AN AVERAGING PRINCIPLE FOR A COMPLETELY INTEGRABLE
STOCHASTIC HAMILTONIAN SYSTEM

XUE-MEI LI

ABSTRACT. We investigate the effective behaviour of a small transversal perturbation of
order € to a completely integrable stochastic Hamiltonian system, by which we mean a
stochastic differential equation whose diffusion vector fields are formed from a completely
integrable family of Hamiltonian functions H;,¢ = 1,...n. An averaging principle is
shown to hold and the action component of the solution converges, as e — 0, to the
solution of a deterministic system of differential equations when the time is rescaled at
1/e. An estimate for the rate of the convergence is given. In the case when the perturbation
is a Hamiltonian vector field, the limiting deterministic system is constant in which case
we show that the action component of the solution scaled at 1/¢2 converges to that of a
limiting stochastic differentiable equation.

1. INTRODUCTION

The Model. A smooth 2n-dimensional manifold M is said to be a symplectic manifold if
it is equipped with a symplectic structure, that is, a closed differential two-form w which is
nondegenerate in the sense that for each z € M, w(v, w) = 0 forall w € T,, M implies v =
0. Equivalently M admits a set of coordinates mapping such that the coordinate changing
maps are symplectic on R?" with the standard symplectic form wy = > dp; A dg;.

A family of n smooth Hamiltonians { Hy } on a 2n dimensional symplectic manifold is
said to form a (completely) integrable system if they are pointwise Poisson commuting and
if the corresponding Hamiltonian vector fields X, are linearly independent at almost all
points. Given such an integrable family and a C'' locally Hamiltonian vector field V com-
muting with the family of vector fields X g, in the sense of w(Xg, , V) = 0, consider the
following model, which we call a completely integrable stochastic symplectic/Hamiltonian
system:

(1.1) dry =Y Xp, (1) 0 dBf + V(x¢)dt.
k=1
Here (BF,k = 1,...,n) are pairwise independent Brownian motions on a filtered prob-

ability space (2, F, F;, P) with the standard assumptions on the filtration and o stands
for Stratonovitch integration. We have suppressed the chance element w here as is con-
ventional. Note that the customary symbol for the symplectic form is unfortunately the
same as that for the chance variable, however confusion should not arise as the chance
variable will from now on not be explicitly expressed unless indicated otherwise. We call
respectively X, the diffusion vector fields and V' the drift vector field for the stochastic
differential equation.
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In the integrable stochastic Hamiltonian system case, the diffusion vector fields span a
sub-bundle of the tangent bundle, at least locally. The purpose of the present article is to
investigate the effect of a small perturbation to random systems of this type. A solution
to an integrable Hamiltonian system preserves the energies Hy, just as does a solution to
any other stochastic Hamiltonian system and there are corresponding invariant manifolds
(level sets). The Markov solution restricts to each compact level set and the restriction has
generator

"1
Lo=> 3 L%, Lxy, + L.
k=1

Here Ly indicates Lie differentiation in the direction of V. If the integrable stochastic
Hamiltonian system is perturbed by a vector field €K for ¢ > 0 and K a C! vector field
not necessarily taking values in the span of {Xp,,k = 1,2...n} the solution to the
resulting equation

dy; = Xu, (yf) o dBf + V (yf)dt + €K (yf)dt,
i=1

Yi = Yo

(1.2)

will not conserve the energies. On the other hand letting e — 0, the deviation from level
sets of the energies will be small. Consider the solution y¢(¢/€) scaled in time by 1/,
which has generator given by %Eo + Lx. Note that the motion splits into two parts with
the fast component an elliptic diffusion on the invariant torus and the slow motion governed
by the transversal part of the vector field K. The evolution of y¢(¢/¢) is the skew product
of the diffusion of order 1 across the level sets and the fast elliptic diffusion of order e~!
along the level sets. The motion on the level sets (thinking of the level sets as the standard
n-torus), which would be quasi-periodic if there were no diffusion terms, is ergodic. The
evolution of the action component of y(¢/€) will not depend on the angular variable in
the limit as ¢ — 0 and is shown to be described by a system of n ordinary differential
equations whose right hand sides can be deduced from w(K, X, ), =1,...n. Here w is
the symplectic 2-form. The convergence rate is shown to be of order €3,

Furthermore if the vector field K is given by a Hamiltonian function, the average of
w(K, Xp,) over the torus vanishes and we look at the second order scaling to see an
interesting limit. The action component of y(te~?2) involves a martingale term in the limit
and the asymptotic law of y¢(te~2) across the level sets is shown to be given by a stochastic
differential equation. It remains open to find an estimate for the rate of the convergence of
the law of y¢(te~2) to the law of the limiting diffusion.

Main Results. Suppose that w(V, Xp,) = 0 and V' commutes with each vector field
Xp,. Let yo € M be a regular point of H with a neighbourhood Uy the domain of an
action-angle coordinate map. Let 7 be the first time that the solution y: starting from yg
exits Up. Set H(t) = (H1(y;/.),- -, Hn(y;,.)). Then H® converges to the solution of
the following system of deterministic equations

d - _
G0 = [ e K 0.2) dn, (2,
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with corresponding initial condition: If T is the first time that H (¢) exits from Uy then
forall t < Tp, B > 1, there exists a constant C's > 0 such that

1

_ B ;
(E(sup |HE(s NT¢) — H(s A T€)||’3)) < Chel/3,

s<t
Furthermore if » > 0 is such that U = {z : | H(x) — H(yo)|| < r} C Uy define

Ty = inf{|H, ~ H(yo)| > 7~ ).
Then for any 8 > 1, § > 0 and a constant C' depending on T3,

P (T€ < Ts) < O(T5)6PA/3.
In the case of K being a smooth local Hamiltonian vector field

met) w(Xg,, K)(H(t),z) dug,(z) = 0 and hence we could look at the second scaling.
The law of the stochastic process H (ylz) stopped at S¢, the first time that the process
y<, exits from Uy, converges to that of H(z;5s<) where 2z, is the solution to the following
stéozchastic differential equation

dzl = 0l (z) 0 dBj + bj(z)dt.
Here (o7) is the square root of the matrices (a;),

ay(a) — —/A (K. X, )™ (K X)) (0. 2) dsa(2),

and
1

bi(a) = 5 [ Ll X, K)o, do2)

We give here a somewhat trivial example of a stochastic integrable system of equations
on R* with the standard symplectic structure:

dz1(t) = z3(t)dB;

dzo(t) = x4(t)dBy + x4dW,
dxs(t) = —x1(t)dBy

dxg(t) = —x2(t)dB; — zo(t)dW,

where B; and W; are independent 1-dimenaional Brownian motions. Take the perturbation
vector to be K = (0, 522+,0,0), Ko = ( 0, 0) or

2 2
i

3 T
CETE G

2
K3 =( Ts 0, ——% -, 0). In the case of K; we have a non-trivial average; in the
(23+a3)2 (z7+23)2
case of Ky and K3 we have trivial averages at first scaling and can proceed to the second
scaling and obtain a SDE in the limit.

Remark On The Model . This work is in the framework of Arnold on averaging prin-
ciple of integrable Hamiltonian system as a stochastic Hamiltonian system can be con-
sidered as a family of ordinary differential equations with time dependent random vector
fields (whose corresponding Hamiltonians are in general neither bounded from below nor
differentiable in time). Averaging of stochastic systems was pioneered by Khasminskii
[17], Papanicolaou, Stroock and Varadhan [23], and has been an active research field on
which there is a rich literature. The structure of the main averaging results are close to that
described in the excellent survey of Papanicolaou [22]. We refer to Abraham-Marsden [3],
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Arnold [4], Hofer-Zehnder [16] and McDuff-Salamon [21] as references for Hamilton-
ian systems on sympletic manifolds, to Givon-Kupferman-Stuart [14] for some physical
models behind these problems and for recent progress in the direction of deterministic
averaging, to Freidlin-Wentzell [10] and Sowers-Namachchivaya [25] for random pertur-
bations to systems with one degree of freedom, and to Eizenberg-Freidlin [8], Borodin-
Freidlin [6], Freidlin-Wentzell[11], Sowers [24], Koralov [19], Khasminskii-Krylov [18],
and Khasminskii-Yin [20] for recent related work on perturbations of stochastic systems
as well as Arnold-Imkeller-Namachchivaya [1] for a discussion on asymptotic expansion
of a damped oscillator of one degree of freedom with small noise perturbation. For the
Lagrangian mechanics and variational principle in stochastic framework we would like to
refer to Bismut’s work [5]. However in this article we do not investigate the stochastic
mechanics related to the SDEs.

The main novelty of this work is the model itself. We also obtained a rate of conver-
gence. The generator of our perturbed system is:

€ . 1
L5=>" 5Lxu, Ly, + Ly + L,
k=1

from which we observe the following aspects of the model: a) The unperturbed random dy-
namical system is a completely integrable system. b) The fast component of the system is
the diffusion term, not the deterministic term. It is also worth noting that the limiting slow
motion scaled at 1/e has n degrees of freedom and is described by a system of n ordinary
differential equations. It is only at the second scaling, in the case of the perturbation being
Hamiltonian, that we see a limiting n-dimensional non-trivial Markov process. The con-
vergence of the slow motion (Hy(y¢ ), ..., H,(y5)) is in LP with rate 3. At the second

scaling the slow motion converges v&eakly. The asesumptions we make on the Hamiltonian
functions are: the R™ valued function (H1, ..., H,,) is proper and its set of critical points
has measure zero.

The following work relates particularly well to ours. We’ll point out the differences
and similarities. In Dolgopyat [7] the following is proved: If h is a first integral of y =
E(F(y,&)), where & is a random variable of compact support, the piece-wise linear
function h. given by h.(e2n) = h(z,) converges weakly to the solution of a SDE, under
suitable conditions. This was proved using the martingale method. Here x, is solution to

Tpi1 = Ty + eF(xn, fn) + €2G(Ina gn) + EBH(xm &ns 6)7

and the &,’s are i.i.d. random variables. The equation governing x,, are very general.
If the perturbation K in (1.2) is given by a Hamiltonian function we may take F' = 0
in Dolgopyat’s model and take h = h, a first integral to (1.1); however it is not clear
how the piece-wise linear function h. relates to the fast motion h(z¢/e2). In Eizenberg-
Freidlin [8] and Borodin-Freidlin [6], the diffusion part of the motion belongs to the slow
component and the fast motion is deterministic. More precisely the perturbed generator is
Ly +eL1+ L for a vector field V' and an interaction term Lo. Freidlin and Weber [12] [13]
have a different objective. They are mainly concerned with one conserved quantity H, not
a completely integrable system. The objective there is to obtain a limiting Markov process,
using weak convergence, on the graph homeomorphic to the set of connected components
of the level sets of H.
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2. PRELIMINARIES

2.1. Hamiltonian and Symplectic Vector fields. Every symplectic manifold has a nat-
ural measure, called the Liouville measure. It is in fact A"w, differing from the volume
form by a constant. Denote by ¢,w the inner product of a tangent vector v with w. The
map from T'M to T* M given by v — i,w is a vector bundle isomorphism, and there is
a one to one correspondence between vector fields and differential 1-forms. A symplectic
vector field V', also called a locally Hamiltonian vector field, is one which preserves the
symplectic structure, i.e. Lyyw = 0. Here Ly denotes Lie differentiation in the direction of
V. Equivalently ¢y -w is a closed differential 1-form. For every C! function H : M — R
we can associate a Hamiltonian vector field (also called symplectic gradient vector field)
given by:
txgw =dH.

The canonical sympletic structure on R?" with coordinates (qi,...,qn,p1,--.,Pn) iS
w = Z?:l dq; N dp;. Darboux’s theorem asserts that any symplectic manifold is locally
R2" with its canonical sympletic structure. If the first de¢ Rham cohomology H!(M;R.)
vanishes, as in the case of R2", every locally Hamiltonian vector field is given by a Hamil-
tonian function. There are locally Hamiltonian vector fields which are not given by a
Hamiltonian function. Take the two torus 72 with coordinates = and y periodic in z
and y. The canonical sympletic structure on R? induces the symplectic structure on 7%
w = dz Ady. A vector field X (z,y) = a(z,y) 2 +b(z, y)a% with 92 + c% = (0 is clearly
locally Hamiltonian: the 1-form txw = a(z,y)dy — b(z,y)dx is closed. If a = 1,b = 0,
the vector field is not given by a Hamiltonian function on 772,

The space of smooth functions on M has a Lie algebra structure given by the Pois-
son bracket. The Poisson bracket of two smooth functions is denoted by {Fi, F>} and
{F1,F2} = dF1(XF,) = w(Xp,,XF,). The vector field corresponding to the Poisson
bracket is precisely the Lie bracket of the Hamiltonian vector fields X, and Xp,. Two
Hamiltonian functions are Poisson commuting or in involution if their Poisson bracket van-
ishes, in which case their corresponding Hamiltonian flows commute. If {F, H} = 0 we
say that F'is a first integral of H. Two Hamiltonian functions are said to be linearly inde-
pendent at z if their associated Hamiltonian vector fields are linearly independent at that
point. A family of n Hamiltonian functions is said to form an integrable system if the
Hamiltonian functions are pairwise Poisson commuting and if they are linearly indepen-
dent on a set of full measure.

2.2. An example of a stochastic Hamiltonian system on R?". The Hamiltonian vector
field given by an Hamiltonian function H is given by Xy = JdH where J is the canonical

complex structure:
01
7=(1s)

where 1 denotes the n by n identity matrix. The corresponding Hamiltonian system thus
takes the familiar form

. 0H .
4% = ; I<i<n
Op;
. oOH .
i = ——F—, 1<i<n.
9q;
For simplicity write p = (p1,...,pn) and ¢ = (q1, .- ., ¢n). An important class of exam-

ples of Hamiltonian functions on R?" is those of the form H(p,q) = 3|p|*> + V (q) for
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some potential function V. If V' is quadratic, e.g. V(q) = 1a?|q|?, we have the standard
harmonic oscillator. The Poisson bracket in R?" is of the following form:

" (OH OF OH dF
{H, F} = Z (3pi g Oq 3]%) ’

i=1

A example of an integrable stochastic Hamiltonian system is given by

0K "\ OH},

dgi(t) = dt dBF
q ( ) o, + opi o t
k=1
0K " OH,, X
d/pi t = - dt + odBy.
© 9g; b—1 9 !
where
2 : 1 17 2 c K3
i=1 i=1
1 1p?
H, = —apgi+--% 2 <
k 2aqu+2ak7 _k<na

and K is a smooth function which commutes with all [7;’s, e.g. if K is a smooth function
of H;’s.

2.3. The invariant manifolds and integrable symplectic Hamiltonian systems. Let
{Hy}7_, be an integrable family of smooth Hamiltonian functions, i.e. they are Pois-
son commuting and so the H}’s are first integrals of each other and they are independent
on a set of full measure. For a = (aq,...,a,) € R™ denote by M, the level set of the first
integrals { Hy }:

M, = ﬂ?zl{l‘ : HZ<.’17) = ai}.

The Liouville-Arnold theorem states that if {H} }7_, are independent on M, then M, is
a smooth manifold and furthermore it is diffeomorphic to an n dimensional torus if it is
compact and connected. For such value a, M, is invariant under the flows of each H}, and
each x in M determines an invariant manifold through the value a = (H1(z), ..., H,(z)),
which we write also as My ().

An application of Itd’s formula below shows that the solution flow {F;(z) : ¢ > 0} of
(1.1) preserves the invariant manifolds { M, }:

dH;(zs) = ZdHi (XHk (g;t)) odBy + dH;(V(z;))dt = 0, 1<i<n.
k

For simplicity we assume throughout the paper the following:
e The invariant manifolds are compact,

which is the case if the map € M +— (H;(z),... Hy(x)) € R™ is proper. Note that
the n vector fields { X Hf,(:c)} are tangent to My, and the symplectic form w vanishes on
the invariant manifolds M,. Therefore the stochastic differential equation (1.1) is elliptic
when restricted to individual invariant manifolds and the Markovian solution is ergodic.
Denote by p,, the unique invariant probability measure on M,; it can be considered as the
uniform probability measure on the torus.
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2.4. The invariant measure and th divergence operator for semi-elliptic stochastic
symplectic systems. Let {A° A, ... A"} be smooth symplectic vector fields with [A?, A7]
0 for all 4, j. Assume that {A',... A"} spans a sub-bundle F of the tangent bundle 7'M
of rank n. Consider the following stochastic differential equation:

2.1) dry =Y A'(xy) 0 dBj + A (xy)dt.

i=1
If there is a global solution flow {F;(zg,w) : t > 0} to equation (2.1), then the solution
flows are stochastic symplectomorphisms, i.e. w = F;w, where w is the symplectic form,

not the chance variable.
For each x € M, define a linear map A(z) : R*" — T, M by

Az)(e) = ZAZ’(@@, ey, ec R™

where {e'} is an orthonormal basis of R?". The linear map is onto E, with kernel {0} x
R and gives a positive symmetric bilinear form on E by making { A(x)} an orthonormal
basis:

(A'(z), A (x)) = 6ij-
Then A(z) is an isomorphism from R™ x {0} to E,. This defines a metric on E: for
uw=> uA andv =), v; A°,

n
(u,v) = Z Ui;
i=1

and for a function f we define its gradient Vg f = Y, df (A") A®. The symplectic structure
w restricts to E' defines a complex structure on M as following: we first give the tangent
bundle 7'M any Riemannian metric which agrees with the one constructed on F using the
linear map A. Define J, : T, M — T, M by

w(Jzu,v) = (U, v),.

To see that this identity defines J,, uniquely suppose that for v € T, M there are u; and us
satisfies w(u;, v) = (us, V), ¢ = 1,2. Then w(uy — ug,v) = 0 for all v. Thus w3 = us.
Existence can be easily seen as direct calculations can be done in R?".

Next take A* = X u; in (2.1), 4 = 1,2,...n, to be the Hamiltonian vector fields for
an integrable family of Hamiltonian functions {H,} and A°® = V. We arrive back to
the integrable stochastic sympletic equation (1.1) where V' is a symplectic vector field
commuting with all X,’s. Under our assumption that

H:z — (Hi(z),...Hy(2))

is a proper map, then for almost every point a¢ in R" it is either trvial or a local trivial
fibration in the sense that there is a neighbourhood V' of ag such that H~!(a) is a smooth
sub-manifold for all a € V and that there is a diffeomorphism from H~*(V) to V x
H™(ap). Such ay is called a regular value of H. Denote by ¥ the set of values in R™
which are not regular. A pointy in M is said to be a critical point if H(y) € ¥ p. By Sard’s
theorem the set of critical values of the function H has measure zero. The 2n-differential
form w™, as a measure, has a decomposition which gives a measure on each invariant
manifold M, for regular a value. The decomposition can be chosen in the following way.
First recall that on a neighbourhood of a regular point ay of H, every component of the
level set M, is diffeomorphic to an n-torus and a small neighbourhood Uy of M, is
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diffeomorphic to the product space 7™ x D where D is a relatively compact open set in
R", see e.g. [2]. More precisely if V is an open set of R"™ such that H~1 (V') does not
contain any critical points of H then it is diffeomorphic to D x T™. Take an action angle
chart around M, which is diffeomorphic to D x T™ for some open set D. The measure
(3=, dI* A df?)™ on the product space naturally splits to give us a probability measure, the
Haar measure df' A . ..d0" on T™. We take the corresponding one on M, and denote it by
ttq- Let U be a section of E. Define the divergences divy, U to be the functions such that

/ df (U) dpug = —/ fdivigU dug
M, M,

for all smooth functions f on M,. Note that divg Xz, = 0, since

(X ) = | (i Fdpa =0
M, M,
for all smooth functions f (see the beginning of section 4 for a calculation). Thus if U =
> , @i X g, where a; are constant on M, and is thus divergence free.

Remark 2.1. Let U be a section of 2 commuting with all Xy, the invariant measure for
the SDE (1.1) restricted to the invariant manifold M, is j,, which varies smoothly with a
in sufficiently small neighbourhoods of a regular value.

Proof. The measure w” is an invariant measure for the SDE on M due to the fact that
the solution of the SDE leaves invariant the symplectic form. More precisely, since U
commutes with {X g, } and thus can be written in the the form of U = )", a; X g, (),
where a; are constant on M, it is therefore divergence free. Thus the invariant measure of
the SDE restricted to the torus is the same as that of the corresponding SDE without a drift.
From the action angle transformation we see that the measure i, is an invariant measure
for the SDE restricted to M. This is in fact the only invariant measure for the SDE on M,
since the system is elliptic when restricted to each level set and the conclusion follows. [

3. AN AVERAGING PRINCIPLE

Let { H;}_, be a completely integrable system on a smooth 2n-dimensional symplectic
manifold M so that the functions { H; } are constants of motions of each other and that they
are pairwise in involution. We assume that the R"-valued function H = (Hq,..., H,) is
proper and its set of critical points has measure zero. Note that the vector fields { Xy, }
form an integrable distribution and through each point of the manifold there is an integrable
n dimensional manifold.

Take an action-angle coordinate: ¢! : Uy — D x T™. In this coordinate, = = ¢ (I, §),
I €D,0ecT" and (¢~ ')sw = dI A df defines a symplectic structure on D x T™.
Furthermore if H; = H; (¢(1,0)) is the induced Hamiltonian on D x T™ then IF =

OH; _
— %6, = Oand
. OH.,
3.1 0 = —— =wi(l
3 e =20 )
with wf smooth functions. In fact X5 = (¢ ").(Xu,) = — >4, a(g;:@%. For

example the integrable Hamiltonian system in section 2.2 is equivalent to the Hamiltonian
system Hy = Z?:l a;q;, a; > 0, and Hy, = qi,k = 2,...,n, through the action angle
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coordinates change (q,p) — (G, p):

(qla"'qnvplv"'vpn)
2q—1 _ 2@n _ P — . _
= a—cospl,... a—cospn,\/Qalqlsmpl,...,\/Qanqnsmpn, .
1 n

The corresponding Hamiltonian system is the trivial one 7 = a;, @ = 0. Since Uy is
diffeomorphic to D x T™ there is a constant » > 0 such that Uy contains the open set
{o: 3, [Hi(x) — Hi(wo)? < r?}.

Let K be a smooth vector field, transversal in the sense that w(X g, , K') are not all iden-
tically zero. Denote by y; the solution to (1.2), the perturbation of the integrable system
(1.1) starting from a given point yo in M. Set x; = y? , the solution to (1.1) with initial
value yg. If V is a vector field on M denote by V the induced vector field on D x T™. We
assume the following of the SDE (1.2):

Condition R: Suppose that w(V, Xp,) = 0 and V' commutes with all vector fields Xy, .
Let yo € M be a regular point of H with a neighbourhood Uy the domain of an action-
angle coordinate map: ¢! : Uy — D x T™, where D is an open set of R™.

We adopt the following notation: if f is a function on Uy, by f we mean the represen-
tation of fin D x T™.

Lemma 3.1. Assume condition R holds for (1.2). Let T¢ be the first time that the solution
yi starting from yg exits Uy. Then for any smooth function f on M,

ey

v
B ( s 1760~ feP )] < e+ ),
s<tATE
where C = C1(V, K, H;, f) depends on the upper bounds of the functions |df
THe| |dV |, [K| on D x T™
(2) IfV =0, then the estimates above, €(t + t2), can be improved to Cye(t +t2).

s

Proof. In the proof below C' stands for an unspecified constant. We denote the flows in
action-angle coordinates by x; = ¢(I, 0;) and y§ = ¢(If, 05). Set f = f o ¢. Then

() — f )] | FU(7), 0(95)) — F(I (), O(x2))
ClI(y;) = I(ze)| + ClO(y;) — O(x:)

IN

)

using the fact that % and g—g are bounded on 7" x D as D is relatively compact. In the

local chart, g(z = 0 and we can write V(I,0) = V;(I) (;j (1,0) = wj(I)a%j for some

smooth functions wé on D. The perturbation vector field can be written as (K%, KT) where
Ky = (K},...,K})and K; = (K},...,K?) be respectively the angle and the action
component of the vector field K onT" x D™. The result is now clear from the form of the
SDEonT" x D:

dIf" = e Ki(I5,00)dt,

oyt = Y wi(If) o dBf + wh(If) dt + eK(If, 65) dt,
k=1
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where wz, i,k =1,...n, are defined by (3.1). Indeed, then

S
sup |IS—Is| =€ sup |/ ’KI(ISE,G?)’dsSet sup |Kjl,
s<tATE s<tATE 0 DxTn

and for s < 7€,

gei _ g Z/ f(IT)) o dB"
+/ (w(’)( 5) — wi dr+6/ Ky(I7,67) d
0

As the Stratonovitch correction for the SDE vanishes, we may replace the Stratonovitch
integration by It0 integration:

| (itr — i) o st = [ (it - i) s

Consequently,

0i(ys) — Oi(zs)| < ‘Z/ Wi (I) — wk(I, ))dBk
+ sup |dwé|-/ |Ie — 1| dr + es sup |Kj
Tn DxTn
< ‘Z/ wh(I) = Wi (I,) ) dB)
+65 sup. |Kq]| - S |dw?| + es sup K}
DxTn

Summing up over ¢, we have
E sup |05 — 0

s<tATE
n ' . 9 p/2 B ,
< C’lsup(ZE wi(I6) — wi(1,) ) + Co(K)e(t +£2)P
s<t M e—p Y0
< cl(z(|dw;|v1) )e”t2 + Co(K)eP(t + 12)P
i,k

by L, inequalities for martingales. Combining the estimates we obtain

E sup [f(ys) — f(xs)| < Cae(t +t°)

s<tATE

for some constant C5.
(ii) If the drift V = 0 then wy = 0 and the calculation above shows that the estimate is
of the order (£% A 1). O

If the stochastic dynamical system (1.1) is subjected to a small non-Hamiltonian per-
turbation, the slow variable is in the direction transversal to the energy surfaces while the
stochastic components are the fast variables. The lemma shows that the first integrals of
the perturbed system change by an order (¢ + t2) over a time interval ¢ and so the slow
component accumulates over a time interval of the size ¢ /¢ and we obtain a new dynamical
system in the limit: as € goes to zero the motion along the torus is significantly faster com-
pared to the motion in the transversal direction and thus the action component of 3y /e has
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a limit as the randomness in the fast component is averaged out by the induced invariant
measure, as shown below. Recall that H(x) = (H1(x), ..., H,(z)).

We first prove a lemma:

Lemma 3.2. Assume condition R holds. Let g be a real-valued function on M, which
is considered in the action angle co-ordinates as a function from D x T" to R. Define
9: D C R"™ — R to be its average over the torus:

62) @@= [ a2 duz).

Suppose that g is C* on Uy. Set
Hi(s) = Hi(ys /), He(s) = (H{(8),...,H(9)).

Then
(s+t)NT* (s+t)ATe
(3.3) / 9(yy )dr = / QI(H(r)) dr +6(g,€,t)
sA\Te SATE

with the following rate of convergence: for any 3 > 1,

B\ 1
(3.4) (E sup |5(g,e,s)‘ ) < C(t)es.

s<t

where ' is the first time that y; /e exits from Uy and 7€ = T /e.

Proof. The idea is to approximate g(y&) by g(y.) on sufficiently small intervals and to
apply the law of large numbers to each integral bearing in mind that the cost to replace y;.
by y. is of order €§ on an interval of size d, assuming that 6 — oo as € — 0, and that the
error term for replacing time average by space average is of order %.

Let 7¢ be the first time that y{ exits from Uy. For g € (0, 1), let At = (t:—qé) ANTE = S NTS,
which is of order €79, and set N = N (€) = [¢9~1] 4 1 which is of order ¢?~!. Here [e?~!]
is the integer part of €?~! and all terms may depend on the sample paths of w. Take
tnzf/\rf—i—nAt,l <n < N —1, so that

S s+t
AT =t <t < - <tny_1 < —ATE
€ €

We first make some pathwise estimates. For any C'! function g on M,

(s+t)AT*® ShtaTe
[ st = e[ T gtpar
sN\T€ g/\Te
N-1 tni1 ST*""/\T6
< X [ et el [T ot
n=0 “tn N

Since g is bounded on Uy, the second term on the right hand side of the above expression
converges to zero with rate ¢! ~9:

(s«:t) ATE

6‘/ 9(y;) dr‘ < CeAt < Cte' 4.
tN
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For the remaining terms we use the splitting

N-—1 trnt1 N-—1 tot1
5 / o) dr = €3 / [95) — g (Fo—s, (4., ©1, ()))] dr
n=0""'n n=0 “tn

N-1 ¢4
+e Z / g (Frot,(y5, .04, (w))) dr.
n=0 tn

where w denotes the chance variable, ©; the shift operator on the canonical probability
space: O (w)(—) = w(— +t) — w(t), and {F}(z,w),t > 0} the solution flow of the un-
perturbed stochastic differential equation (1.1) with starting point z. Write the summation
as the sum of A; and A5 and the second term is:

N-—1 tnt1
A2 (t, 6) = € Z / g (Frftn (ytfna @tn (w))) dr.
n—= tn

The law of the large numbers says that for any function f on a compact manifold con-
verging to infinity as ¢ converges to infinity, f;“ f(x,)dr converges to [, f(z)dz when
t — oo with rate % and the convergence is uniform on compact time intervals in LP for
all p > 1. Here dz is the volume measure. The easiest way to see that this holds is to
first assume that | fdz vanishes and let i be the function solving Ah = 2f and apply
1t6’s formula to h(z;) on the time interval [s, s + t]. Note that the intervals [t;, ¢;11] are
either constant intervals or intervals of zero length with the exception of one bad interval
of the form [a, 7¢] of size at most At. Let M be the integer such that [¢;, ¢; 1] are constant
intervals for ¢ < M. For the bad interval [t5s, 7¢), the following term in A,

e
E/ g (Fr—tn (ygna th (w))) dT
ta
is of order eAt. On each constant interval [t;, ¢;11], ¢ < M, the corresponding term in A

18:
At

e/t o 9 (Frot, (y5,, 61, (w))) dr = 5/0 9 (Fr (¥, 01, (w)) dr.

Denote by fire(et,,)» OF fys , the invariant measure on the invariant manifold My« (¢, ) =
Mye . We apply the law of large numbers to such terms and use the Markov property of
the flow to obtain the following estimates, for all sufficiently small e,

1

N-1 B
B

Bsup (4,0~ At [ gl et), 2, () ]

u<lt n=0 Y Mue(ety)
< CeAt +

as R

N sup E(e/ 9 (Fr(y;,, 01, () dr—eAt/ g(Hs(Etn)>Z)dﬂHﬁ(etn)(Z)) 1

n 0 Mee ct)
< CeAt +

1

1 At AR
(AN sup (Esup\m [ o o) — [ g et i @) >
n 0 )

u<t

eAtN

\t/ed

HE(ctn)

q
€2

< Cte! 74+ C =< Cte' 714 C

-
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On the other hand letting s,, = €t,, so As = e/At and consider sg < s1--- < sy. As As
is of order O(elfq) the following pathwise estimate follows:

(s+t)AT
As Z 95 2) oy~ [ [ g 0),2) e (<) dr
MH‘(sn) SATE Mpre(s)
< C’(g)te1 a
where C(g) = maxy, |dg|. To summarise:
(s+t)AT (s+t)AT
(3.5) / 9(yy )dr = / QI(H(r)) dr +d(g,¢,)
SATE SATE®
where
0(g, €, 1)
< cdrle [ T gD arl+ Aol +
tN

st ) = 3 et / 9(H(et), 2)dpaseqen,y (2)]

Mpe(etn)
+| Z As/

Mpe(sp)

(s+t)ATE

9(H(52), 2)dpizze (o, (2) — /

SAT®

/ G(H(s), 2) dpzze(s)(2) ds]
MHF(S)
and

N-1 t,44
At =eY / [065) — 9 (Frsn (55, O, (@)))] dr

By the previous estimates:
16(g,e,t)] < Cte'™9 4+ Ct™2e4/2 + |Ay(t,€)].

To show that | 41| is reasonably small, we apply Lemma 3.1 and Holder’s inequality

(E sup(A41 (s, e))ﬁ> #

s<t
N-1 tn41 B_1
< Ctel—‘Z+e[Esup(Z/ l9(u5) = 9 (Fr—t, (45, O, (@) dr) 1’
s<t n=0 “tn
N-1 tnil B 713
< Ct61*q+e-N1*1/5(ZE[Sup/ l9(y5) — g (Fret, (47, O1, (@) dr} )
n=0 st Jty,
< Ctel=9 4 eNTU/B . N&C . e(At + (At)Q)
< Ot +t3)e ™9 + Cte.
Consequently,
Il 1
(Esup 5(9,6,5)‘ )‘3 < C(t+12)e ™1+ Ct2eY/2 4 Cte
s<t

and finally take ¢ = 2/3 to obtain:
(3.6)

sup d(g, €, s) HL <C(t+ t2)e% +Cest3.
8

s<t
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Theorem 3.3. Consider the stochastic differential equation (1.2) satisfying condition R.
Let T¢ be the first time that the solution y: starting from yq exits Uy. Set

Hi(t) = Hi(ys)c)-

(1) Let H(t) = H; = (Hy(t),... H,(t)) be the solution to the following system of
deterministic equations.

d -

3.7) S Hi(t) = /MHW w( X, K)(H(t),2) dpg, (2),

with initial condition H(0) = H (yo). Let T be the first time that H (t) exits from
Up. Then for allt < Ty, B > 1, there exists a constant Cy > 0 such that

1

_ i
(E(sup |H (s ANT¢) — H(s A T€)||ﬁ)) < Oyel/3,

s<t
(2) Letr > 0 be suchthatU = {x : ||H(x) — H(yo)|| < 1} C Uy and define
Ts = irtlf{|ﬁt — H(yo)| > r—4}.
Then for any 8 > 1, § > 0 and a constant C depending on Ts,
P (T¢ < Ts) < O(T5)6 P83,

Remark 3.4. To see that (3.7) is a genuine system of ordinaray differential equations, take
the canonical transformation map z, : M, — T". The pushed forward measure . (i) is
the Lebesque measure p on the torus and (3.7) becomes:

L H () = / o(Xp,, K) (a7 (Hr, 2)) dia(2).
Proof. By It6’s formula, for ¢t < Ty A T°.
t
HE() = Hilwo) + [ (Xan K (02 ),
0

For i fixed, write

(3.8) 9i = w(Xu;, K)
We only need to estimate
t
(39 HE) = F(0)] = | [ luyds — H(0)
0
Using the notation of the previous lemma then equation (3.7) can be written as
d _ _
7HZ t = 9i(H
SHi(t) = Q)

Hy = H (yo).
Apply (3.3) to the functions g; we have for any t < T°¢,

tAT*
[Hi(t AT) = Hi(t NT°)| < /0 Q7 (H"(s)) — Q7 (H(s))lds + d(gi €, 1)

< Clg,9) / |H<(s)) — H(3)|[ds + (g, €, 1)-
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By Gronwall’s inequality,

1

(E( sup [ H(s) —H@)Hﬁ))s < O(t)eh,

s<tATe

concluding part (1) of Theorem 3.3.
Part (2) of the theorem easily follows. By definition 75 is the first time that

¢Z|Hi<s>m<yo>|2 >

then
P(T*<T;) < P( sup ||HsH6<s>H>5)
s<TsAT*
< 6ﬁE( sup ||Hz($)—Hf(5)HB>
s<TsAT®
< 05 P,

4. PERTURBATION BY A HAMILTONIAN VECTOR FIELD

If the perturbation K to the stochastic Hamiltonian system (1.1) is a Hamiltonian vector
field, i.e. Lxw = 0, then fM w(Xp,, K)du,. vanishes if ¢ is not a bifurcation value. In
fact let (Uy, ¢) be an action angle coordinate around M.. We can write K = X}, for some
smooth function k,

" O(Hpo¢) 0
d(k — — = —— | df
/n ( °¢)< D IR

k=1

- _;w;‘,u)/n (;;ﬁ) (ko@)do =0,

/M W(Xp,, K (2)dpie(2)

where d6 is the standard measure on the n-torus. The ordinary differential equation (3.7)

governing lim¢_.o H;(y; /E) has thus a constant solution. In this case we may consider

the second order scaling y; Je2 and the accumulation of the perturbation over a large time

interval of order e 2. The proof is inspired by a proof in Hairer-Pavliotis [15] and this also

benefited from the articles by Khasminski, Papanicolau-Stroock-Varadhan and Freidlin.
Let

1
ﬁ()(.[) = gzLXHiLXHz‘ + Ly

be the restriction of the elliptic operator on the invariant manifold with value I. If f on
M has [ fdp = 0 then the Poisson equation

4.1 Loh = f
is solvable. We denote by £~ f the solution to the Poisson equation satisfying [ £~ fdp =
0.

Since Ly is elliptic on each level set manifold M, and {H;, k} is centered there, the

Poisson equation has a unique solution h;. Note that the functions Ly {H;, k} and that
Lx,, h; are well defined.
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Note that if K = X}, then the matrix with (4, j)-th entry given by
—dH;(K) L5 (dH,(K) )
is positive definite.

Theorem 4.1. Assume condition R and suppose that K is a smooth local Hamiltonian
vector field so that K = X, for some smooth function k in the chart Uy. Define the
matrices (a;;) by

a;jla) = —/ w(K,XHj)Eal(w(K,XHi)>(a,z) duq(z), a€DCR"
Maq
and let (0{ ) be its square root. Set
1
(@) = 5 [ Tl (X, ) a2 da o)

Let z; be the solution to the following stochastic differential equation

dzl = 0l (z) 0 dB] +bj(z)dt.

K3

Then the law of the stochastic process H(y%, ) stopped at S¢, the first time that the process

€2
Y%, exits from Uy, converges to that of H(ziag¢ ).
2

€

Remark: The limiting measure is clearly well defined as a;; and b; are invariant with
different choices of the inverse to L.

Proof. In the following calculation we restrict ourselves on the event {t < S¢}, equiva-
lently consider the relevant processes stopped at S€. Set

g = y;z/\sw
W) = (H{®), . B 0) = (Fa (@), Hai)).
Then
LAS
70 = Hi) = [ (KX, ) )i

We first show that the family of the laws ¢, distribution of H¢(t A S€), is tight. It
follows, by Prohorov’s theorem, that {u} is relatively compact in the space of probability
measures with the topology of weak convergence and hence has a weak limit zi. To see the
tightness of the family ;€, we show that for any a,n > 0 there is a § > 0 with

P sup |[H() — H(s)* = a) <.
[s—t|<d
For this, observe that

t
L AS©

i) - A= | e [

i=1 FAS

€

2
(K, X, ) (g5
Set h; to be the solution to the Poisson equation:

Loh; = w(K, XHi)
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with [, ho = 0 forany a € R". Then

HHE( ) - HG( H2
HASe 2

L, hi(y)dBi + & / Lichi(u)dr — eha(g5) + cha(S)| -

S ASe

5 ASe

Applying Lemma 3.2 with € replaced by €2, one see that the drift term has a nice bound in

[t — sl
L A8
/ Lxh;(ys)dr

S /\SF
= / / Lghi(z)du(z)dr + 6(Lhg, e,t — s),
SATE €(r)

This gives us a comfortable estimates since 6(Lgh;, €,t — s) is of the order \/e(t — s).
Similarly the quadratic variation of each of martingale terms also converges with the same
rate of convergence:

tAe

s |
B([7 L, hitwany) ¢ [ [ Bl ni) P
L ASE ’ SATE !
4 |

Applying Burkerholder-Gundy inequality to obtain an estimate on the Lg norm of

LS
an 35 [ i
|s—t|<6 J=1 AS€

which is a constant multiple of |s — ¢| plus an error term of the order \/€(t — s).
Finally it is clear that

sup |ehi(§5) — ehi(9)[* < Ce — 0.
|[s—t|<d

To identify the limiting measure let i be the solution to the Poisson equation,

= % i (w(KvXHi)>)

where L ! is considered to act on the angle variable only and / . b= 0 for each a. For
any smooth function ' on R, we have

F(H(t))) — F(H(0))

GLQASG
=) / O F(H(yS))w (K, Xir,)(yS)ds

LAS

n st ‘ :
:ez/ Ly, h(yS)dB? +e2/
i=170 ’ 0

The first term on the right hand side is a martingale and the last term converges to zero as
e — 0. We first identify Lxh in terms of the function F. By assumption the functions

Lach(ds + (o) — H(30))-
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w(K, Xy, ) are centred and L ! has no effect on functions of H and so

Lih = ;LKEOI(;&HH)UJ(K,XHJ)

_ %LK(Z@F)(H) L5 (@K, Xn,))

=1

_ ,% Z 0;0;F(H)w(K, Xy, )ﬁgl (w(K, XHi))

+;(;@F(H)LKﬁal(w(XH“K)))'
Set

_ 3 1 <& 3
L=—=S w(kK, Xu, )Ly (w(K, XH,i))a,»aj 5 D Licly (K, Xu,)0,

i,J i=1
to see

F(H(1))) ~ F(H(0))

n HASe , HAs
= > [T L hdBi @ [T 2P o HGEds + () — b))
j=1"0 0

Mimicking Papanicolaou-Stroock-Varadhan, we define 7 = U{H rge i 7 < s} andso
{FH : 5 > 0} is the filtration generated by H ‘rg¢- We need the following estimates:

€%,/\S6
e [° 7 era)ds

NTe

AT B _
/ (/ LF o H(z) duﬁf(s)(z))ds—&—é(ﬁF,eQ,t—a)
a M 4

AT A€ (s)

tAT®
= / EFOEIE(S) ds+8(LFo H,é* t — a),
anTe

where in the action-angle local coordinate,

LP(a) — —%Zajaﬁ(a) / (K. Xp, )L™ (K. X)) (a.2) dpr(2)

irj=1 Ma

a
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Then for any F - measurable L? random function G, using again Lemma 3.2,

tAS®
EG [F(szﬁ(t AS9))) — F(H (s A S9))) —/ /M (LF)(2)dp g,y (2)dr

AS€ e (r)

J

Il
=
Q

ons' |
[ L hiaB]

+EG [(LF, .t = 8) + ¢(h(y nse) — by 150 )|
— EG [5(517, et —s)+ e(h(yi% nse) = h(ySy ASE))} 0.

Consequently

tAS®
B{F(H (A5 ) - F(EGrsN) - [ [ P Eduge (a7} o

NS I Mge

and so any weak limit of the law H¢ is the solution to the martingale problem for the
second order differential operator L.
d
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