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Abstract   

A novel set of unified constitutive equations has been developed and validated to describe stress relaxation 

ageing (SRA) behaviour.  The model, based on dynamic ageing and power-law creep relations, can predict the 

stress relaxation, age hardening response and their interactions at different temperatures, through considering 

the microstructure evolutions (precipitate radius, volume fraction and dislocation density) during SRA. In 

addition, the model newly incorporates the effects of prior cold work. This model was verified through T74 

multi-step SRA experiments for different pre-strain conditions. Excellent agreement was achieved between 

the predicted and experimental stress relaxation and yield strength evolutions. The evolutions of micro-

internal variables (e.g. normalised precipitate radius) within the model were calibrated by both the TEM 

results in this work and the experimental results from the literature. The model provides a valuable tool to 

predict the mechanical properties, and residual stresses post ageing, thus provides important guidance for 

designing manufacturing processes, leading to many benefits including reduced scrap rates and financial 

losses.  
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1 Introduction 

Good mechanical properties in 7xxx series age-hardening aluminium alloys can be achieved by employing 

appropriate heat treatment processes, making it a popular material for load bearing components, especially for 

fabricating extra-large aircraft components (Heinz et al., 2000). These components are commonly produced 

by a forming process involving hot rolling/forging, solution heat treatment, quenching, cold-working and 

ageing (Zheng et al., 2018). Quenching, however, induces residual stresses (RS) in components, which lead to 

distortion issues. Residual stresses are relieved in the latter stages of the forming process (i.e. cold working 

and ageing) (Pan et al., 2016; Robinson et al., 2012). However, the complex geometries of the formed parts 

will result in complex stress states, which makes it difficult to eliminate RS completely and the remaining RS 

would cause component distortion after machine finishing (Robinson et al., 2012). Residual stress also 

impacts the precipitate evolution during ageing (Zheng et al., 2018) and may result in unacceptable 

mechanical performance in addition to structural integrity issues. To obtain satisfactory mechanical properties 

and further maximise the RS reduction, ageing is an important final step before post-processing, and a 

thorough understanding of the precise process is required. It should be noted that ageing is also the final 

opportunity to reduce any residual stresses. However, the interactive effects between residual stress relaxation 

and precipitate evolution during ageing are not well understood, and there are no appropriate models to 

describe these phenomena. To improve the manufacturing process in industrial applications and prevent issues 

caused by residual stresses, a fundamental understanding of the process and a prediction tool is required. 

Hence, in this work, an integrated stress relaxation ageing (SRA) model is developed to simulate and predict 

the stress relaxation and age hardening response. 

Static artificial ageing models that are solely used for predicting the age hardening responses have been well 

established. These models were built on atomic diffusion and mass balance theories to characterize the 

evolution of the precipitates in ageing. The earliest isothermal ageing model was proposed by Shercliff and 

Ashby (1990), and Kampmann and Wagner (1984). They divided precipitate evolution into nucleation, growth 

and coarsening stages, and considered precipitate radius, solute concentrations and their contributions to the 

material’s strength. Further modifications were made by Deschamps and Brechet (1998), who re-divided the 

model into two stages (i.e. nucleation and growth; growth and coarsening) and enabled a smoother prediction 

of precipitate nucleation, growth, coarsening and dissolution. A critical precipitate radius, 𝑟𝑐
∗ , which can 

neither grow nor dissolve, was introduced as a function of the temperature and the solute concentration. Myhr 

et al. (2000, 2004) summarized the ageing model and applied it to non-isothermal conditions using a 

discretization method.  Other ageing models have been developed, improved and applied to different materials 

(Esmaeili et al., 2003), different applications (Bardel et al., 2016) and different pre-deformation levels (Bardel 

et al., 2016). However, these models were all developed for traditional static ageing behaviour. Thus, they did 

not consider residual stress relaxation and its effects on the precipitate hardening responses. 

An integrated dynamic ageing model that can capture the precipitation response, the concurrent stress 

relaxation behaviour and their interactions are required to describe the ageing behaviour in the presence of 

residual stresses and, in addition, to constitutively describe the stress-strain relations during ageing. 

Considerable efforts have been made to build rate-dependent constitutive models to describe stress-strain 

responses (Yoshida, 2000; Ahad et al., 2014; Kabirian et al., 2014; Adzima et al., 2017; Shi et al., 2017) and  

stress relaxation behaviour (Krempl, 2001; Wang et al., 2004), some of which also introduced dislocation 

effects (Bertin et al., 2013; Khan and Liu, 2016; Yan et al., 2016) to their models. However, these models 

cannot describe the dynamic ageing behaviour. Existing creep-ageing models that describe similar dynamic 

coupling behaviour (between creep and precipitate hardening), provide a suitable foundation to develop an 
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SRA model. An early model used to predict the creep behaviour of AA7010 under a dynamic ageing 

condition was proposed by Ho et al., (2004). It introduced a simple relationship between creep and ageing by 

considering the hardening and softening effects. Lin et al., (2006) advanced the creep-ageing equations and 

enabled an integrated prediction of both precipitation hardening and creep. The effects of precipitate growth 

and the dislocation hardening were dynamically formulated into the creep formulation. Further improvements 

were made to describe the precipitation hardening behaviour of 7055 in creep-ageing by Zhan et al. (2011), 

where the evolution of normalised precipitate radius was used to describe both the precipitation hardening and 

the solute softening effects on the creep behaviour. Later, extensive work, including improving the creep-age 

models, such as accounting the precipitate aspect ratio (Zhang et al., 2015), considering the precipitate 

dissolution (Li et al., 2017) were performed. Studies have also been made to apply creep-ageing models to 

study different materials, such as AA6111 (Wang et al., 2004), AA2025 (Gu and Ngan, 2014), and study 

different conditions, such as T4, T651 (Lam et al., 2015), etc. An alternative approach based on a 𝜃-projection 

method for modelling the creep-ageing behaviour, especially for 2024-T3 Al alloys, were also introduced by 

Lin et al. (2013).  Though these existing models have been able to successfully predict the creep ageing 

behaviour, they are limited to cases where the dominating creep mechanism did not change, and the 

temperature and load remained constant. However, in many situations, the stress relaxation occurs within the 

material due to creep strain accumulation and, as seen in the Ashby deformation map (Frost and Ashby, 1973), 

the dominating creep mechanism may change with stress. These existing models did not consider the change 

in the dominating creep mechanism and are unable to describe the material behaviour accurately in these cases, 

for example stress relaxation. Additionally, these models, and their corresponding material parameters, can 

only model the creep-ageing behaviour for a specific material (e.g. 2050, 7055, etc.) under a single condition 

(e.g. T4, T6 etc.) at a specific temperature. However, the temperature is a key variable as it can significantly 

affect the rearrangement of the atoms, the stress relaxation process and the evolution of the microstructure (i.e. 

nucleation and growth of the precipitates). More importantly, most of the existing models mainly focused on 

predicting the creep deformation behaviour during the creep ageing process. The equations that described the 

corresponding hardening performance are limited in these models. The theoretical aspects, especially the 

effects of creep on the precipitate growth, are not treated rigorously in these models. Therefore, a 

comprehensive model that can fully describe the stress relaxation and the concurrent ageing behaviour is 

essential for modern manufacturing process, especially under multiple temperature conditions (i.e. T74 ageing 

treatment) and post different cold work magnitudes.  These issues have been addressed in this work to derive a 

more rigorous constitutive model. 

In this work, a set of unified constitutive equations, based on the dominating stress relaxation ageing 

mechanism, have been developed to predict the stress relaxation and the dynamic ageing responses under 

multiple temperature conditions and after different levels of cold work. The derivation of each equation, based 

on the static ageing models and the power-law creep model, has been presented in detail. These equations 

model both phenomena (ageing and stress relaxation) by introducing three micro-internal variables, (i.e. 

normalised precipitate radius, 𝑟̅, volume fraction, 𝑓,̅ and normalised dislocation density, 𝜌̅) and by considering 

their interactions. The equations were first verified by an experimentally observed multi-step stress relaxation 

ageing behaviour with different initial stresses (Zheng et al., 2018). To aid the micro-internal variable 

calibration in this model, both the TEM results, and the values of precipitate radius and volume fraction under 

similar pure ageing conditions (Dumont et al., 2003; Han et al., 2011; Liu et al., 2014; Sha and Cerezo, 2004; 

Stiller et al., 1999; Werenskiold et al., 2000; Zang et al., 2012) were employed. These equations were further 

applied to the multi-step stress relaxation ageing behaviour after different pre-strain levels. Comparisons 

between the predicted and experimental curves have been discussed in detail.  
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2 Physical-based constitutive model development 

2.1 Microstructure evolution during stress relaxation ageing (SRA) 

Traditional static ageing treatments harden the alloy by providing appropriate activation energy to the 

quench induced super saturate solid solution (SSSS), enabling a precipitate phase evolution: SSSS → GP 

zones → η' → η. This evolution and the precipitate distributions affect the material properties, including 

material strength and ductility. The peak strength of the material is achieved when the majority of the 

precipitates are finely distributed η' (Stiller et al., 1999). There are two major factors for achieving the peak 

strength when neglecting the complex grain structures inside the alloy. The first factor is the precipitate size: 

η' is similar to the critical precipitate in size, 𝑟𝑐, which can provide the highest cutting strength and in addition 

avoid dislocation bowing phenomenon (Shercliff and Ashby, 1990). The second factor is the volume fraction: 

a larger precipitate volume fraction is presented when the major phase of the precipitates is η' (Stiller et al., 

1999) and this leads to more obstacles hindering the dislocation motion. Therefore, the precipitate size and 

volume fraction are selected as the two micro-internal variables that describe the age hardening responses.  

Before the stress relaxation ageing (SRA) process, dislocations can be generated by prior cold work. During 

SRA the dislocation density will evolve, and may increase or decrease in value depending on the balance 

between creep strain generation, resulted from the stress relaxation, and dislocation recovery. The presence 

and evolution of dislocations alter the precipitates by creating more nucleation sites, leading to a faster 

nucleation, growth and coarsening phenomenon (Deschamps and Brechet, 1998). Therefore, a third micro-

variable, dislocation density, is introduced to characterize its effects on the precipitate evolution (i.e. size and 

volume fraction evolution) and further on the age hardening responses. In turn, these dislocation–impacted 

precipitate characteristics also affect the creep resistance dynamically, thus further impacting the stress 

relaxation magnitude and the dislocation generations. 

The mutual effects of prior cold-work, precipitate evolution (during ageing) and creep generation (during 

stress relaxation) under ageing temperatures on the SRA behaviour can be described as interactions between 

the precipitates and dislocations. Therefore, three major micro-features (i.e. precipitate size, volume fraction 

and dislocation density), their evolutions, interactions and their effects on creep and ageing response are 

included in the physical-based model described below. 

2.2 Development of stress relaxation ageing (SRA) constitutive equations 

Based on the description of the microstructure evolution above, a model has been developed, which enables 

the determination of the yield strength, 𝜎𝑦, and the stress relaxation at different temperatures. The model is 

built using an internal state variable approach (Esmaeili et al., 2003; Li et al., 2017; Myhr and Grong, 2000), 

which relates the micro-internal variables to the material response of interest (i.e. yield strength, 𝜎𝑦, creep 

strain, 𝜀𝑐, etc.). The model consists of the following parts: 

(a) Microstructure models, which predict precipitate size (𝑟), volume fraction (𝑓) and dislocation density (𝜌) 

evolution during SRA. All these micro-internal variables are normalised by their critical values and will be 

described in detail below. 

(b) Strength model (𝜎𝑦), which enables a prediction of the material strength in response to the relevant 

microstructural variables. The yield strength of the material is determined from three individual strengths i.e. 

precipitation strength:  𝜎𝑝𝑝𝑡 = 𝑔1(𝑟, 𝑓, 𝜌); solute strength: 𝜎𝑠𝑜𝑙𝑢𝑡𝑒 = 𝑔2(𝑓); and dislocation strength: 𝜎𝑑𝑖𝑠 =

𝑔3(𝜌). 



 

5 

 

(c) Stress relaxation model (𝜎), which calculates the stress reduction due to the creep generation under 

dynamic ageing conditions. The model is based on the traditional power-law creep equation, with additional 

considerations from precipitate and dislocation effects.  

2.2.1 Microstructure model 

To simplify the model and facilitate its uptake by industry, instead of directly considering the evolution of 

each microstructural factors (𝑟, 𝑓, 𝜌), the evolution of their normalised values (normalised precipitate radius, 𝑟̅, 

normalised volume fraction, 𝑓̅ , and normalised dislocation density, 𝜌̅ ), are used in the model. These 

normalised internal variables are representative of the overall behaviour of the material during SRA, thus 

providing an accurate trend on the material response of interests.  

2.2.1.1 Normalised precipitate radius (𝒓̅) 

Precipitate evolution is a complex process where nucleation, growth, coarsening and dissolution occurs 

simultaneously. A precipitate can either grow or dissolve depending on the current temperature, current and 

equilibrium solute concentrations (Myhr and Grong, 2000). To quantitatively characterize the size evolution, 

Kampmann and Wagner (1984), and Shercliff and Ashby (1990) introduced the first two sets of equations 

based on diffusion theories. The models were further developed by Myhr et al. (2000, 2004) and Deschamp et 

al. (1998) to enable predictions for different heat treatable alloys under different ageing conditions. Table 1 

lists the equations used for simulating precipitate growth, where 𝑟 is the average precipitate radius and 𝑡 is the 

ageing time. 

Table 1 Equations to describe precipitate growth in various models 

Models Radius equations from the model Description 

Kampmann and Wagner (1984); 

Myhr, et al. (2000, 2004) 
𝑟̇ =

𝑑𝑟

𝑑𝑡
=

𝑐 − 𝑐𝑖

𝑐𝑝 − 𝑐𝑖

𝐷

𝑟
 

𝑐  : mean concentration 

𝑐𝑖 : interfacial concentration 

𝑐𝑝: precipitate concentration 

𝐷: diffusion coefficient 

Shercliff and Ashby (1990) 𝑟3(𝑡) − 𝑟0
3 =

𝑐1𝑡

𝑇
 𝑒𝑥𝑝 (

−𝑄
𝐴

𝑅𝑇
) 

𝑟0: The precipitate radius at t=0 

𝑐1 : kinetic variable 

𝑡: ageing time 

𝑇  : ageing temperature in Kelvin 

𝑄
𝐴
: diffusion activation energy 

𝑅  : Universal gas constant 

Deschamps et al. (1998); Nicolas 

and Deschamps (2003) 
𝑟̇ =

𝐷

𝑟
[
𝐶 − 𝐶𝑒𝑞 exp (

𝑅0

𝑟
)

1 − 𝐶𝑒𝑞 exp (
𝑅0

𝑟
)
] 

𝐷  : diffusion coefficient 

𝐶  : solute concentration 

𝐶𝑒𝑞: equilibrium concentration 

𝑅0: temperature dependent variable 

 

From a detailed examination of the previous equations in Table 1, a general expression for precipitate 

growth can be summarised as: 

           𝑟̇ =
𝐷𝑒𝑓𝑓1

𝑟𝑛
 (1) 

where 𝐷𝑒𝑓𝑓1 is considered as the effective diffusion coefficient.  

A normalised radius, 𝑟̅, is introduced    
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           𝑟̅ =
𝑟

𝑟𝑐
                 (2) 

where 𝑟𝑐 is the average precipitate radius under the peak aged state, usually around 5 nm (Werenskiold et al., 

2000) for 7xxx series aluminium alloy. Note that ageing is expected to reach its peak when the normalised 

average radius achieves unity. An under-aged state and over-aged state can be described when 𝑟̅ < 1 and 𝑟̅ > 1, 

respectively. Substituting the normalised average radius into Eqn. (1), gives 

          𝑟̇̅ =
𝐷𝑒𝑓𝑓1/𝑟𝑐

𝑛+1

𝑟̅𝑛
=

𝐷𝑒𝑓𝑓2

𝑟̅𝑛
 (3) 

This general form is suitable for characterizing precipitate growth. However, it has difficulty modelling the 

early stage of ageing, where the precipitate size is infinitesimally small (𝑟 ≈ 0). A different form, Eqn. (4), is 

then adopted to enable a similar radius evolution with r starting from 0, as suggested in (Li et al., 2017), 

         𝑟̇̅ = 𝐷𝑒𝑓𝑓(𝑅̅𝑚𝑎𝑥 − 𝑟̅)𝑚𝑟1  (4) 

where 𝐷𝑒𝑓𝑓 is the effective diffusion coefficient and 𝑚𝑟1 is a material constant. When 𝑟 = 𝑅̅𝑚𝑎𝑥 then 𝑟̇̅ = 0. 

Thus, 𝑅̅𝑚𝑎𝑥  is considered as the maximum normalised average precipitate size that could be formed at a 

specific temperature. This parameter is introduced based on experimental results in (Werenskiold et al., 2000), 

where the average precipitate size reaches a certain value, depending on the ageing temperature, and 

precipitate growth rate reduces to ~0 when ageing time exceeded 24 hrs. The value of 𝑅̅𝑚𝑎𝑥 depends on the 

temperature and is expressed in the form of the Arrhenius law as shown in Eqn. (5).  

         𝑅̅𝑚𝑎𝑥 = 𝑅̅𝑚𝑎𝑥0
∙ exp (−

𝑄𝑣

𝑅𝑇
) (5) 

In Eqn. (5), 𝑄𝑣 is the bulk diffusion activation energy, 𝑅̅𝑚𝑎𝑥0is a material constant, R is the universal gas 

constants, T is the SRA temperature in Kelvin. Two assumptions were adopted: (1) precipitates were 

considered as spherical in the process of SRA; (2) the influences of the dislocation core diffusion on 𝑅̅𝑚𝑎𝑥 

were ignored. 

In terms of 𝐷𝑒𝑓𝑓, the earliest expression (Poole, 1997) is defined as in Eqn. (6), which consists of two parts: 

the contribution from bulk diffusion, 𝑓𝑣𝐷𝑣, and the contribution from dislocation core diffusion, 𝑓𝑐𝐷𝑐. 

         𝐷𝑒𝑓𝑓 = 𝑓𝑣𝐷𝑣 + 𝑓𝑐𝐷𝑐 = 𝐷𝑣0 𝑒𝑥𝑝 (−
𝑄𝑣

𝑅𝑇
) + 𝛾𝑐𝜌 ∙ 𝐷𝑐0𝑒𝑥𝑝 (−

𝑄𝑐

𝑅𝑇
) (6) 

where 𝑓𝑣 , 𝑓𝑐 , 𝐷𝑣, 𝐷𝑐 are the atomic fractions and diffusivities in the bulk matrix and in the dislocation core, 

respectively. As reported in (Robinson and Sherby, 1969), 𝑓𝑣 is taken to be unity. 𝐷𝑣 is a function of the bulk 

diffusion activation energy, 𝑄𝑣 , and a material parameter, 𝐷𝑣0 . 𝑓𝑐  is suggested to be proportional to the 

dislocation density, 𝜌 , and the effective dislocation core cross-sectional area, 𝛾𝑐 (Poole, 1997). Similar to 𝐷𝑣, 

𝐷𝑐 is also expressed in Arrhenius form, where 𝑄𝐶 denotes the dislocation core diffusion activation energy, 

𝐷𝑐0is a material parameter. This equation is well established, especially for FCC pure metals (Balluffi, 1970). 

However, it cannot adequately describe SRA behaviour, where precipitates and dislocations change 

dynamically.  

To enable precipitate evolution characterisation, an advanced expression for  𝐷𝑒𝑓𝑓 is introduced as follows. 

         𝐷𝑒𝑓𝑓 = 𝐴𝑟 {𝑒𝑥𝑝 (−
𝑄𝑣

𝑅𝑇
) + 𝑎𝑐[1 − 𝑒𝑥𝑝 (−𝛼1𝑟̅)]𝑒𝑥𝑝 (−

𝑄𝑐

𝑅𝑇
) 𝜌̅𝑚𝑟} (7) 
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where 𝐴𝑟  is a coefficient used to quantify the magnitude of 𝐷𝑒𝑓𝑓. 𝑎𝑐 is a calibrated constant related to 𝛾𝑐 , 

𝐷𝑐0and 𝐷𝑣0 in Eqn. (6). 𝛼1and 𝑚𝑟determine the weight of the dislocation core diffusion. Compared with Eqn. 

(6), three improvements were made in the definition of 𝐷𝑒𝑓𝑓  in Eqn. (7). Firstly, the term [1 −

𝑒𝑥𝑝(−𝛼1𝑟̅)] has been introduced, to quantify the influence of dislocation core diffusion, which varies with the 

evolution of the precipitate radius inside the bulk matrix. When an alloy undergoes a transformation from 

SSSS to the peak-aged state, the aluminium matrix contains an extremely large quantity of small bulk 

precipitates. The bulk diffusion dominates the precipitation process compared to dislocation core diffusion. 

The magnitude of this term is relatively small. When the alloy transforms from its peak-aged to over-aged 

state, then dislocation core diffusion becomes increasingly important compared to the bulk diffusion, where 

larger and less bulk precipitates are formed. The magnitude of this term increases with 𝑟. Secondly, the effects 

of dislocation density on the dislocation core diffusivity, 𝐷𝑐 , is considered, such that 𝐷𝑐 ∝ 𝜌𝑚𝑟−1. It was 

reported in (Balluffi, 1970) that 𝐷𝑐  may be affected by the current dislocation density, though previous 

modelling work assumed that 𝐷𝑐 was independent of 𝜌, such as in (Poole, 1997). Knowing that 𝑓𝑐 ∝ 𝜌, gives 

𝑓𝑐𝐷𝑐 ∝ 𝜌𝑚𝑟. Thirdly, in contrast to Eqn. (6), where the absolute dislocation density magnitude was used, a 

normalised dislocation density, 𝜌̅, was adopted in Eqn.(7). Details on 𝜌̅ is described in Section 2.2.1.3.    

There are several advantages of using Eqns. (4), (5), (7). Firstly, the equations give an appropriate 

mechanism-based expression of the dynamic evolution of the precipitates within the grain. Secondly, the 

effects of the dislocation on the growth of the precipitates both in the bulk matrix and around dislocations are 

fully described by distinguishing the two diffusion patterns. Thirdly, temperature effects are considered using 

the form of Arrhenius law. Fourthly, the equations can give a continuous prediction of the precipitate radius 

evolution from nucleation to coarsening, thus simplifying the equations and making them more suitable for 

industrial application.  

2.2.1.2 Normalised volume fraction (𝒇̅) 

The earliest expression for the volume fraction, 𝑓, proposed by Shericliff and Ashiby, (1990), is shown in 

Eqn. (8).  

         𝑓(𝑡) = 𝑓𝑒 [1 − 𝑒𝑥𝑝 (−
𝑡

𝜏
)] (8) 

where 𝜏 is the time constant, 𝑓𝑒 is the equilibrium volume fraction and t is the ageing time.  

Substituting a normalised volume fraction (𝑓̅ = 𝑓/𝑓𝑒) into Eqn. (8) and differentiating it with respect to time, 

gives 

         𝑓̅̇ =
1

𝜏
(1 − 𝑓̅) (9) 

Subsequent modelling work has been conducted to improve the volume fraction expression and to enable 

the equation to be used for different applications, e.g. under non-isothermal conditions (Myhr and Grong, 

2000), for different series of alloys (Liu et al., 2003), etc. Myhr and Grong, (2000) considered the precipitate 

size distribution and calculated the volume fraction by integrating the precipitate size distribution. Liu et al. 

(2003) calculated the volume fraction directly from the precipitate radius (∝ 𝑟3). Since the volume fraction is 

not only related to time (i.e. Eqn. (8)), but also related to the precipitate size, the normalised volume fraction 

can newly be described by  

         𝑓̅̇ = 𝐴𝑓 ∙ (1 − 𝑓̅) ∙ 𝑟̇̅ ∙ 𝑟
2
 (10) 
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where 𝐴𝑓  is the pre-exponential constant, and the term (1 − 𝑓̅) brings in the influence from a substantial 

increase in the quantity of precipitates at the early stage of ageing (Sha and Cerezo, 2004). This influence 

become less important with ageing time (value decreases from 1 to 0), thus this can reflect the rapidly 

decrease in the increase rate of the precipitate density. The term  𝑟̇̅ ∙ 𝑟
2

 accounts for the effects of each 

precipitate’s volume. When the material reaches its peak strength, 𝑓 ̅reaches its equilibrium value of 1 and 𝑓̅̇ 

remains at 0 and is subsequently unaffected by the continuous coarsened precipitates. AN assumption is made 

that all the elements, such as Zn, Mg, etc. elements are depleted after the material reaches its peak strength, 

and the precipitates then coarsen by competitive growth at a constant volume fraction (Shercliff and Ashby, 

1990).   

2.2.1.3  Normalised dislocation density (𝝆̅) 

The third micro-scale internal variable is the normalised dislocation density, which has also been used as an 

input in Eqn. (7). The dislocation is normalised by the maximum dislocation density, which is expressed as 

follows, 

         𝜌̅ =
𝜌

𝜌𝑚
 (11) 

where 𝜌𝑚 is the maximum dislocation density that can be formed in the material at 273 K. Thus, 𝜌̅ varies from 

0 to 1. The evolution of the normalised dislocation density, according to (Haddadi et al., 2006; Zhan et al., 

2011), is described by Eqn. (12) and (13).  

         𝜌̇ = 𝐴𝑑(1 − 𝜌)|𝜀𝑐̇| − 𝐶𝑑𝜌
𝑚5 (12) 

         𝐶𝑑 = 𝐶𝑑0
∙ 𝑒𝑥𝑝 (−

𝑄

𝑅𝑇
) (13) 

For clarity, 𝜌̅ is a simplified parameter that describes the global effects of all types of dislocations, including 

screw and edge dislocations. 𝜀𝑐  is the creep strain generated during SRA and is later expressed in Eqn.(27) 

and  𝐴𝑑,𝐶𝑑, 𝑚5 are material constants characterizing the dislocation generation (due to creep), dynamic and 

static recovery processes. Higher temperatures can facilitate the dislocation recovery process, especially for 

static recovery (Farla et al., 2011). Here, 𝐶𝑑 is considered as a temperature dependent constant determining 

the extent of static recovery, and should satisfy Eqn. (13). An assumption that the dynamic recovery is almost 

unaffected by the changing temperature was made.  

2.2.2 Strength model 

The overall strength of the artificially aged material is attributed to precipitate strength, 𝜎𝑝𝑝𝑡, solid solute 

strength, 𝜎𝑠𝑜𝑙𝑢𝑡𝑒, and dislocation strength, 𝜎𝑑𝑖𝑠 , neglecting any grain size induced strengthening phenomena. 

Their contributions to the yield strength, 𝜎𝑦, are as follows.  

         𝜎𝑦 = 𝜎𝑠𝑜𝑙𝑢𝑡𝑒 +√𝜎𝑝𝑝𝑡
2 + 𝜎𝑑𝑖𝑠

2    (14) 

Here, a classical law of mixtures was adopted to including the precipitate and dislocation strengthening 

contributions (i.e.  𝜎𝑝𝑝𝑡 and 𝜎𝑑𝑖𝑠) to the overall yield strength (Kock et al., 1975). While the solute strength 

contribution was added linearly. This approach was adopted from many studies, including Deschamps and 

Brechet, (1998), Poole et al., (2000), Zhan et al., (2011) and Li et al., (2017), which described the 

contributions of 3 strengthening components to the final yield strength and obtained good agreement with 

experimental results. Therefore, Eqn. (14) is a semi-empirical equation with a slight modification from the 
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work by Kock et al., (1975).  The values of different strength contributions are related to the microstructure 

variables, assuming that temperatures can only affect the strength by affecting the microstructure evolution 

(𝑟̅, 𝑓̅, 𝜌̅ ). Hence, the temperature dependent constants are introduced into the strength implicitly via the 

equations that describe the microstructure evolution (𝑟̅, 𝑓̅, 𝜌̅ ). 

2.2.2.1 The contribution of precipitates to the strength (𝝈𝒑𝒑𝒕) 

   The earliest models that described the precipitate strengthening response, contributed by shearable and non-

shearable precipitates, were developed by Shercliff and Ashby, (1990) and Kampman and Wagner (1984), 

where it is postulated that shearable and non-shearable precipitates contributed to the precipitate strength. 

Shercliff and Ashby, (1990) described the precipitate strengthening response combining the precipitate 

shearing and by-passing mechanism, and calculating their harmonic mean values. Kampman and Wagner 

(1984) (KWN) proposed an alternative discrete approach, where the precipitate size distribution was 

considered. Myhr et al., (2001) further improved KWN model and enabled it to capture the coupled 

nucleation, growth and coarsening phenomena. The equations regarding the different approaches are given 

below. 

Shercliff and Ashby, (1990), proposed the following equations 

         𝜎𝑝𝑝𝑡 = (
1

𝜎𝐴
+

1

𝜎𝐵
)
−1

 (15) 

         𝜎𝐴 = 𝑐3 𝑓
1/2 𝑟1/2;          𝜎𝐵 = 𝑐4𝑓

1/2𝑟−1    (16) 

Substituting Eqn. (16) into Eqn. (15) yields: 

        𝜎𝑝𝑝𝑡 = (
1

𝜎𝐴
+

1

𝜎𝐵
)
−1

=   (
1

𝑐3 𝑓
1/2 𝑟1/2

+
1

𝑐4 𝑓
1/2 𝑟−1)

−1
= (

1

𝑐3𝑟
0.5 +

𝑟

𝑐4
)
−1

∙ 𝑓0.5 = 𝜎𝑟 ∙ 𝑓
0.5 

(17) 

where 𝜎𝐴, 𝜎𝐵 are strength contributions from shearable and non-shearable precipitates,  𝑐3 and 𝑐4 are material 

constants that are influenced by shear modules and the Burgers vector. 𝑟 and 𝑓 are the precipitate size and 

volume fraction, respectively. 

Myhr et al., (2001) proposed an alternative formulation, 

       𝜎𝑝𝑝𝑡 =
𝑀𝐹

𝑏𝑙
=

𝑀

𝑏𝑟
(4/3 ∙ 𝛽𝐺𝑏2𝜋)−0.5 𝐹̅3/2 ∙ 𝑓0.5 = 𝜎𝑟 ∙ 𝑓

0.5  (18) 

where M is the Taylor factor, b is the Burgers vector, r is the mean precipitate radius, G is the shear modulus, 

𝛽is a material constant, 𝐹̅ is the mean precipitate strength and determined by the precipitate radius. 

By a detailed examination of Eqn. (17) and (18), one can conclude that 𝜎𝑝𝑝𝑡  is equal to the product of the 

radius contributed strength, 𝜎𝑟, and volume fraction contributed strength, 𝑓0.5. A further modification to the 

expression of 𝜎𝑟 (in its rate form) was made to derive Eqn.(19), 

        𝜎̇𝑟 = 𝐶𝑟𝑟̇
𝑚2

(1 − 𝑟) (19) 

where 𝐶𝑟 and 𝑚2 are material constants. 

 In reality, the precipitates in the Al-matrix have a size distribution, while dislocations are hindered by a 

complex pattern of the precipitates. Therefore, this modification expresses the global effects of the average 

normalised precipitate size on the material strength, where the strength initially increases (i.e. under-age to 
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peak-age) followed by a decrease (peak-age to over-age) when the normalised precipitate radius continues 

increasing. In addition, Eqn. (19) is more appropriate to describe 𝜎𝑟 using the normalised precipitate radius, 𝑟̅, 

where precipitate strength can be easily identified by the normalised precipitate radius, 𝑟̅, for example the, 

material is under-aged when (𝜎̇𝑟>0; 𝑟̅ <1), it is at peak-aged condition when (𝜎̇𝑟=0; 𝑟̅ =1) and over-aged when 

(𝜎̇𝑟<0; 𝑟̅ >1) (Zhan et al., 2011).  

In Eqns (17) and (18), the volume fraction 𝑓 was then replace by a normalised value, 𝑓,̅  to give  

         𝜎𝑝𝑝𝑡 = 𝜎𝑟 ∙ 𝑓̅
𝑚1 (20) 

where 𝑚1 is a material constant, and is suggested to be around 0.5 (Myhr et al., 2001, Barlat et al., 2002; Li et 

al., 2009). 

2.2.2.2 The contribution of solid solutes to the strength (𝝈𝒔𝒐𝒍𝒖𝒕𝒆) 

The strengthening contribution from the solid solution is controlled by the solute concentration, c. The basic 

relationship (Shercliff and Ashby, 1990; Deschamps and Brechet, 1998) between 𝜎𝑠𝑜𝑙𝑢𝑡𝑒 and c is given in 

Eqn. (21),  

         𝜎𝑠𝑜𝑙𝑢𝑡𝑒 = 𝐶𝑠𝑠0  𝑐
𝑚3 (21) 

where 𝐶𝑠𝑠0 and 𝑚3 are material constants. An analytic theory was developed by Leyson et al., (2010) to 

enable a parameter free prediction of the solute strenghen by establishing a relationship between the 

dislocation movement energy and the dislocation-solute interacation energy. This new theory improves the 

prediction of the solute strength. However, however, experienced an underestimation where Fe solutes were 

presented in the Al alloy. For commercial alluminium alloys, Fe is the most common impurity found in 

aluminium. Therefore, to enable the global solute strength for commercial aluminium alloy to be characterized, 

the relative simplifed form, Eqn. (21), was adopted in our study, where the solute strength evolution is 

expressed by the temperature dependent solute concentration.   

Eqn. (22) introduces the relationship between 𝑓 ̅and c based on mass balance theories.  

         𝑓̅ =
𝑓

𝑓𝑒
=

𝑐𝑖−𝑐

𝑐𝑖−𝑐𝑒
 (22) 

where 𝑐𝑖  and 𝑐𝑒  are initial and equilibrium solute concentrations, which are constants depending on the 

chemical composition of the alloy. Substituting Eqn. (22) into Eqn. (21) yields a solute strength equation, 

which is a function of 𝑓.̅  

         𝜎𝑠𝑜𝑙𝑢𝑡𝑒 = 𝐶𝑠𝑠0 ∙ 𝑐𝑖 (1 −
𝑐𝑖−𝑐𝑒

𝑐𝑖
∙ 𝑓̅)

𝑚3
= 𝐶𝑠𝑠(1 − 𝐵𝑠𝑠𝑓̅)

𝑚3
 (23) 

where 𝐶𝑠𝑠 and 𝐵𝑠𝑠 are constants relating to initial and equilibrium solute concentrations.  

For clarity, the temperature effects on the solid solute strengthen are considered from 𝑓̅, i.e. Eqn. (10), 

which is a temperature dependent micro-internal variable. The material strength is a macroscopy reflection of 

the microstructure evolution. Therefore, an assumption has been made that temperature can only affect the 

material strength response by impacting the micro-internal variable.  

2.2.2.3 The contribution of dislocations to the strength 

The general dislocation hardening law (Zhan et al., 2011) is adopted here:  
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         𝜎𝑑𝑖𝑠 = 𝐴𝑑𝑠 𝜌
𝑚4 (24) 

𝐴𝑑𝑠 a material constant that is related to the shear modulus, Burgers vector, etc. 𝑚4 is a material constant, 

and was suggested to be around 0.5 (Taylor, 1934). 

2.2.3 Stress relaxation model (𝛔) 

Under displacement (or strain) controlled loading conditions, creep strain accumulation results in stress 

relaxation since the creep strain accumulation is accommodated by a reduction in the elastic strain. A 

significant change in stress may alter the dominant creep mechanisms, and thus an advanced model is required 

to fully describe the stress relaxation behaviour, which is described below.   

  The original power-law creep relationship, according to (Mukherjee et al., 1968; Kocks, 1976), to describe 

the climb-controlled creep behaviour is given in Eqn (25), 

         𝜀𝑐̇ = 𝐴𝐷𝑣 (
𝜎

𝜇
)
𝑛

 (25) 

where 𝜎  is the applied stress, 𝜇  is the shear modulus, n is the stress exponent, 𝐷𝑣  is the bulk diffusion 

coefficient and 𝐴 is a temperature dependent material constant. n is expected to be a constant, (e.g.  𝑛 =  ~3 

for some materials (Brown and Ashby, 1980)) when creep occurs at a constant temperature and stress. 

However, the value of n was found varies from 1–10 (Mukherjee et al., 1968; Somekawa et al., 2005) when a 

wider range of the stresses are applied. Therefore, during the stress relaxation process, the dominant creep 

mechanism and thus n may change with time. To enable the equation to capture the change in dominating 

creep mechanism, due to the decreasing stress, and give better predictions of the stress relaxation curves, a 

modification on the stress exponent n is necessary.   

At the conventional ageing temperature (i.e. ~ 180 °C for 6xxx and ~ 120 °C +170 °C for 7xxx aluminium 

alloy), the Ashby deformation map (Frost and Ashby, 1973) suggests that the dominating creep mechanism 

may change when the applied stress decreases. The change in the creep mechanism is attributed to the effects 

of the dislocation core diffusion (Frost and Ashby, 1982). When the dislocation density varies, the effective 

activation volume may be affected, and thus a change in the stress exponent, n, may occur. In addition, the 

experimental results in (Zheng et al., 2018) also indicated that the pre-strain level ahead of the stress 

relaxation process affects the n value during subsequent stress relaxation. Therefore, the dislocation density is 

a main factor that can impact the dominating creep mechanism, and hence the stress exponent, n, varies with 

stress reduction. Based on the theory above and the experimental results (Zheng et al., 2018), an improved 

power-law equation, Eqn (26), was developed, where the normalised dislocation density is directly related to 

the stress exponent to account for the dislocation induced mechanism change.   

         𝜀𝑐̇ = 𝐴𝑠 (
𝜎

𝜎0
)
𝑛(1+𝜌̅)

 (26) 

In Eqn (26) 𝐴𝑠  is a temperature dependent constant. During the stress relaxation ageing, dynamic ageing 

occurs simultaneously with creep deformation, and the evolution of the precipitates lead to a varied creep 

resistance. To account for the effects of dynamic ageing on creep strain evolution, Eqn. (26) can be modified, 

such that the creep resistance (i.e. k𝜎𝑦) is substracted from the applied stress, and hence 

         𝜀𝑐̇ = 𝐴𝑠 (
𝜎−𝑘𝜎𝑦

𝜎0
)
𝑛(1+𝜌̅)

 (27) 
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Note that the creep resistance is supposed to vary in the same way as yield strength, 𝜎𝑦, since both depend 

on dislocation mobility, which is greatly impacted by the precipitate sizes and distributions. In addition, the 

established equation for yield strength (𝜎𝑦), Eqn. (14), in this work is the macro response of the precipitation 

process, which evolves with ageing time. Therefore, Eqn (27) includes the dynamic precipitation effects on 

the creep behaviour. Considering the interaction between the creep and precipitation process, the precipitate 

evolution impacts yield strength evolution (i.e. Eqn. (14)), and thus creep strain generation (i.e. Eqn.(27)). In 

turn, the creep generation affects the evolution of the normalised dislocation density (i.e. Eqn. (12)), and 

subsequently, the formation of precipitates (i.e.  Eqn. (4)). The temperature dependent material parameter, k, 

determines the extent of the effects of precipitation on the concurrent creep strain generation. Here, 0  is a 

material constant (Wang et al., 2004), often taken to be unity. The temperature dependency of 𝐴𝑠 and k are 

described by an Arrhenius law, as given in Eqn. (28) and (29), 

         𝐴𝑠 = 𝐴𝑠0 ∙ 𝑒𝑥𝑝 (−
𝑄

𝑅𝑇
) (28) 

         𝑘 = 𝑘0 ∙ 𝑒𝑥𝑝 (
𝑄

𝑅𝑇
) (29) 

 where 𝐴𝑠0 and  𝑘0 are constants and 𝑄 is creep activation energy. 

2.2.4 Unified constitutive equations 

An integrated SRA model can be derived by assembling the proposed micro-structural equations (i.e. Eqns. 

(4), (5), (7), (10), (12), (13)), strength equations (i.e. Eqns. (14), (19) ,(20), (23), (24)) and the stress relaxation 

equations (i.e. Eqns.(27), (28), (29)). Each equation is not only time and temperature dependent, but are also 

interdependent and thus affect the relevant SRA features, such that the creep strains (i.e. Eqn.(27)) generated 

during SRA lead to a change in the dislocation density (i.e. Eqn. (12)). This dislocation evolution affects the 

precipitate radius (i.e. Eqns. (4), (5), (7)), simultaneously leading to a dynamically changed age hardening 

response (i.e. Eqns. (14), (19), (20)). This age hardening response then affects the creep generation in SRA 

(i.e. Eqn. (27)).   

3 Model implementation  

The sets of constitutive equations were then applied to simulate a multi-step stress relaxation ageing (SRA) 

process of aluminium alloy 7050 with a chemical composition of 5.7-6.7 wt% Zn, 1.9-2.6 wt% Mg and 2-2.6 

wt% Cu, 0.12 wt % Si, 0.15 wt% Fe, 0.1 wt % Mn. The SRA behaviour has been experimentally examined in 

detail in (Zheng et al., 2018). A brief review of the test procedure is provided here for completeness.  
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3.1 Experimental SRA procedure 

 

Figure 1 Schematic illustration of the sample preparation and SRA procedure 

In preparation for the SRA tests, all samples were initially solution heat treated (SHT) at 475 °C for 30 

minutes and then quenched in warm water (60–70 °C). Subsequently, within 1 hour after quenching, these as-

quenched samples were pre-strained to a total strain of 1% and 3%. SRA tests during a multi-step T74 heat 

treatment process (120 °C × 6 h + 177 °C × 7 h) were carried out on the pre-strained samples. The SRA test 

procedure is illustrated in Figure 1 and divided into three stages:  

Stage I (Constant strain control): Samples were loaded in tension to various initial stresses (i.e. 220 MPa, 

270 MPa, 320 MPa, 360 MPa) after the temperature stabilised at 120 °C. The samples were then held at 

constant strain, enabling the stress relaxation process;  

Stage II (Constant stress control): Samples were held at the relaxed stress for 1h during which the 

temperature was raised from 120 °C to 177 °C. 

Stage III (Constant strain control): Samples were again held at constant strain at 177 °C for 7 h, and stress 

relaxation was monitored. 

The yield strength evolution during SRA was determined by conducting room temperature tensile tests on 

interrupted SRA samples at different times (i.e. 0, 3, 6, 7, 10, 14 h). The detailed experimental procedure and 

test results can be found in (Zheng et al., 2018). It should be noted that before the onset of SRA (i.e. t = 0 h), 

there was 1h’s heating up period from room temperature to 120 °C (detailed temperature curves are given in 

Figure 4(a)), and hence the precipitation process was already activated. Hence, strictly the evolution of 

precipitation-related parameters (i.e.  𝑟̅, 𝑓̅, 𝜎𝑝𝑝𝑡 ) commenced prior to the time denoted 0 h in Figure 1.  

3.2 TEM tests on typical T74 aged samples 

Transmission Electron Microscopy (TEM) tests were conducted on a selection of interrupted pure-aged 

specimens (i.e. at t = 6, 8, 14 h) to examine the evolution of the precipitates during T74 ageing. The 

temperature employed was the same with that for SRA tests (i.e. 120 °C × 6 h + 177 °C × 7 h). In preparation 

for TEM, the specimens were firstly cut and ground down to ~ 150 𝑢𝑚, then punched to generate foil discs of 

diameter 3 mm. These foil discs were finally Twin jetted using a mixture of 275 ml nitric acid and 825 ml 

methanol at -20 °C to further thinning down to ~ 40 − 60 𝑛𝑚. The TEM tests were performed using Jeol 

TEM 2100 Plus electron microscope operating at 200 Kv.   
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The bright field TEM images of the pure aged samples at t = 6, 8 and 14h are presented in Figure 2, together 

with the T74 ageing temperature profile. From these TEM images, the precipitate evolution during the T74 

pure ageing treatment can be observed. After 6h’s pure ageing at the 120 °C, Figure 2 (b), finely distributed 

small precipitates were nucleated. Most of the precipitates have a cigar-like morphology and are ~1-6 nm in 

length while ~1 nm in width. These precipitates are large in density, however, are too small to provide high 

dislocation cutting strength, thus making the material remain in the under-aged condition. After raising the 

temperature to 177 °C and continuously heating to t = 8h, the precipitates gradually grow to around 5-12 nm 

(i.e. radius: 2.5-6 nm) with a plate shape, as shown in Figure 2 (c). These precipitates are large enough to 

provide high dislocation cutting strength, while being appropriately small to avoid the dislocation bowing 

(softening) phenomenon (Polmear, 2005), thus exhibiting high resistance to dislocation motion. The finding is 

similar to most of the literatures that studied the precipitate evolution of 7xxx serious alloys (Dumont et al., 

2003; Liu et al., 2014; Sha and Cerezo, 2004; Stiller et al., 1999; Werenskiold et al., 2000; Zang et al., 2012). 

With the ageing time continuing to increase, the material will achieve the peak aged state, where all elements 

are assumed depleted and occupied by the precipitates, and further, coarsen to realise the T74 over-aged states. 

The coarsening of the precipitates during over-ageing can only be achieved by competitive growth, leading to 

precipitates with larger sizes as well as smaller density. As expected, the precipitates in the T74 pure aged 

samples, shown in Figure 2 (d), are larger in size, while smaller in density. The size range is from around 5 

nm to 20 nm (i.e. radius: 2.5-10 nm) and most of the precipitates are platelets. Comparing the precipitate size 

and distributions in Figure 2 (b), (c) and (d), the evolution of the precipitation, including precipitate nucleation 

(i.e. Figure 2 (b)), growth (Figure 2 (b)→(c)) and coarsening (Figure 2 (c)→(d)), is clearly observed.  

 

Figure 2 (a) the temperature profile of the T74 ageing treatment. The bright field TEM images of the 

interrupted aged samples at (b) t= 6, (c) t= 8 and (d) t=14h. 
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3.3 The evolution of the micro-variables during the T74 ageing treatment 

 

Figure 3 (a) Schematic illustration of age-hardening mechanism and (b) evolutions of precipitate radius 

(Dumont et al., 2003; Liu et al., 2014; Sha and Cerezo, 2004; Stiller et al., 1999; Werenskiold et al., 2000; 

Zang et al., 2012), r, density (Sha and Cerezo, 2004; Stiller et al., 1999), d, volume fraction (Han et al., 2011), 

f, during T74 ageing treatment 

A schematic illustration is provided in Figure 3 to facilitate the understanding and calibration of the 

evolution of the internal variables during the T74 ageing treatment. The original state of the materials is a 

supersaturated solid solution (SSSS) in preparation for the subsequent ageing treatment (Poole, 1997). It has 

been accepted that ageing at a low–temperature stage (i.e. 120 °C) results in a relatively high response to 

hardening due to the nucleation and formation of finely dispersed precipitates (i.e. GP zones and vacancy rich 

clusters) (Polmear, 2005). These precipitates are relatively small in size (i.e. around 2 – 3.5 nm (Dumont et al., 

2003; Sha and Cerezo, 2004; Werenskiold et al., 2000; Yang et al., 2015)), while extremely high in density 

(i.e. around 7 − 17 × 1024𝑚−3 (Sha and Cerezo, 2004)). The large amount of small shearable precipitates act 

as obstacles and hinder the dislocation motion, resulting in a relatively high yield strength, as well as high 

creep resistance. The evolution of the precipitate size, r, density, d, and volume fraction, f, at the low 

temperature stage are summarised in Figure 3(b). Note that the precipitate density rapidly saturates after 

exposure to ~ 120 °C (Stiller et al., 1999; Deschamps et al., 1998) and remains constant until the material 

reaches its peak strength. 

A subsequent high-temperature stage efficiently accelerates the precipitation process through bringing 

higher energy to the pre-existing precipitates, enabling a faster growth of the precipitates. Platelet or cigar-like 

semi-coherent 𝜂ʹ, which is believed to be the main strengthening phase, can be rapidly obtained within 1–3 

hours of ageing at 177 °C. The rapid increase in the precipitate size from ~2-3.5 nm to ~5 nm (Werenskiold et 

al., 2000; Yang et al., 2015) is the main reason for the increase in the creep resistance from the under-aged to 

peak-aged states. The ordered 𝜂ʹ continues to grow until the majority of the precipitate transforms into the in-

coherent 𝜂 phase and the samples reaching their over-aged T74 states (Polmear, 2005). It is believed that all 

available elements (e.g. Zn, Mg) in the aluminium matrix are occupied by the precipitates after the samples 
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reach their peak-aged state (Zhan et al., 2011). Thus, 𝜂 can be formed only by joining 𝜂ʹ together leading to an 

increase in size, a plateau in volume fraction and a decrease in density. The evolutions of the precipitate radius, 

density and volume fraction at the high temperature stage can be found in Figure 3 (b) with their typical 

values annotated. These values will be normalised and compared with the predicted 𝑟̅ from the model in the 

following section. 

3.4   Determination of material constants used for SRA with different initial stresses 

(Pre-strain = 1%) 

The simplest way to fit the strength and stress relaxation curves is to use numerical optimisation methods. 

These methods, such as the non-linear least squares curve fitting method and genetic algorithm, can give the 

best fit by trying different sets of material constants to minimise the errors between the predicted and 

experimental data. However, several problems can occur during fitting. For example, the algorithm optimising 

to a local minimum or produces material parameters that do not make physical sense. To overcome these 

difficulties, a combination of manual and computational curve fitting method was employed. All curves, 

including micro-variables (𝑟̅, 𝑓̅,𝜌̅), strength evolutions (𝜎𝑦, 𝜎𝑝𝑝𝑡 , 𝜎𝑠𝑜𝑙𝑢𝑡𝑒 , 𝜎𝑑𝑖𝑠) and stress relaxation curves (𝜎), 

were manually fitted to an initial point for the optimisation process that will result in sensible values. Then, a  

non-linear least square curve fitting method was employed to further improve the fitting. The detailed 

procedures are given below: 

(i) Determination of temperature:  

According to the T74 temperature profile, the transient temperature evolution, T, during Stage II of 

SRA, increases from the constant value of 393K in Stage I to 450K in Stage III. The temperature 

change with time at this stage must be described. This transient temperature profile was measured 

during SRA and may be accurately described using Eqn. (30), as illustrated in Figure 4(a), where the 

solid line represents the fit to the experimental data. This T evolution expression can be input into the 

model. 

                         𝑇̇ = 5.5 × (450 − 𝑇) (30) 

(ii) Determination of 𝑅̅𝑚𝑎𝑥 (Eqn. (5)): 

The 𝑅̅𝑚𝑎𝑥 evolution was determined using experimental data taken from (Werenskiold et al., 2000). 

𝑅̅𝑚𝑎𝑥0 and 𝑄𝑣 in Eqn. (5) was obtained by comparing the predicted and experimental results, shown 

in Figure 4 (b). For clarity, the experimental data plotted in Figure 4 (a) are the average precipitate 

radius, r, normalised by its peak aged radius, 𝑟𝑐, after 24 hours of ageing at different temperatures in 

(Werenskiold et al., 2000). The results in (Werenskiold et al., 2000) show that r increases 

asymptotically to a saturated value after 24 hours’ ageing. Therefore, these saturated values (r at 24 h) 

are regarded as the maximum average precipitate sizes and compared with the predicted 𝑅̅𝑚𝑎𝑥. 

 



 

17 

 

(a) 

  

(b) 

 

Figure 4 The predicted (solid line) and experimental (dots and symbols) (a) T74 temperature 

evolution; (b) normalised maximum precipitate radius,  𝑅̅𝑚𝑎𝑥 , vs Temperature. The experiment data 

of 𝑅̅𝑚𝑎𝑥 is taken from (Werenskiold et al., 2000).  

 

(iii) Determination of 𝑟̅ and 𝑓 ̅(Eqns. (4), (7), (10)): 

The constants describing 𝑟̅ and 𝑓 ̅under T74 pure ageing conditions, where 𝜌 = 0, were determined by 

comparing the predicted 𝑟̅ and 𝑓 ̅evolutions with both the TEM results and the curves shown in Figure 

3(b) (Dumont et al., 2003; Liu et al., 2014; Sha and Cerezo, 2004; Stiller et al., 1999; Werenskiold et 

al., 2000; Zang et al., 2012; Zheng et al., 2018). The experimentally determined radius after 1h’s 

ageing at 120 °C from the literature (Werenskiold et al., 2000) was employed as a good 

approximation to the initial value of  𝑟̅ (~0.42) since there is a 1 hour heating up period from room 

temperature to 120 °C before SRA (i.e. Figure 4 (a)). 

(iv) Determination of 𝜌̅ (Eqns. (12), (13)): 

The initial normalised dislocation value, resulting from the 1% pre-strain process, was then introduced 

into the determined pure-ageing equations. Adjustments were made on 𝑟̅ and 𝑓 ̅to accommodate the 

effects of dislocations.  

(v) Determination of 𝜎𝑦, 𝜎𝑝𝑝𝑡, 𝜎𝑠𝑜𝑙𝑢𝑡𝑒 , and 𝜎𝑑𝑖𝑠 (Eqns. (14), (20), (23), (24)): 

The constants describing the strength evolutions were determined by comparing predicted curves to 

yield strength evolution data (Zheng et al., 2018).  

(vi) Determination of 𝜀𝑐   and σ (Eqns. (27), (28), (29)): 

Finally, the stress relaxation related constants in Eqn. (27) were determined. The stress exponent, 

𝑛(1 + 𝜌), was evaluated from a power-law regression fit of the creep strain rate vs stress data. 

Detailed analysis was presented in (Zheng et al., 2018). The remaining constants were estimated by 

comparing the predicted and experimental stress relaxation curves, shown in Figure 7.   

(vii) Final determination of material constants:  

After obtaining all fitted constants, these constants were used as an initial guess in the optimisation 

algorithm. In this work, the “lsqnonlin” function in Matlab, which implements the Truss region 

method, was used (MathWorks, 2017). 
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The material constants determined through the above procedures are listed in Table 2. 

Table 2 Material constants for AA7050 in multi–step SRA  

𝒏 (-) 𝒎𝟏(-) 𝑪𝒓 (𝒉
−𝟏) 𝒎𝟐 (-) 𝑪𝒔𝒔 (MPa) 𝑩𝒔𝒔 (-) 𝒎𝟑 (-) 

1.75 0.18 1100.00 1.00 247.00 0.60 0.67 

𝑨𝒅𝒔 (MPa) 𝒎𝟒(-) 𝑨𝒓(𝒉−𝟏) 𝒂𝒄 (-) 𝜶𝟏 (-) 𝒎𝒓𝟏 (-) 𝒎𝒓 (-) 

95.00 0.77 0.04 1.05 e4 25.32 1.00 2.00 

𝑨𝒇 (-) 𝑨𝒅 (-) 𝒎𝟓 (-) 𝑨𝒔𝟎 (𝒉−𝟏) 𝒌𝟎 (-) 𝑪𝒅𝟎
 (𝒉−𝟏) 𝑹̅𝒎𝒂𝒙𝟎 (-) 

12.16 37.62 2.58 0.30 4.50 e-4 837.21 1170.00 

𝑸 (𝒌𝑱/𝒎𝒐𝒍) 𝑸𝒗(𝒌𝑱/𝒎𝒐𝒍) 𝑸𝒄(𝒌𝑱/𝒎𝒐𝒍) 𝝈𝟎 (MPa)    

23.19 24.67 13.00 1.00    

3.5 Model validation and discussion 

The material constants in Table 2 were applied to the constitutive equations proposed above. The T74 

multistep stress relaxation ageing (SRA) post 1% pre-strain treatment with different initial stresses was 

predicted and shown in Figure 5 (micro-variable evolution), Figure 6 (strength evolution) and Figure 7 (stress 

relaxation).  

(a) 

 

(b) 

 

Figure 5 The predicted (a) evolution of normalised precipitate radius, 𝑟̅; (b) evolution of normalised volume 

fraction, 𝑓,̅ during the stress relaxation ageing process (i.e. 120°𝐶 × 6ℎ + 177°𝐶 × 7ℎ). Note that the initial 

stresses (i.e. 𝜎𝑖) for the stress relaxation is 0 MPa and 320 MPa. 

Figure 5(a) shows the predicted evolution of 𝑟̅ and 𝑅̅𝑚𝑎𝑥  during the multi-step SRA for different initial 

stresses (𝜎𝑖). The temperature evolution is also shown as a dotted line. 𝑅̅𝑚𝑎𝑥 remains constant at the two 

isothermal stages, Stage I and III, while it increases with temperature in Stage II. This value limits the 
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evolution of 𝑟̅, which increases slowly at Stage I, then increases rapidly at Stage II and III. The observation 

agrees with the mechanism described in Section 3.2 and 3.3. The evolution of 𝑟̅ is also affected by the initial 

stresses (𝜎𝑖). Higher 𝜎𝑖 leads to larger creep strains and stress reductions, shown in Figure 7, thus generating 

more dislocations into the aluminium matrix. These dislocations dynamically promote the precipitation 

process (Deschamps et al., 1998) resulting in faster nucleation, growth and coarsening of the precipitates. This 

physical phenomenon was detailed in Figure 5(a), where 𝑟̅  increases faster in SRA with 𝜎𝑖 = 320 MPa 

compared to that with σi = 0 MPa. Note that the influence of 𝜎𝑖 on  𝑟̅ is negligible during Stage I, and becomes 

increasingly significant during Stage II and III. This is because negligible creep strains were generated at 120 

°C (Figure 7), leading to less dislocation effects on the evolution of  𝑟̅ at Stage I. To validate the predicted  𝑟̅ 

evolution, the average precipitate radius at the peak aged state, 𝑟𝑐, was calculated from the TEM results in our 

previous work (Zheng et al., 2018) (i.e.  𝑟𝑐=~5 nm). The normalised precipitate radius under different ageing 

conditions were also calculated using the TEM results (i.e. Figure 2) in this work, which are listed in Table 3. 

However, the TEM results were only obtained under selected conditions and not sufficient to describe a whole 

precipitate size evolution, especially the size evolution at Stage I, during SRA. Therefore, the experimental 

precipitate radius (under T74 pure ageing conditions) were also collected from the literature (Dumont et al., 

2003; Han et al., 2011; Liu et al., 2014; Sha and Cerezo, 2004; Stiller et al., 1999; Werenskiold et al., 2000; 

Zang et al., 2012) and listed together with the TEM data from this study in Table 3 to further validate the 

predicted  𝑟̅ trend. Note that all these experimental data are from the TEM results for 7xxx (i.e. Al-Zn-Mg) 

aluminium alloy, which contains similar chemical composition, and was aged at similar temperature with that 

of the material used in this study. Thus, the precipitates evolution from literature (i.e. 7xxx aluminium alloy) 

is expected to be the same with that of AA7050 in this study, where GP zones, 𝜂′ and 𝜂 formed sequentially. 

The precipitate size ranges and evolutions should also be similar to that in this study. To ensure the accuracy 

of the collected TEM results, firstly, the peak aged precipitate radius, 𝑟𝑐, from (Liu et al., 2014; Werenskiold 

et al., 2000) is compared with the TEM data in (Zheng et al., 2018), where both of them are ~5 nm. Secondly, 

the precipitate radius, r, obtained from the literature was also compared with the TEM results in this work, 

where the range of the precipitates at the same ageing time are basically consistent (Table 3). Thirdly, each 

selected TEM range were taken from at least two references to ensure reliability. The experimental precipitate 

radius ranges both from our TEM tests and from the literatures are list in Table 3, and the normalised 

experimental radius were calculated. As can be seen, the predicted 𝑟̅ values are both within the range of 𝑟̅𝑒 and 

 ̅TEM, suggesting that reasonable predictions of  𝑟̅ evolution were achieved. The precipitation process had 

activated before the onset of SRA (t = 0 h) during the heating–up period, annotated in Figure 4 (a). Therefore, 

the initial value of 𝑟̅ is 0.42 (not 0), as explained above. 

Table 3. Experimental (Dumont et al., 2003; Han et al., 2011; Liu et al., 2014; Sha and Cerezo, 2004; Stiller et 

al., 1999; Werenskiold et al., 2000; Zang et al., 2012) and predicted precipitate radius under T74 pure ageing 

conditions 

Ageing time 0 h 

 (after heating–

up) 

6 h 8 h peak 14 h 

Experimental 

radius,  e, from 

literatures 

1–3 nm  

(Sha and 

Cerezo, 2004; 

Werenskiold et 

al., 2000; Zang 

et al., 2012) 

2–3.5 

nm 

 (Sha 

and 

Cerezo, 

2004) 

- 3.2–8.44 nm 

 (Han et al., 2011; Liu 

et al., 2014) 

(Average size: ~4.48-

5.00 nm (Liu et al., 

2014; Werenskiold et 

6–14.1 

nm (Han 

et al., 

2011; 

Stiller et 

al., 1999) 
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al., 2000)) 

Normalised 

experimental radius, 

 ̅e =
𝑟𝑒

5 𝑛𝑚
, from the 

literatures 

0.20–0.60 0.40–

0.70 

 1.00 1.20–

2.82 

Experimental 

radius,  𝑇𝐸𝑀, from 

the TEM 

- 1-3 nm 2.5-6 nm ~5.00 nm 2.5-10 

nm 

Normalised 

experimental radius, 

 ̅TEM =
𝑟𝑇𝐸𝑀

5 𝑛𝑚
, from 

the TEM 

- 0.20-

0.60 

0.50-1.20 1.00 0.50-2.00 

Predicted 

normalised 

precipitate radius,  ̅ 

0.42 0.58 0.98 1.00 1.38 

 

Figure 5(b) shows the predicted normalised volume fraction, 𝑓,̅ evolution during SRA with an initial stress of 

0 and 320 MPa. Similar trends were observed compared to that in Figure 5(a), as 𝑓 ̅is strongly affected by the 

precipitate size (Eqn. (10)), except for that the value of 𝑓 ̅saturated at ~8 h. In addition,  𝑓 ̅saturates faster with 

higher initial stresses.   

(a) 

 

(b)

 

Figure 6 The predicted (solid line) and experimental (symbols) (a) yield strength evolution, 𝜎𝑦, during the 

stress relaxation ageing process (i.e. 120°𝐶 × 6ℎ + 177°𝐶 × 7ℎ) with different initial stresses, 𝜎𝑖, (b) yield, 

𝜎𝑦, precipitate, 𝜎𝑝𝑝𝑡, solid solute, 𝜎𝑠𝑜𝑙𝑢𝑡𝑒, and dislocation, 𝜎𝑑𝑖𝑠, strength evolutions in SRA with 𝜎𝑖 =

360𝑀𝑃𝑎. 
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The strength vs. time curves are illustrated in Figure 6 together with the experimental data under different 

initial stresses. Good agreements are achieved, where higher initial stresses facilitate precipitate growth, thus 

resulting in a faster increase in the yield strength until a peak value and a subsequent decrease. One of the 

yield strength curves (𝜎𝑖 = 360𝑀𝑃𝑎.) in Figure 6(a) was selected and plotted again in Figure 6 (b) with the 

evolutions of its strength components (𝜎𝑝𝑝𝑡 , 𝜎𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛,𝜎𝑑𝑖𝑠). 𝜎𝑝𝑝𝑡  varies in the same way as 𝜎𝑦  due to the 

precipitate evolution, while 𝜎𝑠𝑜𝑙𝑢𝑡𝑒  varies in the opposite way, due to the solid solute loss in SRA. 𝜎𝑑𝑖𝑠 

decreases slightly with SRA time suggests that dislocation recovery magnitude is larger than the generation 

magnitude from creep. Though not shown, the alloy’s yield strength (measured experimentally) increased 

from 220 MPa to 250 MPa after pre-straining, and then increased again to 407 MPa after 1 hour’s heat-up 

from room temperature to 120 °C prior to SRA. Therefore, the initial values of the strength contribution from 

solute strengthening, 𝜎𝑠𝑜𝑙𝑢𝑡𝑒_𝑖 and dislocation strengthening, 𝜎𝑑𝑖𝑠_𝑖 (t = 0 h in Figure 6 (b)) are set to be 250 

MPa and 30 MPa, respectively, while assuming that the solute loss and dislocation static recovery in the heat-

up period are negligible. Note that 𝜎𝑠𝑜𝑙𝑢𝑡𝑒_𝑖 was obtained by conducting uniaxial tensile tests on the quenched 

sample. Therefore, 𝜎𝑠𝑜𝑙𝑢𝑡𝑒_𝑖 (i.e. 220 MPa) includes both the solute strength and the quenching induced 

dislocation strength, if there are any. 𝜎𝑑𝑖𝑠_𝑖 only accounts for the work hardening induced dislocation strength. 

During quenching, a small amount of closed-loop dislocations may be formed due to the annealing of the pre-

existing vacancies and the plastic flow of the atoms, especially near the triple points of grain boundaries. 

However, the quantity of the quenching induced dislocations in Al alloy is extremely small compared to that 

created by the subsequent cold work (Nicholson 1962). Therefore, 𝜎𝑠𝑜𝑙𝑢𝑡𝑒_𝑖=220 MPa and 𝜎𝑑𝑖𝑠_𝑖=30 MPa can 

capture the total strength (including solute strength, quenching induced dislocation strength and work 

hardening induced dislocation strength), except for that the negligible amount of quenching induced 

dislocations was ignored in 𝜎𝑑𝑖𝑠_𝑖. The initial values were plotted in Figure 6(b), 𝜎𝑝𝑝𝑡_𝑖 was then calculated 

using Eqn. (14).  

Figure 7 illustrates the predicted and experimental stress relaxation curves. Although slight variations 

between predicted and measured stress relaxation curves are seen at the beginning of SRA, a generally good 

agreement was achieved.  

 

Figure 7 Comparison between predicted (solid line) and experimental (symbols) (Zheng et al., 2018) stress 

relaxation curves of 7050 Al- alloy with different initial stress levels.  

From the results shown in Figure 5, Figure 6 and Figure 7, one can conclude that the set of material 

constants and constitutive equations can appropriately predict the multi-step SRA behaviour for different 
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initial stresses. In addition, the microstructure evolutions ( ̅, f,̅ ρ̅) can be reasonably described, where their 

evolutions show physics based responses to both the temperature and the creep strains in SRA. Pure ageing 

evolutions can also be described in the model by setting the creep strain rate to zero (𝜀𝑐̇ = 0). An additional 

application in using this model to predict the SRA behaviour post different pre-strain levels will be discussed 

in the next section.  

4 Application to different pre-strain conditions 

(a) 

 

(b) 

 

Figure 8 Comparison between the predicted (solid line) and experimental (symbols) (a) stress relaxation and 

(b) yield strength evolution curves of 7050 Al-alloy during the stress relaxation ageing process (i.e. 120°𝐶 ×

6ℎ + 177°𝐶 × 7ℎ). The initial stress for is 320 MPa, pre-stretch levels prior to SRA are 1% and 3%. 

The calibrated models developed were further applied to predict the SRA behaviour post different pre-strain 

levels with an initial stress of 320 MPa. The effects of pre-strain levels were introduced by calculating the 

initial normalised dislocation density, 𝜌̅𝑖, using Eqn. (31), which is an integrated form of Eqn. (12), neglecting 

the static recovery at room temperature (i.e. 𝐶𝑑 = 0).  

         𝜌̅𝑖 = 1 − 𝑒𝑥𝑝(−𝐴𝑑 ∙ 𝜀𝑝𝑟𝑒) (31) 

where 𝜀𝑝𝑟𝑒 denotes the plastic strain values induced by different pre-strain treatments. 

As illustrated in Figure 8, both the predicted stress relaxation and the yield strength curves are in good 

agreement with the experimental results. Though no experimental data exists, the predicted yield strength of a 

3% pre-strained sample (Figure 8(b)) is as expected, where a larger 𝜌̅𝑖  significantly enhances the ageing 

response during Stage I (Zheng et al., 2018). The comparison confirms that this model can also give a good 

prediction of SRA under different pre-strain conditions.  

The set of equations can be applied to predict the multi-dimensional stress-strain state using the plastic flow 

rule, and thus be implemented into commercial FE codes through user-defined subroutines for process 

modelling (Heinz et al., 2000).  It not only can be used to predict the residual stress distribution after ageing 

but is also capable of predicting the spring-back after the stress-relaxation controlled creep-age-forming (CAF) 

process. Detailed microstructure and mechanical property evolution in the forming process can also be 

predicted. This model is currently being used to predict the residual stresses, and mechanical properties in a 

manufacturing process and findings and results from this work will be published in the near future.  
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5 Conclusions 

A set of constitutive equations, based on atomic diffusion and dislocation creep laws, were proposed to 

predict the stress relaxation ageing (SRA) behaviour of AA 7050. These equations are capable of simulating 

precipitation response, the simultaneous stress relaxation behaviour and their interactions, by considering the 

response of strength (yield strength, precipitate strength, solute strength and dislocation strength) and creep to 

the microstructure evolutions during the SRA process. Three micro-structural internal variables (normalised 

precipitate radius, volume fraction, dislocation density) were introduced into the equations. Their interactions 

were quantitatively described by considering the proportions of the bulk diffusion and dislocation core 

diffusion mechanisms. Temperature effects on these internal variables were also considered, which enables 

the equations to be applied at different temperatures.  

This set of equations was verified by predicting a T74 multi-step SRA behaviour, both with different initial 

stresses and under different pre-strain conditions. Good agreement, including the stress relaxation and yield 

strength curves, was obtained between the predicted and experimental results. The progression of 

precipitation-related variables (i.e. 𝑟̅, 𝑓)̅ with time and their response to dislocation evolution were suitably 

predicted. The validated multi-step SRA constitutive models developed in this work have great potential in 

practical applications, and can provide valuable guidelines for predicting the residual stress reduction in extra-

large aircraft components after the T74 ageing treatment.  
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