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CHANGES OF VARIABLES IN MODULATION AND WIENER
AMALGAM SPACES

MICHAEL RUZHANSKY, MITSURU SUGIMOTO, JOACHIM TOFT,
AND NAOHITO TOMITA

ABSTRACT. In this paper various properties of global and local changes of vari-
ables as well as properties of canonical transforms are investigated on modulation
and Wiener amalgam spaces. We establish several relations among localisations of
modulation and Wiener amalgam spaces and, as a consequence, we obtain several
versions of local and global Beurling—Helson type theorems. We also establish a
number of positive results such as local boundedness of canonical transforms on
modulation spaces, properties of homogeneous changes of variables, and local con-
tinuity of Fourier integral operators on % L4. Finally, counterparts of these results
are discussed for spaces on the torus as well as for weighted spaces.

1. INTRODUCTION

The main purpose of this paper is to investigate the invariance properties of modu-
lation spaces and certain types of Wiener amalgam spaces under changes of variables.
We establish different positive and negative results in these spaces as well as in closely
related Fourier Lebesgue spaces. Let us point out that a natural ingredient of our
analysis is to consider also the canonical transforms which are changes of variables on
the Fourier transform side. The canonical transforms play an important role in the
analysis of partial differential equations because they allow to transform operators
into each other by changes of variables on the Fourier transform side (e.g. [§]). Reg-
ularity properties of canonical transforms are important for various applications, for
example in recent applications to global smoothing problems for evolution equations
(e.g. [23,24]).

Since the Fourier image of a modulation space is a Wiener amalgam space it is
natural to consider invariance properties of changes of variables and canonical trans-
forms on both spaces. Another space of interest is the space FL?, 1 < g < oo,
which is the image of the Lebesgue space L?(R™) under the Fourier transform. In
fact, when localised in space, this space coincides with modulation spaces M?9 and
Wiener amalgam spaces WP4, so the question of continuity in % L?(R") is related
to the question of continuity in its image under the Fourier transform, which is the
usual LI(R™). For example, when investigating a property of the local bounded-
ness of canonical transforms in LI(R™), we can reduce the analysis to an equivalent
question of the Fourier-local boundedness of changes of variables in . L4(R™). We
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note that these questions are usually quite delicate since there is a loss of regular-
ity of Fourier integral operators in L?-spaces (cf. [28]), which is dependent on the
underlying geometry (cf. [22]).

The question of the invariance of function spaces under changes of variables is of
fundamental importance since it allows to introduce counterparts of these spaces on
manifolds via localisations. Thus, both local and global invariance properties are of
importance. Unfortunately, many spaces of interest have a so-called Beurling—Helson
property which means that a C! change of variables which leaves the space invariant
must be affine (for space .Z L' on the torus this goes back to Beurling and Helson [5]).
For example, this property was established in .# L¢ in [19, 29], and in modulation
spaces in [20]. In Theorem 24 we also establish it for Wiener amalgam spaces. Our
analysis is based on the fact that when localised in space, function spaces MP9,
WP4 and F L7 all coincide (see Theorem [2.1]). This will follow from the fact that
when localised in frequency, function spaces MP4, WP4 and LP also coincide. This
observation puts the study of the Beurling-Helson property on Wiener type spaces in
a unified setting, as well as simplifies the proof in the case of modulation spaces given
in [20]. In Corollary we state various equalities of localisations of these spaces
and Theorem [2.4] gives the Beurling—Helson properties for both changes of variables
and canonical transforms.

However, it turns out that we can still prove some positive results. For example, in
Theorem we will show that if the pullback by a change of variables ¢ : R" — R”
is bounded on L(R™) then the corresponding canonical transform I, (which is the
pullback by v on the Fourier transform side) is locally continuous on MP? W4
and .# L?. On the Fourier transform side this gives a Fourier-local continuity of the
change of variables induced by such 9 (see Theorem for a precise statement).

On the other hand, phase functions which come from the theory of Fourier integral
operators are positively homogeneous of order one ([18]). This means that the analysis
of the invariance properties is important also outside of the C! category. In Theorem
we give a result to this end which shows that different types of properties are
possible. In particular, we establish a Beurling—Helson type result in this case as well
by using the theory of Fourier integral operators in an essential way.

At the same time, positive results will allow us to improve the continuity proper-
ties of Fourier integral operators related to canonical transforms in .% Li—spaces. In
particular, in [7], it was shown that Fourier integral operators are locally bounded on

F L4(R") provided that the amplitude is in the symbol class S} o 1/2=1/al 1) Theorem
2.7 we remove the decay condition in the case of canonical transforms and show that
the corresponding operators with amplitudes in S§, (or even in M>1') are still locally
bounded in .# L(R").

Finally, in Theorem 2.8 we investigate other homogeneous changes of variables
which may have singularities on sets of different dimensions. For them, we show
continuity in modulation and Wiener amalgam spaces. In the proof of this theorem we
use Gabor theory of modulation spaces and certain decompositions of homogeneous
mappings (cf. Chapter 12 in [I7]). This result extend previously known properties
on % L% and on MP? with p = q.

Modulation spaces were introduced by Feichtinger in [12] and [13] during the period
1980-1983. The basic theory of such spaces was thereafter established and extended
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by Feichtinger and Grochenig (see e.g. [13| 14, 15, 7], and references therein).
Roughly speaking, the (classical) modulation space M?? is obtained by imposing a
mixed LP? norm on the short-time Fourier transform of a tempered distribution.

A major idea behind these spaces is to find useful Banach spaces, which are defined
in a way similar to Besov spaces, in the sense of replacing the dyadic decomposition
on the Fourier transform side, characteristic to Besov spaces, with a uniform de-
composition. From the construction of these spaces, it turns out that modulation
spaces and Besov spaces in some sense are rather similar (see [1,, 30, 31, 32] for sharp
embeddings).

It appears that in some respects these spaces have better properties from the point
of view of evolution partial differential equations. For example, it was shown in [4]
that propagators for the wave and Schrodinger equations are bounded on modulation
spaces, compared to the usual loss of derivatives in Sobolev spaces (see e.g. [28]).
We point out in Remark that propagators of the form e®!”I* are actually locally
continuous on MP4(R™) and WP4(R") for all p,q and all ¢, € R (compared to the
case of 0 < a < 2 on MP9(R™) analysed in [4] and to the well-known loss of derivatives
in local L? spaces, e.g. for a = 1 for the wave equation or for the KdV equation for
a = 3, ete).

Counterparts of these properties as well as of other results of this paper for spaces
on the torus are discussed in the last section. In particular, we observe the equality
MPA(T") = WP(T") = F04(T") for all 1 < p,q < oo. This immediately reduce the
analysis of the Beurling—Helson property to the original paper of Beurling and Helson
[5] as well as to the extensions in [19]. In particular, in the case of ¢ = 1 the above
equality can be viewed as a characterisation of absolutely convergent Fourier series.

Moreover, we show the boundedness of canonical transforms on these spaces. Fi-
nally, we will remark that propagators of the form e*/”I* are actually isometries on
MP4(T™) for all p,q and all @ € R, and will discuss periodic weighted spaces.

We note that Theorem 2.1l emphasizes difficulties with the definition of modulation
and Wiener amalgam spaces on manifolds. However, the global definition is still
possible in the presence of the group structure. For example, modulation spaces
on locally compact abelian groups were investigated in [13]. It is also possible to
introduce these spaces on general compact Lie groups with the global interpretation
of pseudo-differential operators as in [27]. In this case results of Section 5 can be
extended to the setting of general compact Lie groups.

In Section 2 we state our results. Section 3 will introduce necessary definitions and
terminology. Proofs and further comments of various nature will be given in Section
4. Section 5 are devoted to giving some remarks on counterparts of our results for
spaces on the torus. In the appendix we will discuss weighted spaces.

2. RESULTS

First of all we remark some fundamental identities, which show that in the &’
and . &' categories, modulation, Wiener amalgam, and .# L7 (or L9) spaces coincide
(the relation between MP9 and .% L9 spaces has been known before, see further for
references). In all sections except for Section 5 we deal with spaces on R".
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Theorem 2.1. Let 1 < p,q < co. Then the following equalities hold:
MPINE =WPrIiNng' = 7ZLIN &,

(2.1) MPINFE =WPINFE =1PNTFE,

with equivalence of norms. Moreover, let 2 C R™ be compact. Then the estimates

1f lagma < CIQPOHaTD| ||y,

1f lwea < CQOVP=D|| f]| 130

hold for all f € " with supp f C Q, where constant C > 0 is independent of ) and
f, Q={z e R" : dist(z,Q) < 1}, and || is the Lebesgue measure of 2.

(2.2)

We note that ([2.2)) is equivalent to
CHQP OV Fllwra < || fllama < OISOV £l jypa.
We note also that a weighted version of equalities (2.1]) will be given in Remark

Remark 2.2. In [31] it was proved that e/l” ” is bounded on each modulation space,
and in [4] it was shown that for 0 < a < 2, operators elPl” are bounded on modulation
spaces MP4(R"™), 1 < p,q < oo (for the definition of MP4(R"™) see Remark 31]). In
particular, this covers wave and Schrédinger propagators.

On the other hand, Theorem 2. can be used to establish local continuity properties
for a broader class of Fourier multipliers. More precisely, assume that m € L>(R").
Then m(D) from . (R") to ./(R") extends uniquely to a locally continuous map on
MP(R"™) and on WP4(R") for all 1 < p,q < oo. Indeed, if x1, x2 € C§°(R"), then

(D)X lagoagny = Dam(DIXeS |5 ageny = | (DIm(€)xa(D)]]

X2(D)f'

using the fact that y;(D) is bounded on L?(R™) for all 1 < ¢ < oo by Young’s
inequality.

In particular we may choose m(¢) = €'€I”, for any o € R, and this observation
together with the corresponding results on the torus (see Section 5) increase the
expectation that Fourier multipliers ¢”! should be bounded on M™4(R™) also for a
outside of the interval [0, 2].

Li(R™)

< Ol o=

sy~ C Il XNz pany = Climlls X2 Fllasmacan,

Since we are going to investigate properties of operators in localisations of function
spaces both in space and in frequency, it is convenient to introduce the following
notation. Let X C .¥/(R") be a normed linear spaces. Then we introduce the
following notation for functions which are compactly supported either in space or in
frequency

(2.3) Xeomp = XNE, Xgeomp = XNFE,
as well as localisations of these spaces
Xioe :={ue S xue X for all y € Cg°(R")},

2.4
(2.4) Xztoe :={u € " : x(D)u € X for all x € C5°(R"™)}.
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All these spaces inherit the metric from X and from .# X in a natural way. We will say

that for normed linear spaces X, Y C ./, amapping T : X — Y is locally bounded (or

locally continuous) if it is continuous from Xy, t0 Yiee, and that it is Fourier—locally

bounded (or Fourier-locally continuous) if it is continuous from X z.omp t0 Y710
Since

MPA = WP — (F L) s, M —=WEL — [P

comp comp — Fcomp comp Fcomp’

by Theorem 2.1} and since trivially

y(Mfégmp) = W}?@mp’ y(ngg’bp) = M;}c)omp
we obtain the following corollary to Theorem 2.1k
Corollary 2.3. Let 1 < p,q < oo. Then the equalities
y(Mfc;ng) = W;lzc)omp = L,q?comp = M;iiomp = g<W£;rqnp>
and
ﬁ<M;Zomp) = chégmp = (ﬁ[’p)fmmp = Mgég’bp = ﬁ<Wgzomp>
hold.

Now we introduce two important operators. Given a mapping ¥ from R" to itself,
we define the change of variables ¥* by

W) = f(y(x))

and the canonical transform I, by

Iy f(z) = FH(F ) (E)]()
for functions f on R™. Clearly, we have the equality
(2.5) Iy=F toy*oZ.

The combination of Theorem 2.1 and known Beurling-Helson type theorems give the
following Beurling—Helson local and global type theorems for modulation and Wiener
amalgam spaces:

Theorem 2.4. Let 1 < p,q < 00, 2 # q < 0o, and let i : R® — R™ be a C*-function.
Assume that one of the following conditions are fulfilled:
(i) operator ¢* is bounded on either MP4(R™), WP(R"™) or # L?(R");
(ii) operator 1 is locally bounded on either MP4(R™), WP4(R™) or .# LI(R");
(iii) operator I, is bounded on either M*P(R™), W®P(R™) or L?(R");
(iv) operator I, is Fourier-locally bounded on either M®P(R™), W%P(R™) or LI(R");
Then 1 is an affine function.

It was pointed out in [20] that in the case of M?? in condition (i) the statement
essentially reduces to the Beurling—Helson type theorem on .% L? which was treated
earlier in [5] 19, 29]. We will give a simplified proof of such reduction using Theorem
211 with a simple proof of equalities (2.1I), at least in the case when one does not
need to keep track of constants in ([2.2). Theorem 2] also allows us to treat the
Wiener amalgam spaces (so we formulate Theorem 2.4] in a unified way).
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We note that pairs of assumptions (i)-(ii) and (iii)-(iv) in Theorem 2.4l are obviously
equivalent in view of (Z.H). However, we choose to write all of them explicitly because
of the following result that shows that non-affine transforms can be allowed if we just
consider the local boundedness of I, on modulation spaces, or if we localise a change
of variables on the Fourier transform side in Wiener amalgam spaces:

Theorem 2.5. Let 1 < p,q < 00, and let ¥ : R® — R™ be such that ¥* is bounded
on L1(R™). Then the following is true:

(1) Iy is locally continuous on MP(R™), WPIR") and % L4(R"™);

(i) ¥* is Fourier-locally continuous on MP1(R™), WP4(R™) and LP(R").

Another important class of canonical transforms that arises in applications to par-
tial differential equations and in the theory of Fourier integral operators is the class of
functions 1 positively homogeneous of order one, which means that (Az) = A (x)
for all A > 0 and all x € R". In this case, this function is no longer C! everywhere,
and we have mixed results already on the space .# LY(R"):

Theorem 2.6. Let ¢ : R" — R"™ be positively homogeneous of order one and let q be
such that 1 < q < co. Then the following is true:

(i) assume that the inverse ¢~ exists on R™\0 and satisfies = € C*(R™\0).
Then ¢* is Fourier-locally continuous on LI(R™);

(ii) assume that v € C°(R"\0). Assume also that ¥* is continuous or Fourier-
locally continuous on F LY(R™) and q # 2. Then 1 is linear.

If ¢ = 2, then clearly 1* is continuous (and hence also Fourier-locally continuous)
on ZL*(R") = L*(R™). By using relation (2.5)) we can easily obtain a counterpart of
this theorem for canonical transforms I,,. We note that part (i) is a straightforward
consequence of Theorem [2.7] (ii). The main statement is part (ii), and (i) serves to
highlight a difference between L¢ and .% L? for such problems. The proof of (ii) will
rely on some properties of Fourier integral operators in an essential way.

Let us now discuss an implication of the boundedness result for the regularity
properties of Fourier integral operators. We note that since ¢* is bounded on L?(R")
in the assumptions of Theorem 25, it follows that I, is bounded on .# L¢(R"). By
an argument similar to the one that we will give in the proof of Theorem this
implies that I, is continuous from (% L7) om, to (:F L9)4, so that Theorem also
follows if we use the equalities from Theorem 2.Il This is related to the question of
the local boundedness of Fourier integral operators on .# L?. Let T be defined by

~

Tf(e) = | " Oa@ i)

where ® is a non-degenerate real-valued phase function. In [7], it was shown that if the
phase function is non-degenerate and homogeneous of order one and if the amplitude
a(x,§) is compactly supported in x and belongs to the symbol class ST, with m <
—n|1/q — 1/2|, then T' is bounded on (% L9) omp. Moreover, they showed the order
m to be sharp for a special choice of the phase function ®(z,¢). However, Theorem
implies that if we take the amplitude a in the class 5870, and the phase function
corresponding to the canonical transforms, operator 7' is still locally continuous on
F LI, ie. continuous from (F L9)comp t0 (F L7).. We note the inclusion Sgo(R") C
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M1 (R?") (here always S o(R" x R") is defined as the set of all smooth a € C**(R*")

such that |6§‘8§a(x, )| < C,p for all multi-indices «, 3 and all x, & € R™). Thus, we
have the following result:

Theorem 2.7. Let ¢ : R* — R" be such that ¢¥* is bounded on LY(R"™) and let
a € M>=Y(R?"). Then the operator

Tfa) = [ [ e O, fg)dydg

is locally continuous on F L1, MP? and WP4, for all 1 < p,q < co.

We note that this result is also true for p = oo and ¢ = oo if we use the modification
as in Remark B.11

We will also discuss non-affine transforms which induce the globally bounded
changes of variables on MP? or WP4. Note that such transforms must not be a
Cl-mappings in view of Theorem 24 Moreover, we will show that the Beurling—
Helson type theorem fails if we allow derivatives of 1 to have singularities of types
important for applications to partial differential equations. One example of this is
Theorem 2.6 In fact, to prove the conclusion of part (ii) of Theorem 2.6 we will use
the sharpness results on the L? boundedness of Fourier integral operators established
in [21].

Finally, we establish several positive results for homogeneous changes of variable
which may have more singularities than only at the origin. We investigate properties
for mappings of the form

(2.6) f(@) = f(S(x) + T([xal, - - |2n])),

when acting on modulation spaces or Wiener amalgam spaces. Here S and T are
linear mappings on R™ such that

(2.7) v S(x) +T((=1) 'z, ..., (=1 x,)

is a bijection on R™, for each choice of ji,...7, € {0,1}. In particular, the following
situations are covered by (2.6)):

(i) f(x) — f(|z1],- -, |®n]), which follows by choosing
S=0 and T = Idgn;
(ii) f(z) — f(x1,...,2n_1,|zn]), which follows by choosing
S(x) = (x1,...,2,-1,0) and T = Idgn —5;
(iii) f(x) — f(z1,...,Tn_1,|z1]| + - - -+ |2p|), which follows by choosing
S(z) = (r1,...,2,-1,0) and T(x)=(0,...,0,21 + -+ x,).
For such mappings we have the following result:

Theorem 2.8. Assume that p,q € (1,00), and assume that S and T are linear
mappings on R™ such that for each ji, ... j, € {0,1}, the map (Z10) is bijective. Then
the map (2.6) from L (R") to #'(R") extends uniquely to continuous mappings on
MP(R™) and on WPI(R").
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Theorem [2.§ says in particular that if a homogeneous of order one function 1 has
more singularities than only at the origin, then ¢* may still be bounded on modulation
and Wiener amalgam spaces MP? and WP4. We note that this type of statement on
F L7 appeared in [19] while the case of MPP was analysed in [20].

All these results will be proved in Section 4. Some results of this paper were
partially announced by authors in [25].

3. PRELIMINARIES

Let .7 (R™) and .’(R"™) be the Schwartz spaces of all rapidly decreasing smooth
functions and tempered distributions, respectively. We define the Fourier transform
Z f and the inverse Fourier transform .Z ' f of f € ./ (R") by

~

FHO= O = [ e fa)dn and Ff(a) -

We introduce modulation spaces based on Gréchenig in [17]. Fix a function ¢ €
< (R")\ 0 (called the window function). Then the short-time Fourier transform V, f
of f € ' (R™) with respect to ¢ is defined by

Vol (r,6) = (f, MiTug) = | (0) ol = o) e i

for z,& € R", where Mep(t) = €**p(t) and T,p(t) = ¢(t — z). We note that, for
f e (R, V,f is continuous on R* and |V,,f(z,£)| < C(1 + |z| + [£])" for some
constants C, N > 0 ([I7, Theorem 11.2.3]).

Let 1 < p,q < oo. Then we let LP(R?") be the set of all F' € L], (R*") such that
| F'l| e < 0o, where

1/q

q/p
HFHLI;H{/n(/n|F<x,£>|pdx) dé} . 1<pg<e,

q 1/q
||F||Lfo,q = {/ (esssup|F(x,§)|) d{} , 1<qg<oo,

z€R™

1/p
||z = ess sup (/ |F<x,s>|pda:) | 1 <p< oo

PISING

| £] e = esssup|F(x, ).
z,EER™

The modulation space MP(R") consists of all f € #/(R™) such that V,f(z,§) €
LPY(R?), i.e. MP4(R™) consists of all f € '(R") such that || fllaea = ||V, f]l 0
is finite. If p = ¢, we simply write M? instead of MP?. We note that M?%?*(R") =
L*(R™), MP9(R"™) is a Banach space under the norm || - ||ara, - (R") is dense in
MPA(R™) if 1 < p,g < oo, and MPH9(R") — MP>2(R") if p; < py and ¢1 < ¢
(cf. Propositions 11.3.1, 11.3.4, 11.3.5 and Theorem 12.2.2 in [I7]). The definition of
MP9(R™) is independent of the choice of the window function ¢ € Z(R™) \ 0, that
is, different window functions yield equivalent norms ([I7, Proposition 11.3.2]). We
denote by p’ € [1,00] the conjugate exponent of p € [1,00], i.e. 1/p+1/p = 1.
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Remark 3.1 ([3, Lemma 2.2], [31, Lemma 3.2]). Let 1 < p, ¢ < oo, and let MP4(R")
be the completion of .(R") under the norm || - || pp.e. Then the following are true:
(i) if 1 < p,q < o0, then MP? = MP1,
(ii) if 1 < p,q < oo then (M>4) = M and (MP>) = MP"1 and (M>>>®) =
ML

Next, we discuss Wiener amalgam spaces. We let LbY(R*) be the set of all F' €
(R*") such that ||F||;pe < oo, where

p/q 1/p
HF”LS"Z:{/R (/ \F(a:,f)\ng) d:c}  1<pg<oco

Ll

loc

1/q
Plige = essup ([P0l 1<g<oo
xER™ n
p 1/p
Flig=={ [ (esswlr@ol) arf - 1<,
n \ gern
[ F'|| pgee = esssup|F(x,§)].
z,£€R”
Obviously, if F(x,&) = G(§,x), then FF € LP? if and only if G € LI¥. We set
[fllwea = [[Vofllpe. The Wiener amalgam space WP4(R") consists of all f €

<" (R™) such that || f||wre < 0o. (Note that the general definition of Wiener amalgam
spaces in [12] permits function and distribution spaces which are not considered here.)
Since

(3.1 Vot (2,9)] = 2m)" Va6 —a)|.
we see that
(3.2) 1 llwna = || Fllares.

This implies that the definition of W4(R™) is independent of the choice of the window
function ¢ € Z(R") \ 0, since the modulation space M%P(R™) is so. By the same
reason, we also have WPh4(R") — WP»®(R") if p; < py and ¢; < ¢o, and other
properties similar to those of MP,

In Appendix A, we consider general modulation spaces and weighted versions of
Wiener amalgam spaces.

4. PROOFS OF THE MAIN RESULTS, AND SOME FURTHER REMARKS

In this section we prove our results. The following proposition is needed in the
proof of Theorem 271

Proposition 4.1. Let 1 < p,q < oo and ) be a compact subset of R™. Then the
following are true:

(i) there exists a constant C' > 0 such that

1 fllama < C|QP>XOVa=VN flyma  for all f € WPI(R™) with supp f C Q;
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(ii) there exists a constant C > 0 such that
1 fllwra < C|QOVP=/D| £l for all f € MPIR™) with supp f C €,
where Q = {x € R™ : dist(z, Q) < 1}, and C > 0 is independent of ).

Proof. Let 2 be a compact subset of R", and let ¢ € ./(R™)\0 with supp ¢ C B(0,1),
where B(0,1) is the open ball with radius 1 centred at the origin. Assume that
f e " (R") with supp f C Q. Then,

supp Vo f(,€) € Q= Q+ B(0,1) = {z € R" : dist(z, Q) < 1}

for all £ € R™.
We first consider the case p < q. By Minkowski’s inequality;,

a/p la
anmz{A;(ngﬂaa%m) %}
P/ 1/p
s{/}(RJwﬂLOW%) m} = 1l

On the other hand, by Holder’s inequality,

p/q
Hf”WP#J = {/ﬁ ( - |V¢f(l‘,§)|qd§) dl‘}
1/p

ple _
< [{/~( IVsaf(x,&)lqdf) daf} |Q|1"’/q] = QY279 f || araa.
Q \Jr»

Since MP4 — M99 we see that

| fllwna < 1212719 fllagaa < CIUYP flagra.

1/p

We next consider the case p > ¢. In the same way as in the case p < ¢, by
Minkowski’s inequality, we have || f|lwra < || f||asra. On the other hand, by Hoélder’s
inequality, we see that

1/q
s =5hves = { [ ([ 1ot 9l0de) o}

qa/p 1/a

p/q N _
< {/~< |wa($>€)|qd€) dw} QP =10 e,
R”

Q

Hence, it follows from the embedding M%% < MP? that
1 Fllarma < Cllfllaraa < CIQMEVP]| fllwna.
The proof is complete. O

We are now ready to prove Theorems 2. TH2.5.
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Proof of Theorem[2]. The proof of ([2.1]) is simple if we use the following expressions
for norms in modulation and Wiener amalgam spaces:

(A1) Wl = WD = Kullzzlly 1l < |[19(D = K)ully

Y

where ® € C§°(R") satisfies supp ® C [-1,1]" and }_, ;. P({ — k) = 1. Now, we can
observe that if 2 € R" is a compact set contained in an open cube with side-length
2 (but centred at any point) and if f € &'(€2) then we get

1fllama =< > N®(D =ko)ullee,  [[fllwea = D [9(D = ko)ullzs
|k k01\<2 |k koj\<2
_] 17 N .] 17 5T
for some ko, where k = (ki,...,k,) € Z" and ko = (ko 1, ..., kon) € Z". Moreover, if
the support of f is an arbitrary compact set, we get finite sums of these expressions,
implying the second line in (Z1]). The first line follows from the second one by taking
the Fourier transform. Finally, estimates in (2.2)) follow from Proposition A1l O

We note that the identity
MPINE = FLINE

in (21) also follows from Remark 1.3 (4) in [6], and it was announced in several
conferences by the authors, including “Mathematical modeling of wave phenomena
05”7, in Véxjo, Sweden (see also Remark below). A more recent alternative proof
of the latter equality can be found in [20], Lemma 1]. In this context we pay attention
to the simplicity of the proof of Theorem 2.1l here as above, based on our choice of
using the norm (1)) instead of short time Fourier transforms. The equality

Wring = FLINE

concerning Wiener amalgam spaces WP appears to be new.

In Remark below we give an extension of (Z1), based on a different technique
compared to the proof of Theorem 2.1 and which involves weighted spaces. These
considerations are dependent on some multiplication and convolution properties for
modulation spaces which we shall discuss now.

Remark 4.2. In addition to two proofs contained in this paper, there are also other
ways to obtain the inclusion (2.1)). In fact, we can use the multiplication properties
for modulation spaces in Appendix A to obtain the latter inclusion in a more general
context involving spaces of the form M (pu’g and W(’Z:)J, which are now dependent of the

weight function w € Z(R?*") (cf. Appendix A for precise definitions of Z(R*"), M
and W(;j.) We claim that

MESN&E =Wisné = FL{,,Né&, w@§) =wl(§)e PR,
Mpq FE = quﬂ FE = Lp NFE w(x,&)=w(x) € Py(R"),

(w)

(m:l)/

with equivalence of norms.
Indeed, assume that f € M(Cz’)’q N&', x € C§F is equal to 1 in the support of f, and

vy € Z(R"™) is such that wy is vo-moderate. Then x € M(lv’)l, where v(x, &) = vo(&).
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Hence Proposition A.1 gives

f=rxeMZ My C M.

This proves that M. i’g N & is independent of p. By similar arguments it follows that
W(’Z:)J N & is independent of p. The first two equalities in (2.1))" is now a consequence
of (A.1).

The last part of (2.1]) follows by similar arguments, using Proposition A.2 instead
of Proposition A.1. Alternatively, the second line in (2.I)) follows from the first line
and the Fourier inversion formula.

Before proving Theorem 2.4 let us point out the following immediate consequence
of Proposition A.1 in Appendix, which we will use to investigate localisation proper-
ties.

Proposition 4.3. Assume that p;,q; € [1,00] for j =0,1,2 satisfy
1 1 1 1 1 1
—+—=— and —+—=1+—.
Pt P2 Po /A do

Then the map (f1, fo) — fi - fo on L (R") extends to continuous mappings from
MPro(R™) x MP2:92(R™) to MPo-9(R™), and from WPHI (R™) x WP22(R™) to WPod (R™).
Furthermore, each modulation space or Wiener amalgam space is an M°'-module
under multiplication.

Proof. The asserted mapping property follows from Proposition A.1, or from Theorem
3 in [II] for modulation spaces and from Theorem 2.4 in [3I] for Wiener amalgam
spaces. By letting p; = oo and ¢; = 1, it follows that ps = pg and ¢2 = qo. Hence
MP249 is an M°>! module and WP2% is an W°! module. The asserted module
properties now follows from these relations and the fact that A/ C Wl O

In what follows we let .#,, denote the multiplication operator .#yf = - f, for
appropriate functions or distributions f and .

Proposition 4.4. Let 1 < p,q < oo and Y € S (R™). Then the following is true:

(i) Ay is bounded on MP9(R™) if and only if Y(D) is bounded on WTP(R");
(i) V(D) is bounded on MP4(R") if and only if Ay, is bounded on WP(R™).

Proof. Assume that {(D) is bounded on WP(R™). By (B2)), we see that
|ty fllagva =< NF oy flllwar = (D) [T fllwar.
Hence,

|ty fllazna < CIO(D)Z ™ fllwas
< CIW(D) | cowan 17" Fllwar < CIOD)| cqwan [Lf | asv.a.

In the same way, we can prove the others in Proposition [4.4] OJ

Remark 4.5. Propositions and 4] with p = 0o or ¢ = oo hold under the
modification as in Remark B.11
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Remark 4.6. We note that .#,, in Proposition [4.4] is bounded on MP9 and on
WP4 when 1 € M°! by Proposition 4l In this context we note that if 1\ is a
characteristic function for sets with non-zero Lebesgue measure, then 1 ¢ M°>! and
P ¢ Wl since M°>! C W*! are contained in the set of continuous functions (in
the distributional sense, see Remark [L.7] for the proof).

On the other hand, x[—,1»(D) is bounded on LP(R") and on M™? with 1 < p < oo,
but xj_1,1» & M (R") (cf. [9, Proposition 3.6] and [2]).

Remark 4.7. We note that W°! is contained in the set of continuous functions (in
the distributional sense). Since M1 C W°! the same is automatically true for the
space M1,

Since we were not able to find this statement in the literature, we will now give a
simple justifying argument. Assume that f € WW°! and choose a window function
X € C* such that x(0) = 1. Then function

§ = F(fx(- —20))(€)

belongs to L' for every fixed xy. Hence its inverse Fourier transform

y = FHF(fx(—20))(y) = F(y)x(y — o)

is continuous. Since x(y — xg) is smooth and non-zero around y = x, it follows that
f(y) is continuous around xy. Since zy was arbitrarily chosen it follows that f is
continuous everywhere.

Proof of Theorem[2.4 Let us first consider condition (ii) in which case the statement
is a straightforward consequence of the same statement for . L? (Beurling-Helson
type theorem; see also [5l 19, 29] for the case of .%# L7 and [20] for the case of MP).
The case of WP in (ii) follows if we use the equality (2] for the localised versions.

Now, since conditions (i) and (iii) as well as (ii) and (iv) are equivalent, respectively,
in view of relation (Z.1)), it is enough to show that assumption (i) implies (ii). But
this follows immediately from Proposition and the inclusion C§° C M°>1. ([l

Proof of Theorem[2.3. Here, because (i) and (ii) are equivalent in view of (2Z3]), all we
need to show is the boundedness of xi(z)lyx2(z) on MP?, where x1,x2 € Cg°(R™).
Equivalently, we may show the boundedness of x1(D)y*x2(D) on WP if we use the
relation (B.2)). The latter is induced by the LI(R™)-boundedness of x1(D) and x2(D)
(1 < g < o) due to Young’s inequality (note that the kernels are in L'). O

Proof of Theorem[2.7. Indeed, since pseudo-differential operator a(x, D) with symbol
a € M*>* is bounded on the modulation space MP?(R™), it is also locally continuous
on MP4(R") in view of Proposition .3l But then T" = a(x, D)ol is locally continuous
on MP4(R™) by Theorem 25, and hence also on .% L? and W4 by Theorem 21l [J

Proof of Theorem[2.8. (i) It follows that ¢~ € C*°(R™\0) is also positively homo-
geneous or order one. Hence its derivative Di~! is homogeneous of order zero and
hence bounded on R". Consequently, ¢* is bounded on LI(R") for all 1 < ¢ < oo
and statement (i) follows from Theorem [Z5

(ii) Suppose now that ¥* is continuous on L(.Z LI(R™)) for 1 < ¢ < oo, ¢ # 2.
Then it follows that I, is bounded (and hence also locally bounded) on L(R") (the
conclusion that I, is locally bounded on L(R") is also true if ¢* is Fourier-locally
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continuous on L(.Z# L%(R™))). In turn, this implies that 1) must be a linear function,
if we use the critical orders for the L?-boundedness of Fourier integral operators
obtained in [2I]. For completeness (and also to include boundary cases ¢ = 1 and
q = ), let us give this argument in more detail. We can assume that 1 < g < 2
since the case 2 < ¢ < oo follows by considering the adjoints.

Let ¢ : R — R™ and assume that ¢ € C*°(R™\0) and that it is positively homo-
geneous of order one. Let us define k by setting

ma rank V2 =n—k.
L &)y
First we observe that the canonical relation of the Fourier integral operator I is
given by
A={(Ve(&)y, &y, v(€) 1y €R™, £ € R™\0}.

Its projection 3 = w(A) to the base space R" x R™ is a set of dimension < 2n —k. At
points where rank V29 (¢)y = n—k this is a smooth manifold of dimension 2n—k (with
its conormal bundle equal to A). Let it be locally given by the set of defining equations
hj(z,y)=0,5=1,...,k with Vhy,---, Vhy linearly independent. By Hérmander’s
equivalence of phase functions theorem ([I8]) we can microlocally rewrite I, in the
form

(12) ety = [ ([ eSmenae ) 1) ) ay

where A = (Af,...,\y) and a € S%_k)/Q(R" x R¥) is (microlocally) elliptic. Now, let
us take f in the form f = (I — A)7%/2§,, for some gy, in the smooth part of the set

YW ={yeR": (z,y) € X for some x}.
It follows that f € LY _if and only if s > n(1—1/q). Now, let b(z, \) € S; 37" "/* (R x

loc
—s

]1_%’“) be the amplitude of the Fourier integral operator I, o (I — A)
h = (hy,...,hy), we easily find that

Iyf(x) = (27?)162{16(:5,%(3:, Yo)) =~ |dist (z, 2y0>|fk+37(nfk)/27

Denoting

locally uniformly in x, where 3, is the set of all x € R" such that (z,y,) € X.
Since I f is smooth along ¥, we find that I,f ¢ Ll (R") if and only if s <
k(1 —-1/q) + (n —k)/2. Thus, if n(1 —1/q) < k(1 —1/q) + (n — k)/2, operator I
is not locally continuous on L(R"). Since we assumed that 1 < ¢ < 2 and that I,
is locally continuous on LI(R™), it follows that k& = 0, which means that ¢ must be

linear. O

Remark 4.8. Theorem has another interesting relation with the LP—properties
of Fourier integral operators. Suppose that the inverse 1! of ¢ € C*°(R") can be
written in the form

v (z) = Az + (x),
for some real-valued non-degenerate matrix A and § € S°(R") with ||Dd|| < 1. Then
using the expression (4.1]) for norms we have

12 flasge = 190D = K)o Sl

loc xz,loc

Iy
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Taking f € M2 = we have

comp’
19D~ W)L fllr . = 2D~ k) / / V019 det Dy (€)](y)dEdyl
_ . izd(D) -1 -1
— [ @(D — k)e™ )| det Dy (D)] | det A7 fllz

Now, we observe the estimate

1®(D — k)™ Pg]| < Cle(D = K)gl .y, .

oD — k) Z m’é o)
7=0

which holds since x is bounded and § is of order zero. Combining these estimates
together and using the boundedness of | det Dy ~!(D)| on L, we get that I,; is locally
bounded on MP? for 1 < p < oo.

LP

loc

Before proving Theorem 2.8 we first consider the simple case of it allowing a
harmonic analysis interpretation.

Remark 4.9. Let us prove that
(4.3) £ Dllarra < Cllfllagra - for all f € MP(R),
where 1 < p,q < co. Since
Flzl) = F2]) X(~o00) (@) + f(I2]) X[0,00) ()
= J(=2) X(-00.0)(£) + [ (2) X[0,00) (),
and . are bounded on MP4(R™), then

—00,0) X[0,00)

10 Dl < 1ty (FC=Dllatsa + |-t Fllre
< (It llcrtmay + |-ty arny ) 1 o

if 4,

that is, we obtain (4.3]), where .#, is the operator of multiplication by x (see Propo-
sition .3). Hence, it is enough to prove the boundedness of E///X(fooyo) and E///X[O’oo) on
MP4(R). By Proposition .4, if X (—c0,0)(D) and X[o,c0) (D) are bounded on WP(R),
then 4, __, and 4, ., are also bounded on MP?(R). Let us prove the bound-
edness of X(—oo,0) (D) and xo,c0)(D) on WP4(R) for all 1 < p,q < oco. We recall

that

1/q
(4.4) [fllweam) =< <Z |O(D — k‘)f|q> :

kEZ LP(R)

(see the proof of Theorem [21]). On the other hand, it is known that, for all 1 <

p,q < o0,
1/q
(z w) |
k

Lr(R) L?(R)

1/q
(4.5) (Z |ka|Q>
k
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where H is the Hilbert transform,

R 1, £E>0
Hf(z)=F (—isgné)f], sgn&=40, £=0
1, £<0.

(see [9, Theorem 8.1]). Since

X(—oo0)(§) = —(sgn& —1)/2 and  Xpo,00)(§) = (sgn& +1)/2
for all £ # 0, we have
(46)  Xewn(D)=—(H—1)/2 and xpe)(D) = GH +1)/2

where I f = f. Combining (4.4), (A.3) and (.6), we see that x(_cc,0)(D) and X[o,00)(D)
are bounded on W?4(R).

In the general case of Theorem 2.8 the proof is based on some investigations of
Gabor expansions of elements in MP? and W»4. More precisely, let {z;};e; and
{&k }rer be lattices in R™, and consider functions or distributions of the form

fa) =) cue™ W x(@ — ),
J,kel

for some sequences ¢ = {¢; i }jrer and x € MP° \ 0, where 1 < p; < 2. We note that
[ makes sense as an element in M? when ¢ belongs to I}, the set of all sequences
d = {dj}jrer such that d;j, = 0, except for a finite numbers of j and k. We are
especially concerned with finding conditions on p € [1,00] and g € [1, 00| such that
f still makes sense when ¢ belongs to "7 or (57, Here I}"? consists of all sequences
d = {d;;};ker such that

a/p\ 1/q
ldllgs = (D (P lesal?) ™) " < o
kel — jel

(with obvious interpretation when p = oo or ¢ = 00), and [5'? consists of all sequences
d = {d;;};ker such that

p/a\1/p
ldllgs = (D0 (P lesal?) ™) " < o
jel kel

We have the following proposition.

Proposition 4.10. Assume that p,po,q € [1,00] satisfy 1 < py < min(p,p’,q,q'),
and let {z;}jer and {&}rer be lattices in R™. Then the map

({cjntjker, x) = Z ;e Ty (x — ;)
j.kel

from 1§ x M to M"' extends uniquely to a continuous map from [["4 x MP° to MP1,
and from 159 x MP to WP, Furthermore, for some constant C' it holds

(4.7) H Z ¢; ke @)y (2 — ;)

j,kel

)Mm < Cl{ejrtirerllmallx||areo
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and

(4.8) H Z ;e Ty (x — ;)

j.kel

)WM < Cl{¢jrtjrerllmallxllarmo.

Proof. We only prove the mapping properties for [?. The other case follows by
similar arguments and is left for the reader.

We may assume that py = min(p, p', ¢, ¢'). First we observe that the result holds in
the case pg = 1 or py = 2, in view of the general Gabor theory on modulation spaces
(cf. Chapters 6 and 12 in [17]). The result now follows for general py, by multi-linear

interpolation between these cases. The proof is complete. O

Next we consider multiplication properties of M?¢ spaces and WP with certain
types of step functions. For this reason it is convenient to make the following defini-
tion.

Definition 4.11. Let
(1) Xo(R™) be the set of all functions 1 such that
P = Z CiXz;+Q
jeA
for some cube @ C R", lattice {z;};ea € R™ and sequence {c;}jen € 1°;
(2) X(R™) be the set of all functions 1 such that
jEA
for some cube @ C R™, lattice {z;};ea € R™ and sequence {g;};en € C®(R")
such that {0%p;};ea is a bounded sequence in L™ for every multi-index a.

We have now the following result.

Proposition 4.12. Assume that ¢ € (R") and 1 < p,q < co. Then the map M,
from L (R") to /' (R"™) extends uniquely to a continuous map on MP1(R™) and on
WPa(R").

Proof. 1t is no restriction to assume that 1\ is as in Definition &I with {z;},c; = Z"
and
Q={zeR";0<zy,...,2, <1}
We only prove the assertion for M?4. The other case follows by similar arguments
and is left for the reader.
First we assume that ¢ € ¥y, and we let x;(¢) for j =0,1,2 and ¢ € R be defined
by the formulas

Xo(t) = max(1l — [t],0), x1(t) = xo(t)X(—1,0(t), and xa(t) = xo(t)x(0,1)(),

where X(q4) is the characteristic function of the interval (a,b). By straight-forward
computations it follows that xo € M'(R), and that x(_1,0), x(0,1) € M" for every
g > 1. Hence Proposition [£3] gives

X1, X2 € Ml . M17p0 C MOOJ . Mlypo C M17p0 C Mpo’
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when py = min(p,p/, ¢, ¢') > 1, and if
KOEXO®"'®XO7 HlEXl1®"'®Xln7 l:(l17uln)€{172}n7

with n factors in the tensor products, then xy € M'(R"), x; € MP°(R") when [ €
{1,2}", and

(49> Ko = Z K.

Next assume that f € MP9 is arbitrary, and let {z;};e; = Z". Then
fl@) =) eue™ W rg(z — ),
jked

for some lattice {&;}res and sequence {c;;} € "?. This follows from the general
Gabor theory for modulation spaces (cf. Chapter 12 in [17]). Furthermore, by Propo-
sition [4.10] it follows that

filz) = Z ;e O gy (x — ;)
jked

makes sense as an element in M?? for every | € {1,2}", and, hence
F=>Y_1
!

in view of (£9). It therefore suffices to prove that ¥ - f; € MP for every .
First assume that {c;;} € [{. From the assumptions if follows that

W(z) = dixgle — ),
jet
where X is the characteristic function of the unit cube [0, 1]”, and {d;} € [*.
Then P - f; € MP1? is well-defined, and by the definitions we have

V(@) - filz) = Y Gae (e — 1),
jked
where
Cik = Cjkd;.
Since {d;} € [*°, it follows that

¢k e < {ejrtllipall{d;} e < oo

Hence V f; € MP1 in view of Proposition .10, and the result follows in this case.

Next assume that 1\ € ¥ is arbitrary, ¢; as in Definition [£.111(2), and let C' > 0.
Then we may split up {z;},;ear into sublattices {x;}jen,, ...{2;}jeay such that if
J1,J2 € Ay, and jy # jo for some 1 < m < N, then the distance d;, ;, between z;, +Q
and zj, + @ is larger than C. Now set

Vm = > PiXaj+Q-
JEAM

Since P = >, the result follows if we prove that the map f +— 1, - f extends
uniquely to a continuous map on M?¢ and on W?4 for every 1 < m < N.
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From the fact that d;, ;, > C it follows that there is a non-negative function
¢ € C°(R™) such that ¢ = 1 on @ and supp ¢, Nsupp ¢;, = O when ji, jo € A, for
some m and j; # jo. Here ¢; = ¢(- — x;). This gives ,, = bc where

b= Xajrq and c= > &jp;

JEAm JEAm

In particular, ¢ is a smooth function on R™ and bounded together with all its deriva-
tives, and b € ¥(R™), which imply that

c e Mt C Wl

By the first part of the proof, and Proposition [£3], it follows that .#}, and .#, are
bounded on MP? and on WP4,
Hence

[ - fllazra = | Aol aira < Cill fllagra, [ €,

for some constant (', and similarly when the M7 norms are replaced by W»4 norms.
This proves that .#, extends to continuous mappings on M?? and on W»4. It also
follows that these extensions are unique since .¥ is dense in MP9 and WP4. The
proof is complete. 0

Proof of Theorem[2.8. Assume that f € .. For any 0 € {0, 1}", set
Golans. - 1) = FS@) + T2, (D x(—) o (1)),

where x is the characteristic function of the set
{zeR";z; >0},

Since compositions by affine mappings are continuous operations on modulation
spaces, Proposition shows that the map f — gy from . to .’ is uniquely
extendable to a continuous map on MPY and on WP4 The assertions is now a
consequence of the fact that

F(S@) + Tl leal)) = Y g in SR,

0e{0,1}»

when f € Z(R™). The proof is complete. O

5. WIENER TYPE SPACES ON THE TORUS, AND PROPERTIES OF PERIODIC
DISTRIBUTIONS

In this section we will indicate counterparts of our results in the case of spaces
on the torus as well as make several related observations. Some of these remarks
concern Wiener type properties for periodic distributions. In fact, there is a one-to-
one corresponding between periodic distributions (periodic continuous functions) and
distributions (continuous functions), respectively, on the torus.

We fix the notation T" = (R/27Z)™ as well as the Fourier transform and its inverse
given by

-~

(F1)(E) = F©) = @m)™ / e (), f() = 3 e Ef(e).
" ¢

ez
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For the analysis of pseudo-differential operators on the torus using the Fourier series
and for the justification of operators below we refer to [26]. We note also that canoni-
cal transforms on the torus can be viewed as a special case of Fourier series operators
considered in [26].

A straightforward modification of the definitions of the modulation and Wiener
amalgam spaces from (4.J]) is

Hf”Mﬁ%Tﬂ3<H”Q(D‘—klﬂh£@ﬂH¢mw7
1 lwazny = [[I10(D = &) flligany

for some ® with compact support in Z" (in the discreet topology). Then we can
easily observe the equalities (which can be regarded as a counterpart of Theorem 2]
in the local setting)

(5.1) MPA(T™) = WPI(T") = Z19(T") for all 1 < p,q < co.

In particular, in the case of ¢ = 1 this equality can be viewed as a characterisation
of absolutely convergent Fourier series.

Further, as a counterpart of Theorem 2.4l the Beurling—Helson property automat-
ically holds on MP4(T™) and WP4(T™) because of the original Beurling and Helson
theorem [5] (¢ = 1) as well as extensions for other ¢ ([19, 29]).

As a counterpart of Theorem we observe that if ¢ : Z" — Z" is a bijection then
the canonical transform I, is bounded on M?4(T") for all 1 < p, ¢ < oco. Indeed, let

f € MP9(T™). Then fe [%9(Z™) and hence
1/q
)l =
) Flcony = My

oy = (Z | Fw©)
cezn
i|D|®

Next, we recall the result of [4] that for 0 < a < 2 operators e are bounded on
modulation spaces MP4(R™), 1 < p,q < oo (for the definition see Remark B.I]). In
particular, this covers wave and Schrodinger propagators.

To give a counterpart of Remark on the torus, using (5.I]) we easily conclude
that propagators e''P!” are bounded on MP(T") and W»4(T") for all 1 < p,q < o0
and all & € R. Moreover, they are isometries on these spaces if we induce their norms
from the space .Z#19(T").

We also note that results of this section can be extended to general compact Lie
groups G if we use a natural extension of the global definition of modulation and
Wiener amalgam spaces using the duality between G and the space of its continuous
irreducible unitary representations G (as in [27]).

)
LB (1)

120 fllasnageny = [0 7]

We finish this section with the following proposition for periodic distributions,
parallel to (5I)). Here we refer to Appendix A for the definition of the weighted

spaces M(pji and W(Z:f)}.

Proposition 5.1. Assume that p,q € [1,00|, f € ' (R") is periodic, and that
w e P(R?™) is such that w(x, &) = wo(§), for some wy € P(R™). Then the following
conditions are equivalent:

(1) f € MZ(RY);
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(2) x - f € M (R"), for each x € Z(R");
(3) f e W5 (R");

4) x-f € qu(R") for each x € ./ (R");
(5) x- f € J\L'(Iw (R™), for each x € . (R™).

Proof. Since ./(R") is contained in each space of the form M J(R") and W¢(R"),
when v € 2(R?"), it follows from Proposition A.1 in Appendix A that (1) implies
(2) and (3) implies (4).

Next assume that (2) is fulfilled, and consider F(z,§) = V,f(z,§), where ¢ €
C°\0. Then F(z,¢) is a smooth function and period in the z-variable, with the same
period t € R™ as f. Let @ C R" be a cube with side length ¢, and let y € C§°(R")

be equal to 1 in the set @) 4 supp . Then we have

/a
£z = ( [ esssuplVor (e, 17 de)’

= ([ essulviseorag)” = ( [esslti e peopae) ™

zeQ
= [Ixfllaree < ClixFllags < oo

This proves that (2) is equivalent to (1).

In the same way it follows that (3) is equivalent to (4). In particular, if (2) or (4)
are fulfilled for a particular p, then they are fulfilled for any p € [1, 00]. Hence, (A.1)
in Appendix A gives that (2), (4) and (5) are equivalent. This proves the result. [J

APPENDIX A, SOME REMARKS ON WEIGHTED WIENER TYPE SPACES

In this appendix we make some reviews of general (or weighted) modulation spaces
and weighted versions of W?4 and some multiplication and convolution proerties
of such spaces. We start to consider appropriate conditions on the involved weight
functions.

Assume that 0 < w,v € L2 (R"). Then w is called v-moderate, if w(zx + y) <
Cw(z)v(y), for some constant C' which is independent of z,y € R"™. If in addition,
v can be chosen as a polynomial, then w is called polynomial moderated. We let
Z(R™) be the set of polynomial moderated functions on R™. For any w € Z(R"), it
follows that

P(z)™" <w(x) < P(z),
for some polynomial P on R".

Next assume that ¢ € (R")\ 0 and w € F(R?") are fixed. Then the modulation
space M{J(R") consists of all f € .#/(R") such that V, f(z,{)w(z,{) € LY (R*),
and with equipp by the norm || f|| Mpy = [V f wllgpa is finite. We also let the Wiener
amalgam related space W (R") be the set of f € #/(R") such that Hf”M(”wg =
|V f wllppa is finite.

If we PR, then we let L j(R") be the set of all f € L} .(R™) such that

[f wllze < oo, and we let F L, (R") be the set of all f € .%/(R") such that || f wl[zs <
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oo. By Proposition 1.7 in [31] and Theorem 3.2 in [32] it follows that the embeddings

MPO(R™) C L7, (R™) C MP2(R™), w(z,€) = wo(z) € 2(R"),
MPYIR™) € FLE(RY) C MR, w(@,€) = wol(€) € P(R),
A WEIL(R™) C LY, | (R™) © WEE(R™), w(z,§) = w(z) € P(R"),
WEN(R™) C ZLY(R™) C WEEUR™),  w(w,€) = wo(€) € P(RY),

hold for each p, p;,q,q; € [1,00] for j = 1,2 such that
D1 S min(qa ql)a b2 Z maX(Q7 q/)a q1 S min(pap/)7 q2 Z maX(pvpl)'

Almost all properties for non-weighted modulation spaces and Wiener amalgam
spaces can be generalised to spaces of the form Mf’u’g and W&?. For example these
spaces are Banach spaces, and independent of the choice of window function ¢ €
< (R™)\ 0, where different choices of ¢ give rise to equivalent norms. Furthermore, if
p1 < P2, ¢1 < qo and wy < Cw; for some constant C, then MP*% C Mm’q2 We also

(w1)
have that
B s = 1l . (6, —2) = (. ),
and we note that

MES(R™) € WES(R") - when ¢ <p

and

WEIR™) € MES(R") when p <g.

Next we discuss multiplication and convolution properties for modulation spaces.
Assume that wy, . ..,wy € P(R*), py,...,py € [1,00] and qq, . .., qn € [1, 00| satisfy

WO(I‘,gl +oe +€N) < Cwl(l‘agl) o '(UN(I‘,&V),

(A.2) 1 11 1 1 1
-4+ —=— and —+---+—=N-1+4+—,
b1 PN Do il an do

for some constant C' which is independent of z,&;,...,&y € R". Then

(A3) e fvllagaes < OV fullypu -l el

and

(A.4) - Il < C¥ N fillupns = Ll

for some constant C' which is independent of N and f1,... fy € . (R™). Here the first
inequality is a consequence of [I1, Theorem 3| and its proof. The second inequality
is an immediate consequence of [32, Theorem 5.5]. By Hahn-Banach’s theorem it
follows that the map

(fl,-- fN) = fio fn
from .7 x .-+ x .¥ to ¥ extends to a continuous multiplication from Mf’ 1’31 X oo X

PN 4N P0,90 P1,91 PN AN P0,90
M(WN) to M(WO) , and from le X WWN to I/VWO .
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If instead wy, . ..,wy € P(R*"), po,...,py € [1,00] and qo, ..., qn € [1,00] satisfy
C()(](SUl + o +xN,£) < CW1<.T1,£) o 'wN('TN7£)7

(A.5) 1 1 1 1 11
—+-4+—=N-14+— and —+ -+ —=—,
P1 PN Po q1 an Qo
for some constant C' which is independent of z1,...,xxn,& € R", then we have
(A.6) [ x fnllaroso < CV| fill e - || fnllgenan,
(wg) (w1) (wp)
(A7) 1fi 5% fvllwroso < CV| fillwera - || favllyrxan
(wo) (w1) (wn)

for some constant C' which is independent of N and fi,... fy € (R"). By Hahn-
Banach’s theorem it follows that the convolution map

(fi, - s fn) = frxeox f

from .7 x .-+ x .¥ to ¥ extends to a continuous multiplication from M&’?l X oee X
M(pNgN to M{";, and from I/Vplq1 prNqN to W(’:d()l
A problem here concerns the UNLGUENESS for the extensions of multiplications and

convolutions, since it easily appears that there may be situations where more than
one of those p; or ¢; are allowed to be equal to co. Consequently, .# might fail to be
dense in more than one of the involved modulation or Wiener amalgam related spaces.
In these situations, we define multiplications and convolutions between elements in
modulation spaces in the same way as in [31] [32], using the formulae

( fN7 . "'*thNfN(xv ))(é)vépog(xvg)dxdga
e

where ¢, ..., pn € L (R") satisfy /gpl(:c) o on(2)po(z) de = (2m) ",
and

(fl ook fN790> = // (V<P1f1<' 7&) Kok leNfN<' 7&))('r)vlpog(x7§)dxd£7
(A.9)

where ¢, ...,pn € L (R") satisfy /((pl % -k o) (2) () de = (2m) 7",
when fi,..., fn,9 € Z(R") (cf. (2.3) in [31] and (5.4) in [32]). Theorem 5.5 in [32]

and its proof then shows that the following propositions are true:

Proposition A.1. Assume that pj,q; € [1,00] and w; € P(R*™) for j =0,...,N
satisfy (A.2) for some constant C, independent of x,&,...,En € R™.  Then the
following s true:

(1) (fr,---y fn) = f1-+ [n is a continuous, symmetric and associative map from
MESHR™) x - MERSY(R™) to M5S°(R™), which is independent of the

choice of g, ..., on in (A.8). Furthermore, (A.3) holds for some constant C
which is independent of f; € M(pijgj (R™) for j=1,...,N;
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(2) (f1,---s fn) = fi-+ [n is a continuous, symmetric and associative map from
WETHR™) x o WERN(R™) to WM (R™), which is independent of the
choice of o, ...,on in (A.8). Furthermore, (A.4) holds for some constant C
which is independent of f; € ngﬁj (R™) forj=1,...,N.

Proposition A.2. Assume that p;,q; € [1,00] and w; € P(R*) for j =0,...,N
satisfy (A.5) for some constant C, independent of x1,...,xzn,& € R™. Then the
following s true:

(1) (fr,.--y fn) = fix--x fy is a continuous, symmetric and associative map

from METH(R™) x - x MY (R™) to M (R™), which is independent of

the choice of @o, ..., on in (A.9). Furthermore, (A.6) holds for some constant
C which is independent of f; € M(I)uf]ﬁ()lj (R™) for j=1,...,N;

(2) (f1,.--, fn) = fi*x--- % fy is a continuous, symmetric and associative map
from WEHR™) x - x WA (R™) to WY (R™), which is independent of
the choice of @o, ..., on in (A.9). Furthermore, (A.7) holds for some constant
C' which is independent of f; € M(pj’gj (R™) forj=1,...,N.

Wi
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