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We compute the spectral index of primordial perturbations in a rainbow universe. We allow the
Newton constant G to run at (super-)Planckian energies and we consider both vacuum and thermal
perturbations. If the rainbow metric is the one associated to a generalized Horava-Lifshitz dispersion
relation, we find that only when G tends asymptotically to zero can one match the observed value of
the spectral index and solve the horizon problem, both for vacuum and thermal perturbations. For
vacuum fluctuations the observational constraints imply that the primordial universe expansion can
be both accelerating or decelerating, while in the case of thermal perturbations only decelerating
expansion is allowed.

I. INTRODUCTION

Recent results suggest that the properties of the spec-
trum of primordial fluctuations might not need inflation-
ary expansion to be explained, but could instead be a
consequence of quantum-gravitational effects, which are
relevant in the early universe [1, 2]. In particular in
[1, 3, 4] it was shown that a scale invariant power spec-
trum can be obtained if the perturbations satisfy the
Planck-scale-modified dispersion relation emerging in the
high-energy regime of Horava-Lifshitz gravity [5]:

E2 = p2(1 + (`p)4) . (1)

This dispersion relation implies a running of spacetime
dimensionality, so that the spacetime dimension in the
deep Planckian regime is 2 [6–8]. The possibility of gen-
eralising this result to any theory with Planck-scale di-
mensional reduction to 2 was suggested in [9, 11]. These
results rely on a number of assumptions, such as that the
second order action for perturbations is the one of Ein-
stein gravity and that the perturbations are produced in a
quantum vacuum state. This rigidity in the assumptions
makes it hard to find a mechanism that would produce
the observed small departure from exact scale invariance.

In this paper we shall relax several of the assumptions
previously made in the literature. Firstly, we shall as-
sume the more general framework of rainbow gravity [12].
The background cosmological evolution will then be de-
scribed in terms of a metric which “runs” with the energy.
For the dispersion relation:

f2(E)E2 − g2(E)p2 = m2, (2)

(where the continuous functions f and g approach the
constant value 1 when the energy is well below the Planck
energy), the associated rainbow line element is

ds2 =
dt2

f2(E)
− 1

g2(E)
δijdx

idxj . (3)

Secondly, we will consider both perturbations of quan-
tum origin for a vacuum state, and perturbations that are
originated in a thermal state [13–17]. In the latter case

we will assume that the universe is filled with radiation
and that both the background and the fluctuations are
thermalized, so that they share the same (modified) ther-
modynamical properties [18]. Finally, we allow for the
Newton constant to also run with energy. This is moti-
vated by results in Horava-Lifshitz gravity and in Asymp-
totic Safety [19–22], where the Newton constant tends to
zero at super-Planckian energies. We allow the Newton
constant to both increase and decrease with energy. How-
ever, it will turn out that in order to solve the horizon
problem and to produce perturbations with the required
spectral index, the Newton constant must indeed be a
decreasing function of energy at super-Planckian scales.
This is true for both vacuum and thermal initial condi-
tions for the perturbations.

Regarding our work on thermal fluctuations we note
the following motivating factors. Radiation obeying a
deformed dispersion relation also has deformed thermo-
dynamical properties [8, 23, 24]. In this paper we focus
on a generalisation of the Horava-Lifshitz dispersion re-
lation (1):

E2 = p2(1 + (`p)2γ) , (4)

and we assume to be in a regime where only the ultravio-
let correction term is relevant, E2 ≈ p2(`p)2γ . As shown
in [8], in this regime the associated Stefan-Boltzmann law
and equation of state parameter w ≡ P/ρ are:

ρ ∝ T 1+ 3
1+γ (5)

w =
1 + γ

3
. (6)

Using the fact that the equation of state parameter and
the Stefan-Boltzmann law for standard radiation depend
on spacetime dimensionality as:

w =
1

dT − 1
(7)

ρ ∝ T dT (8)

one can associate the modified disperison relation (4) to
the thermodynamical dimension [8]

dT = 1 +
3

1 + γ
. (9)
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Our paper is structured as follows. In section II we
start by working out the evolution of the background, in-
cluding modified thermodynamical relations. In section
III we derive the equation for the evolution of primor-
dial scalar perturbations and we derive the constraints
on the modified dispersion relation and on the running
of the Newton constant which ensure an expanding uni-
verse and a solution to the horizon problem. Section IV
is devoted to the computation of the spectral index for
perturbations generated in a quantum vacuum, while sec-
tion V shows the analogous results for perturbations with
thermal initial conditions. We present some conclusions
in section VI.

II. BACKGROUND EVOLUTION OF A
RAINBOW FLRW UNIVERSE WITH
DEFORMED THERMODYNAMICS

The rainbow functions associated to the dispersion re-
lation (4) are:

f2 = 1 g2 = 1 + (`p)2γ . (10)

They enter in the rainbow line element for a FLRW space-
time in the following way [12, 24]:

ds2 =
dt2

f2(E)
− a2(t)

g2(E)
δijdx

idxj . (11)

We assume that the universe contains a perfect fluid,
whose stress-energy tensor is T µν = (ρ + P )uµuν − Pδµν ,
where ρ is the energy density, P the pressure and uµ the
fluid four velocity 1. Then the Friedmann equations read
[12]:

H2 =
8πG(E)

3f2
ρ

H2 − ä

a
=

4πG(E)

f2
(ρ+ P ),

(12)

where H = da/dt
a . From these the continuity equation

follows

ρ̇ = −3H(ρ+ P ). (13)

The solution of the continuity equation can be stated in
terms of the equation of state parameter as usual, and if
the universe is filled with radiation this translates into a
dependence on the parameter γ appearing in the disper-
sion relation (4):

ρ = ρ̄a−3(1+w) = ρ̄a−(4+γ). (14)

1 As mentioned in the introduction we also allow for a possible
energy dependence of the Newton constant G.

Of course in the case of standard thermodynamics in four
spacetime dimensions dT = 4 and we recover the usual
scaling ρ = ρ̄a−4 in a radiation-filled universe.

Using the Stefan-Boltzmann law one finds that the de-
formed thermodynamics also affects the evolution of the
temperature with the scale factor:

T ∝ a−3w = a−(1+γ) . (15)

III. EVOLUTION OF SCALAR
PERTURBATIONS IN A RAINBOW UNIVERSE
AND SOLUTION TO THE HORIZON PROBLEM

The perturbed rainbow FLRW metric in the longitu-
dinal gauge2 reads:

ds2 =
dt2

f2(E)
(1+2φ(t, x))− a2(t)

g2(E)
(1−2ψ(t, x))δijdx

idxj .

(16)
In order to work out the evolution equation for the per-

turbations one can introduce an energy-dependent time
variable,

dt̃ =
dt

f(E)
, (17)

so that the time-dependent functions appearing in the
metric read

ã2(E, t̃) =
a2(t̃)

g2(E)
, φ̃(t̃, x) = φ(t, x), ψ̃(t̃, x) = ψ(t, x) .

(18)

The perturbed line element takes the standard form in
terms of the new functions:

ds2 = dt̃2(1 + 2φ̃(t̃, x))− ã2(E, t̃)(1− 2ψ̃(t̃, x))δijdx
idxj .
(19)

Using these new variables one can just follow a standard
procedure (see e.g. [18]) to get the familiar equation for
the perturbations:

ṽ′′ −
(
∇2 +

z̃′′

z̃

)
ṽ = 0 , (20)

where the prime means derivative with respect to the
energy-rescaled conformal time, d

dη̃ ≡ ã(E, t̃) d
dt̃

, and the

scalar perturbation ṽ is defined as usual as ṽ = ζ̃ z̃, where
the curvature perturbation ζ̃ is

ζ̃ = φ̃
5 + 3w

3(1 + w)
+
φ̃′

H̃
2

3(1 + w)
(21)

2 By this we mean that in the limit where the energy dependence
of the metric disappears, f = g = 1, one is left with the metric
in longitudinal gauge.
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and z̃ =
√

3(1+w)
2 ã. Note that we have set c̃2s ≡ δP̃

δρ̃ = 1.

Going back to the energy-independent time variable
one finds that the curvature perturbation is left un-
changed,

ζ̃ = φ
5 + 3w

3(1 + w)
+
adφ/dt

da/dt

2

3(1 + w)
= ζ , (22)

while

z̃ =

√
3(1 + w)

2
ã =

√
3(1 + w)

2

a

g
= z/g. (23)

Therefore, v = ṽg satisfies the following evolution equa-
tion in Fourier space

v′′ −
(
g2

f2
k2 +

a′′

a

)
v = 0 . (24)

From now on, the prime stands for the derivative with
respect to the energy-independent conformal time, d

dη ≡
a ddt . This equation is very similar to the standard one,

with the factor (f/g)2 which plays the role of an energy-
dependent speed of sound.

Note that a possible energy dependence of the New-
ton constant does not appear explicitly in the evolution
equations of the perturbations, however we will see in
the following that it affects the scale of the horizon and
the conditions under which the horizon problem is solved
within rainbow cosmology models.

A cosmological model that solves the horizon problem
is such that modes start inside the horizon, where the
first term in parentheses in the evolution equation (24)
dominates, and subsequently exit the horizon, where the
second term dominates [18, 25]. We investigate the con-
ditions under which the horizon problem is solved spe-
cialising to the dispersion relation (4), with associated
rainbow functions (10) and assuming to be in a regime
where only the ultraviolet correction terms are relevant.
It is important to bear in mind that the energy appearing
in the rainbow functions is the physical one, related to

the comoving k via E =
(

`k
a(η)

)2γ
.

The behaviour of the two terms in parenthesis in eq.
(24) is governed by the evolution of the scale factor a(η).
This is found by integrating the first Friedmann equation
(12), leading to

η2 =
a1+3w

(1 + 3w)2
1

2
3πρ̄G

=
a2+γ

(2 + γ)2
1

2
3πρ̄G

. (25)

Here, ρ̄ is the initial energy density and the realation
between the equation of state parameter w and the de-
formation parameter γ is given by the modified thermo-
dynamical relation (6). If the Newton constant is energy-
independent, the scale factor evolves as:

a(η) = (Cη2)
1

2+γ , (26)

where C = G 2
3πρ̄(2 +γ)2 and η increases from 0 in order

to have cosmological expansion with time. Then the two
terms in parentheses in (24) take the form

k2
(
`k

a(η)

)2γ

= k2(`k)2γC−
2γ

2+γ η−
4γ

2+γ (27)

and

a′′

a
= η−2

2

2 + γ

(
2

2 + γ
− 1

)
. (28)

The horizon is then found at

ηH =

(
k2(`k)2γC−

2γ
2+γ

(2 + γ)2

2γ

) 2+γ
2(γ−2)

, (29)

and in order to solve the horizon problem one needs

γ > 2 . (30)

If the Newton constant has a power-law dependence
on energy in the ultraviolet regime,

G(E) = `2(`E)α ∼ `2
(
`k

a

)(1+γ)α

, (31)

then the evolution of the scale factor with time is

a(η) = (C̄η2(`k)(1+γ)α)1/ν , (32)

where ν = 2 +γ+ (1 +γ)α and C̄ = 2
3π`

2ρ̄(2 +γ)2. Note
that depending on ν the conformal time can either be
positive or negative. In fact, in order to have cosmologi-
cal expansion with time if ν > 0 then η must be positive
and increasing from 0, while if ν < 0 then η must be
negative and approaching 0 from −∞.

The terms in parenthesis in the perturbation equation
(24) are now:

k2
(
`k

a(η)

)2γ

= C̄−
2γ
ν η−

4γ
ν k2(`k)

2γ(2+γ)
ν , (33)

and

a′′

a
=

2

ν

(
2

ν
− 1

)
η−2 . (34)

The horizon is then found at

ηH =

(
ν C̄−

2γ
ν

2
(
2
ν − 1

)k2(`k)
2γ(2+γ)

ν

) ν
4γ−2ν

(35)

and the horizon problem is solved for 4γ
ν > 2 if η is

positive and for 4γ
ν < 2 otherwise. Then the overall con-

ditions on α that ensure cosmological expansion and so-
lution of the horizon problem are

− 2 + γ

1 + γ
< α <

γ − 2

1 + γ
(36)



4

for positive η and

α < −2 + γ

1 + γ
, α >

γ − 2

1 + γ
(37)

for negative η. The latter possibility is obviously ex-
cluded. The first option correctly reduces to γ > 2 when
α = 0, while in general it constrains α to be in the range
−2 < α < 1.

IV. VACUUM PERTURBATIONS

We can study the power spectrum of vacuum fluctu-
ations directly in the general case where the UV energy
dependence of G is encoded in (31). The limit α = 0
gives the results for energy-independent G.

The dynamics of modes inside the horizon is governed
by the first term in parentheses in (24). Up to a phase,
the vacuum fluctuations inside the horizon take the form
[1, 3]:

vV ∼
aγ/2√
`γk1+γ

. (38)

The solution of (24) for modes outside the horizon can
be cast in the ansatz:

vV ∼ F (k)a , (39)

where the function F is found by asking that the two
solutions match at the horizon:

F (k) =
aγ/2−1(ηH)√

`γk1+γ
. (40)

The dimensionless power spectrum of curvature pertur-

bations ζ is given by k3Pζ ∼ k3
(
v
z

)2 ≡ A2kns−1. Its
spectral index ns is found from (40) and (35):

nVs − 1 =
(γ + 4)(2− γ)

2− γ + α(1 + γ)
. (41)

Clearly γ = 2 gives a scale invariant power spectrum
for any value of α allowed by the constraint (36), which
for γ = 2 reads − 4

3 < α < 0. The fact that scale in-
variance is achieved independently of how the Newton
constant scales with energy is due to the time pertur-
bations being already scale-invariant and proportional to
the scale factor a inside the horizon. So the gluing proce-
dure is trivial, bypassing whatever modified evolution of
the background was introduced. Also a near-scale invari-
ant power spectrum is allowed. In particular one can ask
that nVs = 0.968 ± 0.006, which is the present observa-
tional constraint from Planck [26], obtaining the allowed
range of values shown in Fig. 1. Note that now the en-
ergy dependence of the Newton constant is relevant. In
particular, the values of α that are selected by observa-
tional constraints are all negative, suggesting a vanishing
Newton constant in the deep UV regime. On the other

hand, from eq. (34) one can see that observational con-
straints allow for both an accelerated or decelerated ex-
pansion. This is a crucial difference with respect to the
constraints coming from thermal fluctuations, as shown
in the following section.

0 1 2 3 4 5

-2.0

-1.5

-1.0

-0.5

0.0

0.5

1.0

γ

α

FIG. 1. We have plotted in red the constraint ns =
0.968 ± 0.006, assuming vacuum fluctuations (the error bar
is too small to be seen on the plot). We have plotted in blue
the region satisfying the constraint ensuring solution of the
horizon problem, eq. (36).

In the limiting case α = 0 (energy-independent Newton
constant) the glueing condition at the horizon gives a
spectral index which is far from scale invariance, nVs −1 =
4+γ. However, when γ = 2 both the terms governing the
evolution of perturbations, (27) and (28), scale like η−2.
Therefore a mode is either inside or outside the horizon,
unable to cross it. Whether a mode is inside or outside
the horizon is set by the scale

kH =

(
G

8π

3

ρ̄

`4

)1/6

= H0

(
1

(`H0)4
ρ̄

ρcr

)1/6

, (42)

where H0 is the current value of the Hubble constant and
ρcr is the critical energy density. If the modes are well
inside the horizon, k � kH , the perturbations behave like
vV ∼ a√

`2k3
, and so they are scale-invariant, but never

exit the horizon.

V. THERMAL PERTURBATIONS

Without an inflationary phase, there is no real reason
to exclude the contribution to the perturbations power
spectrum coming from thermalised perturbations, since
this is not suppressed by a period of super-cooling [13,
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16]. We compute the thermal contribution to the power
spectrum applying the method outlined in [14], but tak-
ing into account that in our model both background and
perturbations are thermalised. This in particular means
that the same thermodynamical constraints (6) hold for
background and perturbations. The expectation value of
a quantum operator is

〈O〉 =

∑
n ρnn〈n|Ô|n〉∑
n ρnn〈n|n〉

, (43)

where |n〉 is the n-particle state. We assume that the
density matrix follows the Boltzmann distribution ρnn =
e−βEn , where β = 1/kBT and En = pn

√
1 + (`pn)2γ is

the energy of a mode with occupation number n.
Then the correlation function of the quantised pertur-

bation variable v̂ is [16]

〈v̂(~x)v̂(~x+ ~r)〉 =

∫
d3k

(2π)3/2
|vk(η)|2(2n(k, η) + 1)ei

~k·~r ,

(44)
where the number density is given by the Bose-Einstein
distribution:

n(k, η) =
1

eβE(k,η) − 1
. (45)

The power spectrum of thermal perturbations imprinted
at the horizon is therefore

PTherm(k) = PV ac(k)(2n(k, ηH) + 1). (46)

Since we are in the Rayleigh-Jeans limit for the regime
of fluctuations being studied, we can set:

n(k, ηH) ≈ (βE)−1 =
kBTc`

(`k)γ+1
, (47)

where the conformal temperature Tc ≡ Taγ+1 is constant
in time. As in [14, 27], the relation between the physical
and conformal temperature is found by asking that the
number density is independent of time. If c is k inde-
pendent, this is just Tc = Ta/c. Here we should strip off
the k dependence in c from the definition of Tc, so that
it does not become k dependent.

Including the thermal contribution, the spectral index
of perturbations becomes

nTs = nVs − 1− γ. (48)

Note that this result differs form the one in [28], because
a mistake has been made there. In the Rayleigh Jeans
limit, n ∼ T/E, not just T/k. The fact that c has an
extra dependence in k is responsible for the last term in
(48). This result is also independent of how the Newton
constant runs with energy.

Using the value of the vacuum spectral index found in
the previous section, eq. (41), the thermal spectral index
can be written as

nTs =
4(2− γ)− αγ (1 + γ)

2− γ + α(1 + γ)
. (49)

For energy-independent Newton constant, α = 0, the
thermal spectral index is

nTs = 4 , (50)

regardless of the value of γ. This result matches the
one found in [13, 16] and of course it is ruled out by
observational constraints.

For α 6= 0, asking that the perturbations are scale
invariant leads to a constraint linking α and γ. Asking
in addition that the horizon problem is solved, eq. (36),
introduces a bound from below on the allowed values
of γ, γ > 2. Then the values of α that are compatible
with scale invariance and which allow to solve the horizon
problem fall in the range −1/4 < α < 0.

It is also possible to match the spectral index to the
Planck observed value ns = 0.968 ± 0.006 [26], giving
the constraints shown in Fig. 2. According to eq.(34),
these observational constraint on α and γ only allow for
a decelerating expansion of the universe.

0 2 4 6 8 10

-2.0

-1.5

-1.0

-0.5

0.0

0.5

1.0

γ

α

FIG. 2. We have plotted in red the constraint ns =
0.968 ± 0.006, assuming thermal fluctuations (the error bar
is too small to be seen on the plot). We have plotted in blue
the region satisfying the constraint ensuring a solution of the
horizon problem, eq. (36).

VI. CONCLUSIONS

We have investigated the possibility that a rainbow
universe with running Newton constant can accom-
modate primordial perturbations whose spectral index
matches current constraints, without relying on inflation
to solve the horizon problem. Starting form a universe
filled with radiation subject to deformed dispersion rela-
tions (of the Horava-Lifshitz type), we considered both
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vacuum and thermal initial conditions for the perturba-
tions and assumed a power-law dependence of the New-
ton constant on energy. Crucially, we assumed that the
background satisfies the thermodynamical relations pe-
culiar to radiation subject to deformed dispersion rela-
tions.

For both kinds of initial conditions for the perturba-
tions (vacuum and thermal) the running of the Newton
constant is essential in achieving a viable picture. In
particular, the Newton constant is constrained to be de-
creasing with energy in the ultraviolet regime. This is
consistent with intuition from quantum gravity theories,
such as Horava-Lifshitz gravity and Asymptotic safety.
It also resonates with the conjecture put forward in [9].
In our scenarios, vacuum and thermal initial conditions

can be distinguished because, while for the former the
observational constraints are compatible with either an
accelerating or decelerating expansion of the universe, for
the latter only a decelerated expansion is allowed.

One may question the wisdom of enforcing thermo-
dynamical constraints on the background as well as on
the fluctuations. A counter-example is a scalar field, for
which the background does not need to be thermalized
even when the fluctuations are [14]. Nonetheless it is
curious that when, for the sake of minimality, one im-
poses thermal conditions on both background and per-
turbations of a scalar field, one recovers the universal
result nTs = 4 previously derived for a thermodynamical
fluid [16]. Just as with [16] one needs to relax standard
assumptions to evade this result. Here the running of
Newton’s constant was the crucial ingredient.
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