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A State-Space Representation of Irradiance-Driven
Dynamics in Two-Stage Photovoltaic Systems

Efstratios I. Batzelis

Abstract—In electric grids with large photovoltaic (PV) integra-
tion, the PV system dynamics triggered by irradiance variation is
an important factor for the power system stability. Although there
are models in the literature that describe these dynamics, they are
usually formulated as block diagrams or flowcharts and employ
implicit equations for the PV generator, thus requiring application-
specific software and iterative solution algorithms. Alternatively, to
provide a rigorous mathematical formulation, a state-space repre-
sentation of the PV system dynamics driven by irradiance variation
is presented in this paper. This is the first PV dynamic model in
entirely state-space form that incorporates the maximum power
point tracking function. To this end, the Lambert W function is
used to express the PV generator’s equations in an explicit form.
Simulations are performed in MATLAB/Simulink to evaluate and
compare the proposed dynamic model over the detailed switch-
ing modeling approach in terms of accuracy and computational
performance.

Index Terms—Dynamic model, irradiance changes, Lambert W
function, maximum power point tracking (MPPT), photovoltaic
(PV) system, state-space model.

1. INTRODUCTION

URRENTLY, power networks face difficulties from large-
C scale integration of renewables. Especially for photo-
voltaic (PV) systems, these challenges are associated with the
dynamics driven by irradiance transients and grid disturbances
[1]. For power system studies, there is a need for a robust and
accurate model to describe the PV system response under these
dynamic conditions [2].

There are several such dynamic models in the literature,
greatly varying in the level of granularity they provide. In [3],
the PV array is modeled without any power electronics taken
into account. In [4] and [5], both the PV array and power con-
verter are considered, but the maximum power point tracking
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(MPPT) algorithm and other control modules are simplified or
neglected; the entire power circuit and control scheme are taken
into account in [1] and [6]-[9].

The latter approaches constitute the most accurate alterna-
tives, since the MPPT dictates the dynamic response of the PV
system under irradiance fluctuation and should not be ignored
[1], [5]. However, although some differential equations are pro-
vided in [2], [4], [5], [9], and [10], all the above-mentioned
models formulate some control functions through block dia-
grams or flowcharts; this is not a rigorous mathematical formu-
lation and limits their applicability to specific software such as
MATLAB/Simulink, DIgSILENT/PowerFactory, etc. Alterna-
tively, a state-space representation is generally preferable, as it
can be implemented into any software or platform and can be
easily incorporated into a large power system study. However,
to this day there is no state-space model in the literature that
includes the MPPT function; they either neglect the MPPT or
are not expressed entirely as a system of differential/difference
and algebraic equations (DAEs).

Furthermore, the PV generator model adopted in the majority
of these studies is simplified to facilitate calculations [1], [4],
[6], [8]. The full single-diode model is considered only in [7],
where the PV generator’s equations are iteratively solved, which
inevitably entails increased computational costs and numerical
instabilities [7].

In this paper, a new model to represent the PV system dy-
namics triggered by irradiance variation is proposed, which is
expressed in entirely state-space form. Although a state-space
model, the MPPT function is fully incorporated by introducing
a set of equivalent difference equations, while the Lambert W
function is applied to achieve explicit formulation without sim-
plifying the PV generator model. The initial state of the model
is readily calculated through a simple straightforward proce-
dure. Notably, this is the first PV dynamic model formulated
as explicit state-space equations that do not neglect the MPPT
or simplify the single-diode PV model. To evaluate the pro-
posed model, simulations are performed in MATLAB/Simulink
for two case studies using the detailed switching approach as a
benchmark; the results show a significant gain in execution time
and computational complexity at the same level of accuracy.

II. PROPOSED PV SYSTEM DYNAMIC MODEL

In two-stage PV systems (dc—dc converter and inverter), the
response to irradiance variation is essentially determined by the
PV generator and the dc—dc converter that actively participate
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Fig. 1. Equivalent power circuit (blue background) and control scheme
(red background) of a two-stage PV system.
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Fig. 2. Block diagram of the PV dynamic model. The model inputs are the
irradiance G and temperature 7, while the output is the extracted power P, .

in the energy extraction; the inverter does not contribute to the
irradiance-driven dynamics. Therefore, the power circuit shown
on blue background in Fig. 1 consists of the PV generator,
modeled through the single-diode equivalent model, a boost
converter, and an independent voltage source in place of the dc
link and the rest of the ac circuit. A typical control scheme for
these systems is considered, comprising a P&O MPPT algorithm
and a voltage PI regulator (red background in Fig. 1).

The block diagram of the dynamic model proposed in this
paper is depicted in Fig. 2. The entire power circuit is modeled
as a single block (blue background) with three inputs (duty cycle
D, irradiance G, and temperature 7) and two outputs (PV power
P,, and voltage V),,). The complete model of the PV system
comprises the power circuit block (blue background) and the
two control modules: MPPT and PI regulator (red background).
The DAEs of these modules are described next.

A. PV Generator Model

The single-diode equivalent circuit of the PV generator is
shown in a dashed-line frame in Fig. 1, characterized by the
so-called five parameters: photocurrent I,;,, diode saturation
current [, diode modified ideality factor a, series resistance R,
and shunt resistance R, [11]. This describes any PV generator,
from a cell to array, operating under uniform illumination. The
conventional implicit current—voltage equation is given by

Vpo+IpuRs

Ly =Ly, — 1, (e C

o+ Ly R
_1>_VPI+ pvRa. (1)

Rs h
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This is an algebraic equation, since the PV generator dynam-
ics are instantaneous [12]; yet, the nonlinear implicit form (V,,,
and I,, in both sides of the equation) necessitates numerical
solution, which raises computational issues [7] and hinders in-
corporation into a state-space model. Recently, the Lambert W
function W{x} has been employed in static PV models to refor-
mulate (1) and express I, as an explicit function of V,, [11],
[13]-[15]. However, for the state-space model of this paper, I,
needs to be expressed as a function of the power circuit’s state
variables v¢ and iy, rather than V),

RshIph —vc + R(‘,iL

L, =
p Rs + Rc + Rsh
o (Bt R)RyL, el s]
Rs+ R, Q(Rs +R. + RS}L)
(2)
Vou =ve = Re (Ipo —iz) - 3)

Note that (2) is similar to the one presented in [13] and [14],
except for the use of R., vc, and iz in place of V,,. Using
(2) and (3), I,,, V,y, and thus P,, = V,,1I,,, can be directly
calculated for given values of vc and i, avoiding iterative
numerical solution. The Lambert W function may be evaluated
using the built-in MATLAB function lambertw or the series
expansions proposed in [16]. To apply these equations, the five
parameters need to be extracted at STC (1000 W/m?—25 °C)
and translated to the actual irradiance G and temperature 7. The
details on these procedures are given in [11].

B. Average-Value Model of the Power Circuit

The average-value model of the power circuit in Fig. 1 is
derived by averaging the voltage and current over a switching
period [6], [7]. The well-known model for the boost converter
includes two differential equations and two state variables: volt-
age of the input capacitor v~ and current of the inductor iy :

I)i,' —1
o = ]TZL )
i Voo— Rr+DRyy) ip—(1-D) [Vae + AVy+(Ra+ Ryc )ig])
L= L
(5)

where C is the input capacitor’s capacitance, L is the inductor’s
inductance, ., Ry, Rs, R4, and R4 are the parasitic resis-
tances of the circuit, Vg, is the constant dc-link voltage, and
AV is the voltage drop on the diode, as shown in Fig. 1. The
auxiliary variables V},, and I,,, are calculated via the algebraic
equations (2) and (3).

C. PI Controller Model

The state-space model of the PI controller is described by the
following DAEs, involving one state variable ®:

(i) = KL' (‘/pv - Ur(zf) (6)
D:¢+Kp (V;)r_vref) (7)
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Fig. 3. Flowchart of a typical P&O MPPT algorithm.

where K, and K; are the proportional and integral gains of
the regulator, and the term vy denotes the reference voltage
determined by the MPPT control block (see Figs. 1 and 2).

D. P&O MPPT Model

The most commonly used MPPT algorithms in existing PV
systems are still the P&O [9] and incremental conductance
(INC) [6] methods. These are mostly modeled via flowcharts,
rather than linear control blocks, due to their inherent algo-
rithmic nature. The flowchart of a typical P&O algorithm is
illustrated in Fig. 3: one iteration is performed every Ty sec-
onds, adjusting the reference voltage v by a constant value
Vitep- The sign of this adjustment is determined by whether the
power was increased or decreased during the previous step.

In this form, the MPPT algorithm cannot be incorporated
into a state-space model. To overcome this limitation, a state-
space representation of the P&O method as discrete piecewise
functions is proposed here (similar models can be derived for the
INC and other MPPTs). Three state variables are introduced: the
reference voltage vr.r, and the PV voltage vipp and power ppp
recorded at the previous Tpp period. The discrete equations,
which describe the MPPT operation in Fig. 3, are

k _
Uref -
k=1 P —pi hen kT mod T s —
’Ur(gf +Slgn VET _R-T V:etep , when s MO mppt =0
pv mppt
k—1 .
Upes , otherwise
®)
. VEL | when kT, mod Ty ppe =0
vmppt = k—1 . (9)
mppt »  Otherwise
k P;fv_l ’ when k;T.s mod Tmppt =0
p’//rl,ppt = k—1 . (10)
mppt +  Otherwise

where k is the discrete time instant, T is the discrete time step,
mod denotes the modulo operation (remainder of Euclidean di-
vision), and the sign function returns +1 or —1 depending on the
sign of the argument. The upper branch of the above-mentioned
equations is evaluated only once per Ty period (when k75 mod
Tmppt = 0) to update the state variables according to the MPPT
flowchart; the rest of the time, their values remain unchanged.
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This way, the inherent discrete function of the MPPT is im-
plemented. The variables vmpp and pppy are only needed
to keep track of the past operating point iy, seconds ago
for (8).

E. Complete PV System Dynamic Model

The nonlinear time-invariant state-space model is formulated
in discrete-time by a set of DAEs:

CL'k _ f(mk_l,uk_')

yk = h(xkvuk)

(In
(12)

where x is the state vector, u is the input vector, and y is the
output, in this case defined as

T = ['UC iL P Uref Umppt pmppt]T
u=[GT]"

y:va- (13)

The state variables and inputs are indicated in red and green
color, respectively, in Figs. 1 and 2. If the continuous times
(4)—(6) are discretized and are combined with the discrete (8)—
(10), a set of six difference equations are derived for (11):

Ik/*l o ,L'k—l
b =kt 2 L, (14)

C
VE=L — (Rp + D* 'Ry, ) i !
=it g Yo~ (B - Jin g,
(1= D) [Vae + AVi ot (Ra + Rae)iy ']
L s
(15)
o= etk (V- ) a6
Ufef =
k=1 k-1
ob )+ sign (=22 Vatey , when KT, mod Ty =0
vfef' , otherwise
amn
VESY . when kT, mod T,y = 0
OF ot = . . (18)
Upppt »  Otherwise
P]fl,’l ,  when KTy mod T}, pp = 0
pfﬂppt = (19)
k—1 :
Dmppt »  Otherwise.

The complete PV dynamic model consists of the difference
equations (14)—(19) and the algebraic equations (2), (3), and (7)
used for the auxiliary variables ™', V=1, Pr=1 and DF!
It is worth noting that, although explicit, this model is highly

nonlinear and cannot be expressed in a matrix form.

F. Initialization of the Dynamic Model

In power system dynamics studies, the system is assumed
to be on the steady state at the initial condition, meaning
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TABLE 1
PARAMETERS OF THE SIMULATED PV SYSTEM
Par. Value| Par. Value | Par. Value| Par. Value
Prom SkW| Vi 700 V| C 470 uF || L 1.2 mH
R 0.01 Q| Rc 0.3 Q| Ry, 0.1 Q| R 0.0932 Q
Ra 0.1Q| AVy 0.1 V|| Lo 15.88 A Iv 7.4e-10 A
ao 1834 V| Ry 2.55Q| R 531.5 Q| Viwep 42V
K, 2.4e-5| K; 0.12| F. 20 kHz| Fuppe 10 Hz

that £ = 0 [17], [18]. Since in a discrete model & =~ (xk —

xF=1) /T, the form of the difference equations (11) effec-
tively becomes x° = f(2°, u°) at the initial condition, where
2 = Qi) 00?00, D0 pe] s the initial state. This re-

from (14), vg = V}g/, from (3), ®° = DO
from (7), vgef =V}, from (16), vy, = V,, from (18), and
%, ot = P;?u from (19), where the initial duty cycle D° is found
from (15):

Do — Vie + AVy+ (Ry + Rae + Rp) I), — V), 20)
N ‘/d(: + A‘/;l + (Rd + Rd(: - Rsu%) I[())b .

. ‘O _ 0
sults in iy = I,

Furthermore, in the steady state the PV generator operates at
the maximum power point (MPP). Therefore, /), and V), are
essentially the MPP current I, and voltage Vi, respectively,
found in an explicit way by [11]

VO = Vi = (1+ Ry/Rp) a(w — 1) — Ry, (1 — 1/w)
21
10, =TIy =Ly (1= 1/w) —a(w—1) /Ry, (22)

where w is a coefficient calculated via the parameters I, and I
using the Euler’s number ¢ and the Lambert W function W{x}

w=W{ILe/L}. (23)
Therefore, the initial state is given by
xO = [V;np Imp DO Vmp Vmp Pmp]T (24’)

which is readily calculated through the explicit (20)—(23). This
is a straightforward procedure that does not require any iterative
or numerical solution.

III. CASE STUDIES AND SIMULATION RESULTS

To validate the proposed dynamic model, simulations are
performed in MATLAB/Simulink for a 5 kW PV system cor-
responding to the circuit in Fig. 1. The system parameters are
given in Table I. In the following, the dynamic response of the
system is simulated for two case studies of fast irradiance vari-
ation using both the proposed state-space (SS) model and the
detailed switching (SW) alternative (see also Supplementary
videos). For the former, the equations in Section II are applied
with a time step of 100 us, while for the latter, the circuit in
Fig. 1 is simulated at two different time steps: 10 and 100 ns.

A. Sudden Increase in Irradiance

In the first case study, the PV system experiences a sudden
increase in irradiance from 600 to 1000 W/m? within 1.2 s,
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Fig.4. Case study A: Sudden increase in irradiance. (a) Maximum and actual
output power. (b) P-V curve and trace of the operating point.

which corresponds to a day with frequent changes in cloud
cover [19]. This irradiance fluctuation is reflected to the maxi-
mum available power shown in purple dashed line in Fig. 4(a).
The actual output power resulting from the two runs of the SW
model (10/100 ns—blue/red lines) is essentially the same, ex-
cept for limited fluctuation during MPPT steps in the second
case; the results are very similar to the SS model (yellow line),
the latter providing accurately the system dynamic response
apart from the switching ripple. The deviation between the
maximum and actual output power is noteworthy, especially at
0.9—1.8 s; this is due to the erroneous operation of the P&O algo-
rithm, which fails in tracking the MPP during abrupt irradiance
changes.

To further investigate this phenomenon, the trace of the oper-
ating point on the time-varying P—V curve is illustrated with red
color in Fig. 4(b). Initially, the operating point oscillates around
the MPP of the blue-colored curve (600 W/m?). As the irradiance
increases up to 1000 W/m?, the P-V characteristic is gradually
modified providing more power, effectively becoming the green-
colored curve. The MPP trace during this transient is indicated
by the purple dotted line. However, the MPPT regulates the op-
erating point toward the wrong direction until 1.3 s (red line),
when the direction is corrected and slowly converges to the new
MPP. This is a well-known malfunction of conventional MPPTs
[51, [7] that considerably affects the dynamic response of the sys-
tem [see Fig. 4(a)]. Yet, several relevant models in the literature
neglect the MPPT function and assume that the operating point
lies on the MPP trajectory (ideal MPPT) [1]-[4], [10], resulting
in inaccurate modeling of the dynamic response. This highlights
the need to properly include the MPPT in PV dynamic modeling
studies.
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output power. (b) P-V curve and trace of the operating point.

TABLE II
COMPARISON OF THE SWITCHING AND STATE-SPACE MODELS

Execution time Time step Case study A Case study B
Switching (SW) model 10ns ~45m(2,715s) ~2h (7,207 s)
Switching (SW) model 100 ns ~6m (340s) ~14m(8465s)
State-space (SS) model 100 ps 15s 2.5s

B. Repeated Irradiance Variation Caused by Passing Clouds

The second study-case scenario considers a more intense ir-
radiance fluctuation between 1000 and 400 W/m? caused by
passing clouds. The maximum and actual output power are de-
picted in Fig. 5(a): the SS model results (yellow line) almost
coincide with the SW-10 ns model (blue line), both deviating
from the red dashed line for some time. It is worth noting that
in this case, the outcomes of the two runs of the SW model
do not coincide, with the larger time step (red line) resulting in
inaccurate modeling of the dynamic response under very fast
irradiance variation; this is indicative of the challenges related
to the selection of the time step in a switching model.

The P-V curves and the trace of the operating point are dis-
played in Fig. 5(b). Even though the MPP is shifted almost
vertically while the irradiance changes (purple dotted line), the
operating point takes a zigzag-like path (red line) as the black
arrows indicate. This once more stresses the need to include the
MPPT in a PV dynamic model.

IV. COMPUTATIONAL PERFORMANCE

To evaluate and compare the calculation cost of the
two models, the execution time of the two study-case sce-
narios is recorded and presented in Table II. Both mod-
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els are built and simulated in MATLAB/Simulink R2016a
(SimPowerSystems toolbox, accelerator simulation mode),
in a PC with a 3.5-GHz CPU and 64-GB RAM. The
SW model is simulated at two necessarily very small
steps: 10 and 100 ns to produce high-resolution pulsewidth
modulation pulses (20 kHz switching frequency—see
Table I). On the contrary, a much larger simulation step of
100 ps is allowed for the SS model, just slightly less than the
time constants of the differential equations involved.

Table II shows that the proposed SS model is executed ap-
proximately 2000-3000 times faster than the SW-10 ns, and
200-300 times faster than the SW-100 ns. The larger the time
step of the SW model, the less the computational effort, albeit
at the cost of reduced accuracy, as discussed in Section III.
By adopting the SS model instead, the time step selection is
no longer limited by the switching frequency, exhibiting high
accuracy at a very low simulation time.

V. CONCLUSION

In this paper, a new dynamic model to describe the PV sys-
tem response to irradiance changes is proposed. The model is
described entirely in the SS form, including the MPPT func-
tion, and consists of explicit equations that employ the Lambert
W function. Simulations in MATLAB/Simulink reveal highly
accurate results and show considerable gain in computational
efficiency and complexity over the detailed SW modeling ap-
proach. This investigation verifies that the MPPT function is a
crucial factor for the irradiance-driven dynamics of a PV system
and needs to be included in PV dynamic modeling studies. The
mathematically rigorous formulation of the proposed dynamic
model permits implementation to any computational platform
and facilitates incorporation into large power system studies.
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