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Abstract—A cache-aided K-user Gaussian broadcast channel
(BC) is considered. The transmitter has a library of N equal-
rate files, from which each user demands one. The impact of
the equal-capacity receiver cache memories on the minimum
required transmit power to satisfy all user demands is studied.
Considering uniformly random demands across the library,
both the minimum average power (averaged over all demand
combinations) and the minimum peak power (minimum power
required to satisfy all demand combinations) are studied. Upper
bounds are presented on the minimum required average and peak
transmit power as a function of the cache capacity considering
both centralized and decentralized caching. The lower bounds on
the minimum required average and peak power values are also
derived assuming uncoded cache placement. The bounds for both
the peak and average power values are shown to be tight in the
centralized scenario through numerical simulations. The results
in this paper show that proactive caching and coded delivery can
provide significant energy savings in wireless networks.

Index Terms—Gaussian broadcast channel, centralized
caching, decentralized caching, joint cache-channel coding.

I. INTRODUCTION

We study proactive content caching to user devices fol-
lowed by coded delivery [1], assuming that the delivery
phase takes place over a Gaussian broadcast channel (BC)
from the server to the users. Several other recent papers
have studied coded delivery over noisy channels. Fading and
interference channel models are considered in [2] and [3],
respectively. In [4] and [5], centralized caching is considered
while the delivery phase takes place over a packet-erasure
BC. The capacity-memory trade-off is investigated in this
setting assuming that only the weak users have caches, which
requires knowledge about the channel qualities in the delivery
phase in advance. Proactive caching and coded delivery over a
Gaussian BC is studied in [6] in the high power regime. In [7]
cache-aided data delivery is studied over a degraded BC in a
centralized setting, while [8] focuses on the delay analysis in a
cache-aided wireless channel with coded delivery by utilizing
superposition coding. A multi-antenna server is considered in
[9]-[11] with different assumptions regarding the channel state
information available at the transmitter.

While most of the previous works on coded delivery over
noisy wireless broadcast channels focus on the high signal-
to-noise ratio (SNR) regime; in this work, our goal is to
highlight the benefits of proactive caching and coded delivery
from an energy efficiency perspective. The impact of proactive
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caching on energy efficiency was previously studied in [12]
and [13] in an offline scenario, assuming known demands
and channel conditions. However, these works consider only
proactive caching and do not benefit from coded delivery.

In [3]-[7], users’ channel conditions in the delivery phase
are assumed to be known in advance during the placement
phase. However, in practical wireless networks, it is often not
possible to know the identities of users that will participate in
a particular delivery phase, let alone their channel conditions.
Therefore, our goal here is to study the benefits of proactive
caching in reducing the transmit power, assuming that the
noiseless cache placement phase is carried out without the
knowledge of channel conditions during the delivery phase.

Assuming uniform popularity across the files, we first study
the minimum required average power to serve all the users,
averaged over all the user demand combinations. Note that
we allow the transmitter to change its power depending on
the demand combination in order to minimize the average
power consumption. We then consider the transmit power
required to satisfy the worst-case demand combination, called
the peak power. Building upon our previous work in [14],
we first provide upper bounds on the minimum average
and peak power values as a function of the rate of the
files in the library and the capacity of the user caches, for
centralized cache placement. We then extend the proposed
scheme by considering decentralized cache placement. The
proposed delivery strategy employs superposition coding and
power allocation, and the achievable transmit power for any
demand combination is derived thanks to the degradedness
of a Gaussian BC. We further derive lower bounds on the
performance assuming uncoded cache placement.

The main novelty of the proposed proactive caching and
coded delivery scheme is the way the coded packets designed
for each user are generated for any demand combination,
particularly when a file may be requested by more than one
user, and the way these coded packets are delivered over a
Gaussian BC in order to minimize the transmit power. We
show that the proposed achievable scheme reduces the transmit
power significantly, even with the availability of only a small
cache capacity at each receiver, in both the centralized and
decentralized scenarios. It is also shown that the power loss
between the centralized and the more practical decentralized
scenario is quite small. Furthermore, numerical results show
that the gaps between the peak and average transmit powers
of the proposed achievable scheme for the centralized scenario
and the corresponding lower bounds are negligible. In par-
ticular, we have observed numerically that the multiplicative
gap between the two bounds for the centralized caching
is below 2 for the examples considered. Numerical results



also illustrate that adjusting the transmit power based on the
demand vector can significantly reduce the average power
consumption compared to the worst-case demand combination.

II. SYSTEM MODEL AND PRELIMINARIES

We study cache-aided content delivery over a K-user
Gaussian BC. The server has a library of N files, W 2
(W1,..., W), each distributed uniformly over the set!
HQ”R”, where R is the rate of the files and n denotes the
blocklength, referring to n uses of the BC. Each user has a
cache of size nM R bits. We define the normalized global
cache capacity as t 2 MK/N.

Data delivery from the server to the users takes place in
two phases. Caches of the users are filled during the initial
placement phase, which takes place over a period of low traffic
and high energy efficiency; and therefore, data delivery in the
placement phase is assumed to be error-free and at a negligible
energy cost’; however, without either the knowledge of the
user demands, or the users’ future channel gains when they
place their requests. The caching function for user k € [K] is

o [[27]]" = [[27MR] M

which maps the library to the cache contents Uy of user k,
ie., Uy = ¢, (W), for k € [K].

During the peak traffic period, each user requests a single
file from the library, where dj, € [IN] denotes the index of
the file requested by user k € [K]. We assume that the user
demands are independent and uniformly distributed over the
file library; that is Pr{dy =i} = 1/N, Vi € [N],Vk € [K],
and d 2 (d1,...,dx) denotes the demand vector. The requests
must be satisfied simultaneously during the delivery phase. As
opposed to the placement phase, the delivery phase takes place
over a noisy BC, characterized by

Y (W,d) = hp X; (W,d) + Zy 4, for i € [n],k € [K], 2)

where X; (W, d) denotes the transmitted signal from the server
at time 4, hy, is a real channel gain between the server and user
k, Zy; is the zero-mean unit-variance real Gaussian noise at
user k at time 4, i.e., Z; ~ N (0,1), and Yy ; (W,d) is the
signal received at user k. The noise components are assumed
independent and identically distributed (i.i.d.) across time and
users. Without loss of generality, we assume that h3 < h3 <
-++ < h3. The channel input vector X" (W,d) is generated
by
n N n

¥ [[2"7]]7 x [N]® = R, 3)
and its average power is given by P (W,d) £
LS X2 (W,d). We define the average power of
this encoding function for demand vector d as

P2 max P(W,d), )

150 WN

IFor any positive integer 4, [i] denotes the set {1, ...,i}.

2We assume that the placement phase takes place over a significantly longer
period of time and over orthogonal high-quality links; which, in theory, allows
the server to achieve the minimum energy per bit required to send the cache
contents to the users.

where the maximization is over all possible realizations of the
file library.
User k € [K] reconstructs Wy, using its channel output

Y (W,d), local cache contents Uy, channel vector h £
(h1, ..., hK), and demand vector d through the function

R x [[2PME|] < RE 5 [N)E = [[2"F]],  (5)

where Wy, =, (Y;* (W,d), Uy, h,d). The probability of
error is defined as

K .
Pe = Pr {UdE[N]K Uk:l {Wd’“ 7 Wd’“}} ' ©

An (n,R,M) code consists of K caching functions
o1,...,¢K, channel encoding function ¢, and K decoding
functions pi,...,pux. We say that an (R, M, P, 15) tuple
is achievable if for every € > 0, there exists an (n, R, M)
code with sufficiently large n, which satisfies P, < e,
Eq[P(d)] < P, and P(d) < P, Vd. For given rate R and
normalized cache capacity M, the average and peak power-
memory trade-offs are defined, respectively, as

P*(R, M) Sinf {P: (R, M, P,c0)is achievable}, (7a)
P* (R, M) éinf{P: (R,M, P, P) is achievable}. (7b)

Remark 1. In the above definition, P* is evaluated by
allowing a different transmission power for each demand
combination, and minimizing the average power across de-
mands; while P* characterizes the worst-case transmit power,
which can also be considered as the minimum transmit power
required to satisfy all possible demands if the transmitter is
not allowed to adapt its transmit power according to user
demands.

We will consider both centralized and decentralized caching,
and assume, in both scenarios that the placement phase is
performed without any information about the channel gains
during the delivery phase.

Proposition 1. [15] Consider a K-user Gaussian BC pre-
sented above with M = 0, where a distinct message of rate
Ry, is targeted for user k, k € [K|. The minimum total power
P that is required to deliver all K messages reliably can be
achieved by superposition coding with Gaussian codewords of
power oy P allocated for user k, Yk € [K|, where?

22Re _ 1
(25
hi
9 K 22Ri -1
(1 + hi, Zi:k+1 h2

and the total transmitted power is

i—1 oR,
) Hj:k+1 2 ) > ®
K 22Rr _ 1 k=1 _op
p=y <h% > II_, 2™ 9)

For a demand vector d in the delivery phase, we denote the
number of distinct demands by Ng, where Ng < min {N, K'}.

3For two integers 4 and j, if i > j, we assume that Z;:Z an = 0, and
[T)—; an =1, where ay, is an arbitrary sequence.



Let Uy denote the set of users with distinct requests, which
have the worst channel qualities; that is, Uy consists of Ng
indices corresponding to users with distinct requests, where a
user is included in set Uy iff it has the worst channel quality
among all the users with the same demand, i.e., if k € Uy and
d, = dp, for some m € [K], then hi < h2,, or equivalently,
k < m. Note that, for any demand vector d, 1 € Uy. For given
d and user k, k € [K], let Uy denote the set of users in Uy
which have better channels than user k:

Usp 2{icUy:i>Fk}, kelK] (10)

We denote the cardinality of Ug x, by Na k., i.e., Nk = [Ua k|-

III. CENTRALIZED CACHING AND DELIVERY

Here we present our centralized caching and coded delivery
scheme. We follow the placement phase in [16] since the
users’ channel gains are not known in advance. In the delivery
phase, our goal is to identify the coded packets targeted to
each user in order to minimize the transmit power. We will
use superposition coding in sending multiple coded packets,
and benefit heavily from the degradedness of the underlying
Gaussian BC.

Theorem 1. In centralized caching followed by delivery over
a Gaussian BC, we have

P*(R,M) < PS(R,M) =

K 22Rdz_1

DY <h> [127%]. a

where
((L;Q)) (|t] + 1) R+
)
R = LR i € U
RC é K—k Hltl—k—Ndk
d.k (H)-C— ) —
5 ([t] +1—t) R+
K—k _(K—k—Ng g
(Lu 1)( (K Lt]+1 ) (t—[t]) R, otherwise,
Lt]+1
(11b)
and
K 2RC i—1
A 2% — 1] 2RS
(R, M) < P§y(R, M) Z( 2 ) I12
i=1 Jj=1
(12a)
where
K—k
((t;g)) (It] +1—t) R+
Re Al £k € i
“r (Ltfﬂ) (t - Ltj) Rv lfk € [Inln{N’K}]’
0, otherwise.

(12b)

Proof. For simplicity, we assume that both nR and nM R are
integers. The proposed scheme is first presented for integer
normalized global cache capacities, that is ¢ € [0 : K]. The
scheme is then extended to any ¢ € [0, K].

A. Integer t Values

Here, we assume that ¢ € [0 : K]. We denote the t-element
subsets of K users by C¢,Ct, ... Cty

Placement phase: A centralized cache placement phase is
performed without the knowledge of the future user demands
or the channel gains in the delivery phase. Each file W;,
i € [N], is split into (%) equal-length subfiles Wict, Wit
"y’ each of rate R/(It() User k, k € [K], caches

7Wi,C”
t

subfile W; cr, if k € Cf, for i € [N] and L € [(¥)]. Hence,
the cache contents of user k is given by

Uze[N] Ule

where the cache capacity constraint is satisfied with equality.
Delivery phase: For an arbitrary d, we will deliver the

Wicr, forke [K], (13)

kec‘

following coded message to the users in C} ™, VI € {( K )}

t+1
A
Qe = Dy e Wty

where @ represents the bitwise XOR operation. Then, each
user i € Ct'H can recover subfile Wd CI\ (i} since it has

cached all the other subfiles W, cie1y 1, Vj € CHI\{i}.
Note that each coded message cht+1, l e [(tfl)

R/(¥). Note also that, for k € [K], sending Uskecr+ Qer
to user & enables that user to obtain all the subfiles Wy, ¢,

(14)

, 1s of rate

Vi e [(If)} and k ¢ Clt. Thus, together with its cache contents,

the demand of user k, k € [K] would be fully satisfied after
receiving |, ket ch“- As observed in [16], for a demand
vector d with Vg distinct requests, if K — Ngq > ¢+ 1, not all

the coded messages Qt+1, VI € {(It{)} , need to be delivered.
l

Following [16, Lemma 1], for a demand vector d with Ng
distinct requests, let Ug C B C [K]. We define G as the set
consisting of all the subsets of B with cardinality Vg, such that
all Ny users in each subset request distinct files. For any B,
we have @gegg @B\g = 0, where 0 denotes the zero vector.

Remark 2. Given a demand vector d with Ng < K, and any
set S C [K]\Ua of users, by setting B =S UUy, we have

@gegBQB\g - (@gegg\udQB\g> ® s\

= (@ge%\uﬂ%\g) ©Qs =0, (1)

which leads to

Qs = @gegg\MdQB\g' (16)

Thus, having received all the coded messages Qp\g, VG €
G\Ua, Qs can be recovered through (16). Note that, for any
G € Gg\Uq, we have

IB\G| = |S],

that is, each coded message on the right hand side (RHS) of
(16) is targeted for a set of |S| users, at least one of which is

(17a)
(17b)



in set Uy. Furthermore, for each k € S, there is a user k' € Uy
with h%, < h2, such that dy, = dy. Note that, since no two
users with the same demand are in any of the sets G € Gp,
Sor any set G € Gg\Ua, we have either k € B\G or k' € B\G.

Given a demand vector d, the delivery phase is designed

such that only the coded messages cht+1, Vi € {( K1 such

t+1)
that Cf“ NUg # B, are delivered, i.e., the coded messages
that are targeted for at least one user in Uy are delivered, and
the remaining coded messages can be recovered through (16).
To achieve this, for any such set C; ™! with Cj™' Ny # 0,
the transmission power is adjusted such that the worst user in
Ct+1 can decode Qct+1 and so can all the other users in Ct+1
due to the degradedness of the Gaussian BC. As a result, the
demand of every user in Uy will be satisfied.

We aim to find the coded packets targeted for each user
that will minimize the transmitted power, while guaranteeing
that all the user demands are satisfied. In delivering the coded
messages, we start from the worst user, i.e., user 1, and first
transmit all the coded messages targeted for user 1. We then
target the second worst user, and transmit the coded messages
targeted for it that have not been already delivered, keeping in
mind that only the coded messages Qct+1 for which CtJrl
Ug # D are delivered. We continue 51mllarly until we deliver
the messages targeted for the best user in Uy.

We denote the contents targeted for user k& by Q. and their
total rate by Rq k., k € [K]. For a demand vector d, contents

@ = Ul:lecl‘“ Qe

are targeted for user 1. Note that there are ( ) different
(t + 1)-element subsets CZ‘H, in which user 1 is included.
Thus, the total rate of the messages targeted for user 1 is

(), K-t
(%) K
For k € [2 : K], the coded contents targeted for user k that
have not been sent through the transmissions to the previous

k — 1 users and are targeted for at least one user in Uy are
delivered. Thus, for k € [2 : K], we deliver

(18)

Raiq1 = R. 19)

(20)

= t41
Qk Ul:cf“mud;é@,cf“m[k-u:@,kecf“ ch ’

which is equivalent to

@ = (Ulch“m[kl]@,kecﬁl QC}'H) B

; . 21
(Uz:c;+1mud_w,c;+lm[k1]_@,kec;+1 QC{“) @h

For each user k € [2 : K], there are ( : ) different (¢ + 1)-
element subsets C;*', such that ;™' N[k — 1] = 0 and
k € ClH'l, forl =1,.. (t+1) On the other hand, for each
user k € [2 : K]\Ud, since there are Ngj users among
the set of users [k : K] that belong to set Uy, there are
(KFNax) different (t + 1)-element subsets C; ', such that
CH'N(UgUk—1])) =0 and k € CT, forl—l (tf)
Note that, if £ € Uy, the second term on the RHS 0f 201

Algorithm 1 Centralized Caching and Coded Packet Genera-
tion

1: procedure PLACEMENT PHASE
2: W; = Ul( 1) fori=1,..,N

3 Ue = Uien Ure[(9)]hee; Wit
4: end procedure

zCf

fork=1,....K

5: procedure CODED PACKET GENERATION

- o K
Qerrt = Brecy Wa ey for 1= 1o (1)
7. Qk = Ul Ct+1nud5ﬁ® Ct+1 [k‘ 1] @ kect+l Qct+1 fOI‘
k=1,.

8: end procedure

includes no content. Thus, if & € [2 : K] N Uy, total rate

targeted for user k is

Ce (I )

t

Rasr = (22)

while the total rate targeted for user k, k € [2: K|\Uy, is
K—k K—k—N,
( t ) = ( t+1d’k)
(%)
t
In summary, the proposed achievable scheme intends to deliver
contents of total rate Rqx to user k, for k € [K], where

Rasr = R. (23)

()
A }() R, if k€ Uy,
Rd,t,k = (Kt—k)_(K—k—Nd,k) (24)
: £ R, otherwise.

t

The centralized caching and coded packet generation explained
above is summarized in Algorithm 1.

Once the coded packets targeted to each user are deter-
mined, the next step is to design the physical layer cod-
ing scheme to deliver these packets over the Gaussian BC.
Given d, we generate K codebooks, where the codebook
k € [K] is designed to deliver the contents Q to user
k. The k-th codebook consists of 27facr iid. Gaussian
codewords z} (W,d), generated according to the normal
distribution N (0, ax Py (R, M,d)), where o, > 0 and
Zfil a; = 1. The transmission is performed through su-
perposition coding; that is, the channel input is given by
Zkl,(:l 2 (W,d, Gg), where g € Z”Rgtvk] User k decodes
codewords z7 (W.d), ...,z (W,d) by successive decoding,
considering all the codewords in higher levels as noise. If all
the k codewords are decoded successfully, user k € [K] can
recover contents Ql, ...,Qk. Accordingly, any user k € [K]
will receive all the coded contents targeted for it except those
that are not intended for at least one user in Uy (which have not
been delivered); that is, user k receives all the coded contents

. 25
UZ:CZ+1ﬁUd¢@,k€Clt+l cht+1 ( )

Thanks to the degradedness of the underlying Gaussian BC,
it can also obtain all the coded contents targeted for users in



[k — 1], which are also intended for at least one user in Uy,
i.e., all the coded contents in

ch+1'

Note that, if k € Uy, (25) reduces to Ul:kecl’c+1 cht+1, which
shows that the demand of user k € Uy is satisfied. Next, we
illustrate that the users in [K]\Ug can obtain their requests
without being delivered any extra messages. Given any set of
users /! such that C/™' MUy = 0, we need to show that
every user in Clt+1 can decode all the coded messages Qp\g,
VG € Gg\Ua, where B = C;™' U Uy. In this case, they can
also decode cht+1 through (16).

Assume that there exists a set of users C/*! such that C/*'n
Uy = 0;set B = CfHUUd. According to (17b), there is at least
one user in Uy in any set of users B\G, VG € G\Uy. Thus, all
the coded messages 03\ g have been delivered by the proposed
delivery scheme. Remember that, for each user k € Cf“ and
VG € Gp\Ua, either k € B\G or 3k’ € B\G, where dy = dj,
and k' € Uy, i.e., h}, < hi. If k € B\G, since B\G NUqg # 0,
according to (25), user k can obtain Qp\g. If I&" € B\G with
dy = dy and k' € Uy, then user k' can decode @Qp\g, and
since hi, < hZ, user k can also decode @B\g- Thus, each user

ke Cf“ can decode Q. ++1 successfully, for any set of users
1

Cf“ that satisfies Cf“ N Ug = 0. This fact confirms that the
demands of all the users in [K]\Uqg are satisfied.

We remark here that, with the proposed coded delivery
scheme, the coded packets targeted to user k are delivered only
to users in [k], and not to the any of the users in [k + 1 : K],
for k € [K]. Next, we provide an example to illustrate the
proposed joint cache and channel coding scheme.

Example: Consider K = 5 users, each equipped with a
cache of normalized size M = N/5, i.e,, t = 1. File W;
is partitioned into 5 equal-length subfiles Wi7{1}, A Wi7{5},
each of which is of rate R/5, for ¢ € [N]. Cache contents of
user k after the placement phase is given by

Uy = Uie[N] Wi,{k}; ke [5]

Assuming that N > 3, let the user demands be d =
(1,2,1,1,3), where we have Ng = 3, and Uy = {1,2,5}.
We generate the following coded packets:

Ulch“ﬁud;é(/),[k—l]ﬁcf“;é@ (26)

27)

Q1,2 = Wi g2y ® Wa (13, (28a)
Q1,3 = Wi 3y @ Wi 1y, (28b)
Q1,4y = Wi gy ® Wi (13, (28¢)
Q53 = Wi sy © Wa 1y, (28d)
Q2,37 = Wa q3y ® W o3, (28e)
Q2,4) = Wa 14y ® Wi (a3, (28f)
Q2,53 = Wa 51 © W3 (9, (28g)
Q3,57 = Wi (53 © W3 g3y, (28h)
Qa5 = Wi g5y © W5 (4. (281)
The coded contents Q. targeted to user k, k € [5], are:
Q1 = Q1.2). Qi 3}, Q143 Q153 (29a)
Q2 = Q231 Q2.4}, Qqa.5)» (29b)

Q3 = Q35 (29¢)
Q1= Qs (29d)
Qs = 0. (29)

We perform superposition coding to deliver these contents,
and send Y, 27 (W,d, ), where ¢ € [24nR/5], g €
[23nR/5], g3 € [2"R/®], and g4 € [2"F/5]. User k, k € [5],
decodes the codewords z7 (W,d), ..., z} (W, d) by successive
decoding, considering the higher level codewords as noise.
If successful, user k can recover Q1,...,Qx, k € [5]. Now,
note that user 1 can recover W; from Ql together with its
cache contents; user 2 can decode W, having received the
coded packets Q1 2}, Q2,3}, Q{2,4}> and Q2 5) along with
its cache contents; coded packets Q1 53, Q251> Q3,53 and
({4,5}, and its cache contents Us enable user 5 to decode Wi;
user 3 can directly obtain Q1 3y, Q(2,3}, and Q3 5}, and it
can generate (¢34} as follows:

Q3,4y = Q1,31 ® Qq14},

so it can decode W7 together with its cache contents. Note
that both Q¢; 3y and Q{1 4y are delivered within Q1, which is
decoded by user 3. Similarly, user 4 will be delivered Q1 4},
Q2,43 and Q(45), and it can also recover (34 through
(30), and together with its cache contents it can recover Wj.

O

(30)

B. Non-integer t Values

Here we extend the proposed scheme to non-integer t
values. We divide the whole database as well as the cache
memory of the users into two, such that the corresponding ¢
parameters for both parts are integer. This way we can employ
the placement and delivery schemes introduced in Section
III-A for each part separately.

Placement phase: Each file W;, for¢ = 1,..., IV, is divided
into two non-overlapping subfiles, W} of rate R; and W3 of
rate Ro. We set

Ri=([t|+1-1)R, (31a)
Ry = (t - [t]) R, (31b)
such that Ry + Ry = R. For subfiles {W{,... . Wk}, we

perform the placement phase proposed in Section III-A corre-
sponding to the normalized global cache capacity |¢], which
requires a cache capacity of n (|t| N/K) R; bits. While, for
subfiles {WZ,..., W%}, we perform the placement phase
proposed in Section III-A corresponding to the normalized
global cache capacity |t] 4 1, which requires a cache capacity
of n((|t] +1) N/K) Ry bits. By summing up, the total cache
capacity is found to be nM R bits, which shows that the cache
capacity constraint is satisfied.

Delivery phase: For any demand vector d, we perform the
proposed coded delivery phase in Section III-A corresponding
to the normalized global cache capacity [t| to deliver the
missing bits of subfiles {W{,..., W3} to the intended users.
Moreover, the missing bits of subfiles {WZ,...,WZ} are
delivered to the intended users by performing the coded



delivery scheme proposed in Section III-A corresponding to
the normalized global cache capacity || + 1.
For an arbitrary demand vector d = (dy, ..., dk), we define

o = €D
s 2 w
Qepirs kectit!

dk,czi+l\{k}, fOI"L: 172,

(32)
where t; 2 |t] and to a [t] + 1. According to Algorithm
1, by performing the centralized caching and coded delivery
scheme proposed in Section III-A for the normalized global
cache capacity [¢] to serve the subfiles {W{,..., Wy}, each
of rate Ry, user k € [K|] should receive

51 1
Qk = Ul;c}”“mudgﬁw,c}”+1m[k—1]:@7kec}”+1 Qc}”“’ (33)
of the following total rate obtained according to (24)
K—k
((L;t(J))Rl, ikaZ/{d,
Rd,[tj,k = (KLiJk)_(K*’“*Nd,k) (34)
SN S— L R;, otherwise.
(1)
Similarly, to serve the subfiles {W7,..., W%}, each of rate

Ry, user k € [K] should receive

7= 2 35
Qk e T2 20,012 Ak—1]=0,kectt +2 Qepavar 33)

of total rate

() if k €Uy,
Rd,LtJJrl,k = (F(j{ki)_(}(lkjl\]d,k) (36)
. ttl - Ry, otherwise.
(Ltj:*l 2

Thus, Q 2 (Qi,@ﬁ) at a total rate of ng 2 Ra¢) 1 +
Rq,|t)+1,x glven by

K—k
((L}QJ)) ([t] +1—1t) R+
Le] K—k
e Etjgj) t—[thR, if k € Ua,
d,k — Kt—k, _(K—k—Ng
(LJ)((LI:J)UJ )(\_tJ‘Fl_t)R—f—
(L) -(<fhesy |
K (t—[t]) R, otherwise
Lt]+1
(37

is delivered to user k, for k=1, ..., K.

C. Transmit Power Analysis

In the proposed delivery scheme, user k& € [K] decodes
codewords z7 (W,d), ...,z (W,d) successively considering
all the other codewords in higher levels as noise. User k£ can
decode its intended message successfully if, for k =1,..., K,

2 pC
110g2 (1 + Kak:hkPUB (R> M? d) ) )
2 hi D skt a; P (R, M,d) + 1
(38)
From Proposition 1, the corresponding minimum required
power is given by

C
C AK (27— i1 _oRC.
P (R, M,d) =) <h2 szlz wi. (39)

Rgy <

i=1

Thus, the average power-memory trade-off of the pro-
posed achievable scheme is given by Eq [PFg (R, M,d)] =
PSs(R,M), while the peak power-memory trade-off is
PSs (R, M) = max {P§y (R, M,d)}, as stated in Theorem
1, where the demands are distributed uniformly.

Observe that, for demand vectors with the same Uy set, the
required power PSg (R, M,d) is the same. Let Dy, denote
set of all demand vectors with the same Uy set. We define
PS5 (R, M, Dy,) as the required power PSy (R, M,d) for
any demand vector d € D;;,. Thus, we have

Py (R, M) = max { PGy (R, M, D) } . (40)
It is shown in Appendix B that the worst-case demand
combination for the proposed centralized caching scheme
happens when the first min{N, K'} users; that is, the users
with the worst channel gains, request distinct files, i.e., when
Uy = [min{N, K}], and PSg (R, M) is given by (12). O

IV. DECENTRALIZED CACHING AND DELIVERY

Here we extend our centralized caching scheme to the
decentralized caching. The corresponding average and peak
power-memory trade-offs are given in the following theorem.

Theorem 2. For decentralized caching followed by delivery
over a Gaussian BC, we have

1 KL (2280 1\ ‘T o
1D D ] Eaw =l B | Rl B CEY
de[N)E | i=1 ‘ j=1
where, for k =1,..., K,
o oa =R, if k € Ua,
Rd,k: - MANF ( M\ Na,k .
— W) 1-— (1 — W) ) R, otherwise,
(41b)
and

min{N,K} 2R(17M)i
) , 2 ~1
P*(R, M) < PPy (R, M) 2 ()

> (T

i=1
223(%*1) (1*(1*%)%1) . (42)

Proof. The decentralized caching scheme to achieve the aver-
age and peak power-memory trade-offs outlined in Theorem
2 is described in the following.

A. Placement Phase

We perform decentralized uncoded cache placement [17],
where each user caches nM R/N random bits of each file of
length nR bits independently. Since there are a total of NV
files, the cache capacity constraint is satisfied. The part of file
i cached exclusively by the users in set S C [K] is denoted by
W;.s, for ¢ = 1,...,N. For n large enough, the rate of W; s

can be approximated by (%)‘Sl( — %)K_ls‘R. The cache
contents at user k is given by

Uk = Uie[N] USC[K]:kES Wi’s' “3)



B. Delivery phase

Consider any non-empty set of users & C [K]. For a

demand vector d, by delivering the coded message Qs =

BresWasipey of rate (M1 (1 - AYFZEHR

users in S, each user i € S can recover subfile Wy, s\ (4}
since it has cached all the subfiles Wy, s\(;1, V5 € S\{i}.
For each k € [K], delivering g (xy.5es @s enables user k
to recover all the subfiles Wy, s\(x}, VS C [K] and k € S.
The demand of user k, k € [K], is fully satisfied after receiving
USc[K]:kES (s along with its cache contents.

Similarly to the proposed scheme for the centralized caching
scenario, given a demand vector d, the delivery phase is
designed such that only the coded messages Qs, VS C [K]
that satisfy SNy # 0, are delivered, and the remaining coded
messages can be recovered through (16). To achieve this, for
any such set S with S Ny # 0, the transmission power is
adjusted such that the worst user in S can decode it; and so
can all the other users in S due to the degradedness of the
Gaussian BC. Therefore, the demand of every user in Uy is
satisfied.

Note that in the centralized scenario described in Section
II-A, each coded packet chf,+1 is targeted for a (¢t+1)-element

subset of users, where ¢ € [0 : K], for [ € [(tfl)} While,
in the decentralized scenario, coded packets are targeted for
any subset of users, i.e., for (¢ 4+ 1)-element subset of users,
Vt € [0 : K]. By applying a similar technique as the delivery
phase outlined in Algorithm 1, given a demand vector d, the

following contents are targeted for user k, k € [K]:

Qs; (44)

Qk = USc[k:K]:SﬂL{d;ﬁ@,keS

which are equivalent to

Qe = USC[k:K]:kES @s - USC[k:K]\Md,k,kes Qs (43)

For each user k, k € [K], there are (K;k) different (i + 1)-
element subsets of [k : K], which include &, fori € [0 : K—k].
Thus, if & € Uy, from (45), the total rate targeted for user k

is
K—k i K—i
K—-k\/M M
we=x (CU)(F) (-F)

=0

()

On the other hand, for each user k, k € [K], there are
(K_k;N“”‘) different (i + 1)-element subsets of [k : K|\Ua k.
which include k, for ¢ € [0 : K — k]. Thus, if k ¢ Ug, from
(45), the total rate targeted for user k € [K] is given by

w0

(46)

=0
B K_kz_:Nd’k K . k . Nd’k % 7 1 B % K*’L‘R
= ) N N

(47)

() (637

In total, the rate of contents targeted for user k, k € [K], is
given by

N My R, if k € Uy,
LA (1- %)k (1 -(1- %)N"’k) R, otherwise.
(48)

Given a demand vector d, the transmitted codeword
™ (W, d) is generated as the linear superposition of K code-
words zt (W,d),...,z% (W,d), each chosen from an inde-
pendent codebook. Codebook k consists of 2nBik ii.d. code-
words z} (W,d) generated according to the normal distribu-
tion NV (0, a, P (R, M, d)), where o > 0 and S =
1, which satisfy the power constraint, for k =1, ..., K.

User k, k € [K], decodes codewords zt (W,d), ...,
x (W, d) through successive decoding, while considering all
the codewords z},, (W,d), ..., 2% (W,d) as noise. Thus, if
user k € [K] can successfully decode all the k channel
codewords intended for it, it can then recover the contents
Q1, ..., Qp, from which it can obtain all the coded contents
Usritz0,mjns20 @s- Accordingly, each user k € [K] can
obtain all the coded contents targeted for it except those that
are not intended for at least one user in Uy (which have not
been delivered), i.e., all the coded contents

Qs-

It can further obtain all the coded contents targeted for users
[k — 1], which are also intended for at least one user in Uy,
i.e., all the coded contents Usnud?é@’[k_l]ms#@ (s. Note that,
if k& € Uy, (49) reduces to Uke s @s, which shows that the
demand of each user k € Uy is satisfied through the proposed
delivery scheme. Next, we illustrate that the users in [K]\Ug
can obtain their requested files without being delivered any
extra messages. Similarly to the centralized scenario, given
any set of users S such that SNy = 0, by setting B = SUUy,
from the fact that, for each user k € S, k € B\G or k¥’ € B\G,
where k' < k, it can be illustrated that every user in S can
decode all coded contents Qp\g, VG € Gp\Ua. In this case,
they all can also decode Qs through (16).

U (49)
SNUa#D,kES

C. Transmit Power Analysis
For a demand vector d, user k£ can decode the channel

codewords up to level k successfully, considering all the other
codewords in higher levels as noise, if, for k =1, ..., K,

aih2 P, (R, M,d) )
K .
h Y imps1 PO (R, M, d) 41

(50)
From Proposition 1, the minimum required power is given by

A K 92Re; _ 1
a5 (251)

Thus, the average power-memory trade-off for the proposed
decentralized caching and coded delivery scheme is given by
Eq [P0 (R, M,d)| = P55(R, M) stated in Theorem 2.
With the proposed decentralized caching scheme, the peak
power performance PP (R, M) = max {PB; (R, M,d)} can

1
RdD,k S 510g2 <1 +

1—1
11 i 22Re; - (51)

J



be achieved. Observe that, for demand vectors with the same
set of users Ug, the required power PZg (R, M,d) is the
same. We define PS5 (R, M,Dy,) as the required power
PP (R, M,d) for any demand vector d € D,. Thus, we
have

PP (R, M) = max {PPs (R, M, Dy,)} . (52)

d

It is shown in Appendix C that the worst-case demand com-
bination happens when Uy = [min{N, K'}], and P25 (R, M)
is found as in (42). O]

V. LOWER BOUND

If we constrain the placement phase to uncoded caching,
we can lower bound P* (R, M) and P* (R, M) as in the
following theorem. The main challenge in deriving a lower
bound for the cache-aided BC studied here is the lack of
degradedness due to the presence of the caches. To derive
a lower bound, we assume that the files requested by users in
[k—1] and their cache contents are provided to the other users.
We then exploit the degradedness of the resultant system to
lower bound the performance of the original model.

Theorem 3. In cache-aided content delivery over a Gaussian
BC with uncoded cache placement phase, the minimum aver-
age power is lower bounded by Prp(R, M) defined as

Na 22R(17min{iM/N,1}) -1
Zi:l h?

Trud(i)

= A
Pip(R, M) =Ey,

i—1 e
Hj:1 22R(1m1n{]]%/N,1}):| , (53)

where Ey,[-] takes the expectation over all possible sets Uy,
and ws is a permutation over any subset of users S C [K],
2 2 o 2 .
such.that hﬂs(l) < @WS(Q) < < hﬂs(\sl)' The mzmmal
required peak transmit power for the same system is lower

bounded by PLB(R, M) defined as

22R(17min{ikI/N,1}) -1

51
~ A
Pup(R, M) 2
Lo (R, M) = max ;( e

1—1

Hj:1 22R(1min{j]\/f/N,1})} . (54)

Remark 3. Considering all possible demand vectors, we have
a total of 251 different Uy sets. This follows from the fact
that Ng < K and 1 € Uy, Yd. For a given demand vector d,
let Ug = {u1,ug,...;un,}, where 1 = ug < ug < -+ < up,.
The number of demand vectors with the same Uy is given by

AN Na oo
Nl/fd = (Nd> Nd' (Hj—dzj JH1T UG 1) ,

where we define un,+1 2 K + 1. Thus, the lower bound in
(53) reduces to

(55)

B 1
Pip(R,M) = NEK Zudc[K],1eud Nt

Na 2R(1—min{iM/N,1 i—1
Z (2 ( GM/NLY) 1) H 92R(1-min{jM/N.1})

hZ .
i=1 Ty (1) j=1

(56)

Proof. For any given Uy, let Dy, denote the set of all demand
vectors with the same Ug. The union J,, Dy, form the set
of all possible demand vectors [N]¥. Therefore, the set of all
possible demand vectors can be broken into classes Dy, based
on the Uy set they correspond to.

For any given Uy, and an (n, R, M) code as defined in (1),
(3) and (5) in Section II, define the error probability as follows:

Peud é Pr {UdGDud UkGMd {de 7& de}} ’

Let Py, (d) denote the average power of the codeword this
code generates for a demand vector d € D;,. We say that

an (R, M, P, ]5) tuple is Ug-achievable if for every € > 0,
there exists an (n, I, M) code with sufficiently large n, which
satisfies P, < &, Eq [Py, (d)] < P, andA Py, (d) < P,vd €
Dy, We can also define Py, (R, M) and Fj, (R, M) as in (7a)
and (7b), respectively, by considering Ug-achievable codes.

(57)

We note from (57) that, a Ug-achievable code satisfies
only the demands of the users in set Ug. Accordingly, an

achievable (R, M, P, P) tuple is also Ug-achievable, since
P, > P, , for any Uy set. Thus, lower bounds on szd (R, M)
and PLZ (R, M) also serve as lower bounds on P* (R, M) and

P (R, M), respectively. In the following, we provide lower
bounds on Fj (R, M) and Py (R, M).

Let (R, M ,]37]3) be any Ug-achievable tuple. For uni-
formly distributed demands, we have

— 1
P > Eq [Pud (d)] = EUd E Z PZ/{d (d) ) (58)
d d€Dyyy

where we used the fact that the probability of each demand
vector in Dy, is equal. We divide the set of demand vectors
Dy, into different subsets according to the demands of users
in Uy, where each subset consists of the demand vectors for
which the demands of all the users in Uy are the same. Note
that, there are D E ( Jl\\,z )Nd! such subsets?, denoted by Dbd,
for | = 1,...,D, ie., Dy, = Uz[;DzlA.y We note that the
number of demand vectors in each Dzl/d, denoted by Ni,d, is
the same, and is given by

Na
Uiy —ui—1
N/ I | Uj1—Uj
Z/lﬂ ] 2] ’

where, we remind that Ug = {u1,us,...,un,}, where 1 =
up <ug < --- < uy,. Thus, we have Ny, = DNL’,d, and (58)
can be rewritten as follows:

_ 1
P2 b5 T, P )

1 D 1
B

For any arbitrary demand vector dbﬂ € D}, for I € [D],
it is proved in [7, Lemma 14] that there exist random

(59)

4For simplicity, we drop the dependence of D on N and Nj.



variables® X (diy, ). Ve, (8l ) s Yaony (8l ) and

{V1 (d@d> oy VN1 (dlud) } where

Vi (dl) > = Ve (df/,d) - X (df,) -
Ve () =+ = Yoy () 6D
forms a Markov chain, and satisfy
L (Wdlm . Umd(l)>
1 (Via1s V) (9ly) ) - (622)
R e, S%I (Wdlﬂu i Um0 Ung
‘ diud(l),...,wdlwi_l)>
+1 (Vi (dlud) DEMO (dzl,{d) Vi (dbd)) ;
Vie[2:Ng—1), (62b)
R—c, g%[ (W 1y v U1+ Um0

W
Wud(1)7 ’ d""l/{d(Nd 1)

l
13 0] e (00) P (0))

(62¢)

where dl s (0) is the m, (i)-th element of demand vector du ,
i € [N4), and €n > 0 tends to zeros as n — co. We note that,
due to the independence of the files and the fact that the users
in Uy demand distinct files, for any uncoded cache placement

phase and any Uy set, we have
W g o Wa
dwud(n’ ’ dﬂ'ud(i—l)

! (Wdirud(i) ’ Uwud(l)’ Y Uﬂ—”d(i)

<Wd£\’u (l)
(63)

Thus, for an uncoded cache placement phase, (62) is equivalent
to

R—e, g%] <W T U,%(l)>
iy (Vudyl;YWd(l) (dg,d)) , (64a)
R—¢, g%] (W o Um0 UM(Z-))
{3 6) ) v )
Vie[2: Ng—1], (64b)

1
R—¢, SEI <W iru . Uﬂud(l)’ .. '7UTI'Md(Nd))

1 06 (o) Yoo () o2 (0))

(64c)

SFor ease of presentation, we drop the dependence of the transmitted signal
X™, and the received signals Y;", Vk € [K], on the library W.

Umd(1)7---,Umd(i)> , Vi€ [2: Ng|,l € [D].

For the Gaussian channel (2), for i = 1, ..., Ng, we have [15]
I (Vi (dbd) D ENO) (dlud) Vi, (dbd)) <
Bihy )P”d (dud>
hiud(i) Zj=z‘+1 B Puy (dud) +1

for some 3; > 0, for i = 1, ..., Ng, such that Z Bi=1,
where we set 1j dzl/,d 2 0, and Vy, (dud) =X (dud>-
From (64) and (65), for n sufficiently large, the average power

1+ , (65)

1
510‘%2

By, (dlud) to satisfy any demand vector le/{d € D} o for i €
[D], 1s lower bounded by
l 1 A
PZ/{d (dud) >f < Wud ""7C7Tud(Nd)) -
N 2ck, @) _
2 T -1 et
> | T H 27, (66
i=1 Wud (2)

where, fort=1,....,Ngand [ =1, ..., D,

l A 1 .
Cﬂud(i) =R- EI <Wd£fud(i) 3 Uﬂud(l)’ ey Uﬂ'ud(i)) . (66b)

Note that the lower bound in (66a) does not depend on any
particular demand in D}, , [ € [D]. Thus, from (60) and (66),
we have

_ 1 &
P > Ey, lD Zf (Cﬁrud(l)’ e ’Cifud(Nd))‘| .
=1

(67)

Lemma 1. Given a set of users Uy of size Nq with distinct
demands, we have

72][( Cryy (1) -+ Wud(Nd)>

Na 2R(1—min{iM/N,1 i—1
Z (2 ( (M/NAY) 1) H 92R(1-min{jM/N.1})

>

h2

i=1 T4y (2) Jj=1

(68)

Proof. 1t is proved in Appendix A that f () is a convex

function of c ) Thus,

)
g (1) Oy (Na)

D
Z ( Wud(l)""’cifud(Nd)) =
=1 b

f (ch;ud(l)’

From the definition, we have, for i = 1, ..., Ny,

D

D2

l:

(Nd)> (69)

R-—5 Z I (Wdl d(z) 7‘—“‘1(1)7 T Uﬂ'u > (70)

where, due to the symmetry, each file Wy, for k = 1,..., N,
appears ( )(Nd — 1)! times in the sum on the RHS of (70)



for each ¢ value. Thus, for ¢ = 1, ..., Ng, we have

D N-1
1 . (N 71)<Nd—1)!
D Z[:l e

N
g k:1I(Wk;Uﬂud(1))'"’Uﬂ—ud(i)>
1
=R 3 (Wi Ung s Ung)
@ 1
>R— m[ (WI; ...,WN;Uﬂud(1)7 .- "Uﬂud(i))
R
=R-— Nmin{iM,N}, (71)

where (a) follows from the independence of the files. From
(69) and (71), and the definition of function f, we have

I &P ! !
D Zl:l f (Cﬂud(l)’ T ’Cﬂud(Nd)) =

(3] (o).

(72)

which concludes the proof of Lemma 1. O

According to (67) and Lemma 1, P is lower bounded by
Pig(R, M)_ defined in (53). Thus, P g(R,M) is a lower
bound on P (R, M) as well as P*(R, ]\/{)

Next, we prove the lower bound on P*(R, M) stated in
Theorem 3. For any Uy set, let (R, M ,P,P) tuple be Uy-
achievable. We have P > Py, (d), Vd € Dy,, which is
equivalent to

P> Py, (d,), vdl, €Dl forl=1,..D. (73

Averaging over all Ny, = DNy, possible demands with the
same Uy set, we have

~ 1 D 1
Pz <Nu Z%@ﬁ, Py, (d&d)> D

According to (66) and Lemma 1, P is lower bounded as
follows:
L (22R(1min{iM/N,1}) _ 1) i—1

H 92R(1—min{jM/N,1})

Jj=1

P>>" 5

i=1 Ty ()

YUq. (75)

Thus, we have

. Ny 22R(1—min{iM/N,1}) -1
PZ%%X{Zizl ( hZ

ﬂud(l)
1—1

I,

We note that the term on the RHS of the inequality in (76) is
equivalent to Prp(R, M) defined in (54). Thus, PLp(R, M)
is a lower bound on Fj; (R, M) as well as P* (R, M). O

22R(1—min{jM/N,1})} . (76)

VI. NUMERICAL RESULTS

For the numerical results, we assume that the rate of the
files in the library is fixed to R = 1, and the channel gains

are 1/h2 =2 —0.2(k—1), k € [K].

The average power-memory trade-off P*(R, M) and peak
power-memory trade-off P (R, M) are shown in Fig. la and
Fig. 1b, respectively, for K = 5 users, and N = 8 files in
the library. The gap between centralized and decentralized
caching, which measures the power required to compensate for
the decentralization of the cache placement phase, is relatively
small, particularly for small and large values of the cache
capacity. We observe that the minimum average and peak
powers drop very quickly even with a small cache capacity
available at the users. The lower bound is generally tight for
both average and peak power values with respect to the upper
bound for the centralized scenario for the whole range of cache
capacities®. The peak power values exhibit similar behaviour to
the average power, with significantly higher values. This shows
that adapting the transmit power to the demand combination
can reduce the average energy consumption significantly, while
the transmitter spends much higher energy for some demand
combinations.

We define the following multiplicative gaps between the
two bounds on the average and peak power values for the
centralized and decentralized caching scenarios:

~ A PS5(R,M)

o= BaR M)’ 7

Gp & Pug (R, M ), (77b)
Prp(R, M)

GC A F:)[CIjB(Rv M)’ (77¢)
Prp(R, M)

-, & BOs(RM) (77d)
Prp(R, M)

Fig. 2 illustrates the multiplicative gaps for K = 5and N = 8.
The multiplicative gap is significantly smaller for centralized
caching for both the average and peak power values. Observe
that the multiplicative gap is relatively small for the entire
range of cache capacities, and it is higher for the intermediate
values of the cache capacity.

Fig. 3 illustrates the effect of the number of files N
on the upper bound. In Fig. 3a and Fig. 3b the average
power values and the peak power values are considered,
respectively, for K 5 users, and different number of
files N € {10,20,40,100}. The gap between the centralized
and decentralized caching scenarios increases N. Another
observation to be noted is the increase in the average power
with N, even though the number of files requested by the users
remains the same. This stems from two reasons: first, the effect
of the local caches diminishes as the library size increases;
and second, the users are less likely to request the same files
from a larger library (and hence the increase in the average
power values for low M values). We also observe that the
peak power increases with NV, but only for non-zero M values.
This is because the increase in the peak power is only due to
the diminished utility of the cache capacity, whereas the peak
power depends only on the worst-case demand combination;

Note that the figure does not include the cache capacity range 4 < M < 8,
in which case the three curves coincide in both figures.
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Fig. 1: Power-memory trade-off for a Gaussian BC with K = 5 users, and N = 8 files.
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Fig. 2: Multiplicative gap between the upper and lower bounds
for K =5 users and IV = 8 files.

and thus, does not depend on the likelihood of common
requests. We note that, for a fixed number of users K, the
gap between the average power and the peak power reduces
by increasing IV, and for N > K, the gap diminishes, since,
with high probability, the users demand distinct files.

Fig. 4 illustrates the multiplicative gap G¢, i.e., for the
upper and lower bounds on the average transmit power, with
respect to M, for K = 5 users and N € {10, 20,40, 100}.
Observe that the bounds are relatively close, and the multi-
plicative gap follows a similar pattern for different N values,
expanded horizontally with increasing N.

The effect of the number of users K on the average and
peak power values for both the centralized and decentralized
scenarios is shown in Fig. 5. Fig. 5a and Fig. 5b demonstrate

the average and peak power values as a function of M,
respectively, for N = 10 and K € {3,4,5} users. The gap
between centralized and decentralized caching increases with
K in both figures. The average and peak power values also
increase with K, as expected. For a fixed NV value, the increase
in the peak power is higher than the one in the average power.
This is due to the fact that the likelihood of common demands
increases with K, and so does the gap between the average
and peak power values.

Finally, we consider the multiplicative gap G¢ for K €
{3,4,5} and N = 10 in Fig. 6. It can be seen that the gap
increases with K.

VII. CONCLUSIONS

We have considered cache-aided content delivery over a
Gaussian BC. Considering same rate contents in the library,
we have studied both the minimum peak transmission power,
which is the minimum transmit power that can satisfy all
user demand combinations, and the minimum average transmit
power, averaged across all demand combinations, assuming
uniform demand distributions. We have proposed a centralized
caching and coded delivery scheme assuming that the channel
conditions in the delivery phase are not known beforehand.
Coded contents are transmitted in the delivery phase to their
intended receivers using superposition coding and power al-
location. We have then extended the achievable scheme to
the decentralized caching scenario. We have also provided a
lower bound on the required peak and average transmission
power values assuming uncoded cache placement. Our results
indicate that even a small cache capacity at the receivers can
provide a significant reduction in the required transmission
power level highlighting the benefits of caching in improving
the energy efficiency of wireless networks.
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the library.
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APPENDIX A
PROOF OF CONVEXITY OF FUNCTION f(-)

We show that, for 1 < Ny < K, function f : RN — R is
a convex function of (sq, ..., sn,):

Na (2250 —1 i1
Flsisn) = ( 2 ) szl 2%, (78)

Uy (4)

After mathematical manipulation, one can obtain

f(s1,...,8n,) =

p) 73 T2 J
hnu (4) h’ﬂ'ud(i-i-l) hw,,(l)

(79)

A A
where hm (Nat1) =00, 8 =[s182 - sn,]”, and
T
A .

a 2 100---0| , fori=1,...,Ns.  (80)
——
1xi  1x(Ng—i)

We note that h? iy (0) < hm (i+1)> Vi € [Na], and function

225, s € R, is a convex functlon of s. Thus, all the functions
92a's /i € [ Ng], are convex since the affine substitution of the
arguments preserves convexity. Hence, function f is convex
with respect to (si,...,Sn,) since any linear combination of
convex functions with non-negative coefficients is convex.

APPENDIX B
PROOF OF WORST-CASE DEMAND COMBINATION FOR
CENTRALIZED CACHING

We first illustrate that, among all the demand combinations
with a fixed Ny, the worst-case is the one when Uy = [Ng).
Let, for a fixed Vg, D}i,d denotes the set of demand vectors
with Uy [N4]. Note that, the required power, given in
(39), is the same for any demand vector d € D}*Vd. Assume
that there is a demand combination d ¢ D}‘Vd, with required
transmitted power PC £ PG, (R, M, &) determined through
(39), that has the highest transmitted power among all the
demand combinations with the same Ng. For such demand
vector d ¢ Dy, there is at least one user k € Uy such that
k—1¢ Uy, where we have N;kal = N&,k + 1. Now, consider
another demand vector d with the same entries as demand
vector d except that k& ¢ U; and k — 1 € U;. An example of
such demand vector d is as follows:

dip,, ifi=k—1,
d;={d,_,, ifi=k, (81)
d; , otherwise.
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We denote the required transmitted power to satisfy demand
vector d by PC, where PC 2 PSB {R, M, El) Note that, for
demand vector a, we have Na,kq = N&,k = N&,k’ and from

(37,

C _ pC .
R;Li = Ra,w Vi e [K|\{k —1,k}. (82)

Having defined

(t=[t) R, (83a)
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5: Power-memory trade-off for a Gaussian BC with various number of users K € {3,4,5}, and N = 10 in the library.

(KL;jk) _ (K—kU—JNd,k>
({)

(3 = (3

(ef51)

(It] +1 —t) R+

A
Rni,k (Nak) =

(t—1[t]) R, (83b)

HC _ HC 2R k_1 2RS
PC - PC = — (22FLx —1)Hj:12 @
h? j=1
(22R§i_1>

1—1

jEk—1,k
k7222RacJ
_}T%( .

according to (39), we have
k—1
—2 22R§j
K 1
H (22R§j> (22RL,;‘,_1) (22RNL,k(Na,k))
1
s 22RNL,k—1(Na,k+1) — 1)
o I

K 1 2RS

- Z¢:k+1 hj? (2 " 1)
i—1

1 k-2
1 . k
4= (22RNL‘k(Nd,k> — 1) (22RL’k_l) H
T2 i B2
Jj=1
1 92RLk _ 1) (QQRNL,k—l(Nﬁ‘k+1)> Hk_2 22R§j
[T (22 (22fwens (Vs ) (92Min) | (s9)

j=1
J#k—1,k
where we have used N&,kq = &’k—|—1, and N&,k—l = N&,k =

N&,k- From (83), we have

RNL k-1 (Na’k + 1) = RNLk (N&Jc) + Rp g1 — Rp -
(85)



By substituting (85) into (84), we obtain

pC_pC _ <Hk}—2 22R(~1CJ> (22RL=]€71)

Jj=1

(1223NL,k(Na,k)zRL,,@)( ! 1>. (86)

Wi i

Note that,
(K*k*Nﬂ,k)
t
~— W (t)+1-HR
(i)
K—k—Ny
(L)

W TG |¢)R<0, (87)
([thrl)

and since h?_, < h3, from (86), we have PC > PC, which
contradicts the assumption that demand vector d ¢ Dy, has
the highest required transmit power among all the demand
combinations with the same Ng. Therefore, for a fixed Vg, the
demand vectors in D}*Vd, i.e., the demand vectors with Uy =
[N4], require the maximum transmit power with the proposed
scheme. From (37), for all the demand vectors in D*d, user
k € [K] is delivered a message of rate

Rk (Nak) — Rop = —

G e +1-0r
)
FHL - )R, it ke (], 9
Lt)+1
0, otherwise.

.C A
R*§) (Na) =

~—]

Thus, according to (39), for a fixed Ny, the required power to
satisfy any demand combination d € Dy, is given by

c ok (22N 1\ T e (Na)
PUB(R7M7d):Z T H2 d,j\Vd)
7 j:1

=1
(89)

Observe that, (89) is an increasing function of Ng, and the
power is maximized for Ng = min{N, K'}. Thus, the worst-
case demand combination for the proposed centralized caching
and coded delivery scheme happens when Ug = [min{N, K'}].

APPENDIX C
PROOF OF WORST-CASE DEMAND COMBINATION FOR
DECENTRALIZED CACHING

Similarly to the centralized caching scenario, assume that,
for a fixed Vg, there is a demand combination d ¢ Dx 4 with
required transmitted power PP £ PR (R, M, d) determined
through (51), that has the highest transmitted power among all
the demand combinations with the same Ng4. For such demand
vector d ¢ D*d, there is at least one user k € Uj such that
k —1 ¢ Uy, where we have N, | = Ng, + 1. Similarly to
(81), consider another demand vector d with the same entries
as demand vector d except that k ¢ Uy and k — 1 € U;. We
denote the required transmitted power for demand vector d by
PP, defined as PP 2 PD, (R, M, &) Note that, for demand

vector El we have N&k,_l = Nfi,k = N&,k’ and from (48),

D D .
Ry, =RY, Vie[K\{k-1k} (90)

According to (51), we have
k—2

N ~ 1 k-1 D
D_ pD _ 2(1-M/N)*'R _ ) 2Ry,
PP _p e (2 1 szlz i

. N+
N }Tl? (22(1—M/N)"(1—(1—M/N) iR _ 1)
k

(s [y,
j=1

i—1

K 1 2RD 2RP
+ Zi:kJrl h2 <2 o 1) H (2 dd)

Jj=1
J#k=1,k

(22(1_M/N)k71R) (22(1M/N)k (1(1M/N)Na,k)R)

. N: o 41 k-2
k-1 j=1

B hfl? (22(1—M/N)’“R _ 1)
K

: k—2
(22(1M/N)k_1 (1(1M/N)N“'k+1)R) 11 92Ry;
j=1

K i—1

1 2RD 2RP 2(1-M/N)*R
=X (@) I (2) (e
i=kt1 j=1
Jj#k—1,k
_ Ni o +1
(22(1—1\4/1\/)’c t(1-(-myn) Vi )R)’ o)

which is equal to

pP _ pb _ <Hk—2 22R}f:j) (22(1—1\/1/1\1)’“*11%

j=1
2(1—M/N)’“’1(1—(1—M/N)Naak+1)R 1 1
—2 el
b1 i
92)

Since h2_, < h2,and 0 < (1 — M/N)Nar™' <1, from (92),
we have PP > I5D, which contradicts the assumption that
demand vector d ¢ Dy, has the highest required power among
all the demand combinations with the same Ng. Therefore,
for a fixed Ng, the demand vectors in D}‘Vd, i.e., the demand
vectors with Ug = [Ng|, require the maximum transmitted
power with the proposed scheme. From (48), for all the
demand vectors in Dj‘vd, we have

(1= 3)"R, it ke [N,

. (93)
0, otherwise.

«D A
R4 (Na) = {
Thus, according to (51), the required power to satisfy any
demand combination d € Dy, is

b Na [921-M/N)'R _ 1 1 21— M/NYR
PUB(Rvad):Z h27 H2 N .
i=1 i j=1

(94)
Observe that, (94) is an increasing function of Ny, and the re-
quired power is maximized for the highest value of Ny, which
is min{N, K'}. Thus, the worst-case demand combination for

the proposed scheme happens when Uy = [min{N, K}].
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