each
individual grain crystallographic orientation are to be addressed as no identical properties exist in all
directions of each individual grain. Consequently, material anisotropy will need to be covered and
incorporated into the crystal formulation modelled.

12.1. Incorporation into Abaqus/Standard FEA
The simple implementation of a crystal plasticity response in a single crystal element with isotropic
behaviour is known. To be able to incorporate the problem into a Finite Element Method (FEM) based
model, Abaqus/Standard FEA is incorporated where implicit integration scheme is used. UMAT user
defined subroutine is used to define the material model behaviour, particularly providing updates to
the stress strain response through the incorporation of crystal plasticity and anisotropy theory. From
previous study in Chapter 12, the material properties that need to be defined and re-updated are
primarily the stress state variables. These variables are updated using the elastic strain rate provided
by Abaqus/Standard analysis through the corresponding plastic strain rate.
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To incorporate Eq. (2.1) identically from a plane strain stress vector problem, the traction term 𝒕𝑖 is
calculated using
𝜎𝑥𝑥
𝒕 = 𝝈 . 𝒏 = (𝜎𝑦𝑥
0
𝑖

𝑖

𝜎𝑥𝑦
𝜎𝑦𝑦
0

0
𝑛𝑥 𝑖
0 ) (𝑛𝑦 )
𝑛𝑧
𝜎𝑧𝑧

(12.7)

where the stress tensor 𝝈 is provided from Abaqus, and the normal slip components 𝒏 is user defined
dependent on the cubic crystal system, which in this case is based on the first 12 slip systems of the
BCC crystal. With the knowledge of the traction vector, the resolved shear stress, previously based
on Eq. (2.1) is now written as
𝜏𝑟 𝑖 = 𝒕𝑖 . 𝒔𝑖

(12.8)

which provides the knowledge of individual slip systems that is known to be active when 𝜏𝑟 𝑖 > 𝜏𝑐 .
For simplification and basic understanding, the simple square crystal element defined in Abaqus input
deck is an axis symmetric 4 noded element (CAX4).
Looking at the solution provided by Abaqus CAE for this problem for Figure 12.1-1, the deformation
of the single crystal element material will have no local crystal orientation made, i.e. local coordinate
axis of crystal is the same as the global coordinate axis. Plotting out the stress state response of the
material at a particular node, a similar strain rate load of 0.01s-1 is applied to that of Figure 12-2
considered. The final deformed shaped of the single crystal element is displayed by Abaqus as shown
in Figure 12.1-1(a).
Comparing MATLAB result on Figure 12-2 and Abaqus result, Figure 12.1-1(b) shows a comparison
of the two simulation stress-strain response, where it is easily identifiable that both models capture the
critical strength to yield at 270MPa. This confirms the simulation ran for both conditions are correct
and identical. From this simple crystal plasticity study, the results can be identically replicated from a
single point MATLAB analysis and onto a multiple noded element finite element analysis. Further the
FEA model has the ability to address crystallographic orientation in particular grains which can
greatly affect the global material response. With the capability of modelling material behaviour in the
finite element context, multiple material grain structures and new user defined state variables can be
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addressed from the Abaqus analysis user defined subroutines (UMAT/UEL). The study carried out
allows a start to extensively model and simulate microstructural behaviours of single and polycrystals.

(a)

(b)

Stress yy (MPa)

Strain yy
Figure 12.1-1 (a) Deformation of a single crystal element problem with 0.01 strain applied in Y axis direction,
(b) Abaqus and MATLAB simulation stress-strain response comparison of a single crystal problem loaded in Y
axis direction
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13. Appendix E – SUS430LX ferritic steel microstructure characterisation
Appendix table contains EBSD extracted data of each crystallographic grain orientation within the
notch region of interested for six ferritic steel specimens, listed on Table 3.1-2. The three average
orientations of a grain crystal follow Bunge’s convention. NSC carried out the notch microstructure
characterisation.

Ferritic steel
sample ID

SUS430LX_06

SUS430LX_08

SUS430LX_10

Grain
ID
A
B
C
D
E
F
G
H
I
A
B
C
D
E
F
G
H
I
J
K
L
M
N
O
A
B
C
D
E
F
G
H
I
J
K

Average orientation
(Deg)
𝜑1
Ф
𝜑2
298.29 27.94 87.48
36.33
11.28 320.19
160.10 23.34 211.11
94.39
11.03 291.10
123.59 22.55 248.06
330.79 21.65 83.92
52.97
31.36 331.25
115.88 14.80 270.81
27.72
40.01 289.70
174.41 49.00 185.05
214.83 29.78 146.15
66.19
44.31 294.45
182.46
8.02 176.07
45.72
44.93 323.24
58.63
49.28 310.65
189.30 23.46 195.93
132.76 11.71 217.93
348.25 12.52 36.60
158.26 47.70 238.60
186.45 15.11 143.62
189.36
9.64 207.40
52.21
46.65 331.49
149.99 29.44 194.18
125.24 26.16 232.26
236.65 23.61 123.72
197.28 38.32 189.67
111.53
8.16 307.75
302.46 24.70 19.60
202.65 20.99 155.20
294.48 17.85 33.48
295.10 17.60 32.73
222.96 34.66 142.05
186.10 27.81 178.38
28.34
18.46
8.29
116.31
7.16 212.74
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Ferritic steel
sample ID

SUS430LX_11

SUS430LX_12

SUS430LX_15

Grain
ID
A
B
C
D
E
F
G
H
K
I
J
A
B
C
D
E
F
G
H
I
J
K
M
A
B
C
D
F
E
G
H
I
J
k
L
M
N

Average orientation
(Deg)
𝜑1
Ф
𝜑2
223.95 26.49 154.73
313.47 21.66
3.91
104.21 37.11 247.91
238.64 19.14 147.23
243.00 43.04 114.77
141.90 15.11 218.47
226.15 17.63 116.59
70.24 28.76 290.86
233.56 48.88 138.18
24.80
3.61 351.53
181.27 24.55 143.62
270.62 29.46 121.25
40.62 33.44 273.30
144.66 17.06 230.12
285.49 41.88 56.45
329.50 41.74 29.02
295.28 28.30 57.52
129.65 29.97 230.68
268.53 15.29 95.22
129.39 29.84 230.42
156.54 38.23 189.90
292.43 37.53 45.16
271.82 39.89 92.28
201.37 35.91 157.46
110.51 18.73 262.51
101.39 14.65 280.53
194.31 67.49 196.29
85.59 12.07 280.35
46.24 46.67 306.80
106.81 9.65 280.42
166.09 20.84 215.99
9.49
19.44 12.10
146.82 19.83 248.27
2.09
20.47 19.96
322.40 17.50 30.02
308.53 15.31 63.89
163.73 32.25 245.35
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