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In this paper we skim the true phenomenological requirements behind the concept of inflationary
squeezing. We argue that all that is required is that at horizon re-entry the fluctuations form standing waves with the correct temporal phase (specifically, sine waves). We quantify this requirement
and relate it to the initial conditions fed into the radiation dominated epoch by whatever phase of
the Universe produced the fluctuations. The only relevant quantity turns out to be the degree of
suppression of the momentum, p, of the fluctuations, y, which we measure by σ ∼ ω 2 |y|2 /|p|2 . Even
though σ equals the squeezing parameter, s, in the case of inflation and bimetric varying speed of
light scenarios, this is not true in general, specifically in some bouncing Universe models. It is also
not necessary to produce a large σ at the end of the primordial phase: it is enough that σ be not
too small. This is the case with scenarios based on modified dispersion relations (MDR) emulating
the dispersion relations of Horava-Lifshitz theory, which produce σ ∼ 1, enough to comply with the
observational requirements. Scenarios based on MDR leading to a slightly red spectrum are also
examined, and shown to satisfy the observational constraints.

I.

INTRODUCTION

Squeezing of quantum fluctuations has for a long time
been heralded as a key feature of inflation, starting with
its forefathers (e.g. [1–3]). As the vacuum fluctuations
leave the horizon their dynamics undergoes a transition from harmonic to “inverted” harmonic oscillator. A
Gaussian wavefuction with equal spread in position and
momentum will then “squeeze” along a straight line in
phase space. This imposes a perfect correlation between
position and momentum; hence the claim that quantum
uncertainty is replaced by classical statistics. Squeezing
has even been blamed for the transition to classicality
of quantum generated fluctuations, in a process known
as “decoherence without decoherence” [3]. This was disputed variously [4–6], and it now seems that classicality
requires an adaptation of the usual decoherence mechanisms [7–11].
It is easy to argue that the basic process of “squeezing”
has nothing to do with quantum mechanics (although,
of course, it interacts with it). We can imagine a scenario where the wave-function collapse took place before first horizon crossing (e.g. [12]), so that, whatever
squeezing does, it must apply to quantum fluctuations
already turned classical. We can also examine the effects of “squeezing” in scenarios where the fluctuations
are thermal in nature, or more generally stochastic classical waves from the start. Then, whatever “squeezing”
stands for, it must be understandable classically. The
crucial issue is: what is the phenomenological content of
“squeezing” that stands as a requirement for all theories,
beyond its quantum luggage?
We start answering this question in Section II, where
we contrast how QFT sets up Fourier analysis (with two
independent traveling waves for each headless direction),
and the Fourier transform used in astrophysical cosmology and late time codes for evaluating observables (such
as Boltzmann codes). The latter has half the number
of degrees of freedom of the former. We trace this to

the phenomenological requirement that any waves at late
times must be standing waves, built from travelling waves
moving along opposite directions with equal real amplitude [1]. The nodes of the standing waves are shifted
at random within the ensemble (so that translational invariance is preserved); however, their time-phase must
be fixed on horizon re-entry. Specifically the time function must match the phase of a sine wave, in order to
comply with CMB phenomenology, namely the phase of
the Doppler peaks. We quantify this requirement with a
quantity Σ measuring the strength of the sine wave with
respect to the cosine wave.
This must be the endpoint of “squeezing”, now standing for whatever happens to fluctuations while they are
outside the horizon, waiting to re-enter. However, when
we examine the initial conditions fed into the radiation
dominated Universe (Section III), we find that the only
relevant quantity is σ, measuring the relative strength of
the fluctuations’ “position” mode over the “momentum”
mode. After reviewing the squeezing framework (Section IV), we show (Section V A) that σ equals the squeezing parameter s in the inflationary Universe. However
this is not true in general, as exemplified by a contracting radiation dominated Universe, where σ and s have
opposite behaviours (Section V B). Also, the large s = σ
injected into the radiation epoch by the inflationary Universe is not strictly needed, and in fact is “overkill”. This
is because in the radiation dominated phase the momentum mode is a decaying mode, so it suffices that the σ
provided by the previous phase be not too small. Only an
abnormally low σ could lead to a sizeable cosine mode at
re-entry, and so a travelling wave on re-entry, or a standing wave with the wrong temporal phase. This is shown
both in Section III, in general, and in Section V C, using
the squeezed state formalism.
The rest of the paper is spent examining the status
of alternative models with regards to the production of
standing waves in the late Universe. Bimetric VSL models are found to be almost identical with inflation (Sec-
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tion VI), and produce σ ≫ 1, outdoing the actual requirement. Models based on Horava-Lishitz deformed
dispersion relations are very different, and like string gas
cosmology, produce σ ∼ 1 at the start of the standard radiation epoch, sufficient to satisfy the phenomenological
requirements at horizon re-entry (Section VII). Scenarios based on DSR leading to a slightly red spectrum are
examined in Section VII B.
In a concluding Section we provide some intuition regarding our results and a summary of the implications
for the various scenarios.

whether we consider the expression before or after quantization. Their label k points to the direction of motion
of the travelling wave, so that c(k) and c(−k) are independent. The reality condition is automatically enforced
for each of the two modes, separately.
This is not often pointed out, but the second expression
has twice the number of degrees of freedom of the first.
This is true even before quantization, so the doubling
cannot be blamed on quantum theory. Specifically, in
Minkowski space-time, we have:
c(k, η) + c† (−k, η)
√
2ω
e−iωη
eiωη
= √ c(k) + √ c† (−k)
2ω
2ω

y(k, η) =
II.

THE GENERAL PHENOMENOLOGICAL
CONTENT OF “SQUEEZING”

In this Section we argue that “squeezing” does nothing but impose two important phenomenological requirements. Firstly, it halves the number of Fourier modes
for a given headless vector. This results from the imposition of a constraint between the fluctuations curvature
variable y and its conjugate momentum1 . It forces any
wave after horizon re-entry to be a standing wave, i.e.
the superposition of travelling modes moving in opposite directions with the same (real) amplitude. Secondly,
the temporal phase of these standing waves is fixed: they
must be sine waves. This ensures that the position of
the Doppler peaks in the CMB spectrum matches the
observed one.

A.

with y(−k, η) = y ⋆ (k, η) enforcing the reality of y(x, η).
This is done in observational cosmology but also in any
theoretical tool for computing late time observables, such
as Boltzmann codes, where the initial conditions appear
as the only relics from the early universe.
Instead, in flat space QFT (and in setting up initial
conditions before first Hubble crossing), one writes:
Z
i
h
µ
µ
dk
√
c(k)e−ikµ x + c† (k)eikµ x
y(x, η) =
(2π)3 2ω
(2)
where the c(k) can be classical amplitudes or quantum (creation and annihilation) operators, depending on

1

In this paper we shall used the conventions of [5] and thus call y
to what in [13] is called v.

(4)

(with ω = cs k, where cs is the speed of propagation). We
see that one complex degree of freedom (viz. y(k, η)) in
Eq. (1) is split into two complex degrees of freedom (viz.
c(k, η) and c(−k, η)) in Eq. (2).
How does this late time reduction take place? The
blanket term usually used for the explanation is the
“squeezing” of modes that took place while they were
outside the horizon. Later in this paper we will show
with examples that “squeezing” is a just fancy word for
loss of conjugate momentum, enforced by a number of
reasons, depending on the scenario. All that happens is
that for all practical purposes while the modes are outside the horizon we enforce a constraint tying y to its
conjugate momentum[5, 13]:

Halving of the modes

There seems to be a dichotomy in the way Fourier analysis is carried out in QFT and in observational cosmology.
In late-time cosmology one writes [5, 13]:
Z
dk ik·x
y(x, η) =
e
y(k, η),
(1)
(2π)3

(3)

p = y′ −

z′
y
z

(5)

where z = a/cs in almost all models (the exception being
MDR models, for which z = a; see [15]). Since [5]:
c(k, η) + c† (−k, η)
√
2ω
r
ω
p(k, η) = −i
(c(k, η) − c† (−k, η))
2

y(k, η) =

(6)
(7)

this constraint is equivalent to a constraint between c(k)
and c(−k), which is set as an initial condition in the late
time universe.
To phrase the discussion in another way, one should
compare the number of degrees of freedom encoded
in the pair of conjugate variables {y(k), p(k)} and in
{c(k), c(−k)}. By complementing (1) with p, a priori
its number of degrees of freedom is the same as in (2).
“Squeezing” introduces a constraint rendering the momentum a dependent variable on y, so that p goes from
being statistically uncorrelated with y to being perfectly
correlated with it. This is equivalent to introducing a
constraint between c(k) and c(−k), and is behind the reduction in the number of modes. It forces any late time
waves to be standing waves, as we now see.
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B.

Standing waves and their phases

A standing wave is one that can be factored into a
real time-oscillating function and a real spatial-oscillating
function:
yst. = A(k) cos(ωη + φt ) cos(k · x + φx )

(8)

(here k stands for a headless vector, since the direction
of k does not matter). As such the wave has fixed nodes
in space, and so carries no spatial momentum Pi . It is
important not to confuse the spatial momentum of the
wave, Pi , (which is the Noether charge associated with
translational invariance), with the momentum, p, defined
as the conjugate variable to y. The p of a standing wave
is not identically zero, but Pi is.
Expression (8) is to be distinguished from the one valid
for travelling waves, where the real time and space oscillations cannot be factored:
ytr. = B(k) cos(−ωη + k · x + φ) .

(10)

Setting B(k) = B(−k) = B(k) we obtain:
y=


B(k)  i(−ωη+φ+ )
e
+ ei(ωη+φ− ) eik·x + c.c.
2

(11)

After some algebra we find that this is a wave of the form
(8) with A = 2B and
φ− − φ+
2
φ+ + φ−
.
=
2

e−iωη
eiωη
y(k) = √ c∞ (k) + √ c†∞ (−k).
2ω
2ω

φt =

(12)

φx

(13)

(the algebra can be simplified by performing a shift back
−φ−
and forth to η ′ = η − φ+2ω
so as to equalise the phases
of the two modes).
We see that the 4 degrees of freedom of the two unconstrained travelling waves moving along a headless direction become the 3 degrees of freedom of a standing
wave, upon the constraint that their real amplitude is
the same. The real amplitude of the waves is equated
but the phases, although not changing in number, change
in character. A priori, one should distinguish between
the spatial phase and the temporal phase; however for a
traveling wave the two concepts are intertwined, and for
each headless vector we must independently randomize
the phase of the two waves moving in opposite directions in order to preserve translational invariance. For
standing waves the concepts are separate and translational invariance is enforced by randomizing the phase

(14)

Inserting this expression into (1) and adding the complex conjugate (coming from y(−k)), one finds the two
travelling waves moving in opposite directions:
y = eik·x y(k) + e−ik·x y(−k)
= B(k) cos(−ωη + k · x + φ+ )
+ B(−k) cos(ωη + k · x + φ− )

(9)

Although the two expressions should not be confused, a
generic standing wave can be built from two travelling
waves of equal real amplitude moving in opposite directions:
y = B(k) cos(−ωη + k · x + φ+ )
+ B(−k) cos(ωη + k · x + φ− ) .

of the spatial wave alone, thereby randomizing the position of its nodes. The temporal phase does not need to
be randomized to preserve translational invariance. We
shall expand on this matter elsewhere [14].
We now connect these remarks to the late time cosmological framework. Let us give ∞ subscripts to the
amplitudes of expression (4), to denote that it refers to
a late time expansion (and distinguish it from the early
time initial conditions). Thus,

(15)

where the real amplitudes B(k) and B(−k) and phases
φ+ and φ− are related to c∞ (k) and c∞ (−k) according
to:
B(±k) ±iφ±
c∞ (±k)
√
=
.
e
2
2ω

(16)

Production of late time standing waves requires that
|c∞ (k)| = |c∞ (−k)|. Their phases, in turn, fix φx and
φt . The spatial phase φx should be random, so c∞ (k)
and c∞ (−k) should be both multiplied an overall random
phase (see (13)). The difference of their phases, however,
gives φt and this is heavily constrained by observations.
Specifically, using coordinates where η → 0 at the Big
Bang (or at the end of whatever phase generated the fluctuations) the temporal wave of the standing wave must be
a sine wave. Otherwise the position of the Doppler peaks
would come out wrong, or indeed the peaks themselves
could be erased if the temporal phase were random, as
is the case with defects and other active incoherent fluctuations [16]. In order to have a temporal sine wave, we
must set the temporal phase in (8)
π
φt = ± .
2

(17)

Effectively this requires c∞ (k) = −c†∞ (−k) for any late
time waves, so that:
φ+ = φ− ± π

(18)

producing a late time standing wave with the correct
temporal phase.
C.

A measure suited to the phenomenological
requirement

We now quantify the phenomenological requirement
laid down in the last subsection. We start by noting
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that although a standing wave with general time phase
has fewer degrees of freedom (viz, 3) than the most general solution (which has 4), it is possible to span the most
general solution from a superposition of sine and cosine
standing waves. Specifically, the most general solution
can be written either as two travelling waves, as in (14),
or as the two standing waves:
y(k) = S1 cos(ωη) + S2 sin(ωη)

(19)

since equating the two expressions gives:
c∞ (k) + c†∞ (−k)
√
2ω
c∞ (k) − c†∞ (−k)
√
=
.
2ωi

S1 =

(20)

S2

(21)

Obviously the Si (with i = 1, 2) have to be complex
in general (with Si = ρi eφi ) implying separate spatial
phases for the two waves. Indeed when (19) is inserted
in (1) and the complex conjugate is added we obtain:
y = 2ρ1 cos(ωη) cos(k · x + φ1 )
+ 2ρ2 sin(ωη) cos(k · x + φ2 )

S2
S1

2

.

(23)

Then Σ ≫ 1 stands for the requirement that at late times
a standing wave of the right temporal phase be produced.
The usual constraint on isocurvature modes can be used
to constrain Σ directly.
III.

σ(k) =

THE CONNECTOR WITH THE EARLY
UNIVERSE

Given that all that is observationally needed is Σ ≫
1, one may wonder what is actually required from the
phase that produced the primordial fluctuations in order
to ensure it, and for which inflationary squeezing is often
blamed. Whatever this is, it must be inserted as an initial
condition into an expanding radiation dominated epoch,
from the previous phase that produced the fluctuations.
In gluing the fluctuations from the two phases one must
match ζ = y/z and ζ ′ = p/z (in practice, in this paper,
this will be the same as matching y and p, since only their
ratio is relevant). In general there will be two modes,
one with y but no p, another with p but no y. One

|y(k)|2 ω 2
4|p(k)|2

(24)

for a measure of the relative strength of the two modes.
We will show later that this quantity reduces to the
“squeezing parameter” in the case of inflation. However
it is more general, and it has the virtue of connecting
directly to observable Σ, as we now show.
The gluing is invariably done with ωη ≪ 1 in the expanding radiation phase (with η > 0), and in this limit
(19) produces:
y ≈ S1 + S2 ωη
S1
p ≈ − .
η

(25)
(26)

By matching y and p from a previous phase we have to
match the value of σ at the end of that phase to the value
σ0 at the beginning of the expanding radiation phase:
2

(22)

Thus, time sine and cosine standing waves (if allowed
independent spatial phases) are just a basis for the most
general solution, as much as the usual travelling wave
basis.
The standing wave basis is best suited for the definition
of a quantity that can be constrained experimentally, in
view of the last subsection. Given that the most general
late time solution can be written as (19) we can define in
general:
Σ=

should therefore define a quantity measuring the relative
strength of the two modes at the end of the primordial
phase.
We propose:

σ0 ≈

(ωη)2
S2
ωη ,
1+
4
S1

(27)

obtained by inserting (25) and (26) into (24). We see
that we do not need to require σ = σ0 ≫ 1 to ensure
Σ ≫ 1. As long as σ = σ0 is not much smaller than 1 we
have:
4σ0
Σ≈
≫ 1.
(28)
(ωη0 )4
The reason is that the momentum mode, capable of generating a time cosine standing wave, is a decaying mode
in the expanding radiation phase. Its survival at reentry would require a very large initial condition. As
long as the momentum mode is comparable (or, in fact,
simply not ridiculously larger) than the momentum-free
mode, only the latter survives, and it produces a time
sine standing wave.
Although we have illustrated this point with a pure
radiation Universe, introducing a matter epoch does not
qualitatively change the discussion. Indeed the discussion is valid for any equation of state, although the discussion is more complicated. The two basis described
in Section II C are then Bessel functions (for standing
waves) and Hankel functions (for travelling waves). In
general they may be mapped into one another; however
only one of the Bessel modes is regular at the origin (the
growing mode), so natural boundary conditions select out
the other Bessel component. This forms a standing wave
with the correct temporal phase.
IV.

THE FORMALISM OF SQUEEZING

We now review the formalism of squeezing (following
the notation of [5]), stressing that, although it may al-
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ways be used, it is neither necessary, nor does its quantum interpretation need to be imported into the discussion. In addition, as we shall see in several examples later
in this paper, the formalism should be used with caution.
The basic idea is that general solutions for
{y(k, η), p(k, η)} may be expressed in the basis defined
by the initial conditions, and these may be expressed as
travelling waves labelled by c0 (k) and c†0 (−k) (identified
from (4)). Thus,
y(k, η) = fk (η)c0 (k) + fk⋆ (η)c†0 (−k)
p(k, η) = −i[gk (η)c0 (k) −

gk⋆ (η)c†0 (−k)]

(29)
(30)

′

with g = i(f ′ − zz f ). When we insert this into (6) and
(7) we see that the two functions {c(k, η), c† (−k, η)} do
not need to align with c0 (k) and c†0 (−k), as they do in
(4) (valid at all times for Minkowski space-time only). In
general
c(k, η) = uk (η)c0 (k) + vk (η)c†0 (−k)

(31)

u⋆k (η)c†0 (−k)

(32)

vk⋆ (η)c0 (k)

†

c (−k, η) =

+

with
1
2

√
2ωfk +

r

1
=
2

√
2ωfk −

r

uk =
vk⋆

2
gk
ω

!

2
gk
ω

!

(33)
,

(34)

or
uk + vk⋆
√
2ω
r
ω
(uk − vk⋆ ).
=
2

fk =

(35)

gk

(36)

Equations (31) and (32) form a Bogolubov transformation, and requiring that the evolution of c(k, η) and
c† (−k, η) is unitary imposes the constraint
|uk |2 − |vk |2 = 1

(37)

(this can also be derived simply from the Wronskian condition). Therefore, we can parametrize:
uk (η) = e−iθk (η) cosh(rk (η))
vk (η) = e

i(θk (η)+2φk (η))

sinh(rk (η)) .

(38)
(39)

Squeezing is defined as a condition of maximal mixing
(or “particle production”), obtained via the squeezing
parameter s:
sk (η) = |vk (η)|2 ≫ 1.

(40)

From (37) we see that this implies |u|2 ≈ |v|2 ≫ 1.
Squeezing may also be quantified by the “angle” rk , and
identified from rk ≫ 1.

As an indication, we can see that for “generic initial
conditions”, when rk → ∞ we can write very roughly:
σ∼

|1 + e−2iφ |2
,
|1 − e−2iφ |2

(41)

(this is obtained by inserting (35) and (36) into (29) and
(30), and then the latter into (24), while being cavalier
about the dependence on the initial conditions c0 (k)).
Therefore the relation between squeezing and σ ≫ 1 is
at best dependent on the squeezing angle φ, and we can
have σ ≫ 1, σ ≪ 1 or σ ∼ 1 associated with squeezing,
something we shall highlight with examples in the next
Section. In fact, looking at the detailed expression obtained, we see that in general the value of σ also depends
on θ and the initial conditions c0 (k). As we shall see in
the next Section, for the specific values of θ and φ found
in topical cases it just so happens that the dependence
on the initial conditions drops out of σ.

V.

SOME WORKED OUT EXAMPLES

In this section we present some well-known examples (namely the inflationary Universe, a contracting
radiation-dominated Universe and the expanding radiation phase) illustrating the relation between squeezing
and σ. In the inflationary Universe the squeezing parameter s and σ are equal and they correctly predict that no p
mode survives at horizon re-entry. In the contracting radiation Universe the squeezing parameter seems to point
at a similar conclusion. However, upon more careful inspection it turns out that although half the modes are
lost due to squeezing, it is the y mode that is clipped, so
that the wrong initial conditions would be injected into
the subsequent expanding phase (unless something prevents this at the bounce). This is correctly reflected by
the vanishing of σ. The analysis of an expanding radiation phase, in turn, merely confirms the results in Section
III, within the squeezing formalism.

A.

De Sitter inflation

A particularly simple case is that of de Sitter inflation,
for which the general solution is [5, 13]:




e−ikη
eikη
i
i
√
√
y(k) =
c0 (k) +
c†0 (−k).
1−
1+
kη
kη
2k
2k
(42)
For inflation ω = k, and η is negative approaching zero at
the end of inflation. This expression can be misleading in
that its two terms do not align with the modes c(k, η) and
c† (−k, η). Indeed, working out the associate momentum
using (5), we find:
r 

k ikη †
e c0 (−k) − e−ikη c0 (k) ,
(43)
p(k) = i
2

6
so that we can read off from (29) and (30):


√
i
2kfk = e−ikη 1 −
kη
r
2
gk = e−ikη ,
k

B.

(44)
(45)

uk
vk⋆



i
= e
1−
2kη
−i
.
= e−ikη
2kη



(46)
(47)

Therefore:


i
ieikη †
1−
c(k, η) = e
c0 (k) +
c (−k)
2kη
2kη 0


i
−ie−ikη
c† (−k).
c0 (k) + eikη 1 +
c† (−k, η) =
2kη
2kη 0
−ikη

As we see, the squeezing parameter:
s = |v|2 →

1
→ ∞,
4k 2 η 2

(48)

as |η| → 0, i.e. there is squeezing with angles (see also
[3]):
π
2
φ → 0
θ →

Let us consider a contracting radiation dominated Universe, since this will illustrate many important points
to
√
be used later in this paper. For radiation ω = k/ 3 and
the general solution is [5, 13]:
eiωη
e−iωη
y(k) = √ c0 (k) + √ c†0 (−k)
2ω
2ω

or from (33) and (34):
−ikη

A contracting radiation dominated Universe

(49)
(50)

with η negative and approaching zero at the Big Crunch.
Again this expression can be misleading because its two
terms do not align with the modes c(k, η) and c† (−k, η).
Indeed such alignment requires fk = gk /ω and only happens in Minkowski space time. Even though radiation
is conformally invariant, the cosmological expansion cannot be neglected in this respect. From (5) we see that
the momentum conjugate to y is:
r 


i
ω
−iωη
1−
p(k) = −i
e
c0 (k)
2
ωη



i
†
iωη
−e
1+
c (−k)
(58)
ωη 0
so we can read off from (29) and (30):
√
2ωfk = e−iωη
r


i
2
gk = e−iωη 1 −
ω
ωη

(51)

Consequently:

uk = e

−iωη

vk⋆ = e−iωη

−i
(c0 (k) − c†0 (−k)).
c(k, η) ≈ c† (−k, η) ≈
2kη

(52)

In fact, as we can read off from the general solution:
−i
(c0 (k) − c†0 (−k)),
y ≈ √
3/2
2k η
r
k
p ≈ −i
(c0 (k) − c†0 (−k)).
2

(53)
(54)

1
.
4k 2 η 2

(55)

We see that for inflation the squeezing parameter and the
phenomenological parameter σ are equal:
s=σ

(60)


1−

i
2ωη

i
.
2ωη



(61)
(62)

As with inflation there is maximal mixing as |η| → 0:


i
−ieiωη †
c(k, η) = e−iωη 1 −
c0 (k) +
c (−k)
2ωη
2ωη 0


ie−iωη
i
†
iωη
c (−k, η) =
c† (−k),
1+
c0 (k) + e
2ωη
2ωη 0
(63)
and indeed the squeezing parameter is precisely the same
as inflation’s:

Therefore,
σ→

(59)

and this implies:

corresponding to asymptotic relations:
u = v ⋆ = −v = −u⋆ .

(57)

(56)

that is, inflation suppresses the momentum mode as
much as it squeezes. In addition the dependence on the
initial conditions c0 (k) drops out of the final σ, something which is fact far from true in general, as we saw
before.

s = |v|2 =

1
.
4ω 2 η 2

(64)

However, the squeezing angles are different:
π
2
π
φ → ,
2
θ →

(65)
(66)

reflecting the different asymptotic relations:
u = −v ⋆ = v = −u⋆ .

(67)
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Instead of (52) we have:
c(k, η) = −c† (−k, η) =

−i
(c0 (k) + c†0 (−k)).
2ωη

(68)

but squeezing now implies:
1
y ≈ √ (c0 (k) + c†0 (−k))
2ω
−1
(c0 (k) + c†0 (−k)) .
p ≈ √
2ωη

(69)
(70)

We still loose half the degrees of freedom, but they happen to be the wrong ones. This is reflected in
σ≈

ω2 η2
→ 0,
4

(71)

valid for all initial conditions. This example shows that
squeezing is not enough: the squeezing angles matter too.
In this case s ≫ 1 but σ ≪ 1.
C.

Radiation dominated re-entry

As the previous example shows the squeezing parameter s may be very unfit for the purpose of measuring the
required reduction in phase space. But there is another
situation in which this is even more blatant: an expanding
radiation dominated universe which receives a spectrum
of fluctuations from a previous phase. Then, the algebra
is the same as that of the previous subsection, and so we
would expect s ≈ 1/(4ω 2η)2 → 0 but σ ≈ ω 2 η 2 /4 → ∞
(since now η > 0), that is unsqueezing and suppression
of momentum. From Section III we know that the latter
is true. The former, however, is wrong, as we now show.
Although the algebra leading to (63) is applicable to
this case, the interpretation and labelling are incorrect.
Taking the η → ∞ limit, we see that the coefficients c0 (k)
and c†0 (−k) in that expression are in fact the values of
c(k, η) and c† (−k, η) as η → ∞, and so we change their
label from zero to infinity throughout, namely in (63):


i
−ieiωη †
−iωη
1−
c(k, η) = e
c∞ (k) +
c (−k)
2ωη
2ωη ∞


i
ie−iωη
c† (−k).
c∞ (k) + eiωη 1 +
c† (−k, η) =
2ωη
2ωη ∞
Expanding these expressions for ωη ≪ 1 to find c0 (k)
and c0 (−k), we obtain to order ωη0 , after some reorganization:
c0 (k) + c†0 (−k, ) = c∞ (k) + c†∞ (−k)
−iωη0 (c∞ (k) − c†∞ (−k)) (72)
−i
c0 (k) − c†0 (−k) =
(c∞ (k) + c†∞ (−k)). (73)
ωη0
(In (73) we dropped a term in ωη0 in the coefficient of
c∞ (k) + c†∞ (−k), since this is negligible compared to the

other term; also the coefficient of c∞ (k) − c†∞ (−k) in the
second expression is zero to order ωη0 )). This can be
inverted as:
c∞ (k) + c†∞ (−k) = iωη0 (c0 (k) − c†0 (−k))
i
c∞ (k) − c†∞ (−k) =
(c0 (k) + c†0 (−k))
ωη0
+(c0 (k) − c†0 (−k)).

(74)

(75)

We see that even if the c0 (k) and c0 (−k) are unconstrained we are led at late times to a squeezed mode with
c∞ (k) ≈ −c†∞ (−k). The only way this can be avoided is
by setting c0 (k) + c†0 (−k) ≪ c0 (k) − c†0 (−k). Otherwise
c∞ (k) + c†∞ (−k) = iωη0 (c0 (k) − c†0 (−k))
i
(c0 (k) + c†0 (−k))
c∞ (k) − c†∞ (−k) =
ωη0

(76)
(77)

and these can be reorganized as
|c∞ (k) − c†∞ (−k)|

|c∞ (k) + c†∞ (−k)|

=

1 |c0 (k) + c†0 (−k)|
.
(ωη0 )2 |c0 (k) − c†0 (−k)|

(78)

This is just (28) derived using the squeezing framework.
We see that “squeezing” does take place in the setting of an expanding universe, in spite of the negative
forecast by parameter s. Even if the c0 (k) and c0 (−k)
are unconstrained we are led at late times to a squeezed
mode with c∞ (k) ≈ −c†∞ (−k). A standing wave (with
the correct temporal phase) is then produced. In this
sense inflation is overkill, in that it feeds a squeezed state
with c0 (k) ≈ c†0 (−k) in the radiation epoch. This is not
needed. All that we need is that c0 (k) ≈ −c†0 (−k) does
not happen.
A case where this exception happens is at the end of a
contracting phase. If we consider a collapsing radiation
dominated universe followed by a bounce incapable of filtering out the growing mode, then we do feed into the
expanding phase precisely the squeezed mode that might
be problematic (that with c0 (k) ≈ −c†0 (−k)). Then a
travelling wave in due time might enter the horizon, contradicting phenomenology. In fact we know that this has
to be the case, given the time symmetry of the evolution, and that we assumed an unsqueezed set of traveling
waves exited the horizon in the contracting phase. In
practice this can be avoided by filtering out the pathological mode at the bounce, something that is required
anyway to produce the correct power spectrum [28].
VI.

BIMETRIC VSL THEORIES

We now examine the status of the various matters discussed so far in alternative theories of the Early Universe,
starting with bimetric VSL theories. We refer the reader
to the literature for background and details [17–21]. In
these theories there are two metrics and these define two
frames (an Einstein and a matter frame).
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In the Einstein frame the second order action for the
fluctuations is that of (anti-)DBI theories, or more generally, of theories with a varying speed of sound:
Z
S2 =
d3 kdη z 2 [ζ ′2 + c2s k 2 ζ 2 ]
(79)
with z = cas , with cs to be computed as explained in [18].
A dual frame, where the speed of sound/light is constant, may be obtained by defining a new time:
Z
τ = cs dη.
(80)
In the dual frame Einstein’s gravity is no longer valid,
even at the zeroth order. Under the conditions necessary
to solve the horizon problem in the Einstein frame (viz.
that cs kη drops in time sufficiently fast) we find that τ
runs from −∞ to zero. Therefore, we kinematically have
inflation in the dual frame, although dynamically this is
due to a very modified theory of gravity, rather than an
inflaton (see [19] for more details).
In the dual frame the action is [19]:
Z
S2 =
d3 kdτ q 2 [ζ̇ 2 + k 2 ζ 2 ]
(81)
a
q = √
cs

(82)

(here a prime denotes derivative with respect to η, a dot
to τ ), and the calculations simplify significantly. The
most general scaling solutions for these theories are labeled by two constant parameters [19]:
Ḣ
H2
ċs
.
=
cs H

ǫ = −
ǫs

(83)
(84)

They are the power-law solutions:
a ∝ (−τ )

cs ∝ (−τ )

(85)
.

(86)

It is then not difficult to find the conditions for scale
invariance of vacuum fluctuations. It must be ǫs = −2ǫ,
since then
q∝

1
.
−τ

s̃ ≈ σ̃ ≈

1
4k 2 τ 2

(89)

It is straightforward to show that these conclusions are
invariant under frame transformation. The canonical
pair in the Einstein frame:
y = zζ
p = zζ ′ = y ′ −

(90)
′

z
y
z

(91)

can be compared with its counterpart in the dual frame
ỹ = qζ

(92)
q̇
(93)
p̃ = q ζ̇ = ỹ˙ − ỹ.
q
√
√
to give ỹ = y cs and p̃ = p/ cs . Comparing (6) and (7)
(valid in the Einstein frame) with
c̃(k, τ ) + c̃† (−k, τ )
√
2k
r
k
(c̃(k, τ ) − c̃† (−k, τ ))
p̃(k, τ ) = −i
2

ỹ(k, τ ) =

(94)
(95)

valid in the dual frame, we see that:
c(k, η) = c̃(k, τ )
c† (−k, η) = c̃† (−k, τ )

(96)
(97)

and so s̃ = s. In addition

1
ǫs +ǫ−1

ǫs
ǫs +ǫ−1

We can now compute the squeezing parameter and σ
for these theories. We have:




e−ikτ
eikτ
i
i
ỹ(k) = √
c̃0 (k) + √
c̃† (−k)
1−
1+
kτ
kτ 0
2k
2k
(88)
and the rest of the algebra of subsection V A follows
through (e.g. regarding p̃, the c̃, etc) leading to

(87)

Under these circumstances the kinematics of the fluctuations is in every way identical to that of the fluctuations
in de Sitter inflation (and thus, their scale-invariance,
but see [17] for a more complete derivation). This is true
even though the dynamics is very different. For example
we do not have de Sitter expansion in the dual frame.
The two facts can be reconciled by realizing that gravity is modified in the dual frame (precisely because it is
Einstein in the original varying-c frame).

σ̃ =

|ỹ|2 k 2
|y|2 ω 2
=
=σ
2
4|p̃|
4|p|2

(98)

It is therefore trivial to transform the solutions and conclusions from the dual frame to the Einstein frame. We
conclude that scale invariant bimetric VSL is very similar
to inflation with regards to squeezing.
Although we have used the vacuum scale-invariant solution to make our point, the calculation can be repeated
for near scale-invariant solutions, as well as those where
the fluctuations are of a thermal origin, with similar conclusions. For example, for the latter the solution is approximately [20, 21]:
√
−πτ
(1)
(2)
ỹ =
(H1 (−kτ )c0 (k) + H1 (−kτ )c†0 (−k)) (99)
2
The final conclusions are qualitatively the same, even
though the algebra is more complicated.
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The vacuum scale-invariant solution is simpler because
it invokes Hankel functions of order ν = 3/2. But for
more complex situations the story is invariably the same.
The modes leave the horizon as Hankel functions (travelling waves). Outside the horizon (either in the primordial phase, or later in the standard radiation dominated
phase) these are split as Hν1 = Jν +iYν and Hν2 = Jν −iYν ,
i.e. as Bessel functions J (regular at the origin; the growing mode) and Y (divergent at the origin; the decaying
mode). Natural selection spits out J instead of Hankel
functions at horizon re-entry. This amounts to a standing
wave with the correct temporal phase.
This comment is also pertinent for modes that reenter the horizon after the end of the radiation dominated
phase (see the last paragraph of Section III). Then our
earlier arguments cannot be made with sine and cosine waves and simple travelling waves (corresponding
to Bessel/Hankel functions of order 1/2). However the
appropriate real Jν mode will play the role of the standing wave with the correct temporal phase, no longer a
simple sine wave.
VII.

THEORIES WITH MODIFIED
DISPERSION RELATIONS

It is also interesting to study the evolution of perturbations in theories where they obey dispersion relations
that are modified at some ultraviolet (UV) scale - usually assumed to be the Planck scale. In fact, such theories
with modified dispersion relations (MDR) can generate a
scale invariant spectrum of primordial perturbations [22–
25] without invoking a primordial phase of exponential
expansion such as inflation. This was shown explicitly
by assuming that the UV form of the dispersion relation
is the one that appears in Horava-Lifshitz theory [26], so
that the velocity cγ = dE
dp depends on time and wavelength k via

γ
λk
cγ =
,
(100)
a(η)
where λ−1 is the UV scale and γ is a dimensionless parameter. Starting from the second order Einstein-Hilbert
action for primordial perturbations, one finds that the
evolution equation takes the form:
#
"
2γ
′′
a(η)
λk
y(k, η) = 0 (101)
k2 −
y(k, η)′′ +
a(η)
a(η)
(which is just the usual y equation with c given by (100)
and z = a). The normalized vacuum WKB solution for
modes inside the horizon, when the first term in brackets
dominates, is, up to a phase,
y∼

a(η)γ/2
√ .
(λk)γ/2 k

(102)

This is clearly scale invariant when γ = 2, and since
y(k, η) ∼ a outside the horizon, by matching the two
solutions it can be easily seen that scale invariance is
preserved once the modes exit the horizon, independently
of the background equation of state.
A.

The critical, scale-invariant model

In this subsection we study in detail the evolution of y
and its conjugate momentum p in the MDR model that
produces scale invariant perturbations (the one with γ =
2 in Eq. (100)). Because scale invariance in achieved
independently of the background evolution, we will keep
the equation of state general, so that
a(η) ∝ η m
m =

2
.
1 + 3w

(103)
(104)

Slightly smaller values of γ lead to the red spectrum of
perturbations that is observed in the CMB. We review
this case in the next subsection.
The dynamical equation (101) then becomes:
"
#
4
λk
1 − 3w −2
′′
2
y(k, η) +
η
y(k, η) = 0 .
k −2
ηm
(1 + 3w)2
(105)
Solving the horizon problem with η > 0 is possible if
− 31 < w < 1, so we will restrict the allowed values of w
to this range. Then, setting α = 2m − 1 > 0, the full
solution to (105) is
 3 2

−ik3 λ2
ik λ
1
†
α
α
αη
αη
e
c0 (k) + e
c0 (−k) . (106)
y = √
2ω
Note that the signs of the exponentials have been correctly swapped, since k labels the direction of motion of
the propagating wave, and the temporal phase ωη is a
decreasing function of time. With the signs used above,
upon multiplication by exp(ik · x) (cf. Eq. 1) the first
mode moves along k, the second along −k. Note also
that for a generic γ there is no solution in terms of elementary functions (see [15]). This is only possible for
γ = 2 because the solution is given in terms of Hankel
functions H1/2 and H−1/2 , which are in fact the simple
trigonometric functions encoded in (106).
We can now compute the relevant quantities for our
′
analysis. The conjugate variable p = y ′ − aa y is given by:
r 

−ik3 λ2
ω ikαη3 λα2
p = −i
e
c0 (k) − e αηα c†0 (−k) . (107)
2
At late times one has
1
y(k, η) ≈ √ [c0 (k) + c†0 (−k)]
2ω
r h
i
ω
c0 (k) − c†0 (−k) ,
p(k, η) ≈ −i
2

(108)
(109)
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so that

VIII.

σ ∼ 1.

(110)

Therefore, the scale invariant MDR model is a case where
the requirements demanded by phenomenological constraints are met without overkill. The model also causes
no squeezing. Indeed
s = 0,

(111)

as can be computed from (106) and (107) using the formulas in Section IV.
B.

Models with a slightly red spectrum

For models departing from exact scale-invariance the
calculations are more intricate (and involve Bessel functions, just like for bimetric VSL scenarios in this regime).
However a significant simplification is made possible by
realizing that we can focus on the outside the horizon
regime in order to study the status of “squeezing”. In
this regime we have
y ′′ ≈

a′′
y
a

(112)

so that for any power-law a the general solution takes the
form:
η
(113)
y = Aa + B .
a
The first term is the growing mode, the second the decaying mode. At late times y ≈ Aa, but since this mode
does not generate any momentum, we must look at the
decaying mode to find
p=a

 y ′
a

≈

C
a

(114)

with C ∝ B. Therefore in any model of this type
ω 2 |y|2
σ=
= k2
|p2 |



λk
a

2γ

A2 a2
∝ a4−2γ .
C 2 /a2

(115)

We confirm that σ is constant for γ = 2, but could grow
or decay with expansion if γ 6= 2.
At this point we could try to input into our calculation the fact that the observed primordial spectrum is
slightly red (nS ≈ 0.96) and this could be due to an
anomalous value of γ < 2, as suggested in [22]. This
would correspond to a fractional UV dimensionality of
spacetime slightly above 2 (the exact value depending on
the equation of state). If such an anomalous γ led to the
growth of the momentum mode (decay of σ) this could
turn MDR into something similar to the bouncing universe. Eq. (115) shows that this only happens for blue
spectra (with γ > 2 and ns > 1); for red spectra σ actually grows during the phase where the MDRs are active.

CONCLUSIONS

To conclude, in this paper we considered the status of
“squeezing” in scenarios alternative to inflation, to assess
whether its blessings are peculiar to inflation. We found
just the opposite. Firstly, we noted that from a purely
phenomenological standpoint, all that matters regarding
the effects of squeezing is that at late times (at horizon
re-entry) the fluctuations form standing waves with the
correct temporal phase (specifically, a sine wave). Admixture of the complementary standing wave mode (the
cosine wave) would have an effect similar to the addition
of an isocurvature mode, leading to out of phase Doppler
peaks, or a softening of the oscillatory structure.
Bearing this in mind we were then able to conclude
that just about any model complies with the phenomenological requirements. More concretely, we found that it
is enough for the primordial phase producing the fluctuations to feed into the expanding radiation dominated
epoch a configuration for which the conjugate momentum of the fluctuations is not abnormally high. Inflationary squeezing in fact heavily suppresses the momentum mode, but this is surplus to requirement. A similar
overkill takes place in bimetric VSL scenarios, as well a
models based on MDRs producing a red spectrum. But
in fact inputing into the standard radiation phase a momentum mode of the same amplitude as a momentumfree mode is sufficient, and this happens in scale-invariant
scenarios based on MDRs. String gas cosmologies [27]
are also possibly in this category, although we have not
investigated the matter in detail.
In view of our findings, the only problematic scenario
among those we have studied would be a symmetric
bouncing universe model, for which the bounce is incapable of filtering out the momentum mode (which is the
growing mode in the collapsing phase). In such a model
a very large momentum mode is fed into the expanding radiation phase, so that when the modes re-enter
the horizon they form travelling, rather than standing
waves. But such a model is known to be pathological
for all sorts of other reasons [28], and filtering out the
momentum mode is a basic requirement to be imposed
upon the bounce for any viable model.
One may wonder about the origin of the resilience of
models with regards to the production of standing waves
with the correct temporal phase. Standing waves are the
result of the imposition of a constraint upon travelling
waves. This constraint is enforced in any late time expanding universe because while the modes are outside
the horizon there is a growing mode (the momentumfree mode with with ζ 6= 0 and ζ ′ = 0) and a decaying
mode (the momentum mode with ζ 6= 0 and ζ ′ = 0).
As the name indicates, the latter decays away, leaving a
constraint between the two travelling waves when they
re-enter the horizon. This amounts to the production of
a standing wave with a sine phase in time. Squeezing
and momentum suppression in inflation and other scenarios start doing this job, but in fact this is not needed.
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The only way to produce a travelling wave at late times
would be to feed into the radiation epoch an extremely
large momentum mode, which would then decay until
it became of the same amplitude as the momentum-free
mode when the two modes re-entered the horizon. If the
decaying mode were given an even higher initial amplitude, a cosine standing wave would be produced. The
difficulty in conjuring up such an initial condition for the
expanding radiation dominated phase explains why it is
so easy to satisfy the observational constraints.
We have made our point for scalar fluctuations, but of
course they apply equally well to gravity waves, should
the model produce them. In work in preparation we show

how novelties arise in this set up regarding MDR scenarios capable of producing a blue spectrum of primordial
gravitational waves [29].
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