Clock/work trade-off relation for coherence in quantum thermodynamics
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In thermodynamics, quantum coherences — superpositions between energy eigenstates — behave
in distinctly nonclassical ways. Here we describe how thermodynamic coherence splits into two
kinds — “internal” coherence that admits an energetic value in terms of thermodynamic work, and
“external” coherence that does not have energetic value, but instead corresponds to the functioning
of the system as a quantum clock. For the latter form of coherence we provide dynamical constraints
that relate to quantum metrology and macroscopicity, while for the former, we show that quantum
states exist that have finite internal coherence yet with zero deterministic work value. Finally,
under minimal thermodynamic assumptions, we establish a clock/work trade-off relation between
these two types of coherences. This can be viewed as a form of time-energy conjugate relation within
quantum thermodynamics that bounds the total maximum of clock and work resources for a given

system.

Classical thermodynamics describes the physical be-
havior of macroscopic systems composed of large num-
bers of particles. Thanks to its intimate relations with
statistics and information theory, the domain of thermo-
dynamics has recently been extended to include small
systems, and even quantum systems. One particularly
pressing question is how the existence of quantum coher-
ences, or superpositions of energy eigenstates, impacts
the laws of thermodynamics [IH4], in addition to quan-
tum correlations [5HS].

We now have a range of results for quantum thermo-
dynamics [9-2I] that have been developed within the
resource-theoretic approach. A key advantage of the re-
source theory framework is that it avoids highly problem-
atic concepts such as “heat” or “entropy” as its starting
point. Its results have been shown to be consistent with
traditional thermodynamics [22] while allowing for the
inclusion of coherence as a resource [23] in the quantum
regime. Very recently, a framework for quantum ther-
modynamics with coherence was introduced in [2I]. Re-
markably, the thermodynamic structure (namely, which
states ¢ are thermodynamically accessible from a given
state p) turns out to be fully describable in terms of a
single family of entropies. This framework of “thermal
processes” is defined by the following three minimal phys-
ical assumptions: (i) That energy is conserved microscop-
ically, (ii) that an equilibrium state exists, and (iii) that
quantum coherence has a thermodynamic value. These
are described in more detail in [24]. Note that thermal
processes contain thermal operations (TOs) [9, [10] as a
subset, and coincide with TOs on incoherent states, how-
ever in contrast to TOs they admit a straightforward
description for the evolution of states with coherences
between energy eigenspaces.

In this Letter we work under the same thermodynamic
assumptions (i-iii) as above and show that quantum co-

herence in thermodynamics splits in two distinct types:
internal coherences between quantum states of the same
energy, and external coherences between states of differ-
ent energies. This terminology is used because the exter-
nal coherences in a system are only defined relative to an
external phase reference frame, while internal coherences
are defined within the system as relational coherences
between its sub-components.

We focus on the case of an N-partite system with non-
interacting subsystems. The Hamiltonian is written as
H= Zfil H; and we assume that each ith local Hamilto-
nian H; has an energy spectrum {E;} with local energy-
eigenstates |F;). Then a quantum state of this system
may be represented as

p= Z ree |E) (E',
EE

where E := (E1, Es, -+ ,En) and |E) := |[E1Ey - -+ En).
We also define the total energy of the string &g =
Zf\;l FE;. Classical thermodynamic properties are deter-
mined by the probability distribution of the local en-
ergies, including their correlations. This information
is contained in the diagonal terms of density matrix
P(E) :=Tr {lﬁ[Eﬁ} = pgg, where Il := |E) (E|. Cor-
responding classical states could have degeneracies in en-
ergy, but we still have a distinguished orthonormal ba-
sis set {|E)}. The probability distribution of the total
energy is pg = Z P(E). So every state has a
E: Eg=E
corresponding classical state defined via the projection
1(5) = Y, P(E) |E) (E.

However, a quantum system is defined by more than
its classical energy distribution — it may have coherence
in the energy eigenbasis. This coherence is associated
with nonzero off-diagonal elements in the density matrix,
namely |E) (E'| for E # E’. The internal coherence cor-



responds to off-diagonal terms of the same total energy
(where &g = Eg) and external coherence corresponds to
terms with different energies (g # Eg/). For any state
p, we denote the corresponding state in which all exter-
nal coherence is removed by D(p) := ) Il pIle, where
g := YoE. Ep—E I is the projector onto the eigenspace
of total energy &.

As illustrated in Fig. [I] internal coherence may be used
to extract work, however it has been shown that exter-
nal coherences obey a superselection rule (called “work-
locking”) that forbids work extraction, and is unavoid-
able if one wishes to explicitly account for all sources
of coherence in thermodynamics [I3]. We study this
phenomenon by defining the process of extracting work
purely from the coherence, without affecting the classi-
cal energy statistics. We find the conditions under which
work can be deterministically extracted in this way from
a pure state. Next, we show that external coherence is
responsible for a system’s ability to act as a clock. The
precision of the clock may be quantified by the quantum
Fisher information (QFI) [28]; we show that the QFT sat-
isfies a second-law-like condition, stating that it cannot
increase under a thermal process. Finally, we derive a
fundamental trade-off inequality between the QFI and
the extractable work from coherence demonstrating how
a system’s potential for producing work is limited by its
ability to act as a clock and vice-versa.

Extractable work from coherence.— Here we demon-
strate that, in a single-shot setting, work may be ex-
tracted from coherence without changing the classical
energy distribution P(E) of the system. We consider
the following type of work extraction process

Thermal Process

p®0)(0lp II(p) ® [W) (W|s,

in which the energy of a work qubit [29] B with Hamil-
tonian Hg = W |W) (W|g (W > 0) is raised from |0) 5
to W) 5.

For energy-block-diagonal states p = D(p) and &
D(6), the work distance is defined as Dyork(p
) = kpTinf[F,(p) — Fy(6)] [12], where F,(p)
kgTSa(p||¥) — kT log Z is a generalized free energy
based on the Rényi divergence

oy

L log Tr[pe6 ], ael0,1)

L log T K&%ﬁ&?ﬁ) ] . a>1.

Sa(pllo) = {

Here Z = Tre—H/(k87T) ig a partition function of the sys-
tem. The work distance is the maximum extractable
work by a thermal process by taking p to 6 [12].

Even when the initial state p is not block-diagonal in
the energy basis, the extractable work is still given by
Dyork(D(p) = &), so external coherence cannot be used
to extract additional work [13]. In order to exploit ex-
ternal coherence for work, one needs multiple copies of p
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FIG. 1. Thermodynamic resources for many-body quantum
systems. Coherences between energy levels provide coherent
oscillations and are resources for the composite system to act
as a quantum clock. At the other extreme, projective energy
measurements on the individual systems provide the classical
energy statistics, which may display classical correlations. In-
termediate between these two cases are quantum coherences
that are internal to energy eigenspaces. Partial interconver-
sions are possible between these three aspects.

D(|¥) (¥1)

D) (1)
() (1) J1 P

() ()

— +pa b |

2 i i i

; p2|---

(@) ‘ R )
Z 7Z

FIG. 2. Thermomajorization graph for the energy-block diag-
onal state D(]1) (1|) and its projection to an incoherent state
II(J9) (¥]) for a two-qubit state |¢) studied in the text with
coefficients p1 and ps. Z represents the partition function of
the system. (a) When p; ¢?*0 is the maximum among p;e” ¥,
Weon is positive, but (b) if another energy (e.g. p2e?#“° in
the plot) obtains the maximum, Weon = 0.

[4, 1] or ancilliary coherent resources [II, 1T}, [13]. Thus,
the single-shot extractable work purely from coherence is
given by

Ween = inf [Fa(D() = Fa(Tl))). (1)

For example, consider extracting work from coherence
in the pure two-qubit state

|01) + |10)

|w>=ﬁo|oo>+m< > )+\/p’z|n>,

where each qubit has local Hamiltonain H; = wy |1) (1].
As shown in Fig. [2| using the concept of thermoma-
jorization [I0], we have Weon > 0 only for sufficiently
large p;. In this case, we have the necessary condition
p1 > (1 + efwo 4 e=Fwo)~1 and the sufficient condition
p1 > P90 /(1 + ePw0) for Ween > 0, independent of pg



and p at an inverse temperature 3 = (kgT)~!. See [24]
for details.

We generalize this statement to the internal coherence
of an arbitrary pure state. Since external coherences can-
not contribute to work, we need only consider the prop-
erties of the state dephased in the energy eigenbasis.

Observation 1. Consider any pure state state 1) with

D) (W) = > pelve)(We|, where |1)g) is an energy €

etgenstate. Nonzero work can be extracted deterministi-
cally from the internal coherence of p at an inverse tem-

perature 3 if and only if TL(e-) (te-|) # le-) (e-| for

£* = argmax pge’?.
£

Internal coherence has some overlap with nonclassical
correlations, namely quantum discord [3I]. Consider the
following quantity which quantifies the sharing of free
energy between subsystems:

Ca(ﬁlﬂ:---:N) = B

where p; is the local state of the ith subsystem. For
nondegenerate local Hamiltonians, the extractable work
from coherence can be written as

Wcoh = kBTu;f [Ca(D(ﬁ)) - Ca(H(ﬁ))} )

noting that the local free energies are the same for D(p)
and TI(p). This is of the same form as discord defined by
Ollivier and Zurek [32], expressed as a difference between
total and classical correlations. Note that the classical
correlations are defined here with respect to the energy
basis, instead of the usual maximization over all local ba-
sis choices. This free energy correlation is also related to
“measurement-induced disturbance” [33] by considering
II(p) as a classical measurement with respect to the local
energy bases.

Unlike previous related studies [4, [], our result
requires that only coherence is consumed in the
work extraction processes, leaving all energy statis-
tics unchanged. We may also consider the “incoher-
ent” contribution to the extractable work, Wincon =
inf o [Fo (T1(5)) — Fa(4)] = Fo(T1(5)) + k5T log Z, which is
the achievable work from an incoherent state II(p) ending
with a Gibbs state 4. The sum of the coherent and in-
coherent terms cannot exceed the total extractable work
from ﬁ to /3/7 i'e-7 Wcoh + Wincoh < Wtot = Dwork(D(ﬁ) >
4). The equality holds when W in Eq. is given
at a = 0. We also point out that this type of work ex-
traction process operates without any measurement or
information storage as in Maxwell’s demon [34] [35] or
the Szilard engine [5] in the quantum regime.

Apart from the above example, a significant case is the
so-called coherent Gibbs state [I3], defined for a single

subsystem as |y) = >, engj' |E;). No work can be

extracted from this state, as D(|y) {(7]) = 4 — an instance
of work-locking. However, nonzero work can be unlocked
[13] from multiple copies \7>®N, N > 1. In fact, from
Observation [T} we see that N = 2 is always sufficient to
give Ween > 0. This is because pge” is proportional to
the degeneracy of the £ subspace — there always exists a
degenerate subspace for N > 2, and this is guaranteed to
have coherence.

Coherence as a clock resource.— Having discussed
the thermodynamical relevance of internal coherence,
we now turn to external coherence. Suppose we have
an initial state o = Y g g pEm |E)(E'|.  After
free unitary evolution for time ¢, this becomes p, =
B pepe Avee't |E) (E'|, where each off-diagonal
component |E) (E'| rotates at frequency Awpp = (£g—
Eg’)/h. Internal coherences do not evolve (Awgg = 0),
while external coherences with larger energy gaps, and
hence higher frequencies, can be considered as providing
more sensitive quantum clocks [36], 37].

By comparing py with p;, one can estimate the elapsed
time ¢. More precisely, the resolution of a quantum
clock can be quantified by (At)2 = ((f — t)?), where
{ is the time estimator derived from some measure-
ment on p;. The resolution is limited by the quan-
tum Cramér-Rao bound [28], (At)2 > 1/Ix(p, H), where

In(p H) = 250, ARG 1) [2 i the QFL and
i, |i) are the eigenvalues and eigenstates of j, respec-
tively. For the optimal time estimator ¢ saturating the
bound, the larger the QFI, the higher the clock resolu-
tion. The maximum value of QFI for a given Hamilto-
nian H is (Pmax — Emin)2, which can be obtained by the
equal superposition |Epmin) + |Fmax) between the max-
imum (Fpax) and minimum (E;,) energy eigenstates.
The GHZ-state in an N-particle two-level system is a
state of this form.

Another family of relevant measures of the clock res-
olution is the skew information I (p, H) = Tr(pH) —
Te(p*Hp'~H) for 0 < o < 1 |28, 38]. For pure
states, both the QFI and skew information reduce to
the variance: 11p(|0), H) = L (|¢), H) = V([¢)), H) :=
(p|H? [¢) — (| H ). In particular, the skew informa-
tion of o = 1/2 has been studied in the context of quan-
tifying coherence [39] and quantum macroscopicity [40].
We also remark that a similar approach to “time ref-
erences” in quantum thermodynamics has been recently
suggested using an entropic clock performance quantifier
[21].

We first note that, even though a quantum state might
be very poor at providing work, it can still function as
a good time reference. The coherent Gibbs state is a
canonical example. As mentioned earlier, no work may
be extracted from |y); however, such a state does al-
low time measurements, since Ip(|y), H) = 486—;2 log Z,

which is proportional to the heat capacity kg3? 88—;2 log Z



[41].

Furthermore, the QFI and skew information are based
on monotone metrics [42} [43], and monotonically decrease
under time-translation-covariant operations [44] [45]. It
follows that the resolution of a quantum clock gives an
additional constraint of a second-law type:

Observation 2. Under a thermal process, the quantum
Fisher (skew) information Ip) of a quantum system
cannot increase, i.e.

Alpg <0. (2)

We highlight that this condition is independent from
those obtained previously, based on a family of entropy
asymmetry measures A, (ps) = Sa(ps||DP(ps)) [13] and
modes of asymmetry > o o, [ppe| [1446]. In [24],
we give an example of a state transformation that is for-
bidden by but not by previous constraints.

Importantly, condition remains significant in the
many-copy, or independent and identically distributed
(IID) limit. This follows from the additivity of the
QFI and skew information, namely Ip(q)(p®V, H)/N =
IF(a)(ﬁ,ﬁl) for all N, where H = Zfil H;. In
contrast, the measure A, is negligible in this limit:
J\}iir1m An(p®N)/N = 0 for all a [I3]. The free energy

F,(p) with @ = 1 has been stated to be the unique
monotone for asymptotic transformations [I1]. However,
this is true only if one is allowed to use a catalyst con-
taining external coherence between every energy level,
M) = [M7Y2 %, o lm), where M = {0,...,2N2/3},
which contains a super-linear amount of clock resources
Ir = O(N*3), so Ir/N is unbounded. Thus is the
first known nontrivial coherence constraint on asymptotic
transformations under thermal processes without addi-
tional catalytic coherence resources.

We can illustrate the physical implications of this con-
dition in an N-particle two-level systems with a local
Hamiltonian H; = 0]0), (0| +wp |1), (1] for every ith par-
ticle. As noted above, for a product state p®V, the QFI
and skew information scale linearly with N. On the other
hand, GHZ state [auz) = 272(|0)*Y + [1)®") has
quadratic scaling, Ir ) (|Ycnz) ,H) = O(N?). Thus the
restriction given by Eq. indicates that a thermal pro-
cess cannot transform a product state into a GHZ state.
More generally, it is known that Ip(p, H) < kN for k-
producible states in N-qubit systems [47], 48], so genuine
multi-partite entanglement is necessary to achieve a high
clock precision of I = O(N?). Also note that the QFI
has been used to quantify “macroscopicity”, the degree
to which a state displays quantum behavior on a large
scale [45], 49].

Trade-off between work and clock resources.— Having
examined the two types of thermodynamic coherence in-
dependently, it is natural to ask if there is a relation be-
tween them. Here, we demonstrate that there is always
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FIG. 3. Trade-off between work and clock coherences. The
solid line refers to Eq. , the dashed line refers to Eq. ,
and the dotted line refers the tighter bound for N = 10.

a trade-off between work and clock coherence resources.
We first give the following bound in an N-particle two-
level system:

Theorem 1 (Clock/work trade-off for two-level subsys-
tems). For an N-particle two-level system with energy
level difference wy, the coherent work and clock resources
satisfy

1 IF (ﬁv I:I)

< — BT
Weon < NkpT(log 2)H, 5 1 N7? , (3)
where H is the total Hamiltonian and Hy(r) = —rlogy r—

(1 —7)logy(1 —r) is the binary entropy.

This shows that a quantum state cannot simultane-
ously contain maximal work and clock resources. When
the clock resource is maximal, Ir = N2w3, no work can
be extracted from coherence W, = 0. Conversely, if
the extractable work form coherence is maximal, W, =
NkpTlog?2, the state cannot be utilized as a quantum
clock as Ir = 0. For N = 2 we derive a tighter inequal-

ity,

Ir(p, H

Weon + (kpTlog 2) (%) <kpTlog2.  (4)
0

We demonstrate that the GHZ state |Yguz) =

2*1/2(|O>®N + \1>®N) and Dicke states |N,k) =

(g)_l/z P P(|1>k |O>N_k)7 summing over all permuta-
tions P of subsystems, are limiting cases that saturate
this trade-off relation. For a Dicke state, the extractable
work from coherence is given by Weo, = kgT log (]]X ) ~
NkgpT(log2)Hy(k/N). However, each Dicke state has
Ir = 0 since it has support on a single energy eigenspace
with € = kwp. In particular, when k = N/2, W, =
NkpTlog?2, attaining the maximal value and saturat-
ing the bounds Eq. and . The GHZ state be-
haves in the opposite way: |Yanz) has maximal QFI



Ir(JYanz) ,ﬁ) = N2w?2 while having no internal coher-
ence, thus Weo, = 0. In this case, we can see the satura-
tion of both bounds (3)) and (4).

Furthermore, our two-level trade-off relation can be
generalized for an arbitrary noninteracting N-particle
system.

Theorem 2 (Clock/work trade-off for arbitrary sub-
systems). Let H be a noninteracting Hamiltonian of N
subsystems, where the ith subsystem has an arbitrary

possibly degenerate ) _level spectrum ’ < ’ <
bly d dD evel ED < B
< El(;())} Also define A% = Zi]\il(Ag))Q with

AD = EO _ B0 Then

Ip(p, H) -
F\P; 3 logd™

n=1

This is more generally applicable than , but is
weaker for two-level subsystems — maximal Ir does not
imply Weon = 0 via .

For systems with identical local d-level Hamiltonians,
(5) reduces to

IF(ﬁ? I:[)

Weon + T (szO

) S kBTlog d7 (6)

where Weon = Weon/N is extractable work per particle
and A% = NAZ where Ag is the maximum energy differ-
ence between the local energy eigenvalues. Our bounds
do not limit the extractable work in the IID limit, since
Ip(p®N H)/N? = 0 for N > 1.

We can also describe how one extends our analysis
into the regime of weak interactions between local sys-
tems. We note that interactions can break degeneracies
in energy eigenspaces, and energy eigenstates of the free
Hamiltonian may not be expressed as a product of lo-
cal states. However breaking of degeneracies in energy
should only be treated above a finite experimental width
€ in energy resolution. Weak perturbations admit a sim-
ilar analysis in terms of work-extraction up to e fluctu-
ations. This e-energy window allows us to use external
coherences with energy gaps less than e for work extrac-
tion by effectively treating them as internal coherences in
the same energy levels. In this case, we can calculate how
work and clock resources are perturbed and note that the
trade-off relation still holds with an O(e) correction.
We also discuss an example for transverse Ising models in
which the trade-off relation can be resolved using a quasi-
particle picture (see [24] for details). The more general
interacting case is non-trivial and we leave this for future
study.

Remarks.— We have found that thermodynamic co-
herence in a many-body system can be decomposed into
time- and energy-related components. Many-body coher-
ence contributing to the thermodynamic free energy has

been shown to be convertible into work by a thermal pro-
cess, without changing the classical energy statistics. We
have illustrated that this work-yielding resource comes
from correlations due to coherence in a multipartite sys-
tem. We have also shown that coherence may take the
form of a clock resource, and we have quantified this with
the quantum Fisher (skew) information. Our main result
is a trade-off relation between these two different thermo-
dynamic coherence resources.
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Appendix
Physical assumptions for the analysis.

For the class of free operations that define the thermodynamic framework, we make the following three physical
assumptions [21].

1. Energy is conserved microscopically. We assume that any quantum operation & : B(Ha) — B(Has) that is
thermodynamically free admits a Stinespring dilation of the form

E(pa) =trcV(pa @ op)V1 (7)
where the isometry V conserves energy microscopically, namely we have
V(Ha® g +1a® Hp) = (Hy @l + 14 ® Ho)V. (8)
Here Hg denotes the Hamiltonian for the system S € {A, A’, B,C}.

2. An equilibrium state exists. We assume that for any systems A and A’ there exist states 44 and 44/ such that
E(Ha) = Aas for all thermodynamically free operations £ between these two quantum systems. In the case
where one admits an unbounded number of free states within the theory, this together with energy conservation
essentially forces one to take

’?A = 7676HA7 (9)

at some temperature T' = (kpf3) ™! and Z4 = tr [e’BﬁA} . However one may also consider scenarios in which the

thermodynamic equilibrium state deviates from being a Gibbs state. Here we restrict our analysis to thermal
Gibbs states.

3. Quantum coherences are not thermodynamically free. Since one is interested in quantifying the effects of co-
herence in thermodynamics, one must not view coherence as a free resource that can be injected into a system
without being included in the accounting. We therefore assume that the thermodynamically free operations
do not smuggle in coherences in the following sense: if £ has a microscopic description of the form [7] then the
same operation is possible with 65 — D(6p) and VW being some other energy conserving isometry. In
other words no coherences in 6 are exploited for free. It can be shown this assumption has the mathematical
consequence that

g(e—itﬁAp’\AeitﬁA) — e—itﬁA/E(ﬁA)eitﬁA/’ (10)
for any translation through a time interval ¢t € R, namely covariance under time-translations.

The first assumption is simply a statement of energy conservation, while the second assumption singles out a special
state that is left invariant under the class of thermodynamic processes. Note that this equilibrium state could be
a non-Gibbsian state and the formalism in [21] would still apply, however for our analysis here, we shall take the
state to be a thermal Gibbs state, simply because this provides us with a notion of temperature and a comparision
with traditional equilibrium thermodynamics. Finally the last assumption can be understood as a criterion for non-
classicality for the framework, and the set of quantum operations defined by these three physical assumptions is called
(generalized) thermal processes (TPs). By using these three physical assumptions (1-3), one can show that a set of
TPs coincide with the set of time-translational covariant Gibbs-preserving maps [21].

We emphasize that TPs are different from thermal operations (TOs) [9, [10]. A key difference is that TOs are

defined by a energy conserved unitary operation between a system and a equilibrium bath 45 = Z];le’*BHB.
trB‘A/r(/sA ® ;YB)‘A/T,

satisfying [V, H4 + Hp] = 0. Crucially, TOs fix the auxiliary system to be in the Gibbs state. One might think that
the assumptions (1-3) imply that TP coincides with TO but this is not the case. The operations in TO all obey
(1-3) and so TO C TP, however there exist transformations in TP that are not in TO. To show this, consider the

regime in which all Hamiltonians are trivial, namely H = 0. For this scenario the equilibrium Gibbs state becomes



the maximally mixed state 21 and conditions (1) and (3) are trivially true for any map. The set of TOs for this
situation coincide with the set of noisy operations, while the set of TPs coincide with the set of unital maps. It is
known that these two sets are not the same.

However it is known that the state interconversion structure of noisy operations coincides with that of unital maps:
we have p — & under a noisy operation if and only if it is possible under a unital operation. Therefore one might
conjecture that these two classes of operations have essentially the same “power”, in the sense just described. It has
been shown in [2I] that when restricted to states block-diagonal in energy that TP and TO coincide exactly in terms
of state interconversion (both are governed by thermo-majorization), however at present it is unclear how/whether
the interconversion structure of these two classes differ for states with coherence, and there is no obvious physical
principle to choose one over the other. However, one nice aspect of TPs is that they admit a complete description in
terms a single family of entropies that have a natural interpretation, while at present no complete set exists for TOs.

Note that the third assumption only accounts for external coherences within the framework. The way in which we
account for internal coherences in our analysis is to demand that the diagonal components (in the basis |E)) of the
state are left invariant by the evolutions considered. Also note that if assumptions (1) and (3) hold then the isometry
W can be taken to be equal to V.

Work extraction from a pure state coherence

Proof of Observation 1

We find the conditions under which work can be deterministically extracted from coherence in a pure state. After
energy block diagonalizing, the state can be written as D(|W) (¥]) = >, pe [¢e) (Ve|, where |1)g) are pure eigenstates
of energy £. Suppose £* gives the maximum value of log pee®¢. Then we have

Weon = inf [Fo(D(p)) — Fo(I(p))]
L 1 ) T peBU-a)E (11)
—int (1) e

a \a—1 < e(l—a)sa(ﬁsfdiag)p?e—ﬂ(l—a)f ’

where pg_diag = I(|9g) (¢]) is a fully dephased state in the energy eigenspace €. Then we notice that Sq (fe_diag)) >
0 for any o € [0, 00), unless pg_diag is incoherent (i.e. no internal coherence for £). This leads to Fi, (D(p))—Fo(I1(p)) >
0 for any finite value of a. In the limit a — 00, Fuo(D(p)) — Fao(II(p)) = logpe-e®e" — maxg y, psAee®® > 0,
unless pg+_diag is incoherent. Here, A\¢ are eigenvalues of pg_diag. Thus if a pure state does not contain internal
coherence for £*, Weon < Foo (D(p)) — Foo(TI(p)) = 0. Conversely, if the state contains internal coherence for £*,

Fo(D(p)) — Fo(II(p)) > 0 for all « € [0, 00), thus positive work can be extracted.

Work extraction condition for a bipartite two-level system

We consider work extraction from coherence in a two-qubit system with local energy difference wg in each qubit,
starting from a pure state of the form

) = Va0 + i () 4

Observation 1 says that p; should be large enough to extract work under a single-shot thermal operation. In this
case, the condition from Observation 1 can be written as

p1eP0 > py=1—p; —ps
preleo > poe2fwo,
This leads to a necessary condition for extracting a positive amount of work Wyt > 0 from coherence:

1
1= 1 + eBwo 4 ¢—Bwo

p



Thus if 0 < p; < (1 + %0 4 e7P“0)~1 we cannot extract work from coherenc,e even though the state definitely
contains internal coherence of the form |01) + |10). On the other hand, a sufficient condition for Wy > 0 can be
obtained:

eBwo

p1 > 11 cfon”

An example of the quantum Fisher (skew) information imposing independent constraints from F, or A,

We present an example showing that our asymmetry quantifiers give constraints on quantum thermodynamics
independent from those due to the free energies F,, or the coherence measures A,. Let us consider the transformation
by a thermal process of the initial state

05 0 01 0.1
[ 002 0 o
P=1o01 0 025 01
01 0 01 0.05

to the final state

0.5 0.099 0.099 0.099
~ | 0099 025 0 0
10099 o0 0.2 0
0.099 0 0 0.05

Q

with the Hamiltonian H = Zi:o nw [ny (n]. It can be checked that the free energies F,, and coherence measures A, of
the initial state p are larger than those of the final state ¢. Furthermore, each mode of coherence is decreased from 0.1
to 0.099. However, the skew information values for a = 1/2 are given by I 5(p, H) = 0.153 and I, /5(6, H) = 0.163;

the quantum Fisher information values are Ir(p, H) = 0.843 and I(&, H) = 0.959 (all in units of w?). Thus a thermal
process cannot transform p into &, but such a transformation is not disallowed by the restrictions given by F, or A,.

This is due to that the coherence monotones given by the quantum Fisher information and skew information capture
not only the degree of coherence between different energy eigenstates, but also take account of how much energy level
spacing exists in each coherence term.

Clock/work trade-off relation: Two-level local Hamiltonian systems

We first prove the following proposition.

Proposition 1 (Work bound). For a given energy distribution pg, the extractable work from coherence is upper
bounded as follows:

Wcoh < kBszs 10g ge, (12)
&

where ge 1s the dimension of the eigenspace of energy level £.

Proof. Note that
Weon = inf [Fo(D(p)) — Fa(I1(p))]
0)

F(D(p)) — F(I1(p)) (13)
— kT [S(11(3)) — S(D(R)].

Since both TI(p) and D(p) are energy-block diagonal, we can express I1(p) = Yo\ g, |E,A) (€, A and D(p) =
257)\]3?7/\ IE,X) (€, A for A=1,2,---, ge with Y252, pi \ = 3", pE = Pe. Then we have

pf)\ p?/\ Pg,\ prr:[,\
S(I(p)) — Zpsz e gpj_pjlogpj "
14

< Zps log ge,
3
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since S(p) — S(6) < logd for d-dimensional states p and &. O

Proof of Theorem 1

Here we provide a complete proof of Theorem 1 that extractable work from coherence is upper bounded by the

quantum Fisher information:
W, 1 | IF (ﬁv ﬁ)
< a - .
coh S kBTN(IOg Q)Hb 2 1 Ngwg (15)

Proof. In an N-particle two-level system with energy difference wyp, the degeneracy of the energy level £ is given by
ge = (1,\{)7 where £ = wyn. By using the fact that

n

(N> < oNIL (%)

for every N and n, we obtain

N
Weon < kT S pe log (n) < NkpT(log2) 3 pe Hy(n/N), (16)
I &

where Proposition 1 has been applied to obtain the first inequality.
Furthermore, we can express the binary entropy as

oo

B 1 (1 - 22)%
Hy(@) =1~ 51553 ; 2 —1)

For a given probability distribution p, and j > 1 we have

> pe(l—22)% > [pr(l - 2%)2] = (1-2y)%,

where y = 1 [1 +/(1-27)2 + 4Var,3} with Z =" pyz and Var, = > p.(z — Z)?. Then we have

1 & (1 —2x)%
= H, =1- Ry o
zgc:p o(@) 210g2;zz:p j(2j—1)

1 i (1—2y)%
2log2 = j(2j — 1)

= Hy(y).

By substituting this result into Eq. , we obtain

= 2
1 2F 4Var 4
Weon < NkpT(log2)H, | = |1+ 1— 0 BN I 17
v < NkpT(log2)H, | 3 \/( Nwo) N2w2 (17)

where E = (H); and Vary, = ((H — E)?);. Note that H; is symmetric about = 1/2 and monotonically in-
creasing for z < 1/2. We also note that 4Vary, > Ir(p, H ) for every quantum state p. These observations lead to

Hy(i]1+ 1- 2& ’ 4 Warg <Hy(i]|1- Lr(p.H) which completes the proof O
2 Nuwo Newg | | S 2 Nwg | ) p proot.
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FIG. 4. Numerical verification of the bound log (]X) < log (NA/72) Hy(n/N) for N < 100. The value of N increases from the upper
most curve (N = 2) to the lowest curve (N = 100).

Tighter bound of the trade-off relation

The bound from Theorem 1 can be tightened. We have observed that

(=)™

log (:X,) < Hy(r)log ( NZ\/;)

for every 0 < r < 1 and N up to N = 100. The binomial coefficient for an odd number of N is defined as
( N ) = WD by using the Gamma function I'(z) = fooo 2"~ le~dx. Figure 4 shows that the inequality well

or equivalently

N/2 T(N/2+1)2
holds for V < 100 and seemingly holds for every number of N, yet the proof for a general case has not been found.
From the inequality above, we obtain a tighter bound of the trade-off relation [I7] by taking n = rN and replacing

N log 2 with log (NA/IQ):

N 1 Ip(p, H)
< kpTl Hy | = |1 - ——— 1
Wcoh = kB 0og <N/2> b 2 Nzw% ) ( 9)

When N > 1, we note that Nlog?2 ~ log ( NA/IQ) then the bound approaches to the bound of Theorem 1.

Clock/work trade-off for N = 2

We show the tighter trade-off relation between clock/work resources for N = 2 case:

Ip(p, H
Weon + (kBTIOg 2) (%) < kpTlog2. (20)
0

Proof. Suppose the state has probability pg, p1, and ps for each energy level 0, wy and 2wy. By using Eq. for
N =2, we have Weon < kpT'(log2)p;, since the state has a degeneracy in the energy-eigenspace only for £ = wy. In
this case, energy variance Vary is given by

Vary = wi(—pi + p1 — 4p3 + 4p2 — 4p1po),
which leads to the maximum value of pq,

P =1— Varg /wg,
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for a given value of Var,. Again, we can use 4Vary > Ir(p, H) to get

Ir(p, H
Wcoh S kBT(log 2)p11nax = kBT(IOg 2) <1 - Fip72 )> .
wo

which is the desired inequality. O

Clock/work trade-off relation: General case
Proof of Theorem 2

We prove the statement of Theorem 2:

W —+ <
coh kBT ( 3 > kBTi - IOgd P (21)

where A% = vazl(Ag))z with A%) is the maximum energy difference of the ith subsystem.

Proof. In this case, the degeneracy gg of the energy &£ is given by
N

ge = H d® fe,
i=1

where fe = > o _o P(E) is a probability (or frequency) to have the energy & in the N-particle system, since vazl d®

is total possible numbers of E. Then f¢ can be considered as a probability distribution of a variable Xy = vazl E;

from the distribution of independent random variables of E; for ith party. In our case, E; is strictly bounded by
E%l) <FE,< E((;(Z) and it has the same probability P(E; = EJ(Z)) = l/d(i) for every j =1,2,---,d" and zero for all
other cases. Hoeffding’s inequality [25], then shows that

N N 4@ (i)
E: .
where up := E(Xy) =E (Z E1> = ZZ <d(Jl‘) ) and AZ = Z?;(A%))z' Using this, the upper bound of f¢ is
i=1 ;
given by

2(€ — pp)?
Je = PUy =€) < Pty 2 €) s op [-ZELLEE],
Again using Proposition 1, we have

Wcoh < kBT ch‘) IOg ge
&

N
—kpT Y pelog <H du)fs)
£ i=1

N
= kBTZlog d® + kBTZpE log fe
i=1 3

S/@BTZIOgd _TZPS(S_ME)
E £

i=1

N
y 2kpT 2kgT , -
:k:BTZlOgd(’)_ ABQE VarH_TBJQE(E_“E)2
i=1

N N A
: Ir(p, H
< kpTY logd® — kpT <F2(Z’2)> :
i=1 E
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where the last inequality is from the fact 4Vary, > Ir(p, H ). O

Trade-off relation by allowing a small energy resolution window

In a real experimental situation, it is hard to access an exact energy level with prefect prevision, so we may permit
a finite energy gap € in energy levels. Under this assumption, we view states with an e-energy gap to be “essentially
the same” energy and so can carry internal coherences for approximate work extraction. In order to introduce the
energy gap €, we divide the energy spectrum into intervals

[+ (m—=3) € pm + (m + 5
Em = (/JE—l—(m—%)e,,uE—&—(m—i—%)e} form <0,
(ke + (m—=3) e pm + (m+ 3
where each interval has an energy width e.
Consequently, we define the energy distribution for mth interval pf, = Z‘Sesm pe and its degeneracy g5, =

Do ¢, ge. respectively. If we allow the € energy gap for internal coherences, the amount of extractable work is
upper bounded by

coh < kpT me 10g gm

(23)
= kBTZIOgd< D+ kBTme log 5.
i=1
where ff, is the frequency to be in the mth energy interval. The upper bound of f;, is then given by
2 2
1 ex [772("”'71/2) < m# 0
fo,=P(Xy €& < (XN—(ME+em)| >< p AZ, (m # ).
2 1 (m =0)
By following the same argument with Theorem 2, we have
_1y2.2
<< kBTZIOg dD —kpT S i, {'m')ﬁ]
i=1 m#0 E
(24)
ol . 2kBT
:kBTZIOgd(” me|m|2 2 eZp |m| + - Qme
i=1 m##0

When € € &,,, we use the fact that ug + (m — 1/2)e < € < ug + (m + 1/2)e to show

> pe€—pp)?=>_ " pel€—pr)?
<

m E€&,

<> < > p:n> (26 4 pmle+ 3¢

m EEEm
€ € 1
= memzeQ + eme\m\ + 162.
m m

By substituting this inequality into , then we finally get the following trade-off relation by allowing a small energy
gap ¢,

N
<kpT Y logd™ + R(e), (25)

=1

€ IF(ﬁ?ﬁ)
WCOh + kBT <2A2E'

where the correction term is given by
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We additionally analyse how the quantum Fisher information is perturbed under the same energy resolution window.
In this case, the Hamiltonian corresponds to the energy levels {£,} can be expressed as H + (¢/2)H, where (¢/2)H;
with ||Hp]|e < 1 fills the e-energy gaps of H. Then the quantum Fisher information with respect to this Hamiltonian
is given by

IF ==

(Aﬁ 5 ,)

= Z (05 H + szwm
7.k
Z
7.k

2 A~
[IW;IH (1) 12+ e(as | H [ohw) (o[ Hr [455) + - |51 H e |2

= Ie(p, 1) + 2eZ OO 1 ) (on 1 )+ 105, ),

Jsk

where A\; and |1);) are eigenvalue and eigenstate of j, respectively.

. Aj—A ; Aj—A
By using the fact 3, SR W ln) (0l A1 103)] < (2,0 G5 ) 111l Ao < 21 oo, we observe

that the e-energy resolution window perturbs the quantum Fisher information at most 4€HH |loo + €2. Note that
Ip(p, Hy) < 4]|H;||% = 4. Finally, we obtain the following trade-off relation between clock/work resources with the
e-energy resolution

Ig(p, H) o (i) |,
Weon + kT | 555 | < ka3 _logd® + R(o) 27)

=1

where f(e) = 4 [2¢ (S, piulml + 111 ) + (% = p5)| = O(e).

Nonlocal energy-diagonal states problem and energy level degeneracy in the Ising model

The problem of nonlocal energy-diagonal states can be also circumvented by allowing a small energy gap when
interaction is weak. As an example, we analyse this in the Ising model. In the 1D transverse-field Ising model, the
Hamiltonian is given by

where h and J are the strength of the transverse field and the coupling between adjacent spins, respectively. Here 6&2, p
are the Pauli-z, y, z operators for ith spin, and we additionally assume a periodic boundary condition ag\;tl) = &(2 2
We use |0) and |1), which are eigenstates of &, with eigenvalue —1 and 41, respectively, as a computational basis of

local spins.

We first consider the case of N = 2, with a weak interaction J < h. When there is no interaction, i.e. J =0, an
energy eigenvalue E = 0 has degenerate eigenstates |01) and |10). For J # 0, the energy level splits into E = +2.J,
where corresponding eigenstates are given by the entangled states 1)) = |01) F]10). Assuming a weak interaction
J < h, we can allow a small energy gap € > 4J, then we can consider |[¢)+) to have effectively the same energy level
and transformation between them is possible by a thermal process. In this case, internal coherence is now contained
in the coherence between [¢+). A thermal process can transform this type of internal coherences to a fully mixed
separable form |01) (01| + |10) (10|, by which we can extract extra work as in the noninteracting Hamiltonian.
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The same technique of can be used to calculate perturbation of the QFI by the weak interaction,

IF(ﬁa ﬁlsing 22 )\ T /\ ¢j|HIsmg |¢k> |
=2
Z A+ )\k
N N

N
|3 Ho [Whe) 2 + 2hJ (1] Z D 1) (vl Z © 68 ) + 2|51 Y 68 @6l |wk>|2]

i=1 i=1 i=1

N
= Ir(p, Ho) +4hJZ y H wZa“ ) wuZo 8T ) + I I <,Z& >®A<Z+1>

1=

=

where Hy = —h vazl &S’) is the unperturbed Hamiltonian. Then with the interaction, we have
Ir(p, Hy) — 8hJN? < Ip(p, Hising) < Ir(p, Ho) + 8hJN? 4 4J2N2.

by using || SN 60 < N and || N, 68 @ 687V < N

For general N and an arbitrary strength of interaction J , the Ising Hamiltonian can be rewritten in terms of
non-interacting quasi-particles [26]. In this viewpoint, we can redefine internal and external coherences between the
non-interacting quasi-particles and apply Theorem 2 accordingly.

In the transverse Ising model, the spin operators can be mapped to the excitations of spinless fermions by the

Jordan-Wigner transformation é = (@2 116(j)) A(l)7 where J(l) (A(l) 'A(l))/2 Note that the operator ¢, and
clT satisfies the following anti-commutation relation: {ck,cl} = Jp,; and {ck,cl} = 0. Then we note that the Ising
Hamiltonian can be divided into two block diagonal Hamiltonians Hlsmg —H o Ho, depending on the parity of the

fermion number N = > éTé] [27].
Each Hilbert space can be diagonalized by taking Fourier transform of fermion operators,

N N
o 1 o
G ptknd b — 5. otPnd
— g éje (even) and ¢é,, = — E ée (odd),
; VN “—

where
2 1/2 2
kn = w (even) and p, = %n (odd)
for n = —%,- % — 1. Then the following Bogoliubov transformation for both k, and p,

¢ = cos(0r/2)by + isin(ﬂk/Q)lA)ik
éh = isin(0y/2)by + cos(0r/2)b! .,

with the Bogoliubov angle e?* = (h — Je™)/\/J? + hZ — 2h.J cos k leads to

=Y e, [aznz;kn _ ﬂ (even) and M, %:0 g, [B;nzs,,n _ ;] 2] — ) [z;gi,o _ ﬂ (0dd),
with the dispersion relation |26, 27]
Er = 2y/h? + J2 — 2hJ cos(k).
Thus the energy spectrum of the Hamiltonian ﬁlsmg can be evaluated as E(kq,- - , ko) for even numbers of the
fermion excitation |ky,- -, ko) = ]_[12;”1 i)z |0) vg € He known as Neveu-Schwarz (NS) sector and E(py, - -, pam) for

odd numbers of the fermion excitation |p1, -+, pomt1) = H2m+1 bT |0) € Ho known as Ramond (R) sector. Figure
shows the number of degeneracies in the energy eigenspaces Wlth various configurations of J and h for N = 16.
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FIG. 5. Degeneracy in energy eigenspaces for the transverse Ising model. Parameters are chosen from h = 1,J = 0 to

h =0,J =1 with N = 16 by allowing the energy gap € = 0.5.

In this case of large N, we note that k, ~ p,, and the diagonalized form of the Ising Hamiltonian can be considered

as the N-particle non-interacting two-level Hamiltonian model with energy levels {—5%, 5’;" } in the nth site. Then

we can apply Theorem 2 to obtain the clock/work trade-off relation by taking

N N N
AL =32~ &2 =3 A(h? + J? - 20 cos(ky)) = AN(h? + J?).
n=1 n=1

n=1

and d) = 2 for every n. Finally, we have the trade-off relation for the 1D-transverse Ising model:

coh + kT | ——5—
Weon + kB <8N(h2+J2)

) < NkpTlog2.

For general nonintegrable many-body systems, however, a general trade-off relation between clock/work resources is
a highly non-trivial question, and deserves further study.
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