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Abstract

The question of how to optimally control a large scale system is widely considered to be difficult

to solve due to the size of the problem. This difficulty is further compounded when a system

exhibits a two time-scale structure where some components evolve slowly and others evolve

quickly. When this occurs, the optimal control problem is regarded as singularly perturbed

with a perturbation parameter ε representing the ratio of the slow time-scale to the fast time-

scale. As ε → 0, the system becomes stiff resulting in a computationally intractable problem.

In this thesis, we propose an analytic method for consintractableg bounds on the minimum cost

of a singularly perturbed, linear-quadratic optimal control problem that hold for any arbitrary

value of ε.

It is well known that in the unconstrained control case a complete asymptotic expansion of the

minimum cost has been obtained. In Chapter 3, we extend this result by deriving an upper

bound χNu (ε) and a lower bound χNl (ε) on the minimum cost that hold for arbitrary values of

ε and, furthermore, satisfy the bound

|χNl (ε)− χNu (ε)| = O(εN+1) as ε→ 0, (1)

for any N ∈ N.

In Chapter 4, we consider the constrained control problem. In this case, it is well known

that the minimum cost converges to the minimum cost of a reduced order problem as ε → 0.

We improve on this result and derive an upper bound χu(ε) and a lower bound χl(ε) on the

minimum cost that hold for arbitrary ε and, furthermore, satisfy the bound

|χu(ε)− χl(ε)| = O(ε), as ε→ 0. (2)

In Chapter 5, we present the extension of our work to clustered consensus networks and obtain

bounds on the minimum cost of a computationally intractable, large scale, control constrained

power network using data from the IEEE 1996 Reliability Test System.
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Chapter 1

Introduction

Abel is said to have written ‘Divergent

series are the invention of the devil, and

it is shameful to base on them any

demonstration whatsoever.’ We shall,

nonetheless, proceed with confidence.

Robert E. O’Malley Jr.

1.1 Motivation and Objectives

A fundamental problem in control theory is the question of how to accurately model a physical

system. In many cases, physical systems evolve rapidly over certain time intervals but outside

of these intervals, they evolve at a much slower rate. Intuitively, one may think of an aircraft

taking off and subsequently cruising at a specific altitude on a long-haul flight: the altitude

of the plane changes rapidly at the start of the flight when compared to the altitude changes

during rest of the flight. As a mathematical example of this behaviour, consider the following

simple system

ε
dx

dt
= −x, t ∈ [0, 1] a.e., x(0) = 1.

21



22 Chapter 1. Introduction

This equation can be easily integrated to yield the solution

x(t, ε) = e−
t
ε , t ∈ [0, 1],

which is plotted in Fig. 1.1 for various values of ε.
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Figure 1.1: x(t, ε) = e−
t
ε

For small values of ε, the behaviour of the system near the initial time will change at a much

faster rate in comparison to the evolution of the rest of the system. As a result, the solution

x(t, ε) will have a discontinuity in the limit as ε→ 0, i.e.,

lim
ε→0

x(t, ε) =


1 for t = 0,

0 for t > 0.

If we consider the reduced order problem obtained by evaluating the behaviour of the solution in

the limit as ε→ 0, we obtain x(t) = 0 for all t ∈ (0, 1] which no longer satisfies the prescribed

initial condition. When a system exhibits this type of behaviour, it is said to be singularly

perturbed with the perturbation parameter ε representing the ratio of the slow time-scale to

the fast time-scale. As ε → 0, the system becomes stiff in the sense that the system changes

instantaneously over certain time intervals in comparison to the rate of evolution of the system
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outside of these intervals.

The presence of the perturbation parameter ε in singularly perturbed problems often leads

to computational difficulties as any appropriate mesh structure must depend on ε. Moreover,

when a control and an objective functional are associated with a singularly perturbed system

with a large number of state variables, an additional complication, known as the curse of

dimensionality, arises. In order to avoid these two significant issues, various techniques have

been developed in order to obtain approximations to the solution. In particular, the idea

of solving a computationally tractable, reduced order problem, obtained by formally setting

ε = 0 in the dynamics, has been heavily investigated. The resulting approximation, however,

is considered useful under only the assumption that ε is sufficiently small which greatly limits

the scope of applications of the reduction method.

In order to broaden the class of physical systems whose multi time-scale nature we can exploit,

we develop a methodology for constructing upper and lower bounds on the minimum cost

of a singularly perturbed optimal control (SPOC) problem that hold for all values of ε and

furthermore converge to the minimum cost as ε → 0. In this way, we obtain a criterion that

quantifies the quality of any approximation by providing an error bound on the minimum cost.

It follows that our results are particularly useful in cases where ε causes the order of the model

to increase but is not necessarily very small. To the extent of the authors’ knowledge, there has

been no criterion established that determines the quality of an approximation for any value of

ε. In this thesis, we will provide such a criterion in the form of upper and lower bounds on the

minimum cost.



24 Chapter 1. Introduction

In this thesis, we focus on SPOC problems of the following form



minimise JP(ẑ1, ẑ2, û, ε),

over absolutely continuous functions ẑ1 : [0, 1]→ Rm, and ẑ2 : [0, 1]→ Rn

and measurable functions û : [0, 1]→ Rk satisfying

dẑ1

dt
= A11(t, ε)ẑ1(t, ε) + A12(t, ε)ẑ2(t, ε) +B1(t, ε)û(t, ε), t ∈ [0, 1] a.e.,

ε
dẑ2

dt
= A21(t, ε)ẑ1(t, ε) + A22(t, ε)ẑ2(t, ε) +B2(t, ε)û(t, ε), t ∈ [0, 1] a.e.,

ẑ1(0, ε) = z1,0, ẑ2(0, ε) = z2,0, for ε > 0,

(P)

where the functional, JP, is defined as

JP =
1

2

∫ 1

0

ẑ(t, ε)TQ(t, ε)ẑ(t, ε) + û(t, ε)TR(t, ε)û(t, ε)dt+
1

2
ẑ(1, ε)Tπ(ε)ẑ(1, ε), (1.1)

and ẑT =

[
ẑT1 , ẑ

T
2

]
. We impose the following standard assumptions on (P):

(1) The matrices Q, R, Aij and Bi for i, j = 1, 2 are continuous in t for all t ∈ [0, 1], ε ≥ 0,

(2) The matrices Q, R, π, Aij and Bi for i, j = 1, 2 have an asymptotic power series expansion

in ε where the expansions for Q, R, Aij and Bi for i, j = 1, 2 are uniformly valid on the

interval [0, 1] with coefficients that are sufficiently many times continuously differentiable

functions of t,

(3) R is symmetric and positive definite uniformly for all t ∈ [0, 1], ε ≥ 0,

(4) Q and π are symmetric and positive semi-definite uniformly for all t ∈ [0, 1], ε ≥ 0,

(5) For ε ≥ 0, π has the following block-diagonal structure

π(ε) =

 π11(ε) επ12(ε)

επ12(ε)T επ22(ε)

 ,
where π11 ∈ Rm×m, π22 ∈ Rn×n.
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Additional specific details relating to the problem will be given in Sections 4 and 5.

We consider two variants of the problem (P): an unconstrained control problem and a con-

strained control problem. In both cases, our methodology can broadly be stated as follows: we

begin by constructing a dual SPOC problem whose solution is unique and equal to the unique

solution of the primal SPOC problem. Following this, we construct a reduced problem whose

solution is unique and shown to be the limit of the solution to the primal problem as ε → 0.

From the optimal state and control of the reduced problem, we construct approximate controls

for the primal and dual problems such that, upon evaluation of the primal and dual objective

functionals respectively, we obtain upper and lower bounds that converge to the primal mini-

mum cost as ε→ 0. This process is depicted in Fig. 1.2 where JP and JD are the primal and

dual objective functionals respectively, V P, V D and V̄ are the primal, dual and reduced order

objective functionals respectively evaluated at their respective optimal control and states, and

ū and ρ(ū) are the approximate controls constructed from the optimal control and state of the

reduced order problem.

=V D(ε) V P(ε)

ε→
0

V̄ P

JD(ρ(ū)) JP(ū)≤ ≤

Figure 1.2: Methodology for the Asymptotic Error Bound

1.2 Thesis Outline and Contributions

The aim of this thesis is to increase the scope of applications of SPOC theory by providing tight

upper and lower bounds on the minimum cost of both constrained and unconstrained control,

linear-quadratic SPOC problems. In this way, we provide a quantifiable criterion for evaluating

the quality of an approximation. We hope that this lays the foundation for the development
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of upper and lower bounds, and consequently a criterion for evaluating an approximation, for

more general SPOC problems.

Chapters 1, 2 and 6 provide the introduction, literature review and conclusion respectively.

The main work of this thesis is divided into three parts covering Chapters 3 to 5.

In Chapter 3, we develop arbitrarily tight upper and lower bounds on the minimum cost V (ε)

of an unconstrained control, linear-quadratic SPOC problem. In this case, it is well known that

for any integer N ≥ 0, an asymptotic expansion of the minimum cost up to N terms V N(ε)

can be obtained along with the following bound (see the literature review in Section 2 and in

particular: [?], [?], [?] , [?])

|V N(ε)− V (ε)| = O(εN+1), as ε→ 0. (1.2)

We extend this result by determining an upper bound χNu (ε) and a lower bound χNl (ε) on V (ε)

that hold for arbitrary values of ε and, furthermore, for any N ≥ 0 satisfy the condition

|χNl (ε)− χNu (ε)| = O(εN+1) as ε→ 0. (1.3)

The contents of this chapter have been submitted in the following paper:

1. S. Howe, and P. Parpas. Arbitrarily Tight Bounds on a Singularly Perturbed Linear-

Quadratic Optimal Control Problem. Submitted to IEEE Transactions on Automatic

Control. February 2017.

In Chapter 4, we develop upper and lower bounds on the minimum cost of a constrained control,

linear-quadratic SPOC problem. While the authors [?] and [?] have shown that the minimum

cost a more general constrained control SPOC problem converges to the minimum cost V̄ of a

computationally feasible reduced problem in the sense that

lim
ε→0

V (ε) = V̄ , (1.4)
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we improve on this result in the linear quadratic case by determining an upper bound χu(ε)

and a lower bound χl(ε) on V (ε) that hold for arbitrary values of ε and, furthermore satisfy the

condition

|χl(ε)− χu(ε)| = O(ε) as ε→ 0. (1.5)

The contents of this chapter are in the process of submission with the following working title:

2. S. Howe, and P. Parpas. Error Bounds for Control Constrained Singularly Perturbed

Linear-Quadratic Optimal Control Problems with Applications to Consensus Networks.

In preparation for submission to Automatica.

To the extent of the authors knowledge, no upper and lower bound satisfying an inequality of

the form (1.3) or (1.5) have previously been developed for any class of control systems.

In Chapter 5, we consider the extension of our work to the case of clustered consensus networks.

These types of networks have been gaining attention due to their wide range of application and

details of these applications are given in Section 5.1 . As clustered consensus networks admit

a two time-scale structure, indicating that the optimal control problem can be written in the

form (P), we are able to apply our results from Chapters 3 and 4 in order to obtain upper and

lower bounds on the minimum cost of a control problem over these networks. The contents of

this chapter appeared in the following conference paper:

3. S. Howe, and P. Parpas. Error bounds on the solution to an optimal control problem over

clustered consensus networks. SIAM Proceedings of the Conference on Control and its

Applications 2017.

We, furthermore, consider a computationally intractible, large scale, control constrained power

systems application and show that our upper and lower bounds outperform the reduced or-

der approximation. This large-scale application is currently being prepared for a conference

publication with the following working title:
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3. S. Howe, and P. Parpas. Error bounds on a large-scale optimal control problem in power

systems. In preparation for submission to IEEE Transactions on Power systems.



Chapter 2

Literature Review

In order to motivate and provide context for our work on singularly perturbed optimal control

problems, we provide a summary of the existing results in the area. As there is a vast amount

of literature on the topic, we focus mainly on results relating to perturbed problems of the form

(P) presented in Chapter 1. In particular, we will cover the extent to which the optimal state

and control can be approximated by a reduced dimension problem obtained by evaluating the

system of differential equations of (P) at ε = 0.

Section 2.1 and 2.2 cover results relating to unconstrained control and constrained control

problems respectively. The final section of the literature review, Section 2.3, provides a brief

overview of existing applications of SPOC problems. For a general overview of the area of

singularly perturbed systems, we refer the reader to the following references covering various

time spans:

Y ear 1960− 1976 1976− 1983 1984− 2001 1982− 2006 2002− 2012

Reference [?] [?] [?] [?] [?]
.

29
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For convenience, we provide a more concise formulation of (P) and its assumptions below



minimise
1

2

∫ 1

0

ẑ(t, ε)TQ(t, ε)ẑ(t, ε) + û(t, ε)TR(t, ε)û(t, ε)dt+
1

2
ẑ(1, ε)Tπ(ε)ẑ(1, ε),

over absolutely continuous functions ẑ : [0, 1]→ Rm+n and measurable

functions û : [0, 1]→ Rk satisfying

Iε
dẑ

dt
= A(t, ε)ẑ(t, ε) +B(t, ε)û(t, ε), t ∈ [0, 1] a.e.,

ẑ(0, ε) = z0,

(P)

where the matrices A = A(t, ε), B = B(t, ε), and Iε are defined as follows

A(t, ε) =

A11(t, ε) A12(t, ε)

A21(t, ε) A22(t, ε)

 , B(t, ε) =

B1(t, ε)

B2(t, ε)

 , Iε =

Im 0

0 εIn

 ,
and Ij is the j × j identity matrix for j = m,n. In order for our analytical approach to hold,

the following standard singularly perturbed assumptions are imposed on (P):

(1) The matrices Q, R, A and B are continuous in t for all t ∈ [0, 1], ε ≥ 0,

(2) The matrices Q, R, π, A and B have an asymptotic power series expansion in ε where the

expansions for Q, R, A and B are uniformly valid on the interval [0, 1] with coefficients

that are sufficiently many times continuously differentiable functions of t,

(3) R is symmetric and positive definite uniformly for all t ∈ [0, 1], ε ≥ 0,

(4) Q and π are symmetric and positive semi-definite uniformly for all t ∈ [0, 1], ε ≥ 0,

(5) For ε ≥ 0, π has the following block-diagonal structure

π(ε) =

 π11(ε) επ12(ε)

επ12(ε)T επ22(ε)

 ,
where π11 ∈ Rm×m, π22 ∈ Rn×n.

The following result on the structure of R(t, ε)−1 will be necessary for this thesis.
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Lemma 2.1 The matrix R(t, ε)−1 admits an asymptotic power series expansion in ε.

Proof From assumption (3), it follows that R(t, ε)−1 is well-defined. Let R0(t) denote the first

term in the asymptotic power series expansion for R(t, ε). From (3), we obtain that the matrix

R0(t) is non-singular for all t ∈ [0, 1]. Thus, the proof follows from the simple identity

R(t, ε)−1 =

(
I − (I −R0(t)−1R(t, ε))

)−1

R0(t)−1 =

(
I − (−

∞∑
k=1

R0(t)−1Rk(t)εk)

)−1

R0(t)−1.

For small ε, the spectral radius of
∑∞

k=1R
0(t)−1Rk(t)εk will be less than 1. Hence

(
I − (−

∞∑
k=1

R0(t)−1Rk(t)εk)

)−1

,

is well-defined and by the Neumann series, admits the asymptotic expansion

(
I − (−

∞∑
k=1

R0(t)−1Rk(t)εk)

)−1

=
∞∑
j=0

(
−
∞∑
k=1

R0(t)−1Rk(t)εk)

)j
.

The asymptotic expansion of R(t, ε)−1 is obtained as

R(t, ε)−1 =
∞∑
j=0

(
−
∞∑
k=1

R0(t)−1Rk(t)εk)

)j
R0(t)−1,

on [0, 1] with the first term in the asymptotic expansion given by R0(t)−1.

2.1 Unconstrained Control Results

In the unconstrained case, it is well known that there exists a unique optimal state and control

of (P) (see [?] Chap. 9). Let us denote these variables by z and u respectively where u may

be represented in either an open or closed loop formulation. The unique optimal open loop

control is given by

u(t, ε) = −R(t, ε)−1B(t, ε)Tλ(t, ε),
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where λ : [0, 1] → Rm+n is a vector valued function with absolutely continuous components

satisfying the following singularly perturbed boundary value problem arising from the necessary

optimality conditions of (P) (see [?] Chap. 6)

Iε
dz

dt
= A(t, ε)z −B(t, ε)R(t, ε)−1B(t, ε)Tλ, z(0, ε) = z0,

Iε
dλ

dt
= −A(t, ε)Tλ−Q(t, ε)z, λ(1, ε) = π(ε)z(1, ε).

(2.1)

Additionally, it is well known that the unique optimal closed loop control is given by

u(t, ε) = −R(t, ε)−1B(t, ε)TP (t, ε)z(t, ε), P (t, ε) =

 P11(t, ε) εP12(t, ε)

εP12(t, ε)T εP22(t, ε)

 ,
where P11 ∈ Rm×m, P22 ∈ Rn×n and the matrix P satisfies the singularly perturbed Riccati

differential equation (see [?])

dP

dt
= −PI 1

εA(t, ε)− A(t, ε)T I
1
εP + PI

1
εB(t, ε)R(t, ε)−1B(t, ε)T I

1
εP −Q(t, ε),

P (1, ε) = π(ε).

(2.2)

As ε is continuous at 0, approximations to the optimal state and control of (P) have typically

been obtained by evaluating the limit of the differential equation in either (2.1) or (2.2) as

ε → 0 and obtaining a corresponding reduced dimension boundary value problem or Riccati

equation respectively ([?]).

We begin this section by covering results relating to the open loop approximation. Following

this, we consider the results relating to the closed loop approximation and, in addition, briefly

remark on results relating to the infinite time horizon extension of (P).

Open Loop

Let us partition the variables satisfying (2.1) as follows: zT = [zT1 , z
T
2 ] and λT = [λT1 , λ

T
2 ] where

z1, λ1 : [0, 1] → Rm and z2, λ2 : [0, 1] → Rn. Upon setting ε = 0 in (2.1), the differential

equations for z2 and λ2 degenerate into algebraic equations whose solutions are, in general, not
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able to satisfy the prescribed boundary conditions for z2 and λ2 at t = 0 and t = 1 respectively.

Therefore, the reduced order system cannot be expected to provide a uniform approximation to

the variables z and λ as there may be a large discrepancy between the solutions of the algebraic

equations evaluated at the endpoints of the interval and the established boundary conditions

for z2 and λ2. Correction terms must therefore be added to the solution of the reduced order

system in order to obtain an approximation that is valid over the entire interval.

The authors in [?] and [?] obtained correction terms using the method of matched asymptotic

expansions. In this setting, two boundary layer systems are introduced by evaluating the system

(2.1) under the new time scales

τ =
t

ε
, and σ =

1− t
ε

. (2.3)

A uniform approximation of z and λ with O(ε) accuracy is subsequently obtained as a composite

sum of the solutions to the reduced order system and the boundary layer systems evaluated at

ε = 0. By using the results in [?], [?] and [?], a complete asymptotic expansion of z and λ is

obtained up to any order of terms.

In [?], both fixed and free endpoint problems are considered and the method of obtaining

an asymptotic expansion of z and λ is developed using control oriented hypotheses. Under

boundary layer controllability and observability assumptions, correction layer terms are ob-

tained through the use of two boundary layer optimal control problems and a uniform O(ε)

approximation of z and λ is achieved.

In [?], the authors develop a recursive method that yields an asymptotic expansion of the

solution to (2.1) without solving a reduced order boundary value problem. Applying the non-

singular linear transformation from [?], the system (2.1) is transformed into two reduced order

completely decoupled initial value problems and the recursive methods in [?] are used in order

to obtain a solution. The initial value problems, however, include both stable and unstable

components as ε→ 0; hence, their methodology can only be applied in the cases where ε is not

very small. For these cases, it improves upon previous work as the method for obtaining an
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asymptotic expansion in [?] and [?] can be computationally slower than the recursive method

proposed in this paper and the method of [?] yields only O(ε) accuracy.

The authors in [?] and [?] studied the case where the terminal cost is dependent on z2 at ε = 0.

In this case, the usual method of obtaining a reduced problem by formally setting ε = 0 does not

yield a problem whose solution is the limit of the original solution as ε→ 0 and an alternative

limit problem must be defined. While [?] considered a linear quadratic problem, this result was

generalised in [?], where the authors define an alternative limit problem for the case where the

dynamics are linear and the objective function is convex.

The above work has been extended to various quasi-linear and non-linear systems. In particular,

the authors in [?], [?], [?], and [?] generalise the linear quadratic formulation to quasi-linear

systems where the dynamics are linear only in the fast variable and the control. In this case,

a complete asymptotic expansion of the optimal state and control is obtained. For general

nonlinear systems, [?] and [?] obtain a complete asymptotic expansion of the optimal state

and control variables; however, in order for the asymptotic expansion to hold, restrictions are

imposed on the boundary conditions of the system. The authors in [?], [?], [?], [?], [?] and [?],

remove this restriction for linear and specific quasi-linear systems.

Quasi-linear fixed end point problems are considered in [?] and the first term in the asymptotic

series expansion is obtained. More recently, the authors in [?] and [?] considered the fixed end-

point linear-quadratic problem and obtained a complete asymptotic expansion of the solution

to the corresponding boundary value problem. Finally, a problem of the form (P) with delays

in the state variables is considered in [?] and an asymptotic expansion of the solutions to the

corresponding boundary value problem is obtained.

Closed Loop

In order to obtain an approximation to the closed loop solution, various authors have investi-

gated under what conditions the solution to (2.2) admits an asymptotic expansion in ε. Upon

setting ε = 0 in (2.2), the differential equations for P12 and P22 reduce to algebraic equations
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and their solutions will, in general, not be able to satisfy the prescribed terminal conditions for

P12 and P22 at t = 1. As a result, correction layer terms must be added to the reduced solution

in in order to obtain an asymptotic expansion of P over the entire time horizon.

The authors in [?], [?], [?], [?] and [?] were some of the first to demonstrate how to obtain a

uniform expansion of the solution to (2.2) through the use of a boundary layer system obtained

by evaluating (2.2) in the time scale σ defined in (2.3). Boundary layer controllability and

observability assumptions were imposed on (P) in order to ensure that the stability of the

boundary layer system as ε → 0. Consequently, the authors were able to obtain the existence

of a solution to (2.2) and use the results of [?] to construct an asymptotic expansion. The

authors in [?] generalise the previous work by obtaining a complete decomposition of (2.2) into

two independent subsystems; thereby removing the necessity of a solution for the algebraic

systems of P12 and P22 in order to achieve an approximation for the reduced order system.

In [?], the authors obtain an efficient recursive numerical method for solving (2.2); however their

method holds only in the case when ε is not very small. In this case, their method improves on

the method of [?], [?], [?], and [?] as an asymptotic series expansion may be computationally

cumbersome. Under stabilisability and observability assumptions on the system (P) and a

change of variables found in [?], they reduce the problem to solving two much simpler initial

value problems. The authors, furthermore, develop a method to solve the initial value problems

recursively with a rate of convergence of O(ε2
k
) where k represents the number of iterations.

The work in [?], uses a similar methodology to [?] and obtains a decomposition of the solution

to (2.2) in terms of solutions to two reduced order Riccati equations and two initial value

problems. Although the method in [?] is computationally more complex than that of [?], it can

be applied in the case when ε is small. The decomposition methods in [?] and [?] were further

improved in [?] and [?] where additional computational savings were achieved.

In the infinite time, time invariant case, the equation (2.2) reduces to the following algebraic
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Riccati equation

0=−P∞I 1
εA−AT I 1

εP∞+P∞I
1
εBR−1BT I

1
εP∞−Q, P∞(t, ε)=

 P∞11 (t, ε) εP∞12 (t, ε)

εP∞12 (t, ε)T εP∞22 (t, ε)

 , (2.4)

and an approximation often consists of obtaining an asymptotic expansion to the solution of

(2.4). This case was treated in [?] and [?] where the existence and uniqueness of the solution to

(2.4) is determined from controllability and observability assumptions on both the reduced order

problem obtained by setting ε = 0 and on the boundary layer system. These assumptions avoid

any unboundedness of terms in (2.4) as ε → 0 and guarantee the existence and uniqueness of

a solution to (2.4). Furthermore, under these assumptions, they obtain a complete asymptotic

expansion in ε to the solution P∞.

In [?], the authors introduce the concept of composite control for singularly perturbed infinite

time horizon systems obtained from two reduced order sub-systems. The reduced order sub-

systems are completely independent which improves on the result in [?] and [?] where the

existence of the solution to the the reduced order problem depended on the solution to the

algebraic equations for P12 and P22. The result in [?], however, leads only to an O(ε) accuracy,

hence another method must be used in order to obtain a tighter approximation.

In [?] and [?], the authors completely decompose (2.4) into two reduced order algebraic Riccati

equations and extend the work in [?] by obtaining an approximation up to any order. [?] follows

the work in [?] and [?] and obtains a solution through recursive methods. In [?], the authors

use an eigenvector approach in order to decompose the Riccati equation. This decomposition

is advantageous in the cases when ε is not very small as other decomposition methods, such as

the Newton method given in see [?], may be computationally inefficient.

Finally, the authors in [?] have recently extended the infinite time horizon problem to the case

where the control consists of a slow controller that controls ẑ1 and a fast control that controls

ẑ2. In this case, they decompose the equation in (2.4) into two reduced order Riccati equations

and develop an efficient method, based on the fixed point iterations in [?], that achieves O(εk)

accuracy after k iterations and is stable with respect to ε.
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2.2 Constrained Control Results

In singularly perturbed constrained control problems, setting ε = 0 often does not yield a

problem whose solution is the limit of the solution to the perturbed problem as ε→ 0. In these

cases, an alternative limit problem must be considered. Furthermore, in control constrained

problems the assumption of controllability often fails to hold and, as a result, many of the

proofs in Section 2.1 cannot be extended to the constrained case without additional analysis.

In [?], the authors consider a non-linear objective functional subject to linear dynamics and

assume the control u to be constrained in a compact and closed subset of Rk. In this case, they

construct a limit problem whose solution J0(ū) at the optimal control ū satisfies

lim
ε→0

J(u, ε) = J0(ū), (2.5)

where u is the unique control minimising the perturbed constrained control problem.

In [?], the authors consider a convex objective functional and linear dynamics consisting of a

weakly coupled asymptotically stable and unstable part. The control u is constrained to be in a

closed subset of Rk. In this case, the authors provide conditions under which the optimal state

and control is continuous in ε at ε = 0; however, the derivation is much more technical than in

Section 2.1 due to the presence of the control constraint. The reduced order models described

in the previous section often rely on a representation of the optimal control as a function of

the co-state variables. In general, such a representation does not exist for control constrained

problems; hence an alternative proof of convergence of the solution to the perturbed problem

to the solution of a reduced order problem with ε = 0 is derived.

Control constrained problems with an optimal control that oscillates rapidly as ε → 0 are

investigated in [?], [?] and [?]. If the optimal control oscillates rapidly then the boundary layer

system will also oscillate rapidly with the oscillation rate approaching infinity as ε→ 0. In this

case, the reduced order problem cannot describe the limit behaviour of the optimal state and

control ε → 0 as it is not a asymptotic equilibrium point for the boundary layer system. An

alternative limit problem, in these cases, is constructed using the averaging method; however,
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we do not go into further detail as we do not cover oscillating problems in this work.

2.3 Applications

In this section, we discuss applications of singular perturbation theory to the modeling of

physical processes. Since many processes exhibit a multi time-scale behaviour where various

components within the system change at different rates, a singularly perturbed model may

often be extracted from the original dynamics of the system. While we review a number of

applications to control systems, this section is not intended to provide an extensive overview.

Rather, we focus on providing a brief summary of possible applications of our work.

Dynamics beams with flexible joints often exhibit a two time-scale separation where the rigid

portion of a beam moves slowly and the flexible part of the beam moves quickly. Using singular

perturbation theory, the dynamics of the flexible beam are decomposed into reduced order sub-

systems. Systems with flexible joints and flexible links are considered in [?], [?], [?] and [?] and

[?].

Singular perturbation theory is frequently employed in power systems as these systems are very

large-scale in nature and exhibit a two time-scale behaviour where groups of generators very

quickly begin to oscillate at the same frequency but the entire system of generators reaches a

synchronised state at a much slower rate. An overview of power system coherency and model

reduction is given in [?], [?] and [?]. Further applications of singular perturbation theory to

power systems is considered in [?], [?], [?], [?], [?] [?], [?], [?], [?], [?], [?], and [?]. Some

examples of large scale networks are given in [?] and [?] where the decomposition of a linearised

2000 node power system is obtained in [?] and the decomposition of the RTS-96 Bus network

system from [?] is obtained in [?].

Chemical processes often exhibit a behaviour where certain components of the chemical reaction

evolve in a fast time-scale yet the overall dynamics of the reaction evolve in a slow time-scale.

As a result, singular perturbation theory provides a natural framework in order to model

these systems. In particular, a fluid catalytic cracker is considered in [?], [?], [?], [?] and [?],
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continuously stirred tank reactors in [?] and [?], a feed effluent heat exchanger in [?], hydrogen

gas reformers in [?] and chemical kinetic equations in [?] and [?].

Finally, there have been numerous applications of singular perturbation theory to aerospace

engineering and overviews of such applications are given in [?] and [?]. Reduced order models

have been developed for the longitudinal flight dynamics of an Unmanned Air Vehicle (UAV)

in [?] and the F-8 aircraft in [?], [?] and [?]. The lateral dynamics have been investigated for

a UAV in [?] and the DeHaviland Canada DHC- 2 Beaver plane in [?]. Flight guidance in

Beyond-Vision-Range missiles is considered in [?], [?] and flight guidance for helicopters in [?].

In the thesis, we consider examples from the above areas. However, many more applications

of singular perturbation theory to control problems exist and we refer the reader to the recent

survey in [?] and examples in [?], [?] and [?] for a wider range of applications.
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Arbitrarily Tight Bounds on

Unconstrained Control Problems

In this chapter, we build upon the existing methods that obtain an approximation to the min-

imum cost of singularly perturbed, linear-quadratic, unconstrained control problem. Although

a complete asymptotic expansion of the minimum has been obtained, there has been no criteria

developed that determines an explicit bound on the error term of the asymptotic expansion up

to N terms for any positive integer N. As there is a trade-off in the quality of the approximation

and the computational time taken in order to determine further terms in the expansion, it is

important to be able to determine the quality of an approximation for any fixed N. Accord-

ingly, we develop arbitrarily tight upper and lower bounds on minimum cost which allow for

the quality of an asymptotic expansion to be quantified. Furthermore, we provide numerical

results to illustrate the advantages of our results.

Section 3.1 presents the perturbed optimal control problem under consideration along with a

brief overview of our methodology in obtaining upper and lower bounds on the minimum cost.

Section 3.2 is dedicated to the main theorems of this chapter and presents the dual formulation

of the perturbed problem. Section 3.3 develops the construction of the asymptotic expansion

to the optimal states and co-states of the perturbed problem and presents the reduced order

optimal control problem. The proofs of the main theorems are presented in Section 3.4 and

40
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the construction of the dual problem is presented in Section 3.5. In Section 3.6 we provide the

numerical results to illustrate the theory of this chapter, and finally, in Section 3.7, we provide

some comments and perspectives on our results.

3.1 Introduction

In this chapter, we consider the following problem Puc where the notation stands for ‘Primal’

and ‘Unconstrained’

minimise JP(ẑ1, ẑ2, û, ε),

over ẑ1 ∈ W 1,1((0, 1); Rm), ẑ2 ∈ W 1,1((0, 1); Rn), and û ∈ L1((0, 1); Rk)

as functions of t and satisfying

dẑ1

dt
= A11(t, ε)ẑ1 + A12(t, ε)ẑ2 +B1(t, ε)û, t ∈ [0, 1] a.e.,

ε
dẑ2

dt
= A21(t, ε)ẑ1 + A22(t, ε)ẑ2 +B2(t, ε)û, t ∈ [0, 1] a.e.,

ẑ1(0, ε) = z1,0, ẑ2(0, ε) = z2,0,

(Puc)

for ε > 0, where the functional JP is defined as

JP =
1

2

∫ 1

0

ẑTQ(t, ε)ẑ + ûTR(t, ε)û dt+
1

2
ẑ(1, ε)Tπ(ε)ẑ(1, ε), (3.1)

and ẑT =

[
ẑT1 , ẑ

T
2

]
. The space W 1,1 is the space of absolutely continuous functions with

integrable derivatives. Note that for ε = 0, the dimension of the problem Puc drops from m+n

to m and the boundary condition for ẑ2 at t = 0 cannot be satisfied for general values z2,0. In

addition to the assumptions (1) - (5) in Chapter 1, we impose the additional assumptions on

Puc:

(6) The eigenvalues of the matrix A22 have real parts that are negative for all t ∈ [0, 1], ε ≥ 0,
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Remark 3.1 Assumption (6) is used in the proofs of the main theorems given in Section

3.4. We, furthermore, note that in subsequent sections, a change of variables in the

time-scale is employed and certain dynamical equations involving A22 are evaluated on

an infinite time horizon. Although for non-autonomous problems, a question of stability

arises, in our method, the change of variables results in an autonomous problem and only

the endpoints t = 0 and t = 1 are considered in the new time scale. Hence, stability

is ensured with (6) (See Section 3.3). Assumption (6) may, in fact, be weakened to the

condition that A22 is non-singular (see [?]); however, for the simplicity of the derivations

in this thesis, we impose condition (6) on the eigenvalues of A22.

(7) The matrix

G(t) =

 A0
22(t) −B0

2(t)R0(t)−1B0
2(t)T

−Q0
22(t) −A0

22(t)T

 ,
has no strictly imaginary eigenvalues for any t ∈ [0, 1], where the superscript 0 denotes

the first term in the asymptotic expansion in ε of the appropriate matrix. Furthermore,

there exists a non-singular matrix

T (t) =

T11(t) T12(t)

T21(t) T22(t)

 , (3.2)

such that

T (t)−1G(t)T (t) =

−Λ(t) 0

0 Λ(t)

 , (3.3)

where the eigenvalues of Λ(t) are positive on [0, 1] and such that the matrices T11(0) and

T22(1)− π0
22T12(1) are non-singular.

Remark 3.2 In practice, assumption (7) is often replaced with the stronger assumption

of controllability. For our purposes, we have chosen the weakest assumption that permits

our analytical approach to hold.
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(8) The following matrix Q is positive semi-definite for all t ∈ [0, 1]

Q =− vTQ0
12 +Q0

11−Q0
12v+vTQ0

22v−C(R0 + (B0
2)T (A0

22)−1TQ0
22(A0

22)−1B0
2)−1CT , (3.4)

where

C = (Q0
12 − vTQ0

22)(A0
22)−1B0

2 and v = (A0
22)−1A0

21. (3.5)

Remark 3.3 Assumption (8) guarantees that the reduced order problem has a unique

solution.

We have omitted dependence of (3.5) on t for notational simplicity. Throughout this chapter,

when convenient, we may omit dependence on t and ε for further notational simplicity.

The assumptions (1)− (8) are consistent with the standard assumptions imposed on singularly

perturbed linear quadratic optimal control problems (see [?], [?], [?]). In order to construct the

dual problem, we shall impose the additional condition

(9) Q and π are positive definite for all t ∈ [0, 1] and ε ≥ 0.

Remark 3.4 It is well known that under assumptions (1),(3) and (4) the optimal control

problem Puc has a unique solution (see [?], Theorem 6-17 and [?] Chapter 9.3). For fixed ε, we

denote the optimal state and control of Puc by z and u respectively and we denote the minimum

cost of Puc by VP(ε) where VP(ε) = JP(z, u, ε).

Following the results in the literature outlined in Chapter 2 (in particular: [?], [?], [?] , [?]), it

is well known that for the aforementioned problem, a computationally feasible approximation

V̄ N(ε) can be constructed such that it is asymptotically equivalent in ε to the minimum cost

V (ε) of the singularly perturbed problem, i.e.

|V (ε)− V̄ N(ε)| = O(εN+1), as ε→ 0, (3.6)

for any integer N ≥ 0. For this approximation to be considered useful for some fixed N , the

parameter ε is typically restricted to be in some sufficiently small set; however, for values of ε
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outside this set, a poor approximation can result and it remains unknown how many additional

terms are needed in order to yield a satisfactory approximation. In order to quantify the quality

of various approximations and improve on the result in (3.6), we incorporate a duality theory

into the singularly perturbed optimal control problem and derive an upper bound χNu (ε) and a

lower bound χNl (ε) of V (ε) that hold for arbitrary ε and, furthermore, satisfy the inequality

|χNu (ε)− χNl (ε)| = O(εN+1) as ε→ 0, (3.7)

for any integer N ≥ 0.

As the optimal control problem that we consider is a minimisation problem, an upper bound

on the minimum cost is easily found by evaluating the problem with any feasible control. By

evaluating the linear dynamics of the problem with an asymptotic expansion of the optimal

control obtained using a reduced dimension problem, one obtains an arbitrarily tight upper

bound. An arbitrarily tight lower bound, however, has been more difficult to obtain due to a

lack of a duality framework in which to formulate the perturbed problem and, moreover, a lack

of a strong duality property that ensures that any arbitrarily tight lower bound to the dual

problem will also be an arbitrarily tight lower bound to the primal problem. In this chapter,

we apply the recent duality construction of [?] and [?] to the case of SPOC problems and derive

a dual problem with the strong duality property. By constructing an asymptotic expansion of

the optimal control of the dual problem using the reduced dimension problem, and evaluating

the dual problem with this constructed control, we obtain an arbitrarily tight lower bound on

the minimum cost to the perturbed optimal control problem.

We illustrate our results with a well known NASA aircraft control problem presented first in [?]

and subsequently considered in many works (see e.g., [?], [?], [?], [?], and [?]). Our aim in the

example is to demonstrate both the closeness of the upper and lower bounds satisfying (3.7)

with respect to the minimum cost and the improvement over the approximation V N obtained

in (3.6). As a result, we have chosen to obtain bounds on a perturbed problem that, due to its

small scale nature, is solvable. We apply the theory developed in this chapter to unsolvable,

unconstrained, singularly perturbed problems in Chapter 5 where we demonstrate the practical



3.2. Main Results 45

applicability of our results.

3.2 Main Results

In this section, we present the results which lead to the construction of arbitrarily tight upper

and lower bounds on the minimum cost of Puc. Lemma 3.5 states that the optimal control of

Puc admits an asymptotic expansion as ε→ 0 and presents an arbitrarily tight upper bound on

the minimum cost of Puc. Following this we construct a dual problem Duc and present Lemma

3.7 which introduces a control that yields an arbitrarily tight lower bound on the maximum

cost of Duc. Finally, Theorem 3.8 states that strong duality holds and provides the result that

arbitrarily tight upper and lower bounds on the minimum cost of Puc can be constructed from

Lemmas 3.5 and 3.7. The methodology for obtaining these bounds is depicted in Fig. 1.2 in

Chapter 1.

Lemma 3.5 The optimal control u of Puc has an asymptotic expansion of the form

u(t, ε) = uN(t, ε) +O(εN+1), as ε→ 0, (3.8)

for any integer N ≥ 0 on [0, 1]. Moreover the control uN := uN(t, ε) provides an arbitrarily

tight upper bound to the minimum cost of Puc in the sense that

VP(ε) = JP(uN , zN , ε) +O(εN+1), as ε→ 0, (3.9)

where O(εN+1) < 0. In (3.9), VP(ε) is the minimum cost of Puc, JP is the objective functional

in (3.1), and zN is the state satisfying the differential equations and boundary conditions in

Puc with control given by uN .

The proof and construction of the expansion of the optimal control u, under assumptions similar

to (1) − (8), is contained within [?] and [?]. We note that various authors have obtained an

asymptotic expansion of the optimal control under different assumptions (see Chapter 2). The
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terms of the asymptotic expansion are described in Theorem 3.10 and we will briefly outline

the method developed in [?] for obtaining the uN term for any integer N ≥ 0 in Section 3.3.

The proof of (3.9) is provided in Section 3.4.

We consider the following problem as the dual problem to Puc

maximise JD(ρ̂1, ρ̂2, γ̂1, γ̂2, ε),

over γ̂1 ∈ W 1,1((0, 1); Rm), γ̂2 ∈ W 1,1((0, 1); Rn), ρ̂1 ∈ L1((0, 1); Rm)

and ρ̂2 ∈ L1((0, 1) : Rn) as functions of t satisfying

dγ̂1

dt
= −AT11γ̂1 − AT21γ̂2 + ρ̂1, t ∈ [0, 1] a.e.

ε
dγ̂2

dt
= −AT12γ̂1 − AT22γ̂2 + ρ̂2 t ∈ [0, 1] a.e.

(Duc)

The functional JD is given by

JD =
1

2

∫ 1

0

−ρ̂TQ−1ρ̂− γ̂TBR−1BT γ̂dt− γ̂(0, ε)T Iεz0(ε)− 1

2
γ̂(1, ε)T Iεπ(ε)−1Iεγ̂(1, ε), (3.10)

where ρ̂T = [ρ̂T1 , ρ̂
T
2 ], γ̂T = [γ̂T1 , γ̂

T
2 ], zT0 = [zT1,0, z

T
2,0] and

B =

B1

B2

 , B1 ∈ Rm×k, B2 ∈ Rn×k, Iε =

Im 0

0 εIn

 , (3.11)

where Ij is the j × j identity matrix for j = m,n.

Remark 3.6 Similar to Remark 3.4, it is a well known result that there exists a unique solution

to Duc (see [?], Theorem 6-17 and [?] Chapter 9.3). For fixed ε, we let VD(ε) denote the value

of JD evaluated at the optimal control, denoted by ρ.

Lemma 3.7 Consider the following control

ρN(t, ε) = Q(t, ε)zN(t, ε), (3.12)
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where zN is the state satisfying the differential equations and boundary conditions in Puc with

control given by uN in (3.8). The control ρN := ρN(t, ε) provides an asymptotically optimal

lower bound to the maximum cost of Duc in the sense that

VD(ε) = JD(ρN , γN , ε) +O(εN+1), as ε→ 0, (3.13)

where O(εN+1) > 0 for any integer N ≥ 0. In (3.13), VD(ε) is the maximum cost of Duc, JD is

the objective functional in (3.10), and γN satisfies the differential equations in Duc with control

given by ρN and boundary condition

γN(1, ε) = −I 1
επ(ε)Q(1, ε)−1ρN(1, ε). (3.14)

The proof of Lemma 3.7 is contained in Section 3.4 and the construction of Duc is contained

in Section 3.5.

Theorem 3.8 The primal and dual problems are in strong duality; i.e., the following equality

holds

VP(ε) = VD(ε), for ε > 0. (3.15)

Moreover, the following equality and asymptotic result holds

JD(ρN , γN , ε) ≤ VD(ε) = VP(ε) ≤ JP(uN , zN , ε),∣∣∣∣JP(uN , zN , ε)− JD(ρN , γ̂N , ε)

∣∣∣∣ = O(εN+1),
(3.16)

as ε→ 0 where zN and γN are constructed in Lemma 3.5 and 3.7 respectively.

The strong duality result in (3.15) of Theorem 3.8 will be proved in Section 3.4. The result in

(3.16) follows immediately from strong duality and Lemmas 3.5 and 3.7.
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3.3 Asymptotic Expansion of Optimal Variables Puc

In this section, we give a brief outline of the construction of an asymptotic expansion of the

optimal state and control of Puc. The full details may be found in [?] and [?]. We begin by

deriving the necessary optimality conditions of Puc.

The Hamiltonian function associated with a singularly perturbed problem of the form Puc (see

[?], Chap. 6) is defined as

HP(ẑ, û, χ̂) = −η(
1

2
(ẑTQẑ + ûTRû)) + χ̂T (Aẑ +Bû), (3.17)

where χT = [χT1 , χ
T
2 ] and χ1 ∈ W 1,1((0, 1); Rm) and χ2 ∈ W 1,1((0, 1); Rn) as functions of t, the

matrix B is defined in (3.11) and the matrix A is defined as

A(t, ε) =

A11(t, ε) A12(t, ε)

A21(t, ε) A22(t, ε)

 , (3.18)

for all t ∈ [0, 1] and ε ≥ 0. The functions χ1 and χ2 are the co-state variables associated with z1

and z2 respectively and the scaling χ̂ → −I 1
ε χ̂ recovers the standard form of the Hamiltonian

in (A.24).

Let u, z, χ denote the optimal control, state and co-state respectively of Puc. It is easily verified

that Puc satisfies the hypotheses in Theorem A.23 and, as there are no boundary conditions at

the terminal time, it follows from Corollary A.24 that we have a normal Hamiltonian multiplier

η = 1. Applying Theorem A.23 to Puc, we find that the optimal control state and co-state

must satisfy the differential equations

dz1

dt
= A11(t)z1 + A12(t)z2 − S11(t)χ1 − S12(t)χ2,

dχ1

dt
= −AT11(t)χ1 − AT21(t)χ2 −Q11(t)z1 −Q12(t)z2,

ε
dz2

dt
= A21(t)z1 + A22(t)z2 − ST12(t)χ1 − S22(t)χ2,

ε
dχ2

dt
= −AT12(t)χ1 − AT22(t)χ2 −Q21(t)z1 −Q22(t)z2,

(3.19)
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where S11, S12 and S22 are defined as

S11 = B1R
−1BT

1 , S12 = B1R
−1BT

2 , S22 = B2R
−1BT

2 .

The boundary conditions that these variables must satisfy are given by

z1(0, ε) = z1,0, χ1(1, ε) = π11(ε)z1(1) + επ12(ε)z2(1),

z2(0, ε) = z2,0, χ2(1, ε) = π21(ε)z1(1) + π22(ε)z2(1).

(3.20)

Furthermore, the optimal control of Puc satisfies the equation

u(t, ε) = −R−1(BT
1 χ1 +BT

2 χ2), (3.21)

where χ1 and χ2 must satisfy the equations in (3.19).

Remark 3.9 It is well known that there exists a unique solution satisfying (3.19) - (3.20) (see

[?], Theorem 6-17 and [?] Chapter 9.3. This implies that the necessary conditions for optimality

are also sufficient; therefore any solution satisfying (3.19) - (3.21) will be the unique solution

to Puc (see Remark 3.4).

It follows from (3.21) that in order to obtain an asymptotic expansion for u, we must obtain an

asymptotic expansion for the co-state variables χ. In the following theorem, we use the method

of matched asymptotic expansions in order to derive an expansion for the optimal states and

co-states on the outer layer, as well as a boundary layer near the initial time and a boundary

layer near the final time.

Theorem 3.10 ([?], [?]) Let us define the following time scales

τ =
t

ε
, σ =

1− t
ε

. (3.22)

The optimal states z1 and z2 and co-states χ1 and χ2 of the problem Puc have an asymptotic
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solution of the form

z1(t, ε) = z1,o(t, ε) + εz1,i(τ, ε) + εz1,f (σ, ε),

z2(t, ε) = z2,o(t, ε) + z2,i(τ, ε) + z2,f (σ, ε),

χ1(t, ε) = χ1,o(t, ε) + εχ1,i(τ, ε) + εχ1,f (σ, ε),

χ2(t, ε) = χ2,o(t, ε) + χ2,i(τ, ε) + χ2,f (σ, ε).

(3.23)

The terms z1,o, z2,o, χ1,o and χ2,o, known as the outer variables, satisfy the system (3.19)

and have an asymptotic expansion in ε. The terms z1,i, z2,i χ1,i and χ2,i, known as the inner

variables, satisfy the system

dz1,i

dτ
= εA11(ετ)z1,i + A12(ετ)z2,i − εS11(ετ)χ1,i − S12(ετ)χ2,i,

dχ1,i

dτ
= −εAT11(ετ)χ1,i − AT21(ετ)χ2,i − εQ11(ετ)z1,i −Q12(ετ)z2,i,

dz2,i

dτ
= εA21(ετ)z1,i + A22(ετ)z2,i − εST12(ετ)χ1,i − S22(ετ)χ2,i,

dχ2,i

dτ
= −εAT12(ετ)χ1,i − AT22(ετ)χ2,i − εQ21(ετ)z1,i −Q22(ετ)z2,i,

(3.24)

and have an asymptotic expansion in ε. The terms z1,f , z2,f χ1,f and χ2,f , known as the final

variables, satisfy the system

dz1,f

dσ
=− εA11(1− εσ)z1,f − A12(1− εσ)z2,f + εS11(1− εσ)χ1,f + S12(1− εσ)χ2,f ,

dχ1,f

dσ
=εAT11(1− εσ)χ1,f + AT21(1− εσ)χ2,f + εQ11(1− εσ)z1,f +Q12(1− εσ)z2,f ,

dz2,f

dσ
=− εA21(1− εσ)z1,f − A22(1− εσ)z2,f + εST12(1− εσ)χ1,f + S22(1− εσ)χ2,f ,

dχ2,f

dσ
=εAT12(1− εσ)χ1,f + AT22(1− εσ)χ2,f + εQ21(1− εσ)z1,f +Q22(1− εσ)z2,f ,

(3.25)

and have an asymptotic expansion in ε. Furthermore, the following boundary conditions must
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be satisfied

z1,o(0) + εz1,i(0) =z1,0,

z2,o(0) + z2,i(0) =z2,0,

χ1,o(1) + εχ1,f (0) =π11(z1,o(1) + εz1,f (0)) + επ12(z2,o(1) + z2,f (0),

χ2,o(1) + χ2,f (0) =π21(z1,o(1) + εz1,f (0)) + π22(z2,o(1) + z2,f (0)),

(3.26)

along with the following limiting conditions

lim
τ→∞

zk1,i, z
k
2,i, χ

k
1,i, χ

k
2,i = 0, lim

σ→∞
zk1,f , z

k
2,f , χ

k
1,f , χ

k
2,f = 0.

for all k = 0, 1, . . . , where z1,i(τ, ε) =
∑∞

j=0 z
j
1,i(τ)εj and z1,f (σ, ε) =

∑∞
j=0 z

j
1,f (σ)εj, with similar

notation for z2,i, χ1,i, χ2,i, and z2,f , χ1,f , χ2,f respectively.

Below, we give an outline of the construction of the first and second terms in the asymptotic

expansion. Setting ε = 0 in (3.19), we find that the leading terms in the asymptotic expansion

of the outer variables, z0
1,o, z

0
2,o, χ

0
1,o, and χ0

2,o satisfy the system

dz0
1,o

dt
= A0

11z
0
1,o + A0

12z
0
2,o − S0

11χ
0
1,o − S0

12χ
0
2,o,

dχ0
1,o

dt
= −(A0

11)Tχ0
1,o − (A0

21)Tχ0
2,o −Q0

11z
0
1,o −Q0

12z
0
2,o,

0 = A0
21z

0
1,o + A0

22z
0
2,o − (S0

12)Tχ0
1,o − S0

22χ
0
2,o,

0 = −(A0
12)Tχ0

1,o − (A0
22)Tχ0

2,o −Q0
21z

0
1,o −Q0

22z
0
2,o,

(3.27)

with boundary conditions

z0
1,o = z0

1,0, χ0
1,o = π0

11z
0
1,o. (3.28)

Note that the terms z0
1,o and χ0

1,o satisfy a boundary value problem. In order to obtain these

terms, we use the following theorem.

Lemma 3.11 The terms z0
1,o and χ0

1,o satisfy the necessary optimality conditions of the follow-
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ing reduced order problem



minimise 1
2

∫ 1

0
x̂TQx̂+ ûTRû dt+ 1

2
x̂(1)Tπ0

11x̂(1)

over x̂ ∈ W 1,1((0, 1);Rm and û ∈ L1((0, 1);Rk) as functions of t satisfying

dx̂
dt

= Ax̂+ Bû,

x̂(0) = z0
1,0.

(P̄uc)

The matrices Q is defined in (3.4) and the matrices R, B and A are defined as

R =R0 + (B0
2)T ((A0

22)−1)TQ0
22(A0

22)−1B0
2

B =B0
1 − A0

12(A0
22)−1B0

2

A =A0
11 − A0

12(A0
22)−1A0

21 + BR−1CT .

where C is defined in (3.5).

Remark 3.12 It is easily verified that R and π0
11 are positive definite. Hence, by assumption

(8), it follows that P̄uc has a unique solution (see Remark 3.4).

The proof of Lemma 3.11 follows from a straightforward application of the necessary conditions

derived from the Hamiltonian function (see [?] for details). From Remark 3.12, it follows that

the necessary conditions are sufficient. Hence, the variables z0
1,o and χ0

1,o can be obtained from

the optimal state and co-state of the problem P̄uc respectively.

In [?] and [?], it is shown that higher order terms of the outer variables satisfy non-homogeneous

differential equations that are successively determined from the lower order terms. In particular,
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for the second order terms we obtain

dz1
1,o

dt
= A0

11z
1
1,o + A0

12z
1
2,o − S0

11χ
1
1,o − S0

12χ
1
2,o +

(
A1

11z
0
1,o + A1

12z
1
2,o − S1

11χ
1
1,o − S1

12χ
1
2,o

)
,

dχ1
1,o

dt
=−(A0

11)Tχ1
1,o−(A0

21)Tχ1
2,o−Q0

11z
1
1,o−Q0

12z
1
2,o−

(
(A1

11)Tχ0
1,o+(A1

21)Tχ0
2,o+Q

1
11z

0
1,o+Q

1
12z

0
2,o

)
,

0 = A0
21z

1
1,o + A0

22z
1
2,o − (S0

12)Tχ1
1,o − S0

22χ
1
2,o +

(
A1

21z
0
1,o + A1

22z
0
2,o − (S1

12)Tχ0
1,o − S1

22χ
0
2,o

)
,

0 =−(A0
12)Tχ1

1,o−(A0
22)Tχ1

2,o−Q0
21z

1
1,o−Q0

22z
1
2,o−

(
(A1

12)Tχ0
1,o+(A1

22)Tχ0
2,o+Q

1
21z

0
1,o−Q1

22z
0
2,o

)
,

We may solve the algebraic equations for z1
2,o and χ1

2,o in terms of z1
1,o, χ

1
1,o and known terms

z0
2,o, χ

0
2,o, z

0
1,o, and χ0

1,o. .From assumption (7), it follows that these higher order terms z1
2,o and

χ1
2,o will be uniquely determined. The solutions z1

2,o and χ1
2,o may then be substituted into the

differential equations for z1
1,o, and χ1

1,o. Higher order boundary values for the terms zk1,o, and

χk1,o for k = 1, 2, . . . are determined from the lower order terms and the boundary conditions

in Puc. In particular, the second order boundary conditions are given by

z1
1,o = z1

1,0, χ1
1,o = π0

11z
1
1,o + π1

11z
0
1,o + π0

12z
0
2,o.

Setting ε = 0 in (3.24), we find that the leading terms in the asymptotic expansion of the inner

variables, z0
1,i, z

0
2,i, χ

0
1,i, and χ0

2,i satisfy the system

dz0
1,i

dτ
= A0

12(0)z0
2,i − S0

12(0)χ0
2,i,

dχ0
1,i

dτ
= −A0

21(0)Tχ0
2,i −Q12(0)0z0

2,i,

dz0
2,i

dτ
= A0

22(0)z0
2,i − S0

22(0)χ0
2,i,

dχ0
2,i

dτ
= −A0

22(0)Tχ0
2,i −Q0

22(0)T z0
2,i.

(3.29)

From assumption (7) on Puc in Section 3.1, we may obtain the general form of the decaying

solution to z0
2,i and χ0

2,i

z0
2,i(τ) = T11(0)e−Λ(0)τc, χ0

2,i(τ) = T21(0)e−Λ(0)τc, (3.30)
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where c is determined from the boundary condition for z2,i in (3.26) and is given by

c = T−1
11 (0)(z0

2,0 − z0
2,o(0)). (3.31)

Substituting (3.30) and (3.31) into the equations for z0
1,i and χ0

1,i in (3.29) and solving the

resulting system yields the unique solutions of z0
1,i and χ0

1,i. Higher order terms for the inner

variables can be obtained by recursively matching powers of ε in (3.24) and the uniqueness of

solutions is guaranteed by assumption (7). In particular, the second order terms are obtained

by solving the system

dz1
1,i

dτ
= A0

12(0)z1
2,i − S0

12(0)χ1
2,i +

(
A0

11(0)z0
1,i + A1

12(0)z0
2,i − S11(0)0χ0

1,i − S12(0)1χ0
2,i

)
,

dχ1
1,i

dτ
= −A0

21(0)Tχ0
2,i −Q12(0)0z0

2,i +

(
− AT11(0)0χ0

1,i − AT21(0)1χ0
2,i −Q0

11(0)z0
1,i −Q12(0)1z0

2,i

)
,

dz1
2,i

dτ
= A0

22(0)z0
2,i − S0

22(0)χ0
2,i +

(
A0

21(0)z0
1,i + A22(0)1z0

2,i − ST12(0)0χ0
1,i − S22(0)1χ0

2,i

)
,

dχ1
2,i

dτ
= −A0

22(0)Tχ0
2,i −Q0

22(0)T z0
2,i +

(
− AT12(0)0χ0

1,i − AT22(0)1χ0
2,i −Q21(0)0z0

1,i −Q22(0)1z0
2,i

)
.

The initial conditions for zk2,i(0) and χk2,i(0) are determined from the outer term zk2,o(0) for all

k. In particular, the second order boundary conditions are given by

z1
2,i(0) = z1

2,0 − z1
2,o(0), χ1

2,i(0) = T21T
−1
11 (z1

2,0 − z1
2,o(0))

The leading terms in the asymptotic expansion of the final variables, z0
1,f , z

0
2,f , χ

0
1,f , and χ0

2,f

are found by setting ε = 0 in (3.25). This yields the system

dz0
1,f

dσ
= −A0

12(1)z0
2,f + S0

12(1)χ0
2,f ,

dχ0
1,f

dσ
= A0

21(1)Tχ0
2,f +Q12(1)0z0

2,f ,

dz0
2,f

dσ
= −A0

22(1)z0
2,f + S0

22(1)χ0
2,f ,

dχ0
2,f

dσ
= A0

22(1)Tχ0
2,f +Q0

22(1)T z0
2,f .

(3.32)

From assumptions (5) and (7) in Section 3.1, we may obtain the general form of the decaying
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solution to z0
2,f and χ0

2,f

z0
2,f (σ) = T12(1)e−Λ(1)σc1, χ

0
2,f (σ) = T22(1)e−Λ(1)σc1, (3.33)

where c1 is determined from the boundary condition for χ2,f in (3.26) and is given by

c1 = (T22(1)− π0
22T12(1))−1(π0

21z
0
1,o + π0

22z
0
2,o − χ0

2,o(1)). (3.34)

Substituting (3.33) and (3.34) into the equations for z0
1,f and χ0

1,f in (3.32) and solving the

resulting system yields the unique solutions of z0
1,f and χ0

1,f . Higher order terms for the final

variables can be obtained by recursively matching powers of ε in (3.25) and the uniqueness of

solutions is guaranteed by assumption (7). In particular, the second order terms are obtained

by solving the system

dz1
1,f

dσ
= −A0

12(1)z1
2,f + S0

12(1)χ1
2,f −

(
A0

11(1)z0
1,f + A1

12(1)z0
2,f − S0

11(1)χ0
1,f − S1

12(1)χ0
2,f

)
,

dχ1
1,f

dσ
= −A0

21(1)Tχ0
2,f +Q12(1)0z0

2,f +

(
AT11(1)0χ0

1,f + A1
21(1)Tχ0

2,f +Q0
11(1)z0

1,f +Q1
12(1)z0

2,f

)
,

dz1
2,f

dσ
= −A0

22(1)z0
2,f + S0

22(1)χ0
2,f −

(
A0

21(1)z0
1,f + A1

22(1)z0
2,f − S0

12(1)Tχ0
1,f − S1

22(1)χ0
2,f

)
,

dχ1
2,f

dσ
= A0

22(1)Tχ0
2,f +Q0

22(1)T z0
2,f +

(
A0

12(1)Tχ0
1,f + A1

22(1)Tχ0
2,f +Q0

21(1)z0
1,f +Q1

22(1)z0
2,f

)
.

The boundary conditions for higher order terms are obtained by matching powers of ε in the

terminal condition for χ2,f in (3.20). In particular, the second order boundary conditions are

given by

z1
2,f (1)=T12(1)(T22(1)−π0

22T12(1))−1c3.

χ1
2,f (1) = T22(1)(T22(1)−π0

22T12(1))−1c3.

where

c3 = (π0
21(z1

1,o+z
1
1,f )+π

0
22z

1
2,o+π

1
21(z0

1,o+z
0
1,f )+π

1
22(z0

2,o+z
0
2,f )−χ1

2,o(1)).

The asymptotic expansion of the optimal control u for the primal problem Puc may now be
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obtained from the asymptotic expansion constructed for χ1 and χ2 and equation (3.21). The

asymptotic expansion of the optimal control ρ for the dual problem Duc is then given by (3.12)

where ẑ can be taken to be either the solution to the differential equations of Puc evaluated with

the asymptotic expansion of the optimal control to the primal problem or the approximation

in (3.23).

3.4 Proofs

In this section, we provide the proofs of Lemmas 3.5 and 3.7 and Theorem 3.8.

Proof of Lemma 3.5

The proof follows from integrating the differential equations in Puc with the approximate control

uN in (3.8). From the definition of JP given in (3.1), we obtain

|VP(ε)− JP(uN , zN , ε)| =
∣∣∣∣12
∫ 1

0

zTQz + uTRu− (zN)TQzN−(uN)TRuN dt

+
1

2
z(1, ε)Tπ(ε)z(1, ε)− 1

2
zN(1, ε)Tπ(ε)zN(1, ε)

∣∣∣∣, (3.35)

where zN solves the differential equations in Puc with control given by uN in (3.8). It is easily

verified that the dynamics of Puc satisfy the hypotheses of Theorem A.9. Thus, it follows from

Theorem A.9 that the solutions zN and z can be represented respectively as

zN(t, ε) = Φ
I
1
ε A

(t, 0, ε)z0 +

∫ t

0

Φ
I
1
ε A

(t, s, ε)I
1
εBuNds,

z(t, ε) = Φ
I
1
ε A

(t, 0, ε)z0 +

∫ t

0

Φ
I
1
ε A

(t, s, ε)I
1
εBu ds,

(3.36)

where

Φ
I
1
ε A

(t, s, ε) =

φ11(t, s, ε) φ12(t, s, ε)

φ21(t, s, ε) φ22(t, s, ε)

 ,
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is the resolvent matrix for the homogeneous system

dẑ1

dt
= A11(t, ε)ẑ1 + A12(t, ε)ẑ2, ẑ1(0) = ẑ1,0,

εd
ẑ2

dt
= A21(t, ε)ẑ1 + A22(t, ε)ẑ2, ẑ2(0) = ẑ2,0.

(3.37)

and satisfies the bounds

|φ11(t, s, ε)| ≤ m11, |φ12(t, s, ε)| ≤ εm12,

|φ21(t, s, ε)| ≤ m21, |φ22(t, s, ε)| ≤ (ε+e
−k(t−s)

ε )m22,

(3.38)

uniformly for all 0 ≤ s ≤ t ≤ 1, ε > 0 where k and mij for i, j = 1, 2 are fixed, positive

constants and the norm is defined in (A.9).

As B is bounded for all t ∈ [0, 1] and ε ≥ 0, it follows from (3.8), (3.36) and (3.38) that

z(t, ε) = zN(t, ε) +O(εN+1) as ε→ 0, (3.39)

on [0, 1]. Substituting (3.8) and (3.39) into (3.35), gives the inequality in (3.9). As u is the

optimal control and Puc is a minimisation problem, it follows that JP(u, z, ε) ≤ JP(uN , zN , ε).

Hence, we may conclude that that the O(εN+1) term in (3.9) satisfies O(εN+1) < 0 for any

integer N ≥ 0 as ε→ 0.

Proof of Lemma 3.7

The proof follows from integrating the differential equations in Duc with the approximate

optimal control ρN in (3.12) and the boundary condition at t = 1 given by (3.14). From the

definition in (3.10), we obtain

∣∣∣∣VD − JD(ρN , γN)

∣∣∣∣ =

∣∣∣∣12
∫ 1

0

−ρTQ−1ρ− γTBR−1BTγ + (ρN)TQ−1ρN+

(γN)TBR−1BTγNdt− γ(0)T Iεz0 −
1

2
γ(1)T Iεπ−1Iεγ(1)

+ γN(0)T Iεz0 +
1

2
γN(1)T Iεπ−1IεγN(1)

∣∣∣∣,
(3.40)
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where γN is the state that satisfies the equations in Duc with control given by ρN in (3.12) and

boundary condition (3.14). It follows from (3.12), (3.39) and (3.49) that

ρ(t, ε) = ρN(t, ε) +O(εN+1), as ε→ 0, (3.41)

for any integer N ≥ 0, on [0, 1]. Furthermore, from (3.14), (3.41), (3.47), and (3.48), it follows

that

γ(1, ε) = γN(1, ε) +O(εN+1), as ε→ 0. (3.42)

Define a change of variable t = 1− ω. Then, γω(ω) = γ(1− ω) and γNω (ω) = γN(1− ω) satisfy

the following dynamics

Iε
dγω
dω

= A(1− ω, ε)Tγω − ρ(1− ω), γω(0, ε) = −I 1
επ(ε)Q(1, ε)−1ρ(1, ε),

Iε
dγNω
dω

= A(1− ω, ε)TγNω − ρN(1− ω), γNω (0, ε) = −I 1
επ(ε)Q(1, ε)−1ρN(1, ε).

(3.43)

It is easily verified that the dynamics in (3.43) satisfy the hypotheses of Theorem A.9. Thus,

it follows from Theorem A.9 that the solutions γNω and γω can be represented respectively as

γNω (ω) = Φ
I
1
ε AT

(ω, 0, ε)γNω (0, ε)−
∫ ω

0

Φ
I
1
ε AT

(ω, r, ε)I
1
ε ρNdr,

γω(ω) = Φ
I
1
ε AT

(ω, 0, ε)γω(0, ε)−
∫ ω

0

Φ
I
1
ε AT

(ω, r, ε)I
1
ε ρ dr,

(3.44)

where Φ
I
1
ε AT

is the resolvent matrix for the homogeneous system

Iε
dγω
dω

= A(1− ω)Tγω,

and satisfies the bounds in (3.38) for some new fixed positive constants k and mij for i, j = 1, 2.

Substituting (3.41) and (3.42) into (3.44), we obtain

γω(t, ε) = γNω (t, ε) +O(εN+1), as ε→ 0,

on [0, 1]. Therefore

γ(t, ε) = γN(t, ε) +O(εN+1), as ε→ 0, (3.45)
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on [0, 1]. Substituting (3.41) and (3.45) into (3.40), we obtain the inequality in (3.13). As ρ

is the optimal control and Duc is a maximisation problem, we obtain the result JD(ρ, γ, ε) ≥

JD(ρN , γN , ε). Hence, we may conclude that that the O(εN+1) term in (3.9) satisfies O(εN+1) >

0 as ε→ 0.

Proof of Theorem 3.8

In order to prove strong duality in Theorem 3.8, we must first derive the necessary optimality

conditions for Duc.

Rewriting Duc as a minimisation problem, the Hamiltonian function is defined as (see [?], Chap.

6)

HD(γ̂, ρ̂, µ̂) = −η(
1

2
(ρ̂TQ−1ρ̂+ γ̂TBR−1BT γ̂)) + µ̂T (−AT γ̂ + ρ̂),

where µ̂ ∈ W 1,1((0, 1); Rm+n) as a function of t is the co-state variable. The scaling µ̂ → I
1
ε µ̂

recovers the standard form of the Hamiltonian in (A.24) where I
1
ε is given in (3.11).

Let ρ, γ, µ denote the optimal control, state and co-state respectively of Duc. Since there

are no boundary conditions at the initial and final time, we have a normal multiplier η = 1 by

Corollary A.24. Applying Theorem A.23 to Duc yields following necessary optimality conditions

Iε
dµ

dt
= Aµ+BR−1BTγ,

Iε
dγ

dt
= −ATγ + ρ,

(3.46)

along with the boundary conditions given by the transversality condition of Theorem A.23

µ(0, ε) = z0, µ(1, ε) = −π(ε)−1Iεγ(1, ε). (3.47)

As the optimal control in Duc is unconstrained, the minimum principle implies that ρ must

satisfy the equality, dHD

dρ
= 0. Hence

ρ = Qµ, (3.48)
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where µ must satisfy the relevant optimality conditions given in (3.46) and (3.47).

Remark 3.13 Similar to Remark 3.9, it is well known that there exists a unique solution to

Duc.

It follows from Remarks 3.9 and 3.13 that there there exists a unique solution to Puc and

Duc respectively. Suppose that z, χ, and u denote the optimal state, co-state and control

respectively of Puc. Consider the following definitions for γ, µ, and ρ

γ(t, ε) = −χ(t, ε),

µ(t, ε) = z(t, ε),

ρ(t, ε) = Q(t, ε)z(t, ε),

(3.49)

for t ∈ [0, 1] , ε > 0. We first show that (γ, ρ) is a feasible solution for the dual problem and

then show that strong duality holds.

Substituting the definitions in (3.49) into the differential equation for χ in (3.19) and the

boundary conditions (3.20) yields

Iεγ̇ = −ATγ + ρ,

µ(0, ε) = z0,

µ(1, ε) = −π(ε)−1Iεγ(1, ε).

(3.50)

The equations in (3.50) are equivalent to the equations for γ in (3.46) with boundary conditions

in (3.47) for Duc. Hence (γ, ρ) is the unique solution of the dual.

As the solution to Duc is unique, in order to show that there is a zero duality gap, we need to

show VP(ε) = VD(ε). Evaluating (3.10) with the state and control given in (3.49) along with
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the substitution γ(1) = −I 1
επµ(1) = −I 1

επz(1) yields

JD(Qz,−χ,−χ(0),−I 1
επz(1), ε)

=
1

2

∫ 1

0

(
− zTQz − χTBR−1BTχ

)
dt+ χ(0)T Iεz0 −

1

2
z(1)Tπz(1),

=

∫ 1

0

(
− 1

2
zTQz − χTBR−1BTχ

)
dt−

∫ 1

0

d

dt
〈Iεχ, z〉dt+

1

2
z(1)Tπz(1),

=
1

2

∫ 1

0

(
− zTQz − χTBR−1BTχ−〈Iεχ̇, z〉−〈χ, Iεż〉

)
dt+

1

2
z(1)Tπz(1). (3.51)

From the differential equations in (3.19), we can evaluate the inner products in the integrand

〈Iεχ̇, z〉 = 〈−ATχ−Qz, z〉,

= −〈ATχ, z〉 − 〈Qz, z〉,

〈χ, Iεż〉 = 〈χ,Az +Bu〉,

= 〈ATχ, z〉+ 〈BTχ, u〉.

(3.52)

Substituting (3.52) and (3.21) into (3.51)

JD(Qz,−I 1
επz(1), ε) =

1

2

∫ 1

0

(
zTQz + χTBR−1BTχ

)
dt

+
1

2
z(1)Tπz(1),

=
1

2

∫ 1

0

(
zTQz + uRu

)
dt+

1

2
z(1)Tπz(1)

= VP(ε).

We have shown that (3.15) in Theorem 3.8 holds. It remains to show that (3.16) holds. However,

this follows immediately from Lemmas 3.5 and 3.7, the uniqueness of a solution to both Puc

and Duc and the strong duality result above.

3.5 Dual Construction

While we have obtained a dual problem and shown that strong duality holds, we have included
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this section on the construction of the dual problem out of interest to the reader. The

techniques used to derive a Fenchel dual optimal control problem draw heavily from the existing

duality results in monotropic programming described in [?], [?], [?], [?], [?] and [?]. The general

methodology for obtaining a dual problem in the cases of monotropic programming is outlined

in Appendix A.

In this section, we detail the extension of the duality results in monotropic programming to

optimal control problems of the form Puc by following the work of [?]. Similar to [?], we begin

by converting the feasible set of Puc into a subspace in order to use the corresponding duality

techniques. In this way, we introduce new variables ŝ0, ŝ1 ∈ Rm+n so that the problem Puc is

transformed into a problem of the form (A.30)


minimise 1

2

∫ 1

0
ẑTQẑ + ûTRûdt+ 1

2
ŝT1 π(ε)ŝ1 + δz0(ŝ0) + δU(û),

over (ẑ, û, ŝ0, ŝ1) ∈ Σ,

where

Σ =

{
(ẑ, û, ŝ0, ŝ1) : (ẑ, û, ŝ0, ŝ1) ∈ W 1,1((0, 1);Rm+n)× L1((0, 1;Rk))× Rm+n × Rmn ,

Iε
dẑ

dt
= Aẑ +Bû, t ∈ [0, 1] a.e., ẑ(0, ε) = ŝ0, ẑ(1, ε) = ŝ1, ε > 0

}
,

(3.53)

and the function δ is defined in (A.31).

Lemma 3.14 The feasible set Σ is a closed subspace of W 1,1×L1×Rn+m×Rn+m with respect

to the product topology.

The proof follows from basic algebra and we leave the details to the reader.Following the

method in [?], we introduce the variables v̂1 ∈ W 1,1((0, 1); Rm+n) and v̂2 ∈ W 1,1((0, 1); Rk),

as functions of t, and κ̂0, κ̂1 ∈ Rn+m in order to dualise the problem. The objective functional

and conditions become

JP(v̂, ŵ, ε, κ̂0, κ̂1) =
1

2

∫ 1

0

v̂T1 Qv̂1 + v̂T2 Rv̂2 dt+
1

2
κ̂T1 π(ε)κ̂1 + δz0(κ̂0) + δU(ŵ), (3.54)
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subject to v̂1(t, ε) = ẑ(t, ε), v̂2(t, ε) = û(t, ε), κ̂0 = ŝ0, κ̂1 = ŝ1, (ẑ, û, ŝ0, ŝ1) ∈ Σ. We

separate the terms in (3.54) into the following four functions

f1(v̂1) =
1

2

∫ 1

0

v̂T1 Qv̂1dt, f2(v̂2) =
1

2

∫ 1

0

v̂T2 Rv̂2dt, f3(κ̂0) = δz0(κ̂0), f4(κ̂1) =
1

2
κ̂T1 πκ̂1.

It follows from [?] that the dual functional JD can be written as

JD(ρ̂, λ̂2, λ̂3, λ̂4) =


−f ∗1 (ρ̂)−f ∗2 (λ̂2)−f ∗3 (λ̂3)−f ∗4 (λ̂4) if (ρ̂, λ̂2, λ̂3, λ̂4) ∈ Σ⊥,

−∞ otherwise,

where (ρ̂, λ̂2, λ̂3, λ̂4) ∈ W 1,1×L1×Rm+n×Rm+n and Σ⊥ is orthogonal to Σ. The functions f ∗1 (ρ̂),

f ∗2 (λ̂2), f ∗3 (λ̂3), and f ∗4 (λ̂4) are the Fenchel duals of f1(v̂1), f2(v̂2),f3(κ̂0) and f4(κ̂1) respectively

and are defined as follows

f ∗1 (ρ̂) = sup
v̂1∈W 1,1

∫ 1

0

ρ̂T v̂1 −
1

2
v̂T1 Qv̂1dt,

f ∗2 (λ̂2) = sup
v̂2∈W 1,1

∫ 1

0

λ̂T2 v̂2 −
1

2
v̂2
TRv̂2dt,

f ∗3 (λ̂3) = sup
κ̂0∈Rm+n

λ̂3(ε)T κ̂0 − δz0(κ̂0),

f ∗4 (λ̂4) = sup
κ̂1∈Rm+n

λ̂4(ε)T κ̂1 −
1

2
κ̂T1 πκ̂1.

(3.55)

Hence, the dual problem can be written as


maximise −f ∗1 (ρ̂)− f ∗2 (λ̂2)− f ∗3 (λ̂3)− f ∗4 (λ̂4),

over (ρ̂, λ̂2, λ̂3, λ̂4) ∈ Σ⊥.

(3.56)

We will simplify the problem in (3.56) by finding the solutions to the functions in (3.55). We

may rewrite −f ∗1 (ρ̂) and −f ∗2 (λ̂2) respectively as

−f ∗1 (ρ̂) = inf
v̂1(t,ε)∈W 1,1

∫ 1

0

F1(v̂1, t, ε)dt,

−f ∗2 (λ̂2) = inf
v̂2(t,ε)∈W 1,1

∫ 1

0

F2(v̂2, t, ε)dt,
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where

F1(v̂1, t, ε) =
1

2
v̂1
TQv̂1 − ρ̂T v̂1,

F2(v̂2, t, ε) =
1

2
v̂2
TRv̂2 − λ̂T2 v̂2.

(3.57)

Let vi, i = 1, 2 denote the optimal solution to the corresponding equations in (3.57). From

calculus of variations, we know that vi, i = 1, 2 solves (3.57) if and only if it satisfies the

respective Euler-Lagrange equation

d

dt

∂Fi
∂v̇i

=
∂Fi
∂vi

, i = 1, 2. (3.58)

Since ∂Fi
∂v̇i

= 0, i=1,2, we have ∂Fi
∂vi

= 0 for i = 1, 2. Hence ρ̂ = Qv1, λ̂2 = Rv2. It follows that

f ∗1 (ρ̂) =
1

2

∫ 1

0

ρ̂TQ−1ρ̂dt,

f ∗2 (λ̂1) =
1

2

∫ 1

0

λ̂T2R(t, ε)−1λ̂2(t, ε)dt.

(3.59)

Solving f ∗3 (λ̂3) and f ∗4 (λ̂4) we obtain,

f ∗3 (λ̂3) = λ̂3(ε)T z0,

f ∗4 (λ̂4) =
1

2
λ̂4(ε)Tπ(ε)−1λ̂4(ε).

(3.60)

Substituting (3.59) and (3.60) into (3.56), the dual problem becomes


maximise JD(ρ̂, λ̂2, λ̂3, λ̂4, ε),

over (ρ̂, λ̂2, λ̂3, λ̂4) ∈ Σ⊥,

(3.61)

where

JD =
1

2

∫ 1

0

−ρ̂TQ−1ρ̂− λ̂T2R−1λ̂2dt− λ̂3(ε)T z0 −
1

2
λ̂4(ε)Tπ(ε)−1λ̂4(ε). (3.62)

The following lemma will allow us to prove Theorem 3.8. The derivation below is similar to
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that in [?] but modified to allow for the singularly perturbed dynamics.

Lemma 3.15 The subspace Σ⊥, orthogonal to Σ, is given by

Σ⊥ =

{
(ρ̂, λ̂2, λ̂3, λ̂4) : ρ̂ = Iε

dγ̂

dt
+ AT γ̂, λ̂2 = BT γ̂,

λ̂3 = Iεγ̂(0), λ̂4 = −Iεγ̂(1), t ∈ [0, 1], ε > 0

}
,

where

γ̂(t, ε) = −I 1
ε

(∫ 1

t

Φ
I
1
ε A

(s, t)T ρ̂dt− Φ
I
1
ε A

(1, t)T Iεγ̂(1)

)
.

and Φ
I
1
ε A

is the resolvent matrix of the differential equations in (3.37).

Proof For simplicity we omit the dependence on ε for all variables. Let (ρ̂, λ̂2, λ̂3, λ̂4) ∈ Σ⊥.

As Σ⊥ is orthogonal to Σ

λ̂T4 ŝ1 + λ̂T3 ŝ0 +

∫ 1

0

ρ̂T ẑ + λ̂T2 ûdt = 0. (3.63)

It follows from Theorem A.9 that the solution to the differential equations in Puc at time t and

time t = 1 is given by

ẑ(t) = Φ
I
1
ε A

(t, 0)ŝ0 +

∫ t

0

Φ
I
1
ε A

(t, s)I
1
εBûds,

ŝ1 = ẑ(1) = Φ
I
1
ε A

(1, 0)ŝ0 +

∫ 1

0

Φ
I
1
ε A

(1, s)I
1
εBûds,

(3.64)

respectively. Note that the equations in (3.64) are integrable because the resolvent matrix

satisfies the bounds in (3.38). Substituting (3.64) into (3.63) yields

λ̂T4

(
Φ
I
1
ε A

(1, 0)ŝ0 +

∫ 1

0

Φ
I
1
ε A

(1, s)I
1
εB(s)û(s)ds

)
+ λ̂T3 ŝ0

+

∫ 1

0

(
ρ̂(t)T

(
Φ
I
1
ε A

(t, 0)ŝ0 +

∫ t

0

Φ
I
1
ε A

(t, s)I
1
εB(s)û(s)ds

)
+ λ̂2(t)T û(t)

)
dt = 0.
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Changing the order of integration

λ̂T4 Φ
I
1
ε A

(1, 0)ŝ0 + λ̂T4

∫ 1

0

Φ
I
1
ε A

(1, s)I
1
εB(s)û(s)ds+ λ̂T3 ŝ0 +

∫ 1

0

ρ̂(s)TΦ
I
1
ε A

(s, 0)ŝ0ds

+

∫ 1

0

(∫ 1

s

ρ̂(t)TΦ
I
1
ε A

(t, s)dt

)
I

1
εB(s)û(s)ds+

∫ 1

0

λ̂T2 (s)û(s)ds = 0.

After some manipulation of terms, we obtain

0 =

(
λ̂T4 Φ

I
1
ε A

(1, 0) + λ̂T3 +

∫ 1

0

ρ̂TΦ
I
1
ε A

(s, 0)ds

)
ŝ0+∫ 1

0

(
λ̂T2 +

(∫ 1

s

ρ̂TΦ
I
1
ε A

(t, s)dt+ λ̂T4 Φ
I
1
ε A

(1, s)

)
I

1
εB

)
ûds.

Since ŝ0 and û are arbitrary we obtain the following equations

0 = λ̂T4 Φ
I
1
ε A

(1, 0) + λ̂T3 +

∫ 1

0

ρ̂(s)TΦ
I
1
ε A

(s, 0)ds, (3.65)

0 = λ̂2(s)+B(s)T I
1
ε

(∫ 1

s

Φ
I
1
ε A

(t, s)T ρ̂dt+ Φ
I
1
ε A

(1, s)T λ̂4

)
. (3.66)

Define

γ(s) = −I 1
ε

(∫ 1

s

Φ
I
1
ε A

(t, s)T ρ̂dt+ Φ
I
1
ε A

(1, s)T λ̂4

)
. (3.67)

Substituting (3.67) into (3.66)

λ̂2(s) = BT (s)γ̂(s). (3.68)

Setting s = 1 in (3.67) we get

γ̂(1) = −I 1
ε λ̂4. (3.69)

From Theorem A.9, it follows that the expression for γ̂ in (3.67) is the general solution to

Iε
dγ̂

dt
= −AT γ̂ + ρ̂. (3.70)
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Rearranging (3.70) and substituting into (3.65),

λ̂T3 =−
∫ 1

0

dγ̂

dt

T

IεΦ
I
1
ε A

(t, 0)dt− λ̂T4 Φ
I
1
ε A

(1, 0)

−
∫ 1

0

γ̂(t)TAΦ
I
1
ε A

(t, 0)dt.

Integrating by parts gives us

λ̂T3 = −γ̂(1)T IεΦ
I
1
ε A

(1, 0) + γ̂(0)T Iε − λ̂T4 Φ
I
1
ε A

(1, 0). (3.71)

Substituting (3.69) into (3.71)

λ̂T3 = γ̂(0)T Iε. (3.72)

From (3.68), (3.69), (3.70), (3.72), we obtain the equations in Σ⊥.

Substituting the results of Lemma 3.15 into (3.61) and (3.62), we obtain the dual formulation

found in Duc.

3.6 Numerical Results

In this section, we illustrate the applicability of our method by considering the Digital-Fly-by-

Wire (DFW) program that was developed by NASA [?] for an F-8 aircraft and subsequently

investigated in [?], [?], [?], [?], and [?]. This program interprets the pilots’ flight path input

signals and picks the flight control that will achieve this path while accounting for both the air-

craft dynamics and the various sensors relating to aircraft performance. In this case, the solver

was able to compute a solution to Puc; however, we choose to run numerical experiments on the

model developed in [?] rather than on a more complex model in order to provide a simple exam-

ple with intuition. The results of this paper, however, are applicable to larger problems where

greater computational savings will be achieved and a large scale example will beconsidered

in Chapter 5. All simulations were computed using GPOPS-II within Matlab. GPOPS-II is a

software for solving continuous optimal control problems using Gaussian quadrature collocation
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and sparse nonlinear programming.

The singularly perturbed dynamics for this problem are taken from [?]. The states variables

are defined as follows: x1 is the velocity, x2 is the angel of attack (rad), y1 is the pitch rate

(rad/sec), y2 is the pitch angle (rad) and u is the stabilator deflection (rad). These variables

represent the various quantities relative to a pre-defined equilibrium position of the aircraft.

The matrices Iε, Q, R π, Aij and Bi for i, j = 12 are defined as follows

A11 =

−0.195378 −0.676469

1.478265 0

 , A12 =

−0.917160 0.109033

0 0

 ,
A21 =

−0.051601 0

0.013579 0

 , A22 =

−0.367954 0.43804

−2.102596 −0.21464

 ,
B1 =

 −0.023109

−16.945030

 , B2 =

−0.048184

−3.810954



Iε =



1 0 0 0

0 1 0 0

0 0 ε 0

0 0 0 ε


.

The objective cost function to be minimised is given by

∫ 5

0

z(tε)T I4z(t, ε) + u(t, ε)2dt+
1

2
z(5, ε)T Iεz(5, ε),

where zT = (x1, x2, y1, y2). The initial conditions for the state variables are given by

[
−2 3 −4 1

]T
.

Furthermore, we set ε = 0.0336. We wish to find the optimal control that returns the aircraft

to the equilibrium position.

The initial condition of the reduced problem is given by

[
−2 3

]T
. The matrices associated
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with the reduced problem are defined as follows

Q =

1.009401 0

0 1

 , A =

−0.143614 −0.676469

1.050984 0

 , B =

 1.375594

−16.945030

 .
and R = 5.513834, π0

11 = I2. The matrix T in (3.2) is given by



−0.1184 0.5421 −0.1824 −0.1176

0.9515 −0.4073 −0.4093 −0.9369

−0.1579 0.7281 0.8931 0.2075

0.2360 −0.1003 0.0399 0.2556


,

and the eigenvalues of the matrix Λ(t) in (3.3) are given by 3.5244 and 0.6663, for all t ∈ [0, 5].

The constants c and c1 in (3.31) and (3.34) respectively are given by

c =

 3.5607

−0.7475

 , and c1 =

 0.0765

−0.0544

 .

The minimum cost of the primal problem and the upper and lower bounds are plotted as

ε → 0 in Fig. 3.1. Furthermore, we have plotted the approximation described in [?] and [?].

It is clear that from approximately ε = 0.035, the upper and lower bound provide a better

approximation to the minimum cost than the approximation in [?] and [?]. Hence, the bounds

provide additional information to the practitioner which can often be of considerable value

when considering a choice of approximation.
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Figure 3.1: Reduced Approximation and Minimum Cost Bound for N = 1 as ε→ 0.
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In Fig. 3.2, we have plotted the difference between the upper and lower bounds for N=1. This

graph shows that the upper and lower bounds are converging to the minimum cost as ε → 0.

Thus, it is clear that one now has a method for determining whether the approximation V N is

adequate for the purposes of the problem and, furthermore, if it is not adequate, a method of

obtaining a better approximation to the minimum cost.
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Figure 3.2: Error Bound as ε→ 0.

3.7 Discussion

In this chapter we have proposed a method to compute an arbitrarily tight upper bound χNu

and lower bound χNl on the minimum cost of a singularly perturbed optimal control problem

such that the bounds satisfy (3.7) for any positive integer N . Our methodology is based

on the construction of both a dual problem problem with a strong duality property and a

reduced dimension problem. It is clear from our results that obtaining the upper and lower

bounds significantly improves the amount of information available to the practitioner as the

bounds hold for all ε and hence provide, for all ε, a criterion that determines the quality of

any approximation to the minimum cost. In particular, we consider an example from aerospace

engineering and demonstrate, for various values of ε, that our upper and lower bounds provide

superior approximations to the existing reduced order approximations and furthermore, yield

a criterion for evaluating the quality of any approximation.

We note that there may exist challenges in extending the current open-loop control constrained

work to less idealised conditions; in particular, while an asymptotic expansion of the solution
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to Puc may be obtained in the infinite time horizon case as the usual conditions of stabilisabil-

ity and detectability can be imposed, the construction of the dual problem requires additional

technical assumptions. We leave this investigation to future work. It is of interest to ex-

plore extensions to a closed loop formulation in addition to exploring alternative methods of

constructing an asymptotic expansion of the optimal control of Puc.



Chapter 4

Upper and Lower Bounds on

Constrained Control Problems

In this chapter, we present a methodology for obtaining upper and lower bounds on the mini-

mum cost of a singularly perturbed, linear-quadratic, constrained control problem whose min-

imum cost is known to be computationally intractable. In previous works (see [?], [?], [?] and

[?]), the minimum cost of a reduced order and computationally tractable problem has been

shown to be the limit as ε → 0 of the minimum cost of the perturbed problem. We improve

on this result by deriving a tight upper and lower bound on the minimum cost for arbitrary ε.

Furthermore, we carry out numerical experiments to illustrate the advantages of our results.

Section 4.1 presents the control constrained problem under consideration. Section 4.2 presents

the associated dual and reduced order problems and covers the main theorems of this chap-

ter. Section 4.3 develops the construction of the asymptotic expansion to the solution of the

perturbed problem and provides the proof of asymptotic correctness. The proofs of the main

theorems are presented in Section 4.4 and the construction of the dual problem is presented in

Section 4.5. Section 4.6 covers the numerical results of this chapter and we conclude with a

brief discussion and possible extensions to our work in Section 4.7.

72



4.1. Introduction 73

4.1 Introduction

In this chapter, we consider the following problem Pc where the notation stands for ‘Primal’

and ‘Constrained’

minimise JP(ẑ1, ẑ2, û, ε),

over ẑ1 ∈ W 1,2((0, 1); Rm), ẑ2 ∈ W 1,2((0, 1); Rn), and û ∈ L2((0, 1); Rk)

as functions of t and satisfying

dẑ1

dt
= A11(t, ε)ẑ1 + A12(t, ε)ẑ2 +B1(t, ε)û, t ∈ [0, 1] a.e.,

ε
dẑ2

dt
= A21(t, ε)ẑ1 + A22(t, ε)ẑ2 + εB2(t, ε)û, t ∈ [0, 1] a.e.,

ẑ1(0, ε) = z1,0, ẑ2(0, ε) = z2,0, u ∈ U,

(Pc)

for ε > 0 where the functional, JP, is defined as

JP =
1

2

∫ 1

0

ẑ(t, ε)TQ(t, ε)ẑ(t, ε) + û(t, ε)TR(t, ε)û(t, ε)dt+
1

2
ẑ(1, ε)Tπ(ε)ẑ(1, ε), (4.1)

and ẑT =

[
ẑT1 , ẑ

T
2

]
. For any ε > 0, the control û is constrained to be in the set U , where

U = {û ∈ L2((0, 1);Rk) : αj(t) ≤ uj(t) ≤ βj(t) for all j = 1, . . . k, t ∈ [0, 1]}, (4.2)

and the functions α, β : [0, 1]→ Rk are continuous in t. In addition, the assumptions (1) - (5)

from Chapter 1 and (6) and (9) from Chapter 3 hold and we further impose the condition

(10) The matrix R is diagonal for all t ∈ [0, 1], ε ≥ 0.

Assumption (10) is needed in order to formulate the dual objective function in the control

constrained case.

Remark 4.1 The variables ẑ and û are restricted to the W 1,2 and L2 spaces respectively in

order to satisfy the hypotheses in Theorem A.26 as this provides conditions under which the
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solution to Pc exists and is unique. For fixed ε, we denote the minimum cost of Pc by V P(ε)

and we denote the optimal state and control by z and u respectively.We note that it is possible

to derive similar existence and uniqueness results under weaker conditions ([?] Theorem 23.11).

However as this would add additional complexity to this thesis, we have chosen to focus on the

result in Theorem A.26.

Very little work has focused on applying reduced order modeling to control constrained singu-

larly perturbed problems ([?] Section 8). While slightly more general problems than Pc have

been considered (see [?], [?], [?] and [?]), only a limiting approximation V̄ (ε) has been derived.

I.e.,

lim
ε→0

V (ε) = V̄ .

In this chapter, we restrict the structure imposed on control constrained problems to the cases

where there is an εB2 multiplying the control u in the differential equation for ẑ2; however,

under this structure, we are able to derive an upper bound χu(ε) and lower bound χl(ε) of V (ε)

that hold for arbitrary ε and, furthermore, satisfy the bound

|χu(ε)− χl(ε)| = O(ε), as ε→ 0. (4.3)

The general steps in obtaining the bounds follow those of Chapter 3: we derive a dual problem

with the strong duality property and construct an asymptotic expansion to the optimal control

of both the primal and dual problems. However, we will make considerable modifications to

the analysis due to the control constraint and the resulting non-linearity in the optimality

conditions. Furthermore, unlike in Chapter 3 where the asymptotic expansion of the optimal

control to the primal problem was proved in [?] and [?], there has been no similar result derived

for a constrained optimal control. Hence, a section of this chapter will be devoted to proving

that the constrained optimal control admits an asymptotic expansion and determining the

coefficient of the first term of this asymptotic expansion.
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4.2 Main Results

In this section, we present the results which lead to the construction of tight upper and lower

bounds on the minimum cost of Pc. In Lemma 4.2, we show that there exists a unique solution

to Pc. Following this, we construct a reduced dimension problem P̄c and show that P̄c admits

a unique solution using both Lemmas 4.3 and 4.4. Lemma 4.5 then presents an asymptotically

tight upper bound on the minimum cost of Pc. Following this, we introduce the dual problem

Dc and present a tight lower bound on the maximum cost of Dc in Lemma 4.7. Finally, our

main result is presented in Theorem 4.8 which shows that strong duality between Pc and Dc

holds and provides the result that arbitrarily tight upper and lower bounds on the minimum

cost of Pc can be constructed from Lemmas 4.5 and 4.7. The methodology for obtaining the

bounds on the minimum cost of Pc is depicted in Fig. 1.2 in Chapter 1.

Lemma 4.2 Let Σ denote the feasible set for Pc, i.e.,

Σ =

{
(ẑ, û) : ẑ ∈ W 1,2((0, 1);Rm+n), û ∈ U, ẑ(0, ε) = z0 for all ε,

Iε
dẑ

dt
= A(t, ε)ẑ + IεB(t, ε)û ∀t ∈ [0, 1] a.e., ε > 0

}
,

(4.4)

where the matrices A, B and Iε are defined in (3.11) and(3.18). There exists a unique solution

to the primal problem Pc.

The proof of Lemma 4.2 is contained in Section 4.3.

We now formulate the reduced problem for Pc. Consider the following problem



minimise J̄P(ẑ1, û),

over ẑ1 ∈ W 1,2((0, 1);Rm) and û ∈ L2((0, 1);Rk) as functions of t satisfying

dẑ1
dt

= A(t)ẑ1 +B0
1(t)û,

ẑ1(0) = z1,0, u ∈ U,

(P̄c)
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where the functional J̄P(ẑ1, û) is defined by

J̄P(ẑ1, û) =
1

2

∫ 1

0

ẑ1(t)TQ(t)ẑ1(t) + û(t)TR0(t)û(t)dt+
1

2
ẑ1(1)Tπ0

11ẑ1(1). (4.5)

The matrices Q and A are defined as

Q =Q0
11−Q0

12(A0
22)−1A0

21−(A0
21)T ((A0

22)−1)T (Q0
12)T+(A0

21)T ((A0
22)−1)TQ0

22(A0
22)−1A0

21,

A =A0
11 − A0

12(A0
22)−1A0

21.

(4.6)

For simplicity we have omitted the dependence of the variables in (4.6) on t. Throughout this

chapter, when convenient, we may omit dependence on t and ε for further notational simplicity.

Lemma 4.3 The matrix Q defined in (4.6) is positive semi-definite for all t ∈ [0, 1] and ε ≥ 0.

Proof As Q0 is positive definite, it follows that it may be represented as Q0 = MTM , for some

real non-singular matrix M = [D C] with D ∈ Rm+n×m and C ∈ Rm+n×n. For any vector v,

let us define u = v and w = −(A0
22)−1A0

21v. The equation vTQv may be represented as

vTQv =uTDTDu+ uDTCw + wTCTDu+ wTCTCw,

=(Du+ Cw)T (Du+ Cw) = ‖(Du+ Cw)‖2
2 ≥ 0.

The problem P̄c is equivalent to Pc evaluated at ε = 0 and with the boundary condition for ẑ2

ignored.

Lemma 4.4 Let Σ̄ denote the feasible set for P̄c, i.e.,

Σ̄ =

{
(ẑ1, û) : ẑ1 ∈ W 1,2((0, 1);Rm), û ∈ U, ẑ1(0) = z1,0 ,

dẑ1

dt
= A(t)ẑ1 +B0

1(t)û, t ∈ [0, 1] a.e.

}
.

(4.7)

There exists a unique optimal state and control to P̄c, denoted by z̄1 and ū, respectively.
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The proof of Lemma 4.4 is similar to that of Lemma 4.2. For this reason in Section 4.3, we only

give the proof for Lemma 4.2 and we invite the reader to make the necessary modifications for

the proof of Lemma 4.4.

Lemma 4.5 Let u and ū denote the optimal control for P and P̄c respectively. Then the

following equation holds

u(t, ε) = ū(t) +O(ε) as ε→ 0, (4.8)

on [0, 1]. Moreover, the control ū := ū(t) provides an arbitrarily tight upper bound on the

minimum cost of Pc in the sense that

V P(ε) = JP(ū, ẑ, ε) +O(ε), where O(ε) < 0 as ε→ 0. (4.9)

In (4.9), V P(ε) is the minimum cost of Pc, J
P is the objective functional in (4.1), and ẑ is the

state satisfying the differential equations and boundary conditions in Pc with control given by

ū.

The proof of (4.8) is contained in Section 4.3 and the proof of (4.9) is contained in Section 4.4.

We consider the following problem as the dual problem to Pc

maximise JD(ρ̂1, ρ̂2, γ̂1, γ̂2, ε),

over γ̂1 ∈ W 1,2((0, 1);Rm), and γ̂2 ∈ W 1,2((0, 1);Rn), ρ̂1 ∈ L2((0, 1);Rm)

and ρ̂2 ∈ L2((0, 1);Rn) as functions of t satisfying

dγ̂1

dt
= −A11(t, ε)T γ̂1 − A21(t, ε)T γ̂2 + ρ̂1, t ∈ [0, 1] a.e.,

ε
dγ̂2

dt
= −A12(t, ε)T γ̂1 − A22(t, ε)T γ̂2 + ρ̂2, t ∈ [0, 1] a.e.,

(Dc)

where the functional JD is given by

JD =

∫ 1

0

−1

2
ρ̂TQ−1ρ̂− θ(γ̂)dt− γ̂(0, ε)T Iεz0 −

1

2
γ̂(1, ε)T Iεπ(ε)−1Iεγ̂(1, ε), (4.10)
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and ρ̂T =

[
ρ̂T1 , ρ̂

T
2

]
, γ̂T =

[
γ̂T1 , γ̂

T
2

]
. In (4.10), the function θ(γ̂) =

∑k
j=1 θj(γ̂) where θj is

defined as

θj(γ̂) =



1
2Rjj

(γ̂T IεB)2
j if αj ≤ (R−1BT Iεγ̂)j ≤ βj,

αj(γ̂
T IεB)j − 1

2
α2
jRjj if αj > (R−1BT Iεγ̂)j,

βj(γ̂
T IεB)j − 1

2
β2
jRjj if βj < (R−1BT Iεγ̂)j.

(4.11)

The construction of Dc is found in Section 4.5.

Remark 4.6 We will show in Section 4.4 that there exists a feasible solution to Dc. Further-

more, from the strong duality result in the Theorem 4.8, it will follow that the solution to Dc is

unique. Consequently, we let V D(ε) denote the maximum cost of Dc and we let γ and ρ denote

the optimal state and control value respectively.

Lemma 4.7 Consider the following control

ρ̄(t, ε) = Q(t, ε)ẑ(t, ε), (4.12)

where ẑ is the state satisfying the differential equations and boundary conditions in Pc with

control given by ū. The control ρ̄ := ρ̄(t, ε) provides an arbitrarily tight lower bound on the

maximum cost of Dc in the sense that

V D(ε) = JD(ρ̄, γ̂, ε) +O(ε), where O(ε) > 0 as ε→ 0. (4.13)

In (4.13), V D(ε) is the maximum cost of Dc, J
D is the objective functional in (4.10), and γ̂

satisfies the differential equations in Dc with control given by ρ̄ and boundary condition

γ̂(1, ε) = −I 1
επ(ε)Q(1, ε)−1ρ̄(1, ε). (4.14)

The proof of Lemma 4.7 is contained in Section 4.4.
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Theorem 4.8 The primal and dual problems are in strong duality; i.e., the following equality

holds

V P(ε) = V D(ε), for ε > 0. (4.15)

Moreover, the following equality and asymptotic result holds

JD(ρ̄, γ̂, ε) ≤ V D(ε) = V P(ε) ≤ JP(ū, ẑ, ε),∣∣∣∣JP(ū, ẑ, ε)− JD(ρ̄, γ̂, ε)

∣∣∣∣ = O(ε),
(4.16)

as ε→ 0 with ẑ and γ̂ as in Lemma 4.5 and 4.7 respectively.

The strong duality result in (4.15) of Theorem 4.8 will be proved in Section 4.4. The result in

(4.16) follows immediately from strong duality and Lemmas 4.5 and 4.7.

4.3 Asymptotic Expansion of Optimal Variables Pc

In this section, we construct an asymptotic expansion of the optimal state, co-state and control

of Pc and show that the optimal state, co-state and control of the reduced problem P̄c composes

the leading term in the asymptotic expansion of the corresponding respective function in Pc.

We begin by proving Lemmas 4.2 and 4.4 which state that there exists a unique solution to Pc

and P̄c respectively. Following this, we derive the necessary optimality conditions for Pc and

P̄c and then proceed to construct an asymptotic expansion and prove (4.8).

Lemma 4.9 The feasible sets Σ and Σ̄ defined in (4.4) and (4.7) respectively are closed and

convex.

Proof As the proofs to show that Σ and Σ̄ are closed and convex are very similar, we will

prove the result for Σ only and leave the proof for Σ̄ to the reader.

In order to show Σ is closed, let us suppose there exists a sequence {zn, un} in Σ which converges

point-wise to (z∗, u∗). Since zn(0, ε) = z0 for all ε, it follows that limn→∞ zn(0, ε) = z0 for
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all ε. As un are uniformly bounded on [0, 1] as n → ∞ it follows that u∗ ∈ L2((0, 1);Rk) and,

moreover, that zn and dzn
dt

are uniformly bounded as n→∞. As zn is uniformly bounded and

point-wise convergent to z∗ it follows that z∗ ∈ L2((0, 1);Rm+n). For each n ∈ N, zn admits a

weak derivative dzn
dt

. Hence, by definition

−
∫ 1

0

dzn
dt
φ(t)dt =

∫ 1

0

zn
dφ

dt
dt ∀φ ∈ C∞c ((0, 1);Rm+n),

where C∞c ((0, 1);Rm+n) is the class of infinitely differentiable functions with compact support

in (0, 1). Noting that zn and dzn
dt

are uniformly bounded almost everywhere and zn and dzn
dt

are point-wise convergent to z∗ and I
1
εAz∗ + Bu∗ respectively, it follows from the Lebesgue

Dominated Convergence theorem that

−
∫ 1

0

lim
n→∞

dzn
dt
φ(t)dt = − lim

n→∞

∫ 1

0

dzn
dt
φ(t)dt = lim

n→∞

∫ 1

0

zn
dφ

dt
dt =

∫ 1

0

lim
n→∞

zn
dφ

dt
dt =

∫ 1

0

z∗
dφ

dt
dt.

Hence there exists a weak derivative dz∗

dt
for z∗ that is unique up to a set of measure zero

satisfying

dz∗

dt
= lim

n→∞

dzn
dt

= lim
n→∞

(I
1
εAzn +Bun) = I

1
εAz∗ +Bu∗. (4.17)

It remains to show that dz∗

dt
∈ L2((0, 1);Rm+n); however, this follows immediately from (4.17)

as z∗ ∈ L2((0, 1);Rm+n) and u∗ ∈ L2((0, 1);Rk). Hence the set Σ is closed. To show that Σ is

convex, let (z1, u1), (z2, u2) ∈ Σ and let θ ∈ R satisfying 0 ≤ θ ≤ 1. Then

• θz1(0) + (1− θ)z2(0) = z0,

• d
dt

(Iεθz1(t) + (1− θ)(z2(t))) = Iεθ dz1
dt

+ Iε(1− θ)dz2
dt

= θ(A(t, ε)z1 + IεB(t, ε)u1) + (1− θ)(A(t, ε)z2 + IεB(t, ε)u2)

= A(t, ε)(θz1(t) + (1− θ)z2(t)) +B(t, ε)(θu1(t) + (1− θ)u2(t)).

From the equalities above and the property that W 1,2 and L2 are closed under scalar multipli-

cation and addition, it follows that Σ is convex.
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Lemma 4.10 The functionals JP and J̄P are strictly convex, continuous and coercive with

respect to W 1,2 × L2 over their respective feasible sets.

Proof We will prove the lemma for JP only as the proof follows similarly for J̄P.

• As JP is quadratic in ẑ and û and the matrices Q, R and π are positive definite, it is easily

shown that strong convexity holds. Consider the quadratic function f(z) = zTQz where

Q ∈ Rm+n×m+n is positive definite. For any m + n dimensional vectors x and y, the

following inequalities hold

(x− y)TQ(x− y) > 0,

xTQx− xTQy − yTQx+ yTQy > 0.

For any θ ∈ [0, 1], we obtain

θ(1− θ)(xTQx− xTQy − yTQx+ yTQy) > 0.

θ(θ − 1)xTQx+ θ(1− θ)xTQy + θ(1− θ)yTQx+ θ(θ − 1)yTQy < 0,

θ2xTQx+ (1− θ)2yTQy + θ(1− θ)xTQy + θ(1− θ)yTQx < θxTQx+ (1− θ)yTQy,

(θx+ (1− θ)y)TQ(θx+ (1− θ)y) < θxTQx+ (1− θ)yTQy.

Hence, the function f(z) is strongly convex. Strong convexity of JP will follow from

repeating the above derivation for the cases uTRu and z(1)Tπz(1). Note that a similar

derivation holds for J̄P as R and π0
11 are positive definite and Q is positive semi-definite.

• It is clear that JP is continuous in ẑ and û as it is differentiable in ẑ and û.

• In order to show that JP is coercive over Σ, we must show that for any element (z, u) ∈ Σ,

‖(z, u)‖W 1,2×L2 →∞⇒ JP →∞, where the norm is defined in (A.23). Since Q, R and π

are positive definite, it follows that for each matrix there exists a unique decomposition

given by Q = CT
1 D2C1, R = CT

2 D2C2 and π = CT
3 D3C3 where D1, D2 and D3 are

diagonal matrices consisting of the eigenvalues of Q, R and π respectively and C1, C2
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and C3 are the orthogonal matrices of corresponding eigenvectors, i.e., CT
i Ci = I for

i = 1, 2, 3. Denote by λQ and λR the smallest eigenvalue of Q and R respectively over

[0, 1] and by λπ the smallest eigenvalue of π. By the positive definiteness condition, λQ,

λR, λπ > 0. It follows that JP satisfies the following inequality

JP(z, u) =

∫ 1

0

zTCT
1 D1C1z + uTCT

2 D2C2udt+ z(1)TCT
3 D3C3z(1),

≥λQ
∫ 1

0

|C1z|22 dt+ λr

∫ 1

0

|C2u|22 dt+ λπ|C3z(1)|22,

=λQ

∫ 1

0

zTCT
1 C1zdt+ λr

∫ 1

0

uTCT
2 C2udt+ λπz(1)TCT

3 C3z(1),

=λQ

∫ 1

0

zT zdt+ λr

∫ 1

0

uTudt+ λπz(1)T z(1),

= λQ ‖z‖2
2 + λr ‖u‖2

2 + λπ|z(1)|22.

From the definition of the norm in (A.23), we obtain

‖(z, u)‖W 1,2×L2 = ‖z‖2 +

∥∥∥∥dzdt
∥∥∥∥

2

+ ‖u‖2 ,

= ‖z‖2 + ‖Az +Bu‖2 + ‖u‖2 ,

≤ ‖z‖2 +
∥∥∥I 1

εA
∥∥∥

max
‖z‖2 + ‖B‖max ‖u‖2 + ‖u‖2 ,

where ‖·‖max is the max norm defined in (A.9). It follows that, for any fixed ε > 0, if

‖(z, u)‖W 1,2×L2 → ∞, then JP(z, u)→∞. Note that coercivity of J̄P follows as R and

π0
11 are positive definite and Q is positive semi-definite.

Lemma 4.11 Assume the sets Σ and Σ̄ are nonempty. Then for any fixed ε > 0, there exists

a unique solution to the problems Pc and P̄c.

Proof The result follows immediately from Lemmas A.18 and A.26, and Lemmas 4.9 and 4.10.

We now derive the necessary optimality conditions for Pc and P̄c. Omitting dependence on t

and ε for simplicity, the Hamiltonian function associated with a problem of the form Pc (see
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[?], Chap. 6) is defined as

HP(ẑ, û, χ̂) = −η(
1

2
(ẑTQẑ + ûTRû)) + χ̂T (Aẑ + IεBû),

where χ̂ ∈ W 1,2((0, 1);Rm+n) as a function of t is the co-state variable. The scaling χ̂→ −I 1
ε χ̂

recovers the standard form of the Hamiltonian given in (A.24).

Let u, z, χ denote the optimal control, state and co-state respectively of Pc. It is easily verified

that Pc satisfies the hypotheses in Theorem A.23 and, as there are no boundary conditions at

the terminal time, it follows from Corollary A.24 that we have a normal Hamiltonian multiplier

η = 1. Applying Theorem A.23 to Pc yields the following necessary optimality conditions

dz1

dt
= A11(t, ε)z1 + A12(t, ε)z2 +B1(t, ε)u,

dχ1

dt
= −AT11(t, ε)χ1 − AT21(t, ε)χ2 −Q11(t, ε)z1 −Q12(t, ε)z2,

ε
dz2

dt
= A21(t, ε)z1 + A22(t, ε)z2 + εB2(t, ε)u,

ε
dχ2

dt
= −AT12(t, ε)χ1 − AT22(t, ε)χ2 −Q21(t, ε)z1 −Q22(t, ε)z2,

(4.18)

with boundary conditions

z(0, ε) = z0, χ(1, ε) = I
1
επ(ε)z(1, ε). (4.19)

Lemma 4.12 The optimal control u is defined component-wise by

uj =


−(R−1BT Iεχ)j if αj ≤ −(R−1BT Iεχ)j ≤ βj,

αj if αj > −(R−1BT Iεχ)j,

βj if βj < −(R−1BT Iεχ)j,

(4.20)

for all j = 1, . . . k, where the co-state χ must satisfy the relevant optimality conditions in (4.18),

and (4.19).

Proof The minimum principle in Theorem A.23 states that the optimal control satisfies the
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following inequality

HP(z, u, χ) ≤ HP(z, û, χ), for all û ∈ U. (4.21)

Hence,

1

2
uTRu+ χT IεBu ≤ 1

2
ûTRû+ χT IεBû for all û ∈ U.

Let f = R−1BT Iεχ. Adding fTRf to both sides of the inequality yields

1

2
(u+ f)TR(u+ f) ≤ 1

2
(û+ f)TR(û+ f), for all û ∈ U.

This may be written in the equivalent formulation

1

2
(u+ f)TR(u+ f) = min

û∈U

1

2
(û+ f)TR(û+ f),

=
1

2
min
û∈U

k∑
i=1

Rii(ûi + fi)
2.

As R is positive definite, it follows that in order to minimise the above sum over all û ∈ U , we

must minimise over each component of ui subject to αi ≤ ui ≤ βi. Hence

1

2
(u+ f)TR(u+ f) =

1

2

k∑
i=1

Rii min
αi≤ui≤βi

(ûi + fi)
2.

Evaluating minαi≤ui≤βi(ûi + fi)
2 for each i = 1, . . . , k yields the formulation in (4.20).

Remark 4.13 From Theorem A.25, it immediately follows that the necessary conditions (4.18)

- (4.20) are sufficient. Therefore, any solution satisfying the necessary conditions will be the

unique solution to P̄.

We now derive the optimality conditions for P̄c. Omitting dependence on t, the Hamiltonian

associated with P̄c is defined as

HP̄(ẑ1, û, χ̂1) = −η(
1

2
(ẑT1Qẑ1 + ûTR0û)) + χ̂T1 (Aẑ1 +B0

1 û).

where χ̂1 ∈ W 1,2((0, 1);Rm) as a function of t is the co-state variable and the scaling χ̂1 → −χ̂1
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recovers the standard form of the Hamiltonian.

Let ū, z̄1 and χ̄1 denote the optimal control, state and co-state respectively of P̄c. It is eas-

ily verified that P̄c satisfies the hypotheses of Theorem A.23 and, as there are no boundary

conditions at the terminal time, it follows from Corollary A.24 that we have a normal Hamilto-

nian multiplier η = 1. Applying Theorem A.23 to P̄c yields the following necessary optimality

conditions

dz̄1

dt
= A(t)z̄1(t) +B0

1(t)ū(t),

dχ̄1

dt
= −AT (t)χ̄1(t)−Q(t)z̄1(t),

(4.22)

with boundary conditions

z̄1(0) = z1,0, χ̄1(1) = π0
11z̄1(1). (4.23)

Following a similar line of reasoning Lemma 4.12, the optimal control ū is found to satisfy

ūj(t) =


(−R0(t)−1B0

1(t)T χ̄1(t))j if αj(t) ≤ (−R0(t)−1B0
1(t)T χ̄1(t))j ≤ βj(t),

αj(t) if αj(t) > (−R0(t)−1B0
1(t)T χ̄1(t))j,

βj(t) if βj(t) < (−R0(t)−1B0
1(t)T χ̄1(t))j,

(4.24)

for all j = 1, . . . k and where χ̄1 must satisfy the relevant conditions in (4.22) and (4.23).

Lemma 4.14 Let z̄1 and χ̄1 denote the optimal states and co-states of P̄c. The optimal states,

z1 and z2, and respective co-states, χ1 and χ2, of Pc admit the following asymptotic expansions

z1(t, ε) =z̄1(t) +O(ε),

χ1(t, ε) =χ̄1(t) +O(ε),

z2(t, ε) =z̄2(t) + z2,i(τ) +O(ε),

χ2(t, ε) =χ̄2(t) + χ2,i(τ) + χ2,f (σ) +O(ε),

(4.25)
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as ε→ 0 on [0, 1] where τ and σ are defined in (3.22). In (4.25), the variables z̄2 and χ̄2 satisfy

z̄2(t) = −A0
22(t)−1A0

21(t)z̄1(t),

χ̄2(t) = −(A0
22(t)T )−1A0

12(t)T χ̄1 + (A0
22(t)T )−1(Q0

22(t)A0
22(t)−1A0

21(t)−Q0
21(t))z̄1,

(4.26)

and the variables z2,i, χ2,i, χ2,f satisfy the differential equations

dz2,i

dτ
= A0

22(0)z2,i,

dχ2,i

dτ
= −A0

22(0)Tχ2,i −Q0
22(0)z2,i,

dχ2,f

dσ
= A0

22(1)Tχ2,f ,

(4.27)

along with the boundary conditions

z2,i(0) =z2,0 − z̄2(0),

χ2,i(0) =Ω(z2,0 − z̄2(0)),

χ2,f (0) =π0T
12 z̄1(1) + π0

22z̄2(1)− χ̄2(1),

(4.28)

where Ω satisfies the equation

ΩA0
22(0) +Q0

22(0) + A0
22(0)TΩ = 0. (4.29)

Remark 4.15 It is well known that as A0
22 has no purely imaginary eigenvalues, there exists

a unique solution Ω to the equation (4.29) (see [?] Corollary 1.1.4.).

Let us write the optimal variables of Pc as follows

z1(t, ε) = z̄1(t) +Rz1(t, ε), z2(t, ε) = z̄2(t) + z2,i(τ) +Rz2(t, ε),

χ1(t, ε) = χ̄1(t) +Rχ1(t, ε), χ2(t, ε) = χ̄2(t) + χ2,i(τ) + χ2,f (σ) +Rχ2(t, ε),

(4.30)

for all ε > 0 and t ∈ [0, 1], where Rz1 , Rχ1 ∈ W 1,2((0, 1);Rm) and Rz2 , Rχ2 ∈ W 1,2((0, 1);Rn)

are the remainders of the expansions. To prove Lemma 4.14 we must show

Rz1(t, ε), Rχ1(t, ε), Rz2(t, ε), Rχ2(t, ε) = O(ε), (4.31)
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as ε → 0 on [0, 1]. We split the proof of (4.31) into several lemmas. In Lemma 4.16, we

construct a system of differential equations that the remainder terms satisfy. Following this,

Lemmas 4.20, 4.22 and 4.26 are dedicated to proving that the assumptions in Theorem A.10

hold for Pc. Finally, applying Theorem A.10, we may construct a solution to the differential

equations and bound the individual terms of this solution in order to achieve the bound in

(4.31).

Lemma 4.16 Let ū denote the optimal control of the problem P̄c. The remainder terms in

(4.30) satisfy the following system of differential equations

d

dt



Rz1

Rχ1

εRz2

εRχ2


=

A11(t, ε) A12(t, ε)

A21(t, ε) A22(t, ε)




Rz1

Rχ1

Rz2

Rχ2


+



Γz1(t, ε)

Γχ1(t, ε)

Γz2(t, ε)

Γχ2(t, ε)


+



B1(t, ε)(u− ū)

0

0

0


, (4.32)

where A11,A12,A21 and A22 are defined as

A11(t, ε) =

 A11(t, ε) 0

−Q11(t, ε) −A11(t, ε)T

 , A12(t, ε) =

 A12(t, ε) 0

−Q12(t, ε) −A21(t, ε)T

 ,
A21(t, ε) =

 A21(t, ε) 0

−Q21(t, ε) −A12(t, ε)T

 , A22(t, ε) =

 A22(t, ε) 0

−Q22(t, ε) −A22(t, ε)T

 ,
(4.33)

for some Γz1 ,Γχ1 ,Γz2 and Γχ2 satisfing the following bounds

Γz1 = O(ε+ e−kτ ), Γχ1 = O(ε+ e−kτ + e−kσ),

Γz2 = O(ε+ e−kτ ), Γχ2 = O(ε+ e−kτ + e−kσ),

(4.34)

as ε→ 0 on [0, 1] for some positive constant constant k. Furthermore, the boundary conditions
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for (4.32) satisfy

L



Rz1(0, ε)

Rχ1(0, ε)

Rz2(0, ε)

Rχ2(0, ε)


+R



Rz1(1, ε)

Rχ1(1, ε)

Rz2(1, ε)

Rχ2(1, ε)


= Y (ε), (4.35)

where

Y (ε)T =

[
01×m O(ε)1×m 01×n O(ε)1×n

]
, (4.36)

as ε→ 0 and L ∈ Rm+n×m+n and R ∈ Rm+n×m+n are block matrices of the form

L =



Im 0 0 0

0 0 0 0

0 0 In 0

0 0 0 0


, R =



0 0 0 0

−π11(ε) Im 0 0

0 0 0 0

−πT12(ε) 0 −π22(ε) In


. (4.37)

Proof The differential equation in (4.32) follows by linearity from equations (4.22), (4.24),

(4.26), (4.27), and (4.30). The boundary conditions in (4.35) follow from (4.30) evaluated at

t = 0 and t = 1 along with the conditions (4.19), (4.23), (4.26) and (4.28).

In order to derive the bounds in (4.34), we will bound the individual terms that comprise

Γz1 ,Γχ1 ,Γz2 and Γχ2 . By linearity, it follows that Γz1 ,Γχ1 ,Γz2 and Γχ2 are defined as

Γz1(t, ε) = A12(t, ε)z2,i +
∞∑
k=1

εk(Ak11(t)z̄1 + Ak12(t)z̄2 +Bk
1 (t)ū),

Γχ1(t, ε) = −A21(t, ε)Tχ2,i − A21(t, ε)Tχ2,f −Q12(t, ε)z2,i

−
∞∑
k=1

εk(Ak11(t)T χ̄1 + Ak21(t)T χ̄2 +Qk
11(t)z̄1 +Qk

12(t)z̄2),

Γz2(t, ε) = (A22(t, ε)− A0
22(0))z2,i +

∞∑
k=1

εk(Ak21(t)z̄1 +Ak22(t)z̄2)− εdz̄2

dt
+ εB2(t, ε)u,

Γχ2(t, ε) = −
∞∑
k=1

εk(Ak12(t)T χ̄1 +Qk
21(t)z̄1 + Ak22(t)T χ̄2 +Qk

22(t)z̄2)− εdχ̄2

dt

−(A22(t, ε)−A0
22(0)T )χ2,i−(A22(t, ε)T −A0

22(1)T )χ2,f−(Q22(t, ε)−Q0
22(0))z2,i.

(4.38)
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Remark 4.17 Under the hypotheses of Pc, the coefficients Aij(t)
k, Qij(t)

k Bi(t)
k are bounded

on [0, 1] for all positive integers k and i, j = 1, 2 and the matrices Aij(t, ε), Qij(t, ε), Bi(t, ε)

are bounded on [0, 1] for i, j = 1, 2 and ε ≥ 0. Furthermore, the terms z̄1, χ̄1, z̄2, χ̄2 and the

derivatives dz̄2
dt

, dχ̄2

dt
are continuous, and therefore bounded, on [0, 1].

It follows from Remark 4.17 that in order to derive the bounds in (4.34), we must derive bounds

on the terms z2,i, χ2,i, and χ2,f . Consider the following non-singular transformation

In 0n

Ω In

 , (4.39)

where Ω and satisfies the equation (4.29). Applying (4.52) evaluated at t = 0 to the system of

differential equations for z2,i and χ2,i yields the unique solutions

z2,i(τ) = eA
0
22(0)τz2,i(0), χ2,i(τ) = ΩeA

0
22(0)τz2,i(0).

By Lemma A.1, the solution to χ2,f (σ) is given by

χ2,f (σ) = eA
0
22(1)T σχ2,f (0),

and furthermore, the solutions z2,i, χ2,i, and χ2,f satisfy the bounds

z2,i(τ) = O(e−kτ ), χ2,i(τ) = O(e−kτ ), χ2,f (σ) = O(e−kσ), (4.40)

as τ, σ → ∞ where k is a fixed positive constant. The bounds in (4.34) follow immediately

from Remark 4.17 and (4.40).

Remark 4.18 Recall that the necessary conditions for Pc and P̄c are sufficient by Theorem

A.25 and that there exists a unique solution to P and P̄ by Lemma 4.11. It follows by linearity

that the solution to (4.32) exists and is unique.
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Lemma A.10 states that if the matrix

M = LZ(0, ε) +RZ(1, ε), (4.41)

is non-singular where Z is a fundamental solution to the homogeneous system

d

dt



R̂z1

R̂χ1

εR̂z2

εR̂χ2


=

A11(t, ε) A12(t, ε)

A21(t, ε) A22(t, ε)




R̂z1

R̂χ1

R̂z2

R̂χ2


, (4.42)

then the solution to the differential equation (4.32) and (4.35) may be represented in the

equivalent integral formulation given by



Rz1(t, ε)

Rχ1(t, ε)

Rz2(t, ε)

Rχ2(t, ε)


= Z(t, ε)M(ε)−1Y (ε)+

∫ 1

0

G(t, s, ε)



Γz1(s, ε) +B1(s, ε)(u(s, ε)− ū(s))

Γχ1(s, ε)

1
ε
Γz2(s, ε)

1
ε
Γχ2(s, ε)


ds, (4.43)

where G satisfies (A.11).

We will show that the equation (4.32) admits a representation of the form (4.43) and sub-

sequently prove (4.31) by bounding the terms in (4.43). Using Lemma A.10, we begin by

constructing a fundamental solution Z satisfying (4.42). This is easily obtained by diagonalis-

ing the system (4.42) using a non-singular linear transformation and obtaining the fundamental

solutions of the resulting simpler diagonalised system. Specifically, we apply the following non-

singular linear transformation (see [?] and [?])



R̂z1

R̂χ1

R̂z2

R̂χ2


=

 I2m −εH1(t, ε)

−H2(t, ε) I2n + εH2(t, ε)H1(t, ε)




ηz1

ηχ1

ηz2

ηχ2


, (4.44)
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where the matrices H1 and H2 satisfy the equations

ε
dH1

dt
= ε(A11(t, ε)−A12(t, ε)H2)H1 −H1(A22(t, ε) + εH2A12(t, ε))−A12(t, ε),

ε
dH2

dt
= A22(t, ε)H2 − εH2A11(t, ε) + εH2A12(t, ε)H2 −A21(t, ε).

(4.45)

Remark 4.19 It is easily verified that the matrices A11, A12, A21, A22 and A−1
22 are bounded

for all t ∈ [0, 1] and ε ≥ 0. Therefore, it follows from Lemma A.12 that, upon specifying any

arbitrary bounded boundary conditions, the equations (4.45) admit unique solutions that are

uniformly bounded as ε→ 0.

The transformation in (4.44) yields the following decoupled system

d

dt

ηz1
ηχ1

 = (A11(t, ε)−A12(t, ε)H2(t, ε))

ηz1
ηχ1

 , (4.46)

ε
d

dt

ηz2
ηχ2

 = (A22(t, ε) + εH2(t, ε)A12(t, ε))

ηz2
ηχ2

 . (4.47)

Lemma 4.20 Let U1(t, ε) and U2(t, ε) denote fundamental solutions for the system (4.46) and

(4.47) respectively. The matrices U1 and U2 satisfy the respective bounds

U1(t, ε) = O(1)2m×2m, (4.48)

U2(t, ε) =

O(e
−kt
ε )n×n O(εe

−k(1−t)
ε )n×n

O(e
−kt
ε )n×n O(e

−k(1−t)
ε )n×n

 , (4.49)

as ε→ 0 uniformly on [0, 1].

Proof It follows from Remark 4.19 that the matrix H2 is continuous for all t ∈ [0, 1] and ε ≥ 0.

Furthermore, it is easily verified that the matrices A11 and A12 are continuous for all t ∈ [0, 1]

and ε ≥ 0. Thus, the bound (4.48) follows immediately from Lemma A.6.
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To prove (4.47), let us rewrite the system as

ε
d

dt

ηz2
ηχ2

 =

(
A0

22(t) + εT (t, ε)

)ηz2
ηχ2

 , (4.50)

where

T (t, ε) =

( ∞∑
k=1

εk−1Ak
22(t) +H2(t, ε)A12(t, ε)

)
. (4.51)

To find the solutions of (4.50), consider the transformation

ηz2
ηχ2

 =

 In 0n

Ω(t) In


νz2
νχ2

 , (4.52)

where Ω(t) satisfies the equation

0 = Ω(t)A0
22(t) +Q0

22(t) + A0
22(t)TΩ(t), t ∈ [0, 1]. (4.53)

Remark 4.21 The system (4.53) is known as an algebraic Lyapunov equation. As A0
22 and

−A0
22 have no common eigenvalues throughout [0, 1] and A0

22 has eigenvalues with negative real

part uniformly on [0, 1], it follows from [?] Corollary 1.1.4 and [?] Theorem 8.7 that there exists

a unique continuously differentiable solution to (4.53) for all t ∈ [0, 1].

Under (4.52), the equation (4.50) is transformed into the system

ε
d

dt

νz2
νχ2

 =

(A0
22(t) 0

0 −A0
22(t)T

+ εS(t, ε)

)νz2
νχ2

 , (4.54)

where

S(t, ε) =

 T11 + T12Ω T12

−dΩ
dt
− ΩT11 + T21 − ΩT12Ω + T22Ω −ΩT12 + T22

 , (4.55)

and Ti,j ∈ Rn×n for i, j = 1, 2 are n × n sub-matrices of T (t, ε) defined in (4.51). In order to

obtain a fundamental solution for (4.47), we will completely diagonalise the system (4.54) and
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obtain fundamental solutions to the resulting systems. In particular, we apply the following

transformation to the variables νz2 and νχ2 In −F1(t, ε)

−F2(t, ε) In + F2(t, ε)F1(t, ε)

 , (4.56)

where F1, and F2 satisfy

ε
dF1

dt
= (A0

22 + εS11 − εS12F2)F1 − F1((−A0
22)T + εS22 + εF2S12)− εS12,

ε
dF2

dt
= εS22F2 − (A0

22)TF2 − F2A
0
22 − εF2S11 + εF2S12F2 − εS21,

(4.57)

where Sij denote the sub-matrices of the matrix S of appropriate order. Upon specifying any

arbitrary bounded boundary conditions, there will exist a unique solution to (4.57) by Remark

4.19 that is uniformly bounded as ε→ 0. In particular, we choose

F2(1) = 0, and F1(0) = 0, (4.58)

in order to simplify the derivation of a fundamental solution to (4.54). The proof of Lemma

A.12 implies that this choice of boundary conditions yields

F1(t, ε), F2(t, ε) = O(ε), as ε→ 0, (4.59)

uniformly on [0, 1]. Applying (4.56) to (4.54) yields the diagonalised system

ε
dν̂1

dt
= (A0

22 + εS11 − εS12F2)ν̂1,

ε
dν̂2

dt
= (−(A0

22)T + εS22 + εF2S12)ν̂2.

(4.60)

Let W1 and W2 be fundamental solutions of the respective systems in (4.60). It follows that a

fundamental solution to (4.54) may be represented as

V (t, ε) =

 W1(t)W−1
1 (0) −F1(t)W2(t)W−1

2 (1)

−F2(t)W1(t)W−1
1 (0) (In + F2(t)F1(t))W2(t)W−1

2 (1)

 . (4.61)
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As there are n eigenvalues of the system (4.60) with negative real parts and n eigenvalues with

positive real parts, it follows immediately from Lemma A.8 that the fundamental solutions to

(4.60) satisfy the bounds

|W1(t)W1(s)−1|, |W2(s)W2(t)−1| ≤ k0e
−k(t−s)

ε , (4.62)

as ε → 0 uniformly for 0 ≤ s ≤ t ≤ 1 for some fixed positive constants k0 and k. From

(4.59),(4.62), (4.61) and Lemma A.12 it follows that V satisfies the bounds

V (t, ε) =

O(e
−kt
ε )n×n O(εe

−k(1−t)
ε )n×n

O(εe
−kt
ε )n×n O(e

−k(1−t)
ε )n×n

 ,
uniformly on [0, 1] as ε → 0. Finally, a fundamental solution matrix for (4.47) may be repre-

sented as

U2(t, ε) =

 In 0

Ω(t) In

V (t, ε). (4.63)

As Ω is bounded on [0, 1], the transformation (4.52) is bounded by O(1). A multiplication of

the matrices in (4.63) along with the bounds in (4.61) yields (4.49).

Lemma 4.22 The matrix Z satisfies the bounds

Z(t, ε) =



O(1) O(1) O(εe−
kt
ε ) O(εe−

k(1−t)
ε )

O(1) O(1) O(εe−
kt
ε ) O(εe−

k(1−t)
ε )

O(1) O(1) O(e−
kt
ε ) O(e−

k(1−t)
ε )

O(1) O(1) O(e−
kt
ε ) O(e−

k(1−t)
ε )


, (4.64)

as ε→ 0, uniformly on [0, 1] for some constant k > 0.
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Proof It follows from (4.44) that the fundamental solution Z(t, ε) can be represented as

Z(t, ε) =

 I2m −εH1(t, ε)

−H2(t, ε) I2n + εH2(t, ε)H1(t, ε)


U1(t, ε) 0

0 U2(t, ε)

 , (4.65)

where U1 and U2 satisfy the bounds in (4.48) and (4.49) respectively. A multiplication of the

matrices in (4.65) along with Remark 4.19 and the bounds in (4.48) and (4.49) yields (4.64).

Lemma 4.23 The terms Z(0, ε) and Z(1, ε) satisfy the bounds

Z(0, ε) =



O(1) 0 0 0

O(1) O(1) O(ε) O(εe−
k
ε )

O(1) O(1) O(1) O(εe−
k
ε )

O(1) O(1) O(1) O(e−
k
ε )


,

Z(1, ε) =



O(1) 0 O(εe−
k
ε ) O(ε)

O(1) O(1) O(εe−
k
ε ) O(ε)

O(1) O(1) O(e−
k
ε ) O(ε)

O(1) O(1) O(e−
k
ε ) O(1)


,

(4.66)

as ε→ 0 for some constant k > 0.

Proof Recall that, from Remark 4.19, we may specify arbitrary boundary conditions for the

system (4.45) that are bounded as ε → 0. Hence, we choose boundary conditions that allow

certain terms in the matrices Z(0, ε) and Z(1, ε) to be set to 0, thereby allowing us to obtain

the O(ε) bounds for the remainder terms. In particular, we specify the following boundary

conditions for H1 and H2

(H1)11(0, ε) = 0m×n, (H1)12(0, ε) = 0m×n,

(H1)21(1, ε) = π11(ε)(H1)11(1, ε), (H1)22(1, ε) = π11(ε)(H1)12(1, ε),

(H2)12(0, ε) = 0n×m, (H2)12(1, ε) = 0n×m.

(4.67)

Remark 4.24 The boundary condition for H2 restricts the matrix (H2)12 to be the zero matrix
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identically on [0, 1]. However, due to the specific structure of the matrices Aij for i, j = 1, 2,

the transformation H2 with (H2)12 ≡ 0 will still yield a a diagonalised system. We have left the

remaining boundary conditions for H2 free.

We will begin by obtaining bounds on the fundamental matrices U1 and U2 for the respective

systems (4.46) and (4.47) at t = 0 and t = 1. For simplicity we denote by E(t, ε) the matrix

E(t, ε) = A11(t, ε)−A12(t, ε)H2(t, ε),

and by Eij for i, j = 1, 2 the corresponding sub-matrices of E of appropriate dimension. Note

that as (H2)12 is identically zero, the sub-matrix E12 is identically zero. Applying the following

linear transformation ηz1
ηχ1

 =

 Im 0

−K(t, ε) Im


νz1
νχ1

 ,
to (4.46) where K satisfies the differential equation

dK

dt
= E22(t, ε)K −KE11(t, ε)− E21,

K2(1, ε) = −π11(ε),

(4.68)

yields the diagonalised system

dνz1
dt

= E11(t, ε)K(t, ε)νz1 , (4.69)

dνχ1

dt
= E22(t, ε)K(t, ε)νχ1 . (4.70)

Remark 4.25 The system (4.68) is known as a differential Sylvester equation. As E11 and E22

are continuous on [0, 1], it follows from [?] Theorem 1.1.5. that there exists a unique bounded

solution to (4.68).

Let W1 and W2 denote fundamental solution matrices to (4.69) and (4.70) respectively. Ap-
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plying the boundary condition in (4.68), the matrix U1 at t = 0 and t = 1 satisfies

U1(0, ε) =

 W1(0) 0m×m

K(0)W1(0) W2(0)

 , U1(1, ε) =

 W1(1) 0m×m

π11(ε)W1(1) W2(1)

 , (4.71)

respectively. By Lemma A.6, it follows that W1, W2 = O(1) uniformly on [0, 1]. Furthermore,

K is bounded on [0, 1] by Remark 4.25. Hence, we obtain the bounds

U1(0, ε) =

O(1) 0m×m

O(1) O(1)

 , U1(1, ε) =

O(1) 0m×m

O(1) O(1)

 , (4.72)

uniformly on [0, 1].

In order to obtain bounds on U2 at t = 0 and t = 1, we first obtain bounds on V satisfying

(4.61). Applying the boundary conditions for F1(0) and F2(1) in (4.58) yields

V (0, ε) =

 In 0n×n

−F2(0) W2(0)W2(1)−1

 , V (1, ε) =

W1(1)W1(0)−1 −F1(1)

0n×n In

 . (4.73)

As Ω(t) is bounded on [0, 1], and F1 and F2 are of order O(ε) by (4.59), it follows that

U2(0, ε) =

O(1) 0m×m

O(1) O(e−
k
ε )

 , U2(1, ε) =

O(ε−
k
ε ) O(ε)

O(e−
k
ε ) O(1)

 , (4.74)

as ε→ 0. The bounds in (4.66) follow immediately from Remark 4.19 along with (4.65), (4.72)

and (4.74).

We have obtained a fundamental solution Z satisfying (4.42) and have obtained bounds on this

solution evaluated at t = 0 and t = 1 in Lemma 4.23. In Lemma 4.26, we show that the matrix

M defined in (4.41) is non-singular and obtain bounds on the inverse.
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Lemma 4.26 The matrix M in (4.41) is non-singular and its inverse M−1 satisfies the bounds

M−1(ε) =



O(1) 0 0 0

0 O(1) 0 0

O(1) O(e−
k
ε ) O(1) O(e−

k
ε )

O(1) O(1) O(e−
k
ε ) O(1)


, (4.75)

as ε→ 0.

Proof Let us partition M as follows

M =

M11 M12

M21 M22

 ,
where Mij for i, j = 1, 2 denote the sub-matrices of M of appropriate dimension. In order to

show that M is non-singular, we will show that the sub-matrices M11 and M22 are non-singular

and that M12 is zero. Following this, we obtain bounds for M21 and subsequently obtain the

bounds for M−1 in (4.75).

From (4.71) and the boundary conditions imposed on H and K in (4.67) and (4.68) respectively,

it follows that the matrix M11 may be represented explicitly as

M11 =

W1(0, ε) 0m×m

0m×m W2(1, ε)

 ,
As W1 and W2 are fundamental solution matrices, they are invertible. Hence M11 is invertible

and of order

M−1
11 =

O(1) 0m×m

0m×m O(1)

 . (4.76)
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The matrix M22 may be partitioned as

M22 =

m211 m212

m221 m222

 .
It follows from (4.37), (4.39), (4.61), (4.65) and (4.67) that m211 = I − εX1(ε) and m222 =

I − εX2(ε) for some matrices X2(ε) and X2(ε) that are bounded for all ε ≥ 0. Hence, m211

and m222 are invertible and, using the Von Neumann series, are of order O(1). Furthermore,

as m212 and m221 are of order O(ε−
k
ε ) It follows that the matrix

m−1
211m212m

−1
222m221 = O(ε−

k
ε ).

Therefore, I−m−1
211m212m

−1
222m221 is invertible and is of order O(1) by the Von Neumann series.

Thus, M22 is invertible with inverse

M−1
22 =

 O(1) O(ε−
k
ε )

O(ε−
k
ε ) O(1)

 . (4.77)

It is easily verified that the matrix M12 = 0 by using the boundary conditions in (4.67). As M is

a lower block triangular matrix and M11 and M22 are non-singular, it follows M is non-singular.

In order to obtain the bounds in (4.75), we must first bound the remaining sub-matrix M21. A

simple matrix multiplication of the bounds on U2 in (4.74) and on the transformation matrix

in (4.44) with boundary conditions in (4.67) yields

M21 =

O(1) 0n×m

O(1) O(1)

 . (4.78)

As M11 and M22 are invertible and M12 = 0, the bounds in (4.75) follow immediately from
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(4.76) and (4.77) along with the inverse formulation of M given by

M−1 =

 M−1
11 0m×n

−M−1
22 M21M

−1
11 M−1

22

 .

We have shown in Lemma 4.26 that M is non-singular; therefore, the integral form of the

solution in (4.43) represents an equivalent formulation of the solution to the differential system

in (4.32). We will now bound the terms of (4.43).

From bounds in equations (4.36), (4.64), and (4.75), it is easily verified that ZM−1Y satisfies

the bound

Z(t, ε)M(ε)−1Y (ε) = O(ε), (4.79)

as ε → 0 uniformly on [0, 1]. Furthermore, the bounds (4.64) and (4.75) along with the

definitions in (A.11) and (4.37) yield

G(t, s, ε) =



O(1) O(1) O(ε) O(ε)

O(1) O(1) O(ε) O(ε)

O(1) O(1) O(ε) O(ε)

O(1) O(1) O(ε) O(ε)


, (4.80)

as ε→ 0 uniformly on [0, 1]. Let Θ(t) = [Rz1(t)
T , Rχ1(t)

T , Rz2(t)
T , Rχ2(t)

T ]T and consider the

norm

‖Θ‖ = ‖Rz1‖max + ‖Rχ1‖max + ‖Rz2‖max + ‖Rχ2‖max.

Let

∆(t, ε) = Z(t, ε)M(ε)−1Y (ε) +

∫ 1

0

G(t, s, ε)



Γz1(s, ε)

Γχ1(s, ε)

1
ε
Γz2(s, ε)

1
ε
Γχ2(s, ε)


. (4.81)
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It follows immediately from the bounds in (4.34), (4.79) and (4.80) that ∆ has a norm of order

ε, i.e.,

‖∆‖ = O(ε), (4.82)

as ε→ 0.

Lemma 4.27 The term ‖u(ε)− ū‖max satisfies the inequality

‖u(ε)− ū‖max ≤ εγ1 + γ2 ‖Θ‖ , (4.83)

as ε→ 0 where γ1 and γ2 are a fixed positive constants.

Proof Let Dk denote the coefficients of the asymptotic expansion of R(t, ε)−1B1(t, ε). It follows

from the definition of u and ū that

‖u(ε)− ū‖max = max
t∈[0,1]

|u(t, ε)− ū(t)|,

≤ max
t∈[0,1]

| −
∞∑
k=1

εkDk(t)χ̄−R(t, ε)−1(B1(t, ε)Rχ1 − εB2(t, ε)Rχ2)|,

≤ γ1ε+ max
t∈[0,1]

|R(t, ε)−1B1(t, ε)||Rχ1|+ max
t∈[0,1]

|εR(t, ε)−1B2(t, ε)||Rχ2|,

≤ γ1ε+ γ2(‖Rχ1(t)‖max + ‖Rχ2(t)‖max),

≤ γ1ε+ γ2 ‖Θ‖ ,

for some positive constants γ1 and γ2.

Lemma 4.28 The function Θ(t) satisfies the following bound ‖Θ‖ = O(ε) as ε→ 0.

Proof It follows from (4.81) that we may write (4.43) as follows

Θ(t) = ∆(t) +

∫ 1

0

G(t, s, ε)



B1(s)(u(s)− ū(s))

0

0

0


ds, (4.84)



102 Chapter 4. Upper and Lower Bounds on Constrained Control Problems

As G and B1 are bounded as ε→ 0, the bounds in (4.64), (4.82) and (4.83) yield

‖Θ‖ ≤M1ε+M2 ‖Θ‖ ,

for fixed positive constants M1 and M2. Hence,

‖Θ‖ = O(ε), as ε→ 0.

Corollary 4.29 Let ū denote the optimal control of P̄c. Then the optimal control of Pc has

the asymptotic expansion

u(t, ε) = ū(t) +O(ε), (4.85)

as ε→ 0 on [0, 1].

Proof The proof follows immediately from the equations (4.20), (4.24) and (4.25).

4.4 Proofs

In this section, we provide the proofs of Lemmas 4.5 and 4.7 and Theorem 4.8.

Proof of Lemma 4.5

The proof of Lemma 4.5 follows from a simple integration of the differential equations in Pc

with the optimal control ū of the reduced problem. From the definition of JP given in (4.1),

we obtain

|V P(ε)− JP(ū, ẑ, ε)| (4.86)

=

∣∣∣∣12
∫ 1

0

z(t, ε)TQ(t, ε)z(t, ε) + u(t, ε)TR(t, ε)u(t, ε)dt+
1

2
z(1, ε)Tπ(ε)z(1, ε)

−1

2

∫ 1

0

ẑ(t, ε)TQ(t, ε)ẑ(t, ε) + ū(t)TR(t, ε)ū(t)dt− 1

2
ẑ(1, ε)Tπ(ε)ẑ(1, ε)

∣∣∣∣,
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where ẑ solves the differential equations in Pc with control given by ū.

It is easily verified that the dynamics of Pc with controls given by u and ū satisfy the hypotheses

of Theorem A.9. Therefore, the solutions ẑ and z may be represented respectively as

ẑ(t, ε) = Φ
I
1
ε A

(t, 0, ε)z0 +

∫ t

0

Φ
I
1
ε A

(t, s, ε)B(s, ε)ū(s)ds,

z(t, ε) = Φ
I
1
ε A

(t, 0, ε)z0 +

∫ t

0

Φ
I
1
ε A

(t, s, ε)B(s, ε)u(s, ε)ds,

(4.87)

where Φ
I
1
ε A

is the resolvent matrix for the homogeneous system in (3.37) and satisfies the

bounds (3.38). As B is uniformly bounded on [0, 1] as ε→ 0, it follows from (3.38) (4.85), and

(4.87) that

z(t, ε) = ẑ(t, ε) +O(ε) as ε→ 0. (4.88)

Substituting (4.85) and (4.88) into (4.86), gives the inequality in (4.9). As u is the optimal

control, it follows that JP(u, z, ε) ≤ JP(ū, ẑ, ε). Hence, we may conclude that that the O(ε)

term in (4.9) satisfies O(ε) < 0 as ε→ 0.

Proof of Lemma 4.7

From the definition in (4.10), we obtain

∣∣∣∣V D − JD(ρ̄, γ̂)

∣∣∣∣ =

∣∣∣∣ ∫ 1

0

−1

2
ρTQ−1ρ− θ(γ)dt− γ(0)T Iεz0 −

1

2
γ(1)T Iεπ−1Iεγ(1)

+

∫ 1

0

1

2
ρ̄TQ−1ρ̄+ θ(γ̂)dt+ γ̂(0)T Iεz0 +

1

2
γ̂(1)T Iεπ−1Iεγ̂(1)

∣∣∣∣, (4.89)

where γ̂ is the state that satisfies the equations in Dc with control given by ρ̄ in (4.12) and

boundary condition (4.14). It follows from (4.12), (4.95) and (4.88) that

ρ(t, ε) = ρ̄(t, ε) +O(ε), as ε→ 0, (4.90)

on [0, 1]. Furthermore, from (4.14), (4.94), (4.95), and (4.90), it follows that

γ(1, ε) = γ̂(1, ε) +O(ε), as ε→ 0, (4.91)
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on [0, 1]. Using (4.91) and a similar line of reasoning to Section 3.4, we obtain

γ(t, ε) = γ̂(t, ε) +O(ε), as ε→ 0, (4.92)

on [0, 1]. Substituting (4.90) and (4.92) into (4.89), we obtain the inequality in (4.13). As ρ is

the optimal control, it follows that JD(ρ, γ, ε) ≥ JD(ρ̄, γ̂, ε). Hence, we may conclude that that

the O(ε) term in (4.9) satisfies O(ε) > 0 as ε→ 0.

Proof of Theorem 4.8

In order to prove Theorem 4.8, we will need to derive the necessary optimality conditions for

Dc. Rewriting Dc as a minimisation problem, the Hamiltonian function is defined as (see [?],

Chap.6)

HD(γ̂, ρ̂, µ̂) =− η(
1

2
ρ̂TQ−1ρ̂+ θ(γ̂)) + µ̂T (−AT γ̂ + ρ̂),

where µ̂ ∈ W 1,2((0, 1);Rm+n) as a function of t is the co-state variable. The scaling µ̂ → I
1
ε µ̂

recovers the standard form of the Hamiltonian.

Let ρ, γ, µ denote the optimal control, state and co-state respectively of Dc. It is easily verified

that Dc satisfies the hypotheses of Theorem A.23 and, as there are no boundary conditions

at the initial and final time, we have a normal multiplier η = 1 by Corollary A.24. Applying

Theorem A.23 to Dc yields the following necessary optimality conditions

Iε
dµ

dt
= A(t, ε)µ(t, ε) + IεB(t, ε)ξ(t, ε),

Iε
dγ

dt
= −A(t, ε)Tγ(t, ε) + ρ(t, ε),

(4.93)
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where ξ is defined, component-wise, by

ξj =


(R−1BT Iεγ)j if αj ≤ (R−1BT Iεγ)j ≤ βj,

αj if αj > (R−1BT Iεγ)j,

βj if βj < (R−1BT Iεγ)j,

for all j = 1, . . . k. The transversality condition yields

µ(0, ε) = z0 µ(1, ε) = −π(ε)−1Iεγ(1, ε). (4.94)

As the optimal control in Dc is unconstrained, the Pontryagin minimum principle states that

ρ must satisfy the equality, dHD

dρ
= 0. Hence

ρ = Q(t, ε)µ,

where µ must satisfy the relevant optimality conditions given in (4.93) and (4.94).

Remark 4.30 The dual problem Dc does not satisfy the conditions of Lemma A.26; in partic-

ular the objective functional JD is not necessarily coercive over its feasible set. Hence it is not

known whether there exists a unique solution to Dc. However, as there exists a unique solution

to Pc, the strong duality result will lead to the existence of a unique solution for Dc.

Suppose that z, χ, and u denote the optimal state, co-state and control respectively of Pc.

Consider the following definitions for γ, µ, and ρ

γ(t, ε) = −χ(t, ε),

µ(t, ε) = z(t, ε),

ρ(t, ε) = Q(t, ε)z(t, ε),

(4.95)

for t ∈ [0, 1] , ε > 0. We first show that (γ, ρ) is a feasible solution for the dual problem

and then show that this solution is optimal and that strong duality holds. Substituting the
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definitions in (4.95) into the differential equation for χ in (4.18) and the boundary conditions

(4.19) yields

Iεγ̇ = −ATγ + ρ,

µ(0, ε) = z0,

µ(1, ε) = −π(ε)−1Iεγ(1, ε).

(4.96)

The equations in (4.96) are equivalent to the equations for γ in (4.93) with boundary conditions

in (4.94) for Dc. Hence (γ, ρ) is a feasible solution of the dual.

From Lemma A.28 and the construction of the dual problem in Section 4.5, it follows that

V D(ε) ≤ V P(ε). To show that there is a zero duality gap, we need to show V P(ε) = V D(ε).

The proof is similar to that of Section 3.4; hence some details in the derivation have been

omitted. Evaluating (4.10) with the state and control given in (4.95) along with the substitution

γ(1) = −I 1
επµ(1) = −I 1

επz(1) gives

JD(Qz,−χ,− χ(0),−I 1
επz(1), ε)

=

∫ 1

0

(
− 1

2
zTQz − θ(−χ)

)
dt+ χ(0)T Iεz0 −

1

2
z(1)Tπz(1),

=

∫ 1

0

(
− 1

2
zTQz − θ(−χ)−〈Iεχ̇, z〉−〈χ, Iεż〉

)
dt+

1

2
z(1)Tπz(1).

(4.97)

From the differential equations in (4.18), we can evaluate the inner products in (4.97). Hence

JD(ε) =

∫ 1

0

(
1

2
zTQz − θ(−χ)− 〈BT Iεχ, u〉

)
dt+

1

2
z(1)Tπz(1), (4.98)

Since u is the optimal control given by (4.20), the inner product becomes

〈BT Iεχ, u〉j =


− 1
Rjj

(χT IεB)2
j if αj ≤ −(R−1BT Iεχ)j ≤ βj,

(χT IεB)jαj if αj > −(R−1BT Iεχ)j,

(χT IεB)jβj if βj < −(R−1BT Iεχ)j,
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for all j = 1, . . . k. Hence −θ(−χ)− 〈BT Iεχ, u〉 =
∑k

j Ωj(χ) where Ωj(χ) is given by

Ωj(χ) =



1
2Rjj

(χT IεB)2
j if αj ≤ −(R−1BT Iεχ)j ≤ βj,

1
2
α2
jRjj if α > −(R−1BT Iεχ)j,

1
2
β2
jRjj if β < −(R−1BT Iεχ)j,

(4.99)

for all j = 1, . . . k. Substituting (4.99) into (4.98), we obtain

JD(Qz,−I 1
επz(1), ε) =

∫ 1

0

(
1

2
zTQz +

1

2
uRu

)
dt+

1

2
z(1)Tπz(1) = V P(ε).

Since (γ, ρ) is a feasible solution, by weak duality, we must have that (γ, ρ) is optimal and

V D(ε) = V P(ε).

We have shown that (4.15) in Theorem 4.8 holds. It remains to show that (4.16) holds. However,

this follows immediately from Lemmas 4.5 and 4.7, the uniqueness of a solution to both Pc and

Dc and the strong duality result above.

4.5 Dual Construction

Following Section 3.5 and drawing on the methodology described in Appendix A and references

[?] and [?], we construct a dual problem Dc. While we have obtained a dual problem and shown

that strong duality holds in Section 4.4, we have included this section on the construction of

the dual problem out of interest to the reader. We begin by converting the feasible set Σ

defined in (4.4) into a subspace. To this end, we introduce dummy variables ŝ0, ŝ1 ∈ Rm+n so

that the problem Pc becomes


minimise JP(ẑ, û, ε, ŝ0, ŝ1),

over (ẑ, û, ŝ0, ŝ1) ∈ Σ,
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where

JP(ẑ, û, ε, ŝ0, ŝ1) =
1

2

∫ 1

0

(
ẑ(t, ε)TQ(t, ε)ẑ(t, ε) + û(t, ε)TR(t, ε)û(t, ε)

)
dt

+
1

2
ŝT1 π(ε)ŝ1 + δz0(ŝ0) + δU(û),

(4.100)

where the δ-function is defined in (A.31) and

Σ =

{
(ẑ, û, ŝ0, ŝ1) : (ẑ, û, ŝ0, ŝ1) ∈ W 1,2 × L2 × Rn+m × Rn+m, ẑ(0, ε) = ŝ0, ẑ(1, ε) = ŝ1,

Iε
dẑ

dt
= A(t, ε)ẑ + IεB(t, ε)û ∀t ∈ [0, 1] a.e., ε > 0

}
.

Note that this problem is similar to that in Section 3.5; however, (4.100) has an additional

δU(u) term which comes from the control constraint on the problem Pc.

Remark 4.31 Using a similar line of reasoning to Lemma 3.53, it follows that the feasible set

Σ is a closed subspace of W 1,2 × L2 × Rn+m × Rn+m.

Let us introduce the variables v̂1 ∈ W 1,2((0, 1);Rm+n) , v̂2 ∈ L2((0, 1);Rk) as functions of t,

and κ̂0, κ̂1 ∈ Rn+m in order to dualise the problem. The objective functional and conditions

may be represented as

JP(v̂1, v̂2, ε, κ̂0, κ̂1) =
1

2

∫ 1

0

(
v̂1(t, ε)TQ(t, ε)v̂1(t, ε) + v̂2(t, ε)TR(t, ε)v̂2(t, ε)

)
dt

+
1

2
κ̂T1 π(ε)κ̂1 + δz0(κ̂0) + δU(v̂2),

(4.101)

subject to

v̂1(t, ε) = ẑ(t, ε), v̂2(t, ε) = û(t, ε), κ̂0 = ŝ0, κ̂1 = ŝ1, (ẑ, û, ŝ0, ŝ1) ∈ Σ.

Note that the terms in (4.101) are separable; hence we define

f1(v̂1) =
1

2

∫ 1

0

v̂T1 Qv̂1dt, f2(v̂2) =
1

2

∫ 1

0

v̂T2 Rv̂2dt+ δU(v̂2), f3(κ̂0) = δz0(κ̂0), f4(κ̂1) =
1

2
κ̂T1 π(ε)κ̂1.
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Following [?] and [?], the dual functional JD can be written as

JD(ρ̂, λ̂2, λ̂3, λ̂4) =


−f ∗1 (ρ̂)−f ∗2 (λ̂2)−f ∗3 (λ̂3)−f ∗4 (λ̂4) if (ρ̂, λ̂2, λ̂3, λ̂4) ∈ Σ⊥,

−∞ otherwise,

(4.102)

where Σ⊥ is orthogonal to Σ and f ∗1 ,f ∗2 , f ∗3 , and f ∗4 are the Fenchel duals of f1, f2,f3 and f4

respectively. The duals f ∗1 , f ∗3 , and f ∗4 are equivalent to those defined in (3.55) and the dual f ∗2

is defined as follows

f ∗2 (λ̂2) = sup
v̂2∈U

∫ 1

0

λ̂T2 v̂2 −
1

2
v̂T2 Rv̂2dt. (4.103)

Similar to the methodology of Section 3.5, we aim to simplify the problem in (4.102) by obtain-

ing solutions to the Fenchel duals. As the solutions to f ∗1 , f ∗3 and f ∗4 are obtained in Section

3.5, we will focus only on f ∗2 in (4.103).

The derivation below is obtained from [?]. Let us rewrite (4.103) as



inf l(1),

subject to l̇ = 1
2
v̂2(t, ε)TR(t, ε)v̂2(t, ε)− λ2(t, ε)T v̂2(t, ε),

v̂2(t, ε) ∈ U, l(0) = 0,

where

l(1) =

∫ 1

0

1

2
v̂2(t, ε)TR(t, ε)v̂2(t, ε)− λ̂2(t, ε)T v̂2(t, ε)dt.

The Hamiltonian associated with −f ∗2 (λ̂2) is given by

Ĥ(v̂2, µ̂, t, ε) = ∆̂(t, ε)T (
1

2
v̂2(t, ε)TR(t, ε)v̂2(t, ε)− λ̂2(t, ε)T v̂2(t, ε)).

Let v2 and ∆ denote the optimal control and co-state respectively. The variable ∆ must satisfy

the necessary optimality condition d∆
dt

= −dĤ
dl

. As dĤ
dl

= 0, it follows that ∆(t, ε) = c for some

constant c for all t ∈ [0, 1]. By the transversality condition, ∆(1) = 1, hence ∆(t) = 1 for all
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t ∈ [0, 1]. Applying Pontryagin’s minimum principle, the optimal control v2 is given by

(v2)j(t, ε) =


(R(t, ε)−1λ̂2(t, ε))j if αj(t) ≤ (R(t, ε)−1λ̂2(t, ε))j ≤ βj(t),

αj(t) if αj(t) > (R(t, ε)−1λ̂2(t, ε))j,

βj(t) if βj(t) < (R(t, ε)−1λ̂2(t, ε))j,

. (4.104)

for all j = 1, . . . k. Substituting (4.104) into f ∗2 (λ̂2), we obtain

f ∗2 (λ̂2) =

∫ 1

0

θ(λ̂2)dt, (4.105)

where θ(λ̂2) =
∑k

j=1 θj(λ̂2) and θj is defined by

θj(λ̂2)=



1
2Rjj(t,ε)

(λ̂2(t, ε))2
j if αj(t)≤ (R(t, ε)−1λ̂2(t, ε))j ≤βj(t),

αj(t)(λ̂2(t, ε))j− 1
2
α2
j (t)Rjj(t, ε) if αj(t)> (R(t, ε)−1λ̂2(t, ε))j,

βj(t)(λ̂2(t, ε))j− 1
2
β2
j (t)Rjj(t, ε) if βj(t)< (R(t, ε)−1λ̂2(t, ε))j,

for j = 1, . . . k. Substituting (3.59), (3.60) and (4.105) into (4.102), the dual problem becomes


maximise

∫ 1

0

−1

2
ρ̂(t, ε)TQ(t, ε)−1ρ̂(t, ε)− θ(λ̂2)dt− λ̂3(ε)T z0 −

1

2
λ̂4(ε)Tπ(ε)−1λ̂4(ε),

over (ρ̂, λ̂2, λ̂3, λ̂4) ∈ Σ⊥,

The following lemma will allow us to prove Theorem 4.8.

Lemma 4.32 The subspace Σ⊥, orthogonal to Σ, is given by

ΣT =

{
(ρ̂, λ̂2, λ̂3, λ̂4) : ρ̂(t, ε) = Iε

dγ̂

dt
+ A(t, ε)T γ̂(t, ε), λ̂2(t, ε) = B(t, ε)T Iεγ̂(t, ε),

λ̂3(ε) = Iεγ̂(0, ε), λ̂4(ε) = −Iεγ̂(1, ε), t ∈ [0, 1]a.e., ε > 0

}
,

where

γ̂(t, ε) = −I 1
ε

(∫ 1

t

Φ
I
1
ε A

(s, t)T ρ̂(s, ε)dt− Φ
I
1
ε A

(1, t)T Iεγ̂(1)

)
.
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and Φ
I
1
ε A

is the resolvent matrix of the differential equations in Pc.

The derivation of Σ⊥ is similar to that of Lemma 3.15 with the exception of λ2(s) = BT (s)Iεγ(s).

Hence, we leave the proof to the reader.

4.6 Numerical Results

In this section, we will look at the dynamics of fluid catalytic cracking which is a process

that converts high boiling, high molecular weight components of petroleum crude oils into low

boiling, low molecular weight substances such as gasoline. The fluid catalytic cracking process

that we consider was introduced in [?] and has subsequently been investigated in [?], [?], [?],

[?], [?] and [?]. In [?] and [?], non-linear dynamics are considered while in [?], [?], [?], [?]

and [?], the dynamics have been linearised around their steady state values. In the above

papers, the aim has been to obtain an approximation to the minimum cost of some optimal

control problem. In particular, it is shown in [?], [?], [?], [?] and [?] that the dynamics may

be represented in standard singularly perturbed form thereby allowing an approximation to

be obtained by solving the problem with ε = 0. In our example, we consider the linearised

dynamics of the cracking process and show that our upper and lower bounds on the minimum

cost provide a closer approximation than that of the reduced order system with ε = 0. All

simulations were computed using GPOPS-II within Matlab.

In a fluid catalytic cracking system, a catalyst moves between the two main components of the

system, the reactor and regenerator, in order to continuously break down petroleum. When

petroleum comes into contact with a hot catalyst, it is vaporised and broken down into smaller

molecules and some carbonaceous material is deposited on the catalyst, thus reducing its ef-

ficacy. The mixture of vapour and catalyst is subsequently moved up to the reactor where a

reaction takes places that separates the vapours from the spent catalyst. The spent catalyst is

stripped with steam to remove any left over vapours and then moved into the regenerator. Air

is then blown into the regenerator to burn off the carbonaceous material and the hot regener-

ated catalyst flows towards the reactor and provides the heat for the cracking reaction with the
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petroleum. A detailed description of the cracking process may be found in [?].

The singularly perturbed dynamics of the fluid catalytic cracking process are given as follows

A11 =

−16.11 −0.38

0.01 −16.99

 , A12 =

27.2 0 0

0 0 12.47

 , A21 =


1.511 0

−5.336 0

0.227 6.91

 ,

A22 =


−5.36 −1.657 7.178

0 −10.72 23.211

0 0.2273 −10.299

 , B1 =

12.6

3.36

 , Iε =



1 0 0 0 0

0 1 0 0 0

0 0 ε 0 0

0 0 0 ε 0

0 0 0 0 ε


and B2 = 0. The objective cost function to be minimised is given by

∫ 5

0

z(tε)T I5z(t, ε) + u(t, ε)2dt+
1

2
z(5, ε)T Iεz(5, ε),

where zT = (x1, x2, y1, y2, y3). Q = I5, R = 1 and π = Iε. The states variables are defined

as follows: x1 is concentration of carbon on the regenerated catalyst, x2 is the regenerator

temperature, y1 concentration of carbon (total) on the spent catalyst, y2 is concentration of

catalytic carbon on the spent catalyst, y3 is the reactor temperature and u is the air rate.

Following [?], [?], [?] and [?], the parameter ε is taken to be 0.1.

Fig. 4.1 shows the approximation obtained by using the reduced problem P̄c and the upper and

lower bounds on the minimum cost. In this instance, we chose a problem that was computation-

ally feasible in order to demonstrate the closeness of our bounds on the minimum cost. Chapter

5 will provide an example of a high dimensional problem posing computational difficulties. Fig.

4.2 shows the bound in (4.3) as ε→ 0.

In this example, our upper and lower bounds provide a closer approximation to the minimum

cost of the primal problem than the minimum cost of the reduced problem for all values of ε.

Thus, it is clear that our methodology provides a way of determining whether the minimum
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Figure 4.2: Error Bound as ε→ 0.

cost of the reduced problem is an adequate approximation and, if it is not adequate, a method

of improving the approximation for all values of ε.

4.7 Discussion

In this chapter, we have described a methodology to obtain upper and lower bounds on the

minimum cost of a control constrained singularly perturbed problem Pc satisfying the bound

in (4.3) for arbitrary ε. In this way, we have extended the results in Chapter 3 to constrained

control problems and to the extent of the authors’ knowledge, there has been no such bound

obtained for any form of a linear-quadratic control constrained singularly perturbed problem.

Furthermore, we have provided a well known example in singular perturbation theory of a fluid

catalytic cracker in order to illustrate our results. In the example, we presented the solution to

a reduced order problem and our upper and lower bounds for various values of ε as ε→ 0 and

demonstrated that our bounds provide a superior approximation for all ε.

We note that we have imposed a strict structural requirement on Pc by restricting the fast

control matrix to be of the form εB2. While this has the advantage of simplifying the derivation

of the asymptotic expansion of the optimal control to Pc, we note that there may be issues in

extending this formulation to the infinite time horizon case. Thus, an immediate extension of

our work is a generalised form of Pc with no restriction on the form of the B2 term. Another

possible extension is to develop a full asymptotic expansion of the optimal solution as we have
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derived only the first term in this chapter.



Chapter 5

Clustered Consensus Networks

In this chapter, we explore the application of our work in Chapters 3 and 4 to clustered consensus

networks. This type of network has been gaining attention due to its wide range of application;

however, optimal control problems over such networks routinely suffer from both the curse

of dimensionality arising from the size of the network and stiffness arising from the clustering

formation. As a result, the solution to the control problem may be computationally intractable.

By exploiting the clustering formation of the network, the optimal control problem can be

reformulated into standard singular perturbed form and an approximation can be obtained via

reduced order modeling. We will improve on current approximations to the minimum cost of a

control problem over a clustered consensus network by providing tight upper and lower bounds

using the methodology developed in Chapters 3 and 4.

In Section 5.1, we provide a brief overview of existing results in clustered consensus networks

and provide a summary of our results. Section 5.2 provides the analysis required to reformulate

the network control problem into standard singularly perturbed form and Section 5.3 provides

small scale examples illustrating the application of our work in Chapters 3 and 4 to control

networks. In Section 5.4, a large scale example of a power network is provided in order to

demonstrate the applicability of our work to real physical systems. Finally, a discussion of the

results is provided in Section 5.5.

115
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5.1 Introduction

A consensus network is a graph G = (V,E), composed of nodes V and edges E ⊂ V ×V , where

each node i ∈ V is associated with a variable xi that satisfies the dynamics

dxi
dt

=
∑
j∈Ni

(xj(t)− xi(t)), xi(0) = xi,0, (5.1)

and Ni = {j ∈ V : (i, j) ∈ E}. It is well known that under the dynamics in (5.1), the variables

xi synchronise to a common state as t → ∞ ([?]). If the network also exhibits a clustering

formation with internally dense, sparsely connected areas, then the network is known as a

clustered consensus network ([?]). These types of networks have recently gained attention

due to their ability to model connections within number of physical systems including social

networks ([?]), wireless sensor networks ([?]), vehicle maneouvering and formation networks

([?]), power systems ([?], [?]), and electric smart grids ([?]).

The clustered consensus network is known to exhibit a two time-scale structure as nodes within

a cluster reach a consensus at a much faster rate than the network overall. By exploiting

the two-time-scale structure, nodes within a cluster can be collapsed into a single aggregate

node and singular perturbation theory can be applied in order to obtain approximate dynamics

over the resulting reduced dimension network. This approach originated in [?] and [?] where

the authors considered (5.1) and introduced a transformation of variables that resulted in a

singularly perturbed system with the slow variables representing the aggregate nodes and the

fast variables representing the differences between nodes within an area. This work was recently

extended in [?] to a specific form of nonlinear consensus dynamics. By adding a control to (5.1)

and associating an objective functional to the resulting system, one obtains an optimal control

problem over the network. In the context of power systems, for example, a control may be

an additional generation of power through non-traditional methods such as wind or solar or

storage of power using batteries (see [?]). Research into the exploitation of the structure of

a controlled clustered consensus network has been very recent; in particular, [?], [?], and [?]

have focused on using the two time-scale structure in order to obtain an approximation to the
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optimal control and state variables in (5.1).

In order to identify a clustered network, a clustering parameter ε is introduced that provides

the ratio of the number of internal connections to the number of external connections over

all areas. However, the weaker the clustering gets and the larger the value of ε becomes,

the worse the approximation to the minimum cost of the control problem becomes. In this

chapter, we obtain an upper bound χNu (ε) and a lower bound χNl (ε) on the minimum cost of an

unconstrained control problem that hold for all values of ε and furthermore satisfy the bound

|χNl (ε)− χNu (ε)| = O(εN+1), as ε→ 0, (5.2)

for any positive integer N . Additionally, we obtain an upper bound χu(ε) and a lower bound

χl(ε) on the minimum cost of a constrained control problem that hold for all values of ε and

furthermore satisfy the bound

|χl(ε)− χu(ε)| = O(ε), as ε→ 0, (5.3)

In particular, our result determines a solution space for values of ε that may not be sufficiently

small to yield a good approximation via traditional reduction methods but where the minimum

cost is still impractical to compute numerically.

5.2 Consensus Dynamics of the Network

In this section, we follow the work of [?], [?] and [?] and formalise the consensus dynamics and

time-scale separation of the controlled clustered consensus network.

A clustered consensus network is a connected graph G = (V,E), where V = {1, . . . , n} is the

set of nodes and E ⊂ V × V is the set of edges, that is partitioned into a r areas for some

positive integer r. For each α ∈ {1, . . . , r}, the nodes within area α are denoted by Vα and the

number of nodes within α is denoted by mα. To each node i ∈ Vα, where α ∈ {1, . . . , r}, we
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assign a state variable xαi satisfying

dxαi
dt

=
r∑

β=1

mβ∑
j=1

kαβij (xβj − xαi ), xαi (0) = xiα,0 (5.4)

where

kαβij =


1 if i ∈ Vα, j ∈ Vβ and {i, j} ∈ E,

0 otherwise.

The differential equation in (5.4) may be represented in the simpler form

dx

dt
= (KI +KE)x, x(0) = x0, (5.5)

where x is the n-dimensional vector of state variables. Let us define an internal connection

to be an edge between two nodes within the same area and an external connection to be an

edge between two nodes from different areas. Then the matrix KI = diag(KI
1 , . . . K

I
r ), where

KI
α ∈ Rmα×mα , represents the internal connections of the network and the matrix KE ∈ Rn×n

represents the external connections. Additionally, we assume that the matrices KI and KE

have diagonal entries satisfying (KI
α)ii = −∑mα

j=1(KI
α)ij for j 6= i and KE

ii = −∑n
j=1K

E
ij for

j 6= i respectively. In the context of power systems, the off diagonal entries Kij are measures

of how easily power will be transferred between nodes i and j and the diagonal entries Kii

correspond to the measure of how easily power will be transferred from node i to the ground.

Finally, a control is added to the system in (5.5) in the following manner

dx

dt
= (KI +KE)x+Bu, x(0) = x0 (5.6)

where u is a k dimensional vector of control inputs and B is the matrix of control coefficients.

In the context of power systems, the control may represent additional current being injected

into the network using alternative energy sources such as wind or solar power or removed from

the network using battery storage (see [?]).
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Remark 5.1 We note that for the theoretical results in this section, there is no standard method

for adding a control to the homogeneous system (5.4). The authors in [?] and [?] consider an n

dimensional control input with a coefficient matrix of the form B = diag(b11, . . . b1m1 , . . . br1, . . . brmr) ∈

Rn×n where bii 6= 0 for i = 1, . . . , n, while the authors in [?] assume that, after the dynamics

are transformed into the standard singularly perturbed form

dx

dt
= A11x+ A12y +B1u,

ε
dy

dt
= A21x+ A22y +B2u,

the control matrices B1 and B2 have full rank. As a result of these formulations, the network

is controllable. However, controllability is not necessary for the theoretical results we consider.

The clustering aspect of the network is characterised by densely intra-connected and sparsely

inter-connected areas. Two parameters are used to partition the network into clusters: a node

parameter d and an area parameter ε. In order to make the following definitions relating to

a clustered network more tangible, we will present the definitions alongside the example of a

consensus network depicted in Fig. 5.1.

Figure 5.1: 20 node, 4 Cluster Network
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The node parameter of a network is defined as

d =
cE

cI
, (5.7)

where

cE = max
α,i
{cEαi}, cI = min

α,i
{cIαi}, (5.8)

and cEαi and cIαi denote the number of external and internal connections of node i in area α

respectively. In Fig. 5.1, the largest number of external connections emanating from any one

node is cE = 1 and the smallest number of internal connections emanating from any one node

is cI = 3. Consequently the node parameter is d = 1
3
.

The area parameter is defined as

ε =
γE

mcI
, (5.9)

where

m = min
α
{mα}, γE = max

α
{γEα }, (5.10)

and γEα is the total number of external connections of area α and mα is the number of nodes in

area α. In Fig. 5.1, the largest number of external connections emanating from any one area

is γE = 3 and the smallest number of nodes within an area is m = 4. Hence ε = 1
4
.

In order to obtain a separation of time-scales, we require both d� 1 and ε� 1, i.e., each node

has more internal than external connections and each area has more internal than external

connections. Additionally, we assume that the following growth condition holds

lim
ε→∞

m

cI
= 1, (5.11)

where m = maxα{mα}. In Fig. 5.1, m = 6.
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5.2.1 Two Time-Scale Behaviour

Intuitively, the system (5.6) exhibits a two time-scale behaviour as the dense internal con-

nections will result in each area reaching a consensus at a much faster rate than the overall

network. During this initial phase, the contributions between areas are negligible due to the

sparsity of external connections. Over a longer time period, however, these inter-area contri-

butions become significant. This two time-scale behaviour can be made explicit through the

following change of variables (see [?])

yα =
mα∑
i=1

xαi
mα

,

zα = Gαxα,

(5.12)

where Gα is the (mα − 1)×mα matrix

Gα =



−1 1 0 . . . 0

−1 0 1 . . . 0

...
...

...
. . .

...

−1 0 0 . . . 1


. (5.13)

Thus, for each area α, the variable yα, defined as the average of all the nodes in α, corresponds

to a slow aggregate variable and the variable z, defined as the difference between the nodes in

α and some reference node, corresponds to the fast variable. The transformation in (5.12) may

be written in the following simplified form

y
z

 =

C
G

x, (5.14)
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where matrix C is defined as C = M−1
α UT with

Mα = diag(m1, . . .mr),

G = blkdiag(G1, . . . Gr),

U = blkdiag(1m1 , . . .1mr),

(5.15)

and 1mα is the vector of ones of size mα. The explicit inverse of the transformation in (5.14) is

well known and given by (see [?])

x =

[
U G+

]y
z

 ,
where G+ = GT (GGT )−1 = blkdiag(G+

1 , . . . , G
+
r ) and the blocks G+

α ∈ Rmα×mα−1 are defined

as

G+
α =

1

mα



−1 −1 · · · −1

mα − 1 −1 · · · −1

−1 mα − 1 · · · −1

...
...

...
...

−1 −1 · · · mα − 1


.

Remark 5.2 Note that the change of variables that yield an explicit form of the two time-scale

behaviour is not unique. In particular, the authors in [?] and [?] propose a fast variable that

is defined as the weighted difference of the nodes within an area. Our work may be extended to

alternative fast variables, however, for simplicity we have chosen to use the transformation in

(5.14) from [?].

Lemma 5.3 The transformation in (5.14) applied to (5.6) yields the following system

dy

dt
= A11y + A12z +B1u, y(0) = y0,

dz

dt
= A21y + A22z +B2u, z(0) = z0,

(5.16)



5.2. Consensus Dynamics of the Network 123

where

A11 = CKEU, A12 = CKEG+, B1 = CB, y0 = Cx0

A21 = GKEU, A22 = G(KI +KE)G+, B2 = GB, z0 = Gx0.

Proof The proof follows from the fact that the matrices C and U span the left and right null

spaces of KI respectively.

Lemma 5.4 The matrix G(KI +KE)G+ is negative definite.

Proof It is easily verified that for each area α the matrix GαG
T
α may be written in the form

GαG
T
α = Imα + 1Tmα−11mα−1.

As Imα is positive definite and 1Tmα−11mα−1 is positive semi-definite, it follows that GαG
T
α and

GGT are positive definite. As the inverse of a positive definite matrix is positive definite, we

find that (GGT )−1 is positive definite. As −K is a Laplacian matrix, it is well known that

−K is positive semi-definite. Furthermore, it is easily verified that the vector 1n spans the

null space of K and that GTx for any vector x is not in the span of 1n. As a result, GKGT is

positive definite. Let us decompose −GKGT as

−GKGT = BBT ,

for some real, non-singular matrix B. It follows that −GKGT (GGT )−1 and BT (GGT )−1B are

similar, i.,e

−GKGT (GGT )−1 = BBT (GGT )−1BB−1.

As BT (GGT )−1B is congruent to (GGT )−1, i.e., (GGT )−1 = (B−1)TBT (GGT )−1BB−1, by

Lemma A.13, the number of positive eigenvalues of BT (GGT )−1B is equal to the number of posi-

tive eigenvalues of (GGT )−1. As similarity transformations preserve eigenvalues, −GKGT (GGT )−1

is positive definite and GKGT (GGT )−1 is negative definite.
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Lemma 5.5 ([?]) Using the row norm ‖·‖∞, we obtain the following bounds on the matrices

in (5.16)

∥∥A11

∥∥
∞ = O(cIε),

∥∥A12

∥∥
∞ = O(cIε),

∥∥B1

∥∥
∞ = O(

1

m
),∥∥A21

∥∥
∞ = O(cId),

∥∥A22

∥∥
∞ = Θ(cI),

∥∥B2

∥∥
∞ = O(1).

(5.17)

Proof See [?] for the proof of bounds on Aij for i, j = 1, 2. The assumption on the growth rate

of cI and m in (5.11) is used in the bound on A22. It is easily verified that B1 and B2 satisfy

the bounds above and we leave the proof to the reader.

The bounds in (5.17) suggest that the networks exhibit a two time-scale separation as the order

of A22 will typically be much larger than that of A21 and A11 and A12 for large-scale clustered

networks. Hence, z will change at a much faster rate than y in (5.16). A convenient way of

formulating the problem in order to illustrate this concept is to introduce two new time-scales:

a fast time-scale represented by tf = cIt and a slow time-scale are represented by ts = εtf .

Rescaling the matrices Aij for i, j = 1, 2 as

A11 =
A11

cIε
, A12 =

A12

cIε
, B1 =

B̄1γ
E

cIε
,

A21 =
A21

cId
, A22 =

A22

cI
,

so that the norms are O(1), we obtain the following slow time-scale system

dy

dts
= A11y + A12z +

1

γE
B1u,

ε
dz

dts
= dA21y + A22z +

1

cI
B̄2u.

(5.18)

Note that as we assume the network is connected, it follows that γE ≥ C1 > 0 for some constant

C1 as ε→ 0. Hence, 1
γE
B1 will remain bounded as ε→ 0.

Remark 5.6 From the formulation in (5.18), it is clear that the ε plays the role of a singular

perturbation parameter and d and 1
cI

play the role of regular perturbation parameters. The

presence of the regular perturbation parameters suggest that numerous reduced order models
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may be designed. In particular, setting d and 1
cI

to zero corresponds to a rigid aggregate system

whose dynamics are determined solely by the interactions of the areas.

Remark 5.7 For networks with weighted external connections of order δ for some δ << 1, ,

the parameter δ plays the role of both the singular and regular perturbation parameters. (see

[?]). As a result one obtains the fast dynamics δ dz
dts

= δA21y+A22z+δB̄2u which corresponds to

the control constrained system Pc in Chapter 4. In this case, the reduced order system obtained

by setting δ = 0 corresponds to the rigid aggregate system.

In the following sections, we obtain upper and lower bounds on the minimum cost of an optimal

control problem with dynamics in (5.18) for both unconstrained control and constrained control.

5.3 Network Example

In this section, we provide both constrained and unconstrained control clustered network ex-

amples and demonstrate the applicability of our bounds. In Example 1, we consider a small

scale network of 20 nodes and in Example 2 we consider a larger network of 68 nodes. In the

first example, the solver is able to obtain the minimum cost of the perturbed problem while in

the second example, the solver fails to obtain the minimum cost. We consider both examples

in order to illustrate the tightness of our error bounds.

With the matrices defined in (5.18), the optimal control problem assumes the same form as

that of Puc in Chapter 3 for some matrices Q, R and π. We will impose any assumptions

given in Chapter 3 on the optimal control problem in consideration and consider the reduced

problem obtained by assuming that ε→ 0 much faster than 1
cI
→ 0. The constrained problem

may also assume the same form as Pc in Chapter 4 if we consider the rigid aggregate problem

obtained by setting cI and consequently ε to zero (see Remark 5.6). Consequently, we consider

this specific case in the control constrained examples and we will impose on Pc any assumptions

given in Chapter 4.
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5.3.1 Example 1: 20 Node Network

We consider the clustered consensus network from [?] and [?] with 20 nodes and 4 clusters

(see Fig. 5.1). The singular perturbation parameter is ε = 0.25 and the remaining network

parameters have the following values m = 4, cI = 3, cE = 1 and γE=3.

The time horizon is 10 sec and the matrices in the objective functional JP are given as Q = In,

R = In, and π = Iε ∈ Rn×n where n = 20. The matrix B in (5.6) is taken to be In for n = 20

and the matrices Aij and Bi for i, j = 1, 2 are found using the method described in Section 5.2.

The initial conditions for the nodes were obtained randomly and are given by

v(0)T = [0.316, 0.959, 0.499, 0.739, 0.013, 0.605, 0.577,

0.807, 0.655, 0.878, 0.902, 0.152, 0.193, 0.791,

0.061, 0.39, 0.3, 0.734, 0.104, 0.793]T .

(5.19)

Setting ε = 0, the matrices in the objective functional of the reduced problem J̄P are given as

Q = I4, R = I20, and π = Iε ∈ R4×4. The matrices in the dynamics are given by

A =



−0.8000 0.2667 0.2667 0.2667

0.2667 −0.5333 0.2667 0

0.3333 0.3333 −1 0.3333

0.2222 0 0.2222 −0.4444


,

B =

[
0.2667 0.2667 0.3333 0.2222

]
U,

where U = blkdiag(11×5,11×5,11×4,11×6) and 1i×j is the i × j matrix of ones. The initial

condition is given by

[0.316, 0.959, 0.499, 0.739]T .

The solution to the original optimal control problem, the approximation using the method in

[?], and our upper and lower bounds are recorded in Table 5.1.

For the control constrained case, we consider the same example with the addition of control
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Table 5.1: Unconstrained: Minimum Cost, Reduced Approximation and Bounds for ε = 0.25.

Minimum Cost Reduced Upper Bd Lower Bd
1.6925 1.4132 1.7187 1.5457

constraints α = −0.25 and β = −0.05. The results of this problem are recorded in Table 5.2.

Table 5.2: Constrained: Minimum Cost, Reduced Approximation and Bounds for ε = 0.25

Minimum Cost Reduced Upper Bd Lower Bd
2.183 1.898 2.204 2.0333

It is clear that in both the constrained and unconstrained example, the upper and lower bounds

yield better approximations to the minimum cost than the approximation given by the reduced

order problems. Although the dimension of the network and corresponding optimal control

problem is small, the example illustrates that obtaining upper and lower bounds on the min-

imum cost, instead of using the approximation given by the reduced problem can useful for

implementation for any value of ε.

5.3.2 Example 2: 68 Node Network

The second example considers a network with 68 nodes and 4 clusters with ε = 0.0125. The

details of the optimal control problem are given in the previous example with n = 68. The first

20 initial conditions are in (5.19) and the remaining values are chosen randomly. The results

are summarised in Table 5.3.

Table 5.3: Unconstrained: Reduced Approximation and Bounds for ε = 0.0125.

Reduced Upper Bd Lower Bd
0.6546 0.7386 0.7102

For the constrained control case we add the same constraints as in Example 1. The results are

summarised in Table 5.4.

In this case, the solver was not able to compute the minimum cost of the optimal control

problem. However, we obtained the minimum cost of the reduced problem and the upper and
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Table 5.4: Constrained: Reduced Approximation and Bounds for ε = 0.0125

Reduced Upper Bd Lower Bd
30.875 30.964 30.896

lower bounds. It is clear that our result is applicable in the cases when the minimum cost of

an optimal control problem is intractable and furthermore, provides more information to the

practitioner when choosing an approximation.

In both Examples 1 and 2, we used a theoretical network in order to demonstrate the results of

our bounds. In the following section, we extend our application to a power network with test

data obtained from [?] .

5.4 Application to Power Networks

In this section, we consider the IEEE Reliability Test System (RTS) 1996 power network ([?])

and show the applicability of our results in this thesis to power transfer in a power network.

For the purposes of this section, we give only a brief overview of power networks; a detailed

study may be found in [?].

Generally, a power network consists of a set of synchronous generators that delivers power to

the load of the network. Each generator is equipped with a rotor that absorbs mechanical

energy causing it to rotate and a stator which is a stationary set of electrical conductors wound

in coils. During rotation, the rotor generates a magnetic field which induces a voltage difference

between the coils of the stator. This results in an alternating current which may subsequently

be conducted away from the generator.

The transfer of power in a network is related to the acceleration of the angle of the rotors and

can be shown to satisfy the linearised second-order consensus dynamics (see [?], [?] and [?])

d2x

dt2
= −M−1D

dx

dt
−M−1Lx, (5.20)
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where x is the rotor angle of the n generators, M ∈ Rn×n and D ∈ Rn×n are diagonal matrices

with entries given by the inertia and damping coefficients respectively and L ∈ Rn×n is the

incremental admittance matrix describing the power flow of the network that is obtained from

the non-linear dynamics via the methods in [?].

It is well known that generators within an area tend to move coherently, i.e., they oscillate at

the same frequency as their rotor speeds are constant. As a result, a group of coherent gener-

ators may be collapsed into a single aggregate variable and local variables can be defined that

represent the intra-area incoherencies between the rotor angles of the generators. Reformulat-

ing the dynamics in (5.20) in terms of these aggregate and local variables leads to a singularly

perturbed system to which reduced order modeling may be applied.

As the dynamics in (5.20) are second order, the methodology of [?] that was presented in Section

5.2.1 must be extended to account for second order systems. The authors in [?], [?], [?], and

[?] extended the results in [?] to the case of second order rotor angle dynamics and obtained

corresponding reduced order aggregate dynamics; however, in these cases, the system either

ignores or assumes uniformity on the damping coefficients ([?],[?] and [?]) or has restrictive

structural constraints due to assumptions of high frequency oscillations in the system ([?]).

The more recent work of [?] extends the work [?] by removing damping restrictions on (5.20)

and furthermore by considering weighted networks.

In Section 5.4.1, we derive the singularly perturbed dynamics of a weighted power network with

no damping restrictions under different assumptions from [?] and furthermore extend their work

to the case of a controlled network. Following this, in Section 5.4.2 we present our numerical

results on an optimal control problem over the IEEE RTS 1996 power network. The matrices

M , D and L for the dynamics of the IEEE RTS network have been provided by the authors in

[?].



130 Chapter 5. Clustered Consensus Networks

5.4.1 Two Time-Scale Behaviour

In order to apply the time-scale separation method in Section 5.2.1 to power networks, we must

we must extend the characterisation of clustering of a network. Following the work in [?], we

consider a graph G = (V,E,W ) partitioned into r areas where V = {1, . . . , n} is the set of

nodes corresponding the set of n generators, E ⊂ V × V the set of edges corresponding to the

connections between generators and W is the adjacency matrix of G defined as

wij =


wij > 0 {i, j} ∈ E,

0 otherwise,

for i, j = 1, . . . , n. We define the degree matrix D ∈ Rn×n as the diagonal matrix with elements

dii =
n∑
j=1

wij, i 6= j,

and the incremental admittance matrix as L = D − W ∈ Rn×n. Let Eα denote the set

of weighted edges within an area α. Accordingly, we define the internal adjacency matrix

WI ∈ Rn×n with elements wIij = wij if {i, j} ∈ Eα for each area α, and the internal degree

matrix DI ∈ Rn×n with elements dIii = −∑n
j=1,j 6=iw

I
ij. Finally we define the internal and

external admittance matrices as LI = DI −W I ∈ Rn×n and LE = L− LI ∈ Rn×n respectively.

For each area α ∈ {1, . . . r} and node i ∈ Vα, we define the parameters cIα,i, c
E
α,i and γEα as

cIα,i =
∑

{i,j}∈Eα

wij, cEα,i =
∑
{i,j}∈E

wij, ∀j /∈ Vα, γEα =
∑
{i,j}∈E

wij, ∀i ∈ Vα, j /∈ Vα,

respectively. We define the following parameters

cE = max
α,i
{cEαi}, cE = min

α,i
{cIαi}, γE = max

α
{γEα }. (5.21)

Accordingly, the node and area parameter, d and ε, respectively, may be defined in an analogous
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way to Section 5.2, i.e.,

d =
cE

cI
, ε =

γE

mcI
. (5.22)

We assume that each area is connected and we further impose the following restrictions in order

to avoid unbounded behaviour of (5.20) and degenerate problems as the singular perturbation

parameter
√
ε→ 0

0 < C1 ≤ γE ≤ C2, (5.23)

lim√
ε→0

m

cI
= 1. (5.24)

uniformly as
√
ε→ 0 for some fixed positive constants C1 and C2 and where m = maxα,i{mα}.

These conditions are analogous to those presented in Section 5.2.1.

As we investigate optimal control problems over power networks, we will add a control to the

dynamics of power flow in (5.20). Motivated by the controlled power network in [?], we keep

the network at its nominal value in (5.20) and treat the control as additive terms acting on the

generators of the network. In this way, we obtain the controlled dynamics

d2x

dt2
= −M−1D

dx

dt
−M−1Lx+Bu. (5.25)

In (5.25), u ∈ Rr is a control input that often represents either an additional generation of

power and B ∈ Rn×r is a matrix of control coefficients. In particular, we will assume that B

takes the form B = U(UTU)−1 where U is defined in (5.15). In this way, we consider only

one control for each coherent area of the network and that control is equally split between all

generators within an area.

Remark 5.8 Setting B = U(UTU)−1 avoids any unboundedness issues in addition to creating

a problem of the form Pc in Chapter 4. We note that it is not necessary to restrict B in this

way and by following the method and assumptions in Section 5.2, one may consider a more

general form of B. However, as this section is dedicated to the specific IEEE RTS network
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example, we have proposed an explicit control that is compatible with both the network and the

formulation of Pc in Chapter 4.

In order to make the two time-scale behaviour of (5.25) apparent, we define the transformation

y
z

 =

M−1
a UTM

G

x, (5.26)

where G is defined in (5.13), U is defined in (5.15) and Ma = UTMU where M is the matrix of

inertia coefficients. Thus, for each area α, the aggregate variable yα corresponds to the center

of inertia of area α, i.e., a weighted sum of all machine angles in α and the fast variable zα

corresponds to the incoherencies within α. The inverse transformation of (5.26) is well known

and given by (see [?])

x =

[
U G̃

]y
z

 , where G̃ = M−1GT (GM−1GT )−1.

Remark 5.9 The authors in [?] obtain the fast variable zα using an alternative transformation

that corresponds to taking a weighted difference of all the connected nodes in area α. While their

transformation has certain advantageous properties that simplify the derivation of a singularly

perturbed system, they assume the boundedness of m as
√
ε→ 0. The choice of transformation

in (5.13) allows us to remove this restriction.

Under the transformation of variables in (5.26), the system in (5.25) can be written as

ÿ
z̈

=−
 M−1

a Da M−1
a UTDG̃

GM−1DU GM−1DG̃


ẏ
ż

−
 M−1

a La M−1
a UTLEG̃

GM−1LEU GM−1LG̃


y
z

+

(UTU)−1

0n−r×r

u,
(5.27)

where Da = UTDU and La = UTLEU and we have used the identities UTLI = 0r×n,
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LIU = 0n×r and GU = 0n−r×r. Rewriting (5.27) as a first order system we obtain

d

dt



y

ẏ

z

ż


=



0 Ir 0 0

−M−1
a La −M−1

a Da −M−1
a UTLEG̃ −M−1

a UTDG̃

0 0 0 In−r

−GM−1LEU −GM−1DU −GM−1LG̃ −GM−1DG̃





y

ẏ

z

ż


+



0

(UTU)−1

0

0


u.

Let us simplify notation in (5.27) and write

Ā11 = M−1
a La, Ā12 = M−1

a UTLEG̃, B = (UTU)−1,

Ā21 = GM−1LEU, Ā22 = GM−1LG̃.

(5.28)

Lemma 5.10 The matrix −Ã22 is negative definite.

Proof Consider the matrix GM−1LM−1GT . As L is a Laplacian, it is positive semi-definite;

hence GM−1LM−1GT is positive semi-definite. It is easily verified from the definition of L

that the n dimensional vector 1n with all n entries equal to one, spans the null space of L

and that M−1GTx for any vector x is not in the span of 1n. As a result, GM−1LM−1GT is

positive-definite. Consider the block diagonal matrix GM−1GT . Let M̄α denote the matrix Mα

with the first row and column deleted. It is easily verified that for each area α, the matrix

GαM
−1
α GT

α can be written as the sum

GαM
−1
α GT

α = M̄−1
α +

1

m11

1Tmα−11mα−1,

where m11 is the first entry of Mα. As M̄−1
α is positive definite and 1

m11
1Tmα−1 is positive semi-

definite, it follows that GαM
−1
α GT

α and hence GM−1GT are positive definite. Furthermore, as

the inverse of a positive definite matrix remains positive definite, we find that (GM−1GT )−1 is

positive definite. As GM−1LM−1GT is positive definite, we may decompose it as

GM−1LM−1GT = KKT ,
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where K is a non-singular matrix. Therefore

GM−1LM−1GT (GM−1GT )−1 = KKT (GM−1GT )−1.

As K is non-singular, it follows that GM−1LM−1GT (GM−1GT )−1 and KT (GM−1GT )−1K are

similar i.e.,

GM−1LM−1GT (GM−1GT )−1 = KKT (GM−1GT )−1KK−1.

As KT (GM−1GT )−1K is congruent to (GM−1GT )−1, from Sylvester’s Law of Inertia in Lemma

A.13, it follows that GM−1LG̃ has the same number of positive eigenvalues as (GM−1GT )−1.

As (GM−1GT )−1 is positive definite, it follows that GM−1LG̃ is positive definite and therefore,

−GM−1LG̃ is negative definite.

Lemma 5.11 Using the norm ‖·‖∞, we obtain the following bounds on the matrices in (5.28)

∥∥A11

∥∥
∞ = O(cIε),

∥∥A12

∥∥
∞ = O(cIε),

∥∥B∥∥∞ = O(
1

m
),∥∥A21

∥∥
∞ = O(cId),

∥∥A22

∥∥
∞ = Θ(cI),

(5.29)

where cI , d and ε are defined in (5.21) and (5.22).

The proof is similar to that in [?], hence we leave the proof to the reader.

We rescale the matrices in (5.28) so that their norms are bounded by O(1). In this way, we

obtain

A11 =
A11

cIε
, A12 =

A12

cIε
, A21 =

A21

cId
, A22 =

A22

cI
B1 =

γEB

cIε
. (5.30)

where ‖Aij‖∞ = O(1) for all i, j = 1, 2.
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Lemma 5.12 Defining the fast time-scale to be tf = cIt yields the following system

d

dtf



y

ẏ

z

ż


=



0 Ir
cI

0 0

−εA11 −M−1
a Da
cI

εA12 −M−1
a UTDG̃
cI

0 0 0 In−r
cI

−dA21
GM−1DU

cI
−A22 −GM−1DG̃

cI





y

ẏ

z

ż


+



0

ε
γE
B1

0

0


u. (5.31)

Furthermore, following [?] and [?] and defining the slow time-scale to be ts =
√
εtf yields the

following system.

d

dts



y

ẏ

√
εv

√
εż


=



0 Ir
cI

0 0

A11 −M−1
a Da
cI
√
ε

−A12 −M−1
a UTDG̃
cIε

0 0 0 1
cI
In−r

−dA21 −
√
εGM−1DU

cI
−A22 −GM−1DG̃

cI





y

ẏ

v

ż


+



0

1
γE
B1

0

0


u, (5.32)

where z = 1√
ε
v.

The proof follows from a simple change of variables, hence we do not present it here.

Lemma 5.13 The 2(n− r)× 2(n− r) dimensional matrix

Ψ =

 0 1
cI
In−r

−A22 −GM−1DG̃
cI

 ,
is non-singular.

Proof Note that we may write the matrix in the following form

Ψ =

 1
cI
In−r 0

−GM−1DG̃
cI

−A22


 0 In−r

In−r 0

 .
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It is easily verified that

det

( 0 In−r

In−r 0

) = (−1)2(n−r).

Therefore, det(Ψ) = det(− 1
cI
A22). As Ã22 is non-singular from Lemma 5.10, it follows that A22

is non-singular and hence, Ψ is non-singular.

From (5.23), it follows that the term 1
γE
B1 is uniformly bounded as

√
ε → 0. The following

lemma will address the asymptotic behaviour of the remaining terms in (5.32).

Lemma 5.14 The terms 1
cI

, M−1
a Da
cI
√
ε

, and M−1
a UTDG̃
cIε

are uniformly bounded as
√
ε → 0 and

furthermore the terms satisfy the following respective asymptotic bound

(a)
√
ε = O( I

cI
),

(b) M−1
a Da
cI
√
ε

= O(
√
ε),

(c) M−1
a UTDG̃
cIε

= O(1).

Proof (a) Note that the condition (5.24) implies

lim√
ε→0

m

cI
= 1. (5.33)

From (5.33), it follows that
√

cI

m
= 1 as

√
ε → 0. Hence, there exists some constant C

such that

√
ε =

√
γE

mcI
< C

1

cI
.

Thus
√
ε = O( 1

cI
) and consequently, 1

cI
will not go to zero as fast as

√
ε.

(b) By definition, we obtain M−1
a Da
cI
√
ε

=
√

m
cIγE

M−1
a Da. It is easily verified that M−1

a = O( 1
m

)

and it follows from (5.23) that we do not need to consider the asymptotic behaviour of

γE as
√
ε→ 0. Hence M−1

a Da
cI
√
ε

= O( 1√
mcI

) = O(
√
ε) as

√
ε→ 0.
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(c) By definition, we obtain M−1
a UTDG̃
cIε

= mM−1
a UTDG̃
γE

. As M−1
a = O( 1

m
) and γE has a lower

bound as
√
ε→ 0 by (5.23), it follows that M−1

a UTDG̃
cIε

= O(1).

Remark 5.15 From the bounds on the matrices (5.30) and the asymptotic behaviour of the

terms in Lemma 5.14, it is easily verified that the top two rows and bottom two rows in (5.31)

are bounded by O( 1
cI

) and O(1) respectively. Furthermore, the top two rows and bottom two

rows in (5.32) are bounded by O(1) and O( 1√
ε
) respectively. Hence, the system in (5.20) exhibits

a two time-scale behaviour (see [?], Chapter 1.6).

As the system in (5.32) is in standard singularly perturbed form, we can apply the analysis in

Sections 3 and 4 and obtain similar dual and reduced problem. In particular, we consider the

following reduced order system

d

dts

ys
ẏs

 = A11 −A12A
−1
22A22

ys
ẏs

+

 0r

1
γE
B1

u, (5.34)

where

A11 =

 0r
1
cI
Ir

−A11 0

 , A12 =

0r×n−r 0r×n−r

−A12 −mM−1
a UTDG̃
γE

 ,
A21 =

0n−r×r 0n−r×r

−dA21 0

 , A22 =

0n−r
1
cI
In−r

A22 −GM−1DG̃
cI

 .
Remark 5.16 The formulation in (5.34) is motivated by the reduced order problem considered

in [?]. Although the presence of the terms 1
cI

and d in (5.32) suggests that numerous reduced

order models may be designed, these term are often kept in the reduced order formulation of

networks if d is not particularly small (see [?]).

5.4.2 Numerical Results

In this section, we apply the results in Section 5.4.1 to a control constrained optimal control

problem subject to the linearised second order dynamics of the IEEE RTS power network in [?].
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While these results are also applicable to unconstrained control problems, we chose to focus on

the more prevalent case of constrained control in a power network.

This IEEE RTS system consists of 33 generators that are naturally partitioned into three equally

sized, internally dense and externally sparse areas due to geographic location. A diagram of

the generators of the RTS network is provided in Figure 5.2 where the blue circles represent

the generators and the yellow circles denote groups of transition links between the generators.

Figure 5.2: IEEE RTS Network 33 Generators

When the network is in a steady state, the rotors within each generator move at the same

constant speed and the angle between each of the rotors and a reference axis that moves at the

synchronous speed will be constant. If there is a disturbance in one or more of the machines,

then the speed and angle of the corresponding rotors will change. We assume the generators

are starting with different rotor angles and speeds and we seek to regulate the angles to their

steady state.

The data for the matrices M , D and L in (5.25) have been obtained from [?]. The initial

conditions were chosen at random and the control matrix B is taken to be B = U(UTU)−1. In

the control problem Pc, each component of the control is assumed to be constrained in the set
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[−1, 1], the matrices in the cost functional are taken to be

Q = I66 R = I66, π = blkdiag(I6,
√
εI60),

and the time period is 5 seconds. Following the method in Section 5.4.1, we obtain a singularly

perturbed system of the form (5.32) and a reduced order model of the form (5.34). We note

that in our example, the matrix A22 has eigenvalues with negative real parts.

In the constrained case, the solver was not able to compute the minimum cost of the perturbed

optimal control problem. However, we provide the results for the reduced order problem and

our upper and lower bounds in Table 5.5.

Table 5.5: IEEE RTS 1996 system: Reduced Approximation and Bounds

Reduced Upper Bound Lower Bound
383256 28764906 28764787

It is clear that our result is applicable in the cases when the minimum cost of an optimal

control problem is intractible and furthermore, provides more information to the practitioner

when choosing an approximation for any value of ε.

5.5 Discussion

In this chapter, we have applied the methodology developed in Chapters 3 and 4 to optimal

control problems over clustered consensus networks associated with both first order and second

order dynamics. We presented numerical results for both constrained control and unconstrained

control problems and have shown that our bounds can provide superior information to that

of the standard reduced order approximation. Furthermore, we extended the work of [?] to

controlled power networks over weighted graphs and applied reduced order modeling in order

to obtain a reduced dimension optimal control problem over an aggregate power network. In

particular, we obtain tight upper and lower bounds on a constrained control problem over the

benchmark IEEE RTS 1996 power system.
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We note that in the cases where the GPOPS-II solver was not able to solve the perturbed

problem, we obtained the upper and lower bounds using an ODE solver in Matlab. As the

upper and lower bounds are computed using an ODE solver in Matlab they be considered to

have some numerical error with respect to the GPOPS-II solution. In particular, depending

on the error tolerance specified for the ODE solver, it is possible for the upper bound to be

smaller than the primal minimum cost given by GPOPS-II and the lower bound to be larger.

Future research may work towards quantifying this numerical error.

So far, we have refrained from the discussion on controller design of a network and have instead

focused on the theoretical aspect of obtaining upper and lower bounds. As a result, we have

assumed a system where the control is a function of the initial conditions of the network and a

function of the entire state. An interesting extension of our work is the problem of extending

the results in the direction of distributed networks in [?] and [?]. In this case, the design

is distributed to different area-level coordinators and only local information within the area

is known to the coordinator. Thus, for r areas, a set of r simplified sub-problems can be

developed. We believe that the general methodology proposed in this chapter can be extended

to distributed systems; however, this extension requires a more careful analysis.
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Conclusion

A fundamental problem in optimal control theory deals with the question of how to accurately

model a physical system. In many cases, these systems evolve over two time-scales with some

components evolving at a much slower rate than others. This type of behaviour may be accu-

rately modelled using singular perturbation theory where the singular perturbation parameter

ε represents the ratio of the two time-scales. Unfortunately, solving an optimal control problem

with singularly perturbed dynamics requires considerable computational effort due to the stiff-

ness introduced by ε. Moreover, this effort is compounded when solving any large dimensional

problem in what is known as the ‘Curse of Dimensionality’. As a result, many approximation

methods have been developed in order to avoid the difficulties associated with obtaining the

minimum cost of the singularly perturbed optimal control (SPOC) problem.

Many authors have focused on obtaining an approximation on the minimum cost for small ε

using the reduced order optimal control problem where ε = 0. The drawback to these existing

approximations is that they are typically asymptotic in nature. Therefore, it remains unknown

exactly how good the approximation is for any fixed value of ε and furthermore, in the case of

a large ε, the approximation may be very poor. In this thesis, we have focused on extending

the theory of SPOC problems to include a method which results in both an arbitrarily tight

error bound on the minimum cost and a criterion that can be used to quantify the quality of

other approximation methods.
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6.1 Summary

In Chapter 3, we considered singularly perturbed unconstrained control problems. While this

problem has been heavily investigated (see [?], [?], [?] , [?]), only an asymptotic expansion up

to any N terms of the minimum cost has been obtained. By incorporating a duality theory

into our control problem, we were able to exploit the two-time scale nature of both the primal

and the dual problem; thereby producing an O(εN) error bound on the minimum cost of the

perturbed problem as ε→ 0 for any integer N .

In Chapter 4, we considered singularly perturbed constrained control problems. While the

minimum cost of such a problem has been shown to converge to the minimum cost of a reduced

order problem (see [?] and [?]), we obtain a tight O(ε) error bound on the minimum cost of

the perturbed problem as ε → 0. Although, in this section, we restricted the structure of the

control problem to cases where the control coefficient in the fast dynamics is O(ε), we show

in Chapter 5 that this structure may arise as a consequence of reformulating a two-time scale

problem into standard singularly perturbed form.

In Chapter 5, we considered the extension of our work to the case of clustered consensus

networks. As these networks exhibit a two time-scale separation, we were able to derive a

singularly perturbed system from the controlled network dynamics. Furthermore, we applied

our results to an optimal control problem subject to the dynamics of well known benchmark

power network in order to obtain a tight error bound on the minimum cost. To the extent of

the authors knowledge, this is the first result of its kind in the field of singular perturbation

theory over consensus networks.

6.2 Future Directions

There are numerous extensions of our work that may be considered for future research. An

immediate extension of Chapter 4 is the application of our work to a more general form of the

optimal control problem where there is no ε term multiplying the control associated with the
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fast dynamics. In this way, we increase the class of problems to which our analysis may be

applied. Furthermore, as many physical systems evolve over many different time-scales and are

not limited to the two time-scale case, it is of practical interest to extend our results in Chapters

3 and Chapter 4 to the multi time-scale case where ε becomes a vector of independent small

parameters. Multiple time-scale singularly perturbed problems have been considered recently

in [?] and [?] and have been applied to flight control in [?].

As many physical systems have highly non-linear dynamics and evolve over an infinite time

horizon, we would also like to consider the extension to both the non-linear case and the infinite

time case in order to broaden the class of problems to which our analysis can be applied. While

asymptotic approximations of the minimum cost have been obtained for some specific non-

linear problems and infinite horizon linear-quadratic problems, additional work will be required

in order to determine how a dual problem may be formulated in these instances.

We would also like to adapt existing linearisation algorithms for non-linear optimal control

problems as this constitutes a wide class of potential applications of our research. Many sys-

tems require a non-linear, non-quadratic optimal control problem and many linear-quadratic

approximations to these systems have been proposed. Such approximation procedures are based

on similar ideas to those underlying widely used Sequential Quadratic Programming approaches

in nonlinear programming [?]. Typically these approximations are derived around a nominal

trajectory and the resulting linear quadratic optimal control problem is then solved to obtain

a control policy. This control policy is then used to create a new nominal trajectory and the

process is repeated until convergence is achieved (see [?] and [?] and [?] for a description of this

process in detail and examples in flight control and biological systems modelling). For non-

linear perturbed systems, a linear-quadratic approximation around a nominal trajectory would

result in the formulation discussed within this thesis. Consequently, applying our methodology

to the approximated control problem would lead to a much faster convergence rate.

Another area of research will focus on obtaining different distributed controller designs of the

clustered consensus network in Chapter 5 in order to further reduce computational complexity.

In particular, we would like to build on the works in [?] and [?] where the control problem is



144 Chapter 6. Conclusion

divided into a set of n simplified reduced order sub-problems where n is the number of clusters.

In addition, we would like to tackle more complex networks that are closer representations of

many physical systems. Specifically, many real large scale biological systems are composed of

several coupled clusters of networks. While optimal control problems over these networks have

been considered in [?], we would like to apply our methodology in order to bound the minimum

cost.

It is clear that the treatment of SPOC problems in this thesis requires somewhat restrictive

hypotheses. However, as our aim is to provide a framework with which one may obtain upper

and lower bounds on the minimum cost of a SPOC problem, we have narrowed our work to a

specific class of SPOC problems to which our framework may be applied. We hope that the

work in this thesis lays the ideas and the foundation for exploring new research concerning

the application of singularly perturbed duality theory to more general optimal control settings

and the application of our results to various existing linearisation algorithms that attempt to

approximate highly non-linear problems.



Appendix A

We divide Appendix A into four sections: the first covers basic theorems pertaining to asymp-

totic expansions and ordinary differential equations, the second covers basic definitions and

results in Sobolev spaces, the third covers necessary, sufficient and existence conditions for

optimal control problems and the fourth covers preliminary results in the duality theory of

optimal control problems. We assume knowledge of basic terms in analysis.

A.1 Asymptotic Expansions and Ordinary Differential

Equations

In this section, we obtain a general form of a solution for the various systems of differential

equations that are considered in this thesis. We, furthermore, obtain bounds on these general

solutions and provide existence and uniqueness results.

Lemma A.1 Consider the system

dx

dt
= Ax(t), t ∈ [0, 1], a.e., (A.1)

x(0) = x0, (A.2)

where x is an m dimensional real vector valued function and A ∈ Rm×m is a constant square

matrix. Suppose the real parts of the eigenvalues λi i = 1, . . . ,m of A are negative, i.e.,
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Reλi ≤ −k < 0 for all i = 1, . . . ,m, where k is a fixed positive constant. Then there exists a

unique solution to (A.1) given by

x(t) = eAtx0,

and if k1 is any constant satisfying 0 < k1 < k, the matrix eAt is bounded by

|eAt| ≤ ce−k1t, ∀t ∈ [0, 1],

where c is a positive constant and the norm is given by |A| =
∑m

i=1

∑m
j=1 |aij| for any square

matrix A = (aij).

Proof See [?] Chapter 6.4 and [?] Lemma 2.4.

Consider the system of differential equations

dx

dt
= A(t, ε)x(t), t ∈ [0, 1] a.e., (A.3)

where x ∈ Rm and the matrix A ∈ Rm×m is continuous for all t ∈ [0, 1] and ε ≥ 0. For an initial

value problem, we associate boundary conditions at the initial time

x(0, ε) = α(ε),

and for a boundary value problem, we associate boundary conditions at both the initial and

terminal times

Lx(0, ε) +Rx(1, ε) = β(ε),

where L and R are constant Rn×n matrices and α and β are Rn vectors.

Definition A.2 (Fundamental Solution) A fundamental solution of (A.3) is a matrix Z =

[x1, . . . , xm] ∈ Rm×m where x1, . . . , xm constitute a set of m linearly independent solutions to

the differential equation (A.3).
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Definition A.3 (Resolvent Matrix) Consider the system in (A.3) and denote the corre-

sponding fundamental solution set by Z ∈ Rm×m. The resolvent matrix of (A.3) is defined

uniquely as

ΦA(t, s, ε) = Z(t, ε)Z(s, ε)−1, for 0 ≤ s ≤ t ≤ 1.

The resolvent matrix satisfies the following properties

dΦA(t, s, ε)

dt
= A(t, ε)ΦA(t, s, ε),

det(ΦA) 6= 0.

(A.4)

If (A.3) is an initial value problem, then the resolvent matrix of satisfies the additional property

ΦA(t, t, ε) = Im.

If (A.3) is a boundary value problem, then the resolvent matrix satisfies the additional prop-

erties

lim
ξ→0

ΦA(t, t− ξ, ε)− ΦA(t, t+ ξ, ε) = Im+n, (A.5)

LΦA(0, s, ε) +RΦA(1, s, ε) = 0. (A.6)

Lemma A.4 Let f : [0, 1]→ Rm be an absolutely continuous function on [0, 1] with derivative

df
dt

almost everywhere. Then

d

dt
|f(t)| ≤

∣∣∣∣df(t)

dt

∣∣∣∣, t ∈ [0, 1]a.e.,

where the norm is given by

|f(t)| = max
i
|fi(t)|. (A.7)

Proof Using the definition of a derivative, for any δ > 0

d

dt
|f(t)| = lim

δ→0

|f(t+ δ)| − |f(t)|
δ

≤ lim
δ→0

∣∣∣∣f(t+ δ)− f(t)

δ

∣∣∣∣ =

∣∣∣∣ limδ→0

f(t+ δ)− f(t)

δ

∣∣∣∣ =

∣∣∣∣dfdt
∣∣∣∣.
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Lemma A.5 (Gronwall’s Lemma) Let f : [0, 1]→ Rm be an absolutely continuous function

on [0, 1] satisfying

d

dt
|f(t)| ≤ γ(t)|f(t)|, t ∈ [0, 1]a.e.,

where γ(t) ∈ L1((0, 1);R). Then for all t ∈ [a, b]

|f(t)| ≤ |f(0)|e
∫ t
0 γ(s) ds.

Proof See [?] Theorem 6.41.

Lemma A.6 Assume (A.3) is an initial value problem. Then the resolvent matrix ΦA for

(A.3) satisfies the bound

|ΦA(t, s, ε)| ≤ e‖A‖max(|t−s|), for 0 ≤ s ≤ t ≤ 1, ε ≥ 0, (A.8)

where the norms | · | and ‖·‖max are given respectively by

|A(t)| = max
ij
|Aij(t)|, (A.9)

‖A‖max = max
0≤t≤1

|A(t, ε)|, (A.10)

for any matrix A = (aij).

Proof Let g(t) = φA(t, s, ε). It follows from the definition of a resolvent matrix that g(s) = Im.

As g satisfies the differential equation in (A.3), by Lemma A.4 we obtain

d|g|
dt
≤
∣∣∣∣dgdt
∣∣∣∣ ≤ |A(t, ε)||g(t)| ≤ ‖A‖max |g(t)|.

By Gronwall’s Lemma,

|g(t)| ≤ |g(s)|e‖A‖max(t−s) = e‖A‖max(t−s).
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Lemma A.7 Consider the system

ε
dy

dt
= D(t, ε)y, t ∈ [0, 1] a.e.,

y(0) = y0,

(A.11)

where y ∈ Rn and matrix D ∈ Rn×n. Assume D is continuous in t for all ε ≥ 0, uniformly

bounded for all t ∈ [0, 1] as ε → 0 and that the real parts of the eigenvalues λi(t, ε) where

i = 1, . . . , n of D are uniformly negative for all t ∈ [0, 1] and ε > 0, i.e. Reλi(t, ε) ≤ −k < 0

for i = 1, . . . , n and where k is a positive constant. Then the resolvent function ΦD(t, s, ε) of

(A.11) satisfies the condition

|ΦD(t, s, ε)| ≤ ce
−k1(t−s)

ε ,

for fixed positive constants c and 0 < k1 < k, uniformly for all 0 ≤ s ≤ t ≤ 1 as ε→ 0.

Proof See [?].

Lemma A.8 Consider the system (A.11) where D is continuous in t for all ε ≥ 0. Suppose

that the real parts of the eigenvalues λi for i = 1, . . . , n of D satisfy Re|λi(t, ε)| ≥ 2k > 0

uniformly as ε→ 0 for some positive constant k. Then there exists a fixed projection

P =

Iσ 0

0 0

 ,
where σ is sum of the algebraic multiplicities of all the eigenvalues of D with negative real parts

and there exists a fundamental solution η for the system (A.11) such that the inequalities

|η(t, ε)Pη−1(s, ε)| |η(s, ε)(I − P )η−1(t, ε)| ≤ ce
−k(t−s)

ε , (A.12)

hold for 0 ≤ s ≤ t ≤ 1 and ε > 0 where c is a fixed positive constant.

Proof See [?].
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A system of singularly perturbed differential equations is represented as

dx

dt
= A(t, ε)x+B(t, ε)y + f(t, ε),

ε
dy

dt
= C(t, ε)x+D(t, ε)y + g(t, ε),

(A.13)

for t ∈ [0, 1], ε > 0, x ∈ Rm and y ∈ Rn. We will consider either initial conditions or boundary

conditions associated with (A.13) depending on the problem in consideration.

Lemma A.9 ([?] Theorem 6.1.2) Let us assume the system in (A.13) is an initial value

problem with initial conditions given by

x(0, ε) = α(ε), y(0, ε) = β(ε).

We assume that the matrices A, B, C, D and vectors f and g are piecewise continuous in t

and the matrices A, B, C and D are bounded for all t ∈ [0, 1] and ε ≥ 0. Furthermore, we

assume that the real parts of the eigenvalues λi for i = 1, . . . , n of D are uniformly negative as

ε→ 0. Then the solution to (A.13) can be represented as

x(t, ε)

y(t, ε)

 = Φ(t, 0, ε)

α(ε)

β(ε)

+

∫ t

0

Φ(t, s, ε)

 f(s, ε)

1
ε
g(s, ε)

 ds,

for any resolvent matrix Φ(t, s, ε) of the homogeneous system of (A.13). Let us partition the

resolvent matrix Φ as follows

Φ(t, s, ε) =

φ11(t, s, ε) φ12(t, s, ε)

φ21(t, s, ε) φ22(t, s, ε)

 , φ11 ∈ Rm×m, φ22 ∈ Rn×n.

Then φij, i, j = 1, 2 satisfy the following bounds

|φ11(t, s, ε)| ≤ m11, |φ12(t, s, ε)| ≤ εm12,

|φ21(t, s, ε)| ≤ m21, |φ22(t, s, ε)| ≤ (ε+ e
−k(t−s)

ε )m22,

(A.14)

for suitable positive constants mij, i, j = 1, 2 uniformly for all t ∈ [0, 1] as ε→ 0.
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Proof See [?] Theorem 6.1.2.

Lemma A.10 Consider the system (A.13) with boundary conditions given by

L(ε)

x(0, ε)

y(0, ε)

+R(ε)

x(1, ε)

y(1, ε)

 =

α(ε)

β(ε)

 , (A.15)

and where f and g in (A.13) are functions of x and y in addition to t and ε, i.e., f(x, y, t, ε)

and g(x, y, t, ε). Assume that A, B, C, D, f and g are continuous in t for any ε > 0. Then

the solution to (A.13) and (A.15) can be represented using the equivalent integral equation

x(t, ε)

y(t, ε)

 = Z(t, ε)M(ε)−1

α(ε)

β(ε)

+

∫ 1

0

G(t, s, ε)

 f(x, y, s, ε)

1
ε
g(x, y, s, ε)

 ds, (A.16)

provided M := L(ε)Z(0, ε) +R(ε)Z(1, ε) is non-singular and where Z is a fundamental solution

to the homogenous system

dx

dt
= A(t, ε)x+B(t, ε)y,

ε
dy

dt
= C(t, ε)x+D(t, ε)y,

(A.17)

and the matrix G is given by

G(t, s, ε) =


Z(t, ε)M(ε)−1L(ε)Z(0, ε)Z(s, ε)−1 for s < t,

−Z(t, ε)M(ε)−1R(ε)Z(1, ε)Z(s, ε)−1 for s > t.

(A.18)

Remark A.11 The matrix G(t, s, ε) has a jump discontinuity at t = s which is characterised

by (A.6).

Proof The proof of equivalence of the solution to (A.13) and (A.16) follows from differentiating
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(A.16). In particular, as Z is a fundamental solution of (A.17) it follows that

d

dt

x(t, ε)

y(t, ε)

 =I
1
ε

A(t, ε) B(t, ε)

C(t, ε) D(t, ε)

Z(t, ε)M(ε)−1

α(ε)

β(ε


+ I

1
ε

A(t, ε) B(t, ε)

C(t, ε) D(t, ε)

Z(t, ε)M(ε)−1LZ(0, ε)

∫ t

0

Z(s, ε)−1

 f(x, y, s, ε)

1
ε
g(x, y, s, ε)

 ds
+ lim

ξ→0
Z(t, ε)M(ε)−1L(ε)Z(0, ε)Z(t− ξ, ε)−1

 f(x, y, s, ε)

1
ε
g(x, y, s, ε)


− I 1

εA(t, ε)Z(t, ε)M(ε)−1R(ε)Z(1, ε)

∫ 1

t

Z(s, ε)−1

 f(x, y, s, ε)

1
ε
g(x, y, s, ε)

 ds
+ lim

ξ→0
Z(t, ε)M(ε)−1R(ε)Z(1, ε)Z(t+ ξ, ε)−1

 f(x, y, s, ε)

1
ε
g(x, y, s, ε)


(A.19)

where I
1
ε is the m × n diagonal matrix where the first m entries are 1 and the following n

entries are 1
ε
. It follows from the definition of a fundamental solution and Remark A.11 that

(A.19) is equivalent to the following

=I
1
ε

A(t, ε) B(t, ε)

C(t, ε) D(t, ε)


x(t, ε)

y(t, ε

+ lim
ξ→0

G(t, t− ξ, ε)−G(t, t+ ξ, ε)

 f(x, y, s, ε)

1
ε
g(x, y, s, ε)


=I

1
ε

A(t, ε) B(t, ε)

C(t, ε) D(t, ε)


x(t, ε)

y(t, ε

+

 f(x, y, s, ε)

1
ε
g(x, y, s, ε)


The last equation is equivalent to the differential equation in (A.13). The boundary conditions

(A.15) follow from evaluating (A.16) at t=0 and t=1 along with the property (A.5).

In order to obtain a fundamental solution of (A.17), we diagonalise the system (A.13) using
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the following non-singular linear transformation (see [?] and [?])

x
y

 =

 I2m −εH1(t, ε)

−H2(t, ε) In + εH2(t, ε)H1(t, ε)


x̂
ŷ

 , (A.20)

where the matrices H1 and H2 satisfy the equations

ε
dH1

dt
= ε(A(t, ε)−B(t, ε)H2)H1 −H1(D(t, ε) + εH2B(t, ε))B(t, ε),

ε
dH2

dt
= D(t, ε)H2 − εH2A(t, ε) + εH2B(t, ε)H2 − C(t, ε).

(A.21)

Applying the transformation (A.20), we obtain the much simpler system

dx̂

dt
= (A(t, ε)−B(t, ε)H2)x̂,

ε
dŷ

dt
= (D(t, ε)− εH2B(t, ε))ŷ.

(A.22)

A fundamental solution Z may easily be obtained from the fundamental solutions of (A.22)

and, under additional assumptions, a bound on Z may easily be obtained using Lemma A.6

and either Lemma A.7 or A.8 depending on specific nature of the system (A.13).

Note that no boundary conditions have yet been specified for (A.21) nor have we shown that a

solution to (A.21) exists. The following lemma provides these results.

Lemma A.12 ([?] Lemma 9.2.1. See also [?] and [?]) Consider the system homogeneous

system (A.17). Let the matrices A, B, C, D, and D−1 be bounded for all t ∈ [0, 1] and ε ≥ 0 and

assume that the real parts of the eigenvalues λi for i = 1, . . . , n of D satisfy Re|λi(t, ε)| ≥ 2k > 0

uniformly as ε → 0 for some positive constant k Then, upon specifying arbitrary bounded

boundary conditions for the equations in (A.21), there exists unique solutions H1 and H2 of

(A.21) that are bounded for all t ∈ [0, 1] as ε→ 0.

Proof The theorem above is given as a summarised version of the papers [?], [?], [?], [?], [?]

and [?]. For the proof we refer the reader to either the papers mentioned above or [?] Lemma

9.2.1.
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Lemma A.13 (Sylvester’s Law of Inertia [?] Theorem 5.5.5) Let A and B be real sym-

metric matrices. Then A has the name number of positive, negative and zero eigenvalues as B

if and only if there exists an invertible matrix S such that A = SBST .

Proof See [?] Theorem 5.5.5.

A.2 Sobolev Spaces

Definition A.14 (Weak Derivative) Let x ∈ Lp((0, 1);R). The function x admits a weak

derivative in Lp if there exists an element g ∈ Lp((0, 1);R) such that

∫ 1

0

x(t)
∂φ

∂t
(t)dt = −

∫ 1

0

g(t)φ(t)dt, ∀φ ∈ C∞c ((0, 1),R),

where C∞c ((0, 1),R) is the class of infinitely differentiable functions with compact support in

(0, 1).

Definition A.15 (Sobolev Space W 1,p) Let 1 ≤ p ≤ ∞. The Sobolev space W 1,p((0, 1),R),

is defined as

W 1,p((0, 1),R) = {x ∈ Lp((0, 1),R) : Dx ∈ Lp((0, 1);R)},

equipped with the norm

‖x‖W 1,p = ‖x‖Lp + ‖Dx‖Lp ,

where Dx denotes the weak derivative of x.

Lemma A.16 Suppose x ∈ W 1,p((0, 1);R) for 1 ≤ p <∞. Then x is equal almost everywhere

to an absolutely continuous function on [0, 1] and Dx exists almost everywhere and belongs to

Lp((0, 1);R).
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Proof See [?] Theorem 2.2, Theorem 2.17 and Holder’s Inequality.

Definition A.17 (Weak Convergence) Let {fn} be a sequence of functions in Lp((0, 1);R)

where 1 ≤ p <∞. The sequence {fn} converges weakly to f ∈ Lp((0, 1);R) if

∫
Ω

fn(t)φ(t)dt→
∫

Ω

f(t)φ(t)dt, ∀φ ∈ Lq((0, 1);R), q =
p

p− 1
,

as n→∞.

Lemma A.18 The spaces W 1,2((0, 1);R) and L2((0, 1);R) are reflexive Banach spaces and the

cartesian product of W 1,2((0, 1);R) and L2((0, 1);R) is a reflexive Banach space endowed with

norm

‖(x, y)‖W 1,2×L2 = ‖x‖W 1,2 + ‖x‖L2 . (A.23)

Proof See [?] Theorem 6.4 and Theorem 20.28 for the proofs that L2((0, 1);R) andW 1,2((0, 1);R)

are reflexive Banach spaces. It is easily verified that ‖·‖W 1,2×L2 defines a norm; hence, in order

to prove that the Cartesian product is a Banach space we only need to prove completeness. In

this way, let us suppose that (xn, yn) denotes a Cauchy sequence. For any ε > 0, suppose there

exists an N ∈ N such that for all m,n ≥ N ,

‖(xn, yn)− (xm, ym)‖W 1,2×L2 < ε.

By definition, it follows that

‖xn − xm‖W 1,2 + ‖yn − ym)‖L2 < ε.

Hence the sequences xn and yn are both Cauchy sequences in their respective Banach spaces

and therefore converge to points x ∈ W 1,2 and y ∈ L2 respectively. Therefore (xn, yn)→ (x, y)

as n→∞ and (x, y) ∈ W 1,2 × L2.
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A.3 Optimal Control

Consider the problem



minimise J(x, u) = l(x(a), x(b)) +

∫ b

a

Λ(t, x(t), u(t))dt

subject to
dx

dt
= f(t, x(t), u(t)), t ∈ [a, b] a.e.,

u(t) ∈ U(t), t ∈ [a, b] a.e.,

(x(a), x(b)) ∈ E,

(OP)

where x ∈ W 1,1((0, 1);Rn) and u is a measurable function.

Definition A.19 ([?] Proximal Normal Cone) Let E be a nonempty, closed subset of Rn.

The proximal normal cone to E at a point x ∈ E, denoted by NP
E (x) is the set

NP
E (x) = {χ ∈ Rn : ∃σ > 0 such that 〈χ, u− x〉 ≤ σ|u− x|2∀u ∈ E}.

Definition A.20 ([?] Limiting Normal Cone) The limiting normal cone to E at a point

x ∈ E, denoted by NL
E(x) is the set

NL
E(x) = {χ = lim

i→∞
χi : χi ∈ NP

E (xi), xi → x, xi ∈ E}.

It follows from the above definitions that if S = Rn, then NP
S (x) = NL

S (x) = {0} and if S = x0,

i.e., a single point, then NP
S (x) = NL

S (x) = {0}.

Definition A.21 (Admissible process) A process (x, u) is admissible for (OP ) if it satisfies the

constraints in (OP ) and J(x, u) is finite.

Definition A.22 (Local Minimiser) An admissible process (x∗, u∗) is local minimiser if for

every admissible process (x, u) satisfying supt∈[a,b] |x(t) − x∗(t)| ≤ ε for some ε > 0, it follows

that J(x, u) ≥ J(x∗, u∗).
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Theorem A.23 ([?] Theorem 22.26) Assume the following hypotheses are imposed on (OP )

(1) The functions f(t, x, u) and Λ(t, x, u) are Lebesgue measurable in (t, u) for each x,

(2) U(·) is Lebesgue measurable,

(3) The set E is closed,

(4) The function l is locally Lipschitz,

(5) There exists a Lebesgue measurable function k(t, u) : {(t, u) ∈ [a, b]× Rk : u ∈ U(t)} → R

such that for almost every t ∈ [a, b]

x, y ∈ B(x∗, ε1), u ∈ U(t)⇒ |f(t, x, u)− f(t, y, u)|+ |Λ(t, x, u)− Λ(t, y, u)| ≤ k(t, u)|x− y|,

for some ε1 and such that k(t, u∗(t)) is integrable and where the norm is defined in (A.9).

Let (x∗, u∗) be a local minimiser of (OP ). Then there exists a function p ∈ W 1,1((0, 1);Rn) and

a scalar η equal to either 1 or 0 satisfying the following

• nontriviality condition: (η, p(t)) 6= 0, ∀t ∈ [a, b],

• minimum principle: H(t, x∗, p, u∗) = infu∈U(t) H(t, x∗, p, u) where

H(t, x, p, u) = 〈p, f(t, x, u)〉 − ηΛ(t, x, u), (A.24)

is the Hamiltonian function associated with (OP ).

Furthermore, if f and Λ are continuous in (t, x, u) and admit derivatives with respect to x which

are continuous in (t, x, u), the function p and scalar η satisfy

• transversality condition: (p(a),−p(b)) ∈ ηOl(x∗(a), x∗(b)) +NL
E(x∗(a), x∗(b)),

• adjoint equation: −dp
dt

= d
dt
H(t, x∗(t), p(t), u∗(t)), t ∈ [a, b] a.e..
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Proof See [?], Section 25.2.

As we consider only the closed subsets E = Rn × Rn and E = x0 × Rn in this thesis, the

following corollary will be useful.

Corollary A.24 Suppose that in the context of Theorem A.23, either

(1) E = Rn × Rn,

(2) E = x0 × Rn.

Then the minimum principle holds with η = 1.

Proof Let us suppose that the minimum principle holds with η = 0 for both cases (1) and (2).

Then the adjoint equation becomes −p′(t) = Dxf(t, x∗(t), u∗(t))
Tp(t).

In case (1), by definition NL
E(x∗(a), x∗(b)) = ({0}, {0}). From the transversality condition, it

follows that p(a) = 0 and p(b) = 0. In case (2), by definition NL
E(x∗(a), x∗(b)) = (Rn, {0}).

From the transversality condition it follows that p(a) ∈ Rn and p(b) = 0. An application of

Gronwalls lemma in both cases yields p(t) = 0 for all t ∈ [a, b]; however, this contradicts the

nontriviality condition. Hence, η = 1.

In order to provide sufficient conditions for a local minimiser, we restrict the structure of the

problem (OP) to the following



minimise J(x, u) = l(x(a), x(b)) +

∫ b

a

Λ1(t, x(t)) + Λ2(t, u(t))dt

subject to
dx

dt
= f1(t)x(t) + f2(t, u(t)), t ∈ [a, b] a.e.,

u(t) ∈ U(t), t ∈ [a, b] a.e.,

x(a) = x0.

(OP2)

The following theorem from [?] provides sufficient conditions for optimality.
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Theorem A.25 ([?] Theorem 2) Let Λ1(t, x) be differentiable and convex in x for t ∈ [a, b]

and l(x(a), x(b)) be differentiable and convex in (x(a), x(b)). If there exists vectors u∗, x∗, p

with x∗, p ∈ W 1,1((a, b),Rn) and a scalar η = 1 satisfying the adjoint equation, the minimum

principle and the transversality condition, then (x∗, u∗) will be a local minimiser for (OP2).

Proof See [?] Theorem 2.

Theorem A.23 and Theorem A.25 provide necessary and sufficient conditions for a local min-

imiser and we will use these results extensively in Chapters 3 and 4. We will, furthermore, need

an existence condition for a local minimiser which will be provided in the following theorem.

In order to provide such a condition, we reformulate the problem (OP ) it as follows


inf J(x, u) = l(x(a), x(b)) +

∫ b

a

Λ(t, x(t), u(t))dt,

subject to (x, u) ∈ S,
(OP1)

where

S = {(x, u) ∈ W 1,1((a, b);Rn)× L2((0, 1); Rk) : u(t) ∈ U(t),

ẋ = f(t, x(t), u(t)), t ∈ [a, b], (x(a), x(b)) ∈ E}.

We can now apply the following lemma to (OP1).

Lemma A.26 ([?] Chp. 2, Proposition 1.2) Consider the minimisation problem

inf
s∈S

J(s), (A.25)

where S is a non-empty closed convex subset of a reflexive Banach space V endowed with norm

|| · || and J is convex and lower semi-continuous. Let us assume that either the set S is bounded

or that the function J is coercive over S, i.e. that:

lim J(s) = +∞, for s ∈ S, ||s|| → ∞. (A.26)
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Then the problem (A.25) has at least one solution. The problem has a unique solution if the

function J is strictly convex over S.

Proof See [?] Chp. 2, Proposition 1.2.

Remark A.27 Note that existence results may hold with a relaxation of the hypotheses in

Lemma A.26 (see [?] Theorem 23.11).

Our aim in this section has been to provide theorems which subsume the problems under

consideration in this work in addition to allowing for possible extensions. As a result, we have

focused more general problems than the linear-quadratic formulation model appearing in this

thesis, but have not reduced the theorems to their most general version. In the thesis, we

show that the linear-quadratic problems under consideration can be formulated as either (OP),

(OP1) or (OP2).

A.4 Duality

In this section, we give a brief overview of Fenchel duality applied to monotropic programming

and show how these results extend to the cases of optimal control problems. Consider the

following problem described in [?], Section 5.4


min f1(x)− f2(x),

subject to x ∈ X1 ∩X2,

(A.27)

where X1 and X2 are subsets of Rm and fi(x) : X1 ∩X2 → R, for i = 1, 2. The Fenchel dual of

(A.27) can be derived by introducing new variables y, z ∈ Rm, converting the problem into the

following form


min f1(y)− f2(z),

subject to z = y, y ∈ X1, z ∈ X2,

(A.28)
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and dualising the constraint z = y. The Fenchel dual problem can be formulated as


max g2(λ)− g1(λ),

subject to λ ∈ Λ1 ∩ Λ2,

where the functions g1 : Rn → (−∞,∞], g2 : Rn → [−∞,∞) are the Fenchel duals of f1 and

f2 respectively and g1, g2 and the sets Λ1 and Λ2 are defined as

g1(λ) = sup
x∈X1

{xTλ− f1(x)}, g2(λ) = inf
x∈X2

{xTλ− f2(x)}.

Λ1 = {λ : g1(λ) ≤ ∞}, Λ2 = {λ : g2(λ) ≥ −∞}.

Following [?], [?] and [?], the above duality technique can be applied to the following monotropic

programming problem


min

∑m
i=1 fi(xi), xi ∈ Rni , i = 1, . . .m,

subject to x ∈ S, x = (x1, . . . xm),

(P)

where S is a subspace of Rn1+···+nm . Introducing new the new variable z = (z1, . . . zm), we can

rewrite (P) into the equivalent form


min

∑m
i=1 fi(zi), zi ∈ Rni , i = 1, . . .m,

subject to zi = xi, x ∈ S, x = (x1, . . . xm),

(A.29)

Rewriting (A.29) into a similar form as (A.28) yields

f1(z) =
m∑
i=1

fi(zi), f2 = 0,

X1 = Rn1 × · · · × Rnm , X2 = S.
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Consequently, the functions g1 and g2 may be represented as follows

g1 =
m∑
i=1

sup
xi∈Rni

{〈xi, λi〉 − fi(xi)},

g2 = inf
x∈S

λTx =


0 if λ ∈ S⊥,

∞ if λ /∈ S⊥,

where S⊥ is the subspace orthogonal to S. Define gi(λi) = − supxi∈Rni{〈xi, λi〉 − fi(xi)}, then

the Fenchel dual of (P) may be defined as


max

∑m
i=1 gi(λi),

subject to λ ∈ S⊥.
(D)

In order to obtain strong duality, we will need to use the following lemma

Lemma A.28 The problems (P) and (D) satisfy the inequality

−∞ ≤ sup
λ∈S⊥

(D) ≤ inf
x∈S

(P ) ≤ ∞.

Proof See [?], Chap. 3 Prop 1.1.

The authors in [?] subsequently extended the monotropic programming result by considering

the minimisation of either a finite or infinite sum of proper and convex functions defined on

possibly different locally convex spaces and deriving a dual problem with strong duality using

the methodology described above for finite monotropic programs..

More recently, by implementing the techniques for monotropic programming, [?] and [?] have

obtained dual problems with strong duality for various linear quadratic optimisation problems.

In particular, [?] consider a fixed final state linear quadratic problem of the form


minimise 1

2

∫ 1

0
xTQx+ ru2dt+ δx0(s1) + δxf (s2) + δU(u),

subject to (x, u, s1, s2) ∈ {(x, u, s1, s2) : ẋ = Ax+ bu, x(0) = s1, x(1) = sf},
(A.30)
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where the δ-function is defined by

δC(x) =


0 if x ∈ C,

+∞ otherwise,

(A.31)

and x ∈ W 1,1((0, 1);Rn), u ∈ L2((0, 1);R), s1, s2 ∈ Rn and x0 and xf are the initial and

terminal states of the variable x respectively. In this way, they obtain an optimisation problem

over a subspace of X = W 1,1×L2×Rn×Rn of a similar form to (P) and are able to use results

form monotropic programming in order to obtain a dual problem with strong duality. Finally,

the authors in [?] obtain similar results on a more generalised form of (A.30) including problems

admitting bang-bang and singular controls. In Chapters 3 and 4, we follow the methodology

of [?] in order to obtain a dual problem with strong duality using Lemma A.28.


