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Abstract  

Vertical ground heat exchangers (VHEs), in the form of either Borehole Heat Exchanger (BHE) or 

thermo-active piles, are increasingly being deployed to provide low cost and sustainable heating and 

cooling to buildings. These are often installed within densely built urban environments, where 

adjacent foundation systems and underground structures can be affected by soil temperature changes 

induced by the heat exchangers. Therefore, they need to be considered in the geotechnical design of 

such structures, which typically involves carrying out two dimensional finite element plane strain 

analyses in order to assess their stability and performance. In such a scenario, it is common to model 

a line of heat exchangers as a planar source with one infinite dimension and a heat flux rate calculated 

by dividing the design extraction rate of a single heat exchanger by their spacing in the out-of-plane 

direction. This study shows that this approach largely overestimates the generated temperature field 

and proposes a simplified but accurate procedure to estimate the required heat flux to be applied to 

the planar heat sources in a 2D analysis. For this purpose, a correction factor, 𝑇∗, is introduced which 

is shown to depend on geometric parameters and thermal ground properties. 

Keywords: Borehole heat exchanger, thermo-active piles, ground temperatures 

Nomenclature   

𝑎  coefficient for the calculation of 𝑇∗ 𝑟−  distance to virtual point source [𝑚] 
𝑎1  coefficient for the calculation of 𝑇∗ 𝑠  spacing between heat exchanger [𝑚] 
𝑎2  coefficient for the calculation of 𝑇∗ 𝑇  ground temperature [°𝐶] 
𝑎2,1  coefficient for the calculation of 𝑇∗ 𝑇0  initial ground temperature [°𝐶] 
𝑎2,2  coefficient for the calculation of 𝑇∗ 𝑇∗  proposed correction factor 
𝑏  coefficient for the calculation of 𝑇∗ 𝑡   time [𝑠] 
𝑏1  coefficient for the calculation of 𝑇∗ 𝑥  coordinate in in-plane direction 
𝑏1,1  coefficient for the calculation of 𝑇∗ 𝑦  coordinate in out-of-plane direction 

𝑏1,2  coefficient for the calculation of 𝑇∗ 𝑧  coordinate in depth 
𝑏2  coefficient for the calculation of 𝑇∗ Greek letters 
𝑏2,1  coefficient for the calculation of 𝑇∗ 𝛼  ground thermal diffusivity [𝑚2/𝑠] 
𝑏2,2  coefficient for the calculation of 𝑇∗ 𝛽  coefficient for the calculation of 𝑇∗ 

𝑐  ground specific heat capacity [𝐽/𝐾𝑔 𝐾] 𝛾  coefficient for the calculation of 𝑇∗ 
𝑒𝑟𝑓𝑐  complementary error function 𝛿  coefficient for the calculation of 𝑇∗ 
𝐻  depth of heat source [𝑚] 휀  coefficient for the calculation of 𝑇∗ 
ℎ  integrating parameter 휁  coefficient for the calculation of 𝑇∗ 
𝐿  length of finite plane source [𝑚] 휂  coefficient for the calculation of 𝑇∗ 
𝑙  integrating parameter 휃  coefficient for the calculation of 𝑇∗ 
𝑛𝑖   number of in-plane heat exchanger 휄  coefficient for the calculation of 𝑇∗ 
𝑛𝑜   number of out-of-plane heat exchanger  휅  coefficient for the calculation of 𝑇∗ 

𝑄  heat flux [𝑊] 휆  ground thermal conductivity [𝑊/𝑚 𝐾] 
𝑞𝐴  heat extraction rate per unit area [𝑊/𝑚2] 휇  coefficient for the calculation of 𝑇∗ 

𝑞𝑉𝐻𝐸  heat extraction rate per unit depth [𝑊/𝑚] 휈  coefficient for the calculation of 𝑇∗ 
𝑞2𝐷   heat extraction rate for 2D analyses [𝑊/𝑚2] 휉  coefficient for the calculation of 𝑇∗ 
𝑞∗  corrected heat extraction rate for 2D analyses 

[𝑊/𝑚2] 
𝜌  ground density [𝐾𝑔/𝑚3] 

𝑟  distance to the point source [𝑚] 𝜎  coefficient for the calculation of 𝑇∗ 
𝑟+  distance to original point source [𝑚] 𝜔  coefficient for the calculation of 𝑇∗ 
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1. Introduction 1 

Ground source energy is widely recognised as being a renewable, efficient and cost effective energy 2 

source for residential and commercial space heating and cooling. A ground source heat pump (GSHP) 3 

system consists of a heat pump connected to a ground heat exchanger, in which pipes are buried in 4 

the ground, injecting (cooling mode) or extracting heat (heating mode) by circulating a fluid at a 5 

temperature higher or lower than that of the ground, respectively. This is possible because the ground, 6 

below a certain depth (usually around 10-15m (Rybach and Sanner, 2000)), presents a constant 7 

temperature throughout the year, and can therefore be used as a heat sink during summer or a heat 8 

source during winter (Banks, 2012). Different types of ground heat exchanger exist, either directly 9 

installed within the ground or placed within geotechnical structures, such as pile foundations, 10 

retaining walls and tunnel linings. The most commonly used type of vertical ground heat exchanger 11 

(VHE) is the borehole heat exchanger (BHE), where pipes are placed within a vertical borehole, 12 

typically backfilled with grout. Alternatively, multiple ground loops can be placed in a similar manner 13 

within pile foundations, which is often advantageous since these structures are in any case required 14 

in order to provide stability to civil engineering structures. Moreover, for both BHEs and thermo-active 15 

piles, the vertical installation of ground loops means that they require less surface area compared to 16 

horizontal configurations (e.g. slinky systems).  17 

The need to meet continuously stricter sustainability requirements implies that the installation of 18 

BHEs/thermo-active foundations often takes place within densely built environments, which undergo 19 

continuous development. New structures are likely to require the design and construction of new 20 

basement and foundation systems, which rely on the shear strength of the ground for stability and 21 

are typically sensitive to considerable ground movements. Moreover, early studies by Campanella & 22 

Mitchel (1968) showed that temperature has a significant effect on the thermo-hydro-mechanical 23 

properties of soil. Indeed, further research on this aspect of soil behaviour was carried out for a variety 24 

of materials, such as Pontida and Pasquasia clays (Baldi et al., 1988), Boom clay (Sultan et al., 2002), 25 

Kaolin (Cekeverac & Laloui, 2004) and soft Bangkok clay (Abuel Naga et al., 2007). The gathered 26 

experimental evidence suggests that, unlike most engineering materials, normally and lightly 27 

overconsolidated clays tend to contract when heated. For heavily overconsolidated samples, 28 

contraction was observed only when the temperature was increased beyond values considered typical 29 

of GSHP systems (usually limited to around 40°C). Furthermore, these studies showed that saturated 30 

soils subjected to temperature changes lead to the development of excess pore water pressures, due 31 

to the coefficient of thermal expansion of water being larger than that of the solid particles. Naturally, 32 

this modifies the effective stress state within the ground, thus affecting its strength and stiffness. 33 

Hence, when performing the geotechnical analysis of structures adjacent to fields of VHEs, it is 34 

important to predict accurately the generated three-dimensional temperature field, which can 35 

typically be done using relatively simple methods like the finite line source. However, in practice, given 36 

the complexity of the computational methods required to simulate accurately soil-structure 37 

interaction phenomena, two-dimensional plane strain finite element analyses are commonly 38 

employed in design, especially when simulating the response of geotechnical structures where one 39 

dimension is considerably larger than the other two (such as retaining walls, cut slopes, road and rail 40 

embankments and tunnels), leading to considerable savings in computational time (Potts & 41 

Zdravkovic, 1999). As a consequence, a two-dimensional representation of the field of VHEs is 42 

required.  43 

This paper proposes a method to determine the heat flux that should be applied in two-dimensional 44 

simulations of vertical heat exchangers (VHEs), such as borehole heat exchangers (BHEs), in order to 45 

obtain temperature changes in the soil similar to those calculated when considering the three-46 
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dimensional nature of the problem. Equally, the method is applicable to groups of thermo-active piles, 47 

as well as thermal drains used to accelerate the consolidation process beneath embankments (e.g. 48 

Pothiraksanon et al., 2010). The frequently employed practice of simply dividing the heat extraction 49 

rate of the individual vertical heat exchanger (𝑞𝑉𝐻𝐸) by their out-of-plane spacing (𝑠) (Dupray et al. 50 

2014; Sinnathamby et al., 2015) is shown to lead to inaccurate estimates of temperature changes in 51 

the ground. Indeed, analyses presented herein demonstrate that this approach tends to overestimate 52 

the temperature field around a group of VHEs, especially with a low number of heat exchangers and 53 

a small spacing (less then 10m). The proposed method suggests the application of a correction factor 54 

to the equivalent two-dimensional extraction rate (𝑞2𝐷 = 𝑞𝑉𝐻𝐸 𝑠⁄ ), which is a function of geometrical 55 

parameters of the VHE field and the ground thermal conductivity. 56 

2. Modelling of borehole heat exchangers 57 

Different analytical and numerical methods exist for the evaluation of the temperature changes 58 

generated by a VHE when only heat conduction is considered. A commonly used tool for this purpose 59 

is the finite line source (FLS) model (Eskilson, 1987; Capozza et al., 2012). This approach is particularly 60 

adequate for long term simulations where axial effects become important, an aspect which other 61 

procedures, such as the infinite line source (ILS), are unable to predict. Indeed, when using the latter 62 

method, steady state conditions are not reached, with the temperatures increasing indefinitely with 63 

time (Molina-Girlado et. al, 2011). Perhaps the greatest limitation of the FLS model is its inability to 64 

consider the radial dimension of the heat exchanger, which may reduce the accuracy of the predicted 65 

temperature changes in the vicinity of large-diameter heat exchangers (e.g. within groups of large 66 

diameter thermo-active piles). Possible improvements in accuracy in such scenario could be achieved 67 

by using the cylindrical heat source (CHS) model, either in its infinite (Ingersoll et al., 1954; Bernier et 68 

al., 2004) or finite (Man et al., 2010) forms, as it takes into account both the radial dimension and heat 69 

capacity of the heat exchanger. In recent years, further research has been carried out leading to the 70 

development of analytical approaches for analysing vertical ground heat exchangers by means of the 71 

FLS. These include the analytical g-functions (thermal response functions) proposed by Zeng et al. 72 

(2002) and Lamarche & Beauchamp (2007), which are based on an integral mean average temperature 73 

along the borehole depth instead of evaluating it at the mid-point of the borehole. Bandos et al. (2009) 74 

provided new approximate expressions for the average g-function for different time intervals. 75 

Subsequently, based on this work, Fossa (2011) determined further simple analytical expressions for 76 

g-functions by introducing a number of empirical coefficients evaluated by analysing numerous BHE 77 

fields. 78 

The proposed method is based on the FLS method, which was first introduced by Eskilson (1987), with 79 

the purpose of predicting three-dimensional temperature fields resulting from a heat flux which is 80 

assumed constant along a line of finite depth. It treats the heat transfer problem as purely conductive, 81 

i.e. the heat transfer through convection due to groundwater flow is neglected. This is an acceptable 82 

approximation for low permeability soils or in cases where ground water flow is small (Kavanaugh and 83 

Rafferty, 2014). Heat conduction is governed by Fourier’s law, which can be expressed as (Carslaw & 84 

Jaeger, 1959): 85 

 
𝜌𝑐

𝜕𝑇

𝜕𝑡
− ∇ ∙ (휆∇𝑇) = 0 (1) 

where 𝑇 is the ground temperature [°𝐶], 휆 is the ground thermal conductivity [𝑊/𝑚 𝐾], 𝜌 is the soil 86 

density [𝐾𝑔/𝑚3] and 𝑐 is its specific heat capacity [𝐽/𝐾𝑔 𝐾]. 87 
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The solution of the heat conduction equation for a continuous point source, where a constant heat 88 

flux is generated at a single point of an infinite porous medium with a uniform initial temperature (𝑇0), 89 

can be obtained by integrating with respect to time, 𝑡 [𝑠], the expression for an instantaneous point 90 

source, where the heat flux is assumed to consist of a pulse, resulting in (Basmadjan, 1999): 91 

 
∆𝑇𝑖(𝑥, 𝑦, 𝑧, 𝑡) =  

𝑄

4𝜋휆𝑟
erfc (

𝑟

√4𝛼𝑡
) (2) 

where 𝛥𝑇𝑖 = 𝑇 − 𝑇0 is the temperature change of the ground at a point with coordinates (𝑥, 𝑦, 𝑧), 𝑄 92 

is the heat flux [𝑊] (negative if extracted, positive if injected), 𝛼 = 휆 (𝜌𝑐)⁄  is the ground thermal 93 

diffusivity [𝑚2/𝑠] and 𝑟 =  √(𝑥 − 𝑥𝑖)
2 + (𝑦 − 𝑦𝑖)

2 + (𝑧 − 𝑧𝑖)
2 is the distance to the point source, 94 

the location of which is assumed to be defined by the coordinates (𝑥𝑖 , 𝑦𝑖, 𝑧𝑖). In the equation above, 95 

erfc(𝑥) denotes the complementary error function, which is defined as: 96 

 
𝑒𝑟𝑓𝑐 (𝑥) =

2

√𝜋
∙ ∫ 𝑒−𝑡2

𝑑𝑡
+∞

𝑥

 (3) 

Since in shallow geothermal systems the presence of the boundary between the soil and the 97 

atmosphere needs to be considered, heat transfer cannot be assumed to take place in an infinite 98 

medium. Indeed, in the design of these systems, it is usually presumed that the ground surface 99 

remains at constant temperature, which can be enforced by the application of a Dirichlet boundary 100 

condition (Al-Khoury, 2012) at this interface, i.e. ∆𝑇(𝑥, 𝑦, 0, 𝑡) = 0. A possible technique to take into 101 

account the semi-infinite nature of the analysed problem is to employ the method of images (Carslaw 102 

and Jaeger, 1959). This procedure is illustrated in Figure 1 and it considers a virtual point source 103 

located at a position which is symmetric to that of the original point source with respect to the plane 104 

defining the ground surface and which is associated to a heat flux of equal magnitude but opposite 105 

sign. As a result, for points on the ground surface (i.e. 𝑧 = 0), which are equidistant from the original 106 

and virtual point sources, the following relationship is valid (Eskilson, 1987): 107 

 
∆𝑇𝑖(𝑥 , 𝑦 ,0 , 𝑡) =  −∆𝑇−𝑖(𝑥 , 𝑦 ,0 , 𝑡) (4) 

where ∆𝑇𝑖  and ∆𝑇−𝑖  denote the changes of temperature due to the original and virtual point sources, 108 

respectively. As a consequence of the above, the following holds for the ground surface: 109 

 
𝛥𝑇(𝑥, 𝑦, 0, 𝑡) = ∆𝑇𝑖(𝑥 , 𝑦 ,0 , 𝑡) + ∆𝑇−𝑖(𝑥 , 𝑦 ,0 , 𝑡) = 0 (5) 
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 110 

Figure 1: Graphic representation of the method of images 111 

Therefore, for a semi-infinite space, the three-dimensional temperature field due to a continuous 112 

point source expressed by Equation 2 needs to be adjusted in order to take into account the 113 

contribution of the image source, leading to: 114 

 

∆𝑇(𝑥, 𝑦, 𝑧, 𝑡) =  
𝑄

4𝜋휆
 

[
 
 
 𝑒𝑟𝑓𝑐 (

𝑟+

√4𝛼𝑡
)

𝑟+
− 

𝑒𝑟𝑓𝑐 (
𝑟−

√4𝛼𝑡
)

𝑟−

]
 
 
 
 

 

(6) 

where 𝑟+ = √(𝑥 − 𝑥𝑖)
2 + (𝑦 − 𝑦𝑖)

2 + (𝑧 − 𝑧𝑖)
2 and 𝑟− = √(𝑥 − 𝑥𝑖)

2 + (𝑦 − 𝑦𝑖)
2 + (𝑧 + 𝑧𝑖)

2 115 

are the distances from the current point to the original and virtual sources, respectively. 116 

Due to the linearity of the heat equation, it is possible to analyse a case with multiple point sources 117 

by applying the principle of superposition (Figure 2), i.e. the temperature change at a point is 118 

calculated as the sum of the contributions of all surrounding heat sources given by Equation 6 119 

(Eskilson, 1987): 120 

 
∆𝑇(𝑥, 𝑦, 𝑧, 𝑡) =   ∑∆𝑇𝑖(𝑥 , 𝑦 , 𝑧 , 𝑡)

𝑁

𝑖=1

 

 

(7) 
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 121 

Figure 2: Graphic representation of the principle of superposition 122 

Based on the solution for a continuous point source, it is possible to obtain the temperature change 123 

due to a continuous finite line source in a half space, by integrating Equation 6 along its depth. This 124 

solution is commonly used to simulate the effect of VHEs and can be expressed as (Eskilson, 1987; 125 

Lamarche & Beauchamp, 2007): 126 

 
  

∆𝑇(𝑥, 𝑦, 𝑧, 𝑡) =   
𝑞𝑉𝐻𝐸

4𝜋휆
 ∫

[
 
 
 𝑒𝑟𝑓𝑐 (

𝑟+

√4𝛼𝑡
)

𝑟+
− 

𝑒𝑟𝑓𝑐 (
𝑟−

√4𝛼𝑡
)

𝑟−

]
 
 
 
𝑑ℎ

𝐻

0

 

 

(8) 

assuming that, as before, the ground surface is located at 𝑧 = 0, the VHE is positioned at (𝑥𝑖 , 𝑦𝑖) and 127 

that its depth is given by 𝐻. Furthermore, in Equation 8, 𝑟+ = √(𝑥 − 𝑥𝑖)2 + (𝑦 − 𝑦𝑖)2 + (𝑧 − ℎ)2 128 

and 𝑟− = √(𝑥 − 𝑥𝑖)
2 + (𝑦 − 𝑦𝑖)

2 + (𝑧 + ℎ)2, while 𝑞𝑉𝐻𝐸 denotes the heat flux rate per unit depth 129 

[𝑊/𝑚]. Similar to the continuous point source, the principle of superposition can be applied to 130 

analyse a VHE field. Hence, the thermal interaction between the different vertical heat exchangers is 131 

taken into account and the calculation of the temperature change at any point of the half space within 132 

or outside the VHE field is possible.  133 

Modelling of fields of VHEs in 2D implies that the heat sources are planar rather than linear, with an 134 

infinite dimension in the direction perpendicular to the plane of analysis (Figure 3). A practical way of 135 

simulating the effects of this type of source consists of considering a finite plane with the required 136 

depth (𝐻) and a very large length (𝐿 ≫ 𝐻) and determining the temperature changes at a cross-section 137 

positioned at half the length of the plane (i.e. 𝑦 = 0 in Figure 3). For example, for a plane 138 

perpendicular to the 𝑥-axis with a depth 𝐻 and extending from 𝑦 = −𝐿 2⁄  to 𝑦 = 𝐿 2⁄ , the 139 

corresponding ∆𝑇 can be obtained by integration of Equation 4: 140 

 

∆𝑇(𝑥, 𝑦, 𝑧, 𝑡) =   
𝑞𝐴

4𝜋휆
∫ ∫

[
 
 
 𝑒𝑟𝑓𝑐 (

𝑟+

√4𝛼𝑡
)

𝑟+
− 

𝑒𝑟𝑓𝑐 (
𝑟−

√4𝛼𝑡
)

𝑟−

]
 
 
 
𝑑ℎ

𝐻

0

 
𝐿 2⁄

−𝐿 2⁄
𝑑𝑙  

 

(9) 

where 𝑟+ = √(𝑥 − 𝑥𝑖)2 + (𝑦 − 𝑙)2 + (𝑧 − ℎ)2 and 𝑟− = √(𝑥 − 𝑥𝑖)2 + (𝑦 − 𝑙)2 + (𝑧 + ℎ)2 and 141 

𝑞𝐴 denotes the heat flux rate per unit area [𝑊/𝑚2]. As mentioned above, if 𝐿 ≫ 𝐻, the temperature 142 

at 𝑦 = 0 (i.e. ad mid-length of the plane) will be similar to that due to an infinite plane, which 143 

corresponds to the VHE when simulated in a two-dimensional plane strain analysis. Using the principle 144 

of superposition, the numerical solutions for Equations 6, 8 and 9 can be used to determine the 145 
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evolution in time of the temperature changes at a given position of a half-space due to any 146 

combination of point, line and plane sources.  147 

 148 

Figure 3: Representation of a VHE field in a 2D plane strain analysis  149 

3. Methodology 150 

In order to determine the relationship between the heat flux of an infinite planar source and that of 151 

the VHEs that leads to similar temperature changes in the ground, different three-dimensional VHE 152 

field configurations were analysed using the finite line source (Equation 8). Subsequently, the 153 

calculated three-dimensional temperature fields were compared to those obtained in corresponding 154 

two-dimensional analysis, where the VHEs are simulated as planar heat sources (Equation 9).  155 

3.1 Assumptions 156 

In all simulations, it was assumed that the ground was uniform, isotropic and homogeneous (i.e. its 157 

thermal properties are constant in all directions). As previously mentioned, the presence of 158 

groundwater flow was neglected, meaning that heat transfer takes place solely through conduction. 159 

Moreover, within the analysed VHE field configurations, all the heat exchangers were considered as 160 

being vertical, having the same depth and being disposed in a regular grid with identical spacing in the 161 

𝑥- and 𝑦-directions. The use of the FLS makes this approach suitable for BHE and pile groups with 162 

relatively small diameter; for large diameter piles a CHS may be more appropriate. It should also be 163 

noted that using the method of images, which ensures the ground surface remains at constant 164 

temperature, may not accurately replicate the temperature fields surrounding groups of thermo-165 

active piles supporting a large basement or building. However, it is expected that this effect will be 166 

observed over a limited range of depths and it is therefore unlikely that this assumption will affect the 167 

applicability of the method proposed in this paper.  168 

The temperature changes were computed following the procedure described in the preceding section, 169 

with the numerical integration of the different equations being carried out using a sufficiently large 170 

number of steps in order to guarantee its accuracy. A similar series of studies was performed to 171 

establish that the use of a finite plane with a length, 𝐿, of 500 m ensured that the obtained results 172 

were identical to those determined using an infinitely long planar source (i.e. further increase in length 173 

did not alter the results). Furthermore, all temperature changes were evaluated after 10 years under 174 

a constant heating/cooling load. While this approach does not necessarily mimic the operation of a 175 

real GSHP system, where thermal loads vary monthly and, indeed, daily, the use of a constant load 176 

equal to the average yearly load can adequately approximate the long-term temperature changes in 177 
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the ground (Bernier et al.,2004). In addition, this assumption removes the need to introduce temporal 178 

superposition (Yavuzturk & Spitler, 1999), which is computationally intensive. However, it is important 179 

to point out that, given the form of Equations 8 and 9, the conclusions drawn from the performed 180 

analyses are independent of the heat flux rates 𝑞 and 𝑞𝐴 used as ∆𝑇 is directly proportional to these 181 

quantities. Lastly, the proposed method assumes that all heat exchangers within the field have the 182 

same heat flux, unlike other approaches, such as that described in Cimmino et al. (2013), where 183 

varying heat extraction rates among boreholes are considered due to the occurrence of thermal 184 

interaction between them.  185 

3.2 Performed simulations 186 

The different analysed VHE field configurations range from a minimum number of 9 VHEs disposed in 187 

a 3x3 grid to a maximum of 400 VHE arranged in an 8x50 grid. Geometrically, as illustrated in Figure 188 

4, the fields are defined by the number of columns in the 𝑥-direction (number of in-plane heat 189 

exchanger, 𝑛𝑖) and by the number of rows in the 𝑦-direction (number of out-of-plane heat exchanger, 190 

𝑛𝑜). These designations, “in-plane” and “out-of-plane” are necessary in order to establish a correlation 191 

with the 2D analyses carried out, where it was assumed that the heat sources were planar, with an 192 

infinite length along the out-of-plane direction (i.e. the 𝑦-direction). The spacing, 𝑠, which is identical 193 

in both 𝑥- and 𝑦-directions (regular square grid), varied between 3.0 m and 10.0 m, while the depth, 194 

𝐻, ranged from 15.0 m to 100.0 m, thus taking into account configurations which are realistic 195 

representations of both fields of BHEs (large spacing and depth) and groups of thermo-active piles 196 

(reduced spacing and variable depth). Moreover, three distinct magnitudes of thermal conductivity of 197 

the ground were tested in order to cover the typical range for this property in geomaterials (VDI 4640, 198 

2010). The different values considered for each of the parameters are summarised in Table 1, showing 199 

that 2880 analyses were carried out to characterise the three-dimensional temperature distributions 200 

generated by VHE fields. 201 

Parameter Values 

Number of in-plane heat exchanger, 𝑛𝑖  3, 4, 5, 6, 7, 8 

Number of out-of-plane heat exchanger, 𝑛𝑜  3, 4, 5, 6, 7, 8, 12, 15, 20, 50 

Spacing, 𝑠 (𝑚) 3.0, 5.0, 7.5, 10.0 

Heat exchanger depth, 𝐻 (𝑚) 15.0, 25.0, 50.0, 100.0 

Ground thermal conductivity, 휆 (𝑊 𝑚𝐾⁄ ) 1.2, 1.6, 2.0 
Table 1: Summary of the characteristics of the analysed VHE fields in three dimensions 202 

 203 

 204 

Figure 4: Definition of geometrical parameters for a 5x3 VHE field 205 

After determining the three-dimensional temperature fields generated by the fields of VHEs listed in 206 

Table 1 using the Finite Line Source method (Equation 8), these were analysed in two dimensions, 207 



8 
 

where each VHE is represented as a planar heat source (Equation 9). Clearly, in this case, the number 208 

of in-plane boreholes, 𝑛𝑖, defines the number of planar heat sources to be simulated, while the 209 

number of out-of-plane boreholes, 𝑛𝑜 , is unimportant since the planar sources are assumed to have 210 

infinite dimension along this direction. Therefore, 288 two-dimensional analyses were performed in 211 

order to reproduce all the cases outlined in Table 1. In each of these simulations, the extraction rate 212 

𝑞2𝐷  [𝑊/𝑚2] applied to the plane sources was the one commonly employed in the literature, which 213 

guarantees that the same energy per metre is exchanged with the ground (Dupray et al. 2014; 214 

Sinnathamby et al., 2015): 215 

 𝑞2𝐷 = 
𝑞𝑉𝐻𝐸  

𝑠
 

 
(10) 

where 𝑞𝑉𝐻𝐸 is the extraction rate of a vertical heat exchanger [𝑊/𝑚].  216 

3.3 Characterisation of temperature fields 217 

In order to assess the accuracy of a two-dimensional representation of a given VHE configuration, it is 218 

necessary to define first locations within the soil mass where temperature changes can be considered 219 

representative of the true three-dimensional temperature field which is being approximated. The 220 

average difference between the results obtained for the two types of analyses at the selected points 221 

can then be used as a measure of the adequacy of the 2D approximation. In the present case, as 222 

illustrated in Figure 5 (a) and (b) for two different VHE configurations, four locations were chosen 223 

located at mid-depth of the VHE (𝑧 = 𝐻 2⁄ ), as this is where the temperature changes are greatest, 224 

and at coordinate  𝑦 = 0, i.e. along the centre line of the VHE field in the 𝑦-direction (the out-of-plane 225 

direction). Along the 𝑥-direction, one of the points (labelled as “1” in Figure 5) is placed within the 226 

VHE field, equidistant between the two last columns of the VHE arrangement. The remaining locations 227 

(labelled in Figure 5 as “2”, “3” and “4”) were chosen outside the field, at 2.0m, 5.0m and 10.0m from 228 

the last column of VHEs. Equally, for the 2D analyses, the locations were kept at the same 𝑥- and 𝑦-229 

coordinates (i.e. at different distances along 𝑥 and at 𝑦 =0), with the latter indicating they were 230 

positioned at mid-length of the plane. This ensures that the developed method is capable of 231 

reproducing the effect of heat extraction or injection at a reasonable distance from the VHEs, where 232 

the potential to interact with another structure is higher. The representativeness of the chosen 233 

locations is further demonstrated in Appendix A. 234 

 235 

Figure 5: Plan view of vertical heat exchanger fields with indication of monitoring points for (a) 3x3 VHE field with spacing = 236 
3.0 m and (b) 6x4 VHE field with spacing = 5.0 m. 237 

3.4 Proposed method 238 

The temperature changes at the monitoring points 1 to 4 for the different analysed VHE field 239 

configurations and corresponding 2D analyses are first computed using the procedure described in 240 
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section 2. In the 2D analyses, an extraction rate of 𝑞2𝐷  given by Equation 10 is used. The obtained 241 

results are subsequently compared in order to evaluate the ratio between the temperature changes 242 

in the VHE field (𝑇𝑖,𝑉𝐻𝐸) and in the plane strain analyses (𝑇𝑖,2𝐷) at each of the four monitoring points: 243 

 
𝑇𝑖

∗ =
𝑇𝑖,𝑉𝐻𝐸

𝑇𝑖,2𝐷
, 𝑖 = 1,2,34 (11) 

An average value of 𝑇∗ can then be used to evaluate how accurately the 2D approximation replicates 244 

the temperature changes observed in the VHE field. Clearly, a value of 𝑇∗ of 1.0 would indicate that 245 

the rate 𝑞2𝐷  given by Equation 10 provides the best possible estimation of such temperature changes. 246 

Conversely, a value of 𝑇∗ lower than 1.0 would suggest that Equation 10 overestimates the heat 247 

extraction rate needed in a plane strain analysis to obtain similar temperature fields to those 248 

computed when the three-dimensional VHE arrangement is considered, while the opposite could be 249 

concluded if a value of 𝑇∗ larger than 1.0 would be calculated. A graphical representation of 𝑇∗, as 250 

calculated for an example VHE field, is shown in Appendix B. 251 

It can therefore be stated that 𝑇∗ is a correction factor that needs to be applied to Equation 10 in 252 

order to improve the 2D prediction of the temperature changes in a VHE field. Hence, since the 253 

temperature changes in the ground are directly proportional to the rates of heat extraction/injection, 254 

the temperatures generated by a VHE field can be best approximated by performing a plane strain 255 

analysis using an extraction rate 𝑞∗ given by: 256 

 
𝑞∗ = 𝑞2𝐷 ∙  𝑇∗ =

𝑞𝑉𝐻𝐸

𝑠
∙ 𝑇∗ (12) 

4. Factors influencing the variation of 𝑻∗ 257 

As previously mentioned, the results are independent of the heat flux of the VHEs, since the 258 

temperature changes vary linearly with this quantity (see Equations 8 and 9). Moreover, as expected, 259 

the thermal properties of the ground affect the obtained temperature field, with both thermal 260 

conductivity (휆) and volumetric heat capacity (𝜌𝑐) having an influence in the obtained results. In this 261 

paper, only the influence of the former will be considered, as there is typically greater uncertainty in 262 

its value. A constant volumetric heat capacity is therefore assumed in all analyses presented herein, 263 

with a value of 2.4 MJ/m3K being chosen. The values adopted for the different geometric parameters 264 

of the VHE field, such as spacing (𝑠), number of VHE in the in-plane direction (𝑛𝑖), number of VHE in 265 

the out-of-plane direction (𝑛𝑜) and VHE depth (𝐻), as well as thermal conductivity (휆), are listed in 266 

Table 1.  267 

4.1 Influence of the VHE grid arrangement 268 

In Figure 6 (a), the influence of spacing on the computed values of 𝑇∗ is shown for different number 269 

of VHEs in the out-of-plane direction (𝑛𝑜). Clearly, the obtained results suggest that 𝑇∗ generally 270 

increases with spacing, with this trend being considerably more pronounced for VHE fields with lower 271 

number of VHEs in the out-of-plane direction (𝑛𝑜). Indeed, as the value of 𝑛𝑜  increases, the magnitude 272 

of 𝑇∗ assumes values closer to 1.0, becoming less dependent on 𝑠. Moreover, it is important to note 273 

that values of 𝑇∗ smaller than 0.5 were obtained for low values of 𝑛𝑜  and 𝑠, suggesting that the 274 

common assumption expressed by Equation 10 largely over predicts ground temperature changes. 275 

Similarly, as shown in Figure 6 (b), the number of VHEs in the out-of-plane direction (𝑛𝑜) has a 276 

substantial influence on 𝑇∗. In general, it can be seen that as 𝑛𝑜  increases, the values of 𝑇∗ increase 277 

asymptotically to 1.0, with the threshold above which the magnitude of 𝑛𝑜  ceases to influence 𝑇∗ 278 

appearing to decrease for larger values of spacing (e.g. for spacing above 7.5 m, 𝑇∗ ≈1.0 for 𝑛𝑜>4, 279 



10 
 

while 𝑇∗ ≈ 1.0 for 𝑛𝑜>12 when a smaller spacing of 5 m is adopted). Moreover, the obtained trends 280 

suggest that the rate at which 𝑇∗ varies is greater for smaller values of 𝑛𝑜 , indicating that, as it is often 281 

the case for geotechnical structures, it is for systems with smaller dimensions in the out-of-plane 282 

direction that the 2D representation is most challenging. This is further confirmed by smaller values 283 

of 𝑇∗ being determined for smaller values of spacing. 284 

The influence of the last parameter to be considered – the number of VHEs in the in-plane direction 285 

(𝑛𝑖) – is shown in Figure 6 (c). Clearly, the obtained results suggest that 𝑛𝑖  has very little influence on 286 

𝑇∗, hence the correction to the heat extraction/injection rate is practically independent of the 287 

dimensions of the ground source energy system in the plane of analysis. In fact, the only perceived 288 

effect is a small reduction of 𝑇∗ with 𝑛𝑖  for a spacing of 3.0 m, the smallest value for this variable 289 

adopted in this study.  290 

 291 

Figure 6: Variation of 𝑇∗ with VHE grid arrangement parameters for thermal conductivity 휆 = 1.6 W/mK and depth H = 50m. 292 
Variation of 𝑇∗ with (a) spacing for 𝑛𝑖=5, (b) number of VHE in the out-of-plane direction 𝑛𝑜 for 𝑛𝑖= 5 and (c) number of 293 

VHE in the in-plane direction 𝑛𝑖 for 𝑛𝑜= 8  294 

4.2 Influence of VHE depth 295 

The variations of 𝑇∗ with the VHE depth (𝐻) for three different configurations, namely a 3x3, 5x5 and 296 

8x8 grid, are depicted in Figure 7 (a), (b) and (c), respectively. For all these arrangements, trends 297 

corresponding to values of spacing ranging from 3 m to 10 m are shown. In general, it can be concluded 298 

that the value of 𝑇∗ reduces with increasing 𝐻 and that it is smaller for smaller grids and smaller 299 

spacing, indicating that for such systems Equation 10 provides a considerable overestimation of the 300 

temperature changes within the ground. Moreover, it is for these systems that the reduction of 𝑇∗ 301 

with increasing 𝐻 is more pronounced. However, it should be noted that beyond a depth of 50 m, the 302 

change of 𝑇∗ with this parameter is almost negligible. Similarly, as the number of VHEs and their 303 

spacing increases, 𝑇∗ tends to a value close to 1.0, becoming largely independent of their depth.  304 
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 305 

Figure 7: Variation of 𝑇∗ with spacing and depth for (a) 3x3 VHE field, (b) 5x5 VHE field and (c) 8x8 VHE field  306 

4.3 Influence of ground thermal conductivity 307 

The effect of thermal ground conductivity (휆) on the value of 𝑇∗ is shown in Figure 8 (a), (b) and (c) for 308 

grids of 3x3, 5x5 and 8x8 VHEs, respectively. The relationships between 𝑇∗ and 휆 are shown for values 309 

of spacing ranging from 3 m to 10 m. In general, 𝑇∗ decreases with increasing ground thermal 310 

conductivity, with the rate at which 𝑇∗ varies with this property being largely independent of spacing 311 

for 3x3 and 5x5 VHE fields. As the size of the system increases – both in terms of number of VHEs and 312 

spacing – the value of 𝑇∗ approaches 1.0, hence becoming independent of 휆. Moreover, similar to 313 

previous results, lower values of 𝑇∗ are calculated for smaller systems in terms of spacing and number 314 

of VHEs. 315 

 316 

Figure 8: Variation of 𝑇∗with spacing and ground thermal conductivity for (a) 3x3 VHE field, (b) 5x5 VHE field and (c) 8x8 317 
VHE field and depth H = 50m 318 

4.4 Summary of results 319 

In general, the results show that the parameters which have greater influence on the magnitude of 𝑇∗ 320 

are the spacing of boreholes (𝑠) and the number of VHEs in the out-of-plane direction, 𝑛𝑜 , with 𝑇∗ 321 

increasing with both of these quantities. The remaining grid arrangement parameter, the number of  322 

VHEs in the in-plane direction, 𝑛𝑖, has a limited effect for all configurations, with 𝑇∗ decreasing as 𝑛𝑖  323 

increases. Both the depth of the heat source, 𝐻, and the thermal conductivity of the ground, 휆, appear 324 

to have only significant effect for small VHE fields where a relatively small spacing has been adopted, 325 

with 𝑇∗ reducing as 𝐻 and 휆 increase.  326 
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Furthermore, the analysis of the results indicates that for very large values of spacing and number of 327 

VHEs in the out-of-plane direction (𝑛𝑜), being therefore representative of a field of BHEs, the 328 

magnitude of 𝑇∗ becomes very close to 1.0. This suggests that in such case a two-dimensional analysis 329 

using the equivalent flux calculated following the conventional approach (Equation 10) yields a 330 

temperature field very similar to that obtained in the corresponding three-dimensional analysis. 331 

Conversely, for configurations more akin to thermal pile groups (smaller spacing and reduced number 332 

of heat sources), the calculated values of 𝑇∗ indicate that the conventional approach is likely to greatly 333 

overestimate the temperature changes in two-dimensional representations of the VHE field (i.e. 𝑇∗ is 334 

generally lower than 1.0), demonstrating the need for a new method to determine an equivalent heat 335 

flux. 336 

5. Definition of correction factor 𝑻∗ 337 

In the previous section, it was demonstrated that 𝑇∗ is a function of five parameters, namely the 338 

spacing (𝑠), the number of VHEs in the out-of-plane direction (𝑛𝑜), the number of VHEs in the in-plane 339 

direction (𝑛𝑖), the depth of the VHEs (𝐻) and the ground thermal conductivity (휆). Moreover, it was 340 

shown that 𝑛𝑜  and 𝑠 have the greatest impact on the value of 𝑇∗. Based on the observed variation of 341 

𝑇∗ with 𝑛𝑜  shown in Figure 6 (b), an expression relating these two quantities of the form of Equation 342 

13 was deemed optimal. By determining the values of the two coefficients in this expression, 𝑎 and 𝑏, 343 

for different levels of spacing, 𝑠, it was then possible to establish relationships allowing this variable 344 

to be included directly in the calculation of 𝑇∗ (Equations 14 and 15). This process was subsequently 345 

repeated in order to identify the main factors influencing each of the coefficients, leading to a set of 346 

expressions which enable the determination of 𝑇∗ based on the entire set of analysed parameters: 347 

 
𝑇∗ = 1 − 

1

1 + 𝑎 ∙ 𝑒𝑏∙𝑛𝑜
 (13) 

where 𝑎 and 𝑏 can be expressed as a function of spacing, 𝑠, according to: 348 

 
𝑎 =  𝑎1 ln(𝑠) + 𝑎2 (14) 

 
𝑏 =  𝑏1 ∙ 𝑠 + 𝑏2 (15) 

The remaining grid arrangement variable, the number of VHEs in the in-plane direction, 𝑛𝑖, is then 349 

introduced in 𝑎2, 𝑏1 and 𝑏2: 350 

 
𝑎2 = 𝑎2,1 ∙ (𝑛𝑖) + 𝑎2,2 (16) 

 
𝑏1 = 𝑏1,1 ∙ (𝑛𝑖) +  𝑏1,2 (17) 

 
𝑏2 = 𝑏2,1 ∙ (𝑛𝑖) + 𝑏2,2 (18) 

Lastly, the coefficients above, 𝑎1, 𝑎2,2, 𝑏1,2 and 𝑏2,2 are expressed as functions of the VHE depth, 𝐻, 351 

and thermal conductivity, 휆: 352 

  
𝑎1 = [(𝛽𝑒𝛾∙(𝜆)) ∙ 𝐻(𝛿∙(𝜆)+ )] (19) 
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𝑎2,2 = [(휁 ∙ ln(휆) + 휂) ∙ ln(𝐻) + (휃 ∙ ln(휆) + 휄)] (20) 

 
𝑏1,2 = 휅 ∙ (휆) + 휇 (21) 

 
𝑏2,2 = [(휈 ∙ ln(휆) + 휉) ∙ 𝐻(𝜎∙ln(𝜆)+𝜔)] (22) 

where 𝑎2,1, 𝑏1,1, 𝑏2,1, 𝛽, 𝛾, 𝛿, 휀, 휁, 휂, 휃, 휄, 휅, 휇 , 휈, 휉, 𝜎 and 𝜔 are constants, the values of which were 353 

obtained by performing a multivariate nonlinear regression and are listed in the table below. 354 

Coefficient Value Coefficient Value 

𝑎2,1 -0.0045 휃 -0.1984 

𝑏1,1 0.0004 휄 0.1911 

𝑏2,1 -0.0042 휅 0.0520 

𝛽 0.4087 휇 0.1485 

𝛾 0.4571 휈 0.1056 

𝛿 0.0239 휉 -0.2207 

휀 -0.5187 𝜎 -0.0293 

휁 0.0004 𝜔 0.1131 

휂 0.0007   
Table 2: Values of constants for evaluation of 𝑇∗ 355 

The proposed expression yields good approximations of 𝑇∗, with a mean square error (MSE) of   356 

3.3x10-4 for the 2880 three-dimensional analyses performed in this study. Nonetheless, it was shown 357 

in Section 4 that not all the variables have an important effect on the variations of 𝑇∗, e.g. the number 358 

of VHEs in the in-plane direction. Consequently, a simplified procedure is proposed, which reduces 359 

from 17 to 7 the number of constants needed to evaluate 𝑇∗. However, as a result, the accuracy of 360 

the solution is lower, with a MSE of 4.2 x10-4 for the same set of analyses. The importance and effect 361 

of this approximation is analysed in detail in the following section. 362 

Within the simplified method, only Equations 13, 14, 15 and 19 are needed, as merely the dependency 363 

of 𝑇∗ on 𝑛𝑜 , 𝑠 , 𝐻 and 휆 is accounted for. Thus, the influence of 𝑛𝑖  on 𝑇∗ is neglected and hence the 364 

coefficients 𝑎2, 𝑏1 and 𝑏2 are taken as constants. Table 3 contains the constants needed for the 365 

determination of 𝑇∗with the simplified procedure. 366 

Coefficient Value 

𝑎2 0.183 

𝑏1 0.073 

𝑏2 0.048 

𝛽 0.120 

𝛾 1.321 

𝛿 -0.651 

휀 0.424 
Table 3: Values of constants for evaluation of 𝑇∗ with simplified method 367 

6. Application of the proposed method  368 

The presented method has been applied to two different configurations, where the first is 369 

representative of a BHE field and the second is more akin to group of thermo-active piles. 370 

6.1 Analysis of 7x6 BHE field 371 
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The BHE field is composed by seven BHE in the in-plane direction and six in the out-of-plane direction, 372 

spaced 7.50m apart and 50m deep. The ground thermal conductivity is 1.6 W/mK. According to 373 

Equations 9 to 19, with the parameters of the analysed problem being 𝑛𝑖  = 7, 𝑛𝑜  = 6, 𝑠 = 7.5 m, 𝐻 = 50 374 

m and 휆 = 1.6 W/mK, a value of 𝑇∗ of 0.922 is obtained when using the extended method with 375 

coefficients according to Table 2, while a value of 0.959 is calculated when adopting the simplified 376 

method and the coefficients listed in Table 3.  377 

The contours of the normalised change in temperature (∆𝑇/𝑞𝑉𝐻𝐸) in a plane positioned at 𝑦 = 0 (i.e. 378 

along the centre line of the BHE field in the out-of-plane direction) generated by a three-dimensional 379 

analysis of the BHE field are shown in Figure 9 (a). Figures 9 (b), (c) and (d) show the predictions of the 380 

different 2D representations, respectively for the conventional method (i.e. using Equation 10) and 381 

the proposed method in its extended or simplified formulations. Figure 10 shows, for the same 𝑦-382 

coordinate, the temperature distribution along the x-axis at mid-depth of the borehole heat 383 

exchangers for the four considered cases. It can be noted that the proposed method approximates 384 

the temperatures very well. In fact, compared to the three-dimensional analysis, the maximum 385 

difference within the BHE field is 8% when using the extended method and 12% with the simplified 386 

one. At the same point, the conventional method over predicts the temperature change by 17%. The 387 

temperatures are especially well predicted in the far field, where the over prediction of the 388 

temperatures by the proposed method are limited to a maximum of 6% and 11%, for the extended 389 

and simplified procedures, respectively. Conversely, the differences observed when adopting the 390 

conventional method are greater, overestimating the temperature by about 15%.  391 
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 392 

Figure 9: Contours of normalised temperature change (∆𝑇/𝑞𝑉𝐻𝐸) for 7x6 BHE field - comparison of 3D and 2D analyses: (a) 393 
3D analysis, (b) 2D analysis with conventional method, (c) 2D analysis with proposed method – extended version and (d) 2D 394 

analysis with proposed method – simplified version 395 
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 396 

Figure 10: Normalised temperature change (∆𝑇/𝑞𝑉𝐻𝐸) along mid-depth of BHE field for 3D and 2D analyses with 397 
conventional and proposed method for 7x6 BHE field  398 

6.2 Analysis of 3x4 pile group 399 

The second application refers to a hypothetical piled foundation with a total number of 12 piles, 30 m 400 

in depth and spaced 4 m apart. With the input parameters 𝑛𝑖   = 3, 𝑛𝑜  = 4, 𝑠 = 4.0 m, 𝐻 =30 m and 휆 401 

=1.4 W/mK, the extended method yields a value of 𝑇∗ of 0.599, while a value of 0.600 is obtained 402 

when adopting the simplified version. 403 

Similar to the previous example, Figure 11 (a) depicts the contours of normalised temperature change 404 

at 𝑦 = 0 when performing a three-dimensional analysis, while Figure 11 (b), (c) and (d) show those of 405 

its 2D representations, respectively for the conventional method (i.e. using Equation 10) and the 406 

proposed method in its extended or simplified formulations. Comparing Figure 11 (a) with Figure 11 407 

(b), it can be noted that the two dimensional analysis with the conventional method predicts 408 

considerably greater temperature differences compared to the 3D analysis. This was expected since 409 

𝑇∗ has been shown to be smallest when analysing small fields (both in terms of number of heat sources 410 

and spacing) with short depths. Conversely, the proposed method yields results (Figure 11 (c) and (d)) 411 

much closer to those of the 3D analysis. In Figure 12 the variation in temperature along the 𝑥-axis at 412 

mid-depth of the piles is shown. Within the pile group, the temperature calculated with the 413 

conventional method exceeds the one predicted by the 3D analysis by 60%, while the far field 414 

temperature is almost twice as large. Conversely, the proposed method predicts accurately the change 415 

in temperature along this line, underestimating slightly the temperature within the pile group by a 416 

maximum of 7% and overestimating it in the far field by a maximum of 20%. This latter margin of error 417 

is considered acceptable, given that the temperature changes at those distances are generally low and 418 

that the proposed method is still conservative. Furthermore, it is interesting to note that the results 419 

obtained with the extended and simplified methods are almost identical (as suggested by the similar 420 

values calculated for 𝑇∗). It can therefore be concluded that for small heat exchanger fields, i.e. where 421 

the number of BHEs or piles is low and the spacing and depth is small, the simplified procedure is a 422 

very good approximation for characterising the temperature field generated by a group of vertical 423 

heat exchangers. 424 
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 425 

Figure 11: Contours of normalised temperature change (∆𝑇/𝑞𝑉𝐻𝐸) for 3x4 pile group- comparison of 3D and 2D analyses: 426 
(a) 3D analysis, (b) 2D analysis with conventional method, (c) 2D analysis with proposed method – extended version and (d) 427 

2D analysis with proposed method – simplified version 428 
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 429 

Figure 12: Normalised temperature change along mid-depth of pile group for 3D and 2D analyses with conventional and 430 
proposed method 431 

7. Conclusions 432 

This paper presents a novel approach for simulating accurately the temperature field around vertical 433 

ground heat exchangers (VHEs) in two dimensional analyses. The proposed method is established by 434 

comparing three-dimensional temperature fields generated by VHEs, such as a field of Borehole Heat 435 

Exchangers (BHEs) or a group of thermo-active piles, with those obtained in a two-dimensional 436 

analysis, where the heat sources have an infinitely long dimension in the out-of-plane direction (i.e. 437 

perpendicular to the plane of analysis). Numerous VHE fields with different regular grid arrangements 438 

(equal spacing in 𝑥 and 𝑦) and depths were analysed by integrating numerically the associated heat 439 

source equations, showing that the heat flux commonly applied in 2D analyses, which consists of 440 

dividing the heat flux of an individual VHE by the grid spacing (𝑞2𝐷 = 𝑞𝑉𝐻𝐸 𝑠⁄ ), overestimates the 441 

temperature changes generated in the ground. It was demonstrated that a correction factor for 442 

determining the equivalent heat flux, designated 𝑇∗, would improve the predictions.  443 

The correction factor 𝑇∗ was shown to vary with the different geometric parameters of the BHE field 444 

or group of piles, such as spacing (𝑠), number of heat sources in the in-plane direction (𝑛𝑖), number of 445 

heat sources in the out-of-plane direction (𝑛𝑜) and the depth of heat sources (𝐻), as well as the ground 446 

thermal conductivity (휆). More specifically, it was observed that the value of 𝑇∗: 447 

• increases with spacing, 𝑠, and the trend is more pronounced for fields with lower number of 448 

out-of-plane heat sources; 449 

• increases with number of heat sources in the out-of-plane direction, 𝑛𝑜 , tending 450 

asymptotically to 1.0 within fields with large spacing; 451 

• is almost independent of the number of heat sources in the in-plane direction, 𝑛𝑖; 452 

• reduces with increasing depth, however the variation is almost negligible for depths greater 453 

than 50m; 454 

• decreases linearly with ground thermal conductivity with its effect being less pronounced for 455 

larger fields. 456 

• is very close to 1.0 for large systems (large spacing and large number of out-of-plane heat 457 

sources), suggesting that the conventional approach yields good results in these cases and no 458 

correction is needed. 459 
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An analytical expression for the evaluation of 𝑇∗ is proposed and two different procedures are 460 

presented: the extended version, which includes the influence of all the aforementioned parameters 461 

and requires the use of 17 constants, and a simplified version where the influence of the number of 462 

in-plane VHEs is neglected, requiring only 7 constants and considerably simpler analytical expressions. 463 

The two procedures were applied to two hypothetical arrangements, with one being representative 464 

of a BHE field, while the other had characteristics more akin to those of a thermo-active pile group. 465 

The obtained results showed that the extended version provides considerably better approximations 466 

in the former case, while in the latter scenario the two procedures yielded practically identical results. 467 

Furthermore, when compared to the conventional approach of determining the heat flux rate, the 468 

proposed method led to only slight increases in accuracy in the case of the large BHE field. Conversely, 469 

in the scenario representing a thermo-active pile group, the proposed correction factor improved the 470 

predictions of temperature changes by 50% to 80%. 471 

Greater numbers of ground source energy systems are being installed in urban areas where the 472 

interaction with neighbouring structures must be considered. Indeed, temperature changes affect soil 473 

behaviour and may result in additional ground movements, which need to be taken into account in 474 

the design of geotechnical structures, such as pile rafts, retaining walls and tunnels, typically carried 475 

out using two-dimensional plane-strain analyses. The new method proposed in this paper improves 476 

the quality of such approximations by providing a consistent and accurate form of reproducing in two-477 

dimensional analyses the temperature fields generated by BHE fields and thermo-active pile groups. 478 
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Appendix A. Representativeness of the chosen monitoring points 482 

The suitability of the chosen locations of the monitoring points described in section 3.3. was checked 483 

by performing a trial three-dimensional analysis of a 3x4 VHE field with boreholes spaced 3.0 m apart. 484 

Within the VHE field, as shown in Figure A. 1, the temperature change at the point designated as “1” 485 

in Figure 5 (a) and (b) is representative of the average temperature change registered along the centre 486 

line (i.e. 𝑦 = 0) of the VHE arrangement (labelled as “Line 1”), which passes through monitoring point 487 

1 and is assumed herein to extend to 𝑠 2⁄  = 1.5 m on both sides of the field. Moreover, by comparing 488 

the calculated temperature changes along line 1 with those along line 2, which is defined by the line 489 

of VHEs closest to the centre of the field (i.e. 𝑦 = 𝑠 2⁄ ), it can be concluded that the suitability of point 490 

1 is independent of the number of VHEs in the 𝑦-direction, 𝑛𝑜 , being odd or even. Indeed, multiple 491 

analyses employing a wide range of values of 𝑛𝑜  were carried out to confirm the validity of this 492 

hypothesis, with the obtained results suggesting that the deviation between the temperature change 493 

at point 1 and the average of line 1 remains generally small, increasing only slightly for larger values 494 

of 𝑛𝑜 . 495 



20 
 

 496 

Figure A. 1: Normalised temperature change (∆𝑇/𝑞𝑉𝐻𝐸) along lines within the VHE field – 3x4 VHE field spacing = 3m 497 

Similar comparisons were carried out to characterise the temperature changes outside the VHE field, 498 

where a greater interaction with neighbouring structures takes place. In fact, the proposed 499 

methodology aims at establishing the maximum influence of the VHE field on ground temperature, 500 

rather than its average value. To demonstrate the representativeness of using the positions labelled 501 

as “2”, “3” and “4” in Figure 5 (a) and (b), an analysis of a 3x4 VHE field with boreholes spaced 10.0 m 502 

apart was carried out. The temperature changes at 2 m and 10 m away from the edge of the VHE field 503 

along its centre line (i.e. points 2 and 4) are shown in Figure A. 2 together with those obtained along 504 

lines parallel to the 𝑦-axis and passing through these locations (labelled, respectively, as “Line 2” and 505 

“Line 4” in Figure A. 2). Along line 2, the maximum temperature change, rather than occurring at its 506 

centre, where point 2 is located, is registered at the same 𝑦-coordinates as the VHEs nearest to the 507 

centre line (i.e. 𝑦 = 𝑠 2⁄ ). However, the difference is relatively small and is only observable due to the 508 

adoption of an even number of VHEs in the 𝑦-direction and the small distance between point 2 and 509 

the edge of the VHE field (2.0 m), when compared to the VHE spacing (10.0 m). Indeed, as shown in 510 

Figure A. 2, the maximum temperature change along line 4, which is positioned at a distance from the 511 

VHE field equal to the VHE spacing, coincides with that registered at point 4. 512 

 513 

Figure A. 2: Normalised temperature change (∆𝑇/𝑞𝑉𝐻𝐸) along lines outside a VHE field – 3x4 VHE spacing = 10m 514 
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Based on the obtained results, it is considered that the chosen locations represent well the changes 515 

in temperature along the centre line of the VHE fields, which is the section within which the greatest 516 

effect on neighbouring structures is expected.  517 

Appendix B. Calculation of 𝑻∗ for an example VHE field 518 

The proposed method uses an average value 𝑇∗ to assess how well the 2D approximation reproduces 519 

the temperature changes observed an equivalent 3D analysis (see section 3.4). The graphical 520 

representation of the concept of the proposed method is shown in Figure B. 1 (a) and (b) for a 5x5 521 

VHE field with spacing 𝑠 = 7.5 m. Figure B. 1 (a) displays normalised temperature changes at the 522 

monitoring points and along the 𝑥-axis at 𝑦 =0 for the three-dimensional VHE analysis and the 2D 523 

analysis computed with the conventional method (i.e. with 𝑞2𝐷  determined using Equation 10). As it 524 

can be seen, with the exception of the region very close to the VHE positions, the 2D analysis tends to 525 

generally overestimate the temperature changes in the soil. Therefore, for each point a value of 526 

𝑇𝑖
∗<1.0 is obtained, as illustrated in Figure B. 1 (b). It is interesting to note that the values of 𝑇𝑖

∗ are 527 

practically identical for the four chosen points, meaning that an excellent agreement between the 3D 528 

analysis and a corrected 2D analysis can be achieved by adopting an average magnitude for 𝑇∗. It 529 

should be further highlighted that introducing additional internal points within the field would not 530 

affect the average value of 𝑇∗. 531 

 532 

Figure B. 1: Graphic representation of the proposed method for a 5x5 VHE field with spacing of 7.5m: (a) Normalised 533 
temperature change (∆𝑇/𝑞𝑉𝐻𝐸) along centre line of the VHE field for a 3D and conventional 2D analysis and (b) 𝑇∗at 534 

monitoring points and computed average 𝑇∗ 535 
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