A NOTE ON STABILITY OF HARDY INEQUALITIES
MICHAEL RUZHANSKY AND DURVUDKHAN SURAGAN

ABSTRACT. In this note we formulate recent stability results for Hardy inequalities
in the language of Folland and Stein’s homogeneous groups. Consequently, we
obtain remainder estimates for Rellich type inequalities on homogeneous groups.
Main differences from the Eucledian results are that the obtained stability estimates
hold for any homogeneous quasi-norm.

1. INTRODUCTION

Recall the LP-Hardy inequality

/Rn IV f(@)Pde > (?)p/n ‘f|§:|z|pdx (1.1)

for every function f € C§°(R"), where 2 < p < n.

Cianchi and Ferone | | showed that for all 1 < p < n there exists a constant
C = C(p,n) such that

[vsrae = ("0 )/;f{ v (14 Cdy(f))

holds for all real-valued weakly differentiable functions f in R™ such that f and
|V f| € LP(R™) go to zero at infinity. Here

If —elz| ™% ||

— C|T p * 00 (RN

dy(f) = inf B
ceR ||f||LPP (R™)

with p* = p, where L™7(R") is the Lorentz space for 0 < 7 < oo and 1 < 0 < 0.
Sometimes the improved versions of different inequalities, or remainder estimates,
are called stability of the inequality if the estimates depend on certain distances:
see, e.g. | | for stability of trace theorems, | ] for stability of Sobolev
inequalities, etc. For more general Lie group discussions of above inequalities we refer
to recent papers | ], [ ), [ | and | | as well as references therein.

Recently Sano and Takahashi obtained interesting improved versions of (1.1) in
their works [S17], | I, [ | and | |. The aim of this note is to formulate
their results for one of the largest classes of nilpotent Lie groups on R™, namely,
homogeneous Lie groups since obtained results give new insights even for the Abelian
groups in term of arbitrariness of homogeneous quasi-norms.
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2. PRELIMINARIES

First let us shortly review some main concepts of homogeneous groups following
Folland and Stein | | as well as a recent treatise | ]. We also recall a few
other facts that will be used in the proofs. A connected simply connected Lie group
G is called a homogeneous group if its Lie algebra g is equipped with a family of the

following dilations:

Dy = Exp(Aln)) =) ;' (In(\) A,
k=0
where A is a diagonalisable positive linear operator on g, and every D, is a morphism
of g, that is,
VX, Y €g, A >0, [D,\X,D,Y]=D,[X,Y],

holds. We recall that ) := Tr A is called the homogeneous dimension of G. The
Haar measure on a homogeneous group G is the standard Lebesgue measure for R™
(see, for example | , Proposition 1.6.6]).

Let | - | be a homogeneous quasi-norm on G. Then the quasi-ball centred at z € G
with radius R > 0 is defined by

B(x,R) :={y€G:|a'y| < R}.

We refer to | | for the proof of the following important polar decomposition on
homogeneous Lie groups, which can be also found in | , Section 3.1.7]: there is
a (unique) positive Borel measure o on the unit quasi-sphere

={reG: |z| =1}, (2.1)

so that for every f € L'(G) we have

/f dx—/ /fry )r Yo (y)dr. (2.2)

We use the notation
d

Rf(x) =Ry f(x) = mf(:c) =Rf(z), Vx € G, (2.3)
for any homogeneous quasi-norm |z| on G.
The following result (see | ] and | ]) with an anisotropic Caffarelli-Kohn-
Nirenberg inequality will play an important role in our analysis:
Lemma 2.1 (| ). Let G be a homogeneous group of homogeneous dimension
Q. Then for f € C°(G\{0}) we have
L s Yy I BT R X}
|z| 7 log & Lr(G)
lz[ 1l Lr(G)

for all R >0, and the constant -= is sharp.
p

In the abelian isotropic case, the following result was obtained in | |. In
the case 7 = p this result on the homogeneous group was proved in [ ].
We will also use the following known relations

Lemma 2.2. Let a,b € R. Then
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i. We have
ja—b” — |al” > —plaf~*ab, p>1.
ii. There exists a constant C' = C(p) > 0 such that
ja—=b" = laf” = —plal"ab+ C|b",  p > 2.
iii. Ifa>0anda—>b>0. Then

(@ —b)? +pa?~tb—a? > |bP, p>2.

3. STABILITY OF LP-HARDY INEQUALITIES

(i)

u(u; R) /’ de| ,2€G, R>0.
|x|p| log v

Let us set

1
Q—p |P P

Theorem 3.1. Let G be a homogeneous group of homogeneous dimension Q. Let |- |
be any homogeneous quasi-norm on G. Then there exists a constant C > 0 such that
for all real-valued functions uw € C§°(G) we have

—p\? p
/ |Rul?” dx — (M) [ul ——dz > Csupdi,(u; R), 2 <p<Q, (3.1)
G p G |zfP R>0

where R = ﬁ 1s the radial derivative.

Proof of Theorem 3.1. Let us introduce polar coordinates x = (r,y) = (|z|, %) €
(0,00) X & on G, where & is the unit quasi-sphere

S ={reG: |z|=1}, (3.2)

and

Q-p
v(ry) =r 7 u(ry), (3.3)
where u € C§°(G). This follows that v(0) = 0 and limv(ry) = 0 for y € & since u
r—00

is compactly supported. Using the polar decomposition on homogeneous groups (see
(2.2)) and integrating by parts, we get

D:= / |Rul|” dz — (Q;p)p i IZ:de
// '——u rQ_l - <_Q;p)p lu(ry)|Pre =P~ tdrdy

—» 0
L1 e L
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Q

Now using the second relation in Lemma 2.2 with the choice a = %riﬁv(ry) and
Q- , o :

b=r" Pp%v(ry), and using the fact [, [vP~2v (Zv) dr = 0, we obtain

p

D > /G/OOO —p (Q;p) ) |U(7“y)|p—20(ry)%v(ry) +C ‘%U(Ty) Tp_ldrdy (3.4)

= C/ 2P~ |Rv|? d.
G

Finally, combining (3.4) and Lemma 2.1, we arrive at

v(z) —v(R Tal |p < u(ry)
D>C =C R p d dy (3.5)
¢ |z[?[log B ||p |10g ‘

*lu(ry) — R u(Ry)r~ 5 [P
/ / 7“”1’ ?|log 7 ol

for any R > 0. This proves the desired result. 0

4. STABILITY OF CRITICAL HARDY INEQUALITIES

In this section we establish a stability estimate for the critical Hardy inequality
involving the distance to the set of extremisers: Let us denote
Q-1

_ . N
frr(x —T% Re 2 ) (10 i 4.1
g7
’ || |z
and the following ’distance’
5

_ Q

dep(u; T, R) := / ul@) = fra@l® , (4.2)

Q Q
BO.R) |3|@ )log%‘ ‘Tlog%‘

for some parameter 7" > 0, functions v and frp for which the integral in (4.2) is
finite.

Theorem 4.1. Let G be a homogeneous group of homogeneous dimension Q > 2.
Let | - | be any homogeneous quasi-norm on G. Then there exists a constant C' > 0
such that for all real-valued functions u € C§°(B(0, R)) we have

N g
/B(O’R’l v @ /B<0,R) |29 (log )< 72 Osup dog (7. 1) (4:3)

where R = ﬁ 1s the radial derivative.

Proof of Theorem /.1. Introducing polar coordinates (r,y) = (|z|, |m‘) € (0,00) x &

on G, where & is the sphere as in (3.2), we have u(z) = u(ry) € C5°(B(0,R)). In

addition, let us set
Q-1

o(sy) = (log ?)  ury), y e, (4.4)



A NOTE ON STABILITY OF HARDY INEQUALITIES 5

where

Since u € C§°(B(0, R)) we have v(0) = 0 and v has a compact support. Moreover, it
is straightforward that

A direct calculation gives

—_1\¥ Q
S :/ |Ru|® dx — (M) / [u gdx
B(O,R) Q BO.R) |£(Q <log |7R\)
Rl 9 ‘Q - (@—1)Q [u(ry)|?
= —u(r reT — drd
/G/o or (Y Q ) r(ogB)?

// (%) (rlogg)Q v(sy) + <rlog§>%§ (sy)s'(r)

- ( - 1)Q )12

Q

Now by applying the second relation in Lemma 2.2 with the choice

Q=

B Q-1
a:% (rlog§> v(sy) and b= <r10g ) : 82 (sy)s'(r),
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and by using the facts v(0) = 0 and lim v(ry) = 0, we obtain

T—00

2 / ( )Q Il 20(s0) L)

9 vton|| o0 (rion )"

// ( )Q 1| (Sy)|Q_2U(Sy)%v(sy)s’(r)

1 R\
+C ‘ _— (7“ log —> drdy
aS ( ) rQ (10g )2Q r

/ / ( )Q i (Sy)|Q_QU(SZ/)%U(8y)S'(r)

+C

1

+C —v ‘ —75’ r)drdy

550 (5%) (og BT (r)

R Q-1 Q

= o9t Q-2 9 9 Q-1
= [ [ -e(957) en et gt + €| Loten| s asay
:C/|RU|QdJZ,

G

that is,
S > c/ IRv|“ da. (4.5)
G

According to Lemma 2.1 with v € C§°(G\{0}) with p = @ and (4.5), it implies

that
> C/ Tr) C//” v(sy) — v(Ty)|? dsdy
|x’Q“Og\ |‘Q 5|10g ‘Q

)% Q
Q |

log u(ry) — T%U(Re_%y)
_C// drdy
r(log £)|log(T log £)|?

1@

u(ry) — T°@ u(Re~Ty)(log #)""
=C
/ / r(log £)2[log(T log 2]

drdy.
Thus, we arrive at

x)—T T u ( Tz )<10g|x>QQ

S > C/ 3
B(0,R) |z|Q ‘log %’ ‘log (Tlog %))

dx

for all T'> 0. The proof is complete. OJ
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5. IMPROVED CRITICAL HARDY AND RELLICH INEQUALITIES FOR RADIAL
FUNCTIONS

Proposition 5.1. Let G be a homogeneous group of homogeneous dimension Q > 2.
Let | - | be a homogeneous quasi-norm on G. Let ¢ > 0 be such that

—alel)i= Yot Lr22Q (5.1)

for =1 < L < @ —2. Then for all real-valued positive non-increasing radial functions
u e CP(B(0, R)) we have

Q
/ (Ru|%dx — (E) / [u(z)® gda (5.2)
B(0,R) Q B(0,R) |x‘Q (10g ﬁ:_T)

> 6|

\@
2 |Q

q
S B
B0 |2/ (log £ )

where |G| is the measure of the unit quasi-sphere in G and

g
C = C(L,Q,q) " = /01 o (log %) Y ds = (L 1) (Frer)p (%q + 1)

here I'(+) is the Gamma function.

Proof of Proposition 5.1. As in previous proofs we set

o= (105 2) 7w, e 7= ls ) - (1) L

Simply we have v(0) = v(1) = 0 since u(R) = 0, moreover,

W (r) = — (%) (1 g@) (s T) <log —> W (s(r)s'(r) < 0. (5.4)

It is straightforward that
Q-1)7 [ul?
I:= |Ru|%dx — (—) dx
/B(O,R) Q /B |x|Q (log | e)Q
e - Q- ) G
= Qrl-lgy — [ = _=
ol [ o - (45 |/ e
T(Q1 (1o B E o) () R\ ’
= |6|/ (— <10g T) T <log7 v'(s(r))s’(r)) r@ldy
u(r)|?

_(—> l/ (log 2 )QT
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By applying the third relation in Lemma 2.2 with

1 -1

o=@t (log @)_Q ) and b= <log @> o (s(r)s (),

r

and dropping a® > 0 as well as using the boundary conditions v(0) = v(1) = 0, we
get

r=-sio (47 1) [ et )5 0 (5.5
w16l [ W (ros ™)
- —jelQ (QQ 1) / (s () () (56)
" '6l/ o (10; ) 2 (“Og @)Ql i
- ls1Q (QQ 1) / o) (5r) ()l (5.7)
FIe| [ DS (i

= —|6|Q (QQ 1) /OIU(S)Q_l’U,(S)dS + 16| /01 [v/(5)|9s9 ds

1
= |(‘5|/ v/ (5)|9s% " ds.
0

Moreover, by using the inequality

1 1 0-1 0-1 1
/ v'(t)dt‘ = / U/(t)tQth‘ < (/ |v’(t)|QtQ‘1dt)
s s 0

Q=

o(s)| =

%
<10g —) ,
S

we obtain

1 1 5 1 1\ “@ ¢
/ lv(s)|?s"ds < (/ ]U’(S)\QSQ_lds> / s* <log —) ds
0 0 0 §

for —1 < L < @ — 2. Thus, we have

/|v (5)|2591ds > C'& (/ (s \qsLds> | (5.8)

<10
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Now it follows from (5.5) and (5.8) that
Q

I>|8|ct (/01 |v(s)\qsLd5> " elct </OR 7&%@)

Q
q

R q
T Texi / u@)l”
e

(e

where oo = a(q, L) = %q + L + 2. The proof is complete. O

The method used in the previous section also allows one to obtain the following
stability inequality for Rellich type inequalities:

Proposition 5.2. Let G be a homogeneous group of homogeneous dimension (). Let
| - | be a homogeneous quasi-norm on G and p > 1. Let k > 2,k € N be such that
kp < Q. Then for all real-valued radial functions u € C§°(G) we have

| Rul?
G |z|tk—2p

Jul”

d
G o[ !

dr — Kf;p

Q—kp

> C'sup
R>0

[ ule) "% u(w) - R

where

7~2f:722f+%7€f

is the Rellich type operator on G and Ky, = (Q_kp)[(k_pi)”(p_l)@].

Proof of Proposition 5.2. For k > 2,k € N and kp < @) let us set

Q—kp

v(r):=r 7 u(r), where r € [0,00). (5.10)

Thus, v(0) = 0 and v(c0) = 0.
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We have

S () - 2R ()

=-R (kp — Qr@flv(r) + rkp;QRv(r))

p

—1kp—Q ko 1 e
Q-1lkp=Q Qr%flv(r) _ ¢ r PQRU(T)

r P r

kp—Q (kp—Q kp=Q o kp—Q r-o_4
— —1)r» ou(r)— rop

p p p

kp—Q rw-a_,
_ ro
p

Q—1kp—Q m-—oa_,
ror o(r) —
r p

e ((kzp ~Qp-Q-p) Q- 1(kp— @) o(r)
p? p
kp=Q o o 9 1 (2(kp—Q)
—r 2 r (R v(r) + - (T +(Q — 1)) RU(T))
= P (Ko (r) = PR (r)),

Ru(r)

Ru(r) — r% 72211(7")

Q; 17’ka Ru(r)

where

~ 2k + 22
Rif = R*f + Tp Rf

and Ky, = (kap)[(kfp?pﬂp*l)q. By using the first inequality in Lemma 2.2 with

a = Kjpv(r) and b = r*Ryu(r), and the fact I3~ [vP~2vv'dr = 0 since v(0) = 0 and
v(o0) = 0, we obtain

Rul? p
J::/ R dx—K,fp/ LR
G |z|*-2p P Jg x|

= |6|/ |_7iu(7«)|pTQ—1—(k:—2)pdr |6|/ |p,rQ kp=1 .

— 181 [ (1Knp(r) = P*Ra(r)P = (Kgo(r))?) 1

> —p|6]K,f’_p1/ lv|P~2uRvrdr
0

p—1 > p—2 " 2k + Q(];;Q) —1 /
= —p|S|K}, v~ | " + v' | rdr
0

r

(o)
— —p[6|K,’;p1/ [v[P~2vv"rdr.
0
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On the other hand, we have

[e.@]
— / lv[P~2vv" rdr
0

- (p—l)/ooow’ 2(y )mr+/ooo =200/ dr
— = 1) [ o P

~esu ((1%2)2|va2<v’>2+<p—2>rv|p 20+ o >>rdr
_ %/j ((|v|”22)'v+ |v|pz2v’)2rdr

4(p—1 e p—
= #/ |(|U|T2U)/|2rdr
p 0

_4(19—1)/ =N
N |62|p2 G2’73(h4 U>

where G, is a homogeneous group of homogeneous degree 2 and |S,| is the measure of
the corresponding unit 2-quasi-ball. By using Lemma 2.1 for |v]|"z v € C°(G2\{0})
in p= @ = 2 case, and combining above equalities, we obtain

dx,

p—2 p—2 T 2
[0(@)|F" v(@) - [o(RE)| T v(R )]
G2

¢ / = [P o0 - |U<R>|%U<R>’2

201/000 Ju(r)[7="u(r) —

2
r1=Q+kp ‘log §|

for any R > 0. That is,

2 k|2
(R)|"=" u(R)|x|~ %=

[Ju(@)|F* u(a
J > Csup/ 5 dz.
R>0 k pid
|$| ? |log |m|‘
The proof is complete. O
REFERENCES

[BJOS16] N. Bez, C. Jeavons, T. Ozawa and M. Sugimoto. Stability of trace theorems on the
sphere. arXiv:1611.00928, 2016.

[CFO8] A. Cianci and A. Ferone. Hardy inequalities with non-standard remainder terms.
Ann. Inst. H. Poincaré. Anal. Nonlinéaire, 25:889-906, 2008.
[CFW13] S. Chen, R. Frank and T. Weth. Remainder terms in the fractional Sobolev inequality.

Indiana Univ. Math. J., 62:1381-1397, 2013.



12
[FR16]

[FS82]

IMOW15]
[ORS16]
[RS16a]
[RS16b]
[RS17]
[RS17a]
[RS17b)

[RS17¢]

S17]

[ST17a]

[ST17b]

[ST15]

M. RUZHANSKY AND D. SURAGAN

V. Fischer and M. Ruzhansky. Quantization on nilpotent Lie groups, volume 314 of
Progress in Mathematics. Birkhauser, 2016. (open access book)

G. B. Folland and E. M. Stein. Hardy spaces on homogeneous groups, volume 28 of
Mathematical Notes. Princeton University Press, Princeton, N.J.; University of Tokyo
Press, Tokyo, 1982.

S. Machihara, T. Ozawa, and H. Wadade. Scaling invariant Hardy inequalities of
multiple logarithmic type on the whole space. J. Inequal. Appl., 281:1-13, 2015.

T. Ozawa, M. Ruzhansky and D. Suragan. LP-Caffarelli-Kohn-Nirenberg type in-
equalities on homogeneous groups. arXiv:1605.02520, 2016.

M. Ruzhansky and D. Suragan. Anisotropic L?-weighted Hardy and L?2-
Caffarelli-Kohn-Nirenberg  inequalities. Commun. Contemp. Math., 2016.
http://dx.doi.org/10.1142/50219199717500146

M. Ruzhansky and D. Suragan. Critical Hardy inequalities. arXiv: 1602.04809, 2016.
M. Ruzhansky and D. Suragan. On horizontal Hardy, Rellich, Caffarelli-Kohn-
Nirenberg and p-sub-Laplacian inequalities on stratified groups. J. Differential Equa-
tions, 262:1799-1821, 2017.

M. Ruzhansky and D. Suragan. Layer potentials, Kac’s problem, and refined Hardy
inequality on homogeneous Carnot groups. Adv. Math., 308:483-528, 2017.

M. Ruzhansky and D. Suragan. Hardy and Rellich inequalities, identities, and sharp
remainders on homogeneous groups. Adv. Math., 317:799-822, 2017.

M. Ruzhansky and D. Suragan. Local Hardy and Rellich inequalities for sums of
squares of vector fields. Adv. Diff. Equations, 22:505-540, 2017.

M. Sano. Scaling invariant Hardy type inequalities with  non-
standard remainder terms, preprint, 2016. http://www.sci.osaka-
cu.ac.jp/math/OCAMI/preprint/2016/16_15.pdf.

M. Sano and F. Takahashi. Scale invariance structures of the critical and the
subcritical Hardy inequalities and their improvements, Calc. Var. 56:69, 2017.
https://doi.org/10.1007/s00526-017-1166-0

M. Sano and F. Takahashi. Some improvements for a class of the Caffarelli-Kohn-
Nirenberg inequalities, Differ. Integral Equ. to appear, 2017.

M. Sano and F. Takahashi. Improved Hardy inequality in a lim-
iting case and their applications, 2015. http://www.sci.osaka-
cu.ac.jp/math/OCAMI/preprint/2015/15_03.pdf

MICHAEL RUZHANSKY:

DEPARTMENT OF MATHEMATICS

IMPERIAL COLLEGE LONDON

180 QUEEN’S GATE, LONDON SW7 2A7Z
UNITED KINGDOM

E-mail address m.ruzhansky@imperial.ac.uk

DURVUDKHAN SURAGAN:

INSTITUTE OF MATHEMATICS AND MATHEMATICAL MODELLING
125 PUSHKIN STR.

050010 ALMATY

KAZAKHSTAN

E-mail address suragan@math.kz



	1. Introduction
	2. Preliminaries
	3. Stability of Lp-Hardy inequalities
	4. Stability of critical Hardy inequalities
	5. Improved critical Hardy and Rellich inequalities for radial functions
	References

