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ABSTRACT	

The	combined	Finite–Discrete	Element	Method	(FEMDEM)	is	one	of	the	most	versatile	numerical	

frameworks	 for	 the	 mechanical	 analysis	 of	 multi-body	 industrial	 applications.	 Currently,	 the	

inclusion	of	only	elastic	and	brittle	material	models	 limits	the	problems	that	can	be	realistically	

simulated.	 This	 new	work	 focuses	 on	 expanding	 the	 capabilities	 of	 existing	 FEMDEM	 codes	 in	

order	to	include	inelastic	material	models	successfully.	

After	 describing	 and	 implementing	 the	 appropriate	 theoretical	 and	 numerical	 framework	 for	

elasto-plasticity,	a	thorough	numerical	verification	analysis	is	presented.	Test	cases,	varying	from	

simple	 one-dimensional	 quasi-static	 problems	 through	 to	 fully	 three-dimensional	 impact	

analysis,	 are	 explored	 to	 illustrate	 the	 stability,	 accuracy	 and	 robustness	 of	 the	 inelastic	

behaviour	implemented.		

The	 extension	 of	 this	 plasticity	 implementation	 to	 finite	 deformations	 is	 then	 discussed.	 The	

ability	 of	 the	 extended	 simulation	 tool	 to	 capture	 large	 strain	 non-linear	 phenomena	 is	 then	

numerically	demonstrated	with	the	successful	analysis	of	two	benchmark	problems:	(a)	the	high-

speed	 impact	 of	 a	 copper	 rod	 against	 a	 wall;	 (b)	 the	 unconfined	 uniaxial	 compression	 of	 a	

cylinder	with	Mohr-Coulomb	plasticity.	

To	explore	 the	potential	 range	of	 the	new	model,	 a	 complete	 case	 study	 to	 simulate	 concrete	

crushing	behaviour	during	an	impact	test	is	performed.	A	simple	experimental	setup	is	designed	

to	 investigate	 steel-to-concrete	 inelastic	 collisions	 focusing	 on	 the	 energy	 losses	 via	 the	

coefficient	 of	 restitution.	 The	 processed	 experimental	 results,	 combined	 with	 concrete-

characterisation	tests	are	used	to	calibrate	a	two-parameter	Mohr-Coulomb	material	model	via	

parametric	numerical	analysis.	In	order	to	overcome	current	limitations,	a	generalised	piece-wise	

Drucker-Prager	 plasticity	 model	 to	 accommodate	 non-linear	 material	 plasticity	 behaviour	 is	

developed	and	corresponding	return-mapping	equations	are	discussed	in	detail.	

The	foregoing	extension	to	large	strain	plasticity	of	the	in-house	FEMDEM	multi-body	simulator,	

Solidity,	 is	discussed	in	a	more	general	context	by	reviewing	recent	FEMDEM	development	and	

application	 research	 being	 undertaken	 at	 Imperial	 College.	 Finally,	 this	 work	 is	 put	 into	 the	

overall	 context	of	 the	multi-physics	 research	plans	by	providing	preliminary	analysis	 results	 for	

two	industrial	applications:	(a)	concrete	armour	units	impacts,	(b)	powder	compaction.	
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CHAPTER	1 INTRODUCTION	

1.1 Motivation		

Recent	 technological	 advances	 in	 computer	 capabilities	 have	 allowed	 us	 to	 use	 sophisticated,	

and	until	recently	computationally	expensive	numerical	methods	for	the	analysis	and	modelling	

of	 large	 scale	 engineering	 problems	 involving	 solids	 and	 fluids	 efficiently.	 In	 structural	 and	

geotechnical	engineering,	the	most	popular	and	commonly	used	are	the	Finite	Element	Method	

(FEM)	introduced	in	1950s	and	the	Discrete	(or	Distinct)	Element	Method	(DEM)	in	the	1970s.		

FEM	 is	a	general	numerical	 technique	 for	 solving	engineering	and	mathematical	problems	 that	

are	described	with	partial	differential	equations.	In	mechanics,	its	main	characteristic	is	that	the	

continuous	structural	body	is	spatially	discretized,	without	violating	the	continuum,	into	smaller	

elements,	where	the	unknown	functions	(in	structural	and	geotechnical	analysis	these	are	usually	

stress	and/or	strain	fields)	have	predefined	controlled	properties	on	the	different	elements.	For	a	

detailed	overview,	see	for	example	Zienkiewicz	and	Taylor,	2000.	

DEM	on	the	other	hand,	firstly	introduced	by	Cundall	(1971)	is	a	numerical	approach	for	solving	

multi-body	 dynamics	 problems.	 In	 DEM,	 the	 continuous	 structural	 body	 is	 discretized	

discontinuously	 into	 free	 rigid	 particle-bodies	 (usually	 spheres	 or	 ellipsoids)	 that	 interact	with	

each	other	under	defined	contact	laws	(see	Cundall	and	Strack,	1979;	Thornton,	1992).	

	 	

a)	 	 	 		 b)	 	 	 	 c)	

Figure	1.1:	Illustration	of	discretisation:	a)	Finite	Element	Method	(FEM);	b)	Discrete	Element	
Method	(DEM);	c)	Combined	Finite-Discrete	Element	Method	(FEMDEM)	
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A	 powerful	 development	 in	 the	 use	 of	 the	 above	 methods	 is	 their	 coupling,	 namely	 the	

Combined	Finite-Discrete	Element	Method	 (FEMDEM),	 firstly	proposed	by	Munjiza	 in	 the	early	

1990s	 (for	 a	 detailed	 overview,	 see	Munjiza,	 2004).	 It	 was	 demonstrated	 to	 be	 a	 robust	 and	

efficient	numerical	modelling	technique,	 in	which	each	discrete	element	(DE)	 is	discretized	into	

finite	 elements	 (FEs).	 Therefore,	 discontinuous	 behaviour	 is	 analysed	 by	 DEs,	 while	 FEs	 are	

employed	in	the	analysis	of	continuous	behaviour	(Figure	1.1).	

With	 this	 technique	 in	 hand,	 many	 problems	 in	 different	 aspects	 of	 engineering	 (impact	

problems,	multi-body	dynamics,	 rock	 slide	 avalanching,	 grain	 packing	problems,	 catalyst	 pellet	

packing	problems,	 etc.)	 can	now	be	 treated	and	analysed	 taking	 advantage	of	 its	 capability	 to	

deal	simultaneously	with	both	continuous	and	discontinuous	behaviour.		

The	great	interest	of	the	research	community	on	these	families	of	problems	over	the	last	decade,	

led	to	the	development	of	an	in-house	fully	three	dimensional	FEMDEM	code	at	Imperial	College	

London,	called	Solidity	(as	associated	with	the	former	Y3D	code).	The	rapidly	developed	code	has	

proved	to	be	a	very	successful	and	promising	numerical	tool	for	tackling	multi-body	interactions	

of	 deformable	 and	 in-deformable	 bodies.	 However,	 until	 recently,	 it	 included	 only	 elastic	 and	

visco-elastic	material	models	(Xiang	et	al.,	2009).		

Elasticity	theory,	although	 in	many	cases	 it	 is	a	reasonable	and	accurate	assumption,	has	some	

obvious	 limitations	 for	 capturing	 real	material	 response.	 In	 reality,	 one	 usually	 observes	more	

complicated	 phenomena	 in	 deformed	 structural	 bodies,	 especially	 under	 higher	 stress	 states.	

These	 include	 irreversible	 (plastic)	 deformations,	 hardening/softening	 behaviour	 and	 most	

importantly	 dissipation	 of	 energy	 during	 loading.	 Thus,	 by	 restricting	 the	 analysis	 to	 elastic	

materials	including	those	with	viscous	damping,	one	usually	gets	unrealistic	stress	states	in	terms	

of	both	magnitude	and	distribution	on	the	loaded	objects.	

In	 the	meantime,	one	of	 FEMDEM’s	 recent	and	 interesting	 industrial	 applications	 is	on	coastal	

structures	 and	 specifically	 on	 the	 analysis	 of	 concrete	 units,	 which	 are	 widely	 used	 for	 the	

armouring	 of	 rubble-mound	 breakwaters	 (Figure	 1.2).	 There,	 the	 armour	 units,	 during	 their	
placement	and	under	wave	attack,	 interact	with	each	other	 resulting	 in	 the	possibility	of	 their	

damage	and	 fracture.	 It	 is	evident	 from	both	experimental	and	numerical	analyses	 that	elastic	

models	are	inadequate	to	simulate	their	structural	integrity	realistically.		

Recently,	elastic-brittle	facture	models	have	been	successfully	included	in	FEMDEM	(see	Guo	et	

al.	 2016).	 However,	 during	 certain	 collisional	 deformations,	 concrete’s	 pre-failure	 behaviour	
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doesn’t	 involve	any	macro-scale	facture,	 i.e.	energy	 is	dissipated	without	any	local	catastrophic	

deformation.	Thus	a	continuous,	inelastic	approach	has	to	be	considered	instead. 

	

	 		

Figure	1.2:	Example	of	concrete	armour	units	
	(source:(a)	Latham	et	al.	2008;	(b)	Latham	et	al.	2009)	

In	order	to	tackle	this	and	other	multi-body	problems	involving	inelastic	collisions,	there	is	a	need	

for	including	more	sophisticated	material	models	in	the	existing	code	and	more	generally	in	the	

FEMDEM	framework.	Furthermore,	the	great	interest	of	the	industrial	and	research	community	

in	 the	 simulation	 of	 a	 more	 realistic	 behaviour	 of	 inelastic	 packed	 and	 colliding	 or	 rocking	

concrete	 bodies	 resulted	 in	 several	 funded	 research	 initiatives	 including	 an	 EPSRC-funded	

research	project	named	“modelling	forces	and	stresses	in	Gigantic	Granular	Systems	(GGS)”.	The	

current	 work	 was	 a	 part	 of	 this	 research	 project	 focusing	 on	 the	 need	 to	 achieve	 a	 better	

understanding	of	such	 in-elastic	stresses.	A	generic	technology	was	to	be	developed	that	could	

predict	the	likely	energy	losses	that	would	occur	in	practice.	The	ability	to	accommodate	plastic	

behaviour	 would	 be	 important	 in	 this	 context	 as	 it	 would	 help	 predict	 the	 way	 compressive	

concrete	 crushing	 at	 contact	 regions,	 helps	 to	mitigate	 against	 the	 high	 dynamic	 stresses	 and	

fracture	that	would	otherwise	be	predicted	for	a	purely	brittle-elastic	material	behaviour.		

Thus	this	research	focuses	on	developing	and	implementing	inelastic	material	models	expanding	

existing	capabilities	of	FEMDEM	numerical	framework.	

It	 is	 important	 to	 note	 that,	 to	 the	 author’s	 best	 knowledge,	 only	 commercial	 software	 with	

similar	capabilities	exist,	i.e.	being	able	to	tackle	both	discrete	body	interactions	and	plastic	large	

deformations	 with	 combined	 FEMDEM	 techniques.	 These	 do	 not	 have	 any	 published	

documentation	 with	 details	 of	 their	 implementation.	 Examples	 include:	 ELFEN	 by	 Rockfield,	
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ABAQUS	by	Simulia,	3DFlac	by	Itasca,	Dyna3D	by	LSTC,	AutoDyn	by	ANSYS.	This	PhD	work	aims	to	

provide	a	state-of-the-art	open-source	fully	verified	tool	for	use	by	the	research	community	for	

the	first	time.	At	the	time	of	writing,	the	Applied	Modelling	and	Computational	Group	(AMCG)	of	

the	Department	of	Earth	Science	and	Engineering	(Imperial	College	London)	are	proposing	that	

the	research	FEMDEM	code	‘Solidity’	would	be	released	in	the	near	future	to	extend	the	multi-

physical	capabilities	of	several	open-source	software	projects	in	AMCG.	

1.2 Contributions	of	this	work	

The	main	contributions	of	this	work	can	be	summarised	as	follows:	

• Provided	the	theoretical	numerical	framework	under	which	one	can	successfully	integrate	

inelastic	material	models	in	a	FEMDEM	solver.		

• Implemented	return	mapping	strategies,	extending	the	existing	in-house	Solidity	code	to	

being	 able	 to	 capture	 large	 strain	 elastic-plastic	 behaviour	 successfully.	 This	 newly	

extended	tool	gives	colleagues	in	Imperial	College	London	the	opportunity	to	tackle	open	

scientific	questions	for	the	first	time,	an	enabling	technology	soon	to	be	released	as	open-

source	for	the	research	community	at	large.	

• Conducted	an	exhaustive	verification	and	validation	analysis,	testing	all	aspects	of	elastic-

plastic	behaviour	including	quasi-static	and	dynamic	tests	for	both	single	body	and	multi-

body	impact	problems,	for	small	and	large	strain	deformations.	This	set	of	numerical	tests	

was	selected	so	it	can	provide	proof	for	the	accuracy	and	robustness,	not	only	of	current	

plasticity	 implementation,	 but	 also	 of	 the	 integrity	 of	 the	 Solidity	 solver	 as	 a	 complete	

numerical	 tool.	 Furthermore,	 it	 consists	 of	 a	 set	 of	 benchmark	 tests	 that	 future	

developers	can	use	to	verify	their	implementation.	

• Provided	a	simple	experimental	procedure	under	which	one	can	successfully	measure	the	

energy	 losses	 (using	 the	 coefficient	 of	 restitution)	 during	 inelastic	 impacts	 of	 concrete	

targets.	Furthermore,	 the	experimentally	obtained	results	were	used	as	a	case	study	 to	

demonstrate	how	one	can	efficiently	use	the	extended	FEMDEM	to	numerically	simulate	

concrete	impacts.	

• Proposed	 and	 described	 a	 piece-wise	 Drucker-Prager	 material	 model	 in	 order	 to	

overcome	 the	 limitations	 of	 two-parameter	 models.	 Provided	 an	 efficient	 algorithm	
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based	 on	 existing	 implementation	 and	 validated	 the	 implemented	 model	 using	 the	

impact	problem	under	consideration.	

• Demonstrated	 the	applicability	and	 took	 the	 first	 steps	 to	examine	 the	potential	of	 the	

newly	extended	tool	for	use	in	current	industry	problems	involving	interactions	between	

discrete	bodies.	

1.3 Thesis	outline	

In	Chapter	2,	the	most	 important	and	relevant	aspects	of	mathematical	theory	of	plasticity	are	

explored	and	presented.	Expanding	on	the	simple	one-dimensional	hardening	plasticity,	focus	is	

given	on	the	three	dimensional	theory	of	plastic	flow.	We	describe	its	basic	assumptions,	which	

let	us	formalise	the	general	elastic-plastic	constitutive	law	into	a	set	of	differential	equations.	A	

numerical	 solution	 of	 these	 is	 then	 presented	 using	 a	 discretisation	 scheme	 that	 leads	 to	 the	

well-known	 return-mapping	 equations.	 Furthermore,	 a	 complete	 numerical	 framework	 is	

provided	 under	 which	 a	 three-dimensional	 plasticity	 material	 model	 can	 be	 successfully	

integrated	 in	the	Solidity	code	and	generally	 in	FEMDEM	solvers.	We	then	discuss	 in	detail	 the	

implemented	 return-mapping	 algorithms	 for	 the	most	 commonly	 used	material	 models	 while	

paying	 attention	 to	 the	 solver’s	 numerical	 stability	 and	 accuracy.	 Finally,	 user	 guidance	 of	 the	

extended	 methodology	 is	 provided	 including	 a	 discussion	 of	 some	 of	 the	 numerical	

considerations	for	the	current	implementation	adopted.	

In	Chapter	3,	a	thorough	numerical	verification	analysis	is	presented.	Inspired	by	the	simple	one-

dimensional	 elasto-plastic	 bar,	 we	 start	 the	 analysis	 with	 the	 cyclic	 axisymmetric	 loading	 of	 a	

uniaxial	 cylinder.	 Multiple	 boundary	 conditions	 and	 material	 properties	 are	 considered	 and	

results	are	compared	against	the	theoretically	expected	behaviour.	Then,	the	dynamic	oscillation	

of	 a	 cubic	 mass	 is	 considered.	 Using	 ad-hoc	 implemented	 calculations	 for	 elastic,	 plastic	 and	

kinetic	energy	measures,	we	test	current	implementation	in	terms	of	energy	preservation,	during	

a	 complicated	 loading	 scheme.	 We	 further	 use	 this	 test	 for	 mesh-size	 convergence	 analysis.	

Finally	 we	 use	 the	 current	 implementation	 to	 analyse	 the	 normal	 collision	 of	 elastic-plastic	

spheres.	Both	the	cases	of	sphere	against	wall	and	sphere	against	sphere	are	considered	and	the	

numerically	 obtained	 coefficient	 of	 restitution	 is	 compared	 against	 known	 semi-analytical	

expressions	and	previous	simulation	results.	
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In	 Chapter	 4,	 the	 extension	 of	 current	 plasticity	 implementation	 to	 large	 deformations	 is	

discussed.	The	mathematical	 formulation	and	the	numerical	framework	of	computational	finite	

strain	plasticity	are	presented,	discussing	 in	detail	the	 implemented	algorithms,	based	on	ideas	

found	in	literature.	The	high-speed	dynamic	impact	of	a	Taylor	copper	bar	is	firstly	deployed	as	a	

benchmark	case	against	which	the	large-strain	plasticity	 implementation	is	validated.	Note	that	

this	is,	herein,	simulated	as	an	impact	problem	between	discrete	bodies,	taking	advantage	of	the	

FEMDEM	technique’s	ability	 to	simulate	collisions.	These	analysis	 results	are	compared	against	

others	found	in	the	literature.	Finally,	the	tool’s	ability	to	capture	strain	localisation	phenomena	

correctly	 in	 three	dimensions	 is	validated	with	 the	prediction	of	propagation	of	shear	bands	 in	

the	case	of	an	unconfined	uniaxial	compression	of	a	Mohr-Coulomb	cylinder.	

In	Chapter	5,	a	 complete	case	study	on	 the	simulation	of	plain	concrete	collision	 is	presented,	

focusing	 on	 the	 energy	 losses	 of	 the	 impacts	 via	 calculating	 the	 corresponding	 coefficient	 of	

restitution.	 A	 simple	 experimental	 setup	 is	 firstly	 arranged,	 which	 allows	 the	 consistent	

extraction	 of	 motion	 characteristics	 of	 a	 steel-to-concrete	 body	 impact.	 The	 processed	

experimental	 results,	 coupled	with	concrete	characterisation	 tests	are	 then	used	 to	calibrate	a	

two-parameter	 Mohr-Coulomb	 material	 model.	 A	 numerical	 simulation	 of	 the	 experimental	

collision	follows	and	results	are	compared	for	the	different	cases.	Finally,	 in	order	to	overcome	

the	 limitation	of	 the	 simple	material	model,	 a	 generalised	piece-wise	Drucker-Prager	 plasticity	

model	is	developed.	The	proposed	model	and	the	corresponding	return-mapping	algorithms	are	

discussed	in	detail.	

Recognising	the	 importance	of	the	overall	objective,	which	 is	to	demonstrate	the	usefulness	of	

the	 enabling	 technology	 created	 in	 previous	 chapters,	 in	 Chapter	 6,	 after	 reviewing	 some	

relevant	 work	 being	 undertaken	with	 Solidity	 code,	 the	 current	 and	 future	 application	 of	 the	

extended	numerical	 tool	 is	discussed	with	a	preliminary	analysis	of	 two	 industrial	applications.	

Firstly	 we	 analyse	 the	 case	 of	 the	 drop-test	 of	 concrete	 armour	 units	 that	 are	 used	 in	

breakwaters,	highlighting	the	role	of	the	compressive	response	of	concrete.	Then,	a	preliminary	

demonstration	of	the	compaction	of	powder-like	granular	media	is	also	presented.	

Chapter	7	concludes	with	summarising	remarks.	
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CHAPTER	2 IMPLEMENTATION	OF	INELASTIC	MODELS	IN	FEMDEM	

In	this	chapter	we	will	start	with	reviewing	the	basic	aspects	of	mathematical	theory	of	plasticity,	

highlighting	the	parts	that	are	essential	for	our	implementation.	Note	that	only	the	fundamentals	

are	presented;	for	a	detailed	study	and	complete	theoretical	background,	the	interested	reader	

is	referred	to	classic	textbooks	on	plasticity	theory	(Simo	and	Hughes,	1998;	de	Souza	Neto	et	al.,	

2008;	 Chakrabarty,	 1987;	 Jirasek	 and	 Bazant,	 2002;	 Owen	 and	 Hinton,	 1980;	 Lubliner,	 1990;	

Kachanov,	1971).		

We	will	then	continue	with	a	detailed	discussion	on	the	numerical	implementation	of	theory	of	

plastic	 flow	 and	 show	 how	 one	 can	 successfully	 integrate	 any	 plastic	 material	 model	 in	 the	

FEMDEM	framework.	Further,	we	review	and	report	the	return	mapping	algorithms	for	the	most	

common	 material	 models	 as	 implemented	 in	 Solidity	 code.	 Finally	 we	 conclude	 with	 some	

discussion	for	some	practical	numerical	considerations	and	also	provide	guidance	on	the	usability	

of	the	newly	developed	tool.	

A	note	on	the	notation:	In	the	literature	of	mathematical	theory	of	plasticity	and	computational	

plasticity	it	is	common	to	find	many	different	notations	for	the	same	concepts.	In	order	to	avoid	

confusion,	and	for	easier	reference,	we	have	used	notation	as	in	the	classic	textbooks	(Simo	and	

Hughes,	1998;	de	Souza	Neto	et	al.,	2008).	For	Solidity	solvers’	related	implementations,	notation	

follows	Xiang	et	al.,	2009.	

2.1 Review	of	mathematical	theory	of	plasticity	

2.1.1 Real	material	behaviour	and	one-dimensional	plasticity	

In	 solid	mechanics	 the	 internal	material	behaviour	of	a	 continuous	 structural	body	 is	generally	

described	by	a	set	of	laws	that	relate	its	deformational	state	with	the	corresponding	stress	one.	

They	are	widely	known	as	constitutive	laws.	Equation	Section	(Next)Equation	Section	(Next)	

We	can	generally	write:	

	  σ = ⌢τ ε, "ε,...( ) 		 (2.1)	
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where	 σ 	 and	 ε 	 are	 the	 stress	 and	 strain	 tensors	 of	 any	 material	 point	 of	 the	 body	 and	  !ε 	

represents	 the	 time	 derivative	
∂ε
∂t

	 .	 The	 simplest	 form	 of	 eq.	 (2.1)	 is	 the	 well-known	 1-

dimensional	Hooke’s	law:	

	 σ = Eε 		 (2.2)	

Eq.	(2.2)	assumes	that	there	is	a	linear	relation	between	stress	and	strain.	Scalar	parameter	 E 	is	

called	Young	Modulus	and	is	actually	a	measure	of	stiffness	of	the	material;	the	larger	its	value	is,	

the	more	stress	has	to	be	applied	in	order	to	achieve	the	same	deformation.	Note	that	the	ideal	

rigid	(non-deformable)	body	should	be	described	by	E→∞ .		

For	 a	 simple	 uniaxial	 test,	 eq.	 (2.2)	 implies	 very	 simple	 loading/unloading	 behaviour	 as	

demonstrated	 in	 Figure	2.1.	Note	 that	both	 loading	 (0-1)	 and	unloading	 (1-2)	 follow	 the	 same	

stress-strain	path.	

	

Figure	2.1:	Elastic	linear	behaviour	in	a	loading-unloading	test	

However,	from	a	phenomenological	point	of	view,	real	materials	show	a	much	more	complicated	

response	which	cannot	be	captured	with	simple	elastic	material	models.	Figure	2.2	 shows	 real	

experimental	data	of	a	simple	loading-unloading	compression	test.		
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Figure	2.2:	Dionysos’	Marble,	tri-axial	Compression	Test	(after	Vardoulakis,	2005)	

We	can	observe	the	following	basic	aspects	of	inelastic	deformation:	

a) Maximum	 stress	 capacity:	 The	 stress	 will	 increase	 until	 reaching	 a	 critical	 value	 after	

which,	it	will	either	stay	constant,	reduce	or	increase	with	a	new	rate.	

b) Different	behaviour	in	loading-unloading	and	sequential	energy	loss:	After	unloading	the	

material,	 some	strains	never	get	recovered,	 leading	to	accumulated	plastic	deformation	

and	subsequently	energy	loss	which	is	dissipated	through	hysteretic	loops.	

c) History	 of	 loading	 dependence	 and	 non-uniqueness	 of	 strain-stress	 relation:	 Given	 a	

current	strain	state	we	cannot	predict	the	corresponding	stress	one,	without	knowing	all	

the	previous	“history”	of	deformation.		

	

In	 order	 to	 tackle	 this	more	 complicated	 behaviour	we	 can	 generalise	 the	 simple	 stress-strain	

relation	of	Figure	2.1	with	the	ones	illustrated	in	Figure	2.3.	
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(a)	 	 	 	 	 	 	 (b)	

Figure	2.3:	Loading-unloading	test	for	(a)	elastic	perfectly-plastic	(b)	elastic	hardening-plastic	
materials	

	

Let	us	consider	the	more	general	case	of	Figure	2.3	(b).	We	can	formally	describe	the	behaviour	

as	follows:	

There	exists	an	initial	stress	yield	limit	σ y ,	which	is	reached	at	yield	strain	 ε y .	Before	reaching	it,	

the	behaviour	is	completely	elastic	(Path	0-1).	After	that	critical	point,	the	stress-strain	relation	

changes,	introducing	a	new	elasto-plastic	modulus	Eep < E 	(Path	1-2):	

	

σ = Eε

σ =σ y + Eep ε − ε y( )

for

for

ε ≤ ε y = σ y

E

ε > ε y = σ y

E

		 (2.3)	

The	above	set	equations	(2.3)	will	describe	accurately	the	loading	stress	path	of	Figure	2.3	(b)	but	

would	not	provide	good	description	of	the	unloading	one	(Path	2-3):	Note	that	eq.	(2.3)	is	just	a	

non-linear	version	of	elasticity,	 i.e.	 if	 the	strains	are	reduced	the	stress	would	 follow	the	exact	

same	 path	 as	 the	 loading	 leg.	 However,	 the	 behaviour	 we	 want	 to	 capture	 is	 that	 during	

unloading	the	material	would	behave	elastically	and	equivalently	the	stress	would	change	with	

the	elastic	modulus	 E 	 (Paths	2-3	and	3-4).	Of	course,	this	means	that	there	wouldn’t	be	a	1-1	

relationship	between	stresses	and	strains,	 since	given	a	 strain	 instance	 ε ,	 in	order	 to	 find	 the	

corresponding	stresses	we	have	to	know	not	only	the	current	state,	but	also	the	full	history	of	

the	loading	path.	Thus,	the	first	modification	we	can	do	to	eq.	(2.3)	is	to	think	as	of	the	strains	

change	incrementally:	
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                          σ = Δσ∑
Δσ = EΔε
Δσ = EepΔε

for
for

σ ≤σ y   or  Δε < 0
σ >σ y

		 (2.4)	

Furthermore,	we	can	assume	that	each	strain	increment	can	be	separated	into	elastic	and	plastic	

parts	where	only	the	former	contribute	to	the	stress	calculation	(Figure	2.4):	

	

Δε = Δε e + Δε p

Δσ = EΔε e

ε p = Δε p∑
ε e = Δε e∑
σ = Δσ∑

		 (2.5)	

	

	 	

Figure	2.4:	Decomposition	of	strain	increment	into	elastic	and	plastic	parts	

On	the	other	hand	the	maximum	stress	capacity	can	be	given	as	a	function	of	the	accumulated	

strains	ε p by	introducing	a	hardening	modulus	H 	(Figure	2.5):	

	
σ ≤σ y

σ y =σ 0
y + Hε p

		 (2.6)	

	

σ	

ε	

Δε	

Δεe	 Δεp	

Δσ	
σ1	

σ2	

ε1	 ε2	
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Figure	2.5:	Hardening	yield	stress	limit	

Using	formulation	(2.5)	and	(2.6)	one	can	re-introduce	the	problem	as	follows:	

Given	a	current	state	 σ1,ε1,ε1
p 	and	a	strain	 increment	 Δε ,	 in	order	 to	 find	the	updated	stress	

state	σ2 ,	we	have	to	solve	the	system	of	equations:	

	

Δε = Δε e + Δε p

σ 2 = E ε1
e + Δε e( )

σ ≤σ 0
y + H ε p + Δε p( )

		 (2.7)	

Note	that	the	above	description	can	fully	describe	the	previous	considerations:	

If	the	loading	is	purely	elastic	then:	

	
Δε p = 0
σ 1 =σ 2 + EΔε

		 (2.8)	

On	the	other	hand	if	the	loading	is	elasto-plastic,	then:	

	
Δε p = E

E + H
Δε

σ 1 =σ 2 + E Δε − Δε p( ) =σ 2 +
EH
E + H

Δε
		 (2.9)	

Finally	 if	 the	 deformation	 has	 a	 purely	 elastic	 part	 and	 then	 an	 elasto-plastic	 part,	 we	 can	

separate	the	increment	into	two	sub-increments	Δεθ1 ,	Δεθ2 :	

σ0
y

σ y

ε p

1	
H	
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Δε = Δεθ1 + Δεθ2

Δεθ1 =
σ 1

y −σ 1

E

Δε p = E
E + H

Δεθ2

Δε e = Δεθ1 +
H

E + H
Δεθ2

		 (2.10)	

It	should	be	clear	now	to	observe	that	with	the	above	equations	(2.7),	one	can	fully	describe	the	

case	of	a	general	one-dimensional	elastic-hardening	plastic	material.		

2.1.2 Three-dimensional	theory	of	plastic	flow	for	small	strains	

Our	ultimate	goal	is	to	generalise	the	above	simple	one-dimensional	ideas	to	three-dimensional	

problems	 with	 capturing	 more	 generic	 post-yielding	 behaviour.	 An	 immediate	 complication	

would	come	from	the	fact	that	both	stress	and	strain	states	at	material	point	level	are	no	longer	

described	by	single	scalar	parameters,	but	by	three-dimensional	tensors.	That	means	that	even	if	

we	were	able	 to	define	some	consistent	 three-dimensional	yield	criteria,	and	hence	be	able	 to	

identify	 the	 stress	 state	 after	 yielding,	 we	 cannot	 know	 the	 evolution	 and	 decomposition	 of	

strains	a-priori;	instead,	we	have	to	follow	their	full	paths	towards	and	after	yielding.	

In	order	to	describe	and	solve	the	problem	successfully,	we	must	employ	a	set	of	assumptions	for	

different	strain	and	stress	states	during	three-dimensional	 loading.	These	conditions,	known	as	

three-dimensional	theory	of	plastic	flow,	will	provide	the	necessary	theoretical	framework	under	

which	we	 can	define	 and	 capture	elastic-plastic	 stress	 and	 strain	 evolution	 in	 a	 general	 three-

dimensional	numerical	environment.		

Strain	decomposition	

Similarly	to	the	one-dimensional	problem,	the	fundamental	assumption	 in	the	theory	of	plastic	

flow	 is	 that	 any	 given	 infinitesimal	 strain	 increment	 dε 	 can	 be	 decomposed	 into	 elastic	 and	

plastic	counterparts.		

	 dε = dε e + dε p 		 (2.11)	

where	 ε 	is	the	total	strain	tensor	and	 ε e ,	 ε p 	are	the	assumed	elastic	and	plastic	components.		

The	elastic	part	would	then	be	the	only	one	contributing	to	the	stress	tensor	 σ 	calculation,	using	

a	general	elastic	law:	
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	 σ = σ ε e( ) 		 (2.12)	

Note	 that	according	 to	 the	 fundamental	decomposition	 (2.11),	 the	elastic	 strain	part	 ε e 	 is	 the	

only	 one	 that	 can	 be	 recovered	 with	 unloading,	 eventually	 allowing	 stresses	 to	 become	 zero	

again.	On	the	other	hand,	the	plastic	strain	part	 ε p
	 is	the	accumulated	and	irreversible	part	of	

deformation,	which	cannot	be	recovered.		

Please	also	note	that	equation	(2.11)	 is	usually	expressed	equivalently	with	the	time	derivative	

counterpart	
 
! ( ) = ∂

∂t
	 ,	which	should	not	be	 interpreted	as	 in	respect	 to	real	 time	but	rather	to	

pseudo	time:	

	  !ε = !ε e + !ε p 		 (2.13)	

Although	 both	 (2.11)	 and	 (2.13)	 are	 equivalent,	 the	 latter	 is	 most	 popular	 in	 literature,	 so	 it	

would	be	used	in	the	following	sections	for	consistency	with	the	reference	sources.	

Finally,	 it	 is	also	worth	mentioning	that	the	above	additive	decomposition	(2.13)	is	what	makes	

current	 description	 one	 of	 “small	 strain”	 plasticity.	 As	 we	 will	 see	 in	 Chapter	 4,	 one	 can	

generalise	 this	 decomposition	 to	 a	 multiplicative	 one	 when	 we	 will	 assume	 “large”	 or	 finite	

plastic	strains.	

Yield	surface	

Similarly	 to	 the	 one-dimensional	 critical	 stress,	we	 can	 define	 in	 three	 dimensions	 a	 family	 of	

critical	stress	states	of	the	stress	tensor,	at	which	the	yielding	will	occur.	This	is	expressed	with	a	

general	yielding	surface	in	the	stress	space:	

	 f σ ,q( ) = 0 		 (2.14)	

where	 σ 	 is	 the	stress	 tensor	and	 q 	 is	 set	of	 internal	material	parameters	 that	will	define	 the	

strength	capacity	of	the	material.	

Note	 that	 eq.	 (2.14)	 is	 usually	 expressed	 in	 an	 invariant	 stress	 space	 with	 the	most	 frequent	

forms	being	the	following:	
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f σ 1,σ 2,σ 3,q( ) = 0
f J2, I1,q( ) = 0
f ρ,θ,q( ) = 0

		 (2.15)	

where	 σ 1,σ 2,σ 3 	 are	 the	 principal	 stresses,	 I1 =σ 1 +σ 2 +σ 3 	 is	 the	 first	 invariant	 of	 the	 stress	

tensor,	 J2 =
1
6

σ 1 −σ 2( )2 + σ 2 −σ 3( )2 + σ 3 −σ 1( )2⎡
⎣

⎤
⎦ 	is	the	second	deviatoric	invariant,	and	 ρ,  θ( ) 	

are	the	Haigh–Westergaard	stress	space	coordinates1.		

Eq.	(2.14)	should	be	interpreted	as	the	limit	stress	condition	that	the	material	can	reach	during	

loading.	As	we	will	see,	the	yielding	surface	is	a	limit	case	which	is	partitioning	the	stress	space	

into	admissible	and	in-admissible	parts.	

Plastic	flow	rule	

As	we	 continue	 to	 increase	 the	 loading	 on	 a	material	 point	 after	 the	 stress	 state	 reaches	 the	

critical	state	and	eq.	(2.14)	is	satisfied,	plastic	strains	 ε p 	will	start	propagating.	The	evolution	of	

tensor	 ε p is	defined	through	a	general	flow	rule:	

	  !ε
p = !γ r σ ,q( ) 		 (2.16)	

The	 strictly	 non-negative	 scalar	 parameter	 γ ,	 known	 as	 the	 plastic	 multiplier	 or	 consistency	

parameter,	 is	 interpreted	 as	 a	 measure	 of	 the	magnitude	 of	 the	 plastic	 deformation.	 On	 the	

other	hand,	tensor	 r σ ,q( ) 	is	a	predefined	tensor-function	and	is	describing	the	tensor-direction	

of	plastic	flow.	It	is	usually	defined	with	a	plastic	potential	function	 g σ ,q( ) :	

	 r σ ,q( ) = ∂
∂σ

g σ ,q( ) 		 (2.17)	

Note	 that	 when	 the	 flow	 potential	 function	 g σ ,q( ) = f σ ,q( ) ,	 then	 the	 flow	 rule	 is	 called	

“associative”	 and	 by	 definition	 of	 eq.	 (2.16),	 plastic	 flow	 vector	  !ε
p 	 is	 normal	 to	 the	 yielding	

surface	 f σ ,q( ) .	

Hardening	law	

																																																								
1	see	Appendix	B	for	more	details	
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As	 with	 the	 plastic	 flow	 rule,	 we	 can	 define	 a	 similarly	 described	 hardening	 law,	 which	 will	

describe	the	evolution	of	internal	material	parameters	 q 	during	plastic	flow.	It	can	be	seen	as	a	

generalisation	of	the	hardening/softening	behaviour	of	the	one-dimensional	problem,	where	the	

stress	capacity	itself	could	increase/decrease	during	plastic	deformation.	We	can	write:	

	  !q = !γ h σ ,q( ) 		 (2.18)	

using	again	the	plastic	flow	multiplier	γ .	

Note	that	the	vector	 h σ ,q( ) 	is	defining	the	type	of	hardening.	It	can,	like	the	flow	rule	function,	
be	defined	through	a	hardening	potential	function	H σ ,q( ) :	

	 h σ ,q( ) = ∂
∂q

H σ ,q( ) 		 (2.19)	

and	again	if	−H σ ,q( ) = g σ ,q( ) = f σ ,q( ) ,	the	plastic	flow	is	called	fully	associative.	

Also	note	that	 !q = h = 0 	would	imply	a	perfect	plasticity	model.	

Consistency	conditions	

Equations	 (2.16)	 and	 (2.18)	 define	 the	 plastic	 flow	 during	 yielding,	 which,	 as	 discussed,	 will	

happen	when	equation	(2.14)	is	reached.	Before	reaching	that	state	material	behaves	elastically.	

Thus,	 in	order	 to	 separate	 the	elastic	 from	the	plastic	part	of	 loading	we	have	 to	define	 some	

extra	consistency	conditions,	which	are	just	a	mathematical	formality	of	elaborating	the	intuitive	

behaviour	we	have	explained	above.	They	are	also	known	as	loading/unloading	conditions	or	as	

Kuhn-Tucker	 conditions	 (from	 mathematical	 optimization	 problems)	 and	 they	 can	 be	

summarised	as	follows:	

a)	The	stress	point	can	only	be	either	within	the	yield	surface	(elastic	loading)	or	on	yield	surface	

(plastic	loading)	but	never	outside	of	it:	

	 f σ ,q( ) ≤ 0 		 (2.20)	

Note	 that	 this	 makes	 the	 subspace	 f σ ,q( ) > 0 ,	 inadmissible	 and	 thus	 unacceptable	 material	

state.	

b)	In	strain	space,	the	plastic	strains	can	only	be	propagated	towards	the	non-elastic	region.	
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	  !γ ≥ 0 		 (2.21)	

c)	Finally	in	order	to	separate	the	two	states	we	can	make	the	following	consideration:	When	we	

have	plastic	loading	we	must	be	on	the	yielding	surface:	 !γ > 0⇒ f σ ,q( ) = 0 	and	when	we	have	
elastic	 loading	 then	 no	 plastic	 deformation	 occurs:	  f σ ,q( ) < 0⇒ !γ = 0 .	 This	 logic	 can	 be	

formalised	with	the	following	equation	(2.22).	

	

 

!γ > 0 ⇒ f σ ,q( ) = 0

f σ ,q( ) < 0 ⇒ !γ = 0

⎫
⎬
⎪

⎭⎪
   !γ f σ ,q( ) = 0 		 (2.22)	

where	the	case	of	 !γ = f σ ,q( ) = 0 	implies	a	neutral	loading.	

To	summarise,	an	elasto-plastic	material	model	can	be	fully	described	by	assuming	i)	an	elastic-

plastic	decomposition,	and	defining	 ii)	an	elastic	relation,	 iii)	a	plastic	flow	rule,	 iv)	a	hardening	

law,	together	with	v)	consistency	conditions.	That	means	that	the	general	elasto-plastic	problem	

becomes	the	following:	

Given	 a	 new	 strain	 instance	 ε t=t1 = ε t=t0 + Δε ,	 and	 everything	 known	 at	 t = t0 	 solve	 the	 below	

system	of	differential	equations	in	order	to	retrieve	the	corresponding	stress	tensor	σ t=t1
:	

	

 

!ε = !ε e + !ε p

σ = σ ε e( )
!ε p = !γ r σ ,q( )
!q = !γ h σ ,q( )
f σ ,q( ) ≤ 0
!γ ≥ 0
!γ f σ ,q( ) = 0

		 (2.23)	

2.2 Numerical	implementation	

2.2.1 General	 formulation	 of	 discretized	 equations	 of	 plasticity	 and	 return	 mapping	

equations	

	
Let	 us	 consider	 the	 general	 continuous	 (in	 terms	 of	 time)	 elasto-plastic	 model,	 described	 in	

previous	section:	
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!ε t( ) = !ε e t( ) + !ε p t( )
σ t( ) = σ ε e t( )( )
!ε p t( ) = !γ t( )r σ t( ),q t( )( )
!q t( ) = !γ h σ t( ),q t( )( )
f σ t( ),q t( )( ) ≤ 0
!γ t( ) ≥ 0
!γ t( ) f σ t( ),q t( )( ) = 0

	 (2.24)	

with	everything	known	at	an	initial	time	 t = tn ,	and	given	a	total	strain	increment	Δε 	.	

In	 order	 to	 solve	 the	 above	 system	 of	 differential	 equations	 numerically,	 we	 can	 adopt	 a	

discretisation	using	an	Euler	scheme.	This	can	be	done	generally	by	using	a	trapezoidal		

	 Fn+a = 1− a( )F xn( ) + aF xn+1( )     0 ≤ a ≤1 		 (2.25)	

or	a	midpoint	rule:	

	 Fn+a = F 1− a( )xn + axn+1( )     0 ≤ a ≤1 		 (2.26)	

Note	that	for	 a = 0 	and	 a = 1 	both	correspond	respectively	to	the	fully	explicit	and	fully	implicit	

(backward)	approach.	

There	 is	a	discussion	 in	the	 literature	on	the	accuracy	and	stability	of	 the	different	approaches	

(2.25),	 (2.26),	 for	 solving	 the	 differential	 system	 (2.24),	 (Ortiz	 and	 Popov,	 1985;	 Fuschi	 et	 al.,	

1992;	Simo	and	Taylor,	1986;	Simo	and	Gonvindjee,	1991;	de	Souza	Neto	et	al.,	2008).	In	almost	

every	 investigation,	 the	 fully	 implicit	 Euler	 scheme	 has	 been	 shown	 to	 be	 accurate	 and	

unconditionally	 stable	 (look	 for	 example	 Ortiz	 and	 Popov,	 1985;	 de	 Souza	 Neto	 et	 al.,	 2008).	

Hence	it	is	adopted	throughout	our	implementation.	

Therefore,	applying	a	backward	Euler	approximation,	we	convert	the	continuous	problem	of	eq.	

(2.24)	into	a	discretised	one:	

With	known	 ε n
e ,qn ,Δε ,	solve	the	following	system	of	equations:	
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Δε = Δε e + Δε p

ε n+1
e = ε n

e + Δε e

σ n+1 = σ ε n+1
e( )

Δε p = Δγ r σ n+1,qn+1( )
qn+1 = qn + Δγ h σ n+1,qn+1( )
f σ n+1,qn+1( ) ≤ 0
Δγ ≥ 0
Δγ ⋅ f σ n+1,qn+1( ) = 0

		 (2.27)	

Taking	advantage	of	 the	discrete	 form	of	 the	Kuhn-Tucker	 conditions,	we	 can	 solve	 the	above	

system	following	a	general	strategy,	which	was	first-used	by	Wilkins,	1964,	and	then	eventually	

became	the	classical	approach	(Simo	and	Ortiz,	1985;	Simo	and	Hughes,	1998;	Lubliner,	1990).		

This	procedure	 is	widely	known	as	 the	return-mapping	algorithm	and	 it	 involves	 the	 following	

steps:		

1) First,	 the	 given	 strain	 increment	 Δε 	 is	 assumed	 to	 be	 fully	 elastic,	 resulting	 in	 a	 trial	

elastic	state:	 	

	

ε n+1
e  trial = ε n

e + Δε

σ n+1
trial =σ ε n+1

e  trial( )
qn+1

trial = qn
Δγ trial = 0

		 (2.28)	

2) Then	the	corresponding	trial	yield	surface	state	is	calculated:	

	 f trial = f σ n+1
trial,qn+1

trial( ) 		 (2.29)	

a) One	 can	 observe	 that	 if f trial ≤ 0 ,	 (and	 hence	 Δγ = Δγ trial = 0 	 and	 Δε p = 0 ),	 then	 the	
system	of	equations	(2.27)	 is	completely	satisfied;	The	trial	state	 is	also	the	actual	state	
and	the	loading	is	fully	elastic.	

b) However,	if	 f
trial > 0 	,	the	Kuhn-Tucker	conditions	are	violated	and	hence	the	assumption	

of	zero	plastic	strains	(Δγ = 0 )	was	wrong.	In	order	to	restore	consistency,	the	following	
system	of	equations	has	to	be	solved:	

	

ε n+1
e = ε n+1

e  trial − Δγ r σ n+1,qn+1( )
qn+1 = qn + Δγ h σ n+1,qn+1( )
f σ n+1,qn+1( ) = 0

σ n+1 =σ ε n+1
e( )

		 (2.30)	
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and	assuming	a	 general	 linear	 elastic	 law	 σ n+1 =σ ε n+1
e( ) = De :ε n+1

e ,	we	 can	 re-write	 the	

first	equation	of	(2.30)	as:	

	

σ n+1 = σ ε n+1
e( )

      = σ ε n+1
e  trial( )−σ Δγ r σ n+1,qn+1( )( )

      = σ n+1
trial − Δγ  σ r σ n+1,qn+1( )( )

      = σ n+1
trial − Δγ  De :r σ n+1,qn+1( )

		 (2.31)	

Equations	(2.30)	and	(2.31)	are	known	as	return	mapping	equations,	due	to	the	fact	that	they	are	

mapping	the	plastically	inadmissible	trial	stress	state	σ n+1
trial 	,	to	the	yield	surface	(Figure	2.6).	It	is	

apparent	that	the	solution	of	the	system	of	return	mapping	equations	 (2.30)	and	(2.31)	will	be	

different	for	each	material	model,	however,	for	commonly	used	material	models	one	can	convert	

the	above	implicit	equations	into	explicit,	applying	a	tailored	return	mapping	strategy,	as	we	will	

see	in	Section	2.2.4.	

	

	 	

(a)	 	 	 	 	 	 (b)	

Figure	2.6:	Graphical	representation	of	return-mapping	strategy	for	(a)	perfect	and	(b)	
hardening	plasticity	

2.2.2 Numerical	remarks	for	solving	the	return	mapping	equations	

In	 this	 section,	 we	 present	 some	 useful	 remarks	 for	 the	 correct	 implementation	 and	 correct	

numerical	treatment	of	the	solution	of	return	mapping	equations.	
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Common	techniques	for	solving	the	general	return	mapping	problem	

As	discussed,	the	return	mapping	equations	(2.30)	and	(2.31)	are	usually	solved	on	a	model	level	

basis,	where	specific	simplifications	can	be	considered	after	defining	the	exact	constitutive	laws.	

However,	 it	 is	worth	mentioning	and	 reviewing	 the	 two	mostly	 known	 techniques	 that	 can	be	

used	 in	 the	practice	of	 computational	plasticity	 for	 solving	a	 general	 return-mapping	problem.	

For	 simplification,	 we	 will	 restrict	 our	 description	 to	 perfect	 plasticity	  !q = 0( ) 	 with	 smooth	

yielding	 surface	and	a	 linear	elastic	 law	 σ = De : ε e( ) ,	 but	 in	 any	other	 case	 the	generalisation	
should	be	straightforward.	

a) Closest	Point	Projection	Method	

It	 was	 firstly	 proposed	 by	 Ortiz	 et	 al.,	 1983,	 as	 a	 generalization	 of	 the	 radial	mapping	

algorithm	 (Wilkins,	 1964;	 Krieg	 and	Krieg,	 1977;	 Screyer	 et	 al.,	 1979).	 It	 is	 essentially	 a	

Newton’s	method	for	solving	equations	(2.30)	and	(2.31):	

Defining	the	residual	and	the	yield	condition:	

	
Rn+1 = σn+1 − σn+1

trial + ΔγDe :r σn+1( )
f σn+1( ) = 0

		 (2.32)	

	 Now	the	exact	linearization	gives:	

	
Rn+1

k( ) − I+ Δγ k( )De : ∂r
∂σ σ=σn+1

k( )

⎡

⎣
⎢

⎤

⎦
⎥ σn+1

k+1( ) − σn+1
k( )⎡⎣ ⎤⎦ + Δγ k+1( ) − Δγ k( )( )r σn+1

k( )( ) = 0

f σn+1
k( )( ) + ∂ f

∂σ σ=σn+1
k( )
: σn+1

k+1( ) − σn+1
k( )⎡⎣ ⎤⎦ = 0

		 (2.33)	

which	 is	 solved	 incrementally	 for	 Δγ k+1( ),σn+1
k+1( ){ } ,	 beginning	 from	 the	 trial	 state	

Δγ 0( ),σn+1
0( ){ } = 0,σn+1

trial{ } .	
The	procedure	continues	until	 residual	becomes	 less	 than	an	acceptable	 tolerance.	The	

geometric	interpretation	of	the	algorithm	(Figure	2.7,	(a))	shows	how	every	step	maps	the	

trial	state	to	the	closest	point	of	the	“current”	yield	surface.	Note	that	even	in	the	more	

general	problem,	the	resulting	point	is	always	a	closest	point	in	a	respective	energy	norm.		

	

b) Cutting	Plane	Algorithm	
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The	idea	for	this	algorithmic	process,	proposed	by	Simo	and	Ortiz,	1985,	comes	from	the	

observation	 that	 equation	 (2.30)	 can	be	 seen	as	 a	numerical	 discrete	approximation	 to	

the	differential	equation:	

	
 

!ε n+1
e t( ) = !γ t( )r σ t( )( )
!σ t( ) = De : !ε n+1

e
		 (2.34)	

	 with	boundary	condition:	

	 f σ t( )( ) = 0 		 (2.35)	

	 and	initial	conditions:	

	
ε e t0( ) = ε n+1

e  trial

γ t0( ) = 0
		 (2.36)	

Hence,	 similarly	 to	 the	 Closest	 Point	 Projection	 Method,	 we	 linearize	 differential	

equations	(2.34)	and	(2.35)	obtaining	the	following	system	of	iterative	equations:	

	
σn+1

k+1( ) = σn+1
k( ) + Δγ k( )De :r σn+1

k( )( )
f σn+1

k( )( ) + ∂ f
∂σ σ=σn+1

k( )
: σn+1

k+1( ) − σn+1
k( )⎡⎣ ⎤⎦ = 0

		 (2.37)	

Starting	with	 σn+1
0( ) = σn+1

trial 	and	 Δγ 0( ) = 0 ,	this	is	solved	iteratively	until	 f σn+1
k+1( )( ) 	becomes	

0,	or	 less	 than	a	predefined	tolerance.	Cutting	plane	algorithm	can	be	seen	a	“steepest	

descent”	 strategy	 and	 is	 taking	 advantage	of	 the	 convexity	 of	 yield	 surface	 (Figure	 2.6,	

(b)).	
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(a)	 	 	 	 	 	 	 (b)	

Figure	2.7:	Geometrical	interpretation	of	return	mapping	techniques:	(a)	Closest	Point	
Projection	Method	and	(b)	Cutting	Plane	Algorithm	

	

Non-Smooth	surfaces	and	sub-differential	

We	 have	 seen	 that	 the	 direction	 of	 plastic	 flow	 is	 given	 as	 a	 derivative	 of	 plastic	 potential	

r σ ,q( ) = ∂g
∂σ

	 implying	 normality	 to	 the	 surface	 g 	 in	 stress	 space.	 However,	 it	 is	 common	 in	

many	described	material	models	that	yielding	surface	 f 	and	flow	potential	 g 	are	given	as	non-

smooth	 functions	 of	 the	 stress	 tensor	 σ 	 (the	most	 famous	 include	 Tresca	model	 for	metals,	

Mohr-Coulomb	and	Cam-Clay	for	geomaterials).	In	order	to	treat	the	non-smoothness	problem,	

we	have	to	change	slightly	the	formulation	of	equations	of	plastic	flow	(2.23).	Note	that	we	can	

assume	that	the	non-smooth	surfaces	 f 	and	 g ,	can	be	partitioned	into	smooth	parts	 f1, f2,..., fn 	

and	 g1,g2,...,gn 	respectively:	

a) The	consistency	condition	of	eq.	(2.20),	becomes:	

	 f σ ,q( ) ≤ 0 →  

f1 σ ,q( ) ≤ 0

f2 σ ,q( ) ≤ 0
...

fn σ ,q( ) ≤ 0

		 (2.38)	

	 implying	that	admissible	(elastic)	space	is	bounded	by	all	subsurfaces		

b) Similarly	the	flow	rule	and	hardening	laws	of	eq.	(2.23)	will	become:	
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!ε p = !γ r σ ,q( )

r σ ,q( ) = ∂
∂σ

g σ ,q( )

!q = !γ h σ ,q( )

 →  

!ε p = !γ iri σ ,q( )
i
∑

ri σ ,q( ) = ∂
∂σ

gi σ ,q( )

!q = !γ ihi σ ,q( )
i
∑

		 (2.39)	

Note	that	for	the	summation	in	the	above	equation,	we	have	made	use	of	the	notion	of	

subdifferential	of	 the	 flow	surface.	The	subdifferential	 implies	 that	multiple	surfaces	 gi 	

can	contribute	to	the	plastic	flow	(Figure	2.8).	 Its	first	use	 in	multi-surface	plasticity	can	

be	 found	 in	 Koiter,	 1960.	 For	 a	 comprehensive	 study	 on	 the	 concepts	 of	multi-surface	

plasticity	and	subdifferentials,	the	reader	is	referred	to	Simo	and	Hughes,	1998,	chapter	

5.	

	

	

Figure	2.8:	Flow	vector	with	non-smooth	surfaces	

Consistent	Tangent	Operators	

We	can	assume	that	the	return	mapping	methodology	is	finally	an	implicit	relation	of	the	form:	

	 σ n+1 = σ̂ ε n+1( ) 		 (2.40)	

For	 implicit	FEM	implementations,	one	should	also	provide	a	tangent	operator	 Dep ,	also	called	

algorithmic	stiffness	in	order	to	compute	stiffness	matrices,	so	they	can	finally	write:	
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	 Δσ n+1 = D
ep :Δε n+1 		 (2.41)	

For	 approximating	 (2.41),	we	 can	 apply	 an	 exact	 linearization	 of	 the	 return	mapping	 equation	

(2.31):	

	 Dep = Δσ
Δε n+1

≈
∂σ̂ ε n+1( )
∂ε n+1

		 (2.42)	

The	concept	of	consistent	tangent	modulus	was	introduced	by	Simo	and	Taylor,	1985,	and	plays	

an	essential	role	in	achieving	quadratic	rates	of	convergence	in	implicit	FEM	codes,	where	global	

equilibrium	 should	 be	 satisfied	 in	 every	 updated	 time	 step,	 and	 global	 stiffness	 matrices	 are	

introduced	 (see	 for	 example	 Zienkiewicz	 and	 Taylor,	 2000).	 However,	 current	 FEMDEM	 global	

integrator	is	an	explicit	one,	see	eq.	(2.43),	so	the	use	of	tangent	operators	is	irrelevant	for	our	

implementation.	The	interested	reader	is	referred	to	Simo	and	Hughes	1998;	Cuiltino	and	Ortiz,	

1992;	for	detailed	discussion	on	consistent	tangent	operators	and	elasto-plasticity.	

2.2.3 Solidity’s	global	solver	with	integrated	elasto-plasticity	

In	this	section	we	will	describe	the	global	equations	of	motion	for	the	general	FEMDEM	problem,	

and	more	 specifically	within	 the	Solidity	 solver.	 Further,	we	will	be	able	 to	 show	how	one	can	

integrate	the	above-discussed	ideas	of	computational	plasticity.	

We	assume	that	at	any	given	time	the	nodal	system	is	fully	described	by	the	governing	equations	

of	motion:	

	  M!v = f int + f ext 		 (2.43)	

where	 v 	 is	 the	nodal	velocity	vector,	M 	 is	 the	mass	matrix,	 f int 	and	 f ext 	are	 the	 internal	and	

external	nodal	forces	respectively.		

Note	 that	 for	 the	 case	 of	 10-noded	 tetrahedral	 elements	 used	 in	 Solidity,	 a	 trivially	 inverted,	

lumped,	diagonal	mass	matrix	M 	is	used	(see	Xiang	et	al.,	2009).	

In	order	 to	discretise	 the	continuous	equation	 (2.43),	we	apply	a	 fully	explicit	backwards	Euler	

scheme.	We	can	generally	write	for	every	time-step	Δt 	( tn+1 = tn + Δt ):	

	
Mvn+1 − vn

Δt
= fn

int + fn
ext

vn+1 = vn + Δt  M−1 fn
int + fn

ext⎡⎣ ⎤⎦

		 (2.44)	
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Once	 having	 the	 current	 nodal	 velocities	 we	 can	 further	 expand	 the	 backwards	 scheme	 to	

calculate	current	nodal	positions	x explicitly:	

	 xn+1 = xn + Δt  vn+1 		 (2.45)	

Having	the	current	nodal	positions,	of	each	finite	element	we	then	need	to	calculate	a	measure	

of	 strains	 at	 the	material	 point	 level,	 so	we	 can	 use	 our	 plasticity	 formulation	 as	 described	 in	

2.2.1.	 In	order	 to	do	this,	we	 first	 translate	nodal	positions	 into	relative	deformation	using	 the	

deformation	gradient:	

	 F = ∇u+ I( ) 		 (2.46)	

where	u 	is	the	relative	nodal	displacement,	or	using	the	initial	nodal	position	X ,u = x −X .		

For	every	material	point	we	can	then	write:	

	 F = ∂x
∂X

		 (2.47)	

For	the	calculation	of	(2.47),	we	use	the	shapes	functions	of	each	finite	elementN :	

	 F = ∂x
∂X

= x ∂N
∂X

= x ∂N
∂ζ

∂X
∂ζ

⎡

⎣
⎢

⎤

⎦
⎥

−1

		 (2.48)	

where	 ζ 	 is	 the	 vector	 of	 iso-parametric	 coordinates	 of	 each	 material	 point.	 For	 the	 explicit	

calculation	 of	 the	 derivatives	
∂N
∂ζ

	 and	
∂X
∂ζ

	 and	 quadratic	 shape	 functions	 N ,	 for	 the	 case	 of	

Solidity’s	integrated	10-noded	tetrahedral	elements,	look	at	Appendix	C.	Readers	may	also	refer	

to	Xiang	et.	al	(2009)	for	more	details	on	these	specific	elements.	

An	important	thing	to	note	at	this	stage,	is	that	the	deformation	gradient	 F 	has	full	information	

about	the	displacement	of	each	point,	including	rigid	body	motions	(rotation	and	displacement).	

Since	in	an	explicit	FEMDEM	framework	the	objects	move	and	rotate	in	space,	we	need	a	strain	

measure	 that	 removes	 the	effects	of	 rigid	body	motion	and	keeps	only	 the	deformation	ones.	

Thus	we	make	use	of	the	Seth-Hill	family	of	strain	tensors:	
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ε = 1

2m
U2m − I( )

ε = 1
2m

V2m − I( )
		 (2.49)	

where	m	 is	 an	 integer.	 U 	 and	 V 	 are	 respectively	 the	 right	 and	 left	 stretch	 tensors	 from	 the	

polar	decomposition	of	the	deformation	gradient	(Figure	2.9):	

	 F = RU = VR 		 (2.50)	

	 	

Figure	2.9:	Graphical	illustration	of	polar	decomposition	of	deformation	gradient	

Since	U 	and	V are	symmetric	tensors	and	for	the	rotation	matrix:	RT = R−1 ,	transposing	(2.50),	

we	can	write:	

	
U2 = FTF
V2 = FFT

		 (2.51)	

and	now	substitute	(2.51)	into	(2.49).	

Note	that	the	choice	of	strain	measure	is	somewhat	arbitrary	and	it	is	connected	with	theoretical	

aspects	 of	 each	 constitutive	 model	 or	 simplicity	 in	 implementation.	 The	 important	 and	

fundamental	 observation	 on	 the	 used	 measures	 defined	 with	 (2.49),	 is	 that	 if	 the	 actual	

deformations	 are	 small,	 then	 all	 cases	 will	 degenerate	 to	 the	 infinitesimal	 strain	 tensor	 and	

should	give	very	similar	results.	For	example	eq.	(2.49)	(a)	for	 ∇u≪ I ,	gives:		
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1
2m

FTF( )m − I⎡
⎣

⎤
⎦ =

1
2m

∇uT + I( )m ∇u+ I( )m − I⎡
⎣

⎤
⎦

                          = 1
2m

∇u+∇uT +∇uT∇u+ I( )m − I⎡
⎣

⎤
⎦

                         ≈ 1
2m

m ∇uT +∇u( ) + Im − I⎡⎣ ⎤⎦

                         ≈ 1
2

∇uT +∇u( )

		 (2.52)	

At	 this	 point	we	will	 use	 the,	 so	 called,	Green–Lagrangian	 finite	 strain	 tensor	which	 is	 yielded	

from	eq.	(2.49)	(a)	with	substituting	m=1:	

	 ε = 1
2
FTF − I( ) 		 (2.53)	

Later,	 in	 the	 finite	plasticity	 implementation	description	 (section	4.2),	we	will	 see	 that	we	will	

also	make	use	of	the	logarithmic	strain	tensor,	for	m=0	of	eq.	(2.49)	(b):	

	 ε = 1
2
ln FFT( ) 		 (2.54)	

It	 also	 was	 worth	 mentioning	 that	 the	 existing	 FEMDEM	 formulation	 with	 implemented	 neo-

Hookean	elastic	model	 (Xiang	et.	al.,	2009)	was	 implicitly	making	use	of	 the	 left	 stretch	 tensor	

gradient	and	the	left	Eulerian	strain	tensor,	which	is	yielded	from	eq.	(2.49)	(a):	

	 ε = 1
2
FFT − I( ) 		 (2.55)	

The	main	difference	between	(2.53)	and	(2.55)	 is	 that	 the	 former	refers	 to	 initial	configuration	

whereas	 the	 left	 Eulerian	 one	 refers	 to	 the	 current	 (deformed)	 one.	 Although	 FEMDEM	

representation	is	with	respect	to	the	initial	configuration,	when	used	with	simple	linear	elasticity	

in	 first	 implementation	of	FEMDEM	by	Munjiza,	2004,	 this	was	 justified	with	considerations	of	

numerical	stability	and	the	fact	that	deformations	would	be	very	small	before	some	brittle	failure	

occurs.	 For	 the	 case	 of	 plastic	 deformation,	we	 expect	 to	 get	 significant	 deformation	without	

breakage,	so	the	Lagrangian	finite	strain	tensor	was	the	one	that	was	used	instead.	

Furthermore,	 also	 note	 that	 there	 are	 two	 alternative	ways	 of	 calculating	 current	 strain	 state	

ε n+1 	and	strain	incrementΔε n+1 	based	on	(2.53)	or	(2.54).	Either	with	reference	to	the	previous	

calculated	strain:	
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ε n = ε Fn( )
ε n+1 = ε Fn+1( )
Δε n+1 = ε n+1 − ε n

		 (2.56)	

or	with	reference	to	the	previous	calculated	gradient:	

	

FΔ = Fn+1 Fn[ ]−1
Δε n+1 = ε FΔ( )
ε n+1 = ε n + Δε n+1

		 (2.57)	

The	 difference	 of	 the	 two	 can	 be	 interpreted	 as	 if	 we	 are	 assuming	 either	 an	 additive	

discretisation	 of	 deformation	 ( ε n = 0 + Δε1 + Δε 2 + ...+ Δε n )	 or	 multiplicative	 discretisation	

(Fn = FΔn ...FΔ2FΔ1I )	respectively.	For	small	strain	problems	the	two	approaches	are	equivalent,	so	

the	former	was	implemented,	as	it	is	straightforward,	simpler	and	without	the	need	of	inverting	

the	deformation	gradient.	Note	that	this	is	also	consistent	with	the	fundamental	additive	split	of	

small	 strain	 plasticity	 ( !ε = !ε
e + !ε p )	 as	 discussed	 in	 2.1.2.	 As	 we	 will	 see	 later,	 in	 the	 finite	

plasticity	implementation,	chapter	4,	the	latter	is	more	applicable	and	will	be	used	instead.		

Having	 calculated	 the	 current	 total	 strains	 ε n+1 	 and	 current	 strain	 increment	 Δε n+1 	 for	 each	

material	point	we	are	now	able	to	solve	the	incremental	problem	as	described	in	eq.	(2.27).	As	

discussed,	 the	 solution	 of	 this	 system	 will	 result	 as	 output	 the	 Cauchy	 stresses	 σn+1 ,	 for	 the	

current	 time-step.	 Please	 note	 that	 the	 implemented	 solution	 for	 each	 of	 the	 integrated	

constitutive	model	will	be	discussed	in	section	2.2.4.	

Having	 calculated	 the	 stress	 at	 each	material	 point,	we	 can	 finally	 calculate	 the	 internal	nodal	

forces	of	each	element	using	the	shape	functions	N 	using	the	following	equation:	

	 fn+1
int = ∂N

∂xn+1
σn+1 dV

V
∫ 		 (2.58)	

where	V	is	the	total	volume	of	each	tetrahedral	element.	This	integral	 is	calculated	numerically	

with	a	four	point	Gaussian	rule:	

	
 
fn+1
int = Jn+1 !x1, !x2, !x3( ) ∂N !x1, !x2, !x3( )

∂xn+1
σn+1

!x1, !x2 , !x3( )
∑ !x1, !x2, !x3( ) 		 (2.59)	
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where	 the	 triplet	 of	 iso-parameric	 coordinates	  !x1, !x2, !x3( ) 	 is	 looping	 over	 the	 Gaussian	

coordinates a,b,b( ),  b,a,b( ),  b,b,a( ),  b,b,b( ) 	,	with	a = 5 + 3 5( ) / 20 	and	b = 5 − 5( ) / 20 .		

Also	 J 	denotes	the	Jacobean	determinant:	

	 Jn+1 = det Fn+1( ) 		 (2.60)	

Note	that	the	derivative	
∂N
∂x

	is	again	calculated	using	a	chain	rule,	similarly	to	eq.	(2.48):	

	
∂N
∂x

= ∂N
∂ζ

∂x
∂ζ

⎡

⎣
⎢

⎤

⎦
⎥

−1

		 (2.61)	

Having	 calculated	 the	 internal	 nodal	 forces	 vector	 fn+1
int ,	 we	 then	 calculate	 the	 external	 forces	

from	the	interactions	of	the	discrete	body	elements.	The	external	forces	can	be	split	into	parts:	

	 f ext = fb
ext + fg

ext + ft
ext 		 (2.62)	

a) External	forces	defined	by	some	general	boundary	conditions	 fb
ext 	

	 fb
ext = f̂ tn+1( ) 		 (2.63)	

b) Body	forces	 fg
ext ,	obtained	by	a	gravitational	law,	for	example	using	a	gravity	matrix	g :	

	 fg
ext =MgT 		 (2.64)	

c) Contact	forces	 ft
ext :	

	 ft
ext = Nt  dV

∂V
∫ 		 (2.65)	

The	contact/traction	forces	are	the	result	of	the	collision	of	the	discrete	elements.	In	Solidity	this	

involves	 two	 separate	 steps:	 i)	 Contact	 detection	 and	 ii)	 Contact	 interaction.	 For	 a	 detailed	

discussion	on	the	contact	 interaction	in	FEMDEM,	interested	reader	is	referred	to	the	standard	

literature	on	this	topic:	Munjiza	and	Andrews,	2000;	Munjiza,	2004,	Chapter	2.	

The	 implemented	 contact	 detection	 algorithm	 is	 the	 so-called	 “no	 binary	 search	 (NBS)	

algorithm”.	 It	 introduces	 partitions	 of	 sub-spaces	 and	 buffer	 zones	 around	 each	 discrete	

element.	Contrary	to	its	predecessors,	it	has	the	advantage	of	achieving	O(n)	complexity	both	in	
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terms	of	memory	and	run	time	(Munjiza	and	Andrews,	1998).	Regarding	the	contact	interaction,	

a	penalty	function	method	is	employed:	We	allow	a	penetration	of	two	elements	and	we	assume	

that	 the	 corresponding	 overlap	 is	 generating	 a	 pair	 of	 equal	 contact	 forces	 acting	 on	 the	

contacting	couple	based	on	a	contact	force	potential	equation	(2.66),	Figure	2.10.		

	

Figure	2.10:	Contact	interaction	of	two	colliding	tetrahedra	

For	 a	 contactor	 ci 	 and	 a	 target	 t j 	 ,	 with	 volumes	 βci
	 and	 βt j

	 respectively	 and	 overlapping	

volumeβci
∩βt j

,	we	can	write:	

	 fcit j = gradϕci
− gradϕ

t j

⎡
⎣

⎤
⎦βci∩βt j

∫ dV 		 (2.66)	

and	summing	over	all	finite	elements	on	the	boundary,	eq.	(2.65)	can	be	written	as:	

	 ft
ext = gradϕci

− gradϕ
t j

⎡
⎣

⎤
⎦βci∩βt j

∫ dV
j
∑

i
∑ 		 (2.67)	

	

After	the	calculation	of	the	distributed	force	on	the	contactor	and	the	target	with	eq.	(2.67),	we	

can	calculate	the	corresponding	nodal	forces,	eq.	(2.65).	

At	this	stage,	we	have	finally	calculated	both	internal	 fn+1
int 	and	external	 fn+1

ext 	forces.	Thus,	we	can	

then	feed	again	right	hand	of	equation	(2.44).	Then	using	again	eq.	(2.45),	with	everything	known	



Implementation	of	inelastic	models	in	FEMDEM	

	 58	

at	time-step	 tn+1 ,	we	continue	the	calculation	for	new	time-step	 tn+2 ,	describing	a	full	time-step	

loop	of	Solidity’s	solver.	

Figure	2.11	 shows	 the	 summarised	 flow	diagram	of	 the	 Solidity	 global	 routine	with	 integrated	

elasto-plasticity.	

	

		

Figure	2.11:	Solidity	global	solver	with	integrated	elasto-plasticity	
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2.2.4 Implementation	of	return	mapping	of	material	models		

In	 this	 section	 the	 implementation	 of	 the	 basic	 plasticity	 models	 (von	Mises,	Mohr-Coulomb,	

Drucker-Prager)	 in	Solidity	 is	discussed.	We	give	a	basic	description	of	each	of	 the	models	and	

then	present	the	respective	detailed	exact	integrated	return	mapping	algorithms.		

2.2.4.1 Von	Mises	

Von	 Mises	 plasticity	 is	 the	 first	 and	 most	 fundamental	 plasticity	 model.	 It	 is	 an	 immediate	

generalisation	of	the	simple	one-dimensional	model,	described	in	Section	2.1.1,	and	it	 is	widely	

used	 in	 engineering	 practice	 for	 the	 description	 and	 numerical	modelling	 of	 ductile	materials,	

such	as	metals.	It	states	that	the	material	yields	when	the	effective	stress	 3J2 σ( ) 	(also	known	
as	von	Mises	stress)	reaches	a	yield	limit	σ y ,	known	as	von	Mises	yield	stress.		

When	 the	critical	 surface	 is	described	 in	 the	principal	 stress	 space	 it	 can	be	seen	as	a	cylinder	

with	axis	the	space	diagonal	(Figure	2.12).		

	 	

Figure	2.12:	von	Mises	cylinder	in	principal	stress	space	

Following	the	description	in	2.1.2,	formally	the	yield	surface	is	written	as:	

	 f σ ,σ y( ) = 3J2 σ( ) −σ y 		 (2.68)	

In	this	model	we	will	assume	a	fully	associative	flow:	

	

 

!ε p = !γ r σ ,σ y( )
r σ ,σ y( ) = ∂

∂σ
f σ ,σ y( ) = s

3J2 s( )
		 (2.69)	



Implementation	of	inelastic	models	in	FEMDEM	

	 60	

where	 s 	is	the	deviatoric	stress	tensor	:		

	 s = σ − 1
3
tr σ( )I 		 (2.70)	

Moreover,	in	our	current	implementation	σ y 	is	described	by	a	linear	hardening	rule:	

	 σ y ε p( ) =σ y
0 + H  ε p 		 (2.71)	

where	  ε p ,	 can	 be	 seen	 as	 an	 effective	 (von	Mises)	 measure	 of	 accumulated	 plastic	 strains,	

which	 is	 equivalent	 to	 work	 hardening.	 For	 our	 fully	 associative	 case,	 the	 hardening	 rule	

becomes:	

	
 

!ε p = !γ
!σ y = !γ  Η

		 (2.72)	

Using	 a	 linear	 elastic	 law	with	 Lame	 elastic	 parameters	 µ 	 and	 λ ,	 the	 assumed	 elasto-plastic	

model	can	be	summarised	with	eq.	(2.73):	

	

 

σ = 2µ ε e + λtr ε e( )I
f σ( ) = J2 s( ) −σ y

!ε p = !γ s
3J2 s( )

!σ y = !γ  Η

		 (2.73)	

If	we	look	at	the	above	system,	we	can	see	that	the	plastic	flow	is	only	dependent	on	deviatoric	

part	 of	 stresses.	 Because	 of	 this	 observation	 the	 fully	 associated	 von	Mises	 plasticity	 is	 called	

purely	 deviatoric	 plasticity	 or	 J2 	 plasticity.	 The	 above	 set	 of	 equations	 can	 also	 be	 found	 in	

literature	as	Prandtl-Reuss	equations.		

Applying	 a	 backward	 Euler’s	 scheme,	 we	 can	 construct	 our	 return	 mapping	 equations	 as	

explained	in	Section	2.2.1:	
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σ n+1 = 2µ ε n+1
e + λ tr ε n+1

e( )I
fn+1 = J2 sn+1( ) −σ n+1

y

ε n+1
e − ε n+1 = Δε p = Δγ sn+1

3J2 sn+1( )
σ n+1

y −σ n
y = Δγ  Η

		 (2.74)	

The	solution	of	the	above	system,	using	the	observation	of	purely	deviatoric	plastic	flow,	leads	to	

a	 very	 simple	 fully	 explicit,	 stress	 state	 update	 algorithm,	 which	 is	 generally	 known	 as	 radial	

return	mapping	 algorithm.	 The	 “radial”	 comes	 from	 the	 fact	 that	 the	 flow	vector	 is	 normal	 to	

deviatoric	cut	of	the	von	Mises	cylinder,	which	is	of	course	a	circle	(Figure	2.13).		

	 	

Figure	2.13:	Radial	return	mapping	on	the	deviatoric	plane	for	von	Mises	associative	plasticity	

The	radial	return-mapping	algorithm	is	presented	here	as	implemented	in	Solidity	(see	Appendix	

for	full	derivation):	

For	timestep	 tn+1 ,	given	σ n
y ,	 ε n

e ,	Δε 	and	constant	elastic	material	parameters	µ,λ :	

1) Calculate	 trial	 volumetric	 stress	 and	 the	 deviatoric	 stress	 tensors,	 pn+1
trial 	 and	 sn+1

trial 	

respectively,	assuming	all	strains	are	elastic:	

	
pn+1
trial = λ + 2

3
µ⎛

⎝⎜
⎞
⎠⎟ tr ε n+1( )

sn+1
trial = 2µ ε n+1 −

1
3
tr ε n+1( )I⎛

⎝⎜
⎞
⎠⎟

		 (2.75)	

2) Calculate	 J2 s( ) 	and	check	yield-surface	admissibility:	

f σ,σn
y( ) = 0 f σ,σn+1

y( ) = 0

σn+1
trial

σn+1

σn
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J2 s( ) = 1

2
s11

2 + s22
2 + s33

2( ) + s122 + s232 + s312

f trial = 3J2 sn+1
trial( ) −σ n

y
		 (2.76)	

If	 f
trial

σ n
y < TOL 	then	it	is	elastic	loading,	 sn+1 = sn+1

trial 	is	the	correct	stress	state	and	 Δγ = 0 ;	

go	to	step	4).	

3) Else,	apply	return	mapping:	

	

Δγ = f trial

4µ + H

sn+1 = 1− Δγ
3J2 sn+1

trial( )
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
sn+1
trial

		 (2.77)	

4) Update	stresses,	elastic	strains	and	internal	parameter	for	this	time-step:	

	

σ n+1 = sn+1 + pn+1
trial  I

ε n+1
e = 1

2µ
sn+1 + 1

3
tr ε n+1( )I

σ n+1
y = σ n

y + Δγ  Η

		 (2.78)	

2.2.4.2 Mohr-Coulomb	

The	Mohr-Coulomb	material	model,	firstly	described	in	late	19th	century	as	a	failure	criterion	for	

rocks,	is	the	most	popular	material	model	for	introducing	pressure	dependence	in	the	strength	of	

the	 material.	 It	 is	 commonly	 defined	 in	 the	 2	 dimensional	 shear	 stress-normal	 stress	 space	

( τ −σ n 	 space)	 implying	 that	yielding	of	 the	material	happens	when	 the	maximum	shear	 stress	

and	normal	stress	reach	the	critical	combination:	

	 τ + σ n tanφ = c 		 (2.79)	

where	 φ,  c 	 are	 material	 parameters	 known	 as	 internal	 friction	 angle	 and	 cohesion	 of	 the	

material	respectively.		
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Figure	2.14:	Mohr-Coulomb	critical	line	in	Mohr-plane	representation	

In	 three-dimensional	stress	space,	 the	yield	surface	 is	described	as	a	 function	of	 the	maximum	

and	minimum	principal	stresses,	σ max 	and	σ min 	respectively:	

	 f σ ,c,φ( ) = σ max −σ min( ) + σ max +σ min( )sinφ − 2ccosφ 		 (2.80)	

	

Figure	2.15:	Mohr-Coulomb	pyramid	in	principal	stress	space	

The	above	equation	when	illustrated	in	principal	stress	space,	will	define	a	pyramid	(Figure	2.15).	

Note	that	each	of	the	six	sides	of	the	pyramid	can	be	seen	as	using	eq.	(2.80)	with	a	permutation	

of	the	inequality:	

	 σ 1 ≥σ 2 ≥σ 3 		 (2.81)	

Thus,	having	an	unordered	set	of	principal	 stresses	 σ 1,σ 2,σ 3[ ] ,	 the	yield	surface	of	 the	Mohr-

Coulomb	model	can	be	represented	as	a	combination	of	6	planar	surfaces:	
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	 f σ ,φ( ) =

f1
f2
f3
f4
f5
f6

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥

=

σ 1 −σ 3

σ 1 −σ 2

σ 2 −σ 1

σ 2 −σ 3

σ 3 −σ 2

σ 3 −σ 1

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥

+

σ 1 +σ 3

σ 1 +σ 2

σ 2 +σ 1

σ 2 +σ 3

σ 3 +σ 2

σ 3 +σ 1

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥

sinφ −

1
1
1
1
1
1

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥

2ccosφ 		 (2.82)	

From	the	above	follows	that	the	intersection	of	each	two	of	the	above	planar	surface,	indicates	

that	 two	 principal	 stresses	 are	 equal	 and	 furthermore,	 that	 all	 surfaces	 intersect	 at	 the	 apex	

where	σ 1 =σ 2 =σ 3 =
c
tanφ

.	

Contrary	 to	 the	von	Mises	case,	 the	Mohr-Coulomb	criterion	 is	generally	assumed	with	a	non-

associative	flow-rule.	This	is	done	with	assuming	a	flow	potential	 g c,ψ( ) = f c,φ( )
φ=ψ

.		

Then,	the	flow	potential	becomes:	

	 g = σ max −σ min( ) + σ max −σ min( )sinψ  + constant 		 (2.83)	

and	the	flow	vector	 r = ∂g
∂σ

,	equivalently	to	eq.	(2.82)	depending	on	the	current	yielding	plane,	

will	be	given	in	piecewise	form:	

	

r1
r2
r3
r4
r5
r6

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥

= ∂
∂σ

σ 1

σ 1

σ 2

σ 2

σ 3

σ 3

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥

1+ sinψ( ) + ∂
∂σ

σ 3

σ 2

σ 1

σ 3

σ 2

σ 1

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥

1− sinψ( ) 		 (2.84)	

Note	that	the	derivatives	of	the	eigenvalues	σ i 	of	the	symmetric	stress	tensor	σ 	with	respect	to	

the	tensor	are	given	by	eigen-projections:	

	
∂σ i

∂σ
= Ei σ( ) = ei ⊗ ei 		 (2.85)	

where	 ei 	is	the	eigenvector	of	stress	tensor	σ corresponding	to	principal	stress	(eigenvalue)	σ i .	

The	flow	rule	then	becomes:	
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!ε p = !γ ∂g

∂σ
= !γ Ei 1+ sinψ( ) +E j 1− sinψ( )( ) 		 (2.86)	

The	 replaced	angle	ψ 	 is	 called	 the	dilatancy	angle	of	 the	material.	 The	effect	of	 the	dilatancy	

added	in	the	plastic	flow	by	ψ is	that	it	is	effectively	adding	a	volumetric	part	to	plastic	strains,	

implying	volumetric	 change	during	plastic	 flow,	 contrary	 to	 the	von	Mises	 flow.	Note	 that	one	

can	see	the	angle	as	the	divergence	of	plastic	flow	vector	from	the	volumetric	axis	 !ε1
p = !ε2

p = !ε3
p .	

The	choice	of	ψ is	different	for	each	material.	For	example,	ψ = 0 	would	indicate	deviatoric	only	

plastic	flow	as	in	the	Prandtl-Reuss	case	that	was	described	in	the	full	associative	von	Mises	case.	

On	the	other	hand,	 the	angle	ψ = φ ,	which	would	 indicate	 fully	associative	 flow,	 is	considered	

excessive	 and	 in	 some	 cases	 (e.g.	 for	 cohesionless	materials)	 would	 imply	 zero	 plastic	 energy	

dissipation.	 Therefore	 an	 intermediate	 value	 0 ≤ψ ≤φ 	 is	 usually	 chosen	 (Figure	 2.16).	 For	

detailed	discussion	of	 theoretical	and	practical	 investigation	of	dilatancy	angle	 in	geomaterials,	

see	Vermeer	and	Brost,	1984.	

	

Figure	2.16:	Return	mapping	for	different	dilatancy	angle	ψ	

In	order	to	deal	with	the	non-smoothness	of	Mohr-Coulomb	surface,	many	approaches	exist.	In	

most	 cases	 researchers	 have	 either	 used	 smooth	 approximations	 to	 the	 corners	 of	 the	Mohr-

Coulomb	pyramids	 (see	 for	example	Sloan	and	Booker,	1986)	or	express	eq.	 (2.80)	 in	 terms	of	

other	invariants	in	Haigh–Westergaard	coordinate	system	where	the	surface	becomes	smooth:	

(τtrial,	σntrial)	

σψ=0	

φ	

σψ=φ	

σψ=φ/2	
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	 f σ ,c,φ( ) = 3sin θ + π
3

⎛
⎝⎜

⎞
⎠⎟ − sinφ cos θ + π

3
⎛
⎝⎜

⎞
⎠⎟

⎡
⎣⎢

⎤
⎦⎥
ρ − 2ξ sinφ − 6ccosφ 		 (2.87)	

However	the	non-linearity	of	trigonometric	functions	in	(2.87)	leads	to	cumbersome	integration	

algorithms.	It	is	worth	mentioning	that	during	this	work,	the	first	attempts	implementing	Mohr-

Coulomb	plasticity	were	done	using	the	above	invariant	representation	and	the	author	found	it	

unnecessarily	complicated	and	computationally	unstable.		

The	 alternative	 approach	 is	 to	 deal	 with	 the	 problem	 on	 principal	 stress	 level:	 Assuming	 an	

isotropic2	elastic	stress	tensor	and	yield	function,	we	apply	the	spectral	decomposition:	

	 f σ( ) =Qσ f σ eigen( )Qσ
T 		 (2.88)	

where	 Qσ 	 is	 the	eigenvector	matrix	and	 σ eigen 	 the	diagonal	eigenvalue	matrix	of	 stress	 tensor	

σ .		

This	 means	 that	 if	 we	 write	 eq.	 (2.30)	 in	 terms	 of	 elastic	 stresses,	 having	 in	 mind	 that	

ε n+1
e  trial − ε n+1

e = Δε p ,	we	get:	

	 σ n+1 −σ n+1
trial = 2µ Δε p + λ tr Δε p( )I 		 (2.89)	

we	can	now	work	equivalently	with	principal	stresses:	

	

σ 1

σ 2

σ 3

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
−

σ 1
trial

σ 2
trial

σ 3
trial

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
= Δγ 2µ

Δε1
p

Δε2
p

Δε3
p

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
+ λ Δε1

p + Δε2
p + Δε3

p( )
1
1
1

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
		 (2.90)	

Petric	and	de	Souza	Neto	(1999)	proposed	a	simple	surface	selection	strategy	(originally	for	the	

Tresca	case	and	then	generalised	for	Mohr-Coulomb	in	de	Souza	Neto	et.	al.,	2008,	8.2),	which	is	

making	 use	 of	 the	 concept	 of	 sub-differential	 (see	 section	 2.2.2).	 It	 is	 separating	 the	 return	

mapping	in	4	different	return	vectors	(depending	on	the	plane	surfaces	contributing	to	the	flow)	

and	 is	expressed	only	 in	principal	stress	space	 level.	This	approach	was	adopted	 in	 the	current	

work,	leading	to	the	following	algorithm	presented	as	implemented	in	Solidity	(for	full	derivation	

see	appendix):	

																																																								
2	 f RXRT( ) = Rf X( )RT 	for	every	orthogonalR .		
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For	timestep	 tn+1 ,	given	 ε n
e ,	Δε 	and	material	parameters	µ,λ,φ,c,ψ :	

1) Calculate	trial	stress	tensor	assuming	all	strains	elastic:	

	
ε n+1
e  trial = ε n

e + Δε

σ n+1
trial = 2µ ε n+1

e  trial + λ  tr ε n+1
e  trial( )I 		 (2.91)	

2) Calculate	 sorted	 principal	 stresses	 (eigenvalues)	 σ 1
trial ≥σ 2

trial ≥σ 3
trial 	 and	 eigenvector	

matrix	Qσ trial = e1
T ,e2

T ,e3
T⎡⎣ ⎤⎦ .	Note	that	that	eigenvectors	 e1,e2,e3 	are	corresponding	one-

to-one	to	the	sorted	eigenvalues.	

3) Check	Yield	surface	admissibility:	

	 f trial = σ 1
trial −σ 3

trial( ) + σ 1
trial +σ 3

trial( )sinφ − 2ccosφ 		 (2.92)	

If	 f
trial

c
≤ TOL 	 then	it	 is	elastic	 loading	and	 σ n+1 = σ n+1

trial 	 is	the	correct	stress	state;	go	to	

step	8.	

4) Else,	try	to	return	to	main	plane:	

	 a = 4µ + 4 µ + λ( )sinψ sinφ 		 (2.93)	

	
σ 1

σ 2

σ 3

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
=

σ 1
trial

σ 2
trial

σ 3
trial

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
− f trial

a

µ + µ + λ( )sinψ
            λ sinψ
−µ+ µ + λ( )sinψ

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
		 (2.94)	

	 If	sorting	σ 1 ≥σ 2 ≥σ 3 	is	valid,	then	return	mapping	is	valid	as	well;	go	to	step	8.	

5) Else	check	whether	we	must	try	to	return	to	right	or	left	edge	of	pyramid:	

	 S = 1− sinψ( )σ 1
trial + 1+ sinψ( )σ 3

trial − 2σ 2
trial 		 (2.95)	

	 For	S > 0 	return	to	the	right	edge,	else	return	to	left	edge	

6) And	try	to	return	to	the	edge	(right	or	left):	

	
bright = 2µ + 2µ sinψ + sinφ( ) + 2 µ + 2λ( )sinψ sinφ

bleft   = 2µ − 2µ sinψ + sinφ( ) + 2 µ + 2λ( )sinψ sinφ
		 (2.96)	

	 A = 1
a 2 − b 2

a −b
−b a

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
		 (2.97)	
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	 f trial i, j = σ i
trial −σ j

trial( ) + σ j
trial +σ j

trial( )sinφ − 2ccosφ 		 (2.98)	

Right	edge:	

	
σ 1

σ 2

σ 3

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
=

σ 1
trial

σ 2
trial

σ 3
trial

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
− 2

µ + µ + λ( )sinψ
λ sinψ

−µ + µ + λ( )sinψ

µ + µ + λ( )sinψ
−µ + µ + λ( )sinψ

λ sinψ

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

×A ×
f trial1,3
f trial1,2

⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥
		 (2.99)	

	 Left	edge:	

	
σ 1

σ 2

σ 3

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
=

σ 1
trial

σ 2
trial

σ 3
trial

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
− 2

µ + µ + λ( )sinψ
λ sinψ

−µ + µ + λ( )sinψ

λ sinψ
µ + µ + λ( )sinψ
−µ + µ + λ( )sinψ

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

×A ×
f trial1,3
f trial2,3

⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥
		 (2.100)	

	 If	sorting	σ 1 ≥σ 2 ≥σ 3 	is	valid,	then	return	mapping	is	valid	as	well;	go	to	step	8.	

7) Else,	return	to	apex:	

	
σ 1

σ 2

σ 3

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
= c
tanφ

1
1
1

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
		 (2.101)	

8) Update	stresses	and	elastic	strains	for	this	time-step:	

	
σ n+1 =Qσ

σ 1 0 0
0 σ 2 0
0 0 σ 3

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
Qσ

T

ε n+1
e = 1

2µ
σ n+1 −

λ
2µ 3λ + 2µ( ) tr σ( )I

		 (2.102)	

It	is	important	to	note	that	in	the	above	return	mapping	calculations	only	 f trial i, j 	are	different	for	

each	time-step.	That	means	that	using	the	above	proposed	formulation	all	other	matrices	can	be	

pre-calculated	only	once	in	the	full	analysis	for	each	set	of	material	properties	 µ,λ,φ,ψ ,	which	

can	be	essential	for	code	optimisations	and	vectorised	calculations.	

Finally,	 note	 that	 if	 in	 the	 above	 calculations	 we	 omit	 the	 contribution	 of	 the	 angles	 φ 	 and	

ψ (implying	ψ = φ = 0 o ),	the	above	algorithm	will	degenerate	to	one	of	a	Tresca	material.	Thus,	

since	 the	simplified	matrices	are	pre-calculated	 in	 the	above	 formulation,	 it	 is	 trivial	 to	branch	
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out	 a	 robust	 implementation	 for	 the	 Tresca	model	 as	well.	 Obviously	 in	 that	 case	 there	 is	 no	

admissible	return	to	apex.	

	

Figure	2.17:	Tresca	hexagonal	prism	in	principal	stress	space	

	

2.2.4.3 Drucker-Prager	

The	Drucker-Prager	material	model	(Drucker	and	Prager,	1952)	is	a	smooth	approximation	to	the	

Mohr	coulomb	case.	 It	can	be	seen	as	a	natural	generalization	of	 the	von	Mises	yield	criterion	

with	 introducing	 hydrostatic	 pressure-sensitivity.	 It	 has	 been	 widely	 used,	 together	 with	 the	

Mohr-Coulomb,	 for	 defining	 constitutive	 models	 for	 geomaterials	 (mostly	 used	 for	 sand,	

concrete,	 rock).	 Its	 main	 difference	 from	 the	 Mohr-Coulomb	 is	 the	 independence	 on	 the	

deviatoric	 stress-state,	 similar	 to	 the	von	Mises	model.	 Its	 yield	 surface	 is	usually	defined	as	a	

linear	combination	of	the	square	root	of	the	second	deviatoric	stress	invariant	 J2 s( ) 	and	the	

first	stress	invariant	 I1 = tr σ( ) :	

	 f = J2 + AI1 − B 		 (2.103)	

In	 principal	 stress	 space	 it	 is	 represented	 as	 a	 cone	 with	 axis	 the	 space	 diagonal	

σ 1 =σ 2 =σ 3 (Figure	2.18).		
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Figure	2.18:	Drucker-Prager	cone	in	principal	stress	space	

Note	that	in	case	of	A=0,	it	degenerates	to	the	von	Mises	surface:	

	 f = J2 − B 		 (2.104)	

where	 B = 1
3
σ y 	.	

Also	note	that	the	parameters	 A 	and	 B 	are	commonly	written	as:	

	
A φ( ) =η φ( )
B φ,c( ) = ξ φ( ) ⋅c

		 (2.105)	

where	 η ,	 ξ 	 are	 functions	 of	 the	 internal	 friction	 angle	 φ 	 (with	 η = ξ tanφ )	 and	 c 	 is	 the	

cohesion	 of	 the	 material.	 (see	 Appendix	 B	 for	 approximating	 Mohr-Coulomb	 pyramid	 with	

Drucker-Prager	cone)		

As	in	the	Mohr-Coulomb	case,	it	is	generally	described	with	a	non-associative	(dilatant)	flow	rule	

with	replacing	the	variable	 A = A φ( ) 	with	 A = A ψ( ) 	respectively,	where	ψ 	is	a	dilatancy	angle	

of	the	material.	Thus	we	can	write	for	the	flow	vector:	

	
g = J2 s( ) + AI1
∂g
∂σ

= ∂
∂σ

J2 s( ) + AI1( ) = s
2 J2 s( )

+ AI
		 (2.106)	

The	discretised	form	of	the	flow	rule	then	becomes:	
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	 Δε p = Δγ ∂g
∂σ

= Δγ sn+1
2 J2 sn+1( )

+ AI
⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
		 (2.107)	

Note	 that	 eq.	 (2.106)	 expresses	 a	 singularity	 at	 the	 case	 J2 s( ) = 0⇔ s = 0 .	 This	 point	

represents	the	apex	of	Drucker-Pruger	cone,	which	is	the	only	non-smooth	point	of	the	surface	

and	will	be	dealt	with	separately.		

Taking	 advantage	 of	 the	 deviatoric-volumetric	 split	 of	 return	 vector	 we	 can	 rewrite	 a	

decomposed	version	of	eq.	(2.107):	

	

Δε p = Δε d
p + Δεv

pI

Δε d
p = Δγ

2 J2 sn+1( )
sn+1

Δεv
p = Δγ A

		 (2.108)	

Similarly	to	the	von	Mises	case,	the	return	mapping	equations	of	Drucker-Prager	material	can	be	

calculated	 in	 closed	 form,	 giving	 the	 following	algorithm	presented	as	 implemented	 in	 Solidity	

(for	full	derivation	see	Appendix):	

For	timestep	 tn+1 ,	given	 ε n
e ,	Δε 	and	material	parameters	µ,λ,Κ,Α,Α,Β :	

1) Calculate	trial	stress	tensor	assuming	all	strains	are	elastic:	

	
ε n+1
e  trial = ε n

e + Δε

σ n+1
e = 2µ ε n+1

e  trial + λ  tr ε n+1
e  trial( )I 		 (2.109)	

	

2) Split	stresses	into	deviatoric	and	volumetric	part:	

	
pn+1
trial = 1

3
tr σ n+1

trial( )
sn+1
trial = σ n+1

trial − pn+1
trial  I

		 (2.110)	

3) Check	Yield	surface	admissibility:	

	
J2 s( ) = 1

2
s11

2 + s22
2 + s33

2( ) + s122 + s232 + s312

f trial = J2 sn+1
trial( ) + Apn+1trial − B ≥ 0

		 (2.111)	
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If	
f trial

B
≥ TOL 	 then	it	 is	elastic	 loading	and	 σ n+1 = σ n+1

trial 	 is	the	correct	stress	state;	go	to	

step	6)	

4) Else,	first	check	if	we	have	to	return	to	apex:	

	 J2 sn+1
trial( ) − µ

KA
pn+1
trial − Β

A
⎛
⎝⎜

⎞
⎠⎟ < 0 		 (2.112)	

	 or,	in	order	to	successfully	treat	cases	when	 A = 0 	(deviatoric	only	flow):	

	 KA J2 sn+1
trial( ) −µ pn+1

trial − B
A

⎛
⎝⎜

⎞
⎠⎟ < 0 		 (2.113)	

If	yes,	then	actual	stress	state	degenerates	to	volumetric	stresses	only	on	the	apex	of	the	

cone:	

	 σ n+1 =
B
A
I 		 (2.114)	

and	then	go	to	step	6).	

5) Else,	return	to	smooth	part	of	the	cone	according	to	return	mapping	equations:	

	
sn+1 = 1− 3µ f trial

3µ + KAA( ) J2 sn+1
trial( )

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
sn+1
trial

pn+1 = pn+1
trial − KA f trial

3µ + KAA

		 (2.115)	

	 with	bulk	modulus	K = λ + 2
3
µ .	

6) Update	stresses	and	elastic	strains	for	this	time-step:	

	
σ n+1 = sn+1 + pn+1I

ε n+1
e = 1

2µ
sn+1 +

pn+1
K
I
		 (2.116)	

Note	 that,	 similarly	 to	 the	 Mohr-Coulomb	 case,	 the	 above	 Drucker-Prager	 return-mapping	

algorithm	will	degenerate	to	the	von	Mises	one,	if	we	set	A = A = 0 .	
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2.3 Numerical	implementation	considerations	and	application	guidance	

Finally	in	this	section,	some	general	numerical	guidance	and	suggestions	are	provided,	for	both	

the	practical	usage	and	the	future	development	of	implemented	solvers	as	described	above.	

2.3.1 Calculation	of	eigenvalues	and	eigenvectors	

For	 the	 return	mapping	calculation	regarding	 the	material	models	expressed	 in	principal	 stress	

space	(i.e	Mohr-Coulomb,	Tresca)	it	is	necessary	to	calculate	the	eigenvalues	and	eigenprojection	

of	 the	 respective	stress	 tensors.	As	we	will	also	see	 in	Chapter	4,	 this	 is	also	 required	 in	every	

case	 such	 that	 we	 need	 to	 do	 a	 spectral	 decomposition	 in	 order	 to	 calculate	 non-polynomial	

tensor	functions.		

The	 recommendations	 found	 in	 literature	 (see	 for	 example	 Peric	 and	 de	 Souza	 Neto,	 1999)	

suggest	 that	 one,	 in	 order	 to	 do	 the	 spectral	 decomposition,	 can	 use	 the	 well-known	 closed	

expressions	of	the	cubic	equation	(a	solution	for	stress	tensors	can	also	be	found	in	Appendix	B):	

	 xi
3 − I1xi

2 + I2xi − I3 = 0 		 (2.117)	

where	 I j 	are	the	tensor’s	invariants.	Then	one	can	construct	the	eigenprojections	with:	

	 Ei =
xi

2xi
3 − I1xi

2 + I3
X2 − I1 − xi( )X + I3

xi
I

⎡

⎣
⎢

⎤

⎦
⎥ 		 (2.118)	

However,	 the	 author	 found	 the	 above	 initially	 simple	 methodology	 highly	 unstable.	 This	 was	

shown	 to	 come	 from	 the	 special	 treatment	 of	 the	 above	 equations	 when	 we	 have	 one	 zero	

eigenvalue	 or/and	 two	 eigenvalues	 being	 almost	 equal	 to	 each	 other.	 In	 the	 FEMDEM	

simulations	 it	 is	 very	 common	 to	 have	 unstressed,	 partly	 stressed	 or	 symmetrically	 stressed	

objects,	so	the	above	treatment	became	very	inefficient.		

Alternatively,	 in	 Solidity,	 an	 iterative	 approach	 for	 eigen	 calculations	 was	 finally	 adopted	 and	

used	 instead,	 which	 takes	 advantage	 of	 the	 a-priori	 knowledge	 that	 we	 are	 dealing	 with	

symmetric	tensors	only.	The	idea	is	to	convert	the	symmetric	3x3	matrix	to	a	tridiagonal	one	and	

then	 apply	 a	 QL 	 transformation	 for	 setting	 up	 an	 iterative	 eigenvalues	 and	 eigenvector	

calculation.	This	 is	shown	to	be	unconditionally	stable	and	accurate.	 Interested	reader	can	find	

full	 both	 theoretical	 and	 implementation	 details	 of	 this	 methodology	 in	 standard	 scientific	

computing	recipes	books	(see	Press	et	al.,	2007,	section	11.4).	
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2.3.2 Selection	of	time-step	

The	selection	of	time-step	plays	a	very	 important	role	 in	both	the	stability	and	accuracy	of	any	

numerical	 time-dependent	 analysis.	 Since	 the	 complexity	 of	 the	 computational	 time	 of	 global	

solution	is	almost	exactly	linear	with	the	number	of	necessary	time-steps	(half	time-step,	would	

mean	 double	 CPU	 time	 for	 the	 analysis),	 we	 generally	 want	 to	 select	 as	 large	 a	 time-step	 as	

possible.	 However,	 within	 the	 FEMDEM	 framework	 we	 normally	 have	 two	 independent	

restrictions	regarding	time-step	that	come	from	the	discrete	and	continuous	part	of	the	analysis	

respectively.	

The	 important	 consideration	 in	 every	 case	 is	 that	within	one	explicit	 discrete	 time-step	of	 the	

global	solver	(2.45),	we	must	capture	all	the	information	of	the	events	that	happened	during	the	

original	continuous	time	frame.	

For	 the	 discrete	 element	 part,	 this	 is	 based	 on	 the	 oscillation	 period	 of	 contacting	 circular	

particles	(Tsuji	et	al.,	1993):	

	 ΔtDEM = π
a

m
k
		 (2.119)	

where	m 	is	the	mass	and	 k 	the	contact	stiffness	of	each	tetrahedral	element	at	the	boundary	of	

the	discrete	object.	Note	that	the	stiffness	 k 	 is	directly	connected	on	the	penalty	number	that	

defines	 the	 maximum	 allowed	 penetration	 the	 selection	 of	 which	 will	 be	 discussed	 in	 next	

section	 (2.3.3).	 Parameter	 a 	 can	 be	 seen	 as	 the	 number	 of	 timesteps	 per	 half	 collision	

oscillation.	A	suggested,	 a ≈15 ,	is	shown	to	give	accurate	energy	dissipation	calculations	with	a	

second	order	time	integration.	Since	we	have	a	first	order	integration	(see	eq.	2.43),	one	could	

use	a	higher	value	a ≈ 30 .	

Similarly,	for	the	stability	of	the	continuous	analysis,	the	minimum	time-step	is	based	on	the	time	

required	for	the	stress	wave	to	travel	through	an	element	(Kolsky,	1964):	

	 ΔtFEM = h
a

ρ
E
		 (2.120)	

with	 suggested	 a ≈10 ,	 where	 h 	 is	 a	 characteristic	 length	 of	 the	 tetrahedral	 element	 (for	

example	its	minimum	length	edge	or	altitude);	 E 	and	ρ 	are	the	Young’s	modulus	and	density	of	

each	element	respectively.		
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Then	the	global	minimum	time-step	of	the	solver	eq.	(2.44),	can	be	then	selected	as:	

	 Δtglobal = mini min ΔtFEM
i ,ΔtDEM

i( )( ) 		 (2.121)	

where	 i 	denotes	the	 ith 	tetrahedral	element.	Thus	compatibility	conditions	(2.119)	and	(2.120)	

will	be	satisfied	for	every	discrete	and	finite	element	of	the	model.	

However,	 since	 current	 solver	 is	 implemented	with	 only	 one	 global	 constant	 static	 time-step,	

extra	care	is	necessary	as	the	size	and	shape	of	the	elements	can	change	significantly	throughout	

the	analysis.	This	will	be	further	exploited	if	we	assume	a	large-strain	plasticity,	as	we	will	see	in	

Chapter	4.	

	

	

Figure	2.19:	Change	of	shape	of	tetrahedral	element	for	very	large	deformation	

The	 numerical	 impact	 of	 such	 flattening	 of	 shape	 (Figure	 2.19)	 is	 to	 reach	 a	 point	 where	 the	

global	solver	of	eq.	(2.45)	could	give	some	global	deformations	inconsistent	with	the	tetrahedral	

shape,	i.e.	to	imply	that	the	one	of	the	apexes	moved	through	the	opposite	side.		

In	order	to	avoid	this	problem	there	are	a	 few	general	solutions	that	can	be	generally	applied:	

Either	 introduce	 a	 dynamic	 time-step,	 which	 would	 represent	 the	 current	 minimum	 allowed	

value	 of	 eq.	 (2.120)	 with	 taking	 into	 account	 the	 current	 sizes	 of	 elements,	 and/or	 introduce	

some	dynamic	adaptive	re-meshing	that	would	leave	the	tetrahedral	shapes	invariant.		

Since	at	the	time	of	this	work	none	of	the	above	solutions	are	currently	implemented	in	current	

solution,	a	few	“safety”	recommendations	were	put	in	place	instead:		
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a) Firstly	we	make	sure	that	the	initial	mesh	structure,	especially	near	the	edges	where,	 in	

the	 case	 of	 collisions,	 one	 expects	 more	 severe	 deformation,	 has	 “good-shaped”	

tetrahedral	 passing	 a	 shape-quality	 check,	 with	 the	 recommendation	 of	 not	 allowing	

tetrahedral	angles	less	than	20	degrees.		

b) Selecting	a	larger	value	of	 a 	in	equation	(2.120),	with	recommended	 a ≈ 50 −100 ,	which	

implies	that	the	altitude	of	the	critical	element	will	not	decrease	to	more	than	one-fifth	to	

one-tenth	of	what	the	elastic	body	would	do	

c) Finally	a	 run-time	check	 is	 implemented,	which	 is	not	allowing	 the	analysis	 to	 continue	

when	non-consistent	deformed	tetrahedral	found	during	analysis:	

	 detF > 0 		 (2.122)	

where	 the	 determinant	 of	 the	 deformation	 gradient	 can	 be	 seen	 as	 a	 measure	 of	

changing	 of	 volume	 of	 the	 tetrahedron.	 So	 negative	 sign	 would	 imply	 inconsistent	

volume.		

If	the	above	condition	is	breached,	one	can	decrease	the	time-step	accordingly	on	a	trial-

and	error	base.			

Note	that	practice	has	shown	that	recommendations	a)	and	b)	above	are	normally	good	enough	

for	the	stability	of	the	continuous	problem	and	condition	(2.122)	is	rarely	breached.	

2.3.3 Selection	of	penalty	number	

As	briefly	described	in	section	2.2.3	(for	full	review	see	Munjiza	and	Andrews,	2000),	in	FEMDEM	

framework	contact	forces	are	calculated	with	a	penalty	number	method.	This	 is	 inserted	in	the	

contact	force	potential	function	with	a	relation	of	the	below	general	form:	

	 ϕ x( ) = k ⋅r x( ) 		 (2.123)	

where	 x 	is	a	point-vector	in	the	overlapping	volume,	 r x( ) 	is	a	weighted	measure	of	distance	of	

this	point	to	the	contacting	boundary	surface	and	 k 	is	the	penalty	parameter,	which	is	given	in	

N /m( ) 	and	can	be	seen	as	the	contacting	stiffness	between	the	tetrahedral	elements.	

The	penalty	parameter	 k 	is	controlling	the	allowed	penetration	of	the	bodies:	the	higher	value	it	

has	the	smaller	the	penetration.	So	a	theoretical	limit	of	 k→∞ 	implies	no	penetration	and	is	the	

theoretical	 optimum	 solution.	 In	 that	 sense,	 the	 choice	 of	 k ,	 as	 a	 material	 parameter,	 is	
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somehow	arbitrary	and	one	can	choose	a	large	enough	“safe”	value,	having	always	in	mind	that	

it	also	affects	the	size	of	time-step	and	thus	the	total	computational	time	through	eq.	(2.119).		

In	 practice,	 Munjiza	 (2004,	 section	 2.6.3)	 suggests,	 giving	 intuitive	 arguments,	 to	 control	 the	

penalty	number	with	a	value	proportional	to	the	elastic	Young’s	Modulus	E :	

	 k = aE 		 (2.124)	

with	 a 	being	a	scalar	dimensionless	parameter,	usually	ranging	1-100.		

The	author	recommends	using	 a =100,	as	practice	has	shown	that	it	has	been	a	safe	choice	for	

getting	convergent	results.	However,	as	 long	as	 ΔtDEM 	 is	not	the	bottleneck	 in	eq.	 (2.121),	and	

the	global	time-step	was	determined	based	on	 ΔtFEM ,	eq.	(2.120),	the	user	can	always	use	the	

maximum	 possible	 value	 that	 is	 allowed	 and	 implied	 by	 setting	 ΔtDEM = min
i

ΔtFEM
i( ) 	 in	 eq.	

(2.119)	and	solving	in	respect	to	 k .	

	

2.3.4 Introducing	viscous	damping	

The	above	and	current	 implementation	of	plasticity	 is	a	“rate	 independent”	one,	meaning	that	

the	behaviour	of	material	is	independent	of	the	rate	of	the	strain	propagation.	Although	it	is	not	

necessary	 for	 the	material	 description,	 it	 is	 common	 in	 explicit	 calculations	 to	 introduce	 some	

viscous	 damping,	 in	 order	 to	 allow	 oscillating	 bodies	 to	 come	 to	 rest.	 Note	 that	 this	 is	 not	

necessary	in	implicit	FEM	solvers,	since	in	that	case	a	global	static	equilibrium	is	always	achieved.	

The	 viscous	 behaviour	 is	 usually	 added	 in	 the	 global	 equation	 of	 motion	 with	 introducing	 a	

damping	part,	using	a	damping	nodal	matrix	 c :	

	  M!v + cv = f int + f ext 		 (2.125)	

However,	in	FEMDEM	solvers,	this	common	practice	is	inapplicable,	as	eq.	(2.125)	will	damp	the	

rigid	body	motion	of	the	discrete	elements	as	well,	which	is	not	what	it	was	intended	for.	

The	 alternative	 is	 to	 introduce	 the	 damping	 at	 the	 material	 point	 level	 of	 the	 calculation	 of	

internal	 stresses.	Note	 that	 existing	 Solidity	 solver	 included	 an	 implementation	of	 visco-elastic	

material	where	an	additional	dissipative	part	TD 	is	added	to	the	mechanical	stresses	(Xiang	et	al.	

2009):	
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	 TD = 2ηD 		 (2.126)	

where	D 	is	the	matrix	of	rate	of	deformation	tensor	and	η 	is	the	viscosity	of	the	material.		

	 D = 1
2
L+LT( ) 		 (2.127)	

with	L 	the	velocity	gradient	as	defined	in	eq.	(2.131).	

The	purpose	of	this	addition	was	to	add	a	controllable	dissipative	mechanism	to	current	solver.	

With	 this	 work,	 having	 a	 plasticity	 implementation	 available,	 one	 could	 argue	 that	 this	 is	 not	

longer	necessary	as	the	plastic	deformation	will	be	the	natural	dissipative	mechanism.	However,	

after	 the	end	of	 loading	 (or	 in	 case	when	 the	 loading	never	 reaches	 the	 critical	 yielding	 state)	

there	will	always	be	some	elastic	waves	locked	in	the	discrete	bodies	allowing	an	infinite	elastic	

oscillation.	 Even	 though	 this	 behaviour	 is	 expected,	 it	 might	 be	 counter-intuitive	 for	 some	

specific	numerical	demonstrations	when	the	user	would	expect	a	global	static	equilibrium	to	be	

reached.	Although	the	full	treatment	of	viscous	dumping	would	need	a	fully	implemented	visco-

plastic	 material	 model,	 which	 is	 not	 part	 of	 this	 research	 plan,	 we	 can	 effectively	 treat	 the	

problem	 for	 these	 cases	 with	 small	 modifications	 on	 how	 a	 visco-elastic	 model	 is	 generally	

treated.	

Contrary	to	the	visco-elastic	material	we	do	not	add	the	viscous	part	on	the	mechanical	stresses,	

which	 would	 affect	 the	 linearity	 of	 return-mapping	 equations;	 instead,	 we	 add	 it	 after	 the	

successful	return	mapping	directly	on	the	global	equation	of	motion.	

	
 

M!v = f int + f ext

f int = f mechanic + f viscous
		 (2.128)	

where	the	viscous	forces	 f viscous 	are	calculated	similarly	to	 f mechanic 	but	using	the	viscous	stresses	

TD 	instead:	

	 fn+1
viscous = ∂N

∂xn+1
TD n+1 dV

V
∫ 		 (2.129)	

and	as	in	the	visco-elastic	model,	

	 TD = η L+LT( ) 		 (2.130)	
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with	L 	being	the	velocity	gradient:	

	 L = ∇v = vcn
∂N
∂ζ

∂x
∂ζ

⎛
⎝⎜

⎞
⎠⎟

−1

		 (2.131)	

where	 vcn 	 is	 the	matrix	of	current	nodal	velocities	of	 the	element	and	 N 	 the	matrix	of	 shape	

functions.	

For	the	value	of	viscous	parameter	η ,	one	can	choose	a	value	below	critical	damping:	

	 η≤ ηcr = 2h ρE 		 (2.132)	

where	 h ,	is	the	characteristic	length,	E 	the	Young	modulus	and	ρ 	is	density	of	each	element.		

In	practice,	 in	order	to	have	the	damping	effect	without	essentially	affecting	the	deformational	

behaviour	of	the	deformable	bodies,	the	author	recommends	using	the	empirical	value:	

	 η ≈10−2 min
i

ηcr
i( ) 		 (2.133)	

It	should	be	noted	that	the	above	viscous	damping	model	is	 independent	of	the	contact	model	

used	 (as	described	 in	 Section	2.2.3).	As	 shown	 in	eq.	 (2.128),	 it	 acts	on	 top	of	 the	mechanical	

internal	stresses,	damping	only	the	elastic	oscillation	of	the	body.	Thus	it	can	be	used	with	any	

contact	model	implementation.	It	should	not	be	confused	with	the	damping	contact	models	used	

in	DEM	contact	mechanics	literature	(see	for	example	Johnson,	1987).	

2.3.5 Pre-	and	post-processing	of	analysis	data	

As	modelling	and	solving	a	practical	engineering	problem,	Solidity	 in	 its	core	provides	only	 the	

mechanical	 solver,	 which	 must	 be	 applied	 on	 a	 predefined	 numerical	 model.	 Note	 that	 this	

means	 that	 in	order	 to	be	used	 for	 specific	geometries,	 conditions	and	materials,	 it	 requires	a	

level	 of	 mesh/model	 setup	 and	 pre-processing.	 Furthermore	 in	 order	 to	 extract	 and	 visualize	

results	during	the	time-history	of	the	analysis,	an	extra	post-processing	step	is	most	of	the	times	

necessary.	Currently	these	steps	have	to	be	carried	out	separately.	

Multiple	 solutions	exist	 in	 the	 research	community	 for	both	 steps,	either	 commercial	or	open-

source	ones.	Throughout	this	work	and	for	all	the	numerical	examples	in	this	thesis,	the	author	

has	 used	 GiDTM	 software	 for	 the	 data	 preparation	 and	mesh	 building	 based	 on	 a	 defined	 3D	

geometry.	 The	 author	 also	 provided	 a	 patch	 for	 inputting	 the	 necessary	 parameters	 for	 the	
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plasticity	models	 through	the	user	 interface	of	GiD.	For	 the	post-processing	whenever	a	mesh-

based	visualisation	was	needed,	the	open-source	data-visualisation	tool,	ParaViewTM	was	the	one	

used.	 Moreover	 as	 we	 will	 see	 in	 the	 numerical	 examples	 of	 chapter	 3,	 other	 custom	 data	

extractors	were	developed	at	an	ad-hoc	base	for	exporting	useful	resulting	measures.		

	



Numerical	verification	tests	

	 81	

CHAPTER	3 NUMERICAL	VERIFICATION	TESTS	

3.1 Summary	

In	this	chapter,	we	present	a	series	of	numerical	tests	the	importance	of	which	is	multi-fold.	First,	

they	 will	 serve	 as	 verification,	 both	 quantitative	 and	 qualitative,	 of	 the	 current	 plasticity	

implementation.	Second,	they	will	show	the	applicability	of	the	new	extended	3D	FEMDEM	tool	

for	a	 large	 range	of	potential	applications.	Third	 they	compose	a	 set	of	benchmarks	 for	 future	

FEMDEM	plasticity	implementations.Equation	Section	(Next)	

Inspired	 by	 the	 simplest	 one-dimensional	 plasticity	 model	 described	 in	 Section	 2.1,	 the	

verification	process	begins	with	a	series	of	quasi-static	compression/extension	tests	on	a	uniaxial	

cylinder.	Simplified	geometrical	and	loading	conditions	are	adopted	to	allow	a	direct	comparison	

between	 the	 theoretical	 mathematical	 material	 model	 and	 the	 numerically	 obtained	 results.	

Another	 important	 verification	 exercise	 is	 the	 demonstration	 that	 the	 material	 point	 level	

behaviour	 model	 can	 be	 successfully	 observed	 at	 a	 macroscopic	 level	 for	 each	 of	 the	

implemented	material	models.	

Furthermore,	the	ability	to	capture	the	correct	energy	dissipation	and	energy	preservation	within	

the	new	FEMDEM	framework	will	be	demonstrated.	The	example	chosen	for	this	purpose	is	the	

dynamic	oscillation	of	a	 cubical	body	with	 fixed	base,	 consisting	of	a	 complex	 loading	 scheme.	

The	simulated	numerical	behaviour	is	also	examined	considering	different	mesh	structures.	

Finally	 the	 problem	 of	 normal	 collision	 of	 spheres	 is	 considered.	 Its	 importance	 in	 DEM	

simulations	 and	 the	 existence	 of	 semi-analytical	 solutions	 in	 literature,	 make	 this	 problem	

attractive	 as	 a	 benchmark	 example	 for	 the	 numerical	 verification	 of	 elasto-plastic	 impact	

problems	 in	 terms	of	 the	energy	 losses	due	 to	plastic	deformation.	 Two	cases	are	 considered,	

sphere	against	a	rigid	plane	and	sphere	against	sphere	collision.	

3.2 Quasi-static	tests		

3.2.1 Uniaxial	(stress)	compression	of	a	Von	Mises	cylinder	

Firstly,	 we	 consider	 the	 uniaxial	 loading/unloading	 of	 a	 cylindrical	 specimen	 through	 a	 cyclic	

loading	scheme.	The	idea	is	to	try	to	reproduce	the	theoretical	macroscopic	one-dimensional	bi-
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linear	 elasto-plastic	 behaviour	 using	 a	 fully	 three-dimensional	 numerical	 model.	 Material	 and	

geometric	properties	of	the	specimen	are	given	in		

Table	 3.1.	 The	 model	 consists	 of	 6228	 elements	 and	 is	 shown	 in	 Figure	 3.1.	 For	 this	 case	

boundary	conditions	are	applied	on	the	bottom	face	of	the	cylinder	restricting	only	the	vertical	

displacement,	allowing	the	body	to	expand	laterally	(see	Figure	3.2).	

Table	3.1:	Geometric	and	material	properties	of	cylinder	for	uniaxial	tests	

Height	 0.25	m	

Radius	 0.05	m	

Young	Modulus	(E)	 35	GPa	

Poisson	Ratio	(n)	 0.3	

Yielding	stress	(σy)	 35	MPa	

	

	

Figure	3.1:	Numerical	model	mesh	for	uniaxial	compression/extension	analysis	

	

We	monotonically	apply	displacement	on	its	upper	surface.	First,	compression	is	applied	until	the	

material	reaches	the	yield	point.	Then,	in	a	similar	axial	displacement,	loading	is	relaxed	and	then	

the	cylinder	extends	while	having	the	capacity	to	generate	tensile	stresses.	Finally,	compression	

is	applied	again,	completing	a	full	cycle	of	 loading.	The	fully	applied	strain	 increment	sequence	

for	each	quasi-static	step	is	given	in	Table	3.2	(note,	positive	is	compression).	
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Table	3.2:	Applied	strain	increments	in	uniaxial	loading	test	(compression	is	positive)	

Time	step	 Total	applied	strain	

1	 3.25	·	10-3	

2	 -3.25	·	10-3	

3	 7	·	10-3	

	

The	deformed	 shape	during	 compression	and	extension	 is	 shown	 in	 Figure	3.2.	As	mentioned,	

note	that	for	this	case	the	cylinder	expands/shrinks	in	both	compression	and	tension	(Poisson’s	

ratio	effect).	

	

Figure	3.2:	Deformed	cylinder	during	compression-extension	(deformations	are	not	to	scale)		

The	 simple	one-dimensional	 loading	 system	can	be	explicitly	described	by	 the	 following	 three-

dimensional	stress	tensors:	

	

σ =
σa 0 0
0 0 0
0 0 0

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

ε =
εa 0 0
0 εr 0
0 0 εr

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

		 (3.1)	

where	the	elastic	axial	stress	σa 	is	calculated	by:	

	 σa = Eεa 		 (3.2)	

undeformed	
extension	

compression	
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Since	the	radial	stress,σ r = 0 ,	we	also	have	σa
y = σ y = 35MPa 	and	 εa

y = σa
y

E
= 35
35 ⋅103

= 10−3 .	That	

means	that	the	strain	increment	 ε1 	can	be	decomposed	into	elastic	and	plastic	part:	 ε1
el = 10−3 	

and	 ε1
pl = 2.25 ⋅10−3 .	

The	 relaxing	 tensile	 strain	 increment	 Δε2 = −6.5 ⋅10−3 	 will	 again	 be	 decomposed	 into	 its	 fully	

elastic	 part	 Δε2
e = −

2σ y

E
= −2 ⋅10−3 and	 plastic	 part	 Δε2

pl = −1.25 ⋅10−3 .	 Consistent	 behaviour	

according	to	the	theoretical	model	is	observed	as	σa
(2) = −σ y = −35 MPa .	

After	recompressing	for	the	second	cycle,	 the	stress	path	follows	the	 identical	elastic	response	

until	 reaching	 again	 the	 stress	 limit	 of	 35	 MPa	 and	 thereafter	 stays	 constant	 while	 straining	

plastically	for	the	final	compressive	part.	

Figure	3.3	shows	the	resulting	graph	of	the	relation	between	axial	stress	and	strain	of	the	fully	3D	

numerical	analysis,	together	with	the	correct	theoretical	behaviour;	the	results	are	in	agreement	

with	the	analytical	solution.	

	

Figure	3.3:	Stress-strain	path	of	uniaxial	loading/unloading	(elastic-perfectly	plastic	material)	

To	 demonstrate	 a	 more	 general	 model,	 the	 same	 analysis	 is	 repeated	 using	 the	 same	

loading/unloading	 path	 (Table	 3.2)	 for	 the	 case	 of	 a	 von	Mises	 material	 with	 linear	 isotropic	
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hardening	 using	 a	 Hardening	 modulus	 (H = 3 MPa ).	 For	 this	 case,	 after	 the	 yielding	 point	

( εa
y = 10−3 ),	the	strain	 increment	should	have	an	elastic	part	as	well,	and	from	the	definition	of	

hardening	 plasticity,	 the	 stress	 level	 increases	 during	 plastic	 deformation.	 According	 to	 the	

simplified	one-dimensional	elastic-hardening	plastic	model,	it	can	be	decomposed	into:	

	
Δεa = Δεa

el + Δεa
pl

Δεa = Δσa
1
E
+ 1
H

⎛
⎝⎜

⎞
⎠⎟
		 	(3.3)	

which	simplifies	to:	

	

Δσa =
E ⋅H
E + H

Δεa

σa
1 − 35( ) = 35 ⋅103 ⋅3⋅103

35 ⋅103 + 3⋅103 3.25 ⋅10−3 −1⋅10−3( )
σa

1 = 41.22 MPa

		 (3.4)	

and	 under	 the	 assumption	 of	 isotropic	 hardening,	 currently	 σ y = σa
1 = 41.22 MPa 	 for	 both	

compressive	and	tensile	loading.	

That	means	 that	under	 relaxing/tension,	 the	body	 should	 reach	 the	 yield	 limit	 again	when	we	

reach	that	stress	level	on	the	tension	side:	

	 εa
y = εa

1 −
2σ y

E
= 3.25 ⋅10−3 − 2 ⋅41.22

35 ⋅103
= 8.9 ⋅10−4 		 (3.5)	

Following	again	the	logic	of	(3.4)	and	(3.5)	we	can	equivalently	find:	

	
σa

2 = −52.67 MPa
σa

3 = 72.67 MPa
		 (3.6)	

The	 results,	 presented	 in	 Figure	 3.4	 are	 in	 agreement	 with	 the	 above	 theoretical	 expected	

behaviour	both	qualitatively	and	quantitatively.		
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Figure	3.4:	Stress-strain	path	of	uniaxial	loading/unloading	(elastic-hardening	plastic	material)	

3.2.2 Uniaxial	(strain)	compression	of	von	Mises	cylinder	

Using	 the	 same	 geometry	 but	 different	 boundary	 conditions	 we	 continue	 the	 verification	

procedure	 considering	 the	 case	of	uniaxial	 strain	 compression.	 For	 this	 case	we	 restrict	 lateral	

displacement	 (expansion)	 of	 the	 cylinder	 allowing	 deformation	 only	 parallel	 to	 the	 axis	 of	 the	

cylinder	(Figure	3.5).		

	

Figure	3.5:	Deformed	cylinder	during	(strain)	uniaxial	loading	(deformations	are	not	to	scale)	

The	most	important	resulting	difference	in	the	behaviour	of	the	uniaxial	strain	compared	to	the	

previous	 described	 stress	 compression	 is	 that	 in	 this	 case,	 although	 using	 a	 perfectly	 plastic	

material	 model,	 the	 axial	 stress	 σa 	 continues	 to	 increase	 even	 after	 yield	 and	 hence	 after	
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reaching	 material	 stress	 capacity.	 This	 counter-intuitive	 behaviour	 is	 an	 effect	 of	 the	 2	

dimensions	of	the	problem	in	the	stress	space;	as	we	will	see,	both	principal	stresses	will	increase	

while	their	difference	remains	constant,	and	should	be	captured	correctly	with	our	implemented	

numerical	model.		

We	are	monotonically	compressing	the	top	face	of	the	cylinder	up	to	a	total	axial	applied	strain	

εa
1 = 3.25 ⋅10−3 .	 The	 material	 parameters	 used	 are	 the	 same	 as	 in	 the	 previous	 example	

(E = 35 GPa 	, v = 0.3 	,	elastic-perfectly	plastic	material	with	σ y = 35 MPa ).	

For	this	case,	the	loading	system	is	described	via	the	following	principal	stress-strain	tensors:	

	

σ =
σa 0 0
0 σ r 0
0 0 σ r

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

ε =
εa 0 0
0 0 0
0 0 0

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

		 (3.7)	

For	elastic	deformation,	axial	and	radial	stresses	are	then	calculated	through	the	degenerated	3D	

elastic	Hookean	Law:	

	
σa = 2µ + λ( )εa
σ r = λεa

		 (3.8)	

or:	

	 σa =
2µ + λ

λ
σ r =

v
1− v

σ r 		 (3.9)	

Moreover,	when	yielding,	the	von	Mises	yield	surface	also	degenerates	to:	

	

3J2 = σ y

1
2

σa −σ r( )2 + σ r −σ r( )2 + σ r −σa( )2⎡
⎣

⎤
⎦ = σ y

σa −σ r = σ y

		 (3.10)	

If	we	now	plug	(3.9)	into	(3.10),	we	can	explicitly	find	the	yielding	axial	stress	σa
y ≠ σ y :	
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σa
y = 1− v

1− 2v
σ y

σa
y = 1− 0.3

1− 2 ⋅0.3
35 MPa

σa
y = 61.25 MPa

		 (3.11)	

and,	from	(3.8)	with	also	using	(3.11),	the	yielding	axial	strain:	

	

εa
y = 1

2µ + λ
σa
y = 1

E
1+ v( ) 1− 2v( )

1− v
1− v
1− 2v

σ y

εa
y = 1+ v

E
σ y

εa
y = 1+ 0.3

35 ⋅103
35 = 1.3⋅10−3

		 (3.12)	

After	reaching	the	yielding	point,	the	axial	and	radial	stresses	σa ,	σ r 	continue	to	increase	while	

their	difference	remains	constant,	according	to	(3.10).	Furthermore,	knowing	that	during	plastic	

flow	the	stress	point	 in	principal	stress	space,	moves	on	the	von	Mises	cylinder	only	parallel	to	

the	hydrostatic	axis	(σa = σ r = σ r ),	we	know	that	axial	stress	 σa 	should	increase	proportionally	

to	the	elastic	part	of	strain	increment	with	the	Bulk	Modulus	K = E
3 1− 2v( ) :	

	

Δσa
flow = E

3 1− 2v( )Δεa
flow

σa
1 − 61.25( ) = 35 ⋅103

3 1− 2 ⋅0.3( ) 3.25 ⋅10−3 −1.3⋅10−3( )
σa

1 = 118.1 MPa

		 (3.13)	

Equivalently,	 during	 the	 above	 elastic-plastic	 compression	 radial	 stress	 will	 initially	 increase	

elastically	until	reaching	σ r
y = σa

y −σ y = 26.25 MPa 	and	then	will	also	increase	with	Bulk	Modulus	

K .	

Figure	3.6	shows	the	results	of	the	fully	3D	numerical	analysis	being	in	perfect	agreement	with	

the	theoretically	expected	behaviour	described	above.	
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Figure	3.6:	Axial	stress-strain	path	of	uniaxial	(strain)	compression	

	

	

Figure	3.7:	Radial	stress-strain	path	of	uniaxial	(strain)	compression	

	

3.2.3 Uniaxial	(strain)	compression	of	Mohr	Coulomb	cylinder	

Next,	 using	 the	 same	geometry	 and	elastic	 properties	 as	 in	 previous	 examples	 (Table	 3.1),	we	

investigate	 the	 case	 of	Mohr-Coulomb	material.	 For	 this	 case	we	 are	 using	 a	 fully	 associative	
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Mohr	 Coulomb	 model	 with	 parameters	 ( c = 15 MPa 	 and	 φ = 30o ).	 Please	 note	 that	 for	

convenience,	 the	 calculations	 and	 results	 are	 also	 presented	 here	 with	 the	 geotechnical	 sign	

convention	(compressive	stresses	are	positive).		

From	 the	 model’s	 definition,	 the	 body	 should	 yield	 when	 axial	 and	 radial	 stresses	 reach	 the	

critical	Mohr-Coulomb	combination:	

	
σ a −σ r( )− σ r +σ a( )sinφ = 2ccosφ

σ a =
2ccosφ
1− sinφ

+ 1+ sinφ
1− sinφ

σ r

		 (3.14)	

On	the	other	hand,	we	have	shown	 in	3.2.2	that	during	elastic	part	of	 loading	(remember	that	

the	elastic	part	of	loading	is	plastic	model	independent):	

	 σ r =
v
1− v

σ a 		 (3.15)	

If	we	substitute	eq.	(3.15)	 into	(3.14)	we	can	retrieve	an	analytical	expression	for	yielding	axial	

stress	σ a
y :	

	
σ a

y =
2 1− v( )cosφ
1− 2v − sinφ

c

σ a
y =

2 1− 0.15( )cos 30o

1− 2 ⋅0.15 − sin 30o ⋅15 MPa = 110.42 MPa
		 (3.16)	

and	for	the	radial	stress:	

	 σ r =
0.15

1− 0.15
110.42 MPa = 19.49 MPa 		 (3.17)	

After	yielding,	both	axial	and	radial	stresses	continue	to	increase	according	to	eq.	(3.14)	or:	

	 σ a =
2cos30o

1− sin 30o
15 + 1+ sin 30

o

1− sin 30o
σ r

σ a = 51.96 + 3σ r

		 (3.18)	

Figure	3.8	shows	the	numerically	obtained	results	of	the	relation	between	the	principal	stresses	

throughout	the	compression	simulation	compared	to	the	analytical	behaviour	described	above.	

In	a	further	example,	Figure	3.9	shows	the	stress	 instances	of	Table	3.3,	of	the	material	before	

and	during	plastic	flow,	and	the	governing	Mohr-Coulomb	envelope	in	shear-normal	stress	space	
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(the	stress	states	are	presented	as	Mohr	circles).	Note	that	intersections	of	each	Mohr	circle	with	

the	 horizontal	 axis	 are	 the	 stresses	 σ r
i ,  σ a

i 	 for	 each	 point.	 Both	 graphs	 show	 the	 great	

agreement	 of	 the	 numerically	 obtained	 results	 with	 the	 theoretically	 expected	 behaviour	

described	in	eq.	(3.14)-(3.18).	

	

Figure	3.8:	Principal	stresses	path	in	uniaxial	strain	compression	of	Mohr-Coulomb	material	

	

Table	3.3:	Stress	component	magnitudes	during	compression	of	cylinder	modelled	with	a	Mohr-
Coulomb	plasticity	law		

Axial	Strain Axial	Stress Radial	Stress Shear	Stress Normal	Stress
1/1000 (MPa) (MPa) (MPa) (MPa)

1 2.98 110.9 19.6 45.6 65.3
2 4.46 163.3 37.0 63.1 100.2
3 5.99 218.9 55.5 81.7 137.2
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Figure	3.9:	Mohr-Coulomb	envelope	and	Mohr	circles	(corresponding	to	Table	3.3)	during	
uniaxial	strain	compression	

3.2.4 Uniaxial	(strain)	tension	of	a	cylinder	modelled	with	a	Mohr-Coulomb	plasticity	law	

The	 corresponding	 tension	 case	 is	 now	 investigated	 using	 the	 same	 geometry	 and	 material	

parameters	as	in	Section	3.2.3.	Also	note	that	for	this	case,	the	normal	sign	convention	(tensile	

stresses	are	positive)	is	adopted	in	the	figures	and	text.		

Unlike	the	von	Mises	case,	the	dependence	of	Mohr-Coulomb	material	on	hydrostatic	pressure,	

results	 in	 different	 behaviour	 under	 tension	 compared	 to	 the	 compressive	 test.	 In	 this	 case	

continuously	applied	tension	reduces	the	available	shear	capacity	of	the	material	until	reaching	

to	 the	 apex	 of	 Mohr-Coulomb	 pyramid.	 This	 can	 be	 numerically	 demonstrated	 by	 following	

similar	 considerations	 to	 those	 in	 the	 compressive	 case	 by	 writing	 the	 uniaxial	 strain-tension	

version	of	the	Mohr-Coulomb	criterion:		

	
σ a −σ r( ) + σ r +σ a( )sinφ = 2ccosφ

σ a =
2ccosφ
1+ sinφ

+ 1− sinφ
1+ sinφ

σ r

		 (3.19)	

Analogous	to	(3.16),	it	is	simple	to	demonstrate	that	the	yielding	will	start	when	the	stress	state	

reaches	the	following	critical	axial	and	radial	stresses:	

	
σ a

y =
2 1− v( )cosφ
1− 2v + sinφ

c =
2 1− 0.15( )cos30 o

1− 2 ⋅0.15 + sin30 o ⋅15 MPa = 18.40 MPa

σ r
y = 0.15

1− 0.15
18.40 MPa = 3.25 MPa

		 (3.20)	
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After	yielding	point,	both	axial	and	radial	stresses	will	continue	to	increase	according	to	eq.	(3.19)	

or:	

	 σ a =
2cos30o

1+ sin 30o
15 + 1− sin 30

o

1+ sin 30o
σ r

σ a = 17.32 + 0.33σ r

		 (3.21)	

However,	the	important	difference	is	that	in	tension	the	corresponding	stresses	cannot	increase	

indefinitely:	Eq.	(3.21)	shows	that	the	difference	σ a −σ r 	is	decreasing,	but	from	the	definition	of	

the	 material	 model,	 it	 cannot	 be	 negative.	 Thus	 when	 σ a =σ r = 25.98 MPa ,	 stresses	 will	 no	

longer	increase	and	the	body	will	continue	to	yield	at	the	same	stress	state.	Note	that	this	stress	

point	corresponds	to	the	apex	of	the	Mohr-Coulomb	pyramid	(σ a =σ r = ccotφ ).		

This	 behaviour	 is	 successfully	 captured	 in	 our	 implemented	 numerical	 model	 as	 is	 shown	 in	

Figure	 3.11.	 It	 can	 be	 seen	 that	 at	 first,	 the	 shear	 stress	 increases	 while	 being	 in	 the	 elastic	

regime.	 After	 reaching	 the	 yielding	 critical	 point,	 it	 starts	 decreasing	 again	 until	 reaching	 zero	

(the	apex	of	the	Mohr-Coulomb	envelope).	Figure	3.10	shows	the	numerically	obtained	relation	

between	the	principal	stresses	showing	a	perfect	match	compared	to	the	analytical	results	(eqs	

(3.20)	 and	 (3.21)).	 Furthermore	 Table	 3.4	 and	 Figure	 3.12	 show	 the	 different	 stress	 states,	

presented	 here	 as	Mohr	 circles,	 of	 the	material	 during	 plastic	 flow,	 and	 the	 governing	Mohr-

Coulomb	 envelope	 in	 shear-normal	 stress	 space.	 Note	 that	 the	 last	 Mohr	 circle	 has	 been	

degenerated	to	a	single	point,	so	this	numerical	test	serves	also	as	a	verification	of	the	correct	

numerical	 treatment	of	 the	singularity	at	 the	apex	of	Mohr-Coulomb	pyramid.	All	graphs	show	

the	 perfect	 agreement	 of	 the	 numerically	 obtained	 results	 compared	 with	 the	 theoretically	

expected	behaviour.	
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Figure	3.10:	Principal	stresses	path	in	uniaxial	strain	tension	of	a	cylinder	modelled	with	a	
Mohr-Coulomb	plasticity	law		

	

Figure	3.11:	Shear	stress	path	in	uniaxial	strain	tension	of	Mohr	Coulomb	material	

	

Table	3.4:	Stress	components	during	tension	of	a	cylinder	modelled	with	a	Mohr-Coulomb	
plasticity	law	

Axial	Strain Axial	Stress Radial	Stress Shear	Stress Normal	Stress
1/1000 (MPa) (MPa) (MPa) (MPa)

1 0.59 18.6 3.8 7.4 11.2
2 2.24 22.6 15.8 3.4 19.2
3 3.00 24.3 21.2 1.6 22.7
4 3.75 26.0 26.0 0.0 26.0
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Figure	3.12:	Mohr-Coulomb	envelope	and	Mohr	circles	(corresponding	to	Table	3.4)	during	
uniaxial	strain	tension	

	

3.2.5 Uniaxial	(strain)	compression/tension	of	a	Drucker-Prager	cylinder	

We	 now	 repeat	 the	 same	 numerical	 analysis	 for	 the	 case	 of	 a	 Drucker-Prager	 material.	 For	

verification	purposes	we	will	choose	the	Drucker-Prager	material	parameters	A	and	B	in	such	a	

way	 that	would	achieve	a	match	with	 the	behaviour	of	 the	Mohr-Coulomb	case.	Note	 that	 for	

the	case	of	uniaxial	strain	compression	the	Drucker-Prager	stress	surface,	similarly	to	the	Mohr-

Coulomb	case,	can	be	simplified	to	an	explicit	expression	between	the	axial	and	radial	stresses.		

First	we	simplify	the	stress	invariants:	

	
J2 σ( ) = 1

3
σ a −σ r

I1 =σ a + 2σ r

		 (3.22)	

Thus	the	Drucker-Prager	criterion	simplifies	to:	

	

1
3
σ a −σ r + A σ a + 2σ r( )− B = 0

σ a =
3

1− 3A
B + 1+ 2 3A

1− 3A
σ r    for   σ a ≤σ r

σ a =
3

1+ 3A
B + 1− 2 3A

1+ 3A
σ r    for   σ a ≥σ r

		 (3.23)	
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Notice	that	by	comparing	equations	(3.14),	(3.19)	and	(3.23),	the	Drucker-Prager	parameters	can	

be	 chosen	 to	 match	 both	 the	 compression	 and	 tension	 Mohr-Coulomb	 verification	 tests	

described	in	Sections	3.2.3	and	3.2.4:	

	

A = 2sinφ
3 3− sinφ( ) ,   B = 2cosφ

3 3− sinφ( ) c      for uniaxial strain compression

A = 2sinφ
3 3+ sinφ( ) ,   B = 2cosφ

3 3+ sinφ( ) c      for uniaxial strain tension
		 (3.24)	

	

Figure	3.13:	Drucker-Prager	approximations	to	Mohr-Coulomb	pyramid	

Note	 that	 the	 above	 approximations	 are	 usually	 called	 outer	 and	 inner	 Drucker-Prager	 circles	

(Figure	 3.13).	 For	 alternative	 derivation	 of	 Drucker-Prager	 parameters	 for	 approximating	 the	

Mohr-Coulomb	pyramid	see	Appendix	B.	

Therefore	we	repeat	 the	uniaxial	 tests	using	a	Drucker-Prager	material	model	with	parameters	

A = 0.231 ,	 B = 0.4 MPa 	 for	 uniaxial	 compression	 and	 A = 0.165 ,	 B = 0.286 MPa 	 for	 uniaxial	

tension,	approximating	in	both	cases	the	Mohr-Coulomb	parameters	( c = 15 MPa 	and	φ = 30o ).		

Figure	3.14	and	Figure	3.15	show	the	numerically	obtained	results	 for	the	case	of	compression	

and	 tension	 respectively	 and	 a	 good	 match	 with	 the	 theoretical	 model	 is	 demonstrated.	

Furthermore,	one	can	see	that	the	graphs	are	identical	with	the	ones	from	Figure	3.8	and	Figure	

3.10	obtained	in	the	Mohr-Coulomb	case,	as	expected.	The	consistent	results,	verify	the	correct	

implementation	 of	 the	 Drucker-Prager	 material	 model	 and	 also	 the	 above	 described	

approximations.	
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Figure	3.14:	Principal	stresses	path	in	uniaxial	strain	compression	of	a	cylinder	modelled	with	a	
Drucker-Prager	plasticity	law	

	

Figure	3.15:	Principal	stresses	path	in	uniaxial	strain	tension	of	a	cylinder	modelled	with	a	
Drucker-Prager	plasticity	law	
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3.2.6 Mixed	loading	on	a	von	Mises	cylinder	

For	 this	 test	 case	we	are	 applying	 a	mixed	non-symmetric	 loading	on	 the	 cylinder.	 Initially	we	

compress	 the	cylinder,	with	axial	compressive	strain	 Δεa ,	until	after	 it	 reaches	the	yield	point.	

Then	a	combined	shear-compression	deformation	is	applied	withΔεd = 100t ⋅ Δεa 	and	 0 ≤ t ≤1.	

That	way	we	ensure	that	a	combined	compression/shear	load	is	applied	to	structural	body,	which	

will	allow	it	to	deform/stress	under	mixed	loading	conditions.	

We	use	the	compression	uniaxial	stress	setup	(lateral	free),	with	the	only	difference	being	that	

we	fix	the	base,	so	that	the	system	can	undertake	non-symmetric	shear	 loading.	Note	that	the	

material	parameters	used	are	the	same	as	in	previous	von	Mises	examples	(Table	3.1).	

	

Figure	3.16:	Deformed	cylinder	after	applying	combined	load	(displacements	are	not	to	scale)	

	

The	motivation	 of	 this	 3D	 test	 case	 is	 to	 check	 that	 the	 stress	 return-mapping	 algorithm	 can	

successfully	return	on	the	yield	surface,	when	the	direction	of	 Δsn+1
trial 	 is	different	to	the	current	

(already	yielded)	state	 sn .	This	of	course	should	successfully	give,	 sn+1 ≠ sn ,	since	we	return	on	

different	radial	vector.	

In	order	to	show	this	we	are	capturing	the	stress	timeline	of	a	material	point	under	the	combined	

loading	 conditions.	We	will	make	use	of	 the	deviatoric	 plane	projection	of	Haigh-Westergaard	

cylindrical	coordinate	system	(Figure	3.17).	

undeformed	

deformed	(compression,	shear)	
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Figure	3.17:	Representation	of	stress	state	on	the	deviatoric	plane	projection	

The	quantity	 as 	is	called	stress	invariant	angle	of	similarity	or	Lode	angle	(Lode,	1926).	It	is	given	

from	the	following	equation	(Nayak	and	Zienkiewicz,	1972;	see	also	Appendix	B):	

	 cos3as =
3 3
2

J3
J2

3/2 		 (3.25)	

The	deviatoric	principal	stresses	are	calculated:	

	

s1 = ρcosas

s2 = −ρcos π
3
− as

⎛
⎝⎜

⎞
⎠⎟

s2 = −ρcos π
3
+ as

⎛
⎝⎜

⎞
⎠⎟

		 (3.26)	

with	r,	the	Lode	diameter	given	by,		

	 ρ =
2 J2
3

= 2
3
σ y 		 (3.27)	

Note	that	from	definition	of	deviatoric	stresses:	

	 		 (3.28)	

Figure	3.18	shows	the	numerically	captured	path	of	the	stress	state	during	the	deformation.	It	is	

verifying	 that	 current	 implementation	of	Prandtl-Reuss	equations,	 successfully	 returns	 the	 trial	

state	on	points	alongside	the	von	Mises	cylindrical	yield	surface.	During	the	compression	part	of	

the	 loading	 (A),	 the	 path	moves	 along	 the	 as = 60
o 	 line	 until	 reaching	 the	 yielding	 point	 (B).	

Further	compression	only	affects	 the	hydrostatic	part	of	 the	stress	 tensor	and	 the	stress	point	

s1 + s2 + s3 = 0
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moves	 parallel	 to	 the	 symmetry	 axis	 of	 principal	 stress	 space.	 This	 means	 that	 in	 the	 Haigh-

Westergaard	space	the	path	is	mapped	on	the	same	point	on	the	deviatoric	projection	(C).	When	

the	combined	loading	starts,	the	material	stress	state	will	start	moving	non-parallel	to	the	axis,	

but	always	remains	on	the	yield	surface	of	the	von	Mises	cylinder	(D).	

	

Figure	3.18:	Stress	path	during	mixed	loading	on	deviatoric	plane	projection	
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3.3 Dynamic	oscillation	of	a	cube	

During	 elastic	 deformation	 of	 a	 structural	 body	 the	 available	mechanical	 energy	 is	 partitioned	

into	elastic	and	kinetic	parts.	Furthermore,	when	in-elastic	deformation	occurs,	a	part	of	it	will	be	

dissipated	through	plasticity.	 In	previous	simplified	quasi-static	cases	the	energy	 loss	 is	verified	

through	the	hysteretic	loop	of	the	stress-strain	relationships.	The	purpose	of	this	test	is	to	verify	

that	the	current	plasticity	implementation	is	correctly	taking	into	account	the	energy	dissipation	

during	plastic	deformation	during	a	complex	loading	scheme.	This	is	done	by	explicitly	calculating	

all	 energy	 partitions	 and	 showing	 total	 energy	 conservation	 during	 a	 controlled	 dynamic	

simulation.	 It	 is	 important	 to	 note	 that	 the	 respective	 calculations	 are	 done	 externally	 of	 the	

solver,	thus	they	act	as	independent	observations	of	the	global	solution.	

Let	us	assume	a	cubical	specimen	with	volume	1m3	with	fixed	base	in	all	directions.	It	is	given	an	

initial	 velocity	 (1	 m/s)	 and	 left	 oscillating	 (Figure	 3.19).	 Each	 oscillation	 produces	 some	

irreversible	deformations,	which	results	to	energy	loss	through	plastic	dissipation.	

	

Figure	3.19:	Initial	and	boundary	conditions	of	the	cubic	body	

Material	parameters	used	in	this	analysis	are	given	in	Table	3.5.	

Table	3.5:	Material	Properties	for	oscillating	cube	test	

Density	ρ	 1000	kg/m3	

Young’s	Modulus	E	 30	GPa	

Poisson’s	Ratio	ν 		 0.3	

Plasticity	Model	 von	Mises	

Yield	stress	σy	 0.4	MPa	
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We	will	 explicitly	 calculate	 the	kinetic,	 elastic	and	dissipated-plastic	energy	and	will	 show	how	

the	total	energy	is	partitioned	during	the	oscillations.	As	mentioned,	a	successful	implementation	

should	also	be	able	 to	verify	 that	at	any	given	 time,	 the	 total	mechanical	energy	 is	preserved,	

Ekin + Eel + Epl = const ,	as	no	other	dissipating	mechanisms	are	taken	into	account.	

For	the	kinetic	energy	part	we	can	write:	

	 Ekin =
1
2
uTMu 		 (3.29)	

where	u 	is	the	vector	of	all	nodal	velocities	and	M 	is	the	diagonalised	lumped	mass	matrix.	

Then,	for	the	elastic	and	plastic	part,	we	use	the	work-energy	theorem	(see	Figure	3.20	for	the	

one-dimensional	illustration)	over	the	volume	of	each	element:		

	 Epl =
1
2

σ : ε el dV
V
∫ 	 (3.30)	

	 Epl = σ :Δε pl dV
V
∫

t
∑ 		 (3.31)	

where	“:”	in	equations	(3.30)	and	(3.31),	indicates	the	component-wise	Frobenius	inner	product3	

of	 the	 corresponding	 tensors.	 Please	 note	 that	 the	 plastic	 energy	 is	 calculated	 using	 the	

increments	 of	 plastic	 strains	 within	 each	 time-step.	 It	 is	 worth	 mentioning	 that	 the	 additive	

representation	of	(3.31)	 is	essential	 for	correctly	calculating	the	 lost	energy	 in	the	case	when	a	

body	is	stressed	with	any	non-monotonic	loading.	It	can	be	seen	as	a	formulation	to	describe	the	

different	nature	of	the	energy;	elastic	and	kinetic	energies	are	the	current/available	ones	at	each	

time-step,	whereas	plastic	energy	is	the	accumulated/lost	energy.	

																																																								
3	 A :B = tr ABT( ) = AijBij

i, j
∑ 		
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Figure	3.20:	Density	of	elastic	and	dissipated	plastic	energy	at	material	point	level	

As	usual,	within	the	developed	FEMDEM	framework	integrals	(3.30)	and	(3.31)	can	be	calculated	

numerically	using	the	Gaussian	points	of	each	element,	for	which,	in	the	current	implementation,	

all	necessary	components	for	each	time-step	are	given,	as	explained	 in	Section	2.2.3.	Summing	

over	every	element	we	can	thus	write:	

	 σ : Δ( )ε dV ≅ 1
4

J x( ) σ ij x( ) ⋅ Δ( )ε ij
j=1

3

∑
i=1

3

∑ x( )
x
∑

Vi
∫ 		 (3.32)	

with	 x 	 looping	over	 a,b,b( ),  b,a,b( ),  b,b,a( ),  b,b,b( ) ,	the	iso-parametric	coordinates	of	each	

Gaussian	 point	 for	 each	 tetrahedron,	 with	 a = 5 + 3 5( ) / 20 	 and	 b = 5 − 5( ) / 20 .	 Also	 note	
that J x( ) 	is	the	Jacobean	of	each	point	respectively.		

For	 reference	 and	 easy	 comparison,	 we	 start	 our	 analysis	 with	 assuming	 elastic	 material	

properties.	The	numerical	model	consists	of	an	unstructured	mesh	of	9640	tetrahedral	elements	

with	characteristic	length	of	0.1	m	(Figure	3.21).		

	

Figure	3.21:	Unstructured-meshed	model	with	characteristic	element	size	=	0.1m	
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The	 cube,	 given	 the	 initial	 body	 velocity	 and	 because	 of	 its	 fixed	 base,	 will	 gradually	 start	

oscillating	providing	a	complex	kinematic	and	consequently	loading	scheme.		

Figure	 3.22	 shows	 the	 decomposition	 of	 respective	 energy	 partitions	 against	 time,	 calculated	

using	above	equations	(3.29)-(3.31).	Part	of	the	kinetic	energy	is	initially	transformed	into	elastic	

energy	 and	 vice	 versa	 after	 each	 oscillation.	 Since	 there	 are	 no	 other	 energy-dissipation	

mechanisms,	the	initial	amplitude	of	energy	oscillation	will	periodically	remain	invariant.	

	

Figure	3.22:	Timeline	of	energy	decomposition	for	elastic	material	

	

Note	 that	 the	 small	 differences	 in	 the	 total	 energy	 are	 due	 to	 small	 inaccuracies	 of	 the	mass	

matrix	calculations	that	are	further	amplified	with	the	large	non-dissipated	velocities	of	the	mass	

points	on	each	oscillation.	However,	the	very	small	magnitude	of	the	relative	error	(<0.3%)	is	not	

a	cause	of	concern,	especially	because	in	the	plastic	dissipation	analysis	below	the	velocities	will	

be	significantly	reduced	as	seen	below.	

We	now	repeat	the	same	analysis	 for	an	elastic	 -	perfectly	plastic	material	with	 σ y = 0.4 MPa .	

Figure	 3.23	 shows	 the	 successful	 consideration	 of	 the	 energy	 that	 is	 dissipated	 during	 plastic	

deformation.	During	the	first	oscillation,	the	cube	body	loses	most	of	its	initial	energy.	Then	for	

every	new	oscillation	a	smaller	amount	of	energy	 is	dissipated	and	after	a	few	cycles,	due	to	a	

lack	of	other	dissipating	mechanisms,	the	cube	will	remain	oscillating	with	the	remaining	elastic	
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energy.	 One	 can	 observe	 that	 throughout	 the	 analysis	 the	 total	 energy	 remains	 constant	

verifying	the	energy	conservation	of	the	current	implementation.	

Figure	3.24	further	demonstrates	the	complex	loading	and	deformational	scheme	that	the	cubic	

body	is	under,	during	the	elasto-plastic	vibration.	

	

Figure	3.23:	Timeline	of	energy	decomposition	for	elastic-perfectly	plastic	material	

	

	

(a)	

	

(b)	

	

(c)	

Figure	3.24:	von	Mises	stress	and	velocity	fields	during	elasto-plastic	vibration	of	a	fixed	cube;	
(a)	t	=	0.025	ms,	(b)	t	=	0.1	ms,	(c)	t	=	2.5	ms	

It	 is	 possible	 to	 use	 this	 analysis	 to	 investigate	 the	 mesh	 dependency	 of	 the	 energy	

considerations.	The	first	thing	to	test	is	the	structure	of	the	mesh	of	the	model.	As	the	FEMDEM	

technique	 is	 used	 for	 arbitrary	 shaped	 bodies,	 we	 are	 generally	 making	 use	 of	 unstructured	

meshes.	 However,	 our	 plasticity	 implementation	 on	 the	 material	 point	 level	 should	 be	
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independent	and	invariant	with	respect	to	mesh-structure.	Thus	it	is	important	to	verify	this	by	

repeating	the	analysis	with	a	fully	structured-meshed	body.	

Figure	3.25	shows	the	structured	meshed	numerical	model	using	the	same	characteristic	length	=	

0.1	m.	 Furthermore,	 comparing	 the	 results	with	 previous	 analysis,	 Figure	 3.26	 shows	 identical	

energy-time	histories,	thus	proving	the	independence	of	the	structure	of	the	mesh.		

	

Figure	3.25:	Structured-meshed	model	with	characteristic	element	size	=	0.1m	

	

	

	

Figure	3.26:	Timeline	of	energy	decomposition	for	an	elastic-perfectly	plastic	material	
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Finally,	we	check	 the	convergence	of	 the	dissipated	energy	with	 respect	 to	 the	mesh	 fineness.	

Again,	we	generally	want	to	verify	very	small	dependence	of	the	behaviour	on	the	mesh	size.	We	

consider	 four	 extra	 cases	with	 characteristic	mesh-element	 lengths	 of	 0.5m,	 0.2m,	 0.15m	 and	

0.05m	(Figure	3.27,	added	to	the	one	presented	above	with	size	0.1m),	and	repeat	the	analysis	

using	the	same	boundary	and	initial	conditions.	

	

	 	

(a)	 (b)	

	 	

(c)	 (d)	

	Figure	3.27:	Meshed	model	with	characteristic	element	sizes	(a)	0.5,	(b)	0.2,	(c)	0.15,	(d)	0.05	m		

Figure	3.28	shows	the	time-history	of	the	energy	decomposition	for	the	different	mesh	fineness.	

We	generally	observe	almost	 identical	 behaviour	 among	 the	different	 cases.	One	 can	 see	 that	

only	case	(a)	underestimates	the	plastic	energy	dissipation	but	this	is	expected	as	the	extremely	

coarse	mesh	is	highly	affected	by	the	boundary	conditions	of	the	problem.	

This	 consistently	 good	 behaviour	 can	 be	 more	 easily	 verified	 in	 the	 convergence	 plot	 of	 the	

dissipated	energy	as	shown	in	Figure	3.29.		
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(a)	 (b)	

	 	

(c)	 (d)	

Figure	3.28:	Timeline	of	energy	decomposition	for	elastic-perfectly	plastic	material.	
Characteristic	element	sizes	(a)	0.5,	(b)	0.2,	(c)	0.15	and	(d)	0.05	m	

	

Figure	3.29:	Results	of	convergence	analysis	

0	

0.2	

0.4	

0.6	

0.8	

1	

0	 0.0005	 0.001	 0.0015	 0.002	 0.0025	 0.003	

N
or
m
al
is
ed

	E
ne

rg
y	

Time	(s)	

Kine/c	

Elas/c	

Plas/c	

Sum	

0	

0.2	

0.4	

0.6	

0.8	

1	

0	 0.0005	 0.001	 0.0015	 0.002	 0.0025	 0.003	

N
or
m
al
is
ed

	E
ne

rg
y	

Time	(s)	

Kine/c	

Elas/c	

Plas/c	

Sum	

0	

0.2	

0.4	

0.6	

0.8	

1	

0	 0.0005	 0.001	 0.0015	 0.002	 0.0025	 0.003	

N
or
m
al
is
ed

	E
ne

rg
y	

Time	(s)	

Kine/c	

Elas/c	

Plas/c	

Sum	

0	

0.2	

0.4	

0.6	

0.8	

1	

0	 0.0005	 0.001	 0.0015	 0.002	 0.0025	 0.003	

N
or
m
al
is
ed

	E
ne

rg
y	

Time	(s)	

Kine/c	

Elas/c	

Plas/c	

Sum	

0	

0.1	

0.2	

0.3	

0.4	

0.5	

0.6	

0.7	

0.8	

0.9	

1	 10	 100	 1000	 10000	 100000	 1000000	

N
or
m
al
is
ed

	E
ne

rg
y	

Number	of	elements	

Dissipated	Energy	



Numerical	verification	tests	

	 109	

3.4 Sphere	collisions	

In	 this	 verification	 test	 series	 we	 will	 analyse	 the	 kinematic	 behaviour	 of	 inelastic	 sphere	

collisions.	The	energy	losses	in	sphere	collisions	play	an	important	role	in	the	particle	analysis	of	

granular	 flow	when	one	can	have	thousands	(or	millions)	of	spherical	particles	 interacting	with	

each	other.	The	general	impact	is	characterised	either	as	normal	or	as	oblique	depending	on	the	

relative	direction	of	 impact	and	 rebound	velocities.	Note	 that	FEMDEM	techniques	can	handle	

arbitrary	angles	of	collisions	but	here	we	will	restrict	our	verification	analysis	to	normal	impacts,	

when	no	friction	is	taken	into	account	the	behaviour	of	which	is	well	studied	and	described	both	

theoretically	 and	 numerically	 in	 the	 literature,	 e.g.	Wu	 et	 al.,	 2003;	 Li	 et	 al.,	 2000;	 Thornton,	

1997;	 Kogut	 and	 Etsion,	 2002;	 Thornton	 et	 al.	 2013.	 It	 should	 be	 mentioned	 that	 all	 similar	

analyses	 found	 in	 the	 literature	 are	 done	 with	 commercial	 software	 (e.g.	 DYNA2D,	 DYNA3D,	

ANSYS)	with	either	2D	axisymmetric	analyses	or	simplified	3D	analyses	with	specifically	designed	

mesh	and	ad-hoc	contact	laws	in	order	to	capture	the	different	body	interactions.	According	to	

author’s	 knowledge,	 presented	 below	 is	 the	 first	 attempt	 to	 tackle	 this	 kind	 of	 elasto-plastic	

collision	 problem	 using	 a	 fully	 3D	 FEMDEM	 code	with	 a	 truly	 three-dimensional	 unstructured	

mesh	showing	 the	robustness	and	applicability	of	 the	current	 formulation	and	 implementation	

for	 large	scale	uncontrolled	impacts.	Finally	 it	should	be	also	noted	that	in	order	to	restrict	the	

energy	dissipation	to	plastic	deformation	only,	all	following	analysis	were	done	without	including	

any	viscous	damping.	

3.4.1 Sphere	against	a	rigid	wall	

We	 first	 consider	 the	 case	 of	 the	 collision	 of	 a	 sphere	 against	 a	 rigid	 base	 (Figure	 3.30).	 The	

sphere	moves	towards	a	flat	rigid	wall	and	has	an	initial	velocity	normal	to	the	face	of	the	wall.	

After	 impact	 it	 will	 bounce	 back	 with	 a	 rebound	 velocity	 generally	 less	 than	 the	 impact	 one,	

indicating	energy	loss	during	collision.	

	

Figure	3.30:	Normal	impact	of	ball	against	a	rigid	wall	
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At	 high	 impact	 velocities	 the	 driving	 energy	 dissipating	mechanism	 is	 the	 plastic	 deformation	

occurring	on	 the	sphere.	We	can	generally	 characterise	 the	 impact	by	3	 stages:	elastic,	elasto-

plastic	and	unloading	elastic.	

Initially,	after	first	point	of	impact,	the	sphere	will	deform	elastically	until	the	material	reaches	its	

strength	 capacity.	 After	 that	 point	 it	will	 deform	more	 and	 a	 larger	 part	 of	 sphere’s	 body	will	

contribute	 to	 resist	 against	 the	 contact	 forces	 from	 the	 rigid	 base.	 During	 the	 elastic-plastic	

deformation,	velocity	of	the	body	will	gradually	decrease.	After	the	velocity	of	the	lower	side	of	

sphere	becomes	zero	(some	part	of	the	sphere	might	still	have	non-zero	velocity)	and	the	loading	

stage	is	over,	the	stored	elastic	energy	will	be	released	and	in	turn	converted	into	kinetic	energy	

making	 the	 sphere	 bounce	 back.	 Thus	 the	more	 plastic	 deformation	 the	 less	 elastic	 energy	 is	

available	to	rebound	and	therefore	the	smaller	the	rebound	velocity	of	the	sphere.		

We	 will	 show	 how	 the	 above	 intuitive	 behaviour	 can	 be	 verified	 within	 the	 new	 developed	

framework.	Our	numerical	model	consists	of	two	discrete	elements:	A	spherical	body	with	radius	

0.1	m	discretised	with	an	unstructured	mesh	of	15365	quadrilaterals	(characteristic	size	0.015	m)	

and	a	plate	with	dimensions	0.2	m	x	0.2	m	x	0.01	m	meshed	with	2200	elements	(Figure	3.31).	

The	sphere	 is	given	an	 initial	velocity	50	ms-1	and	the	base	will	be	kept	fixed	simulating	an	un-

deformable	wall.	The	elastic	material	parameters	used	for	this	analysis	are	E	=	35	GPa	and	 v =0.3.	

Moreover,	 an	elastic/perfectly	plastic	 von	Mises	material	 is	 assumed	 for	 the	 sphere	with	 yield	

stress	σy	=	0.1	GPa.	Also	note	that	gravity	is	not	taken	into	account	for	this	test.	

	

Figure	3.31:	Numerical	meshed	model	of	a	sphere	against	a	rigid	wall	

Figure	3.32	shows	the	deformable	sphere	and	the	corresponding	velocity	vectors	before,	during	

and	after	impact.	One	can	see	the	accumulated	irreversible	deformation	due	to	plastic	loading.		



Numerical	verification	tests	

	 111	

	

	

	

	

Figure	3.32:	Deformed	elasto-plastic	sphere	and	corresponding	velocity	vectors	before,	during	
and	after	impact.	Velocity	vectors	are	in	same	scale	for	all	time	snap-shots	

Furthermore,	Figure	3.33	shows	the	effective	stress	distribution	for	multiple	time	steps	through	

the	impact	analysis	making	evident	the	existence	of	a	plastic	zone.	
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t=0.1ms	 t=0.4ms	

	 	

t=1ms	 t=1.5ms	

	 	

t=2ms	 t=2.5ms	

Figure	3.33:	Stress	distribution	during	normal	impact	of	a	sphere	with	a	rigid	plate;	impact	
starts	at	t=0	ms.	(continued	in	Figure	3.34)	
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t=3.2ms	 t=6ms	

Figure	3.34:	Stress	distribution	during	normal	impact	of	a	sphere	with	a	rigid	plate	(continued	
from	Figure	3.33)	

	

The	 effect	 of	 plasticity	 in	 the	 kinetic	 energy	 loss	 can	 be	 seen	more	 clearly	 in	 Figure	 3.35.	We	

show	 and	 compare	 the	 time	 history	 of	 kinetic	 energy	 during	 impact	 assuming	 different	 yield	

limits	 (0.3	GPa,	 0.75	GPa	 together	with	 the	 elastic	material).	 As	 expected,	 the	 lower	 the	 yield	

limit,	the	more	energy	is	dissipated.	Of	course,	for	the	elastic	case,	full	kinetic	energy	is	restored	

(although	a	small	insignificant	elastic	part	will	remain	in	the	body	in	the	form	of	elastic	waves	i.e.	

stress	 waves).	 Furthermore	 we	 observe	 that	 the	 duration	 of	 impact	 is	 also	 influenced	 by	 the	

plastic	deformation.	This	result	is	also	explained	intuitively:	the	sphere	will	come	into	(unstable)	

equilibrium	when	 there	 is	 enough	 normal	 stress	 to	 balance	 the	momentum	 of	 the	 impacting	

sphere.	The	higher	the	yield	limit	the	“quicker”	the	body	builds	the	necessary	resistance	in	order	

to	bounce	back	the	initial	impact.	
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Figure	3.35:	Time	history	of	kinetic	energy	during	normal	collision	(v=20	ms-1)	of	a	sphere	
against	a	rigid	wall	for	different	material	properties	

	

The	 standard	way	 to	 capture	 this	 energy	 loss	during	 collision	 is	 the	widely	used	Coefficient	of	

Restitition	 (CoR).	 CoR	 is	 defined	 as	 the	 ratio	 e 	 of	 the	 rebound	 and	 impact	 velocities.	 From	

previous	discussion,	it	is	apparent	that	the	higher	the	plastic	dissipation	the	lower	the	coefficient	

is	and	also	that	the	maximum	theoretical	value	is	equal	to	1,	implying	an	elastic	impact.	

	 e = Rebound Velocity
Initial Velocity

		 (3.33)	

Johnson	(1985)	derived	a	semi-analytical	formula	for	calculating	theoretical	values	of	CoR	using	

the	Hertzian	theory	of	contacts:	

	 e = 1.718
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Thornton	(1997)	further	improved	this	approximation	taking	into	account	the	elastic	part	of	the	

deformation	of	 the	sphere	before	 reaching	 the	yield	 limit.	He	gave	an	expression	 representing	
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the	 coefficient	 of	 restitution	 as	 a	 function	 of	 the	 yielding	 velocity	 Vy,	 which	 is	 defined	 as	 the	

smallest	impact	velocity	value	below	which	the	collision	is	elastic	(CoR	=	1):	
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also	using	a	semi-analytical	expression	for	calculating	yielding	velocity	(Davies,	1949).		

	 Vy = 1.56
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where	 py 	is	the	maximum	normal	pressure	on	the	plastic	flattened	surface.	

During	 this	 verification	 work	 a	 large	 number	 of	 analyses	 for	 several	 initial	 velocities	 was	

performed	 and	 the	 coefficient	 of	 restitution	 was	 calculated	 for	 each	 case,	 comparing	 the	

numerically	obtained	results	with	the	semi-analytical	above	solutions.	

It	 is	 worth	mentioning	 that	 the	 exact	 calculation	 of	 the	 rebound	 velocity	 is	 not	 a	 trivial	 part	

within	a	 FEMDEM	 framework	as	each	element’s	node	 can	have	different	non-uniform	velocity	

directions	 due	 to	 elastic	 oscillation/stress	 waves	 propagation.	 For	 this	 analysis	 we	 use	 a	

theoretical	equivalent	definition	based	on	the	kinetic	energy	of	the	sphere:	

	  e = u1
TMu1

u0
TMu0

		 (3.37)	

Note	 that	 this	 ratio	 will	 also	 be	 affected	 by	 the	 non-dissipated	 elastic	 waves	 “locked”	 in	 the	

deformable	 body,	 after	 the	 impact.	 However,	 these	 are	 neglected	 as	 they	 are	 expected	 to	 be	

very	 small	 compared	 to	 the	 sphere’s	 velocity.	 In	 any	 case	 it	 is	 possible	 to	 define	 a	 modified	

version	that	is	taking	this	effect	into	account	as	well:	

	 e Vi( ) = epl Vi( )
eel Vi( ) 		 (3.38)	
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where	 both	 eel Vi( ) 	 and	 epl Vi( ) 	 are	 calculated	 for	 the	 same	 initial	 velocity	 V0 	 for	 elastic	 and	

plastic	material	respectively.	

	

Figure	3.36:	Coefficient	of	Restitution	for	different	initial	velocities	

	

The	 results	 of	 the	 fully	 3D	 analysis	 are	 presented	 in	 Figure	 3.36.	 We	 can	 see	 that	 they	 are	

generally	in	good	agreement	with	the	analytical	solutions	found	in	literature.	However,	according	

to	 our	 analysis,	 eq	 (3.36)	 underestimates	 the	 initially	 yielding	 velocity	 Vy.	 Therefore,	 if	 we	

explicitly	use	the	value	we	got	from	our	numerical	analysis	(Vy	=	7ms-1)	and	substitute	it	into	eq	

(3.35)	 the	 results	 compare	 even	 better	 with	 expression	 (3.35)	 proposed	 by	 Thornton	 (Figure	

3.37).		

It	should	be	noted	that	similar	observation	was	actually	also	made	 in	Li	et	al.,	 (2000).	There,	 it	

was	clarified	that	 py 	of	eq.	(3.36)	is	not	implying	the	yield	pressure	of	the	material	 py ≈1.6σ y ,	

but	 corresponds	 to	 the	 instance	 of	when	 “significant	 flattening	 of	 the	 contact	 pressure	 stress	

occurs”,	 approximated	 as	 py ≈ 2.8σ y 	making	 reference	 also	 to	 data	 from	 an	 early	 theoretical	

study	of	the	problem	by	Hardy	et	al.,	1971).	This	is	also	verified	in	our	analysis.	
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Figure	3.37:	Coefficient	of	Restitution	for	different	initial	velocities		

	

3.4.2 Sphere	against	sphere	

We	 further	 continue	 our	 analysis	with	 taking	 into	 consideration	 normal	 impact	 of	 two	 elasto-

plastic	 spheres.	 For	 the	 same	 initial	 conditions	and	material	parameters,	 the	 results	 should	be	

identical	to	the	sphere	against	plane	example	above,	due	to	symmetry.	However,	this	analysis	is	

necessary	 in	order	 to	 verify	 the	 contact	behaviour	between	 the	 two	 spherical	 bodies	 and	also	

demonstrate	 the	main	advantage	of	 the	FEMDEM	technique	 in	being	able	 to	undertake	multi-

body	collision	problems	effortlessly.	

Thus,	we	assume	two	identical	spheres	with	geometric,	mesh	and	material	parameters	identical	

to	 the	above	analysis	 (Section	3.4.1).	The	spheres	are	collinearly	colliding	with	 initial	 velocities	

V0=50ms-1.	Then	they	are	left	to	freely	bounce	back	with	reduced	rebound	velocities.	

Figure	 3.38	 shows	 the	 deformed	 spheres	 before,	 during	 and	 after	 collision.	 Their	 bodies	 are	

contoured	with	their	velocity	in	the	motion	direction	making	evident	the	energy	loss	during	their	

elasto-plastic	collision.	Similarly,	Figure	3.39	shows	the	stress	distribution	for	selected	time	steps.	

Immediate	 comparison	 with	 Figure	 3.33,	 serves	 as	 a	 proof	 of	 concept	 and	 verification	 of	 the	

correct	behaviour	of	the	impacted	deformed	bodies.	
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t	=	-5	ms	 t	=	1ms	

	 	

t	=	2	ms	 t	=	10ms	

Figure	3.38:	Collinear	collision	of	elasto-plastic	spheres	
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t	=	0.4	ms	 t	=	1	ms	

	 	

t	=	2	ms	 t	=	2.5	ms	

	 	

t	=	3.2	ms	 t	=	6	ms	

Figure	3.39:	Stress-distribution	propagation	in	elastic-plastic	collinear	collision	of	spheres	
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We	then	look	at	the	different	behaviour	when	changing	the	stress	yield	limit	of	the	material.	We	

have	already	described	intuitively	and	verified	with	Figure	3.35	that	the	lower	yield	limit	would	

result	in	a	longer	duration	of	impact	and	lower	CoR.	Using	the	current	configuration	of	colliding	

spheres	these	reassuring	results	are	further	demonstrated	by	simulating	two	extra	cases	of	stress	

level	 (10	 MPa	 and	 0.5	 GPa).	 Figure	 3.40	 and	 Figure	 3.41	 illustrate	 the	 deformed	 sphere	

contoured	 with	 corresponding	 velocities	 for	 the	 different	 cases	 and	 by	 also	 comparing	 with	

Figure	 3.38,	 it	 is	 visually	 clear	 how	 the	 different	 material	 properties	 affect	 the	 resulted	

behaviour.		

	

	 	

t	=	1	ms	 t	=	6	ms	

Figure	3.40:	Deformed	shapes	of	elasto-plastic	spheres	with	σy=10	MPa	

	

	 	

t	=	1	ms	 t	=	6	ms	

Figure	3.41:	Deformed	shapes	of	elasto-plastic	spheres	with	σy=0.5	GPa	
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Figure	3.42:	Stress	distribution	for	an	elasto-plastic	sphere	with	σy	=	0.5	GPa	

	

Figure	3.43:	Stress	distribution	for	a	elasto-plastic	sphere	with	σy	=	100	MPa	

	

	

Figure	3.44:	Stress	distribution	for	an	elasto-plastic	sphere	with	σy	=	10	MPa	
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Furthermore,	 Figure	3.42,	 Figure	3.43	and	Figure	3.44	 show	 the	effective	 stress	distribution	at	

the	 time	 before	 rebound	 starts	 for	 each	 case,	 indicating	 the	 different	 produced	 plastic	 zones	

(part	of	the	sphere	that	reaches	the	maximum	stress	limit).	Again,	consistently	to	what	we	have	

verified	 previously,	 the	 lower	 the	 yield	 limit,	 the	 larger	 part	 of	 the	 material	 body	 will	 be	

“activated”	for	the	rebound	process.		

It	is	also	interesting	to	see	that	for	the	weakest	material	case	(σy	=	10	MPa,	see	Figure	3.40	and	

Figure	3.44),	although	using	unrealistically	low	strength,	the	produced	plastic	zone	and	deformed	

shape	indicates	a	different	mechanism	than	the	ones	we	have	seen	so	far;	the	deformation	is	not	

restricted	 in	 the	 vicinity	 of	 the	 impact	 area,	 but	 instead	 is	 causing	 the	 sphere	 to	 deform	 in	 a	

characteristic	egg-like	shape.	

Finally	we	test	 the	performance	of	 the	numerical	 tool	considering	different	mesh	fineness.	We	

include	here	 four	 cases:	 (a)	 very	 coarse	mesh	 (characteristic	 size	0.027	m,	2797	elements),	 (b)	

coarse	mesh	(characteristic	size	0.02	m,	7047	elements),	(c)	fine	mesh	(characteristic	size	0.015	

m,	 15348	 elements)	 and	 (d)	 very	 fine	mesh	 (characteristic	 size	 0.01	m,	 47870	 elements).	 The	

geometry,	material	and	kinematic	parameters	are	the	same	in	all	cases.	Figure	3.45	and	Figure	

3.46	 show	 the	 comparison	 between	 different	 cases.	 One	 can	 observe	 the	 consistently	 good	

behaviour	for	even	the	coarser	mesh	cases	both	in	terms	of	rebound	kinematics	and	the	stress	

distribution.	 This	 is	 further	 verified	 with	 the	 mesh	 size	 convergence	 plots	 of	 Figure	 3.47	 and	

Figure	3.48	where	the	coefficient	of	restitution	and	duration	of	impact,	respectively	is	reported	

for	each	case.	Note	 that	 the	coarser-mesh	models	give	 sufficiently	good	 results	 in	order	 to	be	

used	on	a	large	scale	multi-body	problem.	
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very	coarse	 coarse	

	 	
fine	 very	fine	

Figure	3.45:	Deformed	shape	and	rebound	velocity	of	different	mesh	fineness	

	 	
very	coarse	 coarse	

	 	
fine	 very	fine	

Figure	3.46:	Stress	distribution	and	plastic	zone	for	different	mesh	fineness	
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Figure	3.47:	Coefficient	of	restitution	for	different	mesh	fineness	

	

	

Figure	3.48:	Duration	of	impact	for	different	mesh	fineness	
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CHAPTER	4 LARGE	STRAIN	PLASTICITY	

4.1 Introduction	

Previous	mathematical	 derivations,	 implementation	 and	 verification	 analysis	were	 done	 under	

the	 assumption	 of	 infinitesimal/small	 strains.	 Small	 strain	 plasticity	 theory,	 although	 well	

understood	and	explored,	suffers	from	limitations	when	applied	to	cases	where	the	strain	steps	

and	 rotations	 are	 very	 large.	 One	 could	 argue	 that	 the	 plastic	 strains,	 although	 considerably	

larger	 than	 the	 elastic	 ones,	 are	 still	 not	 “large	 enough”.	 However,	 there	 are	 a	 number	 of	

industrial	 applications	 (this	 includes	metal	 forming	 and	 collapse	 problems)	where	 the	 analysis	

with	small	strain	assumption	is	no	longer	accurate	or	stable.	Equation	Section	(Next)	

As	we	have	 seen	 in	Chapter	2,	 in	 current	 FEMDEM	small	 strain	 implementation,	we	apply	 the	

kinematics	at	a	deformation	gradient	level.	This,	together	with	the	fact	that	the	FEMDEM	solver	

works	with	an	explicit	integration	scheme,	generally	allows	us	to	overcome	these	difficulties.	By	

selecting	relatively	small	time-steps	the	incremental	strain	increments	can	be	restricted	(see	also	

discussion	 of	 time	 step	 criteria	 in	 chapter	 2,	 section	 2.3.2).	 However,	 as	 we	 will	 see	 in	 the	

numerical	examples,	at	very	high	velocities	and	especially	near	the	areas	of	contact	of	colliding	

discrete	 elements,	 the	 deformations	 and	 the	 change	 of	 shape	 of	 the	 single	 tetrahedra	 can	

become	 significant,	 in	 which	 case	 the	 assumptions	 of	 infinitesimal	 theory	 are	 questionable.	

Furthermore	small	strain	formulations	are	known	to	suffer	from	volumetric	locking	problems,	i.e.	

over-stiffed	 elements	 near	 the	 incompressible	 limit.	 One	 can	 generally	 tackle	 these	 problems	

with	 refined	 mesh	 in	 the	 areas	 of	 the	 expected	 large	 deformations.	 However	 in	 the	 general	

multi-body	FEMDEM	numerical	model	these	areas	are	not	known	a	priori	as	the	discrete	objects	

move	and	collide	into	space.	So,	one	has	to	introduce	general	adaptive	mesh	or	mesh	refinement	

strategies.		

An	 alternative	 and	 easier	 to	 adopt	 approach	 is	 to	 formulate	 the	 plasticity	 problem	within	 the	

framework	of	finite/large	deformation	theory	where	the	infinitesimal	deformation	assumptions	

are	omitted.	The	advantage	of	this	approach	is	that	 it	will	affect	only	the	stress	update	step	of	

the	calculation	without	changing	numerical	model’s	topology.	

The	generalisation	of	the	current	implementation	to	finite/large	strain	plasticity	 is	presented	in	

this	 chapter.	 The	 key	 aspects	 of	 the	 corresponding	 mathematical	 theory	 are	 presented	 and	
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description	 is	given	of	 the	adopted	numerical	 implementation	using	algorithmic	 ideas	 found	 in	

literature.	 Finally,	 a	 series	 of	 numerical	 tests	 is	 performed	 in	 order	 to	 verify	 the	 correct	

implementation	 and	 also	 illustrate	 how	 the	 numerical	 FEMDEM	 tool’s	 capabilities	 have	 been	

considerably	extended.		

4.2 Mathematical	formulation	

Here	we	present	a	 summary	of	 the	mathematical	 formulation	of	 the	problem,	 introducing	 the	

parts	of	the	theory	that	are	important	for	the	new	implementation	within	a	FEMDEM	code.	For	

an	extensive	theoretical	description	of	finite	plasticity	and	comprehensive	study	of	the	topic,	the	

reader	is	referred	to	classic	publications	on	the	concept	(e.g.	Simo,	1985,	1992;	Cuitino	and	Ortiz,	

1992;	Peric	and	de	Souza	Neto,	1999;	de	Souza	Neto	et	al.,	2008,	chapter	14).	It	is	also	important	

to	note	that	a	key	assumption	in	the	below	descriptions	and	our	current	implementation	is	the	

usage	 of	 isotropic	 models	 only.	 For	 a	 discussion	 on	 plastic	 anisotropy	 and	 implications,	 the	

reader	can	refer	to	Dafalias,	1985,	1998.	

The	 basic	 difference	 between	 small	 and	 finite	 plasticity	 comes	 in	 the	 strain	 decomposition	

assumption.	 In	 small	 strain	 theory,	 we	 have	 seen	 that	 deformation	 increment	 can	 be	

decomposed	additively	into	elastic	and	plastic	parts	

	 Δε = Δε e + Δε p 		 (4.1)	

On	the	other	hand,	finite	plasticity	generalization	assumes	that	there	exists	a	multiplicative	split	

of	deformation	gradient	with	elastic	and	plastic	 intermediate	parts,	as	firstly	 introduced	by	Lee	

(1969):	

	 F = Fe ⋅Fp 		 (4.2)	

Similarly	 to	 the	 small	 strains	 decomposition,	 this	 implies	 that	 there	 is	 an	 intermediate	

“unstressed”	configuration	Bp	 that	 represents	 the	plastic	deformation	of	 the	body	 (Figure	4.1).	

Therefore	we	assume	that	only	 the	elastic	part	of	 the	deformation	gradient	contributes	 to	 the	

corresponding	stress	state:	

	  σ = ⌢σ F( ) = f Fe( ) 		 (4.3)	
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Figure	4.1:	Deformation	gradient	is	decomposed	into	elastic	and	plastic	parts	and	assumes	an	
intermediate	configuration	Bp	

For	comparison	and	reference,	let	us	write	small	strain	eq.	(4.1)	in	terms	of	strain	velocity:	

	  !ε = !ε
e + !ε p 		 (4.4)	

Interestingly,	 with	 simple	 algebra,	 we	 can	 derive	 an	 alternative	 equivalent	 form	 for	 the	 finite	

plasticity	 counter	 part,	 using	 the	 corresponding	 velocity	 gradients	  L = ∇v = !FF−1 	 instead.	

Therefore,	 if	 we	 differentiate	 eq.	 (4.2)	 and	 multiply	 with	 the	 inverse	 of	 F 	 (note	 that	

F−1 = F p⎡⎣ ⎤⎦
−1
Fe⎡⎣ ⎤⎦

−1
),	we	get:		

	
 

!F = !FeF p + Fe !F p

!FF−1 = !Fe Fe⎡⎣ ⎤⎦
−1
+ Fe !F p F p⎡⎣ ⎤⎦

−1
Fe⎡⎣ ⎤⎦

−1 		 (4.5)	

and	thus:	

	
 

L = Le + FeLp Fe⎡⎣ ⎤⎦
−1

L = Le + !Lp
		 (4.6)	

where	the	plastic	contribution	in	total	velocity	gradient	of	the	plastic	tensor	F p 	is	 !Lp 	:	

	  
!Lp = FeLp Fe⎡⎣ ⎤⎦

−1
		 (4.7)	

Now,	referring	to	the	plastic	flow	rule	of	small	strain	theory,	as	presented	in	Section	2.2:	

	
     

!ε p = !γ r σ ,q( )
!ε  − !ε e = !γ r σ ,q( ) 		 (4.8)	

we	can	write	an	equivalent	flow	rule,	using	velocity	gradients	and	using	(4.6):	
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L−Le = !Lp = "γ  r τ,q( )
FeLp Fe⎡⎣ ⎤⎦

−1
= "γ  r τ,q( )

Lp = Fe⎡⎣ ⎤⎦
−1
"γ  r τ,q( )Fe

"F p F p⎡⎣ ⎤⎦
−1
= "γ Fe⎡⎣ ⎤⎦

−1
r τ,q( )Fe

		 (4.9)	

We	can	 finally	define	 the	corresponding	plastic	 flow	equations	 in	 terms	of	plastic	deformation	

gradient	under	the	assumption	of	multiplicative	decomposition:	

	

 

!F p = !γ Fe⎡⎣ ⎤⎦
−1
r τ,q( )Fe( )F p

q = !γ h τ,q( )
		 (4.10)	

Note	that	stresses	will	be	calculated	with	a	general	hyper-elastic	law:	

	 σ = τ̂ Fe( ) 	 (4.11)	

4.3 Numerical	implementation	

In	 order	 to	 solve	 the	 continuous	 eq.	 (4.10)	 numerically,	 we	 have	 to	 define	 an	 incremental	

procedure,	 similar	 to	 that	 used	 for	 the	 small	 strain	 problem.	 The	 structure	 of	 differential	 eq.	

(4.10)	( !y / y = f̂ )	is	making	very	attractive	the	use	of	an	exponential	approximation.	So,	in	order	

to	 take	 advantage	 of	 the	 isotropy	 of	matrix	 exponential	 function4,	 we	make	 use	 of	 the	 polar	

decomposition	of	the	elastic	gradient	tensor:	

	
Fe = VeRe

Re = FeFeT⎡
⎣

⎤
⎦
−1
Fe

		 (4.12)	

Furthermore,	under	the	assumption	of	plastic	isotropy:	

	 Ve⎡⎣ ⎤⎦
−1
r τ,q( )Ve = r τ,q( ) 		 (4.13)	

Using	(4.12)	and	(4.13),	we	can	re-write	eq.	(4.10):	

	
 
!F p = !γ Re⎡⎣ ⎤⎦

T
r τ,q( )Re( )F p 		 (4.14)	
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If	we	now	apply	a	fully	implicit	backwards-exponential	approximation,	and	making	use	of	matrix	

exponential	function	isotropy4,	the	problem’s	continuous	equation	becomes	incremental:	

	
Fn+1

p = exp Δγ Rn+1
e⎡⎣ ⎤⎦

T
r τn+1,qn+1( )Rn+1

e( )Fnp
Fn+1

p = Rn+1
e⎡⎣ ⎤⎦

T
exp Δγ ⋅r τn+1,qn+1( )( )Rn+1

e Fn
p
		 (4.15)	 	

Summarising,	 the	 incremental	 problem	 for	 finite	 plasticity,	 by	 analogy	 to	 the	 infinitesimal	

problem,	becomes	the	following:	

For	every	time	step	tn+1,	given	Fn+1	and	everything	known	at	tn,	solve	the	system	of	equations:	

	

Fn+1 = Fn+1
e Fn+1

p

τn+1 = τ̂ Fn+1
e( )

Rn+1 = Fn+1
e Fn+1

e  T⎡
⎣

⎤
⎦
−1
Fn+1
e

Fn+1
p = Rn+1

e  T exp Δγ  r τn+1,qn+1( )( )Rn+1
e Fn

p

qn+1 = qn + Δγ  h τn+1,qn+1( )
f τn+1,qn+1( ) ≤ 0
Δγ ≥ 0
Δγ ⋅ f τn+1,qn+1( ) = 0

		 (4.16)	

In	 order	 to	 solve	 the	 above	 system,	 Simo	 (1992),	 Cuitino	 and	 Ortiz	 (1992),	 Peric	 et	 al	 (1992)	

proposed	 a	 framework	 that	 transforms	 the	 general	 finite	 strain	 problem	 into	 an	 infinitesimal	

strain	 one.	 This	 process	 has	 the	 advantage	 of	 making	 use	 of	 all	 existing	 algorithms	 and	 the	

simplicity	of	small	strain	plasticity,	independent	of	the	material	model.	Furthermore	Peric	and	de	

Souza	Neto	(1999)	simplified	this	approach	leading	to	an	easily	adopted	algorithm	making:	“…the	

finite	strain	effects	appearing	only	at	the	kinematical	 level…”	(Figure	4.2).	There,	the	extension	

was	presented	 for	 the	Tresca	material	but	 shown	 that	 it	 should	work	with	any	other	plasticity	

model.	

Note	that	this	includes	the	usage	of	the	logarithmic	measure	(see	Section	2.2.3)	of	strains:	

	 ε = ln FFT( ) 		 (4.17)	

																																																								
4	 exp RXRT( ) = R exp X( )RT 	for	every	orthogonal	R.	
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and	a	Kirchhoff	measure	of	stresses:	

	 τ = σJ = σdet F( ) 		 (4.18)	

	

Figure	4.2:	Algorithm	for	integration	of	constitutive	equations	at	finite	strains	using	small	
strain	algorithms	(after	Peric	and	de	Souza	Neto,	1999)	

This	 algorithmic	 approach	 was	 further	 explored	 and	 simplified	 by	 the	 same	 authors	 (see	 for	

example	de	Souza	Neto	et	al.,	2008,	chapter	14).	Its	simplicity	and	the	way	it	expands	naturally	

on	 the	 small-strain	 case	 made	 it	 attractive	 to	 be	 used	 within	 this	 FEMDEM	 plasticity	

implementation.	Thus	it	was	adopted	in	the	current	work,	leading	to	the	following	state-update	

algorithm,	presented	here	as	implemented	in	Solidity	code:	

For	 each	 element,	 for	 each	 Gaussian	 point	 of	 integration,	 given	 nodal	 positions	 xn+1	 and	

everything	known	at	tn:	

a) Calculate	current	deformation	gradient	as	explained	in	section	2.2.3:	

	 Fn+1 =
∂xn+1
∂X

		 (4.19)	

b) By	 using	 previous	 step’s	 deformation	 gradient	 Fn ,	 calculate	 deformation	 gradient	

multiplicative	increment:	

	 FΔ = Fn+1 Fn[ ]−1 		 (4.20)	
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c) Do	spectral	decomposition5	of	previous	step’s	elastic	strains	 ε n
e :	

	 ε n
e =QεPεQε

T 		 (4.21)	

where	 Pε 	 is	 the	 diagonal	 matrix	 with	 eigenvalues	 of	 ε n
e
	 and	 Qε 	 the	 matrix	 with	

corresponding	eigenvectors.	

d) Calculate	left	tensor	of	previous	step:	

	 Bn
e =Qε exp 2 ⋅Pε( )Qε

T 		 (4.22)	

e) Calculate	intermediate	trial	left	tensor	Bn+1
e  trial :	

	 Bn+1
e  trial = FΔBn

eFΔ
T 		 (4.23)	

f) Do	spectral	decomposition	of	Bn+1
e  trial :	

	 Bn+1
e  trial =QBPBQB

T 		 (4.24)	

g) Calculate	trial	elastic	strains	 ε n+1
e  trial

	:	

	 ε n+1
e  trial =QB

1
2

ln PB( )QB
T 		 (4.25)	

h) Solve	the	infinitesimal	plastic	flow	problem	using	the	existing	small	strain	return	mapping	

modules	and	return	as	output	 ε n+1
e 	and	Kirchhoff	stress	tensor .	

i) Calculate	Cauchy	stress	tensor	σn+1 	using	 τn+1 	and	Jacobian	Jn+1:	

	 		 (4.26)	

j) Update	stored	deformation	gradient	so	it	can	be	used	in	next	step:	

	 Fn = Fn+1 		 (4.27)	

The	existing	small-strain	modules	for	our	implemented	models	that	are	used	in	step	h),	remain	

unchanged.	Also	note	that	in	the	case	of	elastic	loading,	the	matrices	Bn+1
e  trial ,	from	step	f)	can	be	

used	in	next	time-step’s	analysis,	skipping	“expensive”	steps	c)	and	d).	Moreover,	when	spectral	

decomposition	is	necessary,	please	note	that	an	iterative	routine	is	used,	as	discussed	in	Section	

2.3.1.	

																																																								
5	calculate	eigenvalues	and	eigenvectors	

τn+1

σn+1 =
1
Jn+1

τn+1
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4.4 Numerical	tests	

We	present	here	some	numerical	test	cases	for	the	numerical	verification	of	our	implementation	

and	also	illustrating	extended	tool’s	capabilities	for	analysing	large	strain	plasticity	problems.	

First	 we	 check	 the	 energy	 conservation	 considerations	 as	 in	 Section	 3.3,	 using	 the	 same	

numerical	example	case	as	in	small	strain	verification.	Then	we	present	a	classic	benchmark	test	

used	mainly	 in	 large	 strain	 plasticity	 FEM	 codes,	 here	 analysed	 as	 an	 impact	 problem,	 the	 so-

called	Taylor	bar	 test.	 Finally	we	demonstrate	 the	capability	of	our	 implementation	 to	capture	

strain	 localisation	 phenomena	 successfully,	 analysing	 the	 shear	 failure	 of	 Mohr-Coulomb	

unconfined	bar	under	compression.		

It	is	important	to	note	that	Solidity	had	been	enriched	with	10-noded	tetrahedral	elements	that	

should	be	able	to	undertake	large	near-incompressible	deformations	(see	Xiang	et	al.,	2009).	The	

method	used	 is	 the	 F-bar	 approach	 (de	 Souza	Neto	 et	 al.,	 2005;	 Bonet	 et	 al.	 2001).	 As	 plastic	

strains	in	J2	plasticity	are	entirely	incompressible	( ε11
p + ε22

p + ε33
p = 0 ),	these	tests	will	serve	at	the	

same	time	as	validation	of	both	 the	 large	strain	 finite	element	 formulation	and	the	stability	of	

elastic-finite	plastic	FEMDEM	framework	in	incompressible	deformations.	

4.4.1 Dynamic	oscillation	of	a	fixed	cube	

One	of	the	fundamental	assumptions	of	finite	strain	plasticity	generalization	is	that	our	approach	

should	degenerate	to	small	deformation	theory	when	the	strain-steps	are	indeed	“small”.		

Thus	the	natural	verification	process	is	to	check	first	its	behaviour	when	compared	to	the	small	

deformation	 analysis.	 Here	we	 repeat	 the	 numerical	 test	 presented	 in	 section	 3.3.	 An	 elasto-

plastic	cube	with	side	1m	and	its	base	fixed,	 is	given	an	initial	velocity	of	1m/s.	During	the	first	

few	oscillations	of	the	cube,	part	of	 its	deformation	will	be	plastic.	We	are	explicitly	calculating	

the	kinetic,	elastic	and	plastic	energy.	The	exact	same	mesh	and	material	parameters	will	be	used	

as	in	the	previously	presented	example,	the	only	difference	being	that	the	finite	strain	plasticity	

module	will	be	switched	on.		
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Figure	4.3:	Initial	and	Boundary	conditions	of	the	cubic	body	

	

The	 purpose	 of	 this	 test	 is	 first	 to	 verify	 the	 energy	 conservation	 of	 the	 finite	 plasticity	

generalisation	 for	 a	 dynamic	 complex	 loading	 scheme	 and	 then	 to	 confirm	 that	 since	 this	 is	 a	

“small	 strain”	 problem,	 the	 behaviour	 of	 the	 numerical	 tool	 will	 be	 unaffected	 by	 the	

implemented	generalisation.	

Figure	 4.4	 shows	 the	 time	 history	 of	 all	 energy	 components	 through	 the	 large	 strain	 analysis,	

with	the	small	strain	ones	superimposed.	One	can	see	that	there	is	a	perfect	match	between	the	

two	cases,	serving	as	a	proof	of	concept	of	the	correct	extended	implementation.	

	

Figure	4.4:	Results	of	energy	decomposition	of	large	vs	small	plasticity	implementation	
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4.4.2 Taylor	bar	test	

This	test,	firstly	introduced	by	Taylor	(1948)	consists	of	a	metallic	cylindrical	rod	impacting	with	

high	velocity	against	a	rigid	wall	(Figure	4.5).		

	

Figure	4.5:	Illustration	of	Taylor	bar	impact	test	

Taylor-bar	 experiment	 was	 created	 initially	 to	 determine	 material	 strength	 under	 dynamic	

loading.	However,	the	unique	shape	of	the	deformed	rod	at	very	high	 impact	velocities	(Figure	

4.6)	made	 it	 attractive	 for	 validation	 tests	 of	 large-strain	 plasticity	 implementations	 in	 explicit	

FEM	codes.		

	

Figure	4.6:	Typical	images	of	Taylor-Bar	experimental	tests	(Ragvag	et	al,	2013)	

Here	 we	 present	 the	 numerical	 analysis	 of	 the	 benchmark	 problem	 using	 the	 developed	

FEMDEM	 framework	 with	 implemented	 large	 strain	 plasticity.	 The	 exact	 geometry	 and	

properties	(Table	4.1	and	Table	4.2)	of	the	simulation	were	chosen	identical	to	other	numerical	

validations	 found	 in	 the	 literature	 (see	 Zienkiewicz	 et	 al.,	 1998;	 Bonet	 and	 Burton,	 1998),	 for	

immediate	comparison	and	verification	purposes.		
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Table	4.1:	Taylor	impact	bar	geometric	properties	

Length	 32.4	mm	

Radius	 3.2	mm	
Impact	velocity	 227	m/s	

	

Table	4.2:	Taylor	impact	bar	material	properties	

Elastic	Modulus	 117	GPa	

Poisson	ratio	 0.35	
Density	 8930	kg/m3	

Plastic	model	 Von	Mises		
Yield	stress	 400	MPa	

Hardening	Modulus	 100	MPa	
	

Our	 analysis	 is	 performed	 using	 a	 two-body	 impact	 model.	 The	 cylinder	 consists	 of	 an	

unstructured	mesh	of	22977	tetrahedral	elements	with	characteristic	size	0.8	mm	per	element.	

For	the	impact	plate,	a	separate	discrete	element	body	is	assumed	and	it	is	described	physically	

to	be	un-deformed	i.e.	simulating	an	ideal-rigid	plate.	Meshed	bodies	are	presented	in	Figure	4.7.		

It	 is	 important	to	note	that	this	problem	is	highly	affected	by	the	friction	between	the	two	flat	

surfaces.	Solidity	has	enhanced	capabilities	for	contact	problems,	accounting	for	both	sliding	and	

rotating	 friction.	 However,	 since	 the	 basic	 purpose	 of	 this	 analysis	 is	 the	 verification	 of	 our	

implementation	 compared	 with	 the	 results	 in	 the	 literature	 on	 FEM	 simulations,	 where	 no	

contact	 is	 taken	 into	 account,	 current	 analysis	 does	 not	 consider	 friction	 between	 the	 two	

surfaces.	
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Figure	4.7:	Meshed	numerical	model	for	the	impact	of	a	rod	against	a	rigid	flat	surface	

	

Before	 presenting	 the	 results	 of	 the	 analysis,	 it	 is	 worth	 mentioning	 that	 this	 demanding	

benchmark	 problem	 has	 played	 important	 role	 in	 the	 motivation	 of	 large	 plasticity	

implementation.	Early	attempts	with	small	 strain	plasticity	 implementation	 failed	 to	 reproduce	

the	expected	behaviour.	One	can	observe	unstable	and/or	 inaccurate	 results	due	 to	effects	of	

volumetric	 locking	 and	extreme	untraceable	 incompatible	 deformations	 (Figure	 4.8	 and	 Figure	

4.9).	
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Figure	4.8:	Incorrect	numerical	analysis	of	taylor	bar	impact	with	small	plasticity	
implementation	using	four-noded	tetrahedral	elements		

	

	

	

Figure	4.9:	Unstable	numerical	analysis	of	taylor	bar	impact	with	small	plasticity	
implementation	using	ten-noded	tetrahedral	elements	

Numerical	instability	
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The	full	timeline	of	the	deformed	body	throughout	the	analysis,	using	large	strain	plasticity,	can	

be	seen	in	Figure	4.10	and	Figure	4.11.	Moreover,	the	effective	stress	distribution	is	presented	in	

Figure	4.12.	

After	the	initiation	of	 impact,	stress	waves	travel	through	the	body	of	the	rod	reaching	the	top	

face	(~10	μs).	All	the	plastic	deformation	is	concentrated	on	the	bottom	of	the	rod	causing	the	

lateral	 expansion	 due	 to	 Poisson’s	 phenomena.	 This	 gives	 the	 observed	 characteristic	

“mushroom”	 shape,	 also	known	as	 “elephant’s	 foot”	when	observed	 in	buckling	of	metal	 silos	

and	 tanks.	Hardening	behaviour	of	 the	material	 is	 gradually	building	enough	stress	 capacity	 to	

resist	against	the	impact	forces	(~40	μs).	However	the	rest	of	the	body	is	still	moving	towards	the	

impacting	plate.	This	results	to	have	both	compressive	and	tensile	stresses	near	the	middle	area	

of	 the	 cylinder	 causing	 the	 development	 of	 an	 elastic	 core	 (~60	 μs).	 The	 plastic	 strain	

concentration	 and	 subsequently	 the	 lateral	 expansion	 are	 transferred	 on	 higher	 level	 of	 the	

cylinder	 giving	 the	 final	 unique	 characteristic	 shape	 of	 the	 Taylor	 bar	 test	 (70-80	 μs).	 Finally,	

within	 the	 discrete	 element	 framework,	 when	 the	 impact	 is	 over,	 the	 fully	 deformed	 body	

rebounds	back	vertically:	Note	that	the	analysis	can	also	successfully	capture	subtle	reversal	of	

movement	direction	of	the	top	surface,	i.e.	back	upwards.	

One	 can	 see	 that	 the	 shape	 history	 is	 in	 great	 agreement	 to	 the	 behavior	 observed	 in	

experimental	tests	(Figure	4.6).	
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t	=	0	μs	 t	=	5	μs	 t	=	10	μs	

	 	 	

t	=	20	μs	 t	=	30	μs	 t	=	40	μs	

Figure	4.10:	Impact	of	a	copper	rod	on	a	rigid	flat	surface	at	different	times	
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t	=	50	μs	 t	=	60	μs	 t	=	70	μs	

	 	 	

t	=	80	μs	 t	=	90	μs	 t	=	100	μs	

Figure	4.11:	Impact	of	a	copper	rod	on	a	rigid	flat	surface	at	different	times	(continued)	
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t	=	-0.5	μs	 t	=	5	μs	 t	=	10	μs	

	 	 	

t	=	20	μs	 t	=	30	μs	 t	=	40	μs	

Figure	4.12:	Stress	profile	during	impact	of	a	rod	against	a	rigid	flat	surface	
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t	=	50	μs	 t	=	60	μs	 t	=	70	μs	

	 	 	

t	=	80	μs	 t	=	90	μs	 t	=	100	μs	

Figure	4.13:	Stress	profile	during	impact	of	a	rod	against	a	rigid	flat	surface	(continued)	
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Figure	4.14:	Vertical	velocity	of	top	face	against	time	

	

	

Figure	4.15:	Cylinder	length	against	time	

	

	

Figure	4.16:	Cylinder	(average)	base	radius	against	time	
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Figure	4.14	presents	the	time	history	of	vertical	velocity	of	the	top	face	of	the	cylinder.	Velocity	

becomes	zero,	indicating	a	minimum	for	the	kinetic	energy	of	the	body,	when	the	impact	is	over	

(80	μs	after	the	first	point	of	contact).	Note	that	after	the	rod	rebounds	from	the	collision	we	can	

observe	 a	 small	 oscillation	 which	 is	 of	 course	 due	 to	 locked	 elastic	 waves,	 since	 no	 other	

dissipating	mechanisms	are	taken	into	account	for	this	exercise.	Similarly,	Figure	4.15	shows	the	

length	of	the	cylinder	against	time	where	a	minimum	21.48	mm	is	reached	also	at	80	μs.	Finally	

Figure	 4.16	 shows	 change	 of	 radius	 of	 the	 base	 of	 the	 cylinder	 with	 time.	 Radius	 reaches	 its	

maximum	value	 sooner	 (~42	μs)	when	 the	 first	 stage	 of	 loading	 is	 over	 and	 the	 characteristic	

mushroom	 shape	 is	 obtained.	 Note	 that	 for	 calculating	 cylinder’s	 radius	 we	 have	 used	 the	

average	 value	 of	 the	 distances	 of	 all	 nodes	 in	 the	 perimeter	 of	 the	 base.	 The	 final	 values	 are	

ranging	between	7.07	mm	to	7.14	mm,	with	an	average	of	7.12	mm.	

Table	 4.3	 summarises	 the	 resulting	 geometrical	 data	 and	 total	 duration	 of	 impact,	 compared	

with	 results	 reported	 in	 the	 literature,	 where	 authors	 used	 axisymmetric-quadratic	 and	

hexahedral	 meshes,	 showing	 very	 similar	 results.	 The	 consistently	 matching	 quantitative	

behaviour	is	further	verified	qualitatively	with	comparison	of	the	resulting	shape	of	the	different	

analyses,	see	Figure	4.18	and	Figure	4.17.	Note	that	neither	of	the	literature	references	included	

any	other	comparable	quantitative	resulted	measures.	

Table	4.3:	Result	data	compared	to	other	analyses	found	in	literature	

Analysis Duration	(μs) Final	Radius	(mm) Final	Length	(mm)
Current	Analysis 80 7.12	(7.07-7.14) 21.48
Zienkiewicz	quad 80 7.10 21.47
Zienkiewicz	hex 80 7.11 21.48

Bonet	hex 80 6.95 -
Bonet	quad 80 6.99 - 	
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Figure	4.17:	Final	3D	deformed	shape	of	Taylor	bar	as	of	current	work	

	

	 	 	 	

(a)	 (b)	 (c)	 (d)	

Figure	 4.18:	 Final	 3D	 deformed	 shape	 of	 Taylor	 bar	 as	 found	 in	 literature.	 (a)	 and	 (b)	 after	
Zienkiewicz	et	al.,	1998;	(c)	and	(d)	after	Bonet	and	Burton,	1998	
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Finally,	 as	 a	 demonstration	 of	 the	 magnitude	 of	 the	 plastic	 strains	 that	 were	 applied	 to	 the	

model,	we	present	 two	more	 figures.	Figure	4.19	shows	a	bottom	view	of	 the	meshed	base	of	

the	cylinder,	before	the	impact	and	the	deformed	base	at	end	of	the	analysis.	Note	that	although	

the	deformed	radius	 is	around	2	 times	 larger	 than	the	original	one,	 the	size	of	some	elements	

has	changed	considerably	more	(5-6	times	in	some	cases).	Similarly	Figure	4.20	highlights	some	

selected	tetrahedral	elements	becoming	almost	flat	(tetrahedral	angles	and	volume	≈	0)	during	

the	impact.	Our	numerical	implementation	is	proved	to	be	both	accurate	and	stable	even	under	

extreme	strain	states.	

	

Figure	4.19:	Mesh	of	initial	and	deformed	base	(same	scale	and	viewpoint)	

	

	 	 	

Figure	4.20:	Tetrahedra	of	initial	and	deformed	mesh	(same	scale	and	viewpoint)	

	

4.4.3 Unconfined	uniaxial	compression	of	a	Mohr-Coulomb	cylinder	

The	 final	 numerical	 test	 for	 large	 strain	 plasticity	 to	 be	 presented	 is	 the	 unconfined	 uniaxial	

compression	test.	It	is	one	of	the	most	common	internationally	recognised	and	standardized	test	

methods	 and	 it	 is	 a	 relatively	 simple	 experimental	 test	 in	 terms	 of	 setup.	 It	 is	widely	 used	 to	

compare	the	strength	parameters	of	geomaterials.		
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A	cylinder	is	monotonically	compressed	in	displacement	control	on	the	upper	surface	while	it	is	

left	free	to	move	in	the	lateral	direction.	It	can	be	seen	as	a	special	case	of	a	triaxial	test,	where	

the	lateral	applied	stress	is	0	(Figure	4.21).		

	

Figure	4.21:	Unconfined	uniaxial	compression	test	(UCS)		

	

While	monotonically	 increasing	 the	axial	 strain,	 the	specimen	that	eventually	develops	a	shear	

failure	 plane	 will	 initially	 deform	 elastically	 until	 local	 in-elastic	 microstructural	 mechanisms	

cause	 microcracking	 parallel	 to	 the	 maximum	 principal	 stress.	 These	 build	 up	 and	 begin	 to	

organise	 into	a	 localised	narrow	zone	of	 shearing.	The	specimen	reaches	 its	 strength	 limit	at	a	

certain	 point	 when	 the	 shear	 zone	 is	 beginning	 to	 localise.	 From	 a	 continuum	 mechanics	

understanding	of	geomaterials,	this	is	a	form	of	semi-ductile	failure	as	the	final	mode	of	failure	is	

not	purely	a	 tensile	mode	 I	 localised	 failure,	 it	 involves	 shear	 failure.	 The	homogeneous	 strain	

field	 becomes	 kinematically	 inadmissible,	 as	 it	 is	 not	 the	 least	 energy	 consuming	 strain	

configuration	and	is	thus	unstable.	Note	that	in	reality	where	micro-structure	exists,	the	failure	is	

happening	across	one	or	more	slip	surfaces	resulting	from	the	separation	of	the	specimen	into	

different	parts	either	side	of	a	localised	shear	fracture	(Figure	4.22).	
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Figure	4.22:	Shear	failure	of	marble	specimens	under	uniaxial	compression	loading	(after	Yang	
et	al.,	2008)	

For	 the	 case	 of	 a	 theoretical	 Mohr-Coulomb	 material	 the	 maximum	 axial	 stress	 (also	 called	

unconfined	 uniaxial	 compressive	 strength)	 and	 the	 angle	 of	 the	 slip-plane	 can	 be	 calculated	

explicitly	with	basic	 algebra.	Consider	 the	problem	on	 the	Mohr	 space.	As	one	principal	 stress	

starts	 increasing	 the	 other	 two	 remain	 zero	 for	 an	 unconfined	 specimen,	 the	 corresponding	

Mohr	circles	will	expand	as	well	until	“touching”	the	Mohr-Coulomb	critical	line	(Figure	4.23).		

	 	

Figure	4.23:	Mohr	circles	for	uniaxial	unconfined	compression	and	critical	line	

	

Note	that	with	very	simple	trigonometric	considerations	we	can	calculate	both	the	critical	stress	

σcr 	and	the	angle	of	the	slip	surface	θ :	

	
σcr = 2c

cosφ
1− sinφ

θ = 45o + φ
2

		 (4.28)	

The	 purpose	 of	 this	 validation	 test	 is	 to	 try	 to	 reproduce	 the	 described	 theoretical	 behaviour	

numerically.	 Most	 importantly	 we	 should	 be	 able	 to	 show	 with	 the	 continuum	 elastic-plastic	
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modelling,	 the	 localisation	 and	 propagation	 of	 a	 failure	 plane.	 Note	 that	 capturing	 the	 failure	

mode	of	 this	 type	 is	 a	 very	 challenging	problem	using	 a	 continuous	mesh	 approach,	 since	 the	

very	 large	 strains	 on	 the	 shear	 band	 lead	 to	 either	 numerical	 instabilities	 or	 incorrect	 results	

(including	volumetric	 locking).	Thus	very	few	numerical	demonstrations	of	this	problem	exist	 in	

literature.		

It	 is	important	to	note	that	the	natural	general	approach	for	treating	the	localised	shear	failure	

problem	numerically,	 is	with	 considering	 fracture	models	 that	are	explicitly	defined	 to	 capture	

the	body	separation	during	fracture	propagation.	However	being	able	to	get	these	effects	with	a	

continuous	approach,	 is	a	much	more	challenging	task	which	does	not	only	build	confidence	of	

the	 robustness	 of	 the	 implementation,	 but	 also	 allows	 us	 future	 generalisations	 to	 simulate	

highly	 confined	 large	 strain	 states	 which	 couldn’t	 be	 captured	 with	 a	 solely	 elastic-brittle	

approach.	

The	 specimen	 geometry	 considered	 in	 this	 validation	 test	 has	 length	 66.41mm	 and	 diameter	

29.65mm.	 Note	 that	 its	 size	was	 chosen	 in	 order	 to	 ensure	 that	 it	 conforms	 to	 standard	 test	

method	 aspect	 ratio	 and	 has	 an	 appropriate	 aspect	 ratio	 to	 enable	 the	 evolution	 of	 the	 slip	

surface.	 The	 specimen	 is	 discretised	 with	 an	 unstructured	 mesh	 of	 62242	 tetrahedra.	 The	

material	parameters	used	for	this	simulation	are	given	in	Table	4.4.		

Table	4.4:	Unconfined	uniaxial	compression	test	material	properties	

Elastic	Modulus	 35	GPa	

Poisson	ratio	 0.17	

Density	 2272	kg/m3	

Plastic	model	 Mohr	Coulomb		

Cohesion	c	 15	MPa	

Friction	angle	φ	 15ο	

	

We	monotonically	apply	compression	on	both	faces	of	the	cylinder,	with	a	constant	strain	rate	

10mm/s	and	with	total	applied	strain	12.5%.	Note	that	this	magnitude	of	strain	is	large	enough	

to	cause	the	specimen,	not	only	 reaching	 its	strength	capacity,	but	also	to	having	considerably	

large	plastic	deformation.	
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ε	=	0%	

	

ε	=	1.37%	

	

ε	=	2.16%	

	

ε	=	3.61%	

	

ε	=	5.42%	

	

ε	=	7.22%	

Figure	4.24:	Deformed	numerical	mesh	of	model	of	unconfined	uniaxial	compression	test	
(continued	in	Figure	4.25)	
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ε	=	9.03%	

	

ε	=	10.84%	

	

ε	=	12.65%	

Figure	4.25:	Deformed	numerical	mesh	of	model	of	unconfined	uniaxial	compression	test	
(continued	from	Figure	4.24)	

	

Figure	4.24	shows	the	deformed	mesh	for	progressively	larger	applied	bulk	strains.	It	is	clear	that	

at	 very	 large	 applied	 strains	 the	 body	 is	 no	 longer	 kinematically	 stable.	 The	 localisation	 and	

amplification	of	a	shear	band	is	evident	causing	the	cylinder	to	“split”	into	two	parts.	As	we	apply	

more	pressure	on	the	faces	of	the	cylinder,	it	starts	“sliding”	i.e.	shearing,	on	the	failure	surface.	

The	 newly	 implemented	 large	 strain	 plasticity	 for	 use	 in	 the	 multi-body	 FEMDEM	 code,	

successfully	 captures	 the	 localised	 large	 strains	 (Figure	4.26),	predicting	 the	 correct	qualitative	

behaviour	for	continuous	shear	“fracture”.		

Additionally,	 Figure	 4.27	 shows	 the	 stress-strain	 relation	 of	 the	material	 during	 loading.	 After	

reaching	 the	critical	axial	 stress	which	agrees	with	 the	 theoretical	value	 (σcr = 3.91 MPa ,	 from	

eq.	 (4.28)),	 the	 specimen	deforms	with	 no	 stress	 change	until	 the	 shear	 band	 is	 formed.	 That	

means	that	after	reaching	its	stress	capacity	and	before	the	creation	of	the	slip	surface,	there	is	

period	 of	 loading	 where	 the	 deformation	 is	 “locked”	 in	 homogeneous	 deformation.	 This	 is	

happening	 because	 no	 unstable	 alternative	 kinematic	 mechanism	 to	 one	 of	 homogeneous	

deformation	 has	 yet	 been	 realised,	 leading	 the	 body	 to	 deform	 nearly	 uniformly.	 Figure	 4.29	

illustrates	 this	 observation	 showing	 the	 velocity	 vector	 field	 on	 a	 vertical	 section	 for	 different	
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applied	strain	levels.	Theoretically	all	planes	in	3-dimensional	space	(at	angle	θ = 45o +
φ
2
= 52.5o 	

with	 the	 horizontal	 plane)	 are	 candidates	 for	 becoming	 the	 critical	 one.	 However,	 only	 one	 is	

realised	 and	 as	 Figure	 4.30	 shows,	 the	 simulated	 shear	 plane	 angle	matches	 the	 theoretically	

expected	one	of	the	Mohr-Coulomb	model,	suggesting	that	the	macroscopic	model	phenomena	

that	M-C	was	designed	 to	predict	has	been	correctly	 implemented	at	 the	 finite	element	 scale.	

After	 the	 propagation	 and	 amplification	 of	 the	 shear	 band	 failure	 ( ε f = 1.37% ),	we	 observe	 a	

type	of	geometric	 softening,	when	with	more	applied	strain	 the	 resistant	 stresses	are	 reduced	

due	to	kinematic	instability	and	the	relative	ease	of	shearing	on	a	single	localised	plane.		

	

	

	 	 	

Figure	4.26:	Plastic	strain	localisation	in	unconfined	uniaxial	compression		
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Figure	4.27:	Stress-strain	diagram	for	unconfined	uniaxial	compression	

Note	 that	 in	 the	 graph	 with	 the	 scale	 as	 shown	 in	 Figure	 4.27,	 the	 elastic	 part	 is	 not	 clear,	

because	 the	 body	 reaches	 its	 capacity	 at	 very	 low	 strain	 levels	 compared	 to	 the	 total	 applied	

ones	 ( εy = σcr / E = 1.12 ⋅10−4 )	 so	 that	 it	 is	 behaving	 almost	 as	 an	 ideal	 rigid-plastic	 body.	

Although	the	small	strains	for	the	 load	take	up	part	 is	omitted	 in	this	graph,	this	rapid	yielding	

and	 post	 peak	 behaviour	 is	 confirmed	 in	 these	 results;	 see	 respective	 focused	 graph	 (plotted	

strain	up	to	1.18 ⋅10−3 )	in	Figure	4.28.		

	

Figure	4.28:	Stress-strain	diagram	for	unconfined	uniaxial	compression	at	the	beginning	of	the	
loading	
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ε	=	0.036%	

	

ε	=	0.39%	

	

ε	=	1.12%	

Figure	4.29:	Velocity	field	in	unconfined	uniaxial	compression	before	shear	failure	

	

		

Figure	4.30:	Velocity	field	in	unconfined	uniaxial	compression	during	shear	failure		
	 (dashed	line	has	angle	52.5o	with	the	horizontal	direction)	
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CHAPTER	5 ANALYSIS	OF	A	CONCRETE	IMPACT	PROBLEM	

5.1 Introduction	

As	 made	 clear	 in	 the	 introductory	 Chapter	 1,	 there	 is	 an	 increasing	 interest	 in	 the	 research	

community	for	the	analysis	of	impacts	involving	plain	concrete	blocks.	As	discussed,	this	includes	

collision	of	concrete	armour	units	that	are	used	in	rubble-mounded	breakwaters	(un-reinforced	

by	steel	formwork	because	of	the	high	risk	of	corrosion	cracking	in	the	sea-water	environment).	

Furthermore	 there	 are	 also	 a	 number	 of	 other	 interesting	 engineering	 applications	where	 the	

response	of	impacted	concrete	and	other	geomaterials	is	essential:	e.g.	ballistic	problems	in	blast	

mechanics,	 concrete-pile	 driving	 and	 rockfall	 collisions	 in	 barrier	 design	 for	 rock	 engineering.	

Equation	Section	(Next)	

The	common	characteristic	in	all	cases	is	that	during	the	impact	we	expect	to	have	some	energy	

loss	during	dynamic	compressive	loading	on	the	body	of	the	plain	material	block.	As	concrete	is	a	

very	complex	material,	it	is	very	common	to	use	simplified	models	and	systems	for	treatment	of	

such	problems.	Since	plain	concrete	is	known	to	fail	under	tensile	loading	with	brittle	fracturing,	

most	material	models	 focus	 on	 the	 tensile	 regime	 of	 the	 loading.	 Interestingly,	 even	 from	 an	

experimental-testing	 point	 of	 view,	 when	 it	 comes	 to	 plain	 concrete	 collisions	 (contrary	 to	

reinforced	 concrete	where	 traditionally	 there	 has	 been	 a	major	 focus),	 the	 literature	 suggests	

that	 researchers	have	successfully	modelled	only	 the	ultimate	strength	of	concrete	when	 it	no	

longer	has	load-bearing	capacity.	This	is	done	with	reference	to	experimental	set-ups	similar	to	

Green’s	ballistic	pendulum	(see	Green	1964,	Hughes	and	Gregory	1969),	where	one	is	interested	

in	the	strength	of	plain	concrete	after	cyclic	dynamic	loading.	Note	that	tests	using	similar	ideas	

are	often	conducted	for	the	integrity	of	concrete	armour	units	(Burcharth	1993,	Figure	5.2).	
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Figure	5.1:	Ballistic	pendulum	for	concrete	impact	tests	(after	Green	1964)	

	

	

Figure	5.2:	Impact	test	set-ups	for	the	Dolos	units	(after	Burcharth,	1993)	

On	the	other	hand,	the	main	purpose	of	this	work	is	to	investigate	the	energy	dissipation	that	is	

happening	involving	plain	concrete	during	non-catastrophic	collisions.	An	apparent	measure	for	

this	 investigation	of	 energy	 loss	 during	 impacts,	 that	 can	 also	be	observed	 in	 an	 experimental	

analysis,	 is	the	well-known	coefficient	of	restitution	(see	Section	3.5)	of	velocity-controlled	free	

body	 impacts	 of	 concrete	 bodies.	 Thus	 in	 this	 section	 we	 will	 firstly	 provide	 a	 very	 simple	

experimental	 setup	 that	 helps	 us	 measure	 the	 coefficient	 of	 restitution	 of	 impacts	 involving	

plastic	deformations	in	plain	concrete.		

Note	 that	 similar	 tests	 are	 found	 in	 literature	 of	 rockfall	mechanics	 (see	 Asteriou	 et	 al.	 2013)	

where	the	coefficient	of	restitution	was	measured	for	drop	tests	of	concrete	spheres	on	concrete	
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bases	 using	 different	 velocities	 and	 angles.	 However,	 although	 the	 results	 are	 useful	 from	 a	

qualitative	 point	 of	 view,	 there	 are	 insufficient	 suitable	 data	 provided	 in	 their	 study	 for	 the	

purposes	of	calibrating	plasticity	material	models	for	concrete	and	for	confidently	applying	them	

for	numerical	simulation	and	analysis.	

	

Figure	5.3:	Fracture	of	a	concrete	sphere	during	free-fall	drop-test	(after	Asteriou	et	al.,	2013)	

	

Finally,	note	that	from	a	material	model	perspective,	the	ultimate	goal	 is	to	be	able	to	provide	

material	parameters	that	can	be	used	for	cases	with	more	complicated	geometries	and	loading	

conditions.	 Thus,	 there	 is	 also	 a	 need	 to	 have	 both	 a	 material	 model	 and	 a	 numerical	

methodology,	 which	 can	 be	 successfully	 calibrated	 with	 selected	 experimental	 tests.	 This	 is	

explained	in	detail	in	the	next	sections.	

5.2 Modelling	concrete	as	a	continuous	elastic-plastic	homogenous	material	

Concrete	 in	 reality	 is	a	very	complex	material.	 It	 is	actually	a	non-homogenous	composite	 that	

consists	 of	 coarse	 aggregate,	 sand	 and	 a	 continuous	 mix	 of	 cement	 paste,	 which	 is	 also	 a	

composite	 itself.	From	a	microscopic	point	of	view	its	behaviour	 is	ruled	by	the	structure	of	 its	

components	(for	example	micro-cracks,	slipping).	However,	one	can	usually	derive	some	general	

features	 of	 macroscopic	 behaviour	 under	 the	 assumption	 of	 a	 continuous,	 homogeneous	

isotropic	material.	This	assumption	has	been	successfully	used	for	over	a	century,	especially	since	

the	wide	usage	of	reinforced	concrete.	

Regarding	 the	 case	of	plain	 concrete,	which	 is	of	 interest	 in	 this	 current	work,	we	 should	 first	

point	 out	 that	 it	 is	 commonly	 considered	 to	 be	 an	 elastic-brittle	material	 without	 any	 plastic	

behaviour,	 i.e.	 it	behaves	elastically	until	 it	 reaches	a	strength	 limit	and	then	 large	scale	cracks	

occur	leading	the	material	to	fail	in	a	macroscopic	sense.	Thus,	the	yield	surfaces	as	introduced	in	

Chapter	2,	are	then	commonly	regarded	as	failure	surfaces.		



Analysis	of	a	concrete	impact	problem	

	 158	

However,	the	above	coarse	assumption	of	a	localised	main	fracture	can	only	be	supported	from	

concrete’s	behaviour	in	tension	when	indeed	one	expects	brittle	failure.	In	compression,	on	the	

other	hand,	behaviour	seems	completely	different.	It	is	evident	from	real	life	experience	and	of	

course	verified	in	a	large	number	of	experimental	data	(e.g.	Newman	et	al.	1971,	Kotsovos	and	

Newman	 1977,	 Ottosen	 1975,	 Sinha	 et	 al.	 1964,	 Chen	 and	 Buyukozturk	 1985)	 that	 the	

assumption	 of	 elastic-brittle	 material	 behaviour	 is	 generally	 not	 realistic,	 especially	 in	

compression.		

Compressive	 loading	 usually	 results	 in	 a	 more	 complicated	 behaviour	 both	 in	 the	 pre-failure	

(non-linear	 stress-strain	 relation,	 accumulated/irreversible	 strains,	 hardening)	 and	 the	 post-

failure	regime	(ductile	behaviour	and	softening,	stiffness	degradation)	that	could	not	be	captured	

with	an	elastic-brittle	assumption,	for	example	Figure	5.4,	Figure	5.5.	(Wischers,	1978;	and	Sinha	

et	al.	1964).	

	

Figure	5.4:	Uniaxial	compressive	stress-strain	curves	for	concrete	showing	ductile	behaviour	for	
concretes	with	different	strengths	(after	Wischers,	1978)	
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Figure	5.5:	Cyclic	uniaxial	compressive	stress-strain	curve	showing	energy	losses	and	
irreversible	deformations	during	cyclic	loading	(after	Sinha	et	al.	1964)		

Therefore,	in	large-scale	applications	of	modelling	its	compressive	behaviour,	it	is	reasonable	to	

consider	it	as	a	continuous	homogenous	elasto-plastic	material	with	an	appropriate	constitutive	

law.	During	the	last	half	century	there	have	been	a	large	number	of	constitutive	models,	based	

on	classic	theory	of	plasticity,	which	were	proposed	for	describing	an	elasto-plastic	response	of	

concrete,	see	Figure	5.6,	e.g.	William-Warnke	(1975),	Ottosen	(1977).	For	a	detailed	discussion	

on	application	of	 continuous	plasticity	 theory	 to	 concrete	and	a	 review	of	 the	many	proposed	

models,	 the	 interested	 reader	 is	 referred	 to	a	 classic	 reference	on	 the	 subject,	Chen	and	Han,	

1988,	 chapter	 7.	 Note	 that	 some	 more	 advanced	 concrete	 models	 usually	 also	 include	 the	

concept	 of	 “bounding	 surface	 plasticity”	when	 one	 can	 define	 both	 yielding	 surface	 and	 total	

failure	surface,	so	being	able	to	treat	both	states.	For	the	theoretical	description	of	the	general	

concept	 of	 bounding	 surface	 plasticity,	 see	 Dafalias	 and	 Popov	 (1977)	 and	 for	 application	 for	

concrete	 see	 (among	 others):	 Fardis	 et	 al.	 (1983),	 Chen	 and	 Buyukozturk	 (1985),	 Yang	 et	 al.	

(1985),	Voyiadjis	and	Adu-Lebdeh	(1994).	
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Figure	5.6:	Yield/failure	criteria	for	plain	concrete	(after	Chen	and	Han,	1988)	

One	main	characteristic	of	all	the	commonly	used	elastic-plastic	models,	is	the	inclined	(linear	or	

not)	 meridians,	 implying	 hydrostatic	 pressure	 dependence.	 One	 can	 also	 see	 different	 θ	

dependence,	or	equivalently	deviatoric	stress-state	dependence	for	each	model.	However,	if	we	

limit	our	analysis	to	purely	compressive	loading,	the	latter	should	not	play	any	important	role	in	

the	description	of	the	behaviour.		

The	most	important	thing	to	note	when	considering	more	sophisticated	multi-parameter	models	

is	that	although	they	are	usually	proposed	in	order	to	match	specific	observed	behavior,	usually	

experimental,	 the	most	 commonly	used	 in	practical	 engineering	 are	by	 far	 the	Mohr-Coulomb	

and	Drucker-Prager	material	models,	 as	 they	 are	 the	 best	 understood	 and	 intuitively	 justified.	

One	can	also	verify	that	the	rest	of	the	models	are	actually	either	linear	combinations	or	smooth	

approximations	 of	 the	 two.	 Thus	 the	 starting	 point	 in	material	model	 selection	 and	numerical	
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analysis	 when	 dealing	 with	 geo-materials	 (concrete	 included)	 throughout	 this	 work	 was	 with	

these.	

5.3 General	description	of	experimental	work	during	this	project	

As	pointed	out	in	the	introduction,	we	need	an	experimental	setup	and	procedure	that	has	some	

basic	characteristics:	 it	has	 to	be	 repeatable,	non-catastrophic	but	with	evidence	of	 the	plastic	

deformation	 and	 with	 simple,	 measurable	 observations	 of	 the	 energy	 loss	 during	 collisions.	

Essentially,	a	 two-body	collision	problem	 is	 ideal,	as	 it	 is	 the	simplest	multi-body	problem	that	

will	 require	 the	 combined	 use	 of	 both	 FEM	 and	 DEM	 if	 the	 experimental	 process	 is	 to	 be	

simulated	numerically.	In	collisions,	as	with	the	development	of	FEMDEM	contact	algorithms,	we	

generally	refer	to	an	impactor	and	a	target	body.		

We	selected	the	case	of	the	drop-test	collision	of	a	steel	ball	 (impactor)	against	a	flat	concrete	

surface	(target):	

A	spherical	 steel	ball	 is	 left	 to	 free-fall	vertically	on	 the	horizontal	 face	of	a	concrete	prismatic	

specimen.	As	expected,	most	of	the	kinetic	energy	of	the	ball	will	be	dissipated	because	of	plastic	

deformation	 near	 the	 concrete	 face.	 This	 will	 be	 translated	 to	 a	 reduced	 rebound	 velocity	

measured	with	a	coefficient	of	restitution.	Note	that	the	impact	velocity	can	be	controlled	via	the	

free	height	of	the	drop.	

The	rational	behind	the	choice	of	steel-concrete	 impact	 is	 that	we	expect	steel	 to	behave	fully	

elastically	throughout	the	collision,	since	its	typical	yield	values	will	be	far	larger	than	those	for	

concrete.	 Thus	 we	 will	 assume	 that	 all	 inelastic	 deformation	 will	 occur	 only	 in	 the	 locally	

compressed	 part	 of	 the	 concrete	 specimen	 (see	 also	 discussion	 for	 this	 assumption	 in	 Section	

5.9).	 Also,	with	 this	 setup	one	 can	 avoid	 the	possible	 tensile	 fracture	or	 change	of	 shape	of	 a	

damaged	concrete	impactor	sphere,	making	it	impossible	for	the	impactor	body	to	be	re-used	for	

further	experimental	tests	(as	in	Asteriou	et	al,	2013).		

Note	that	strictly	speaking	there	may	be	an	effect	of	a	third	body	–	e.g.	the	floor	on	which	the	

target	is	placed,	if	the	concrete	target	body	as	a	whole	moves	significantly	during	the	impact.	A	

concrete	prismatic	shaped	specimen	was	therefore	selected	to	have	a	large	enough	aspect	ratio	

in	 order	 to	minimize	 the	 geometric	 effects	 that	would	make	 the	 target’s	 contact	with	 a	 third	

body	 significant.	 It	 is	 worth	 mentioning	 that	 during	 this	 experimental	 work,	 the	 preliminary	

experimental	analysis	of	the	drop	tests	was	performed	using	concrete	cubes	(sitting	freely	on	a	
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thick	 concrete	 slab	 laboratory	 floor)	 as	 targets.	 However,	 for	 that	 case,	 non-negligible	 jumps	

were	taking	place	indicating	that	large	part	of	the	kinetic	energy	of	the	ball	was	transferred	into	

the	concrete	cube	after	the	impact.	This	discrete	body	‘jumping’	of	the	target,	although	it	can	be	

successfully	 captured	within	 a	 FEMDEM	 framework	 by	modelling	 a	 three	 body	 system,	 it	was	

making	 the	 analysis	 unnecessary	 complicated	 to	 achieve	 the	 main	 objective.	 Hence	 the	

simplification	was	made	to	use	a	tall	prism	and	to	ensure	the	total	collision	time	was	shorter	than	

the	time	it	would	take	for	the	stress	wave	to	bounce	back	from	the	laboratory	floor	(i.e.	the	third	

body).	

Next	sections	are	organised	as	follows:	After	reporting	the	materials	and	geometric	bodies	used	

in	the	experiment,	the	experimental	methodology	and	extraction	of	motion	characteristics	data	

are	illustrated	and	the	experimental	results	are	then	presented.	Furthermore,	the	calibration	of	

numerical	material	parameters	 is	conducted	 including	uniaxial	 tests	 for	both	elastic	and	plastic	

material	 properties.	 A	 numerical	 parametric	 analysis	 is	 then	 presented	 using	 two-parameter	

Mohr-Coulomb	material	model	and	the	results	are	discussed	in	detail.	After	recognising	current	

model’s	 limitations,	 a	 new	 piecewise	 Drucker-Prager	 model	 is	 proposed	 with	 its	 theoretical	

description	 and	 efficient	 numerical	 implementation	 discussed	 in	 detail.	 The	 new	model,	 after	

appropriate	calibration,	is	then	used	for	this	numerical	application	and	results	are	compared.	

All	 the	 experimental	 tests	 presented	 in	 this	 Chapter	 were	 conducted	 by	 the	 author	 in	 the	

Structures	 Laboratory	 of	 Civil	 and	 Environmental	 Engineering	 at	 Imperial	 College,	 under	 the	

supervision	 and	 collaboration	 of	Mr	 Andrew	 Pullen,	 Senior	 Research	 Fellow	 of	 Department	 of	

Civil	 and	 Environmental	 Engineering.	 The	 casting,	 curing	 and	 the	 characterisation	 of	 concrete	

specimens	were	performed	in	the	laboratory	by	Mr	Pullen.	

5.4 Material	and	geometrical	characteristics	and	experimental	methodology	

The	concrete	specimen	was	casted	with	a	mix	of	very	fine	aggregate	which	gives	to	the	concrete	

body	a	more	homogenous	distribution	of	the	aggregate.	At	the	same	time,	this	mix	is	similar	to	

the	concrete	mix	used	in	the	industry	of	coastal	engineering	when	creating	armour	units	(see	for	

example	Dupray	and	Roberts,	2010).	See	Table	5.1	and	Figure	5.7	for	its	characterisation	design	

parameters.	
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Figure	5.7:	Fine	aggregate	mix	particle	size	analysis	

	

Table	5.1:	Fine	aggregate	mix	design	parameters	

Aggregate	(saturated	surface-dry)	 1605.1	kg/m3	

Cement	 406.4	kg/m3	

Free-water	 223.5	kg/m3	

Free-water/cement	ratio	 0.55	

Typical	28	day	cube	strength,	cured	in	water	 48	MPa	

	

The	size	of	the	specimen	is	10 cm x 10 cm x 50 cm 	with	mass	density	ρ ≈ 2700 kg/m3 .		

Moreover,	a	typical	mild	steel	ball	was	used	with	diameter	 D = 50.85 mm 	and	measured	mass	

density	ρ ≈ 7800 kg/m3 	(Figure	5.8).	
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Figure	5.8:	Concrete	prism	and	steel	sphere	used	in	experimental	analysis	

	

Methodology	

The	 concrete	 specimen	 is	 placed	 on	 a	 massive	 rigid	 flat	 surface.	 Note	 that	 this	 test	 was	

performed	 on	 a	 polished,	 flattened	 area	 at	 the	 basement	 of	 the	 laboratory	 in	 order	 to	

minimize/exclude	 the	 effects	 of	 floor	 vibration,	 which	 would	 result	 in	 energy	 losses	 due	 to	

transferred	elastic	waves.	Thus	one	can	safely	assume	that	the	specimen	was	lying	flat	on	a	rigid	

base.	

The	steel	sphere	is	 initially	being	held	on	a	magnetic	chuck	(Figure	5.10)	at	pre-adjusted	height	

and	released	for	a	free-weight	fall	against	the	concrete	target.	Note	what	with	this	setup	we	can	

control	 the	 exact	 point	 of	 impact.	 This	 allows	 us	 to	 avoid	 local	 imperfections	 of	 the	 concrete	

surface,	which	 can	 result	 in	non-vertical	 rebound	 velocities	 and/or	 angular	 rebound	 velocities.	

Furthermore	 it	makes	possible	 to	 re-use	 the	same	specimen	 for	multiple	 independent	 tests	 so	

that	each	target	is	a	separate	region	of	virgin	cast	concrete	on	the	same	prismatic	test	specimen	

surface.		

While	 the	 steel	 ball	 travels	 and	 hits	 the	 concrete	 surface,	 the	 full	 sequence	 of	 the	 impact	 is	

captured	on	a	video	with	a	high-speed	(4000-5000	fps)	video	camera	(Figure	5.11).	
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Figure	5.9:	Drop	test	setup	

	

	

	 	 	

Figure	5.10:	Magnetic	chuck	bolted	on	a	plate	at	adjustable	height	for	a	controlled	free-drop	
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Figure	5.11:	Frames	from	high-speed	video	(before,	during	and	after	impact)	

In	 order	 to	 calculate	 impact	 and	 rebound	 velocities	 one	 could	 refer	 to	 the	 simple	 free-fall	

gravitational	 equations	 ( v = 2gh )	 using	 original	 drop	 height	 and	 rebound	 maximum	 height.	

However,	 having	 access	 to	 the	 high	 frame-frequency	 video,	 we	 can	 do	 a	 more	 rigorous	 and	

accurate	 analysis,	 which	 also	 gives	 us	 full	 motion	 characteristics	 and	 an	 ability	 to	 verify	 the	

assumption	of	a	vertical	impact.	It	is	also	easier	to	identify	and	to	discard	the	failing	cases.	

	
Figure	5.12:	Extracting	impact-motion	characteristics	with	image	processing	software	

Therefore,	 for	 the	 accurate	 motion	 analysis,	 an	 image	 processing	 software	 was	 used	 (open-

source	 software	TrackerTM).	The	outer	boundaries	of	 the	 sphere	are	 recognised	and	processed	

giving	the	frame	per	frame	relative	displacement	of	the	sphere	(Figure	5.12).	The	results	are	then	

calibrated	 with	 the	 real	 geometry	 and	 the	 frame	 rate	 of	 the	 video	 recording,	 and	 motion	

characteristics	of	 the	 impact	are	extracted	 (example	presented	 in	Figure	5.13	and	Figure	5.14)	
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giving	the	ability	to	get	a	more	accurate	approximation	of	the	pre-	and	post-impact	velocities	and	

duration	of	impact.	

	

Figure	5.13:	Time-history	of	vertical	position	of	the	sphere	during	impact	

	

	

Figure	5.14:	Time-history	of	vertical	velocity	of	sphere	during	impact	

	

5.5 Experimental	results	

Multiple	drop	 tests	were	performed	and	coefficient	of	 restitution	was	calculated	based	on	 the	

above	methodology.	Table	5.2	summarises	the	results	of	all	tests.	Furthermore	Figure	5.15	and	

Figure	5.16	show	the	plotted	results	 in	terms	of	rebound	velocity	and	coefficient	of	 restitution	

respectively.	
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Table	5.2:	Coefficient	of	Restitution	for	different	drop	tests	

	 	

	

Figure	5.15:	Rebound	velocities	for	different	drop	tests	

	

Test	Id Impact	Velocity Rebound	Velocity CoR
A1 4.3 1.80 0.42
A2 4.3 1.51 0.35
A3 4.3 1.47 0.34
A4 4.3 1.68 0.39
A5 4.3 1.78 0.41
A6 4.3 1.52 0.35
A7 4.3 1.64 0.38
B1 5.4 1.85 0.34
B2 5.4 1.99 0.37
B3 5.4 1.99 0.37
B4 5.4 2.13 0.39
B5 5.4 2.00 0.37
C1 6.35 2.21 0.35
C2 6.35 2.23 0.35
C3 6.35 2.05 0.32
C4 6.35 2.30 0.36
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Figure	5.16:	Coefficient	of	Restitution	for	different	drop	tests	

	

Finally	the	impact	crater	was	measured	and	found	varying	from	7mm	to	11mm	(Figure	5.17)	

												 	 	 	

Figure	5.17:	Crater	of	the	impact	during	drop	tests	

	

5.6 Concrete	parameters	calibration	

The	 choice	 of	 the	 material	 parameters	 for	 concrete	 is	 a	 non-trivial	 task	 with	 non-unique	

solutions.	 In	 order	 to	 find	 representative	 material	 parameters	 for	 both	 elastic	 and	 plastic	
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parameters,	a	series	of	uniaxial	and	tri-axial	tests	were	performed	in	the	Structures	Laboratory	of	

Imperial	College.		

5.6.1 Elastic	parameters	

For	the	elastic	parameters	a	uniaxial	stress	test	on	a	cylindrical	specimen	of	the	same	mix	was	

performed.	There,	we	have	applied	a	few	loading/unloading	displacement	cycles	while	the	stress	

level	stays	well-below	 its	strength	 limits.	The	vertical	stress	and	both	 lateral	and	vertical	strain	

paths	were	 obtained.	 Figure	 5.18	 shows	 the	 vertical	 stress-strain	 relationship	with	 a	 resulting	

implied	Elastic	Young’s	Modulus	E	=	35-45	GPa.	

Furthermore,	 Figure	 5.19	 shows	 that	 the	 Poisson	 ratio,	 calculated	 as	 the	 ratio	 between	

orthogonal	strains,	 is	varying	 v 	=	0.15-0.23	during	elastic	 loading/unloading,	depending	on	the	

pre-stressed	 condition	of	 the	 specimen.	 It	 is	 known	 that	higher	 strength	 concrete	has	 a	 lower	

Poisson’s	 ratio,	and	 is	even	 suggested	 (see	Mehta	and	Monteiro,	1993)	 that	one	 should	 select	

lower	values	for	saturated	and	dynamically	tested	concrete	as	in	our	tests.		

Thus	the	representative	values	of	E	=	40	GPa	and	 v 	=	0.17	were	selected	for	this	analysis.	

	

Figure	5.18:	Stress-strain	paths	during	uniaxial	elastic	stress	test	
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Figure	5.19:	Implied	Poisson’s	ratio	during	uniaxial	elastic	stress	test	

5.6.2 	Strength	parameters	

For	getting	representative	strength	parameters	of	concrete,	a	Gauged	REActive	Confinement	cell	

(GREAC)	triaxial	test	was	performed	(Figure	5.20).	The	current	experimental	methodology	of	the	

reactive	cell	(Sheridan	and	Pullen,	2014)	was	originally	created	in	Imperial	College	to	investigate	

concrete	material	properties	and	response	to	high	explosive	detonation	phenomena	(Sheridan,	

1990;	 Sheridan	 et	 al.,	 1989)	 allowing	 stress	 states	much	 higher	 than	 usual	 tri-axial	 tests.	 The	

improved	technique	is	a	method	for	minimizing	rate-dependent	phenomena,	making	it	ideal	for	

obtaining	concrete	parameters	under	non-catastrophic	shock	waves	and	therefore	an	attractive	

methodology	 for	 calibrating	 parameters	 for	 our	 impact	 simulations.	 The	 interested	 reader	 is	

referred	 to	 Sheridan	and	Pullen,	 2013	 for	 a	detailed	description	of	 the	GREAC	method	and	 its	

experimental	setup	and	calibration.	
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Figure	5.20:	Gauged	REActive	Confinement	cell	(GREAC)	

	

GREAC	analysis	includes	quite	a	few	concrete-characterisation	results.	The	most	useful	ones	for	

the	purpose	of	the	current	compressive	analysis	is	the	captured	stress	levels	(both	axial,	 σa and	

radial,	σ r respectively)	while	yielding	in	compression,	at	every	different	stress	circle	(Figure	5.21	

and	Figure	5.22	respectively).		
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Figure	5.21:	Axial	stress	path	under	GREAC	compression	test	

	

	

Figure	5.22:	Radial	stress	path	under	GREAC	compression	test	
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of	shear	stress: τ = σa −σ r( ) / 2 	and	normal	stress:	σn = σa +σ r( ) / 2 .	In	this	case	we	can	also	get	
a	 super-setting	 envelope	 of	 the	 different	 stress	 states.	 Since	 we	 know	 that	 the	 material	 is	

yielding	at	that	high	strain	levels,	we	can	thus	get	from	its	non-elastic	part	its	actual	yield	surface	

(Figure	5.23).	

	

Figure	5.23:	Strength	envelope	under	GREAC	compression	test	

As	 expected,	 one	 can	 see	 the	 meridian	 shape	 of	 the	 curve	 is	 not	 linear	 as	 a	 Mohr-Coulomb	

material	would	assume.	However,	in	order	to	choose	our	linear	Mohr-Coulomb	parameters	(c,	φ)	

we	 have	 to	 make	 an	 assumption	 on	 the	 expected	 stress	 state	 of	 our	 problem.	 Because	 one	

cannot	 guess	 this	 in	 advance	 (elastic	 analysis	 will	 imply	 very	 high	 unreasonable	 stresses)	 we	

define	and	 test	 four	different	 cases	with	different	material	properties	 (Table	5.3),	 each	one	of	

which	 is	 approximating	 the	 actual	 yield	 surface	 on	 different	 stress	 levels	 (Figure	 5.24).	 This	

assumption	will	be	checked	during	the	post-process	of	numerical	analysis.	

Table	5.3:	Mohr-Coulomb	parameters	for	different	stress	level	approximation	

c	
(MPa)

φ	
(degrees)

1 15 30
2 45 13
3 70 5
4 100 0

Material	Parameters
Case
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Figure	5.24:	Mohr	Coulomb	curves	for	stress	level	approximation	(corresponding	to	Table	5.3)	

	

5.6.3 Numerical	validation	of	parameters	calibration	

Before	performing	the	numerical	analysis	of	the	 impact	problem,	we	finally	want	to	check	that	

the	selected	parameters	and	the	implemented	material	model	are	producing	the	behaviour	that	

is	expected	for	a	simulation	of	the	GREAC	test.	Thus	we	perform	a	uniaxial-strain	(fully	confined)	

test,	 similarly	 to	 the	 ones	 presented	 in	 Chapter	 3	 trying	 to	 verify	 the	 implied	 stress	 capacity	

under	GREAC	conditions.		

Note	 that	 although	 the	 GREAC	 conditions	 are	 not	 exactly	 uniaxial-strain	 (very	 small	 lateral	

displacement	 is	 allowed),	 its	 behaviour	 should	 be	 very	 close	 for	 all	 useful	 applications	 to	 the	

uniaxial	 strain	 test.	 Thus	we	assume	a	 cylinder	with	exactly	 the	 same	geometry	 as	 the	GREAC	

specimen	 (length=66.41mm,	 diameter=29.65mm)	 and	 disallow	 lateral	 displacement.	 For	 the	

elastic	parameters	we	have	used	 the	 representative	values:	Young’s	modulus	 E = 40 GPa 	 and	

Poisson’s	ratio	 v = 0.17 ,	as	discussed	in	Section	5.6.1.	

Figure	5.25	presents	the	stress	path	of	our	numerical	simulation	for	the	case	(3)	with	cohesion	c	

=	70	MPa	and	friction	angle	φ	=	5ο	for	verification	purposes.	It	shows	perfect	agreement	with	the	

theoretical	behaviour	and	also	 illustrates	the	way	we	are	approximating	the	real	stress	path	of	

our	material.	Note	that	the	elastic	part	of	loading	is	different	than	the	experimentally	obtained	

path.	The	reason	 is	 that,	as	already	pointed	out,	 the	GREAC	procedure	 is	allowing	small	 lateral	
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displacements.	 However	 the	 approximation	 is	 reasonably	 good	 with	 using	 a	 simplified	 linear	

approach.		

One	can	see	that	as	shown	in	Section	3.2,	the	theoretical	slope	of	 m = Δτ
Δσn

=
Δ σa −σ r( )
Δ σa +σ r( ) 	 in	an	

elastic	uniaxial	strain	test	is	given	by:	

	 me = 1− 2v = 1− 2 ⋅0.17 = 0.66 		 (5.1)	

and	for	the	plastic	part:	

	 mep = sinφ = sin5o 		 (5.2)	

which	matches	exactly	the	numerically	obtained	one	from	our	constitutive	model.	

	

Figure	5.25:	Approximation	of	stress	path	with	Mohr-Coulomb	model	(c	=	70	MPa,	φ	=	5ο)		
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5.7 Numerical	analysis	of	the	impact	problem	

5.7.1 Description	of	numerical	model	

We	assume	a	3	discrete-body	system:		

a) The	 steel	 sphere,	 which	 is	 modelled	 with	 the	 same	 size	 and	 weight	 as	 the	 one	 used	 in	

laboratory,	 i.e.	 diameter	 D = 50.85 mm 	 and	 weight	 density	 ρ ≈ 7800 kg/m3 .	 Material	 is	

assumed	to	be	 fully	elastic	with	typical	steel	properties:	Young	Modulus	 Ε = 200 GPa 	and	

Poisson	ratio	 v = 0.3 .	

b) The	 concrete	 body,	 which	 is	 assumed	 to	 be	 a	 homogenous	 square-base	 prism	 with	

dimensions	 10 cm x 10 cm x 50 cm 	 and	 weight	 density	 ρ ≈ 2700 kg/m3 .	 As	 discussed,	

concrete	 is	 simulated	 as	 an	 elastic-plastic	 non-associative	 Mohr-Coulomb	 material	 with	

parameters	as	calibrated	above,	 i.e.	elastic	parameters	were	Young’s	Modulus	 Ε = 40 GPa 	

and	 Poisson’s	 ratio	 v = 0.17 .	 For	 the	 plastic	 parameters,	 four	 cases	 are	 considered	 with	

varying	 cohesion c = 15 −100 MPa 	 and	 internal	 friction	 angle	 φ = 30o − 0o ,	 respectively.	

Note	 that	 the	 non-associative	 dilatancy	 angle	 ψ 	 was	 selected	 with	 the	 typically	 used	 in	

geomaterials	value	ψ = φ
2
.		

c) Finally,	the	basement	floor	is	modelled	numerically	as	a	box	with	size	15 cm x 15 cm x 1 cm ,	

and	 is	 considered	 to	 be	 undeformable	 and	 unmovable.	 This	 is	 achieved	 by	 fixing	 the	

corresponding	 nodes,	 without	 allowing	 any	 internal	 deformations	 or	 external	 rigid-body	

motions.	

Table	5.4:	Material	parameters	for	numerical	analysis	

Discrete	Body Sphere Base
Material	Model Elastic Rigid
Density	(kg/m3) 7800 -

Young's	Modulus	(GPa) 200 -
Poission's	Ratio 0.3 -
Cohesion	(MPa) - 15 45 70 100 -

Friction	Angle	(deg) - 30 10 5 0 -
Dilatancy	Angle	(deg) - 15 5 2.5 0 -

Prism
Mohr-Coulomb

2700
40
0.17

	

All	 the	 material	 parameters	 used	 in	 this	 set	 of	 analyses	 are	 summarised	 in	 Table	 5.4.	

Furthermore,	Figure	5.26	shows	the	full	geometrical	and	the	corresponding	meshed	models.	 In	
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order	 to	 capture	 the	 impact	 response	 in	more	 detail,	 mesh-refinement	 was	 applied	 near	 the	

expected	area	of	impact	(Figure	5.27).	

	

	 	 	

Figure	5.26:	Unmeshed	and	meshed	geometry	of	drop	test	numerical	model	

	

Figure	5.27:	Mesh	refinement	near	the	impact	region	

The	full	body	of	the	sphere	is	set	initially	above	and	within	a	small	but	distinct	distance	from	the	

prismatic	block	and	is	given	an	initial	vertical	velocity	normal	to	the	upper	face	of	the	block,	while	

the	 block	 itself	 is	 resting	 on	 the	 rigid	 plate.	 This	 option	was	 preferred	 to	 the	 one	 that	would	

replicate	the	full	gravity	fall	within	laboratory	test	conditions	in	order	to	save	the	computational	

time	needed	for	the	sphere	to	reach	the	specimen,	which	does	not	add	any	information	to	our	



Analysis	of	a	concrete	impact	problem	

	 179	

analysis.	After	the	impact	starts,	the	concrete	starts	building	resistance	to	the	collision	force	‘hit’	

until	the	sphere	is	bounced	back	(Figure	5.28).	

	

	 	

t=-12	ms	

	

t=0.09	ms	

	

	 	

t=0.20	ms	 t=0.43	ms	

Figure	5.28:	Stress	field	(differential	stresses)	before,	during	and	after	impact	

	

5.7.2 Numerical	results	

A	multi-parameter	analysis	was	conducted	using	the	above	geometrical	and	material	conditions,	

for	multiple	initial	velocities	(including	the	ones	in	the	experimental	drop	tests)	and	the	resulted	
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rebound	velocities,	were	calculated	in	each	case;	see	Table	5.5	for	summarised	results	for	each	

different	material	 case	 (as	defined	 in	 Table	5.3).	Note	 that	 in	 all	 calculations,	 the	 velocity	was	

calculated	as	the	average	vertical	velocity	of	all	mass	points	of	the	steel	ball.		

Table	5.5:	Results	of	numerical	analysis	for	different	Mohr-Coulomb	material	cases	(as	defined	
on	Table	5.3)	

	

	

Furthermore,	 Figure	 5.29	 shows	 the	 corresponding	 coefficient	 of	 restitution	 (CoR)	 for	 each	

material	 case	 and	 initial	 velocity,	 superimposed	 on	 the	 ones	 retrieved	 from	 the	 drop	 test	

experiment.	One	can	observe	that	the	expected	qualitative	behaviour	is	captured	correctly	with	

the	 implemented	 numerical	 model,	 i.e.	 a	 decreasing	 CoR	 for	 larger	 velocities,	 with	 similar	

decreasing	rate.		

Case Initial	Velocity	(m/s) Rebound	Velocity	(m/s) CoR

4.3 2.24 0.521
5 2.55 0.510
5.4 2.71 0.502
6 2.93 0.488

6.35 3.06 0.482

4.3 1.83 0.426
5 2.05 0.410
5.4 2.18 0.404
6 2.37 0.395

6.35 2.47 0.389

4.3 1.81 0.421
5 2.03 0.406
5.4 2.16 0.400
6 2.34 0.390

6.35 2.46 0.387

4.3 1.87 0.435
5 2.1 0.420
5.4 2.23 0.413
6 2.41 0.402

6.35 2.53 0.398

(1)

(2)

(3)

(4)
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Figure	5.29:	Coefficient	of	restitution	for	different	Mohr-Coulomb	material	cases	(experimental	
results	are	presented	as	ranges)	

	

Finally,	 in	order	to	find	a	measure	of	the	permanent	deformation	caused	by	the	 impact	on	the	

prism,	 we	 examine	 the	 crater	 and	 apply	 the	 following	 procedure.	 We	 look	 at	 the	 resultant	

damaged	meshed-body	and	take	a	slice	parallel	to	and	including	the	unaffected	top	face	of	the	

prism.	This	will	result	in	a	nearly	circular	“hole”	in	the	cross-section	through	the	concrete	prism’s	

tetrahedral	mesh.	The	crater’s	diameter	is	then	defined	as	the	larger	circle	that	can	fit	into	that	

hole	 (Figure	 5.31).	 The	 numerically-derived	 crater	 diameter	 is	 approximating	 very	 well	 the	

experimentally	obtained	ones.	
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Figure	5.30:	Impact	crater	diameter	for	different	Mohr-Coulomb	material	cases	(Experimental	
results	are	presented	as	ranges)	

	

	

							 	 	

Figure	5.31:	Crater	in	numerical	model	result	showing	crater	indentation	(left)	and	circular	hole	
from	a	slice	through	the	top	surface	(right)	
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Let	us	now	look	again	at	the	results	of	the	CoR	for	the	different	cases.	We	can	see	in	Figure	5.29	

that	 in	 all	 cases,	 but	 case	 (1),	 the	experimental	 values	of	CoR	are	 reproduced	 reasonably	well	

with	 the	 calibrated	 models.	 However,	 it	 is	 evident	 that	 the	 values	 stay	 higher	 than	 the	

experimentally	observed	ones,	although	all	parameter	cases	were	selected	to	match	the	strength	

curve	 at	 multiple	 stress	 levels.	 There	 are	 many	 different	 ways	 one	 could	 explain	 this	 small	

quantitative	 discrepancy.	 Firstly	 one	 could	 argue	 that	 the	 Elastic	 modulus	 was	 selected	

conservatively,	since	it	is	known	to	be	different	and	non-constant	and	for	dynamic	loading,	it	is	

generally	 assumed	 to	 be	 different	 than	 for	 quasi-static	 cases.	 We	 can	 also	 argue	 that	 in	 the	

actual	impact	there	is	always	some	dissipation	of	energy	happening	due	to	local	micro-cracking	

at	the	surface	of	the	concrete	specimen,	that	cannot	be	captured	correctly	via	the	assumption	of	

a	 simplified	 homogenous	 and	 continuous	 material	 model.	 However,	 our	 analysis	 can	 give	 us	

more	insight	to	another	reasonable	explanation	as	explained	below.	

Figure	 5.32	 shows	 the	 numerically	 obtained	 stress	 paths	 of	 a	material	 point	 near	 the	 area	 of	

impact,	collectively	for	all	investigated	material	cases.	One	can	see	that	in	all	cases	there	is	a	part	

of	 the	 loading	 path	 where	 the	 current	 capacity	 of	 shear	 stress	 is	 over-estimated.	 Figure	 5.33	

shows	 that	 case	 (1)	 (c	 =	 15	MPa,	φ	 =	 30o),	 although	 it	 explains	well	 the	 yielding	 behaviour	 at	

lower	stress	states	(σn <145 MPa ),	it	cannot	capture	the	response	for	higher	stress	states.	The	

opposite	 happens	 for	 case	 (3)	 (c	 =	 70	MPa,	 φ	 =	 5o),	 Figure	 5.34,	where	 the	 stress	 capacity	 is	

overestimated	at	the	lower	stress	regimes.		
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Figure	5.32:	Stress	paths	of	a	point	near	the	impact	area	modelled	for	elastic-plastic	materials	
based	on	four	different	cases	for	the	M-C	parameter	pairs	compared	with	the	GREAC	

experimental	result	
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Figure	5.33:	Over-estimation	of	strength	capacity	for	case	(1),	c	=	15	MPa,	φ	=	30ο	

	

	

Figure	5.34:	Over-estimation	of	strength	capacity	for	case	(3),	c	=	70	MPa,	φ	=	5ο		
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The	overestimation	of	strength	capacity,	leads	to	higher	resistance	of	the	material	and	in	turn	to	

higher	rebound	forces	to	the	steel	sphere	and	hence	higher	coefficients	of	restitution.	It	is	worth	

observing	that	this	consideration	is	also	consistent	with	the	fact	that	the	“intermediate”	cases	(2)	

(c=45	 MPa,	 φ=13o)	 and	 (3)	 (c=70	 MPa,	 φ=5o)	 were	 giving	 better	 approximations	 to	 the	

experimentally	 obtained	 coefficient	 of	 restitution,	 because	 of	 the	 small	 part	 of	 loading	 in	 the	

overestimated	 regime;	 in	 other	 words:	 the	 numerical	 impact	 results	 are	 closer	 to	 the	

experimentally	obtained	ones,	when	the	numerically	obtained	stress	path	is	closer	to	the	actual	

measured	strength	envelope	of	the	material.	

The	above	analysis	shows	that	we	can	get	good	approximations	for	the	dissipation	mechanism	of	

concrete	during	plastic/non-catastrophic	 impacts,	with	appropriate	stress-dependent	calibrated	

c	and	φ	parameters	using	the	methodology	as	described	above;	cases	(2)	and	(3).	However,	the	

usage	of	the	basic	two-parameter	Mohr-Coulomb	model	has	some	obvious	limitations	for	large-

scale	applications:	Although	they	describe	very	well	 the	behaviour	on	the	expected	high	stress	

levels	of	 the	 impact,	 it	would	behave	poorly	at	 lower	stress	 levels,	during	static	 loading	and	of	

course	 on	 the	 tensile	 part.	 The	 same	 stands	 for	 a	 Drucker-Prager	 material	 law,	 which	 is	

equivalent	 for	the	axisymmetric	problem	above	 if	similarly	calibrated.	Note	that	the	frequently	

used	 parameters	 for	 concrete	 strength	 under	 service	 loads	 are	 very	 different	 to	 the	 ones	

proposed	in	the	analysis	above	(i.e.	typical	values	for	compression	tests	for	the	above	very-fine	

aggregate	mass	concrete	would	be	c	=	12-17MPa	and	φ=30o-35o,	like	case	(1),	while	also	using	an	

appropriate	tension	cut-off).	

In	order	 to	 tackle	 this	problem,	multiple	options	exist:	 firstly,	one	can	use	a	more	complicated	

material	 model	 like	 the	 ones	 addressed	 in	 Section	 5.2,	 Figure	 5.6,	 with	 non-linear	meridians.	

Another	 possible	 approach	 could	 also	 be	 to	 apply	 a	 combination	 of	 cohesion	 hardening	 and	

friction	 angle	 softening	 capturing	 the	 behaviour	 for	 both	 lower	 and	 higher	 stress	 regimes.	

However	 the	 simplicity	 in	 implementation	 and	 existing	 tested	 implemented	 algorithms	 in	 the	

two-parameter	 Drucker-Prager	 model,	 allows	 us	 to	 introduce	 a	 simple	 more	 general	 model	

which	is	a	piece-wise	combination	of	sequential	intersective	parts	of	Drucker-Prager	cones	in	3D	

stress	 space	or	 a	 piece-wise	 linear	 combination	on	 the	meridian	plane	 (Figure	 5.35).	 It	will	 be	

described	in	the	next	Section.	
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Figure	5.35:	Piece-wise	linear	Drucker-Prager	surface	in	principal	stress	space	and	on	the	
meridian	plane	

	

5.8 A	generalised	piece-wise	“linear”	Drucker-Prager	model	

5.8.1 Description	

Let	 us	 assume	 that	 we	 have	 interpolated	 a	 convex	 p − J2 	 curve	 with	 a	 series	 of	 points	

p0,q0( ), p1,q1( ),..., pn ,qn( ) .		

Firstly	 note	 that	 one	 can	 then	 retrieve	 the	 corresponding	 Drucker-Prager	 yield	 surfaces	

f1, f2,..., fn 	 with	 respective	 parameters	 A1,B1( ), A2,B2( ),..., An ,Bn( ) 	 by	 a	 simple	 curve	 slope	

match	on	the	meridian	plane:	

	

Ai = − qi − qi−1
pi − pi−1

Bi =
piqi−1 − pi−1qi
pi − pi−1

fi = J2 + Ai p − Bi

		 (5.3)	

Now	let	us	revisit	the	return	mapping	strategy	as	described	in	Section	2.4:	

We	 assume	 that,	 given	 a	 strain	 state	 ε n 	 and	 a	 strain	 increment	 Δε ,	 we	 have	 calculated	 an	

inadmissible	trial	stress	state	 σn+1
trial .	If	we	apply	a	return	mapping	corresponding	to	each	surface	

fi 	and	couple	of	parameters	 Ai ,Bi( ) ,	we	will	get	different	potential	actual	statesσn+1
i( ) .	Obviously	

the	 correct	 state	 σn+1
k 	 will	 be	 the	 one	 for	 which	 the	 corresponding	 actual	 values	

σ1	=	σ2	=	σ3	

-σ1	

-σ2	

-σ3	

q	

-p	
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qn+1
k = J2 σn+1

k( ) 	 and	 pn+1k = 1
3
tr σn+1

k( ) 	will	 be	 consistent	with	 the	 assumed	 interpolated	 linear	

part:	

	 qk−1 ≤ qn+1
k ≤ qk 		 (5.4)	

	 − pk−1 ≤ − pn+1
k ≤ − pk 		 (5.5)	

	

	

Figure	5.36:	Selecting	the	correct	piece	for	return-mapping	

Firstly,	note	that	by	the	definition	of	the	linear	interpolation	of	the	Drucker-Prager	“pieces”	the	

two	 inequalities	 in	 (5.4)	and	(5.5)	are	equivalent.	Moreover	we	have	seen	(see	section	2.2.4.3)	

that	for	each	two-parameter	Drucker-Prager	surface	and	given	 pn+1
trial ,	each	 pn+1 	can	be	calculated	

explicitly:	

	 pn+1 = pn+1
trial − KA f trial

µ+ ΚΑΑ
		 (5.6)	

or:	

	
pn+1 = pn+1

trial − KA
J2
trial + Apn+1

trial − B
µ+ ΚΑΑ

      =
µpn+1

trial − KA J2
trial + KAB

µ+ ΚΑΑ

		 (5.7)	

fi-1	
fi	

q	

-p	

fi+1	
pn+1
i ,qn+1

i( )

pn+1
i−1 ,qn+1

i−1( )

pn+1
trial ,qn+1

trial( )

correct	return-mapping	

incorrect	return-mapping	



Analysis	of	a	concrete	impact	problem	

	 189	

If	we	now	substitute	eq.	(5.7)	into	the	inequality	(5.5),	we	get	the	following	consistency	condition	

for	the	correct	return	mapping:	

	 − pk−1 ≤
KΑk J2

trial + KΑkBk − µpn+1
trial

µ+ ΚΑkΑk

≤ − pk 		 (5.8)	

Note	that	one	can	do	a	simple	sanity-check	for	the	above,	by	observing	the	following:	If	the	first	

interpolation	 point	 is	 the	 apex	 of	 the	 Drucker-Prager	 cone	 p0,q0( ) = − B
A
,0⎛

⎝⎜
⎞
⎠⎟ ,	 then	 after	

substituting	 it	 into	the	left-hand	side	of	(5.8),	the	corresponding	inequality	will	be	simplified	to	

the	consistency	check	that	we	have	used	for	checking	the	return	to	apex	in	the	original	Drucker-

Prager	algorithm	(see	section	2.2.4.3):	

	 J2 sn+1
trial( ) − µ

KA
pn+1
trial − Β

A
⎛
⎝⎜

⎞
⎠⎟ ≥ 0 		 (5.9)	

For	the	general	case,	there	is	also	a	further	observation	that	simplifies	algebraically	the	problem	

even	more:	if	we	use	the	definition	of	the	 kth 	linear	piece:	

	 q = −Ak p + Bk 		 (5.10)	

which	because	of	 its	 construction,	 is	 satisfied	by	both	 successive	 corner	points	 pk−1,qk−1( ) 	 and	
pk ,qk( ) ,	and	apply	some	basic	algebra,	we	can	further	simplify	(5.8):	

	 KΑkqk−1 − µpk−1 ≤ KΑk J2
trial − µptrial ≤ KΑkqk − µpk 		 (5.11)	

Thus,	given	a	trial	stress	state	 σn+1
trial ,	one	can	select	the	correct	Drucker-Prager	“piece”	by	finding	

the	unique	 k 	 for	which	both	 inequalities	 in	 (5.11)	are	true.	While	this	might	be	 ineffective	for	

many	 interpolation	 points,	 below	 we	 provide	 a	 very	 simple	 algorithm	 for	 a	 successful	 and	

efficient	return	mapping	strategy	for	an	arbitrary	number	of	interpolation	points	for	the	case	of	a	

constant	dilatancy	parameter	 A ,	which	can	be	easily	generalised	for	the	general	case	using	the	

notion	of	sub-differential	(Section	2.2.2).	

5.8.2 Efficient	numerical	implementation	for	the	case	of	constant	dilatancy	parameter	

Let	us	assume	that	the	model	is	described	with	a	constant	dilatancy	parameter	 A :		

	 A1 = A2 = ...= A 		 (5.12)	
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That	means	that	although	the	yield	surface	 is	non-smooth,	 the	 flow	potential	 is.	Note	that	 the	

assumption	of	constant	dilatancy	parameter	 is	not	only	simplifying	the	problem	but	 it	also	has	

theoretical	 grounds,	 since	 the	 dilatancy	 is	 a	 material	 property	 itself,	 independent	 from	 other	

material	properties	 (see	 for	example	Vermeer	and	de	Borst,	1984,	 for	a	detailed	discussion	on	

the	 subject).	 Hence,	 independently	 of	 its	 simplicity,	 it	 also	makes	 sense	 theoretically	 to	 use	 a	

unique	global	dilatancy	value.	

Now,	 having	 a	 unique	 dilatancy,	 the	 corners	 at	 the	 intersections	 of	 the	 Drucker-Prager	 linear	

pieces	do	not	need	special	treatment,	since	the	inadmissible	space	is	continuously	and	uniquely	

mapped	 on	 the	 yield	 surface	 with	 all	 return	 map	 vectors	 having	 the	 same	 direction	 in	 the	

meridian	plane	(Figure	5.37).		

	

	

Figure	5.37:	Return	mapping	vectors	of	piecewise	Drucker-Prager	with	constant	dilatancy	

The	 mathematical	 realisation	 of	 the	 above	 observation,	 gives	 us	 more	 insight	 of	 how	 the	

constant	dilatancy	assumption	simplifies	the	problem.	Let	us	re-write	(5.11)	using	(5.12):	

	

gk−1 ≤ g
trial ≤ gk

gi = KΑqi − µpi
gtrial = KΑ J2

trial − µptrial
		 (5.13)	

Note	that	with	this	formulation:	

a) The	current	trial	stress	state	 gtrial 	is	independent	of	the	current	“piece” k .		

fi	

fi+1	

q	

p	

(pi,	qi)	

(ptrial,	qtrial)	

(ptrial,	qtrial)	(p
trial,	qtrial)	

(pi-1,	qi-1)	

(pi+1,	qi+1)	
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b) The	 inequality-limits	 gi 	 are	 known	 a-priori,	 i.e.	 are	 independent	 of	 the	 current	 stress	

state.	Furthermore	they	partition	the	 gtrial 	space	in	continuous	disjoint	parts.	This	can	be	

illustrated	by	the	dashed	lines	in	Figure	5.37.	

The	above	realisations	lead	to	a	very	simple	selection-strategy	algorithm,	which	will	work	for	any	

number	 of	 interpolation	 points	 and	 with	 very	 minor	 overhead	 to	 the	 existing	 implemented	

Drucker-Prager	algorithm	(described	in	section	2.2.4.3):	

Before	the	analysis,	given	a	set	of	interpolation	points	 p0,q0( ), p1,q1( ),..., pn ,qn( ) 	and	a	dilatancy	
parameter	 A ,	we	do	the	following	numerical	preparation:	

i) Store	the	sorted	vector	P = − p0,− p1,...,− pn[ ] .	

ii) Calculate	 and	 store	 the	 vectors	 of	 corresponding	 parameters	 A = A1,A2,...,An[ ] 	 and	
B = B1,B2,...,Bn[ ] 	 using	 equations	 (5.3).	Note	 that	parameters	 Ai ,Bi 	will	 correspond	 to	

points	 pi−1,qi−1( ) 	and	 pi ,qi( ) 	respectively.	

iii) Calculate	and	store	the	sorted	vector	G = g0,g1,...,gn[ ] ,	 gi = KΑqi − µpi .	

During	the	analysis,	given	a	trial	state	 ptrial , J2
trial :	

1) Find	insertion	index6	 i 	of	− ptrial 	in	sorted	P .	

2) Check	plastic	admissibility	 J2
trial + Aptrial − B ≤ 0 	using	parameters	 A,B( ) = A[i],B[i]( ) .	If	

true,	then,	because	of	the	convexity	of	the	multi-surface,	is	true	for	all	pieces.	So	the	trial	

state	is	the	actual	elastic	one:	No	return	mapping	is	necessary.		

Else:	

3) Calculate	trial	tester	 gtrial = KΑ J2
trial − µptrial .	

4) Find	insertion	index6	 k 	of	 gtrial 	in	sorted	G 	with	initial	guess	 k = i 	from	step	1)	.		

																																																								
6	The	index	that	the	element	would	have	if	inserted	in	the	corresponding	sorted	vector.		
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5) Apply	 return	 mapping	 as	 described	 in	 Section	 X,	 assuming	 a	 two-parameter	 Drucker-

Prager	model	using	parameters	 A,B( ) = A[i],B[i]( ) 	and	find	the	actual	stress	state	σn+1
trial .	

It	 is	 essential	 to	 note	 that	 for	 an	 arbitrary	 large	 number	 of	 interpolation	 points	 the	 insertion	

search	in	steps	1)	and	4)	can	be	done	efficiently	with	a	trivial	binary	search,	taking	advantage	of	

the	a-priori	 sorted	vectors	 P 	and	 G .	This	 is	adding	virtually	no	computational	cost	 to	existing	

Drucker-Prager	implementation.	

Also	 note	 that	 in	 case	 of	 a	 “deviatoric”,	 non-dilatant	 flow	 A = 0( ) ,	 the	 above	 is	 getting	 even	
more	 simplified:	 Vector	 G 	 degenerates	 to	 µP = µp0,µp1,...,µpn[ ] 	 and	 trial	 tester	 gtrial 	 to	
µptrial .	 This	 is	 also	 intuitively	 consistent	 with	 the	 fact	 that	 in	 deviatoric	 return	 mapping,	 the	

actual	 volumetric	 stress	 will	 be	 the	 same	 as	 the	 trial	 one	 pn+1 = pn+1
trial 	 after	 applying	 return	

mapping	 (Section	 2.2.41).	 In	 this	 case	 one	 can	 skip	 steps	 3),	 4)	 and	 use	 the	 already	 found	

parameters	from	step	2)	for	step	5).	

5.8.3 Numerical	application	to	the	drop-test	problem	

We	demonstrate	the	above	 idea	for	our	testing	example.	The	strength	envelope	of	Figure	5.23	

can	 be	 interpolated	 with	 the	 following	 shear	 and	 normal	 stress	 couples	 giving	 corresponding	

yield	surfaces	based	on	equations	(5.3),	see	Table	5.6	and	Figure	5.38.	Note	that	the	choice	of	5	

interpolation	pieces	is	somehow	arbitrary.	One	could	have	chosen	different	points	and	pieces	as	

long	as	the	actual	surface	is	captured	sufficiently	well	(Figure	5.38).	

Table	5.6:	Interpolation	points	and	corresponding	surfaces	

	

	

Interpolation	Point p	(MPa) q	(MPa) Surface	Piece A B	(MPa)

0 0 -8
1 0.42

1 50 -29
2 0.3 14

100 -44
3 0.14

8

30
3 150 -51

4 0.07 40.5
4 250 -58

2

5 0.035 49.25
5 350 -61.5
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Figure	5.38:	Piecewise	approximation	of	strength	envelope	

	

First,	 adopting	 a	 similar	 procedure	 to	 the	one	 followed	 for	 the	 two-parameter	Mohr-Coulomb	

case,	 we	 now	 repeat	 the	 numerical	 uniaxial	 strain	 test	 by	 using	 the	 implemented	 piecewise	

combined	material	model.	 Figure	5.39	 shows	 the	numerically	obtained	 stress	path,	which	 is	 in	

good	 agreement	 with	 the	 theoretically	 expected	 behaviour	 serving	 as	 verification	 of	 our	

implementation.	
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Figure	5.39:	Numerical	verification	of	stress	path	in	confined	uniaxial	compression	assuming	a	
piece-wise	Drucker-Prager	material	model	

	

Having	 calibrated	 a	piece-wise	Drucker-Prager	model,	we	perform	a	numerical	 analysis	 on	 the	

sphere	drop	 impact,	 as	we	did	 in	 Section	5.7.2,	 for	multiple	 initial	 velocities.	 The	 geometrical,	

mesh	setup	and	elastic	material	properties	were	selected	to	be	identical	to	those	in	the	previous	

analyses	 in	Section	5.7	 (Table	5.4	and	Figure	5.26,	Figure	5.27)	 for	 immediate	comparison.	The	

results	 are	 summarized	 in	 Figure	 5.40.	 One	 can	 clearly	 see	 that	 the	 experimentally	 obtained	

velocities	are	approximated	much	better,	both	qualitatively	and	quantitatively,	compared	to	the	

two-parameter	Mohr-Coulomb	models.	

This	also	confirms	our	reasoning	above,	where	we	showed	that	all	 the	calibrated	models	were	

over-estimating	the	experimentally	determined	strength	of	the	material.	Similarly	to	Figure	5.32	

and	Figure	5.34,	we	present	in	Figure	5.41	the	numerically	obtained	stress	path	on	a	point	near	

the	 impact	 area.	 As	 expected,	 and	 according	 to	 its	 definition,	 the	 proposed	 multi-parameter	

model	is	approximating	better	the	real	strength	curve	at	both	low	and	high	stress	levels	and	thus	

can	be	used	in	the	numerical	analysis	of	more	general	loading	conditions.	
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Figure	5.40:	Coefficient	of	Restitution	of	a	piecewise	Drucker-Prager	material	for	different	
initial	velocities	

	

	

Figure	5.41:	Stress	path	during	numerical	analysis	of	impact	
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Figure	5.42:	Impact	crater	diameter	of	a	piecewise	Drucker-Prager	material	for	different	initial	
velocities	

	

5.9 Discussion	

In	the	sections	above,	we	have	created	and	executed	an	experimental	procedure	as	a	basic	and	

fundamental	 example	 of	 concrete	 behaviour	 under	 collisions.	 It	 included	 an	 easily	 repeatable	

setup	where	we	were	able	to	extract	the	coefficient	of	restitutions	for	different	impact	velocities.		

The	procedure	adopted	also	 included	a	 set	of	uniaxial	 tests	 (including	 the	usage	of	 the	GREAC	

test)	 that	 one	 can	 use	 to	 successfully	 calibrate	 a	 two-parameter	Mohr-Coulomb	 elastic-plastic	

material	model.		

The	experimentally	obtained	results	were	then	used	as	a	case	study	for	the	applicability	of	a	two-

parameter	 Mohr-Coulomb	 model.	 The	 numerical	 analysis	 results	 gave	 us	 some	 very	 useful	

conclusions.		

Firstly	 and	 more	 importantly,	 the	 newly	 extended	 numerical	 methodology	 with	 implemented	

elasto-plasticity	can	successfully	tackle	problems	involving	concrete	collisions.	As	we	discussed	in	

the	Introduction	of	Chapter	1	and	will	further	expand	in	Discussion	of	Chapter	6,	this	validation	

step	will	enable	us	 to	work	more	confidently	with	concrete	and	other	geomaterial	engineering	
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problems	of	diffuse	non-catastrophic	plastic	energy	dissipation	in	the	compressive	regime	and	in	

particular,	to	consider	energy	losses	during	collision	interactions	between	concrete	armour	units.	

Then	 it	 was	 shown	 that	 a	 two-parameter	 Mohr-Coulomb	 model,	 can	 give	 reasonably	 good	

approximation	 of	 the	 coefficient	 of	 restitution	 and	 hence	 of	 the	 energy	 dissipation	 that	 is	

happening	 during	 the	 impact.	 Our	 analysis	 also	 shows	 that	 the	 results	 are	 closer	 to	 the	

experimental	ones	when	the	Mohr-Coulomb	parameters	are	selected	so	that	they	approximate	

better	the	GREAC	strength	curve	at	higher	stress	states.	

Furthermore,	we	saw	that	the	linear	form	of	the	shear-normal	stress	relation	of	the	M-C	surface	

has	 some	 obvious	 limitations	 when	 characterising	 clearly	 non-linear	 envelope	 strength	

behaviour.	 The	 numerically	 obtained	 stress	 paths	 on	material	 points	 near	 the	 area	 of	 impact,	

indicate	that	since	there	is	always	a	part	of	the	loading	where	the	yield	surface	is	overestimating	

the	 strength,	 the	 resulting	 simulated	 coefficient	 of	 restitution	 will	 inevitably	 stay	 generally	

higher,	than	the	experimental	result	no	matter	how	one	selects	the	calibrated	parameters.	

In	 order	 to	 overcome	 these	 limitations	 of	 the	 simple	Mohr-Coulomb	model,	 a	 multi-segment	

piecewise	 surface	 Drucker-Prager	 model	 is	 proposed.	 It	 can	 be	 calibrated	 to	 interpolate	 a	

strength	 curve	at	 arbitrary	desired	accuracy.	 In	 contrast	 to	 the	 complicated	non-linear	models	

usually	used	for	concrete,	it	has	the	advantage	of	building	naturally	on	the	simplicity	of	the	well	

understood	two-parameter,	 linear	on	the	meridian	plane,	Drucker-Prager	model.	Here	we	have	

shown	 a	 very	 efficient	 procedure	 for	 selecting	 the	 correct	 return-mapping	 strategy	 and	 thus	

using	the	existing	formulation	that	we	have	used	for	the	implementation	of	the	two-parameter	

Drucker-Prager	 model.	 The	 detail	 is	 presented	 here	 for	 constant	 dilatancy	 but	 can	 be	 easily	

generalised	for	full	associative	flow	or	for	the	equivalent	case	of	a	similarly	multi-surface	Mohr	

Coulomb	model.		

Finally	 the	usage	of	 the	model	 is	demonstrated	 for	 the	considered	 impact	problem,	where	the	

material	 parameters	 are	 calibrated	 by	 interpolating	 the	 strength	 curve.	 The	 obtained	 results	

from	 the	 numerical	 analysis	 show	 perfect	 agreement	 with	 the	 experimental	 ones	 both	

qualitatively	and	quantitatively.	

It	is	important	to	note	that	in	order	to	undoubtedly	justify	the	assumption	of	plastic	deformation	

of	the	concrete	base	in	the	impact	problem,	one	should	have	conducted	microscope	analysis	on	

the	 deformation	 below	 the	 crater	 that	 is	 resulted	 from	 the	 impact.	 Although	 there	 is	 virtual	
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evidence	of	non-catastrophic	permanent	deformation	and	the	above	numerical	analysis	verified	

the	choice	of	a	continuous	inelastic	model,	a	work	on	microstructure	of	the	damaged	specimens	

and	crater	characterisation	is	a	reasonable	follow-up	on	the	methodology	described	above.	
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CHAPTER	6 DISCUSSION	ON	CURRENT	WORK	

6.1 Introduction	

The	 main	 purpose	 of	 this	 chapter	 is	 to	 put	 the	 work	 on	 plasticity	 modelling	 outlined	 in	 the	

previous	chapters	into	the	context	of	the	wider	FEMDEM	technology	with	its	multi-body,	fracture	

and	fragmentation,	transient	dynamic	and	large	strain	capabilities.	In	Section	6.2	the	aim	is	to	set	

the	 scene	 that	 recently	exists	 for	 researcher	using	 the	 in-house	FEMDEM	code	 in	parallel	with	

these	 reported	 FEMDEM	developments	 for	 inclusion	of	 plastic	 behaviour.	 Then	 in	 Section	6.3,	

two	 examples	 are	 given	 of	 fields	 of	 application	 of	 the	 plasticity	 module	 where	 there	 is	 a	

recognised	opening	for	future	researchers	wishing	to	take	forward	this	new	extended	scope	of	

inelastic	FEMDEM..	

	

6.2 Review	of	current	work	with	FEMDEM	in	AMCG	

As	discussed,	the	main	focus	of	this	PhD	research	was	to	develop	and	implement	the	necessary	

numerical	framework	for	the	correct	treatment	of	the	behaviour	of	inelastic	behaviour	of	solids	

within	the	FEMDEM	technologies.		

In	parallel	 to	 this	plan,	 there	was	also	a	 large	amount	of	work	done	with	 the	Solidity	 code	by	

other	 co-researchers	 in	 the	 Applied	 Modelling	 and	 Computational	 Group	 (AMCG).	 As	 each	

contribution	 brings	 us	 a	 step	 closer	 to	 a	 unified	 multi-purpose	 numerical	 tool	 that	 can	

successfully	treat	large-scale	multi-phase	engineering	applications,	we	briefly	present	below	the	

parts	of	 these	 research	efforts	 that	 are	most	 relevant	 to	 the	 current	work	on	plasticity	 and	 in	

doing	so,	 to	 introduce	an	 idea	of	the	range	of	 immediate	applications	that	come	with	the	new	

numerical	developments	(see	Section	6.3).	

6.2.1 Realistic	simulation	of	breakwater	armour	unit	layers	

As	mentioned	earlier,	a	significant	amount	of	 the	work	recently	done	 in	 the	AMCG	group	with	

the	 Solidity	 tool	 is	 highly	motivated	 by	 the	 need	 for	 numerical	 simulation	 of	 armour	 units	 in	

breakwaters,	without	which	there	is	little	prospect	of	a	design	approach	other	than	an	empirical	

one.	
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The	on-going	interest	of	the	group	can	be	tracked	down	with	multiple	publications	on	the	subject	

over	the	last	decade	(see	for	example,	Latham	et	al.	2008,	2009,	2011,	2013,	2015;	Xiang	et	al.	

2009,	2013;	Anastasaki	et	al.	2014,	2015;	Guo	et	al.	2015;	etc.)	

Recently,	Dr	Eleni	Anastasaki	(PhD	Thesis,	2015)	developed	techniques	and	rules	for	acceptable	

numerical	 placements	 of	 interlocking	 units.	 This	 together	 with	 the	 in-house	 POSITIT	 tool,	

developed	by	Dr	Jiansheng	Xiang	(Xiang	et	al.,	2012)	as	part	of	Solidity	Project,	resulted	 in	full-

sized	realistically	structured	breakwaters	within	the	FEMDEM	framework	(Figure	6.1)	from	which	

stability	approaches	are	now	being	developed	(see	Latham	et	al.,	2014).	

	

Figure	 6.1:	 Placed	 Core-Loc	 units	 in	 armour	 layer.	 A)	 Numerical	 model	 in	 Solidity;	 B)	 San	
Vincente,	Chile	(after	Latham	et	al.,	2013)	

	

That	research	work	gave	very	useful	results	to	the	coastal	engineering	community,	regarding	the	

packing	density	of	the	units	and	their	contacting	forces	during	placement	and	wave-attack	(see	

Latham	et	al.	2013;	Anastasaki	et	al.	2016).	However,	it	was	done	under	the	assumption	of	rigid	

bodies,	using	a	special	version	of	Solidity	code,	which	does	not	allow	deformation	and	 internal	

stress	states	inside	the	concrete	units.	Thus	there	was	no	information	on	the	structural	integrity	

of	 the	 units	 and	 of	 course	 the	 energy	 losses	 due	 to	 plastic	 diffuse	 crushing	 (or	 macroscopic	

fracture	surface	propagation)	dissipation	was	neglected.		

A	 first	 attempt	 to	 tackle	 this	 problem	 with	 in-elastic	 models	 has	 done	 by	 Dr	 Liwei	 Guo	 with	

introducing	 elastic-brittle	 material	 in	 three	 dimensional	 FEMDEM	 (see	 Guo,	 2014;	 Guo	 et	 al.	

2015).	 There	 the	 units	 were	 assumed	 elastic–brittle,	 i.e	 elastic	 until	 each	 element	 reaches	 a	

critical	 state,	 after	 which	 fracture	 is	 propagating	with	 separation	 of	 discrete	 elements.	 It	 was	
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recognised	that	an	immediate	next	step	for	future	work,	developments	(plasticity	and	fracture),	

resulting	 in	 a	 generalised	 multi-phase	 plasticity-fracture	 approach	 unique	 to	 the	 FEMDEM	

community,	being	able	to	capture	both	continuous	and	discrete	energy	dissipation	phenomena,	

being	of	great	value	to	the	coastal	engineering	community	dealing	with	armour	units.	

Therefore,	following	the	analysis	of	the	concrete	impact	problems	in	Chapter	5,	a	straightforward	

application	 of	 the	 extended	 plasticity	 FEMDEM	 tool	 would	 be	 to	 analyse	 and	 compare	 the	

response	of	breakwater	armour	units	using	a	representative	material	constitutive	model.		

Thus	in	Section	6.3.1,	a	preliminary	analysis	of	concrete	armour	unit	drop	tests	is	presented.		

6.2.2 Packing	of	catalyst	pellets	

Another	 interesting	 application	 of	 FEMDEM	 technologies	 is	 on	 the	 numerical	 simulation	 and	

modelling	of	catalyst	pellets	that	are	packed	 in	reactor	beds.	There,	the	shape,	 interaction	and	

generally	the	behaviour	of	the	packed	particles	play	an	essential	role	in	the	performance	of	the	

reactor.		

Currently	 an	 on-going	 PhD	 project	 (Mr	 Ado	 Farsi),	 linked	 to	 the	 industry	 sector,	 the	 chemical	

engineering	catalyst	field,	is	being	undertaken	on	the	application	of	Solidity	code	for	tackling	the	

catalyst	 packing	 and	 susceptibility	 to	 fracture	 problem.	 Early	 results	 are	 very	 promising;	 the	

obtained	structures	have	very	similar	packing	densities	and	orientations	as	the	ones	observed	in	

reality	and	observed	with	X-Ray	CT	scans	(Figure	6.2,	Figure	6.3).	

Similar	to	the	breakwater	simulations,	these	analyses	were	done	assuming	undeformable	(rigid)	

bodies,	without	allowing	 internal	stress	or	strain	states	Again,	 it	will	be	very	useful	to	simulate	

the	problem	taking	into	account	a	realistic	constitutive	model	for	the	pellets.		

In	 Section	6.3.2	we	present	a	demonstration	of	a	numerical	 analysis	 for	 the	basic	packing	and	

plastic	deformation	of	a	multi-body	system	using	the	new	extended	tool.		
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Figure	6.2:	Simulated	packing	structures	for	the	three	particle	geometries	(after	Farsi	et	al.,	
2016)	

	

Figure	6.3:	Numerical	simulation	of	pellet	settlement	in	a	cylindrical	container	(after	Farsi	et	
al.,	2015)	
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6.3 Preliminary	results	

Following	 the	 description	 of	 current	 research	work	 above,	 here	we	 present	 some	 preliminary	

analysis	 results	of	 two	 industrially	 important	 fields	of	application	of	current	on-going	research,	

following	up	on	this	PhD	project	on	multi-body	plasticity	modelling.	These	are	(i)	the	drop-test	of	

a	concrete	armour	unit,	and	(ii)	the	packing	behaviour	of	set	of	spherical	elastic-plastic	particles.	

Early	results	presented	below,	 illustrate	Solidity’s	newfound	ability	to	model,	 in	a	realistic	way,	

in-elastic	multi-body	problems	for	state	of	the	art	industrial	applications.	

6.3.1 Concrete	armour	unit	collisions	

The	collision	of	deformable	concrete	units	within	a	FEMDEM	framework	was	 first	presented	 in	

Xiang	et	al.,	2009,	as	an	example	of	a	concrete	armour	unit	with	a	hypothetical	shape	similar	to	

the	 ones	 used	 in	 the	 construction	 of	 breakwaters.	 There,	 it	was	 illustrated	 how	 the	 FEMDEM	

technique	could	provide	preliminary	 information	on	the	stress	state	of	the	unit	during	collision	

against	a	massive	anvil	(Figure	6.4).		

However,	 in	 that	work,	only	elastic	materials	were	used,	which	 implied	 infinite	strength	of	 the	

material.	Of	course	no	energy	dissipation	due	to	in-elastic	deformations	was	taken	into	account	

leading	to	very	large	tensile	stresses	even	for	very	small	impact	velocities.	Any	inference	that	the	

amplified	 dynamic	 tensile	 stresses	 might	 cause	 fracture	 in	 the	 concrete	 units	 was	 therefore	

highly	questionable.	Also	note	that	the	above	analysis	by	Xiang	et	al.,	2009	was	done	with	impact	

velocity	 0.5	 m/s	 implying	 a	 drop	 from	 1	 cm	 high	 and	 results	 were	 showing	 that	 this	 impact	

velocity	was	 enough	 to	 bring	 the	material	 body	 close	 to	 its	 actual	 strength	 limit.	However,	 as	

already	discussed	in	detail	in	this	thesis,	we	know	that	in	reality	some	of	the	kinetic	energy	of	the	

unit	will	be	dissipated	through	reasonably	harmless	diffuse	plastic	deformations	or	local	crushing	

damage	and	the	stresses	would	be	effectively	reduced.		

This	 fact	was	 also	 recognised	 by	 the	 authors	 in	 2009:	 “…further	 improvement	 to	 these	 purely	

elastic	 stress	 development	 predictions	 will	 be	 possible	 in	 the	 future	 within	 the	 FEMDEM	

framework	by	 implementing	energy	dissipating	constitutive	behaviour	such	as	an	elastic-plastic	

relation...”		

Note	that	the	above	statement	was	the	initial	motivation	of	current	PhD	project.		

Here,	we	 repeat	 similar	numerical	 analysis	using	an	 in-elastic	material	model,	 showing	a	more	

realistic	behaviour	of	the	collision	of	such	an	idealised	unit	named	the	V-Cross.		
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The	numerical	meshed	model	 is	 shown	 in	 Figure	6.4	 and	 is	 identical	 to	 that	 in	 the	 referenced	

paper.	The	square	cross-section	arms	of	the	unit	are	1.26m	x	1.26m.	The	target	anvil	is	8m	x	8m	x	

8m.	The	material	parameters	used	 in	this	simulation	are	given	 in	Table	6.1.	We	assume	a	two-

parameter	Mohr-Coulomb	material	model.	Note	that	in	this	analysis	we	use	an	impact	velocity	of	

2	m/s,	which	 is	 closer	 to	 the	actual	drop	 tests	 that	are	performed	 in	 reality	although	 the	 field	

tests	rarely	standardise	the	substrate	and	have	good	control	of	the	flat-to-flat	impact	conditions.		

	

	Figure	6.4:	Geometry	and	mesh	of	a	V-Cross	unit	collision	problem	

	

Table	6.1:	Material	parameters	for	the	numerical	simulation	of	V-Cross	unit	drop	test	

Parameter	 Units	 Value	

Young’s	modulus	 GPa	 26.6	
Poisson’s	ratio	 -	 0.205	

Density	 Mg/m3	 2.34	
Cohesion	 MPa	 15	

Internal	friction	angle	 degrees	 30	
	

Figure	6.5	 shows	 the	 cut	plane	profile	of	 the	propagated	 tensile	 stresses	 in	 the	material	 body	

during	the	collision.	Similarly,	Figure	6.7	shows	the	same	analysis	using	an	elastic-plastic	material	

model.		
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t=	0.5ms	 t	=	1.5ms	 t	=	2.5ms	

Figure	6.5:	Tensile	stress	distribution	during	collision	of	elastic	unit	

	

	

	 	 	

	t	=	0.5ms	 t	=	1.5ms	 t	=	2.5ms	

Figure	6.6:	Tensile	stress	distribution	during	collision	of	elasto-plastic	unit	

	

	 	 	

t	=	0.5ms	 t	=	1.5ms	 t	=	2.5ms	

Figure	6.7:	Differential	stress	distribution	during	collision	of	elasto-plastic	unit	
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Comparing	the	two	cases	we	see	that	the	elastic	analysis	gives	unrealistically	high	tensile	stresses	

at	the	corners	of	 the	arms	due	to	the	cantilever	action	and	stress	concentration	there	and	the	

lack	of	any	in-elastic	energy	dissipation.	On	the	other	hand,	assuming	an	elastic-plastic	material,	

the	 stresses	 are	 more	 widely	 distributed	 indicating	 a	 plastic	 zone	 region.	 Of	 course,	 the	

maximum	tensile	stresses	at	the	corners	are	consequently	highly	reduced	(from	12	MPa	to	3.5	

MPa)	and	this	is	somewhat	expected	because	of	stress	limitations	that	the	implemented	material	

model	 applies.	 One	 could	 also	 argue	 that	 the	 proposed	 continuous	 constitutive	 model	 is	 not	

appropriate	 for	modelling	 the	 tensile	 loading	 of	 concrete.	However,	 our	 analysis	 indicates	 the	

existence	of	another	dissipation	mechanism.	Plastic	deformation	 is	occurring	during	 impact	on	

the	 compressed	 leg	 of	 the	 unit,	 which	 results	 in	 “smoothing-out”	 the	 impact	 ‘hit’	 and	 thus	

reducing	the	propagation	of	large	amplitude	elastic	waves	throughout	the	body	of	the	unit.	This	

results	 in	 a	 reduction	of	 vertical	 relative	 velocities	 between	 the	main	body	 and	 the	horizontal	

arms	of	the	unit	and	hence	lower	bending	moments	and	tensile	stresses	at	the	corners.	

In	order	to	verify	this	statement	and	describe	the	above	even	more	clearly	the	same	analysis	is	

repeated	but	this	time	assuming	elastic-plastic	deformation	occurs	only	in	the	compressed	leg	of	

the	 unit	 (Figure	 6.8)	 while	 the	 rest	 of	 the	 body	 (including	 the	 horizontal	 arms)	 will	 still	 be	

modelled	as	fully	elastic.	Thus	we	will	be	able	to	isolate	the	effect	of	the	compressive	part	of	the	

loading	for	which	the	constitutive	Mohr-Coulomb	model	applies.	

	 	

Figure	6.8:	Elastic-plastic	impact-leg	of	a	V-cross	unit	

	

elas%c	

elas%c-plas%c	
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Elastic-Plastic	Leg	 Fully	Elastic	

Figure	6.9:	Maximum	tensile	stress	distribution	for	elasto-plastic	vs	elastic	impact	leg,	note	
scale.	

Figure	6.9	shows	the	great	reduction	of	the	tensile	stresses	on	the	corner	of	the	arms	as	a	result	

of	the	dissipated	energy	in	the	compressive	leg	of	the	unit.	The	maximum	observed	stresses	are	

reduced	from	12	MPa	to	5	MPa.	

		 	

Figure	6.10:	Relative	displacement	between	arms	and	core	of	the	unit	

	

Furthermore	 Figure	 6.10	 illustrates	 how	 the	 deflection	 of	 the	 arms	 changes	 in	 time	 when	

comparing	the	two	cases.	Here	the	deflection	is	represented	as	a	relative	displacement	between	

two	points:	one	at	the	extreme	point	on	the	edge	of	the	arm	and	the	other	in	the	corner	on	the	

core	of	the	unit	both	being	 initially	at	the	same	height.	The	maximum	deflection	 is	reduced	by	

~60%,	which	is	also	consistent	with	the	maximum	elastic	stress	reduction	seen	in	Figure	6.9.	
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One	other	aspect	of	inelastic	concrete	impacts	that	is	now	possible	to	analyse,	is	the	effect	of	the	

geometric	 characteristics	of	 the	 colliding	object	 in	 the	dissipated	energy.	 This	 is	demonstrated	

with	the	following	exercise.	We	perform	impact	analysis	for	three	additional	convex	geometries:	

orthogonal	 block,	 with	 ratio	 equivalent	 to	 Vcross	main	 body;	 cube;	 sphere	 (Figure	 6.11).	 The	

rebound	velocity	and	resulting	coefficient	of	restitution	is	calculated	for	each	case	and	compared	

with	the	respective	from	the	V-cross	example.		

Note	that	in	all	cases	we	used	the	same	material	parameters	as	described	in	Table	6.1.	Also	note	

that	the	geometries	and	densities	were	selected	so	they	all	represent	bodies	of	equivalent	mass.	

	
(a)	

	
(b)	

	
(c)	

Figure	 6.11:	 Numerical	 model	 of	 impact	 of	 a	 concrete	 (a)	 prism,	 (b)	 sphere,	 (c)	 cube	 of	
equivalent	mass	as	the	V-cross	unit	

	

Figure	6.12	summarises	the	resulted	coefficient	of	restitution	for	different	 impact	velocities	for	

all	different	geometries.	Although	the	qualitative	characteristics	of	the	evolution	of	coefficient	of	

restitution	 are	 common	 within	 the	 different	 cases,	 one	 can	 observe	 that	 the	 shape	 of	 the	

impacted	 body	 plays	 an	 important	 role	 in	 the	 dissipated	 energy	 during	 the	 impact,	 especially	

within	 the	 velocity	 range	 under	 consideration.	 This	 observation,	 even	 in	 the	 simplified	

geometries,	 leads	 to	 interesting	 questions	 about	 the	 effect	 of	 unit	 shape	 not	 only	 in	 the	

interlocking	of	the	elements	but	also	in	the	dissipation	of	the	energy	during	collisions.	



Discussion	on	current	work	

	 209	

	

	

Figure	6.12:	Coeffient	of	Restitution	for	different	impact	velocities	for	different	geometry	of	
equivalent	mass	
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Finally,	one	can	observe	the	above	V-cross	analysis	was	restricted	in	the	simpler	idealised	plane-

to-plane	drop	 impact,	which	might	not	be	a	realistic	scenario	to	drops	observed	 in	practice.	As	

already	 thoroughly	 discussed,	 the	 FEMDEM	 method	 with	 integrated	 elasto-plasticity	 can	

effortlessly	 tackle	 oblique	 collisions	 as	 well.	 Thus	 we	 demonstrate	 the	 potential	 of	 the	 new	

extended	numerical	tool	with	the	oblique	drop	test	of	Vcross	unit.		

We	simulate	again	the	free	drop	of	a	Vcross	unit	with	impact	velocity	2	m/s,	but	with	assuming	

that	the	vertical	axis	of	the	unit	is	inclined	with	a	characteristic	angle	10	degrees	(Figure	6.13).	All	

material	and	geometric	parameters	were	kept	the	same	as	presented	in	Table	6.1.		

	

	 	

Figure	 6.13:	 Numerical	 model	 of	 oblique	 collision	 of	 a	 V-Cross	 unit	 with	 impact	 angle	 10	
degrees	

	

Figure	6.14	demonstrates	the	evolution	of	the	impact	with	also	showing	the	distribution	of	the	

tensile	stresses	 for	each	different	phase	of	 the	 impact.	 Initially	 the	body	collide	with	 its	corner	

with	an	edge-to-plane	contact.	Its	momentum	is	causing	the	body	to	rock	around	its	corner	and	

hit	the	base	with	its	other	side	as	well.	Finally,	the	damaged	unit	because	of	the	gravity	drag	and	

the	reduced	kinetic	energy	due	to	the	inelastic	deformation	comes	to	rest	on	the	base,	slightly	

inclined	because	of	deformed	and	rounded	base,	illustrating	numerically	the	behaviour	one	can	

observe	in	reality.	

	

10o	

2	ms-1	
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t	=	0.5	ms	

	

t	=	3	ms	

	

t	=	5	ms	

	

	 	 	 	

	

t	=	8	ms	

	
t	=	10	ms	

	
t	=	12	ms	

	

Figure	6.14:	Distribution	of	tensile	stresses	during	oblique	drop	impact	of	a	V-cross	unit	

	

Similarly	 Figure	6.15	 shows	 the	distribution	of	 differential	 stresses	during	 the	evolution	of	 the	

impact,	 also	 indicating	 the	 areas	 where	 the	 material	 has	 been	 stressed	 more,	 and	 as	 a	

consequence,	yielded	under	compression.	
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t	=	0.5	ms	
	

t	=	5	ms	

	

t	=	12	ms	

	

Figure	6.15:	Distribution	of	differential	stresses	during	an	oblique	impact	of	V-cross	unit	

	

It	 is	 evident	 from	 the	 analysis	 above,	 that	 the	 introduction	of	 inelastic	material	models	 in	 the	

FEMDEM	 framework	 provides	 further	 confidence	 to	 go	 a	 step	 closer	 to	 the	 realistic	 dynamic	

modeling	of	colliding	armour	units.	This	will	help	with	an	assessment	of	tensile	stress	levels	that	

could	cause	catastrophic	damage	to	the	integrity	of	the	unit	by	indicating	complete	failure	of	an	

arm	or	 leg	of	one	or	several	concrete	units	 is	 the	 likely	consequence	of	armour	 layers	of	units	

destabilized	by	hydraulic	forces.	

6.3.2 Sphere	packing	

The	problem	of	grain	packing	has	attracted	a	lot	of	attention	during	the	last	decades	especially	

for	the	cases	of	powder	compaction,	e.g.	powder	metallurgy,	where,	one	usually	produces	alloys	

with	arbitrary	shape	and	material	properties	(yield	strength,	porosity,	etc.).	The	need	of	having	a	

numerical	 tool	 that	 can	 successfully	 simulate	 the	 compaction	 process	 and	 can	 successfully	

optimise	 the	necessary	powder	properties	has	been	 identified	 in	 the	 recent	 literature.	 Several	

attempts	 can	 be	 found	 where	 researchers	 have	 been	 using	 both	 2-dimensional	 and	 3-

dimensional	models	using	both	continuous	and	discrete	approaches	(see	for	example	Gethin	et	

al.,	 2000,	 2006;	 Ransing	 et	 al.,	 2000,	 2004;	 Frenning,	 2008;	 Guner	 et	 al.,	 2013).	 As	 current	

FEMDEM	 implementation	 can	 handle	 arbitrary	 geometry	 and,	 with	 the	 addition	 of	 plasticity	

models,	 a	 large	 range	 of	 material	 properties,	 the	 analysis	 of	 powder	 compaction	 is	 a	 very	

attractive	application	of	the	new	technology.		
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To	 demonstrate	 the	 applicability	 of	 current	 work	 in	 packing	 problems	 we	 perform	 a	

corresponding	numerical	analysis	using	a	simplified	geometric	example	of	powder	compaction.		

	

	

	 	

Figure	6.16:	Initial	arrangement	of	spheres	inside	a	cubic	compaction	box	

A	cubical	box	with	 internal	dimensions	1cm	x	1cm	x	1cm	 is	 filled	with	64	spheres	with	0.25cm	

diameter	 each	 in	 a	 cubical	 lattice	 pattern	 (Figure	 6.16).	 The	 top	 face	 of	 the	 cube	 is	 then	

monotonically	 pressed	 until	 reaching	 a	 maximum	 applied	 strain	 of	 26.6%,	 with	 a	 rate	 of	 0.5	

cm/sec,	forcing	the	spheres	to	rearrange	out	of	the	loose	pack	structure	and	eventually	become	

compacted	(Figure	6.17).		
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t	=	0s	

	

	

t	=	0.138s	

	

t	=	0.324s	

	

	

t	=	0.534s	

Figure	6.17:	Compaction	inside	a	cubic	box		

The	spheres	are	assumed	to	be	elastic-plastic	with	elastic	parameters,	Young	modulus	E	=	110	

GPa	 and	 Poisson’s	 ratio	 v 	 =	 0.3.	 For	 the	 plasticity	model	we	 assumed	 a	 hardening	 von	Mises	

material	model	with	yield	strength	σy	=	30	MPa	and	hardening	modulus	H	=	0.1	GPa.	The	material	

properties	used	are	characteristic	of	metal	powder	alloys	and	were	taken	to	be	similar	to	those	

used	by	Ransing	et	al.	2004	and	Guner	et	al.,	2013	where	the	authors	refer	to	Altan	et	al.,	1983.	

The	 full	box,	 including	 its	base,	 its	sides	and	 its	 top	 face,	 is	assumed	to	be	undeformable.	Also	

note	 that	 a	 friction	 coefficient	 of	 0.15	 was	 used	 for	 the	 sliding	 between	 the	 spheres	 and	

frictionless	sliding	was	assumed	between	spheres	and	the	box.	

The	 full	 compaction	history	 is	presented	 for	multiple	 time	steps	 in	Figure	6.18,	where	one	can	

see	 how	 the	 spheres	 gradually	 start	 interacting	 with	 each	 other,	 rearranging	 their	 structure	
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packing	 structure,	 yielding	 and	 eventually	 compacting	 under	 compression	 as	 the	 bulk	 density	

increases.	The	resulted	packed	geometry	is	presented	in	Figure	6.19.		

Furthermore,	 Figure	 6.20	 shows	 the	 total	 force	 applied	 in	 the	 system	 against	 applied	 strain.	

Similarly	Figure	6.21	and	Figure	6.22	present	the	evolution	of	total	sphere	volume	and	system’s	

packing	density	respectively.	

Current	 FEMDEM	 large	plasticity	 implementation	 can	 successfully	 handle	multi-body	problems	

with	arbitrary	geometric,	loading	and	material	conditions.	An	immediate	future	next	step	of	this	

analysis	 is	 to	 study	 the	 problem	 for	 different	 material	 models,	 grain’s	 shapes,	 lattice	

arrangements	 and	 loading	 conditions	 while	 extracting	 similar	 information	 for	 the	 resulted	

packaging	characteristics.	
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Figure	6.18:	Time-history	of	the	compaction	of	elasto-plastic	spheres	in	a	cubical	box	
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Figure	6.19:	Plan	and	top	views	of	deformed	elasto-plastic	spheres,	packed	in	a	cubic	box,	top	
view	shown	on	the	right	

	

	

Figure	6.20:	Total	applied	force	during	compaction	analysis	
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Figure	6.21:	Evolution	of	spheres'	volume	during	compaction	analysis	

	

	

Figure	6.22:	Evolution	of	packing	density	during	compaction	analysis	
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CHAPTER	7 CONCLUSIONS	

From	 the	 introduction	 of	 this	 thesis,	 it	was	made	 clear	 that	 the	 goal	 of	 this	work	was	 to	 add	

inelastic	 continuum	 deformations	 into	 the	 FEMDEM	 numerical	 framework,	 so	 that	 complex	

multi-body	loading	conditions	for	granular	systems	with	plastic	constitutive	behaviour	could	be	

modelled	effectively.	 It	 is	acknowledged	that	a	 few	combinations	of	proprietary	software	have	

recently	 successfully	 implemented	 large	 strain	 plasticity	 combined	 with	 contact	 search	 and	

interaction	capability,	(e.g.	see	Guner	et	al.,	2015).	However,	this	field	of	multi-body	plasticity	is	

very	new	with	few	examples	in	the	literature	(outside	those	that	simply	use	DEM	methods	with	

specialized	 contact	 models	 to	 mimic	 internal	 plastic	 deformation	 suitable	 for	 smaller	 internal	

strains)	 and	 the	 methods	 implemented	 in	 proprietary	 codes	 often	 remain	 largely	 obscure	 or	

relatively	 difficult	 to	 trace	 to	 numerical	 methods	 publications.	 The	 plasticity	 framework	

described	 in	 this	 thesis	 is	 now	 fully	 implemented	 and	numerically	 validated	 as	 part	 of	 Solidity	

(the	recently	renamed	FEMDEM	code	of	AMCG).	Solidity,	now	with	a	new	multi-body	plasticity	

capability	 in	 one	 code	 is	 destined	 for	 open-source	 release	 and	 use	 by	 the	 wider	 research	

community,	 and	 therefore	 its	 future	 accessibility	 offers	 a	 distinct	 advantage	 to	 researchers	 in	

science	and	engineering	(solidityproject.com,	2017).	According	to	the	author’s	knowledge	this	is	

the	first	successful	attempt	to	include	large	strain	plasticity	in	the	FEMDEM	framework	available	

in	proprietary	and	research	codes.	Summarized	below	are	the	key	conclusions	and	contributions	

of	this	thesis.	

1.	 Small	 and	 finite	 plastic	 strain	 formulation	 and	 implementation.	 Through	 developing	 an	

understanding	of	the	workings	of	an	existing	3D	FEMDEM	program	architecture,	 its	handling	of	

finite	strain	and	material	models,	a	suitable	framework	for	 inclusion	of	plasticity	was	described	

by	 first	 introducing	 the	 theoretical	 description	 of	 such	 a	 framework	 and	 then	 presenting	 the	

numerical	 implementation	 that	 could	 be	 integrated	 in	 existing	 FEMDEM	 solvers.	 The	

implemented	algorithms	 for	 the	most	 commonly	used	models	 (von	Mises,	Mohr-Coulomb	and	

Drucker-Prager)	 were	 presented,	 together	 with	 a	 discussion	 of	 the	 numerical	 stability	 and	

accuracy	 of	 the	 solver.	 Furthermore,	 it	 is	 important	 to	 recognize	 this	 small	 strain	 preliminary	

numerical	approach	was	transformed	into	a	far	more	versatile	numerical	solver	by	its	extension	

and	 generalization	 to	 accommodate	 finite	 strain	 plasticity	 problems.	 The	 success	 of	 the	

validation	work	presented	justifies	the	choice	made	for	the	approach	adopted	here	for	FEMDEM,	

which	involved	implementing	a	range	of	algorithmic	ideas	found	in	the	literature.	
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2.	 Design	 of	 verification	 and	 validation	 studies.	 On	 verification	 and	 validation,	 there	 has	

been	 a	 rigorous	 approach	 adopted	 throughout	 this	 research	 project.	 A	 large	 number	 of	

numerical	tests	were	performed,	a	subset	of	which	were	presented	in	this	thesis	as	a	thorough	

numerical	verification	analysis.	As	repeatedly	pointed	out	and	shown,	FEMDEM	codes	can	handle	

arbitrary	geometries	and	complicated	loading	conditions.	However,	a	verifying	procedure	should	

include	 problems	 that	 can	 be	 confirmed	 and	 checked	 against	 theoretical	 solutions.	 Hence	 the	

presented	 numerical	 cases,	 which	 range	 from	 simple	 one-dimensional	 static	 to	 fully	 three-

dimensional	 dynamic	 impact	 problems,	 were	 selected	 to	 confirm	 the	 numerically	 obtained	

results	 reproduce	 the	 results	 known	 either	 from	 theoretical	 mechanics	 or	 from	 benchmark	

problems	found	in	the	literature.	

3.	 Finding	 solutions	 to	 computational	 implementation	 of	 plasticity.	 Inevitably,	 with	

development	 of	 robust	 generic	 software,	 a	 major	 effort	 has	 focused	 on	 addressing	 many	

different	 numerical	 considerations	 such	 as	 accuracy	 and	 convergence	 of	 solutions,	 and	 the	

known	numerical	 instabilities	 such	 as	 localisation	 phenomena	 and	 volumetric	 locking	 required	

techniques	 to	be	carefully	 implemented	and	 tested.	The	set	of	numerical	problems	chosen	 for	

the	 verification	 study	 covers	 consideration	 of	 all	 the	 new	 concepts	 and	 properties	 of	 inelastic	

materials	 not	 previously	 implemented	 in	 the	 FEMDEM	 framework	 (irreversible	 deformations,	

stress	 capacity,	 energy	 dissipation,	material	memory)	 and	 the	 thesis	 and	 planned	 publications	

will	 hopefully	 provide	 a	 reference	 for	 future	 users	 of	 such	 software	 tools	 and	 as	 a	 set	 of	

benchmarks	for	future	developments	in	the	elasto-plastic	FEMDEM	community.		

4.	 Ensuring	 the	 implementation	 works	 inside	 FEMDEM	 architecture.	 It	 also	 important	 to	

note	that	the	numerical	verification	analysis	performed	during	this	PhD	is	not	only	restricted	to	

the	 elasto-plastic	 solvers	 that	were	 recently	 introduced,	 but	 also	 validates	 the	 integrity	 of	 the	

complete	 extended	 tool	 for	 both	 elastic	 and	 elasto-plastic	 cases	 for	 small	 and	 large	 strains,	

extending	the	verification	work	of	Xiang	et.	al.,	(2009).	On	this	point,	the	benchmark	tests	are	a	

reassuring	demonstration	of	the	applicability	of	the	FEMDEM	technology	and	for	bold	excursions	

into	different	possibly	very	complex	loading	conditions	and	material	models.	

5.	 Code	validation	 for	metal	plasticity	 contact	problem.	The	 famous	Taylor	bar	or	 ‘copper	

bullet	experiment’	is	simulated	with	the	new	FEMDEM	code	with	remarkably	high	accuracy	and	

robust	performance	of	the	code	being	demonstrated.	
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6.	 Analysis	 of	 uniaxial	 unconfined	 compression	 test	 of	 a	 Mohr-Coulomb	 cylinder.	 The	

theoretically	described	shear	band	is	successfully	predicted	with	large	strain	localisation,	making	

current	work	one	of	the	very	few	fully	3D	successful	simulations	found	in	literature.	

7.	 Extension	 to	 mass	 concrete	 models	 for	 the	 simulation	 of	 concrete	 impacts.	 Collisions	

affecting	 bodies	 or	 structures	 made	 of	 concrete	 and	 their	 consequent	 energy	 losses	 are	 of	

particular	 relevance	 to	blast	and	collision	protection	measures	 in	civil	engineering	and	society.	

The	field	of	coastal	structure	engineering,	where	the	fragility	of	concrete	units	on	breakwaters	

cannot	easily	be	predicted	(because	of	energy	absorption	near	unit	contacts	where	the	crushing	

occurs)	is	another	for	simulation	of	multi-body	concrete	behaviour.	On	non-catastrophic	impact	

problems,	 where	 the	 dominant	 loading	 mechanism	 is	 locally	 compressive,	 experimental	 and	

evidential	 results	 show	 energy	 dissipation	 phenomena	 as	 seen	 in	 continuous	 elastic-plastic	

materials	is	important.	New	models	are	needed	to	predict	these	effects	and	these	should	ideally	

be	implemented	in	a	multi-body	solver	approach	such	as	FEMDEM.	Typically	concrete	behaviour	

is	 researched	 in	 the	 context	of	 tensile	 failure	and	 for	 reinforced	 structural	 elements.	With	 the	

absence	of	appropriate	published	experimental	data,	new	validation	experiments	would	need	to	

be	designed	and	performed	 in	order	 to	present	a	 validation	 study	of	 the	new	plasticity	model	

implementations	 in	 FEMDEM	 and	 their	 applicability	 to	 concrete	 crushing	 behaviour.	 Five	

important	 research	 steps	 were	 made	 in	 the	 context	 of	 validation	 of	 concrete	 behaviour	

simulation.	

a.	The	rigorous	experimental	design	of	laboratory	collision	test	and	data	generation.	

b.	 The	 application	 of	 state-of-the-art	 GREAC	 concrete	 compression	 test	 for	 extensive	

characterisation	of	the	tested	concrete	elastic	and	non-linear	plastic	properties.	

c.	The	detailed	consideration	of	best-fit	M-C	and	D-P	strength	parameters	to	summarise	

the	GREAC	test	data.		

d.	 The	 development	 of	 a	 new	 piece-wise	 D-P	 yield-surface	 implementation	 to	

accommodate	 the	 nonlinearity	 in	 the	 plasticity	 envelope	 for	 concrete	 yielding	 in	

compression.		

e.	The	comparison	of	simulated	result	details	such	as	the	crater	dimensions	and	bounce-

back	velocity	with	those	for	the	steel	sphere	drop	test	results.	The	two-parameter	Mohr-

Coulomb	model	gives	reasonably	good	results	for	concrete	impact	problems,	in	terms	of	
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coefficient	 of	 restitution	 of	 the	 impact.	 However,	 in	 order	 to	 overcome	 some	 obvious	

limitations	 of	 such	 a	 simple	 linear	 material	 model,	 the	 newly	 proposed	 piece-wise	

Drucker-Prager	 yield	 surface	 proved	 ideal	 and	 demonstrated	 near-perfect	 agreement	

with	 experimental	 results	 when	 applying	 the	 material	 properties	 obtained	 from	 the	

GREAC	characterization	tests.	

8.	 Preliminary	 applications	 of	 new	 plasticity	 capability	 in	 FEMDEM.	 	 The	 PhD	 research	

programme	had	 sufficient	 time	 for	 just	 two	preliminary	demonstrations	of	 how	 the	new	 code	

capability	presents	plenty	of	future	research	opportunities.	

a.	 A	complete	case	study	of	the	idealized	cruciform-shaped	concrete	unit	named	the	

V-cross	 unit	 (see	 Xiang	 et	 al.,	 (2009)	 drop	 test	 validation	 study	 but	 neglecting	 plastic	

energy	 dissipation)	 was	 performed.	 The	 precise	 manner	 by	 which	 concrete	 crushing	

occurs	 on	 non-catastrophic	 flat	 on	 flat	 impact	 in	 a	 drop	 test	 of	 a	 ~30	 tonne	 unit	 was	

modelled.	 	By	considering	the	plastic	behaviour	compared	with	an	elastic	response,	 the	

effect	of	energy	dissipation	 in	 the	compressed	 leg	was	 such	 that	 tensile	 stresses	 in	 the	

vulnerable	 corner	 regions	 undergoing	 cantilever	 tensile	 bending	 were	 reduced	 from	

12MPa	to	5MPa.	The	potential	ability	to	predict	the	 likelihood	of	catastrophic	 failure	of	

units	through	a	plastic	multi-body	model	of	the	concrete	armour	unit	layer	response	has	

great	significance	in	coastal	structures.	

b.	 Compaction	 of	 elasto-plastically	 deforming	 spheres	 in	 a	 confined	 box	 was	

modelled	in	order	to	simulate	the	die	compaction	(tableting)	process,	a	key	application	in	

powder	 technology.	 The	 simulation	 results	 of	 a	 64	 sphere	 compaction	 process	 were	

illustrated	together	with	diagnostic	process	variable	plots	 for	 the	bulk	behaviour	during	

piston	advance	such	as,	force	displacement	and	packing	density.		



Conclusions	

	 223	

While	it	is	best	practice	to	present	suggestions	for	future	work	in	a	final	chapter,	this	is	kept	to	

the	 briefest	mention	 here.	 In	 the	 context	 of	 code	 improvement	 developments	 for	 the	 AMCG	

group	 working	 on	 Solidity	 enhancements,	 the	 discussion	 in	 Chapter	 6	 refers	 to	 bringing	 the	

plasticity	developments	within	the	structure	of	the	main	parallelized	FEMDEM	code	architecture,	

which	is	an	essential	next	step	if	we	are	to	address	the	CPU	demands	of	practical	applications.	In	

terms	of	applications	that	it	is	recommended	researchers	turn	to	with	the	new	capability,	apart	

from	coastal	engineering	that	was	discussed	in	more	detail,	particle	and	grain	compaction	in	food	

and	chemical	engineering	 for	pharmaceuticals,	powder	metallurgy	and	 iron	ore	pellet	handling	

seem	obvious	fields.	Apart	from	the	already	mentioned	applications,	many	further	ones	can	now	

be	opened	up:	One	of	the	very	recently	proposed	next	applications	that	attracts	a	lot	of	interest	

in	structural	geology	is	the	compression	of	multilayer	systems	and	formation	of	kink	bands	(e.g.	

Wadee	et	el.,	2004	:	“In	structural	geology	and	tectonics	of	compressed	multilayer	systems	and	

the	oil	and	gas	 industry	there	 is	an	entire	community	that	can	benefit	 from	the	FEMDEM	code	

with	large	strain	plasticity	and	discrete	sliding	between	units	in	an	understanding	of	folding	and	

thrusting	associations.	(e.g.	see	Buiter	et	al.,	2016)”	(Latham	J.P.,	2017,	internal	communication).	

Furthermore,	 another	 of	 the	 most	 fruitful	 areas	 for	 future	 application	 of	 the	 new	 plasticity	

capability	is	in	powder	compaction	where	research	can	benefit	from	a	combination	of	a	range	of	

simulation	methods	employed	 to	 tackle	 the	 scale	up	problem	 that	 exists,	 i.e.	 due	 to	 the	 large	

number	of	particles	in	powder	tableting	and	die	compaction	applications.	As	usually	researchers	

tackle	this	problem	with	using	classic	DEM	contact	models	for	the	powder	interaction	in	order	to	

calibrate	 macro-scale	 material	 properties,	 improvement	 opportunities	 surely	 exist	 with	

comparing	similar	analysis	using	FEMDEM	with	integrated	plasticity	solvers.	

The	author	hopes	that	current	work	and	the	respective	produced	tools	will	be	an	important	step	

towards	a	better	understanding	and	simulation	of	many,	currently	open,	scientific	and	industrial	

applications.	
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APPENDICES	

Appendix	A:	Three-dimensional	Hooke’s	linear	elastic	law	for	isotropic	material	

The	 simple	 one-dimensional	 linear	 elastic	 law,	 is	 given	 by	 the	 relationEquation	 Section	 (Next)

Equation	Section	(Next)Equation	Section	(Next)	

	 σ = Eε 		 (8.1)	

Equivalently	 in	 three	 dimensions,	we	 can	write	 similar	 expressions	 for	 the	 components	 of	 the	

stress	tensorσ 	and	strain	tensor ε ,	σ ij 	and	 εij 	respectively:	
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		 (8.2)	

where,	because	of	isotropy,	we	are	implying:	σ kl = σ lk and	 εkl = εlk .	

equation	 (8.2)	 can	 be	 given	 in	 a	 more	 robust	 form	 with	 using	 the	 Lamé	 parameters	

λ = Ev
1+ v( ) 1− 2v( ) 		and	µ = E

2 1+ v( ) :	
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ε11 + ε22 + ε33( ) 		 (8.3)	

or	simply:	

	 σ = 2µε + λtr(ε)I 		 (8.4)	

Eq.	 (8.4)	 represents	 the	 generalisation	 of	 eq.	 (8.1)	 in	 three	 dimensions	 and	 is	 called	 three-

dimensional	isotropic	Hooke’s	law.	Note	that	is	usually	written	in	the	tensor	form:	

	 σ = De : ε 		 (8.5)	
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where	De 	is	a	four-dimensional	tensor	and	includes	all	the	necessary	manipulations	mentioned	

above:	

	 De = λI⊗ I+ 2µI 		 (8.6)	

Finally,	if	we	split	the	strain	tensor	into	volumetric	part	 ε v :	

	 ε v =
1
3
tr ε( )I 		 (8.7)	

deviatoric	part	 ε d :	

	 ε d = ε − ε v 		 (8.8)	

we	can	write	eq.	(8.4)	in	another	convenient	form:	

	 σ = 2Gε d + 3Kε v 		 (8.9)	

where	K = λ + 2
3
µ ,	and	G = µ 	are	the	bulk	and	shear	modulus	respectively.	
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Appendix	B:	Haigh-Westergaard	coordinates	for	describing	yield	surfaces	

As	discussed	the	yield	surface	 is	usually	expressed	in	terms	of	stress	 invariants.	Apart	from	the	

principal	stress	space,	another	convenient	set	of	invariants	are	the	cylindrical	coordinate	system	

ξ,  ρ,  θ( ) ,	known	as	Haigh-Westergaard	coordinates.	They	are	defined	as	follows:	

	 ξ = 1
3
I1 		 (8.10)	

	 ρ = 2J2 		 (8.11)	

	 cos 3θ( ) = 3 3
2

J3
J2
3/2 		 (8.12)	

where	 I1,  J2,  J3 	are	the	first	invariant,	second	and	third	deviatoric	invariants	of	the	stress	tensor	

respectively.	

This	set	allows	us	to	calculate	the	principal	stresses	directly	and	explicitly:	

	
σ1
σ2

σ3

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
= 1

3

ξ1
ξ2
ξ3

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
+ 2

3
ρ

cosθ
cos θ− 2π / 3( )
cos θ+ 2π / 3( )

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
		 (8.13)	

The	Mohr-Coulomb	criterion	can	be	expressed	smoothly	in	Haigh-Westergaard	space:	

	 3sin θ+ π
3

⎛
⎝⎜

⎞
⎠⎟ − sinφcos θ+ π

3
⎛
⎝⎜

⎞
⎠⎟

⎡
⎣⎢

⎤
⎦⎥
ρ− 2ξsinφ = 6ccosφ 		 (8.14)	

Similarly	the	Drucker-Prager	yield	surface:	

	
1
2
ρ− 3ξB = A 		 (8.15)	

Now,	using	equations	(8.14)	and	(8.15)	we	can	trivially	choose	the	Drucker-Prager	parameters	 A 	

and	 B 	depending	on	the	way	we	want	to	approximate	the	Mohr-Coulomb	pyramid.	

For	inscribing	the	pyramid,	using	θ = 0 ,	eq.	(8.14)	becomes:	

	 3sin π
3
− sinφcos π

3
⎛
⎝⎜

⎞
⎠⎟ ρ− 2ξsinφ = 6ccosφ 		 (8.16)	
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we	can	now	match	the	parameters	of	(8.15)	and	(8.16),	getting:	

	

A = 6ccosφ
3 3− sinφ( )

B = 2sinφ
3 3− sinφ( )

		 (8.17)	

Equivalently	for	circumscribing	the	pyramid,	θ = π
3
:	

	

A = 6ccosφ
3 3+ sinφ( )

B = 2sinφ
3 3+ sinφ( )

		 (8.18)	

and	for	middle	circumscribing	the	Mohr-Coulomb	surface,	θ = 2π
3

	

	

A = 3ccosφ
9 + 3sin2 φ

B = sinφ
9 + 3sin2 φ

		 (8.19)	
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Appendix	C:	Shape	functions	of	ten-noded	(quadratic)	tetrahedra	

Formulation	as	in	Xiang	et	al.,	2009.	

If	we	assume	a	standard	ten-noded	tetrahedral	element	(Figure	C.1)	we	assume	that	given	the	

current	and	original	nodal	positions	 xcn 	 and	 Xon 	 ,	we	can	always	define	any	material	point	 x 	

based	on	an	equation:	

	 x = xcnN 		 (8.20)	

where	N 	is	a	vector	of	shape	functions	N = N1,N2,...,N10[ ]T :	

	

N1 = ζ1 2ζ1 −1( )
N2 = ζ2 2ζ2 −1( )
N3 = ζ3 2ζ3 −1( )
N4 = ζ4 2ζ4 −1( )
N5 = 4ζ1ζ2
N6 = 4ζ2ζ3
N7 = 4ζ3ζ1
N8 = 4ζ1ζ4
N9 = 4ζ2ζ4
N10 = 4ζ3ζ4

		 (8.21)	

where	ζ1,ζ2,ζ3 	are	the	iso-parametric	coordinates	of	the	point	and	ζ4 = 1−ζ1 −ζ2 −ζ3 	

Note	that	equation	(8.21)	implies:	

	 Na
a=1

10

∑ = 1 		 (8.22)	
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Figure	C.1:	The	ten-noded	tetrahedron	

	

Similarly	for	the	original	material	point	and	nodal	positions	X 	and	Xon 	we	can	write:	

	 X = XonN 		 (8.23)	

Thus	the	deformation	tensor	F 	can	be	calculated	as:	

	

F = ∂x
∂X

= xcn
∂N
∂X

= xcn
∂N
∂ζ

∂X
∂ζ

⎛
⎝⎜

⎞
⎠⎟

−1

  = xcn
∂N
∂ζ

Xon
∂N
∂ζ

⎛
⎝⎜

⎞
⎠⎟

−1
		 (8.24)	

The	derivative	
∂N
∂ζ

	can	be	calculated	based	on	definitions	in	eq.	(8.21):	

4	

1	

3	

2	

6	

10	

7	

9	
8	

5	
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∂N
∂ζ

=

4ζ1 −1 0 0
0 4ζ2 −1 0
0 0 4ζ3 −1

4 ζ1 + ζ2 + ζ3( )− 3 4 ζ1 + ζ2 + ζ3( )− 3 4 ζ1 + ζ2 + ζ3( )− 3
4ζ2 4ζ1 0
0 4ζ3 4ζ2
4ζ3 0 4ζ1

4 1− 2ζ1 −ζ2 −ζ3( ) −4ζ1 −4ζ1
−4ζ2 4 1−ζ1 − 2ζ2 −ζ3( ) −4ζ2
−4ζ3 −4ζ3 4 1−ζ1 − 2ζ2 −ζ3( )

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

		 (8.25)	

	

Similarly	one	can	calculate	the	inverse	F−1 	as:	

	 F−1 = ∂X
∂x

= Xon
∂N
∂x

= Xon
∂N
∂ζ

∂x
∂ζ

⎛
⎝⎜

⎞
⎠⎟

−1

= Xon
∂N
∂ζ

xon
∂N
∂ζ

⎛
⎝⎜

⎞
⎠⎟

−1

		 (8.26)	

Note	that	with	above	formulation,	the	matrix	
∂N
∂ζ

	is	calculated	only	once	for	a	material	point	for	

each	loop.	
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Appendix	D:	Derivation	of	return-mapping	equations	for	von	Mises	model.	

We	want	to	solve	the	system	of	discretised	return	mapping	equations:	

	 σ n+1 = 2µ ε n+1
e + λ tr ε n+1

e( )I 		 (8.27)	

	 fn+1 = J2 sn+1( ) −σ n+1
y = 0 		 (8.28)	

	 ε n+1
e − ε n+1 = Δγ sn+1

3J2 sn+1( )
		 (8.29)	

	 σ n+1
y −σ n

y = Δγ  Η 		 (8.30)	

First	one	can	observe	that	the	right	hand	of	equation	(8.29)	is	purely	deviatoric.	So	it	must	be	for	

the	left	hand	as	well:	

	 ε v
e
n+1 = ε v

e
n+1
trial 		 (8.31)	

	 ε d  n+1
e − ε d  n+1

trial = Δγ sn+1

3J2 sn+1( )
		 (8.32)	

We	can	now	re-write	(8.32)	in	terms	of	deviatoric	stresses:	

	 sn+1 − sn+1
trial = 2µΔγ sn+1

3J2 sn+1( )
		 (8.33)	

Eq.	(8.33)	implies	that	 sn+1 	and	 sn+1
trial 	are	collinear:	

	 sn+1 = asn+1
trial 		 (8.34)	

with	scalar	a 	:	

	 a =
J2 sn+1( )

6µ Δγ + J2 sn+1( )( ) ≥ 0 		 (8.35)	

This	implies	for	the	second	invariant:	

	 J2 sn+1( ) = J2 a sn+1
trial( ) = a2J2 sn+1

trial( ) 		 (8.36)	
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Thus	 if	we	 substitute	eq.	 (8.34)	 and	 (8.36)	 into	 the	 right	hand	of	 (8.33)	we	 can	get	 an	explicit	

expression	of	 sn+1 :	

	

sn+1 = asn+1
trial

a = 1−  Δγ µ 6
J2 sn+1

trial( )
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

		 (8.37)	

If	we	now	substitute	(8.37)	in	yield	equation	(8.28)	we	can	get:	

	 1−  Δγ µ 6
J2 sn+1

trial( )
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

3J2 sn+1
trial( ) =σ n

y + HΔγ 		 (8.38)	

which	can	be	solved	for	the	plastic	multiplier	as:	

	 Δγ =
3J2 sn+1

trial( ) −σ n
y

3µ + H
= f trial

3µ + H
		 (8.39)	

and	finally	eq.	(8.37)	gives	explicit	expression	for	 sn+1 	:	

	 sn+1 = 1− 1
4µ + H

f trial

3J2 sn+1
trial( )

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
sn+1
trial 		 (8.40)	

Updated	stress	tensor	σn+1 	is	then	calculated:	

	 σn+1 = sn+1 + pn+1
trialI 		 (8.41)	
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Appendix	E:	Derivation	of	return-mapping	equations	for	Drucker-Prager	model.	

We	want	to	solve	the	system	of	discretised	return	mapping	equations:	

	 σ n+1 = 2µ ε n+1
e + λ tr ε n+1

e( )I 		 (8.42)	

	 fn+1 = J2 sn+1( ) + Apn+1trial − B = 0 		 (8.43)	

	 Δε p = Δγ sn+1
2 J2 sn+1( )

+ AI
⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
		 (8.44)	

Note	 that	 we	 have	 restricted	 the	 solution	 to	 the	 perfect	 plasticity	 model.	 This	 was	 done	 for	

simplicity	 and	 easier	 understanding	 of	 the	 solution.	 The	 generalisation	 for	 linear	 hardening	

plasticity,	as	in	the	case	of	von	Mises	above,	should	be	straightforward.	

We	can	split	left	hand	of	eq.	(8.44)	into	deviatoric	and	volumetric	part	and	then	match	right	hand	

terms:	

	

Δε p = Δε d
p + Δε v

p

Δε d
p = Δγ

2 J2 sn+1( )
sn+1

Δε v
p = Δγ AI

		 (8.45)	

Equivalently,	we	write	for	the	respective	stress	tensors:	

		

	 sn+1 − sn+1
trial = µ Δγ

J2 sn+1( )
sn+1 		 (8.46)	

	 pn+1 − pn+1
trial = KΔγ A 		 (8.47)	

Similarly	to	the	von	Mises	case,	eq.	(8.33),	eq.	(8.46)	shows	that	 sn+1 	and sn+1
trial 	are	collinear:	

	 sn+1 = asn+1
trial 		 (8.48)	

with	scalar	a :	
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	 a =
J2 sn+1( )

J2 sn+1( ) − µ Δγ( ) ≥ 0 		 (8.49)	

and	of	course:	

	 J2 sn+1( ) = a J2 sn+1
trial( ) 		 (8.50)	

If	 we	 now	 substitute	 (8.48)	 and	 (8.50)	 into	 the	 right	 hand	 side	 of	 (8.46),	 we	 get	 an	 explicit	

expression	for	the	actual	state	 sn+1 :	

	 sn+1 = 1− µ Δγ
J2 sn+1

trial( )
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
sn+1
trial 		 (8.51)	

Finally	we	can	use	 (8.47),	 (8.51)	and	yield	surface	(8.43)	and	retrieve	an	explicit	expression	 for	

plastic	multiplier	Δγ :	

	 1− µ Δγ
J2 sn+1

trial( )
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

J2 sn+1
trial( ) + A pn+1

trial − KΔγ A
3

⎛
⎝⎜

⎞
⎠⎟
+ B = 0 		 (8.52)	

or:	

	 Δγ =
J2 sn+1

trial( ) + Apn+1trial + B

µ + 1
3
KAA

= fn+1
trial

µ + 1
3
KAA

		 (8.53)	

Finally	eq.	(8.46)	and	(8.47),	using	(8.53)	provide	an	explicit	scheme	for	current	stress	state:	

	 sn+1 = 1− 3µ fn+1
trial

3µ + KAA( ) J2 sn+1
trial( )

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
sn+1
trial 		 (8.54)	

	 pn+1 = pn+1
trial − KA f trial

3µ + KAA
		 (8.55)	

The	stress	tensor	is	then	calculated	as:	

	 σn+1 = sn+1 + pn+1I 		 (8.56)	
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Note	that	the	return	would	be	inadmissible	if	eq.	(8.49)	will	imply:	

	 a < 0⇔ J2 sn+1
trial( ) − µ Δγ < 0 		 (8.57)	

In	that	case	we	have	to	return	to	the	apex:	

	 σ n+1 =
B
A
I 		 (8.58)	
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