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We analyze a multiqubit circuit QED system in the regime where the qubit-photon coupling dominates
over the system’s bare energy scales. Under such conditions a manifold of low-energy states with a high

degree of entanglement emerges. Here we describe a time-dependent protocol for extracting these quantum
correlations and converting them into well-defined multipartite entangled states of noninteracting qubits.
Based on a combination of various ultrastrong-coupling effects, the protocol can be operated in a fast and

robust manner, while still being consistent with experimental constraints on switching times and typical
energy scales encountered in superconducting circuits. Therefore, our scheme can serve as a probe for
otherwise inaccessible correlations in strongly coupled circuit QED systems. It also shows how such

correlations can potentially be exploited as a resource for entanglement-based applications.
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Cavity QED is the study of quantum light-matter
interactions with real or artificial two-level atoms coupled
to a single radiation mode. In this context one is usually
interested in strong interactions between excited atomic and
electromagnetic states, while the trivial ground state, i.e.,
the vacuum state with no atomic or photonic excitations,
plays no essential role. This paradigm has recently been
challenged by a number of experiments [1-5], where
interaction strengths comparable to the photon energy have
been demonstrated. In particular, in the field of circuit QED
[6,7], a single superconducting two-level system can
already be coupled ultrastrongly [8—10] to a microwave
resonator mode [11-17]. In this regime the physics changes
drastically and even in the ground state various nontrivial
effects like spontaneous vacuum polarization [18-20],
light-matter decoupling [21,22], and different degrees of
entanglement [22-25] can occur. However, compared to the
vast literature on cavity QED systems in the weakly
coupled regime, the opposite limit of extremely strong
interactions is to a large extent still unexplored. As a
consequence, ideas for how ultrastrong coupling (USC)
effects can be controlled and exploited for practical
applications are limited [26-31].

In this Letter we consider a prototype circuit QED system
consisting of multiple flux qubits coupled to a single mode
of a microwave resonator. It has recently been shown that
in the USC regime this circuit exhibits a manifold of
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nonsuperradiant ground and low-energy states with a high
degree of multiqubit entanglement [22]. This entanglement,
however, is a priori not of any particular use, since any
attempt to locally manipulate or measure the individual
qubits would necessarily introduce a severe perturbation to
the strongly coupled system. For this reason we describe the
implementation of an entanglement-harvesting protocol
[32-38], which extracts quantum correlations from USC
states and converts these correlations into equivalent multi-
partite entangled states of decoupled qubits. The protocol
combines adiabatic and nonadiabatic parameter variations
and exploits the counterintuitive decoupling of qubits and
photons at very strong interactions [22] to make the
entanglement extraction scheme intrinsically robust and
consistent with experimentally available tuning capabilities.
The extracted Dicke and singlet states belong to a family of
robust multipartite entangled states [39,40] and form, for
example, a resource for Heisenberg-limited metrology
applications [41]. More generally, our analysis shows,
how the interplay between different USC effects can
contribute to the realization of nontrivial control tasks in
a strongly interacting cavity QED system.

Model.—We consider a circuit QED system as shown in
Fig. 1(a), where a single mode LC resonator with capaci-
tance C and inductance L is coupled collectively to an even
number of N =2,4,6,... flux qubits. This circuit is
described by the Hamiltonian [42,43]

Q% ((I)r - @ ZN:1 (Pi)2 al (i)
H=—"+ ! + Hy', (1)
2 20 2

where Q, and @, are charge and generalized flux operators
for the resonator obeying [®,, Q,] = i, and &y = #/(2e)
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FIG. 1. (a) Sketch of the multiqubit circuit QED setup consid-

ered in this Letter. (b) Each flux qubit is represented by the two
lowest states ||) and |1) of an effective double-well potential for
the phase variable ¢. Under this two-level approximation the
inductive coupling (®, — ®y)?/(2L), where @y = @ > | @,
gives rise to the cavity QED Hamiltonian (2). (c) Energy spectrum
(with respect to the ground-state energy E)) of the extended Dicke
model (3) as a function of the coupling strength g for N = 4 and
w, = w,. (d) Ordering of the lowest energy states in the USC
regime as determined by Eq. (4) for the case N = 4. The multiple
lines indicate the two- and threefold degeneracy of states with total
angular momentum s = 0 and s = 1, respectively.

is the reduced flux quantum. For each qubit, Hﬁ,’) denotes
the free Hamiltonian and ¢; is the difference of the
superconducting phase across the qubit’s subcircuit. As
usual we assume that the qubit dynamics can be restricted
to the two lowest tunneling states |]) and [1) of a

symmetric double-well potential [cf. Fig. 1(b)]. Under this
approximation and writing ®, = \/#/(2Cw,)(a + a*) and

Q, = iy/hCw,/2(a" — a), where w, = /1/LC is the
resonator frequency and a and a' are the annihilation
and creation operators, we obtain

N
H = hw,a'a+h Z%(aT + a)ot,
i=1

N o N ogg: .
+hY Stoi+n) S=lolol. (2)
i=1 ij=1 T

Here o} are Pauli operators and o/ are the qubit-level
splittings. The second term in Eq. (2) accounts for the

collective qubit-resonator interaction with couplings
9i = Po/ |¢6|2wr/(2hL)» where ¢ = 2(:|¢i|1;). The
condition g; > w,, w, can be reached with an appropriate
flux-qubit design [14,15,18,27,46,47], and the g;(r) and
w},(t) can be individually tuned by controlling the matrix
element ¢, and the height of the tunnel barrier via local
magnetic fluxes [27,36]. A specific four-junction qubit
design [47,48], which combines strong interactions with a

high degree of tunability, is detailed in the Supplemental
Material [43]. Finally, the last contribution in Eq. (2)
represents an additional qubit-qubit interaction, which is
usually neglected for cavity QED systems with weak or
moderately strong couplings. However, this term is crucial
in the USC regime and it is responsible for the nontrivial
ground-state correlations that are at the focus of the present
Letter.

USC spectrum.—We are primarily interested in a sym-
metric configuration, i.e., g; = g and w; = w,. In this case
the Hamiltonian (2) can be expressed in terms of collective
angular momentum operators S; = Y ;0% /2 and reduces to
the extended Dicke Hamiltonian [22]

2
H = ho,ata + hg(a' + a)S, + ho,S, + h2- 2. (3)
a)r

For g < w,, o, we can make a rotating wave approxima-
tion and obtain the standard Tavis-Cummings model of
cavity QED with a trivial ground state |G) = |n =0) ®
[1)®N. If in addition |w, — w,| > g, all excited states are
also essentially decoupled and the qubits can be individu-
ally prepared, manipulated, and measured by additional
control fields. In the opposite limit, g> w,, w,, the
coupling terms ~S, and ~S2 dominate and the level
structure changes completely. This is illustrated in Fig. 1(c),
which shows that for couplings g/w, = 3 the spectrum
separates into manifolds of 2"V nearly degenerate states. The
eigenstates in this regime are displaced photon number
states, [Py, ,)=e 9@ -S|y @|s,m,), with energies

E . = ho.n+ 5EE",,)1X [22]. Here s is the total spin and
m, = —s, ..., s the spin projection quantum number; i.e.,
Sels,m,) = my|s,m,). Within the lowest manifold, the
remaining level splittings are given by

SEY), = nA[m2 = s(s + 1)),

and the resulting ordering of the states is shown in Fig. 1(d)
for N =4 qubits. Thus, for even qubit numbers N,
the ground state in the USC regime is of the form
|G) = |n = 0) ® |Dy), where |Dy) = |s =N/2,m, =0)
denotes the fully symmetric Dicke state with vanishing
projection along x. Importantly, this state exhibits a high
degree of qubit-qubit entanglement, while it remains almost
completely decoupled from the cavity field [22]. Our goal
is now to identify a suitable protocol for converting this
state into an equivalent state of the decoupled system,
where it becomes available as an entanglement resource for
further use.

Entanglement harvesting.—Figure 2(a) shows a general
pulse sequence for implementing the entanglement-
harvesting protocol through variations of w, () and g(z).
For this protocol the system is initialized in the ground state
|G) of the weakly coupled system, where the qubits are far
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FIG. 2. (a) General pulse sequence for the qubit parameters
w, (1) and g(t) considered for the implementation of the entangle-
ment harvesting protocol. (b) The fidelity F(z) is plotted as a
function of time and for different qubit numbers. The dashed line
indicates the quantity 1 —P(r), where P(r) = Tr{pZ(r)} is the
purity of the reduced qubit state p, (1) = Tr,{p(z)} for the case
N = 4. It shows that after an intermediate stage of finite qubit-
resonator entanglement, the purity of the qubit state is almost fully
restored when the system enters deep into the USC regime. For all
values of N the same parameters @,y /@, = 20, &y /@, = 0.5,
Imax/ @, = 4.5, gmin/®, = 0.1 and times intervals 7, =T, =
6.507" and Ty = T, = 0.50;" have been assumed.

|
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detuned from the cavity, @, = @y, > ,, and the cou-
pling is set to a minimal value, g = g,,;, < @,. In the first
two steps, 7'y and T, the system is adiabatically tuned into
the USC regime with a maximal coupling g,,.x > @, and a
low value of the qubit frequency w,,;, < ,. This process
prepares the system in the USC ground state |G). In the
successive steps, 73 and T4, the qubits and the resonator
mode are separated again, but now in the reverse order and
using nonadiabatic parameter variations. Ideally, during
this part of the protocol the system simply remains in state
|G> and becomes the desired excited state of the weakly
coupled system at the final time 7, = >4, T,. This
general sequence achieves two main goals. First, the
adiabatic preparation stage can be implemented very
rapidly, since it must only be slow compared to the fast
time scales set by wj., and gl.. At the same time the
nonadiabatic decoupling processes only need to be fast
compared to the slow time scales w;!, o, and ¢! . This
second condition is most crucial for a time-dependent
control of USC systems, since it makes the required
switching times experimentally accessible and consistent
with the two-level approximation assumed in our theoreti-
cal model.

In Fig. 2(b) we plot the fidelity F (1) =Tr{p ()| Do) {(Dy| },
where p(7) is the density operator of the full system, for a
specific set of pulse parameters listed in the figure caption.
We see that the entanglement extraction fidelity (EEF)
Fg =max{F(t)[t > T}, ie., the maximal fidelity after

the decoupling step, reaches near perfect values of Fp =
0.95-0.99 for different numbers of qubits, without any
further fine-tuning of the control pulses. Note that the
fidelity oscillations at the end of the sequence are simply
due to the fact that | D) is not an eigenstate of the bare qubit
Hamiltonian, H, = w,S.. However, this evolution does not
affect the purity or the degree of entanglement of the final
qubit state and can be undone by local qubit rotations.

Experimental considerations.—For a possible experi-
mental implementation of the protocol we consider qubits
with a frequency of @y,./(27) ~ 10 GHz coupled to
a lumped-element resonator of frequency w,/(27) =
500 MHz. The required maximal coupling strength of
Imax = 45w, =2z x 2.25 GHz is then consistent with
experimentally demonstrated values [14,15]. For these
parameters, the nonadiabatic switching times assumed in
Fig. 2(b) correspond to T34 ==0.16 ns. These switching
times are within reach of state-of-the-art waveform gen-
erators and a sinusoidal modulation of flux qubits on such
time scales has already been demonstrated [49]. At the
same time the duration of the whole protocol, Ty =
15/w, =5 ns, is still much faster than typical flux qubit
coherence times of 1-100 us [50] or the lifetime of a
photon, T}, = Q/w,, in a microwave resonator of quality
factor Q = 10*~106. Therefore, although many experimen-
tal techniques for implementing and operating circuit QED
systems in the USC regime are still under development,
these estimates clearly demonstrate the feasibility of
realizing high-fidelity control operations in such devices.

In practice additional limitations might arise from the
lack of complete tunability of g(f) and w,(¢). This is
illustrated in Fig. 3(a), which shows the evolution of the
lowest eigenenergies during different stages of the protocol
for the case N = 2 and a nonvanishing value of g,,;,. In this
case the appearance of several avoided crossings during the
final ramp-up step prevents a fully nonadiabatic decou-
pling. In Fig. 3(b) we plot the resulting EEF for varying
Jmin @nd T,4. This plot demonstrates the expected trade-off
between the residual coupling and the minimal switching
time, but also that the protocol is rather robust and fidelities
of Fr~0.9 are still possible for minimal couplings of a
few hundred MHz or switching times approaching ~1 ns.
Similar conclusions are obtained when a partial depend-
ence between the pulses for g(¢) and w, () or nonuniform
couplings ¢;(¢) and frequencies w/(¢) due to fabrication
uncertainties are taken into account. Numerical simulations
of the protocol under such realistic experimental conditions
[43] demonstrate that no precise fine-tuning of the system
parameters is required.

Extracting entanglement from a thermal state.—The
above-considered protocol relies on a rather low resonator
frequency w, in order to enhance both g/w, as well as the
nonadiabatic switching times. This implies that even at
temperatures of 7 = 20 mK the equilibrium populations of
higher resonator states with n > 1 cannot be neglected.
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FIG. 3. (a) Evolution of the lowest eigenvalues during different
stages of the protocol for the case N = 2. Here gi,/®, = 0.2,
@min/ @, = 0.4, and in the final step of the protocol w,,, /@, = 5.
For clarity only the s = 1 states are shown and all time intervals
have been stretched to equal lengths. For different initial photon
number states |n), the colored segments and arrows indicate the
ideal evolution of the systems, which maximizes the probability to
end up in the qubit state |Dy) = (|11) — | ))/v/2. Nonadiabatic
crossings occur during the fast decoupling steps (7’3 and T), but
also for small avoided crossings in the excited state manifolds
during the preparation step (7’,). (b) Plot of the EEF for varying
T4(=T3) and g, and for N = 4. (c) EEF (solid line) for a
resonator mode, which is initially in a thermal state at temperature
T, for N =4. The dashed line indicates the corresponding
population of the ground state manifold. All the other pulse
parameters in panels (a), (b), and (c) are the same as in Fig. 2(b).

In Fig. 3(c) we plot the EEF as a function of the temperature
T, assuming an initial resonator state py, = »_,p,|n)(n|,
where p,, = ii" /(1 + 1)"! is the thermal distribution for a
mean excitation number 7z = 1/(e®/kT — 1). We see that
the EEF is significantly higher than one would naively
expect from the initial population in the ground state |G).
The origin of this surprising effect can be understood from
the eigenvalue plot in Fig. 3(a). For example, the weak-
coupling eigenstate [n = 1) ® || )®" is efficiently mapped
on the corresponding USC state [n=1) ® |s = N/2,
m, = 0), passing only through a weak, higher-order
avoided crossing. Therefore, the intermediate—and as a
result also the final—qubit state is one with the resonator
being in state |1). Although for higher photon numbers the
avoided crossings become more relevant, the protocol still
approximately implements the mapping |n) ® ||)® —
|n) ® |s = N/2,m, = 0), independent of the resonator
state |n). This feature makes it rather insensitive to thermal
occupations and avoids additional active cooling methods
for initializing the system in state |G).

Entanglement protection.—Figure 1(d) shows that apart

from the ground state |G> there are many other highly
entangled states within the lowest USC manifold.

Of particular interest is the energetically highest state
|E) = |n=0) ®|S), where |S) is a singlet state with
total angular momentum s =0 and S.|S) = S,|S) =0.
Therefore, once prepared, this state is an exact dark state
of Hamiltonian (3) and remains decoupled from the cavity
field in all parameter regimes. Although this state is not
connected to any of the bare qubit states in a simple
adiabatic way, it can still be harvested by an adopted
protocol, as described in Fig. 4(a) for the case N = 4. For
this protocol the system is initially prepared in the excited
state |¥y) = |0) ® [11)]) and in a first step the qubit
states are lowered below the resonator frequency in order to
avoid further level crossings with higher-photon-number
states. The increase of the coupling combined with a
frequency offset to break the angular momentum conser-
vation then evolves the system into a state with s =0
already for moderate couplings of g/, =~ 1.8. Note that for
N > 4 there are multiple degenerate USC states with s = 0
[51,52] [cf. Fig. 1(d)], out of which the protocol selects a
specific superposition [43].

Although the harvesting protocol for state |S) loses some
of the robustness of the ground-state protocol, it adds an

12

13T,

g =0
g¢ = 0.8w,
gt = 1.8wy
0 40 80 120 160 0 5 10 15
tw, tw,

FIG. 4. (a) Pulse sequence for harvesting the 4-qubit entangled
state |S) with total angular momentum s = 0. As shown in the
inset, during the first part of the protocol a finite difference
between the qubit frequencies wy? and wj* is used to break
the symmetry and couple different angular momentum states.

(b) The expectation value of the total spin (5> (7)) (solid line) and
the purity of the reduced qubit state P(¢) (dashed line) are plotted
for the pulse sequence shown in (a) and for an initial state
%) =10) ® [11)1). (c) Evolution of the extracted state |0) ®
|S) (characterized by the expectation value of the total spin) after
the protocol for different final values of the couplings g;. For this
plot an average over random distributions of the qubit frequen-
cies, o}, = w,(1+¢€;), has been assumed, where w,/w, = 10
and the ¢; are chosen randomly from the interval [—0.05,0.05].
For very strong couplings, the residual oscillations indicate that
all transitions induced by the nonuniform ¢; from state |S) to
other states are highly detuned.
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important feature. By retaining a finite coupling g, =
g(t =T;) ~w, at the end of the protocol, the extracted
dark state |S) is energetically separated from all other states
with s#0 and it is thereby protected against small fre-
quency fluctuations. This effect is illustrated in Fig. 4(c),
which shows the evolution of the extracted state |S) in the
presence of small random shifts of the individual qubit
frequencies. For g, = 0 this leads to dephasing of the
qubits and a rapid transition out of the s = 0 subspace.
This dephasing can be substantially suppressed by keeping
the coupling at a finite value. Thus, this example shows that
USC effects can be used not only to generate complex
multiqubit entangled states, but also to protect them.

Conclusion.—We have presented a protocol for
extracting well-defined multiqubit-entangled states from
the ground-state manifold of an ultrastrongly coupled
circuit QED system. The detailed analysis of this protocol
illustrates, how various—so far unexplored—USC effects
can contribute to a robust generation and protection of
complex multiqubit states. These principles can serve as a
guideline for many other preparation, storage, and control
operations in upcoming USC circuit QED experiments with
two or more qubits.
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