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Abstract 

Stirred aerated tanks are a key unit operation in many industries, including froth flotation. Reliable and 
robust level control is of great importance in maintaining steady operation for successful implementation 
of higher level optimising control strategies, particularly when such tanks are arranged in series. When 
changes are made to the rate of aeration, there is a corresponding change in the pulp bubble size and gas 
holdup (the volume fraction of air in the tank), and consequently the pulp height. Stable operation of 
flotation tanks must, therefore, include the effect of air rate on pulp height in level control systems, 
especially if air rate is being actively controlled. In this paper, a model is developed from first principles to 
link the change in gas holdup with variation in air rate under dynamic conditions, accounting for the 
variability in gas holdup with height that results from differences in gas compressibility. This is validated 
experimentally. 
 
In order to test the model, experiments were carried out using a 70 l laboratory tank comprising water and 
reagent systems. For both simple and complex changes in air rate, the model showed good agreement with 
the experimental results when predicting the change in pulp height at steady state. Under dynamic 
conditions, the experimental system exhibited a slightly slower response than is predicted by the model; 
this is likely to be due to the well mixed assumption not being adequately met.  
 
This model provides a method to improve the operating stability of aerated tanks through better modelling 
of the dynamic pulp height changes that result from changes in air flowrate. In flotation tanks, this will 
enable greater control over froth height, which has been found to affect significantly mass pull, froth 
stability and flotation performance. 
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1 Introduction 

Stirred tanks containing aerated slurry are found in numerous industrial operations, including froth 
flotation, tar sands recovery, waste water treatment and food production. Control of the flow into and out 
of such tanks is often by adjustment of the slurry outlet valve using cell level as the control variable. In 
froth flotation, one of the largest tonnage separation processes, the froth phase determines the separation 
performance of the desired minerals from the gangue. Control of the height of the pulp phase is critical, 
since it not only determines residence time, but also the depth of the overflowing froth phase, a key 
operating variable. There is a clear link between froth phase depth and flotation performance (e.g. Feteris 
et al., 1987; Hadler et al., 2012; Venkatasan et al., 2014), where, in general, deep froths result in higher grade 
concentrates but lower recoveries. 
 
Flotation cells traditionally use proportional integral control (or PI control) to ensure cell levels remain at 
desired set-points (Kämpjärvi and Jämsä-Jounela, 2003; Carr et al., 2009; Shean and Cilliers, 2011). This is 
achieved by manipulating the out flow from the cell by adjustment of the slurry outlet valve. In aerated 
tanks, when changes are made to the gas addition rate, there is a corresponding effect on the pulp volume. 
This is associated with changes in both gas holdup (the volume fraction of air at a given tank height) 
(Vinnett et al., 2014) and bubble size (Gorain et al., 1995; Nesset et al., 2006). Vinnett et al. (2014) showed, 

for example, that both gas holdup (𝜀𝑔) and pulp bubble size (𝑑𝐵) increased initially with increasing aeration 

after which further increases in aeration resulted in larger bubbles and lower 𝜀𝑔. An increase in bubble size 

with increasing air rate was also shown in the extensive studies of Gorain et al. (1995) and Nesset et al. 
(2006). Gorain et al., (1995) additionally noted that the bubble sizes ranges also increased.  
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In order for pulp level to be well-controlled under changes in the rate of aeration, it is necessary to account 
for changes in pulp volume that occur as a result of the changes in both the air rate and slurry rate into the 
cell. Many modern advanced pulp level control systems do not account for the effects of varying air flowrate 

on 𝜀𝑔 and react retroactively. Kämpjärvi and Jämsä-Jounela (2003), for example, develop a model of 

flotation cells in series in order to test different control strategies. They do not, however, account for 
aeration in the tanks, stating that “the impact of the air feed on the pulp level is ignored”. Stenlund and 
Medvedev (2002) discuss the merits of multivariable control strategies for level control in a flotation bank 
and consider the impact of feed rate but do not include any other operating variables such as air flowrate. 
Mintek’s FloatStar control system, on the other hand, makes use of an “aggressive” PID controller for level 
control (Knights et al., 2012). The net result is that both traditional and modern advanced pulp level control 
systems do not offer as tight a control response as is possible. In addition, the dynamics of any change in 

cell level as a response to a change in air flowrate and 𝜀𝑔 are significantly faster than changes in cell level as 

a result of a change in pulp flows into or out of the flotation cell. As such, any control system solely 
controlling on the pulp flows into or out of the flotation cell may over compensate in its response actions 
when a rapid change in cell level is detected as a response to an air flowrate change.  
 
Developments in process control, particularly with regards to predictive control and artificial intelligence, 
continue apace (Bergh and Yianatos, 2011; Jovonovic and Miljanovic, 2015). Furthermore new flotation 
control and optimisation systems are seeking to optimise air flowrate changes using machine vision to 
measure flotation response (Shean et al., 2017). A predictive model that can rapidly and robustly determine 
the effects of air flowrate changes on gas holdup will allow more accurate and precise dynamic level 
prediction and consequently improved operating stability and performance of flotation banks. 
 
This paper describes the development and validation of a model, based on first principles, that predicts the 
dynamic level response due to changes in both pulp flowrates and air addition rates. 
 
 

2 Model development 

For an aerated tank, the total system volume (𝑉𝑠𝑦𝑠𝑡𝑒𝑚) comprises contributions from both the gas (𝑉𝑔𝑎𝑠) 

and pulp (𝑉𝑝𝑢𝑙𝑝), as shown in Equation 1. Additionally, 𝑉𝑠𝑦𝑠𝑡𝑒𝑚 is equal to the product of the height of the 

aerated pulp (ℎ) and the cross sectional area of the cell (𝐴). 
 

𝑉𝑠𝑦𝑠𝑡𝑒𝑚 = ℎ 𝐴 = 𝑉𝑔𝑎𝑠 + 𝑉𝑝𝑢𝑙𝑝       (1) 

 

The change in the gas volume in the cell can be expressed in terms of a mass balance where 𝑄𝑖𝑛 and 𝑄𝑜𝑢𝑡 
are the volumetric flowrates of gas into and out of the cell respectively. Both of these flowrates will assume 
that the gas is at STP. This will be close to true for the out flowing gas, while the flowmeters used to 
measure the inflowing gas are typically calibrated to STP (a hydrostatic pressure for the incoming gas is also 
not appropriate due to the suction effect of the impeller). In this mass balance, the ratio between the air 

density at STP (assumed to be the same as the surface density), 𝜌𝑎𝑖𝑟  0, and the average density of the air in 

the pulp, 𝜌𝑎𝑖𝑟  𝐴𝑣𝑒, needs to be considered, especially in industrial cells where the hydrostatic pressure head 
provides an appreciable pressure contribution in addition to atmospheric pressure: 
 

𝑑(𝑉𝑔𝑎𝑠 
𝜌𝑎𝑖𝑟  𝐴𝑣𝑒

𝜌𝑎𝑖𝑟  0
)

𝑑𝑡
= 𝑄𝑖𝑛 − 𝑄𝑜𝑢𝑡       (2) 

 
The ratio of the average to surface air density is a function of the height of the aerated pulp and the gas 

holdup near the surface of the pulp, 𝜀0, as well as the slurry density, 𝜌𝑠𝑙𝑢𝑟𝑟𝑦, and the atmospheric pressure, 

𝑃0  (see Appendix 1 for the derivation of this equation): 
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𝜌𝑔 𝐴𝑣𝑒

𝜌𝑔  0
= 𝑋𝜌 ≈

𝜌𝑠𝑙𝑢𝑟𝑟𝑦 𝑔 (1−𝜀0) ℎ

𝑃0 𝑙𝑛(
𝜌𝑠𝑙𝑢𝑟𝑟𝑦 𝑔 (1−𝜀0) ℎ

𝑃0
+1)

−𝜀0

1−𝜀0
      (3) 

Furthermore, 𝑄𝑜𝑢𝑡 can be expressed as the product of upward velocity of the gas at the surface of the pulp 

zone, 𝑣𝑔𝑎𝑠, 𝐴 and 𝜀0; where 𝑣𝑔𝑎𝑠 is dependent on both 𝜀0 and the bubble size (𝑑𝐵). Note that Jg = 𝑣𝑔𝑎𝑠𝜀0  

under steady state conditions.   
 
𝑑(𝑉𝑔𝑎𝑠𝑋𝜌)

𝑑𝑡
= 𝑄𝑖𝑛 − 𝐴 𝑣𝑔𝑎𝑠 𝜀0        (4) 

 
In terms of the depth of the cell, it is the total system volume rather than the gas volume that is important: 
 
𝑑𝑉𝑔𝑎𝑠

𝑑𝑡
=

𝑑(𝑉𝑠𝑦𝑠𝑡𝑒𝑚 𝜀𝐴𝑣𝑒)

𝑑𝑡
= 𝐴 

𝑑(ℎ 𝜀𝐴𝑣𝑒)

𝑑𝑡
       (5) 

 
If the cross-sectional area of the pulp is assumed to be constant with respect to height, then this can be 
further simplified to: 
 
𝑑𝑉𝑔𝑎𝑠

𝑑𝑡
= 𝐴 

𝑑(ℎ 𝜀𝐴𝑣𝑒)

𝑑𝑡
         (6) 

 
As the bubble rise velocity is a function of the surface rather than the average gas holdup it is convenient 
to introduce the ratio of the average to surface gas holdup (again derived in Appendix 1): 
 
𝜀𝐴𝑣𝑒

𝜀0
= 𝑋𝜀 ≈

𝑃0

𝜌𝑠𝑙𝑢𝑟𝑟𝑦 𝑔 (1−𝜀0) ℎ
𝑙𝑛 (

𝜌𝑠𝑙𝑢𝑟𝑟𝑦 𝑔 (1−𝜀0) h

𝑃0
+ 1)     (7) 

 
This means that: 
 

𝑑𝑉𝑔𝑎𝑠

𝑑𝑡
= 𝐴 

𝑑(
ℎ 𝜀0
𝑋𝜀

)

𝑑𝑡
         (8) 

 

In addition, the height of the system can be expressed in terms of the ‘gas free’ height of the pulp (ℎ0) and 

𝜀0:  
 

ℎ =
ℎ0

1−𝜀𝐴𝑣𝑒
=

ℎ0

1−
𝜀0
𝑋𝜀

          (9) 

 

Combining Equations 4, 8 and 9 results in Equation 10; an expression is derived for the change of 𝜀0 with 

time as a function of 𝑄𝑖𝑛: 
 

𝑑(
𝑋𝜌 𝜀0

𝑋𝜀
)

𝑑𝑡
=

(
𝜀0
𝑋𝜀

−1)2

ℎ0
[

𝑄𝑖𝑛

𝐴
− 𝑣𝑔𝑎𝑠(𝜀0, 𝑑𝐵) 𝜀0] −

𝑑ℎ0

𝑑𝑡

1

ℎ𝑜

𝜀0

𝑋𝜀
(1 −

𝜀0

𝑋𝜀
)    (10) 

 

Furthermore, ℎ0 can be related to the mass balance of the pulp phase, whereby the rate of change of 𝑉𝑝𝑢𝑙𝑝 

is equal to the difference in the volumetric flow of pulp into (𝑄𝑝𝑢𝑙𝑝,𝑖𝑛) and out of (𝑄𝑝𝑢𝑙𝑝,𝑜𝑢𝑡) the flotation 

cell (Equation 11), where 𝑄𝑝𝑢𝑙𝑝,𝑜𝑢𝑡 includes both the tailings and concentrate flowrates. This expression 

assumes the density of pulp into and out of the system is constant, and should be corrected if the density 
difference between the streams is significant. 
 
𝑑ℎ0

𝑑𝑡
=

𝑄𝑝𝑢𝑙𝑝,𝑖𝑛

𝐴
−

𝑄𝑝𝑢𝑙𝑝,𝑜𝑢𝑡

𝐴
         (11) 

 
Substitution of Equation 11 into Equation 10 allows for further simplification:  
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𝑑(
𝑋𝜌 𝜀0

𝑋𝜀
)

𝑑𝑡
=

(
𝜀0
𝑋𝜀

−1)2

ℎ0
[

𝑄𝑖𝑛

𝐴
− 𝑣𝑔𝑎𝑠(𝜀0, 𝑑𝐵) 𝜀0] −

1

ℎ𝑜

𝜀0

𝑋𝜀
(1 −

𝜀0

𝑋𝜀
) (

𝑄𝑝𝑢𝑙𝑝,𝑖𝑛

𝐴
−

𝑄𝑝𝑢𝑙𝑝,𝑜𝑢𝑡

𝐴
)  (12) 

 
 

The upward gas velocity of a bubble in a flotation cell can be expressed in terms of 𝜀0 and the terminal rise 
velocity (Richardson and Zaki, 1954; Pal and Masliyah, 1989) with the terminal rise velocity, in turn, being 

expressed in terms of 𝑑𝐵, the gravitational force (𝑔), the pulp density (𝜌𝑝𝑢𝑙𝑝) and viscosity (𝜇𝑝𝑢𝑙𝑝) 

(Equation 13). The density of the air is assumed to be insignificant compared to that of the slurry. 

Importantly, 𝑣𝑔𝑎𝑠 is strongly dependent on the bubble size, with 𝑣𝑔𝑎𝑠 ∝  𝑑𝐵
2 .  

 

𝑣𝑔𝑎𝑠 =
𝑔 𝑑𝐵

2  𝜌𝑝𝑢𝑙𝑝

18 𝜇𝑝𝑢𝑙𝑝
[1 − 𝜀0]1.39          (13) 

 
Since the dependency of gas velocity on bubble size is not linear, the velocity at the average bubble size will 
not be the same as the average rise velocity. Furthermore, even though perfect mixing is assumed, the 
differences in the rise velocities will mean that even if the bubble size distribution into the cell remains 
constant, the different residence times of the different sized bubbles will mean that the average bubble size 
in the tank will change dynamically as the gas rate is varied. This means that increased accuracy can be 
achieved if the bubbles are divided into a number of different size classes, with each discrete bubble size 

class being assigned a gas holdup (𝜀0𝑗
) (Equation 14).  

 

𝜀0,𝑡𝑜𝑡𝑎𝑙 =  ∑ 𝜀0𝑗
𝑛
𝑗=1          (14) 

 

The change in gas holdup for each individual bubble size class, with respect to 𝑄𝑖𝑛, 𝑄𝑝𝑢𝑙𝑝,𝑖𝑛 and 𝑄𝑝𝑢𝑙𝑝,𝑜𝑢𝑡, 
can then be defined by the ODE given in Equation 15. The ODEs are coupled by the fact that the rise 
velocity of the bubbles is a function of not just the bubble size of the class, but also the total air holdup in 

the system (𝜀0,𝑡𝑜𝑡𝑎𝑙). This total air holdup is the sum of the air holdup for each of the individual bubble 

size classes. 
 

𝑑

𝑑𝑡
(

𝑋𝜌 𝜀0𝑖
𝑋𝜀

1−
𝜀0,𝑡𝑜𝑡𝑎𝑙

𝑋𝜀

) =
1

ℎ0
[

𝑄𝑖𝑛

𝐴.
− 𝑣𝑔𝑎𝑠(𝜀0,𝑡𝑜𝑡𝑎𝑙, 𝑑𝐵,𝑖)𝜀0,𝑖] −

1

ℎ0
[

𝑄𝑝𝑢𝑙𝑝,𝑖𝑛

𝐴
−

𝑄𝑝𝑢𝑙𝑝,𝑜𝑢𝑡

𝐴
] (

𝜀0𝑖
𝑋𝜀

1−
𝜀0,𝑡𝑜𝑡𝑎𝑙

𝑋𝜀

)   (15) 

 

Following the numerical solution of the coupled ODEs, the new pulp depth ℎ(𝑡), can be defined as a 

function of ℎ0 and 𝜀0,𝑡𝑜𝑡𝑎𝑙 at a given time: 

 

ℎ(𝑡) =
ℎ0(𝑡)

1−
𝜀0,𝑡𝑜𝑡𝑎𝑙(𝑡)

𝑋𝜀

          (16) 

 

As 𝑋𝜀 and 𝑋𝜌 are both simply functions of ℎ and 𝜀0,𝑡𝑜𝑡𝑎𝑙, they are quite straightforward to include in the 

numerical integration scheme. In the following section these relationships are validated at a laboratory scale, 
with a pulp depth of about 0.5 m. This means that both the correction factors are smaller than 3%, which 

means that they can be safely ignored, with 𝜀𝑔 ≈ 𝜀0 ≈ 𝜀𝐴𝑣𝑒 . This is not the case in, for instance, an 

industrial cell with a pulp depth of 4 m, where 𝑋𝜌 ≈ 1.3 and 𝑋𝜀 ≈ 0.8 

 

3 Experimental setup for model validation tests 

A 70 litre, agitated, laboratory scale flotation cell was used for the test work, as described in Shean et al. 
(2017). The flotation cell was fitted with a sparger ring below a Rushton turbine to ensure that a distribution 

of fine bubbles was achieved. The effect of a change in 𝑄𝑖𝑛 on 𝜀𝑔 was examined both in a water system 

and a reagent system with no solids added. The effect of changes in the amount of pulp in the system was 

not tested (i.e. both 𝑄𝑝𝑢𝑙𝑝,𝑖𝑛 and 𝑄𝑝𝑢𝑙𝑝,𝑜𝑢𝑡 were zero), since the result of a change in 𝑄𝑝𝑢𝑙𝑝,𝑖𝑛 and/or 

𝑄𝑝𝑢𝑙𝑝,𝑜𝑢𝑡 on 𝜀𝑔 is small in comparison to a change in 𝑄𝑖𝑛 in terms of the speed of the pulp level response. 
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A reagent system comprised a frother dosage of 4 ppm DowFroth 250 with 35 ppm xanthan gum as 

viscosity modifier to generate a froth layer (a froth of 7 cm, or 17.5% of ℎ0) but with insufficient stability 
to overflow the cell lip.  
 

The initial ‘gas free’ height of the pulp (ℎ0) was set to 40 cm; 10 cm below the cell lip. The air flowrates 
used (for both water and reagent systems) ranged from 100 to 200 L min-1, corresponding to superficial gas 
velocities (Jg) of 0.84 to 1.70 cm s-1. The air flowrate control was achieved through an analogue input/output 
mass flow controller (MFC) and was controlled via a PC. Additionally, the MFC was able to change the air 
flowrate rapidly, such that all air changes were considered to be step changes. For example, a jump in Jg 
from 0 – 1.70 cm s-1 (the maximum jump in air rate required) was achieved in 4 seconds. The change in 

pulp depth (from ℎ0) was measured using a buoy with a vertical shaft and fixed target plate, as shown in 
Figure 1. An analogue output distance measuring laser was used to monitor the distance to the target plate. 
This distance was then related to a pulp depth measurement through a prior calibration and logged onto a 
PC.  
 

 
 

Figure 1: Experimental system used to measure the height of the aerated pulp 

     

4 Results and Discussion 

4.1 Calibration of model  

The bubble size distribution is the key model parameter affected by changes to air rate and chemical 
composition. It can be measured or inferred through a calibration as a function of Jg (in this case 0.84 to 
1.70 cm s-1) and the chemical properties of the pulp phase before the model is implemented. In this study, 
the mean bubble size for each condition was calculated using the bubble rise velocity, as shown in Equation 
13. The bubble rise velocity at steady state is determined using the gas holdup, which can be calculated 
using the change in pulp height (Equation 9); this is shown in Figure 2 for both the water and reagent 
systems. This calibration test was repeated 10 times to determine the repeatability of the experimental 
results.  
 
It should be noted that the model is not limited to a bubble size distribution of one or two size classes. For 
industrial flotation cells, where the flowrates into and out of the flotation cell are not zero (as in this 
experimental system), a mass balance would be required to determine the gas-free volume (h0), assuming 
that a constant target pulp height is maintained at steady state under different air rates. Determination of 
the bubble size distribution through back calculation can be replaced entirely with actual bubble size 
measurement, however while the bubble size distribution in the pulp phase can be measured (e.g. Yianatos 
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et al., 2000), there are limitations with the technique often applied to industrial flotation cells, as discussed 
by Zhang et al., (2014). Calibration of the model need only be conducted once; then - provided the 
hydrodynamics and the chemical properties (e.g. frother concentration) do not change significantly - the 
model should remain suitable for all conditions in the operating range for which the model has been 
calibrated.  
 

 
Figure 2: Change in pulp height (cm) as a function of Jg (cm s-1) for both the water and reagent 

systems; error bars represent two standard deviations around the mean 

 

From Figure 2 it is apparent that both the change in pulp height, ∆ℎ, and 𝜀𝑔 increase with increasing Jg. 

This is expected and corresponds with previous findings (e.g. Nesset et al., 2006). It is interesting to note 

that the values of 𝜀𝑔 are on the low end of those measured industrially by Deglon et al. (2000), who obtained 

values ranging from 3 to 32%. This is likely to be linked to the absence of solids in the experimental system 
in this study and consequently the lower pulp density and viscosity, in addition to differences in tank 

hydrodynamics. Furthermore, the presence of reagent allows for higher 𝜀𝑔 values to be attained compared 

to the water system. This is in agreement with previous studies (Zhang et al., 2012; Maldonado et al., 2013), 
in which the mechanisms of frother action on bubble rise velocity, size and gas holdup are investigated in 
detail. 
 
Frother acts in two ways; it lowers the surface tension and increases the rigidity of the air-solution interface. 
An increase in the rigidity of the interface has been shown to result in a decrease in the rise velocity 
(Maldonado et al., 2013). The decrease in surface tension with frother addition yields smaller bubbles for 
the same level of shear. In the model presented here, the presence of frother is accounted for through a 
change in the bubble size distribution. 
 
The mean bubble size for each air rate was estimated from the measured pulp height; this can be seen in 
Figure 3. The model derived in Section 2 allows multiple bubble classes in order to account for the 
dependence of the rise velocity on bubble size. Assuming two size classes of bubbles; 1 mm (based on the 
observed maximum bubble size) and 0.4 mm (based on the simulation results shown in Section 4.2.3), the 
proportion of each size class to yield the mean bubble size can therefore be calculated. This is shown in 
Figure 4.   
 
The relationship between pulp bubble size and air flowrate for industrial flotation cells has been suggested 

to follow a power law of the form 𝑑32 = 𝑑0 + 𝐶𝐽𝑔
𝑛, where 𝑑32 is the Sauter mean diameter, 𝑑0 is the 

bubble size at zero air rate, and C and n are fitting parameters (Nesset et al., 2006). Based on the calculated 
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mean bubble diameters shown in Figure 3, the relationship has been assumed to be linear within the region 
of air rates of interest in this study. This linear relationship has been used to determine the distribution of 
bubbles in Figure 4 and in the remainder of the results presented in this paper. 
 

 
Figure 3: Calculated mean single bubble size diameter (𝒅𝑩) as a function of Jg (cm s-1) for both 

the water and reagent systems 

 

 
Figure 4: Calculated bubble size distributions as a function of Jg for water system (left) and 

reagent system (right) 

 
The results shown in Figure 3 and Figure 4 indicate that the bubble size increases with an increase in Jg, as 
does the gas holdup. Larger bubbles are more buoyant, and the higher rise velocities subsequently adversely 
affect the gas holdup. The increased buoyancy of the larger bubbles, however, does not negate the effect 
of the increased air rate, so although the bubble sizes are increasing, the greater number of bubbles 

produced is sufficient to result in a net increase of 𝜀𝑔 despite the decreasing average bubble residence time. 
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4.2 Testing of the calibrated predictive model 

The model is used to predict changes in pulp height using Equations 14 to 16. To test the response of the 
model compared to the experimental system under conditions of varying air rate, a series of experiments 
were carried out in which the air rate was increased from 0 to air rates between 100 and 200 L min-1 (0.84 
and 1.70 cm s-1). The lag in the mass flow controller was accounted for by assuming a linear increase in air 
flowrate of 50 L min-1 per second, based on measurements that showed that an increase from 0 to 200 L 
min-1 could be achieved in 4 s. The mean bubble size was calculated using the linear model described 
previously. 
 
 

4.2.1 Mean bubble size 

A comparison between the predicted change in pulp height and the measured change in pulp height is 
shown in Figure 5, where the modelled mean bubble size is used. The experimental results shown are a 3 
second moving average. It can be seen that the steady state values show good agreement and deviation 
from experimental data is caused by the empirical model used to calculate bubble size. Under dynamic 
conditions, however, the model shows a more rapid response than the experimental system, particularly for 
the reagent system. This can be attributed to the assumption that the flotation cell is well mixed. If the tank 
behaved as a plug flow reactor rather than as a well-mixed system, a linear response between the steady 
state values might be expected. When a step change in Jg is implemented, there exists a time lag before both 

𝜀𝑔 and 𝑑𝐵at the pulp surface are equal to the average 𝜀𝑔 and 𝑑𝐵 of the system, related to the residence time 

(or rise time) of the existing bubbles. The shape of the response in the experimental system here suggests 
that the well-mixed assumption has some limitations. Hydrodynamic characterisation of industrial flotation 
cells carried out by Yianatos et al. (2015) showed that the mixing in most single cells was adequately 
described by a perfect mixing model plus dead time. The lag exhibited here in the gas phase by the 
experimental system may be attributed to dead time, however this dead time will be determined by the rise 
time of the existing bubbles, and by the size distribution of those existing bubbles.  
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Figure 5: Change in pulp height, predicted (thicker line) and experimental (3 second moving 
average) as a function of time for step changes in Jg (cm s-1), for both the water system (left) and 
reagent system (right). The model uses the mean bubble size for each air rate. 

 

4.2.2 Single bubble size 

Measuring pulp bubble sizes under a range of different frother conditions in order to tune the model may 
be a time-consuming process; this would be simplified greatly if a single bubble size could be used for all 
air rates under a given set of reagent conditions. In Figure 6, the mean bubble size across all air rates has 
been used as the input to the model. While the results do show the same trends in pulp height for changing 
air rate, a significant error is introduced in the magnitude of the steady state height. This demonstrates the 
limitations of a poorly calibrated model for air rate, as neither the dynamic nor steady state conditions are 
predicted accurately. 
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Figure 6: Change in pulp height, predicted (thicker line) and experimental (3 second moving 
average) as a function of time for step changes in Jg (cm s-1), for both the water system (left) and 
reagent system (right). The model uses the overall mean bubble size for all air rates. 

 

4.2.3 Two bubble classes 

As the model can take multiple bubble size classes, the simulation is run again for two bubble size classes. 
The top size was selected as 1 mm, based on the maximum observed bubble size. The effect on the dynamic 
response to air rate changes of the size of the smaller bubble size class is shown in Figure 7, where bubble 
sizes of 0.3, 0.4 and 0.5 mm were tested. The distribution of bubbles between the 1 mm and smaller size 
class was calculated to give the same overall mean bubble size, as demonstrated in Figure 4. The results 
shown in Figure 7 demonstrate the effect of bubble size, and of bubble size distribution, on the dynamic 
response, with the best agreement to the experimental data given by the 0.4 mm bubbles. This suggests 
further that the dead time, or lag, for the gas is a function of the presence of small bubbles of lower 
buoyancy. 
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Figure 7: Change in pulp height, both predicted (thicker line) and typical experimental data from 
a single test (3 second moving average) as a function of time for step changes in Jg (cm s-1) for the 
reagent system only.  Two bubble size classes are used, 1 mm and 0.5 mm (left), 0.4 mm (centre) 
and 0.3 mm (right). 

 
These initial tests highlight that increased accuracy in the prediction of pulp height under dynamic and 
steady state conditions can only be achieved with reliable data linking bubble size distribution to air rate. In 
all of the subsequent results, the simulations have been performed using the two bubble size class approach, 
with bubble size classes of 0.4 mm and 1 mm. 
 

 

4.2.4 Further air rate changes using two bubble classes 

In order to test further the reliability of the model, experiments were carried out for changes in air rate of 
different step size from an initial Jg > 0, the results of which are shown in Figure 8. As shown in the previous 
simulations, the experimental system exhibits a slower response than the model, which is particularly 
evident for the reagent system. 
 
The experiments in Figure 7 (for both water and reagent) and Figure 8 were repeated a minimum of 5 times 
to assess the repeatability of the experimental results. The standard deviation of the change in pulp height 
in all of the water system and reagent system tests ranged from 0.08-0.09 cm. The experimental results of 
all measured changes in pulp height for the experiments described in Figure 7 and Figure 8 are compared 
directly to the predicted change in pulp height in Figure 9, with the scatter in the measured data also shown. 
The model shows close agreement to the experimental data demonstrating the applicability of the model 
under steady state conditions.  
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Figure 8: Change in pulp height, both predicted (thicker line) and typical experimental data from 

a single test (3 second moving average) as a function of time for step changes in Jg (cm s-1), 
where initial Jg > 0; for both the water system (left) and reagent system (right) 

 

Figure 9: Predicted change in pulp depth (cm) vs. the measured change in pulp depth (cm) for 
all experiments; the error bars indicate two standard deviations of the measured data around the 

mean 
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4.2.5 Complex air rate changes with two bubble classes 

The model has been shown to predict well the expected change in pulp height with a change in air flowrate 
for simple air rate changes. A further set of experiments were undertaken to test the response of the model 
against more complex series of air rates changes. An example of this is given in Figure 10, where the 
randomised approach to air rate changes better reflects the dynamic nature of flotation control (manual or 
automated) at industrial scale. As with the previous results, Figure 10 shows good agreement between the 
experimental and model results at steady state. Under dynamic conditions, the difference between model 
and experimental results is particularly evident for cases where the air rate is decreased and in the reagent 
system. This is likely to be linked to the presence of higher numbers of small bubbles (even though the 
overall proportion of smaller bubbles will be lower), which will take longer to leave the system. In order to 
address this, the model can be modified to increase the lag time for decreases in air rate, however in the 
absence of any data to justify this, it remains as previous (50 L min-1 per second). This highlights the need 
for further consideration of lag times associated with changes in air rate. 
 

 
 

Figure 10: (top) change in pulp height for both predicted and typical experimental data from a 
single test as a function of time for ‘randomised’ step changes in air rate; (bottom) Jg value 

setpoint (cm s-1) as a function of time 

 
Overall, the model predicts well both the dynamic and steady state changes in gas holdup and pulp height. 
Under dynamic conditions, the model is particularly sensitive to the bubble size distribution, or rather the 
presence of small bubbles, and to the lag time when moving from one air rate to another. This provides a 
valuable tool for improving operating stability of flotation cells through better modelling of dynamic pulp 
height changes that result from changes in air flowrate. 
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5 Conclusions 

In aerated slurry tanks, such as those used in froth flotation, it is common to control the height of the pulp 
using outlet flow valves. When changes are made to aeration rate, there is a corresponding change in pulp 
volume. In this paper, a dynamic model is developed and tested to account for the effect of changes in air 
flowrate on pulp height. Derived from first principles, the model is able to predict the change in gas holdup 
as a result of a change in air rate and/or pulp throughput, which is a function of bubble size and air rate. 
Furthermore, the model is applicable to a number of bubble size classes, to simulate more closely real 
aerated systems. A single calibration is required to determine the relationship between air rate and bubble 
size for a given reagent system. 
 
The model was tested against an experimental system comprising a 70 l lab scale flotation cell, in both 
water-only and reagent systems in such a way that the froth did not overflow the cell lip. Experimental 
results showed that gas holdup and bubble size increased with increasing air flowrate, showing good 
agreement with previous studies. Furthermore, the reagent system produced smaller bubbles and higher 
gas holdup than did the water-only system. The model showed good agreement to the experimental results 
when predicting the change in pulp height at steady state. Under dynamic conditions, the experimental 
system exhibited a slower response than the model; this is likely to be caused by the assumption in the 
model derivation that the system is well mixed, while the experimental results suggest more plug flow-type 
behaviour.   
 
The model presented in this paper demonstrates an improved response for predicting pulp level changes 
which can be implemented into level control to improve the stability of flotation bank operation. The aim 
of any such model based control strategy would be for the controller to be able to respond differently to 
the impact of air rate changes on the level (which will be rapid but of finite duration) compared to feed 
fluctuations (which will be slower, but with a continuously accumulative effect). Furthermore, integration 
of such models into plant pulp height control systems would allow for tighter control of froth depth; a 
variable which has been found to affect significantly mass pull, froth stability and flotation performance.  
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Appendix 1: Calculating the ratio between the average and surface gas 

holdup and density in a well-mixed tank 

As the gas in a flotation cell is compressible and the slurry is essentially incompressible, the average gas 

holdup in the cell will be lower than that at the surface of the cell. In order to correct for this effect we 

need to know the ratio of these two holdups. 

In this derivation, two main assumptions will be made. The first is that the gas obeys the ideal gas law, 

which is a reasonable approximation for air at the sorts of pressures that are likely to be encountered. The 

second is that pressure within the cell is hydrostatic. This assumption will be violated in the vicinity of the 

impeller, where the liquid velocities are often high enough that the pressure drops below atmospheric (a 

requirement for a self-aerated cell), but will hold over most of the cell, where the liquid velocities are much 

lower. In general, if 𝑣𝑙 ≪ √2𝑔ℎ, then a hydrostatic assumption can be made. This will only be violated 

near the impeller or shallow regions of the tank where both the hydrodynamic and hydrostatic contribution 

will be dwarfed by the effect of the atmospheric pressure on the gas density. 

The first step in this derivation is to calculate the relationship between the pressure, 𝑃, and gas holdup, 𝜀, 

at an arbitrary pressure compared to that at the surface. We start with the definition of gas holdup: 
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 𝜀 =
𝑉𝑔𝑎𝑠

𝑉𝑡𝑜𝑡𝑎𝑙
=

𝑀𝑎𝑖𝑟
𝜌𝑎𝑖𝑟

𝑀𝑎𝑖𝑟
𝜌𝑎𝑖𝑟

+
𝑀𝑠𝑙𝑢𝑟𝑟𝑦

𝜌𝑠𝑙𝑢𝑟𝑟𝑦

       (A1.1) 

This can be rearranged to give: 

 
𝑀𝑠𝑙𝑢𝑟𝑟𝑦

𝑀𝑎𝑖𝑟
=

𝜌𝑠𝑙𝑢𝑟𝑟𝑦

𝜌𝑎𝑖𝑟
(

1

𝜀
− 1)        (A1.2) 

If we assume that the cell is well mixed (Yianatos et al., 2015), then the ratio of the mass of slurry to that 

of air in a given volume will remain constant. This means that the slurry density will also be constant in a 

well-mixed system given its assumed incompressibility: 

 𝜀 =
1

𝜌𝑎𝑖𝑟
𝜌𝑎𝑖𝑟  0

(
1

𝜀0
−1)+1

        (A1.3) 

Where the 0 subscript indicates the conditions at the surface. The other relationship that is required in the 

paper is that between the surface and average density of the air, but by rearranging equation A1.3 it can be 

seen that this is simply a function of the ratio of the average to surface gas holdup, together with the surface 

gas holdup, which means that, as we shall see below, it too is a known function of 𝜀0 and the depth of the 

pulp: 

 
𝜌𝑎𝑖𝑟

𝜌𝑎𝑖𝑟  0
=

𝜀0
𝜀

−𝜀0

1−𝜀0
         (A1.4) 

If we further assume that that the system is isothermal, which would again be a consequence of a well-

mixed assumption, then:  

 𝜀 =
1

𝑃

𝑃0
(

1

𝜀0
−1)+1

         (A1.5) 

The next step is to calculate how the pressure varies with depth before an average gas holdup can be 

calculated. This is not trivial as the varying gas holdup means that the average fluid density also varies with 

depth. We must, therefore, start with the following differential equation for the evolution of pressure with 

depth below the surface, 𝑦: 

 
𝑑𝑃

𝑑𝑦
= 𝜌𝑠𝑙𝑢𝑟𝑟𝑦𝑔(1 − 𝜀)        (A1.6) 

In this equation we are ignoring the contribution of the density of the gas to pressure gradient, which is 

valid given that it is three orders of magnitude smaller than that of the slurry. The contribution of the 

capillary pressure difference between the liquid and the gas will also be ignored as this pressure difference 

will be in the range of 10s Pa for typical flotation size bubbles and is thus small compared to other pressure 

variations in the system. 

While we need to calculate the pressure gradient as an intermediate step in this derivation, what we actually 

need to obtain in order to calculate the average gas holdup is the variation of the gas holdup with respect 

to depth, which by means of the chain rule can be expressed as: 

 
𝑑𝜀

𝑑𝑦
=

𝑑𝑃

𝑑𝑦

𝑑𝜀

𝑑𝑃
         (A1.7) 

This can be expanded by differentiating equation A1.3 and combining it with equation A1.5: 
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𝑑𝜀

𝑑𝑦
= −

𝜌𝑠𝑙𝑢𝑟𝑟𝑦𝑔

𝑃0
(

1−𝜀0

𝜀0
) (1 − 𝜀)𝜀2      (A1.8) 

This can be integrated to yield the following implicit relationship between gas holdup and depth: 

 
𝜀−𝜀0

𝜀 𝜀0
+ 𝑙𝑛 (

𝜀 (1− 𝜀0)

 𝜀0 (1−𝜀)
) = −

𝜌𝑠𝑙𝑢𝑟𝑟𝑦𝑔

𝑃0
(

1−𝜀0

𝜀0
) 𝑦     (A1.9) 

If 𝐴 is the cross-sectional area of the tank at depth 𝑦, then the average gas holdup can be calculated as 

follows: 

 𝜀𝐴𝑣𝑒 =
∫ 𝜀 𝐴 𝑑𝑦

ℎ

0

∫ 𝐴 𝑑𝑦
ℎ

0

         (A1.10) 

If the cross-sectional area is constant, then this can be further simplified to: 

 𝜀𝐴𝑣𝑒 =
∫ 𝜀 𝑑𝑦

ℎ

0

ℎ
         (A1.11) 

While it is relatively straight forward to numerically integrate equation A1.10 or A1.11 in conjunction with 

equation A1.9, the highly implicit and non-linear nature of equation A1.9 means that there are no analytical 

solutions for the average gas holdup. 

Equation A1.9 can be simplified, though, by noting that, because the gas holdup is less than 1 and the gas 

holdup at the surface is higher than that below the surface, the first term on the LHS of equation A1.9 is 

always larger in magnitude than the second term, with the importance of the second term decreasing with 

an increasing difference between the gas holdup and the surface gas holdup. We can therefore approximate 

equation A1.9 as: 

 
𝜀0

𝜀
≈

𝜌𝑠𝑙𝑢𝑟𝑟𝑦𝑔

𝑃0
(1 − 𝜀0)𝑦 + 1       (A1.12) 

This can be readily integrated in conjunction with equation A1.11 to yield: 

 
𝜀𝐴𝑣𝑒

𝜀0
≈

𝑃0

𝜌𝑠𝑙𝑢𝑟𝑟𝑦 𝑔 (1−𝜀0) ℎ
𝑙𝑛 (

𝜌𝑠𝑙𝑢𝑟𝑟𝑦 𝑔 (1−𝜀0) h

𝑃0
+ 1)     (A1.13) 

In this equation the ratio of the average to the surface gas holdup depends on a single dimensionless group, 

which is the ratio of the atmospheric pressure to the pressure at depth 𝐻 as calculated using the fluid density 

at the surface. 

Combining equation A1.13 and equation A1.4 yields the following relationship between the average and 

surface air densities: 

 
𝜌𝑎𝑖𝑟 𝐴𝑣𝑒

𝜌𝑎𝑖𝑟  0
≈

𝜌𝑠𝑙𝑢𝑟𝑟𝑦 𝑔 (1−𝜀0) ℎ

𝑃0 𝑙𝑛(
𝜌𝑠𝑙𝑢𝑟𝑟𝑦 𝑔 (1−𝜀0) ℎ

𝑃0
+1)

−𝜀0

1−𝜀0
      (A1.14) 
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