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Abstract
The focus of this project is the mechanistic basis of the load shedding phenomenon that occurs under
the dwell fatigue loading scenario. A systematic study was carried out using modelling techniques at
different length scales, from atomistic simulations to discrete dislocation plasticity and crystal
plasticity, to investigate the effect of crystallographic orientations, localized dislocation behaviour,
material intrinsic properties and external loading environments on the dwell sensitivity. A new
mechanistic formalism for incorporating thermally activated dislocation escape into discrete
dislocation plasticity modelling techniques is presented. The origin of the rate-sensitive behaviour of
plasticity over strain rate regimes from 10−5 to 105 𝑠 −1 has been assessed with reference to three key
mechanisms: dislocation nucleation, time of flight (dislocation mobility) and thermally activated
escape of pinned dislocations. It is shown that nucleation and dislocation mobility explain ratesensitive behaviour for strain rates in the range 102 to 105 s−1 while thermally-activated dislocation
escape becomes the predominant rate-controlling mechanism at low strain rates. The new thermal
activation DDP model was then use to investigate the soft-hard-soft rogue grain combination which is
commonly associated with load shedding in Ti-6Al, Ti-6242 and Ti-6246 alloys. The application of
Stroh’s dislocation pile-up model of crack nucleation to facet fracture was quantitatively assessed.
Crystal plasticity modelling has been utilised to extract the thermal activation energies for pinned
dislocation escape for Ti alloys based on independent experimental data. The activation energies
determined are then utilised within the polycrystalline DDP model to predict the load shedding in the
aforementioned alloys. The grain morphology and grain boundary penetrability effect were also
studied but the key property controlling the load shedding is argued to be the time constant of the
thermal activation process relative to that of the loading. The dwell sensitivity of Ti alloys was also
found to be highly related to the temperature. The load shedding was found to diminish at very low or
very high temperatures and maximum peak stress increase occurs at a higher temperature for a
material with high activation energy. The deformation mechanisms under dwell fatigue loading are
categorised into three scenarios and discussed separately.
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Chapter I
1. Introduction
1.1. Gas turbine engines
The major components of a modern gas turbine engine consist of fan blade, spinner, compressor,
turbine and combustor as shown in Figure 1-1. During the operation of an engine, the cold airflow is
first inhaled into the inlet by the fan in the front and then compressed by the compressor, during
which the temperature of the air is also increased. After that, in the combustion chamber, the
compressed air is burned together with the liquid fuel squirted from the fuel tank. At this stage, the
temperature increases dramatically and a large amount of hot exhaust gases are produced. These
exhaust gases pass through a set of turbine blades and spin them which also spin the compressor and
the fan in the front which are connected to the turbine through a long axle. The hot exhaust gases exit
the engine through a tapering exhaust nozzle during which the velocity of the airflow increases
dramatically, hence powering the aircraft.

Figure 1-1 GE90-115B Turbofan cross-section (courtesy of GE).

Nickel-based superalloys are typically used in the compressor and turbine because materials in these
components need to retain their strength at temperatures above 700°C and also need to be corrosion
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resistant at high temperatures. Titanium alloys are typically used for highly stressed components
which also operate at low temperature, such as blades and disks due to their low density, excellent
corrosion resistance and high fatigue strength [1, 2].

1.2. Microstructure of titanium alloys
Titanium and titanium alloys have two elemental crystal structures: hexagonal close-packed (HCP)
crystal and body-centered cubic (BCC) as shown in Figure 1-2. The two crystal structures are
commonly known as alpha and beta titanium respectively. The cubic structure is mainly found at high
temperature, unless other elements in the alloy maintain the cubic structure of titanium at low
temperatures [3]. The alloy elements, such as aluminium, oxygen and nitrogen, stabilise the alpha
phase while molybdenum, iron, vanadium, chromium and manganese stabilise the beta structure [3].
Several selected titanium alloys, which are grouped in terms of microstructure, are shown in Table 1-1.

Figure 1-2 Crystal structures of titanium at the atomic level. (a) alpha titanium, HCP; (b) beta
titanium, BCC

Table 1-1 Effect of alloy elements on crystal structure

Structure

Alloy

Alpha

Ti-5Al-2.5Sn

Near-alpha

Ti-6Al-2Sn-4Zr-2Mo

Mixed alpha-beta

Ti-6Al-2Sn-4Zr-6Mo

Near beta

Ti-8Mn

Beta

Ti-8Mo-8V-2Fe-3Al

Ti-6Al
Ti-6Al-4V

Alpha and near-alpha titanium alloys generally demonstrate the best general corrosion-resistance. The
alpha phase alloys also show considerable elastic anisotropy in their elastic and plastic responses.
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The HCP crystals in general permit slip along basal, prismatic, and pyramidal 〈𝑎〉-type systems,
together with type I and type II pyramidal 〈𝑐 + 𝑎〉 systems as detailed in Figure 1-3. The critical
resolved shear stress (CRSS), which is the resistance to slip on a given slip system, has been identified
as playing a significant role in the plastic deformation of HCP alloys. The CRSS at ambient
temperature in commercially pure titanium has been measured by Gong et al. [4] on single crystal
micro-cantilever beams as shown in Table 1-2.

Figure 1-3 Schematic diagram of HCP slip systems.

Table 1-2 Critical resolved shear stress in commercially pure titanium [4]

Slip systems

Average CRSS (MPa)

Standard deviation (MPa)

〈𝑎〉-prismatic

181

8

〈𝑎〉-basal
〈𝑐 + 𝑎〉-pyramidal
type I

209

13

474

5

Titanium alloys experience remarkable creep, stress relaxation and considerable strain rate sensitivity
even at low (e.g. 20°C) temperatures [5-7]. These behaviours are argued to be important in
understanding their response to in-service loading [8]. It has been well recognised for over 40 years
that titanium alloys suffer from cold dwell fatigue often characterised by basal facet nucleation and
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subsequent growth. The cold dwell fatigue continues to be a significant industrial concern because the
associated non-destructive evaluation management is hugely costly, and it remains a safety-critical
issue.

1.3. Dwell sensitivity fatigue in alpha titanium alloys
Dwell sensitivity of hexagonal close packed 𝛼-Ti alloys has been a concern of the aero industry for
decades [9, 10]. Dwell fatigue is believed to cause the early failure of highly stressed components of
gas turbines, such as discs and fan blades [9]. It has been established that facet fracture, which is the
development of a micro-crack at the grain scale, is often found to be associated with loading that
involves a stress-hold (dwell) at room temperature [11]. The faceting, particularly when it occurs in a
large grain, may lead to a short lifetime, which manifests as dwell sensitivity of the alloy. Early
observations, both experimental [11-13] and analytical [14-18], have shown that the facet crack
nucleation process is largely dependent on a particular crystallographic orientation combination: a
weakly orientated (soft) grain adjacent to a strongly orientated (hard) grain with respect to the loading
direction, referred to as a rogue grain combination. However, the mechanistic basis of this important
phenomenon is not yet fully understood.
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Chapter II
2. Literature Review
2.1. Dwell debit in titanium alloys

Figure 2-1 Dwell debit in Ti-624𝑥 alloys [19, 20]. The dwell fatigue life debit is defined as the
fatigue life of low-cycle fatigue divided by that of low-cycle dwell fatigue loading with 2
minutes dwell period of each loading cycle.

Cold dwell fatigue remains an unresolved engineering problem since it was discovered in titanium
alloys after catastrophic aircraft disasters in the 1970s [20]. The life time reduction resulting from the
inclusion of load holds at maximum stress during each loading (e.g. flight) cycle is termed the dwell
fatigue life debit. Early and more recent experimental evidence [19, 20] interestingly shows that the
dwell debit in the Ti-6Al-2Sn-4Zr-xMo (x = 2-6) alloys decreases significantly with increasing Mo
content and with decreasing peak stress, as shown in Figure 2-1, to the extent that alloy Ti-6242
suffers dwell fatigue whereas alloy Ti-6246 does not. Although significant progress has been achieved
in establishing the mechanistic basis of the cold dwell fatigue phenomenon, the reasons why the
alloys with differing Mo content show such stark dwell differences have not yet been elucidated. It is
complicated because of the range of factors which may contribute (alloy composition, chemistry,
crystallography, morphology, spatial and temporal scales, load shedding) which have recently been
reviewed by Britton et al. [8].
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2.2. Cold dwell fatigue in Ti polycrystals
The term cold dwell fatigue in titanium alloys has arisen from the inclusion of a stress dwell period in
each loading cycle, and from the low operation temperature, typically between 233K and 473K, which
is lower than the creep associated temperature of high performance alloys [8]. Cold dwell fatigue is
normally associated with the formation of basal facets or microcracks (shown by Sinha et al. for Ti6242 [11] as in Figure 2-2), where the HCP alpha Ti crystal c-axes are oriented near-parallel to the
primary loading direction [14, 20]. Variations of up to +/−15o are anticipated since the basal stresses
generated at a hard grain orientation (i.e. c-axis parallel to the loading) remain high and largely
unchanged even with deviations of orientation up to 15o away from parallel. In addition, deviations
also occur simply from the perturbations in the local maximum principal stress direction because of
grain boundary constraint effects, relative to the remote applied loading.

Figure 2-2 (a) Crystallographic orientations image of surface perpendicular to the loading
direction; (b) dwell fatigue fracture surface [11].
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A particular crystallographic orientation combination, in which a (soft) grain well-oriented for slip sits
adjacent to a badly oriented (hard) grain and termed a rogue grain combination, is argued to be
important for the nucleation of facets [16, 17] because of the high stresses developed at the hard-soft
grain boundary. In Figure 2-2, the faceting formed at the position whose crystallographic orientation
is the hard grain surrounded by the soft grains. Stroh [21] established a hypothesis of a dislocation
pile-up in a grain well orientated for slip terminating at a ‘grain boundary’ under remote applied
loading leads to high stress in the adjacent grain (see Section 6.2 for details). Stroh’s model supports
the necessary but not sufficient condition of crystallographic orientation combination to induce facet
nucleation [20] but does not address the dwell effect and the role of time dependence [16]. Hasija et al.
[13] was the first to introduce the concept of load shedding in titanium alloys and utilised crystal
plasticity (CP) modelling to show that the slip occurring in the soft grain could lead to the
redistribution of stress into the adjacent hard grain during the load hold. This results from the
remarkably strong strain rate sensitivity in Ti alloys which occurs even at low (e.g. 20°C)
temperatures which has now been quantified at the single-crystal level [22, 23] and in alloys Ti-6242
and Ti-6246, at the macroscale [19].
Lefranc et al. [24] and Gerland et al. [25] observed facet nucleation in Ti-6242 under dwell fatigue
loading at room temperature for which the crack nucleation was found to occur at the α-β interfaces in
the two phase alloy that they considered. They found that the applied stress necessary to drive dwell
fatigue was higher than the macroscopic yield stress, likely because of the statistically lower chance
of finding the weakest crystallographic orientation combination in the conventional laboratory-sized
specimens. This remains a potential problem with small test sample sizes since they are not
necessarily representative of component-level behaviour because of volume effects [8]. Pilchak et al.
[26, 27] have argued that hydrogen has a beneficial influence on dwell fatigue life by inhibiting facet
growth and it is potentially relevant in enhancing local planar slip, which may also be important in the
facet nucleation process.
Dunne et al. [16, 17] and Rugg et al. [28] utilising crystal plasticity model addressed the role of rogue
grain combination in near-α alloy. Their model not only account for the elastic and plastic
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anisotropies but also incorporating the time-dependent plasticity which allows the experimental
observed creep and stress relaxation behaviour [25] to be explicitly captured. The results reveal that
an activated slip system in the soft grain oriented 30° to the c-axis of the adjacent hard grain gives the
highest normal-to-basal stress near the grain boundary stress in the hard grain. This high stress
concentration is argued to be crucial for facet nucleation in the hard grain and associated with the
subsequent basal crack opening. The grain boundary morphology effect to the soft-hard grain
combination is also discussed.

2.3. Rate sensitivity and room temperature creep of titanium alloys
The rate sensitivity of the plastic deformation behaviour of alloys has long been of scientific interest
and technological relevance, e.g. [29-32]. Rate sensitivity is strongly material dependent and much
work has been done in order to understand its mechanistic basis. Its manifestation is often through the
observed progressive increase in flow stress from low strain rates (𝜀̇ < 103 s−1) to high strain rates
(𝜀̇ ≥ 103 s−1 ) in a positively rate sensitive material [33]. It is argued that the plastic deformation is
moderated by thermal activation events at low strain rates while being controlled by viscous drag at
high rates [34]. Based on the observation of various metals, grain size has also been found to be of
influence in rate sensitivity studies [32, 35, 36] and materials with finer grain structure have been
found to be more rate dependent and a coarse grain structure to lead to lower rate sensitivity [37].
Earlier research had demonstrated that some titanium alloys experience strong creep and relaxation at
low temperature, e.g. ≈ 0.15𝑇𝑚 [5, 7]. The rate-sensitive behaviour of titanium alloys at room
temperature is believed to be fundamentally related to the dwell fatigue debit during service because it
leads to the establishment of load shedding and high basal stresses which are argued to be crucial for
facet crack nucleation [38-40]. The temperature-dependent creep and load shedding behaviour of
near-α alloy Ti-6Al was examined by Zhang et al. [18] using crystal plasticity modelling to
demonstrate that the dwell debit depends crucially on temperature and that the particular temperature
leading to the worst case dwell debit is 120°C in the alloy considered. Lee et al.[41] examined the
temperature sensitivity of Ti-6Al-4V alloy experimentally at high strain rate range (102 ~103 𝑠 −1) and
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found that at the investigated conditions, the material is more sensitive to temperature than strain rate.
Chichili et al. [42] studied the rate sensitivity of α-Ti alloy at room temperature over the strain rate
range of 10−5 to 105 𝑠 −1 using quasistatic and dynamic compression tests. The results reveal that the
flow stress sustained increases with increasing strain rates and the alloy is more sensitive high strain
rates. The microstructural analysis showed: at low strain rates, the plastic deformation mainly comes
from the dislocation motion initially and with the strain increasing, the dislocation density and twin
formation are increased; at high strain rates, the density of dislocations and twins are observed to be
very high at the early stage of the deformation and more twin interactions occurs in the following
deformation. Although more twins are formed at large strains, the amount of plastic deformation is
contributed more from the dislocations rather than that from twins.
Mills’s group [5, 7, 43-45] examined the low temperature creep of Ti-6Al and Ti-6242 alloys found
that titanium alloys exhibit exceptionally low strain hardening compared to other metals. The slip line
evolution study in Ti-6Al suggests that the exhaustion rate is rapid initially due to interaction of the
very few pre-existing slip bands with grain boundaries. The exhaustion rate is less rapid as a result of
the slow propagation of the new generated slip bands near grain boundaries, and becomes rapid again
after a long time creep [5]. The corresponding experimentally validated crystal plasticity model was
developed to study the effects of orientation, misorientations, and micro-texture distributions of Ti6242 [46, 47] and Ti-6Al [13] alloys. The effect of phase proportion on the strength and creep
response of Ti-6242 alloy was discussed by Venkataramani et al. [48]. Crystal plasticity modelling
was also developed by Dunne et al.[16, 17] and Rugg et al. [28] for α-Ti alloys to examine the creep,
stress relaxation and load shedding under stress and strain hold loading conditions.

2.4. Temperature-dependent dwell fatigue in titanium alloys
Recent experimental evidence [19] has shown that the Ti-6Al-2Sn-4Zr-2Mo (Ti-6242) alloy is dwell
sensitive while Ti-6Al-2Sn-4Zr-6Mo (Ti-6246) is not at 20℃. The dwell debit in aero-engine disc
components is known empirically to be worst between temperatures of 90℃ and 120℃ [18] for a
number of commercially-useful Ti alloys, but not for others. Alloy Ti-6246, for example, is
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considered to show a low dwell debit at 20oC, but its dwell response at other temperatures has not
been investigated. Zhang et al. [18] utilising crystal plasticity finite element (CPFE) modelling
addressed the temperature sensitivity of cold dwell fatigue in Ti-6Al alloy. Their results revealed that
the maximum load shedding in this α-titanium alloy occurs at 120℃ and diminishes to zero at 230℃,
for which the mechanistic basis was a changing rate sensitivity with temperature combined with the
progressive decrease in slip strengths, noting that the rate of change of strength with temperature for
〈𝑎〉 -type slip differs from that of 〈𝑐 + 𝑎〉 slip. Ozturk et al. [49] investigated the temperature
sensitivity of alloy Ti-6242 also using CPFE and showed that the dwell effect in this alloy also
diminishes with increasing temperature, but interestingly as a result only of the slip strength changes
with temperature, therefore suggesting a subtly different mechanistic explanation to ref. [18]. The
differences potentially originate from the veracity of the single crystal slip strength data utilised since
these materials show strong strain rate sensitive behaviour (even at 20℃), but reported slip strengths
are often not presented together with the strain rates at which the tests were carried out.
Dwell and no-dwell 104 cycle endurance fatigue tests carried out by Arthurs & Walker (reported by
Zhang et al. [18]) on alloy Ti-829 found that the difference between the applied stresses respectively
to give the same number of cycles to failure initially increased with temperature from 20oC but peaked
at a temperature of 120℃ and subsequently decreased and vanished at about 230oC. Zhang et al. [18]
showed that the predicted magnitude of the stress redistribution from soft to hard grain resulting from
the dwell mirrored closely this temperature sensitivity. Spence et al. [50] showed that the dwell debit
in Ti-6246 is small and not influenced by temperature in the range of 20℃ to 150℃. Whittaker et al.
[51, 52] revealed that Ti-6246 alloy displays a modest lifetime reduction between 450℃ and 550℃
under dwell loading in vacuum and the fatigue life is further reduced if the tests are carried out in air,
but the mechanistic basis at these elevated temperatures, outside of those for which cold dwell is
normally anticipated, remains unclear. In aero-engine applications, the early take-off stage is key in
the context of dwell because of the interactions of high stress, and transient temperature which is
initially low but quite quickly increases to a level higher than that critical for dwell. The transient,
together with the critical dwell temperature and applied stress, therefore determine whether dwell
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fatigue is operative or not and hence understanding of the temperature sensitivity of dwell fatigue in
relevant Ti alloys is crucial. The mechanistic basis of the temperature sensitivity and how the intrinsic
material properties influence the dwell fatigue response, have yet to be fully elucidated.

2.5. Grain boundaries and α-β interfaces
Grain boundaries play a crucial role in the plastic behaviour of polycrystalline materials. The HallPetch [53, 54] equation related the material strength, e.g. yield stress 𝜎𝑦 , to the grain sizes 𝑑 as
𝜎𝑦 = 𝜎0 + 𝐾 ∙ 𝑑−0.5

(2-1)

where 𝜎0 is the stress to initiate the motion of a dislocation and 𝐾 is a material constant represents the
contribution to the yield stress of grain boundaries. The grain boundaries enhance the material
strength by hindering the slip transfer. Interphase boundaries separate two different phases which may
have different composition, crystal structure and/or lattice parameter, also play an important role in
the plastic deformation of materials. In titanium alloys, the α phase generally grows with a Burgers
orientation relationship (BOR) with the β phase, which is described by {0001}𝛼 ||{110}𝛽 and
{112̅0}𝛼 ||{11̅1}𝛽 as shown schematically in Figure 2-3 [55]. Suri et al. [7] established creep tests on
single-colony crystals oriented for slip along different prismatic slip systems in the α phase and
showed a distinctly anisotropic behavior due to the relative misalignment of the slip systems between
the α and the β phases. Savage et al. [44, 45] examined the mechanical behavior and deformation
mechanisms in Ti-6242Si alloy with different colony orientations. When α colony is oriented for 𝒂3
slip such that the slip is difficult to transmit through the interfaces, the dislocation pile up at the α-β
interfaces is argued to induce significant stress concentration. In contrast, much less pile-ups were
found in the α phase in the 𝒂2 basal oriented sample. The stress concentration at the grain boundaries
has been quantified by Britton and Wilkinson [56] using high-resolution EBSD. Guo et al. [57]
subsequently categories slip band/grain boundary interactions into three types: 1) a blocked slip band
that induces stress concentration in the neighbouring grain when slip system alignment was poor; 2)
slip transmission through grain boundaries when alignment was good and the resolved shear stress on
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the outgoing slip was high; and 3) a blocked slip band without stress concentration in the
neighbouring grain when alignment was intermediate.

Figure 2-3 Schematic diagram shows the Burgers orientation relationship (BOR) of an alpha (HCP) – beta
(BCC) interface.

Dislocations transmit through boundaries can be due to indirect or direct transmissions as illustrated
in Figure 2-4a and Figure 2-4b respectively. Indirect transmission mainly results from the nucleation
of the Frank-Read sources which located in the stress concentration area, e.g. in front of a dislocation
pile-up group. On the other hand, if the stress act on the leading dislocation of a pile-up group is high
enough, that leading dislocation might be able to directly transfer to a new slip plane, which normally
has low disorientation angle with respected to the old plane, accompanied with the formation of
residual dislocation at the grain boundary to conserve the overall Burgers vector. The source strengths
significantly affect both indirect and direct slip transmission. On one hand for the indirect slip transfer,
low source strength leads to a large pile-up group in the parent grain and induce a high stress
concentration at the grain boundaries, the low strength also make the sources on the transmitted grain
easier to be activated. On the other hand for the direct slip transfer, low source strength leads to a high
stress concentration at the grain boundary which is same as indirect slip transfer. The high stress
acting on the leading dislocation makes it easier to overcome the grain boundary barrier and transfer
to the adjacent grain. Hence in general low source strength can enhance both indirect and direct slip
transfer.
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Figure 2-4 Schematic diagrams show the (a) indirect and (b) direct slip transmission through grain
boundaries.

Lee et al. [58] proposed three conditions which govern the direct slip transmission through grain
boundaries: (I) geometric condition, (II) resolved shear stress condition and (III) residual grain
boundary dislocation energy minimization condition. Experimentally, Wang et al. [59] and Simkin et
al. [60] characterised slip transfer in the activation of deformation twinning at grain boundaries.
Britton et al. [61] carried out nanoindentation tests on cubic materials and found that the grain
boundary with greater misalignment of slip systems tended to exhibit higher resistance to slip transfer.
In modelling approaches, the grain boundary energies with respect to the misorientation in
neighbouring grains were calculated utilising well-developed atomistic simulations in both cubic [6265] and hexagonal close-packed materials [66-69]. The energy barriers to dislocation transmission of
individual GBs was quantified by Sangid et al. [70]. Li et al.[71] introduced 2D discrete dislocation
plasticity (DDP) modelling by incorporating direct slip penetration based on grain boundary energies
to study the Hall-Petch effect. Liu et al. [72] found that the grain boundaries can massively obstruct
the dislocation transmission even at low misaligned grains by examining the interaction between
dislocations with low-angle grain boundaries using 3D discrete dislocation dynamics simulations.
Dunne et al. [17] demonstrated that there is indirect slip transfer occurring from prismatic systems in
the soft grain to the adjacent basal systems in the hard grain utilising crystal plasticity modeloling, and
also noticed that the slip transmission is grain boundary morphology dependent. The analysis of slip
transfer in terms of the geometrical alignment of activated slip systems in neighbouring grains using
both experiment and modelling techniques have recently been reviewed by Bieler et al.[73].
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2.6. Modelling techniques at different length scales
Traditional approaches to modeling focus on one scale, e.g. some constitutive relations are used to
solve the macroscale engineering problems while atomic level models are commonly used to solve the
detailed microscopic mechanism of a process. However, in order to fully understand the mechanism
of more complex systems, modelling techniques at a single length scale is not sufficient. During the
past decades, modelling techniques at different length scales have been developed based on physical
explanations. This work mainly utilises three modelling methods in order to understand the dwell
fatigue of titanium alloys: crystal plasticity, discrete dislocation plasticity and molecular dynamics
(MD). It worth noting that with decreasing the spatial scale, the associated time scale to resolve the
problem is also decreasing, as illustrated in Figure 2-5.

Figure 2-5 Modelling techniques at different length scales

2.6.1. Crystal plasticity finite element method
In the past 40 years, the crystal plasticity finite element method has been developed to solve
mechanical response of crystalline materials from single crystals to engineering parts [74-77]. The
simulations can be validated by experiments with respect to microstructural and mechanical quantities.
The crystal plasticity technique allows the grain crystallographic orientations and morphology to be
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explicitly captured. Slip from all slip systems are calculated independently governed by a slip rule
which is commonly related to the critical resolved shear stress and other material-dependent
parameters. The plastic deformation is determined by the summation of slip from every active system
[78]. Investigation of fatigue in metals has been carried out using crystal plasticity model since about
30 years ago [13, 16, 17, 40, 47, 79-81]. Hasija et al. [13] have developed rate-dependent crystal
plasticity for a near-α alloy Ti-6Al alloy and have carried out studies of load shedding. The highly
related room-temperature sensitivity of titanium alloys is studied using polycrystalline crystal
plasticity against experimental data [46-48, 82] (Section 2.3). Venkataramani et al. introduced a size
dependent CPFE model to study the strain rate sensitivity and creep response of Ti-6242 alloy [47]
and then utilised the model to show various microstructural variables which are responsible for
localized stress concentration due to load shedding, such as crystal orientation, misorientation, grain
size, Schmid factor and composition of phases [48]. Dunne et al. [16] introduced a slip rule based on
dislocation glide, which accounts for the elastic anisotropy and lengthscale effects in HCP crystals.
This model has been developed to address the stress relaxation and load shedding in α-Ti alloys [17].
Recently, the model was established to study the intrinsic strain rate sensitivity at submicron level
against the experimental micro pillar measurements [23, 83]. Kirane et al. [39, 84] developed a grainlevel fatigue crack nucleation criterion and implemented into CPFE model to identify the cold dwell
fatigue crack nucleation in Ti-6242 alloy. Wan et al. [85] proposed a stored energy criterion for
fatigue crack nucleation in polycrystals in which they argued that nucleation occurs when the stored
energy density achieves a critical value.

2.6.2. Two dimensional discrete dislocation plasticity modelling
Discrete dislocation plasticity is a modelling technique in which slip on defined active
crystallographic systems is represented through explicit representation and motion of discrete
dislocations. Dislocations in DDP are treated as discrete entities and are modeled as line singularities
in an elastic solid. The Burgers vector magnitude 𝑏 is introduced which give rise to the length scale
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nature of DDP modelling. In our two dimensional model, only edge dislocations are considered and
the displacement and stress fields within infinite-medium are given by Hirth and Lothe [86] as

𝑢𝑥 =

𝑏
1 𝑥𝑦
𝑥
− (1 − 𝜈)tan−1 ( )}
{ 2
2
2π(1 − 𝜈) 2 𝑥 + 𝑦
𝑦

𝑏
1 𝑦2
1
𝑥2 + 𝑦2
(1
𝑢𝑦 =
−
−
2𝜈)ln
{ 2
(
)}
2π(1 − 𝜈) 2 𝑥 + 𝑦 2 4
𝑏2

(2-2)

and

𝜎𝑥𝑥 =

𝐺𝑏
𝑦(3𝑥 2 + 𝑦 2 )
2π(1 − 𝜈) (𝑥 2 + 𝑦 2 )2

𝜎𝑦𝑦 =

𝐺𝑏
𝑦(𝑥 2 − 𝑦 2 )
2π(1 − 𝜈) (𝑥 2 + 𝑦 2 )2

𝜎𝑥𝑦 =

𝐺𝑏
𝑥(𝑥 2 − 𝑦 2 )
2π(1 − 𝜈) (𝑥 2 + 𝑦 2 )2

(2-3)

where (𝑥, 𝑦) is the relative position to the considered edge dislocation and 𝐺 , 𝜈 are the material
constants. The contours of the displacement and stress around a positive edge dislocation according to
(2-2) and (2-3) are plotted in Figure 2-6. From this figure, it may be seen that the material experiences
compression stress at the top of the dislocation due to the extra plane of atoms while is subjected to
tension stress under the dislocation. The stress field and the displacement along 𝑦 direction reduced to
zero when the position is far away (effectively infinity) from the dislocation, but there is a length of
𝑏/4 left along the slip plane, i.e. 𝑥-direction, when single dislocation escaped from the specimen. The
plastic deformation arises from the nucleation and glide of discrete dislocations.
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Figure 2-6 Displacement and stress field around a positive edge dislocation

The boundary value problems are solved using superposition method introduced by Van der Giessen
and Needleman [87] as shown in Figure 2-7. Considering a body of elastically isotropic material
subjected to a boundary conditions 𝒖 = 𝒖0 on 𝑆𝑢 and 𝑻 = 𝑻0 on 𝑆𝑓 . The problem of interest can be
solved as the superposition of the current instantaneous dislocation distribution within infinitemedium (referred as ̃ field) and a smooth image field that ensures that the boundary conditions are
satisfied (referred as ̂ field). The displacements 𝑢𝑖 , strains 𝜀𝑖𝑗 , and stresses 𝜎𝑖𝑗 are written as
𝑢𝑖 = 𝑢̃𝑖 + 𝑢̂𝑖 ,

𝜀𝑖𝑗 = 𝜀̃𝑖𝑗 + 𝜀̂𝑖𝑗 ,

𝜎𝑖𝑗 = 𝜎̃𝑖𝑗 + 𝜎̂𝑖𝑗

(2-4)

The dislocation field is an extension of the formulation of Lubarda et al. [88] and governing by (2-2)
and (2-3). i.e.
𝑁

𝑢̃𝑖 =

∑ 𝑢̃𝑖𝐽
𝐽=1

𝑁

,

𝜀̃𝑖𝑗 =

∑ 𝜀̃𝑖𝑗𝐽
𝐽=1

𝑁

,

𝜎̃𝑖𝑗 = ∑ 𝜎̃𝑖𝑗𝐽

(2-5)

𝐽=1

The image field is solved using the finite element method due to the absence of dislocations. The
DDP models in this work are developed for small-strain conditions; the formulations of small-strain
and finite-strain are compared by Deshpande et al. [89]
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Figure 2-7 General superposition method to solve the discrete dislocation boundary value problems [87].

The most popular studies carried out utilising discrete dislocation plasticity model are the Hall-Petch
effect [53, 54] due to the advantages of intrinsic length scales and various of boundary conditions can
be achieved such as uniaxial tension and compression [89-91], pure bending [92], micro-cantilever
bending [93], and nano-indentation [94]. Furthermore, DDP is also a powerful tool to predict fracture
of materials [87, 95-99] and is able to demonstrate the limitations of continuum models, for instance,
when the yield stress is too low or the underlying material cohesive strength is too high [100].
However, there are very limited studies of fatigue on DDP models because of two main reasons: first,
classic DDP model is commonly under high strain rate loading, e.g. ≥ 103 𝑠 −1 as addressed in Section
2.3, in which the associated time step is small enough to resolve the dislocation structure. The effect
of computational parameters was investigated by Segurado et al. [101]. Chakravarthy et al. [99]
introduced backward Euler method for calculating the dislocation velocity to replace the traditional
forward Euler scheme, which is argued to be more accurate to resolve the dislocation motion
especially when the stress field gradient is large. Secondly, there is no explicit time-associated
parameter but rather, the rate sensitivity comes from the strength assigned to obstacles, i.e. the leading
dislocation is released from an obstacle immediately once the resolved shear stress exceeds a critical
strength, so that classical DDP cannot account for the thermal activation processes particularly at
lower strain rates. Thermal activation is thought to be important in the context of enabling the escape
of pinned dislocations, for example by obstacles such as solute atoms or small precipitates, simply by
the freeing of the pinned dislocation, the development of dislocation jogs, or through dislocation
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climb. Monnet et al. [102] investigated hardening in a zirconium single crystal using a 3D DDP model
in which the mobility of the dislocation is controlled by a kink-pair mechanism. Similarly, studies of
dislocation climb and creep behaviour in Ni base superalloy using 3D DDP model was carried out by
Hafez Haghighat et al. [103]. Their model was able to predict the rate sensitivity in the low strain rate
regime (𝜀̇ < 10−3 s−1 ). The analysis was developed using a phenomenological form for the activation
free energy associated with dislocation–obstacle interactions based on the body-centred cubic (BCC)
crystals study [104]. Hence, their model does not include the dislocation pile-up in front of individual
obstacles and no rate sensitivity during nucleation process because new dislocations are introduced
using periodic boundary conditions.
The recent work by Olarnrithinun et al. [95] investigated the hexagonal crystals using two
dimensional discrete dislocation plasticity modelling. The anisotropy of the materials is achieved by
using different drag coefficient 𝐵 and Peierls stresses on different slip systems. However, in Chapter 5,
I demonstrated that the dislocation free flight (controlled by 𝐵) between obstacles does not contribute
to the rate sensitivity at the low strain rate regimes investigated here. Hence in the current study, the
same drag coefficient is used for all system and the friction stresses are neglected for the purpose of
reducing computation cost.
The grain boundaries in the two-dimensional DDP models are typically assumed to be impenetrable to
dislocations. This might introduce an artificially high stress concentration at the boundaries due to the
large population of dislocation pile up. Li et al. [71] introduced the penetrable grain boundary model
and compared with the impenetrable model. The flow stresses and hardening rates were found to be
lower when dislocation penetration is permitted. The grain boundary energy with respect to the
misorientation of the two adjacent grains is required in the calculation which can be extracted from
bicrystal atomistic simulations. Grain boundary sliding is considered by Quek et al. [105] to study the
inverse Hall-Petch effect in nanocrystalline metals. The plastic deformation is dominated by the grain
boundary sliding rather than dislocation gliding within grains when the average grain size is
extremely small (10−9 𝑚) [106]. In the current study, the average grain size is at the order of 10−6 𝑚,
hence grain boundary sliding is not considered.
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2.6.3. Atomistic simulations of grain boundary energies
Moving to even smaller length scales, the atomistic modelling approach allows for explicit
representation of three dimensional arrays of atoms. The interactions between atoms are determined
by the interatomic potential and the energy of the whole system is minimised under the applied
boundary conditions, e.g. displacement, pressure and temperature. The motion of discrete atoms is
solved by applying Newton’s equations. The atomistic simulations have been well developed during
the past a few decades, hence the overview and formulation of the model are not discussed here; a
detailed presentation with examples is provided in the textbook is written by Frenkel and Smit [107].
In the context of grain boundary energies, the formation of grain boundaries can be achieved by
rotating the crystal orientations of neighbouring packs of atoms from perfect stacking of a single
crystal. A considerable number of atomic simulations were performed to study the mechanism
associated with dislocation interaction with grain boundaries. Various data of grain boundary energies
with respect to the misorientation in neighbouring grains were calculated in both cubic [62-65] and
hexagonal close-packed materials [66-69]. The energy barriers to dislocation transmission of
individual GBs was quantified by Sangid et al. [70]. Spearot and Sangid [108] recently reviewed the
slip transfer through grain boundaries using various atomistic models. Among the simulation efforts,
an interesting method which coupled atomistic model and discrete dislocation plasticity model was
introduced by Dewald and Curtin [109-111]. In their multiscale modelling, they were able to
investigate a group of dislocation pile-up, rather than single dislocation in most of atomistic
simulations, interacting with grain boundaries. They have succeed validate the slip transmission
criteria proposed by Lee et al. [58].

2.7. Summary
The literature reviewed covers studies of dwell fatigue in both experiments and modelling work. The
importance of crystallography, grain morphology, loading conditions, material intrinsic properties and
other parameters are addressed in order to understand the load shedding phenomenon. However, from
the literature surveyed, there is no work able to explicitly capture the local dislocation activities and
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the associated stress development during the dwell loading history, and the dislocation-level
mechanisms behind the phenomenon are still not fully understood.
Therefore, this thesis presents a range of model developments and systematic studies to develop a
better understanding of load shedding in polycrystalline titanium alloys. The fundamentals of classic
discrete dislocation plasticity and crystal plasticity methods together with preliminary results are
presented in Chapter 4. A new mechanistic formalism for incorporating thermally activated
dislocation escape is introduced and the rate sensitivity of DDP modelling is discussed in Chapter 5.
The load shedding in Ti-6Al (Chapter 6) and Ti624x alloys (Chapter 7) are investigated using the new
developed DDP model. The effect of grain morphology and crystallography are also provided. The
influence of slip transfer through grain boundaries on dwell fatigue behaviour is emphasized in
Chapter 8. Next, Chapter 9 presents studies addressing the load shedding at different temperatures.
The deformation mechanism under dwell fatigue loading are summarized and categorized into three
scenarios. Finally, a conclusive summary of the research studied and recommended future works are
outlined in Chapter 10.
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Chapter III
3. Model formulations
3.1. Discrete dislocation plasticity modelling
3.1.1. Classic DDP model of HCP crystals
A small-strain, two-dimensional, plane strain discrete dislocation formulation is established for
hexagonal close packed (HCP) polycrystals. These crystals in general permit slip along basal,
prismatic, and pyramidal 〈𝑎〉-type systems, together with type I and type II pyramidal 〈𝑐 + 𝑎〉-type
systems as detailed in Figure 1-3. The plane strain condition imposes the constraint that out-of-plane
slip is not permitted and a consequence is a constraint on the slip system activation which is then
consistent. Consider, for example, two adjacent grains, one well-aligned (soft) and the other badly
aligned (hard) for slip. Of the HCP slip systems shown in Figure 1-3, in order to maintain conditions
of plane strain, only prismatic slip is allowed in the soft grain, and in the hard grain one basal slip
system together with two 1st order 〈c + 𝑎〉 pyramidal slip systems are permitted (see Appendix A for
details). These combinations of orientations are depicted in Figure 3-1a and Figure 3-1b respectively.
While the two-dimensional simplification reduces generality, it does not preclude physical insight into
the mechanistic basis of the deformation processes taking place.

Figure 3-1 Schematic diagrams of slip systems in the (a) soft grain and (b) hard grain which maintains
the plane strain conditions.
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Figure 3-2 Source strength 𝜏𝑛𝑢𝑐 distribution with the same mean strength and different standard
deviations of (a) 0.02𝜏̅𝑛𝑢𝑐 , (b) 0.05𝜏̅𝑛𝑢𝑐 and (c) 0.2𝜏̅𝑛𝑢𝑐 . The fitting curves of (a-c) are compared in (d).

The potentially active slip systems are characterised by an angle 𝜑 (𝑖) with respect to the positive 𝑥axis. All slip planes are modelled as 100𝑏 apart. It has been found that if one slip plane is activated,
the sources located on adjacent planes are never going to be activated and 100𝑏 slip plane spacing
gives a convergent and accurate solution of crystal responses.
The crystals are taken to be dislocation free initially but with Frank-Read sources and obstacles
randomly distributed on all slip planes with a density of 𝜌𝑛𝑢𝑐 and 𝜌𝑜𝑏𝑠 respectively (although in some
literatures [112], the obstacles are distributed as double-ended of the source to magnify the effect of
obstacles, random distribution is better representative of the real materials and can achieve the effect
as double-ended model by increasing the obstacle density).
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Each source is randomly assigned a nucleation strength 𝜏𝑛𝑢𝑐 from a normal distribution of mean value
𝜏̅𝑛𝑢𝑐 and standard deviation 0.2𝜏̅𝑛𝑢𝑐 . Histograms in Figure 3-2 show the effect of the standard
deviation on the source strength distribution. The mean value 𝜏̅𝑛𝑢𝑐 is taken to be 110MPa for all cases
as measured by Tarleton et al. [93] of commercial pure titanium and with increasing the standard
deviation, the probability of the low strength sources is increased. A high standard deviation helps to
avoid the sudden stress drop at the elastic-plastic transition period which is reported by Balint et al.
[91].
Edge dislocations only with Burgers vector magnitude 𝑏 are generated from the sources, as shown in
Figure 3-3, if the resolved shear stress 𝜏 on the source exceeds its strength for a period of time, i.e.
nucleation time 𝑡𝑛𝑢𝑐 , which subsequently glide along the corresponding slip plane. The nucleation
time has been estimated by Benzerga [113] and developed by Agnihotri and Van der Giessen [114] as

𝑡𝑛𝑢𝑐 = 𝜂1 𝜂2

𝜙
𝜏𝑏

(3-1)

where 2𝜙 is the source length, 𝜂2 is treated as a constant related to the viscous drag coefficient 𝐵, and
𝜂1 is an enhancement factor which describes the dislocation multiplication from semi-ellipse (config
1) to complete dislocation loop (config 2) as shown in Figure 3-3. The initial length of the dipole is
chosen such that the attraction stress between dislocations is equilibrated to the applied stress
field 𝜏𝑛𝑢𝑐 , thus giving

𝐿𝑛𝑢𝑐 =

𝐺𝑏
2𝜋 𝜏𝑛𝑢𝑐 (1 − 𝜈)

(3-2)

in which 𝐺 and 𝜈 are the shear modulus and Poisson’s ratio respectively [87]. For a source with
length 2𝜙, its strength can be calculated by 𝜏𝑛𝑢𝑐 = 𝐺𝑏⁄𝜙. It worth to note that, Chakravarthy and
Curtin [112] described a method that introduce the new dipole gradually instead of inserting the
dipole after the nucleation time is reached. For the titanium alloys considered in this thesis, the
nucleation time is at least 5 orders of magnitude smaller than the obstacle escaping time. Hence the
effect of nucleation process plays negligible role in the deformation process.
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Under the circumstance which nucleation strength is low and source density is high, the initial dipole
length 𝐿𝑛𝑢𝑐 might be larger than the obstacle spacing which is unphysical. This is not problematic for
the DDP model used in this titanium alloy study: the maximum initial-length of the dipole is 𝐿𝑛𝑢𝑐 ≤
150𝑏 which is smaller than the shortest distance between source and obstacle, which is beyond 500𝑏.
A further check is carried out during source distribution to ensure that no obstacle is located closer to
the source than the initial dipole length.
Gorman et al. [115] demonstrated that the dislocation velocity is approximately linearly proportional
to the applied-resolved shear stress by measuring the displacements of individual dislocations
produced under stress pulses of known duration. In the DDP model, the glide velocity of the 𝑖th
dislocation is governing by the Peach-Koehler force 𝑓 𝑖 through the drag relation [86]
𝑓 𝑖 𝜏 𝑖 𝑏𝑖
𝑣 = =
𝐵
𝐵

(3-3)

𝑖

where 𝜏 𝑖 and 𝑏 𝑖 are the resolved shear stress and the magnitude of Burger vector of dislocation 𝑖
respectively. Two dislocations on the same plane with opposite Burgers vector annihilate if they are
within a critical annihilation distance 𝐿𝑒 = 6𝑏. Dislocation annihilation is modelled by dislocation
removal when the annihilation distance is reached.

Figure 3-3 Planar representation of a Frank-Read source.
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The boundary value problem is then resolved utilising the superposition method developed by Van
der Giessen and Needleman [87] as discussed in Section 2.6.2. Elastic isotropic material constants are
considered in this thesis.

3.1.2. Thermal activation processes
In the classic DDP model, the leading dislocation of a pile up group is released from an obstacle
immediately once the resolved shear stress exceeds a critical strength 𝜏𝑜𝑏𝑠 . Furthermore, in most DDP
simulations reported to date, the obstacle strengths are chosen to be identical to each other and are not
time-dependent, i.e. the obstacle escaping process does not contribute to the rate sensitivity of the
material. The investigation of dislocation nucleation and mobility has demonstrated that these
mechanisms clearly contribute to crystal sensitivity to strain rate provided rates are in excess of
about 103 s−1 [114]. However, rate sensitivity is well known to become significant at much lower
strain rates in many metallic systems, particularly for homologous temperatures (𝑇⁄𝑇𝑚 ) in excess of
about 0.3. Further, for the case of two-phase, near-alpha titanium alloys [116, 117], the rate sensitivity
is known to be strong even at 20℃ and below [118]. While there is much evidence for the rate
sensitivity, including room temperature creep and stress relaxation [119-122], the mechanistic basis
remains elusive. For example, there is no clear (e.g. TEM) evidence for dislocation climb mechanisms
operating, and the previous work [114] suggests that neither dislocation nucleation through FrankRead sources nor the mobility itself is sufficient to explain the low-temperature empirical
observations of rate sensitivity. Hence it is argue that an additional mechanism operates facilitating
slip and introducing a much stronger rate sensitivity at low temperature, and that it is the rate
controlling process of combined obstacle pinning of dislocations together with thermally activated
escape.
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Figure 3-4 Schematic diagram of (a) a dislocation escaping an obstacle through a thermal activation
process and (b) the corresponding energy barrier curves [16].

The motion of dislocations can be hindered by several types of obstacle such as forest dislocations,
solute atoms and small precipitates, etc. The strengthening mechanisms of the two phase titanium
alloys considered in this thesis are argued to be precipitate strengthened [123]. For the pseudo alpha
Ti6Al alloy discussed in Chapter 5 and Chapter 6, sufficient content of Al leads to the formation of
Ti3Al particles which serves as obstacles. Furthermore, in the two phase titanium alloys discussed in
Chapter 7 to Chapter 9, the phase boundaries also block the dislocation movement which can be
approximated as precipitation strengthening. In the DDP formulation presented here, obstacles are
modelled as points on the slip planes and may be assigned a time 𝑡𝑜𝑏𝑠 , in a similar manner to the
nucleation time discussed above, which is a thermal activation-related, stress-related variable
describing the required time for pinned dislocations to escape obstacles. Consider a dislocation line
gliding along its slip plane which becomes pinned by a group of obstacles as shown in Figure 3-4a.
The dislocation experiences a thermal activation event under the applied stress 𝜏 enabling it to attempt
to overcome the energy barrier and escape the obstacles. The general expression for the number of
thermal activations per unit time is [124]:
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𝛤 = 𝜈𝑒𝑓𝑓 ∙ exp (−

∆𝐺
)
𝑘𝑇

(3-4)

where ∆𝐺 is the Gibbs free energy, 𝑘 the Boltzmann constant, 𝑇 the temperature and 𝜈𝑒𝑓𝑓 = 𝜈𝐷 𝑏/𝑙𝑜𝑏𝑠
is the frequency of attempts of dislocations to jump the energy barrier, in which 𝜈𝐷 is the Debye
frequency, 𝑏 the magnitude of Burgers vector and 𝑙𝑜𝑏𝑠 is the pinning distance, i.e. the obstacle spacing.
As shown in Figure 3-4b, the work carried out by the applied stress is 𝜏 ∗ ∆𝑉, in which 𝜏 ∗ is the
effective slip driving stress and ∆𝑉 is the activation volume. The Gibbs free energy under the stress
field can be calculated by
∆𝐺 = ∆𝐹 − 𝜏 ∗ ∆𝑉

(3-5)

in which ∆𝐹 the activation energy. Substitute (3-5) into (3-4), the frequency of successful jumps to
escape obstacles of only forward activation is given by

𝛤=

𝜈𝐷 𝑏
∆𝐹
𝜏 ∗ ∆𝑉
exp (− ) exp (
)
𝑙𝑜𝑏𝑠
𝑘𝑇
𝑘𝑇

(3-6)

This expression was subsequently utilised by Dunne [16] considering both forward and backward
activation events to give

𝛤=

𝜈𝐷 𝑏
∆𝐹
𝜏 ∗ ∆𝑉
exp (− ) sinh (
)
𝑙𝑜𝑏𝑠
𝑘𝑇
𝑘𝑇

(3-7)

In discrete dislocation plasticity, the effective stress drive the thermal activation 𝜏 ∗ is the resolved
shear stress acting on the pinned dislocation 𝜏𝑑𝑖𝑠 . The work done by this process is then 𝜏𝑑𝑖𝑠 ∆𝑉 𝐷𝐷 ;
hence, the escaping frequency is

𝛤=

𝜈𝐷 𝑏
∆𝐹
𝜏𝑑𝑖𝑠 ∆𝑉 𝐷𝐷
exp (− ) sinh (
)
𝑙𝑜𝑏𝑠
𝑘𝑇
𝑘𝑇

(3-8)

The value of 𝑡𝑜𝑏𝑠 can be derived based on the local thermal activation event which may be expressed
as the inverse of the successful jump frequency, i.e. 𝑡𝑜𝑏𝑠 = 1⁄𝛤 . Hence, I argue that the average
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dislocation velocity at low strain rate is controlled by the obstacle spacing 𝑙𝑜𝑏𝑠 and estimate its
magnitude to be

𝑣𝑔𝑜𝑏𝑠 =

𝑙𝑜𝑏𝑠
∆𝐹
𝜏𝑑𝑖𝑠 ∆𝑉 𝐷𝐷
= 𝜈𝐷 𝑏exp (− ) sinh (
)
𝑡𝑜𝑏𝑠
𝑘𝑇
𝑘𝑇

(3-9)

3.1.3. The grain boundary slip transfer model
A 2D discrete dislocation model with GB-dislocation penetration was first introduced by Li et al. [71]
and two main processes are considered in the model: (I) direct transmission of dislocations across the
grain boundaries and (II) dislocation re-emission from the residual dislocation content at the GBs. The
geometric and residual grain boundary dislocation energy minimization conditions for slip transfer are
established by considering the incoming and outgoing active slip systems at a grain boundary, and the
associated resolved shear stresses. Consider a group of dislocations piling up at the GB as shown in
Figure 3-5a; the resolved shear stress 𝜏 acting on the leading dislocation must be larger than or equal
to the critical value 𝜏pass to enable the penetration of the GB, as described in [71], which may be
expressed energetically as
𝜏𝑏12 ≥ 𝜏pass 𝑏12 = 𝐸𝑔𝑏 𝑏1 + 𝛼𝐺(∆𝑏)2

(3-10)

in which 𝑏1 , 𝑏2 and ∆𝑏 are the magnitudes of the Burgers vectors of incoming, outgoing and residual
dislocations at the GB respectively, 𝛼 ≈ 1 (a material constant), 𝐺 is the shear modulus and 𝐸𝑔𝑏 is the
GB energy per unit area. The value of 𝐸𝑔𝑏 as a function of misorientation angle can be obtained from
atomistic simulations. The left term of inequality (3-10) is the external work done by the shear stress 𝜏
on the leading dislocation of the pile-up. The two terms on the right of inequality (3-10) represent the
GB energy barrier and the strain energy of the residual dislocation.
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Figure 3-5 Schematic illustration of the GB slip transfer model: (a) dislocation transmission across GB
and (b) dislocation re-emission of the accumulated residual dislocation [71].

The residual dislocation re-emission, as described in Figure 3-5b, is also considered in the model.
From the energy point of view, the re-emission of the accumulated dislocation must satisfy the
following condition:
𝑛

𝐺𝑏 2
𝑅
𝛼𝐺(∆𝐵) ≥ [𝛼𝐺𝑏 + 𝛼𝐺(𝛿𝑏) +
∑ ln ( )]
2𝜋(1 − 𝜈)
𝑥𝑖
2

2

2

(3-11)

𝑖=1

in which ∆𝐵, 𝑏 and 𝛿𝑏 are the magnitudes of Burgers vectors of accumulated residual dislocation
before re-emission, the emitted dislocation and the newly generated residual dislocation respectively,
and 𝜈 is the Poisson's ratio, 𝑅 the screening length of the dislocation stress field, and 𝑥𝑖 is the distance
between the emitted dislocation and the 𝑖 th dislocation on the out-going slip plane before the
dislocation re-emission event. The left term of inequation (3-11) is the energy of accumulated
dislocations while the right terms denote the energy of the emitted dislocation, new residual
dislocations and the elastic interaction energy between the emitted dislocation with the dislocations on
the outgoing slip plane. In order to emit a complete dislocation, the projection of the accumulated
dislocation magnitude ∆𝐵 on the outgoing plane must be larger than or equal to one Burgers vector
magnitude.
Although the slip transfer can be achieved by assigning a critical strength of the grain boundary 𝜏𝐺𝐵
and dislocations can be transferred to the adjacent grain once the critical strength is reached. However,
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this method requires the information about the grain boundary strength and there is no direct
measuring method available. Furthermore, this critical strength might be related to other factors such
as grain boundary morphology and the dislocation structure in the adjacent grain. While in the model
described by Li et al. [71], the dislocation transmission criterion is based on the grain boundary
energy. The energy barrier provided by grain boundaries depends on the crystal misorientations
between two adjacent grains as well as the grain boundary morphology. This can be calculated using
atomistic simulation. Hence in this study, Li’s model is using to investigate the load shedding
phenomenon in titanium alloys. The slip transfer algorithm is implemented in the DDP model
described in Chapter 8 and Chapter 9 while the impenetrable grain boundaries are utilized in Chapter
4 to Chapter 6.

3.1.4. The implementation of algorithms into DDP model
The implementation of thermal activation process and slip transfer into classic discrete dislocation
plasticity model requires a different computational strategies. In this section, the code development of
the above two algorithms are outlined. An adaptive time step scheme is introduced so that the low
strain rate can be achieved. The flow chart of the code is shown in Figure 3-6. Overall the main loop
of the simulation can be divided into two parts: (1) small time step loop and (2) large time step loop.
A time step 0.5𝑛𝑠 is required to resolve the dislocation dynamics. In the small time step loop, such
constant time increment is used to obtain the equilibrium structure of dislocation pileup. An
underelaxation method is used to correct the dislocation velocities within pileup group. Dislocation
transmission through grain boundaries is also achieved in this loop which is governed by (3-10) and
(3-11). Both the pinning and releasing of dislocations from obstacles are operated within this part of
the code. Dislocations are not allowed to jump through or overlap with the front dislocation. The
dislocation velocity is slowed down if this happens. Once dislocations reach the free surfaces of the
specimen, they are moved to an effective infinite distance far away from the specimen. Equilibrium
check is conducted at the end of each increment in the small time step loop. If the number of
dislocations is the same as that in previous increment and the max dislocation movement in this
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increment is smaller than a threshold distance, e.g. one magnitude of Burgers vector, the status is
treated as equilibrium and the code is switched to the large time step loop.
In the large time step loop, an increasing factor 𝑓𝑖𝑛𝑐 (e.g. =10) is introduced to modify the time step.
Since the dislocation structure already reached equilibrium in the small time step, dislocation
positions are not updated under large time steps. Dislocation escaping from obstacles is checked after
switching to large time step. The escaping time governed by (3-8) is stress-dependent. Hence the
resolved shear stress on the leading dislocation of a pileup is calculated first calculated and then the
obstacle escaping time 𝑡𝑜𝑏𝑠 can be obtained. A parameter 𝜂 is defined to analyse the level of ‘success’
of the thermal activation process, 𝜂 = ∆𝑡⁄𝑡𝑜𝑏𝑠 , where ∆𝑡 is the time that has elapsed since the
dislocation was pinned and 𝑡𝑜𝑏𝑠 is the total required time to escape.
Once the parameter 𝜂 is higher or equal to 1, the pinned dislocation is released from the obstacle and
the equilibrium status is therefore broken. On the other hand, if any sources are activated during this
process, the equilibrium status is also broken. In these cases, the simulation status need to return to
previous increment and the main loop need to switch back to small time step loop, therefore the
accurate time of releasing dislocations from obstacles or the nucleation of new dislocation dipoles can
be obtained.
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Figure 3-6 Flow chart of discrete dislocation plasticity code
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3.2. Crystal plasticity modelling
3.2.1. Crystal plasticity framework
Crystal plasticity finite element modelling based on explicit representations of experimentally
observed microstructures [125-129] is able to accurately calculate strain and stress response on all
length scales from single crystals to engineering parts. The crystal plasticity framework based on the
kinematic decomposition of the deformation gradient 𝑭 into elastic and plastic parts as [130]
𝑭 = 𝑭𝑒 𝑭𝑝

(3-12)

and the plastic deformation depends upon the crystallographic slip in a given slip system 𝛼 with slip
direction 𝒔𝛼 and slip plane normal 𝒏𝛼 may be written as

𝑭𝑝 = 𝑰 + ∑ 𝜸𝛼 (𝒔𝛼 ⊗ 𝒏𝛼 )

(3-13)

The velocity gradient of the plastic part is therefore given by
𝑳𝑝 = 𝑭̇𝑝 𝑭𝑝 −1 = ∑ 𝜸̇ 𝛼 (𝒔𝛼 ⊗ 𝒏𝛼 )

(3-14)

in which 𝜸̇ is the shear strain rate. The method of calculation the strain rate, which is commonly
known as the slip rule, is crucial in crystal plasticity modelling. In this work, the slip rule is
introduced by Dunne et al.[16] based on consideration of the pinning dislocations thermally activated
escape from the obstacles. The shear strain rate can be calculated as [131]
𝛾̇ = 𝜌𝑚 𝑣𝑔 𝑏

(3-15)

where 𝜌𝑚 is the mobile dislocation density and 𝑣𝑔 is their average gliding velocity. The average glide
velocity is given by the multiplication of thermal activation event 𝑑 and rate of escape 𝛤 of
dislocations, i.e. 𝑣𝑔 = 𝑑 × 𝛤. The thermal activation escape rate is given by (3-7), hence the average
glide velocity is
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𝑣𝑔 =

𝑑𝜈𝐷 𝑏
∆𝐹
𝜏 ∗ ∆𝑉
exp (− ) sinh (
)
𝑙𝑜𝑏𝑠
𝑘𝑇
𝑘𝑇

(3-16)

In the crystal plasticity model, the effective stress driven the thermal activation process is 𝜏 ∗ = 𝜏 − 𝜏𝑐
where 𝜏𝑐 is the critical resolved shear stress. In this study, the critical resolved shear stress study is
based on Taylor’s dislocation model[132] which is given by
𝜏𝑐 = 𝜏𝑐0 + 𝐺𝑏√𝜌𝑆𝑆𝐷 + 𝜌𝐺𝑁𝐷

(3-17)

where 𝜏𝑐0 is the initial, strain free critical resolved shear stress for a given slip system, 𝜌𝑆𝑆𝐷 and 𝜌GN𝐷
are the statistically stored dislocation (SSD) and geometrically necessary dislocation (GND) density.
The GND density is set to zero in this study due to the small strain condition and the low strain
gradient. The SSD density is taken to evolve with the rate of accumulated slip, 𝑝̇ , such that
𝜌𝑆𝑆𝐷 = 𝛾 ′ 𝑝̇

(3-18)

where 𝛾 ′ is the hardening rate which can be determined from calibration with experimental hardening
observations. The activation volume in crystal plasticity model is defined as ∆𝑉 𝐶𝑃 = 𝛾0 𝑏 2 /√𝜌𝑜 , in
which 𝛾0 is a representative shear strain magnitude that is conjugate to the slip system resolved shear
stress, and 𝜌𝑜 is the overall obstacle density. Substituting (3-16) into (3-15), the slip rate is given as

𝛾̇ =

(𝜏 − 𝜏𝑐 )𝛾0 𝑏 2
𝜌𝑚 𝑑𝜈𝐷 𝑏2
∆𝐹
exp (− ) sinh (
)
𝑙𝑜𝑏𝑠
𝑘𝑇
𝑘𝑇√𝜌𝑜

(3-19)

In the crystal plasticity model, the dislocation velocity is only controlled by the thermal activation
process, i.e. there is no contribution come from the mobility of the dislocation free flight. Hence the
thermal activation event 𝑑 can be treated as the average obstacle spacing 𝑙𝑜𝑏𝑠 , i.e. 𝑑 ≈ 𝑙𝑜𝑏𝑠 . Thus the
slip rate is given by

𝛾̇ = 𝜌𝑚 𝜈𝐷 𝑏 2 exp (−

(𝜏 − 𝜏𝑐 )𝛾0 𝑏2
∆𝐹
) sinh (
)
𝑘𝑇
𝑘𝑇√𝜌𝑜
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(3-20)

It is worth pointing out that in (3-8), the shear stress 𝜏𝑑𝑖𝑠 appears rather than 𝜏 − 𝜏𝑐 as in (3-20). In the
crystal plasticity model, plastic slip only occurs when the critical resolved shear stress is exceeded. In
DDP, slip arises directly from the dislocations in the system, hence if dislocations exist (i.e. they have
already been nucleated) they will move according to (3-3) without needing to exceed a threshold
stress*. In the same way, when a dislocation is pinned at an obstacle it does not need to exceed a
threshold value for the thermal activation event to begin, even if the stress is lower than the source
strength, although residency is prolonged at lower stress. The friction stress for glide is usually
neglected, especially at the low strain rate regimes. The time constant associated with free flight is
much shorter compared to that for the thermally activated obstacle escape process. Even if (3-3) was
developed to include the Peierls barrier, the time elapsed for dislocations travelling between obstacles
is negligible. A consequence of the difference in the effective slip driving stress is that the activation
volumes needed for the two models are different to ensure the same work done 𝜏 ∗ ∙ ∆𝑉 for slip is
achieved. The optimal DDP activation volume ∆𝑉 𝐷𝐷 to capture the same rate sensitive response is
found to be 0.5𝑏 3 (much smaller than the value in CP model ∆𝑉 𝐶𝑃 ≈ 18𝑏 3). Using the properties of
titanium alloys the DDP calculation for uniaxial tension gives the work done on the pinned
dislocations to be between 1.44~4.32 × 10−20 𝐽. At the corresponding location within the CP model,
the work done is found to be between 2.46~3.69 × 10−20 𝐽. Although the work done range is slightly
broader for the DDP model, due to differing numbers of dislocations in each pile-up group, the slip
energies for each model are seen to be very close.

*

Unless a friction stress is included in the mobility law, which is not used here.
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Chapter IV
4. Preliminary results
In this chapter, the preliminary results of DDP and CP modelling are presented. These results were
created at the early stage of the Ph.D. research, hence the modelling methodology follows classic
strategies as in [16, 87], i.e. neither thermal activation nor slip transmission is included in the DDP
model. The purpose of this chapter is to valid the model by comparing with published data [89, 91]
and to provide sensitivity study of computational parameters.

4.1. Discrete dislocation plasticity
In the classic 2D DDP model considered here, in principle both basal and prismatic 〈𝑎〉-type slip are
permitted along with appropriate 〈𝑐 + 𝑎〉 -type pyramidal slip which satisfies the plane strain
constraint. However, for the purposes of the parameter study, I consider only 〈𝑎〉-type prism slip with
reference orientation as shown in Figure 4-1b. Figure 4-1a shows schematically a rectangular region
with height 𝐻and width 𝑊, within which dislocation slip is permitted. The grains are of size 𝑑 × 𝛽𝑑
where 𝛽 = 𝑊 ⁄𝐻.

Figure 4-1 (a) Two-dimensional representation of a polycrystalline material under uniaxial tension with
source, obstacle structure and dislocation dipoles; (b) reference orientation of 〈𝑎〉 -type prism slip
systems

In this section, the effect of both material constants, such as source density, grain sizes, and
computational parameters of DDP model, such as number of constraint points, finite element size, are
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presented. The material constants using in this section, as detailed in Table 4-1, are set up to mimic
commercially pure titanium (CP-Ti), which were obtained from the fitting of simulated loaddeflection responses over a range of specimen sizes to experimental micro-cantilever data in Tarleton
et al. [93].
Table 4-1 Model parameters used in DDP model unless stated otherwise

𝐺(MPa)
39500
𝜂1
10

𝜈
0.33
𝜂2
9𝐵

𝑏 (nm)
0.295
𝐵(Pa ∙ s)
10−4

𝜌𝑛𝑢𝑐 (μm−2 )
5
𝜌𝑜𝑏𝑠 (μm−2 )
50

𝜏̅𝑛𝑢𝑐 (MPa)
110
𝜏𝑜𝑏𝑠 (𝑀𝑃𝑎)
330

4.1.1. Comparison of single crystal and polycrystal
In order to understand the differences between single and polycrystalline specimens, two models with
the same size has been established. The polycrystal consist of 16 grains with identical reference
crystallographic orientation. The tensile stress, 𝜎𝑥𝑥 , versus strain, 𝜀𝑥𝑥 , responses of are shown in
Figure 4-2a. The first dislocation occurs at 𝜎𝑥𝑥 = 160MPa for both single and polycrystalline
specimens. The flow stress of polycrystal displays a considerable stronger hardening due to the
dislocation piling up at the grain boundaries. The evolution of the dislocation density is plotted in
Figure 4-2b. In contrast to the single crystal specimen, the dislocation density in polycrystalline
specimen increased significantly during the loading history.
Figure 4-3 compared the stress 𝜎𝑥𝑥 distribution at strain 𝜀𝑥𝑥 = 1% and the associated dislocation
structure of single and polycrystalline specimens. The stress distribution is nearly uniform in the
single crystal specimen with few stress concentration locations associated with individual dislocation.
On the contrary, large dislocation populations are piling up around the grain boundaries in the
polycrystal which induces the stress concentration near the boundaries.
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Figure 4-2 Tensile response of single crystal and polycrystal (a) overall stress versus strain; (b) evolution
of dislocation density with strain.

Figure 4-3 Stress 𝜎𝑥𝑥 distribution at strain 𝜀𝑥𝑥 = 1% and the associated dislocation structure of
(a) single and (b) polycrystalline specimens

The slip is quantified as the summation of resolved shear strain 𝛾 on each slip systems [91]

ζ=∑

3

|𝛾 (𝛼) |

𝛼=1

(𝛼)

(4-1)
(𝛼)

𝛾 (𝛼) = 𝑠𝑖 𝜀𝑖𝑗 𝑛𝑗
(𝛼)

in which 𝑠𝑖

(𝛼)

and 𝑛𝑗

are the slip direction and slip plane normal of slip system 𝛼 respective, and 𝜀𝑖𝑗

is the strain field. The slip contours of single and polycrystal results are compared in Figure 4-4. In
single crystal, the slip occurs on two specific slip planes which contain the sources with lowest
strength. After nucleation from these sources, the dislocations are free to exit from the free surfaces,
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the back stress from these dislocations acting on the sources reduce, i.e. the total resolved shear stress
on the sources increases, and the sources is able to reactivate and this process repeat. On the contrary,
there is no continuous slip like in Figure 4-4a occur in the polycrystal. The slip band is not as strong
as in the single crystal and terminated at the grain boundaries. The stress concentration at the
boundaries and the increasing of overall stress field leads to the nucleation of more sources, even the
ones with high strength, hence more slip bands are observed in the polycrystal specimen.

Figure 4-4 The distribution of total slip ζ in (a) single and (b) polycrystalline specimens

4.1.2. Grain size and source density effect
The effect of grain size and source density on the plastic behaviours of single crystal is investigated.
The model sample is similar as shown in Figure 4-1a but the model size and source density varies. In
the size effect study, source density is kept at 50μm−2 and four grain sizes are considered here:
𝐻 = 0.5μm, 1.0μm, 2.0μm and 4.0μm. The stress-strain responses and dislocation density evolution
are shown in Figure 4-5. In all calculations, the first dislocation nucleated at 𝜎𝑥𝑥 ≈ 110MPa and
subsequently, the flow stress decreases with increasing the grain size. The steady stress of the largest
size 𝐻 = 4.0μm is about 60MPa lower than the smallest one 0.5μm but with further increasing the
sample size, the flow stress is not reduced to lower magnitude. The periodic fluctuations in stress in
small specimen correspond to dislocations nucleating and then exiting the specimen which also can be
observed from the corresponding dislocation density evolutions in Figure 4-5b.
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Figure 4-5 Tensile responses of single crystal with different size (a) overall stress versus strain; (b)
evolution of dislocation density with strain.

On the other hand, I keep the specimen size at 𝐻 = 2.0μm and consider the source density varies
from 5μm−2 to 50μm−2. The tensile responses are plotted in Figure 4-6. The first observation is that
the flow strength of material decreases with increasing the source density. With more nucleation sites,
the specimen is easier to deformed compare with the one with low source density (LSD). The
corresponding dislocation density shows that there are more dislocations generated in the high source
density (HSD) specimens. The distribution of stress 𝜎𝑥𝑥 and corresponding dislocation structure of
two selected source density are shown in Figure 4-7a and Figure 4-7b respectively. The stress
distribution is lower in the HSD specimen and more dislocations exist at the end of loading.
Furthermore, there are more slip planes of different slip systems activated in HSD specimen while
only two slip planes are activated in the LSD specimen. This is because high density of the sources
increase the number of sources with low strength, even the mean value and standard deviation is the
same as the LSD one. Even though in HSD specimen, the overall stress is lower, it is still enough to
nucleate the weak sources, which leads to more dislocation activity.
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Figure 4-6 Tensile responses of single crystal with different source density (a) overall stress versus
strain; (b) evolution of dislocation density with strain.

Figure 4-7 Stress 𝜎𝑥𝑥 distribution at strain 𝜀𝑥𝑥 = 1% and the associated dislocation structure with the
source density of (a) 5μm−2 and (b) 50μm−2

4.1.3. Tensile axis rotation constraint
In the boundary condition of the DDP calculations, at least one node of the finite element needs to be
constrained on both horizontal and vertical directions to prevent the rigid body translation. However,
if there is more than one fixed nodes, the tensile axis might be constrained from rotation and as a
result, the tensile response would be dramatically affected. In the early literature [89], the
unconstrained rotation and constrained rotation of the tensile axis are compared in terms of aluminium
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single crystal with only one slip system. Figure 4-8 shows schematically the deformed shape of single
slip system under unconstrained and constrained rotation of tensile axis loading conditions. In order to
investigate the effect of number of fixed nodes I have carried out the uniaxial tension study on both
single slip and multiple slip systems specimens.

Figure 4-8 Schematic diagrams of single slip system under uniaxial tension with the tensile axis rotation
(a) unconstrained and (b) constrained.

The undeformed specimen is of dimension 𝑊 × 𝐻 with the tensile axis aligned with the 𝑥 direction as
shown in the subfigure in Figure 4-8. Uniaxial tension is imposed by prescribing
𝑢1 = 𝑈, 𝑇2 = 0 on 𝑥 = 𝑊/2
𝑢1 = −𝑈, 𝑇2 = 0 on 𝑥 = −𝑊/2

(4-2)

𝑇1 = 𝑇2 = 0 on 𝑦 = ±𝐻/2
where 𝑇𝑖 = 𝜎𝑖𝑗 𝑛𝑗 is the traction on the boundary with outward normal 𝑛𝑗 . Besides these common set
of boundary conditions, three scenarios of additional constraints are considered here: 1) only one node
within the specimen is restricted moving along 𝑦 direction, i.e.
𝑢2 = 0 on node (𝑥, 𝑦)=(0,0)

(4-3)
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In this situation, the rigid body translation is not possible along 𝑦 direction but the rotation of the
tensile axis is permitted. This condition is usually used to represent the constraints in the compression
tests. 2) Two nodes are fixed on 𝑦 direction to prevent the rotation of the tensile axis by imposing
𝑢2 = 0 on nodes (𝑥, 𝑦)=(𝑊/2,0) and (− 𝑊/2,0)

(4-4)

This is representative of the constraints in the micro-sample tensile tests with two constrained points
represents the two tensile grips. 3) The whole tensile axis is constrained, i.e.
𝑢2 = 0 on 𝑦 = 0

(4-5)

In this scenario, the rotation of the tensile axis is totally constrained but this might induce some
artificial stress concentration within the specimen. This condition is mainly use to prevent the
specimen with high aspect ratio and surface passivation, e.g. in thin film specimen 𝑊 ≫ 𝐻 and
𝑇2 ≠ 0 on 𝑦 = −𝐻/2, to deformed to a ‘U’ shape or wavy shape. These conditions are first studied
on single crystal Ti with single slip system oriented 45° with respect to the positive 𝑥 axis. The
dislocation structure after deformation and the associated stress 𝜎𝑥𝑥 distribution are shown in Figure
4-9. The stress distribution is nearly uniform in the unconstrained specimen in Figure 4-9a with the
stress concentrations associated with the individual dislocations. When the rotation of the tensile axis
is constrained by restricting the motion of two nodes vertically, a combined of bending and tension
stresses is developed during the deformation. There are two stress concentration area associated with
the constraint can be clearly observed. If all the nodes of 𝑦 = 0 are constrained, as shown in Figure
4-9c, the stress concentrations around these points especially the ones close to the slip bands are
developed. This is the crystal tend to generate slip steps while dislocation gliding along the slip planes,
but the imposed constrain hindered the slip, hence large amount of dislocations are concentrated in the
middle of specimen and no continuous slip band is formed.
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Figure 4-9 Tensile results for the dislocation structure and the distribution of 𝜎𝑥𝑥 in the single slip
specimen with (a)/(b) rotation of tensile axis unconstrained, (c)/(d) two nodes are restricted along 𝑦
direction and (e)/(f) nodes on 𝑦 = 0 are constrained along 𝑦 direction.

The distribution of stress 𝜎𝑥𝑥 and the dislocation structures in the multiple slip system specimens are
shown in Figure 4-10. On the contrary of single slip system, the stresses in all three specimens are
nearly uniform. Although there are three 〈𝑎〉-prismatic slip systems permitted in the crystal, most of
the slip activity occurs on two tilted systems. In Figure 4-10b, the tensile axis rotation constrained
specimen, once the a slip band formed on one slip system, instead of bending the specimen, another
slip plane on the other system is activated to accommodate the constraint on 𝑦 direction. In the middle
axis (𝑦 = 0) constrained specimen, there are still some stress concentration spots in the central area,
but less than the single slip specimen. The dislocation density, in both single slip and multiple slip
systems, increases with increasing the number of constrained nodes because of that the imposed
constraint effectively add bending component to the stress field and the slip band are inhibited by the
restriction on the nodes which leads to the increasing of stress field and cause the nucleation of the
sources on other slip planes.
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Figure 4-10 Tensile results for the dislocation structure and the distribution of 𝜎𝑥𝑥 in the specimen of
three prismatic slip system with (a)/(b) rotation of tensile axis unconstrained, (c)/(d) two nodes are
restricted along 𝑦 direction and (e)/(f) nodes on 𝑦 = 0 are constrained along 𝑦 direction.

4.2. Crystal plasticity finite element modelling
4.2.1. Preliminary study of single element crystal plasticity
In order to study the rate sensitivity arises from the slip rule, a simplified form of slip rate in (3-20) is
used:
𝛾̇ = 𝛼 sinh(𝛽(𝜏 − 𝜏𝑐 ))

(4-6)

in which 𝛼 and 𝛽 are rate dependent parameters. In real materials, 𝛼 is in the unit of 𝑠 −1 and 𝛽 is in
the unit of 𝑃𝑎−1 . The values used in the preliminary study are arbitrary and do not represent any
materials. The aim of this study is to demonstrate how these materials constants affect the slip rate.
The curves in Figure 4-11 show how the tensile response varies with the different rate sensitivity
parameters. The tensile stress increases linearly as straining during elastic deformation and after yield
point, steady plastic flow is observed in both curves. The rearrange form of (4-6) is
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𝜏 = 𝜏𝑐 +

𝛾̇
𝛼𝛽

(4-7)

from which the resolved shear stress, or the tensile stress since the crystal orientation is the identical,
is higher in smaller value of 𝛼 and 𝛽. This can be seen from Figure 4-11 that the flow stress shift
upwards when using smaller 𝛼 and 𝛽.
The strain rate sensitivity is studied using two sets of rate dependent parameters as shown in Figure
4-12. In Figure 4-12a, 𝛼 = 𝛽 = 0.1, the stress-strain curves are nearly overlapped each other under
different strain rates while in Figure 4-12b, 𝛼 = 𝛽 = 0.01, a clear positive strain rate sensitivity is
observed: flow stress is high under high strain rate. This indicates that the material with 𝛼 = 𝛽 = 0.1
is strain rate insensitive at rate range 10−4 ~10−2 𝑠 −1 while with 𝛼 = 𝛽 = 0.01 is sensitive.

Figure 4-11 Stress-strain curves for constitutive equations with different rate sensitivity parameters.
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Figure 4-12 Strain rate sensitivity with different rate sensitivity parameters. (a) 𝛼 = 𝛽 = 0.1, (b) 𝛼 =
𝛽 = 0.01.

4.3. Schmid rule of uniaxial loading
Schmid postulated that the slip occurs on a given slip system when the critical resolved shear stress on
the slip plane exceeds a critical value [133]. Consider a single crystal subjected to uniaxial tension, as
shown in Figure 4-13, the resolved shear stress can be calculated as
𝜏𝑐 = 𝝈𝒏𝛼 ∙ 𝒔𝛼 = 𝜎cos(𝜃)cos(𝜑)

(4-8)

where cos(𝜃)cos(𝜑) is referred as Schmid’s factor. The yield stress of the specimen thus is given by

𝜎𝑦 =

𝜏𝑐
cos(𝜃)cos(𝜑)

(4-9)
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Figure 4-13. Schematic diagram of slip under uniaxial tension

The Schmid rule is studied on single crystal titanium with c-axis perpendicular to loading direction, as
shown in Figure 3-1a, utilising both crystal plasticity and discrete dislocation plasticity models. The
yield stress 𝜎𝑦 versus rotation angle θ about c-axis of the HCP crystal of both analytical solution and
simulation results are compared in Figure 4-14. The yield stress repeated about every 30° due to the
symmetry of the HCP unit and the yield stress is the lowest when one of the slip systems orientated
45° with respect to the loading direction which gives the largest Schmid’s factor 0.5. There is a good
agreement between the CP results and the analytical solutions. The DDP prediction shifted to a
slightly lower magnitude because that the average nucleation strength is chosen the same as the CRSS
in the CP model and the specimen yield when the weakest source is activated. The yield stress from
DDP varies at the same crystal orientation due to its statistic nature; hence 5 simulations were
performed for each orientation.

Figure 4-14. Study of Schmid rule on HCP single crystal comparing analytical solutions and modelling
predictions.
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Chapter V
5. Rate sensitivity in discrete dislocation plasticity in hexagonal
close-packed crystals
In this chapter, I utilise a systematic methodology by considering single crystal stress relaxation in
order to study the mechanistic contributions to observed rate-sensitive behaviour over the strain rate
regime 10−5 to 105 s−1. I address the roles of dislocation nucleation and time of flight or mobility,
and discuss the new formalism for incorporating thermally activated dislocation escape in numerical
DDP techniques. I then assess the regimes of strain rate over which each of the mechanisms
contribute and predominate, and go on to address the well-known rate-sensitive behaviour of many Ti
alloys at 20℃ which somewhat surprisingly show remarkable creep and stress relaxation even at low
temperature. The resulting predicted polycrystal rate-sensitive response and the comparisons with
experiments are assessed at the end.

5.1. Mechanistic Origin of Rate Sensitivity in DDP
I consider the contributions to rate sensitivity arising from dislocation nucleation, mobility and
thermal activation processes. The former two mechanisms are now classical in DDP, but the role of
thermal activation has received much less attention, and hence is the primary focus of this chapter. In
order to investigate the rate sensitivity dependence arising from nucleation, mobility and thermal
activation systematically, these three processes are analysed independently using a consistent
methodology: a single HCP crystal undergoing prismatic slip activation is considered, under
conditions of stress relaxation with uniaxial loading. The crystal is first stretched plastically followed
by a period of strain hold at the maximum strain, and the resulting stress relaxation during the hold
period is examined for each mechanism in turn to quantify the resulting rate sensitivity. The model set
up is detailed in Chapter 3.1 but it is worth pointing out a few aspects in the rate sensitivity study. A
fixed number of increments is used to resolve the dislocation dynamics at different strain rates. In
order to obtain 0.01 strain in 10000 increments, a time step ∆𝑡 = 1ns is required for a strain rate
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𝜀̇ = 103 s−1, while ∆𝑡 = 0.1ns is required for 𝜀̇ = 104 s−1; for all strain rates, the change in strain per
increment ∆𝜀 is fixed. Most of the parameters used in the simulations can be found in Table 4-1 and
the thermal-activation-related parameters are list in Table 5-1.
Table 5-1 Thermal-activation-related parameters used in DDP model

𝜈𝐷 (Hz)
1011

𝑘 (JK −1 )
1.38 × 10−23

𝑇 (K)
293

∆V𝐷𝐷
0.5𝑏 3

The plastic shear strain rate relationship to the average dislocation glide velocity is given by Cottrell
[134] as
𝛾̇ = 𝜌𝑚 𝑣𝑔 𝑏

(5-1)

in which 𝜌𝑚 is the mobile dislocation density and 𝑣𝑔 the average glide velocity. The velocity may be
expressed in terms of the resolved shear stress 𝜏 by means of a classical DDP mobility rule. The total
slip plane shear strain rate is given by the summation of elastic and plastic rates:
1 𝜕𝜏

𝛾̇ = 𝛾̇ 𝑝 + 𝛾̇ 𝑒 with 𝛾̇ 𝑒 = 𝐺 𝜕𝑡

(5-2)

During the strain hold, stress relaxation is expected to occur, depending on the rate sensitivity of the
material. A linear mobility law is employed with 𝑣𝑔 = 𝑐0 𝜏 where 𝑐0 is constant and related to the drag
coefficient, and the total strain rate during the hold is 𝛾̇ = 0. Hence, substituting (5-1) and the
mobility law into (5-2) gives the following solution for the resulting stress drop ∆𝜏:
∆𝜏
𝑡
= exp (− )
𝜏0
𝑡0

(5-3)

where 𝑡 is the loading duration, 𝜏0 the stress normalising coefficient, and 𝑡0 is the time constant and
given by

𝑡0 =

1
𝐺𝜌𝑚 𝑏𝑐0

(5-4)
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In this simple system, the stress coefficient 𝜏0 and time constant 𝑡0 control the magnitude of the stress
decrease during stress relaxation and the time scale over which the relaxation occurs. When 𝑡 is
infinite, this indicates that the loading time is extremely long and the load rate is super small. The
material reach equilibrium status during the loading and hence no stress relaxation is expected during
the stress hold, i.e. ∆𝜏 is tend to be zero. Hence in subsequent analyses, both of these quantities are
assessed in order to investigate quantitatively the origin and regimes of relevance of the controlling
mechanisms leading to rate sensitivity.
The rate sensitivity in DDP originates from three key mechanisms associated with time scale: (i) 𝑡𝑛𝑢𝑐 ,
the duration of the dislocation nucleation process, (ii) the intrinsic mobility of dislocations opposed by
lattice drag for which the relevant time constant is given by the ratio of the drag coefficient to the
shear modulus 𝐵⁄𝐺 [135] and (iii) the pinned dislocation obstacle-escape time 𝑡𝑜𝑏𝑠 resulting from
thermal activation events. The effects and manifestations of these three mechanisms in determining
rate-controlling behaviour are presented in the following sections.

5.1.1. Dislocation nucleation and mobility
During the nucleation process, a whole dislocation loop with radius 𝐿𝑛𝑢𝑐 ⁄2 is generated from a
pinned dislocation segment during the nucleation time 𝑡𝑛𝑢𝑐 as illustrated in Figure 3-3. The average
dislocation velocity during this process is then given by half of the initial dipole length divided by the
nucleation time, thus

𝑣𝑔𝑛𝑢𝑐 =

𝐿𝑛𝑢𝑐 ⁄2
𝑏
=
𝜏
𝑡𝑛𝑢𝑐
4𝜋𝜂1 𝜂2 (1 − 𝜈)

(5-5)

Substitute (5-5) into (5-1), the plastic strain rate is obtained as

𝛾̇ 𝑝 =

𝜌𝑚 𝑏 2
𝜏
4𝜋𝜂1 𝜂2 (1 − 𝜈)

(5-6)

Then substituting into (5-2) gives
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𝜌𝑚 𝑏2
1 𝜕𝜏
𝜏+
=0
4𝜋𝜂1 𝜂2 (1 − 𝜈)
𝐺 𝜕𝑡

(5-7)

from which the solution is
∆𝜏
𝑡
𝑛𝑢𝑐 = exp (− 𝑛𝑢𝑐 )
𝜏0
𝑡0

(5-8)

in which the time constant 𝑡0𝑛𝑢𝑐 from the nucleation process can be obtained from (5-4) and is given
by

𝑡0𝑛𝑢𝑐 =

4𝜋𝜂1 𝜂2 (1 − 𝜈)
𝐺𝜌𝑚 𝑏 2

(5-9)

Next, addressing dislocation mobility, the velocity during free flight is related to the Peach-Koehler
force 𝜏𝑏 through drag coefficient 𝐵 [136], i.e.

𝑣𝑔𝑚𝑜𝑏 =

𝑏
𝜏
𝐵

(5-10)

Hence, the plastic strain rate is

𝛾̇ 𝑝 =

𝜌𝑚 𝑏2
𝜏
𝐵

(5-11)

During strain hold, the total strain rate is zero and hence
𝜌𝑚 𝑏 2
1 𝜕𝜏
𝜏+
=0
𝐵
𝐺 𝜕𝑡

(5-12)

The solution is given by
∆𝜏
𝜏0𝑚𝑜𝑏

= exp (−

𝑡

)
𝑡0𝑚𝑜𝑏

(5-13)

Similarly, the time constant 𝑡0𝑚𝑜𝑏 can be obtained from (5-4) as
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𝑡0𝑚𝑜𝑏 =

𝐵
𝐺𝜌𝑚 𝑏2

(5-14)

In order to investigate the solutions, two single crystal models have been contrived in order to carry
out mechanistic studies. The first is a thin film of size 0.3μm × 0.03μm. A single Frank-Read source
is located at the mid-point of each slip plane. Newly nucleated dislocations escape from the free
surfaces quickly once they are generated because the crystal width is roughly equal to the initial
length of the dipole. Hence, any rate sensitivity comes from the nucleation process alone. The second
model is ascribed dimensions of 36μm × 12μm and one dislocation source is assigned to each slip
plane but with random location. The nucleation time is switched to zero to eliminate its effect on rate
sensitivity, i.e. the rate sensitivity is now controlled by the mobility of dislocations alone. The two
example problems are solved using both the analytical solutions above together with the numerical
DDP technique. The results of the two studies are shown in Figure 5-1.

Figure 5-1 Relative contributions of nucleation time and mobility of dislocations on controlling stress
relaxation and its time response from DDP simulations (symbols) and analytical results (lines).

As shown in Figure 5-1, both the analytical results and DDP simulations reveal that the rate sensitivity
manifested as stress relaxation resulting from both dislocation nucleation and mobility diminishes to
insignificant levels for strain rates lower than 103 s−1. In earlier papers [135, 137], both classical DDP
models and experimental results showed the same trend. At higher strain rates greater than 105 s −1,
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there is found to be a contribution to rate sensitivity from both dislocation nucleation and mobility
mechanisms, and the effect from nucleation is found to be stronger at lower strain rates than that for
mobility.
A more general model, considering both nucleation and mobility, has been developed in various sizes
to study the effect of source density. The larger (𝐻 = 10μm) sample behaviour is anticipated to be
dominated by mobility, and the smaller sample (𝐻 = 1μm) by the dislocation nucleation process.
Figure 5-2 shows that with increasing source density 𝜌𝑛𝑢𝑐 , the magnitude of the stress relaxation
during the strain hold decreases, and more significantly in the small model. A higher source density
facilitates easier crystal slip and leads to lower flow stress, so that during the strain hold, the relaxed
stress equilibrium state is easier to achieve. The results also show that the source density does not
influence the strain rate at which stress relaxation starts to occur (about 105 s−1 in the large model and
104 s−1 in the small model) for the material properties considered here. This suggests that source
density predominately affects the magnitude of the stress relaxation but not the strain rate at which
rate sensitivity starts to become apparent.

Figure 5-2 Effect of source density 𝜌𝑛𝑢𝑐 on obstacle free models of different sizes (a) 𝐻 = 10μm and (b)
𝐻 = 1μm.

5.1.2. Thermal activation processes
The average dislocation velocity at low strain rate is controlled by the thermal activation process and
the average dislocation velocity is given by (3-9). For the purposes of analytical study (but not for
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numerical implementation), this expression may be simplified for the case of low stress (giving rise to
low strain rate) and approximated using a Taylor expansion for the hyperbolic sine, so that sinh(𝑥) ≈
𝑥 and with ∆𝑉 𝐷𝐷 = 𝑙𝑜𝑏𝑠 𝑏 2 , (3-9) becomes

𝑣𝑔𝑜𝑏𝑠 =

𝑙𝑜𝑏𝑠 𝜈𝐷 𝑏3 𝛾0 𝑙𝑜𝑏𝑠
∆𝐹
=
exp (− ) ∙ 𝜏
𝑡𝑜𝑏𝑠
𝑘𝑇
𝑘𝑇

(5-15)

which is a linear relationship between dislocation velocity 𝑣𝑔𝑜𝑏𝑠 and the resolved shear stress 𝜏. The
plastic strain rate is then
𝜌𝑚 𝑏4 𝜈𝐷 𝛾0 𝑙𝑜𝑏𝑠
∆𝐹
𝛾̇ =
exp (− ) ∙ 𝜏
𝑘𝑇
𝑘𝑇
𝑝

(5-16)

Setting the total strain rate to zero as before gives
𝜌𝑚 𝑏 4 𝜈𝐷 𝛾0 𝑙𝑜𝑏𝑠
∆𝐹
1 𝜕𝜏
exp (− ) ∙ 𝜏 +
=0
𝑘𝑇
𝑘𝑇
𝐺 𝜕𝑡

(5-17)

The solution is given by
∆𝜏
𝑡
𝑜𝑏𝑠 = exp (− 𝑜𝑏𝑠 )
𝜏0
𝑡0

(5-18)

and the time constant can be established as before and is given by

𝑡0𝑜𝑏𝑠 =

𝑘𝑇
𝐺𝜌𝑚 𝑏 4 𝜈𝐷 𝛾0 𝑙𝑜𝑏𝑠 exp (−

(5-19)

∆𝐹
)
𝑘𝑇

The two key parameters controlling the rate sensitive range resulting from thermally activated
dislocation escape are activation energy ∆𝐹 and obstacle spacing 𝑙𝑜𝑏𝑠 , and it is seen that increasing
activation energy appropriately leads to a higher energy barrier and as a consequence, a larger
obstacle escape time constant. Conversely, increasing obstacle spacing tends to diminish the thermal
activation time constant. The order of magnitude estimation of activation energy for self-diffusion at
room temperature is between 10−21 J and 10−19 J (6.24 × 10−3 eV to 6.24 × 10−1 eV) [138]. The
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estimation of ‘order of magnitude’ in this chapter is try to limit the reasonable range of ∆𝐹. It is
argued that the activation energy of titanium alloys only varies within this range and the readers can
obtain the knowledge that how it affect the rate-sensitive strain rates. To investigate its effect, a single
crystal DDP model with size 36μm × 12μm is utilised; the nucleation time is set to be zero and the
velocity of dislocations travelling between obstacles is set to be infinity for the sake of studying the
thermal activation dependency only. In other words, before the obstacle escaping to be checked, a
small time step is using to resolve the dislocation nucleation and piling up in front of the obstacles as
discussed in Section 3.1.4. Since the required time to obtain the equilibrium structure is several orders
of magnitude smaller than the obstacle escaping time, the time elapsing during nucleation and free
flight are neglected here. Three selected magnitudes of ∆𝐹 within the range given above are used for
both analytical and DDP solutions for the same stress relaxation problem above, under strain control
with strain hold, and the results are shown in Figure 5-3. There appear slightly stronger differences
between the analytical (smooth) results and those from the numerical DDP solution here, compared
with the obstacle-free model discussed above in the context of nucleation time and mobility, but this
results simply from the need to incorporate many obstacles within the model in order to capture the
pinning and escape process. As a result, the statistics of obstacle distributions and strengths therefore
impact upon the nature of the numerical DDP results. In Figure 5-3, the rate-sensitive range of strain
rate shifts to higher strain rate for lower activation energy, since in this case, pinned dislocations more
easily overcome the energy barrier required to escape obstacles. Hence the average dislocation
velocity is higher which leads to a higher rate-sensitive range. In passing, it is noted that the same
source and obstacle structures were employed for each series of ten simulations in order to reduce
scatter. Utilising the activation energy for self-diffusion at 20℃ [138] is seen to lead to manifestations
of strain rate sensitivity at strain rates which are from one to several orders of magnitude smaller than
those for either dislocation nucleation or mobility mechanisms alone, and also gives rise to clear and
measurable rate sensitivity effects at relatively low temperature (i.e. here 20℃) which is entirely
consistent with empirical observations [118] for alpha Ti alloys.
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Figure 5-3 Effect of activation energy ∆𝐹 on the rate sensitivity range of strain rate for thermally
activated dislocation escape in a model single crystal.

The full DDP numerical solution also provides spatial information on discrete dislocation and slip
activity and Figure 5-4 compares the plastic slip distribution at the end of 2% uniaxial tension for
three selected strain rates using an activation energy ∆𝐹 = 7.5 × 10−20 𝐽 ( 0.468 eV). The three
selected strain rates are from the range identified in Figure 5-3 for the given activation energy thereby
representing strain rates below, within and above the rate-sensitive strain rate range. When the strain
rate is higher than the rate-sensitive range, as shown in Figure 5-4a, most of the slip planes are
activated because there is not sufficient time for dislocations to overcome and escape obstacles and
the resulting strong pile-ups leads to the activation of sources on other planes. Since it is more
difficult for dislocations to escape at higher strain rate, the hardening is much stronger and the stressstrain response approaches that of elastic tension, albeit with a lower slope. If the applied strain rate is
within the sensitive range, Figure 5-4b shows that both strong and weak slip planes develop. When
dislocations are pinned at obstacles, they escape once the obstacle time has been achieved, but this is
similar to the loading time, hence the rate sensitivity becomes apparent. For low strain rate loading
shown in Figure 5-4c, only one specific strong slip line occurs corresponding to that slip plane
containing the weakest source. The source with the lowest strength is activated first after the elastic
deformation. The low strain rate provides more time for the achievement of the same amount applied
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strain, so that once pinned dislocations escape obstacles, the next time step allows a new dipole to be
generated, thus ensuring the weakest source continues to be activated.

Figure 5-4 Plastic slip distribution resulting from the strain rates with activation energy for self-diffusion
∆𝐹 = 7.5 × 10−20 J (0.468eV) at (a) 𝜀̇ = 102 s −1 , (b) 𝜀̇ = 10−2 s −1 and(c) 𝜀̇ = 10−5 s −1 .

The final number of dislocations resulting after the application of the tension strain versus applied
strain rate is shown in Figure 5-5, together with the fraction of pinned dislocations (with respect to all
dislocations). The total and pinned dislocations show a trend similar to the normalised stress drop as
shown in Figure 5-3. At low strain rate, few dislocations on limited slip planes are generated and most
of them are pinned by obstacles. The pinned dislocations experience thermal activation escape and
become released. At high strain rate, considerably higher dislocation densities develop at the end of
loading and the number of pinned dislocations is also high due to the large population of total
dislocations. However, only the leading dislocations on each slip plane are pinned which makes the
fraction of pinned dislocations lower compared with low strain rate.
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Figure 5-5 Number of total and pinned dislocations at the end of 2% tension versus strain rate.

Some dislocations have low stress status, the escaping time 𝑡𝑜𝑏𝑠 is much larger than the loading time,
and hence this kind of dislocations is not capable of escaping from dislocation during the loading. In
order to investigate this, a parameter is defined to analyse the level of ‘success’ of the thermal
activation process, 𝜂 = ∆𝑡⁄𝑡𝑜𝑏𝑠 , where ∆𝑡 is the time that has elapsed since the dislocation was
pinned and 𝑡𝑜𝑏𝑠 is the total required time to escape. I found that for most of the pinned dislocations,
when 𝜂 exceeds 10%, even with a tiny stress increasing, the total escaping time decrease rapidly and
the dislocation is able to escape after a few more time steps. Hence 𝜂 ≥ 10% implies dislocations
approaching release with further loading and 𝜂 < 10% dislocations which have the potential to
escape obstacles. A threshold stress value 0.1𝜏𝑛𝑢𝑐 is used in order to limit the computation time such
that when the resolved shear stress on a dislocation is lower than this value, thermal activation
remains switched off and the dislocation remains pinned. Figure 5-6 shows the proportion of the
pinned dislocations for the three selected strain rates as in Figure 5-4 before and after the applied
strain hold. Considering the lowest strain rate, less than 5% of the pinned dislocations have the
capability to escape at the beginning of the hold with only 1% of dislocations on the point of escape,
on the strongest slip line shown in Figure 5-4c. For the middle strain rate (10−2 s−1 ), around 80% of
pinned dislocations have the potential to escape at the beginning of the strain hold, and in which more
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than 20% have come close to thermally activated escape. However, at high strain rate, although
almost all of the pinned dislocations have shear stress higher than the threshold, due to the short
loading time, their thermal activation measures are restricted to 𝜂 < 10%. At the end of the strain
hold, no dislocations are found to exist for which 𝜂 ≥ 10% although about 30% have exceeded the
threshold value.

Figure 5-6 Analysis of pinned dislocations before and after strain holding for three different strain rates.
𝜂 = ∆𝑡 ⁄𝑡𝑜𝑏𝑠 represents the measure of ‘success’ of thermally activated escape.

Figure 5-7 Effect of (a) obstacle density and (b) obstacle spacing on the rate sensitivity.

The effect of obstacle spacing is also studied together with the number of obstacles 𝑛𝑜𝑏𝑠 on each side
of the Frank-Read source (e.g. 𝑛𝑜𝑏𝑠 = 2 represents 4 obstacles corresponding with 1 source, 2 on each
side), as well as their effects on rate sensitivity, and the results are shown in Figure 5-7. Figure 5-7a
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reveals that a number of obstacles increasing from 1 to 8 with controlled obstacle spacing, 𝑙𝑜𝑏𝑠 =
500𝑏, does not affect the rate sensitivity over the strain rate range considered. On the other hand,
varying the obstacle spacing while keeping the number of obstacles fixed shows clear impact on the
stress drop. As shown in Figure 5-7b, the stress drop decreases with increasing obstacle spacing
because larger spacing facilitates easier dislocation glide, as well as escape since longer pile-ups lead
to higher stress on the leading, pinned dislocation, facilitating thermal activation.

5.2. Polycrystal strain rate sensitivity behaviour

Figure 5-8 (a) Two-dimensional representation of a polycrystalline material under uniaxial tension; (b) a
single grain with source and obstacle structure with dislocation dipoles. Each grain contains three 〈𝑎〉prismatic slip systems with orientation shown in (b).

In order to establish links with empirical observations of strain rate effects in Ti alloy polycrystals,
and with the aim of model verification, a polycrystalline model was built to compare with the
experiments carried out by Hasija et al. [13] The model dimensions are 7.5μm × 2.5μm and the grain
morphologies were generated using a controlled Poisson Voronoi tessellation as shown in Figure 5-8a
using the VGRAIN software system [139]. The main advantage of this grain structure generation
system is that the Voronoi tessellations can be generated with specified distribution features. An input
parameter is specified that characterises the regularity of the tessellation as detailed in Ref.[139]. The
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parameters inputted into VGRAIN are average grain size 1.5 μm2 , minimum grain size 1.0 μm2 ,
maximum grain size 2.0 μm2 and a regularity value of 0.95. Three selected strain rates were used to
reproduce the plastic response from the experimental observations. An activation energy ∆𝐹 = 8.9 ×
10−20 J (0.555eV) was used to obtain a good representation of the rate sensitivity, though note that the
value used is only very slightly larger than the highest of the three used in the earlier study. The DDP
analysis of the polycrystal has been used to determine average loading-direction stress versus average
plastic strain and the results are plotted in Figure 5-9 where comparisons with the independent
experiments of Hasija [13] may also be seen. It is worth pointing out that because the simulations
assume plane strain, the effective stress 𝜎 ∗ is plotted in the results, defined as 𝜎 ∗ = 𝜎(1 − 𝜈 2 ) where
𝜎 is the mean applied uniaxial stress, hence the elastic slope of stress-strain response is equal to the
Young’s modulus 𝐸. The key comparison to note is that of the strain rate sensitivity of stress which
the model captures reasonably. There is strong hardening in the DDP calculation compared with the
experimental data, but these results simply from the present assumption in the DDP model of
impenetrable grain boundaries, such that the resulting high dislocation density developing at grain
boundaries due to pile-ups leads to the increase in flow stress observed. Also note the stochastic
nature of the DDP analysis and that the stress-strain curves shown are averaged over ten independent
analyses for each curve.

Figure 5-9 Strain rate sensitivity calibration with polycrystalline material showing (a) experimental results
(Hasija; 2003) and (b) DDP model results for ∆𝐹 = 8.9 × 10−20 J.
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Finally, the effect of grain size is plotted in Figure 5-10. The smaller grain size is seen to lead to
stronger hardening during plastic straining. Since the grain size is small, there are limited numbers of
distributed sources in the model such that the flow stress becomes more dependent on the source
structure, resulting in somewhat higher scatter compared with the larger grain size. The flow stress
difference between different strain rate curves is found to not change significantly using the differing
grain sizes. However, considerably stronger hardening is observed for the smaller grain size as
anticipated. The Hall-Petch effect observed in Figure 5-10 is athermal and the work hardening in both
grain sizes is insensitive to the strain rates. These hardening are due to the back stress developed at the
grain boundaries (impenetrable). Using the thermally-activated escape DDP model, the flow stress
spacing between different strain rates can be captured reasonable well.

Figure 5-10 Effect of grain size on the rate sensitivity of polycrystalline materials

5.3. Conclusions
The rate sensitivity of 2D discrete dislocation plasticity has been studied systematically, and is argued
to originate from three independent mechanisms which are, respectively, dislocation nucleation, time
of flight (the dislocation mobility) and finally, thermally-activated dislocation escape from pinning
obstacles. The thermal activation of escape has been addressed in this chapter and a formalism
presented for its incorporation within numerical DDP modelling techniques.
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The regimes of strain rate from 10−5 to 105 s−1over which each of the three mechanisms operates and
predominates has been examined. It has been shown that at high strain rate (𝜀̇ ≥ 103 s−1), the rate
sensitivity is largely controlled by the dislocation nucleation process and the free flight (mobility) of
dislocations. The effect of the mobility is stronger at higher strain rate and for larger crystals. The
source density shows a significant impact on the magnitude of stress relaxation during strain holds but
its effect on the rate sensitivity is not significant. At low strain rate (𝜀̇ < 103 s−1), there is little or no
rate sensitivity originating from either the nucleation process nor the dislocation mobility, and it is
argued that the predominant mechanistic basis for observed rate sensitivity originates from thermally
activated processes which assist dislocations pinned at obstacles to escape. The activation energy and
the obstacle spacing play a significant role in determining the rate sensitivity. Increasing activation
energy leads to a higher energy barrier and as a consequence, a higher obstacle escape time.
Conversely, increasing obstacle spacing tends to diminish the thermal activation time. Taking the
activation energy to be that for self-diffusion for Ti at 20℃ leads to the prediction of strong rate
sensitive behaviour at this temperature over the strain rate range 10−3 to 10−1 s−1 which otherwise
simply cannot be explained from dislocation nucleation nor mobility alone. The model results are in
good agreement with experimental observation of rate sensitivity and creep in Ti alloys at 20℃.
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Chapter VI
6. Discrete dislocation plasticity and crystal plasticity analyses of
load shedding in Ti-6Al
In this chapter, I aim to provide a systematic analysis of the plastic response of polycrystalline HCP
crystals under different loading conditions. A polycrystalline crystal plasticity model is used to obtain
values of the critical resolved shear stress and activation energy associated with dislocation escape
from obstacles by calibrating against experimental rate sensitivity results of near-𝛼 titanium alloy Ti6Al, which was experimentally tested by Hasija et al. [13] to analyse its creep behaviour and dwell
sensitivity. The parameters obtained from the CP calibrations are then used in corresponding discrete
dislocation plasticity simulations to investigate the load shedding phenomenon. A bi-crystal DDP
model is used separately to study the effect of grain morphology (i.e. grain boundary orientation
relative to the crystal orientations and loading) in the rogue grain combination.

6.1. Calibrations of strain rate sensitivity against experimental data
Crystal plasticity and discrete dislocation plasticity models have been developed in an attempt to
study the load shedding phenomenon under dwell loading conditions. The formulations of these
models are described in detail in Chapter 3 and only the model set up is described here. A
polycrystalline model with grain shapes generated using a controlled Poisson Voronoi tessellation
(VGRAIN) [139], as shown in Figure 6-1a, was developed for use in the commercial finite-element
package ABAQUS; although the CP model is 3D, the grain shapes are invariant in the 𝑧-direction and
the model was subjected to a plane strain constraint with respect to the z-direction. An average
15 𝜇𝑚2 , minimum 10 𝜇𝑚2 , and maximum 20 𝜇𝑚2 grain size have been specified with a regularity
parameter of 0.95. A rouge grain combination is located in the central region and surrounded by other
randomly orientated soft grains. The 𝜎𝑦𝑦 stress along the 𝐴 − 𝐴’ path, as indicated in Figure 6-1c, was
recorded through the loading history.

Page 69

Figure 6-1 Polycrystalline Ti-6Al model: (a) 3D crystal plasticity model subjected to a plane strain
constraint; (b) 2D plane strain discrete dislocation plasticity model; (c) crystal orientations in a rogue
grain combination with the location of the A-A’ path shown.

In order to obtain the appropriate activation energy ∆𝐹 hence capture the rate sensitivity, a
polycrystalline model of 7.5μm × 2.5μm (thickness 1.5μm for the crystal plasticity model) was used
to calibrate against the experimental data of Hasija et al. [13]. The crystallographic orientations were
chosen to be randomly rotated soft grains as defined in Figure 3-1a. The CRSS and activation energy
are chosen so that the stress-stain responses give the correct rate sensitivity. The other parameters
used in the CP model are chosen to represent Ti-6Al at room temperature [18]. The value of ∆𝐹 and
the other CP parameters given in Table 6-1 give a good agreement between the CP predictions and
experimental results, as shown in Figure 5-9a.
All the required properties for the DDP model are summarised in Table 6-1, and the resulting uniaxial
stress-strain response for differing applied strain rates is shown in Figure 5-9b. The DDP predicted
hardening is stronger, as shown in Figure 5-9b, but the flow stress spacing under the three different
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strain rates is well captured; the former is due to the impenetrable grain boundaries assumption in the
DDP model, hence could be improved using an appropriate slip transmission rule that is more
representative of grain boundaries. The DDP curves shown in Figure 5-9b are averages of ten
independent analyses to reduce the stochastic nature of discrete dislocation plasticity. The full set of
CP and DDP modelling parameters are listed in Table 6-1.
Table 6-1 Model parameters used unless stated otherwise.

General Parameters:
𝐺 (MPa)

𝜈

𝑏 (nm)

𝑇 (𝐾)

𝜈𝐷 (Hz)

𝑘 (JK −1 )

∆𝐹(J)

39500

0.33

0.32

293

1011

1.38 × 10−23

9.913 × 10−20

Crystal Plasticity Parameters:

(0.619eV)

𝜌0 (𝜇𝑚−2 )

𝜌𝑚 (𝜇𝑚−2 )

𝛾0

〈𝑎〉
𝜏𝑐0 (𝑀𝑃𝑎)

0.01

5.0

6 × 10−4

280

〈𝑐+𝑎〉

𝜏𝑐0

(𝑀𝑃𝑎)

840

𝛾′
0.05

Discrete Dislocation Plasticity Parameters:
𝐵 (Pa ∙ s)

∆𝑉 𝐷𝐷

𝜏̅𝑛𝑢𝑐 (MPa)

〈𝑎〉

〈𝑐+𝑎〉
𝜏̅𝑛𝑢𝑐 (MPa)

𝜂1

𝜂2

10−4

0.5𝑏3

440

1320

10

9B

𝜌𝑛𝑢𝑐 (𝜇𝑚−2 ) 𝜌𝑜𝑏𝑠 (𝜇𝑚−2 )
10

200

6.2. Stroh’s Model
In 1954, Stroh established a model for crack nucleation by considering the equilibrium state of a
dislocation pile-up in an infinite elastic medium under applied shear stress 𝜏0 [21]. The formulation
provides a quantitative expression for the normal, or mode I opening stress on an inclined plane in one
grain due to a dislocation pile-up in an adjacent grain. The original derivation by Stroh considered a
remotely applied pure shear stress 𝜏0 parallel to the pile-up plane, as depicted in Figure 6-2a, such that
the resolved shear stress on the pile-up is the same as the applied stress (crucially, the applied stress
also contributes to the crack opening stress 𝜎𝑛 ). Stroh’s model has been misinterpreted in subsequent
works (e.g. [14, 20]), in which Stroh’s equation for 𝜎𝑛 has been regarded as only accounting for the
contribution of the dislocation pile-up, when in fact it also includes the contribution of the remote
applied loading. As such, Stroh’s original model cannot be used directly for remote loadings other
than pure shear parallel to the pile-up plane, as done in [14, 20], but Stroh’s equation for 𝜎𝑛 can be
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rederived without much difficulty for other applied loadings. The derivation of the crack opening
stress 𝜎𝑛 under both pure shear and uniaxial tension conditions are discussed in this section and
corresponding discrete dislocation models have been built to validate the resulting expressions.

Figure 6-2 Schematic diagram of Stroh’s model. (a) The original pure shear model; (b) the new uniaxial
tension model I; (c) the new uniaxial tension model II.

6.2.1. Pure Shear Model
The original model considered 𝑁 positive edge dislocations piled up along the 𝑥-axis in response to
an applied pure shear parallel to the pile-up plane, 𝜏0 , with the lead dislocation pinned at the origin, as
shown in Figure 6-2a. The (𝑁 − 1) dislocations behind the pinned lead dislocation are free to move in
the slip plane, and their equilibrium positions can be obtained from the zeros of the derivative of the
𝑁th Laguerre polynomial. The length of the pile up group is given by [21]

𝐿𝑠0 =

𝐺𝑏𝑁
𝜋(1 − 𝜈)𝜏0

(6-1)

where 𝐺 is the shear modulus, 𝑏 the Burgers vector and 𝜈 is Poisson’s ratio. The normal stress 𝜎𝑛 on
the plane oriented by 𝜃 with respect to the positive 𝑥-axis (measured positively as indicated) is given
as a function of the direction angle, 𝜃, and the distance from the front of the pile-up, 𝑟. The stress
normalised by the applied shear stress is [21]
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1

𝜎𝑛 3 𝐿𝑠0 2
1
= ( ) sin 𝜃 cos 𝜃
𝜏0 2 𝑟
2

(6-2)

By differentiating(6-2), it is possible to determine that when 𝜃 = 70.5°, the normal stress is maximal.
A discrete dislocation model has been built to corroborate Stroh’s model. The dimension of the model
is 10𝜇𝑚 × 10𝜇𝑚 and pure shear is imposed on the model by prescribing a periodic boundary
condition as described by Balint et al. [90]
∆𝑢𝑖 = 𝜀̅𝑖𝑗 ∆𝑥𝑗

(6-3)

in which ∆𝑢𝑖 is the displacement difference between opposite sides of the model defined by the
relative position vector ∆𝑥𝑗 , and 𝜀̅𝑖𝑗 is the applied strain tensor, specified as 𝜀̅12 = 𝜀̅21 = 𝛾⁄2 and
𝜀̅11 = 𝜀̅22 = 0 for pure shear. To test the Stroh model, 100 positive edge dislocations were distributed
on the negative 𝑥-axis with an even spacing and the lead dislocation was pinned at the origin. The
finite element mesh used to solve the boundary conditions correction problem [87] was highly refined
around the pile-up zone in order to accurately resolve the stresses there: 104 quadratic finite elements
were used in a 0.5μm × 0.5μm region. An adaptive time step was used to obtain the equilibrium
positions of the dislocations. The normal stress 𝜎𝑛 versus the distance from the front of the pile-up 𝑟
at different angles 𝜃 is shown in Figure 6-3.There is good agreement between the DDP simulations
and Stroh’s analytical solution, although very near the lead dislocation in the DDP model (r < 0.005
μm) a small discrepancy arises as a result of persistent small oscillations in the 2nd dislocation’s
position that are felt at that location, which cannot be completely eliminated even at very small time
steps; the trends are unaffected by this. The normal stress was found to be inversely proportional to
√𝑟 at fixed angle as shown in Figure 6-3a for one value of 𝜃, that which maximises 𝜎𝑛 . For a fixed
value of r, the normal stress varies with θ, and the variation with 𝜃 is more pronounced at a location
closer to the tip. The normal stress is maximal when 𝜃 = 70.5°, consistent with the Stroh solution.
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Figure 6-3 Comparison of discrete dislocation predictions to the analytical solution of the pure shear
model. (a) Normalised normal stress versus distance from the pile up group at fixed angle 70.5°; (b)
normalised normal stress versus angle at fixed distance.

6.2.2. Uniaxial Tension Model
Stroh’s model adapted for remotely applied uniaxial tension 𝜎0 is illustrated in Figure 6-2b and Figure
6-2c for two different configurations. In order to directly compare uniaxial tension to pure shear,
model I (Figure 6-2b) is used; the pile-up plane is oriented 45° with respect to the positive 𝑥-axis in
order to maximise the resolved shear stress from the applied loading 𝜎0 and the crack plane is oriented
by an angle 𝜃 with respect to the pile-up plane, as in the original Stroh model. The length of the pile
up group is given by (see Appendix B for details)

𝐿𝑡1
0 =

𝐺𝑏𝑁
2𝜋(1 − 𝜈)𝜎0

(6-4)

The corresponding normalised normal stress is given by (see Appendix B for details)
1

𝜎𝑛 3 𝐿𝑡0 2
1
1
= ( ) sin 𝜃 cos 𝜃 +
𝜎0 4 𝑟
2
2

(6-5)

By differentiating (6-5), it is found that when 𝜃 = 70.5°, the normal stress is maximal, which is the
same as the original pure shear model.

Page 74

Uniaxial tension model II shown in Figure 6-2c is also considered, as this configuration is that which
is relevant to facet fatigue, since in that case the orientation of the pile-up plane in the soft grain is
variable and fracture is known to occur on a basal plane perpendicular to the loading in the adjacent
hard grain. In this model, the pile-up plane is oriented by an angle 𝜃 with respect to the positive 𝑥-axis
and the crack plane is fixed in the horizontal position. The normal stress is calculated at the point
(𝑟, 0) located on the positive 𝑥-axis. The length of the pile up group is given by (see Appendix C for
details)

𝐿𝑡2
0 =

𝐺𝑏𝑁
𝜋(1 − 𝜈)𝜎0 cos 𝜃 sin 𝜃

(6-6)

where 𝜎0 is the applied stress. It is worth noting that unlike the pure shear and uniaxial tension I
models, the pile-up length is a function of the slip direction 𝜃. The corresponding normalised normal
stress is given by (see Appendix C for details)
1

2
𝜎𝑛 3 𝐿𝑡2
1
1
0
= ( ) sin2 𝜃 cos 𝜃 cos 𝜃 + sin2 2𝜃
𝜎0 2 𝑟
2
2

(6-7)

The solution is more complex than the pure shear model. The angle that gives the maximum normal
stress on the crack plane is a function of the distance from the pile-up tip; it was invariant with
distance in the other two models. In the limit 𝑟 → 0, a pile-up plane oriented 56.1° from horizontal
gives the greatest crack opening stress; this is easily achieved by the soft grain orientation depicted in
Figure 6-1, which has three independent 〈𝑎〉 prism planes separated by 60° from each other. In this
model the pile-up group represents the slip within a favourably orientated grain, i.e. soft grain,
terminated at the grain boundary. The length of the pile-up 𝐿𝑡2
0 can be estimated as the half length of
the soft grain. The normal stress in the adjacent ‘hard’ grain is interpreted as that responsible for
fatigue crack nucleation, and as in the other models, depends not only on the remote applied loading
but also on the local stress state caused by the pile-up. Although these models provide a simple
interpretation of crack nucleation, they do not account for the time dependence of the loading, i.e. the

Page 75

effect of the stress dwell, nor the effect of grain boundary morphology. These effects are addressed in
the next section using a polycrystalline DDP model.

6.3. Load Shedding in Ti-6Al polycrystal response
Load shedding has been identified as the fundamental mechanism in the development of facet cracks
[11, 47, 48]. The load shedding phenomenon occurs at where the local deformation can adjust itself,
usually associated with a rogue grain combination, under stress dwell fatigue loading at ambient
temperature [13, 17, 47, 48]. The stress in the soft grain redistributes to the adjacent hard grain during
the stress-hold period as a result of creep. A comparison study has been carried out to understand the
phenomenon, especially the role of the dislocation structure at the soft-hard grain boundary. Two
types of loading are considered (see inset Figure 6-5a): normal fatigue loading and dwell fatigue
loading. The increase and decrease to and from the peak stress occur in 12s at a constant rate, and the
dwell period is 4s. Although the dwell is much shorter than it is in reality, it is long enough to show
clear evidence of load shedding while making the simulation feasible in terms of compute time. The
magnitude of the peak applied stress (sustained during the dwell) is 711MPa to ensure plasticity
occurs in the soft grains [18].
Contours of the normal stress relevant to facet crack opening (𝜎𝑦𝑦 ) in the rogue grain combination are
plotted in Figure 6-4 for different stages in the loading, together with the associated dislocation
structures. By comparing Figure 6-4a and Figure 6-4b it is apparent that the stress at the soft-hard
grain boundaries increased significantly as a result of the dwell at peak stress. There is more
dislocation activity in the soft grains, which enhances dislocation pile-ups at the grain boundaries
relative to a cycle without a dwell. Figure 6-4c and Figure 6-4d show the stress at the end of
unloading under normal fatigue and dwell fatigue loading, respectively. The stress in the hard grain is
again highly localised in the grain boundary regions in the dwell fatigue case, but is much more
diffuse when there is no dwell. It is worth noting that there are a few basal dislocations nucleated in
the hard grain under the dwell scenario, particularly after unloading, which does not happen under
normal fatigue loading (no dwell).
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Figure 6-4 𝜎𝑦𝑦 stress contours with the dislocation structure superimposed of DDP modelling at (a) the
end of the rise in applied stress to its peak value; (b) the end of the dwell; (c) the end of unloading under
normal fatigue loading and (d) the end of unloading under dwell fatigue loading.

Figure 6-5 and Figure 6-6 compare the 𝜎𝑦𝑦 stress along the A − A’ path (see Figure 6-1) using crystal
plasticity (Figure 6-5a and Figure 6-6a) and discrete dislocation plasticity (Figure 6-5b and Figure
6-6b). The stress along the A − A’ path in the DDP calculation is the average of 20 parallel paths
spaced by 0.05μm centred about the hard grain centreline through the rogue grain combination to
distinguish the trend from the statistical variations. The residual stress after unloading under normal
fatigue and dwell fatigue loading are plotted in Figure 6-5. In both models, a higher residual stress is
predicted at the grain boundaries in the dwell scenario, but the effect is much more pronounced using
DDP compared to CP. The redistribution of stress from the soft grain to the hard grain in the grain
boundary region, known as load shedding, occurs primarily during the dwell, as shown in Figure 6-6.
While stress is held at its peak value, dislocations continue to nucleate in the soft grains and pile up at
the soft-hard grain boundaries, an effect not captured by the CP model due to the averaged description
of plastic flow in CP compared to DDP, which accounts for all dislocations individually; the influence
of thermally activated dislocation escape from obstacles is very important here, as shown in Figure
6-6b by the dwell case with very high activation energy to prevent escape, since this relieves the back
stresses on sources caused by pile-ups, allowing them to continue nucleating. By the continued
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activation of sources in the soft grains during the dwell, the stress in the soft grain is relaxed, and
correspondingly increased in the hard grain (which deforms nearly elastically due to the relative
absence of dislocations) via the enhancement of dislocation pile ups in the soft grains at the soft-hard
grain boundaries.

Figure 6-5 𝜎𝑦𝑦 stress along the A-A’ path at the end of normal fatigue and dwell fatigue loading using (a) crystal
plasticity and (b) discrete dislocation plasticity

Figure 6-6 Comparison of 𝜎𝑦𝑦 stress along the A-A’ path before and after the dwell at peak stress using (a)
crystal plasticity and (b) discrete dislocation plasticity

The dislocation density evolution of the left soft grain is plotted in Figure 6-7. The dislocation density
increased by a factor of four over the course of the dwell period relative to the normal fatigue
condition, although it decreased somewhat during the unloading. The resultant dislocation density in
the soft grain at the end of one dwell fatigue loading cycle is 77.38𝜇𝑚−2 which is consistent with the
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experimental measurement of dislocation density (102 ~103 𝜇𝑚−2 ) in Ti-6Al-4V after small-strain
deformation [140].The importance of thermally activated dislocation escape from obstacles is also
evident in the much lower dislocation density incobserved when the activation energy is very high to
prevent escape, as shown in Figure 6-7; again, this is because thermally activated escape allows
sources to continue nucleating, thereby generating more dislocations. It is worth noting that the
dislocation density is still increasing through roughly the first third of the unloading period in the
dwell case. This is due in part to a short dwell period that prevents the soft grain from reaching an
equilibrium dislocation structure. In case where thermally activated escape is prevented, sources are
not activated because the back stresses from pile-ups make further activation under the influence of
the constant applied stress impossible; as a result the dislocation density remains constant during the
dwell period. When thermally activated escape is allowed to occur in the dwell case, the time to
achieve an equilibrium dislocation structure is longer since the structure is allowed to adjust further by
escape over time, which is evident in Figure 6-7. In either case, once unloading begins dislocation
annihilation increases primarily by reverse glide, while nucleation decreases and eventually ceases,
causing the dislocation density to decrease until a stable value is reached.

Figure 6-7 Dislocation density evolution of the left soft grain of DDP modelling
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6.4. Grain Boundary Morphology Effect

Figure 6-8 (a) Bicrystal model of rogue grain combination with boundary conditions; (b) stress
controlled loading

The grain shapes used to analyse the load shedding phenomenon were generated by a controlled
Poisson Voronoi tessellation to represent the real morphology of the polycrystal in a statistically
equivalent way in terms of the grain size and grain orientation distributions. It has been reported in
[17] that the relationships between the grain orientations, the grain boundary morphology and the
loading direction influences dwell fatigue. A square bicrystal DDP model, 2μm × 2μm, was used to
study the effect of grain boundary orientation relative to the soft-hard grain combination and the
loading direction on lead shedding. The soft and hard grains had equal dimensions and were fixed in
the orientations depicted in Figure 6-8a. The orientation of the grain boundary was characterised by
the angle 𝜃 with respect to the positive 𝑥-axis. The bicrystal was subjected to uniaxial tension in the
𝑦-direction and both displacement control and stress control were considered.
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Figure 6-9 Slip distribution under displacement controlled loading of DDP modelling for a grain
boundary angle of (a) 𝜃 = 30° and (b) 𝜃 = 60°.

Figure 6-9 shows the results of displacement controlled loading. The bicrystal was stretched to 1%
strain at a constant strain rate 𝜀̇ = 8.4 × 10−4 s −1 in approximately 12s. The slip distributions for two
selected grain boundary orientations are presented. The slip was quantified in the usual way as the
sum of the absolute values of the resolved shear strains on the three slip systems, i.e. 𝜔 = ∑3𝑚=1|𝛾 𝑚 |,
where 𝛾 𝑚 is the resolved shear strain on slip system 𝑚 given by 𝛾 𝑚 = 𝑠𝑖𝑚 𝜀𝑖𝑗 𝑛𝑖𝑚 , where 𝒔𝑚 is the slip
direction and 𝒏𝑚 is the slip plane normal [91]. When the grain boundary is such that 𝜃 < 45°, the
grains are in series with respect to the loading direction. This allows the applied strain to be
accommodated predominately by the soft grain deforming plastically, and as a result the hard grain
remains elastic. On the other hand, when 𝜃 > 45°, e.g. 60°, the grains are in parallel and the hard and
soft grains are subjected to the same amount of uniaxial strain. When the soft grain reaches its yield
stress, 〈𝑎〉 prismatic slip occurs and the rate of increase in the overall applied stress required to
achieve the applied strain decreases, however the resolved shear stresses on the slip systems in the
hard grain keep increasing because those systems are stronger (higher source strength). When the
stress is high enough, the weakest 〈𝑐 + 𝑎〉 pyramidal source in the hard grain is activated and a
〈𝑐 + 𝑎〉 pyramidal slip line is generated as shown in Figure 6-9b.
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Figure 6-10 Slip distribution under stress control of DDP modelling for a grain boundary angle of
θ = 60°. (a) End of the loading period; (b) end of the unloading under normal fatigue; (c) end of the
dwell; (d) end of the unloading under dwell fatigue.

To examine stress controlled loading, both normal fatigue loading and dwell fatigue loading (as
shown in Figure 6-8b with maximum stress 711MPa) were imposed on the bicrystal with a fixed
grain boundary angle 𝜃 = 60°, which is a severe case where the grains are in parallel (for this applied
loading direction). The slip contours at different stages in the loading are shown in Figure 6-10. At the
end of the increase in stress (Figure 6-10a), multiple 〈𝑎〉 prismatic slip lines are apparent in the soft
grain while no slip has occurred in the hard grain. After normal fatigue unloading, the slip distribution
does not change significantly. On the contrary, at the end of the dwell period more 〈𝑎〉 prismatic slip
lines are apparent in the soft grain, together with two 〈𝑎〉 basal slip planes activated in the hard grain
near the grain boundary as a result of dislocation pile-ups in the soft grain at the soft-hard grain
boundary (the resolved shear stress on the basal plane from the applied loading is zero). At the end of
unloading in the dwell scenario, the localised but highly active 〈𝑎〉 basal slip planes remain and two
long ranging weak 〈𝑐 + 𝑎〉 pyramidal slip planes appear. The 〈c + a〉 pyramidal slip systems are
activated more strongly under strain controlled (compared to stress controlled) loading when 𝜃 = 60°
because the deformation in the hard grain is larger in that scenario because the grains are in parallel;
the 〈𝑎〉 basal activation is largely statistical since it requires the close proximity of a suitable pile-up
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in the soft grain to a lower strength source on a basal plane in the hard grain. Several 0° 〈𝑎〉 prismatic
planes are also active in the soft grain under the stress controlled loading, although this too is largely
statistical since it is instigated by other dislocations, not the applied loading. Contours of the resolved
shear stress 𝜏 at the end of the unloading on one of the 〈𝑐 + 𝑎〉 pyramidal slip systems in the hard
grain are plotted in Figure 6-11 for the normal fatigue and dwell fatigue scenarios. The stress is
normalised by the mean value of the pyramidal source strength, i.e. |𝜏⁄𝜏𝑛𝑢𝑐 | > 1 indicates that the
stress is, on average, high enough to activate plasticity. The stress under normal fatigue loading is
homogeneous and less than 0.5𝜏𝑛𝑢𝑐 because the dislocation density is lower and a greater proportion
of the dislocations in the soft grain remain in the core of the grain, i.e. pile ups are lower in intensity.
However, under dwell fatigue loading, more dislocations are generated in the soft grain resulting in
higher intensity pile ups at the soft-hard grain boundary, which increases the stress in the grain
boundary region in the hard grain; it is the local stress, rather than the applied stress, generated by
these pile up dislocations in the soft grain that activate slip in the hard grain, particularly on the 〈𝑎〉
basal system since the resolved shear stress on that system caused by the applied loading is zero.

Figure 6-11 Normalised resolved shear stress on one of the 〈𝑐 + 𝑎〉 pyramidal slip systems in the hard
grain at the end of (a) dwell fatigue loading and (b) normal fatigue loading of DDP modelling

By analysing the resolve shear stress under displacement controlled loading for a grain boundary
angle of 𝜃 = 30° and 𝜃 = 60° as shown in Figure 6-9, the high stress band is found to be much
smaller and close to the grain boundary (e.g. less than 100𝑏) for the low grain boundary angle case.
The sources are not allowed to distribute in this region since the distance to the grain boundary is
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smaller than the initial length of the dipole. Hence for 𝜃 = 30° case, there will not be any 〈𝑐 + 𝑎〉
pyramidal slip generated under displacement controlled loading. On the contrary, for the 𝜃 = 60° case,
the stress concentration area is larger, and the 〈𝑐 + 𝑎〉 pyramidal sources are likely to distribute at
least one within the high stress region, thus these sources will be activated under the applied loading.

6.5. Conclusion
2D discrete dislocation plasticity calculations have been carried out to analyse the load shedding
associated with dwell fatigue in polycrystalline Ti alloys for the first time. The DDP formulation
included thermally activated dislocation escape from obstacles, which is the source of the low strain
rate sensitivity in the model. Material parameters were determined by calibrating a companion crystal
plasticity model to experimental data. The DDP model was first used to validate and explore the idea
proposed by Stroh [21], that crack nucleation could be caused by a pile-up in an adjacent grain. The
modelling results showed a good quantitative agreement with the analytical analysis, which was also
extended to uniaxial tension loading to determine that a soft grain pile-up plane oriented 56.1° to the
horizontal, an orientation easily achieved since there are three independent 〈𝑎〉 prism slip planes
spaced 60° apart, causes the greatest crack opening stress on the basal plane in the hard grain.
A polycrystalline model was created and subjected to normal fatigue loading and dwell fatigue
loading. A so-called rogue grain combination, consisting of a hard grain adjacent to soft grains, was
located in the centre of the model. A strong load shedding phenomenon was observed during the
stress-dwell period, which was predicted by the discrete dislocation plasticity model but could not be
captured by the crystal plasticity model. Strong load shedding was observed during the stress-dwell
period, which was predicted by the discrete dislocation plasticity model, particularly the internal stress
fields due to discrete dislocation pile-ups operating at sub-grain length scales. While crystal plasticity
methods have been demonstrated to successfully capture load shedding, the details of dislocation pileups and consequent back stress development are captured in addition by the discrete dislocation
approach. A significant increase in the dislocation density was observed as a result of the dwell, due
to continued source activation under sustained stress enhanced by the ability of dislocations to escape
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obstacles over time by a thermally activated process; on the contrary, the dislocation density at the
end of normal fatigue loading was found to be much lower. This created much higher intensity pile
ups in the soft grain under dwell loading, which generated high localised stresses in the hard grain that
may be the cause of facet crack initiation. It is statistically probable that in a Ti alloy fan blade in an
aircraft engine a worst case rogue grain combination will exist somewhere, with the hard grain c-axis
roughly parallel to the primary loading direction and at least one adjacent soft grain oriented such that
one of its three independent 〈𝑎〉 prism planes is approximately 60° degrees from the hard grain basal
plane.
A bicrystal model was used to assess the extent that grain orientations, grain boundary morphology
and loading direction combine to affect the grain boundary stresses in the hard grain. It was found that
in a primarily uniaxial loading scenario (as in dwell fatigue) there is a distinct difference in the
behaviour of a soft-hard grain combination separated by a grain boundary oriented greater than or less
than 45° to the horizontal; in the former the grains deform in parallel, and in the latter they deform in
series. Grains deforming in parallel is more severe on the hard grain in terms of grain boundary
stresses; when they deform in series the soft grain can accommodate the majority of the deformation
plastically. This is exacerbated by displacement, or strain controlled loading (rather than stress
controlled) since in that case both grains experience the same uniaxial applied strain. This was also
evident from the activation of 〈𝑐 + 𝑎〉 pyramidal slip in the hard grain only when the grain boundary
orientation was greater than 45°, and to a more significant extent under strain controlled loading
compared to dwell fatigue loading; no activation was observed for normal fatigue loading. Under
dwell fatigue loading, localised 〈𝑎〉 basal slip also initiated despite no resolved shear stress from the
applied loading as a result of high stresses from strong pile ups in the soft grain.
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Chapter VII
7. Dwell fatigue in two Ti alloys: an integrated crystal plasticity and
discrete dislocation study
It is a well-known and important problem in the aircraft engine industry that alloy Ti-6242 shows a
significant reduction in fatigue life, termed dwell debit, if a stress dwell is included in the fatigue
cycle, whereas Ti-6246 does not; the mechanistic explanation for the differing dwell debit of these
alloys has remained elusive for decades. In this chapter, I first establish a rate-dependent crystal
plasticity framework to reproduce the macroscopic response of Ti-624x (x = 2 and 6) alloys under
low-cycle fatigue (LCF) and low-cycle dwell fatigue (LCDF) loading [19], particularly in order to
extract the rate-controlling crystal-level material properties of these alloys; namely the activation
energy associated with thermally activated dislocation escape. I then utilise the new rate-sensitive
discrete dislocation model as described in Section 3.1, which adds low rate sensitivity arising from
thermally-activated dislocation escape from obstacles to the conventional sources of high rate
sensitivity of dislocation mobility and nucleation, which requires the activation energies obtained
from the crystal plasticity model to examine the behaviour of Ti-6242 and Ti-6246 undergoing nanoindentation. In this way, assessment of the rate-sensitive discrete dislocation plasticity model with
respect to independent experimental observations of rate-sensitive, single crystal indentation into Ti6242 and Ti-6246 [141] is achieved. I then employ the DDP model to investigate the grain-level slip
and dislocation behaviour of the two alloys Ti-6242 and Ti-6246 under dwell fatigue conditions in
order to address the long-standing technological question and its elusive solution: why is it that alloy
Ti-6242 does show a dwell fatigue debit whereas Ti-6246 does not?

7.1. Determination of crystal plasticity and discrete dislocation model
properties
The crystal plasticity model is addressed first in order to determine slip strengths, and activation
energies and volumes for the Ti-624x alloys, and this is achieved using the recent experimental cyclic
Page 87

fatigue experiments of Qiu et al. [19] who examined the low cycle fatigue and low cycle dwell fatigue
of alloys Ti-6242 and Ti-6246. A simple polycrystalline model was established for this purpose and
subjected to the low cycle and low cycle dwell fatigue loading in order to establish the average,
macro-level response, but importantly, over many thousands of loading cycles to achieve the
stabilised cyclic state, which necessitated long simulation times. The model consists of 16 square
grains of 1μm size which was subjected to the LCF and LCDF loading. The peak applied stresses
imposed are 95% of the experimentally reported 0.2% proof stresses, i.e. 830MPa and 954MPa for
Ti-6242 and Ti-6246 alloy respectively, as in the corresponding experiments [19]. The critical
resolved shear stresses 𝜏𝑐 of both alloys were estimated by applying uniaxial displacement-controlled
tension loading to give flow stresses as close as possible to the experimental results. Note that the
prismatic and basal critical resolved shear stresses are taken to be the same, and the pyramidal (type I)
CRSSs to be three times that of the prismatics. The activation energies ∆𝐹 were determined in order
for the polycrystal model to replicate the plastic ratchet strain accumulations observed in the
experimental LCDF observations. Finally, the hardening rates 𝛾′ were determined to capture the
primary to secondary ratchet strain accumulation transition which occurs over the first 1000 LCDF
cycles. The rate sensitivity of the crystal plasticity model is controlled by two properties (namely,
activation energy and activation volume); this is identical to classical crystal plasticity and it is argued
that a unique dependence is achieved over appropriate ranges of strain rate.
The resulting comparisons between average cyclic experimental measurement and the crystal
plasticity calculations are shown in Figure 7-1 for the Ti-6242 and Ti-6246 alloys for the loading
cases of LCF and LCDF respectively (the nature of the loading is shown inset in the figures). It is
noted that the accumulated plastic strains under LCF for Ti-6242 and Ti-6246 are similar giving rise
to accumulated plastic strain magnitudes of less than 0.01 after 4,000 cycles. Quite to the contrary
however, under LCDF, the plastic strain for Ti-6242 is seen to accumulate rapidly with continuing,
but stable ratcheting, while that for Ti-6246 reaches shakedown and a low peak magnitude of
accumulated plastic strain (less than 0.02) after 1,000 cycles. The polycrystal model is shown to
provide good agreement with the experimental observations and the activation energies ∆𝐹, prismatic
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slip strengths 𝜏𝑐 , and hardening rates 𝛾 ′ extracted for the two alloys in the crystal plasticity model are
shown in Table 7-1, together with the equivalent 0.2% yield stresses 𝜎0.2. The critical resolved shear
stress for the 1st order 〈𝑐 + 𝑎〉 pyramidal system is assumed to be three times that of prismatic slip, i.e.
3τc , based on the measurements of single crystal slip strengths from micro-cantilever bend tests on
commercially pure Ti carried out by Gong and Wilkinson [4]. The experimental results of Qiu et al.
[19] shown in Figure 2-1 make clear that the dwell debit for Ti-6242 is far greater than that for alloy
Ti-6246, confirming that Ti-6242 is dwell sensitive whereas Ti-6246 is very much less so. The
activation energy determined for Ti-6246 is found to be higher than that for Ti-6242 indicating that it
is more difficult for pinned dislocations to escape from obstacles for the former alloy, giving rise to a
higher average dislocation velocity for alloy Ti-6242.

Figure 7-1 Experimental and crystal model curves for Ti-624x under (a) LCF and (b) LCDF

Table 7-1 Crystal plasticity slip rule properties of Ti-624x alloys

𝜎0.2 (MPa)

𝜏𝑐 (MPa)†

𝛾′

∆𝐹
−20

Ti-6242

830

355

60

9.8 × 10

J

0.612eV

Ti-6246

954

420

50

10.6 × 10−20J

0.662eV

In order to provide a further, independent assessment of the validity of the crystal plasticity properties
extracted for the two alloys, additional comparisons with documented experimental measurement of

†

The critical resolved shear stress for the prismatic systems are given, but those for basal systems are taken to be the same as
the prismatics, and those for (type I) pyramidal to be three times those of the prismatics.
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their rate-sensitive responses is assessed. Strain-controlled uniaxial loading of the same simple
polycrystal model as employed for cyclic loading but with three differing strain rates was imposed,
utilising the crystal plasticity properties given in Table 7-1. The resulting calculated stress-strain
responses of the two alloys under different strain rates are shown in Figure 7-2a. The predicted flow
stress of Ti-6246 is found to be higher than that for Ti-6242 due to the higher critical resolved shear
stress obtained, whereas the strain rate sensitivity manifested by these two alloys under uniaxial
strain-controlled loading is predicted to be very similar. This is particularly interesting given the
markedly different responses resulting from the inclusion of the dwell, both from experiment and
model prediction in Figure 7-1b. I note that the crystal plasticity model gives predicted 0.2% proof
stresses close to experimental measurements of Qiu et al. [19], given in Table 7-1. In addition, Figure
7-2a shows that the predicted flow stress differences arising from the order of magnitude differing
strain rates imposed for the alloys are 31MPa for both Ti-6246 and Ti-6242 respectively. The
experimentally observed stress difference for Ti-6242 was observed by Neeraj et al. [5] to be 33MPa
giving close agreement with the crystal model.

Figure 7-2 Uniaxial tension for the strain rates shown for Ti-6242 and Ti-6246 using (a) crystal plasticity
and (b) discrete dislocation plasticity modelling

The Frank-Read source strengths of DDP model are chosen as 480MPa and 560MPa for Ti-6242 and
Ti-6246 respectively so that the DDP model shows similar stress response as the CP model under
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displacement control, as shown in Figure 7-2. The activation energy for both alloys are using the same
value as shown in Table 7-1 and all other properties for the two alloys are as detailed in Table 6-1.

7.2. DDP model validation by comparing with nano-indentation tests of
Ti-624𝒙 alloys
Experiments of nano-indentation into single crystal alpha grains contained within a polycrystal
surface have been carried out by Jun et al. [141]. Indentation into HCP basal and prism planes,
selected from EBSD characterisation of the surface, has been carried out for both Ti-6242 and Ti6246 alloys in order to establish the single crystal strain rate sensitivities. Experiments were
performed for four target indentation strain rates of 2 × 10−1, 5 × 10−2, 5 × 10−3 and 1 × 10−3 s−1
up to 2000nm depth using a perfect Berkovich indenter. The nano-indentation ‘strain rate’ is defined
as the indenter velocity divided by the indentation depth, i.e. 𝜀̇ = ℎ̇⁄ℎ [142], while the hardness 𝐻 is
defined as 𝐻 = 𝑃⁄𝐴, where 𝑃 is the applied force and 𝐴 is the projected area of the indent. The latter,
for a perfect Berkovich tip, is given by 𝐴 = 24.5ℎ2. The material strain rate sensitivity is then given
by

𝑚=

d(ln 𝐻)
d(ln 𝜀̇)

(7-1)

Full details of the experiments may be found in Jun et al. [141].

Figure 7-3 (a) Schematic diagram of single crystal nano-indentation DDP model, in which Frank-Read

Page 91

sources are generated only within the shaded area while slip planes and obstacles are represented
throughout; (b) perfect Berkovich indenter geometry and (c) the cross-section of the Berkovich tip,
modelled in two dimensions.

Figure 7-3a shows a two-dimensional schematic of the indentation set-up in order to develop a
representative DDP model. In two dimensions, only the cross-section of the indenter is modelled and
the resulting geometry of the cross-section is illustrated in Figure 7-3b and Figure 7-3c, from which
the projected area can be calculated as 𝐴 = 6.47ℎ. The model sample dimensions are 80μm × 80μm
but the nucleation sources are only distributed in the greyscale shaded area shown around the indenter
to avoid dislocation nucleation in the model sample bottom corners. This is appropriate since in the
experiments, the sample surfaces are far removed from the indenter region, and these conditions are
approximately reproduced in the sample model as described. The slip planes and obstacles are
distributed over the complete model crystal sample. The sample free boundaries are all subjected to
displacement boundary conditions of 𝑢𝑥 = 𝑢𝑦 = 0. The resulting predicted material pile-up together
with the yy-stress distribution after indentation for a source-free model are shown in Figure 7-4a and
Figure 7-4b respectively, from which a stress concentration around the indentation site can be
observed. The finite element mesh was refined around the indenter tip, as shown Figure 7-4a, with a
minimum mesh size of 0.005 μm and consisting of 120 × 80 bilinear elements as detailed in Balint et
al. [94]. The DDP model calculations were performed on grains giving basal and prism plane
indentation, for both alloys Ti-6242 and Ti-6246, as in the experiments.

Figure 7-4 (a) Deformed mesh around the indenter (b) yy-stress distribution after indentation for a
source-free DDP model.
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Figure 7-5 Hardness vs. strain rate (log-log form) obtained from experimental observation of (a) Ti-6242
and (b) Ti-6246, and the DDP predicted results for (c) Ti-6242 and (d) Ti-6246

The experimental measurements and DDP predictions of the strain rate sensitivities for the two alloys
and two indentation directions relative to the crystal structure are shown in Figure 7-5. For each strain
rate test (in both experiment and simulation), an average of four tests was used to evaluate the rate
sensitivity m with the standard deviations displayed as an error bar in the graphs. The experimental
results in Figure 7-5a and Figure 7-5b for Ti-6242 and Ti-6246 respectively reveal a higher rate
sensitivity for the indentation into the basal plane (i.e. crystal orientation as shown in Figure 3-1b)
when compared with indentation into the prism plane (Figure 3-1a) in Ti-6242. On the other hand, the
basal and prism plane indentations show comparable rate sensitivities in Ti-6246. In other words, the
indentation experiments suggest Ti-6242 experiences a strong crystallographic-orientation-dependent
rate sensitivity while Ti-6246 does not. Figure 7-5c and Figure 7-5d from the DDP model predictions
show that similar overall results are obtained in that the differences in rate sensitivities for the
differing plane indentations are small for alloy Ti-6246 but much larger for alloy Ti-6242. The
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magnitudes of the rate sensitivities show qualitative agreement only and the quantitative difference
likely arises because of the two-dimensional nature of the DDP model.
In order to understand why the indentation into the prism plane of Ti-6242 alloy shows such low rate
sensitivity, a parametric study has been carried out to investigate the effect of activation energy on the
local rate sensitivity of nanoindentation tests. Three representative activation energies, 9.8 × 10−20 J
(same as Ti-6242), 10.6 × 10−20 J (same as Ti-6246) and 12.0 × 10−20 J, are selected and the rest of
the material constants are the same as the Ti-6242 prism indentation model specimen. As shown in
Figure 7-6, the rate sensitivity as well as the overall hardness increased with increasing activation
energy. The high energy barrier makes the material difficult to deform, hence the hardness increased.
The thermally activated dislocation escape events control the local rate sensitivity, and under such
highly concentrated loading conditions, the large time constant associated with dislocation escape
leads to the sensitivity of the loading rates considered.

Figure 7-6 Effect of activation energy on rate sensitivity of Ti-6242 prism system indentation. The
activation energies have units of 1 × 10−20 𝐽/𝑎𝑡𝑜𝑚.
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Information from beneath the experimental sample surfaces is not available from the experiments, but
the DDP may be used to access this. The overall dislocation densities after indentation of the prism
plane for both alloys under two selected strain rates are compared in Figure 7-7. A high density of
dislocations is seen to concentrate around the indenter tip. At low strain rate, the predominant ratecontrolling mechanism is that of thermally activated dislocation escape. In the area close to the
indenter, the stresses are high (decreasing approximately inversely proportional to the distance from
the indenter) so that all dislocations overcome the energy barrier and continue to glide. In other words,
the motion of dislocations in this region is unlikely to contribute to the rate sensitivity of the crystal
indentation. The dislocations further away from the indenter are likely those giving rise to the ratesensitivity. These dislocations originate from both direct nucleation from the Frank-Read sources
away from the indenter and the longer distance gliding dislocations from the indentation area. Figure
7-7a and Figure 7-7b for Ti-6242 show rather similar distributions of dislocation densities at both low
and high indentation rates. However, for alloy Ti-6246 in Figure 7-7c and Figure 7-7d, the dislocation
densities are quite different for the different rates. This is due to the low energy barrier in Ti-6242,
such that dislocation escape from obstacles is enhanced, which results in the similar distributions of
dislocations over the entire indentation rate range. However, for Ti-6246, the high activation energy
leads to a longer dislocation escape time, comparable to the loading time. At high strain rate, the
dislocations pile up at obstacles even in the high stress region near the indenter because they do not
have sufficient time to escape, hence the dislocation density spatial reach is smaller than that for the
low strain rate. The interesting consequence is that over the range of indentation rates considered, the
low activation alloy Ti-6242 shows limited rate sensitivity since dislocation escape is so easy. The
high activation energy alloy, Ti-6246, however, does show rate sensitivity since at the low indentation
rate, escape is facilitated but it is inhibited at the higher rate.
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Figure 7-7 Dislocation density contours after prism indentation at strain rates of 1 × 10−3 s −1 and
2 × 10−1 s −1 respectively of DDP model for (a) and (b) Ti-6242 alloy, and (c) and (d) Ti-6246 alloy.

This is not obviously intuitive from the macro-level response of the two alloys shown in Figure 7-1 in
which, at the loading rates considered, it is the Ti-6242 alloy that shows the strongest rate sensitivity.
The key difference, of course, is the rate regime at which the loading is occurring. In other words, the
thermal activation of dislocation escape has associated with it a time constant (see Chapter 5 for
details). If the time frame associated with the loading is of the order of the thermal activation time
constant, a rate sensitive response is to be observed, but any significant difference (be it positive or
negative) leads to the diminution of the apparent rate sensitivity. However, the thermal activation
energy ∆𝐹 remains an intrinsic crystal property and determines its rate-sensitive response.
When I compare the resolved shear stress on the 〈a〉-prismatic slip systems oriented 60° with respect
to the positive x-axis for prism plane indentation for both alloys as shown in Figure 7-8, the
differences for the two strain rates resulting for Ti-6246 are very visible (in Figure 7-8c and Figure
7-8d), but very little difference has developed for Ti-6242 (in Figure 7-8a and Figure 7-8b). In the
case of high rate indentation in Ti-6246, obstacles pin dislocations, but with a high activation energy
escape is inhibited resulting in the localisation of high shear. A consequence is that in Ti-6246, with
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higher activation energy, a rate sensitivity becomes apparent over the range of indentation rates
studied. In the lower activation alloy Ti-6242, dislocation escape is so rapid that over the indentation
rate range considered, little rate sensitivity is apparent.

Figure 7-8 The resolved sheared stress on the tilted 〈a〉-prismatic slip system in the soft grain of Ti-6242
under strain rate of (a) 1 × 10−3 s −1 ; (b) 2 × 10−1 s −1 and Ti-6246 under strain rate of (c) 1 ×
10−3 s −1 ; (d) 2 × 10−1 s −1 of DDP model.

7.3. Load shedding in Ti-624𝐱 alloys: the origin of dwell debit
The manifestations and some consequences of the differing activation energies for thermally activated
dislocation escape associated with alloys Ti-6242 and Ti-6246 have been addressed. I focus in this
section on consequences in terms of the load shedding at hard-soft grain combinations in oligocrystals
which has been argued to be a key factor in controlling the dwell fatigue debit in these alloys [13, 16,
18, 38]. The rate-sensitive discrete dislocation formulation is employed to analyse polycrystalline
behaviour, and a schematic diagram of the polycrystal representation is shown in Figure 7-9a, which
is subject to stress-controlled loading that includes a stress hold in order to induce dwell fatigue
effects. A controlled Poisson Voronoi tessellation has been used to generate the crystal morphology
using the VGRAIN software system [143]. An average 15 μm2, minimum 10 μm2 , and maximum
20 μm2 grain size have been specified with a regularity parameter of 0.9. A rogue grain combination
Page 97

is located in the central region of the model for which the crystallographic orientations are shown in
Figure 7-9b. The polycrystal orientation distribution in the model is indicated in Figure 7-9c, from
which one hard grain (red symbols) with c-axis orientated parallel to the remote loading and the
remaining soft grains (black symbols) may be seen. The loading and boundary conditions imposed are
illustrated in Figure 7-9a: a uniaxial stress-controlled tension is applied on the top surface while the
bottom and left surfaces are constrained as indicated. The imposed stress is increased at a constant
rate until it reaches 0.95 of the yield stress 𝜎0.2 in 12s, after which a stress hold at maximum
magnitude 0.95𝜎0.2 is imposed for 4s. The yield stresses 𝜎0.2 are determined from the polycrystalline
rate sensitivity study (as shown in Figure 7-2) as 850MPa and 1010MPa for Ti-6242 and Ti-6246 at
𝜀̇ = 1 × 10−3 𝑠 −1, respectively. The loading is purposefully chosen to give remote stresses that are
lower than the macro-scale yield since this is deemed most relevant for in-service conditions. Also, it
proactively negates the potential problem sometimes observed experimentally where much higher
applied stresses are chosen in order to cause facet nucleation, but which may not therefore be relevant
to the cold dwell fatigue mechanism.
The polycrystal in Figure 7-9a is subjected to uniaxial loading along the 𝑦 direction and the 𝑦𝑦-stress
distribution along the 𝐴 − 𝐴’ path as shown in Figure 7-9b is recorded during the loading history, and
in particular, at the beginning of the load hold (or dwell) and at the end, as shown in the inset figure in
Figure 7-9a. The stress along the path is strongly affected by the position of 𝐴 − 𝐴’, e.g. if the path
passes through a group of piled-up dislocations, the stress at that point becomes much higher than the
average stress within that region. Hence, to begin, an average of the 𝑦𝑦-stress along 20 paths which
are all parallel to 𝐴 − 𝐴’ and are within the hard-soft grain boundary, i.e. within the shaded area
shown in Figure 7-9b, is assessed to examine the stress through the rogue grain combination.

Page 98

Figure 7-9 (a) The DDP model geometry together with the crystal morphology; (b) local crystallographic
orientations of the rogue grain combination; (c) pole figures of the polycrystalline DDP model, in which
red symbols represents the hard grain while the black symbols represent all other (soft) grains.

Figure 7-10 The 𝑦𝑦-stress along the 𝐴 − 𝐴’ path for (a) Ti-6242 and (b) Ti-6246 before and after the
dwell of DDP model

The resulting average 𝑦𝑦-stresses along path A − A’ before and after the stress dwell are shown in
Figure 7-10 for Ti-6242 and Ti-6246 in (a) and (b) respectively. The differences in the observed load
shedding are remarkable. The alloy Ti-6242 shows very significant redistribution of stress to the hard
grain during the stress dwell, increasing at the soft-hard boundary from 1300MPa to just over
2000MPa. The orientation of the hard grain is such that the yy-stress is, in fact, the normal stress to
the crystal basal plane so that the load shedding has led to an average tensile basal stress of 2000MPa
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in the Ti-6242 alloy. However, the response is completely different for the Ti-6246 alloy where
effectively, load shedding is simply not observed and the peak basal stress remains at about 1000MPa.
The difference between the two alloys could not be more stark and at first observation, provides
compelling evidence that it is the differing rate sensitivities which drive the experimentally observed
dwell debit difference.

Figure 7-11 The yy-stress along the A-A’ path for (a) model alloy A with 𝜏̅𝑛𝑢𝑐 = 480𝑀𝑃𝑎 , ∆𝐹 = 10.6 ×
10−20 𝐽 (0.662eV) and (b) model alloy B with 𝜏̅𝑛𝑢𝑐 = 560𝑀𝑃𝑎, ∆𝐹 = 9.8 × 10−20 𝐽 (0.612eV) before and after
the dwell of DDP model

Although the Frank-Read source strengths are chosen to give model flow stresses to be close to
experimental observation, the source strength also apparently has a significant effect on the load
shedding mechanism. A parametric analysis was carried out in order to understand the influence of
source strengths. Two model alloys were compared with the Ti-6242 and Ti-6246 alloys: model alloy
A: 𝜏̅𝑛𝑢𝑐 = 480𝑀𝑃𝑎 , ∆𝐹 = 10.6 × 10−20 𝐽 (0.662eV) and model alloy B: 𝜏̅𝑛𝑢𝑐 = 560𝑀𝑃𝑎 , ∆𝐹 =
9.8 × 10−20 𝐽 (0.612eV)with all remaining properties the same as shown in Table 6-1. The resulting
average yy-stresses along path A − A’ before and after the stress dwell are shown in Figure 7-11. By
comparing Ti-6242 (Figure 7-10a) and model alloy A (Figure 7-11a), which has the same low source
strength, it is observed that both of the alloys show strong load shedding during the stress dwell
period but the peak stress increase is lower when the activation energy is higher. On the other hand,
when the alloys have high source strength, model alloy B (Figure 7-11b) with low energy barrier

Page 100

starts to show load shedding compared to Ti-6246 (Figure 7-10b), but the peak stress increased of
approximately 400MPa which remains considerably lower than for Ti-6242 alloy (about 700MPa).
From the above analysis, three categories with different behaviour can be identified: (i) both the
Frank-Read source strength and the activation energy are low, giving strong load shedding during the
dwell period; (ii) both the Frank-Read source strength and the activation energy are high, giving load
shedding which is negligible; (iii) the Frank-Read source strength is low and the activation energy is
high, or the Frank-Read source strength is high and the activation energy is low, giving partial load
shedding.
Recall from Figure 2-1 that alloy Ti-6242 shows very high dwell fatigue debit whereas Ti-6246 does
not suffer a significant dwell debit at all. The mechanistic explanation for this difference has remained
elusive. In light of the discussion earlier, the significant differences apparent in Figure 7-10 result
from the proximity of the time constant for thermally activated dislocation escape for the two alloys
with that of the loading time scale. For the latter, the stress dwell chosen in this work is 4s for reasons
of computational time. However, it is well acknowledged and demonstrated that at temperatures in the
vicinity of 20°C, the critical dwell durations over which the stress relaxation is seen to occur is on the
order of 60s [15, 18, 49]. But in fact, most of the relaxation takes place over the first 12s so that the
dwell period used in this study is entirely indicative. So far, average stresses at the soft-hard grain
boundary have been assessed, but potentially, strong localisations occur and this is addressed next.
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Figure 7-12 The 𝑦𝑦-stress contours and corresponding dislocation structures in the rogue grain combination of
DDP model before and after the dwell, shown for Ti-6242: (a)/(e) dwell begin, (c)/(g) dwell end; and for Ti6246: (b)/(f) dwell begin; (d)/(h) dwell end.

Figure 7-12 shows the spatial distribution of 𝑦𝑦-stress and dislocation distributions (by type) at the
beginning and end of the stress dwell for the two alloys. A first observation is that there is
significantly more dislocation generation and pinning occurring for alloy Ti-6242 compared to that for
Ti-6246. The differences are very marked. In addition, reflecting the earlier discussion, the stresses
seen for Ti-6242 tend to be low in the soft grain and very high in the hard grain, and become higher
and more localised at the hard grain boundary regions after the dwell period. For alloy Ti-6246,
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however, the spatial distribution of stress shows that the low stress magnitude is retained despite the
stress dwell and remains rather homogeneous within the grain combination for Ti-6246. Hence the
spatial distributions of stress and dislocation densities support the load shedding differences presented
in Figure 7-10.
Since the dislocation source strength is lower in the Ti-6242 alloy, the dislocations are easier to
nucleate and due to the lower activation energy, the pinned dislocations find it easier to overcome the
obstacle energy barrier and escape. Once pinned dislocations escape from obstacles, the long range
back stresses acting on sources reduce. Sources are then able to reactivate and add further dislocations
to the pile-ups at grain boundaries, which exacerbates the stress concentrations there. The dislocation
pile-up groups develop the stress concentrations at the boundaries. Although the remote applied stress
is perpendicular to the basal slip systems in the hard grain, i.e. the resolved shear stress on the basal
plane (at least due to the global stress) is zero, the local stress state is different from the global stress
because of the local spatial variation in elastic anisotropy and grain boundary constraint. A
consequence is that Frank-Read sources located close to the grain boundaries nucleate. During the
stress dwell, the sources in the soft grains keep activating and more dislocations reach the grain
boundaries. As a result the stress concentration local to the grain boundaries increases and activates
more basal sources together with 〈𝑐 + 𝑎〉 pyramidal sources. The redistribution of the stresses in the
soft grain to the adjacent hard grain occurs by the generation of more dislocations which gives rise to
the load shedding phenomenon observed in Figure 7-10a.
On the contrary, for alloy Ti-6246 as shown in Figure 7-12, the stress levels in the soft and hard grains
remain largely unchanged during the stress dwell period. The source strength is higher in Ti-6246
which tends to inhibit dislocation activation, hence there are less dislocations generated. On the other
hand, the obstacle escape energy barrier is higher in Ti-6246 which inhibits pinned dislocations
escaping from obstacles. In the absence of pinned dislocation escape, the back stresses are not
relieved so that dislocation sources remain inactive. It can be seen that most of the dislocations
generated in Ti-6246 remain distributed within the bulk of the soft grains as opposed to piling up at
grain boundaries as in alloy Ti-6242. In the absence of the stress concentration at the grain boundary,
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there is no basal nor 〈𝑐 + 𝑎〉 pyramidal dislocation activity in the hard grain. In the Ti-6242 alloy,
however, both dislocation types, perhaps unexpectedly including the 〈𝑐 + 𝑎〉 pyramidals, are activated
in the hard grain as shown in Figure 7-12.

Figure 7-13 Analysis along the soft-hard grain boundary in Ti-6242 before (a)-(c) and after (d)-(f) stress dwell
of DDP model. (a)/(d) dislocation density, (b)/(e) 𝑦𝑦-stress and (c)/(f) resolved shear stress on the basal slip
system in the hard grain.

Figure 7-14 Analysis along the soft-hard grain boundary in Ti-6246 before (a)-(c) and after (d)-(f) stress dwell
of DDP model. (a)/(d) dislocation density, (b)/(e) 𝑦𝑦-stress and (c)/(f) resolved shear stress on the basal slip
system in the hard grain.

The dislocation density distributions together with stresses along the soft-hard grain boundary within
the hard grain are detailed and compared in Figure 7-13 (Ti-6242) and Figure 7-14 (Ti-6246). It can
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be seen that for Ti-6242 in Figure 7-13, the dislocation density increases significantly after the dwell
period consistent with earlier analysis. The significant dislocation pile up at the grain boundary leads
to the development of high normal stresses to the basal plane in the hard grain which is potentially
associated with facet crack nucleation and high basal resolved shear stress which gives rise to the
basal slip nucleation in the hard grain. Corresponding results for alloy Ti-6246 in Figure 7-14 show
that only a single activated slip plane intersects the grain boundary since in the case of this particular
plane, there are no obstacles located between the nearest nucleation source to the grain boundary and
the grain boundary, arising because of the stochastic nature of the DDP analysis. Dislocations on that
particular slip plane are free to glide to the boundary once generated. Other dislocations are observed
to be nucleated on that plane during the stress dwell. Both the normal stresses and resolved shear
stresses associated with the basal slip plane in the hard grain are negligible in Ti-6246 in comparison
to alloy Ti-6242.
The uniaxial stress-strain response of the two alloys under displacement-controlled loading (Figure
7-2) was found to be similar, but remarkably different under conditions of stress-controlled dwell
loading (Figure 7-1b). In the displacement-controlled loading, the same strain (0.02) was applied to
the two alloys, which requires the generation of similar numbers of dislocations to accommodate the
total strain. Since Ti-6242 has lower source strength and lower activation energy, the dislocations are
easier to generate, and then easier to escape from obstacles, giving rise to a higher overall glide
velocity than for Ti-6246. However, under displacement control, the dislocation density is likely to be
similar for a given applied strain, and hence overall, the stress responses for Ti-6242 are lower than
those for Ti-6246 but without larger flow stress spacing with applied strain rate when compared with
the Ti-6246 response in Figure 7-2. However, under stress-controlled loading relevant to dwell
conditions, the overall strain for Ti-6242 increased from 0.011 at the beginning of the stress dwell to
0.046 at the dwell end, while for Ti-6246, it increased from 0.002 to 0.003 during the stress dwell
period which is very significantly lower. This is because under stress control, more slip occurs in the
relatively ‘soft’ Ti-6242 alloy, and as a result, the dislocation density is higher, i.e. greater than
500μm−2 compared to the 10μm−2 observed for the Ti-6246 at the end of stress dwell.
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7.4. Conclusions
A dislocation-based crystal plasticity approach has been utilised to extract thermal activation energies
for pinned dislocation escape for the titanium alloys Ti-6242 and Ti-6246 (9.8 × 10−20 J and 10.6 ×
10−20 J respectively) such that the remarkably different cold creep responses resulting from the
inclusion of a stress dwell within the fatigue loading cycle are captured accurately. The model
demonstrates that this behaviour is entirely consistent with that for strain-controlled loading without a
stress hold for which the rate-sensitive responses of the two alloys are near-identical, entirely
reflecting experimental observation.
A discrete dislocation model which explicitly includes the thermally activated escape of pinned
dislocations and which utilises the activation energies obtained from crystal plasticity modelling has
been presented and shown to predict the experimentally observed rate sensitivities of nano-indentation
into basal and prism planes of alloys Ti-6242 and Ti-6246. Ti-6242 is shown to have a strong
crystallographic orientation-dependent indentation rate sensitivity whilst Ti-6246 does not, such that
in the former alloy, a slip-system dependent rate sensitivity exists. These predicted observations are
found to be in agreement with recently published experimental measurements from nano-indentation
tests.
The discrete dislocation model incorporating thermally-activated dislocation escape predicts that in
alloy Ti-6242, under conditions of stress dwell within the fatigue loading cycle, the load shedding, or
stress redistribution, is remarkable, leading to the establishment of very high basal stresses on badly
orientated grain combinations, potentially sufficiently high to cause facet nucleation. However, alloy
Ti-6246, because of its differing activation energy for dislocation escape, shows negligible stress
redistribution and hence load shedding, therefore negating the potential for facet nucleation. A
mechanistic explanation has therefore been provided for the elusive question of why Ti-6242 does
show dwell debit whereas alloy Ti-6246 does not, which has significant potential for helping to
alleviate this important industrial problem.
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It has been shown that the physical phenomenon of key importance with respect to load shedding in
the alloys considered is that of the time constant associated with the process of thermally activated
dislocation escape, but with respect to the time constant associated with the loading. If the former
differs substantially from the latter, dwell debit is diminished, and this is the case for Ti-6246 in the
loading rate regime relevant to in-service conditions. However, for Ti-6242, the former and latter
coincide leading to substantial load shedding and dwell debit.
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Chapter VIII
8. Investigation of slip transfer across HCP grain boundaries with
application to cold dwell facet fatigue
In this chapter, I first calculate the grain boundary energies in terms of misorientation angles in two
neighbouring grains of symmetric tilt grain boundary (STGB) and asymmetric tilt grain boundary
(ATGB) of titanium utilising atomistic simulations. I then establish a rate-sensitive discrete
dislocation model for grain boundary (GB) slip transfer, which incorporates rate sensitivity arising
from thermally-activated dislocation escape from obstacles, utilising the grain boundary energies
obtained from atomistic modelling together with full recognition of GB geometry. The size effect in
polycrystalline Ti-6242 alloy at different strain rate regimes is assessed considering impenetrable and
penetrable GBs. I then employ the DDP slip transfer model to investigate the load shedding between
soft and hard grains in alloy Ti-6242 under dwell fatigue conditions in order to address the role of
grain boundary slip transmission in dwell fatigue behaviour.

8.1. Atomistic simulations of HCP grain boundary energies

Figure 8-1 Atomic representation of (a) symmetric tilt grain boundary (STGB) and (b) asymmetric tilt
grain boundary (ATGB). Upper half of the crystal rotated clockwise around the [0001] direction. The
misorientation angle of the STGB is ∅ and the inclination angle of the ATGB is ∅∗ .

Grain boundary energies are computed by minimizing the system energy of a bicrystal computational
cell with 3D periodic boundary conditions using the conjugate-gradient method in the LAMMPS code
[144]. Several 0K minimum energy GB structures are obtained by utilising successive rigid body
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translations followed by an atom deletion technique introduced by Tschopp and McDowell [145, 146].
More than 15,000 initial configurations were relaxed for each misorientation angle and the minimum
GB energy was determined for the misorientation. Grain boundary energies are calculated using
embedded atom method (EAM) interatomic potentials [147] which have been demonstrated to
reproduce the elastic and plastic behaviour of titanium reasonably well [148].
Two types of GBs, namely STGB and ATGB, were considered as shown in Figure 8-1. The grain
boundary sits parallel to the x-z plane and the appropriate rotation about the z-axis, i.e. [0001]
direction, is performed to achieve the desired misorientation of STGB. Similar calculations for the
same tilt axis in titanium were performed by Wang et al. [67]. The comparison of this work with
results of symmetrical [0001] tilt boundaries [67], together with [11̅00] and [12̅10] misorientation
axes [66, 68], are shown in Figure 8-2. Reasonably good agreement with established data is observed
and the energies with a range of tilt axes are found to be a similar order of magnitude to that for
STGBs. Furthermore, asymmetric tilt grain boundaries are also generated as shown in Figure 8-1b:
the crystal orientation of the lower crystal is fixed with its c-axis parallel to the x-direction while the
c-axis of the upper crystal is directed along the z-axis and rotated about [0001] direction. The same
methodology for STGBs was adopted to calculate the grain boundary energies, plotted against the
inclination angle ∅∗ in Figure 8-3. The calculated ATGB energy values are found to be slightly higher
than those for STGBs. Additionally, the GB energy varies strongly with the inclination angle when ∅∗
is close to 0° and 60° but becomes almost independent of the angle when 20° ≤ ∅∗ ≤ 40°. The GB
energies obtained are implemented in the discrete dislocation plasticity model which is described in
the following section.
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Figure 8-2 The variation of symmetric tilt grain boundary (STGB) energies against misorientation angle
in Ti.[66-68]

Figure 8-3 Asymmetric tilt grain boundary (ATGB) energy in Ti as a function of the inclination angle of
the upper crystal.
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8.2. Size effect with impenetrable and penetrable GBs

Figure 8-4 Grain morphologies of oligocrystals of differing grain size with averages (a) d = 0.25μm, (b) d
=0.50μm and (c) d =1.00μm

The discrete dislocation plasticity model incorporating slip transfer is utilised first to assess the grain
size strengthening size effect in a titanium alloy. Three selected average grain sizes,
{0.25, 0.50, 1.00}𝜇𝑚, are chosen as in Li et al. [71] and assessed under uniaxial, displacementcontrolled loading along the x-direction depicted in Figure 8-4. The model sample dimensions are
3𝜇𝑚 × 9𝜇𝑚 and 40 × 120 quadratic finite elements are employed to solve the boundary condition
correction problem [87]. The crystal morphology is generated using a controlled Poisson Voronoi
tessellation employed by VGRAIN software [143] (see Figure 8-4). The modelling parameters and
material properties were obtained in Chapter 7 based on independent cyclic fatigue loading
experimental data of Ti-6242 alloy. These parameters, as detailed in Table 6-1, enable the DDP model
to reproduce the rate-sensitive responses under uniaxial tension and predict the load shedding during
dwell fatigue loading conditions. In this size effect study, only 〈𝑎〉 -prismatic slip systems are
considered, i.e. the c-axis of the HCP unit is oriented perpendicular to the loading direction.
Two different strain rates are considered: at high strain rate, 𝜀̇ = 103 𝑠 −1, the dislocation behaviour is
mainly controlled by nucleation and free flight, and at low strain rate, 𝜀̇ = 10−4 𝑠 −1, the movement of
the dislocations is predominated by the thermally activated escape from pinned obstacles. The stressstrain responses of impenetrable and penetrable GBs under these two strain rates are compared in
Figure 8-5. Generally, the Hall-Petch effect, i.e. increasing flow stress for smaller grains sizes, is
observed in both the impenetrable and penetrable GB models under both strain rate regimes. The flow
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stress for the case of penetrable GBs is always lower than that for impenetrable GBs with the same
morphology.
Under a high strain rate such as that used in Li et al. [71], the effect on the overall plastic response of
slip penetration is found to be reduced to a negligible level when the grain size is increased to 1.00μm.
In order to understand the differences for different types of grain boundaries, the slip contours of two
selected grain sizes at high strain rate are compared in Figure 8-6. The slip ζ is defined as the
summation of the resolved shear strain 𝛾 on all slip systems, i.e. ζ = ∑3𝛼=1|𝛾 (𝛼) | [91]. For
impenetrable GBs for small and large grain sizes, Figure 8-6a and Figure 8-6b, strong slip bands are
seen to form within individual grains, in different directions. However when dislocation transmission
is permitted, Figure 8-6c and Figure 8-6d, continuous slip bands are much more frequently developed
across the entire poycrystal. It can be seen that the continuous slip bands are normally formed across
adjacent grains with small misorientations, confirming that the dislocations penetrate the GBs more
easily if the GB energy barrier is lower.

Figure 8-5 Stress-strain responses of polycrystals of differing average grain sizes with impenetrable and
penetrable GBs under the strain rates of (a) 103 𝑠 −1 and (b) 10−4 𝑠 −1 .
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Figure 8-6 The distribution of total slip ζ for two selected grain sizes (a)/(c) 𝑑 = 0.25𝜇𝑚 and (b)/(d) 𝑑 =
1.00𝜇𝑚 at high strain rate 𝜀̇ = 103 𝑠 −1 with (a)/(b) impenetrable GB and (c)/(d) penetrable GB.

Figure 8-7 Statistic analysis of number of activated slip systems in the slip contours of Figure 8-6.

The number of activated slip systems in Figure 8-6 is analysed and plot in Figure 8-7. For the small
grain size specimen (𝑑 = 0.25𝜇𝑚), more than 50% of grain remains elastic with impenetrable grain
boundaries while with slip transmission permitted, most of the grains have multiple slip systems
activated. On the other hand, for the large grain size specimen ( 𝑑 = 1.00𝜇𝑚 ), all grains have
dislocations generated inside even without slip transfer. In the slip transfer model, some grains with
only one slip system activated in the impenetrable GBs model, now have extra slip systems activated
in the penetrable GBs model. By analyzing the date, it has been found that over 60% grains in the
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small grain size model have slip transmission occurs while only 37% grains have slip transmission
occurs.
At low strain rate, in Figure 8-5b, the flow stress spacing resulting from impenetrable and penetrable
GB models are found not to depend strongly on the grain size. Distributions of the stress component
𝜎𝑥𝑥 with the dislocation structure shown at 𝜀 = 0.05 under low strain rate 𝜀̇ = 10−4 𝑠 −1 are shown in
Figure 8-8. For the impenetrable GB polycrystal models with grain size 𝑑 = 0.25𝜇𝑚 and 1.00𝜇𝑚,
stress is concentrated at the grain boundaries and the associated dislocation structures show strong
pile-ups at these boundaries. The stress concentration is stronger in small grain sizes due to the high
density of grain boundaries. In contrast, the stress distribution is more uniform in the penetrable GB
polycrystal models for both grain sizes. The dislocation transmission across boundaries enables the
development of continuous slip bands and the stress concentrations resulting from the pile-up groups
are diminished. The dislocations transmit through grain boundaries and eventually leave the specimen
from the free surfaces.

Figure 8-8 The distribution of the stress component 𝜎𝑥𝑥 and the corresponding dislocation structures in (a)/(c)
𝑑 = 0.25𝜇𝑚 and (b)/(d) 𝑑 = 1.00𝜇𝑚 specimens at low strain rate 𝜀̇ = 10−4 𝑠 −1 . The grain boundaries are
impenetrable in (a)/(b) and penetrable in (c)/(d).
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8.3. Slip transfer in cold dwell fatigue
In this section, I focus on the effect of slip penetration in terms of load shedding at hard-soft grain
combinations in Ti-6242 oligocrystals which has been argued to be a key factor in controlling the
dwell fatigue debit in several titanium alloys [13, 16, 18, 38]. The rate-sensitive discrete dislocation
formulations with and without slip transfer are utilised to address the dwell fatigue response, and a
schematic diagram of the polycrystal model setup is shown in Figure 8-9. The model sample
dimensions are 10μm × 10μm, which is subjected to a uniaxial stress-controlled loading in the ydirection as indicated. The loading history is shown in Figure 8-9d, in which the maximum applied
stress magnitude is chosen to be 0.95 of the macroscopic yield stress 𝜎0.2, i.e. 𝜎𝑎𝑝𝑝 = 0.95𝜎0.2 , which
is deemed most relevant for in-service conditions. The crystal morphology is created using the
VGRAIN software [143] with an average grain size of 1𝜇𝑚2 , with minimum and maximum grain size
0.5μm2 and 1.5μm2 respectively, with regularity parameter 0.95. A soft-hard grain combination is
located in the central region of the model for which the crystallographic orientations are shown in
Figure 8-9c. The other surrounding grains are chosen to be relatively soft, i.e. their c-axes are chosen
to be perpendicular to the loading direction. The grain boundaries between soft and hard grains use
the ATGB energies shown in Figure 8-3 and the soft-soft grain boundaries use the STGB energies
shown in Figure 8-2. In order to obtain detailed and accurate solutions of the stress and displacement
fields, the finite element mesh was refined around the soft-hard grain combination, as shown in Figure
8-9b, with a minimum mesh size of 0.005 𝜇𝑚.
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Figure 8-9 (a) The DDP model geometry together with the crystal morphology; (b) the finite element mesh in
the DDP model which is refined around the soft-hard grain combination; (c) local crystallographic orientations
of the grain combination; (d) stress dwell loading history with 𝜎𝑎𝑝𝑝 = 0.95𝜎0.2 .

The polycrystal is subjected to uniaxial loading along the 𝑦 direction and the 𝑦𝑦-stress (equivalently
the basal normal stress in the hard grain) distribution along the A − A’ path as shown in Figure 8-9c is
recorded during the loading history. The stress along the path is strongly affected by the position of
A − A’, hence an average of the 𝑦𝑦-stress along 20 paths parallel to A − A’ and within the shaded area
shown in Figure 8-9c is utilised to assess the stress throughout the soft-hard grain combination. The
resulting average 𝑦𝑦-stresses along path A − A’ before (in blue) and after (in red) the stress hold with
and without GB slip transfer are shown in Figure 8-10. The stresses, both within the grains and at the
hard-soft grain boundary, are very similar at the beginning of the stress hold for both penetrable and
impenetrable GB models. Then significant load shedding is observed in both cases at the end of the
stress hold, but it is observed that the peak stress at the hard-soft grain boundary is considerably
higher after the dwell period for the penetrable GB case for which slip transfer is permitted, compared
to the impenetrable GB model. The stress is redistributed from the soft grain to the adjacent hard grain
during the stress dwell, which leads to the significant increase of soft-hard grain boundary stress,
which has been argued to be important in the facet nucleation process within the hard grain in cold
dwell fatigue. When slip penetration is permitted in the polycrystal model, more plastic deformation is
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allowed to develop in the soft grains compared to the impenetrable model (exactly how this occurs is
discussed in greater detail below). This is assisted by the slip transfer, but it does not significantly
change the deformation in the hard grain because of its near-elastic behaviour. Since additional
plasticity occurs in the soft grain, over and above that for the impenetrable polycrystal model, the load
shedding in the slip penetration model is stronger.

Figure 8-10 The 𝑦𝑦-stress along the A − A’ path for the impenetrable and penetrable GB models before and after
the dwell

The spatial distribution of 𝑦𝑦 -stress and dislocation structure at the end of the stress dwell for
impenetrable and penetrable GB models are shown in Figure 8-11. Large amount of dislocations are
generated in the soft grain and only several dislocations can be seen in the hard grain. This leads to a
much lower stress level in the soft grain corresponding to the same observation in Figure 8-10. In the
impenetrable GB model, as shown in Figure 8-11a, the dislocations in the hard grain are generated
directly from the nucleation of Frank-Read sources in the hard grain, i.e. due to indirect slip transfer.
The activated slip systems in the hard grain include 〈𝑐 + 𝑎〉-pyramidal planes (indicated by black
arrows) and 〈𝑎〉-basal plane (indicated by the blue arrow). These dislocations are nucleated from the
sources located in high stress areas which are mainly close to the grain boundaries. For the penetrable
GBs, besides the indirect slip transfer of 〈𝑐 + 𝑎〉-pyramidal slip systems, a direct slip penetration on
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the 〈𝑎〉-basal plane (indicated by the black hollow arrow) is also observed. Dislocations on that basal
slip plane were originally nucleated from the sources on the 〈𝑎〉-prismatic slip plane in the adjacent
soft grain. There is no slip transfer to the 〈𝑐 + 𝑎〉-pyramidal slip systems because the high energy
barrier due to the difference in Burgers vector magnitude and the large misorientation angle.

Figure 8-11 The 𝑦𝑦-stress contours and corresponding dislocation structures in the soft-hard grain combination
after the dwell for (a) impenetrable and (b) penetrable GB models. Indirect slip transfer in the hard grain is
indicated by black solid arrows for 〈𝑐 + 𝑎〉-pyramidal slip and the blue solid arrow for 〈𝑎〉-basal slip. Direct slip
transfer on the 〈𝑎〉-basal slip plane in the hard grain is indicated by the black hollow arrow.

The dislocations that arise due to slip transmission and re-emission are plotted in Figure 8-12 together
with the dislocation debris (i.e. only dislocations associated with GB slip transfer are shown). The
first observation is that most of the slip penetration occurs at very particular grain orientation pairs,
because these grains have low misorientation. In the case of penetration, a dislocation from a pile-up
in the parent grain has overcome the grain boundary energy barrier and is transmitted in part to an
adjacent grain, and may eventually escape at the nearest free surface. The back stress on the source
that generated the transmitted dislocation is reduced by this process, hence the source is able to
nucleate again which replaces the penetrating dislocation in the pile-up and the process is able to
repeat; after enough dislocations transmit across a GB, the residual dislocation content accumulates to
the point that re-emission is also possible. The GB penetration dislocation content, which is additional
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to the background dislocation content, observed in this case on the right and lower-left of the model
shown in Figure 8-12, enhances the load shedding and is clustered near the grain boundaries, hence
leads to a higher peak stress at the soft-hard grain boundary at the end of the stress dwell.

Figure 8-12 Only the dislocations associated with GB penetration (transmitted and re-emitted dislocations, and
the dislocation debris) are shown. The slip systems in each grain are also shown.

Figure 8-13 (a) Polycrystal DDP model of macrozone; (b) EBSD map of macrozone in Ti-6Al-4V alloy [149].
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During the forging processing of titanium alloys, a set of neighbouring individual grains with
similar/common crystallographic orientation may be produced, which are known as macrozones or
micro-textured regions (MTRs) [150]. The macrozone is similar to a very large effective region of
uniform crystallographic orientation, and it has been argued that the existence of macrozones is
important to dwell fatigue [20, 151]. Lunt et al. [149] characterised the macrozone region in alloy Ti6Al-4V using electron backscatter diffraction (EBSD) techniques and found in that region the c-axis
in the macrozone to be parallel to the transverse direction (TD) as shown in Figure 8-13b. When the
alloy is subjected to loading along TD, the macrozone behaves like a large effective hard grain. A
polycrystalline model as shown in Figure 8-13a with impenetrable and penetrable GBs is established
in order to investigate the role of slip transfer under dwell fatigue loading with the existence of
macrozones. For reasons of computational efficiency, the model dimensions are taken to be 20𝜇𝑚 ×
20𝜇𝑚 with an average grain size of 8𝜇𝑚. The width of the macrozone is about 15𝜇𝑚. The same
dwell fatigue loading as shown in Figure 8-9d is applied on the top surface while the left and bottom
surfaces are constrained as shown in Figure 8-13a. Two regions of interest are selected as shown in
Figure 8-14a and the 𝑦𝑦-stresses after stress hold are shown in Figure 8-14b-Figure 8-14d for the
cases of impenetrable and penetrable grain boundaries. In region 1, the stresses at soft-soft grain
boundaries are overestimated due to the pile-ups at these boundaries when dislocation transmission is
prohibited. On the contrary, the local basal-normal stresses at soft-hard grain boundaries in region 2
are amplified when dislocation transfer is permitted during dwell. Significant load shedding is found
to occur to the hard-orientated macrozone, but no significant size effect is sound to occur with respect
to the previous analyses for polycrystal response in the absence of a macrozone. However, high peak
basal stresses are developed within the macrozone as before potentially facilitating quasi-cleavage
facet formation. In the case of the macrozone, a nucleated facet which is considerably larger than that
for a non-macrozoned grain ensemble becomes possible and it may be that it is simply the larger
initiation size which is most detrimental to component structural integrity arising in the presence of
macrozones.
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Figure 8-14 𝑦𝑦-stress at the end of stress hold in the two regions of interest: (b-c) region 1 of soft-soft grains
and (d-e) region 2 of soft-hard grains. The grain boundaries are impenetrable in (b)/(d) and penetrable in (c)/(e).

8.4. Conclusions
Atomistic simulations were used to determine the grain boundary energies of STGB and ATGB in
titanium as a function of misorientation angle. The grain boundary energies were then utilised in a
discrete dislocation model which explicitly includes thermally activated escape of pinned dislocations
and incorporates slip transfer across grain boundaries. The DDP model was first used to predict the
grain size strengthening size effect in a titanium alloy at high strain rate (mobility and nucleation
predominated) and low strain rate (thermal activation process controlled). A classic grain size
strengthening effect was observed at both high and low strain rates. The results for polycrystals for
which grain boundary slip transfer is permitted according to energy and geometric criteria were
compared to corresponding impenetrable models. It was shown that the flow stress is lower when slip
penetration is allowed; the effect of GB penetration is more significant in small grain size polycrystals.
The DDP model was then used to investigate the load shedding phenomenon in Ti-6242 alloy under
dwell fatigue loading. It was shown that significant stress redistribution occurs within soft-hard grain
pairs during the stress dwell period leading to significantly elevated grain boundary stresses at the end
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of the dwell, and very localised high basal stresses in the hard grain. The peak stress at grain
boundaries for which slip transfer is permitted was observed to be significantly higher than in
corresponding impenetrable grain boundary cases, i.e. the results indicate that the incorporation of slip
transfer at hard-soft grain boundaries amplifies the stress redistribution by enhancing plastic slip in the
soft grains, hence the load shedding effect, in cold dwell fatigue in susceptible Ti alloys. It was also
observed that most slip penetration occurred across grain pairs with low misorientation, which are
located close to a free surface. However, the key controlling mechanism with respect to load shedding
in titanium alloys remains the time constant associated with the process of thermally activated
dislocation escape; dislocation-grain boundary penetration is important and exacerbates the dwell load
shedding, but plays a secondary role.
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Chapter IX
9. Mechanistic basis of temperature-dependent dwell fatigue in
titanium alloys
In this chapter, I aim to provide mechanistic explanations of the temperature sensitivity of dwell
fatigue in two titanium alloys: Ti-6242 and Ti-6246. A 2D-DDP framework incorporating thermally
activated dislocation escape together with slip transfer across grain boundaries is proposed to
investigate the dwell fatigue behaviours between the temperatures of −50℃ and 390℃ . In the
following sections, I briefly describe the DDP approach employed in this study, and firstly provide a
quantitative investigation of the stress on the leading dislocations in a double pileup as a function of
obstacle spacing and nucleation strength. I then study the temperature-dependent load shedding in the
two aforementioned Ti alloys. Finally the differing dwell fatigue behaviours at various temperatures
are categorised and the mechanistic basis of each category is discussed.
The details of the plane strain DDP formulation can be found in Chapter 5 and 8. The material
properties and discrete dislocation modelling parameters for the two alloys Ti-6242 and Ti-6246 have
been investigated and are given in Chapter 7 at room temperature The source strength dependence on
temperature, which is needed in the subsequent temperature-dependent analyses, is taken to be the
same as that for the relevant slip system critical resolved shear stresses (CRSS) determined from
experimental measurements [152] and crystal plasticity simulations in Ti-6Al alloy [18]. The same
temperature dependence of the critical resolved shear stresses are also employed in the crystal
plasticity studies of alloy Ti-6242 by Ozturk et al. [49].

9.1. Dislocation distribution within double pileup
The process of dislocations escaping by thermal activation from pinned obstacles is argued to be the
main mechanism controlling the rate sensitivity of titanium alloys for low strain rate regimes
(~100 𝑠 −1 ) which is strongly associated with dwell fatigue in these alloys (Chapter 5). When a
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number of dislocations on a given slip plane are forced against an obstacle under external stress, a
dislocation pileup is formed and only the leading dislocation experiences the thermal activation
process which enables it to overcome the obstacle and continue to glide along the slip plane. From
(3-8), the two intrinsic properties controlling the successful jump frequency, i.e. the rate sensitivity of
the material, are activation energy ∆𝐹 and activation volume ∆𝑉, and even for the same material, the
rate sensitivity is also strongly affected by the temperature 𝑇. The local stress states are argued to
influence the sensitivity to these parameters significantly. In Stroh’s crack nucleation model [21], as
well as subsequent models which consider alternative loading states (Section 6.2), the stress on the
fixed (leading) dislocation and the crack opening stress is found to be related to the number of
dislocations in the equilibrium pileup group. Hence the size of the dislocation pileup, the local stresses
developed, and thermally activated dislocation escape are key in controlling load shedding and dwell
fatigue sensitivity. Hence in this section, I calculate the size of a double pileup group from DDP
simulations and compare results with a previous analytical solution, in order to demonstrate the
important role of external stress in nucleation strength, argued to be crucial for the dwell fatigue
problem normally associated with low stress loading.
Consider a Frank-Read source located on a slip plane with two inescapable obstacles sitting on the
same plane either side of the source as shown in Figure 9-1. The source is activated under the external
stress and a double pileup is formed. The stress acting on the leading dislocation of each pile up group
is 𝜏𝑑𝑖𝑠 . The external stress 𝜏𝑒𝑥𝑡 consists of the contribution from the applied loading and the back
stresses of dislocations on other slip planes. The size of each pileup between the source and the
obstacle at the equilibrium state was estimated by [86] as

𝑁=

(1 − 𝜈)𝑙𝑜𝑏𝑠 𝜏𝑒𝑥𝑡
𝐺𝑏

(9-1)

The analytical solution in (9-1) was obtained with the assumption that the stress is balanced
everywhere on the slip plane except on the two leading dislocations. However this solution neglected
to consider the threshold strength of the Frank-Read source, i.e. the nucleation strength 𝜏𝑛𝑢𝑐 . In fact,
in general, the source is switched off much earlier than implied by (9-1) due to the back stress of the
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dislocation dipoles and the whole system reaches equilibrium even though the total stress on the
nucleation site is not zero.

Figure 9-1 Schematic of a double pileup which is formed from the activation of Frank-Read source.

In order to obtain the number of dislocations in an equilibrium double pileup group with the presence
of nucleation strength, I perform the discrete dislocation simulation as schematically shown in Figure
9-1. I apply a constant shear stress of 𝜏ext = 500MPa to the entire system and assume the two
obstacles have infinite strength. The source strength 𝜏𝑛𝑢𝑐 varies from 470 to 499MPa and the
obstacle spacing 𝑙𝑜𝑏𝑠 from 0.4 to 2.0μm. For each nucleation strength and obstacle spacing, the
system is computed until the stress on the leading dislocation reaches a stable value (determined from
a threshold stress change ≤ 10−4 MPa) and the size of each dislocation pileup group 𝑁 is recorded.
Figure 9-2 compares the analytical solution to the DDP simulation results. The number of dislocations
estimated by (9-1) is much larger than that determined from the DDP prediction. The size of pileup
increases with increasing obstacle spacing which is in accordance with the analytical result. However,
it also increases with decreasing nucleation strength or in other words, with increasing external stress
to nucleation strength ratio. The same result as in Figure 9-2a can be achieved from the DDP analysis
by reducing the nucleation strength to zero or much smaller compared to the external stress. However,
cold dwell fatigue is a phenomenon which is observed to occur in components under relatively low
stress levels, and in these circumstances, it is important to ensure that the source strength effect is
properly considered. From the DDP simulations, the shear stress on the leading dislocation is
calculated for each system at equilibrium as shown in Figure 9-3. Similar to the size of dislocation
pileup in Figure 9-2b, the stress on the leading dislocation increases with increasing obstacle spacing
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or decreasing nucleation strength. Note that the stress increases by about 500MPa when a new dipole
is generated.

Figure 9-2 Number of dislocation at each pileup group at equilibrium: (a) analytical solution in (9-1) and
(b) results from DDP simulations

Figure 9-3 Stress on the leading dislocation of a double pileup group from the DDP calculations.

9.2. Temperature-dependent load shedding in two titanium alloys
It is a well-known that alloy Ti-6242 shows a significant dwell debit but that Ti-6246 does not at 20℃
[19, 39, 50, 153]. There is also evidence that the dwell sensitivity of alloy Ti-6242 increases to a peak
at about 120oC and subsequently diminishes at higher temperatures [1, 43], vanishing at 230℃ [18]. I
focus in this section on the temperature-dependent load shedding in the well-known soft-hard grain
combination embedded within oligocrystals of Ti-6242 and Ti-6246 alloys in order to assess the
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mechanistic basis and the differences which occur in the two alloys. Figure 9-4 shows the loading,
oligicrystal arrangement, boundary conditions and hard-soft grain regions of interest. As shown in
Figure 9-4c, a controlled Poisson Voronoi tessellation has been used to generate the crystal
morphology using the VGRAIN software system [143]. The average grain size is 5𝜇𝑚2 , minimum
and maximum sizes are 3𝜇𝑚2 and 7𝜇𝑚2 respectively and the regularity parameter is 0.95. A softhard grain combination is located in the central region of the polycrystal for which the corresponding
crystallographic orientations are shown in Figure 9-4c. The surrounding grains are chosen to be
randomly oriented but relatively well-oriented for slip. The model oligocrystal is subjected to uniaxial
tension along the 𝑦-direction with the left and bottom surfaces constrained. Two loading conditions as
illustrated in Figure 9-4a and Figure 9-4b are considered: (1) displacement-controlled loading up to 2%
strain in 12s giving a total strain rate of 1.67 × 10−3 𝑠 −1; (2) stress-controlled loading in which the
imposed stress is increased at a constant rate to 0.95 of the yield stress 𝜎0.2 in 12s and then held at the
maximum stress magnitude 0.95𝜎0.2 for a further 12s. The 𝑦𝑦-stresses along the path A − A′ through
the rogue grain combination before and after the stress dwell period are recorded. In order to
minimize the statistical effect due to the position chosen for the A − A’ path, an average of the 𝑦𝑦stresses along 20 paths which are all parallel to A − A’ and between the upper and lower bounds, as
shown in Figure 9-4d, is assessed to represent the stress through the two grains.
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Figure 9-4 Polycrystalline DDP model of two Ti alloys (a) displacement-controlled loading; (b) dwell
stress controlled loading; (c) sample morphology generated from Voronoi tessellation and the imposed
boundary conditions; (d) positions of A − A’ path within the soft-hard grains.

[18] reported the temperature dependence of the critical resolved shear stresses for 〈𝑎〉- and 〈𝑐 + 𝑎〉type slip systems for Ti-6Al alloy, which were obtained from the experimental measurements of [152].
The latter measurements provide the sensitivity of CRSSs to temperature, and I utilise the same
temperature sensitivity here in order to determine the temperature dependence of Frank-Read source
strength. In Chapter 7, I chose 480MPa and 560MPa as the mean strengths of Frank-Read sources on
prismatic slip systems for alloys Ti-6242 and Ti-6246 respectively at 20℃. I have shown that using
these values the DDP model shows good representation of the polycrystal stress-strain behaviour
obtained from their CP model which in turn was calibrated against the experimental data of Qiu et al.
[19]. The DDP model also successfully reproduced the experimentally measured low cycle dwell
fatigue strain accumulation in Ti-6242 and Ti-6246 alloys at 20oC [19]. Hence in the present study,
the mean values of prismatic source strengths employed at 20℃ for Ti-6242 and Ti-6246 alloys are
the same as those in Chapter 7, with a temperature dependence obtained from [152]. The source
strength of basal slip systems is taken to be the same as that of prismatic systems, but for the 1st order
〈𝑐 + 𝑎〉 pyramidal systems, source strengths are chosen to be three times higher than those for 〈𝑎〉
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type systems on the basis of the single crystal micro-cantilever bending measurements of [4]. The
temperature dependencies of prismatic system source strengths in alloys Ti-6242 and Ti-6246 are
therefore given by
𝑇𝑖6242
𝜏̅𝑛𝑢𝑐
= 0.0009𝑇 2 − 0.5942𝑇 + 491.52

(9-2)

𝑇𝑖6246
𝜏̅𝑛𝑢𝑐
= 0.0009𝑇 2 − 0.5942𝑇 + 571.52

(9-3)

where T is the temperature (℃). Both quantities are plotted in Figure 9-5 together with prism critical
resolved shear stress taken from [18] in order to demonstrate the same temperature sensitivity.

Figure 9-5 Temperature-dependent nucleation strength of two alloys and the corresponding 0.2% yield
strength extracted from DPP modelling of uniaxial displacement-controlled tension tests.

Figure 9-6 DDP predicted stress responses of (a) Ti-6242 and (b) Ti-6246 under displacement-controlled
loading at selected temperatures.
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Displacement-controlled loading is imposed on the polycrystal model as shown in Figure 9-4 for the
two titanium alloys at a range of temperatures, and the resulting DDP predicted flow stresses versus
plastic strains are shown in Figure 9-6 for the three temperatures shown. Higher flow stresses for alloy
Ti-6246 are obtained as anticipated. The 0.2% yield strengths 𝜎0.2 can then be extracted from the
stress-strain curves and these are included for information in Figure 9-5, and simple fits to the data
provide the following temperature sensitivities of yield stress.
𝑇𝑖6242
𝜎0.2
= 0.0014𝑇 2 − 1.1753𝑇 + 924.93

(9-4)

𝑇𝑖6246
𝜎0.2
= 0.0011𝑇 2 − 1.1463𝑇 + 1069.2

(9-5)

The two alloys are then investigated under conditions of stress-controlled loading as shown in Figure
9-4b at a range of temperatures of interest. The maximum applied stress loading in all cases is chosen
to be 0.95 of the flow strength as given by (9-4) and (9-5) for a given temperature. This is important
in the context of dwell fatigue in order to provide consistency and comparison from alloy to alloy over
the range of temperatures, by ensuring that the dwell stress applied is always 0.95𝜎0.2 at the
temperature of interest. The resulting DDP predicted 𝑦𝑦-stresses along the path A − A’ before and
after the stress hold dwell period are shown in Figure 9-7 for the two alloys for three temperatures of
interest. In the hard grain, shown in Figure 9-4c, the 𝑦𝑦-stress is in fact the crystal basal stress. The
resulting 𝑦𝑦-stress at the grain boundary for alloy Ti-6242 at 20℃ increase from 900MPa to about
1400MPa resulting from the strong load shedding from the adjacent soft grain to the hard grain
during the stress dwell. The stress redistribution in this alloy is clearly very significant during dwell.
However, the peak stress at the soft-hard grain boundary in Ti-6242 increases by about 750MPa to
~1600MPa during the dwell period at 120℃, which is very significantly higher than that at room
temperature. The dwell debit associated with commercial titanium alloys in aero-engine discs is
known to be worst at a temperature of about 120℃ [18]. The 𝑦𝑦 -stress distributions with the
dislocation structure superimposed at the temperatures of 20℃ and 120℃ are shown in Figure 9-8.
The dislocation structures before the stress hold are similar to one another at both temperatures but
much more dislocation activity at the hold end are observed at 120℃, which leads to a more localised
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stress distribution in the hard grain, such that the load shedding is stronger. Note that the stress
contours are shown between the limits of 𝜎𝑎𝑝𝑝 − 300MPa to 𝜎𝑎𝑝𝑝 + 300MPa for direct comparison,
where 𝜎𝑎𝑝𝑝 is the applied stress. Returning to Figure 9-7e, the 𝑦𝑦-stresses in alloy Ti-6242 at a
temperature of 230℃ are found to barely change during the stress dwell, showing that the load
shedding which occurs from soft to hard grain has diminished away almost completely at this
temperature in this alloy, suggesting that any dwell debit is also expected to diminish away. The DDP
predictions presented here for alloy Ti-6242 show good agreement with the crystal plasticity analyses
of Ti-6Al alloy by [18], confirming that the temperature-sensitive load shedding captured by the CP
approach was accurate, even without the explicit representation of the detailed discrete dislocation
activity, which is achievable with the DDP methodology.

Figure 9-7 𝑦𝑦-stress along A − A’ path for increasing temperatures (a-b) 20℃, (c-d) 120℃, (e-f) 230℃.
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Figure 9-8 Stress contours with the dislocation structure superposed before and after stress dwell of Ti6242 alloy at (a/c) 20℃ and (b/d) 120℃.

Considering now the results for alloy Ti-6246 in Figure 9-7, the stresses within the soft and hard
grains in this alloy at 20℃ and 120℃ are more homogeneous compared to those for Ti-6242 and
there is no obvious stress redistribution, or load shedding, observed during the stress hold for either
temperature, quite unlike the behaviour observed for alloy Ti-6242. Experimental evidence also
suggests that the dwell fatigue life of Ti-6246 alloy is not influenced by the dwell period in the
temperature range of 20℃ to 150℃ [50]. However, the DDP predictions indicate that stress
redistribution, that is load shedding, from the soft to the hard grain during the stress dwell does occur
at 230℃ in this alloy, as shown in Figure 9-7f. This is similar to the load shedding observed in Ti6242 but at significantly lower temperatures. Further increases in temperature in alloy Ti-6246 show
the DDP predicted load shedding increases with a temperature of 300oC, and then diminishes at 390oC
as shown in Figure 9-9a and Figure 9-9b. There remains a GB stress increase of ~100MPa at 390℃,
but the dwell sensitivity is not examined at higher temperatures beyond 390℃ for which grain
boundary sliding and dislocation absorption at the boundary must be accounted for in the polycrystal
deformation mechanisms [154, 155]. Interesting experimental observations provided by [51], however,
show that there is a small reduction in life under dwell loading for alloy Ti-6246 at 550℃, but the
‘dwell debit’ at such temperatures is argued to be dominated by environmental factors. The cycles to
failure reduce by one order of magnitude if dwell is included when the tests are carried out in air.
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Hence, the load shedding in alloy Ti-6246 at high temperature i.e. > 400℃ is negligible and any
reduction in life which results under stress-hold loading originates from a different mechanistic basis
in this alloy.

Figure 9-9 𝑦𝑦-stress along A − A’ path for Ti-6246 alloy at (a) 300℃ and (b) 390℃.

The predicted stress redistributions, or load shedding, which occur during stress dwell for the two Ti
alloys considered across temperatures of interest are summarised in Figure 9-10, from which the
dwell-sensitive temperatures of alloy Ti-6246 are observed to be shifted to a higher range compared to
that for Ti-6242. Typically, for alloy Ti-6246, the temperature range for which load shedding occurs
is outside that relevant to normal operation and, it is argued, explains why a dwell facet fatigue deficit
has not been observed for this alloy in service (or laboratory testing) [19]. However, for alloy Ti-6242,
the dwell-sensitive temperature range very much includes that relevant to in-service conditions, and
for this reason, dwell fatigue is a very significant concern in this alloy. Five simulations with different
source structures are carried out for alloy Ti-6242 at 120℃, which gives the highest load shedding
among the temperatures of interest, to examine the stability of the data, and the error bar is displayed
in Figure 9-10. The variation of the stress redistributions due to the stochastic nature of DDP is found
to be less than 80MPa.
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A detailed assessment of the mechanistic basis at the dislocation level for the temperature sensitivity
observed is presented in a later section, but I note that the activation energy for dislocation escape for
alloy Ti-6246 (from Table 7-1) is higher than that for Ti-6242. The thermally activated dislocation
escape time is given by (3-8) so that since alloy Ti-6246 has the higher activation energy barrier,
higher temperatures than for Ti-6242 are necessary in order to achieve the same successful dislocation
jump frequency or time to escape, to develop dwell sensitivity.

Figure 9-10 Peak stress changing during the dwell period with temperatures.

For a given material, the obstacle time (i.e. time for dislocation escape) 𝑡𝑜𝑏𝑠 is a function of the
temperature 𝑇 and the stress on the leading dislocation of each pileup group 𝜏𝑑𝑖𝑠 . Figure 9-11a and
Figure 9-11b show contour distributions of the obstacle time in terms of temperature and leading pileup dislocation stress for Ti-6242 and Ti-6246 respectively. Note that the lower and upper time limits
of the contour plots are set to 10−1 s and 103 s such that within these figures, if the obstacle time
exceeds the upper limit (103 s), then pinned dislocations are not able to escape during the in-service
stress hold period so that no stress redistribution is expected. On the other hand, if the escape time is
shorter than the lower limit (10−1 s) shown, the time of dislocations pinned at the obstacles is too
short such that an equilibrium state is established before the stress hold begins, so that no load
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shedding can be observed. As a result, only dislocations located in the colour range within Figure
9-11a and Figure 9-11b contribute to the dwell sensitivity of the alloys. The stresses on the leading
pile-up dislocations which experience the thermal activation process are monitored during the loading
history and plotted correspondingly in Figure 9-11 for the temperatures shown. The distribution of
shear stresses acting on leading pile-up dislocations in alloy Ti-6242 at 20℃ and 120℃ is found to be
broad and ranges from less than 100MPa to ~ 3000MPa , such that the escape time of some
dislocations is comparable with the dwell time, indicating stress redistribution is both possible and
likely. Furthermore, the range of dwell-eligible stresses at 120℃ is broader than that at 20℃ and as
shown in Figure 9-7 and Figure 9-8, at both temperatures, Ti-6242 alloy displays significant load
shedding but it is stronger at 120℃. At 230℃, however, the leading pile-up stresses of most pinned
dislocations make the escape time at least two orders of magnitude shorter than the dwell period,
hence these dislocations escape with ease so that no dwell load shedding is anticipated. On the
contrary, for alloy Ti-6246 as shown in Figure 9-11b, the dislocation stresses at 20℃ are too low for
dislocation escape, hence there is no stress redistribution during the dwell and the soft-hard grain
boundary stresses remain largely the same before and after dwell. At 120℃ , there are some
dislocations located in the colour area between 102 s to 103 s, but the dwell period in the DDP
simulations is 12s, hence no dislocation is able to escape and no stress redistribution is observed.
With further analysis, the majority of dislocations in alloy Ti-6246 at 120℃ are at the stresses lower
than 700MPa which are out of the colour region. The very few dislocations which escape from the
obstacles within 103 s are not able to induce significant load shedding. As for high temperatures, e.g.
230℃ and 300℃ for Ti-6246 the dwell-eligible stresses are low, but the range of pile-up stresses
does include this range such that the associated dislocation escape times are similar to the dwell
period and, as a result, strong load shedding is observed. As the temperature increases up to about
390℃, however, the dwell-eligible stresses are very low (less than 100MPa), hence the dislocations
escape rapidly such that the material ceases to be sensitive to the dwell loading.
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Figure 9-11 Contours show the obstacle (dislocation escape) time as a function of temperature and
dislocation stresses calculated from (3-8). The solid black lines indicate the DDP-calculated range of
leading pile-up dislocation stress for the temperatures shown during the loading history.

An interesting observation is that for the cases of alloy Ti-6246 at 20℃ and alloy Ti-6242 at 230℃,
no obvious load shedding is found in either, but the mechanisms are quite different. The plastic shear
strain, defined as 𝜁 = ∑3𝑚=1|𝛾 𝑚 | where 𝛾 𝑚 is the resolved shear strain on slip system 𝑚 [91], is
plotted in Figure 9-12 for both cases after the dwell loading. As discussed in the previous section, the
dislocation escape time associated with Ti-6246 alloy at low temperature is high such that the
dislocations are not able to escape from the pinned obstacles. Hence several slip bands are observed to
form in the soft grain but none of them is strong and the slip terminates at the location of obstacles.
The activation energy of Ti-6242 is lower and when the temperature is high, the obstacle barrier to the
dislocation motion is weak, hence multiple strong slip bands are formed as shown in Figure 9-12b.
Since the dislocations can easily jump the obstacles and pile up at the boundary before the dwell
begins, the material maintains an equilibrium state during the stress hold, hence the peak stress at the
GB does not increase and there is no load shedding.
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Figure 9-12 Slip contours after dwell loading of (a) Ti-6242 alloy at 20℃ and (b)Ti-6246 alloy at 230℃;
for both cases, no stress redistribution (load shedding) is observed.

9.3. Dislocation mechanisms in load shedding
Analysing the load shedding behaviours of alloys Ti-6242 and Ti-6246 over a range of temperatures
allows the identification of three categories of deformation mechanisms under dwell fatigue loading:
(1) obstacles behave as strong barriers to dislocation motion, and there is no load shedding; (2)
resistance to dislocation glide from the obstacles is weak, and there is no load shedding; (3)
dislocation-obstacle interaction is intermediate and the time constant associated with thermally
activated escape is comparable to the dwell period, and there is strong load shedding. I analyse each
of these categories in the following sections.

9.3.1. Obstacles behave as strong barriers to dislocation motion
This deformation mechanism is associated with low temperatures and for Ti alloys with high thermal
activation energy. The obstacles are sufficiently strong in impeding dislocation escape and glide such
that the time constant associated with thermal activation is much longer than the dwell period, hence
once the dislocations are pinned at the obstacles, they are likely to remain in this state. An example of
this process is for alloy Ti-6246 at low temperatures ( < 150℃). As indicated in Figure 9-13,
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dislocations become pinned but cannot escape through thermal activation within the dwell period. The
stress redistribution within the soft and hard grains during dwell is negligible and no load shedding is
expected, hence the material does not show any dwell debit. The stress distribution is found to be
homogeneous compared to other categories. Since the dislocations cannot overcome the obstacles, the
development of pile-up back stress switches off the dislocation sources rapidly, so this category of
deformation is associated with low dislocation populations especially around the grain boundaries.
The slip bands developed are found to be terminated at the obstacles but not at the GBs as shown in
Figure 9-12a.

Figure 9-13 Schematic for case 1 (low temperature or high activation energy): obstacles are strong and no
load shedding occurs.

9.3.2. Weak resistance to dislocation glide from the obstacles
The dislocation-obstacle interactions in this category are very weak. It is associated with high
temperatures and low activation energies. Dislocations become pinned at the obstacles but escape
rapidly and continue to glide along the slip plane. The average dislocation velocity is much higher
compared to Case 1. This type of interaction is always found at higher temperature in the Ti alloys
and examples are alloy Ti-6242 at 230℃ and Ti-6246 at a temperature higher than 400℃. The
obstacle resistance to dislocation glide is very weak and as a result, dislocations easily reach the grain
boundaries. Much dislocation nucleation and slip occurs, uninhibited by obstacles, thereby reducing
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back stress development and so not diminishing nucleation leads to strong slip bands as shown in
Figure 9-12b. The thermal activation in this case takes place so rapidly that the material attains an
equilibrium state before the stress hold begins. The soft-hard grain boundary stress is found to be
moderate and no significant stress redistribution, or load shedding, occurs during the dwell, as
illustrated schematically in Figure 9-14. The alloys do not show dwell sensitivity under these
conditions.

Figure 9-14 Schematic for case 2 (high temperature or low activation energy): obstacles are weak and no
load shedding occurs.

9.3.3. Dislocation-obstacle interaction is intermediate
If the time constant associated with thermal activation is similar to the stress dwell period, the process
of dislocations becoming pinned at obstacles and subsequently escaping by thermal activation occurs
potentially both before the stress dwell begins and also during the dwell. Dislocations which escape
from obstacles by thermal activation encourage further nucleation (in that pile-up back stresses on the
source are inhibited). The released dislocations glide eventually to reach the grain boundaries leading
to the significant increase in stresses locally, during the stress dwell, as shown schematically in Figure
9-15. Strong load shedding is expected under dwell fatigue loading together with a high dwell debit.
Two examples of this category of deformation are that for alloy Ti-6242 at 20℃ and for Ti-6246 at
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300℃. The dislocation-grain boundary interactions, together with the high basal stresses developed in
the hard grain, are argued to be important to the facet crack nucleation [20, 21].

Figure 9-15 Schematic for case 3 (temperature and activation energy are such that the time constant
associated with thermally activated dislocation escape is similar to the time associated with the dwell
loading): dislocation-obstacle interaction is intermediate and strong load shedding occurs.

Each of the DDP analyses carried out may be categorised into one of the three deformation
mechanism cases described above and the results are summarised in Table 9-1. Independent
experimental evidence and observations from the literature are also provided for each temperature
reported where available, to provide the context to the DDP results. Persuasive agreement is
established for alloy Ti-6242 with independent observations. In addition, the DPP model explains the
absence of experimentally observed dwell sensitivity in alloy Ti-6246 at temperatures below 150oC.
Unfortunately, there is very little assessment of dwell fatigue in alloy Ti-6246 for temperatures above
about 150℃. The limited data that is available for higher temperature indicates that the mechanistic
nature of failure changes to prefer that dominated by environmental factors, superseding any effect of
load shedding.

Page 142

Table 9-1. Categories of dwell fatigue behaviours at different temperatures.

-50

Load
shedding
from DDP
weak

20

strong

3

90

strong

3

120

strong

3

160

weak

3

230

none

2

20

none

1

90
150

none
none

1
1

230

strong

3

300

strong

3

390

weak

2

550

-

2

T(℃)

Ti-6242

Ti-6246

Mechanistic
Category
1

Evidence from literature
Qiu et al. [19] 2014 (Exp.Ti-6242)
Bache et al. [15] 1997 (Exp. IMI824)
Ozturk et al. [49] 2016 (CPFE Ti-6242)
Evans & Gostelow [156] 1979 (Exp. IMI685)
Arthurs & Walker 2014,
personal communication (Exp. Ti829)
Zhang et al. [18] 2015 (CPFE Ti6Al)
Arthurs & Walker 2014,
personal communication (Exp. Ti829)
Zhang et al. [18] 2015 (CPFE Ti6Al)
Ozturk et al. [49] 2016 (CPFE Ti-6242)
Arthurs & Walker 2014,
personal communication (Exp. Ti829)
Zhang et al. [18] 2015 (CPFE Ti6Al)
Qiu et al. [19] 2014 (Exp.Ti-6246)
Bache [20] 2003 (Exp. Ti-6246)
Spence et al. [50] 2012 (Exp. Ti-6246)
Spence et al. [50] 2012 (Exp. Ti-6246)
No direct evidence. Beranger et al. [157] 1993
measured LCF life of Ti-6246 between 20 to
500℃, Whittaker et al. [52] 2010 reported a
strong environmental influence on fatigue life of
Ti-6246 from 80 to 550℃
Whittaker et al. [51] 2013 (Exp. Ti-6246 shows
low dwell debit in vacuum, high dwell debit in
air)

9.4. Conclusions
A discrete dislocation model which explicitly includes thermally activated escape of pinned
dislocations and slip transfer across grain boundaries has been presented and employed to investigate
dwell fatigue temperature sensitivity in Ti-6242 and Ti-6246 alloys. The DDP model was first used to
determine the equilibrium position of dislocations within a double pileup as a function of obstacle
spacing and Frank-Read source strength. The stress of the leading pile-up dislocation experiencing a
thermal activation event can be explicitly calculated. The stress is found to be affected not only by the
average obstacle spacing, but is also strongly influenced by the source strength.
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A polycrystalline DDP model has been developed and utilised to investigate the temperature
sensitivity of dwell in Ti-6242 and Ti-6246 alloys. The former alloy is shown to have worst-case
dwell sensitivity (that is, leading to the development of highest grain boundary load shedding) at
about 120℃ which diminishes away as temperature decreases and increases to −50℃ and 230℃
respectively. The latter alloy also shows dwell sensitivity and load shedding, but at temperatures
higher than 150oC which are significantly in excess of those for Ti-6242 and are outside the range of
relevance for in-service conditions.
The mechanistic basis of load shedding has been investigated, together with its temperature sensitivity.
The key controlling factor is the time constant associated with thermally activated dislocation escape
with respect to the time of the stress dwell. Low temperature or high activation energy for dislocation
escape is found to inhibit dwell sensitivity since dislocations become pinned, inhibiting nucleation,
and dislocation escape cannot occur during the stress dwell. High temperature or low activation
energy lead to rapid pinned dislocation escape even prior to the stress hold such that dislocation
nucleation and glide are uninhibited and significant slip banding termination at grain boundaries is
seen. However, dwell sensitivity and load shedding are inhibited. Finally, for combinations of
temperature and activation energy which give a time constant associated with dislocation escape to be
near to the duration of the stress dwell, then significant dwell sensitivity and load shedding are
observed. The findings are in good agreement with independent experimental observations.
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Chapter X
10. Conclusions and future work
A systematic study has been conducted in order to understand the mechanistic basis of the load
shedding phenomenon that occurs under the dwell fatigue loading. A new mechanistic formalism for
incorporating thermally activated dislocation escape was developed and implemented into a twodimensional discrete dislocation plasticity technique. The rate sensitivity of the newly developed DDP
model has been assessed and it was found that at high strain rate (𝜀̇ ≥ 103 s−1), the rate sensitivity is
largely controlled by the dislocation nucleation process and the free flight (mobility) of dislocations
while at low strain rate (𝜀̇ < 103 s−1) it is argued that the predominant mechanistic basis for observed
rate sensitivity originates from thermally activated processes which assist dislocations pinned at
obstacles to escape. A polycrystalline model was created and subjected to normal fatigue loading and
dwell fatigue loading. The load shedding in a near-α titanium alloy Ti-6Al was examined using CPFE
and the new DDP model. The crystal plasticity methods have been demonstrated to successfully
capture load shedding while the details of dislocation pile-ups and consequent back stress
development are captured in addition by the discrete dislocation approach. The dislocation density
was observed to be increased significantly during the dwell due to continued source activation under
sustained stress enhanced by the ability of dislocations to escape obstacles over time by a thermally
activated process. The grain boundary morphology with respect to loading direction was assessed
using a bicrystal model. Under dwell fatigue loading, the activation of 〈𝑐 + 𝑎〉 pyramidal slip together
with localised 〈𝑎〉 basal slip in the hard grain was observed when the grain boundary orientation was
greater than 45°. The dwell sensitivity of Ti-6242 and Ti-6246 alloy at room temperature were
compared. The thermal activation energy for pinned dislocation escape for the titanium alloy Ti-6246
was found to be higher than that for Ti-6242. This leads to remarkably different cold creep responses
resulting from the inclusion of a stress dwell within the fatigue loading cycle. The experimentally
observed rate sensitivities of nano-indentation into basal and prism planes of two Ti alloys was also
captured by the DDP model which showed that Ti-6242 has a strong crystallographic orientation-
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dependent indentation rate sensitivity whilst Ti-6246 does not. The polycrystal model subjected to
dwell fatigue loading demonstrated that in alloy Ti-6242, the load shedding is remarkable, leading to
the establishment of very high basal stresses on badly orientated grain combinations, potentially
sufficiently high to cause facet nucleation while in alloy Ti-6246, the stress redistribution is negligible
due to its differing activation energy for dislocation escape. The slip transfer across grain boundaries
is then implemented into the DDP model to investigate the load shedding phenomenon in Ti-6242
alloy under dwell fatigue loading. The results indicate that the incorporation of slip transfer at hardsoft grain boundaries amplifies the stress redistribution by enhancing plastic slip in the soft grains,
hence the load shedding effect. However, the key controlling mechanism with respect to load
shedding in titanium alloys remains the time constant associated with the process of thermally
activated dislocation escape; dislocation-grain boundary penetration is important and exacerbates the
dwell load shedding, but plays a secondary role. Besides the intrinsic material properties, the effect of
external loading environment, the temperature, on the load shedding is also studied in Ti-6242 and Ti6246 alloys. For the same titanium alloy, at significantly low or high temperatures, no stress
distribution from the soft grain to the hard grain was observed, but strong load shedding occurs when
the temperature is intermediate. The dwell-sensitive range is shifted to higher temperatures for alloy
Ti-6246 due to its higher thermal activation energy. Based on the DDP simulations and supporting
evidence from literature, the mechanistic basis of temperature sensitivity of load shedding has been
explained and categorized into three cases.

10.1. Recommendations for future work
The physical phenomenon of key importance with respect to load shedding in titanium alloys is that
of the time constant associated with the process of thermally activated dislocation escape with respect
to the time constant associated with the loading. In the present study, using plane strain discrete
dislocation plasticity, the mechanistic basis is provided. However, the α-β phase fraction within
titanium alloys is argued to be crucial to the dwell behaviours. In Chapter 7, the activation energies
are extracted by calibrating with the experiment cyclic loading results, hence this is homogenised
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considering both α and β phases but the phase fraction is not explicitly captured. The experimental
work carried out by Mills’s group [7, 158, 159] demonstrated that the α phase and the adjacent β
phase satisfies a Burgers Orientation Relationship (BOR) as illustrated in Figure 2-3. In the BOR,
there are no crystallographic orientations that maintains the plane strain condition during the loading,
hence this simply cannot be modelled using two-dimensional DDP.
Recently, three-dimensional dislocation dynamics (3D-DD) dynamics has been extended to allow
plasticity in HCP metals to be accurate simulated [160]. Combined with the dislocation dynamics
method in BCC crystals [161], it is believed that the BOR can be explicitly modeled using 3D-DD.
One highlight in the new 3D-DD is that dislocation dissociation can be modelled. As shown in Figure
10-1, the collision of two 〈𝑐 + 𝑎〉 dislocations from two pyramidal slip systems may lead them to
form a 〈2𝑎〉 junction product. With the new dissociation operation, the resulting junction dislocation
is replaced by two 〈a〉 dislocations which are in a lower elastic energy state. In Section 6.4, I have
observed 1st order 〈𝑐 + 𝑎〉 pyramidal slip can be activated if the deformation in the hard grain is
significant. In fact, the operation of Frank-Read sources on 〈𝑐 + 𝑎〉 pyramidal systems may not create
a 〈𝑐 + 𝑎〉 dislocation but nucleate a 〈𝑐〉- and a 〈𝑎〉-type dislocations instead as shown in Figure 10-2.
These new features of the 3D-DD method may provide further understanding to the dwell sensitivity
of titanium alloys. However, as far as the author is aware, there are several capabilities that need to be
developed in the 3D-DD method before the load shedding phenomenon can be addressed.

Figure 10-1 Dislocation dynamics simulations of the junction formation between two 〈𝑐 + 𝑎〉 -type
dislocations [160].
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Figure 10-2 Operation of Frank–Read source dislocation of Burgers vector type 〈𝑐 + 𝑎〉 to form a 〈𝑐〉and a 〈𝑎〉-type dislocations [160].

(1) The thermal activation process which gives rise to the rate sensitivity at low strain rates. Monnet et
al. [102] implemented a kink-pair mechanism to represents the dislocation motion and have shown to
capture the rate sensitivity of zirconium between10−4 to 10−2 𝑠 −1 reasonably well. However, the
obstacles are not explicitly in their model while Zbib et al. [162] introduced a multiscale dislocation
dynamics model which can represent point defects explicitly.
(2) The slip transfer rule through interfaces and boundaries. Apparently grain boundaries and phase
interfaces are crucial to understanding the load shedding phenomenon, as shown in Zhang et al. [163]
utilizing CPFE modelling to reproduce the mechanical responses of titanium alloy micropillars. They
have shown that the thickness of β lathes has a strong influence on the slip transfer between phases. It
would be helpful for the dwell problem if I understood the local dislocation activities around the
boundaries.
(3) Effect of oxygen and hydrogen. It is well-known in the aero-engine industry that the content and
diffusivity of oxygen and hydrogen in titanium alloys has a significant influence on their lifetimes.
Whittaker et al. [51] also demonstrated that the environmental effect on lifetime is much stronger than
the creep damage in vacuum. But the mechanistic basis still has not been fully understood. Using a
3D-DD model, the oxygen and hydrogen can be modelled as point obstacles that can diffuse within
sample models. The local obstacle content or local dislocation activities might provide better
understanding of dwell life debit, such as the facet nucleation mechanism, etc.
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Appendix
A. Plane strain condition in HCP crystals
The total plastic strain rate is the summation of the contribution from all slip systems, i.e.
𝑁

𝑝
𝜀̇𝑖𝑗

1
(𝛼) (𝛼)
(𝛼) (𝛼)
= ∑ (𝑠𝑖 𝑛𝑗 + 𝑠𝑗 𝑛𝑖 ) 𝛾̇ (𝛼)
2

(A-1)

𝛼=1

where 𝒔(𝛼) and 𝒏(𝛼) are the slip direction and slip plane normal respectively of slip system 𝛼; 𝛾̇ (𝛼) is
the shear strain rate on slip system 𝛼; 𝑁 is the number of all potentially activated slip systems.
Plane strain condition requires that there is out-of-plane strain, i.e. the strain rate component of one
𝑝

𝑝

𝑝

direction is zero. For instance, under 𝑥 − 𝑦 plane strain condition, the components 𝜀̇13 , 𝜀̇23 and 𝜀̇33
have to be zero. In this section, two scenarios of HCP crystals which satisfied plane strain condition
are discussed: 1) 𝑐 − axis points out of the plane, i.e. the soft grain and 2) 𝑐 − axis in the plane, i.e.
the hard grain.
A.1. Soft grain

Figure A-1 (a) Schematic diagram shows the orientation of the soft grain; (b) three potentially activated
〈𝑎〉 prismatic slip systems

In the soft grain, three potentially activated 〈𝑎〉 prismatic slip systems oriented 𝜑(𝑘) with respect to
the positive 𝑥-axis are considered as shown in Figure A-1. The slip direction and slip plane normal are
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(1)

𝒔

cos 𝜑(1)
= ( sin 𝜑(1) )
0

𝒏

𝒔(2)

cos 𝜑(2)
= ( sin 𝜑(2) )
0

− sin 𝜑(2)
𝒏(2) = ( cos 𝜑(2) )
0

𝒔(3)

cos 𝜑(3)
= ( sin 𝜑(3) )
0

− sin 𝜑(3)
𝒏(3) = ( cos 𝜑(3) )
0

(1)

− sin 𝜑(1)
= ( cos 𝜑(1) )
0
(A-2)

where 𝜑(3) = 𝜑(2) + 60° = 𝜑(1) + 120°. Substitute (A-2) into (A-1), the total plastic strain rate is
obtained as
3

3

− ∑(sin(2𝜑
𝜺̇ 𝑝 =

1
2

(𝛼)

) 𝛾̇

(𝛼)

)

𝛼=1
3

𝛼=1
3

∑(cos(2𝜑
(

𝛼=1

∑(cos(2𝜑(𝛼) ) 𝛾̇ (𝛼) ) 0

0

(𝛼)

) 𝛾̇

(𝛼)

)

(A-3)

∑(sin(2𝜑
𝛼=1

(𝛼)

) 𝛾̇

0

(𝛼)

)

0
0 )

Since all the plastic strain rate components on 𝑧 direction is zero, the crystal satisfies the plane strain
condition on 𝑥 − 𝑦 plane with arbitrary angle 𝜑.
A.2. Hard grain

Figure A-2 Schematic diagram shows (a) basal and (b) 1st order 〈𝑐 + 𝑎〉 pyramidal slip systems

In the hard grain, 3 basal and 12 1st order 〈𝑐 + 𝑎〉 pyramidal slip systems are considered as shown in
Figure A-2. The slip direction and slip plane normal of basal slip systems are
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(1)

1⁄2
=( 0 )
√3⁄2

0
𝒏(1) = (1)
0

(2)

1⁄2
=( 0 )
− √3⁄2

0
𝒏(2) = (1)
0

𝒔

𝒔

−1
𝒔(3) = ( 0 )
0

(A-4)

0
𝒏(3) = (1)
0

Assuming the loading direction is along 𝑦-axis, i.e. [010] direction, the amount of slip along two
directions on the same slip plane is equivalent and happened simultaneously. For example, the slip
direction and slip plane normal of 1st order 〈𝑐 + 𝑎〉 pyramidal slip systems shown in Figure A-2b are

𝒔𝑠𝑒𝑝1 =

𝒔𝑠𝑒𝑝2

−1
(𝜔)
√𝜔 2 + 1 0
1

− 1⁄2
1
=
( 𝜔 )
√𝜔 2 + 1 − √3⁄2

𝒏=

𝒏=

√3𝜔
( √3 )
√4𝜔 2 + 3
𝜔
1

(A-5)

√3𝜔
( √3 )
√4𝜔 2 + 3
𝜔
1

where 𝜔 is the axial ratio (𝑐⁄𝑎) of HCP structure. It is assumed that the slip along 𝒔𝑠𝑒𝑝1 and 𝒔𝑠𝑒𝑝2
directions on the 𝒏 plane are equivalent, so that the effective slip direction, as the dash arrow in
Figure A-2b, is

𝑒𝑓𝑓

𝒔

−3
=
( 4𝜔 )
2√4𝜔 2 + 3 −√3
1

(A-6)

Hence, twelve 1st order 〈𝑐 + 𝑎〉 pyramidal slip systems can be simplified into six composite slip
systems as
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𝒔(4) =

−3
( 4𝜔 )
2√4𝜔 2 + 3 −√3

𝒏(4) =

√3𝜔
( √3 )
√4𝜔 2 + 3
𝜔

𝒔(5) =

−3
(4𝜔)
2√4𝜔 2 + 3 √3

𝒏(5) =

√3𝜔
( √3 )
√4𝜔 2 + 3
−𝜔

𝒔(6) =

0
(2𝜔)
√4𝜔 2 + 3 √3

𝒏(6) =

0
( √3 )
√4𝜔 2 + 3 −2𝜔

𝒔(7) =

3
(4𝜔)
2√4𝜔 2 + 3 √3

𝒏(7) =

−√3𝜔
( √3 )
√4𝜔 2 + 3
−𝜔

𝒔(8) =

3
( 4𝜔 )
2√4𝜔 2 + 3 −√3

𝒏(8) =

−√3𝜔
( √3 )
√4𝜔 2 + 3
𝜔

(9)

𝒔

1

1

1

1

1

0
=
( 2𝜔 )
√4𝜔 2 + 3 −√3
1

𝒏

(9)

1

1

1

(A-7)

1

1

0
=
( √3 )
√4𝜔 2 + 3 2𝜔
1

Assume the shear strain rate on each slip system is the same, i.e. 𝛾̇ (1~3) = 𝛾̇ 𝑏 and 𝛾̇ (4~9) = 𝛾̇ 𝑝 , then
substitute (A-4) and (A-7) into (A-1) and, the total plastic strain rate is given by

𝜺̇ 𝑝 =

6√3𝜔𝛾̇ 𝑝 −1 0 0
(0 2 0)
4𝜔 2 + 3
0 0 −1

(A-8)
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B. Derivation of Uniaxial Tension Model I
The uniaxial tension model I, as illustrated in Figure 6-2b, is directly compared with the original pure
shear model by Stroh. The applied stress in the 𝑥 − 𝑦 coordinate system is

𝜎=[

0 0
]
0 𝜎0

(B-1)

In the x′ − y′ system (45°counter clockwise rotation), the applied stress tensor becomes

𝜎′ =

𝜎0 1
[
2 1

1
]
1

(B-2)

The resolved shear stress on the pile-up plane is 𝜏0 = 𝜎0 ⁄2. The length of the pile up group, which
consists of 𝑁 positive edge dislocations, is given by [21]

𝐿𝑡1
0 =

𝐺𝑏𝑁
𝐺𝑏𝑁
=
𝜋(1 − 𝜈)𝜏0 2𝜋(1 − 𝜈)𝜎0

(B-3)

and the stresses due to the (N − 1) free dislocations are
1
1
1
(𝜎𝑥′𝑥′ + 𝜎𝑦′𝑦′ )⁄𝜏0 = −3 sin 𝜃⁄2𝑟 + 2(𝑛/𝑟)2 sin 𝜃
2
2
1
1
1
3
(𝜎𝑥′𝑥′ − 𝜎𝑦′𝑦′ )⁄𝜏0 = −3 sin 𝜃 (1 + 𝑐𝑜𝑠 2𝜃)⁄2𝑟 + (𝑛/𝑟)2 (2 sin 𝜃 + sin 𝜃 cos 𝜃)
2
2
2

(B-4)

1
1
3
𝜎𝑥′𝑦′⁄𝜏0 = −1 − 3 (cos 𝜃 − sin 𝜃 sin 2𝜃)⁄2𝑟 + (𝑛/𝑟)2 (2 cos 𝜃 − sin 𝜃 sin 𝜃)
2
2

where the unit of length is chosen to be 𝐺𝑏⁄4𝜋(1 − 𝜈)𝜏0 : the half equilibrium distance between two
opposite dislocations under shear stress 𝜏0 . The stresses due to the locked dislocation and the applied
stress are given by
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1
+ 𝜎𝑦′𝑦′ )⁄𝜏0 = 2 sin 𝜃 ⁄𝑟 + 1
(𝜎
2 𝑥′𝑥′
1
− 𝜎𝑦′𝑦′ )⁄𝜏0 = 4 cos2 𝜃 sin 𝜃 ⁄𝑟
(𝜎
2 𝑥′𝑥′

(B-5)

𝜎𝑥′𝑦′⁄𝜏0 = 2 cos 𝜃 cos 2𝜃⁄𝑟 + 1
Combining (B-4) and (B-5), the total stresses at the point (𝑟, 0) are
1
1
1
(𝜎𝑥′𝑥′ + 𝜎𝑦′𝑦′ )⁄𝜏0 = sin 𝜃 ⁄2𝑟 + 2(𝑛/𝑟)2 sin 𝜃 + 1
2
2
1
1
1
3
(𝜎𝑥′𝑥′ − 𝜎𝑦′𝑦′ )⁄𝜏0 = sin 𝜃 cos2 𝜃⁄𝑟 + (𝑛/𝑟)2 (2 sin 𝜃 + sin 𝜃 cos 𝜃)
2
2
2

(B-6)

1
1
3
𝜎𝑥′𝑦′⁄𝜏0 = − cos 𝜃 cos 2𝜃⁄2𝑟 − (𝑛/𝑟)2 (2 cos 𝜃 − sin 𝜃 sin 𝜃)
2
2

Since r > 1⁄N ,

1

we have 1⁄r < (N/r)2 and it is safe to neglect the terms contains 1⁄r . (B-6)

becomes
1
1
1
(𝜎𝑥′𝑥′ + 𝜎𝑦′𝑦′ )⁄𝜏0 = 2(𝑛/𝑟)2 sin 𝜃 + 1
2
2
1
1
1
3
(𝜎𝑥′𝑥′ − 𝜎𝑦′𝑦′ )⁄𝜏0 = (𝑛/𝑟)2 (2 sin 𝜃 + sin 𝜃 cos 𝜃)
2
2
2

(B-7)

1
1
3
𝜎𝑥′𝑦′⁄𝜏0 = −(𝑛/𝑟)2 (2 cos 𝜃 − sin 𝜃 sin 𝜃)
2
2

The normal stress 𝜎𝑛 acting at the point (𝑟, 0) on the positive 𝑥-axis is
1
1
𝜎𝑛 = (𝜎𝑥′𝑥′ + 𝜎𝑦′𝑦′ ) − (𝜎𝑥′𝑥′ − 𝜎𝑦′𝑦′ ) cos 2𝜃 − 𝜎𝑥′𝑦′ sin 2𝜃
2
2
(B-8)

1
2
𝐿𝑡1
0

𝜎𝑛 3
1
1
= ( ) sin 𝜃 cos 𝜃 +
𝜎0 4 𝑟
2
2
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C. Derivation of Uniaxial Tension Model II
The uniaxial tension model II, as illustrated in Figure 6-2c, is developed from the original pure shear
model. The applied stress in the 𝑥 − 𝑦 coordinate system is

𝜎=[

0 0
]
0 𝜎0

(C-1)

In the counter clock wise rotated x′ − y′ system, the applied stress tensor becomes
2
𝜎′ = 𝜎0 [ sin 𝜃
sin 𝜃 cos 𝜃

sin 𝜃 cos 𝜃 ]
cos2 𝜃

(C-2)

where 𝜃 is the rotation angle, which is equal to the angle between the slip plane and the 𝑥-axis The
resolved shear stress on the pile-up plane is 𝜏0 = 𝜎0 sin 𝜃 cos 𝜃. The length of the pile up group,
which consists of 𝑁 positive edge dislocations, is given by [21]

𝐿𝑡2
0 =

𝐺𝑏𝑁
𝐺𝑏𝑁
=
𝜋(1 − 𝜈)𝜏0 𝜋(1 − 𝜈)𝜎0 sin 𝜃 cos 𝜃

(C-3)

and the stresses due to the (N − 1) free dislocations are
1
1
1
(𝜎𝑥′𝑥′ + 𝜎𝑦′𝑦′ )⁄𝜏0 = −3 sin 𝜃⁄2𝑟 + 2(𝑛/𝑟)2 sin 𝜃
2
2
1
1
1
3
(𝜎𝑥′𝑥′ − 𝜎𝑦′𝑦′ )⁄𝜏0 = −3 sin 𝜃 (1 + 𝑐𝑜𝑠 2𝜃)⁄2𝑟 + (𝑛/𝑟)2 (2 sin 𝜃 + sin 𝜃 cos 𝜃)
2
2
2

(C-4)

1
1
3
𝜎𝑥′𝑦′⁄𝜏0 = −1 − 3 (cos 𝜃 − sin 𝜃 sin 2𝜃)⁄2𝑟 + (𝑛/𝑟)2 (2 cos 𝜃 − sin 𝜃 sin 𝜃)
2
2

where the unit of length is chosen to be Gb⁄4π(1 − ν)τ0 : the half equilibrium distance between two
opposite dislocations under shear stress τ0 . The stresses due to the locked dislocation and the applied
stress are given by
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1
+ 𝜎𝑦′𝑦′ )⁄𝜏0 = 2 sin 𝜃 ⁄𝑟 + 1⁄sin2𝜃
(𝜎
2 𝑥′𝑥′
1
− 𝜎𝑦′𝑦′ )⁄𝜏0 = 4 cos2 𝜃 sin 𝜃 ⁄𝑟 − cos2𝜃⁄sin2𝜃
(𝜎
2 𝑥′𝑥′

(C-5)

𝜎𝑥′𝑦′⁄𝜏0 = 2 cos 𝜃 cos 2𝜃⁄𝑟 + 1
Combining (C-4) and (C-5), the total stresses at the point (𝑟, 0) are
1
1
1
(𝜎𝑥′𝑥′ + 𝜎𝑦′𝑦′ )⁄𝜏0 = sin 𝜃 ⁄2𝑟 + 2(𝑛/𝑟)2 sin 𝜃 + 1⁄sin2𝜃
2
2
1
1
1
3
(𝜎𝑥′𝑥′ − 𝜎𝑦′𝑦′ )⁄𝜏0 = sin 𝜃 cos2 𝜃⁄𝑟 + (𝑛/𝑟)2 (2 sin 𝜃 + sin 𝜃 cos 𝜃) − cos2𝜃⁄sin2𝜃
2
2
2

(C-6)

1
1
3
𝜎𝑥′𝑦′⁄𝜏0 = − cos 𝜃 cos 2𝜃⁄2𝑟 − (𝑛/𝑟)2 (2 cos 𝜃 − sin 𝜃 sin 𝜃)
2
2

Since r > 1⁄N ,

1

we have 1⁄r < (N/r)2 and it is safe to neglect the terms contains 1⁄r .(C-6)

becomes
1
1
1
(𝜎𝑥′𝑥′ + 𝜎𝑦′𝑦′ )⁄𝜏0 = 2(𝑛/𝑟)2 sin 𝜃 + 1⁄sin2𝜃
2
2
1
1
1
3
(𝜎𝑥′𝑥′ − 𝜎𝑦′𝑦′ )⁄𝜏0 = (𝑛/𝑟)2 (2 sin 𝜃 + sin 𝜃 cos 𝜃) − cos2𝜃⁄sin2𝜃
2
2
2

(C-7)

1
1
3
𝜎𝑥′𝑦′⁄𝜏0 = −(𝑛/𝑟)2 (2 cos 𝜃 − sin 𝜃 sin 𝜃)
2
2

The normal stress 𝜎𝑛 acting at the point (𝑟, 0) on the positive 𝑥-axis is
1
1
𝜎𝑛 = (𝜎𝑥′𝑥′ + 𝜎𝑦′𝑦′ ) − (𝜎𝑥′𝑥′ − 𝜎𝑦′𝑦′ ) cos 2𝜃 − 𝜎𝑥′𝑦′ sin 2𝜃
2
2
(C-8)

1
2
𝐿𝑡2
0

𝜎𝑛 3
1
1
= ( ) sin2 𝜃 cos 𝜃 cos 𝜃 + sin2 2𝜃
𝜎0 2 𝑟
2
2
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