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Kondo insulating materials lie outside the usual dichotomy of weakly versus correlated — band versus Mott
— insulators. They are metallic at high temperatures but resemble band insulators at low temperatures because
of the opening of an interaction induced band gap. The first discovered Kondo insulator (KI) SmBg has been
predicted to form a topological KI (TKI) which mimics a topological insulator at low temperatures. However,
since its discovery thermodynamic and transport anomalies have been observed that have defied a theoretical
explanation. Enigmatic signatures of collective modes inside the charge gap are seen in specific heat, thermal
transport and quantum oscillation experiments in strong magnetic fields. Here, we show that TKIs are suscep-
tible to the formation of excitons and magneto-excitons. These charge neutral composite particles can account
for long-standing anomalies in SmBg which is crucial for the identification of bulk topological signatures.

PACS numbers:

One of the biggest successes of quantum mechanics is
the explanation of the distinction between metals and insu-
lators. Traditionally, there are two different regimes: First, in
weakly interacting systems insulating behaviour arises from
complete filling of Bloch bands with a gap to unoccupied
states, whereas metals have partially filled bands giving a
manifold of gapless excitations — the Fermi surface (FS). Sec-
ond, in strongly interacting systems repulsion forbids hop-
ping of electrons leading to Mott insulators. However, a
third possibility exists — so called Kondo insulators (KI) —
where strong interactions between itinerant electrons and lo-
calized spins lead to a heavy band insulator at low temper-
atures [1]. The material SmBg was the first KI discovered
almost half a century ago [2]. More recently, it has been pre-
dicted that SmBg should be a topological KI (TKI) [3] which
is an interaction-induced heavy 3D topological insulator [4].
Normally the charge gap in an insulator also determines its
thermodynamic and bulk transport properties which are ex-

Figure 1: Excitons in topological Kondo insulators. At low
temperatures strong correlations lead to the formation of fermionic
quasiparticles which have the schematically shown band structure
(for k. = 0) of a broad-brimmed Mexican hat. Due to the large DOS
at the band edges it is very susceptible to the formation of excitons.

pected to then follow an Arrhenius type activated temperature
dependence. However, the tentative TKI SmByg strongly de-
viates from that picture and exhibits unusual thermodynamic
anomalies, for example a low temperature specific heat con-
tribution reminiscent of a metal [5, 6]. These have not found
a generally accepted explanation for decades and more re-
cent experiments motivated from the TKI proposal have added
even bigger puzzles. The observation of bulk quantum oscil-
lations (QO) [7], normally a synonym for a FS, and resid-
ual thermal transport inside the insulating low temperature
regime [8] challenge our canonical understanding of metals
and insulators.

Here, we show that due to the special Kondo-origin of the
TKI, the system is very susceptible to the formation of exci-
tons or magneto-excitons (MExc) in an applied magnetic field
B. The strong Coulomb repulsion of the localised Sm f-levels
has two effects: First, it gives rise to a heavy insulating state
with a peculiar broad-brimmed Mexican hat-like band struc-
ture, see Fig.1, which provides the necessary large density of
states (DOS) from the band extrema, see right panel. Sec-
ond, it provides the interaction which binds the particle-hole
pairs. As our main result we establish that these composite
quasiparticles inside the insulating gap and without charge de-
grees of freedom provide a natural explanation of long stand-
ing anomalies in SmBg.

The model. We focus on a minimal model of a TKI which
captures the essential physics of SmBg and takes the form of
a periodic Anderson lattice model [3, 9].
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The broad Sm d-band has a dispersion € =
=2ty p—wy. CO8ky.  The almost flat inverted f-band
is el{ = —ael + X (with @ < 1) with A = (1 + )W
and incorporates the strong on-site repulsion U. The d-
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Figure 2: Exciton dispersion. Shown for B = 0 as a function of g,
with ¢, = 0. The full exciton dispersion of the 2D TKI is plotted
in the inset. Because of the special band structure the dispersion
minima are always at a nonzero momenta but their precise energy
depends on the interaction strength. We have used parameters W =
w = —32,a =0.15,~v = 0.1, U = 2.75 (in units of hopping
t), which give a dispersion with a small gap which can best explain
experiments on SmBg.

and f-level have different angular momenta and the lat-
ter is a superposition of different spin components due
to strong spin orbit coupling. Hence, the hybridisation
in a TKI is spin and momentum-dependent (odd-parity),
5k = (sin kg, sin ky, sin kz)T.

To account for the strongly correlated nature we treat the
self energy of the f-electrons as momentum independent such
that the main effect of the local repulsion is a renormalisation
of the f-bands and the hybridisation [10]. The low energy ex-
citations are described by a new non-interacting Hamiltonian
identical to the first term in Eq.1 but with new parameters £
and 4 [11] (we drop the tilde in the remainder). They are

J

in general complicated functions of U and temperature [12].
Here, we use effective parameters in agreement with the ex-
perimentally known dispersion around the three X-points of
SmBg [13-15].

The Hamiltonian at low temperatures yields two two-fold

degenerate energies EY (k) = 3 [eﬁ + 6{:] + dy with dy =

2
structure is shown in Fig.1. In the TKI state the lower bands
are completely filled and the broad-brimmed Mexican hat-like
dispersion gives a large DOS near the gap. For simplicity, we
concentrate in the following on an effective two-dimensional
model but we have checked that the inclusion of the third di-
mension does not lead to any qualitative changes of our find-
ings. Setting k, = 0 the Hamiltonian decouples into two in-
dependent blocks, labeled by v = +1(—1), for the d$ f, and

dI f4 states diagonalised by

2
1\/(611( - eﬁ) + |ysk|?. A schematic form of the band

Cky = COS %dkw + sin %ei”ekfkﬂ; 2)
vk, = —sin %e‘iyekdkﬂ, + cos %fk,,;

with the angles given by cosfx =
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Excitons. To investigate the formation of bound excitons,
we include the strong f-level interaction on top of these bands.
We project the Hubbard term of Eq.1 onto the renormalised
TKI bands and concentrate only on those terms which lead to

exciton binding
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with ¢(k,q) = sin%kcos B"—;qe*iak. Hence, our system

is described by the Hamiltonian H = Hy + Hj, with
Hy = Zk,u {Ei(k)c;r( JCkv + EY (k)vlt Vvk_,,,} and the ’va-
lence’ and ’conduction’ bands E” and E separated by a
gap A = min(E" ) — max(£" ). The interaction only binds
electron-hole pairs of opposite v. For example, (- +)-excitons
[similarly for the time reversed partner (+ —)] are created by
the operator
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which are directly related to spin flip excitations. We calculate
their dispersion F(q) from the Bethe-Salpeter equation
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We evaluate the quartic operators from the interaction within
the ground state, vlt|0> = 0 and ¢x|0) = 0, which is equiva-
lent to an RPA-type diagrammatic treatment [16]. We obtain a
non-linear equation for the exciton wave function ¢ (k) and
its dispersion E(q). Due to the fact that the interaction fac-
torises, as U (k, q)¢*(k’, q), this can be cast as a simple im-
plicit equation for F(q)
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We show a representative exciton dispersion in the upper
panel of Fig.2. Generically, it has an almost degenerate ring-
like manifold of energy minima at momenta QQ, see inset.
This peculiar form of the dispersion originates from the spe-
cial form of the TKI band structure where Q/2 are the vec-
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Figure 3: Specific heat and thermal transport. The upper panel
shows the specific heat for B = 0, plotted as C'/T, as a function of
scaled temperature 7'/ A with the fermionic band gap A. For com-
parison, we plot the behaviour of non-interacting excitons, Ciy, with
a dispersion with a perfect degenerate ring-like minimum (black dot
dashed) or in the self-consistent lattice dispersion (black dashed).
We use the same parameters as in the upper panel of Fig.3 (with
Adeg /A =1/20, Apge = Adeg/10, g = 0.004¢) and scaled the exci-
ton contribution by a factor 1/4. The lower panel shows the thermal
conductivity plotted as /7.

tors pointing to the maxima (minima) of the bands. The pre-
cise value, Agy,, of the dispersion minimum depends on the
strength of the residual interaction. Several experiments on
SmBg have observed in-gap states reminiscent of our exci-
tons. Inelastic neutron scattering (INS) measured weakly dis-
persing ’spin-excitons’ [17, 18], with local minima close to the
Brillouin zone boundaries similar to our calculation but with
a sizeable gap. Scanning tunneling spectroscopy [19] and in-
elastic light scattering [20] find evidence for low energy col-
lective modes. The notorious resistivity plateau at low temper-
atures, which was originally attributed to impurity bands [21],
has also been related to a kind of exciton-complexes which
acquire charge by trapping electrons [22]. However, recent
charge transport measurements on thin films [23] have con-
clusively related the plateau to surface states which invalidates
such a polaronic explanation.

We postulate that in SmBg the exciton binding energy is
large such that the exciton gap Agy. is small compared to
the bandgap (and hence the activation gap from bulk resis-
tivity) and sets a low temperature scale. In the simplest
approximation excitons can be treated as a non-interacting

gas of bosons, with specific heat C' = ", E(k) %’;‘f where

B9 -1
ng = [e kBT — 1} . The almost degenerate ring-like min-

imum of the excitons has strong consequences for the be-
haviour of experimental observables because it reduces the ef-
fective dimensionality to one dimension. For perfect degener-
acy and Agx. = 0 such that F(q) « (]q| — |Q])?, itis easy to
show that a residual specific heat contribution C'/T  1/v/T
appears independent of dimensionality!

The apparent fine-tuning of Ag,. = 0 is relaxed if one goes
beyond the approximation of purely non-interacting bosons.
First, lattice effects lift the degeneracy such that the diver-
gence in specific heat would be removed below a scale Agey
which is the difference between the maximum and minimum
energy on the ring. Second, Pauli blocking suppresses the for-
mation of excitons with similar momenta. Third, additional
interactions between excitons alter the simple thermal occupa-
tion. We can model the influence of interactions, details of the
self-consistent calculation of the thermal occupation, ny, are
given in the supplementary material. The main effect is a sup-
pression of the exciton number. The qualitative behaviour of
the free boson approximation survive but the system is much
less fine-tuned, e.g. even for a small negative gap the exciton
density remains small.

The resulting specific heat is shown in the upper panel of
Fig.3. One clearly observes that excitons inside the band gap
lead to an extra contribution at low temperature in contrast to a
pure fermionic scenario (black dashed) which has exponential
suppression at low 7' [6]. The main panel shows the specific
heat as calculated from the self-consistently determined ex-
citon dispersion compared to the asymptotic behaviour of a
non-interacting model with Ay, = 0 (thin dot dashed) and
= 0 (thin dashed). In the inset of Fig.3 we show C/T calcu-
lated for different values of the exciton gap. We find a strong
low temperature exciton contribution with an upturn very sim-
ilar to experiments on SmBg [5, 6].

Charge neutral excitons cannot lead to charge transport,
however, they can conduct heat. Within a semi-classical
Boltzmann-like treatment we calculate their thermal conduc-
tivity as & = 3y lmip|vic| (k) 22 with velocity vy, = 22U
and the mean free path [;,s, which we take to be constant from
impurity scattering. Excitons dominate thermal conductivity
at temperatures below the charge gap. Their contribution orig-
inates again from the special form of the exciton dispersion,
e.g. non-interacting bosons with a gapless dispersion with a
perfectly degenerate ring-like minimum directly give x/T =
const., thus, mimicking the behaviour of a metal. As shown
in the lower panel of Fig.3, in our interacting lattice calcu-
lation this linear x-term is non-zero but strongly reduced for
increasing Agyc, see inset. Since the precise value of the exci-
ton gap is sensitive to microscopic details, there may be vari-
ations in the asymptotic low temperature behaviour between
samples [8, 24] arising from small changes in this gap.

Magneto-excitons for B > 0. Already a weak field has
direct consequences in our scenario: e.g. the lifting of de-
generate exciton branches (cT_ vy and cj_v_) from a Zeeman
coupling, and a reduction of the fermionic gap which leads to
an increase of the thermal conductivity « and the specific heat



0.012

M(T)

—Fx A
0.008 -

T 001 0.1 1 —Mox -0 F/0B

L T/A L L
52 54 56 5

. . ! !
58 60 62 64 66
F, /B=W/w

w c

Figure 4: Excitonic de Haas van Alphen effect. The energy of
MExc, which is mainly given by the LL gap for weak MExc bind-
ing, changes periodically as a function of inverse magnetic field, see
Eq.7. Therefore, the free energy of the exciton system F’ (blue) varies
periodically together with the corresponding magnetisation M (red)
(same parameters as before and v/W = 0.025). The schematic tem-
perature dependence is shown in the inset.

anomaly [25].

But could excitons also lead to a de Haas van Alphen effect
(dHvAe)? Of course, the MExc itself is charge neutral and its
center of mass does not undergo cyclotron motion due to the
absence of a Lorentz force [26]. However, they are built of
particle and hole bands that form discrete Landau levels (LLs)
in a magnetic field which in turn can lead to QO even for band
insulators [27, 28]. Hence, the energy of the MExc varies pe-
riodically as a function of 1/B through the variation of the
energy of its constituents. This ultimately simple mechanics
(abbreviated as EdHvAe) leads to an oscillatory behaviour of
the total energy as a function of 1/B and hence the magneti-
sation.

The temperature dependence of the EdHvAe can be esti-
mated qualitatively. We have shown recently [27] that nar-
row gap insulators can exhibit an anomalous de Haas van
Alphen effect (AdHvAe) if the cyclotron frequency Aw, is
comparable to the activation gap of the insulating state, see
also Ref.[28]. SmBg has an activation gap of about ~ 10
meV [15, 17] and a small effective mass of the itinerant d-
band [13, 15], mq = 0.44m,, leading to iw, ~ 4meV for
15 Tesla. Hence, the B = 0 gap is slightly bigger than the
cyclotron energy, however, in a TKI the gap is reduced in a

J

magnetic field [28]. Overall, we expect that the amplitude of
oscillations from the AdHvAe is small but otherwise follows a
Lifshitz-Kosevich temperature dependence [27, 28] at higher
temperatures. Since the EdHvAe also originates from the pe-
riodic variation of gapped LL branches we expect a temper-
ature dependence similar to that of the AdHvAe but with an
enhanced intensity.

It is tempting to speculate about the low temperature con-
tribution of MExc which is complicated by the appearance of
several low energy scales, e.g Ageg, Apxe. For Age < 0 a
condensate should form at a temperature 7 below which the
density of MExc quickly grows leading to a steeply increas-
ing QO amplitude. A schematic plot of such a temperature
dependence is shown in the inset of Fig.4. For Ag,. > 0 we
would expect a thermally activated number of excitons (and
contribution to QO) for T" < Agy.. However, when projecting
the f-level repulsion onto the TKI bands we have only con-
centrated on those terms which lead to direct exciton binding,
but there exist residual terms which create or destroy pairs of
(+—) and (—+) excitons. On the one hand, these exciton-
non-conserving terms smoothen out the condensation transi-
tion to a mere crossover. On the other hand, they lead to a
correction to the ground state energy from virtual exciton-pair
fluctuations which entails a contribution to the QO amplitude
even in the absence of thermally excited excitons for Agy. > 0
and T — 0.

We can corroborate our qualitative discussion of the Ed-
HvAe by a microscopic calculation in the strong field limit.
We only sketch the main steps of our MExc calculation from
the microscopic model, Eq.1, details are relegated to the sup-
plementary material. First, we calculate the energy spectrum
and wave functions of Hj in a strong magnetic field. Second,
we can project the f-level interaction Hj,, onto the LLs. Third,
we derive a Bethe-Salpeter equation for MExc. Similar to the
B = 0 case, the interaction only binds particle-hole pairs from
opposite sectors v. For a given magnetic field there is a LL
index N_ (/V;) such that the energy of the corresponding va-
lence (conduction) LL branch E¥ (N_) (E% (N,)) is maxi-
mal (minimal). We study the formation of excitons between
those extremal levels and obtain a closed expression for the
ME dispersion
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In the regime Ep < hw, < A(B) the change of the ex-
citon dispersion F(k) as a function of field will be mainly
determined by a change in the LL gap A(B), see Eq.7. Then,
for a given temperature the free energy and the magnetisa-
tion are directly related to the periodic variation of the gap



M = —g—g x —%. In Fig.4 we plot this oscillatory be-

haviour as a function of W/hw. = Fy/B. There is indeed an
exciton contribution to the magnetisation whose period 1/ Fyy
corresponds to a dHvAe frequency set by the area of the in-
tersection of the unhybridised d- and f-bands similar to exper-
imental findings in SmBg [7].

Discussion. In our excitonic scenario we expect that apply-
ing a magnetic field should increase C, x and 7 due to an in-
crease in exciton binding energy. To settle the ongoing debate
whether the experimentally observed QOs are coming from
gapless surface states [26, 29, 30], or from the bulk [7, 27, 28]
one should directly compare the field dependence of charge
transport [Shubnikov de Haas effect (SdHe)], and thermody-
namic quantities (dHvAe). If both were only due to gapless
surface states the behaviours of SdHe and dHvAe should be
similar to those in a metal. However, if one is a bulk signal and
the other from the surface we expect that both differ strongly.

There are strong predictions to test our scenario: First, de-
spite the absence of a bulk SdHe there should be QO in the
thermal conductivity which would also allow a clear separa-
tion of the exciton contribution from phonons. Second, we
expect a low energy mode in INS experiments.

In conclusion, we have shown that TKIs are very suscep-
tible to the formation of excitons because of their correlated
origin. These charge neutral but spinful quasiparticles have
a dispersion with a ring-like minimum which gives rise to a
specific heat contribution and residual thermal conductivity
mimicking the low temperature behaviour of a metallic sys-
tem in agreement with long standing observations in SmBg.
We showed that the magneto-exciton energy varies periodi-
cally as a function of inverse magnetic field leading to an un-
expected dHvAe in an insulator without a Fermi surface.
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SUPPLEMENTARY MATERIAL

Thermal occupation of excitons

Here, we outline our calculation of the thermal occupation of excitons. As stated in the main text we expect that excitons are
bosonic quasiparticles with interactions dictated by the additional terms of H;,; and Pauli blocking, which limits the number of
excitons in the same momentum state. As a full treatment of the interacting theory is beyond the scope of our work we estimate

the important qualitative effects.

There are two natural length scales: the exciton size £ related to the exciton binding energy E'p and roughly given by Ep =

_n? 1
2me,, 27

and the thermal wave length A\r of excitons from kT =

h2
2MExc

ﬁ. We expect that E'p is roughly of the size of the

fermionic gap which is much larger than the low temperature regime we are interested in kg1 < A ~ Ep. Therefore £ < Ap
and only excitons in a small patch of momentum space of size A, ~ 5% effectively interact.
A natural energy functional for excitons with interactions short ranged in momentum space is

_ (oK)
Ei = anE(k) + +§Z e &
K

k.k’

k—k’)Q
nknk’, (8)

which we approximate in the low temperature regime by a sum Eyo = ) o Eg; over small patches (labeled by ¢) of size A,
making up the total BZ in which the interaction is taken to be constant

Ef = mE(k)+

keyp

g S | 9)

kecp

Introducing the mean number of excitons in each patch, N¥ = 3, <p(nk), this can be further simplified by neglecting

number fluctuations

1
Ef = mc[B(k) + gN¥] - 39 (N¥#)* + g : (10)
[}

keyp

This mean-field functional is linear in the occupation numbers such that we directly obtain a self-consistency equation for the

exciton number in each patch

N? ="

kep €

1

E(K)fgN® . (11D
“FsT 1

We solve this numerically for a given exciton dispersion to directly obtain the thermal occupation (here N (k) = N¥ for all

key)

nk =
e

E(k)+gN (k)
kT

(12)



which enters the calculation of the specific heat and thermal conductivity, see main text. In practice, we divide the BZ into p
patches each of which is a wedge with an angle ¢ = 2?”. We have confirmed that the results do not change qualitatively for large
enough p and show calculations in the main text for p = 24.

Magneto exciton calculation

Here, we give details of the MExc calculation. We work in a continuum approximation, e.g. €x ~ % and sink, ~ k,
which allows an exact calculation of the LL spectrum. We introduce the orbital magnetic field in the z-direction via the vector
potential B = V x A with A = (0, Bz, 0) in the Landau gauge. Note, the Zeeman energy is expected to be negligibly small in
SmBg [7]. The vector potential A is minimally coupled to the crystal momentum such that IT = k — < A is the gauge invariant
momentum. The quadratic d- and f- level dispersions can be written in terms of the standard raising and lowering operators

a = \/EE(H,Jc ill,) and a! =
Ho|W) = E,|¥) with the Ansatz |¥) = (up|n — 1), v,|n), 2,0 — 1), yn|n))" and the standard harmonic oscillator states |n)

\fh (I, +ill,) with [a,a’] = 1 and [IT,,1I,] = lQB . We solve the eigenvalue equation

(g =/ we = £2)
1 k2 V2h
hwc (n - 5) + 2m 0 R f%k QZBW\/E U, U,
1 kZ 2h
0 hwe (n +3) + 27 e ~zk: g, | U | a3)
Ik L —ahwe (n—3) —afs 4+ 0 T T
2
W ~3k, 0 —atw, (n+ 1) - ads +3) " o

Energy levels can be obtained for arbitrary %, but even for the case of B = 0 the effect of the third dimension is negligible and
an orbital magnetic field makes the system even more two dimensional; for example it is only the extremal orbit at k£, = 0 which
determines the main oscillation period of the standard dHvAe [1]. For k., = 0 the calculation of the spectrum decouples again
into two independent eigenvalue problems (d4 f and d| f+). Care needs to be taken for the n = 0 energies because of a|0) = 0
which leads to u,,—9 = 0 and x,—¢ = 0. For n = 0 the two non-degenerate energies are ™+ (n = 0) = —an—gc +(1+a)W
and E¥(n = 0) = <. For n > 0 there are four energies

2
1 2 2
B (n)=3 hwc( —g) —ahwe <n+%) G [hwc (n— %) +akwe <n+ %) —(1+a)W] + {7] n|. (4
B
However, in contrast to B = 0 they are all non-degenerate because the momentum dependent hybridisation mixes differ-

ent LLs. This property, which is intimately linked to the topological nature of the band structure, also leads to a magnetic
field and LL index dependent gap between the valence and conduction branches [28] which would be absent in a momen-
tum independent hybridisation e.g. for a simple KI. We have a ’conduction’ and a ’valence’ LL branch for each v such that
HO = Zn,p,u iEV( ) np vCn,p,v + E ( )vl,,p,uvnvpvui‘

Next, we project the Hubbard interaction onto the LLs. In second quantised form the field operators, e.g. for the f-electrons,
are written as \I/}(r) = np Unp(®)fi, t _ with the normalised harmonic oscillator wave functions [3]

1

Unp(x,y) = \%em’"‘ (722" (n1)2] "% e 5@ H, (2 + p) (15)

with the Hermite polynomials H,,(x). Note, all coordinates are measured in units of magnetic length g = 4/ ec—g such that
z,y — lpz,lpyand p — p/lp.
From Eq.13 we not only get the spectrum but directly obtain the wave functions for the different LL branches for n > 0

Cn,p,+ — COS 9 n—1,p,t TSI B Jrp (16)
B B,

Un7p7+ = —sln %dn_Lp’T‘i‘COS?nfn’phL

Cn,p,— = COS 7d n,pt +sin /- fnfl,p,i

. ﬂ+
Un,p,— = — Sl %dnmy’r + cos jnfnfl,p,i



fiy Vn
2v/2lp hwc(n—u%)-&-ahwc (n+u%)—k :

Next we project Hj, on to the diagonal LL basis [2-7] and a lengthy calculation gives (again we only show the contribution
which leads to MExc binding)

with the angles given by tan 5} =

_ igs (p1—p2— e! B T T
Him =U Z et (1) [J"Mﬂh (q)‘]nsﬂlz(_q)cnl-i-l,;vl7—U7l27p27+v”3ap2+‘1yv+cn4+1apl_(va_ + (17)

n1...14,P1,P2,9x,q9y

Y 5 _ T T
J’ﬂ4,n1 (CI) Jna,nz ( q)vn1+1,1717—c’ﬂ2 ,P2>+cn3’1’2+q’y:+U"4+1~,p1*qw*

with
Jrm (@) = COS%COS B”EHJM,M(q) (18)
. B, B
Jf&nz(q) = sin 22 sin 73Jn37n3(q)
(@) = sin st n Prst ) (g
B, B
Toyma(@) = cos 22 cos g, ()
n' ﬁ (Jy—qu e m—n q2
and Jm,n(meQy) = ﬁe 4 T Ln 5 (19)

and the generalized Laguerre Polynomials L'~ (z) [3].

Again, the interaction only binds particle-hole pairs from opposite blocks v. For a given field B there is a LL index N_ (V)
such that the energy of the corresponding valence (conduction) LL branch E” (N_) (E¥ (N.)) is maximal (minimal). We study
the formation of excitons between those extremal levels which is equivalent to the approximation [3-7] that the ME binding
energy is smaller than the inter LL spacing. The MExc creation operator is [3, 6]

. ky
S = Ze'k’(p+7)<Pk(p)C}LV+7p7,UN,7p+ky,+- (20)
p

From the Bethe-Salpeter equation, see Eq.5, we obtain the MExc dispersion. Under the assumption that the pro-
jected interaction primarily mixes particle-hole excitations with LL indices Ny and N_ (which is rigorous in the limit
[E4(Ny) = E_(N-)] < [Ey4(n) — E_(m)]) we get

E(k) = E;(Ny)—E(N_)-U Z e_l(qwky+qykm)J%++1,N++1(Q)Jﬁ,,N, (—q). 2D
Gy
There is an additional constant energy shift C = U >, J§ 11 v, 41 (0)J%, .., (0) which is formally divergent because of the
continuum approximation of the inverted band similar to the case of graphene [6]. However, this constant is canceled by a
diverging contribution of the opposite sign from the ground state energy.
Finally, we obtain a closed expression for the dispersion via integral relations of the generalised Laguerre polynomials [8]

_ 92 4+ 72
cosﬁghrl lsint] I(k) (22)

> dgq a2 ' ¢ (NN e N N1 (K2 N 1N (K
109 = [ gpnthane % Lo () £ () = e S () e (5),

The MExc dispersion is presented for two different values of IV, in Fig.5. Note, different N correspond to different magnetic
fields and for the relevant regime fiw. < v < W in SmBg we expect exciton pairing between high LLs. There are only
two possibilities for the LL indices defining the minimal gap between the upper and lower branch N_ = N, (dashed) or
N_ = N, + 1 (solid). The corresponding ME dispersions have a minimum at finite or zero momentum and there are additional
characteristic oscillations whose period scales with the ‘Fermi wavelength’ 1/Q < Ap x I/ \/m . In addition, we find from
an expansion of the Laguerre polynomials that F(k) is quadratic in momentum around the minimum and the mass scales linearly
with IV, for small k. Beyond our approximation MEs are expected to be mixtures of more than one valence and conduction LL
index which generically will lead to small hybridisation gaps between the crossings of the solid and dashed lines.

E(k) = E{(Ny)—EY(N_)-U
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Figure 5: Magneto-exciton dispersion. The dispersion for a strong orbital magnetic field B, see text for discussion.

Overall, we expect a critical magnetic field B, where the exciton dispersion changes its qualitative behaviour transforming a
ring-like dispersion minimum into a single minimum at high fields B > B,.
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