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Abstract

Modern gas turbine design continues to drive towards improved perfor-

mance, reduced weight and reduced cost. This trend of aero-engine design

results in thinned blade aerofoils which are more prone to aeroelastic prob-

lems such as flutter. Whilst extensive work has been conducted to study

the flutter of isolated turbomachinery blades, the number of research con-

cerning the unsteady interactions between the blade vibration, the resulting

acoustic reflections and flutter is very limited. In this thesis, the flutter of

such embedded blade rows is studied so as to gain understanding as for why

and how such interactions can result in flutter. It is shown that this type of

flutter instability can occur for single stage fan blades and multi-stage core

compressors.

Unsteady CFD computations are carried out to study the influence of

acoustic reflections from the intake on flutter of a fan blade. It is shown that

the accurate prediction of flutter boundary for a fan blade requires modelling

of the intake. Different intakes can produce different flutter boundaries

for the same fan blade and the resulting flutter boundary is a function

of the intake geometry in front of it. The above finding, which has also

been demonstrated experimentally, is a result of acoustic reflections from

the intake. Through in-depth post-processing of the results obtained from

wave-splitting of the unsteady CFD solutions, the relationship between the

phase and amplitude of the reflected acoustic waves and flutter stability

of the blade is established. By using an analytical approach to calculate

the propagation and reflection of acoustic waves in the intake, a novel low-

fidelity model capable of evaluating the susceptibility of a fan blade to flutter

is proposed. The proposed model works in a similar fashion to the Campbell

diagram, which allows one to identify the region (in compressor map) where

flutter is likely to occur at early design stages of an engine.

In the second part of this thesis, the influence of acoustic reflections from

adjacent blade rows on flutter stability of an embedded rotor in a multi-
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stage compressor is studied using unsteady CFD computations. It is shown

that reflections of acoustic waves, generated by the rotor blade vibration,

from the adjacent blade rows have a significant impact on the flutter sta-

bility of the embedded rotor, and the computations using the isolated rotor

can lead to a significant over-optimistic predictions of the flutter bound-

ary. Based on the understanding gained, an alternative strategy, aiming to

reduce the computational cost, for the flutter analysis of such embedded

blades is proposed. The method works by modelling the propagation and

reflection of acoustic waves at the adjacent blade rows using an analytical

method, whereby flutter computations of the embedded rotor can be per-

formed in an isolated fashion by imposing the calculated reflected waves

as unsteady plane sources. Computations using the proposed model can

lead to two orders of magnitude reduction in computational cost compared

with time domain full annulus multi-row computations. The computed re-

sults using the developed low-fidelity model show good correlation with the

results obtained using full annulus multi-row models.
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Nomenclature

Coordinate System

x Axial coordinate (engine axis)

y Transverse coordinate

r Radius

θ Angular coordinate

t Time

Geometry

Nb Blade count

rh Hub radius

rt Tip radius

h Hub/tip ratio

θs Stagger angle

c Chord length

cax Axial chord length

c/s Solidity (chord/space ratio)

ct Covered passage parameter

Ad Duct throat area

L Intake length

D Intake diameter

rlip Radius of intake lip

n Local unit normal vector on the blade surface

S Surface area of blade

Aerodynamics

αs Flow incidence

W Flow velocity (mean)

M Flow Mach number (mean)

Mx Axial flow Mach number (mean)

Mθ Tangential flow Mach number (mean)

a Speed of sound
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p Static pressure (perturbation)

p0 Stagnation pressure (mean)

T0 Stagnation temperature (mean)

cp Specific heat capacity

ṁ Mass flow rate

m̄ Non-dimensional mass flow rate

mref Ratio of non-dimensional mass flow rates (m̄/m̄wl)

l Aerodynamic lift (perturbation)

s Unit vector normal to the mean flow

C
′

L Slope of lift coefficient with respect to the incidence

C Coefficient for unsteady lift

Ω Shaft speed

Ω̄ Non-dimension shaft speed (blade tip Mach number)

Aeroelasticity

hB Blade displacement (plunge motion)

θT Blade rotation (twist motion)

γ Percentage of twist component in flap mode

v Blade velocity vector

v0 Initial vibration velocity

T Period of vibration

fr Reduced frequency

ω Angular vibration frequency (relative frame)

ω̄ Normalised angular vibration frequency (stationary frame)

δd Logarithmic decrement

w Aerodynamic work

ζ Aerodynamic damping

τ ‘Flutter index’

Acoustics

m Circumferential order

n Radial order

J Bessel function of the first kind

Y Bessel function of the first kind

χ Coefficient for eigenfunction of acoustic modes

A Amplitude of acoustic waves

φ Phase of acoustic waves

k Free stream wavenumber

9



kx Axial wavenumber

ky Transverse wavenumber

krθ Radial-circumferential wavenumber

λ Axial wavelength

ωc Cut-on frequency

σ Cut-on ratio

α Mode angle with respect to the engine axis

ηT Transmission coefficient at a blade row

ηR Reflection coefficient at a blade row

ηI Reflection coefficient at the intake highlight

Transmission and Reflection (Chapter 4)

θu Mean flow angle (upstream)

θd Mean flow angle (downstream)

R Density (mean)

U Axial flow velocity (mean)

V Transverse flow velocity (mean)

W Flow velocity (mean)

ps Static pressure (mean)

ρ Density (perturbation)

u Axial flow velocity (perturbation)

v Transverse flow velocity (perturbation)

w Flow velocity (perturbation)

p Static pressure (perturbation)

Ns No. of blade sections

Φ Velocity potential

Abbreviations

EO Engine order

1F 1st flapwise bending mode

1T 1st torsion mode

ND Nodal diameter

NC Nodal circle

IBPA Inter-blade phase angle

CFD Computational Fluid Dynamics

RANS Reynolds-averaged Navier-Stokes

URANS Unsteady Reynolds-averaged Navier-Stokes

PTBC Physical boundary conditions
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RIBC Riemann invariants boundary conditions

IGV Inlet guide vanes

OGV Outlet guide vanes

ESS Engine section stators

VSV Variable stator vanes

HP High pressure

BTT Blade tip timing

WL Working line

HWL High working line

LE Leading edge

TE Trailing edge

R1 Rotor 1

S1 Stator 1

R2 Rotor 2

S2 Stator 2

R3 Rotor 3

Subscripts

P Plunge motion

T Twist motion

G Acoustic gust

Superscripts

- Upstream propagating acoustic waves (direction)

+ Downstream propagating acoustic waves (direction)

l Rotor leading edge (location)

t Rotor trailing edge (location)

i Intake highlight (location)

us Trailing edge of the upstream stator (location)

ds Leading edge of the downstream stator (location)

p Unsteady plane sources (location)

b ‘Acoustic bump’ (location)

u Upstream field of the rotor

d Downstream field of the rotor

T Transmission/transmitted wave

R Reflection/reflected wave
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1 Introduction

1.1 Overview

Aeroelastic flutter is a self-feeding vibration of a body in an airstream. The

vibration is excited by aerodynamic forces on the object which are in phase

with its motion, resulting in a net energy transfer from the surrounding

airstream into the vibrating system. Hence the vibration motion is self-

sustained and its amplitude grows with time.

Real life examples of flutter failure can be found in cases such as aircraft

wings [1], rotors of wind turbines [2] as well as blades in aero-engines [3].

Flutter in a multi-stage compressor, a fan and turbine blades in an aero-

engine could result in engine failure or shut down accompanied by damaged

blades, and is thus to be avoided at all costs.

The aim of this research is to study the flutter of the embedded blade

rows in aero-engines. The term ‘embedded’ refers to the fact that the blade

row of interest is surrounded by other blade rows, for instance rotors in a

core compressor or a multi-stage turbine. Moreover, blade rows surrounded

by structures such as the intake and nozzle are also broadly considered as

‘embedded’. It will be shown in this thesis that aero-acoustic interactions

between the blade rows have a significant impact on the flutter stability of

such ‘embedded’ blades.

The need for this research is driven by the fact that modern gas turbine

design continues to move towards improved performance, reduced weight

and reduced cost [4]. As turbomachinery blade aerofoils are thinned to im-

prove performance and reduce weight, the aeroelastic challenges such as flut-

ter and forced response become more predimonant. Methods for analysing

forced response are relatively well established but flutter of an embedded

blade row is still poorly understood. Moreover, the use of titanium blade-

integrated-disks (blisks) is becoming more common in modern aeroengine

designs [3]. Such structures have a very low mechanical damping in con-
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trast to traditional bladed-disk assemblies [5]. For such structures, the main

source of damping to the blade comes from the air flow, which highlights

the importance of accurate prediction of blade damping contribution due to

aerodynamic forces.

The traditional CFD approach for aerodynamic damping prediction of

such a blade row involves unsteady simulations that treats the embedded

blade row of interest in isolation [6–8], which neglects the potential inter-

actions between it and its adjacent blade rows (or structures). The effects

of these interactions can be captured by using high fidelity whole annulus

multi blade row CFD models, however this approach poses high demands on

computational power and time, and cannot be used routinely in the design

of an engine. Therefore, this work will focus on the flutter of fans and the

embedded rotors in the core compressors of modern axial flow aero-engines

under the influence of acoustic reflections from adjacent blade rows (or the

intake), with the aim of developing a low-fidelity model that can be used

at early design stages of an engine. The proposed model works in a similar

fashion to the Campbell diagram, which allows one to identify the region

where acoustic reflection driven flutter is likely to occur at early design

stages of an engine. It should be emphasised that the interactions studied

in this thesis (i.e. between flutter and acoustic reflection) are driven by the

reflection of perturbations generated by blade vibration which occurs at the

frequency of vibration. These interactions are to be differentiated from the

rotor-stator interactions (potential or wake induced) which occurs at the

blade passing frequency.

1.2 Instabilities in Turbomachinery

Figure 1.1 shows a schematic operating map of an axial flow compressor as

a function of (inlet) corrected mass flow and overall pressure ratio. In this

plot the stability boundaries and the working line of the compressor are also

displayed. In certain operating range of a compressor, aerodynamic as well

as aeroelastic instabilities can occur which could lead to the loss of engine

performance or even the break down of blades. Several of the most common

instabilities of a compressor (and fan) are briefly introduced below.
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Figure 1.1: Instabilities in a compressor.

Stall and surge

In an ideal situation where blades are infinitely stiff (i.e. structural vibra-

tions are restricted) the compressor becomes unstable to operate once surge

is triggered. Compressor surge is driven by the stalling of the blades, ac-

companied by a complete reversal of the flow and loss of engine power (the

ability to produce pressure rise), which is represented as the region above

the surge line in the compressor map in Figure 1.1. The surge line of a com-

pressor can be determined by connecting the stall points for all compressor

shaft speeds.

Stall flutter and choke flutter

Besides aerodynamic disruptions, instability could be triggered by aeroe-

lastic excitations prior to compressor surge (or rotating stall), where the

blade vibration is amplified due to an energy influx from the surrounding

air flow into the mechanical structures. Such an instability is self-excited

and self-sustained, and does not require the presence of any external forcing

(for instance the passing of the wake of an upstream blade row). Figure 1.1

illustrates two typical types of flutter instabilities for a compressor. Stall
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Figure 1.2: Pure plunge vibration for un-stalled and stalled aerofoils.

flutter refers to flutter events that occur near the stall line which are usually

accompanied by flow separation on the surface of the blades.

Figure 1.2 shows a simplified demonstration of stall flutter for a two-

dimensional aerofoil section vibrating in a pure plunging mode using a quasi-

steady analysis. The plots at the top of the figure show the instantaneous

vibration motion (grey arrows) and the resulting relative incidence to the

aerofoil (blue arrows). The bottom left plot shows the section lift coefficient

(idealised with positive slope prior to stall and negative slope post-stall) for

this aerofoil as a function of incidence, and the bottom right plots show the

time histories for the velocity of the vibration motion and the induced lift

on the surfaces of the aerofoil. In these figures the symbol t denotes time,

T denotes the period of vibration, αs denotes the incidence. The velocity

of motion and the direction of lift are defined as the upward direction. As

can be seen from the plots at the top of the figure, the advance of vibration

motion from t1 (the maximum positive velocity) to t3 (the maximum nega-

tive velocity) results in a continuous increase in the relative incidence. For

an un-stalled aerofoil, the increase of incidence leads to an increase in the

lift (as shown by the green circles in the lift coefficient plot in Figure 1.2).

On the other hand, for a stalled aerofoil operating on the negative slope

of the lift coefficient curve, the increase of incidence results in a decrease
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of lift on the surfaces of the blade (as shown by the red circles in the lift

coefficient plot in Figure 1.2). This trend is reversed as the vibration motion

advances from t3 = T/2 through t4 = 3T/4 (not shown as it has the same

incidence as t2) to t5 (the same as t1). In this process the relative incidence

is decreased with time, and consequently the lift for the un-stalled aerofoil

is decreased and the lift for the stalled aerofoil is increased. By comparing

the obtained time histories of lift with the velocity of the vibration motion

(bottom right plots in Figure 1.2), it is clearly seen that the variation of lift

for the un-stalled aerofoil is out of phase with the velocity, which results

in positive damping from the flow (as the aerodynamic forces induced by

the flow always act against the vibration motion). On the contrary, the

variation of lift for the stalled aerofoil is in phase with the velocity of the

vibration motion, which results in negative aerodynamic damping, and con-

sequently flutter (as the aerodynamic forces act in the same direction with

the blade motion to amplify the vibration level). Figure 1.2 clearly shows

how the interaction between the blade motion and the stalled flow (corre-

sponding to the negative slope of the lift coefficient curve) can cause (stall)

flutter for a two-dimensional aerofoil section.

For three-dimensional turbomachinery rotor blades operating near the

stall line, shock wave movement, boundary layer separation and radial flow

migration on the suction surface, driven by adverse pressure gradient, gen-

erates unsteady oscillatory forces which have been shown to be the key

parameters leading to compressor (or fan) stall flutter [9].

Choke flutter occurs for a transonic passage flow characterised by the in-

teraction between the blade vibration and the oscillatory shock wave move-

ment. The presence of flutter could significantly reduce the stability mar-

gin of a compressor, which is defined as the margin between the stability

boundary and the working line, thus limiting its safe operating range prior

to aerodynamic instabilities.

‘Flutter bite’

For specific narrow speed range at part-speed operating conditions near the

stall boundary, flutter of a fan blade can occur in the absence of flow sepa-

ration when the slope of the characteristic is still negative. This situation

is illustrated by an example shown in Figure 1.3 (the illustration is based
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Figure 1.3: ‘Flutter bite’ for a fan blade.

on test measurements). In this figure the measured stability boundaries for

the fan blade using two different intakes (right) are displayed on the fan

performance map (left). When the fan operates at the speed of Ω0 with the

‘Intake A’, the stall line is preceded by the flutter boundary, and the blade

experiences flutter before stall. It is seen that flutter removes a ‘bite’ from

the stability margin of the fan blade, and is thus referred to as ‘flutter bite’.

On the other hand, flutter stability of the fan blade operating with the ‘In-

take B’ shows a significant change from that using the ‘Intake A’. Flutter

bite (blue area) occurs at a different speed with a different ‘depth of bite’

(i.e. loss of flutter margin). This change of flutter stability margin clearly

indicates that intake has a significant influence on the flutter stability of fan

blades, and should be taken into account in the design stage. It has been

shown that, this type of flutter is driven by acoustic reflections from the

intake, and typically occurs in low nodal diameter (2ND to 4ND) forward

traveling modes for the 1st flapwise bending (1F) mode [10].

One of the important design challenges for compressor (and fan) stability

is to minimise the regions of flutter event on the performance map, such

as the region of flutter bite shown in Figure 1.3, so as to maximise the

regions of stable operating condition. The primary focus of this work is

on the flutter of fan blades and embedded rotors in a core compressor in

the absence of flow separation. It will be shown that this type of flutter

is caused by acoustic reflections from adjacent structures, which can be a
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blade row, an intake or a change in duct area, and thus requires accurate

modelling of propagating acoustic waves.

1.3 Objectives

The hypothesis of this thesis is that flutter in an embedded environment can

occur due to acoustic reflections from adjacent structures. The hypothesis

does not assume other unsteady flow features, such as stall, to be irrelevant

or unimportant for flutter of such blades. It neither suggests that acoustic

reflections always lead to flutter. The core of this thesis is the study of

the physics behind the flutter of embedded blade rows, and to establish a

relationship between acoustic reflection and flutter. With this in mind, the

main objectives of this work are divided into the following:

1. Propose and devise a method to model the generation, propagation

and reflection of acoustic waves due to blade vibration.

2. Study the influence of acoustic reflection from adjacent blade rows on

flutter stability of the rotor blades in core compressors.

3. Study the effects of acoustic reflection from the intake on flutter sta-

bility of the fan blades.

4. Based on the understanding gained, develop a new low-fidelity method

which is capable of predicting the possibility of flutter of compressor

blades (or fan) due to acoustic reflections.

This work is intended to enhance the physical understanding of embedded

blade row flutter driven by acoustic reflections, which can lead to further

development of simple design rules for modern aero-engines. It will be shown

that the parameters affecting acoustic reflections vary with the mean flow

field, duct and blade geometries, spacing between blade rows and the mode

of vibration. Therefore efficient methods for dealing with these aspects will

need to be developed. In order to devise such a method for the analysis of

acoustic reflection driven flutter, the generation, propagation and reflection

of acoustic waves need to be considered. The process of the analysis is

divided into four stages:
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1. Model the generation of acoustic waves due to the blade vibration

using unsteady CFD computations.

2. Trace the propagation of acoustic waves in the compressor duct (and

intake) using an analytical model.

3. Calculate the reflection (and transmission) of acoustic waves at blade

rows (and intake opening) using an analytical approach.

4. Use the information (phase and amplitude) regarding the reflected

acoustic waves to determine the flutter stability of the studied rotor,

either by simplifying the conventional high-fidelity full annulus multi-

row CFD model or using a low-fidelity analytical prediction method.

These aspects, as will be shown in the following chapters, are crucial for

the understanding of the embedded blade row flutter.

1.4 Outline of the Thesis

In order to achieve the objectives presented in the previous section, this

thesis is structured as follows:

❼ Due to limited publications regarding the interactions between the

vibration of blades, the resulting reflected acoustic waves and flutter,

Chapter 2 presents the essential background and established theories

for the understanding of this subject. A brief literature review of the

current flutter prediction methods based on CFD computations is also

outlined.

❼ Chapter 3 presents the computational methodologies used through-

out this thesis. Aerodynamic and aeroelastic solvers for the CFD

code used in this work are introduced in this chapter. In order to es-

tablish the relationship between the reflected acoustic waves and the

blade vibration, in-depth post-processing is required to split the un-

steady disturbances in the unsteady CFD solutions into propagating

waves. Therefore, the method for such a wave-splitting procedure is

also presented.
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❼ Based on the establish theories and previous work reviewed in Chap-

ter 2 and the computational methods introduced in Chapter 3, the

formulation of the reduced order model is presented in Chapter 4.

The strategy for numerical modelling of the generation of acoustic

waves due to the blade vibration is outlined. Analytical methods con-

cerning the propagation of acoustic waves in cylindrical ducts and

their reflections at the intake are also presented. Moreover, an analyt-

ical method is devised to calculate the transmission and reflection of

acoustic waves at a blade row consisting of cambered blades. Armed

with the methods presented in this chapter, in-depth analyses can

be performed in the following chapters to investigate the relationship

between the reflected acoustic waves and flutter.

❼ Chapter 5 presents the flutter analysis of an isolated thin annulus

blade row. The analysis is intended to gain understanding of the

fundamental physics of the interactions between the blade vibration,

the duct acoustic waves (generated by vibration and incoming due to

external sources) and flutter. The blade aerodynamic damping con-

tributions for the plunge motion and the twist motion. The effect of

incoming acoustic gusts on the flutter stability of the blade is studied

by means of artificially imposed unsteady plane sources. Based on the

understanding gained, a low-fidelity flutter analysis method is formu-

lated, which aims to evaluate the effect of incoming acoustic waves on

the blade aero-damping using an analytical approach.

❼ In order to further verify the observations and conclusions made in

Chapter 5, the flutter bite of fan blades driven by acoustic reflections

from the intake is studied in Chapter 6. For the fan and intake system

in this study, the interactions between the blade vibration and the re-

flected acoustic waves is restricted in the upstream field of the blade

(as flutter requires the downstream field to be cut-off [11]). This al-

lows one to study the effect of acoustic reflections from the upstream

side of the blade (i.e. intake) without the consideration of down-

stream effects. Flutter computations are carried out using different

intake geometries and by varying key parameters that are important

for the propagation and reflection of acoustic waves, with the aim of

establishing a relationship between the phase and amplitude of the re-
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flected acoustic waves and flutter stability of the blade. Based on the

understanding gained, a novel analytical method is presented aiming

to evaluate the speed range for which the flutter bite of a fan blade is

likely to occur. The results obtained using the proposed method are

validated against results obtained from unsteady CFD computations

and experimental test.

❼ In Chapter 7, flutter of embedded rotor blades driven by acoustic

reflections from adjacent blade rows is studied. The flutter of such

embedded blades is shown to occur at a condition that the acoustic

waves are cut-on at both upstream and downstream sides of the blade.

This fact adds another layer of complexity to the problem compared

with the cases studied in Chapter 6, since acoustic reflections can

occur at either side of the rotor, and hence will modify the unsteady

flow field at both the leading and trailing edges of the blade. The

effect of acoustic reflections from both the upstream and downstream

sides of the rotor is studied by means of artificial reflecting structures

(reflection due to boundary conditions) and full annulus multi-row

computations with the adjacent blade rows.

❼ Based on the understanding gained in Chapter 5 to Chapter 7, an

alternative strategy, which differs from the conventional full annulus

multi-row computations, for the flutter analysis of embedded rotor

blades is proposed. In this approach, the propagation of acoustic

waves in the compressor duct and the reflection at the adjacent blade

rows are calculated using an analytical approach. The calculated re-

flected acoustic waves are then imposed inside the domain of the rotor

blade of interest by means of unsteady plane sources. By doing so,

flutter computations can be performed in a cost-efficient way using a

reduced assembly in the absence of the adjacent blade rows. The de-

velopment and validation for such a method is presented in Chapter 8.

The results obtained by using the proposed method are compared with

those obtained from full annulus multi-row unsteady CFD computa-

tions.

❼ Finally, Chapter 9 summaries the main findings in this thesis and

concludes with recommendations for future work.
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2 Background and Literature

Review

There are only a limited number of publications regarding the interactions

between the blade vibration, the resulting reflected acoustic waves and flut-

ter. Therefore, this chapter presents the essential background for the under-

standing of this subject. In the first instance, the vibration of a blade-disk

assembly is discussed and is followed by a brief introduction to compressor

aeroelastic instabilities, so that the reader can distinguish between different

mechanisms of aeroelastic vibration in turbomachines. Established theories

and previous work concerning the generation, propagation, transmission

and reflection of acoustic waves in turbomachines are summarised. Finally,

a brief review of the current flutter prediction methods based on CFD com-

putations is outlined.

2.1 Vibration of Blade-Disk Assembly

Blades in axial flow compressors are commonly attached to the central ro-

tating disk (and the shaft) through either a removable locking mechanism

(‘bladed-disk’) or integral cast into the disk (‘blisk’) [3]. Hence the vibration

of a blade is mechanically coupled with that of the disk and determines the

modeshape of the blade vibration. The vibration of a blade-disk assembly

can be idealised as the vibration of a two-dimensional annular disk, which

is fixed at the center (with respect to shaft) and free along the outer edge

(at the tip of rotors) [3].

Figure 2.1 shows some typical examples for the modeshape of a vibrating

disk which is free along the outer and inner edges. The + sign (red area)

in the figure denotes the out of plane motion and the − sign (blue area)

denotes the motion into the plane. For the example shown in Figure 2.1a,

the motion of the disk is positive in one half of the annulus and negative

36



Figure 2.1: Nodal diameter and nodal circle. Contour: direction of motion
normal to the plane.

in the other half. The displacement at one location of the disk is equal but

negative to that at the location on the opposite end. The zero displacement

line separating the two halves of the annulus is denoted as the nodal line,

and the number of nodal lines present in the mode is referred to as the nodal

diameter (ND). Thus the mode shown in Figure 2.1a is referred to as the 1

nodal diameter (1ND) mode, or sometimes called the first circumferential

mode. The motion of the disk rim can thus be represented as a cos (or sin)

pattern. Similarly, for the case shown in Figure 2.1b, where the outer and

inner halves of the annulus vibrate out of phase, the motionless boundary

is formed as a nodal circle (NC) between the two regions. This particular

mode is referred to as the 1NC mode, or sometimes called the first radial

mode. Moreover, nodal diameters and nodal circles can be present at the

same time. The mode shown in Figure 2.1c consists of two nodal diameters

and one nodal circle, and is thus referred to as the (2,1) mode, or the

first radial harmonic of the 2ND mode. The special case where the whole

annulus moves in phase in time is the fundamental ‘plane-wave’ (0, 0) mode,

or simply called the 0ND mode. This is illustrated in Figure 2.1d.
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Figure 2.2: 1F/2ND mode for a fan. [12]

The vibration of a blade-disk assembly is analogous to the vibration of

the annular disk described above, with the difference being the constraint

at the blade root. The blade-disk assembly as a whole vibrates in a pattern

analogous to the natural modes of a vibrating disk, where each part of

the disk contributes to the motion with a constant phase lag. Figure 2.2

shows an example modeshape for a fan blade, where the blade-disk assembly

vibrates in a 2ND pattern in the first flapwise bending (1F) blade mode.

The 2ND pattern can be identified since the instantaneous displacement for

the blades repeats itself in 180➦of the circumference, which results in two

motionless nodal lines as illustrated in the figure. Nodal circles are not

present for the mode shown in Figure 2.2 as the motion at all radial heights

are in phase for each blade.

The frequency of vibration for a blade ω (and hence the frequency of the

generated unsteady perturbations) is commonly expressed in the dimension-

less form of reduced frequency fr as

fr =
ωc

W
(2.1)

where ω is the angular vibration frequency, c is the blade chord and W is

the free stream flow velocity. The reduced frequency characterises the ratio

between the period of vibration and the time it takes for flow to travel from

the leading edge to trailing edge, and is a key parameter in the analysis of

flutter instability [3].
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For a given blade and disk geometry, the natural frequency and mode-

shape are unique for each blade-disk assembly mode, which are determined

by the modal content (nodal diameters and nodal circles) of the vibration

motion. It is thus sensible to refer to the blade-disk assembly modes by

their mode orders, such as the circumferential harmonic m and, less com-

monly, the radial harmonic n. Moreover, nodal diameters of the blade-disk

assembly modes rotate about the engine axis for a rotor, producing the

so-called ‘travelling waves’. In the work presented here the direction of

rotation for the rotor (and the fan) is defined in the positive θ direction.

Also, the forward travelling wave is defined for a positive rotation of nodal

diameter, where a positive convention of circumferential order m = +ND is

used. Conversely, backward travelling waves correspond to negative nodal

diameter rotation, and thus negative convention of circumferential order

m = −ND. For a blade row consisting of Nb uniform distributed blades,

the highest nodal diameter can be found as Nb

2 for even blade counts and
Nb−1

2 for odd blade counts.

The inter-blade phase angle (IBPA) is defined as the circumferential phase

lag between two consecutive blades

IBPA =
2πm

Nb
(2.2)

which is constant for a nodal diameter mode in the range between −180➦ and

180➦. Positive inter-blade phase angle represents forward travelling modes,

and negative inter-blade phase angle corresponds to backward travelling

modes. The inter-blade phase angle is an important parameter influenc-

ing the flutter stability of a blade row [13, 14]. For compressor rotors and

fans, flapwise bending modes usually suffer from flutter instability in for-

ward travelling modes with low inter-blade phase angle, whereas the torsion

modes tend to have the lowest aero-damping in forward travelling modes

close to 90➦ inter-blade phase angle [3].

It is common in the literature to refer to nodal diameter as circumferential

order (or circumferential harmonic) and nodal circle as radial order (or radial

harmonic). For clarity, the notation of nodal diameter (ND) and nodal circle

(NC) is used when discussing the vibration of blade-disk assembly modes,

and the (m,n) harmonic notation is used when discussing duct acoustic

modes.
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2.2 Aeroelastic Instabilities of Rotor Blades

The aeroelastic vibration of blades in turbomachines can be broadly cate-

gorised in two types: synchronous vibration and non-synchronous vibration.

The term ‘synchronous’ refers to vibration frequencies that are in sync with

(or harmonics of) the shaft speed of the rotor. Synchronous blade vibra-

tions are driven by the periodic forcing induced by the passing of rotor and

stator, which only occur at harmonic frequencies of the rotor shaft speed

(hence the name ‘synchronous’). On the other hand, non-synchronous vi-

brations (for instance flutter) occur at frequencies different from the shaft

speed harmonics. This section briefly describes these two types of blade

vibration and the interaction between vibration and duct acoustics.

2.2.1 Synchronous vibration

When the vibration is driven by the periodic forcing due to blades rotating

past a distorted pressure field (potential or wake), resonance can occur if the

frequency of excitation matches that of the natural frequency of the blade

vibration mode. In this situation, the blades vibrate with frequencies that

are harmonics of the shaft speed, and the vibration event is referred to as

‘synchronous vibration’. This type of aeroelastic instability is excited and

sustained by an external forcing, and is thus also known as ‘forced response’

[15].

Synchronous vibration can usually be identified based on the Campbell

diagram [16]. Figure 2.3 shows a typical Campbell diagram. In this plot,

the x axis is the rotor shaft speed and the y axis is the frequency. Syn-

chronous vibration occurs at the crossings between lines of constant shaft

speed harmonics (Engine Orders (EO)) and the lines of natural frequency

of blade modes, as shown by the red circle symbols in this figure. In such

situations, the vibration levels of the blade depend on

1. The magnitude of distortion, such as the wake.

2. Correlation between the unsteady pressure and the vibration mode.

3. The aerodynamic and mechanical damping present.

Although determining these parameters can be quite difficult at early design

stages of an engine, the Campbell diagram can be used to identify the regions
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Figure 2.3: Typical aeroelastic vibration events for a compressor.

where synchronous vibration can occur.

2.2.2 Non-synchronous vibration

The term ‘non-synchronous vibration’ is a general classification of vibration

events that occur at frequencies distinct from the engine order harmonics.

Depending on the source of excitation, non-synchronous vibration can be

broadly classified into three general types:

1. Unsteady flow driven

2. Flutter

3. Acoustic resonance

Unsteady flow driven

The first kind of non-synchronous vibration refers to blade vibrations driven

by coherent flow structures such as vortex shedding, buffeting and rotating

stall [17–19]. It is worth noting that this type of instability is sometimes

referred directly as ‘non-synchronous vibration’ or ‘NSV’ in the literatures.
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This type of vibration is usually self-excited due to the interaction between

the blade and the unsteady flow. It should be noted that, for this type of

instability, the unsteadiness in the aerodynamic flow is large scale in respect

to the mean flow (thus nonlinear), and the vibration motion is excited and

sustained by the unsteadiness of the flow. In such situations, the frequency

and inter-blade phase angle of the vibration motion are determined from

those of the unsteady aerodynamic excitation source. When the frequency

of excitation is close to the natural frequency of a blade mode, the two fre-

quencies can ‘lock in’ giving rise to high vibration levels, which may result in

high cycle fatigue failures (illustrated in Figure 2.3 with diamond symbols).

This type of instability presents one of the challenges in aeroelastic analysis

of modern turbomachinery designs.

Flutter

Flutter as a self-feeding aeroelastic instability presents one of the biggest

challenges in modern aero-engine designs. The mechanism of flutter is ex-

plained in Fung [17], and is briefly summarised here. The air flow past a

vibrating blade induces a transient variation of aerodynamic loading on the

blade surfaces. The induced transient aerodynamic loading (unsteady load-

ing), in return, interacts and modifies the blade motion. This interaction

between the unsteady aerodynamic force and the blade motion can lead to

the amplification or attenuation of vibration, which determines the aeroe-

lastic stability of the blade. An increase in vibration amplitude is unstable

when energy is transferred from the surrounding flow to the mechanical vi-

bration. Conversely, if the blade vibration is suppressed, the flow provides

positive damping by removing energy from the vibration motion. This type

of instability differs from that of previous section as the unsteadiness is

caused by the blade vibration.

Figure 2.4 shows a schematic diagram of typical flutter regimes for a com-

pressor. Stall flutter is one of the most common types of flutter in turbo-

machines. When a rotor operates near the stall line, shock wave movement,

boundary layer separation and radial flow migration on the suction surface,

driven by adverse pressure gradients, generate unsteady oscillatory forces

which have been shown to be the key parameters leading to compressor (or

fan) stall flutter [9]. It should be noted that the unsteady forces here are as
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Figure 2.4: Typical flutter regimes of a compressor.

a result of blade vibration. Subsonic stall flutter occurs at part speed near

the surge line and is driven by the interaction between the separated flow

(or flow migration) and the modeshape of the vibration, whereas supersonic

stall flutter is usually driven by shock induced boundary layer separation

on the suction surface [20]. Although the exact mechanism of compressor

stall flutter near surge is not yet fully understood, it usually occurs far from

the working line.

For long aspect ratio blades (other examples include aircraft wings and

wind turbine blades), classical flutter poses a threat which usually occurs at

low reduced frequencies due to the coupling between the flapwise bending

mode and the torsion mode [2]. The initiation of classical flutter does not

require the stalling of flow or attached shock wave, and is thus able to occur

in the vicinity of the working line. For modern turbomachinery blades, the

structural dynamic design usually ensures a relatively high frequency dif-

ference between the (low order) flapwise bending modes and torsion modes,

therefore mode coupling is unlikely to occur and classical flutter is not a

common event in turbomachines.

Flutter of rotor blades occur at frequencies non-synchronous with the
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engine order, which is illustrated in Figure 2.3 with the triangle symbols.

Unlike forced response, possible regions of flutter cannot be pre-determined

from the Campbell diagram without extensive numerical analyses (e.g. un-

steady CFD computations). It will be shown in this thesis that, in the

absence of mode coupling and stall, acoustic reflections are essential for

flutter. Therefore, it is very important to identify this type of flutter, as it

can occur very close to the working line of a compressor (as illustrated in

Figure 2.4). Therefore, one of the main focuses of this thesis is to develop a

new low-fidelity method which can be used in the design stages of an engine

to predict the regions that flutter is likely to occur (i.e. the triangle symbols

in Figure 2.3).

Acoustic resonance

The compressor operation generates various types of disturbances. Some of

these disturbances are deterministic in nature and are characterised by the

physical interactions between the blade and the flow. The examples of such

disturbances include the harmonics of rotor wakes, acoustic interaction tones

between rotor and stator [21], and perturbations generated by the vibration

of blades [22, 23]. For instance, the interaction of rotor wakes with its

downstream stator produces unsteady aerodynamic loading on the stator

blade surfaces, which contributes to one of the main sources of aero-engine

noise.

The excitation of blade vibration in a compressor due to acoustic distur-

bances is commonly referred to as acoustic resonance. Events of acoustic

resonance were observed and studied by Parker and his co-researchers [24–

26] for cascade vibration excited by vortex shedding from the trailing edge of

upstream flat plates. High intensity discrete frequency tones distinct from

the harmonics of blade passing were measured in various operating condi-

tions. The relationship between the resonance frequency and the vortex

shedding frequency was studied by varying the inlet air speed of the wind

tunnel. Events of resonance were measured at air speeds slightly above

the critical flow velocity for which the natural vortex shedding frequency

(characterised by the Stouhal number) equals the resonance frequency. The

recorded resonances were found to be the artifact of two dimensional stand-

ing waves in the cascade and in the test wind tunnel, which were later
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confirmed analytically by solving the wave equation for the test geometry.

Moreover, acoustic resonance can also occur when the generated acous-

tic perturbations are trapped between bladed structures in a multi-stage

system. This type of problem is driven by the fact that, unlike for fully con-

vected waves, acoustic waves propagating in a rigid-annulus cylindrical duct

can change from lossless transmission (cut-on) to exponential decay (cut-

off) [21]. The critical condition, usually defined as the cut-off frequency, is

a function of the duct geometry, flow Mach numbers and the order of mode

(a mathematical expression will be derived in the next chapter).

In a multi-stage compressor (or fan) system, the transition of acoustic

waves from cut-on to cut-off can occur at axial positions where a signifi-

cant change of mean flow swirl takes place, for instance across a rotor row.

Moreover, an incident acoustic wave can be partly transmitted and partly

reflected by a bladed structure [27]. Therefore, in the situation where the

propagation of acoustic waves is confined within the compressor duct due to

the barriers of cut-on/off transition and high-level reflections at blade rows,

acoustic modes can become ‘trapped’ between certain axial positions and

acoustic resonance for blades within this confined region can occur. This

type of ‘trapped mode’ resonance has been studied by many researchers

[28–30], and has been found to be responsible for some instances of large

amplitude non-synchronous blade vibrations.

Embedded blade row flutter

As introduced in the last section, the vibration of blades generate unsteady

perturbations which can propagate in the duct of a compressor. The gener-

ation of these disturbances depends on the flow condition, blade geometry

and modes of vibration. These disturbances propagate in the compressor

duct between blade rows as waves due to their harmonic nature. Upon im-

pinging on the adjacent blade rows, these propagating waves can be reflected

back towards the generation source (i.e. the vibrating blade in this case),

and interact with the vibration motion by altering the near blade unsteady

flow field. The process of acoustic propagation and reflection between blade

rows is illustrated in Figure 2.5. It should be noted that reflection can also

occur due to sudden change of impedance in the duct, such as the opening

of the intake. Hence the presence of a blade row may not be necessary
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Figure 2.5: Traces of acoustic waves generated by the vibration of rotor
blades.(Note: the wiggles of arrow are for illustration purposes
only.)

for reflection to occur. The acoustic reflections result in a change of blade

unsteady aerodynamic forces (such as unsteady lift and moment), and con-

sequently flutter can occur when the unsteady forcing becomes in phase

with the blade motion and the overall system damping becomes negative.

This type of flutter can occur for an embedded rotor in a multi-stage

compressor (or fan) in the absence of flow separation or passage shock, and

is thus much harder to predict (locate on the compressor map) at the design

stage of an engine. The possible region of occurrence for the acoustic re-

flection driven flutter is illustrated by the red circular region in Figure 2.4.

Whereas the flutter stability for an isolated rotor is predominantly deter-

mined by the flow on its blade surfaces, the flutter stability for an embedded

blade row in a multi-stage system can also be affected by the acoustic reflec-

tions from nearby structures (not only the immediately adjacent structures).

The typical reflecting structures include the stator vanes surrounding an

embedded rotor and the opening of the intake (or exhaust).

Conventional flutter analysis for such an embedded rotor usually involves

unsteady CFD computations of the isolated blade row models in an in-

finitely long duct with the assumption of negligible inter-row interactions.

It is becoming increasingly apparent that the effects of adjacent rows are

important and need to be accounted for. However, it is only recently that
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research has begun to investigate multi-stage effects [31, 32]. Since then,

very few publications can be found on this subject. The main findings of

these publications are summarised here.

Hall and Silkowski [33] and subsequently Silkowski and Hall [34] devel-

oped a coupled mode analysis calculating the aeroelastic response of a two-

dimensional blade row embedded in a multi-stage system. The flow field is

resolved using a linearised full potential flow model, and the neighbouring

blade rows are represented by transmission and reflection coefficients calcu-

lated using the linear cascade method developed by Whitehead [35]. The

final solution of the problem is achieved by considering prescribed blade

vibration and solving the assembled system of equations with transmission

and reflection coefficients and inter-row coupling. The analysis showed that,

aerodynamic damping of the embedded blade row can be significantly dif-

ferent from that predicted using an isolated blade row model. It was also

shown that mode scattering are found of relatively less importance. Hall

and Ekici [36] later extended this coupled mode method to accommodate

radial eigenmodes based on three-dimensional Euler equations. The de-

veloped method was validated against the results of Namba [37] on the

unsteady forcing of an oscillating two-row helical rotor blade. Comparison

of unsteady aerodynamic force on the blades confirmed that aerodynamic

damping of an embedded blade row can be significantly different from that

of the isolated setup. In a later work, Ekici and Hall [38] presented a har-

monic balance method for aeroelastic calculations of two-dimensional linear

and non-linear unsteady flows with the focus on multi-stage effects. By

comparing the predicted blade aerodynamic damping with those obtained

using a time-domain method and a time-linearised unsteady coupled mode

[34, 36], similar conclusions were drawn, signifying the importance of multi-

stage effects on the flutter stability of an embedded rotor.

Li and He [39] investigated the influence of rotor-stator axial gap on the

predicted aerodynamic damping of a rotor blade in a stage setup. Flut-

ter analysis was performed on a transonic compressor stage consisting of a

rotor and a downstream stator, where the rotor blade was excited in the

first torsion (1T) mode. Figure 2.6, taken from [39], shows the CFD pre-

dicted aerodynamic damping of the rotor blade as a function of rotor-stator

axial gap. It is obvious from the plot that the axial gap has a significant

influence on the flutter stability of the rotor, where a sinusoidal-like rela-
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Figure 2.6: Aerodynamic damping of a rotor blade in a stage setup as a
function of rotor-stator axial gap, taken from Li and He [39]

tionship can be identified. It was also shown that the change of blade count

has a moderate effect on the blade damping variation. Huang et al. [40]

conducted a similar analysis for the assembly of a stator and a rotor in a

steam turbine stage, where flutter analysis was carried out for a rotor blade

vibrating in the first flapwise bending (1F) mode. Predicted aerodynamic

damping of the rotor blade showed strong dependency on the axial gap

between the upstream stator and the rotor. The findings in these works

highlight the importance of multi-stage interactions, on flutter stability of

embedded blade rows, however, the paper did not provide any conclusive

physical explanations to the mechanism of interactions. Recently, Rahmati

et al. [41] conducted a series of flutter analysis of an isolated turbine cas-

cade (the same as that used by Huang et al. [40]), an isolated compressor

cascade and a transonic rotor-stator stage based on a frequency-domain

method. The calculated aerodynamic damping of the isolated turbine cas-

cade and the isolated compressor cascade showed adequate agreement with

the experimental measurements. Flutter analysis of the transonic rotor in

the stage setup again confirmed the previous findings that the neighbouring

stator has a significant impact on the predicted rotor blade aerodynamic

damping.

In a recent EU collaborative project [42] several organisations attempted

to predict the flutter of a core compressor test case but there was no general

agreement about whether the rotor blades would be stable or not. The
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discrepancy in predictions, besides the use of different computational codes,

comes from the differences in the treatment of boundary conditions and

the number of blade rows included in the simulation, indicating that the

flutter prediction of an embedded blade row is not an established technique.

Moreover, there are known cases in which the selection of the boundary

condition style (i.e. reflecting or non-reflecting) can dramatically change

the outcome of the computations (e.g. from stable to unstable) indicating

that acoustic reflections from the boundaries have a major impact on the

predicted stability.

In summary, the previous work on this subject can be broadly categorised

into three intertwined areas: study of the influence of neighbouring blade

rows, development of more efficient frequency domain numerical methods

and the investigation and revelation of the suitable computation domain

(i.e. number of blade rows to model). However, none of them addressed the

fundamental question as why and how does this interaction occur. It was

evident from these investigations that multi-stage effects are important for

the flutter stability of an embedded blade row, yet under what conditions the

multi-stage effects are most important are still unknown [36, 39]. Moreover,

can these effects be modelled in early design stages of an engine in a cost

efficient manner? Therefore, it is the aim of this thesis to address these

questions and bridge the knowledge gap to provide a comprehensive picture

of the physics behind the embedded blade row flutter.

2.3 Aeroacoustics of Axial-flow Compressors

As described in the last section, the flutter of an embedded blade row can

be driven by acoustic reflections from its adjacent structures in the absence

of flow separation. Therefore, the understanding of this type of flutter

requires the knowledge of acoustic waves originated from the vibration of

blade-disk assemblies. This section briefly reviews the established work on

the generation, propagation, transmission and reflection of acoustic waves

in axial flow compressors.
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2.3.1 Sound generation due to vibration

The vibration of blades induces a change of flow incidence and a change of

passage area which in return changes its unsteady aerodynamic loading [17].

This change of flow incidence and passage area generate disturbances in den-

sity, velocity and pressure around the blade surface, which can propagate

away from the blade. In annular cylindrical compressor ducts, these dis-

turbances can propagate along the engine axis (upstream and downstream)

away from the source in the form of waves. In the absence of flow sep-

aration, turbulent boundary layer and wakes, discrete frequency acoustic

waves and shed vorticies (inviscid vortical waves) can be generated due to

the vibration motion.

For the past few decades, extensive work has been done on sound gen-

eration by rotors, but the main focus has been wake induced rotor-stator

interaction tones [21] and broadband noise generation due to turbulence [44].

Very few publications can be found on the sound generation due to blade

vibration. Mani [45] obtained an approximate solution to acoustic wave gen-

eration by modelling the blades as point forces. Whitehead [22] and Smith

[23] individually studied the vibration of a two-dimensional linear cascade

consisting of thin flat plates at zero mean incidence, and the generation

of perturbations due to bending and torsional vibration. Properties of the

generated acoustic and vortical waves, such as the wavenumber, modal am-

plitude and phase, are found to be dependent on the blade geometry (such

as stagger, chord, camber and solidity), flow condition, vibration frequency

and inter-blade phase angle. Moreover, the comparison between experimen-

tal results and analytical predictions based on Smith shows that neglecting

the steady loading of the blade could contribute to under-estimation of the

amplitude of acoustic waves generated by blade vibration [23].

2.3.2 Propagation of acoustic waves

The unsteady perturbations generated by blade vibration can propagate in

the compressor duct in the form of waves: entropic wave, vortical wave

and acoustic wave [46]. The entropic wave, which carries the perturbation

of density, and the vortical wave, which carries the disturbances in vortic-

ity, are both convected downstream by the flow. Acoustic waves contain

perturbations in density, velocity and pressure, and can propagate in both
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the upstream direction and the downstream direction of the flow. There-

fore, a vibrating blade row in an annular cylindrical duct can generate an

upstream propagating acoustic wave, a downstream propagating acoustic

wave and convected entropic and vortical waves. It is worth noting that the

entropic and vortical waves are not affected by the ‘cut-off’ phenomenon

since they are fully convected by the flow. The theory of acoustic wave

propagation in annular cylindrical ducts is well established, and is covered

in detail in [21, 47].

2.3.3 Transmission and reflection of acoustic waves

An acoustic wave impinging on a blade row changes the unsteady aero-

dynamic loading of the receiving blade row by inducing a change of its

surrounding flow field. The blades, driven by the fluctuating unsteady lift,

react by emitting unsteady perturbations in its upstream and downstream

flow fields [22]. The emitted perturbations, in a similar form to those gen-

erated by a vibrating blade, manifest as propagating waves in the duct.

Therefore, the incident acoustic wave is observed to be partially transmitted

and partially reflected by a blade row. An upstream propagating acoustic

wave can be reflected into a downstream propagating acoustic wave and a

downstream propagating vortical wave, whereas a downstream propagating

acoustic wave induces reflections of only acoustic type (since vortical wave

cannot be convected upstream).

The transmission and reflection of acoustic waves by a flat plate cascade

was studied by Kaji and Okazaki [27, 48] for a uniform subsonic mean flow.

In the first part of Kaji and Okazaki’s work [48], a simple semi-actuator

disk method was devised with the assumption of infinitesimal blade spac-

ing, finite blade chord and zero camber. Perturbations of the unsteady flow

field were assumed to have wave-like solutions. Transmission and reflec-

tion coefficients of the incident acoustic wave were calculated by satisfying

the continuity of mass flow and conservation of total enthalpy at the lead-

ing edge and the trailing edge of the cascade. Transmission and reflection

coefficients were found to be a function of duct geometry, mean flow Mach

number, speed of sound, blade stagger and mode angle of the incident wave.

In the second part of Kaji and Okazaki’s work [27], transmission and re-

flection of acoustic waves by a blade row was studied using an acceleration
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potential method where the blades were treated as unsteady distribution

of pressure doublets. The effect of finite blade spacing was studied at the

‘sub-resonant’ (cut-off) and ‘super-resonant’ (cut-on) conditions. The ob-

tained results showed very similar trends with the results based on the

semi-actuator disk method [48] for cut-on conditions. Mani and Horvay

[49] studied the problem of arbitrary spacing flat plate cascade using the

Wiener-Hopf technique [50] by treating the blades as semi-infinite to solve

the ‘incidence problem’ (reflection) and ‘emission problem’ (transmission)

individually. The solutions were in a good agreement with Kaji and Okazaki

[48] at low acoustic wavelength to blade chord ratios, whereas the accuracy

deteriorates with the increase of this ratio. Ameit and Sears [51] studied the

same problem at the high limit of wavelength to chord ratio using a quasi-

steady Prandtl-Glauert analysis to obtain a good agreement with Kaji and

Okazaki [48]. Based on the work of Lane and Friedman [52], Whitehead [22]

studied the sound generation due to blade vibration and the transmission

and reflection of acoustic waves at a flat plate cascade of finite chord and

blade spacing. This was achieved by assuming harmonic wave-like solutions

which satisfy zero upwash and zero pressure jump at the blade surfaces. A

good agreement was obtained with the solutions by [48]. A similar method

to [22] was proposed by Smith [23] which treats the blades as a series of con-

tinuous singularity distributions. The final solution was obtained through

the summation of each singularity solution, and show a good agreement

with Kaji and Okazaki [48].

In the absence of bladed structures, reflection of acoustic waves can also

occur due to sudden change of duct impedance, for instance at the opening

of an intake. Rienstra [53] derived an analytical solution for the radiation,

reflection and scattering of acoustic modes at the opening of an exhaust

nozzle using a Wiener-Hopf technique [50], based on which the reflection

coefficient and power loss for an incident acoustic wave can be obtained.

Moreover, due to the axial geometry and flow variation in a compressor

duct, a cut-on acoustic mode can become cut-off as it propagates along (or

against) the axial direction. Resonance can occur at the interface between

cut-on and cut-off, resulting in a complete reflection of an incident wave

[54].
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2.4 Prediction Methods for Flutter

With the development of computing power, the use of numerical meth-

ods for aeroelastic predictions of turbomachinery components is becoming

widespread [55]. Based on the interaction treatment between the fluid and

the structure, these methods can be broadly categorised into two major

branches [55]: classical methods and integrated methods. The coupling ef-

fect between the fluid and the structure is modelled in the integrated meth-

ods, whereas it is neglected in the classical methods. This section briefly

reviews the established methods for flutter computations of turbomachines.

Classical methods deal with aeroelastic vibration in an uncoupled fashion,

where the effect of flow on structural vibration is ignored. The solution of

the problem is typically formulated as follows: the free vibration of blades

is first considered so that the modeshape can be obtained, which is followed

by the calculation of unsteady aerodynamic loading due to the imposed

modeshape (with arbitrary amplitude), and thus the blade flutter stability.

By doing so, the non-linear coupled fluid-structural system can be divided

into two linear uncoupled systems, which can be analysed separately (and

sequentially) with greatly reduced complexity. Whitehead [14] conducted

some early studies on the bending and torsion flutter of a two-dimensional

unstalled cascade based on the work of Lane [13] and Lane and Friedmann

[52]. It was found that flutter can occur at reduced frequencies below a criti-

cal value with a phase difference between the motion of neighbouring blades

(later known as the ‘inter-blade phase angle’). Methods later developed in-

clude the (semi-) actuator disk theories based on linearised cascade solutions

for small inter-blade phase angle [56–60], and the eigensolution methods for

the aeroelastic equations of motion based on linearised harmonic unsteady

aerodynamic coefficients expressed in the frequency domain [61–66].

Computations using the integrated methods are performed, usually based

on unsteady CFD computations, by coupling the blade motion with the flow.

This is achieved by means of either a fully integrated approach or a par-

tially integrated approach [55]. The fully integrated approach solves the

fluid and structural equations simultaneously at the same time step and

in a fully coupled fashion. However, this type of method requires care-

ful treatment of the grid discretisation and numerical algorithms [67], and

is normally not used in turbomachinery applications. The solution of the
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partially integrated method is obtained through separate computations of

the fluid and structural equations, where information is exchanged at every

(or fixed intervals of) time step on the interface boundary through bound-

ary conditions. In order to minimise the effect of time lag between the

fluid and structural computations, computations using the partially inte-

grated method require careful choice of time-stepping. One of the popular

approaches of the partially integrated method is the modal representation

form of the aeroelastic equations. In this approach, the structural model

is represented by the modeshapes of the vibration modes obtained from

the undamped eigensolutions using structural finite-element analysis, based

on which the global aeroelastic equations can be transformed into a form

of modal variables. The obtained modeshapes for the vibration modes of

concern are interpolated onto the aerodynamic mesh at the beginning of

the computation, and the exchange of information is carried out regularly

on blade surfaces at time step intervals. This type of method has been

applied to transonic wing flutter, which was the drive for its development,

and turbomachinery applications with a good degree of success [6, 68–72].

Moreover, a variation of the partially integrated method has been devel-

oped [73–75] where the fluid domain and the structural domain are both

modelled in a time-accurate fashion. The motion of the structure is calcu-

lated (using the structural model) from the aerodynamic loading (obtained

from the fluid dynamics model) of the previous time step, and the solution

is advanced in time by calculating the updated aerodynamic forces due to

the new structural positions. Since the solutions of the fluid model and

the structural model are obtained separately in a staggered order, coupled

fluid-structure aeroelastic computations can be carried out using different

solvers provided an efficient algorithm for the interface is devised.

Conventional analysis of such a coupled fluid-structure system usually

consists of finite-element methods for the structural model, and unsteady

three-dimensional Navier-Stokes aerodynamic flow solvers based on time do-

main methods or frequency domain methods [6, 76–80]. For time domain

methods, the unsteady flow solutions are marched in time with appropriate

temporal resolution for the frequency of concern. Linear as well as non-

linear aeroelastic interactions (such as limit cycle vibration) can be mod-

elled using the time domain based methods provided appropriate spacial

and temporal resolutions are specified. To capture the interaction between
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blade rows in a multi-stage system (such as the case for embedded blade row

flutter), the time domain methods usually require unsteady computations

of full annulus multi-row models with relatively small time steps (since the

solution contains harmonics of blade-passing frequencies), which poses very

high demands on computing power and time cost. In order to lower the com-

putational cost for unsteady multi-row analysis, methods for aerodynamic

flow solutions based on the frequency domain are sought. These methods

operate by transforming the aerodynamic flow equations into the frequency

domain, based on which solutions for selected frequencies can be obtained.

Classical frequency domain methods [36, 81–87] are those based on the as-

sumption that the unsteady flow field can be split into a time-independent

component (mean flow field) and a harmonic time-varying component (small

amplitude perturbation). The aerodynamic flow equations, either the invis-

cid Euler equations or the viscous Navier-Stokes equations, can then be

linearised and transformed into the frequency domain, which are solved for

the frequency of concern. Over the past few years, non-linear methods, such

as the non-linear harmonic balance methods, have been developed [88–91]

where the aerodynamic flow equations are transformed into the frequency

domain and solved for selected frequencies in a non-linear fashion, where

coupling between the frequencies are allowed (through the coupling terms

in the governing equations). The transformed aerodynamic flow equations

for multiple frequencies are non-linear in nature and are solved in an it-

erative approach. Accuracy of the final solutions are found to be highly

dependent on the number of harmonics included in the computation. Due

to the formulation of methods in the frequency domain, the computation

model can usually be reduced to single-passage by using periodic (phase-

lagged) boundary conditions. Moreover, certain treatments of boundary

conditions for turbomachinery applications, such as non-reflecting bound-

ary conditions [46, 92, 93], can be implemented in a straightforward fashion

as opposed to the time-domain methods.

The unsteady CFD flutter computations performed in this work are based

on a partially integrated approach using the modal representation form of

the aeroelastic equations. Computations are performed by assuming a high

blade-air mass ratio and neglecting the effect due to multi-mode coupling.

The methods used in this thesis are introduced in the next chapter.
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3 Computational Methods

This chapter briefly introduces the methodology of the computational mod-

els that is used throughout this work. Aerodynamic and aeroelastic models

employed by the CFD solver are presented along with strategies for un-

steady flutter computations. Additionally, a post-processing wave-splitting

method to decompose unsteady flow perturbations into propagating waves

is presented, which is essential for understanding the physics behind em-

bedded blade row flutter.

3.1 Aerodynamic Model

The aerodynamic solutions are obtained using a 3D, time-accurate, viscous,

finite-volume, Reynolds-averaged Navier-Stokes (RANS) compressible flow

solver [94].

The solver is based on the one-equation Spalart-Allmaras turbulence

model [95]. The parameters in Spalart-Allmaras have been adjusted on

previous fans and compressors to get a good agreement near the stability

limit; the parameters are held constant throughout the work. The flow

variables are represented on the nodes of a generic unstructured grid and

numerical fluxes are computed along the edges of the grid. The numerical

fluxes are evaluated using Roe’s flux vector difference splitting to provide

matrix artificial dissipation in a Jameson-Schmidt-Turkel (JST) scheme [96].

The overall solution method is implicit, with second-order accuracy in space

and time.

For steady-state flow computations, the solution is advanced in pseudo-

time using local time stepping and solution acceleration techniques such

as residual smoothing, while dual time stepping is used for time-accurate

unsteady computations. The unsteady flow cases are computed as unsteady

Reynolds-averaged Navier-Stokes (URANS), with the basic assumption that

the frequencies of interest are sufficiently far away from the frequencies of
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turbulent flow structures. The resulting CFD solver has been used over the

past 20 years for flows at design as well as off design conditions with a good

degree of success [12, 97, 98].

3.2 Aeroelastic Model

The aeroelastic computation is performed in a fluid-structure coupled fash-

ion based on the modal representation form. A brief summary of the aeroe-

lastic methods used in this work [6] is given below.

Structural dynamic finite-element analysis of the blade-disk assembly at

the shaft speed of interest is carried out (in the absence of air) to obtain the

natural frequencies ω and modeshapes Ψ from an undamped eigensolution.

As different meshes are commonly used for structural finite-element analysis

and CFD analysis, the obtained structural modeshapes are interpolated

onto the blade aerodynamic mesh in the form of principle coordinates. The

coupling of the structural motion and the aerodynamic solution is achieved

by the global aeroelasticity equations as

Mẍ+Cẋ+Kx = f (3.1)

where M , C and K represent the mass, damping and stiffness matrices of

the system, x is the blade displacement vector and f is the aerodynamic

force vector on the blade surface. The right hand side of the equation

represents the normal aerodynamic loading on the blade f = pδSn, where

p is the static pressure, δS is the local area under loading and n is the unit

normal vector on the blade surface. The aerodynamic force consists only of

normal unsteady pressure forces as the unsteady viscous shear stresses are

typically orders of magnitude smaller. The left hand side of Equation 3.1,

representing the blade structural response, is modeled using the obtained

mass-normalised modeshape matrix Φ

x = Φq (3.2)

where Φ = 1√
m
Ψ, m denotes the mass and q is the modal displacement

vector. The aeroelastic equations of motion can thus be transformed into
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modal variables as

ΦTMΦq̈ +ΦTCΦq̇ +ΦTKΦq = ΦTf (3.3)

where ΦTf represents the modal force vector. By applying the orthogonal-

ity properties of modes one obtains

ΦTMΦ =
1

m
ΨTMΨ = I (3.4)

ΦTCΦ =
1

m
ΨTCΨ =
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2ζω
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(3.5)

ΦTKΦ =
1

m
ΨTKΨ =







�

ω2

�






(3.6)

The final modal response equation for the blade mode j can thus be written

as

q̈ +
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q̇ +
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ω2
j
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q = ΦTf (3.7)

The aeroelasticity equations of motion (Equation 3.7) are advanced in

time using the Newmark-β method [99]. Energy transfer between the struc-

tural domain (internal of the blade) and the aerodynamic domain (external

to the blade) is carried out each time step through boundary conditions,

and the aerodynamic mesh is deformed accordingly using a spring analogy

[100] to follow the structural deflection.

3.3 Treatment of Boundary Conditions

Unlike CFD analysis of flow over aircraft wings or wind turbines, the inflow

and outflow boundaries for turbomachines are usually within one chord away

from the blade row of interest. The close proximity of flow boundaries drives

the development of non-reflecting boundary conditions so as to minimise the

numerical reflections of steady shocks and unsteady perturbations [46, 94].

In this work, two types of far-field flow boundary conditions are studied

[101]:
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1. Physical boundary conditions: total pressure, total temperature and

flow angle at the inflow boundary, and static pressure at the outflow

boundary.

2. Non-reflecting boundary conditions, by using characteristics variables

of Euler equations.

The first type of boundary conditions represents the minimum of physical

knowledge required for the resolution of a flow field. This type of boundary

conditions is most commonly used in turbomachinery applications however

is known to be numerically reflective for three-dimensional unsteady com-

putations. The numerical nature of this type of boundary conditions can

generate non-physical reflections due to outward propagating unsteady dis-

turbances. It has been demonstrated [46, 94] that the treatment of flow

boundary conditions can significantly affect the shock position due to its

close proximity to the blades. Experiences of past studies show that the

induced reflection depends on the complexity of the steady flow field (ra-

dial/circumferential flow profile, swirl, shock wave etc.) and the charac-

teristics of the outward propagating waves such as the nodal diameter and

axial wavenumber. The numerical reflections of these boundary conditions

provide little physical significance, however, they are used in this work to

study the impact of acoustic reflections from flow boundaries on the blade

aero-damping.

The second type of boundary conditions is based on the characteristics

of Euler equations [46], which are also known as the ‘Riemann invariants’

[101, 102]. The characteristics can be obtained from a general eigenvalue

solution of the linearised Euler/Navier-Stokes equations, and are constant

for the flow field in analysis, hence the name ‘invariants’. For a simple

one-dimensional axial flow, there exists three characteristics (or eigenval-

ues): U + a, U − a and U , where U denotes the axial flow velocity and a

is the speed of sound. The three characteristics in this case respectively

correspond to a downstream propagating acoustic wave, an upstream prop-

agating acoustic wave and a downstream convected wave (in this case an

entropic wave), where the value of the characteristic variables represents

their speed of propagation. It can be easily identified that acoustic waves

propagate with the Doppler shifted sound speed U + a and U − a (due to

the convection by the flow), and the speed of the convected wave U de-
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Figure 3.1: Variable area nozzle for exit flow.

pends fully on the flow. For two-dimensional and three-dimensional flow,

additional characteristics (convected vortical waves) are introduced corre-

sponding to the additional momentum equations. Applications of this type

of non-reflecting boundary conditions on turbomachines can be found in

[46]. It is worth noting that efficient exact three-dimensional non-reflecting

boundary conditions for time domain Navier-Stokes applications are yet to

be developed. Most of the existing non-reflecting boundary conditions em-

ployed by current CFD solvers, including the one used in this work, are

approximate treatments for unsteady analysis. Therefore, numerical reflec-

tions by the Riemann invariants boundary conditions can still occur in the

computations, however the amplitude of reflection is much smaller than that

due to the physical type of boundary conditions

For the steady state computations computed in this work, physical bound-

ary conditions (will be denoted as ‘PTBC’ onwards) are applied at the far-

field flow boundaries. These include the far-field flow boundaries outside

the intake for fan analysis, and the inflow boundary upstream of the inlet

guide vane (IGV) (or the ESS) of a whole compressor assembly. The exit

flow downstream of a fan stage or the outlet guide vane (OGV) of a whole

compressor assembly is controlled by a choked inviscid variable area nozzle.

An example of the exit flow nozzle is shown in Figure 3.1. The flow through

the nozzle is controlled by changing the angle of the nozzle (i.e. changing

the area ratio). It has been shown in [103] that the use of a choked exit flow

nozzle is advantageous when the radial distribution of the exit boundary

conditions is unknown. In steady state computations, the boundaries at the

interface between the stationary and rotating blade rows are modelled as
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mixing planes [104], and periodic boundary conditions are applied at the

interfaces between blades in the circumferential direction.

For unsteady time-accurate computations, the interfaces between station-

ary and rotating blade rows are modelled as sliding planes. For inlet and

outlet boundaries, non-reflecting boundary conditions based on Riemann

invariants (will be denoted as ‘RIBC’ onwards) are applied for most cases

(unless otherwise specified) to minimise numerical contaminations to the so-

lution. The effectiveness of the applied non-reflecting boundary conditions

is studied in detail in Section 7.5.

3.4 Strategies for Flutter Computation

The starting point for all flutter computations is the converged steady state

solution at the flow condition of interest. By treating the interfaces between

blade rows as mixing planes, steady state solutions are obtained for the

complete compressor (or fan) assembly (i.e. single passage assembly of all

the blade rows) using a single passage approach. The steady state solutions

for blade row(s) of interest are subsequently extracted from the complete

compressor (or fan) assembly solutions, and are expanded to full annulus

when required. From this point on, three types of flutter strategies are used:

1. Full annulus computation with blade displacement tracking.

2. Full annulus computation with prescribed blade motion.

3. Single passage computation with prescribed blade motion.

In the first approach, flutter computations are started by imposing a small

initial velocity on the blades for the modes of interest, and the time history

of the blade motion is tracked. Figure 3.2 shows two typical examples for

blade displacement time history. The vibration mode is unstable when the

amplitude of displacement grows with time (red) and stable for decreasing

vibration amplitude (blue). The aerodynamic damping of the blade can be

obtained from the logarithmic decrement δd (log-dec) of the displacement

amplitude as

ζ =
δd
2π

(3.8)
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Figure 3.2: Time history of blade displacement for an unstable mode (red)
and a stable mode (blue).

where ζ denotes aerodynamic damping. Positive aerodynamic damping cor-

responds to a stable blade and negative aerodynamic damping indicates flut-

ter. This type of approach allows flutter computations to be performed for

a range of blade modes (e.g. 1F and 1T) and all the nodal diameter modes

(assembly modes) simultaneously in a single simulation, which is very useful

when the unstable blade mode(s) and nodal diameter(s) are not known.

The second approach differs from the first approach in that flutter com-

putations are started by imposing a small and fixed amplitude motion of

the blades for a certain blade mode and nodal diameter, i.e. the blade vi-

bration motion is prescribed in a modal pattern which is not affected by the

aerodynamic loading. The prescribed blade motion is large enough to be

well outside the numerical ‘noise’, but small enough for the unsteady flow to

be well represented as linear. The imposed tip displacements are typically

of the order of 0.3% of the blade chord at the tip. The instantaneous lift on

the blade can be expressed as a contour integral over the surface as

l =

∮

pn · sdS (3.9)

where l is aerodynamic lift, pn is the local aerodynamic force vector as

introduced in Equation 3.1, s is the unit vector normal to the mean flow

and
∮

dS denotes the contour integral over the surface area.
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The flutter stability of the blade is calculated using an energy method

based on the work sum of aerodynamic loading. The aerodynamic work per

vibration cycle w is computed using

w =

∫

T

∮

pn · vdSdt (3.10)

where T is the period of vibration and v is the blade velocity vector in the

prescribed mode of vibration. In the absence of mechanical damping, pos-

itive work done corresponds to a net energy transfer from the surrounding

flow to the blade vibration, hence is an indication of flutter instability. On

the contrary, negative work done is associated with positive damping by the

aerodynamic forces and thus corresponds to a stable blade. Aerodynamic

damping can be computed from the work done per cycle as

ζ = − w

v20
(3.11)

where v0 is the amplitude of blade vibration velocity. When there is no

aerodynamic coupling between assembly modes, the first approach and the

second approach yields very similar blade aerodynamic damping (neglecting

the effect due to frequency shift).

The third approach and the second approach differ in the expansion of

blade passages, where a single passage of a blade row is computed by impos-

ing phase-lagged boundary conditions at the periodic boundaries. Blade-

disk assembly modes (nodal diameter) are simulated through the inter-blade

phase angle of the flow solutions on the two periodic boundaries. Aerody-

namic work done per cycle and aerodynamic damping are calculated in

a similar fashion as the second approach. For the second and third ap-

proaches, work done on the blade suction surface or pressure surface as

well as its spanwise distribution can be determined to identify the region of

instability.

For full annulus computations using the first or the second approach,

more than one blade row can be included in the unsteady computations by

means of sliding planes. Throughout this work, the first approach is used

to determine the unstable blade mode and nodal diameter in a high fidelity

multi-row setup which is capable of capturing the influence of adjacent blade

rows. Once the unstable mode is determined, the second approach is used
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for this particular blade mode and nodal diameter to study the behaviour

of acoustic waves (generation, propagation, transmission and reflections)

generated by blade vibration. Computations using the third approach is

constrained to a single passage single blade row setup. However they are

significantly less demanding on computational resources, and provide a cost

efficient way to study the influence of acoustic reflections (either from nu-

merical boundary conditions or physical structures) on flutter stability of

the rotor of interest. Therefore, most of the early investigative work re-

ported here is carried out using the third approach. It is worth noting that

the aim of this work is to predict the onset of flutter, and not the amplitude

of limit cycle vibrations, thus the use of the energy method (Strategy 2 and

3) is considered acceptable.

3.5 Method for Wave-splitting

In order to investigate the generation, propagation, transmission and re-

flection of acoustic waves generated by blade vibration, a wave-splitting

procedure based on Moinier and Giles [105] is performed in the compressor

duct (and intake) to obtain the properties of acoustic waves. A brief intro-

duction of the method is summarised here, and an outline of the method for

eigenmode decomposition for an inviscid flow solution is given in Appendix

I.

The decomposition of propagating 3D eigenmodes (into an upstream

propagating acoustic mode, a downstream propagating acoustic mode and

convected vortical and entropic modes) is performed by solving the Gen-

eralised Eigenvalue Problem matrix resulting from the linearised Navier-

Stokes equations. The Navier-Stokes equations are linearised with respect

to time to form the governing equations (in cylindrical coordinate system)

for the unsteady flow disturbances. Harmonic wave-like solutions are as-

sumed in time and axial and circumferential space. The solutions in the

radial direction are discretised with appropriate wall boundary conditions

applied at the hub and casing surfaces. The final governing equations can be

formed as a Generalised Eigenvalue Problem matrix, where the eigenvalues

correspond to the axial wavenumber of the wave-like solutions. The splitting

of modes can thus be achieved by identifying the direction of mode prop-

agation based on the corresponding axial wavenumber, and by evaluating
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the associated amplitude of unsteady pressure and entropic perturbations.

The solution of the Generalised Eigenvalue Problem is carried out nu-

merically based on the temporal and circumferential Fourier transformed

unsteady CFD solutions. Axial wavenumbers of propagating modes are

computed as the eigenvalues, and the radial distribution of modal ampli-

tude and phase are obtained from the eigenvector solutions. The overall

solution of the wave-splitting procedure is of second order accuracy with

fourth order artificial dissipation.

The wave-splitting procedure is used repeatedly in this thesis to study the

behaviour of propagating acoustic waves. Validation and comparison with

analytical solutions are carried out for various cases as will be presented in

Chapter 5 to Chapter 8.
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4 Formulation of Reduced Order

Model

4.1 Overview and Strategy

In order to study the influence of acoustic reflection on flutter stability of an

embedded blade row, the generation, propagation and reflection of acous-

tic waves due to blade vibration need to be modelled. The generation of

acoustic waves can be modelled numerically using a single passage single

row approach, which is computationally inexpensive and can be performed

routinely in the design stage. The propagation of acoustic waves is modelled

analytically for an axi-symmetric annular cylindrical duct, and the trans-

mission and reflection of acoustic waves are calculated based on analytical

theories for two dimensional cascades. Established analytical methods are

extended to model the propagation of acoustic waves in compressor duct

and reflection at blade rows. A comparison study is carried out to investi-

gate the accuracy and applicability of the proposed analytical method when

applied to three dimensional highly loaded blades.

Figure 4.1 illustrates the entire reflection process of acoustic waves orig-

inated from the leading edge and trailing edge of a vibrating embedded

rotor. The reflection process can be divided into three stages: (1) outward

propagation (from rotor to stator) in the duct between the blade rows,

(2) reflection at the stator and (3) backward propagation (from stator to

rotor). These three stages are illustrated in Figure 4.1 as three separate

components, namely outward, reflection and backward. Modal properties

of the generated acoustic waves, such as amplitude and phase, originating

from the leading edge and trailing edge of a rotor, are traced analytically

throughout the entire reflection process.

The calculated reflected waves can be used in two ways: (1) simplify the

CFD model to lower computational cost; (2) devise a low-fidelity analyt-
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Figure 4.1: Reflection process of acoustic waves generated by the vibration
of rotor blades.

ical flutter prediction model. The simplification of the CFD computation

model can be achieved by imposing the calculated reflected waves as un-

steady plane sources in the domain of the embedded blade row using a

single passage single-row approach instead of full annulus multi-row compu-

tations. Alternatively, a low-fidelity analytical model can be devised using

this information, which is capable of predicting the influence of acoustic re-

flection on aerodynamic damping of an embedded blade row by examining

the amplitude and phase of reflected acoustic waves.

4.2 Generation of Acoustic Waves

The vibration of blades generate unsteady perturbations which can be grouped

into three types of waves: entropic wave, vortical wave and acoustic wave

[46]. The frequency and nodal diameter of the generated unsteady pertur-

bations (and waves) are directly linked to those of the vibration mode, for

instance a 2ND vibration mode will excite all the radial harmonics of the

acoustic waves with the same circumferential order (as described in Sec-

tion 2.1). In the studies considered in this work, the mean flow is assumed

to be inviscid and homentropic in the absence of flow separations. There-

fore, the generation of entropic perturbation is neglected, and only acoustic

and vortical waves are considered.

The generation of waves is modelled numerically using unsteady single
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passage single-row CFD computations. Nodal diameter modes are cal-

culated using phase-lagged boundary conditions applied on the periodic

boundaries. Inflow and outflow boundary conditions are treated as non-

reflecting type (RIBC, Section 3.3) so as to minimise numerical reflections.

The blade vibration motion is prescribed with a fixed displacement ampli-

tude using the third flutter computation strategy (Section 3.4), and modal

force time history is tracked (right hand side of Equation 3.7). Finally,

a wave-splitting procedure (Section 3.5) is carried out, based on the tem-

poral Fourier transformed results of a fully developed vibration cycle, to

decompose the unsteady flow disturbances into propagating waves. Modal

properties, such as modal eigenfunction, axial wavenumber kx, modal am-

plitude A and phase φ, of the generated acoustic waves at the leading edge

and trailing edge of the rotor can be obtained and used as initial conditions

for the propagation analysis. For a given acoustic mode (m,n), the obtained

unsteady pressure associated with the outward propagating acoustic waves

at the leading edge and trailing edge of the rotor can be expressed as

pl−m,n = Al−
m,np

l−
m,n(r)e

i(−ωt+kl−xm,nx+mθ+φl−
m,n) (4.1)

pt+m,n = At+
m,np

t+
m,n(r)e

i(−ωt+kt+xm,nx+mθ+φt+
m,n) (4.2)

where p denotes the unsteady pressure, p(r) represents the radial eigen-

function of unsteady pressure and ω is the angular modal frequency. The

superscript l denotes waves located at the leading edge of the blade and t

denotes waves located at the trailing edge. Modes travelling against the ax-

ial direction (i.e. against the direction of flow) are denoted using superscript

−, and modes propagating in the positive axial direction are denoted using

superscipt +. The obtained unsteady pressure is assumed with a wave-like

solution which is harmonic in time t, axial space x and circumferential space

θ.

4.3 Propagation of Acoustic Waves in Cylindrical

Duct

For an annular cylindrical duct with hard-walled hub and casing surfaces,

the propagation of acoustic waves is characterised by the convected wave
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Figure 4.2: Acoustic waves generated by blade vibration at the leading edge
and trailing edge of a rotor.

equation
1

a2
D2p

Dt2
−∇2p = 0 (4.3)

where a is speed of sound. For a mean flow field with negligible radial

component, the above equation can be expressed in a cylindrical coordinate

system (x, r, θ) as

1

a2
∂2p

∂t2
+M2

x

∂2p

∂x2
+ (

Mθ

r
)2
∂2p

∂θ2
+ 2

Mx

a

∂2p

∂x∂t
+ 2

Mθ

ar

∂2p

∂θ∂t
+ 2Mx

Mθ

r

∂2p

∂x∂θ

=
∂2p

∂x2
− 1

r2
∂2p

∂θ2
+

1

r

∂p

∂r
+

∂2p

∂r2
(4.4)

where Mx and Mθ are the Mach numbers for the axial and tangential mean

flow (assuming tangential ‘wheel’ flow, i.e. Mθ ∝ r). The sign convention

of Mach numbers are chose so that positive values correspond to flow in

positive axial and circumferential directions.

Assume the solution is separable, i.e. p(x, r, θ, t) = p(x)p(r)p(θ)p(t), with

a wave-like form which is harmonic in time, axial space and circumferential

space, that is

p(x, r, θ, t) = Ap(r)ei(−ωt+kxx+mθ) (4.5)

Substitute Equation 4.5 into Equation 4.4 one obtains

(
ω

a
−Mxkx −Mθ

m

r
)2p = k2xp+ (

m

r
)2p− 1

r

∂p

∂r
− ∂2p

∂r2
(4.6)
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Let

µ2 = (
ω

a
−Mxkx −Mθ

m

r
)2 − k2x (4.7)

and Equation 4.6 becomes

r2
∂2p

∂r2
+ r

∂p

∂r
+ ((rµ)2 −m2)p = 0 (4.8)

Let ν = rµ and Equation 4.8 can be transformed into

ν2
∂2p

∂ν2
+ ν

∂p

∂ν
+ (ν2 −m2)p = 0 (4.9)

It can be seen that Equation 4.9 is in the form of the Bessel differential

equation of integer order m. The general solution of p can thus be expressed

using Bessel functions

pm = Am(Jm(ν) + χmYm(ν))ei(−ωt+kxx+mθ) (4.10)

or

pm = Am(Jm(µr) + χmYm(µr))ei(−ωt+kxx+mθ) (4.11)

where χm is a constant which equals zero for cylindrical ducts, and Jm and

Ym are the Bessel functions of the first and the second kind of order m.

By applying the impermeability boundary conditions at the hard-walled

hub and casing surfaces

dp

dr

∣

∣

∣

∣

r=rh

= 0,
dp

dr

∣

∣

∣

∣

r=rt

= 0 (4.12)

one obtains a set of simultaneous equations







J ′
m(µrh) + χmY ′

m(µrh) = 0

J ′
m(µrt) + χmY ′

m(µrt) = 0
(4.13)

which can be combined to give

J ′
m(µrh)Y

′
m(µrt)− Y ′

m(µrh)J
′
m(µrt) = 0 (4.14)

where rh and rt are the hub and casing radius of the duct, J ′
m and Y ′

m

are the derivatives of the Bessel functions of the first and the second kind.
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For a given hub radius rh, casing radius rt and circumferential order m,

Equation 4.14 has a set of infinite number of solutions in ascending order of

µ with corresponding coefficient χm = −J ′

m(µrt)
Y ′

m(µrt)
. The ascending solutions of

µ can be found to correspond to increasing radial order n of the propagating

acoustic modes. It is observed from Equation 4.7 and Equation 4.14 that the

variable µ has the same dimension as a wavenumber, and is dependent on

both the circumferential order m and the radial order n. Thus µ is referred

to as the radial-circumferential wavenumber krθ for the rest of this work.

The radial modal eigenfunction p(r) (Equation 4.1) can thus be found

using

pm,n(r) = Jm(krθm,nr) + χm,nYm(krθm,nr) (4.15)

The dispersion relation in Equation 4.7 can be written as

(k −Mxkx −Mθ
m

r
)2 = k2x + k2rθ (4.16)

where k = ω
a
is the free stream wavenumber.

The axial wavenumber kx of an acoustic mode with circumferential mode

order m is obtained as

kxm,n =
−Mx(k −Mθ

m
r
)±

√

(k −Mθ
m
r
)2 − krθ

2

m,n(1−M2
x)

1−M2
x

(4.17)

where a plus sign is chosen for modes propagating in the positive axial

direction (i.e. downstream propagating when Mx > 0) and a minus sign is

chosen for modes propagating in the negative axial direction (i.e. upstream

propagating when Mx > 0).

It can be seen from Equation 4.17 that the axial wavenumber can have

a complex value. Let kx = ℜ(kx) + iℑ(kx) and substitute back into Equa-

tion 4.11

pm,n = Am,n(Jm(krθm,nr)+χm,nYm(krθm,nr))e
−ℑ(kxm,n)xei(−ωt+ℜ(kxm,n)x+mθ)

(4.18)

It can be seen from Equation 4.18 that the unsteady pressure for a given

acoustic mode of order (m,n) is a temporal and spatial oscillatory function

with constant amplitude when ℑ(kx) = 0, i.e. the axial wavenumber is

real. This type of acoustic wave is referred to as ‘cut-on’ as it propagates

without attenuation in amplitude. On the contrary, the amplitude of the

unsteady pressure experiences exponential decay in positive axial direction
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when ℑ(kx) > 0 and in negative axial direction when ℑ(kx) < 0. These

correspond to ‘cut-off’ waves propagating in the downstream direction for

ℑ(kx) > 0 and upstream direction for ℑ(kx) < 0, as their modal amplitude

attenuates in the direction of propagation [105].

Therefore the condition for cut-on is given by

(k −Mθ
m

r
)2 ≥ krθ

2
m,n(1−M2

x) (4.19)

For supersonic mean axial flow (Mx > 1), the above condition is always

satisfied irrespective of modal properties. For subsonic mean axial flow

(Mx < 1), two conditions for cut-on can be found







k −Mθ
m
r
≥
√

krθ
2
m,n(1−M2

x)

k −Mθ
m
r
≤ −

√

krθ
2
m,n(1−M2

x)
(4.20)

and the corresponding critical frequency, known as ‘cut-on frequency’ or

‘cut-off frequency’, can be respectively obtained from







ωc+
m,n = aMθ

m
r
+ a
√

krθ
2
m,n(1−M2

x)

ωc−
m,n = aMθ

m
r
− a
√

krθ
2
m,n(1−M2

x)
(4.21)

where acoustic waves are cut-on for modal frequencies above ωc+ or below

ωc−.

The cut-on ratio σ is defined as







σm,n = ω

ωc+
m,n

(ω ≥ 0)

σm,n = ω

ωc−
m,n

(ω < 0)
(4.22)

which has a value above 1 for cut-on modes and below 1 for cut-off modes.

The propagation of acoustic waves in an annular cylindrical duct can be

thought of as following a spiral (or helical) path [47]. Figure 4.3 shows

an example of unsteady pressure contour of an upstream propagating 2ND

acoustic wave in a blade-to-blade view. For the case shown here, the fre-

quency of excitation is above the cut-on frequency. Acoustic waves prop-

agate in the axial and circumferential direction with a constant amplitude

which manifests as a ‘spiral’ pattern around the annulus. The angle of the
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Figure 4.3: Unsteady pressure contour of an upstream propagating 2ND
acoustic wave.

wave front with respect to the engine axis α can be determined from the

dispersion relation of Equation 4.16 as [106]

αm,n = cos−1(
ℜ(kxm,n)

k −Mxℜ(kxm,n)−Mθ
m
r

) (4.23)

Based on the obtained axial wavenumber using Equation 4.17, the axial

phase change of the outward and backward propagations in the duct (as for

the example illustrated in Figure 4.4) can be calculated as

δφ−
m,n =

∫ L

kx
−
m,ndx (4.24)

δφ+
m,n =

∫ L

kx
+
m,ndx (4.25)

where δφ denotes the axial phase change of the propagation and L is the

axial distance of propagation. The superscript − denotes upstream prop-

agating acoustic waves and + denotes downstream propagating waves. As

the hub and casing wall profile normally varies slowly in the axial direction

of compressor ducts, the change in modal amplitude and axial wavenum-

ber during the outward and backward propagation is usually small and can

be neglected in the computations. Hence Equation 4.24 and 4.25 can be
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Figure 4.4: Propagation of acoustic waves in the duct between a rotor and
its upstream stator.

approximated as

δφ−
m,n = kx

−
m,nL (4.26)

δφ+
m,n = kx

+
m,nL (4.27)

For cases where the axial variation of duct geometry is significant, which

results in a non-negligible amplitude variation, the propagation of acoustic

waves can be modelled using [107, 108], where sound transmission in a slowly

varying duct is described by means of multiple-scales solutions.

The validation and application of the above analytical solution are carried

out in the following chapters by comparing results with those obtained using

a wave-splitting procedure (Section 3.5).

4.4 Transmission and Reflection at a Blade Row

Based on the method presented in the last section, the propagation of acous-

tic waves in the duct between blade rows (Figure 4.4) can be modelled an-

alytically. In order to complete the model, i.e. trace the acoustic waves

throughout the entire reflection process as illustrated in Figure 4.1, trans-

mission and reflection at a blade row is calculated next, which is illustrated
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Figure 4.5: Transmission and reflection of acoustic waves at a blade row.

in Figure 4.5.

Established approach

Acoustic waves propagating in the compressor duct can be reflected by

bladed structures. When an acoustic wave impinges on a blade row, some

of this incident acoustic energy is transmitted, and some of it is reflected.

The transmission and reflection of acoustic waves for a two dimensional

cascade has been studied by many researchers [22, 23, 27, 48, 51]. A brief

review of these established methods has been presented in Section 2.3.

Consider an upstream propagating acoustic wave impinging on a flat plate

cascade (Figure 4.6a) in a uniform subsonic mean flow. Part of the incident

acoustic wave is reflected and part of it is turned by the cascade to propagate

through the passages and transmits into the upstream field. The propaga-

tion of acoustic waves in the blade passages is considered one dimensional

and parallel to the blades. When the blades have zero loading (zero inci-

dence), the cascade induces zero turning on the flow resulting in a uniform

flow field across the cascade. Therefore, the acoustic waves propagating in

the upstream field share identical modal properties, such as axial wavenum-

ber and spiral angle, as those propagating in the downstream field. The

same principle applies to a downstream propagating acoustic wave imping-
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Figure 4.6: Illustration of (a) a flat plate, (b) a cambered blade and (c)
an approximation of a cambered blade using multiple flat plate
sections.

Figure 4.7: Transmission and reflection of an upstream propagating acoustic
wave at a flat plate cascade.
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Figure 4.8: Transmission and reflection of an upstream propagating acoustic
wave at a cambered blade cascade.

ing on a flat plate cascade. This type of problem, illustrated in Figure 4.7,

was studied by Kaji and Okazaki using a semi-actuator disk method [48]. A

special condition was obtained where the modal angle of the incident wave

coincides with the blade stagger, leading to unity transmission and zero

reflection as the incident wave transmits through the cascade unimpeded.

When the blades are cambered (Figure 4.6b), the local stagger angle at

the blade leading edge (i.e. inlet metal angle) is different to that at the

trailing edge (i.e. exit metal angle) as can be seen in Figure 4.8. The

flow induces aerodynamic loading (lift) on the blade since the mean flow

angle in the upstream field is different to that in the downstream field.

Therefore in this case, acoustic waves propagating in the upstream field no

longer share the same modal properties with those in the downstream field

(see Equation 4.17 and 4.23). Thus the same mode that is cut-on in the

downstream field may be cut-off in the upstream field, and consequently

a transition from cut-on to cut-off (or cut-off to cut-on) can occur across

a blade row. Moreover, instead of a one dimensional path parallel to the

blades, the propagation of acoustic waves in the cascade passages follows the

blade curvature. Consequently, the special condition of unity transmission

and zero reflection described by Kaji and Okazaki [48] does not exist as

work is put in by the blades to turn the incident acoustic wave.

One of the major drawbacks of the semi-actuator disk method, and many
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Figure 4.9: Transmission and reflection of an upstream propagating acoustic
wave at a cascade consisting of blades in two flat plate sections.

established works, is the lack of camber and flow turning modelling, which

requires a varying mean flow field across the cascade. For typical turboma-

chinery blades the camber of the stators and the change of flow angle across

a blade row is significant enough so that it should not be neglected. There-

fore, an analytical method is devised here which is capable of modelling

blade camber and the change of mean flow angle across the cascade. The

formulation of the model follows closely to the semi-actuator disk method

by Kaji and Okazaki [48].

Improved method with flow turning

The analytical solution for an acoustic wave impinging on a cascade of

cambered blades from downstream is presented here. The solution of an

acoustic wave impinging on a cascade of cambered blades from upstream

can be obtained in a similar fashion, and is therefore not included here.

A cambered blade can be (ideally) considered as the assembly of an in-

finite series of connecting flat plate sections with incremental changes of

stagger angle (as illustrated in Figure 4.6c). In the absence of vorticity
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(potential flow), the turning of flow by this blade is achieved discretely at

the joints of connecting sections. Consider the simplest approximation of

a cambered blade: two connecting flat plate sections as illustrated in Fig-

ure 4.9. The stagger of the front section is aligned with the inlet metal angle

of the cambered blade and the stagger of the rear section is aligned with

the exit metal angle. In Figure 4.9 the cambered cascade (thick black lines)

is shown in the axial-transverse coordinate system. The blue lines and text

represent the station name (used as subscript subsequently): u denotes the

upstream field just in front of the leading edge; d denotes the downstream

field just aft the trailing edge; l denotes the flow field in the blade passage

just aft the leading edge; t denotes the flow field in the blade passage just

in front of the trailing edge; ml and mt denote the flow field in the blade

passage just in front of and aft the section joint.

The mean flow enters the cascade with a velocity Wu and a flow angle θu

equal to the stagger of the front section (i.e. zero incidence), and exits with

a velocity Wd and a flow angle θd equal to the stagger of the rear section

(Kutta condition). The turning of the mean flow is achieved wholly at the

joint between the two blade sections (i.e. at the interface x = 0 between ml

and mt).

For the case of acoustic wave impinging on the cascade from the down-

stream side, upstream of the cascade there exists a transmitted acoustic

wave κ1, and downstream of the cascade there exist three waves: an inci-

dent acoustic wave κ0, a reflected acoustic wave κ2 and a reflected vortical

wave κ3 (neglecting entropic perturbation). In the blade passages, two

acoustic waves κl4 and κl5 propagate in the front section passages, and two

acoustic waves κt4 and κt5 propagate in the rear section passages. Note κ is

used only to denote propagating and convected waves, and mode scattering

is not considered here.

The vortical wave, which is purely convected by the flow, contains only ve-

locity perturbations and has its direction of travel determined by the mean

flow. On the other hand, acoustic waves contain unsteady perturbations

in density, velocity and pressure, and can propagate with angles different

from the convected waves depending on their frequency and wavenumbers.

Mode angles of the incident acoustic wave α−
d , the transmitted acoustic

wave α−
u and the reflected acoustic wave α+

d can be individually obtained

from Equation 4.23 based on their respective wavenumbers. The propaga-
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tion of acoustic waves inside the cascade passages is considered to be one

dimensional and parallel to the blade sections.

For small amplitude perturbations in an inviscid flow, the equations for

the unsteady flow field can be described using the linearised Euler equations

in a two-dimensional space as

∂ρ

∂t
+ U

∂ρ

∂x
+ V

∂ρ

∂y
+R

∂u

∂x
+R

∂v

∂y
= 0 (4.28)

∂u

∂t
+ U

∂u

∂x
+ V

∂u

∂y
= − 1

R

∂p

∂x
(4.29)

∂v

∂t
+ U

∂v

∂x
+ V

∂v

∂y
= − 1

R

∂p

∂y
(4.30)

where R, U and V denote the density, axial velocity and transverse velocity

of the mean flow field, and ρ, u, v and p denote the density, axial velocity,

transverse velocity and pressure for the perturbed field. The variables are

arranged so that the upper case symbols denote the variables of the mean

flow field, and the lower case symbols denote the variables of the perturbed

field. This notation is maintained throughout this section.

The solution for the unsteady perturbation is assumed separable, e.g.

p(x, y, t) = p(x)p(y)p(t), with a wave-like form which is harmonic in time,

axial space and transverse space, that is

ϕ = Aϕe
i(−ωt+kxx+kyy) (4.31)

where ϕ denotes the variables of unsteady perturbation (which can be ρ, u,

v or p), A is the amplitude of perturbation, ω is the perturbation frequency,

kx is the axial wavenumber and ky is the transverse wavenumber (which

is equivalent to the radial-circumferential wavenumber krθ in a cylindrical

duct).

In order obtain the transmission coefficient and the reflection coefficient,

i.e. the relationship between the transmitted wave κ1 and the incident wave

κ0 and between the reflected wave κ2 and the incident wave κ0, a total of

7 boundary conditions are required for 8 unknown waves (7 acoustic waves

and 1 vortical wave as illustrated in Figure 4.9).

The boundary conditions for the unsteady perturbations at the leading

edge and the trailing edge interfaces of the cascade are defined as follows

(b.c. 1) Continuity of mass flow at the leading edge
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(b.c. 2) Conservation of total enthalpy at the leading edge

Ruuu + Uuρu = (Rlwl +Wlρl) cos θu (4.32)

pu
Ru

+ Uuuu + Vuvu =
pl
Rl

+Wlwl (4.33)

(b.c. 3) Continuity of mass flow at the trailing edge

(b.c. 4) Conservation of total enthalpy at the trailing edge

(b.c. 5) Flow at the trailing edge must satisfy the Kutta condition

wt cos θd = ud (4.34)

wt sin θd = vd (4.35)

pt = pd (4.36)

To obtain the relationship between the transmitted acoustic wave κ1,

the reflected acoustic wave κ2 and the incident acoustic wave κ0, two more

boundary conditions are required at the joint between the two blade sections

(b.c. 6) Continuity of mass flow at the section joint

(b.c. 7) Conservation of total enthalpy at the section joint

(Rmlwml +Wmlρml) cos θu = (Rmtwmt +Wmtρmt) cos θd (4.37)

pml

Rml
+Wmlwml =

pmt

Rmt
+Wmtwmt (4.38)

The above equations (Equation 4.32 to 4.38) make up for a total of 7

boundary conditions, and can thus be applied to solve for the relationship

between any two waves. In order to obtain the relationship of unsteady

pressure between the transmitted/reflected wave and the incident wave,

characteristic relations of the propagating waves are introduced to eliminate

the density and velocity perturbation terms.

The characteristic relations for waves κ0, κ1, κ2 and κ3 propagating in

a two-dimensional cartesian space (in the upstream and downstream fields)

can be obtained by substituting the harmonic solutions (Equation 4.31) into
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the linearised Euler equations (Equation 4.28 to 4.30), which gives

p0 = − adRd

cosα−
d

ud = − adRd

sinα−
d

vd (4.39)

p1 = − auRu

cosα−
u

uu = − auRu

sinα−
u

vu (4.40)

p2 =
adRd

cosα+
d

ud = − adRd

sinα+
d

vd (4.41)

(ad − Ud cosα
−
d )u3 = Ud sinα

−
d v3 (4.42)

where a is the speed of sound. Similarly for the one dimensional propagation

of acoustic waves κ4 and κ5 in the blade passages the relation is given by

p = ±aRw (4.43)

where the + sign is chosen for the downstream travelling wave and the − is

chosen for the upstream travelling wave.

Rearranging Equations 4.32 to 4.38 and substitute in the above charac-

teristic relations and the isentropic flow relation for small amplitude per-

turbations p = a2ρ, one obtains

(Mu − cosα−
u

cos θu
)p1 = [(1 +Mu)p

l
5 − (1−Mu)p

l
4] (4.44)

[1−Mu cos(θu − α−
u )]p1 = [(1 +Mu)p

l
5 + (1−Mu)p

l
4] (4.45)

− cos θdp
t
4 + cos θdp

t
5 = − cosα−

d p0 + cosα+
d p2 + adRdu3 (4.46)

− sin θdp
t
4 + sin θdp

t
5 = − sinα−

d p0 − sinα+
d p2 + adRdv3 (4.47)

pt4 + pt5 = p0 + p2 (4.48)

(1 +Mu)p
ml
5 − (1−Mu)p

ml
4 =

au cos θd
ad cos θu

[(1 +Md)p
mt
5 − (1−Md)p

mt
4 ]

(4.49)

(1 +Mu)p
ml
5 + (1−Mu)p

ml
4 =

Ru

Rd
[(1 +Md)p

mt
5 + (1−Md)p

mt
4 ] (4.50)

where M denotes the flow Mach number.

The complex transmission coefficient ηT and the reflection coefficient ηR

can be obtained by rearranging Equations 4.44 to 4.50 and eliminating the

unknown unsteady perturbations. For clarity, the complete solution of this

problem from this point on is not shown here, and is given in Appendix II
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instead.

The complex transmission coefficient ηT and the reflection coefficient ηR

are obtained as

ηT =
p1
p0

(4.51)

ηR =
p2
p0

(4.52)

where the amplitude ratio of the transmission coefficient and reflection co-

efficient are obtained as |ηT | and |ηR| respectively. The phase change trans-
mitting through and reflecting from the cascade can be obtained from the

argument of the complex coefficients

δφT = arg ηT (4.53)

δφR = arg ηR (4.54)

The proposed method can be easily extended by discretising the cam-

bered blade into Ns connecting blade sections (Ns > 2) with 2Ns acoustic

waves propagating in the passages. The introduction of 2(Ns−1) additional

unknown waves in the blade passage can be treated with 2(Ns − 1) addi-

tional boundary conditions at the corresponding interfaces of section joints

as demonstrated by Equation 4.37 and 4.38

(Rjlwjl+Wjlρjl) cos θjl = (Rjtwjt+Wjtρjt) cos θjt (j = 1, Ns−1) (4.55)

pjl
Rjl

+Wjlwjl =
pjt
Rjt

+Wjtwjt (j = 1, Ns − 1) (4.56)

where j denotes the index of the blade section joint.

The above method is developed based on the assumption that the stagger

of the most forward section aligns with the upstream mean flow angle, i.e.

zero incidence. In reality, the upstream mean flow angle can be different

from the inlet metal angle (i.e. non-zero incidence) for different levels of

blade loading as illustrated in Figure 4.10. This can be treated by simply

modifying the mean flow triangle in the upstream field in Equation 4.32 and

4.33 as

Ruuu + U∗
uρu = (Rlwl +Wlρl) cos θu (4.57)

pu
Ru

+ U∗
uuu + V ∗

u vu =
pl
Rl

+Wlwl (4.58)
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Figure 4.10: Transmission and reflection of an upstream propagating acous-
tic wave at a cascade consisting of blades in two flat plate
sections with non-zero mean flow incidence.
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where U∗
u and V ∗

u are the velocity components of the upstream flow field,

which gives the upstream mean flow angle θ∗u = tan−1 V ∗

u

U∗

u
. Similarly, the

flow leaving the blade trailing edge can have a different angle from the exit

metal angle due to flow separation. This effect is however not modelled in

the current work since the main objective is to study the acoustic behaviour

and flutter in the absence of flow separation. Moreover, accurate prediction

of the change of flow angle at the blade trailing edge requires high-fidelity

numerical simulations which defeats the fundamental purpose of this work.

The devised analytical method can be applied to the transmission and

reflection of acoustic waves at a cascade consisting of cambered blades for a

wide range of flow conditions and wavenumbers. It can be easily shown that

when the cascade in study consists of zero-camber flat plates, the devised

method converges to the semi-actuator disk method by Kaji and Okazaki

[48]. The proposed analytical method is computationally efficient, as it does

not require any numerical iterations, which makes it ideal for predictions at

the early design stages of an engine. It is worth mentioning that infinitesimal

blade spacing is assumed so that the effect of solidity is not represented by

the model. Based on the results obtained from unsteady CFD computations,

it will be shown that the effect of solidity on the amplitude and phase

change of acoustic transmission and reflection at a blade row is negligible

for highly cut-on modes. Furthermore, effects of radial mean flow profile

is not accounted for in the above method which is developed for a two

dimensional flow past a cascade.

The validation and application of the above analytical solution are carried

out in the following chapters by comparing results with those obtained using

a wave-splitting procedure (Section 3.5). The effectiveness of the improved

method concerning mean flow turning is studied and validated in Chapter 8.

4.5 Acoustic Reflection from the Intake

In the absence of bladed structures, acoustic waves can also be reflected

at the opening of an intake where a sudden change of duct impendence

occurs. Hence acoustic waves generated by the vibration of fan blades can

propagate upstream in the intake and be reflected back towards the rotor.

This phenomenon is illustrated schematically in Figure 4.11.

The reflection process of acoustic waves originated from the fan leading
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Figure 4.11: Reflection and radiation of acoustic waves at the intake open-
ing.

edge can be divided into three stages: (1) outward propagation in the intake

duct, (2) reflection at the intake highlight and (3) backward propagation in

the intake duct. The outward and backward propagation in the intake duct

can be calculated in the same way as shown in Section 4.3.

Upon reaching the opening of the intake, part of the incident acoustic

energy is radiated outwards into the farfield, and part of it is reflected

back towards the fan. The scattering of acoustic modes in such a condition

was studied by Rienstra [53] where sound radiates from the opening of a

cylindrical exhaust duct in a uniform subsonic mean axial flow. The acoustic

scattering coefficients were obtained by matching the perturbed acoustic

fields along the trailing streams of the casing wall using a Wiener-Hopf

technique [50]. This method is adopted in this work for the calculations of

acoustic reflection from the intake opening, and an outline of the method is

briefly introduced below.

Consider an acoustic wave propagating in a uniform subsonic mean axial

flow with density R, axial velocity U and pressure ps inside an annular

cylindrical duct consisting of a semi-infinite casing wall and an infinite hub.

Reflection and radiation of sound occur as the incident wave exits the duct

opening. This problem is illustrated in the meridian view in Figure 4.12. By

considering the unsteady flow field as a superposition of a time-independent

mean flow field and a time varying perturbation field (with density R+ ρR

and pressure ps+a2pR), the governing equations for the linearised flow field

86



Figure 4.12: Flow field and the scatter of acoustic waves at the duct opening.
[53]

can be expressed, using the velocity potential Φ, as follows

∂ρ

∂t
+M

∂ρ

∂x
+∇2Φ = 0 (4.59)

∂Φ

∂t
−M

∂Φ

∂x
= −p (4.60)

where p = ρ is the dimensionless unsteady pressure and M = U
a
is the flow

Mach number.

The pressure perturbation (similarly for the potential) of the incident

acoustic wave pi−m,n, consisting of the (m,n) duct mode, propagating inside

the duct (x 6 0) can be expressed in the harmonic form of

pi−m,n =







pm,n(r)e
i(−ωt+kx

+
m,nx+mθ) (h < r < 1)

0 (1 < r < ∞)
(4.61)

where h denotes the hub/tip ratio of the duct. It is assumed that the

amplitude of perturbation is small enough to satisfy linearisation. The

radial eigenfunction pm,n(r) and axial wavenumber kx
+
m,n can be obtained

from the end-wall boundary conditions in a similar fashion as shown in

Section 4.3.

The governing equations in Equation 4.59 and 4.60 can be combined and

expressed in terms of the potential of the scattered field φs as

[

∂2

∂r2
+

1

r

∂

∂r
− m2

r2
+

∂2

∂x2
− (ik +M

∂

∂x
)2
]

Φs = 0 (4.62)
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where k = ωrt
a

is the dimensionless wavenumber and the potential of the

scattered field Φs is calculated by subtracting the potential of the incident

wave, i.e. Φs = Φ− Φi−. The above equation is in a similar form with the

form of the convected wave equation in Equation 4.6, and can be solved

using the following boundary conditions

1. Impermeable end-walls: ∂Φs

∂r
= 0 for r = h, or r = 1 and x < 0.

2. Unsteady pressure pi−m,n− (ik+M ∂
∂x
)Φs is continuous across r = 1 for

x > 0.

3. The potential of the scatter field Φs radiating outwards towards infin-

ity.

The discontinuity at the trailing stream behind the casing wall is modelled

by a shed vortex parameter, which is not applicable for the intake problem.

By performing Fourier transforms of variables in x coordinate and satisfying

the aforementioned boundary conditions, the solution of Equation 4.62 can

be obtained by means of the Wiener-Hopf technique through mode matching

along the trailing stream of the casing wall. For the detailed analytical

solutions of this problem the reader is referred to [53].

The complex reflection coefficient ηI for the mode (m,n) can be obtained

from the ratio between the pressure perturbation of the reflected wave and

the incident wave

ηIm,n =
pi+m,n

pi−m,n

(4.63)

which is found to be a function of duct geometry, flow Mach number and

mode order (m,n) of the incident acoustic wave. The amplitude ratio of

reflection coefficient is calculated as |ηIm,n| and the phase change at the

intake highlight δφI
m,n is found as the argument of ηIm,n

δφI
m,n = arg ηIm,n (4.64)

The validation and application of the above analytical solution are carried

out in Chapter 6 by comparing results with those obtained using a wave-

splitting procedure (Section 3.5).
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Figure 4.13: Traces of acoustic waves generated by the vibration of embed-
ded rotor blades.

4.6 Resultant Near Blade Unsteady Pressure

Field

Having obtained the amplitude variation (Equation 4.52) and phase change

(Equations 4.54) of acoustic waves reflecting from a blade row, modal con-

tent of the reflected waves at the leading edge and trailing edge of the

embedded rotor can be calculated. Figure 4.13 illustrates the complete re-

flection process for acoustic waves (generated by blade vibration) from the

immediately adjacent stators.

The phase of the reflected wave at the leading edge and trailing edge of

the embedded rotor can be expressed as

φl+
m,n = φl−

m,n + δφu−
m,n + δφuR

m,n + δφu+
m,n (4.65)

φt−
m,n = φt+

m,n + δφd+
m,n + δφdR

m,n + δφd−
m,n (4.66)

where superscripts l+ denotes (reflected) downstream propagating acoustic

wave at the leading edge, and t− denotes (reflected) upstream propagating

acoustic wave at the trailing edge. Hence the reflected acoustic waves at

the leading edge and trailing edge of the rotor can be expressed as

pl+m,n = |ηuRm,n|Al+
m,n(Jm(krθ

l
m,nr) + χl

m,nYm(krθ
l
m,nr))e

i(−ωt+kx
l+
m,nx+mθ+φl+

m,n)

(4.67)
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Figure 4.14: Traces of acoustic waves generated by the vibration of fan
blades.

pt−m,n = |ηdRm,n|At−
m,n(Jm(krθ

t
m,nr) + χt

m,nYm(krθ
t
m,nr))e

i(−ωt+kx
t−
m,nx+mθ+φt−

m,n)

(4.68)

Similarly, the reflected acoustic waves from the intake, as illustrated in

Figure 4.14, can be expressed as

pl+m,n = |ηIm,n|Al+
m,n(Jm(krθ

l
m,nr) + χl

m,nYm(krθ
l
m,nr))e

i(−ωt+kx
l+
m,nx+mθ+φl+

m,n)

(4.69)

where

φl+
m,n = φl−

m,n + δφu−
m,n + δφI

m,n + δφu+
m,n (4.70)

Furthermore, in situations where the upstream and the downstream fields

of the embedded rotor are both cut-on, acoustic waves reflected from the up-

stream and downstream structures can transmit through the embedded ro-

tor. This situation is illustrated in Figure 4.15 where the unsteady pressure

field near the rotor is shown. The transmission of acoustic waves through

the rotor blades can be analysed in a similar fashion as that described

in Section 4.4 (apart from a change of the frame of reference). In the-

ory, the transmitted waves, ptT+
m,n and plT−

m,n, can travel to the upstream and

downstream structures resulting in a second reflection, and consequently a

third and so on. Similarly, for the vibration of an embedded rotor inside a

multi-stage compressor, the outgoing acoustic waves can transmit through
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Figure 4.15: Transmission of the reflected waves at the embedded rotor.

the immediately adjacent stators and reflect from blade rows farther away.

However, the amplitude of these reflected acoustic waves (through multiple

transmissions and reflections as opposed to direct reflection from the imme-

diately adjacent stators) is usually very small, and is thus neglected in the

analysis.

In conclusion, it has been shown in this chapter that the complete propa-

gation and reflection process of the acoustic waves generated by blade vibra-

tion can be modelled analytically. Armed with the devised analytical model,

in-depth understandings can be gained regarding the fundamental mecha-

nisms driving the flutter of embedded rotors by analysing the solutions of

unsteady CFD flutter computations. Based on the knowledge gained in the

process, reduced order models are proposed which are capable of analysing

and predicting the acoustic reflection driven flutter. These aspects will be

addressed in the following chapters.
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5 Vibration of A Thin Annulus

Blade Row

5.1 Overview and Problem Description

Prior to full annulus multi-row flutter analysis of an embedded rotor, vibra-

tion of an isolated thin annulus blade row in a long straight duct is studied.

In this setup the flow is constrained to two dimensions (axial and tangen-

tial). By doing so, the fundamental behaviour of blade vibration and its

interaction with duct acoustics can be studied in a straightforward fashion.

In the first part of this work, vibration of a blade row consisting of un-

loaded thin flat blades in a long straight duct (i.e. without acoustic re-

flections) is investigated (illustrated by Figure 5.1). Parametric studies are

carried out to investigate the effects of reduced frequency, blade stagger and

modeshape of vibration on the generated acoustic waves and blade aerody-

namic damping. Moreover, the effect of blade loading is studied through

computations of a blade row consisting of cambered blades.

In the second part of this work, the effect of an incoming acoustic ‘gust’

(with the same frequency as blade vibration) on blade flutter stability is

investigated. This is achieved by imposing acoustic perturbations inside

the domain of the CFD model using unsteady plane sources. It will be

shown that the incident acoustic gust affects the aerodynamic damping of

the blade by altering the unsteady blade lift. Moreover, it will be shown

that the variation of unsteady lift, and consequently the blade aerodynamic

damping, due to the incoming acoustic gust can be evaluated analytically

and separately from that induced by the blade motion.

The main purpose of this chapter is to gain understandings of the mecha-

nisms behind the interaction between blade vibration and incoming acoustic

waves (with the same frequency as blade vibration), which is essential for

the understanding of the effects of acoustic reflection on blade flutter sta-
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Figure 5.1: The single passage computation domain.

bility and hence the fan ‘flutter bite’ and embedded blade row flutter which

are presented in later chapters.

The other objective of this chapter is to demonstrate the flutter mech-

anism of a vibrating blade in a very simple setup (in terms of flow and

geometry). In other words, the study in this chapter will show that a flat

plate in uniform flow can flutter as a result of modeshape (plunge and twist-

ing motions) and acoustic reflections.

5.2 Computation Model and Grid

The computation domain consists of a high hub/tip ratio (0.965) blade row

inside a constant radius straight long duct. The blades are designed to

have identical aerofoil sections at all radial heights, and are connected to

the duct walls at the hub and casing surfaces without tip and hub gaps.

The inflow and outflow boundaries of the duct are placed approximately 10

chords away from the blades so as to minimise any numerical interferences.

The grid used for the blading is semi-structured, with hexahedral elements

around the aerofoil in the boundary layer region, and prismatic elements in

the passage [94]. Figure 5.2 shows some examples of the tip layer mesh

in the blade-to-blade plane. The hub and casing surfaces of the duct are
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Figure 5.2: Tip layer mesh for (a) a flat plate and (b) a cambered blade.

Figure 5.3: Modeshape for the (a) plunge mode and (b) twist mode.

treated as inviscid to minimise end-wall boundary layer growth (which is not

the focus of this work). The passage mesh is resolved using approximately

120,000 grid points with 5 radial mesh layers. In order to accurately resolve

the propagation of acoustic waves, approximately 150 mesh points are used

per axial wavelength for the shortest wavelength expected.

The steady state flow solutions are obtained by imposing the physical

boundary conditions (PTBC, Section 3.3) at the farfield inflow and outflow

boundaries with a constant flow Mach number of 0.3. The Mach number is

fixed in this case since the variable that matters is the reduced frequency,

which is varied through vibration frequency.

Tshe blades are excited in the 0ND pattern for the plunge mode and

the twist mode individually, which are illustrated in Figure 5.3. The study

concentrates on the 0ND mode for two reasons: (1) it allows the study of

the fundamental interaction between blade vibration and the duct acoustics

(sound generation and incoming acoustic gust) independent of the effect due

to passage volume change (which is not the main focus of this thesis); (2)

it allows unsteady CFD computations to be performed in a single passage
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fashion (due to zero inter-blade phase angle) so that parametric studies can

be performed in an efficient way.

For unsteady time-accurate computations, these boundaries are treated

using non-reflecting boundary conditions (RIBC) to minimise numerical re-

flections. The unsteady computations are performed in a single passage

fashion using periodic boundaries. Blade vibration is excited with a pre-

scribed motion using the 3rd flutter computation strategy (Section 3.4).

Aerodynamic damping is calculated from the aerodynamic work based on a

fully developed vibration cycle. The physical time step for flutter compu-

tations is resolved as 200 time steps for one vibration cycle. This time step

was obtained by performing a temporal convergence study.

For all the cases studied, the plunge vibration is started with a constant

initial translational velocity of v0P perpendicular to the chord (in the posi-

tive circumferential direction). For the twist mode, the center of rotation is

the mid-chord of the blade and the motion is started with a constant initial

tangential velocity of v0T at the leading edge (in the sense of closing the

blade, i.e. increasing stagger). In other words, the plunge motion of the flat

plate can be expressed as

ḣP (t) = v0P e
−iωt (5.1)

hP (t) = −v0P
iω

e−iωt (5.2)

where hP (t) is the displacement of the plunge motion perpendicular to the

chord and ḣP (t) is the translational velocity of the blade. Similarly, the

twist motion can be expressed as

θ̇T (t) =
2v0T
c

e−iωt (5.3)

θT (t) = −2v0T
iωc

e−iωt (5.4)

where c is the chord length, θT (t) is the rotation of the blade about mid-

chord and θ̇T (t) is the angular velocity of the blade. For most of the cases

computed in this work (unless otherwise specified), the initial velocity v0 of

the blade is kept constant at a Mach number of 0.0035 for both the plunge

and twist motions. Therefore, the maximum displacement decreases with

the increase of frequency. For a given frequency, the maximum displacement

at the leading edge of blade (and the trailing edge) is roughly the same for
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Figure 5.4: Vibration of blades in the isolated setup.

the plunge mode and the twist mode.

5.3 Vibration in the Isolated Setup

In the first part of this work, the vibration of an isolated thin annulus blade

row in a long straight duct is studied. The effects of key parameters (such as

stagger angle, reduced frequency and modeshape) on the generated acoustic

perturbations and blade aerodynamic damping are investigated.

In the work presented here, the stagger of blades θs and the flow an-

gle are varied simultaneously so that zero incidence onto the blade can be

maintained, while the reduced frequency fr is varied by varying the blade

vibration frequency at a fixed flow condition (M = 0.3). By decomposing

the generated unsteady disturbances into propagating waves using a wave-

splitting procedure (Section 3.5), results obtained from unsteady CFD so-

lutions are compared with the calculations based on the analytical methods

(Chapter 4). The accuracy and applicability of the analytical methods are

investigated based on these comparisons.

This series of computations is illustrated by the schematic shown in Fig-

ure 5.4 where the blades vibrate in isolation in the absence of reflections.

This series of cases is referred to as Case V in this chapter, where V denotes

‘vibration’.
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Figure 5.5: Illustration of the leading and trailing edge computation planes
for wave-splitting.

5.3.1 Generation and propagation of acoustic waves

In order to study the relationship between the blade vibration and the gen-

erated acoustic waves, a wave-splitting procedure is performed in the duct to

decompose the unsteady perturbations into propagating waves. The meth-

ods for wave-splitting has been described in Section 3.5. The splitting of

waves is performed at a number of axial locations upstream and downstream

of the blades so as to track the propagation of the generated waves. A plane

just in upstream of the blade leading edge and a plane just aft the blade

trailing edge (which are illustrated in Figure 5.5), are analysed to obtain

the near blade pressure field. Based on the results obtained from wave-

splitting of unsteady CFD solutions, properties of acoustic waves (such as

axial wavenumber, modal amplitude and phase) at the leading edge and the

trailing edge of the blade are obtained and compared with analytical calcu-

lations. For all the results to be presented in this section, the amplitude and

phase of perturbations on the casing surface are shown. It will be shown by

radial eigenfunction plots that acoustic modes behave in a two-dimensional

fashion with no radial variation of amplitude. The phase is relative to the

blade motion at zero displacement and maximum positive velocity (i.e. with

respect to ḣP (t) and θ̇T (t)).

A typical example of the wave-splitting results in the near blade field is

shown in Figure 5.6, where the amplitude and phase of the acoustic pressure
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Figure 5.6: Axial variation of the amplitude and phase of acoustic waves,
θs = 45➦, fr = 0.84, plunge mode.

98



due to the plunge motion are plotted as a function of normalised axial

location x/cax. The axial coordinate x is normalised by the axial chord of

the blade cax, and the amplitude of unsteady pressure is normalised by the

amplitude of the the outgoing acoustic wave at the blade trailing edge. In

this plot the mod-chord is located at x/cax = 0. It can be seen from this

plot that the vibration motion generates unsteady pressure perturbations at

the leading edge (x/cax = −0.5) and the trailing edge (x/cax = 0.5), which

propagate away from the blade with a constant amplitude for the (0, 0)

mode. The wavelength and axial phase velocity of the propagating acoustic

waves can be inferred from the slope of the phase against axial coordinate

as shown in the phase plot. Based on this relationship, it can be seen from

this plot that the waves propagate with a constant axial phase velocity in

the duct (constant phase slope). Moreover, the inferred axial phase velocity

is different for acoustic waves propagating with and against the flow, which

is the result of flow convection effects.

It is seen in Figure 5.6 that the amplitude and phase of acoustic pressure

for the (0, 0) mode (red and blue lines) are nearly the same as those of the

unsteady pressure (black lines), which indicates that for the case studied

the only propagating mode is the (0, 0) mode. This is confirmed by the

radial eigenfunction of unsteady pressure, as shown in Figure 5.7, where the

amplitude and phase of the (0, 0) mode (red curves) are nearly identical to

the unsteady pressure (black curves) in the leading and trailing edge flow

fields for all radial heights. The (0, 1) mode (blue curves) is seen to be

excited by blade vibration with a very small amplitude since the geometry

in this study (hub/tip ratio of 0.965) is not completely two-dimensional.

Figure 5.8 shows the (complex) axial wavenumber for the first three ra-

dial orders in the complex plane. The axial wavenumbers computed at the

blade leading edge are displayed in this plot (trailing edge yields identical

results due to zero flow turning). In this plot the results obtained from

wave-splitting of unsteady CFD solutions are compared with the calcula-

tions based on the analytical approach (Equation 4.17) for the five reduced

frequencies studied. It should be noted that the obtained axial wavenum-

ber is independent of the modeshape of vibration as it is only a function

of the mean flow and the vibration frequency. It is seen from the plot that

the axial wavenumbers are more or less symmetrical about the imaginary

axis. In fact it can be shown (using Equation 4.17) that, for a mean flow of
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Figure 5.7: Eigenfunctions (radial) of acoustic modes at the leading edge
and the trailing edge, θs = 45➦, fr = 0.84, plunge mode.
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in the complex plane, θs = 45➦, fr = 0.84.

Mx = 0 the distribution is purely symmetrically about the imaginary axis,

whereas the shift of distribution is driven by the increase of the mean flow

Mach number and the increase of vibration frequency. By examining the

imaginary components of the axial wavenumber in this plot, it is found that

modes with radial harmonic n > 0 are cut-off (due to ℑ(kx) 6= 0) and thus

their amplitudes decay exponentially away from the blade. It can be seen

from the plot that the results calculated using the analytical method show

good agreement with the results obtained from wave-splitting.

Figure 5.9 shows the amplitude and phase of the generated acoustic waves

at the leading edge and trailing edge of the blade as a function of reduced

frequency for different blade stagger angle θs. The amplitude is normalised

by the amplitude of unsteady pressure at the trailing edge for the case of

θs = 45➦ at fr = 0.84, and the phase is relative to blade motion of zero

displacement and the maximum positive velocity. In this plot results for

three blade stagger angle (and consequently the three mean flow angles),

θs = 0➦, θs = 30➦ and θs = 45➦ due to the plunge motion are displayed.

It is clearly seen from the plot that for a blade stagger of 0➦, the vibra-

tion motion induces zero unsteady pressure perturbation in the upstream
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Figure 5.9: Acoustic pressure generated at the leading edge and the trailing
edge for different blade stagger angle θs, plunge motion.

and downstream fields regardless of the frequency. This can be explained

by considering the following: for a blade with zero lift, the instantaneous

unsteady pressure induced by the vibration motion is always of equal am-

plitude and out of phase on the upper and lower surfaces of the blade; these

disturbances propagate upstream and downstream in the flow field with the

same speed, and consequently add up to zero outside the blade passages.

This situation is clearly illustrated by the instantaneous unsteady pressure

contour in Figure 5.10 for various phases of blade motion. This phenomenon

can also be understood by considering the unsteady loading on the upper

and lower surfaces of the blade as dipole sources of equal magnitude di-

rected normal to the chord, which sums up to give a sound field of zero

amplitude outside the blade passages (due to the symmetric nature of flow

passages about the blade for the stagger of 0➦). With the increase of the

blade stagger, part of the flow passage becomes ‘uncovered’ by the blades

(as illustrated in Figure 5.11). Therefore, sound generated by the dipole

sources, due to the unsteady loading perpendicular to the chord, is (partly)

directed outside of the passage at some sections of the blade (as opposed to

the case of 0➦stagger). This phenomenon is clearly illustrated by the com-

parison of instantaneous unsteady pressure contour in Figure 5.11 for the

blade stagger angles of 0➦and 45➦. The change of sound directivity pattern

due to the change of stagger results in a change in the amplitude of the gen-

erated acoustic waves at the leading edge and the trailing edge of the rotor,
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Figure 5.10: Unsteady pressure contour at four instances of time (in terms
of phase relative to blade velocity), θs = 0➦, plunge mode. Red
contour: positive value; Blue contour: negative value.

Figure 5.11: Instantaneous unsteady pressure contour at 90➦ phase with
blade velocity for (a) θs = 0➦ and (b) θs = 45➦. Red contour:
positive value; Blue contour: negative value.

where an increase of unsteady pressure amplitude is seen with the increase

of stagger (due to the increase of the ‘uncovered passage’). Moreover, it is

seen in Figure 5.10 that this type of sound generation due to blade vibration

is dominated by the leading edge sources (i.e. higher contour intensity near

the leading edge), which explains the higher unsteady pressure amplitude

for acoustic waves generated at the leading edge than that at the trailing

edge. It is also seen in Figure 5.9 that for the range of frequencies studied,

the unsteady pressure amplitude for the generated acoustic waves shows an

increase with the increase of reduced frequency.

It can be seen from the phase plot of Figure 5.9 that for the plunge

motion, the generated acoustic waves at the blade trailing edge is nearly in

phase with blade velocity, whereas a 180➦phase difference between the two
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Figure 5.12: Acoustic pressure generated at the leading edge and the trailing
edge for different blade stagger angle θs, twist motion.

Figure 5.13: Unsteady pressure contour at four instances of time (in terms
of phase relative to blade velocity), θs = 0➦, twist mode. Red
contour: positive value; Blue contour: negative value.

quantities is seen at the leading edge. As opposed to the amplitude, the

phase of the generated acoustic waves is (nearly) independent of the stagger

angle of the blade since it is directly dependent on the phase of unsteady

pressure on the surfaces of the blade which does not vary with the change

of blade stagger. Moreover, it is seen from the plot that for the frequency

range studied, the phase of acoustic waves stays (nearly) constant with the

increase of reduced frequency. It should be noted that the phase of acoustic

wave for the 0➦stagger case is not displayed due to zero amplitude of this

wave.

Figure 5.12 shows the amplitude and phase of the generated acoustic

waves at the leading edge and trailing edge of the blade due to the twist

vibration as a function of reduced frequency. The amplitude is normalised

by the amplitude of unsteady pressure at the trailing edge for the case of

θs = 45➦ at fr = 0.84 due to plunge vibration (dotted blue curve in Fig-

ure 5.9), and the phase is relative to blade motion of zero displacement and

104



the maximum positive velocity. In this plot the results for blade stagger

angle θs = 0➦, θs = 30➦ and θs = 45➦ are displayed. It can be seen from

the plot that the amplitude of unsteady pressure for the generated acoustic

waves shows an increase with stagger angle. This is again due to the afore-

mentioned ‘uncovered passage’ effect which results in the generated sound

being directed outside of the blade passages as stagger increases. It is also

seen that the phase of the generated acoustic waves at the leading edge is

90➦ahead of blade velocity, and that at the trailing edge lags blade velocity

by 90➦. Moreover, it is seen that the amplitude of acoustic waves increases

with the decrease of reduced frequency. This can be explained by consider-

ing the quasi-steady analysis of a vibrating two-dimensional aerofoil without

the apparent mass terms [17].

For a uniform thickness flat plate vibrating in a pure twist motion about

its mid-chord, the unsteady lift on the blade surfaces can be approximated

from the linearised equations of motion for force and moment [17] which

yield

l =
1

2
cRW 2C

′

L(αs)
[

θT (t)−
c

2W
θ̇T (t)

]

(5.5)

where c is blade chord, R is the mean flow density, W is the mean flow

velocity, C
′

L is the slope of lift coefficient with respect to the incidence

(which is constant for low incidence), αs is the flow incidence, t is the

time, θT (t) is the rotation of the blade about mid-chord and θ̇T (t) is the

angular velocity of the blade. For the computations performed in this work,

the vibration motion for the twist mode is started with a constant initial

tangential velocity at the leading edge for all the frequencies studied as

shown in Equation 5.3 and Equation 5.4.

By substituting Equation 5.3 and 5.4 into Equation 5.5 one obtains

l =
1

2
cRW 2C

′

L(αs)v0T

[

− 2

iωc
− 1

W

]

eiωt (5.6)

Based on the above equation, it can be seen that in the low frequency

limit, the amplitude of the unsteady lift tends to infinity while the phase

approaches 90➦with the blade velocity. These findings are in agreement with

the observed trends for the amplitude and the phase of generated acoustic

pressure (which is a direct result of the unsteady loading variation on the

surfaces of the blade) shown in Figure 5.12.
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Figure 5.14: Mean flow field and the modeshape for the plunge mode for
blade row consisting of (a) flat plates and (b) cambered blades.

In order to study the effects of blade loading on the generated acoustic

waves, the 45➦stagger flat plate is deformed (by fixing the leading edge and

trailing edge points) into a cambered blade which has an inlet metal angle of

θins = 54.5➦ and an exit metal angle of θexs = 39.8➦. The geometry and grid

for the cambered blade were shown in Figure 5.2. The mean flow fields (i.e.

Mach number and flow angle) at the leading and trailing edges of the blade

are also given in Figure 5.14 for the two cases along with the modeshape for

the plunge mode used in this study. The mean flow field for the cambered

blade has zero incidence at the leading edge, and has the same exit flow

angle as the exit metal angle. Flutter computations are carried out for the

plunge mode by varying the reduced frequency.

Figure 5.15 shows the comparison of generated acoustic pressure pertur-

bations induced by the vibration of the blade row consisting of flat plates

and cambered blades. The amplitudes of unsteady pressure for the two

cases are normalised by their respective amplitudes at the blade trailing

edge for the reduced frequency of 0.84. This normalisation is made due to

the differences in mean flow field for the two cases, so that a comparison of

trend with respect to the reduced frequency can be performed. It is clearly

seen from the plots that, the unsteady pressure generated by the vibration

of cambered blades is different from that due to the flat plates, which in-

dicates that the steady loading on the surfaces of the blade plays a part

in the sound generation due to blade vibration. Moreover, for the range of

reduced frequencies studied, it can be seen that the amplitude of generated
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Figure 5.15: Acoustic pressure generated at the leading edge and the trailing
edge by the vibration of the flat plate and the cambered blade,
plunge motion.

acoustic waves due to the vibration of flat plates shows a different trend to

that of the cambered blades. The observations clearly show that the mecha-

nism of sound generation due to blade vibration is dependent on the steady

loading, which is in agreement with the findings in [23, 109]. The effect of

blade loading on the amplitude of the generated acoustic waves is dependent

on the reduced frequency (which is a function of flow, blade geometry and

vibration frequency), which shows no definite trend in Figure 5.15. On the

other hand, the phase of generated acoustic waves for the two cases shows

very small differences, indicating that the influence of steady loading on

the phase of unsteady pressure on the surfaces of the blade is small. More-

over, the turning of flow due to blade loading can lead to situations where

acoustic waves (for m > 0) are cut-on at the leading edge and cut-off at the

trailing edge, or vice versa (which will be shown in later chapters for flutter

analysis of loaded blade rows). In these situations resonance of the duct

acoustic modes may arise which could contribute to further complexity in

the radiated sound field.

In conclusion, it has been shown in Figure 5.15 that acoustic perturbations

generated by blade vibration are dependent on the steady blade loading.

Treatments (e.g. analytical methods) which use blade rows with no mean

pressure rise are therefore incapable of reproducing the unsteady pressure

field required, and are thus unsuitable for the analysis of acoustic driven

flutter studied in this thesis.
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Figure 5.16: Amplitude and phase of modal force for different blade stagger
angle θs and vibration motion.

The results in this section show that the generation of acoustic waves

due to blade vibration is a function of the ‘uncovered passage’, the reduced

frequency, the modeshape and the steady loading. The generated acoustic

waves due to the plunge motion is (approximately) out of phase with the

blade velocity at the leading edge and in phase at the trailing edge. For

the twist motion, the generated acoustic waves are 90➦ahead of the blade

velocity at the leading edge and 90➦behind at the trailing edge. The effect of

steady loading is unlikely to be negligible for real turbomachinery bladings,

thus the usefulness of analytical methods concerning sound generation due

to the vibration of flat plate cascades [22, 23] are limited. Moreover, it

is also shown that the axial wavenumber of the acoustic wave, which is

an important parameter characterising the propagation of acoustic waves

(Equation 4.24 and 4.25), can be modelled analytically with a good degree

of accuracy.

5.3.2 Effect of modeshape on aerodynamic damping

In the next step, the effects of stagger angle and modeshape on flutter

stability of the flat plate are investigated. Modal force (right hand side of

Equation 3.3) and aero-damping of the blade are computed from a complete

cycle of the fully developed unsteady CFD solutions.

Figure 5.16 shows the computed amplitude and phase of modal force as

a function of the reduced frequency for both plunge and twist motions. In
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these plots the amplitude of modal force is normalised by the amplitude

due to the plunge motion for the 45➦stagger at the reduced frequency of

0.84, and the phase is relative to the blade motion at zero displacement and

the maximum positive velocity. In this plot results for three blade staggers,

θs = 0➦, θs = 30➦ and θs = 45➦ are displayed. As can be seen in Equation 3.3,

the modal force characterises the unsteady loading on the surfaces of the

blade due to the interaction between the aerodynamic forces and the blade

vibration motion, and thus represents the unsteady lift for a pure plunge

motion and the unsteady moment for a pure twist motion. It can be seen

from the plots that the calculated modal force is more or less independent

of the blade stagger for both the plunge and twist motions. This is because

there is no change in the passage volume due to the 0➦inter-blade phase

angle vibration mode (0ND). In such situations, the vibration of a blade

induces nearly no unsteady loading on its adjacent blades (in the same

blade row) since there is no aerodynamic forces induced by the compression

or expansion of the flow passages. It is also seen from these plots that the

amplitude of modal force due to the plunge motion (unsteady lift) increases

with the increase of reduced frequency. This shows a similar trend with the

amplitude of the generated acoustic waves shown in Figure 5.9 since these

two quantities are both driven by the pressure disturbances generated on the

surfaces of the blade. The phase of the modal force due to the plunge motion

is seen to be out of phase with the blade velocity at low reduced frequencies,

and shows a gradual change with the increase of reduced frequency. On the

other hand, the amplitude of modal force for the twist motion (unsteady

moment) shows a decrease with the increase of reduced frequency, and the

phase lags blade velocity by 90➦at low reduced frequencies. It is also seen

from Figure 5.16 that the modal force due to the twist motion is an order

of magnitude smaller than that due to the plunge motion.

These observations can be understood by studying the instantaneous un-

steady pressure contour as shown in Figure 5.10 and Figure 5.13 for the

plunge and twist motions respectively. The blade vibration induces flow

disturbances on the upper and lower blade surfaces, which in turn induce

unsteady loading on the blade: unsteady lift and unsteady moment. De-

pending on the motion of the blade, i.e. plunge or twist, the induced un-

steady loading can interact with the vibration motion to either transfer

energy into the system or take energy out of it. For the plunge motion (as
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Figure 5.17: Aerodynamic damping for different stagger angle θs and vibra-
tion motion.

shown in Figure 5.10), the unsteady pressure induces a lift force which acts

in the opposite direction of the blade motion (hence the 180➦phase difference

with the blade velocity) at any instance of time. On the other hand, for

the twist motion (as shown in Figure 5.13), the induced unsteady moment

at the front half of the blade more or less cancels that induced at the rear

half, hence the low amplitude of modal force observed in Figure 5.16.

Figure 5.17 shows the computed blade aerodynamic damping as a function

of reduced frequency for both plunge and twist motions. It can be seen from

the plot that the aerodynamic damping is positive for all the cases studied.

The aero-damping is (nearly) independent of the stagger angle for both the

plunge and twist motions. This is again the result of zero passage volume

change due to 0➦inter-blade phase angle (for the 0ND mode). The global

trend of blade aero-damping shows a decrease with the increase of reduced

frequency, where the damping tends to zero when the vibration frequency

tends to infinity (blade is too stiff to be affected by the flow). Moreover, the

aero-damping due to the twist motion is seen to be an order of magnitude

smaller than that due to the plunge motion. In order to understand the

effect of modeshape on blade aero-damping, an in-depth analysis of the

aerodynamic work contribution is considered below.

As described in Section 3.4, the aerodynamic damping of the blade can be

obtained by using an energy method by calculating the aerodynamic work
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per vibration cycle using Equation 3.10. Consider a blade vibrating in the

pure plunge mode, the aerodynamic work can be calculated based on the

local unsteady loading vector induced by the plunge motion pP n and the

local blade velocity vector due to plunge motion vP as

wPP =

∫

T

∮

pPn · vPdSdt (5.7)

where the variables have the same meaning as in Section 3.4, and the sub-

script P denotes variables associated with the plunge motion. Equation 5.7

evaluates the aerodynamic work on a blade vibrating in the plunge motion

due to unsteady loading induced by the plunge motion, hence the notation

wPP . It should be noted that the subscripts are arranged so that the first

letter denotes the source of unsteady loading, and the second letter denotes

the motion it is applied to. Similarly, the aerodynamic work on a blade

vibrating in the twist motion due to unsteady loading induced by the twist

motion can be expressed as

wTT =

∫

T

∮

pTn · vTdSdt (5.8)

where the subscript T denotes variables associated with the twist motion. It

is worth noting that both plunge and twist motions induce unsteady lift and

moment on the surfaces of the blade. Therefore, the terms pP and pT contain

unsteady loading of both these two sources induced by the blade vibration.

However, by examining Equation 5.7 and Equation 5.8, it is obvious that

the unsteady moment contribution of pP has no effect on the aerodynamic

work for the plunge motion vP , and the unsteady lift contribution of pT has

no effect on the aerodynamic work for the twist motion vT (since the work

on the front section of the blade cancels that on the rear section).

The aerodynamic damping for blade vibration in these two situations can

be expressed as

ζPP = −wPP

v02P
(5.9)

ζTT = −wTT

v02T
(5.10)

(5.11)
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Figure 5.18: Decomposition of a (two-dimensional) flap mode into a linear
combination of a plunge mode and a twist mode.

where v0P and v0T are the initial velocities for the plunge motion and the

twist motion respectively. The aerodynamic damping shown in Figure 5.17

for the plunge and twist vibrations correspond to ζPP and ζTT in the equa-

tions above.

The blades (or blade sections) in turbomachines rarely vibrate in the

pure plunge mode or the pure twist mode due to complex three dimensional

geometries and non-uniform material properties. Instead, the modeshape

for such blades usually consists of a combination of plunge and twist mo-

tions. It was shown in [11] that the 1st flapwise bending mode (1F) for

typical rotor blades, which is usually the most susceptible to flutter, can be

decomposed into a linear combination of a plunge component and a twist

component (about mid-chord). This decomposition of such a mixed mode

(will be referred to as the ‘flap’ mode in the rest of this chapter) is illustrated

in Figure 5.18.

For small amplitude blade vibration in such a mixed mode (Figure 5.18),

the instantaneous local velocity vector on the blade surfaces v can be ex-

pressed as a linear summation of the components due to a pure plunge

motion and a pure twist motion, i.e.

vF = (1− γ)vP + γvT (5.12)

where γ represents the percentage of twist motion in a flap mode, which has

a (minimum) value of 0 for pure plunge modes and a (maximum) value of

1 for pure twist modes. The subscript F denotes variables associated with

the flap motion. Similarly the unsteady pressure p on blade surfaces can

be expressed in terms of contributions induced by the plunge and the twist

motions as

pF = (1− γ)pP + γpT (5.13)
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It should be noted that the unsteady blade loading is assumed to be pro-

portional to the blade motion for small amplitude vibrations.

Hence the aerodynamic work for a blade vibrating in the flap mode can

be obtained from

wFF =

∫

T

∮

((1− γ)pP + γpT )n · ((1− γ)vP + γvT )dSdt (5.14)

The above equation can be expanded to give

wFF = wPP + wPT + wTP + wTT (5.15)

where

wPP = (1− γ)2
∫

T

∮

pPn · vPdSdt (5.16)

wPT = γ(1− γ)

∫

T

∮

pPn · vTdSdt (5.17)

wTP = γ(1− γ)

∫

T

∮

pTn · vPdSdt (5.18)

wTT = γ2
∫

T

∮

pTn · vTdSdt (5.19)

The term wPT represents the aerodynamic work for the twist motion due

to the unsteady loading induced by the plunge motion, and conversely wTP

represents the aerodynamic work for the plunge motion due to unsteady mo-

ment induced by the twist motion. These two terms represent the coupling

effect between the plunge and the twist components in a flap mode, where

energy can be transferred between the two vibration motions through the

flow medium. The aerodynamic damping due to these four contributions

can thus be expressed as

ζPP = − wPP

(1− γ)2v02P
(5.20)

ζPT = − wPT

γ2v02T
(5.21)

ζTP = − wTP

(1− γ)2v02P
(5.22)

ζTT = − wTT

γ2v02T
(5.23)
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which give

ζPP = − 1

v02P

∫

T

∮

pPn · vPdSdt (5.24)

ζPT = −1− γ

γ

1

v02T

∫

T

∮

pPn · vTdSdt (5.25)

ζTP = − γ

1− γ

1

v02P

∫

T

∮

pTn · vPdSdt (5.26)

ζTT = − 1

v02T

∫

T

∮

pTn · vTdSdt (5.27)

and the aerodynamic damping for the flap mode can thus be written as

ζFF = ζPP + ζPT + ζTP + ζTT (5.28)

The physical meanings of these four components are discussed in this

paragraph. The aerodynamic work for the plunge motion (i.e. wPP and

wTP ) is driven by the unsteady lift force on the surfaces of the blade (due

to plunge and twist motions respectively), where energy transfer takes place

by displacing the blade in the direction normal to the chord. On the other

hand, the aerodynamic work for the twist motion (i.e. wPT and wTT ) is

driven by the unsteady moment on the surfaces of the blade, where energy

transfer takes place by rotating the blade about the mid-chord. In other

words, the plunge motion and the twist motion each produces unsteady

lift force as well as unsteady moment, which in turn interact with the two

vibration motions giving rise to the four contributions for aerodynamic work

(in a sense analogous to the outer product of two vectors).

It is also important to note that, as can be seen in Equation 5.24 to

Equation 5.27, the effect of changing the twist component in a flap mode is

to modify the aerodynamic damping for the ‘cross product’ terms, namely

ζPT and ζTP . This is obvious since the aero-damping for the pure plunging

motion ζPP and the pure twist motion ζTT are independent of the amplitude

of vibration. With the increase of the twist component (by increasing γ), the

aero-damping for the plunge mode driven by the unsteady loading induced

by the twist motion ζTP increases in magnitude, and the aero-damping

for the twist mode driven by the unsteady loading induced by the plunge

motion ζPT sees a decrease. This is quite obvious since the increase in the

amplitude of twist motion results in a higher induced unsteady loading and
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Figure 5.19: Aerodynamic damping contributions due to plunge and twist
motions, θs = 45➦, γ = 0.5.

thus a higher aerodynamic work.

Based on the above analysis, the aforementioned four blade aero-damping

components, namely ζPP , ζPT , ζTP and ζTT , are calculated from their re-

spective aerodynamic work for the cases studied. The aerodynamic work

contributions wPP and wTT are obtained directly from the unsteady CFD

solutions for the pure plunge and the pure twist motions (which correspond

to the cases presented in Figure 5.17). The aerodynamic work contribu-

tions wPT and wTP are obtained without the need of CFD computations

using Equation 5.17 and Equation 5.18 through post-processing of unsteady

CFD solutions computed using the pure plunge and the pure twist mo-

tions. The computed blade aero-damping components for the flap mode

with γ = 0.5 are plotted in Figure 5.19 as a function of reduced frequency

for the 45➦stagger angle case. It can be seen from Figure 5.19 that the

aerodynamic damping ζPT and ζTT for the twist motion (unsteady moment

driven) are small compared with the aerodynamic damping ζPP and ζTP

for the plunge motion (unsteady lift driven). This can be understood by

looking at the unsteady pressure contour for the pure plunge motion and the

pure twist motion shown in Figure 5.10 and Figure 5.13. It can be inferred

from these contour plots that the unsteady moment induced by both the

plunge and twist vibrations is small compared with the unsteady lift force

(normal to the chord), since the unsteady moment generated by the front
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half and the rear half of the blade sum up to be nearly zero for any instance

of time. Moreover, it can be seen from Figure 5.19 that the aerodynamic

damping for the plunge motion due to unsteady lift induced by the plunge

vibration (ζPP ) is always positive, and that for the plunge motion due to

unsteady lift induced by the twist vibration (ζTP ) is always negative.

In order to further examine the decomposition of aero-damping (Equa-

tion 5.28) presented above, unsteady CFD flutter computations are carried

out for the same 45➦stagger blade row in the flap mode with γ = 0.5. The

modeshape for the flap mode used in this analysis is obtained from the linear

summation of the modeshape for the pure plunge and the pure twist modes

(as demonstrated in Figure 5.18). The aero-damping for the flap mode ζFF

obtained from unsteady CFD computations is plotted in Figure 5.19 (solid

black line) as a function of reduced frequency, which is compared with the

sum of the aero-damping contributions ζPP , ζPT , ζTP and ζTT (dotted black

line) obtained from the previous analysis based on the pure plunge and twist

modes. It is clearly seen that the the two quantities are identical, which

demonstrates the validity of Equation 5.28 for blade vibrations in the flap

mode. For the range of reduced frequencies and percentage of twist mo-

tion γ studied here, the flap mode is always stable since the aero-damping

due to plunge motion induced unsteady lift (ζPP ) is higher than the mag-

nitude of that due to twist motion induced unsteady lift (ζTP ), while the

two aero-damping contributions due to unsteady moment (ζTT and ζPT )

are negligible. The observations are in agreement with those in [11] for a

transonic fan blade.

Finally, the effect of modeshape on blade aero-damping is studied. Having

demonstrated that the aero-damping of a blade vibrating in a flap mode can

be obtained using Equation 5.24 to Equation 5.27 through post-processing

of unsteady CFD solutions computed using the pure plunge and the pure

twist motions, the blade aero-damping is calculated using these equations

by varying the amount of twist component γ without the need of CFD

computations. Figure 5.20 shows the comparison of computed blade aero-

damping for three different amounts of twist component γ = 0.5, γ = 0.7

and γ = 0.8, which correspond to increasing amount of twist in the flap

mode. In this plot the aero-damping for the plunge mode due to plunge-

induced unsteady loading (lift) ζPP is displayed as the dashed curves, the

aero-damping for the plunge mode due to twist-induced unsteady loading

116



-0.016

-0.008

 0

 0.008

 0  0.8  1.6  2.4

A
e

ro
-d

a
m

p
in

g

Reduced frequency

ζPP, γ = 0.5

ζPP, γ = 0.7

ζPP, γ = 0.8

ζTP, γ = 0.5

ζTP, γ = 0.7

ζTP, γ = 0.8

ζFF, γ = 0.5

ζFF, γ = 0.7

ζFF, γ = 0.8

Figure 5.20: Aerodynamic damping contributions for different modeshape
parameter γ, θs = 45➦.

(lift) ζTP is displayed as the dotted curves, and the aero-damping for the

(total) flap mode ζFF is displayed as the solid curves. It should be noted

that the aero-damping contributions for the twist motion ζPT and ζTT are

negligible and thus not shown in this plot. It can be seen from the plot that

the aero-damping ζPP is (quite obviously) independent of γ, whereas the

negative aero-damping ζTP increases with the increase of γ. The loss of aero-

damping ζTP is more pronounced at low reduced frequencies. This increase

of negative aero-damping ζTP results in a significant loss of blade combined

stability for the flap mode ζFF especially at low reduced frequencies. It

is seen that the stability for the flap mode with γ = 0.7 is reduced to just

stable at the reduced frequency of about 0.4, and the flap mode with γ = 0.8

becomes unstable for reduced frequencies below 1.4.

Figure 5.17 to Figure 5.20 clearly demonstrate the effect of modeshape

on flutter stability of a vibrating blade. It is shown that the aero-damping

contribution for the unsteady moment driven twist motion is an order of

magnitude smaller than that for the unsteady lift driven plunge motion, and

can usually be neglected in the flutter analysis of a blade vibrating in the flap

mode in low inter-blade phase angle modes. The aero-damping contribution

for the twist motion can become higher at large stagger angles and higher

inter-blade phase angles where the induced unsteady moment becomes high.
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Figure 5.21: Imposing an upstream propagating acoustic gust in the down-
stream field of the vibrating blade row.

The analysis also demonstrated an important finding that, in the absence of

complicated aerodynamics (such as flow separation), it is possible to make

a blade flutter by increasing the amount of twist motion in a flap mode.

It is worth noting that from experience the amount of twist γ in typical

1F modes of rotor blade is usually less than 0.5. However, the negative

aero-damping ζTP for such cases is normally considerably higher than that

for this simple geometry (such as the case shown in [11]). The findings

in this analysis also indicate a viable approach of calculating blade aero-

damping for a general flap mode by considering the energy transfer between

the plunge motion and the unsteady lift generated by both the plunge and

twist vibrations (i.e. energy transfer into the twist motion through unsteady

moment is neglected). These aspects will be further investigated in a later

section (Section 5.5).

5.4 Effects of Incoming Acoustic Gust

In the next step, the vibration of the thin annulus blade row is studied with

the presence of an incoming acoustic gust. The purpose of the incoming

gust is to mimic a reflected acoustic wave from a blade row (or intake). This

is achieved by imposing propagating acoustic waves using unsteady plane

sources, which is illustrated schematically in Figure 5.21. The imposed

acoustic waves have the same frequency with the blade vibration as they
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represent the reflection of the outgoing acoustic waves generated by the

vibration motion. By doing so, the interaction between an incoming acoustic

wave and the blade vibration can be studied.

For the case studied here, the blade stagger (and the flow angle) is fixed

at 45➦and the Mach number at M = 0.3. The vibration is initiated for the

plunge mode and the twist mode with a fixed reduced frequency of 0.84. The

amplitude of the gust is kept constant (which will be shown to correspond

to a reflected acoustic wave with an amplitude about |ηR| = 0.7 relative to

the outgoing acoustic wave due to the plunge motion at the blade trailing

edge). The phase of the gust, which is the only variable in this study, is

varied linearly between 0➦and 360➦. The frequency of the gust is fixed and

is the same as the frequency of blade vibration, since it is mimicking the

reflection of the acoustic waves generated by blade vibration. For the studies

performed here, upstream propagating acoustic waves are imposed from the

downstream field of the blades (studies with downstream propagating gusts

yield identical conclusions and are thus not presented here). This series of

computations are referred to as Case VG in this chapter, where VG denotes

‘vibration and gust’.

Figure 5.22 shows an example of the wave-splitting results in the up-

stream and downstream fields of the blade. The amplitude and phase of the

unsteady pressure are plotted in this figure as a function of non-dimensional

axial location. The amplitude is normalised by the amplitude of unsteady

pressure for the outgoing acoustic wave at the trailing edge of the blade for

Case V, and the phase is relative to blade motion at zero displacement and

the maximum positive velocity. In this plot the decomposed upstream prop-

agating (red curves) and the downstream propagating (blue curves) acoustic

waves for Case V and Case VG are displayed along with the total unsteady

pressure field (black curves) for Case VG (the total unsteady pressure field

for Case V is not shown since it is the same as the upstream and down-

stream propagating waves generated by blade vibration, see Figure 5.6). In

this plot the blade center is located at x/cax = 0 and the acoustic gust

is imposed at about x/cax = 10. It can be seen that in the downstream

field of the blade (x/cax > 0.5), the imposed acoustic wave (solid red curve)

travels upstream towards the blades with a constant axial phase velocity

and a constant amplitude (with a ratio of about 0.7 to the outgoing wave).

Part of this incoming acoustic wave transmits through the blade passage
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Figure 5.22: Axial variation of the amplitude and phase of acoustic waves
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Figure 5.23: Amplitude and phase of outgoing and incoming acoustic waves
at the leading edge and the trailing edge, θs = 45➦, fr = 0.84.

and changes the amplitude and phase of the upstream propagating wave at

the leading edge (from dotted red curve to solid red curve, x/cax < −0.5).

On the other hand, the downstream propagating wave at the trailing edge

(blue curves) does not show significant variation, indicating that for the

case studied the amplitude of reflection at the blade is small. Nevertheless,

the incoming acoustic wave significantly changes the amplitude and phase

of the unsteady pressure field downstream of the blade (from dotted black

curve to solid black curve, x/cax > 0.5). It is also seen that the reflection

from the inflow boundary is negligible in this case (i.e. the blue curve for

x/cax < 0).

Figure 5.23 shows the amplitude and phase of acoustic waves at the lead-

ing edge and trailing edge of the blade as a function of the phase of the

imposed incoming gust φdp− for Case V and Case VG setups due to plunge
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and twist vibrations. The amplitude is normalised by the amplitude of the

outgoing acoustic waves generated by blade vibration at the trailing edge in

the absence of incoming gust (i.e. the amplitude of unsteady pressure ob-

tained from Case V ), and all the phases are relative to blade motion at zero

displacement and the maximum positive velocity. It should be noted that

the results for Case V are obtained in the absence of the incoming gust and

are thus obviously independent of the incoming gust phase. Nevertheless

the results for Case V are shown in this plot as dashed lines for reference.

In these plots the outgoing acoustic waves propagating away from the blade

are displayed in the red curves (at leading edge) and the blue curve (at

trailing edge), and the incoming acoustic waves (at trailing edge) incident

on the blade are displayed as the black curves. It should be noted that there

are no incoming waves at the leading edge as the acoustic gust is only im-

posed at a location downstream of the blade. In other words, the incoming

acoustic gust is represented by the black curves in the downstream field of

the blade; the solid red curves represent the (complex) summed unsteady

pressure field at the blade leading edge due to acoustic waves generated by

vibration (dashed red curve) and the transmission of the incoming acous-

tic gust; the solid blue curves represent the (complex) summed unsteady

pressure field at the blade trailing edge due to acoustic waves generated by

vibration (dashed blue) and the reflection of the incoming acoustic gust.

It can be seen from the plots that the incident acoustic wave at the trail-

ing edge of the blade (black curves) has a nearly constant amplitude and a

linearly varying phase (with respect to the phase of incoming gust at the

source plane). This is obvious since in this study the imposed perturbation

(at the source plane) has a fixed amplitude, and the phase is varied linearly.

On the other hand, the amplitude and phase of the outgoing acoustic wave

at the leading edge (solid red curve) shows a large oscillation due to the

variation of the phase of the incoming gust, whereas a much smaller oscil-

lation is observed for the downstream travelling wave at the trailing edge

(solid blue curve). This is due to a higher amplitude of transmission than

reflection induced by the incoming gust, which can be clearly demonstrated

by the following analysis.

Instead of imposing the unsteady acoustic perturbation in the domain of

the vibrating blade row, a similar analysis is carried out where the same

acoustic perturbation is imposed while the blade is kept stationary (i.e. no
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Figure 5.24: Imposing an upstream propagating acoustic gust in the down-
stream field of the non-vibrating blade row.

vibration). By doing so, the transmission and reflection of the imposed

perturbation at the blade row can be investigated, and the contribution to

modal force (right hand side of Equation 3.3) due to the incoming gust alone

can be evaluated in a straightforward fashion. It is worth noting that in this

setup the modal force on the blade is computed in the usual fashion (i.e. 3rd

flutter computation strategy shown in Section 3.4 with prescribed zero blade

displacement), however the blade vibration motion is not affected by it (i.e.

remains stationary). By doing so, the effect of the incoming acoustic gust

on the blade loading and the aero-damping can be studied in the absence

of the perturbations generated by the blade vibration (i.e. Case V ). This

series of computations with incoming gust alone are referred to as Case G

in this chapter, where G denotes ‘gust’. By comparing the results of Case

V, Case G and Case VG, a judgement can be made regarding the linearity

of the problem (i.e. whether the effects due to the vibration motion and the

incoming acoustic gust are coupled or independent).

Figure 5.25 shows an example of the wave-splitting results in the upstream

and downstream fields of the blade, where the amplitude and phase of the

unsteady pressure for acoustic waves are plotted as a function of axial loca-

tion. The amplitude of unsteady pressure is normalised by the amplitude of

the outgoing acoustic waves generated by the plunge vibration at the trailing

edge, in the absence of incoming gust. It is seen from this plot that when
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the upstream propagating acoustic perturbation (red curve x/cax > 0.5)

impinges on the blade row (which is situated at −0.5 < x/cax < 0.5), part

of it is transmitted (red curve x/cax < −0.5) and part of it is reflected (blue

curve x/cax > 0.5). For the geometry and flow condition studied here, the

amplitude of the transmission coefficient (about 0.85) is much higher than

that of the reflection coefficient (about 0.1), which clearly explains the larger

oscillation of unsteady pressure amplitude at the leading edge of the blade

compared with the trailing edge of the blade as shown in Figure 5.23. It is

stressed that this observation is not general and is only particular for this

test case.

In order to study the influence of the incoming gust on the vibration

motion for the stationary blade row (Case G), modal forces are calculated
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and compared with that for the vibrating blade row with the incoming gust

(Case VG). The results are plotted in Figure 5.26 as a function of the phase

of the incoming gust. Moreover, the modal force due to the vibration of

the isolated blade row in the absence of an incoming gust (Case V ) is also

shown in this figure as a reference, which is plotted as a flat line as it is

obviously independent of the gust phase. In these plots the amplitude is

normalised by the amplitude of modal force for Case V, and the phase is

relative to the blade motion at zero displacement and maximum positive

velocity. It can be seen from the amplitude plot that due to the incoming

acoustic gust, the modal force on the vibrating blade (Case VG) is seen to

oscillate sinusoidally around the values in the absence of gust (Case V ). The

amplitude of this oscillation is dependent on the amplitude of the imposed

gust. On the other hand, the modal force on the stationary blade induced

by the incoming acoustic gust alone (Case G) shows constant amplitude and

linearly varying phase with respect to the incident wave, which is obvious

since the amplitude of the gust is fixed (and imposed) and the only variable

in this case is the phase of the imposed wave. Moreover, by taking the

complex summation of the modal force for Case V (blue curve) and Case

G (black curve), it can be seen that the calculated complex sum (black

triangles) shows good agreement with the modal force for Case VG (red

curve). This is a strong indication that for small amplitude vibrations,

which are the case in the situation of flutter onset, the unsteady loading on

the blade surfaces can be linearly decoupled into a component due to the

vibration motion and a component due to the incoming gust. These two

components are independent and can be evaluated separately. Therefore

the unsteady lift on the surfaces of the blade can be obtained by a complex

summation as

l = lvib + lgust (5.29)

where l denotes the unsteady lift on the blade surfaces, lvib denotes the

unsteady lift contribution due to blade vibration in the absence of incoming

gust (i.e. without reflection), lgust denotes the unsteady lift contribution

due to the incoming gust alone. By performing similar analyses for the

twist motion (which is not presented here), the unsteady moment can be
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Figure 5.27: Aerodynamic damping as a function of the phase of incoming
gust, fr = 0.84.

shown to behave in a similar fashion as

m = mvib +mgust (5.30)

where m denotes the unsteady moment on the blade surfaces. It will be

shown in the next section that this is an important finding which allows one

to evaluate the effect of incoming gust (acoustic reflection) on blade aero-

damping independently from that due to the blade motion (in the absence

of reflections).

In the next step, aerodynamic damping of blades are calculated using the

energy method (Equation 3.10) from the unsteady CFD solutions, which

are plotted in Figure 5.27 as a function of the phase of the incoming gust.

For all the cases in this study the reduced frequency of vibration and the

amplitude of the incoming gust are fixed, and the only variable is the phase

of the incoming gust. In this plot the aero-damping of the blade with stagger

angle of 0➦, 30➦, 45➦and 80➦are displayed as the dashed curves for the plunge

vibration Case V, solid curves for the plunge vibration Case VG, and dotted
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Figure 5.28: Instantaneous unsteady pressure contour for θs = 0➦, fr = 0.84.

curves for the twist vibration Case VG. It is worth noting that, for clarity,

the results for the twist vibration Case V are not shown in this plot as the

blade aero-damping for this mode does not change significantly from Case

V to Case VG.

It can be seen from the plot that, as expected, the incoming acoustic

gust affects the blade aero-damping (Case VG) in a sinusoidal fashion. The

blade aero-damping for the plunge mode with the presence of the incoming

gust (Case VG) is seen to oscillate about the aero-damping for the isolated

blade (Case V ) with a period of 360➦(Case VG for the twist vibration

shows similar trend with respect to Case V and is not shown here). The

aero-damping for the 0➦stagger blade row is independent of the incoming

0ND gust since the incident acoustic wave induces zero blade loading at all

instances of time (as illustrated in Figure 5.28). In other words, the incident

acoustic wave travels through the blade row unimpeded, which means, from

an energy point of view, the incoming perturbations induce zero loading and

thus zero work on the vibrating blade. With the increase of blade stagger,

the effect of the incoming gust becomes more pronounced, and the most

destabilising condition occurs at different gust phases. This is a result of

the increase in amplitude and a shift in phase of the unsteady blade loading.

These trends are shown in Figure 5.29 where the amplitude and phase

of the computed modal force for the plunge motion due to the incoming

gust alone (Case G) are plotted as a function of the gust phase (modal

force for the twist motion shows similar trend and is not presented here).

In these plots the amplitude is normalised by the amplitude of modal force

for the 45➦stagger Case V, and the phase is relative to the blade motion at
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zero displacement and maximum positive velocity. It is clearly seen that

the incident acoustic gust induces zero loading on the 0➦stagger blade, and

the amplitude of unsteady loading increases with the increase of stagger

angle (i.e. the increase of ‘uncovered passage’). This can be explained

as follows: as the blade stagger angle increases, the mode angle of the

incident acoustic wave (which is 0➦with the engine axis for the 0ND mode)

becomes more aligned with the direction of lift force on the surfaces of the

blade (perpendicular to the chord); this change results in an increase in the

amplitude of unsteady blade loading as stagger is increased. Moreover, the

phase of the unsteady loading shows a shift with respect to the phase of the

incoming gust, which explains the shift of the most destabilising condition

with respect to the gust phase in Figure 5.27. It is seen in Figure 5.27

that the most destabilising condition occurs when the unsteady loading

(unsteady lift for the plunge motion studied) is in phase with the blade

velocity, i.e. at about φdp− = 120➦ for 30➦and 45➦stagger angles and about

φdp− = 210➦ for 80➦stagger angle.

The mechanism behind this observation will be explored in detail in the

next section. Furthermore, it is clearly seen that the aero-damping of the

blade for the pure twist motion (ζTT , driven by the unsteady moment) is

again an order of magnitude smaller than that for the pure plunge motion

(ζPP , driven by the unsteady lift), indicating that the effect of the incoming

acoustic gust is dominated by the interaction between the gust-induced

unsteady lift and the plunge motion of blade vibration. This conclusion

is likely to hold for low inter-blade phase angle modes where the induced

unsteady lift is dominant, and can become invalid for large inter-blade phase

angle modes where the effect of unsteady moment becomes more important.

Finally, the effect of incoming acoustic gust on flutter stability of the blade

vibrating in the flap mode is studied by performing flutter computations for

the 45➦stagger angle blade row in the Case VG setup. It is important to note

that in this study the only variables are the phase of incoming gust, and the

amount of twist in the flap mode γ. The obtained aero-damping are plotted

in Figure 5.30 as a function of the phase of the incoming gust for three

different modes: γ = 0.5, γ = 0.7 and γ = 0.8. In this plot the aero-damping

of the blade in the isolated Case V setup (as shown in Figure 5.20) is also

displayed as a reference. It is again seen that the incoming gust induces

positive and negative effects on flutter stability of the blade. Moreover, the
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variation of blade aero-damping due to the change in incoming gust phase

shows a very similar trend with the variation of aero-damping for the pure

plunge motion (solid blue curve in Figure 5.27), which again indicates that

the effect of incoming gust is dominated by the interaction between the

gust and the plunge motion. It is also seen that the amplitude of aero-

damping variation increases with the increase of twist in the modeshape.

This observation will be explained through the aerodynamic work analysis

in the next section. Importantly, it is seen that the combine effects of

increasing the twist component in the modeshape (from γ = 0.5 to γ = 0.7)

and the presence of the incoming acoustic gust (with φdp− = 120➦) result in

the flutter of an otherwise stable mode (γ = 0.5, Case V ). It will be shown

in the following chapters that this is an important finding which shows that

flutter is most likely to occur when the lowest aerodynamic damping due to

blade motion (flow and modeshape driven) and the most detrimental effect

due to acoustic reflections coincide.

The effect of incoming acoustic gust on blade aerodynamic damping is

clearly shown in this section. Based on the observations and conclusions

made so far, a low fidelity method for flutter analysis of a blade vibrating in

the 1st flapwise bending (1F) mode with low inter-blade phase angles (which

are prone to 1F flutter) is proposed. The model is capable of evaluating the

effect of incoming acoustic wave on aerodynamic damping of a blade, and

the formulation of the model is described in the next section.

5.5 Low-fidelity Flutter Analysis Method

The effect of incoming acoustic gust on the aerodynamic damping of a vi-

brating blade has been clearly shown in the previous sections. The incident

acoustic wave induces unsteady loading on the blade surfaces which in turn

changes the aerodynamic work and damping. Moreover, the unsteady load-

ing due to the blade motion and the incoming gust seem to be independent

and can be analysed separately. This finding indicates that the aerody-

namic damping contribution (which is dependent on the blade loading) due

to the blade motion and the incoming acoustic wave are also likely to be

independent and can be analysed separately. Furthermore, for low inter-

blade phase angle modes, the aerodynamic damping for the twist motion

(ζPT and ζTT driven by the unsteady moment generated by the plunge and
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twist vibrations respectively) is an order of magnitude smaller than that for

the plunge motion (ζPP and ζTP driven by the unsteady lift generated by

the plunge and twist vibrations respectively), which can thus be neglected

in the flutter analysis. It is worth mentioning again that for a modeshape

consisting of a combination of plunge and twist motions, for instance the 1st

flapwise bending (1F) mode for typical turbomachinery blades (Figure 5.18),

the unsteady lift induced by the twist motion can interact with the plunge

motion to produce damping (positive or negative) for the blade (i.e. ζTP ).

Based on the knowledge gained, a low-fidelity analytical method for flut-

ter analysis of a blade vibrating in the 1st flapwise bending (1F) mode with

low inter-blade phase angles (which are prone to 1F flutter) is devised in

this section. The method is capable of evaluating the influence of incoming

gust (e.g. acoustic reflections from a blade row) on the blade aerodynamic

damping. The main purpose of the method is to determine the most desta-

bilising condition due to incoming acoustic gusts where flutter is likely to

occur. In other words, the aim is to find the condition for the most blade

aero-damping loss due to the presence of a known incoming acoustic gust

(i.e. the phase of gust relative to blade motion which corresponds to the

trough of aero-damping curve in Figure 5.27). This is achieved by calcu-

lating the unsteady lift contribution, and consequently the corresponding

aerodynamic work, induced by the incoming acoustic gust. The formulation

of the method is described below.

As shown in the previous sections, the aero-damping of the blade vibra-

tion in such mode (1F, low IBPA) is dominated by the unsteady lift driven

aerodynamic work on the plunge motion (i.e. wPP and wTP ), while the

contributions for the twist motion due to unsteady moment (i.e. wPT and

wTT ) are negligible. In the same sense, the blade aero-damping contri-

bution due to incoming acoustic gusts is dominated by the aerodynamic

work due to unsteady lift induced by the gust and the plunge motion of

the blade. Therefore, for a blade vibrating in a flap mode characterised by

Equation 5.12, the aerodynamic work component for the plunge motion due

to the incoming acoustic gust alone wGP can be evaluated as

wGP =

∫

T

∮

pGn · (1− γ)vPdSdt (5.31)

where pGn represent the local unsteady loading vector induced by the in-
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coming gust alone, (1− γ)vP is the blade velocity vector due to the plunge

motion, and the subscript GP denotes the gust (G) as the source of loading

and plunge (P ) as the vibration motion. The corresponding aerodynamic

damping can be calculated as

ζGP = − 1

1− γ

1

v02P

∫

T

∮

pGn · vPdSdt (5.32)

The above equation clearly shows that the aero-damping contribution due

to the incoming gust increases with the increase of γ, which explains the

observation made in Figure 5.30 that the effect of the incoming gust becomes

more pronounced for modes with higher twist component.

For a plunge motion, the local blade velocity vector vP is the same at

all the locations on the surfaces of the blade. Thus the aerodynamic work

contributions for the plunge motion due to the unsteady lift induced by the

plunge vibration (Equation 5.16), the twist vibration (Equation 5.18) and

the acoustic gust (Equation 5.31) can be respectively written as

wPP = (1− γ)

∫

T

lP vPdt (5.33)

wTP = (1− γ)

∫

T

lT vPdt (5.34)

wGP = (1− γ)

∫

T

lGvPdt (5.35)

where

lP = (1− γ)

∮

pPn · sdS (5.36)

lT = γ

∮

pTn · sdS (5.37)

lG =

∮

pGn · sdS (5.38)

where s is the unit vector normal to the mean flow, lP is the unsteady lift

induced by the plunge motion, lT is the unsteady lift induced by the twist

motion and lG is the unsteady lift induced by the incoming gust.
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Therefore, the aerodynamic damping of the blade can be evaluated using

ζPP = − 1

1− γ

1

v02P

∫

T

lP vPdt (5.39)

ζTP = − 1

1− γ

1

v02P

∫

T

lT vPdt (5.40)

ζGP = − 1

1− γ

1

v02P

∫

T

lGvPdt (5.41)

where ζGP is the blade aero-damping for the plunge motion due to gust-

induced unsteady lift.

For a blade vibrating in the flap mode with the presence of incoming

acoustic gusts (e.g. reflection from a blade row), the overall aero-damping

of the blade can be approximated by

ζ = ζPP + ζTP + ζGP (5.42)

where the aero-damping contributions due to unsteady moment ζPT , ζTT

and ζGT are neglected.

The devised equations for blade aero-damping contribution due to the

vibration motion and the incoming acoustic gust are un-coupled, and can

be evaluated separately. The de-coupling of the aero-damping contributions

shown in the above equations is driven by the fact that the unsteady lift

contributions due to these sources are un-coupled as shown in Figure 5.26.

In practice, the evaluation of the unsteady lift on the surfaces of the blade

(lP , lT and lG) requires unsteady CFD computations with the corresponding

sources (vibration or gust) imposed. In order to achieve the objective of

this section, which is to find the condition for the largest loss on blade aero-

damping due to the presence of a known incoming acoustic gust, an efficient

way is sought to evaluate the aero-damping contribution due to the acoustic

gust ζGP . A low-fidelity approach is presented here, where the unsteady lift

induced by the incoming gust is calculated analytically without the need of

unsteady CFD computations.

Consider a vibrating blade row with acoustic waves incident from the up-

stream and the downstream sides, the unsteady pressure field at the leading

edge and the trailing edge (illustrated in Figure 5.31) can be evaluated as

a complex sum of perturbations generated by blade vibration and the per-
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Figure 5.31: Unsteady pressure field near a vibrating blade row with inci-
dent acoustic gusts from upstream and downstream.
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turbations induced by the incoming gusts:

pl = pl− + pl+ + plT− + plR− (5.43)

pt = pt+ + pt− + ptT+ + ptR+ (5.44)

where pl− and pt+ represent the generated waves at the blade leading edge

and trailing edge due to vibration, pl+ and pt− represent the incoming acous-

tic gust incident at the leading and trailing edges of the blade, and plT−,

plR−, ptT+ and ptR+ represent the transmission and reflection of the incom-

ing gusts at the blade row (as illustrated in Figure 5.31). It should be noted

that the complex unsteady pressure p in the above equations is a function

of x, r, θ and t, which has the form of Equation 4.1.

Assume the blade row behaves like an ‘actuator disk’, in that the unsteady

lift on the surfaces of the blades l, induced by the vibration motion and the

incoming acoustic gust, can be approximated from the (complex) unsteady

pressure rise across the blade row as

l = C(pl − pt) (5.45)

where C is a real constant (i.e. without phase term). It should be clarified

that the above equation represents a very basic approximation for the actual

unsteady lift, and is not applicable to a blade row with 0➦stagger. In order

to examine the application of the above relationship, unsteady lift on the

surfaces of the blade calculated using the above equation is compared with

the results obtained from unsteady CFD solutions.

Figure 5.32 shows a comparison between the unsteady lift obtained from

unsteady CFD solutions and calculated using Equation 5.45. In these plots

the results for Case V, Case G and Case VG due to the plunge vibration

of the 45➦stagger blade at the reduced frequency of 0.84 are displayed. The

value of the real constant C is initially adjusted for Case V so that the

unsteady lift calculated using Equation 5.45 (blue line) is the same as that

obtained from the unsteady CFD solutions (blue triangles), which is fixed for

all the subsequent calculations for Case G and Case VG. The unsteady lift

contributions due to the vibration motion alone (Case V ) and the incoming
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acoustic gust alone (Case G) are calculated using

lvib = C(pl− − pt+) (5.46)

lG− = C(plT− − pt− − ptR+) (5.47)

lG+ = C(plR− + pl+ − ptT+) (5.48)

where lvib represents the unsteady lift induced by the vibration motion

(lvib = lP + lT ), and lG− and lG+ represent the contributions due to in-

cident upstream propagating and downstream propagating acoustic gusts,

where

lG = lG− + lG+ (5.49)

For the case studied here lG+ = 0. Thus the contribution due to the incom-

ing gust alone (Case G) is calculated from lG− and the overall unsteady lift

(Case VG) is calculated from l = lvib + lG− where lvib = lP .

In the plots of Figure 5.32, the amplitude of unsteady lift is normalised by

the amplitude of Case V, and the phase is relative to blade motion at zero

displacement and the maximum positive velocity. The CFD results shown

in these plots are identical to those shown in Figure 5.26. It is clearly seen

in Figure 5.32 that the variation in amplitude and phase of the unsteady

lift calculated using the above equations (solid lines) show good agreement

with those obtained from unsteady CFD computations (symbols). It should

be stressed again that the same constant C parameter is used for all the

calculations shown in this plot (i.e. for all the solid lines). The observa-

tion confirms the assumption that the unsteady lift can be approximated by

the unsteady pressure rise across the blade. Moreover, by studying Equa-

tion 5.45, it can be deducted that the real constant C has an effect only on

the amplitude of the unsteady lift, whereas the phase of the unsteady lift is

determined wholly by the unsteady pressure field near the blade which is not

affected by the constant C. The rest of this section focuses on demonstrating

that determining the most destabilising condition due to incoming acoustic

gusts requires only the phase of the unsteady lift, which is independent of

the value of C.

Figure 5.33 shows a comparison between the aerodynamic damping com-

puted from unsteady CFD solutions and calculated using Equation 5.42. In

this plot the blade aerodynamic damping for the plunge mode with (Case
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VG) and without (Case V ) the presence of the incoming gust for stagger

angle of 30➦, 45➦and 80➦is displayed. It should be noted that the blade aero-

damping for the isolated Case V is obtained from a computation in the

absence of the gust which is obviously not a function of the gust phase,

however the values are shown in this plot as dashed lines for reference. It

can be seen from the plot that when an appropriate constant C (which fits

the amplitude relation between the unsteady lift and the unsteady pressure

rise for Case V ) is used, the variation of blade aerodynamic damping for

Case VG calculated using the devised method show good agreement with

that obtained from unsteady CFD computations. The transition of aero-

damping trend from Case V (constant-value dashed curves) to Case VG

(sinusoidal varying dotted curves) is determined entirely based on the de-

vised analytical method without the need of unsteady CFD computations

for Case VG, where the constant C is obtained from Case V. Importantly,

the most detrimental condition, i.e. phase of the incoming gust correspond-

ing to the most aero-damping loss (‘troughs’ of curves), is calculated with

good degree of accuracy. It will be shown in the following analysis that

139



-0.0015

-0.001

-0.0005

 0

 0.0005

 0.001

 0.0015

-270 -180 -90  0  90

ζ
G

P

Phase of unsteady lift (°)

θs=30°, CFD  

θs=45°, CFD  

θs=80°, CFD  

θs=30°, model

θs=45°, model

θs=80°, model

Figure 5.34: ζGP as a function of the phase of unsteady lift.

the value of C does not play a part in determining the phase of gust corre-

sponding to the most destabilising condition. In order to further examine

the effect of the incoming acoustic gust on blade aero-damping, the aero-

damping contribution due to the gust alone ζGP is calculated for the cases

shown in Figure 5.33 and is plotted in Figure 5.34.

Figure 5.34 shows the aero-damping contribution due to the incoming gust

alone ζGP as a function of the phase of the unsteady lift induced by the in-

coming gust (i.e. phase of lG). The aero-damping ζGP denoted as ‘CFD’

in this plot is calculated from the difference between the aero-damping ob-

tained from unsteady CFD solutions for Case VG and Case V shown in

Figure 5.33, and the aero-damping ζGP denoted as ‘model’ in this plot is

calculated using Equation 5.41 and Equation 5.47. In this plot the phase

of the unsteady lift is relative to the blade motion at zero displacement

and the maximum positive velocity. It is clearly seen that the influence

of the incoming gust changes the blade aero-damping sinusoidally about 0

when plotted against the phase of unsteady lift. The blade aerodynamic

damping contribution ζGP calculated using the devised method shows good

agreement with that computed from the aero-damping differences obtained

from unsteady CFD computations. The most de-stabilising condition occurs

when the unsteady lift contribution due to the incoming gust is in phase

with the blade velocity, and the most stabilising condition occurs when the

two quantities are out of phase. No effect can be identified for 90➦phase dif-
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ference. This observation becomes obvious by investigating Equation 5.35,

where the aerodynamic work has the largest positive value when lG and vP

are in phase (which results in the largest negative aero-damping).

In order to investigate the effect of the constant C on the calculated

additional aero-damping due to the incoming gust, ζGP is calculated using

Equation 5.41 and Equation 5.47 with different values for C. The obtained

ζGP is plotted in Figure 5.35 as a function of the phase of unsteady lift for

the 45➦stagger case using three different values of C. The value of C shown

in this plot is normalised by the value of C used for the 45➦case shown in

Figure 5.33, so that the curve for C = 1.0 in this plot represent the same

curve as the dashed black curve in Figure 5.34. In this plot results for

C = 0.4, C = 1.0 and C = 2.0 are displayed. It can be clearly seen from

the plot that the value of C changes only the amplitude of ζGP , whereas the

phasing relation between ζGP and the unsteady lift remains unchanged.

In conclusion, a low-fidelity analytical method for flutter analysis of a

blade vibrating in the 1st flap mode with low inter-blade phase angles is

presented in this section. Several conclusions can be made based on the

findings

1. The aerodynamic damping for the twist motion (ζPT and ζTT driven

by the unsteady moment generated by the plunge and twist vibrations

respectively) is an order of magnitude lower than that for the plunge

motion (ζPP and ζTP driven by the unsteady lift generated by the
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plunge and twist vibrations respectively) for low inter-blade phase

angle modes, which can be neglected in the flutter analysis for 1F

modes.

2. The aerodynamic damping contribution due to the blade motion and

the incoming acoustic gust are shown to be independent and can be

analysed separately.

3. The evaluation of the damping contribution due to the incoming gust

alone (ζGP ) can be carried out by calculating the aerodynamic work

due to the incoming acoustic waves analytically.

4. The effect of incoming acoustic gusts (e.g. reflection from blade rows)

on flutter stability of the blade can be captured by the proposed low-

fidelity method.

5. The unsteady lift on the surfaces of the blade can be approximated

from the unsteady pressure rise from the leading edge to the trailing

edge of the blade for low inter-blade phase angle modes. A (real)

constant C is used to adjust the amplitude of the calculated unsteady

lift, which is shown to have no effect on the condition for which the

most aero-damping loss occurs due to the incoming gust.

6. The analysis confirms the relationship between the phase of the un-

steady lift induced by the incoming acoustic gust and the phase of

blade velocity for the plunge motion, where the most destabilising

condition occurs when the two quantities are in phase, and the most

stabilising condition occurs when they are out of phase.

This chapter is intended to bridge the gap between the analytical meth-

ods presented in the previous chapter, which were devised with the sim-

plifications of two dimensional cascade theories, and the realistic three-

dimensional blading with non-uniform flow profile and more complex ge-

ometries (which will be presented in the following chapters). Moreover, the

analysis provides a good benchmark for the upcoming chapters based on

which the effect of three-dimensional flow on the accuracy of the analytical

calculations can be investigated. It was also demonstrated in this chapter

that, in the absence of complicated aerodynamics, it is possible to make
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a blade flutter through the combined effects of modeshape and acoustic

reflections.

Based on the knowledge gained in this chapter, the analysis is continued,

to look at the effects of incoming acoustic gusts on the flutter stability of

a fan blade (due to acoustic reflections from the intake) and an embedded

rotor blade (due to acoustic reflections from adjacent blade rows).
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6 Acoustic Driven Fan Flutter

Bite

The main findings of this chapter have been reported in [10, 110].

6.1 Overview and Problem Description

This chapter describes the work on the aeroelastic instability of fan blades,

commonly called stall flutter, which occurs at part speed operating condi-

tions near the stall boundary. Although it is called stall flutter, this type

of event does not require the stalling of the fan blade and can occur when

the slope of the characteristic is still negative. This phenomenon has been

illustrated in Figure 1.3. In such cases the stability boundary of the blade

is defined by the minimum of the stall and flutter boundary. For specific

narrow speed range, flutter is seen to remove a ‘bite’ from the lines marking

the limit of stable operating condition of the blade on a pressure ratio versus

mass flow rate plot, hence the term ‘flutter bite’. This type of flutter typ-

ically occurs in low nodal diameter (ND) forward traveling modes (2ND-4

ND, which corresponds to an inter-blade phase angle between 30➦and 75➦)

for the first flapwise bending (1F) mode.

It was shown in [12] that the two independent mechanisms cause fan blade

flutter:

1. Flow and mode shape driven: caused by the the interactions between

the unsteady pressure generated by blade vibration and the mode-

shape.

2. Acoustic reflection driven: caused by the reflection of acoustic waves

generated by blade vibration.

It was shown in [11] that the key aerodynamic driver for the flow and

modeshape driven flutter is the shock induced boundary layer separation
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Figure 6.1: Illustration of acoustic reflections from the intake.

(thickening). For the fan studied, flow separation caused a radial migration

of the flow toward the tip, which triggered the loss of aerodynamic damping

in that region. It was also shown that the amount of twist in the 1F mode

is a key mechanical parameter, where an increase in the amount of twist

in the mode would result in a loss of flutter stability. The dependence of

flutter on the modeshape was also demonstrated in Chapter 5 for the simple

test case. Moreover, it was shown that as a pre-condition for flutter, the

acoustic disturbances produced by the blade vibration must be cut-on on

the upstream side and cut-off on the downstream side, hence the blade can

only flutter in a certain frequency range at each fan speed.

The acoustic reflection driven flutter requires the upstream field of the

fan to be cut-on, so that acoustic perturbations generated by the vibration

of blades can propagate in the intake and be reflected at the duct opening.

The mechanism of this type of flutter is illustrated in Figure 6.1. It will be

shown that flutter of fan blades due to acoustic reflections can be related

to the phase difference between the reflected acoustic wave and the the

outgoing acoustic wave (generated by blade vibration). Moreover, it was

shown in [11] that the acoustic driven flutter may occur on its own in the
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absence of flow separation since the driving mechanism of acoustic reflection

is independent of flow on the blade surfaces. However, it is unlikely to be

a problem on its own when the aero-damping contribution due to the blade

motion (i.e. damping due to flow and modeshape) is high. The worst case,

i.e. the sharpest drop in the flutter bite region, occurs when the flow and

modeshape driven flutter and acoustic reflection driven flutter coincide at

the same fan speed. In such situations it is sufficient to consider only the

acoustic reflection from the intake, since the flow and modeshape driven

flutter requires the downstream field to be cut-off. The work presented

in this chapter concentrates on the flutter of fan blades operating in such

conditions.

The first objective of this chapter is to explain how the interaction be-

tween the flow, the blade vibration and the reflected acoustic wave results

in fan blade flutter. This is achieved by studying the relationship between

the amplitude and phase of the reflected wave and its influence on blade

aerodynamic damping using unsteady CFD computations. The effects of

key parameters, such as vibration frequency and intake length, on the am-

plitude and phase of the reflected wave (and hence blade flutter stability)

are investigated.

In order to achieve this objective, studies on the flutter bite of fan blades

are carried out in three steps:

1. Computations with ‘acoustic bump’.

2. Computations with annular cylindrical intakes.

3. Computations with real intakes.

These studies will be presented sequentially in the following sections of this

chapter. The complexity of problem is gradually increased in this three-step

analysis, based on which the relationship between the reflected acoustic wave

and the flutter bite of fan blades can be studied in a comprehensive fashion.

It will be shown that the computations with an ‘acoustic bump’ feature

upstream of the fan (which reflects acoustic waves) allow the study of the

phasing relation between the reflected acoustic wave and the aero-damping

of the fan. The computations with annular cylindrical intakes, which are

simplified geometries of real intakes, further allow the study of the effect

of the amplitude of reflection from intake opening. Finally, the findings
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Figure 6.2: Domain used for steady state computation.

obtained from the studies based on simplified geometries are verified in real

applications by performing flutter analyses for the fan blade with real intake

geometries.

Accurate prediction of flutter stability of such a fan would require whole

annulus unsteady computations of the fan and intake at various operating

conditions and speeds (to find the region of flutter bite), which poses very

high demands on both computational time and power, and cannot be used

routinely in the early design stages. Therefore, in the next step, a new

low-fidelity model that can predict the effect of acoustic reflections from the

intake on flutter of fan blades is presented. The assessment of the intake

design requires only the working line of the fan (inlet axial Mach number as

a function of shaft speed), the blade vibration frequency and the geometry

of the intake, which are available in the early design stages of new engines.

Using this method, operating speeds at which the fan is prone to flutter

bite can be easily identified. The proposed model will be validated against

results obtained from unsteady CFD flutter computations, and applied to

test cases with a real intake geometry to predict the flutter bite speed.

6.2 Test Case and Computation Model

A rig wide-chord fan blade, typical of low-speed modern civil designs, is

used as the benchmark geometry for this study. The domain used for the

steady state computations is shown in Figure 6.2. It includes the complete

fan assembly with outlet guide vanes (OGV), engine section stators (ESS)
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Figure 6.3: Modeshape for the 1F mode.

and a symmetric intake upstream of the fan. The fan used in this study has

20 blades and a hub-tip ratio of about 0.3 at the leading edge.

The grids used for the blading are semi-structured, with hexahedral el-

ements around the aerofoil in the boundary layer region, and prismatic

elements in the passage [94]. The end-wall boundary layers are resolved by

refining the grid radially towards the hub and casing. A typical passage

mesh contains approximately 350,000 grid points with 40 mesh layers on

the blade and 5 layers in the tip gap. In order to accurately resolve the

propagation of acoustic waves, approximately 120 grid points are axially

aligned for the shortest axial wavelength.

In the steady computations, the interface boundaries between the sta-

tionary intake domain and the rotating fan domain are modelled as mixing

planes, whereas in the unsteady computations they are treated as sliding

planes. The boundary conditions for the far field boundaries are set to at-

mospheric conditions. The flow through the fan is controlled by placing

two choked variable-area nozzles downstream of the fan (see Figure 6.2).

The nozzle downstream of the ESS controls the bypass/core flow ratio and

is fixed at each speed. Constant speed characteristics are obtained by ad-

justing the area of the exit nozzle downstream of the OGV. The operating

conditions considered correspond to sea level static and zero cross wind.

In all the flutter computations presented in this paper, the blades are
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excited in the first flapwise bending (1F) mode with a reduced frequency of

0.54. The 1F modeshape is shown in Figure 6.3 in terms of blade displace-

ment amplitude. All the flutter computations in this work are performed

using a whole assembly approach, where the 1st flutter computation strategy

is used to find the least stable nodal diameter and the 2nd flutter computa-

tion strategy is used to study the the intake acoustics for the nodal diameter

of interest (Section 3.4). The physical time step for flutter computations is

resolved as 200 time steps for one complete cycle of the acoustic mode of

concern in the stationary frame of reference. This time step was obtained

by performing a temporal convergence study.

For the studies in this chapter, the rotational speed of the fan Ω is made

non-dimensional using the blade tip Mach number Ω̄ = Ωrt/a0, where Ω

is the shaft speed, rt is the fan tip radius, and a0 is the speed of sound

at the local stagnation condition of the inlet flow. The mass flow through

the fan is appropriately expressed in terms of a non-dimensional mass flow

m̄ = ṁ

√
cpT0

Adp0
, where p0 and T0 are stagnation pressure and temperature into

the fan, and Ad is the duct cross-section area. For the present work what

matters is the ratio of m̄ to the value on the working line, m̄wl. The ratio of

non-dimensional mass flows is therefore expressed here by mref = m̄
m̄wl

and

varying mref is equivalent to varying the exit nozzle area. In this work the

mass flow is made non-dimensional by the value of m̄wl at Ω̄ = 0.89 (which

experienced flutter bite in the experimental test).

6.3 Steady State Validation

The constant speed characteristic of the fan blade at the speed which flutter

bite was measured (Ω̄ = 0.89) is obtained through steady state computations

of the single passage (Figure 6.2) by varying the area of the exit nozzle

downstream of the OGV. The steady state results shown here are reproduced

from [11]. The main aim of this section is

1. To demonstrate the accuracy of the CFD model on predicting flow at

off-design conditions.

2. To show the main aerodynamic drive that can cause flutter of fan

blades, which is very important for the completeness of this work.
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Figure 6.4: Performance of the fan.

Figure 6.4 shows the comparison between the calculated and measured

pressure ratio of the fan blade (inlet to fan exit) as a function of mref over

the speed range of Ω̄ = 0.65 to Ω̄ = 1.1. The pressure ratio is normalised

by the pressure ratio at the working line operating condition for the speed

of Ω̄ = 0.65 computed using CFD. In this plot the measured and computed

speedline for the speed of Ω̄ = 0.89, the normal operation working line

and the measured stability boundaries (stall and flutter) are displayed. For

the fan speed in this study (Ω̄ = 0.89), the stall boundary is preceded by

the flutter boundary, i.e. flutter event was recorded on the fan blade prior

to stall during the test. Thus a shorter characteristic can be seen for the

measured Ω̄ = 0.89 speedline than that computed using steady state CFD

analysis. It can be seen from the plot that the fan performance is predicted

with reasonable accuracy.

Figure 6.5 shows the radial profile of total pressure ratio (leading edge to

trailing edge) for operating points mref = 0.93 (near stall) and mref = 0.97

(working line) on the Ω̄ = 0.89 speedline. It can be seen from the plot

that the measured and computed total pressure ratio are in good agree-

ment, which confirms the capability of the CFD code used in this work in

predicting the mean flow.

Figure 6.6 shows the isentropic relative Mach number contour on the

suction surface of the blade for operating points mref = 0.93 and mref =

0.97 on the Ω̄ = 0.89 speedline. The blade surface streamlines are also
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Figure 6.6: Isentropic relative Mach number contour and streamline. [11]
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Figure 6.7: Domain used for unsteady computation.

shown in this plot overlayed on the Mach number contour. At this speed,

the relative inlet Mach number is sonic at the tip and subsonic at lower spans

(apart from the suction peak due to flow acceleration around the leading

edge). At the operating point mref = 0.97, the flow on the blade is attached

and the streamlines follow blade stream sections. At the condition closer

to stall (mref = 0.93), separated flow driven by shock induced separation

near the leading edge is seen to migrate radially outwards at about 70%

span. This flow feature has been demonstrated as the key factor in the

flow-modeshape driven flutter of fan blades [11]. The importance of this

phenomenon on flutter will be shown in the following section.

6.4 Flutter Bite Computations

Prior to in-depth analysis of the effect of acoustic reflection on flutter sta-

bility of the fan blade, the flutter bite of the fan obtained from unsteady

CFD computations is compared with that measured in the test. The flutter

computations are performed for the whole domain shown in Figure 6.7 using

the 1st flutter computation strategy (Section 3.4).

Figure 6.8 shows the comparison between the calculated and measured

stability boundaries for both flutter and stall over the speed range of Ω̄ =

0.65 to Ω̄ = 1.1. In this plot the measured and CFD stability boundaries

are represented by the black and red lines respectively. The CFD boundary

is obtained by taking the minimum damping from 2ND, 3ND and 4ND
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Figure 6.8: Comparison between predicted flutter bite and measured flutter
bite.

modes. However, both CFD and measured data indicate a 3ND flutter

around the flutter bite (at the speed of Ω̄ = 0.89). The calculation, based

on the known frequency and mode of vibration [11], shows instability due

to flutter at somewhat higher mass flow rate than those measured. The

higher computed mass flow for instability is attributed to the presence of

some mechanical damping and mistuning in the real fan [3] which is wholly

omitted in the present calculations. The trend is well predicted, notably

the flutter bite around the sonic speedline of Ω̄ = 0.89. The phenomenon of

flutter bite is clearly shown in this plot where a substantial drop of stability

margin for the fan blade is identified. The dotted purple line (denoted by

HWL) in Figure 6.8 represents a high working line which cuts through the

flutter bite, and is used for understanding the effects of fan speed on flutter

in the following analyses.

It is clearly show in Figure 6.8 that the CFD code used in this study is

capable of predicting the flutter bite with reasonable degree of accuracy. In

order to study the physics behind the flutter bite observed in Figure 6.8,

flutter computations are carried out for the fan blade with simple intake

geometries. To achieve this, the fan blade is separated from the whole as-

sembly (i.e. by removing the intake, ESS and OGV shown in Figure 6.7). At

the exit, boundary conditions obtained from the steady state computations

are prescribed.
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6.4.1 Effect of mass flow rate

Prior to flutter computations with various intake geometries, the effect of

mass flow rate is studied. The results of this section are reproduced from [11]

and is shown to demonstrate the effect of aerodynamics on fan flutter, which

is essential for the understanding and completeness of this chapter. In this

setup, steady state computations are performed by attaching a long straight

duct upstream of the fan, which is throttled on its own based on the obtained

steady state solutions. Based on the domain and the steady state solutions

obtained, flutter computations are performed for the 1F/2ND mode at a

reduced frequency of 0.54 for all the operating points on the constant speed

characteristic Ω̄ = 0.89. The computations are performed for the isolated

blade setup in the long straight duct using the single passage (3rd flutter

computation strategy).

Figure 6.9 shows the calculated pressure ratio and aero-damping of the

fan (in a long straight duct without the intake, ESS and OGV) as a function

of mref at the non-dimensional speed of Ω̄ = 0.89. The pressure ratio in

this plot is normalised by the pressure ratio at mref = 1.0. It can be seen

from the plot that the blade aero-damping decreases as mass flow rate is

reduced. The blade aero-damping becomes negligible at about mref = 0.95,

which was shown in [11] to be the result of the migration of flow radially

outwards on the suction surfaces of the blade (also see Figure 6.6).

Figure 6.10 shows the calculated aero-damping of the blade as a function

of span. It is seen that for high mass flow rates mref > 0.98 the fan blade

is positively damped at all span sections. As the mass flow rate is reduced,

negative aero-damping is seen at blade sections above 80% span. The mag-

nitude of the negative aero-damping patch increases with further reduction

in mass flow rate, which results in a zero blade damping at mref = 0.95 and

negative damping at mref < 0.95. This phenomenon was studied in detail

by Vahdati and Cumpsty [11] and it was found that the observed negative

aero-damping in the tip region of the blade is driven by the separated flow

migrating radially outboard as shown in Figure 6.6. This flow feature was

concluded as a key aerodynamic factor for the flow-modeshape driven flutter

of the fan blades, which is responsible for flutter of fan operating near the

stall boundary. However, this phenomenon is not the focus of this thesis as

the aim is to understand and predict flutter of fan blades due to acoustic
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Figure 6.9: (a) Characteristic of the fan blade (isolated setup) at Ω̄ = 0.89;
(b) aero-damping as a function of mass flow rate.
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reflections. In other words, is it possible to make an aerodynamically sta-

ble blade (such as mref = 0.98) unstable by means of acoustic reflections

(from the intake), i.e. can aeroacoustics overpower aerodynamics in terms

of the effect on blade flutter stability? This is achieved by performing flutter

computations with an ‘acoustic bump’ feature first.

6.4.2 Computations With ‘Acoustic Bump’

In the first part of this work, the phase relation between the reflected acous-

tic wave and the acoustic reflection driven flutter is investigated by means

of an ‘acoustic bump’ feature upstream of the fan as illustrated in Fig-

ure 6.11. It was shown in [12] that by modelling an intake as a uniform

cylinder plus a ‘bump’, it is possible to change the aerodynamic damping

of the blade by changing the location of the bump. The change of blade

aerodynamic damping is caused by the change of the phase of the reflected

wave. However, the work did not establish any relationship between blade

aerodynamic damping and the phase of the reflected acoustic wave. In order

to devise a simple prediction model and establish some design rules, it is

essential to determine the phase relation between the blade aero-damping

and the reflected acoustic wave. To achieve this goal, flutter computations

are performed by varying the location of the bump relative to the fan.

Flutter analyses are conducted for the 1F/2ND mode at a reduced fre-
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Figure 6.11: Domain used for flutter computation with ‘bump’ feature.

quency of 0.54 for the three operating points mref = 0.93, mref = 0.95

and mref = 0.99 on the constant speed characteristic Ω̄ = 0.89 (see Fig-

ure 6.8). For the cases studied here, the inlet axial Mach number in the

intake is around 0.4. In each computation series the fan operates at a fixed

operating point while the location of the bump is varied with respect to the

fan.

Figure 6.12 shows the computed aerodynamic damping of the fan as a

function of non-dimensional distance from the fan face for the three operat-

ing points considered. The non-dimensional distance L
λ−

denotes the ratio

between the distance from the bump to fan leading edge and the wavelength

of the upstream propagating acoustic wave. The calculated blade aerody-

namic damping in a long straight duct in the absence of bump (shown in the

previous section) is shown in Figure 6.12 as straight dashed line (since it is

obviously independent of the bump location). It can be seen from this plot

that the aerodynamic damping of the fan with bump feature is a function of

bump location, and varies in a sinusoidal fashion around the aero-damping

due to blade motion. The aerodynamic damping is seen to repeat itself

with a period of approximately one wavelength of the upstream propagating

acoustic wave, indicating that acoustic wave in the duct between the bump
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Figure 6.12: Aerodynamic damping as a function of bump location.

and fan is a key parameter for the flutter stability of the fan-bump system.

It is seen from the plot that a stable operating point (e.g. mref = 0.95)

can become unstable due to inappropriate bump placement (e.g. L
λ−

= 0.7),

which clearly illustrates how flutter bite can occur for a fan-intake system.

Conversely, beneficial effects can be seen for certain bump locations where

the presence of the bump provides additional positive damping to the blade.

An example can be seen where the unstable operating point mref = 0.93

becomes stable when the bump is placed at L
λ−

= 0.4. It will be shown in a

later section that for a real intake such situations can occur and the intake

can provide additional aerodynamic damping at some speeds. Moreover,

for operating points where the aero-damping due to blade motion is high

(e.g. mref = 0.99), the change of blade aerodynamic damping due to the

presence of bump does not result in negative aerodynamic damping. This

confirms the statement (in the introduction of this chapter) that the acoustic

driven flutter is unlikely to be a problem on its own when the aero-damping

contribution due to the blade motion is high.

In order to investigate the relationship between bump location and the

propagating acoustic waves, a wave-splitting procedure is performed to split

the unsteady perturbations in the duct into propagating waves, based on

which a relationship between the (reflected) acoustic waves and fan flutter

stability can be established. Figure 6.13 shows the instantaneous unsteady

pressure contour on the casing surface upstream of the fan. In this plot the
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Figure 6.13: Instantaneous unsteady pressure contour on the casing surface:
(a) unsteady pressure (complete signal); (b) upstream propa-
gating acoustic pressure; (c) downstream propagating acoustic
pressure.
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upstream propagating and the downstream propagating components, which

are obtained through post-processing of the unsteady pressure, are also dis-

played. It is clearly seen that as the outgoing acoustic wave impinges on the

bump, part of it is transmitted and part of it is reflected. Figure 6.14 shows

the amplitude and phase of unsteady pressure of the propagating acoustic

waves as a function of axial location for the operating point mref = 0.93.

The amplitude of unsteady pressure is normalised by the amplitude of up-

stream propagating acoustic wave at the fan leading edge, and the phase

is relative to the phase of unsteady pressure at the fan face. In this plot a

stable bump placement L
λ−

= 0.4 and an unstable bump placement L
λ−

= 0.7

are displayed. The leading edge of the fan is situated at about L
λ−

= 0.05. It

can be seen from these plots that the vibration of blades generates acoustic

waves which propagate with a constant phase speed and a nearly constant

amplitude between the fan and the bump. Acoustic waves are reflected

by the bump, due to sudden change of duct area, with a significant am-

plitude ratio and approximately 180➦phase change. For the flow condition

and bump geometry studied here the amplitude of reflection coefficient is

about 0.65. The wavelength and phase velocity of the outgoing and reflected

waves can be inferred from the slope of phase against axial distance in the

phase plot. It is seen from the phase plot that the waves propagate with

a (nearly) constant axial phase velocity towards (and reflected back from)

the intake highlight. The effective axial phase speed (corresponding to the

axial wavenumber) of the downstream propagating wave (blue curves) is

much higher (with a Mach number of ˜3.8), due to a much smaller axial

wavenumber, than that in the upstream direction (red curves) (Mach num-

ber of ˜0.37). Hence a lower gradient can be seen for the phase curve of the

downstream travelling wave.

Figure 6.15 shows the phase difference between the outward propagating

and backward propagating acoustic waves at the leading edge of the fan as a

function of non-dimensional bump location. The results for operating points

mref = 0.93 and mref = 0.99 are shown here. It is seen from this plot that

the relationship between the phase difference and the bump location shows a

linear trend. Moreover, it is seen that by non-dimensionalising the distance

by the wavelength of the upstream propagating acoustic wave, the phase

difference for the two flows becomes the same. This is quite obvious since

the axial phase change of acoustic waves is proportional to the wavenumber
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Figure 6.15: Phase difference between the outgoing and reflected acoustic
waves as a function of bump location.

as shown in Equation 4.24 and 4.25.

Based on the the phase difference relation shown in Figure 6.15, the aero-

dynamic damping of the blade, which has been shown in Figure 6.12, can

be plotted against the phase difference between the outgoing acoustic wave

and the reflected acoustic wave at the blade leading edge. Figure 6.16

shows the addition aerodynamic damping due to acoustic reflection from

the bump as a function of this phase difference for two operating conditions

of mref = 0.93 and mref = 0.99. The ‘additional aerodynamic damping’

is defined as the difference in blade aero-damping with and without the

presence of the acoustic reflection, and represents the additional 1 effect of

acoustic reflection on flutter stability of the blade. In other words, the ad-

ditional aero-damping is calculated as the change from blade aero-damping

in a long straight duct (dashed lines in Figure 6.12) to blade aero-damping

with the presence of the bump (solid lines in Figure 6.12). The term ‘ad-

ditional aero-damping’ will be used repeatedly throughout this work, and

thus will be referred to without the quotation marks for clarity. It is seen

from the plot that, despite the difference in flow between the two operating

conditions, the additional aero-damping due to acoustic reflection from the

bump is very similar when plotted against the phase difference between the

reflected and outgoing acoustic waves. Hence it can be concluded that the

1The expression ‘additional’ can mean increase or decrease in the context of this thesis.
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Figure 6.16: Additional aero-damping as a function of phase difference be-
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additional aero-damping due to acoustic reflection from the bump (acoustic

reflection driven) can be evaluated independently from the aero-damping

due to blade motion (flow and modeshape driven). This finding is in agree-

ment with the observations and conclusions for the analysis conducted in

Chapter 5, where the aero-damping contribution due to the unsteady load-

ing induced by the blade motion and the unsteady loading induced by the

incoming acoustic waves can be evaluated separately (which is also demon-

strated by the derivation of Equation 5.42). Another very important ob-

servation can be made in Figure 6.15. The bump location which has the

most beneficial effects to fan flutter stability corresponds to approximately

−90➦, and the location with most detrimental effects corresponds to approx-

imately 90➦. For a phase difference of 0➦ the effects of the bump on blade

aero-damping is almost zero.

The above analysis with the ‘acoustic bump’ clearly demonstrates how

flutter bite can occur for a fan blade with the intake. Three main conclusions

can be made from this analysis:

1. The contribution to aerodynamic damping due to the blade motion

(flow and modeshape driven) and acoustic reflection from the intake

(acoustic reflection driven) are independent and can be analysed sep-

arately.
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Figure 6.17: Domain used for flutter computation with annular cylindrical
intake.

2. Intake length and Mach number are the key parameters which deter-

mines the phase of the reflected acoustic wave for the acoustic reflec-

tion driven flutter.

3. The analysis reveals a relationship between the phase difference (be-

tween the outgoing and reflected acoustic waves) and the aero-damping

contribution due to acoustic reflection from the intake. The most

destabilising condition occurs at approximately 90➦ phase difference.

In the next step, the effect of other parameters (such as vibration fre-

quency) on the phase and amplitude of the reflected acoustic wave on fan

flutter stability is investigated. Moreover, the reflection of acoustic waves at

the opening of the intake is studied. This is achieved through computations

with artificially created annular cylindrical intakes.

6.4.3 Computations With Annular Cylindrical Intake

In the second part of this study, effect on flutter stability of fan blades due to

acoustic reflection from an axi-symmetric annular cylindrical intake is stud-

ied. The phasing relation between the intake length and Mach number and

the blade aero-damping was demonstrated in the previous section. The main

objectives of this part of the work are to establish the relationship between

the amplitude of the reflected acoustic wave with blade aero-damping, and

to study the effects of key parameters (such as blade vibration frequency) on

the reflected acoustic wave. Moreover, comparisons are made between the
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Figure 6.18: Illustration of fan operating conditions used for flutter compu-
tation. WL: working line; HWL: high working line.

results obtained from unsteady CFD solutions and the calculations based

on the analytical theories (as presented in Chapter 4), which provide the

foundation for the development of a simple model.

The geometry of the intake used in this study is shown in Figure 6.17. The

axi-symmetric intake studied in this work has a hub/tip ratio of h = 0.27,

which terminates at the inlet of fan domain as illustrated by the dashed

black line in Figure 6.17. It is worth noting that the intake geometry used

in this study is not a representation of a common design. However, this

simplified geometry allows one to explore fan-intake interactions in more

detail. Moreover, the intake walls are treated as inviscid so as to avoid

end-wall boundary layer losses. By doing so the mean flow on the fan blade

remains unchanged independent of the intake length, and hence allows one

to vary the length of the intake to study its effects on fan flutter stability.

Figure 6.18 illustrates the operating map (at part speed) for the fan with

the annular cylindrical intake studied in this work. Most of the compu-

tations in this work are performed at the non-dimensional fan speed of

Ω̄ = 0.89 (which showed the deepest flutter bite in Figure 6.4). It should

be noted that the steady state flow in this study is slightly different from

that shown in the previous section due to a different intake geometry. The

high working line (HWL) close to the stall boundary (see Figure 6.4), which
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Figure 6.19: Relative Mach number contour at 98% span of the fan blade.

cuts through the flutter bite, is also illustrated in Figure 6.18. Most of the

flutter computations in this work are performed at a fixed flow condition on

the high working line (denoted as ‘A’ in Figure 6.18). At this condition, the

inlet relative Mach number at the blade tip is around 0.95. At the operating

points studied, the shock is expelled from the passage as illustrated by the

contour of relative Mach number shown in Figure 6.19). The Mach number

in the intake is about 0.5.

Full annulus unsteady CFD flutter computations are performed, using

the 2nd strategy, for the 1F/2ND and 1F/3ND modes with and without

the annular cylindrical intake. Flutter computations are performed at the

fixed flow condition ‘A’ by varying the fan vibration frequency ω (and con-

sequently the cut-on ratio σ (Equation 4.22)) and the intake length L in-

dependently. Moreover, flutter computations are carried out by varying the

fan speed (on the high working line) for a fixed intake length and blade vi-

bration frequency, so that the speed range of flutter bite can be investigated.

By varying these key parameters, the relationship between the amplitude

and phase of the reflected acoustic wave and the aerodynamic damping of

fan blades can be established, based on which a simple flutter bite prediction

model is proposed.

Figure 6.20 shows the aero-damping variation of the fan blade as a func-
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Figure 6.20: Aero-damping of the fan as a function of vibration frequency,
L = 1.37D.

tion of cut-on ratio σ with an intake length of L = 1.37D. The dashed

lines in Figure 6.20 show the blade aero-damping computed for the isolated

rotor in a long straight duct, which represent the aerodynamic damping due

to blade motion in the absence of acoustic reflection. As can be seen from

the plot, the isolated fan without intake shows positive aero-damping for

all vibration frequencies studied, suggesting that at the operating condition

studied, the rotor is stable in the absence of acoustic reflections. With the

introduction of the intake, the aero-damping of the fan changes significantly

from that of the isolated setup. It should be emphasised that, this is not

due to the change of flow on the fan, as the numerical setup ensures that the

steady base flow on the fan is approximately the same for computations with

and without the intake, which is confirmed by the comparison of isentropic

Mach number for the isolated rotor and the rotor in the fan-intake assembly

shown in Figure 6.21. Positive as well as negative effects on aero-damping

can be observed in Figure 6.20, and a cyclic variation of aero-damping can

be seen when σ > 1 (i.e. when the acoustic modes are cut-on in the intake),

and the amplitude of damping variation is seen to decrease with the increase

of σ. Moreover, the least damped condition shifts from about σ = 1.6 for

the isolated fan computations with non-reflecting boundary conditions. It

can be seen from the plot that flutter occurs with the intake at two separate
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Figure 6.21: Isentropic Mach number at 90% blade span.

frequency bands: around σ = 1.13 and 1.4 < σ < 1.65 for the 2ND mode

and around σ = 1.3 for the 3ND mode.

A similar analysis was performed with a constant cut-on ratio of σ = 1.3

for the 2ND and 3ND modes with varying intake length L at the same

fixed steady flow condition. It should be emphasised that the steady flow

condition does not vary with the increase of intake length as the intake wall

is treated as inviscid, i.e. there is no boundary layer growth along the casing

walls. In Figure 6.22, the calculated aero-damping of the fan blade is plotted

against the non-dimensional intake length L/λ−
m. The length of the intake L

is normalised by the wavelength of the upstream propagating acoustic wave

λ−
m. It is seen from this plot that the damping curves are a function of intake

length and repeat themselves with a period of approximately one wavelength

of the upstream propagating acoustic wave. Positive and negative effects

on aero-damping are again clearly shown in this plot, where the largest

decrease on aero-damping is seen at the intake length of L/λ−
m = 1.8 for the

flow condition and vibration frequency studied. The findings show a similar

behaviour with the studies using the ‘bump’ feature. The length of intake

is confirmed as a key parameter for the aero-damping of the fan and intake

system, which clearly defines when the ‘flutter bite’ occurs depending on

the vibration frequency of the blade and Mach number in the intake.

In order to study the propagation and reflection of acoustic waves from the

intake and their relationship with the blade aero-damping, a wave-splitting
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Figure 6.22: Aero-damping of the fan as a function of intake length, σ = 1.3.

procedure is performed in the intake duct to obtain the amplitude and phase

of the outgoing pressure wave and its reflection from the intake highlight.

The amplitude and phase of the upstream and downstream propagating

waves in the intake duct for the 2ND mode with σ = 1.3 and L = 1.37D are

plotted against the non-dimensional axial coordinate x/λ−
m in Figure 6.23.

In this plot the leading edge of the fan is situated at x/λ−
m = 0 and the

intake highlight is located at x/λ−
m = −1.2. It can be seen from the plot

that the fundamental radial order of the 2ND mode, i.e. the (2, 0) mode, is

cut-on upstream of the fan, and propagates in the direction against the flow

with approximately constant amplitude (solid red curve). Upon reaching

the intake highlight, it is reflected back as a cut-on (2, 0) mode towards the

fan (solid blue curve) with a significant portion of the incident amplitude

(approximately 0.5 in this case). Moreover, the vibration of the fan with the

1F/2ND mode also excites its higher radial harmonics (n = 1, 2, ...). The

upstream propagating (2, 1) mode is plotted in Figure 6.23a (dashed red

curve) and can be seen to have a non-zero amplitude close to the leading

edge of the fan (x/λ−
m = 0). However, modes with radial order higher

than n = 0 are found to be cut-off for the low vibration frequencies of

the first flap mode, so that their amplitudes are rapidly attenuated. It is

also noticed that at the intake highlight (x/λ−
m = −1.3) the incident (2, 0)
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mode is scattered into its radial harmonics, and a finite amplitude can be

seen for the downstream propagating (2, 1) mode at the intake highlight

(dashed blue curve). However as the reflected higher order modes are cut-

off, they will have negligible impact on the unsteady pressure field near

the fan. This is confirmed by the fact that the amplitude of the (2, 0)

mode (solid black curve in Figure 6.23a), calculated as the complex sum of

upstream and downstream propagating components of the (2, 0) mode, lies

more or less on top of the unsteady pressure obtained from the temporal

Fourier transformed unsteady flow solutions (black square symbols). In

other words, the unsteady pressure content in the intake duct is dominated

by the fundamental radial order mode (i.e. the (2, 0) mode). Hence in the

rest of this paper only the fundamental radial order is considered.

The wavelength and phase velocity of the outgoing and reflected waves can

be inferred from the slope of phase against axial distance in Figure 6.23b.

It is seen from this plot that the waves propagate with a (nearly) constant

axial phase velocity towards (and reflected back from) the intake highlight.

The effective axial phase speed of the downstream propagating wave (blue

curve) is much higher (Mach number of ˜35.2) than that in the upstream

direction (red curve) (Mach number of ˜1.0) (which can be calculated from

Equation 4.17), hence a lower gradient can be seen for the phase curve of

the downstream travelling wave.

Based on the results obtained from wave-splitting, the phase change of

acoustic waves propagating through the intake duct can be obtained as

the difference between the phase at the fan leading edge and the phase at

the intake highlight, namely δφu− and δφu+ in Figure 6.1. These results

are plotted as the solid curves in Figure 6.24 as a function of vibration

frequency and in Figure 6.25 as a function of intake length. The results

obtained from wave-splitting are compared with values calculated using the

analytical method (Equation 4.24 and 4.25) in this plot. It can be seen from

Figure 6.24 that the phase difference increases with the increase of vibration

frequency. This is justified by the fact that, as the mode becomes more cut-

on, its (real) axial wavenumber increases and axial wavelength decreases,

resulting in an increase in the overall phase change proportional to ℜ(kx)
(see Equation 4.24 and 4.25). It is also seen that the values calculated from

the linear theory show a good agreement with the values obtained from the

wave-splitting of the unsteady CFD solutions. Moreover, as expected, the
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intake length, σ = 1.3. Upstream: δφ−; Downstream: δφ+
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Figure 6.26: Amplitude ratio and phase change of acoustic reflection from
the intake highlight as a function of vibration frequency, L =
1.37D.

phase change shows a linear relationship with intake length as can be seen in

Figure 6.25. Relatively small discrepancies can be seen between the values

based on the analytical method and the values obtained from the wave-

splitting of the unsteady CFD results, and the trend of the phase change is

very well represented.

When the acoustic wave reaches the intake highlight, part of the incident

outgoing acoustic wave transmits through the intake opening and radiates

outwards to the farfield (illustrated in Figure 6.1). Part of this outgoing

wave is reflected back towards the fan with an attenuation in modal ampli-

tude and a change of phase. These parameters are calculated (at the intake

highlight) for the cases studied based on the results obtained from wave-

splitting of unsteady CFD solutions. In Figure 6.26, the amplitude ratio

(|ηI |) and phase change (δφI) of acoustic reflections at the intake highlight

obtained from unsteady CFD solutions are compared with values calculated

analytically (Section 4.5).
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Figure 6.27: Additional aero-damping due to acoustic reflections as a func-
tion of phase difference between the outgoing wave and the
reflected wave at fan leading edge.

It can be seen from the plots that when the mode is just cut-on, (nearly)

total reflection occurs at the opening of the intake with an amplitude ratio

close to 1 and a phase change of 180➦. As the mode becomes more cut-on,

the acoustic reflection from the intake opening is reduced in amplitude as

well as showing a change in phase. Moreover, it is seen that these trends are

adequately predicted by the analytical model. The discrepancies between

them are likely to come from the radial profile of flow in the intake (which

is assumed to be uniform by the analytical model) and the analytical sim-

plifications in the geometry of duct opening, which could result in a slightly

different radiation mechanism. Nevertheless, an adequate agreement can be

seen between the values obtained from wave-splitting of 3D unsteady CFD

solutions and the analytical model.

Based on the the phase of acoustic wave obtained from wave-splitting, the

relationship between the additional aerodynamic damping due to acoustic

reflection from the intake (i.e. difference between the solid and dashed lines

in Figure 6.20 and Figure 6.22) the phase difference between the reflected

acoustic wave and the outgoing acoustic wave at the blade leading edge can

be established. Figure 6.27 shows the calculated additional aero-damping

due to acoustic reflection from the intake for the aforementioned cases with
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varying vibration frequency and intake length, plotted as a function of this

phase difference. It can be seen from the plot that the cases with vary-

ing vibration frequency and varying intake length can be unified to show a

common trend: minimum damping contribution at approximately 90➦phase

difference and maximum damping contribution at approximately -90➦phase

difference. The obtained relationship is in a good agreement with the find-

ings using the ‘bump’ feature. Moreover, for the case when blade vibration

frequency is varied (i.e. varying σ), the influence of acoustic reflection from

the intake shows a gradual decrease with the increase of frequency (which

manifests as an increase in phase difference). This phenomenon can be ex-

plained by the decrease in the amplitude of reflected acoustic wave with

increasing frequency as shown in Figure 6.26.

The above analysis with the annular cylindrical intake clearly demon-

strates the mechanism of acoustic reflection from the intake and its interac-

tion with the blade aerodynamic damping. Three further conclusions can

be made (besides those in agreement with the previous section) from this

analysis:

1. Vibration frequency and thus fan speed (which modifies the frequency

of acoustic modes in the stationary frame) are also key parameters

for the acoustic reflection driven flutter. The variation of frequency,

besides the effects on flow and modeshape driven flutter, influences

both the amplitude and phase of the reflected acoustic wave.

2. For a fixed phase of the reflected wave, the influence of acoustic reflec-

tion on blade aero-damping seems to be proportional to the amplitude

of reflected acoustic wave.

3. The complete acoustic reflection process in the intake can be calcu-

lated with a good degree of accuracy by analytical methods without

the need of CFD computations.

6.4.4 Computations With Real Intake

It was shown in the previous studies that by modeling an intake as an

infinite length cylinder with a ‘bump’ and an artificially created annular

cylindrical intake, the flutter bite can be captured and its relationship with

the reflected acoustic wave was obtained. In this section the effects of a
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Figure 6.28: Mach number profiles at different fan speeds (curves with sym-
bol) and an illustration of intake geometry used in this study
(black curve).

real intake on flutter is studied and the findings of the previous section are

examined for this geometry.

The domain used in this study contains a real intake geometry, fan and

a long cylinder downstream of the fan (as shown in Figure 6.7 with OGV

and ESS removed). In the previous section, the phase difference between

the outgoing acoustic wave and the reflected acoustic wave at the fan face

was changed by changing the location of the bump. However, the length

of a real intake is set by other operability requirements. Therefore, in the

first part of this study the phasing between the outgoing wave and the

reflected wave at the fan face is changed by changing the fan speed which is

also representative of the real engineering problem. A change in fan speed

will alter the axial Mach number in the intake, which (as will be shown)

changes the amplitude and phase of the reflected waves from the intake

lip. Furthermore, as the fan speed reduces and the intake Mach number

decreases, the outgoing acoustic wave will eventually cut-off which decays

axially. The intake profile used in this study is illustrated (not to scale) in

Figure 6.28. Computations were performed for the 2ND and 3ND modes

at the reduced frequency of 0.54, along a constant working line shown by

HWL in Figure 6.8.

Figure 6.29 shows the computed aero damping for 2ND and 3ND modes

plotted against blade tip Mach number Ω̄. Also shown in this plot is the aero

damping for the case without intake (this case was achieved by attaching a
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Figure 6.29: Aero-damping of the fan as a function of speed on the HWL
operating line.

long straight duct upstream of the fan, Section 6.4.1). The behavior of the

case without intake (dashed curves) is only dependent on the flow on the

blade and mechanical properties of the blade, which was described in detail

in [11]. It can be seen from this plot that the reflections from intake can

play an important part in flutter and can change the flutter stability of the

blade significantly. For this particular intake, reduced frequency and the

fan blade used in this study, the intake effects are more pronounced for the

3ND mode than the 2ND mode, which is in agreement with measured data

shown in Figure 6.8. Moreover, it is seen from this plot that for the case

without intake both 2ND and 3ND modes show a minimum damping at

Ω̄ = 0.87; the addition of intake moves the minimum damping for 2ND and

3ND mode to Ω̄ = 0.85 and Ω̄ = 0.89 respectively. It is also seen from the

plot that, the 3ND mode has a further drop in aero damping at Ω̄ = 1.02.

It will be shown in the next section that this drop is attributed to a second

(high speed) flutter bite.

In order to establish a relationship between acoustic reflection and flut-

ter and understand the above observations, a wave-splitting procedure is

performed (similar to the previous sections) to split the unsteady pertur-

bations in the intake into propagating waves. Figure 6.30 shows the cut-on

frequencies plotted against Ω̄ for 2ND and 3ND acoustic waves at the fan

face. The dashed black line in Figure 6.31 is the blade vibration frequency
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used in this set of computations, and the crossing of this line with the red

or blue line shows the fan speed at which the corresponding acoustic mode

becomes cut-on at this frequency. From this plot it can be seen that the

2ND mode becomes cut-on at Ω̄ = 0.74 and the 3ND mode becomes cut-on

at Ω̄ = 0.83.

Figure 6.31 shows the obtained amplitude ratio and phase change between

the reflected acoustic wave and the outgoing acoustic wave at the fan face.

The following observations can be made from Figure 6.31:

1. For a cut-on wave the phase difference between the reflected acoustic

wave and the outgoing acoustic wave is dependent on the fan speed.

The change in fan speed changes the Mach number in the intake and

the properties of the generated acoustic waves (such as axial wavenum-

ber), which consequently changes the phase of the reflected wave. A

similar trend was observed in Figure 6.24 when the vibration frequency

of the blade is varied.

2. The amplitude of the reflected wave experiences a resonance when

the mode is just cut-on. This resonance occurs when the wave is

cut-on at the fan face but (due to decreasing Mach number shown in

Figure 6.28) becomes cut-off in the intake. However, the minimum

damping of the intake does not occur at this point since the outgoing

wave and the reflected wave show 180➦phase difference at the fan face,

which (as was shown in previous sections) does not correspond to the

phasing criterion for flutter bite (90➦for most destabilising and 180➦for

no effect).

3. For a cut-off wave the amplitude of reflected wave is nearly zero. This

is due to the fact that the amplitude of the outgoing acoustic wave

is attenuated exponentially in the intake in such cases, and so there

would be minimum reflection from the highlight. This was also ob-

served for the cut-off (2, 1) mode shown in Figure 6.23.

4. The amplitude of the reflected wave decreases as fan speed increases.

The rate of decrease is much higher for the 3ND mode than the 2ND

mode. This is caused by the change in the properties of the outgoing

acoustic waves (such as axial wavenumber and mode angle). A similar
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Figure 6.32: Additional aero-damping as a function of the phase difference
between the outgoing and the reflected acoustic waves at the
fan face, 3ND.

trend was observed in Figure 6.26 when the vibration frequency of the

blade was varied.

5. The decrease in 3ND damping at high speed Ω̄ = 1.02 is due to the fact

that at this speed the phase difference between upstream travelling

wave and the reflected wave becomes almost 90➦again. However, the

amplitude of the reflected wave is quite small at this speed and hence

the drop in damping is not as severe as that at Ω̄ = 0.89. Moreover, as

can be seen from Figure 6.29, the aero-damping for the isolated blade

(without reflection) is quite high at this speed and hence the resultant

aero-damping remains positive.

Figure 6.32 shows the additional aero-damping due to acoustic reflection

from the intake obtained from the difference between the solid and dashed

curves in Figure 6.29 for the 3ND mode plotted against the phase difference

between the outgoing acoustic wave and the reflected acoustic wave. On

comparing this plot with that of Figure 6.16 and Figure 6.27, it is seen that

the plots show very similar trends indicating that the conclusions made in

the previous sections can be applied to a real intake.

In the next step, the effect of intake length on flutter is studied. The

profile of the three intakes used in this study is shown in Figure 6.33 with

the black profile being the datum intake.

By conducting similar analyses as shown earlier, the amplitude ratio and
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Figure 6.33: Profiles of intakes used in this study.

phase difference between the reflected acoustic wave and the outgoing acous-

tic wave are obtained at the fan face. The results are plotted in Figure 6.34

together with the blade aero-damping for these profiles as a function of Ω̄. It

is seen from these plots that, the amplitude ratio of the reflection coefficient

does not change significantly with intake length, which is obvious as it is

mainly dependent on the flow Mach number (as shown in Figure 6.31) and

the properties of acoustic wave (such as the vibration frequency as shown in

Figure 6.26) for a fixed intake lip geometry. However, as the intake length

increases, the time for the wave to travel from the fan face to the highlight

and back increases, which results in an increase in the phase difference be-

tween the outgoing wave and reflected wave. Consequently, the fan speed

at which the intake induces the most destabilising effect (90➦phase differ-

ence) moves to a lower speed. This can be clearly seen in Figure 6.34 where

the longer intake (Intake 3 ) reaches 90➦at a lower speed than the shorter

intakes. Also shown in Figure 6.34 with shaded red area is the region where

intake effects are destabilising (labeled ‘danger zone’). It can be seen that,

as the intake length decreases, which results in a reduction of the slope of

the phase plot, the speed range which lies in the danger zone increases. The

computed blade aero-damping for the three intakes used is also shown in

Figure 6.34. It is seen that the increase in intake length moves the flutter

bite to a lower speed.

The above analysis with real intakes clearly demonstrates that the ob-

servations and conclusions made in the previous sections using simplified
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Figure 6.34: Amplitude ratio (top) and phase difference (middle) between
the outgoing and the reflected acoustic waves at the fan face;
blade aero-damping (bottom) for different intake length.
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geometries are valid for real intake geometries. Based on the observations

and conclusions obtained, a simple analytical model is proposed to predict

the acoustic reflection driven flutter for fan blades.

6.5 Simple Prediction Method for Flutter Bite

The analysis in this section is for the simple annular intake presented in

Section 6.4.3. By studying the the effects of key parameters, such as intake

length and vibration frequency, it was established (in the previous section)

that for the acoustic reflection driven flutter the most stabilising condition

corresponds to the phase of the reflected wave 90➦ahead of the outgoing

wave, and the worst flutter condition is when the reflected wave lags by 90➦.

Moreover, the influence of acoustic reflection on the blade aero-damping

seems to be proportional to the amplitude of the reflected acoustic wave.

Therefore it is plausible to introduce a parameter, namely the ‘flutter index’

τ , which characterises the susceptibility of fan flutter stability to acoustic

reflections from the intake

τm,n = |ηIm,n|sin(φl+
m,n − φl−

m,n) (6.1)

where φl− is the phase of the outgoing (upstream propagating) acoustic wave

(generated by blade vibration) at the blade leading edge, φl+ is the phase of

the reflected (downstream propagating) acoustic wave at the blade leading

edge, and (m,n) is the mode index of acoustic waves generated by the

blade-disk assembly mode vibration of nodal diameter m. As shown before

in Section 6.4.3, for fan blade designs in typical modern aero-engines, the

blade vibration frequency for which the flutter bite occurs is usually quite

low that the acoustic modes with radial order n > 0 are highly cut-off in

the intake (i.e. cut-off ratio σ << 1). Therefore for the acoustic reflection

driven flutter studied in this work only modes with radial order of n = 0

are considered.

The proposed index has a form of a sine function and a range of values

from -1 to 1. The form of a sine function is chosen since the influence shows

a cyclic repeating trend with the variation of the phase of the reflected

acoustic wave (as shown in Figure 6.16, Figure 6.27 and Figure 6.32). The

introduced flutter index has a value of 1 when the reflected wave leads the
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Figure 6.35: Additional aero-damping due to acoustic reflections and ‘flutter
index’ as a function of vibration frequency, L = 1.37D.

outgoing wave by 90➦(i.e. most stabilising effect due to reflection), and a

value of -1 when the reflected wave lags the outgoing wave by 90➦(i.e. most

de-stabilising effect due to reflection). The phase of the outgoing acoustic

wave φl− (generated by blade vibration), and consequently the phase of the

reflected wave φl+, are functions of the flow and fan vibration character-

istics. However, the proposed ‘flutter index’ τ requires only the difference

between them (i.e. φl+ − φl−) and can be computed from Equation 4.24,

Equation 4.25 and Equation 4.64 without any knowledge of the fan vibration

characteristics and flow on the blade.

In order to investigate the effectiveness of the proposed method, the cal-

culated flutter index is compared with the additional aerodynamic damping

due to acoustic reflection for the annular cylindrical intake case (calculated

from the results shown in Figure 6.20 and Figure 6.22). The calculated

additional aero-damping are compared with the calculated flutter index in

Figure 6.35 as a function of cut-on ratio and Figure 6.36 as a function of

intake length.

It can be seen from Figure 6.35 that a sinusoidal-like cyclic variation of

the calculated additional aero-damping due to acoustic reflections from the

intake (solid curves) is present when the mode is cut-on. The amplitude of

variation is seen to decrease with the increase of vibration frequency, which

is a result of decreasing reflection amplitude as the mode becomes more
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Figure 6.36: Additional aero-damping due to acoustic reflections and ‘flutter
index’ as a function of intake length, σ = 1.3.

cut-on (shown in Figure 6.26). Moreover, it is also seen that the period of

variation increases with the increase of frequency, which can be explained

by the decrease of the slope of phase change in Figure 6.24. The calculated

flutter index τm,n, plotted as the dashed curves, shows good agreement with

the variation of the additional aero-damping. The amplitude variation of

the additional aero-damping, as well as the trend of variation, are both

well represented by the flutter index. Therefore, the frequency range in

which flutter bite is likely to occur, i.e. regions with negative additional

aero-damping, can be easily identified with the help of the proposed flutter

index.

Figure 6.36 shows the calculated additional aero-damping due to acoustic

reflections from the intake as a function of intake length (normalised by

the intake diameter D). As expected, the additional aero-damping shows

a sinusoidal cyclic variation about the zero axis since the only varying pa-

rameter in this case is the intake length (which in turn changes the phase of

reflected waves). The period of variation is approximately one wavelength of

the upstream propagating wave (the downstream propagating wave shows

negligible phase change as shown in Figure 6.23b). As opposed to the trend

of damping variation shown in Figure 6.35, the amplitude of variation stays

constant due to a constant reflection coefficient from the intake opening.

Moreover, it can be seen that flutter bite occurs at different conditions for

185



the 2ND mode (L/D = 1.3) and the 3ND mode (L/D = 1.8) for the case

studied. It is also noticed that due to the difference in axial wavelength,

some intake lengths are shown to provide positive damping on both the

2ND and 3ND modes (e.g. L/D = 1.1) at this flow condition and vibration

frequency. It is worth noting that the length of the intake is varied over a

wide range of values so as to gain understanding of its effects on acoustic

wave propagation in the intake and the flutter stability of the fan blades.

In real applications an intake geometry of L/D > 1 is not very common.

It is seen in Figure 6.35 and Figure 6.36 that the proposed flutter index

shows good correlation with the additional aerodynamic damping due to

acoustic reflection from the intake. However, as opposed to the aerodynamic

damping, the evaluation of the flutter index can be achieved analytically

without the need of unsteady CFD computations. Therefore, the proposed

flutter index provides an efficient way of evaluating the susceptibility of fan

blades to flutter due to acoustic reflections from the intake. The power of

the proposed methodology will be demonstrated in the rest of this section

by analysing the effects of parameters which are found to be important to

acoustic reflection driven flutter.

As shown in Section 4, the behaviour of acoustic waves propagating in

the intake are determined by the intake geometry (length, hub and casing

radii), axial flow Mach number Mx (flow in the intake has zero swirl) and

vibration frequency in stationary frame of reference. The natural vibration

frequency of the fan can be obtained from a FE structural dynamics analysis

and is a function of the shaft speed. The frequency ω̄m in stationary frame

of reference (which is normalised by the blade vibration frequency at the

working line mass flow m̄wl at the speed of Ω̄ = 0.89 in the work presented

here) can be expressed as

ω̄m =
ω +mΩ

ωref
(6.2)

The frequency ω̄m in the above equation combines the fan shaft speed Ω and

the blade vibration frequency ω. The influence of these three parameters,

namely the intake geometry L/D, flow Mach number Mx and frequency

ω̄m, on blade aero-damping variation can be characterised by the proposed

flutter index τ .

In general, the proposed flutter index can be used in three ways:

(1) Determine the unstable operating conditions for a particular intake de-
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sign, i.e. regions with negative contribution to the blade aero-damping

due to acoustic reflections from the intake. To achieve this goal, ‘flut-

ter index’ matrix can be computed for a fixed intake length L/D by

varying the axial flow Mach number Mx and the modal frequency ω̄m

independently.

(2) Determine the relationship between the intake length and the addi-

tional aero-damping due to intake acoustics for a fixed fan operating

line. To achieve this goal, the ‘flutter index’ matrix can be computed

by varying the intake length L/D and the modal frequency ω̄m inde-

pendently. For a fixed fan operating line, the axial flow Mach number

Mx is determined by the fan shaft speed Ω (or in other words ω̄m as

shown in Equation 6.2).

(3) Determine the flutter bite speed range for a fixed fan operating line.

To achieve this goal, the ‘flutter index’ can be calculated for a fixed

intake length L/D and a fixed fan working line (i.e. Mx is dependent

on ω̄m).

These applications are discussed in detail in the following sections.

6.5.1 Unstable operating conditions for an intake design

For a particular intake design (fixed L/D), it is possible to calculate the

amplitude and phase of the acoustic reflections and the corresponding flutter

index matrix as a function of axial flow Mach number Mx and the modal

frequency ω̄m.

Figure 6.37 shows the contour plot of the calculated flutter index matrix

as a function of axial flow Mach number Mx and modal frequency ω̄m for an

intake length of L = 1.37D. The contour of the flutter index is defined as

green for beneficial effects (i.e. positive values of additional aero-damping

due to acoustic reflections from the intake), and red for detrimental effects

(i.e. negative values of additional aero-damping) and white for no effect.

In the cut-off region, which can be seen at the lower left corner of the plot

with low Mx and ω̄m, the intake has negligible effects on the damping of the

fan. It is worth mentioning that for modes that are slightly cut-off (close to

the border of the cut-off region), acoustic waves generated by the vibration
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(a) 2ND

(b) 3ND

Figure 6.37: Flutter index τ contour for the intake L = 1.37D as a function
of Mx and ω̄m.
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of the fan can still propagate to and be reflected from the intake opening,

though their amplitude and effect are weakened by the exponential decay.

It can be seen from Figure 6.37 that the 2ND mode becomes cut-on at

a lower axial Mach number and frequency (in stationary frame) than the

3ND mode, indicating that the intake has a wider region of influence on

the 2ND mode. As Mx or ω̄m increase, in other words when the mode

becomes more cut-on, the relative amplitude of acoustic reflections from

the intake decreases (as shown in Figure 6.26), which manifests as a gradual

decay of contour colour intensity in Figure 6.37. Moreover, it is also seen

from Figure 6.26 that the period of variation increases with the increase

of frequency, which can be identified as the widening of the contour bands

towards higher frequencies in Figure 6.37.

The usefulness of this type of contour plot can be explained as follows: for

a particular intake design, i.e. intake length and diameter, one can construct

the contour plot of flutter index matrix independent of the design of the fan.

Having obtained the contour plot(s) for the mode(s) of concern, one can map

the working line (Mx in the intake as a function of fan speed or similarly as a

function of frequency ω̄m) for various fan designs on the contour to calculate

potential flutter bite speed range. This is illustrated in Figure 6.37 which

shows a constant exhaust nozzle area high working line (HWL) for the case

studied (black curve). The effects of acoustic reflections from the intake

can thus be investigated based on the crossings of the operating line with

the flutter index contour, and the fan speed range where the blades are

prone to flutter bite can be easily identified as the crossing with the red

bands. The operating speed range corresponding to the potential flutter

bite (characterised by the phase difference between the outgoing and the

reflected acoustic waves) can be predicted by the proposed analytical model

without the need for unsteady CFD computations. This method can be very

useful during experimental testing stages of an engine, where possible flutter

bite regions need to be identified prior to engine running. Furthermore, the

predicted speed range for flutter bite can be used to narrow down the range

within which unsteady CFD investigations may be required, which could

lead to a significant reduction of computational time and resources.
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(a) 2ND

(b) 3ND

Figure 6.38: Flutter index contour on the high working line (HWL) as a
function of intake length L/D and shaft speed Ω.
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6.5.2 Relationship between intake length and aero-damping

For a particular fan blade design, there is a known relationship between Mx

and the fan speed Ω giving ω̄m as shown in Equation 6.2. It is possible then

to study the effects of the intake geometry (L/D) on fan flutter stability.

Figure 6.38 shows the contour of the calculated flutter index matrix as

a function of frequency ω̄m and the intake length L/D based on the fan

working line (the solid black curve shown in Figure 6.37). A decrease of

band intensity can be identified with the increase of shaft speed. Moreover,

as a result of smaller phase change through the intake duct, it is seen from

the plot that shorter intakes show slower variation of the flutter index than

those of longer intakes. It is also noticed that the intensity of the contour

is higher at frequencies just above cut-on and decreases with the increase of

frequency (as shown in Figure 6.26). Therefore longer intakes induce more

cycles of positive and negative effects on blade aero-damping than shorter

intakes, whereas shorter intakes have a wider span of individual beneficial

effect band (green) and detrimental effect band (red). It is also seen from

the plot that longer intakes have a tendency of moving the flutter bite to

a lower speed, which is in agreement with the findings in the studies with

the real intake (in the previous section). The observations are in agreement

with the CFD computations shown in Figure 6.34.

The usefulness of this type of contour plot can be shown as follows: for

a particular fan design the known relationship between Mx and ω̄m can be

used to construct the contour plot of ‘flutter index’ as a function of intake

geometry L/D and frequency ω̄m. This can become useful in the early

design stages of an engine where an intake is to be designed or chosen to

avoid potential flutter bites.

6.5.3 Flutter bite speed range

In order to explore the applicability of the proposed flutter index contour

plots, flutter computations of the 2ND and 3ND modes were carried out by

varying the fan speed along the high working line (illustrated as the solid

black curve in Figure 6.37). Experimentally measured vibration frequencies

of the fan at each speed for the 1F mode were used in the computations.

The calculated aero-damping of the fan in the fan-intake assembly system

(L = 1.37D) along the high working line is plotted in Figure 6.39 and is

191



-0.004

 0

 0.004

 0.008

 0.012

 0.016

 0.96  0.98  1  1.02  1.04

A
e

ro
-d

a
m

p
in

g

ω
-
 m

2ND, with intake

3ND, with intake

2ND, without intake

3ND, without intake

Figure 6.39: Aero-damping of the fan on the operating line, L = 1.37D.

compared with the aero-damping of the isolated rotor as a function of ω̄m

(corresponding to increasing shaft speed Ω). It can be seen from the plot

that in the absence of acoustic reflections, the fan is predicted to be stable

for both 2ND and 3ND modes over the speed range studied. With the

introduction of acoustic reflections from the intake, an unstable region (i.e.

flutter bite) is seen to occur at 0.99 < ω̄m < 1.03 for the 2ND mode and

1.01 < ω̄m < 1.02 for the 3ND mode.

Figure 6.40 shows the calculated additional aero-damping due to acoustic

reflections from the intake (as the difference between the solid and dashed

lines in Figure 6.39) compared with the calculated flutter index, where a

good agreement can be seen between them. The flutter bite speed range is

correctly calculated for the 3ND mode, and is under-predicted by approxi-

mately 1% (in terms of ω̄m) for the 2ND mode.

The power of the proposed methodology is clearly demonstrated in this

section. Contour plots of the calculated flutter index matrix can be con-

structed for a particular intake design, on which the operating lines of dif-

ferent fan designs can be mapped and the potential flutter bite speed range

can be determined. The proposed flutter index plots for fan flutter bite

are in a sense similar to the Campbell diagram for rotor-stator interactions,

where possible instabilities can be identified in the design stage without the

need for experimental testing or unsteady CFD computations. Moreover,
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Figure 6.40: Additional aero-damping due to intake reflections on the oper-
ating line, L = 1.37D.

for a given fan blade and intake design, the predicted speed range for flutter

bite can be used to narrow down the range of CFD flutter computations,

leading to a significant reduction of computational time and resources that

are valuable in the design stages of an engine.

6.6 Comparison With Test Results For A Real

Intake

Based on the proposed methodology, the flutter index is used in this section

to predict the speed range of flutter bite due to acoustic reflection from a

real intake geometry.

The intakes used on most of the modern aero-engines differ from the

intakes investigated in the previous sections due to the geometry of spinner

and a more complex streamline profile of the casing walls, which result

in a non-uniform flow field and a more complex behaviour of propagating

acoustic modes. The amplitude and phase of the acoustic waves propagating

in such an intake cannot be accurately represented with the assumption of

a constant radius and axial Mach number. This type of problem has been

investigated by Rienstra [107] and Cooper and Peake [108] where sound

propagation was studied in a slowly varying cylindrical duct. Analytical

results regarding the variation of mode amplitude and phase change in the
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Figure 6.41: Flutter index τ contour for the 1F/2ND mode of rig fan blades
with a real intake L = 0.69D as a function of Mx and shaft
speed Ω.

axial direction were obtained with some degree of success.

On the other hand, the criterion for the maximum decrease in aero-

damping at a phase difference of 90➦(i.e. flutter index of -1) is indepen-

dent of the intake geometry (as demonstrated by the computations with

the ‘acoustic bump’, the annular cylindrical intake and the real intake).

Therefore the current model is able to be extended for the application to

real intakes. This is achieved by discretising the intake duct axially and

solving the wave equation locally based on the local duct geometry and

the local axial Mach number using Equation 4.26 and Equation 4.27. The

phase variation of the propagating waves can be obtained as a sum of phase

changes through the discretised sections.

The proposed method is applied on three rig fan blades to predict the

speed of flutter bite due to acoustic reflection from a real intake geometry

(L = 0.69D) [10]. Using the same intake, experimental tests were performed

at various speeds for the three fan blades, during which the operating lines

and stability boundaries were measured.

Figure 6.41 shows the calculated flutter index along with the measured

operating lines of the three rig fan blades. The location of the deepest
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Speed Rig A Rig B Rig C

Measured 75% 71% 80%
Model 73% 70% 78%

Table 6.1: Comparison of measured and predicted 1F/2ND flutter bite speed
for the fan blade using the L = 0.69D intake.

flutter bite for the three blades measured in the test (corresponding to the

minimum flutter margin) are also show in this plot as solid dots. Moreover,

Table 6.1 shows the comparison between the measured and calculated fan

speeds corresponding to the deepest part-speed flutter bite. It can be seen

from Figure 6.41 and Table 6.1 that the predicted flutter bite speeds show

good agreement with the measured results. The under-prediction of the

flutter bite speed is believed to come from the radial profile of flow in the

intake (which is assumed to be uniform by the analytical model) and the

differences in the geometry of duct opening. Nevertheless, the behaviour of

the part-speed flutter bite of fan blades driven by acoustic reflection from

the intake is well represented by the proposed methodology. Moreover, it

is seen from Figure 6.41 that a second flutter bite occurs at high speed,

which has a slightly wider speed range but a much lower ‘depth’ (i.e. lower

contour intensity). This observation is in agreement with the findings in

Section 6.4.4, e.g. the two ‘danger zones’ highlighted in Figure 6.34 accom-

panied by the loss of blade aero-damping.

6.7 Effects of Intake Lip Geometry

The analytical prediction method for flutter bite presented in Section 6.5 is

devised based on the assumption of infinitesimally thin intake wall, where

the geometry of the lip is ignored. This is rarely the case in real applica-

tions, where the geometry of the lip is carefully design for other operability

considerations. Therefore, the effect of intake lip geometry, namely the lip

radius, on the reflected acoustic waves is investigated in this section.

Figure 6.42 shows the profiles for the four intakes used in this study. The

intakes considered in this study are of axi-symmetric design with a straight

casing wall profile and a constant radius lip geometry. Four different lip

radii are studied here, namely rlip/D = 0.05, rlip/D = 0.12, rlip/D = 0.24
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Figure 6.42: Profiles of intake geometry used in this study.

and rlip/D = 0.48. It is worth noting that the intake geometries studied

here may not be representative of typical industrial design, however they

allow one to investigate the effect of lip radius in a straightforward fashion.

In this study, computations are performed for the intake in an isolated

setup (i.e. without the fan). The mean flow in the intake is computed

through steady state CFD computations with sea-level static atmospheric

boundary conditions at far-field inlet boundaries and static pressure bound-

ary conditions at the outlet boundary (PTBC introduced in Section 3.3).

The boundary conditions are fixed for all the computations for different in-

take geometries. The average mean flow Mach number in the intake in this

study (roughly) corresponds to the operating point mref = 0.95 of the fan

at the non-dimensional speed of Ω̄ = 0.89 (Figure 6.4). Figure 6.43 shows

the radial profile of calculated flow Mach number at the outlet boundary

(dotted line in Figure 6.42) for the four intake geometries. The calculated

Mach number profiles are similar for the four intakes studied, with the ex-

ception of a small discrepancy at the top 15% radial height for the case of

rlip = 0.04. This difference is the result of increased turning and acceleration

of flow at the intake lip as the lip radius is reduced.

Based on the mean flow solution obtained, unsteady computations are

performed in a full annulus approach by imposing acoustic perturbations

near the outlet boundary using plane sources (which is mimicking the out-

going acoustic waves generated by the vibration of the fan blades). The

imposing of acoustic perturbations is achieved in the same manner as shown
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Figure 6.43: Radial profile of axial Mach number at the outlet.

in Section 5.4. In this study acoustic waves with a 2ND pattern and vary-

ing perturbation frequency are imposed. The imposed acoustic waves will

propagate to the intake highlight and reflect from the opening, which al-

lows investigations of the lip geometry effect on the reflected acoustic wave.

The physical time step for the unsteady computations is resolved as 200

time steps for one complete cycle of the acoustic mode of concern in the

stationary frame of reference. This time step was obtained by performing

a temporal convergence study. A wave-splitting procedure is performed to

split the unsteady perturbations into propagating waves, based on which

the amplitude ratio of the reflection coefficient at the intake highlight can

be obtained.

Figure 6.44 shows the amplitude ratio of reflection coefficient obtained

from wave-splitting of unsteady CFD solutions as a function of cut-on ratio

(or blade vibration frequency). The reflection coefficient is calculated at the

axial location corresponding to the highlight of the rlip/D = 0.05 intake for

all the cases (as illustrated by the dashed line in Figure 6.42). Also shown in

this plot is the reflection coefficient calculated using the analytical method

described in Section 4.5. It can be seen from the plot that a resonance is

experienced at the cut-on ratio of 1 when the acoustic mode is just cut-

on. The amplitude of reflection decreases as the mode becomes more cut-
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Figure 6.44: Amplitude ratio of reflection coefficient for different intake lip
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on. These observations are in agreement with the findings in the previous

sections. More importantly, the amplitude of reflection coefficient for the

four intake geometries is lower than the analytically calculated values, which

shows an decrease with the increase of the lip radius. This can be understood

by considering the two extreme situations: rlip/D = 0 and rlip/D = ∞. Due

to the assumptions made, the analytical calculations represent the thin duct

wall limit with rlip/D = 0. On the other hand, as rlip/D tends to infinity,

the intake opening vanishes as it transforms into a long straight cylindrical

duct (as shown in Figure 6.42), which results in zero amplitude of reflection

as there is no duct area change (i.e. no impedance change). Therefore, the

amplitude of reflection for any real intake lies between the region bounded

by the two aforementioned limits. With the increase of lip radius, the

amplitude of reflection coefficient changes from a value close to the analytical

predictions (rlip/D = 0) to a value of zero (rlip/D approaches ∞). It should

be mentioned that the phase change of acoustic waves reflecting from the

intake opening is not presented here since the (axial) reflection location is

different for each geometry due to different intake length (from the most

forward point of lip to the outlet).

The effect of intake lip geometry is clearly shown in this study, where the

amplitude of reflection shows dependency on the radius of the lip. These

effects are not captured by the analytical method which assumes zero lip

radius. Accurate prediction of the effect due to acoustic reflection from a
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real intake would require the consideration of the effect due to lip geometry,

which requires further improvements of the analytical model. Moreover,

with the increase of lip radius, the reflection mechanism of acoustic waves

from the intake opening, which is assumed to occur wholly at the intake

highlight plane in the analytical method, becomes more complex due to the

continuous change of duct geometry and flow field in the lip region. An in-

depth aero-acoustical study of the reflection mechanism at such an intake

opening may shed more light on these findings. In general, the decrease of

intake lip radius leads to a higher reflection amplitude, and is thus more

likely to cause flutter.
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7 Acoustic Driven Flutter of

Embedded Rotors

The main findings of this chapter have been reported in [111, 112].

7.1 Overview and Problem Description

This chapter describes the work on the flutter of an embedded rotor in a

multi-stage compressor due to acoustic reflections from other blade rows in

the compressor. This type of flutter does not require the stalling of the blade

and can occur when the slope of the characteristic for the rotor is still nega-

tive. The need for this research is driven by the outcome of recent rig tests

for an embedded rotor within a multi-stage compressor, where such a flutter

event was recorded in the absence of flow separation and at a relatively high

reduced frequency on the surfaces of the rotor blade. Moreover, Titanium

blade-integrated-disks (‘blisks’) are becoming widely used over traditional

bladed-disk assemblies leading to a significant reduction of blade mechan-

ical damping [5]. For such structures, the main source of damping to the

blade comes from the air flow. Thus accurate prediction of blade damping

contribution due to aerodynamic forces becomes vital.

During a sea-level working line acceleration vibration survey of the E3E

axial flow core engine (Figure 7.1 [4, 113]), non-synchronous vibration was

measured on the blades of Rotor 2 blisk within the 9-stage high pressure

(HP) compressor. Figure 7.2 shows the time history of the rotor speed and

the measured blade response using ‘Blade Tip Timing’ (BTT) and casing

mounted pressure transducer signals (‘Kulites’) during the vibration event.

Analysis of the measured data confirmed the cause of instability to be flutter

in the 1st flapwise bending (1F) mode with a zero nodal diameter (0ND)

pattern, and at a reduced frequency of 0.67.

This phenomenon was very unusual as it occurred in a very narrow speed
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Figure 7.1: 9-stage E3E high pressure compressor.

Figure 7.2: The measured flutter event.
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range (around 93.1% speed) at a flow condition well away from stall. More-

over, the vibration occurred at a reduced frequency significantly higher than

the typical critical flutter frequencies of about 0.4 for 1F mode [3]. For the

flow condition at which the flutter event was recorded, the acoustic fields

upstream and downstream of the rotor were found to be cut-on for low

inter-blade phase angle modes (obviously the (0, 0) mode is always cut-on),

which indicates that the main cause of flutter is not related to the flow and

modeshape driven flutter described in [11].

In order to determine the cause of the instability and to avoid future

damage to the engine, flutter analyses for the embedded rotor were car-

ried out using unsteady CFD computations at the speed and flow condition

of the measured flutter event. However, computation of the isolated rotor

using non-reflecting boundary conditions showed no indication of flutter,

which confirmed that the cause of the flutter event was not due to the

flow-modeshape interactions. Moreover, predicted stability of the rotor was

found to be highly dependent on the boundary condition style used (re-

flecting or non-reflecting) in the unsteady flutter computations. Therefore,

acoustic reflection from adjacent blade rows was considered to be the likely

cause of the flutter event.

The first objective of this chapter is to investigate the influence of acous-

tic reflection on the flutter stability of the embedded rotor (i.e. the rotor

which experienced flutter instability in the aforementioned test). This is

achieved by studying the influence of numerical acoustic reflection from

flow boundaries on the predicted blade aerodynamic damping using un-

steady computations for the isolated rotor. It will be shown that acoustic

reflection due to reflecting boundary conditions may lead to significant over-

or under-predictions of the flutter stability of the isolated rotor. Moreover,

by splitting the unsteady disturbances into propagating acoustic waves, the

relationship between the reflected acoustic wave (from flow boundaries) and

its influence on blade aero-damping is studied in this approach.

In the next step, flutter computations are performed in a full annulus

multi-row approach to determine the cause of flutter instability for the em-

bedded rotor. It will be shown that, this type of flutter is driven by the

acoustic reflection from the blade rows adjacent to the embedded rotor.

Moreover, physical insights are obtained regarding the effects of key pa-

rameters that are important to acoustic reflection driven flutter, such as
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Figure 7.3: Domain for steady state computation.

the vibration frequency and the axial gap between blade rows. The un-

derstanding gained could be used to draw out some guidelines for future

compressor designs and to devise an alternate strategy for the flutter anal-

ysis of embedded rotors.

7.2 Test Case and Computation Model

The test case used for the computations in this chapter, namely the E3E

axial flow core engine, was designed and tested by Rolls-Royce Deutschland

[4, 113]. The test high-pressure compressor featured 9 highly loaded stages

on a single spool contributing to an overall pressure ratio of 22:1, where Ti-

tanium blisks were installed on the front stages for weight saving. The inlet

guide vanes (IGV) and the first three stages of stator vanes have adjustable

blade stagger angle (i.e. variable stator vanes (VSV)) which operate with

different settings for varying rotor speed. The domain for steady state com-

putation is shown in Figure 7.3, which includes the engine sector stators

(ESS), the whole HP domain and a variable area exit nozzle (as demon-

strated in Figure 3.1). The Rotor 2 (R2) of the HP compressor, which

experienced flutter instability during the experimental test, is highlighted

in the figure. The test rotor has 45 blades and a hub/tip ratio around 0.7.

The two adjacent stators, Stator 1 (S1) and Stator 2 (S2), have 38 and 54

blades respectively. It should be noted that for all the studies performed in

this chapter, the shroud flow and the penny gaps at the ends of the IGV and

VSVs are not modelled. These aspects can be influential in resolving the

secondary flows and predicting compressor performance, however, they are

of very little importance for the studies of acoustic reflection driven flutter

(which is dominated by the inviscid effects).

The grids used for the blading are semi-structured, with hexahedral el-
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Figure 7.4: Mesh of Stator 1, Rotor 2 and Stator 2 at 90% height.

ements around the aerofoil in the boundary layer region, and prismatic

elements in the passage [94]. The end-wall boundary layers are resolved by

refining the grid radially towards the hub and casing. Typical passage mesh

contains about 300,000 grid points with 39 mesh layers on the blade and

6 layers in the tip gap. In order to accurately resolve the propagation of

acoustic waves, approximately 120 mesh points are aligned axially for the

shortest wavelength expected.

In the steady computations, the interface boundaries between the sta-

tionary intake domain and the rotating fan domain are modelled as mixing

planes, whereas in the unsteady computations they are treated as sliding

planes. Periodic boundary conditions are prescribed at the passage bound-

aries so that steady state computations can be carried out in a single passage

fashion. The steady state flow solutions for the whole compressor assem-

bly are obtained by imposing boundary conditions of total pressure, total

temperature and flow angle (PTBC, Section 3.3) at the ESS inlet bound-

ary, while the exit flow is controlled by a choked nozzle (i.e. no boundary

conditions needed at the outlet boundary). Constant speed characteristics

are obtained by varying the outlet mass flow rate through the adjustment
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Figure 7.5: Contour of 1F modeshape for R2.

of the exit nozzle area.

Based on the obtained steady state solutions for the whole compressor

assembly, flutter computations are carried out for the embedded rotor (R2)

at the speed which flutter instability was recorded in the experimental test.

In all the flutter computations performed in this work, the blades of Rotor

2 are excited in the first flapwise bending (1F) mode. The modeshape for

the 1F mode is shown in Figure 7.5 where the contour represents the blade

displacement magnitude. Figure 7.6 shows the spanwise distribution of the

blade displacement magnitude at the leading edge for the 1F mode, which

clearly illustrates a tip dominated motion. For most of the cases studied

in this chapter, the blades vibrate at a reduced frequency of 0.67 (unless

otherwise specified).

7.3 Steady State Validations

The overall performance of the whole compressor at the speed which flutter

was observed (93.1% aerospeed) is computed by varying the exit nozzle

area. A comparison of computed results with experimental measured data

is shown in Figure 7.7, which shows the predicted overall pressure ratio

plotted against normalised inlet mass flow rate. The computed results at

93.1% aerospeed are compared against measured data at 92.5% speed and

95% speed (due to obvious lack of experimental data at 93.1% speed). It
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Figure 7.7: Compressor operating map between 92.5% and 95% speeds.
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Figure 7.8: Radial profile comparison of total pressure with measured data.

can be seen from the plot that the overall performance is predicted with

reasonable accuracy. It should be mentioned that, the last point on the

measured 92.5% speed characteristic does not represent the surge boundary

at this speed.

Figure 7.8 shows the comparison of computed and measured total pressure

profiles at the leading edge of front stage stators, namely S1, S2 and S3.

In this plot the solutions at the peak efficiency operating condition (CFD

solution at 93.1% speed and measured data at 92.5% and 95% speeds) are

displayed. The experimental profiles were measured with leading edge total

pressure tappings at various radial heights. The values of total pressure

p0 in this plot are normalised by the respective radial average p̄0. A good

agreement between the CFD results and measured data can be seen at the

leading edge of Stator 1 and Stator 3. The slight mismatch between CFD

and measured total pressure at the root of S2 is believed to be the result of

flow separation at the hub of S1 (which then migrates radially outwards),

which was not captured in the CFD computations. It should however be

emphasised that the results obtained from CFD computations shown in the

plot are at 93.1% speed, which are compared with the measured data at

92.5% speed and 95% speed. As can be seen from the measured data in

this plot, a small increase of shaft speed (from 92.5% speed to 95% speed)

reduces the intensity of this separation by a significant amount and brings

the measured data more in line with CFD results. Nevertheless, the general
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Figure 7.9: Operating conditions of R2 used for flutter computation. WL:
working line; E: peak efficiency; S: near stall; C: near choke.

trend is reasonably well calculated especially at higher span locations where

the maximum blade displacement occurs and aerodynamic damping induced

by the flow is dominant (Figure 7.6).

The steady state flow field at the condition of flutter instability is shown

to be in reasonable agreement with the measured data. It will become

clear in the following section (by studying the change of R2 aero-damping

for various operating conditions) that the discrepancy in the predicted flow

field around Rotor 2 does not contribute to the cause of the measured flutter

instability.

7.4 Effect of Mean Flow on the Isolated Rotor

Prior to studying the effect of acoustic reflection on flutter stability of the

rotor, flutter analyses are performed to investigate the effect of mean flow

condition on the blade aero-damping.

Figure 7.9 shows the obtained constant speed characteristics of R2 (at

93.1% speed) plotted as total pressure ratio versus normalised inlet mass

flow function. The values in this plot are normalised by the values at the

peak efficiency operating point (E ). In this plot two characteristics of R2 for

the same shaft speed are displayed. The characteristic of R2 when operating

in the whole compressor (blue line) is obtained from the steady state com-
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Figure 7.10: Isentropic relative Mach number and streamline on the suction
surface of R2.

putations of the whole compressor assembly (i.e. the complete HP shaft)

which has been presented in Section 7.3. The working line (WL) and the

peak efficiency operating point (E ) for this setup are also displayed on this

plot. The domain and steady state solution of R2 at the peak efficiency op-

erating point are extracted from the whole compressor computation, based

on which the rotor is throttled on its own by scaling the back pressure. The

obtained characteristic of R2 using such an approach is displayed in Fig-

ure 7.9 as the red line. It can be seen from the plot that by throttling R2

on its own, a much longer characteristic can be obtained. This is because

for computations of the whole compressor assembly at this speed, the flow

is choked at the stage downstream of R2 (i.e. in the block of R3 and S3). In

such situations the throttling of the whole compressor (by means of chang-

ing the exit nozzle area) is mainly attributed to the increase of loading in

the back stages.

Most of the flutter computations performed in this chapter (unless oth-

erwise specified), the rotor operates at the peak efficiency point, which is

illustrated as point E in Figure 7.9. At this condition, the inlet relative

flow Mach number at the blade tip is around 0.8 and the flow remains sub-

sonic (apart from the suction peak) over the blade surfaces. Moreover, it is

stressed again that at this condition, the flow on the rotor blade surface re-

mains attached and the streamlines at the edge of boundary layer follow the
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Figure 7.11: Isentropic relative Mach number on the surfaces of R2, C1-E-
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Figure 7.13: Aero-damping of R2 at the peak efficiency operating point E.

blade stream sections. This has been illustrated by the isentropic relative

Mach number contour and the velocity streamline on the suction surface

of R2 in Figure 7.10. In order to study the effect of flow on aerodynamic

damping of R2, flutter computations are performed for the isolated rotor (in

a long straight duct, i.e. without reflection) at the near choke and near stall

operating points on the two characteristics shown in Figure 7.9, namely the

C1-E-S1and the C2-E-S2. Figure 7.11 and Figure 7.12 show the compari-

son of the isentropic Mach number on R2 surfaces for the aforementioned

operating points on the two characteristics. It can be seen that by throttling

R2 on its own, the flow on the blade is varied in a wider range, where a

shock is clearly seen in the blade passage for the operating point C2.

All the flutter computations performed in this section use the full annulus

isolated blade row approach (1st flutter computation strategy in Section 3.4).

The physical time step used for flutter computation is fixed at 200 time-steps

per vibration cycle. This time step is obtained by performing a temporal

convergence study.

Figure 7.13 shows the computed aerodynamic damping of R2 at the peak

efficiency operating point E as a function of nodal diameter. In this plot

the aero-damping for the isolated rotor from -22ND to 22ND (correspond-

ing to IBPA from -176➦to 176➦) is shown. As can be seen from the plot, the

isolated rotor shows positive aero-damping for all the nodal diameters, sug-

gesting that the rotor is stable in the absence of interactions from other blade
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Figure 7.14: Aero-damping of R2 on the C1-E-S1 characteristic.

rows. The least damped mode is seen at 2ND (IBPA=16➦). Moreover, the

aero-damping of the isolated rotor shows a rapid increase for higher nodal

diameters. Considering the statement made and confirmed in the previous

chapter that acoustic reflection driven flutter is unlikely to be a problem

on its own when the aero-damping contribution due to the blade motion is

high (Section 6.1), the higher nodal diameters in this case should not pose

a stability concern, and are thus not considered in the following analyses.

Therefore, for the case studied here, nodal diameters in the range of -6 to 6

(which corresponds to an inter-blade phase angle between 48➦and 48➦) are

studied.

Figure 7.14 shows the computed aerodynamic damping of R2 as a function

of nodal diameter. In this plot the results for the operating points C1, E

and S1 when operating in the whole compressor are displayed. The aero-

damping distribution of higher nodal diameters are not shown. As can be

seen from the plot, the isolated rotor shows positive aero-damping for all

the nodal diameters. It is clearly seen in Figure 7.14 that the aerodynamic

damping of R2 does not vary significantly with the throttling of the whole

compressor. This is obvious since the flow on the R2 blade surfaces remains

largely the same as the compressor is throttled (as shown in Figure 7.11).

Figure 7.15 shows the computed aerodynamic damping of R2 as a function

of nodal diameter. In this plot the results for the operating points C2, E

and S2 when R2 is operating in isolation with scaled back pressure are
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Figure 7.15: Aero-damping of R2 on the C2-E-S2 characteristic.

displayed. It can be seen from the plot that aerodynamic damping of R2

when throttled on its own (C2-E-S2 ) shows a larger variation than that due

to the throttling of the whole compressor (C1-E-S1 ), which is the result of

larger flow change on the surfaces of the blade (as shown in Figure 7.12). A

decreasing trend in R2 aero-damping is observed when the operating point

moves closer to stall. However, what’s important is that the aerodynamic

damping of R2 remains positive for operating conditions ranging from C2

to S2.

The observations based on Figure 7.14 and Figure 7.15 indicate that the

flutter of the Rotor 2 does not occur by itself (i.e. without acoustic reflec-

tion). Furthermore, due to the high hub/tip ratio blade geometry (especially

in high-pressure compressors), the flow and modeshape driven flutter caused

by the migration of separated flow on the blade suction surface is unlikely

to occur [11]. In such situations, the blade is more likely to encounter stall

rather than flutter. Therefore, flutter of such a rotor blade would require

the acoustic reflections from adjacent blade rows.

Figure 7.16 shows the cut-on frequencies of acoustic modes at the leading

and trailing edge of R2 as a function of nodal diameter for the first two

radial orders (n = 0, 1). The cut-on frequencies are calculated based on the

mean flow solution using Equation 4.21. The results for low nodal diameters

are shown as most cut-on acoustic modes are situated in this range. Also

shown in this plot is the blade vibration frequency of the R2 at the reduced
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Figure 7.16: Cut-on frequency (in relative frame of reference) for low nodal
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frequency of 0.67 (black line). The frequencies shown in this plot are in

the relative (rotor) frame of reference (hence a constant vibration frequency

line due to disk stiffness). It is seen from this plot that for the flow and

vibration frequency studied, the acoustic field for the radial order n = 0

(solid curves) is cut-on between -1ND and 4ND at the trailing edge of R2,

and cut-on between -1ND and 6ND (for the range of ND shown here) at

the leading edge. The wider cut-on region at the leading edge than the

trailing edge is attributed to the flow turning by the rotor (i.e. increase

in swirl). On the other hand, the cut-on frequencies for the radial order

n = 1 (dashed curves) are significantly higher compared with those for

n = 0 (solid curves), resulting in all the n = 1 modes being cut-off for

the flow condition and blade vibration frequency in this study. The same

conclusion can be made for radial orders n > 1, where the cut-on frequencies

increase with the increase of radial harmonic. For the least damped modes

of R2, in the vicinity of 0ND to 4ND, the acoustic modes of radial order

n = 0 are cut-on on both upstream and downstream sides of R2. This can

lead to two consequences: (1) aero-damping of the isolated rotor does not

change significantly with the variation of mass flow [11], which was observed

in Figure 7.15; (2) these acoustic waves (generated by blade vibration) can

propagate in the compressor duct without attenuation and be reflected from

the other blade rows.
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The following sections will concentrate on explaining the influence of the

acoustic reflection and establishing the relationship between the reflected

acoustic wave and its effect on blade aerodynamic damping. All the com-

putations are performed at the peak efficiency operating point (E ) (unless

otherwise specified).

7.5 Acoustic Reflection from Flow Boundaries

It was shown in the previous chapter (Chapter 6) that acoustic reflections

from a ‘bump’ feature plays an important role in the flutter stability of a fan

blade. Moreover, it is possible to change the aerodynamic damping of the

blade by changing the location of the bump, i.e. by changing the phase of

the reflected wave. Similarly, acoustic reflections caused by the numerical

boundary conditions at the inflow and the outflow boundaries could also

affect the prediction of flutter stability for an embedded rotor. Therefore,

for the studies in this section, the physical boundary conditions (PTBC,

Section 3.3), which are commonly used in turbomachinery applications and

are known to be reflecting, are used to reflect acoustic waves from known

locations. The outcome of this study is two-fold: (1) study the influence of

acoustic reflection from boundary conditions on the predicted flutter stabil-

ity of a rotor blade; (2) investigate the relationship between the reflected

acoustic wave and the blade aerodynamic damping. Moreover, the study

will demonstrate the consequences of inaccurate boundary conditions on the

flutter prediction of an isolated rotor.

Flutter analyses of the isolated R2 are conducted for the 1F/1ND mode at

a reduced frequency of 0.67 at the peak efficiency operating condition (point

E in Figure 7.9). At this condition, the 1ND mode (IBPA=8➦) is cut-on

on both the upstream and downstream sides of the rotor, and is known

to reflect from the flow boundaries using the PTBC boundary conditions.

The choice of other low inter-blade phase angle modes would give similar

conclusions, and only the results for 1ND mode are presented here. The

flutter computations are performed using the single passage approach (3rd

flutter computation strategy in Section 3.4). The physical time step used

for flutter computation is fixed at 200 time steps for one blade vibration

cycle. This time step is obtained by performing a temporal convergence

study.
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Figure 7.17: Acoustic reflection from the outflow boundary.

In the first step, flutter computations are performed with the outflow

boundary placed at different axial locations (the variation of the inflow

boundary location yields similar conclusions and is not presented here).

Figure 7.17 illustrates schematically the variation of outflow boundary lo-

cation. The variation of outflow boundary location is achieved by attaching

a straight duct downstream of the rotors. In order to maintain (roughly)

the same steady state operating condition for computations with different

boundary locations, the end-walls of the extension duct are modelled as

inviscid so as to minimise boundary layer growth. Different combinations

of boundary conditions are applied at the inflow and outflow boundaries

to study their effects on the predicted blade aerodynamic damping. The

obtained results are categorised into four series:

❼ PTBC/PTBC : reflecting PTBC at both inflow and outflow.

❼ PTBC/RIBC : reflecting PTBC at inflow and non-reflecting RIBC at

outflow.

❼ RIBC/PTBC : non-reflecting RIBC at inflow and reflecting PTBC at

outflow.

❼ RIBC/RIBC : non-reflecting RIBC at both inflow and outflow.

where PTBC corresponds to the boundary conditions of total pressure, total

temperature and flow angle for the inflow and static pressure for the outflow,
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Figure 7.18: Aero-damping as a function of boundary location.

and RIBC denotes non-reflecting boundary conditions based on Riemann

invariants (Section 3.3). It should be emphasised that the base steady flow

remains nearly the same regardless of the boundary conation styles used.

Moreover, the results in Figure 7.14 and Figure 7.15 show that the steady

flow does not influence the aero-damping significantly.

Figure 7.18 shows the blade aerodynamic damping computed using un-

steady CFD computations as a function of non-dimensional distance. The

non-dimensional distance L
λ−

denotes the ratio between the distance from

the outflow boundary to rotor trailing edge L and the wavelength of the

upstream propagating acoustic wave λ− at the trailing edge. The results

for the four series of computations are discussed in the following paragraph.

The series with non-reflecting boundary conditions at both inflow and

outflow boundaries (RIBC/RIBC, pink curve) represent the computations

of the isolated rotor in a long straight duct, where acoustic reflection is

absent from both upstream and downstream. Hence the obtained blade

aero-damping does not vary with the location of the outflow boundary. The

series with non-reflecting boundary conditions prescribed at the inlet and

reflecting boundary conditions at the outlet (RIBC/PTBC, black curve)

is similar to the computations of the rotor with an ‘acoustic bump’ (Sec-

tion 6.4) in the downstream field, where the location of the bump was varied

relative to the rotor. Despite the introduction of acoustic reflection from

the outlet boundary, the aero-damping of the blade remains positive, where

the least stable condition is found at a distance of about 0.34 and the most
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stable condition is at about 0.8. Moreover, it is important to note that for

the condition studied, the amplitude of aero-damping variation is nearly

the same order of magnitude as the blade aero-damping due to the vibra-

tion motion alone (i.e. RIBC/RIBC, pink curve). The series with reflecting

boundary conditions at the inlet and non-reflecting boundary conditions at

the outlet (PTBC/RIBC ) is shown as the blue curve. It is seen that the

change of outlet location does not affect the aero-damping of the rotor blade

since acoustic reflection occurs only upstream of the rotor at the inlet, which

remains unchanged (in terms of amplitude and phase) when the location of

the outflow boundary is varied. Moreover, a decrease of blade aero-damping

is seen from the series RIBC/RIBC to PTBC/RIBC, which is attributed to

the effect of acoustic reflection from the inflow boundary (which has a desta-

bilising effect for the location of inflow boundary in this study). It is seen

that the presence of acoustic reflection from the inlet causes the blade to

be just unstable for this particular inlet location. The series with reflecting

boundary conditions at both the inlet and outlet (PTBC/PTBC ) is shown

as the red curve. Similar to the trend of the series with reflecting boundary

conditions only at the outlet (black curve), the blade aero-damping shows

a cyclic variation (more or less about the blue curve) with respect to the

boundary distance. It is seen that the blade becomes unstable for a wide

range of boundary locations (0.2 < L
λ−

< 0.4 and 0.9 < L
λ−

< 1.2), and the

minimum aero-damping is seen at a different boundary location (compared

with the case using RIBC/PTBC ).

It is clear from the plot that the styles of unsteady boundary conditions

have a significant impact on the predicted flutter stability of the isolated

rotor, where the change of blade aero-damping due to acoustic reflection can

be in the same order of magnitude as the aero-damping due to the blade

motion. The findings highlight the importance of the development and im-

plementation of exact unsteady three-dimensional non-reflecting boundary

conditions, which remain difficult in practice for time domain CFD solvers

[46]. The influence of acoustic reflection on blade flutter stability is clearly

shown in Figure 7.18, where the stable blade can become unstable due to

acoustic reflections from the upstream and downstream (e.g. at L
λ−

= 0.34).

It is also seen from Figure 7.18 that the variation of blade aero-damping

repeats itself with a cycle of approximately one wavelength of the upstream

propagating acoustic wave, indicating a relationship between the blade aero-
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damping and the phase of reflected acoustic waves.

In order to investigate the unsteady pressure field around the blade and

establish the relationship between the reflected wave and the blade aero-

damping, a wave-splitting procedure is performed at the leading and trail-

ing edges of the blade to obtain the amplitude and phase of propagating

acoustic waves (i.e. outgoing waves generated by vibration and their re-

flection from flow boundaries). Figure 7.19 shows the amplitude and phase

of unsteady pressure for the upstream (red curves) and downstream (blue

curves) propagating acoustic waves as a function of non-dimensional ax-

ial location x/cax. In this plot the results for the first two radial orders

(n = 0, 1) for the boundary distance of L
λ−

= 0.34 using reflecting bound-
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ary conditions at both the inlet and outlet (PTBC/PTBC ) are displayed.

For the plot shown here the leading edge and trailing edge of the blade

are located at x/cax = −0.5 and x/cax = 0.5 respectively. It can be seen

from these plots that the vibration of blades generates acoustic waves (red

curves at x/cax < −0.5 and blue curves at x/cax > 0.5) which propagate

away from the blade with a constant phase speed and a nearly constant

amplitude. Due to the variation of modeshape along the span (Figure 7.6),

the vibration motion excites infinite number of harmonics of the 1ND duct

acoustic mode. The amplitude of these excited harmonics decreases with

the increase of radial order n, which can be seen in Figure 7.19 for the first

two radial orders n = 0 and n = 1 (the amplitude of higher harmonics

are too small and thus not plotted). However, for the flow condition and

blade vibration frequency in this study, the acoustic modes with radial or-

der n > 1 are cut-off at both the leading and trailing edges of the rotor (see

Figure 7.16), resulting in an exponential decay of amplitude as they propa-

gate away from the blade (Equation 4.18). This effect can be clearly seen in

Figure 7.19 (dotted curves) where the amplitude of the generated acoustic

waves with radial order n = 1 diminishes to nearly zero within an axial

distance of a quarter of Rotor 2 tip axial chord. Therefore, these higher

radial order acoustic modes (n > 0) are not considered in the analysis of

acoustic reflection from the adjacent blade rows (will be presented in the

next chapter). It is also seen in Figure 7.19 that acoustic waves are reflected

at the inflow and outflow boundaries with a significant amplitude ratio. For

the flow condition and boundary conditions studied here the amplitude of

reflection coefficient for the cut-on n = 0 mode is about 0.3 at the inflow

boundary and about 1.0 at the outflow boundary.

Figure 7.20 shows the phase difference between the outgoing and re-

flected acoustic waves at the trailing edge of the blade as a function of

non-dimensional boundary location. The phase difference is calculated from

the difference between the solid red and the solid blue curves at the blade

trailing edge (x/cax = 0.5) in Figure 7.19. In this plot the results for the

series computed with non-reflecting boundary conditions at the inlet and

reflecting boundary conditions at the outlet (RIBC/PTBC ) are displayed.

It is seen from this plot that the relationship between the phase difference

and the boundary location shows a linear trend. This is obvious since the

only varying parameter in this study is the phase of the reflected wave from
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Figure 7.20: Phase difference between the reflected and the outgoing waves
at the trailing edge as a function of boundary location
(RIBC/PTBC ).

the outlet boundary (see Equation 4.24 and 4.25).

Based on the the phase relation shown in Figure 7.20, the additional aero-

dynamic damping of the blade due to acoustic reflection can be calculated

and plotted against the phase difference between the reflected acoustic wave

and the outgoing acoustic wave at the trailing edge of the blade (similar to

the analysis for the fan and intake system conducted in Chapter 6). The

additional aero-damping is calculated from the difference between the series

computed using RIBC/PTBC and the series computed using RIBC/RIBC,

which represents the additional aerodynamic damping due to acoustic reflec-

tion from the outflow boundary. It can be seen from this plot that, for the

case studied, the boundary location which has the most beneficial effects to

the flutter stability of the rotor blade studied corresponds to approximately

−90➦ and the location with most detrimental effects corresponds to approx-

imately 90➦. For a phase difference of 0➦ and −180➦ the effects of acoustic

reflection on blade aero-damping is almost zero. The observed trend shows

similarities with the trend observed in the fan with ‘acoustic bump’ study

(Section 6.4.2), however, the condition for the most destabilising effect ob-

tained in this analysis is unlikely to be universal since the acoustic mode

is cut-on on both sides of the blade (as opposed to the fan studied in Sec-

tion 6.4.2). In such situations when both upstream and downstream sides

of the rotor are cut-on, the effect of acoustic reflections has to be analysed

with the consideration of the transmission and reflection of the reflected
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Figure 7.21: Additional aerodynamic damping as a function of phase differ-
ence between the reflected and outgoing waves at the trailing
edge.

acoustic waves at the rotor. This type of analysis can be conducted in a

similar fashion as presented in Section 5.4 and Section 5.5.

In conclusion, it is found in this work that acoustic reflection has sig-

nificant influence on the flutter stability of a rotor blade. The analysis

presented in this section highlights the importance of non-reflecting bound-

ary conditions for unsteady CFD flutter computations, which are shown to

have a significant impact on the predicted stability of the isolated rotor.

Moreover, the results using reflecting boundary conditions indicate that the

effect of acoustic reflection on blade aerodynamic damping may be analysed

using an alternate strategy (i.e. without the need of full annulus multi-

row computations) by calculating the amplitude and phase of the reflected

acoustic waves using analytical methods (Chapter 4). This approach (which

will be presented in Chapter 8) would allow a significant reduction of model

size and computational time, enhancing the feasibility of conducting flutter

analysis of embedded rotors under the influence of acoustic reflections in

the early design stages of an engine.

It is worth mentioning that the approach take here is similar to the flutter

computations of the fan blade with ‘acoustic bump’ (Section 6.4). However,

as the acoustic mode (the 1ND mode in this study) is cut-on both upstream

and downstream of the blade, acoustic reflections can interact with the blade

vibration by influencing the unsteady pressure field at both the leading edge

and the trailing edge (as opposed to nearly only influencing the leading edge
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Figure 7.22: Computation domains for flutter analyses: Case R, Case SRS
and Case RSRSR.

pressure field for the fan case studied in Chapter 6). This fact adds an extra

layer of difficulty in the analysis of acoustic reflection driven flutter, which

requires in-depth studies of the change of unsteady pressure field at the

leading and trailing edge of the blade due to acoustic reflections.

7.6 Computations With Adjacent Blade Rows

In the next step, the effects of acoustic reflections from blade rows on the

flutter stability of the embedded rotor (R2) are studied based on full annulus

multi blade row unsteady CFD computations. Aerodynamic damping of

the test rotor (R2) is studied with and without the presence of its adjacent

blade rows. By using this approach, the cause of R2 flutter instability is

determined and the effects of key parameters such as vibration frequency

and axial gap are studied.

Figure 7.22 and Figure 7.23 illustrates the computation assemblies stud-

ied in this work. In this figure the locations where the inflow and out-

flow boundaries terminate for each computation assembly are marked with

dashed lines. Five computation assemblies are considered in this work:

❼ Case R: Isolated R2.

❼ Case SRS : 3-row assembly of S1, R2 and S2.

❼ Case RSRSR: 5-row ssembly of R1, S1, R2, S2 and R3.
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Figure 7.23: Computation domains for flutter analyses: Case SR and Case
RS.

❼ Case SR: 2-row assembly of S1 and R2.

❼ Case RS : 2-row ssembly of R2 and S2.

where the name of each case represent the physical configuration of the

assembly, for instance SR denotes assembly of stator-rotor and SRS denotes

the abbreviation of 3-row assembly, and will be used in the rest of this section

(and in the next chapter) to represent the corresponding setup.

The required boundary conditions for the above assemblies (at the flow

boundaries where the domain is terminated) are extracted from the whole

compressor steady state solutions, and prescribed onto the boundaries of

the corresponding assembly domains using non-reflecting boundary condi-

tion (RIBC). By doing so, the same steady state operating condition is

maintained for computations of different assemblies, where the base steady

flow on R2 is kept (nearly) the same regardless of the number of blade rows

included in the computation. This is demonstrated by the comparison of

isentropic relative Mach number in Figure 7.24, where the unsteady time-

averaged solution of Case R and Case SRS are in good agreement with the

steady state mean flow solution of Case R. By performing flutter analyses

using the above assemblies, effects of the adjacent blade rows (i.e. R1, S1,

S2 and R3) on flutter stability of the embedded R2 are investigated, based

on which the cause of the R2 flutter instability is determined.

All the flutter computations performed in this section use the full annulus

multi blade row approach (1st strategy in Section 3.4), and are conducted
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Figure 7.24: Isentropic relative Mach number on the surfaces of R2 at the
peak efficiency operating point E.

for the 1F mode at a reduced frequency of 0.67 at the peak efficiency oper-

ating condition (unless otherwise specified). The physical time step used for

flutter computation is fixed at about 40 time-steps per R2/S2 blade pass-

ing, which corresponds to approximately 88 time steps for one period of the

highest inter-blade phase angle mode in the stationary frame of reference.

This time step is obtained by performing a temporal convergence study.

7.6.1 Effect of flow condition

In the first step, the flutter stability of R2 in the embedded Case SRS

setup is investigated with the throttling of the whole compressor, i.e. from

operating points C1 to S1.

Figure 7.25 shows the computed aerodynamic damping of R2 as a func-

tion of nodal diameter. In this plot the peak efficiency operating point E

for the isolated Case R (i.e. without reflection) and the operating points

C1, E and S1 (when operating in the whole compressor) for the embedded

Case SRS are displayed. The aero-damping for the isolated Case R at point

E is the same as the results shown in Figure 7.14, and the results at C1

and S1 for Case R are not shown here as they do not differ significantly

from that at operating point E (Figure 7.14). For clarity of the plot, higher

nodal diameters are not shown since the blade aero-damping is very high

(see Figure 7.13). As can be seen from the plot, the isolated rotor shows
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Figure 7.25: Aero-damping of R2 on the C1-E-S1 characteristic.

positive aero-damping for all the nodal diameters. With the introduction

of upstream and downstream stators, the aero-damping of the embedded

rotor changes significantly from that of the isolated blade row. It is stressed

again that, this is not due to the change of flow on R2 as the numerical

set up ensures that the base steady flow on R2 is roughly the same in all

the computations (see Figure 7.24). Positive, as well as negative effects on

aero-damping can be observed from the plot. Moreover, the least damped

mode shifts from 2ND (in Case R) to 0ND (in Case SRS ), and flutter is

seen at 0ND with a small negative damping which is in accordance with ex-

perimental observations. It is important to note that the maximum change

of blade aero-damping due to the presence of adjacent blade rows is two or-

ders of magnitude higher than the mechanical damping for blisks (typically

of the order 1.0e−5) [5].

The influence of the adjacent blade rows on flutter stability of the em-

bedded rotor is clearly seen based on this plot, where the stable isolated

rotor becomes unstable due to the interaction between the blade rows. This

interaction between the blade rows is not attributed to rotor-stator inter-

actions (potential or wake) since the frequency of concern is well below the

blade passing frequencies, which are an order of magnitude higher than that

of the blade vibration. It will be shown later that the driving mechanism

of flutter is of acoustic origins due to the interaction between the blade

vibration and the resulting unsteady pressure. Moreover, the variation in
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Figure 7.26: Aero-damping of R2 using the Case R, Case SRS and Case
RSRSR setups.

R2 aero-damping from the isolated setup (Case R) to the embedded setup

(Case SRS ) seems independent of the change of operating condition, which

is again due to the nearly unchanged flow field in the three blade rows (i.e.

S1 and S2).

7.6.2 Effect of blade row count

It has been shown in Figure 7.25 that the inclusion of S1 and S2 changes the

aerodynamic damping of R2 significantly, which highlights the influence of

acoustic reflections from these two immediately adjacent stators. In order

to study the influence of blade row not immediately adjacent to the embed-

ded R2, computations with the Case RSRSR assembly (which additionally

includes R1 and R3) are performed at the peak efficiency operating point E.

Figure 7.26 shows the comparison of computed aerodynamic damping of R2

using the isolated Case R, embedded 3-row Case SRS and embedded 5-row

Case RSRSR assemblies. It can be seen from the plot that the inclusion of

blade rows not immediately adjacent to R2 (R1 and R3 in this case) does

not result in further changes in the predicted aero-damping of R2. The

observation indicates that the main influence of acoustic reflection comes

from blade rows immediately adjacent to the embedded rotor for the case

studied. It is theoretically possible that the main contribution of acoustic

reflections come from blade rows not immediately adjacent to the embedded
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Figure 7.27: Additional aero-damping for Case R and Case SRS as a func-
tion of nodal diameter.

rotor. However, this requires the reflection and multiple transmissions of

acoustic waves in the compressor, which can be shown (based on the trans-

mission and reflection coefficients calculated in the next chapter) to result in

negligible amplitude for typical flows and geometries for compressor blading.

In order to study the effects of acoustic reflection on different nodal diam-

eter modes, additional aero-damping due to acoustic reflection from blade

rows (abbreviated as ‘additional aero-damping’ in the rest of this section)

is calculated for Case SRS and Case RSRSR, and is plotted in Figure 7.27

as a function of nodal diameter. The additional aero-damping is calculated

(in a similar fashion to studies in Chapter 6) as the difference between the

aero-damping using the embedded setup and the isolated setup (e.g. the

difference between Case SRS and Case R). This term is used repeatedly in

the rest of this section as it provides a good measure of the the influence

of acoustic reflection on blade flutter stability. It can be seen from the plot

that the additional aero-damping shows an almost cyclic variation about

zero when plotted against the nodal diameter. Positive and negative effects

due to acoustic reflection are clearly shown in this plot where the largest

decrease in aero-damping is seen between -2ND and 2ND and the largest

increase in stability is seen in the vicinity of -5ND and 5ND. Moreover, by

comparing the calculated additional aero-damping for the 3-row and 5-row

cases, it is confirmed that R1 and R3 which are not immediately adjacent
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Figure 7.28: Aero-damping of R2 using the Case R, Case SR and Case RS
setups.

to the embedded R2 have little influence on its flutter stability. Therefore,

it is appropriate to assume that the interactions from not immediately ad-

jacent blade rows are negligible for the case studied, and in order to reduce

computational cost those blade rows are not considered in the rest of the

analyses.

The observed cyclic variation of additional aero-damping with respect to

nodal diameter can be explained as follows: the phase of the reflected wave

is a function of axial wavenumber (Equation 4.24 and 4.25), which as can

be seen from Equation 4.17 is a function of nodal diameter. Therefore, for

each nodal diameter, the reflected wave reaches the rotor blade at different

phase of a vibration cycle. Reflected acoustic waves from adjacent blade

rows interact with the unsteady pressure field generated by the vibration

motion, which can result in beneficial or detrimental effects (depending on

the phase of reflected waves) to the overall flutter stability of the embedded

rotor. In the case studied here, reflections from the adjacent stators have a

negative impact on the 0ND mode of R2, which is responsible for the flutter

event predicted by CFD and observed in the experiment.

In the next step, a set of two blade row analyses (Case SR and Case RS )

are performed to determine the contribution to the aero-damping variation

of R2 due to acoustic reflection from each stator. Figure 7.28 shows the com-

puted aero-damping of R2 for the isolated Case R, the partially-embedded
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Figure 7.29: Additional aero-damping for Case SR and Case RS as a func-
tion of nodal diameter.

Case SR and the partially-embedded Case RS assemblies. It can be seen

from the plot that the presence of S1 or S2 changes the aero-damping of R2

differently, for instance the effect due to S1 is seen to be stronger at 5ND

and the effect due to S2 is stronger in 1ND. However more importantly, the

presence of either stator by itself does not lead to negative aero-damping of

R2, indicating that the flutter instability of R2 requires acoustic reflections

from both the upstream and the downstream stators. Figure 7.29 shows

the calculated additional aero-damping due to acoustic reflection for the

aforementioned 2-row analyses. A cyclic trend of additional aero-damping

is found when either the upstream or downstream stator is included in the

unsteady computation. Acoustic reflections from the upstream stator as

well as the downstream stator result in a decrease in blade aero-damping

for some nodal diameters such as 0ND and 1ND.

Figure 7.30 shows the calculated additional aero-damping from the two

immediately adjacent stators (S1 and S2) as a function of nodal diameter.

In this plot the additional aero-damping calculated from the 3-row case is

compared with the sum of additional aero-damping calculated from the 2-

row cases. In other words, this plot compares the red line in Figure 7.27 with

the sum of the red and black lines in Figure 7.29. It is seen from this plot

that the two lines show very similar trend for the range of nodal diameter

shown here, indicating that (at least for low nodal diameter modes) the
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Figure 7.30: Comparison of additional aero-damping for Case SRS and the
sum of additional aero-damping for Case SR and Case RS.

acoustic reflection from the stator on one side do not (or only with a very

small amplitude) further interact with the stator on the other side which

can result in additional changes to the near blade pressure field of R2. The

possible interaction process through multiple stages of transmission and

reflection is illustrated in Figure 7.31. However, this interaction is unlikely

to have a significant influence due to the multiple occurrences of amplitude

loss during the transmission and reflection process. The discrepancies in

Figure 7.30 at higher nodal diameters are believed to be the artifact of

post-processing.

Figure 7.26 to Figure 7.30 clearly demonstrate that the flutter instability

of R2 for the 0ND mode is driven by acoustic reflection from both the up-

stream S1 and the downstream S2. In the absence of either stator, the rotor

is predicted to be stable for all the nodal diameters. Based on the knowl-

edge gained in the work conducted in the previous section, the destabilising

effect for the 0ND mode by both the stators can be attributed to the phas-

ing between the reflected acoustic wave and the outgoing wave generated by

blade vibration. Therefore in the next step, the effects of blade vibration

frequency and the axial gap between the rotor and the stator, which are key

parameters affecting the propagation of acoustic waves, are investigated.
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Figure 7.31: Transmission and reflection of acoustic waves through the em-
bedded rotor.
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Figure 7.32: Aero-damping of R2 as a function of nodal diameter for differ-
ent blade vibration frequency, Case R.
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Figure 7.33: Aero-damping of R2 as a function of nodal diameter for differ-
ent blade vibration frequency, Case SRS.

7.6.3 Effect of vibration frequency

Figure 7.32 shows the computed aerodynamic damping of R2 for various

vibration frequencies as a function of nodal diameter. In this plot the results

of the isolated Case R setup for three vibration frequencies fr = 0.56,

fr = 0.67 and fr = 0.76 are displayed (which are all cut-on between -1ND

and 6ND !!CHECK!!). It can be seen from the plot that the change of blade

vibration frequency (by about±15%) results in very limited changes of blade

aero-damping for the isolated R2. This is believed to be the result of the

acoustic fields upstream and downstream of the blade being cut-on for low

inter-blade phase angle modes, where aero-damping of the blade experiences

limited variation with the variation of vibration frequency. Among the three

frequencies studied, the predicted aero-damping for the vibration frequency

fr = 0.56 shows a slightly higher value. Moreover, the blade is predicted

to be stable for all the nodal diameter modes with the least damped mode

being 2ND.

Figure 7.33 shows the computed aerodynamic damping of R2 for various

vibration frequencies as a function of nodal diameter for the embedded

Case SRS setup. By comparing to Figure 7.32, it can be seen from the

plot that the the inclusion of adjacent stators changes the aero-damping

of the embedded rotor significantly. Although the presence of S1 and S2

shows destabilising effects for modes in the vicinity of 0ND for all three

233



-0.015

-0.010

-0.005

0.000

0.005

0.010

0.015

-6 -4 -2  0  2  4  6

A
d
d
it
io

n
a
l 
a
e
ro

-d
a
m

p
in

g

ND

Case R3, fr=0.56

Case R3, fr=0.67

Case R3, fr=0.76

Figure 7.34: Additional aero-damping of R2 as a function of nodal diameter
for different blade vibration frequency, Case SRS.

frequencies studied, it is seen that the only unstable mode predicted by

the CFD analysis corresponds to the 0ND mode with the datum frequency

fr = 0.67. This observation corroborates the experimental observations

that the flutter event occurred in a very narrow speed range (i.e. narrow

frequency range). In order to examine the influence of the stators on flutter

stability of the embedded R2, the additional aero-damping is calculated for

each case by taking the difference between aero-damping obtained using the

Case SRS setup and Case R setup.

Figure 7.34 shows the calculated additional aerodynamic damping for

computations with the three vibration frequencies as a function of nodal

diameter. It is clearly seen from the plot that for nodal diameter between

-2ND and 2ND, the aero-damping of R2 shows a decrease with the presence

of S1 and S2 irrespective of the vibration frequency studied. However, the

destabilising effects due to acoustic reflections are more prominent for vibra-

tion frequencies fr = 0.56 and fr = 0.67 than fr = 0.76. It is seen that for

the case of fr = 0.67, the relatively low blade aero-damping in the isolated

setup combines with the destabilising effect due to acoustic reflections from

both S1 and S2 to produce the flutter instability at 0ND. Moreover, the

results shown in the plots above clearly confirms that the flutter instability

of R2 is not caused by the flow-modeshape interactions (since the isolated

rotor is always stable) or rotor-stator interaction (since they occur at differ-

234



Figure 7.35: Illustration of extended the duct between R2 and S2.

ent frequencies from the vibration), but rather the reflections from adjacent

blade rows due to acoustic perturbations generated by blade vibration. This

conclusion will be further confirmed by the following analysis.

7.6.4 Effect of rotor-stator axial gap

In the next study, the axial gap between R2 and S2 is increased (by about

70% of R2 tip axial chord) by means of a straight extended duct, so that

the phase of the reflected acoustic wave can be varied and its effect on the

flutter stability of R2 is studied. This extension of duct between R2 and S2

is illustrated in Figure 7.35. It should be noted that the base steady flow

on the rotor blade is kept roughly the same for the cases with and without

the extension duct. Moreover, as demonstrated in Figure 7.25, the effect of

flow on aero-damping of R2 is much smaller than that due to the acoustic

effects, indicating that the extension of axial gap performed here is a viable

approach.

Figure 7.36 shows the comparison of the computed aero-damping of R2

for the isolated Case R, the datum 3-row embedded Case SRS and the

extended 3-row embedded Case SRES assemblies. It can be seen from the

plot that the increase of R2-S2 axial gap results in positive effects for nodal

diameters between -1ND and 3ND, whereas negligible effect can be seen for

some other modes (e.g. -3ND to -2ND, and 3ND to 4ND). Moreover, the

flutter at 0ND is avoided with the increase of the axial gap.

In order to understand the cause of aero-damping variation due to the

increase of R2-S2 axial gap, the phase change of acoustic waves propagating

through the duct between R2 and S2 is studied. In Figure 7.37 the calculated
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Figure 7.36: Aero-damping of R2 with increased R2-S2 axial gap.
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Figure 7.37: Phase variation of acoustic waves propagating in the duct be-
tween R2 and S2.
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phase change between the trailing edge of R2 and the leading edge of S2

(based on the analytical method presented in Section 4.3) are displayed for

the datum Case SRS and the extended Case SRES. It should be mentioned

that the phase change shown in Figure 7.37 only accounts for the phase

change of the acoustic waves propagating in the duct between the two blade

rows (i.e. δφd−
m,n+δφd+

m,n in Figure 4.13), and does not account for the phase

change reflecting from the stator vanes (i.e. δφdR
m,n in Figure 4.13). It can

be seen from the plot that, for acoustic modes that are cut-on (-1ND to

4ND), the increase in R2-S2 axial gap results in an increase in the phase

change of acoustic waves propagating through the duct (by as much as

about 50➦). This additional phase change is believed to be the cause of the

change in blade aero-damping shown in Figure 7.36 for the nodal diameter

between -1ND and 3ND. Moreover, it is seen that the extension duct results

in no variation in the phase change of cut-off waves propagating in the duct

(i.e. -3ND to -2ND), which explains the negligible effects due to the duct

extension observed for these nodal diameters in Figure 7.36.

In conclusion, the influence of acoustic reflections from blade rows and

boundary conditions on flutter stability of an embedded rotor are clearly

demonstrated in this chapter. It has been shown that flutter of such an

embedded rotor in a multi-stage compressor is unlikely to occur by self-

driven flow-modeshape interactions. For the case studied in this work, the

pre-condition for such type of flutter requires acoustic reflections from blade

rows on both the upstream and downstream sides to have destabilising con-

tributions. Moreover, flutter is most likely to occur at inter-blade phase

angles where the lowest aerodynamic damping due to the blade motion oc-

curs (flow and modeshape driven). It is also found that by changing the

reflection location, through either changing the location of reflecting flow

boundaries or changing the rotor-stator axial gaps, the aerodynamic damp-

ing of the embedded rotor can be altered significantly. The observation

highlights the need for careful selection of inter-row spacing in the design of

a multi-stage compressor to avoid flutter of potentially problematic modes.

Based on the analyses performed using various assemblies of blade rows, it

is concluded that for the case studied the most significant influence of acous-

tic reflection comes from blade rows immediately adjacent to the embedded

rotor. This conclusion is likely to hold for typical compressor geometries

and flows where the resultant amplitude of acoustic waves due to multiple
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transmissions (through the neighbouring blade rows) becomes negligible.

Moreover, it is concluded for the case studied that the effect due to the up-

stream stator and the downstream stator seem to be independent and can be

analysed separately. This conclusion becomes invalid when the amplitude

of reflection coefficient at both the adjacent blade rows and the amplitude

of the transmission coefficient at the embedded rotor are high (this problem

has been illustrated in Figure 7.31). However, these two aforementioned

criteria cannot usually be satisfied simultaneously (at least for situations

that are cut-on on both sides of the rotor) for typical turbomachinery ap-

plications. The observations indicate that an alternative strategy for flutter

analysis for such an embedded blade row can be devised, where unsteady

CFD computations using full annulus multi blade row models may not be

required. Such an approach requires the acoustic reflections from these sta-

tors to be calculated in an analytical approach, based on which the obtained

information for the reflected acoustic waves can be used to determine their

influence on the flutter stability of the embedded rotor. The development

and application of such an alternative strategy is presented in the next

chapter.
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8 An Alternative Strategy For

Embedded Blade Row Flutter

Analysis

8.1 Development of the Method

It wa shown in Chapter 7 that acoustic reflections from blade rows have a

significant impact on the flutter stability of embedded rotor blades. Un-

steady CFD flutter computations with the rotor treated in isolation cannot

capture the effects of acoustic reflections from blade rows, which can lead

to significant over-predictions of blade aerodynamic damping. In order to

capture the effects of acoustic reflections from adjacent blade rows on flut-

ter stability of an embedded rotor, computations must be performed with

the presence of these blade rows in the CFD model. For time domain CFD

solvers, the inclusion of the rotor and its adjacent stators would require un-

steady computations performed in a full annulus approach. Furthermore,

for numerical stability, the time step for unsteady computation has to be

chosen such that blade passing frequencies are resolved, which can be an

order of magnitude smaller than that needed for the vibration frequency.

Consequently, the model size and time step constraints for such flutter com-

putations are significantly more expensive than that for the isolated blade

row analysis. For instance, the single passage isolated rotor model presented

in Section 7.4 consists of about 0.3 million grid points which requires about

4 hours of computation time using 4 CPU cores, while the three blade row

full annulus model Case SRS presented in Section 7.5 contains about 40

million grid points which requires roughly 80 hours of computation time

using 60 CPU cores. The increase in model size and computational cost for

these full annulus multi blade row models are a limiting factor for flutter

analysis of embedded blade rows in early design stages of an engine. Alter-
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Figure 8.1: Imposing acoustic waves in the rotor domain using unsteady
plane sources.

natively, if a low-fidelity method is developed so that the acoustic reflections

from other blade rows can be modelled without the presence of these blade

row geometries, unsteady CFD computations for the embedded rotor blade

can be carried out using a single blade row and a single passage.

Therefore, the aim of this chapter is to develop a low-fidelity alternative

strategy so that cost-efficient flutter analysis of an embedded rotor under

the influence of acoustic reflections from other blade rows can be carried

out in early design stages of an engine. The development of such a strategy

is presented in this section and will be validated in the following sections

by performing flutter computations for the Rotor 2 of the E3E compressor

(the case studied in Chapter 7).

It has been shown in Chapter 4 that the transmission and reflection of

acoustic waves at a blade row can be calculated analytically. Based on the

obtained information (i.e. amplitude, phase and wavenumbers) of the re-

flected acoustic wave, unsteady CFD computations can be performed by

imposing the calculated reflected acoustic waves in the domain of the em-

bedded rotor without the presence of adjacent blade rows. This can be

achieved numerically by introducing unsteady plane sources upstream and

downstream of the rotor as illustrated in Figure 8.1. By using this strategy,

unsteady CFD flutter computations for an embedded rotor blade can be
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carried out in a single passage single blade row approach which will greatly

reduce the model size and the computational time cost (compared with full

annulus multi-row models).

The alternative strategy for flutter analysis of embedded rotors consists

of six stages:

1. Determine the nodal diameter modes of interest for the embedded

rotor so that flutter analysis can be performed for such modes.

2. Model the generation of acoustic waves due to blade vibration of the

embedded rotor in such potentially problematic modes using single

passage single blade row unsteady CFD computations.

3. Trace the propagation of the generated acoustic waves in the compres-

sor duct between blade rows using an analytical approach.

4. Calculate the reflection of these propagating acoustic waves at blade

rows (i.e. the stator vanes adjacent to the embedded rotor).

5. Impose the calculated reflected acoustic waves in the domain of the

isolated rotor (upstream and downstream of the blade) using unsteady

plane sources.

6. Perform unsteady CFD flutter computations for the embedded rotor in

a single passage single blade row approach with the imposed sources.

For stage 1 of the above process, the choice usually goes to the least sta-

ble modes of the rotor (in the isolated setup without reflection) as acoustic

reflection driven flutter is unlikely to occur when the aero-damping due to

blade motion is high. Based on the past experience, the least stable modes

for a typical rotor blade usually correspond to the low inter-blade phase an-

gle forward travelling modes for the 1st flapwise bending (1F) blade mode

(as shown in the previous chapter), and nodal diameters corresponding to

the inter-blade phase angle of around 90➦for the 1st torsion (1T) blade mode

[3]. Moreover, as illustrated in the previous chapter, the pre-condition for

acoustic reflection driven flutter of a rotor blade in multi-stage compres-

sors normally requires the acoustic fields to be cut-on at the leading and

trailing edges of the blade, which consequently further limits the nodal di-

ameter modes of interest. Stage 2 of the above process can be performed
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using single passage unsteady CFD computations for the isolated rotor in a

cost-efficient manner, based on which the amplitude and phase of the gen-

erated acoustic waves can be obtained through a wave-splitting procedure.

It has been shown in Chapter 4 that Stage 3 and 4 of the above process

can be accomplished analytically, based on which the amplitude and phase

of the reflected acoustic waves (with respect to the waves generated by the

blade vibration obtained in Stage 2) can be evaluated without the need

of unsteady CFD computations. The information can then be imposed as

acoustic perturbations in Stage 5. This is achieved as follows: assuming neg-

ligible amplitude change from the source planes to the rotor, the unsteady

pressure to be imposed on the source planes (for cut-on acoustic modes) can

be obtained using

pupm,n = pl+m,ne
−iδφ

up
m,n (8.1)

pdpm,n = pt−m,ne
−iδφ

dp
m,n (8.2)

where

δφup
m,n =

∫ Lup

kx
+
m,ndx (8.3)

δφdp
m,n =

∫ Ldp

kx
−
m,ndx (8.4)

and Lup is the axial range between the upstream source plane and rotor

leading edge, ,Ldp is the axial range between the downstream source plane

and rotor trailing edge, pl+m,n and pt−m,n are the unsteady pressure for the

calculated reflected acoustic waves at the leading and trailing edges of the

rotor, and pupm,n and pdpm,n are the unsteady pressure for the acoustic waves at

the upstream and downstream source planes. The acoustic perturbations are

imposed inside the rotor domain (upstream and downstream of the blade)

by means of characteristic variables for acoustic waves [46, 101]. Flutter

computations can be subsequently performed in a single passage single blade

row approach (Stage 6) using the aforementioned 3rd flutter computation

strategy (Chapter 3.4).

Based on the proposed method, flutter analyses of the embedded R2

(Chapter 7) for forward travelling modes with low inter-blade phase angle

(0ND to 4ND) in the 1F mode will be presented in this chapter, where each
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stage of the aforementioned process is studied sequentially in the following

sections.

8.2 Generated Acoustic Waves Near the Rotor

In the first step, the acoustic waves generated by the vibration of the Rotor

2 blades (Chapter 7) are modelled. This is achieved by conducting unsteady

CFD computations for the isolated rotor using a single passage computation.

Based on the fully developed unsteady CFD solutions, a wave-splitting pro-

cedure is performed to decompose the unsteady perturbations into acoustic

waves. The properties of the generated acoustic waves obtained from wave-

splitting, such as axial wavenumber and mode angle, are compared with

calculations based on the analytical methods (Chapter 4). All the analyt-

ical calculations in this chapter are carried out based on the average flow

field for the axial planes at the leading and trailing edges of the blade.

For the mean flow condition studied in this chapter, the rotor (and stators)

operates at the peak efficiency operating condition, i.e. operating point E

shown in Chapter 7, at which the occurrence of flutter in the 1F/0ND mode

was measured in test and predicted by full annulus multi blade row unsteady

CFD computations. For all the unsteady CFD computations performed

in this work, non-reflecting boundary conditions are applied at the inflow

and the outflow boundaries to minimise numerical reflections. The blade is

excited in the 1F mode at a reduced frequency of 0.67. For all the unsteady

computations performed in this section the blade motion is prescribed using

the 3rd flutter computation strategy (Section 3.4). The physical time step

for unsteady computation is resolved as 200 time steps for one vibration

cycle. This time step was obtained by performing a temporal convergence

study.

Figure 8.2 shows the cut-on frequency range at the leading edge and the

trailing edge of R2 calculated using Equation 4.21, which is displayed in this

plot by the reduced frequency (in absolute frame of reference) as a function

of circumferential order m (nodal diameter). It should be noted that in the

plot shown here, the reduced frequency is a measure of angular frequency

that characterises the rotational speed of travelling modes (i.e. ω + mΩ

similar to Equation 6.2), and thus can take both positive or negative values.

In these plots the cut-on range for radial order n = 0 (shaded regions) and
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Figure 8.2: Cut-on frequency range (in absolute frame of reference) at (a)
the leading edge and (b) the trailing edge of R2.
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the blade vibration frequency in the stationary frame of reference (black

line) are displayed.

By examining the plots shown in Figure 8.2, it is first noted that the

cut-on region for acoustic waves can be divided into two separate regions

(shaded red and blue regions), which correspond to the two cut-on criteria

shown by Equation 4.21. The cut-on frequencies ωc+ and ωc− calculated

using Equation 4.21 are shown in this figure as the dashed red and blue lines

respectively, where acoustic waves are cut-on for frequencies above ωc+, i.e.

shaded red area, and for frequencies below ωc−, i.e. shaded blue area. The

physical meanings of these two cut-on regions can be understood as follows:

the physical criterion for cut-on (as given by Tyler and Sofrin [21]) states

that acoustic modes become cut-on when their circumferential phase speed

reaches a critical Mach number (which is M = 1 for the case of zero mean

flow and on an infinitely thin annulus); in light of this criterion, acoustic

waves associated with the forward travelling modes as well as the backward

travelling modes can be cut-on when their angular velocities exceed the cor-

responding critical values; these cut-on conditions correspond to frequencies

above ωc+ (i.e. high speed rotating modes in positive circumferential direc-

tion) and frequencies below ωc− (i.e. high speed rotating modes in negative

circumferential direction).

It is seen from Figure 8.2 that the cut-on criteria manifest as two triangu-

lar regions connected at the origin of zero frequency and zero circumferential

order, which is obvious since the (0, 0) mode is always cut-on. When the

flow has zero swirl (Mθ = 0), the triangular cut-on regions can be shown

(by Equation 4.21) to be symmetrical about the axis of m = 0 and also

about the axis of reduced frequency fr = 0. With the increase of tangential

flow velocity, the convection effects by the flow result in the ‘rotation’ of

the triangular regions about the origin. This is clearly seen in this figure

where the cut-on triangular regions corresponding to the flow solution at

the trailing edge seem to be more ‘tilted’ than those corresponding to the

flow solution at the leading edge, due to flow turning by the rotor. This

phenomenon results in more acoustic modes being cut-on at the leading

edge as the vibration frequency line cuts through the shaded red area in a

wider range. Based on calculations using the analytical methods, acoustic

modes are cut-on between -1ND and 14ND (not shown in this plot) at the

leading edge, and between -2ND and 4ND at the trailing edge.
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Figure 8.3: Cut-on frequency range (in absolute frame of reference) in the
situation of low flow to shaft speed ratio.

It can be shown by studying Equation 4.21 that the boundaries for the two

triangular regions (dashed lines) form two continuous straight lines. This

is clearly illustrated in Figure 8.2. Based on an understanding of typical

geometry and frequency of rotor blades and the flow conditions they operate

in, the vibration frequency line (black line) usually has a shallower slope

than the positively sloped boundaries of the cut-on regions (i.e the right side

boundary of the shaded red region and the left side boundary of the shaded

blue region), leading to cut-on modes occurring only at positive frequencies

(as is for the rotor studied here). It is however theoretically possible to

have a situation where the vibration frequency line crosses the shaded blue

region at negative frequencies due to a steeper slope. An example of this is

illustrated in Figure 8.3. In this situation the acoustic modes are cut-on for

all circumferential orders except for the modes located between the shaded

red and blue triangular regions (i.e. cut-on except for −5 ≤ m ≤ −2).

However, this situation is unlikely to occur as it requires very low flow to

shaft speed ratio, which is against the trend of modern turbomachinery

designs (low-speed design).

Figure 8.4 shows the calculated axial wavenumber kx (Equation 4.17) for

the upstream propagating ([-]) and downstream propagating ([+]) acoustic

waves at the leading edge and the trailing edge of R2 as a function of

circumferential order m. In this plot the axial wavenumber calculated from
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analytical theories (solid and dashed lines) are compared with the results

obtained from wave-splitting of unsteady CFD solutions (symbols). The

plots can be interpreted by considering the following:

❼ The criterion for cut-on/off of acoustic waves is a function of duct ge-

ometry, flow Mach number and mode order, and is independent of the

direction of propagation. In simple words, for a certain circumferential

mode order, the upstream propagating and downstream propagating

acoustic waves can either be cut-on or cut-off at the same time.

❼ When an acoustic mode is cut-on, the imaginary component of axial

wavenumber is zero. When the mode is cut-off, the imaginary com-

ponent of axial wavenumber for the upstream propagating wave and

the downstream propagating wave are equal but have opposite signs.

This is clearly seen in the imaginary component plot of Figure 8.4.

❼ When an acoustic mode is cut-off, the real component of axial wavenum-

ber for the upstream and downstream propagating waves are the same,

and show a linear trend with the circumferential order (the ‘backbone’

straight lines in the real component plot of Figure 8.4). For cut-on

acoustic modes, the real axial wavenumber for the upstream and down-

stream propagating waves are different, and deviate equally from the

‘backbone’ lines to form an oval-like pattern. Due to the turning of

flow by the rotor, a wider range of cut-on modes can be seen at the

leading edge than the trailing edge.

It is also seen from the plots that the axial wavenumbers calculated using

the analytical method show good agreement in general with results obtained

from wave-splitting of unsteady CFD solutions. A notable difference can be

seen at high circumferential mode orders, where acoustic modes are cal-

culated to be more cut-on than those obtained from CFD solutions using

wave-splitting (which can be seen from the difference in the oval-like re-

gions). This is believed to be the result of three-dimensional flow field in

the CFD computations, which is not taken into account in the analytical

method. Nevertheless, good agreement can be seen for low circumferen-

tial mode orders, where the blade aero-damping is low and for which the

analysis is limited to.
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Figure 8.5 shows the calculated mode angle with respect to the engine axis

for the upstream and downstream propagating acoustic waves as a function

of circumferential order m. In the plot shown here the mode angles for

radial order n = 0, calculated using analytical methods (Equation 4.23),

are compared with the results obtained from wave-splitting of unsteady

CFD solutions (computed from the obtained wavenumbers). It can be seen

from the plots that the (0, 0) mode, known as the ‘plane wave’ mode, has

a mode angle of 0➦. As acoustic modes approach cut-off (i.e. for higher

nodal diameters), the mode angle tends to 90➦and the mode phase velocities

become purely circumferential. Moreover, it is noted that the angle between

the wave front and the engine axis can become higher than 90➦as the modes

approach cut-off. It is also seen that, due to different flows, cut-on acoustic

waves at the leading edge of the rotor have smaller mode angles than their

counterparts at the trailing edge. In general, a good agreement can be seen

between the analytical calculations and the results obtained from unsteady

CFD solutions.

Figure 8.6 shows the amplitude and phase of the (outgoing) acoustic waves

generated by blade vibration as a function of nodal diameter. The ampli-

tude for each nodal diameter is normalised by the amplitude of acoustic

pressure at the trailing edge, and the phase is relative to blade motion at

zero displacement and the maximum positive velocity. In this plot the nodal

diameters at which acoustic modes become cut-off are also highlighted by

means of the dashed lines. The acoustic modes are cut-on at the trailing

edge for nodal diameters between the two blue dashed lines, and cut-on

at the leading edge for nodal diameters to the right of the dashed red line

(which becomes cut-off at 14ND). It can be seen from the amplitude plot

that, prior to cut-off at -2ND, acoustic modes at the leading edge of the

blade experiences a resonance (peak of the red curve). Similarly, a reso-

nance is seen at 5ND for acoustic waves at the trailing edge of the blade

(manifests as the red curve being close zero). It can be seen from the phase

plot that for acoustic modes that are cut-on at both the leading and trailing

edges of the blade (i.e. -1ND to 4ND), the phase of the leading edge acous-

tic pressure and trailing edge acoustic pressure are nearly constant (with

respect to ND) with a difference of about 180➦. It is also noticed that as the

trailing edge acoustic field becomes cut-off at -2ND, the phase of trailing

edge acoustic pressure cycles through 360➦so that it lags the leading edge
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Figure 8.7: Unsteady pressure contour for an imposed (2, 0) acoustic wave
plotted in the cross-section view of a duct.

by about 180➦.

It has been shown in this section that the properties of the generated

acoustic waves, such as axial wavenumber and mode angle, can be calculated

analytically with a good degree of accuracy. Combined with the amplitude

and phase of the generated waves obtained using single passage unsteady

CFD computations, analytical calculations can be carried out to obtain the

amplitude and phase of the acoustic waves reflecting from the other blade

rows. The analysis of transmission and reflection of acoustic waves at blade

rows is presented in the next section.

8.3 Acoustic Reflection from a Blade Row

In the next step, transmission and reflection of acoustic waves at a blade

row are studied. This is achieved by carrying out unsteady CFD computa-

tions for the blade row of interest with imposed acoustic perturbations using

plane sources as illustrated by Figure 8.7 (similar to Case G in Chapter 5).

A wave-splitting procedure is performed at the leading and trailing edges of

the blade row to decompose the unsteady perturbations in the CFD solu-

tions into propagating waves, based on which the amplitude ratio and phase

change of the complex transmission and reflection coefficients are obtained.

The obtained transmission and reflection coefficients are compared with the

calculations based on the analytical method presented in Section 4.4. As
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shown in Chapter 4, the analytical calculations require only the knowledge

of the mean flow field, thus can be carried out without the need of unsteady

CFD computations. The main objective of this section is to demonstrate

that the transmission and reflection of acoustic waves at a blade row can

be calculated using an analytical approach with good degree of accuracy

without the need of unsteady CFD computations.

In the first part of the study, transmission and reflection of acoustic waves

at a thin annulus blade row are studied. The geometry for the thin annulus

blade rows in this study are identical to the cases studied in Chapter 5. The

computations of the thin annulus blade rows allow one to study the effects

of key parameters on the transmission and reflection of acoustic waves at

bladed structures, such as incident mode angle, solidity, stagger, reduced

frequency and camber.

In the second part of this work, the transmission and reflection of acoustic

waves, generated by the vibration of Rotor 2 blades, at Stator 1 and Stator

2 (of the E3E HP compressor) are studied. The results obtained from wave-

splitting of unsteady CFD solutions are compared with calculations using

the analytical method (Section 4.4).

8.3.1 Thin annulus blade row

In the first part of this work, transmission and reflection of acoustic waves

at thin annulus blade rows are studied. The computation domain consists

of a high hub/tip ratio (0.965) stationary blade row inside a constant ra-

dius straight long duct, and the blades have identical aerofoil sections at all

radial heights. The inflow and outflow boundaries of the duct are placed ap-

proximately 10 chords away from the blades. Computations are performed

for blade rows with unloaded flat plates and cambered blades. The geome-

try and grid for all the blades studied in this work are identical to the thin

annulus blade rows studied in Chapter 5.

The steady state flow solutions are obtained by imposing the physical

boundary conditions at the farfield inflow and outflow boundaries. The

mean flow angle is kept the same as the stagger for cases with flat plates.

The mean flow field for cambered blades is the same as shown in Figure 5.14.

For unsteady time-accurate computations, non-reflecting boundary condi-

tions are applied at the inflow and outflow boundaries to minimise numerical
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Figure 8.8: (a) Case G+: imposing a downstream propagating acoustic
wave incident on the blade row; (b) Case G-: imposing an up-
stream propagating acoustic wave incident on the blade row.

reflections. The unsteady computations are performed using a full annulus

approach. The physical time step for unsteady computations is resolved as

200 time steps per period.

The unsteady computations are performed by introducing acoustic per-

turbations which are incident on the blade row by means of unsteady plane

sources. Figure 8.8 illustrates the unsteady pressure traces for two types of

problem configurations: (1) Case G-: upstream propagating acoustic waves

imposed in the downstream field of the blade row; (2) Case G+: down-

stream propagating acoustic waves imposed in the upstream field of the

blade row. In order to obtain the (complex) transmission and reflection

coefficient at the blade row, unsteady perturbations at the leading edge

and the trailing edge are split into upstream and downstream propagating

acoustic waves, based on which the amplitude ratio and phase change of the

complex coefficients are calculated.

For the studies performed in this work, the effects of incident mode angle

α, solidity c/s, blade stagger angle θs, chord length c and blade camber are

investigated. These parameters are varied in this work as follows:

❼ The incident mode angle α (as shown in Figure 8.9) is varied by in-

creasing the circumferential mode order m and frequency of the im-

posed waves ω simultaneously, which is intended to mimic the forward
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Figure 8.9: Illustration of blade row geometry and incident acoustic waves
in this study.

and backward travelling acoustic waves generated by the vibration of

Rotor 2. The relationship between the frequency of perturbation ω

and the circumferential mode order m is kept as ω = ω0+mΩ0, where

the vibration frequency ω0 (corresponding to the reduced frequency

of 0.67 of R2 at the peak efficiency operating point E ) and the shaft

speed Ω0 (corresponding to 93.1% speed for R2) are fixed throughout

this analysis. For the case studied here, only the forward travelling

modes are considered (similar trends are expected for the backward

travelling modes).

❼ The solidity c/s is varied by changing the blade count Nb for a fixed

chord length c. For the case studied here, the solidity is calculated as

c/s = cNb

2πrt
where rt is the casing radius.

❼ The mean flow angle and the stagger angle are varied simultaneously

for the blade row with flat plates so that zero loading is maintained.

❼ The chord length c is varied while keeping all other parameters fixed,

including solidity c/s.

The effects of the above parameters are investigated by comparing the

results obtained from wave-splitting of unsteady CFD solutions with the

calculations using the analytical method (Section 4.4). Some selected results

are presented and discussed below.
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Figure 8.10: Effect of solidity on transmission and reflection coefficients,
θs = 0➦, M = 0.1, Case G-.

Effects of solidity

Figure 8.10 and Figure 8.11 show the complex transmission and reflection

coefficients as a function of incident mode angle for different solidities. The

amplitude ratio |η| and the phase change δφ for the complex transmission

and reflection coefficients are defined in Equation 4.51 to 4.54. In these

plots the results for incident acoustic waves impinging on the 0➦stagger blade

row (for Case G- and Case G+) with solidity of c/s = 1.0, c/s = 2.0 and

c/s = 4.0 are displayed. In the plots shown here each incident mode angle of

the coloured lines represents a full annulus unsteady CFD computation. It

should be mentioned again that the horizontal axis of the plots corresponds
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Figure 8.11: Effect of solidity on transmission and reflection coefficients,
θs = 0➦, M = 0.1, Case G+.
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to simultaneous increase in circumferential order m and frequency ω (and

consequently the free stream wavenumber k = ω
a
). It can be seen from the

plots that for an incident mode angle of 0➦(i.e. the (0, 0) plane wave mode),

the acoustic waves transmits through the blade row unimpeded without the

change in amplitude (|ηT | = 1 and |ηR| = 0). With the increase of incident

mode angle, the amplitude of the transmitted wave decreases and the ampli-

tude of the reflected wave increases. On the other hand, the phase change of

the transmission coefficient and the reflection coefficient shows an increase

with the increase of incident mode angle. Discrepancies between results for

different solidities appear at high incident mode angles where modes are

close to cut-off (around α = 50➦ for Case G- and α = 60➦ for Case G+).

As the incident mode angle is further increased, the amplitude of reflection

coefficient shows a decrease to (nearly) zero while the amplitude of trans-

mission coefficient shows an increase to (nearly) unity. This observed trend

is a result of the wavenumber parameter kc = π, which corresponds to the

chord length being half of the wavelength. At this condition, the unsteady

pressure at the leading edge is completely out of phase with that at the

trailing edge, and the acoustic waves pass through the cascade undisturbed.

This condition also holds for kc = nπ for integer n. Moreover, as the ampli-

tude of reflection coefficient drops to zero (at about α = 55➦ for Case G- and

α = 60➦ for Case G+), the phase of the reflection coefficient shows a shift

of 180➦. As the parameter kc approaches multiplies of π, the computations

with solidity c/s = 4.0 and c/s = 2.0 are well approximated by the analyt-

ical model. However, this is not the case for computations with c/s = 1.0;

this may be because the assumption of one-dimensional wave propagation

in blade passages is no longer valid.

The general trends of transmission and reflection coefficients are well rep-

resented by the analytical calculations. With the increase of solidity, the

results obtained from unsteady CFD solutions show a tendency of converg-

ing to the analytical calculations, which is devised based on the assumption

of infinite solidity. Discrepancies can be seen at high incident mode angles

(α > 50➦ which corresponds to m > 10 for the case studied) where acoustic

waves are close to cut-off. Flutter analyses are however usually not focused

on these conditions (near cut-off), since the aero-damping of the blade (for

the isolated rotor in a long straight duct) is usually quite high and flutter

is unlikely to occur.
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Figure 8.12: Effect of solidity on transmission and reflection coefficients,
θs = 45➦, M = 0.3, Case G-.
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Figure 8.13: Effect of solidity on transmission and reflection coefficients,
θs = 45➦, M = 0.3, Case G+.
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Figure 8.12 and Figure 8.13 show the effect of solidity on the transmission

and reflection of acoustic waves at a 45➦stagger blade row with a Mach

number of M = 0.3. In these plots the results for incident acoustic waves

impinging on the blade row (Case G- and Case G+) with solidity of c/s =

1.0 and c/s = 2.0 are displayed. For incident acoustic waves impinging on

the leading edge of the blade row (Case G+), unity transmission and zero

reflection are seen when the incident mode angle aligns with the stagger

angle of the blades (i.e. 45➦in this case). On the other hand, for upstream

propagating waves impinging from the downstream side (Case G-), it can be

seen from the plots that the amplitude of the reflected waves drops to zero

at about α = 30➦, which is due to the mode angle for the reflected acoustic

wave being aligned with the stagger. Moreover, it is seen that when the

reflection amplitude passes through zero, there is an accompanying phase

change of about 180➦. In general, the calculations based on the analytical

method shows a good agreement with the results obtained from unsteady

CFD solutions. A minor discrepancy is seen in Figure 8.12 for the calculated

amplitude of transmitted waves at the incident mode angle of about α = 35➦,

indicating that the actual mechanism of transmission is somewhat slightly

different from that assumed in the analytical method. A larger discrepancy

can be seen as modes approach cut-off (α > 50➦ for Case G- and α > 75➦

for Case G+), where the application of the analytical method is found to

be inadequate.

Based on the observations from the plots, the major effect of solidity is

seen in the transmission phase change for Case G-, where lower solidity leads

to under-predictions of the transmission phase change. With the increase

of solidity, the results obtained from unsteady CFD solutions converges to

the analytical calculations (c/s = ∞), which indicates that the propagation

characteristics of acoustic waves in the blade passages depends on the solid-

ity of the blade row. Moreover, it is noticed that this trend is not present

for the 0➦stagger blade row shown in Figure 8.10 and Figure 8.11.

This phenomenon can be explained by the following analysis. Figure 8.14

illustrates the idealised propagation path in blade passages for an upstream

propagating wave impinging on the trailing edge. Due to the presence of

non-permeable metal blade surfaces, the incident acoustic waves are turned

to propagate in the blade passages in the direction of stagger. The prop-

agation of acoustic waves in blade passages can be assumed to be one-
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Figure 8.14: ‘Covered passage’ parameter ct for upstream propagating
acoustic waves (Case G-).

dimensional propagation in a ‘channel’ parallel to the blades. For a blade

row consisting of staggered blades (as shown in the figure), acoustic waves

propagating in the passage are able to escape (radiating outwards) at the

location where one end-wall of the ‘channel’ terminates. In these situations

the path of the transmitted acoustic waves do not cover the whole blade

chord as assumed by the analytical model (c/s = ∞), thus resulting in a

smaller phase change during the transmission process. On the other hand,

as can be seen in Figure 8.11, this effect is much smaller for downstream

propagating acoustic waves impinging from the upstream side (Case G+),

which is the result of larger wavelength for the downstream propagating

waves.

In order to represent this phenomenon in the analytical model, a coeffi-

cient called ‘covered passage’ ct is introduced as

ct = max

(

0,
c
s
− 1

2 sin θs
c
s

)

(8.5)

which is a multiplier to the chord length of the blades when calculating the

phase change of upstream propagating acoustic wave transmitting through

a blade row. It is seen Equation 8.5 that the proposed covered passage

parameter approaches 1 when the solidity tends to infinity or the stag-

ger becomes zero, which can clearly model the trend of transmission phase

change observed in the previous plots.

Figure 8.15 shows the phase change of an upstream propagating acoustic

262



 0

 90

 180

 270

 0  30  60  90

δ
φ

T
-  (

°)

αd
-
 (°)

Model, ct=1.00

Model, ct=0.82

Model, ct=0.65

CFD,   c/s=2.0 

CFD,   c/s=1.0 

Figure 8.15: Effect of covered passage parameter ct on transmission and
reflection coefficients, θs = 45➦, M = 0.3, Case G-.

wave transmitting through the 45➦stagger blade row (as previously shown in

Figure 8.12). In this plot the analytical calculations based on the proposed

‘covered passage’ coefficient ct = 0.82 (corresponding to c/s = 2.0) and

ct = 0.65 (corresponding to c/s = 1.0) are also displayed. It can be seen

from the plot that with the introduction of the covered passage coefficient,

the effect of solidity on the phase change of acoustic transmissions can be

approximated with a good degree of accuracy.

Effects of chord length

Figure 8.16 shows the effect of chord length on the transmission and reflec-

tion coefficients for upstream propagating acoustic waves impinging on the

0➦stagger blade row from the downstream side (Case G-). In these plots the

results for chord length c = 0.04m and c = 0.08m are displayed. It can be

seen from the plots that with the increase of chord length, the reduction of

reflection amplitude due to the wavenumber parameter kc = π (at about

α = 50➦ for c = 0.04m) moves to a lower incident mode angle (at about

α = 35➦ for c = 0.08m). This is obvious since the relation kc = π is satisfied

at a lower wavenumber k for higher chord length c (i.e. occurs at lower ω

and hence lower α for the case studied). As the chord length is doubled, the

time required for an acoustic wave to propagate through the blade passage

and thus its phase change is doubled. The phase change of acoustic waves

transmitting through the blade row doubles as the chord length is doubled
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since the time required for acoustic waves to propagate through the blade

passage is doubled.

The phase change of acoustic waves reflecting from the blade row also

shows an increase with the increase of chord length, indicating that (at

least) part of the reflection process occurs at the passage opening at the

leading edge. It can be seen from the plots that the discussed trends are

well captured by the analytical model except for discrepancies due to solidity

close to cut-off.

Effects of camber

In order to investigate the accuracy of the devised analytical method in

predicting the transmission and reflection coefficients of acoustic waves at

a blade row consisting of loaded blades, unsteady CFD computations are

performed for a thin annulus blade row consisting of cambered blades. The

geometry and grid for the cambered blades are identical to that presented

in Chapter 5, where the stagger of blades are 45➦and the mean flow fields

upstream and downstream of the blade row are illustrated in Figure 5.14.

Figure 8.17 shows the computed transmission and reflection coefficients

as a function of incident mode angle. In these plots the results for the

transmission and reflection of acoustic waves at a blade row of 45➦stagger

flat plates and 45➦stagger cambered blades are displayed. It can be seen

from the plots that the amplitude of reflected acoustic waves shows an in-

crease with the introduction of camber (and thus blade loading) especially

at higher incident mode angles. On the other hand, the amplitude of the

transmitted waves show very limited changes due to the camber of blade.

Moreover, it is seen that the condition corresponding to zero reflection am-

plitude (at about α = 30➦ for flat plates) no longer exists as a result of

the introduction of camber. The phase of the reflection coefficient shows

a continuous change (blue lines) instead of 180➦step change (red lines) as

shown in the bottom plot of Figure 8.17. The calculations based on the

devised analytical method shows very good agreement with the results ob-

tained from unsteady CFD solutions. Furthermore, the continuous phase

change through the zero reflection amplitude region (at about α = 30➦) is

accurately modelled by the devised analytical method. It will be shown in

the next section for the computations of the loaded stator vanes that the
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Figure 8.17: Effect of camber on transmission and reflection coefficients,
c/s = 2.0, ct = 0.82, Case G-.
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ability to predict this continuous phase change is essential in predicting the

phase of reflected acoustic waves in real turbomachinery applications.

It is clearly demonstrated in Figure 8.10 to Figure 8.17 that the devised

analytical model is capable of analysing the transmission and reflection of

acoustic waves at a thin annulus blade row. The main findings of the para-

metric study can be summaries as follows:

❼ The effect of solidity is relatively small for low incident mode angles.

The effect becomes more pronounced for modes close to cut-off where

the application of the analytical method is inadequate. Moreover,

solidity was shown to have a noticeable impact on the phase change

of upstream propagating acoustic waves transmitting through a blade

row; this effect can be modelled with a reasonably good degree of

accuracy with the proposed covered passage parameter.

❼ The increase in blade chord length (at a fixed solidity) results in an

increase in the phase change of acoustic waves transmitting through

and reflecting from a blade row, which is obvious since longer physical

time is required for waves to propagate through the blade row. At

the condition of kc = nπ for integer n, acoustic waves pass through

the blade row undisturbed resulting in unity transmission and zero

reflection.

❼ When the blades are cambered, the unity transmission and zero re-

flection conditions are no longer valid. The camber of blades, and

thus the turning of flow, showed a significant impact on the reflection

coefficient with a higher amplitude and a continuous phase change.

The effect of camber on the transmission coefficient was found to be

small.

The effects of key parameters such as incident mode angle, Mach number,

stagger and chord length are captured well by the model. Moreover, the

devised model shows clear improvements compared with the semi-actuator

disk model in [27], where the effects of blade camber are not accounted for.

Discrepancies are observed at high incident mode angles where acoustic

waves are close to cut-off. However, analyses for acoustic reflection driven

flutter usually do not focus on these conditions (near cut-off), since the
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aero-damping of the isolated blade (in a long straight duct) is usually quite

high and flutter is unlikely to occur.

8.3.2 Three-dimensional stator vanes

In the next step, transmission and reflection of acoustic waves at three-

dimensional stator vanes (Stator 1 and Stator 2) of the E3E HP compres-

sor are investigated. This is achieved (similar to the previous section) by

performing unsteady CFD computations for the stator vanes of interest

with incoming acoustic perturbations imposed using unsteady plane sources.

Transmission and reflection coefficients of acoustic waves are obtained from

wave-splitting of the unsteady CFD solutions, and are compared with cal-

culations using the analytical method. The main objective of this section is

to establish the applicability and accuracy of the devised analytical method

(based on the cascade theory) on the prediction of the transmission and the

reflection coefficients of acoustic waves at three-dimensional stator vanes.

The incident acoustic waves imposed in the CFD computations have the

same properties (such as frequency, axial wavenumber and mode angle) with

those generated by the vibration of Rotor 2 blades (as shown in Figure 8.4

and Figure 8.5). Unsteady CFD computations and analytical calculations

are carried out for the upstream propagating acoustic waves impinging on

the trailing edge of S1, and the downstream propagating acoustic waves

impinging on the leading edge of S2. By using this approach, the amplitude

and phase of the reflected acoustic waves propagating back towards the em-

bedded Rotor 2 can be evaluated. For the analysis conducted here, acoustic

reflections from blade rows further away (e.g. Rotor 1 and Rotor 3) are not

considered since they were shown to have negligible influence on the flutter

stability of Rotor 2 (Figure 7.26).

For the steady state flow studied in this section, the flow past the stators

are fixed at the peak efficiency operating condition, i.e. operating point

E shown in Chapter 7, at which flutter of R2 in the 1F/0ND mode is

observed. For unsteady CFD computations, non-reflecting boundary condi-

tions are applied at the inflow and outflow boundaries to minimise numerical

reflections. The unsteady computations are performed using a full annulus

approach. The physical time step for unsteady computations is resolved as

200 time steps per period. This time step was obtained by performing a
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temporal convergence study.

In order to mimic the forward and backward travelling waves generated

by the vibration of R2 blades, the frequency of perturbation in the station-

ary frame of reference is varied with the circumferential mode order (as the

relationship shown by the black line in Figure 8.2). It is seen from Figure 7.5

that for the vibration mode studied the rotor blade experiences the maxi-

mum displacement at the tip, which usually corresponds to the region with

the maximum (positive or negative) aerodynamic damping. Therefore, the

investigations in this section concentrate on the behaviour of acoustic waves

in the tip region. Analytical calculations are performed based on the radi-

ally averaged mean flow field, and are compared with the results obtained

from wave-splitting of the unsteady CFD solutions on the casing surface.

Furthermore, the analysis focuses on the low inter-blade phase angle modes

corresponding to −6 ≤ m ≤ 6, since most of the cut-on acoustic modes are

situated in this region and the aero-damping for the isolated rotor is at the

minimum (Figure 7.25). This nodal diameter range is thus considered to

be the most prone to acoustic reflection driven flutter. It is also worth not-

ing that the accuracy of the post-processing wave-splitting procedure used

deteriorates as modes become cut-off, which could lead to difficulties in the

interpretation of results for highly cut-off modes.

Figure 8.18 shows the real and imaginary components of axial wavenum-

ber for upstream and downstream propagating acoustic waves as a function

of circumferential order m. In these plots the results obtained from wave-

splitting of unsteady CFD solutions (symbols) are compared with the cal-

culations based on the analytical method (solid and dashed curves) at the

leading and trailing edges of the stators. Based on the knowledge gained

from Figure 8.4, it can be seen from Figure 8.18 that acoustic modes are

cut-on for a wider range of circumferential orders downstream of the stators

(dashed curves have a wider range of zero imaginary components), which is

a result of the reduction in swirl by the stator blades (i.e. Mθ is decreased).

For the range of circumferential order shown in these plots, acoustic modes

are predicted by the analytical method to be cut-on for −1 ≤ m ≤ 5 at the

leading edge of S1 (solid curves in bottom left plot), for −1 ≤ m ≤ 4 at the

leading edge of S2 (solid curves in bottom right plot), and for −1 ≤ m ≤ 6

at the trailing edge of both stators (dashed lines in the bottom plots). In

general, a good agreement can be seen between the calculations based on
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Figure 8.19: Transmission and reflection coefficients of upstream propagat-
ing acoustic waves generated by R2 vibration at S1, ct = 0.72.

the analytical method and the results obtained from unsteady CFD solu-

tions. A noticeable discrepancy can be seen at m = −2, where the mode

is shown to be cut-on at the leading edge of both stators in CFD (zero

imaginary component for square and circle symbols) and is predicted to be

just cut-off by the analytical calculations (small non-zero imaginary com-

ponent for solid curves). Moreover, the leading edge cut-on range is slightly

over-predicted by the analytical method (bottom left plot), which indicates

cut-off at m = 6 as opposed to m = 5 given by wave-splitting. This over-

prediction also affects the calculated real components of axial wavenumber

around m = 5, where discrepancies can be seen in the top left plot.
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Figure 8.19 shows the computed complex transmission and reflection co-

efficients, due to acoustic waves impinging on S1, as a function of circumfer-

ential order m. In these plots the amplitude ratio and phase change of the

coefficients obtained from wave-splitting of unsteady CFD computations are

compared with the calculations based on the analytical method. It should

be noted that the CFD results shown in these plots are for cut-on waves

due to the difficulty in wave-splitting for cut-off modes. The results in this

figure show a very similar trend to those in Figure 8.17 for the cambered

blade. Moreover, as the incident acoustic wave becomes cut-off (m < −2),

the transmission coefficient shows a rapid decrease to zero whereas the re-

flection coefficient goes up to near unity. As opposed to the unloaded flat

blades, the condition for zero reflection amplitude is no longer present due

to steady blade loading. As a result, the phase of the reflection coefficient

shows a continuous transition (in the vicinity of m = 2) instead of a 180➦step

change (for instance shown in Figure 8.12).

It can be seen from the plots that the transmission and reflection coef-

ficients between the results obtained from wave-splitting of unsteady CFD

solutions and from analytical calculations show a reasonably good agree-

ment (especially at low NDs which are cut-on). The discrepancy is seen

to increase with the increase of the circumferential mode order, where the

amplitude of transmission coefficient is over-predicted and the amplitude of

reflection coefficient is under-predicted (atm = 4, 5). Moreover, the discrep-

ancies in the phase of transmission and reflection coefficients also increase

with the increase of m. The observed discrepancies are believed to be the

result of acoustic modes becoming cut-off in the upstream field of S1 (cut-

off when m > 4), leading to difficulties in both the analytical calculations

and the wave-splitting procedure. Moreover, the analytical calculations are

based on the radially averaged flow field, which represent an approximated

two-dimensional solution to a three-dimensional geometry and flow field.

Nevertheless, the phase of the reflected acoustic waves, which is the most

important parameter for acoustic reflection driven flutter, is calculated with

a good degree of accuracy using the devised analytical model for low NDs

which are of interest for flutter in the 1F mode.

Figure 8.20 shows the computed complex transmission and reflection co-

efficients, due to acoustic waves impinging on S2, as a function of circum-

ferential order m. It can be seen from the plots that the amplitude of
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Figure 8.20: Transmission and reflection coefficients of downstream propa-
gating acoustic waves generated by R2 vibration at S2.
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transmission coefficient reaches a maximum value of nearly unity around

m = 2, which is the result of the incident mode angle (about α = 50➦ as

shown in Figure 8.5) in alignment with the stagger of S2 (about 45➦). Con-

trary to the transmission and reflection of acoustic waves at flat plates, the

amplitude of the reflection coefficient at this condition is significantly higher

than zero as a result of non-negligible steady blade loading. As the incident

wave becomes cut-off (m < −2 or m > 4), it is again seen from the plots

that the amplitude of transmission coefficient decreases and the amplitude

of reflection coefficient increases. Moreover, it is seen that for the flow con-

dition studied, the amplitude of reflection coefficient due to the incident

downstream propagating acoustic waves impinging on S2 is significantly

higher than that due to the upstream propagating acoustic waves reflecting

from S1. It is clearly seen that the transmission and reflection coefficients

calculated using the devised analytical model show good agreement with

the results obtained from wave-splitting of unsteady CFD solutions.

It has been shown in this section that the devised analytical model is

capable of predicting the complex transmission and reflection coefficients of

acoustic waves at a blade row with loaded blades. The analytical calcula-

tions based on the radially averaged flow field are in good agreement with

the results on the casing surface obtained from wave-splitting of unsteady

CFD solutions. The accuracy of the analytical calculations deteriorates

as acoustic modes approach cut-off (for high circumferential mode orders).

The discrepancies are believed to come from three origins: (1) the simplifi-

cations in the development of the analytical model (for instance the effect

of solidity is not accounted for as demonstrated in Figure 8.12); (2) the

limitations of the two-dimensional cascade model when applied to three-

dimensional geometries and flows, since the cut-on/off of acoustic modes in

such a three-dimensional duct is dependent on the radial distribution of the

mean flow field instead of the average; (3) the difficulty in modelling the

transmission and reflection of acoustic waves in the situation of cut-on/off

transition across a blade row (i.e. the condition which can lead to acous-

tic resonance), for instant at m = 6 in Figure 8.19. Nevertheless, a good

agreement has be observed for cut-on acoustic modes with low circumfer-

ential order m (i.e. low inter-blade phase angle modes), where the blade

aerodynamic damping (for the 1F mode) for the isolated rotor is at the

minimum.
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8.4 Flutter Computations Using the Simplified

Approach

It has been demonstrated in the previous section that the transmission and

reflection coefficients of acoustic waves at a blade row can be calculated an-

alytically with a reasonable degree of accuracy without the need of unsteady

CFD computations. Based on the information obtained, the calculated re-

flected acoustic waves are imposed inside the domain of the embedded rotor

using unsteady plane sources (as demonstrated in Section 5.4), which allows

unsteady CFD computations to be performed in a single passage single blade

row fashion. This section presents the application of the proposed method

on the embedded Rotor 2 of the E3E HP compressor (Chapter 7). The re-

sults obtained by using the proposed method are compared with those based

on high-fidelity full annulus multi-row models (presented in Chapter 7).

For the steady state flow studied in this section, the operating condition

for the rotor is fixed at the peak efficiency operating point E (Section 7.5).

at which flutter of R2 in the 1F/0ND mode is observed.

The blade vibration is initiated at a reduced frequency of 0.67 at which

flutter of the 1F/0ND mode was measured in test and predicted by full an-

nulus multi-row unsteady CFD computations. Aerodynamic work at each

blade stream section is calculated through integration of unsteady pressure

and blade motion (Section 3.4). For the flutter analyses conducted in this

section, the cut-on low inter blade phase angle forward travelling modes

(0ND to 4ND) are only considered. The physical time step for flutter com-

putations is resolved as 200 time steps per vibration cycle. This time step

was obtained by performing a temporal convergence study.

Three configurations of the problem are studied in this work:

❼ Case GR: rotor with imposed acoustic gust from the upstream field,

which represents partially embedded Rotor 2 with acoustic reflections

from Stator 1.

❼ Case RG : rotor with imposed acoustic gust from the downstream field,

which represents partially embedded Rotor 2 with acoustic reflections

from Stator 2.

❼ Case GRG : rotor with imposed acoustic gust from the upstream and
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Figure 8.21: Imposing acoustic waves in the rotor domain using unsteady
plane sources.

downstream fields simultaneously, which represents embedded Rotor

2 with acoustic reflections from both Stator 1 and Stator 2.

The above configurations are illustrated schematically in Figure 8.21.

Figure 8.22 shows the computed aero-damping of R2 in the partially em-

bedded environment as a function of nodal diameter. In this plot the aero-

damping obtained from full annulus multi-row unsteady CFD computations,

namely Case SR and Case RS (solid red and black curves), are compared

with the aero-damping obtained using the simple approach, namely Case

GR and Case RG (dashed red and black curves). Also shown in this plot as

a reference is the aero-damping for the isolated Case R obtained from full

annulus unsteady CFD computation. The aero-damping computed using

the simple approach for nodal diameters 0ND to 4ND (cut-on on both up-

stream and downstream sides of R2) are shown in this plot. A similar trend

can be seen between the aero-damping predicted using the simple approach

and the aero-damping obtained from full annulus multi-row computations,

indicating that the phase of the reflected waves is adequately predicted by

the model. It is seen that the effects of Stator 2 for 1ND and 2ND are

under-predicted, whereas the effects of Stator 1 is under-predicted at 0ND

and 4ND and over-predicted at 1ND. These over- and under-predictions of

aero-damping are likely to be the result of the discrepancies in the calculated

amplitude and phase of the reflected acoustic waves.

Figure 8.23 shows the computed aero-damping of R2 in the embedded
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Figure 8.22: Aero-damping of R2 in the partially embedded S1/R2 and
R2/S2 environments.
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Figure 8.24: Aero-damping coefficient at 90% span of R2 (0ND).

environment as a function of nodal diameter. In this plot the aero-damping

obtained from full-annulus multi-row unsteady CFD computations, namely

Case 3R (solid red curve), is compared with the aero-damping obtained

using the simple approach, namely Case GRG (dashed red curve). Also

shown in this plot for reference is the aero-damping for the isolated Case R

obtained from full annulus unsteady CFD computation. Again, the aero-

damping computation computed using the simple approach for nodal di-

ameters 0ND to 4ND (cut-on on both upstream and downstream sides of

R2) are shown in this plot. In general, the trend of aero-damping obtained

from the simple approach shows a reasonably good agreement with that

obtained from the full annulus multi-row computations. A notable discrep-

ancy is seen at 2ND where the effect of adjacent stators is under-predicted.

Nevertheless, flutter is predicted at 0ND using the simple approach, which

confirms its applicability on the case studied.

In order to further verify the predictions using the simple approach, aero-

dynamic work coefficient and the aero-damping coefficient at various R2

spans are calculated. Figure 8.24 and Figure 8.25 show the calculated aero-

damping coefficient at 90% span of R2 as a function of normalised axial

chord (x/c) for the 0ND mode for the isolated and 3-row analysis.

It is seen in Figure 8.24 (Case R) that at this radial height, the leading

edge of Rotor 2 in this study is responsible for providing the main source of

positive aero-damping, whereas the mid-chord region is the main source of

negative aero-damping. In order to show the change in aero-damping due
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Figure 8.25: Aero-damping coefficient at 90% span of R2 (0ND).
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to acoustic reflections from the adjacent stators more clearly (i.e. ignore the

leading edge peak), the range of the y axis is restricted to the same order as

that near the mid-chord, i.e. -1 to 1. It can be seen from Figure 8.25 that the

presence of acoustic reflections from the adjacent stators induce more neg-

ative aero-damping in the mid-chord region of the blade. The leading edge

aero-damping is not changed significantly due to the presence of acoustic

reflections from the stators, indicating that the the positive aero-damping at

the leading edge is dominated by the unsteady loading effect induced by the

blade motion. The aero-damping obtained using the simple approach shows

a reasonable agreement with that obtained from the full annulus multi-row

analysis. Importantly, the trend of aero-damping is captured adequately by

the simplified approach. By further comparing the radial distribution of the

calculated aero-damping coefficient, shown in Figure 8.26 as a function of

R2 span, it is seen that the radial aero-damping distribution is also captured

by the simple approach with reasonable accuracy, where similar trends can

be identified between the results obtained using the two approaches. It is

also seen that the major contribution to aero-damping comes from the outer

span of the blade (60% to 100%). The simple approach achieves an overall

reduction of computational cost of around 360 times for the case studied

compared with the full annulus multi-row approach.

In conclusion, the proposed low-fidelity alternative strategy is intended for

evaluating the influence of acoustic reflection on flutter stability of embed-

ded rotors at a reduced cost compared with full annulus multi-row unsteady

CFD computations. Although computational techniques for multi-row in-

teractions, such as partial assembly for time-domain methods and the ca-

pability for single passage multi-row unsteady computations for frequency-

domain methods (limited to selected frequencies), can be adopted to re-

duce the computation cost while retaining reasonably high fidelity, these

approaches focus on the numerical aspects of the problem and do not pro-

vide physical explanations as for why and how the interaction occurs. Con-

versely, the devised new strategy, although of lower fidelity, allows one to

analyse the mechanisms behind the acoustic reflection driven flutter and in-

vestigate the influence of key parameters with relative ease. In light of the

understandings gained through the process, physical insights can be drawn

regarding ways to prevent such flutter events for embedded rotors, which

cannot be easily achieved by means of full annulus multi-row CFD compu-
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tations. Therefore, the proposed alternative strategy provides a useful tool

in early design stages of an engine when the susceptibility of an embedded

blade row to acoustic reflection driven flutter is to be investigated.
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9 Conclusion and Further Work

Modern gas turbine design continues to drive towards improved perfor-

mance, reduced weight and reduced cost. This trend of aero-engine de-

sign results in thinned blade aerofoils which are more susceptible to flutter.

Moreover, the use of Titanium blade-integrated-disks (blisks) is becoming

more common in modern aeroengine designs. Such structures have very

low mechanical damping in contrast to traditional bladed-disk assemblies.

For such structures, the main source of damping to the blade comes from

the air flow, which highlights the importance of accurate prediction of blade

damping contribution due to aerodynamic forces. Recent rig tests and CFD

predictions have shown that reflections of the acoustic waves generated by

blade vibration can play an important part on flutter stability of embedded

blades in multi-stage compressors. Therefore, accurate prediction of blade

aerodynamic damping in a multi-row environment becomes vital. However,

research on the interactions between the blade vibration, the resulting re-

flected acoustic waves and flutter is limited, and the physical understanding

of such interactions is poor. Therefore, this thesis presented a detailed inves-

tigation into the flutter of fans and embedded rotors in the core compressors

of modern axial flow aero-engines driven by acoustic reflections from the in-

take and the adjacent blade rows, with the aim of developing a new strategy

for the flutter analysis of such embedded blades which can be used at early

design stages of an engine. This chapter presents the main findings of this

thesis and concludes with a series of recommendations for future work.

9.1 Concluding Remarks

This thesis addressed the impact of the interactions between acoustic re-

flections and flutter of embedded blades, where the term embedded refers

to blades that are surrounded by structures such as other blade rows or

engine intakes. It was shown that such interactions are driven by the re-
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flection of perturbations generated by the blade vibration, which occurs at

the frequency of vibration rather than the blade passing frequencies. For

the present work the study concentrated on the flutter of blades in the 1st

flapwise bending (1F) mode with the interest in the low inter-blade phase

angles (the least stable modes for the 1F mode).

Objective 1

Propose and devise a method to model the generation, propagation and re-

flection of acoustic waves due to blade vibration.

With the aim of understanding the fundamental mechanisms behind the

acoustic reflection driven flutter of embedded blade rows, an analytical

method was devised to calculate the transmission and reflection of acous-

tic waves at a blade row consisting of cambered blades, which is capable

of providing more accurate amplitude and phase changes of acoustic waves

in such situations over the existing analytical methods based on unloaded

flat plates. Based on the established theories and the methods devised,

a model was constructed to calculate the complete reflection process of

an acoustic wave, whereby the amplitude and phase relations between the

outgoing acoustic waves generated by blade vibration and the resulting re-

flected acoustic waves can be obtained without the need of unsteady CFD

computations.

Armed with the analytical model developed, in-depth analyses were car-

ried out to study the acoustic reflection driven flutter in a fan and intake

system and an embedded environment for a rotor blade in a multi-stage

compressor. Analytical calculations based on the devised method showed

good agreement with the results obtained from wave-splitting of full annu-

lus unsteady CFD solutions, indicating that the acoustic reflection from the

intake and blade rows can be evaluated analytically with a good degree of

accuracy without the need of unsteady CFD computations.

Objective 2

Study the influence of acoustic reflection from adjacent blade rows on flutter

stability of the rotor blades in core compressors.

The fundamental behaviour of blade vibration and its interaction with

duct acoustics was studied first by performing flutter computations of a
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thin annulus blade row. It was shown that for blade vibration in a flap

mode, the aero-damping contribution for the twist vibration driven by the

unsteady moment (induced by both the plunge and twist motions) is neg-

ligible, whereas the unsteady lift induced by the plunge motion is always

positively damped and the unsteady lift induced by the twist motion is

always negatively damped. The effect of incoming acoustic gusts (at the

same frequency with the blade vibration) on the near blade unsteady pres-

sure field and the resulting blade aero-damping was also investigated. It

was shown that the incoming acoustic gust can induce significant changes

of unsteady pressure, and consequently marked changes in the amplitude

and phase of the unsteady blade loading, resulting in beneficial or detrimen-

tal effects on the blade aero-damping. The effect of the incoming gust on

blade flutter stability was more pronounced for the plunge vibration than

the twist vibration, and the most detrimental condition was observed when

the unsteady loading contribution induced by the incoming acoustic gust is

in phase with the plunge velocity. The analysis concluded that the effects

on blade aero-damping due to the blade motion and the incoming acoustic

gust are independent and can be analysed separately.

The influence of acoustic reflections from adjacent blade rows on flutter

stability of an embedded rotor in a multi-stage compressor was studied

next. Acoustic reflections were demonstrated to have a significant impact

on the flutter stability of embedded rotor blades. Flutter of the embedded

blades in this study occurs at a flow condition well away from stall, and

at a reduced frequency significantly higher than the typical critical flutter

frequencies. It was shown that this type of flutter requires the acoustic

waves produced by the blade vibration to to be cut-on on both upstream

and downstream sides of the blade. Reflection of these generated acoustic

waves from the two neighbouring stators were shown to have the largest

influence on the flutter stability of the embedded rotor, where the effect

of reflections from blade rows farther away was found to be negligible for

the case studied. It was demonstrated that flutter is most likely to occur

when the minimum aero-damping contribution due to the blade motion

and the most detrimental effect due to the acoustic reflections coincide.

Moreover, for such rotor blades embedded in a multi-stage compressor, the

variation of vibration frequency showed limited impact on the aero-damping

contribution due to the blade motion. On the other hand, blade vibration
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frequency and rotor-stator axial gap were found to be the key parameters

for the acoustic reflection driven flutter of such embedded blades.

Objective 3

Study the effects of acoustic reflection from the intake on flutter stability of

the fan blades.

Flutter bite of fan blades was demonstrated to occur at part speed oper-

ating conditions near the stall boundary driven by the acoustic reflections

from the intake. It was shown that acoustic reflections can play an impor-

tant part in fan flutter, and should be taken into account during the design

of a new engine. This type of flutter requires the acoustic waves generated

by the blade vibration to to be cut-on on the upstream side of the blade

and cut-off on the downstream side of the blade. Reflection of the cut-on

acoustic waves from the intake changes the aero-damping of the blade by

modifying the phase and amplitude of unsteady pressure at the leading edge

of the blade. By conducting flutter computations using different intake ge-

ometries and subsequent post-processing analysis based on a wave-splitting

procedure, it was shown that the aero-damping contribution due to the

blade motion and the acoustic reflection from the intake are independent

and can be analyses separately, therefore the design of a new intake can be

assessed on its own for the same fan set. Intake length, Mach number and

vibration frequency were found to be the key parameters which determine

the timing and phasing of the reflected acoustic wave, which can result in

beneficial or detrimental effects to the overall stability of the fan and intake

system.

The analysis revealed a relationship between the phase difference between

the reflected and outgoing acoustic waves at the leading edge of the blade

and the aero-damping contribution due to the acoustic reflections from in-

take. The most destabilising case occurs when the outgoing wave lags the

reflected wave by 90➦. Furthermore, by performing flutter computations at

different fan speeds and with different intake length, it was found that the

increase in intake length moves the flutter bite to a lower speed.
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Objective 4

Based on the understanding gained, develop a new low-fidelity method which

is capable of predicting the possibility of flutter of compressor blades (or fan)

due to acoustic reflections.

A novel simple analytical model was proposed to evaluate the susceptibil-

ity of fan blades to acoustic reflection driven flutter. The model calculates

the propagation of acoustic waves in the intake duct and their reflections at

the intake opening, from which the amplitude and phase relation between

the outgoing and the reflected acoustic waves can be obtained. A parame-

ter called ‘flutter index’ was proposed to characterise the effects of acoustic

reflections on flutter stability of fan blades. The proposed index is a func-

tion of the amplitude of reflection coefficient at the intake opening, and the

phase difference between the outgoing and the reflected acoustic waves at

the leading edge of the blade. The calculated ‘flutter index’ showed good

agreement with the aero-damping contribution due to acoustic reflections

from the intake which were obtained from unsteady CFD computations.

The model was applied to a real intake and showed a good agreement with

the flutter bite speed for three rig fan blades measured.

In addition, a new alternative strategy for the flutter analysis of em-

bedded blade rows in multi-stage compressors was proposed. The method

works by modelling the propagation and reflection of acoustic waves at the

adjacent blade rows using an analytical approach, whereby flutter computa-

tions of the embedded rotor can be performed in a single passage fashion by

imposing the calculated reflected waves as unsteady plane sources. Using

the low-fidelity approach, aero-damping of the (embedded) rotor blade was

computed and showed similar trend with the aero-damping obtained from

full annulus multi-row computations. The proposed method differs from the

existing approaches, such as full annulus multi-row unsteady CFD compu-

tations, in that it provides the physical explanations as for why and how

the interaction between flutter and acoustic reflections occurs. Moreover,

the method allows one to efficiently analyse the effect of key parameters

that are influential to the acoustic reflection driven flutter, based on which

physical insights can be drawn regarding ways to prevent the occurrence

of such flutter events for embedded rotors. It was shown that computa-

tions using the proposed model leads to two orders of magnitude reduction
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in computational cost compared with time domain full annulus multi-row

computations.

9.2 Recommendations for Future Work

The effectiveness of the analytical methods in analysing the flutter of em-

bedded blades due to acoustic reflections is clearly demonstrated in this

thesis. The following aspects associated with the analytical methods can be

improved:

❼ Sound generation due to the blade vibration is currently modelled

using unsteady CFD computations. Established analytical methods

concerning this subject ignore the steady loading and the camber of

the blades. This issue becomes more predominant for the flutter bite

of fan blades where the pre-condition for flutter requires the upstream

side of the blade to be cut-on and the downstream side of the blade

to be cut-off. These existing analytical methods which use blade rows

with no mean pressure rise are therefore incapable of reproducing the

unsteady pressure field required, and are thus unsuitable for the analy-

sis of acoustic reflection driven flutter. Improvements of the analytical

methods to include the effects of steady loading would allow the mod-

elling of sound generation to be conducted in an analytical approach,

which would lead to further cost reductions of the proposed model.

❼ The transmission and reflection of acoustic waves at a blade row is

modelled using the cascade method with a good degree of success.

Improvements of the current method can be sought to extend the

existing model to three dimensions, which can become useful for ap-

plications with significant radial variation of blade geometry and flow

field. Moreover, the extended three dimensional model would allow the

capabilities of analysing the reflection of acoustic waves with higher

radial orders (i.e. n > 0).

❼ The (complex) reflection coefficients from the intake opening calcu-

lated using the existing approach show a reasonably good agreement

with the results obtained from wave-splitting of unsteady CFD solu-

tions. It was shown in Section 6.7 that the effect of intake lip geometry
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has a significant impact on the amplitude of the reflected waves. This

effect is not modelled by the existing analytical approach. Further

in-depth studies can be performed to explore the physics behind this

phenomenon and seek for possible improvements for the existing ana-

lytical method.

❼ The low-fidelity flutter analysis method presented in Section 5.5 was

shown to be very effective in determining the most destabilising con-

dition due to the effect of incoming acoustic gusts. Further analysis

can be performed to obtained a more rigorous analytical relationship

between the unsteady lift and the blade leading and trailing edge

unsteady pressure field, so that the magnitude of the aero-damping

contributions can be evaluated without the need of unsteady CFD

computations.

This thesis focuses on the flutter of embedded blades due to acoustic

reflections from other structures. There are known cases where the up-

stream propagating acoustic wave generated by the blade vibration can be

reflected into a downstream propagating vortical wave, and the downstream

propagating vortical wave generated by the blade vibration can be reflected

into an upstream propagating acoustic wave. In order to investigate the

influence of these effects, computations can be performed to study the gen-

eration of vortical waves due to the blade vibration, and the effect on blade

aero-damping due to incoming vortical gusts. Both of these studies re-

quire further developments of the post-processing wave-splitting procedure,

where the splitting of unsteady disturbances into vortical waves is known

to be difficult.

Finally, methods to prevent such acoustic reflection driven flutter can be

sought. Acoustic liners can be incorporated into the model as they are typ-

ically used in intakes to reduce community noise levels. The liners work by

attenuating the acoustic waves at community noise frequencies. The model

can be extended to include the effects of the acoustic liner on the propa-

gation and reflection of acoustic waves in the intake at flutter freqiencies.

Moreover, casing treatments and flow injection at the blade tip are used to

enhance the aerodynamic stability of the blade. These methods modify the

geometry of the duct and create genuinely unsteady circulatory flows near

the tip of the blade, both of which are expected to have a non-negligible
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effect on the generation and propagation of acoustic waves. Further studies

regarding the behaviour of acoustic waves in these regions could provide

viable solutions for the prevention of the acoustic reflection driven flutter.
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Appendix I: Eigenmode

Decomposition in Inviscid Flow

The compressible Euler equations in convective form can be expressed as

Dρ

Dt
+ ρ∇ · u = 0 (9.1)

ρ
Du

Dt
+∇p = 0 (9.2)

ρ
DE

Dt
+∇ · (pu) = 0 (9.3)

where the variables have their usual meaning.

In cylindrical coordinate system (x, r, θ) the above equations can be writ-

ten as

∂ρ

∂t
+ ρ

∂ux
∂x

+ ρ
∂ur
∂r

+
ρ

r

(

∂uθ
∂θ

+ ur

)

+ ux
∂ρ

∂x
+ ur

∂ρ

∂r
+

uθ
r

∂ρ

∂θ
= 0 (9.4)

ρ
∂ux
∂t

+ ρux
∂ux
∂x

+ ρur
∂ux
∂r

+ ρ
uθ
r

∂ux
∂θ

+
∂p

∂x
= 0 (9.5)

ρ
∂ur
∂t

+ ρux
∂ur
∂x

+ ρur
∂ur
∂r

+ ρ
uθ
r

∂ur
∂θ

− ρuθ
uθ
r

+
∂p

∂r
= 0 (9.6)

ρ
∂uθ
∂t

+ ρux
∂uθ
∂x

+ ρur
∂uθ
∂r

+ ρ
uθ
r

∂uθ
∂θ

+ ρur
uθ
r

+
1

r

∂p

∂θ
= 0 (9.7)

∂p

∂t
+ ux

∂p

∂x
+ ur

∂p

∂r
+

uθ
r

∂p

∂θ
+ γp

(

∂ux
∂x

+
∂ur
∂r

+
ur
r

+
1

r

∂uθ
∂θ

)

= 0 (9.8)

Assume small amplitude perturbations

ρ = ρ0 + ρ
′

(9.9)

ux = u0x + u
′

x (9.10)

ur = u0r + u
′

r (9.11)

uθ = u0θ + u
′

θ (9.12)

p = p0 + p
′

(9.13)
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where superscript 0 denotes the mean flow field and ′ denotes the perturbed

field.

Substitute Equation 9.9 to 9.13 into Equation 9.4 to 9.8, consider only the

first order terms and ignore steady flow gradients (uniform flow assumption),

one obtains the linearised Euler equations

∂ρ′

∂t
+ ρ0

∂u′x
∂x

+ ρ0
∂u′r
∂r

+
ρ0

r

∂u′θ
∂θ

+
ρ0u′r
r

+
ρ′u0r
r

+ u0x
∂ρ′
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+ u0r

∂ρ′

∂r
+

u0θ
r

∂ρ′

∂θ
= 0

(9.14)

ρ0
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+ ρ0u0x
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∂r

+
ρ0u0θ
r

∂u′x
∂θ

+
∂p′

∂x
= 0 (9.15)

ρ0
∂u′r
∂t

+ ρ0u0x
∂u′r
∂x

+ ρ0u0r
∂u′r
∂r

+
ρ0u0θ
r

∂u′r
∂θ

− 2ρ0u′θu
0
θ

r
− ρ′u0θu

0
θ

r
+

∂p′

∂r
= 0

(9.16)

ρ0
∂u′θ
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+ ρ0u0x
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ρ0u0θ
r
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ρ′u0ru

0
θ
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ρ0u′ru
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ρ0u0ru
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θ
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1
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(9.17)
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+ u0x

∂p′

∂x
+ u0r

∂p′

∂r
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u0θ
r

∂p′

∂θ
+ γp0
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∂u′x
∂x

+
∂u′r
∂r

+
u′r
r

+
1

r

∂u′θ
∂θ

)

+
γp′u0r
r

= 0

(9.18)

The above equations can be written in a matrix form as

I
∂U

∂t
+Ax

∂U

∂x
+Ar

∂U

∂r
+

Aθ

r

∂U

∂θ
+

As

r
U = 0 (9.19)

where

U =

















ρ′

u′x
u′r
u′θ
p′

















(9.20)

Ax =

















u0x ρ0 0 0 0

0 u0x 0 0 1
ρ0

0 0 u0x 0 0

0 0 0 u0x 0

0 γp0 0 0 u0x

















(9.21)
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Ar =

















u0r 0 ρ0 0 0

0 u0r 0 0 0

0 0 u0r 0 1
ρ0

0 0 0 u0r 0

0 0 γp0 0 u0r

















(9.22)

Aθ =

















u0θ 0 0 ρ0 0

0 u0θ 0 0 0

0 0 u0θ 0 0

0 0 0 u0θ
1
ρ0

0 0 0 γp0 u0θ

















(9.23)

As =

















u0r 0 ρ0 0 0

0 0 0 0 0

−
(

u0θ
)2

0 0 −2ρ0u0θ 0

u0ru
0
θ 0 ρ0u0θ ρ0u0r 0

0 0 γp0 0 γu0r

















(9.24)

Assume U has a separable wave-like solution in time, and axial and cir-

cumferential space, such that

U = Ũ(r)e−iωt+ikxx+imθ (9.25)

where ω is the angular frequency, kx is the axial wavenumber, m is the

circumferential wavenumber (order) and Ũ(r) is the eigenfunction in the

radial direction.

Pre-multiply Equation 9.19 by Ax
−1 to make kx the eigenvalue of this

system, one can write

−iωAx
−1U+ikxU+Ax

−1Ar

∂U

∂r
+
im

r
Ax

−1AθU+
1

r
Ax

−1AsU = 0 (9.26)

or

ωBtU− kxU+ iBr

∂U

∂r
− m

r
BθU+

i

r
BsU = 0 (9.27)
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where

Bt = Ax
−1 (9.28)

Br = Ax
−1Ar (9.29)

Bθ = Ax
−1Aθ (9.30)

Bs = Ax
−1As (9.31)

Equation 9.27 can be solved by forming a general eigenvalue problem, and

through discretisation on N levels of radial grid

(ωB̂t + iB̂r −
m

r
B̂θ +

i

r
B̂s)Û = kxÛ (9.32)

where B̂t, B̂r, B̂θ and B̂s are matrices of the discretised field of dimension

5N × 5N , and Û is a vector of length 5N .

The above eigenvalue problem can be solved numerically using a central

difference scheme with artificial dissipation, along with appropriate bound-

ary conditions at the duct end-walls. The solution to this problem contains

eigenvalues as the axial wavenumber kx, and right eigenvectors as the eigen-

function Ũ(r).
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Appendix II: Solution of Acoustic

Transmission and Reflection at a

Blade Row

As described in Section 4.4, the simultaneous equations to be solved for

the transmission and reflection of acoustic waves at a cascade of cambered

blades (two flat plate section) are as follows:

(Mu − cosα−
u

cos θu
)p1 = [(1 +Mu)p

l
5 − (1−Mu)p

l
4] (9.33)

[1−Mu cos(θu − α−
u )]p1 = [(1 +Mu)p

l
5 + (1−Mu)p

l
4] (9.34)

− cos θdp
t
4 + cos θdp

t
5 = − cosα−

d p0 + cosα+
d p2 + adRdu3 (9.35)

− sin θdp
t
4 + sin θdp

t
5 = − sinα−

d p0 − sinα+
d p2 + adRdv3 (9.36)

pt4 + pt5 = p0 + p2 (9.37)

(1 +Mu)p
ml
5 − (1−Mu)p

ml
4 =

au cos θd
ad cos θu

[(1 +Md)p
mt
5 − (1−Md)p

mt
4 ]

(9.38)

(1 +Mu)p
ml
5 + (1−Mu)p

ml
4 =

Ru

Rd
[(1 +Md)p

mt
5 + (1−Md)p

mt
4 ] (9.39)

where the mode angle α, blade stagger angle θ, mean flow density R, mean

flow Mach number M and speed of sound a can be obtained based on the

solution of the mean flow field. The mean flow field is readily available at

the design stage which can be obtained based on the design intent or an

analytical/numerical solution.

The above set of equations contain 13 unknown perturbations: p0, p1,

p2, p
l
4, p

ml
4 , pmt

4 , pt4, p
l
5, p

ml
5 , pmt

5 , pt5, u3 and v3. In order to obtain an ex-

pression for the transmission coefficient ηT = p1
p0

or the reflection coefficient

ηR = p2
p0
, one needs 5 additional equations to eliminate the other unknown

perturbations.
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For simplicity of solution, let’s assume that the blade camber is small, and

that the chord length of the front section and the rear section are identical

and equal to c
2 , where c is the chord length of the cambered blade. It should

be noted that this can be easily modified to accommodate a more accurate

geometry representation.

Therefore, based on the assumption of one-dimensional wave propagation

in the blade passages, one obtains

pml
4

pl4
= eik

l
4
c
2 (9.40)

pml
5

pl5
= eik

l
5
c
2 (9.41)

pt4
pmt
4

= eik
t
4
c
2 (9.42)

pt5
pmt
5

= eik
t
5
c
2 (9.43)

where k denotes the wavenumber of acoustic waves.

Assembling Equation 9.33 to 9.43 and Equation 4.42, one obtains 12

equations for the aforementioned 13 unknowns. Rearrange and eliminate

the unknown perturbations, the transmission coefficient ηT = p1
p0

and the

reflection coefficient ηR = p2
p0

can be expressed as

p1
p0

=
C −Bd

(C −Ad)Q1 + (C +Ad)Q2
(9.44)

p2
p0

=
(Ad −Bd)Q1 − (Ad +Bd)Q2

(C −Ad)Q1 + (C +Ad)Q2
(9.45)

where

Q1 =
(Au −Bu)(S2 − S1)

4S1S2(1 +Md)
ei(k

l
4
+kt

5
) c
2 +

(Au +Bu)(S2 + S1)

4S1S2(1 +Md)
ei(k

l
5
+kt

5
) c
2

(9.46)

Q2 =
(Au −Bu)(S2 + S1)

4S1S2(1−Md)
ei(k

l
4
+kt

4
) c
2 − (Au +Bu)(S2 − S1)

4S1S2(1−Md)
ei(k

t
4
+kl

5
) c
2

(9.47)
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Au = 1−Mu cos(θu − α−
u ) (9.48)

Ad = 1−Md cos(θd − α−
d ) (9.49)

Bu = Mu − cosα−
u

cos θu
(9.50)

Bd = Md −
cosα−

d

cos θd
(9.51)

C =
cosα+

d

cos θd
−Md cos(α

−
d + α+

d ) (9.52)

S1 =
au cos θd
ad cos θu

(9.53)

S2 =
Ru

Rd
(9.54)

Rearrange Equation 9.44 and one obtains the complex transmission coef-

ficient

p1
p0

=
1

H1e
i(kl

4
+kt

5
) c
2 +H2e

i(kl
5
+kt

5
) c
2 +H3e

i(kl
4
+kt

4
) c
2 +H4e

i(kl
5
+kt

4
) c
2

(9.55)

where

H1 =
(C −Ad)(Bu −Au)(S2 − S1)

4S1S2(1 +Md)(C −Bd)
(9.56)

H2 =
(C −Ad)(Bu +Au)(S2 + S1)

4S1S2(1 +Md)(C −Bd)
(9.57)

H3 = −(C +Ad)(Bu −Au)(S2 + S1)

4S1S2(1−Md)(C −Bd)
(9.58)

H4 = −(C +Ad)(Bu +Au)(S2 − S1)

4S1S2(1−Md)(C −Bd)
(9.59)

Hence the amplitude ratio and the phase change of the transmission co-

efficient can be obtained respectively as

|p1
p0

| =
√

1

H
(9.60)

arg
p1
p0

= −atan2 (H1 sin(G1) +H2 sin(G2) +H3 sin(G3) +H4 sin(G4) ,

H1 cos(G1) +H2 cos(G2) +H3 cos(G3) +H4 cos(G4)) (9.61)
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where

H = H2
1+H2

2+H3
1+H2

4+(2H1H2+2H3H4) cosD1+(2H1H3+2H2H4) cosD2

+ 2H1H4 cos(D1 −D2) + 2H2H3 cos(D1 +D2) (9.62)

G1 = (
ku

1−Mu
− kd

1 +Md
)
c

2
(9.63)

G2 = (− ku
1 +Mu

− kd
1 +Md

)
c

2
(9.64)

G3 = (
ku

1−Mu
+

kd
1−Md

)
c

2
(9.65)

G4 = (− ku
1 +Mu

+
kd

1−Md
)
c

2
(9.66)

D1 = − 1

1−M2
u

kuc (9.67)

D2 = − 1

1−M2
d

kdc (9.68)

Similarly, rearrange Equation 9.45 and one obtains the complex reflection

coefficient

p2
p0

=
T1e

i(kl
4
+kt

5
) c
2 + T2e

i(kl
5
+kt

5
) c
2 + T3e

i(kl
4
+kt

4
) c
2 + T4e

i(kl
5
+kt

4
) c
2

Z1e
i(kl

4
+kt

5
) c
2 + Z2e

i(kl
5
+kt

5
) c
2 + Z3e

i(kl
4
+kt

4
) c
2 + Z4e

i(kl
5
+kt

4
) c
2

(9.69)

where

T1 =
(Ad −Bd)(Bu −Au)(S2 − S1)

1 +Md
(9.70)

T2 =
(Ad −Bd)(Bu +Au)(S2 + S1)

1 +Md
(9.71)

T3 =
(Ad +Bd)(Bu −Au)(S2 + S1)

1−Md
(9.72)

T4 =
(Ad +Bd)(Bu +Au)(S2 − S1)

1−Md
(9.73)
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Z1 =
(C −Ad)(Bu −Au)(S2 − S1)

1 +Md
(9.74)

Z2 =
(C −Ad)(Bu +Au)(S2 + S1)

1 +Md
(9.75)

Z3 = −(C +Ad)(Bu −Au)(S2 + S1)

1−Md
(9.76)

Z4 = −(C +Ad)(Bu +Au)(S2 − S1)

1−Md
(9.77)

Hence the amplitude ratio and the phase change of the reflection coeffi-

cient can be obtained respectively as

|p2
p0

| =
√

T

Z
(9.78)

arg
p2
p0

= atan2 (T1 sin(G1) + T2 sin(G2) + T3 sin(G3) + T4 sin(G4) ,

T1 cos(G1) + T2 cos(G2) + T3 cos(G3) + T4 cos(G4))

+ atan2 (T1 sin(G1) + T2 sin(G2) + T3 sin(G3) + T4 sin(G4) ,

T1 cos(G1) + T2 cos(G2) + T3 cos(G3) + T4 cos(G4)) (9.79)

where

T = T 2
1 +T 2

2 +T 3
1 +T 2

4 +(2T1T2+2T3T4) cosD1+(2T1T3+2T2T4) cosD2

+ 2T1T4 cos(D1 −D2) + 2T2T3 cos(D1 +D2) (9.80)

Z = Z2
1+Z2

2+Z3
1+Z2

4+(2Z1Z2+2Z3Z4) cosD1+(2Z1Z3+2Z2Z4) cosD2

+ 2Z1Z4 cos(D1 −D2) + 2Z2Z3 cos(D1 +D2) (9.81)
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