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Abstract

This thesis deals with topics concerning both passive and active control of stirred tanks.

Regarding passive flow control, the effect of certain turbine blade modifications is inves-

tigated, most notably that of the blade perimeter increase in a fractal manner, applied

on a conventional radial turbine stirring an unbaffled tank. It is found that the tested

modifications show potential for applications, as by applying them, a drop in power con-

sumption, an increase of the bulk turbulence intensity and the mass flow rate, and a

suppression of the shed blade vortices’ intensity and coherence is achieved. The latter, in

particular, is argued to be a potential cause of the above-mentioned drop in torque/power

consumption. Additional material from this section are the detailed comparison of fractal

and perforated bluff bodies and a characterisation of the form drag distribution of radial

turbines stirring unbaffled tanks. The latter was achieved by employing a novel pressure

measuring technique.

Regarding the active flow control, this thesis focuses on the prediction of stirred tank

power consumption in situations where the shaft speed is not constant, but rather time

dependent. The motivation for this is that such speed control has been shown to promote

mixing in the tank. Employing first principles, qualitative scaling laws and empirical

correlations, analytical models for the prediction of the torque response, when the shaft

speed undergoes smooth, or step changes are developed. The predictions are then experi-

mentally validated using torque measurements. The above models could find application

in the design process of variable speed systems.
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Important Symbols

Tank geometrical parameters

σ Blade perimeter

A Blade/plate net area

Ag Blade/plate gross area

Ap Blade/plate perforated area

C Tank clearance

D = 2R Impeller diameter

Df Fractal dimension

DT = 2RT Tank diameter

H Tank height

t Blade thickness

VT Tank volume

w Blade width

General Symbols

ε Kinetic energy dissipation rate

εu Kinetic energy dissipation rate at the blades’ volume of revolution

η Kolmogorov scale

ν Fluid kinematic viscosity

Ω Shaft angular velocity

ωi ith component of the fluid vorticity in cylindrical coordinates
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ρ Fluid density

τi,j Viscous stress tensor

Cp Blade pressure coefficient

CQ Mass flow rate coefficient

CDr Blade drag coefficient

CDs Plate drag coefficient

CoP Blade centre of pressure

F Total blade force

f Frequency

N Shaft rotational frequency

Np Power number

Np∞ Infinite medium power number

Npb Baffled steady power number

Nps Steady state power number

P Power

Pf , Pr Mean pressure at the front/ rear sides of the blades

Re Global stirred tank Reynolds number

Res Plate Reynolds number

St Strouhal number

Stk Stokes number

T Torque

U∞ Plate’s inlet fluid velocity

ui ith component of the fluid velocity in cylindrical coordinates

ut Tank turbulence intensity

Vtip Blade tip velocity
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Relevant to chapter 5

β Nps/Np∞

ṁ Ensemble averaged impeller mass flow rate

ṁ∞ Infinite medium mass flow rate

γ Np∞/I

a Arbitrary exponent in the mass flow rate model of eq 5.7

Cw Wall skin friction coefficient

I Moment of inertia like coefficient defined in eq 5.22

L∞ Lout in an infinite medium

LS Angular momentum homogenisation parameter (see sec 5.2.1)

LT Total angular momentum in the tank

Lin,out Input/output normalised angular momentum

lin,out Lin,out/ΩR
2

N0 Shaft rotational frequency before the initiation of transition

N1 Quasi-steady shaft rotational frequency, as defined in section 5.2.1

N2 Shaft rotational frequency after the initiation of transition

Nd (N2 −N0)/N2

Nw Mean fluid rotational frequency in-between the blades

Np∗ Rescaled power number (see eq 5.30)

Npw Ensemble averaged wall power number

Rc Forced vortex radius

S Boundary of the impeller control volume

t∗ Number of impeller rotations

Tp Wave period

tp Plateau time
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tq Onset of quasi-stationarity

ts Onset of steady-state regime

Timp Ensemble averaged impeller torque

tp∞ Infinite medium plateau time

Tw Ensemble averaged wall torque

un Component of fluid velocity normal to the control volume

Uw Mean fluid tangential velocity near the tank wall
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Chapter 1

Introduction

1.1 Tanks stirred by radial turbines

Tanks stirred by radial turbines are used extensively in the pharmaceutical, chemical

and food processing industries, in applications ranging from single or multiphase mixing

to turbulent gas-liquid dispersion [1, 2]. For this reason, significant research has been

conducted over the past decades aimed at characterising stirred tank performance. In

most cases the investigation is centred around the most widely used configurations, i.e.

regular flat-blade or alternatively Rushton turbines (see fig 1.1) stirring cylindrical tanks.

The tanks are commonly equipped with radial wall-baffles for applications involving tran-

sitional and turbulent regimes, while they are unbaffled for lower Reynolds numbers.

Occasionally, other versions of the above systems are encountered in the literature, such

as modifications of the above mentioned blades and alternatively shaped tanks.

a)

b)

c) d)

Figure 1.1: a) Rushton turbine. b) Flat blade turbine. c) Flow field in a baffled tank
stirred by a flat blade turbine. d) Unbaffled tank with a central vortex. Modified from
[1].
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1.1.1 Power consumption and form drag

Investigations have often been centred on the tanks’ power consumption, as this is directly

linked with the process efficiency. One of the most noteworthy studies in that subject

remains that of Bates et al. [3], who performed a detailed investigation of the power

numbers Np (i.e. non-dimensional power consumptions) of various impellers stirring

baffled tanks, covering a Re range varying from creeping to fully turbulent flows. Note

that Np = TΩ/ρN3D5, where T is the torque, Ω = 2πN is the rotational frequency of the

shaft, ρ is the fluid density and D is the impeller diameter, while Re = ND2/ν, where ν

is the kinematic viscosity of the fluid. In the study of Bates et al. [3], many results from

previous studies were reproduced and extended, with the most notable being the classical

investigation of Rushton et al. [4]: It was shown that the power number of all tested

impellers follows the Stokes law (Np ∝ Re−1) in the laminar regime, changes slightly in

the transitional range (100 < Re < 10, 000) and finally becomes constant in the fully

turbulent regime (Re > 10, 000), indicating the onset of self-similarity. For even greater

Reynolds numbers (i.e. Re > 100, 000), some studies have shown a drop in the power

number [5, 6], suggesting a departure from self-similarity. Interestingly, by changing the

impeller shape from flat blade to Rushton, the power number was shown to increase by

approximately 20% in the turbulent regime, even if the blade area was reduced by almost

a half (see fig 1.1). As will be discussed in section 1.1.2, this is due to the different

separation mechanisms of the two blade types.

Additional results from the study of Bates et al. [3] included the sensitivity of the

power numbers to parameters such as the blade number and width, the baffling extent

and the impeller clearance from the tanks’ bottom. These were later complemented by

the results of other researchers such as Nienow and Miles [7], King et al. [6], Nagata [2],

Bujalski et al. [8] and Xanthopoulos and Stamatoudis [5] who extended them further,

and included parameters such as the tank size and shape, the overall system scale and the

blade/disk thickness among others. Regarding the latter, it was shown that the power

number drops linearly with increasing blade thickness [8, 9, 10]. This was postulated to be

due to the blade/disk influence on the flow separation [9], but was not confirmed with flow

measurements. Vasconelos et al. [11] measured the powers of conventional and modified

Rushton turbines, including perforated and curved types. Their results demonstrated

that by streamlining or perforating the blades a significant reduction in power number

could be achieved.

The above studies concern tanks equipped with wall baffles; regarding unbaffled tanks,

the flow and power consumption properties are much similar to the baffled ones, up until

the transitional regime (Re < 1000), thus making them preferable in that range due

to the simplicity of their design. For larger Re, on the other hand, the tank walls are

increasingly unable to dissipate the angular momentum generated by the impeller in the
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absence of baffles, leading to a generation of circumferential motion in the direction of

the impeller rotation, i.e. a solid body rotation. This creates a drastically different flow

field in the transitional and especially in the turbulent regime compared to baffled tanks,

where the solid body rotation is effectively absent, leading to significant differences in

the power consumption. As explained and measured by Nagata [2], a developed solid

body rotation decreases the relative tangential blade velocity, reducing the blade drag

and torque. Indeed, measurements by Nagata [2], Laity and Treybal [12], Scargiali et

al. [13] and Xanthopoulos and Stamatoudis [5] among others, show a drastic decrease in

power number compared to the baffled case, falling by a factor of five for instance for the

case of Rushton impellers in the fully turbulent regime. Moreover, the turbulent power

number varies with Re with what is thought to be a weak power law [12, 13] instead

of the usual constant value encountered in the baffled tanks, as mentioned above. The

reason behind this phenomenon is not clear yet and its explanation will be one of the

results of the current thesis. If the tank is uncovered, the solid body rotation generates a

central vortex, i.e. a deformation of the fluid-air interface on the tank top (see fig 1.1).

This introduces Froude number effects on the flow field, and prohibits the use of dynamic

similarity when scaling-up the system [12], which complicates the design process. As

shown by Laity and Treybal [12] this problem can be overcome with the use of a lid, as

this prevents the vortex formation and gravity effects. A final interesting point is that

in turbulent unbaffled tanks the power numbers of Rushton and flat blade turbines are

equal [2], contrary to the baffled tanks case mentioned previously. This can be explained

by the differences in the separation mechanisms of the two turbines as will be shown in

section 1.1.2.

The above-mentioned studies have provided an almost complete parametric analysis

of the power numbers of the commonly used radial turbines (i.e. Rushton, flat-blade)

for both baffled and unbaffled systems. This has led to the development of correlation

formulae (see for instance [2, 14, 8]), providing a useful tool for the design of industrial

mixers. However, knowledge of the power consumption (and hence of the shaft torque)

does not give any insight on the pressure distribution on the impeller blades, including,

critically, the position of the centre of pressure. Such information is important as it is

connected to the bending moments and stresses on the blades, causing, if not taken into

account, fatigue and mechanical instability of the mixer. Furthermore, pressures at the

blade surface are of interest in the case of aerated tanks (i.e. tanks in which air is injected

in the flow), since low pressure regions in the rear side of the blades are linked with gas

entrainment and cavity formation [15].

Direct pressure measurements on the surface of the blades are therefore necessary,

despite this not being a simple task given the rotation of the impeller. Literature on the

subject is limited: Mochizuki and Takashima [16] investigated the effect of the impeller
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blade curvature on the blade pressure distribution, by using an inverted U-tube manome-

ter mounted on the rotating impeller shaft of curved blade turbines. Tay and Tatterson

[17] used a rotating U-tube manometer to measure the power numbers of pitched blade

turbines equipped with fins and winglets. From their results, they were able to calculate

the skin friction contribution on the impeller power consumption, estimating it to be

around 2% of the total. Lane et al. [15] measured the pressure distribution of a Rushton

turbine’s blades, using a continuous water line from the blades to a stationary pressure

cell, in order to compare with predictions from computational fluid dynamics (CFD), and

assess its predictive capabilities. The results showed a reasonable agreement. Both their

numerical predictions and experiments showed regions of low pressure on the rear side

of the blades, which were postulated to be caused by the separation of trailing vortices.

Mochizuki et al. [18] measured the pressure distribution on the blades of a Rushton

turbine in an aerated tank, using a small pressure sensor mounted on the blades, to inves-

tigate the effect of aeration in the blade pressure distribution, showing that the form drag

considerably decreases in the case of aeration. Georgiev and Vlaev [19] used Reynolds

averaged Navier-Stokes (RANS) modelling to simulate the turbulent field of standard and

perforated Rushton turbines in a baffled tank, and presented the pressure distribution on

the rear side of the blades. Their results showed that the perforations increase the rear

pressure by eliminating the low pressure regions connected with the roll vortices.

In conclusion, the above investigations have yielded a quantitative knowledge of the

power consumption and a qualitative knowledge of the form drag of conventional types of

radial mixing turbines. We note, however, that if we depart from the standard impeller

designs the data are sparse, while fundamental questions regarding the trends in power

number/ form drag remain open (e.g. why the power number decreases with increasing

blade thickness). For the latter, we may gain some insight from studies concerning flow

measurements in stirred tanks.

1.1.2 Flow field

The flow field characteristics of tanks stirred by radial turbines have been widely inves-

tigated during the last decades, as they are intrinsically connected to performance pa-

rameters such as the mixing time and oxygen mass transfer in aerated tanks. Knowledge

of the generated flow fields could therefore facilitate the impeller choice for a particular

application, and aid in design optimisation.

Early investigations involved qualitative flow visualisations by recording bubbles or

tracer particles with cameras [20, 21], pressure measurements using Pitot tubes [22, 20],

and actual velocity measurements using hot films [22] or even hot wires [23], the lat-

ter being possible only when considering gas as the working fluid. Although the above

mentioned techniques are usually sufficient for a characterization of the flow patterns,
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they suffer from inaccuracies as they are qualitative and/or intrusive, often leading to

misinterpretations. An example of this is the measurement of four, instead of the cor-

rect two trailing vortices between the blades of a Rushton impeller by Gunkel and Weber

[23]. Nowadays, these problems have been overcome with the development of non-intrusive

techniques such as particle image velocimetry (PIV) and laser doppler velocimetry (LDV),

while the increase in computational speed has enabled the usage of such tools as LES and

DNS, which reliably simulate the flow field even in the turbulent regime. The above have

greatly increased our understanding of both mean and unsteady flow physics of stirred

tanks.

The mean flow field has been measured and simulated among others by Nagata [2],

Wu and Patterson [24], Yianneskis et al. [21], Gillisen and Van den Akker [25], Yoon et

al. [26] and Rao and Brodkey [22]. Their results show that the fluid is discharged radially

from the impeller, reaches the tank wall and recirculates back to the impeller region (see

fig 1.1), generating in that way two ring vortices, one above and one below the impeller. In

turbulent conditions, these vortices exhibit a precessional motion which triggers periodic

“macroinstabilities” [27, 28], named after their low characteristic frequencies (e.g. 50

to 100 times smaller than the impeller rotational frequency for Rushton impellers in

baffled tanks). These instabilities are of considerable practical importance as they can

significantly broaden the bulk turbulence levels in the tank (e.g. almost 20% for Rushton

impellers in baffled tanks [27]), and affect mixing times.

Regarding the mean tangential velocities, they are insignificant up to the transitional

regime, with or without baffles: the wall can effectively destroy the angular momentum

produced by the impeller. Baffles could even be thought to be detrimental there, as they

create stagnant regions which inhibit mixing [2]. For larger Re, a solid body rotation

is developed in an unbaffled tank; if the tank is in addition uncovered, a central vortex

appears, as discussed in section 1.1.1. Nagata [2] showed that the solid body rotation can

be modelled as a combined Rankine vortex, i.e. a cylindrical zone where the fluid rotates

with the same angular velocity as the impeller (forced vortex) for r < Rc < R, where Rc

is the forced vortex radius, followed by a region where the angular momentum is assumed

constant (free vortex) for larger radii. This provides a simple analytical expression of the

tangential velocity, which can be used for the development of other models concerning

flow parameters. An example of this is the prediction of the central vortex shape [29, 2].

If not suppressed with baffles, the solid body rotation has a drastic effect on the

flow field: The relative blade velocity is decreased, leading to a drop in blade drag and

impeller torque, as discussed in section 1.1.1. Furthermore, the impeller pumps and

discharges significantly less fluid, causing a decrease in the impeller mass flow rate (i.e.

the rate fluid is discharged from the impeller), for instance almost four times lower for

a flat blade turbine in a turbulent regime [2]. This impedes the up-down fluid motion
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(recirculation), leading to an effectively 2D flow field, where the the circumferential motion

is prevalent. Finally, the turbulence levels in the tank are greatly decreased [2, 30]. As

a result of the above, the mixing time of unbaffled tanks is increased compared to their

baffled counterparts, namely three to five times longer, for the same power consumption

[31]. Interestingly, an exception to this trend occurs if the central vortex bottom reaches

the impeller (see fig 1.1); in that case the mixing times of baffled and unbaffled tanks

have been shown to be identical [31]. In any case, the usually longer mixing times of

unbaffled tanks have made them an improbable choice both for turbulent applications

and academic investigations. Nevertheless, unbaffled tanks lately enjoy a growing interest

as turbulent stirrers, because the presence of baffles is unwanted in some applications

such as crystallizers, or in the pharmaceutical industry where tank cleaning is of primary

significance. Additionally, mass transfer studies [12] in continuously operated, multiple-

stage extractors have shown that higher stage efficiencies can be obtained with no baffles

than with baffles at the same power input.

The above paragraphs were devoted to the flow field in the bulk of the tank. As we

move closer to the blades, the flow field changes drastically: There, the fluid separates

due to the blades’ passage, rolls up into a pair of trailing vortices in the rear side of

the blades and is subsequently discharged radially outwards (see fig 1.2). In-between

the roll vortices there is the so-called radial jet, a volume of non-rotating fluid which is

characterized by large radial velocities. Numerous investigations have been conducted in

order to characterize the impeller region, as the separation and vortex formation to a large

extent controls the power consumption, coalescence and dispersion in gas liquid mixtures

[20].

One of the earliest works in that topic is that of Van’t Riet and Smith [20] who studied

the trailing vortices of a Rushton turbine stirring a baffled tank. Their experiments in-

cluded a camera rotating with the impeller which recorded tracer particles, and a rotating

Pitot tube for performing pressure measurements. They observed that the vortices were

formed for Reynolds numbers as low as Re = 150 (i.e. in the laminar regime), while the

flow near the vortices was found to be turbulent for Re > 300. Using some simplifications,

they derived analytical expressions for the pressure and velocity distributions inside the

vortices, which when compared with their experimental results demonstrated considerable

agreement. Furthermore, they determined the mean path of the vortices after leaving the

blade. The latter was also provided by subsequent studies such as of Yianneskis et al.

[21], Eskudie and Line [32] and Yoon et al [33] among others. All studies show that from

the perspective of the rotating impeller the vortices initially move radially outward, but

quickly turn in the circumferential direction, influenced by Coriolis effects. The path ends

in the tank wall and baffles where the vortices break. Van’t Riet and Smith [20] observed

that the mean path is sensitive to a Re increase: It extends more radially outward with
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increasing Re until approximately Re = 5000, beyond which it becomes Re independent.

The studies of Van’t Riet and Smith [20] and other researchers such as Yianneskis et

al. [21] and Nienow and Wisdom [34] led to the development of schematic representations

of the three dimensional shape of the vortices emanating from a Rushton impeller stirring

a baffled tank (see fig 1.2). Regarding flat blade turbines in baffled tanks, Winardi and

Nagase [35] measured the trailing vortex system and provided a schematic representation

of the vortices shape (see fig 1.2). Their results showed that the vortex properties are

essentially the same as the ones of vortices emanating from Rushton turbines. However,

when comparing the two separation mechanisms (i.e. the one of Rushton and the one of the

flat blade turbine) we detect significant differences (see fig 1.2): As explained by Nienow

and Wisdom [34], in the case of Rushton turbines stirring baffled tanks, the separation

and vortex formation occurs in the inner, “leading” edge of the blades. For a flat blade

turbine on the other hand the blade extends until the shaft, preventing the “leading” edge

separation and the associated low pressure region - this causes the seemingly counter-

intuitive drop in power number when we change from Rushton turbines to flat blade ones,

as discussed in section 1.1.1. If we extend this result for unbaffled tanks, it is easy to see

why the power numbers are identical there for the two turbine types: A developed solid

body rotation means that the “leading” edge of the Rushton turbine is located inside, or

near the forced vortex region, i.e. in the region where the fluid has the same tangential

velocity as the impeller. Thus, separation cannot occur there, but rather more radially

outward, in the same manner as for a flat blade turbine.

Ω

a) b)
Ω

Figure 1.2: Schematics of the vortex formation mechanism of a) a Rushton turbine, after
Yianneskis et al. [21] and b) a flat blade turbine, after Winardi and Nagase [35].

From the previously-mentioned studies it is known that the trailing vortices and in

general the impeller wake are the main sources of turbulence in the tank. For that

reason numerous investigations such as [24, 22, 20, 36, 37, 38, 39, 40] can be found in

the literature, all with the common aim to examine that region’s turbulence parameters.

Van’t Riet et al. [40] showed that due to the periodic passage of the blades there is a

periodic component in the velocity signal, if measured from a static plane of reference.

This induces an artificial variance in the turbulent signal, the so-called “pseudoturbulence”
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which should be removed, either by conducting rotating velocity measurements [23, 20], or

by performing phase averaging (i.e. conditional averaging according to the blade angle). In

any case, even after having subtracted the “pseudoturbulence” component, the turbulence

kinetic energy in the near vicinity of the impeller assumes the maximum value encountered

in the tank [37]. Moving away from the impeller, the turbulence intensities drop abruptly.

This is because the discharge region of the impeller is characterized by very large local

dissipation values (e.g. 10 to 20 times the mean dissipation in the tank [39, 38]), leading

to an estimated 60% of the energy input from the impeller being dissipated there [24].

Additional facts regarding this region is that it is characterized by anisotropy [38], both for

the small and large scales, and large values of shear rate [20]. The normalized turbulence

parameters in this region show no Re dependence when the tank is equipped with baffles

[24], but have a declining trend when the tank is unbaffled [26]. Note that this is in

accordance with the decreasing trend of the power number in these Reynolds numbers

(see section 1.1.1).

We may therefore conclude that radial turbines generate highly turbulent flows, mak-

ing them suitable for applications such as homogenizers, colloidal mills and emulsifiers

among others [41]. Nevertheless, the turbulence is highly inhomogeneous, i.e. concen-

trated in the impeller region, where it is accompanied by high shear. The latter may

create problems when micro-organisms are involved [29] or destroy shear sensitive cells

[42]. A way to address the above issues is passive control of the flow field by modifying

the impeller blade shape, generating in that manner new designs. Candidates for this

could be the so called fractal/ multiscale objects which have recently been the subject of

research in fluid dynamics.

1.1.3 Fractal generated turbulence

Fractal/ multiscale objects have been the subject of turbulence research, both experimen-

tally [43, 44, 45, 46, 47, 48, 49, 50, 51] and numerically [52, 53] over the past decade due

to the wealth of phenomena associated with them. The first objects to be tested were

fractal grid turbulence generators [50, 51], which were shown to create a longer turbulence

production region, and generate higher turbulence intensities over a wider spatial extent

in the decay region, compared to conventional grids. As these properties are potentially of

interest for many applications, fractal grids have been investigated for their potential for

heat exchange enhancement [48], spoiler aeroacoustic improvement [43, 47], static mixing

improvement [49] and flame control [54] to name a few.

Apart from grids, fractal modification has also been applied to increase the perimeter

of plates. Nedić [55] initially tested regular polygonal plates with different number of sides,

but with the same frontal area. His results showed that by increasing the number of sides

there is a slight, yet consistent increase in the drag. When however testing a circular plate
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(i.e. a plate with an infinite number of sides), the drag was shown to abruptly decrease.

The above suggested that the discontinuities and length of an object’s perimeter has an

effect in the object’s drag and wake flow properties, with smoother perimeters expected

to produce less drag.

a) b) c) d)

Figure 1.3: Some of the plates used in the experiments of Nedić et al. [44] . a) Square
plate. b) Df = 1.5(1) plate. c) Df = 1.5(2) plate. d) Df = 1.5(3) plate.

To test this assumption further, one has to increase the number of perimeter discon-

tinuities - not a simple task when considering polygons. To overcome this, Nedić et al.

[44, 46, 45, 55] experimented with two types of fractal plates with the same frontal area,

but different fractal dimension, Df , namely 1.3 and 1.5 (see for instance fig 1.3). A formal

definition of the fractal dimension can be found in Mandelbrot [56], but we note that it is

a quantity which measures how rough or smooth an object is. For instance, for the specific

case of a 2D plane Df = 1 would mean a smooth straight line, while any value greater

than one would mean a rough shape, with the maximum value of Df being two. Each set

tested by Nedić et al. [44, 46, 45, 55] included plates of various iteration numbers. The

results showed that the drag coefficients of fractal plates were increased when compared

to square plates, reaching a maximum increase of 6% for the Df = 1.5(2) plate. Hot wire

investigation of the plates’ wake revealed that the Strouhal number of the shedding was

the same regardless of the plate’s shape, as long as the square root of the plate’s area

was used as the normalization length. The energy associated with the shedding peak was

found to be a decreasing function of the fractal iteration number and fractal dimension,

leading to large shedding reduction when comparing with the square plate design, for

instance 60% decrease for the Df = 1.5(3) plates. Nevertheless, it was found that the

shedding energy takes a larger downstream distance to decay for the fractal plates, while

the overall turbulence levels in the wake were significantly larger, leading to an increase

in local Re by almost 40% for the Df = 1.5(3) plate. These results, according to the

authors, were an indication that the main function of the irregular fractal geometry was

to redistribute the kinetic energy to a broader range of scales in the flow.

Fractal shaped blades therefore show considerable potential in dealing with the issues

raised in section 1.1.2 regarding the use of radial turbines. Specifically, if the above

mentioned properties are retained in the stirred tank, this would translate to a boost

in the turbulence kinetic energy and a lowering in vortex shedding (and therefore lower

shear) compared to a regular rectangular bladed impeller. Additionally, the shedding
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energy would not dissipate in the immediate vicinity of the impeller, as happens with

the conventional turbines, leading to a more homogeneous turbulence. One must keep in

mind, however, that the above would presumably come at the cost of increased drag (as

fractal plates were found to have larger drag coefficient compared to square plates), which

for the rotating impeller would mean a rise in torque and power consumption, causing

a reduction in the process efficiency. It is therefore important to characterize the power

consumption of such impellers, if they are to be implemented.

1.1.4 Variation of the shaft speed

Apart from passively controlling the flow field, there is also the possibility of active control

to optimize the flow field. A common way of doing this is by using a variable rotation

protocol. Aref [57], showed that this approach causes the development of chaotic motions

in the tank and enhances mixing in the laminar regime. Lamberto et al. [58] demonstrated

the above numerically, by continuously alternating between two steady-state laminar flow

fields. In that way, a “global chaotic” flow was generated, breaking the stable tori formed

when using a constant impeller speed. This lead to unmixed fluid being dispersed in the

outer fluid, enhancing mixing. Ascanio et al. [59] performed experiments in a similar

configuration to the one of Lamberto et al. [58] and observed that perturbations through

variable impeller speed would lead to the break-up of unmixed zones, which resulted in

an enhancement in mixing. Regarding the transitional and turbulent regimes, Gao et al.

[60] performed velocity measurements in a tank stirred by a Rushton turbine at mean

Re = 1145, using steady, and square wave shaft speed protocols. Their results showed a

significant increase in turbulence intensity and radial jet width in the square wave case,

which prevented the formation of segregated regions. Roy and Acharya [61] simulated the

flow field of a Rushton impeller, for identical configuration and Reynolds number as the

ones used by Gao et al. [60]. They observed that the impeller jet spread (the spread of

the discharged fluid from the impeller) increased by over 20% in the variable speed case,

while there was a substantial enhancement in the fluctuating velocities of over 30%. The

above came at a cost of an increased power consumption, of the order of 20%.

From the above, it is clear that a variable shaft speed protocol would be beneficial

for mixing applications, in both laminar and turbulent regimes. However, there are some

disadvantages associated with this approach. First, if a variable speed protocol contains

abrupt shaft speed changes, spikes will appear in the shaft torque [62] which will wear

the mechanical parts of the mixer. Furthermore, apart from the mixing quality, the mean

power consumption also increases. This has to be taken into account when estimating

the process efficiency, especially when considering a system at industrial scale. A better

understanding of the transient torque/ power consumption is therefore necessary before

designing such systems.
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Literature on the subject is quite limited, as the bulk of investigations have centred

on steady state characterization. In his classical work, Nagata [2] postulated that imme-

diately after the start of impeller operation in a quiescent fluid, the normalized power will

reach the maximum possible value, and conducted experiments to measure it. Maynes

et al. [63] and Maynes and Butcher [64, 62] performed a more in depth analysis of the

time-evolution of the power consumption after a step-increase of shaft speed from zero,

by conducting power measurements of various rotating bluff-bodies in stirred tanks of

different sizes. Three stages were identified in the full transition period: First, a “build-

up” regime, where the normalized power remains relatively constant, and the flow field

in the vicinity of the bluff body was assumed to be similar to that corresponding to ro-

tation in an infinite medium. Second, a “decay” regime, starting the moment when the

discharged fluid from the impeller recirculates, and reaches the impeller inlet for the first

time. During this regime the normalized power drops, until it reaches the final, “steady-

state” regime, where the angular momentum production by the bluff body is equal to the

angular momentum dissipation by the tank walls, and the power is constant. From these

data, correlation formulae were developed, predicting the power values and time scales

corresponding to the different transition stages, for various sizes of bluff bodies and tanks.

Yoshida et al. [65] and Woziwodzki [66] performed torque measurements in cases where

the impeller rotated in a forward-reverse manner, with the angular velocity following si-

nusoidal and triangle waves respectively. The instantaneous torque was assumed to be

given by a linear sum of a drag and an inertial term, which scaled with the square of the

shaft angular velocity and the shaft acceleration, respectively. The relative contribution

of the two terms was tuned using data fitting from the experimental data.

In the above works, the proposed predictions are limited to correlations, which take

into account the variation of only a few parameters. Designing a realistic variable shaft-

speed system, however, would require the coverage of a much more extended parameter

space. For this, a large number of time-consuming investigations would be necessary, in

an analogous way to the steady state case discussed in section 1.1.1, even more so it is

challenging to use “cheap” simulation tools (e.g. RANS modelling) for predictions, given

the transient dynamics of the problem. An alternative to that, proposed in this thesis, is

the development of semi-analytical formulae which reduce the necessary experimentally

determined parameters in manageable numbers.

1.2 Objectives and structure of the thesis

As suggested in the previous sections, the aim of this thesis is to provide experimental

and theoretical contributions regarding passive and active flow control of tanks stirred by

radial turbines. With respect to passive flow control, a novel fractal blade impeller after
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the fractal plate designs of Nedić et al. [44, 46, 45, 55] is first introduced. This is to exploit

the properties of fractal plates, which have been shown to generate flows with larger and

more persistent turbulence intensities and lower shear, at the cost of higher drag. The

thesis’ first aim is therefore to experimentally characterise and compare the turbulent flow

fields, power consumptions and form drags of fractal and conventional impellers. The

investigation demonstrates significant differences, especially when comparing the power

consumptions where the differences are at a first glance counter-intuitive. This leads to

the second aim, which is to reveal the cause behind this change in power consumption.

Finally, it is investigated whether the changes in the power consumption and flow field

are associated only with the fractal (i.e. large and discontinuous) perimeter. For that

reason fractal blades are compared with other blade modifications where the perimeter

change is not the dominant characteristic.

Regarding active flow control, it has been shown that while a variable shaft speed

greatly enhances turbulence levels and mixing, it also induces spikes in the torque, po-

tentially damaging the mixer’s mechanical components, and increasing the overall power

consumption, reducing in that way the process efficiency. It is therefore necessary to

characterize the transient consumption of such systems, before they are applied in an

industrial scale. However, such characterization is by no means an easy task, given the

large parameter space which needs to be covered. In this framework, the objective is to

derive semi-analytical formulae for the prediction of step, or smooth changes in the shaft

speed, restricting the necessary experimentally-determined parameters in a small num-

ber. This is done by developing a theoretical framework based on an angular momentum

balance. Apart from its importance concerning applications, investigation of a system’s

transient dynamics often gives insight regarding the system’s steady state. As will be

seen, the developed theoretical framework will aids in explaining the reason behind the

drop in the steady-state turbulent power number in unbaffled tanks with increasing Re,

as documented previously by [2, 12, 13] among others.

The structure of the thesis is as follows. Chapter 2 describes the experimental ap-

paratus and techniques used in this study. In chapter 3 the power consumptions and

from drags of regular, fractal and other modified blades are characterized, and compared

with literature concerning regular and modified plates subjected to a uniform free stream.

In chapter 4 the flow field generated by the turbines used in chapter 3 is characterized.

Chapter 5 presents a theoretical framework, which enables the development of analytical

models for the prediction of the transient power consumption in stirred tanks. The predic-

tions are subsequently experimentally validated. Finally, chapter 6 draws the conclusions

of the thesis.
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Experimental details

The results of this thesis are based on or validated with torque, pressure and

planar particle image velocimetry (PIV) measurements, conducted in the same

experimental facility, i.e. a stirred tank apparatus. The experimental facility

and procedure are presented below.

2.1 Experimental facility

Experiments were conducted in an octagonal, unbaffled, acrylic tank (figs 2.2 and 2.3).

The tank has an inner diameter of DT = 0.45 m and a height H equal to its diameter. The

octagonal shape was chosen instead of the conventional cylindrical, to minimize optical

distortion in the planned PIV experiments. For the same reason, a prism filled with water

was also glued on one of the tank sides. The tank was positioned on an aluminum frame,

which allowed optical access from the tank’s bottom. To minimize the effect of the central

vortex, an acrylic lid was positioned on the tank top. The working fluid was always tap

water which was filtered with a 5 µm filter, to remove unwanted contaminants.

The impeller used was a radial four-bladed flat blade turbine, mounted on a stainless

steel shaft at the tank’s mid-height (see fig 2.3). Different versions of the impeller were

tested (fig 2.1), by switching acrylic blades on the impeller hub. These included an

impeller with regular-rectangular blades (R) of thickness t = 4 mm used as a baseline, and

two with fractal blades, of a design based on the square fractal plates of Df = 1.5 of Nedic

et al. [44, 46] (see fig 1.3). The two fractal impellers had one and two fractal iterations

respectively (F1 and F2 henceforth), to investigate the effect of the iteration number on

the flow field and power consumption. Apart from these blade types, which will be the

primary focus of this thesis, other blade designs were tested as well: First, perforated

blades including a design which retained the cavities of the F1 blade, but discarded

the extrusions (PS), blades with homogeneous circular holes (PC) and blades with slots

(PG). Second, blades identical to the regular blade presented above, but with increased
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thickness, i.e. one set with 6 mm (MT) and one 8 mm (BT), to investigate the effect of

blade thickness on the power consumption of the impeller and on the flow separation. In

all cases the net frontal blade area was A = 4228 mm2 and the blade thickness t = 4 mm

(excluding the MT and BT blades). Regarding the impeller diameter, it varied slightly

according to the blade type (see table 2.1), but was always D ≈ DT/2. While for the

perforated and regular blade types the diameter and width are straightforward to define,

this is not the case for the fractal cases as they are position dependent, due to the inherent

shape of the fractals, which consists of small segments. In the following text we use their

mean diameter and width, which are the same as for the regular blade types.

R

MT

BT

10PC

PG

5
70.7

2.8

F2

11.2PS

F1

11.2

Figure 2.1: Schematic diagram of the eight different blade types used in the experiments.
The dimensions are in mm. The two small holes in the left side of the blades are used to
clamp the blades to the shaft hub.

The impellers were driven by a stepper motor (Motion Control Products) in microstep-

ping mode (25, 000 steps per rotation), to ensure smooth movement, which was controlled

by a function generator (33600A, Agilent), which provided the motor with a TTL signal.

In the case of variable shaft speed protocol, the frequency of the TTL signal was mod-

ulated, for instance with a sinusoidal or a triangle wave. Shaft torque was measured by

an in-line torque transducer (TM306, Magtrol), while the rotational speed was monitored

with an optical encoder (60ppr) embedded in the torque transducer. For the acquisition

of the torque signal the default acquisition system was mainly used (DSP 6001, Magtrol),

which allowed a maximum acquisition rate of 25 Hz. When a higher acquisition rate

was necessary, a National Instruments data acquisition system was used (USB-6211, NI),

and the acquisition frequency was set to 1 kHz. The change in acquisition frequency did

not affect the accuracy of the measurements. Note that if the acquisition frequency is

not mentioned, it is implied that the signal is acquired at 25 Hz. Losses due to friction

(e.g. from the bearings) were monitored by measuring the shaft torque when no blades

where equipped to the hub and the tank was empty, and were subtracted from the actual

measurements (see fig 2.4).
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20

10

25
Figure 2.2: Left: Stirred tank used in all the experiments of this thesis. Right: Top view
of the shaft and the hub. The dimensions are in mm.

Blade R F1 F2 PS PC PG

D (mm) 223 223 223 228.3 230 230
w (mm) 44.8 44.8 44.8 50 50.4 50.4
σ (mm) 280 504 935 519 580 601
Ap/Ag - - - 0.128 0.142 0.142

Table 2.1: Some dimensions of the impeller types shown in fig 2.1. D: Diameter. w:
Width. σ: Blade perimeter. Ap/Ag: Open area ratio. In all the above impellers the blade
thickness is t = 4 mm. The impellers MT and BT shown in fig 2.1 are identical to R,
but with blade thickness of t = 6 mm and t = 8 mm respectively. For the F1 and F2
impellers their mean diameters and widths are used. All blades have the same net area
A = 4228 mm2.

2.2 Rotating pressure measurements

As discussed in section 1.1.1, rotating pressure measurements are necessary to characterise

the pressure forces on the impeller blades, something which is by no means an easy task,

given the rotation of the impeller. Previous studies employed rotating manometers [17],

continuous water lines [15], and in general methods/ instruments which resulted in a high

degree of error. Furthermore, in none of the previous studies was it possible to calculate

the dynamic characteristics of the pressure signal in a reliable manner. In this section

we propose a method for measuring the pressure distribution of mixing impellers using a

small pressure sensor and a slip ring, to acquire time-resolved and accurate measurements.

A schematic diagram of the experimental apparatus used for the pressure measure-

ments can be seen in fig 2.5 and in more detail in fig 2.6. Pressure measurements were

conducted for the R and F1 impellers only. In both cases, one of the four blades was
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Figure 2.3: Side and top views of the experimental apparatus. Also shown in red and
blue are the fields of view for the low-speed (L1 and L2) and high-speed (H1 and H2) PIV
experiments. TM: torquemeter, M: motor, FG: function generator. DT = H = 45 cm.
C = H/2. D ≈ DT/2.

substituted with a 3D printed blade with grooves (see fig 2.6), where the pressure probe

(pressure catheter SPR-524, Millar) was positioned. As can be seen in fig 2.6 two types

of grooves were made, wide grooves (1.3 × 5.2 mm) for the catheter tip (where the sensor

area is positioned), and narrower ones for the catheter body. All grooves but the one

which the catheter tip was positioned were filled with wax, to make them flush. The

positions for both blades where the measurements were taken can be seen in fig 2.8. The

pressure catheter after leaving the blade went through the hollow shaft to the main sen-

sor body which was attached on the shaft above the water. The measurement signal and

supply sensor voltage were transmitted through a slip ring (SRH Series, Servotecnica),

to an amplifier and finally to the data acquisition system (USB-6211, NI). The sampling

frequency was set to 1 kHz, with a low pass filter with a cut-off frequency of 100 Hz, to

minimise electrical noise.

In the regular impeller case, 25 locations were measured, over one half of the blade,

assuming symmetrical pressure distribution. In the fractal case, 39 points were measured

spanning all of the blade surface. Measurements were conducted one at a time. To measure

the pressure on both the front and the rear sides of the blades, measurements were taken

for both senses of rotation in the same experimental run (i.e. without moving the probe),

by simply reversing the rotation of the shaft. The acquisition time was approximately 60

seconds. After making sure that measurements were reproducible, the pressure coefficient

for each point was calculated as

Ci
p =

P i
f − P i

r

1
2
ρV 2

tip

(2.1)
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Figure 2.4: Time series of the total torque and the torque due to friction losses, corre-
sponding to a shaft speed of N = 3 Hz. The hydrodynamic torque is the difference of the
two signals.
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Figure 2.5: a) Schematic diagram of the experimental apparatus for the pressure mea-
surements. 1) Pressure sensor, 2) hollow shaft, 3) pressure sensor body, 4) slip ring, 5)
bearings, 6) motor, 7) function generator, 8) amplifier, 9) DAQ.

where P i
f and P i

r are the mean pressures in the front and the rear side of the blade

respectively (the superscript i denotes the measurement point), ρ the density of water, and

Vtip = πND the blade tip velocity. Three shaft rotational frequencies were investigated,

namely N = 2, 3 and 4 Hz, corresponding to Reynolds numbers of 105, 1.5 × 105, and

2 × 105 respectively. The sensor was calibrated before and after each measurement, by

submerging it into different depths of a graded tube filled with water. An example of the

resulting calibration diagram can be seen in fig 2.7.

The total drag force CDr, torque T , and radial position of centre of pressure CoP, of

each blade were calculated by dividing the blades into control areas (fig 2.8), and using

the following formulae:
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b) 0.76 1.12

2.3

a)

Figure 2.6: Left: Photograph of the 3D printed fractal blade with the grooves equipped on
the shaft. Also shown is the pressure catheter exiting the hollow shaft, and the catheter
tip positioned on one groove, pointed out with the arrow. Right: a) Half-section of
the impeller equipped with the blade with grooves for the pressure measurements. The
catheter (red line) firstly goes through the hollow shaft and then to a groove. The catheter
tip, where the sensor lies, is depicted with purple. b) Detail of the pressure catheter tip
and sensor area (gray area). The dimensions are in mm.
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Figure 2.7: Example of the calibration diagram of the pressure transducer.

F = k
∑
i

(P i
f − P i

r)δA
i (2.2)

CDr =
2F

ρV 2
tipA

(2.3)

T =
1

2
ρV 2

tipnk
∑
i

Ci
pr
iδAi (2.4)

CoP = T/nF (2.5)

where F is the drag force of each blade, T is the torque, δAi is the control area associated
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with each point, n is the number of blades, k is a coefficient taking into account whether

the control areas span half of the blade or all the blade (k = 2 for the R blade and k = 1

for the F1), A is the net blade area, and ri is the distance of the centre of the control area

from the axis of rotation.

For the regular case, one half of the blade was subdivided in 40 control areas (fig

2.8), while for the F1 case the entire blade was subdivided in 51 areas. The pressure

coefficients were interpolated in the middle of the control areas where necessary, using a

spline interpolation method. In the F1 case only the central part of the blade required

interpolation (grey area in fig 2.8), since the measurement points in the other part were

already positioned in the centre of the control areas. In the R blade all points were

interpolated.
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Figure 2.8: Measurement point positions and control areas for R (left) and F1 blades
(right). In the grey zones the CP values were interpolated in the middle of the control
areas. The red points are the locations where the power spectral densities of the pressure
are plotted in figure 3.8.

2.3 PIV experiments

Two experimental runs of planar PIV were conducted to characterise the flow field in the

stirred tank of the different impellers. First, one employing low speed PIV to characterise

the discharge region of the impeller (L1 plane in fig 2.3) and the bulk region of the tank

(L2 plane in fig 2.3). Second, one employing high speed PIV in three small planes in the

discharge and bulk region of the tank (H1 and H2 in fig 2.3) to gain information regarding

the dynamic characteristics of the flow. In the low speed run all eight blade types of fig 2.1

were tested, while in the high speed run only the R, F1 and F2 blade types were tested.

All experiments were conducted at a shaft speed N = 3 Hz corresponding to a Reynolds

number Re ≈ 150,000. As also mentioned in section 2.1, an acrylic prism was attached

to the tank wall, to reduce errors caused by optical refraction, caused by the fact that

the camera was not perpendicular to the tank wall (see fig 2.9a), and that acrylic has a

significantly different refractive index compared to dry air (1.49 and 1 respectively). By
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positioning of an acrylic prism filled with water, the change in medium from air to acrylic

happens in a plane parallel to the camera. Moreover, the refractive index of acrylic is

close to that of water (1.49 and 1.33 respectively), while water is in both the inside and

outside sides of the acrylic. The above lead to a minimization of the refraction (see fig

2.9b), and caused only a negligible lateral displacement of the light.

water

air

water

air

water

a) b)

Figure 2.9: a) Optical refraction due to a change in medium from air to acrylic. b) The
distortion is minimized by positioning of a water prism, which is parallel to the camera
(a small displacement of the light can still be present).

2.3.1 Low speed PIV measurements

Illumination was provided by a Litron Nano L Nd:YAG Laser with an output wavelength

of 532 nm and 150 mJ per pulse. The laser beam was reflected through 90◦ using a

mirror and then passed through a spherical lens and a cylindrical lens to obtain a laser

sheet of approximately 1 mm thickness, entering the tank from the bottom (see fig 2.3).

The laser sheet was parallel with the z-axis (rotation axis) spanning from the centre of

rotation to the middle of the side wall. A FlowSense EO 16 MegaPixel camera was used,

positioned in the side of the tank, mounted with a 105 mm f/8 Nikon lens. A simple

ruler was used for calibration. The flow was seeded with polyamide 12 powder which

consists of particles of 7 µm mean diameter and 1.1 specific gravity, while the response

time of the particles is estimated to be τP=0.24 µs. The Stokes number Stk = τp/τF

(where τF is the characteristic time of the smallest eddies) has to be much smaller than

one for the particles to faithfully follow the flow. The characteristic time considered here

is the Kolmogorov time scale τη =
√
ν/ε in the most turbulent region of the tank, i.e.

the discharge region of the impeller. The highest value of kinetic energy dissipation in a

turbulent unbaffled stirred tank εmax, is located in the discharge region of the impeller

and is shown to be around 10 times larger than the mean dissipation in the tank, ε̄, as

shown by the PIV experiments of Shard and Adrian [38]. Since we consider a steady
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state, the mean dissipation has to be equal to the mean normalised power input in the

tank. Therefore, ε̄ = P/(ρVT ), where VT is the volume of the tank. The power input

can be calculated from torque measurements (see for instance fig 2.4). Thus, for impeller

speed of N = 3 Hz we estimate εmax = 1.6 m2s−3 which leads to Stk = 3× 10−4 which is

substantially less than unity.

As discussed in section 1.1.2, the measurements of a static probe at the impeller’s

discharge region are characterised by “pseudoturbulence”, i.e. artificial variance of the

signal due to the periodic passage of the blades’ wakes. An example of the effect of

“pseudoturbulence” on the signal can be seen in fig 2.13. To remove this contribution

from the statistics, the measurements of the L1 plane were phase locked, i.e. images were

conditionally acquired at a particular blade angle. In this way, the computed statistics

were the same as if they were calculated in a plane rotating with the impeller speed

(neglecting the axial asymmetry of the octagonal tank). The phase locking was done by

monitoring the function generator’s TTL signal via a delay generator (DG645, Stanford

Research Systems), which sent a pulse to the PIV system every 50,000 steps (two full

rotations). In that way, images were always synchronised with the same blade. An

example of the acquired raw images acquired in this way can be seen if fig 2.10. The

synchronisation accuracy was checked for the case where the blade was parallel to the

laser sheet, and was therefore visible to the camera. No discernible synchronisation loss

was evident even after several hundreds of images.

Figure 2.10: Raw PIV image of the impeller’s discharge region, acquired using phase
locking.

Six planes of 118 mm × 79 mm were monitored, at angles of 0◦, 15◦, 30◦, 45◦, 60◦

and 75◦ after the impeller passage. The images were acquired in double frame mode.

The time between frames was a critical parameter and was optimised to ensure maximum

pixel displacement, without too many losses of particles from the field of view, due to

the tangential flow in the tank. This time varied slightly with the blade type, but always
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in the range of 125 to 140 µsec. 400 image pairs were acquired at every plane for each

of the eight impeller types, which are enough for the convergence of the first and second

order moments in turbulent stirred tanks, as shown by Li et al. [36]. In fig 2.11 the mean

and standard deviation of the velocity at a point near the impeller discharge for the 30◦

plane are plotted, as a function of the number of snapshots used in the statistics. The

difference of both plotted quantities calculated from 300 and 400 pairs of images is less

than 1%. The PIV analysis was done using commercial software DAVIS 8.0, LaVision. A

recursive processing was conducted with an initial window size of 48 × 48 px and a final

interrogation region size of 24 × 24 px with a 50% overlap. The number of rejected vectors

was always less than 1%. The spatial resolution was 0.58 mm and the vector spacing 0.29

mm, equal in the radial and axial directions. Some of the above experimental features

are summarised in table 2.2.
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Figure 2.11: Mean axial velocity, V , and its standard deviation, Vs, as a function of the
number of samples used for their calculation, for a region near the impeller discharge, for
the 30◦ plane behind the impeller.

In the case of the tank bulk region, i.e. the L2 plane (see fig 2.3) the same configuration

(laser, camera, seeding particles, laser sheet thickness, calibration method, shaft speed)

were used as for the L1 plane. 400 images of 251 × 169 mm were acquired using double

frame mode at a sampling frequency of 1.06 Hz. The time between frames ranged from

737 to 775 µsec, depending on the tested impeller, as the different turbulence intensities

and convection velocities varied for each blade type. The vector processing was identical

to that used in the L1 plane, with the number of rejected vectors always being less than

1%. The resulting spatial resolution was 1.25 mm, equal in the radial and axial directions

(see also table 2.2).
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Plane Resolution (pixels) Acquisition frequency Experimental resolution Vector count

L1 4872 × 3248 Synchronised 0.58 mm 271 × 406
L2 4872 × 3248 ∼ 1 Hz 1.25 mm 271 × 406

Table 2.2: Some experimental parameters of the low speed PIV experiments. All blade
types were tested. The shaft speed was always N = 3 Hz corresponding to Re=150, 000.
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Figure 2.12: Instantaneous vector fields corresponding to a) left: the impeller discharge
region (L1 plane) for 40◦ after the blade passage and b) right: the tank bulk region (L2

plane). Not all vectors are plotted for clarity.

2.3.2 High speed PIV measurements

High speed PIV experiments were performed in two planes (see fig 2.3), one in the impeller

stream (H1), and one in the impeller bulk near the tank side wall (H2). Only the R, F1

and F2 blade types were tested. Illumination was provided by a Litron LDY300 laser

with an output wavelength of 527 nm and 15 mJ per pulse. Similar to the low speed case,

the beam was reflected through 90◦ using a mirror and then passed through a spherical

and a cylindrical lens to create a laser sheet of around 1 mm thickness for each case. A

4 MegaPixel Phantom v641 camera was employed, mounted with a 105 mm f/8 Nikon

lens. The sensor was cropped (see table 2.3) to increase the sampling frequency and the

acquisition time. The flow was seeded with polyamide 12 powder, the same as for the

low-speed PIV experiments case. A simple ruler was used for the PIV calibration.

For both planes, measurements were performed at a shaft frequency of N = 3 Hz

(Re=150,000) in double frame mode. The time between frames was 120 and 400 µsec for

the H1 and H2 planes respectively, for all tested blade types. The acquisition frequency

was set to 1.85 and 1.2 kHz respectively, while the acquisition time was 40 and 62.2 s

respectively, limited by the camera buffer memory. The final interrogation window size

was 32 × 32 px with 50% overlap. The rejected vectors were always less than 1%. The
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spatial resolution was 1.2 and 1.3 mm respectively, half of the vector spacing.
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Figure 2.13: Example of the radial velocity time series in the discharge region of the
impeller (H1 plane), acquired using high speed PIV. The intense periodicity is due to the
“pseudoturbulence”.

Plane Acquisition frequency Resolution (pixels) Experimental resolution Vector count

H1 1850 Hz 80×580 1.2 mm 49×7
H2 1200 Hz 80×580 1.3 mm 49×7

Table 2.3: Some experimental parameters of the high speed PIV experiments. The shaft
speed was always N = 3 Hz corresponding to Re ≈ 150,000.
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Power consumption and form drag

As discussed in chapter 1, previous wind tunnel experiments [44, 46] have

suggested that a tank stirred by fractal turbines may enjoy improvements

in its flow field, i.e. larger and more persistent turbulence intensities and

lower shedding, at the cost of increased power consumption. As the latter can

decrease the process efficiency, it requires careful examination.

This chapter presents a characterisation of the power requirements of a regular

turbine and some of its modifications, including two fractal turbines. The

form drag of fractal and regular turbines is also investigated, by performing

rotating pressure measurements, as described in chapter 2. The results show

important and counter-intuitive differences in the measured torques of the

tested impellers. These differences are investigated by comparing the form

drags of the impellers and by conducting further torque experiments. Part of

the results of the present chapter have been published in Steiros et al. [67].

3.1 Steady state power of regular and modified tur-

bines

In fig 3.1 the measured torque versus the shaft rotational frequency for each of the eight

blade geometries tested are plotted. A consistent decrease of torque from the baseline case,

R, with increasing thickness, when introducing fractal perimeter, or when introducing

perforation of the blade is observed. An apparent exception is the PG blade type, which

produces almost the same torque as the R.

As mentioned previously, these results involve an octagonal unbaffled tank (see fig 2.3),

a tank shape which has never been used previously in the literature. For that reason, its

effect on the system’s torque is first assessed. Fig 3.2 shows the variation of the steady

state power number, Nps, with respect to Re, for the R impeller, involving three tank
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Figure 3.1: Measured torque over shaft rotational frequency for the eight different blade
types.

shapes: cylindrical, octagonal and square. The cylindrical shape data are taken from

the correlation relation of Furukawa et al. [14], while the data concerning square tanks

are taken from Xanthopoulos and Stamatoudis [5]. The latter actually correspond to a

six-blade turbine, and were scaled down to match the tested four-blade turbines, using

the fact that power number is roughly proportional to the blade number in the turbulent

regime [6]. We observe that the tank’s shape clearly affects the power number values,

with the cylindrical tank power numbers being the smallest of the three tank shapes.

The power number corresponding to the octagonal tank are larger by around 30 − 35%,

while the data regarding flat blade turbines in square tanks [5] have the largest power

numbers, with 50 − 90% difference from the octagonal tank data (the percentages are

always expressed with respect to the octagonal tank’s data). The dependence of Nps on

the tank shape can be explained from the fact that the corners of tanks act in a similar

way to baffles, increasing the power number [1, 68]. Moreover, since the octagonal shape

lies in between the circle and the square, it is reasonable to expect its power numbers

to lie between the two extreme cases as the present results show. The power number

follows a declining trend with Re, no matter the tank shape, a phenomenon which has

been associated with the absence of baffles [5, 12, 2, 13]. A possible explanation of this

phenomenon is given in chapter 5.

As noted previously, torque is conventionally expressed as a power number, i.e. Np =

2πT/ρN2D5 (see for instance [1, 24, 8, 12]). While this way is convenient when all the

geometric properties of the impeller scale with the diameter, it may not lead to fair

comparisons in cases where the blades have complex shapes, as for instance in the current

study where the only common attribute of the blades is their net area. Alternatively,

a more representative comparison would occur if the net blade area was also taken into

account in the normalisation. In that case, however, two characteristic lengths would be
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Figure 3.2: Variation of the steady-state power number Nps of the R impeller with Re
for different tank shapes. Solid line: octagonal tank (current measurements). Dashed-
dotted line: Correlation relation for cylindrical tanks [14]. Dashed line: Scaled-down
measurements corresponding to a square tank [5].

involved in the scaling and thus, dimensional analysis would allow infinite possibilities for

the torque coefficient. Nevertheless, using the following procedure we argue that, under

some assumptions, the torque is in general bounded by two scaling laws (eqs 3.3 and 3.4).

It is first assumed that the power input in the tank scales with the energy dissipated

in the volume of revolution of the impeller blades, i.e.

TΩ ∼ A2πRmρε̄u (3.1)

where A2πRm is the volume of revolution of a given blade (Rm is the blade’s centroid

radius) and ε̄u is the mean dissipation rate in that volume. Assuming that latter depends

on the large scale phenomena in the tank, we may assume that ε̄u scales as

ε̄u ∼ l2rΩ
3 (3.2)

where lr is a characteristic length scale for large scale phenomena. This may be assumed

to scale with the blade radius and square root of net area, i.e. lr ∼ Rk1
√
A
k2

, where k1

and k2 are non-negative real numbers which fulfil the constraint k1 + k2 = 1. Supposing

that approximately Rm ∼ R, we have two extreme cases for the torque coefficient, i.e.

k1 = 1, k2 = 0 and k1 = 0, k2 = 1 which lead to eqs 3.3 and 3.4 respectively.

Cm =
2T

ρAΩ2(D/2)3
(3.3)

C̃m =
2T

ρA2Ω2(D/2)
(3.4)
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In the specific case of regular impellers we have approximately A ∼ Rw, where w is the

blade width. Additionally, it is often assumed that T ∼ w, but experimental correlations

show that T ∼ wk3 , where 1 ≤ k3 ≤ 1.25 [3]. From eqs 3.1, 3.2 and lr ∼ Rk1
√
A
k2

, this

could suggest 0 ≤ k2 ≤ 0.25 for regular blades, which is closer to equality 3.3 than to 3.4.

For fractal and perforated blades no such correlations are available.

In fig 3.3 the two types of torque coefficients of the eight different blade types are

plotted as a function of Re. For all cases the torque coefficients have a declining trend

with Re, a characteristic aspect of unbaffled tanks in the turbulent regime [2, 12]. For all

types of modification (i.e. fractal increase of perimeter, perforation, increase of thickness)

both expressions of the torque coefficient are consistently lower compared to the baseline

R case. The decrease is largest for the fractal and certain perforated blade types (PC

and PS), which actually produce qualitatively similar torque coefficients. Nevertheless,

we note that a direct comparison is difficult since for the calculation of the fractal blades’

torque coefficient we used their mean diameter in the normalization (see chapter 2) which

is not necessarily equal to their effective diameter (perhaps a more appropriate scaling for

the effective diameter would be with the radius of the centre of pressure for each blade

type).

Some secondary conclusions may be drawn by performing a quantitative examination

of the torque coefficients. This was done by considering, for each blade, the mean torque

coefficient averaged over Re for Re > 100, 000 (see fig 3.3), and calculating their per-

centage differences with respect to the R blades. Note that the percentage differences of

the MT, BT, F1 and F2 blades are the same, no matter the choice of torque coefficient

type (Cm or C̃m). In fig 3.4 the calculated averaged Cm values for each blade are plotted.

We first observe that the torque coefficient drops steadily with increasing thickness, i.e.

approximately 4.7% decrease from R to the MT blades and 8.2% from the R to the BT

blades. This confirms that this trend, previously observed in Rushton turbines stirring

baffled tanks [8, 9, 10], can be also found in flat blade turbines stirring unbaffled tanks.

However, the decrease in our case is much lower compared to what would be expected

in a baffled tank, i.e. 9.2% and 18.5% decrease for our blade types respectively using

the correlation formula of [10]. This discrepancy is most probably due to the different

impeller type (4-blade flat blade impeller for us and 6-blade Rushton impeller for [10]),

and to the change in the flow field caused by the absence of baffles: whereas in baffled

tanks the fluid has almost zero tangential velocity, in our case there is a developed solid

body rotation which drastically decreases the relative blade velocity.

Comparing the R blades with the three perforated types, we observe a mean decrease in

torque coefficient (the values outside and inside the parentheses correspond to differences

in Cm and C̃m respectively), i.e. 9.6% (3.8%) for the PG blades, 16.7% (12.7%) for

the PS blades and 18% (12.6%) for the PC blades. As noted above, the fractal blades
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Figure 3.3: Torque coefficients, defined from eq 3.3 (left) and eq 3.4 (right), versus Re,
for the different blades.

Figure 3.4: Average torque coefficients (derived from eq 3.3) for each blade type. The
black, blue and gray bars correspond to the R, MT and BT blade types respectively.

also exhibit a drop in torque coefficient with respect to the R type, which increases with

iteration number (12.2% and 17% for F1 and F2 respectively). This could be an indication

that the torque scales with the iteration number. If this is true, further decrease could be

expected for larger iteration numbers. Comparison of the PC and PG blades (which have

the same size and open area ratio, see table 1) shows that the same perforation is much

more effective in reducing the torque if it is homogeneously distributed compared to it

being concentrated at the blade sides. We may therefore conclude that the torque does

not scale exclusively with the open area ratio. The torque does not also scale exclusively

with the blade perimeter: for instance the torque/ torque coefficient decreases from F1

to F2, while it increases from PC to PG. However, in both cases the perimeter increases

(see table 2.1). Of course, the above does not mean that both the blade perimeter and

open area ratio do not affect the torque in any way.
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3.2 Drag/ torque of rotating and non-rotating mod-

ified plates

In the previous section it was shown that increasing a solid rectangular blade’s perimeter

in a fractal manner, increasing its thickness, or perforating it (at least in the tested cases),

causes its normalised torque to decrease. It would be perhaps interesting to see the effect

of these modifications on the drag coefficient of a static plate, subjected to a free stream.

As also mentioned in chapter 1, Nedić et al. [44] showed that by modifying the perimeter

of a square plate in a fractal manner, resulting in the generation of a plate shape similar

to the one of the F1 and F2 blades of the current thesis, the drag coefficient of the

plate increases. Interestingly, this is opposite to the torque coefficient behaviour of the

rotating case, as shown in section 3.1. We now perform a brief literature review to see if

the other modifications exhibit opposite trends in their torque/drag coefficients, between

their rotating and static cases.

The effects of thickness on an infinite plate subjected to a uniform stream have been

studied in detail by Bearman and Trueman [69] and Norberg [70] among others. They

found that, starting from an infinitely thin plate and increasing the thickness to width

ratio (t/w), the drag increases until t/w ≈ 0.6 whereby the drag starts decreasing. As was

explained by [69], initially, a thickness increase moves the plates’ rear side closer to the

shed vortices, increasing the drag. However, after a certain thickness ratio (i.e. t/w ≈ 0.6)

the rear corners of the plate (or better now prism) start interfering with the separated

shear layer, causing a drop in the drag. The impeller blade thickness to width ratio used

in the current study ranges from 0.09 to 0.18, while for Chapple et al. [9] and Bujalski et

al. [8] who used baffled tanks, from 0.05 to 0.17, in all studies being smaller than the 0.6

“limit” mentioned above. Nevertheless, for all cases the torque has a declining trend with

increasing blade thickness ratio, opposite to what we would expect following the rationale

presented above.

Next, rotating and non-rotating perforated plates are compared. Regarding the ro-

tating case we saw that perforating a solid blade causes the torque coefficient to decrease

(see section 3.1), something also reported previously for baffled tanks [11, 71]. Regarding

the non-rotating case, perforated plates subjected to a uniform free stream have been

widely investigated by [72, 73, 74, 75] among others. de Bray [75] in particular used a

drag balance to measure the drag of perforated square thin plates, with different open

area ratios (i.e perforated area over gross area, Ap/Ag) but always the same gross area,

Ag. The plates had either homogeneous or concentrated perforations. Comparing the

drag per gross area of the different plates, de Bray [75] showed that the drag decreases

with perforation, i.e. as the net area of the plates decreased.

The quantity of interest, however, is the resistance capability of a given solid area,
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taking different shapes (i.e. fractal, solid rectangle, perforated). For this reason the drag

coefficient is used, CDs, expressed as the drag normalized with the actual, or net area of the

solid plate. In fig 3.5 these drag coefficients for the depicted perforated plates versus their

open area ratio are plotted, using data taken from de Bray [75]. The drag coefficient of a

solid plate generally increases with perforation, opposite to the torque coefficient of the

rotating case, but a slight decrease is also possible when the perforation is concentrated

in the outside of the square and SP/S takes values comparable to those in table 2.1,

much similar to the rotating case. In his original work, de Bray also measured the drag

of additional perforated plates (e.g central perforations of varying open area ratio) which

we don’t show here for clarity; we note however that the drag normalised with the net

area follows an increasing trend with Ap/Ag. We may therefore conclude that there can

be some cases of perforation where the torque coefficient of a rotating blade may exhibit

an opposite trend to that of the drag coefficient of a non-rotating plate, but also some

cases of perforation where they may behave similarly. It is important to mention that

since the net area of the plates of de Bray [75] changes with perforation, Res =
√
AU∞/ν

changes as well (see fig 3.5). Nevertheless, this does not seriously affect our conclusions, as

the drag coefficient is Reynolds-independent in the fully turbulent regime, at least when

considering a solid square plate [44].

Figure 3.5: Drag coefficients of plates as a function of their open area ratio and their Res,
taken from de Bray [75] , but using the net plate area when calculating the CDs and Res.

From the above, we conclude that all tested modifications (fractal perimeter, increased

blade thickness, perforation) may generate opposite drag/torque effects when applied to

a static solid plate, or a rotating solid blade. This “apparent paradox” could possibly be

attributed to a number of causes. A first possibility is that this difference is caused by

the interaction of the rotating blades’ wakes, which is not possible in the static case. For
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instance, since the wakes of fractal plates have been shown in the static case to have higher

turbulence intensities compared to regular square plates [45], their wake interaction could

lead to differences in drag/ torque in the rotating case. Another possible explanation is

that the centre of pressure of the modified impellers blades’ is closer to the shaft, and

thus, even if their drag were higher than that of the regular impeller, their torque would

still be lower.

The static-rotating difference could also be attributed to the interaction of the turbines’

wakes with the tank wall, a factor which may affect the torque differently for each case.

This can be understood better if we separate the wall torque in two components: one

caused by the wall friction due to the fluid solid body rotation in the tank and one caused

by the blades’ wake interaction with the wall. Consider the fluid path as follows: Advected

radially by the radial jet, the wake impinges on the tank side walls. Subsequently, it

spirals up and down and finally it recirculates back to the impeller area. This mechanism

was suggested by [63, 64]. The impingement and spiralling motion of the wake generate

friction, and therefore torque. Note that the two wall torque components (i.e. due to

solid body rotation and due to wake impingement) can exist independently, for instance

in the case of a “big” tank with very small impeller to tank ratio (D/DT � 1). In that

case, the impeller wake does not reach the wall and all measured torque is caused by the

solid body rotation.

Finally, the differences between the static and the rotating cases could be caused by

the effects of the rotation on the flow field of the blades. This has repercussions on the

relative or “free stream” velocity of the rotating blades which can be thought of as a shear

flow with a velocity gradient proportional to the shaft angular velocity, whereas in the

wind tunnel experiments the free stream velocity is conventionally uniform. Furthermore,

in the rotating case the centrifugal and Coriolis forces act on the flow, while they are

absent in the static case. These forces could severely influence the flow field, in a number

of ways for instance by affecting the radial jet in the rear side of the blades, and by altering

the wake/ tip-vortices path. The above effects could play a significant role in changing

the flow separation of the blades, and therefore the overall torque.

In the remainder of chapter 3, the first three possibilities are investigated for the

fractal modification only. The fourth possibility requires flow-visualization experiments

and will be investigated in chapter 4. Below, the four hypothesis regarding the cause of

the torque-drag differences of the rotating and static cases are summarised:

1. Effect of the blades’ wakes.

2. Centre of pressure position variation.

3. Tank wall influence.

4. Effect of rotation on the flow field.
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3.3 Wake interaction investigation

To investigate the first possible cause of the torque reduction in the case of fractal blades,

the following experiment was carried out: The tank was stirred by a turbine with only

two blades, one of F1 and one of R type, placed at 90◦ to one another, the design of

which can be seen in fig 3.6. Shaft torque measurements were performed for both senses

of rotation, so that in one case the fractal blade precedes while the rectangular blade is

following, and vice versa. If the wake interaction was indeed one of the causes of the

torque/ power reduction, then we might expect different torques to be measured for each

case, since in one case the fractal blade would interact with the wake of the rectangular

blade, while in the other case the regular blade would interact with the wake of the fractal

blade. In fig 3.6 the torque measurements over a range of Reynolds numbers are plotted,

for both senses of rotation. The two measured torques agree perfectly, showing that the

measurement is independent of the rotational sense, suggesting that the torque decrease

is not caused by the wake interaction of the different blades.

Figure 3.6: Two-bladed impeller design and measured torque for a range of Re. (H)
Clockwise rotation and (N) counter-clockwise rotation.

3.4 Power consumption at the start of agitation

As explained in section 3.1 variations in the power number could be caused by the tank

wall, which could create different flow fields for the regular and fractal impellers. A way to

test if indeed the power difference is only caused by the wall effect is to monitor the power

consumption for the period immediately after the blades begin to rotate in a quiescent

fluid (t = 0), until the discharged fluid recirculates back to the impeller for the first time

(t = tp). During this period the impeller receives fluid with zero angular momentum [2, 62]

and the behaviour of the turbine could be considered to have similar characteristics to
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one rotating in an infinite medium [62]. Furthermore, the power number has been shown

to be constant during this “step-up” phase [62], indicating a stationary regime. From the

above we can conclude that for t < tp the wall has no torque-influencing effect on the

velocity field of the turbine.

To measure the initial plateau the following experiment was performed: After making

sure that the fluid in the tank was at rest, the shaft speed was impulsively increased from

zero (N0 = 0 Hz) to a given speed N2, corresponding to a given Re. An example of

the transient power number of the three impellers after the step increase can be seen in

fig 3.7, for the case of Re = 150, 000. We firstly observe for all three impellers a sharp

Np increase at t = 0, when the impeller starts moving, and then the initial plateau for

t < tp ≈ 1.8 s, where the effects of the wall have not yet affected the impeller torque.

At the end of the plateau there is a sharp decrease which corresponds to the recirculated

discharged impeller fluid reaching the impeller region for the first time. This fluid has

non-zero angular momentum, and as a result the blades’ relative velocity decreases, along

with the impeller power number. Finally, for t > 10 s the impellers reach the steady state.

The transient power numbers were monitored for different Reynolds numbers for all three

impellers, and the mean of their plateau values, Np∞, were calculated for each case.

Plotted in fig 3.8 are the initial plateau power numbers, Np∞, of the impellers with

Re. For the two fractal impellers the values appear to be Re independent, while for

the regular impeller the power number appears to increase at low Re, until it reaches a

plateau. This plateau was expected, since the power number of radial turbines in baffled

tanks is constant in the fully turbulent regime. As baffles suppress the solid body rotation,

the flow that they produce can be thought to having similar properties to the flow at the

start of the agitation [2]. By comparing Np∞ of the regular impeller after it has become

constant (Re > 100, 000), with the baffled power number, Npb, of a similar impeller

for fully turbulent conditions, taken from Bates el al. [3], we have Np∞ = 4.77, while

Npb = 2.67, i.e. the baffled power number is almost the half of the initial plateau power

number. This suggests that baffles do not completely suppress solid body rotation (the

tangential velocity of the fluid is not zero). Note that Bates el al. [3] used a six-blade flat

blade turbine, and their power number was scaled down to match a four blade turbine,

using the fact that the power number is roughly proportional with the blade number [6].

Comparing the initial plateau power number of the regular and the fractal impellers,

we observe that the R impeller exhibits higher values, for all range of tested Re i.e. 13-

21% higher compared to the F1 impeller and 21-26% compared to the F2. Note that the

percentage differences for the unbaffled case tested before were 10-13% for F1 and 16-18%

for F2. From the above we can deduce that the difference in power number between

fractal and regular blades is suggested not to be a result only of the tank walls, since it

was found also when their effects in the velocity field were absent.
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Finally, there is a decrease of Np∞ from F1 to F2 impellers by 6−8%. This difference

is slightly larger than for the unbaffled wall case, i.e. 3−8%, and confirms that the power

number can be altered by the iteration number, Df . Note that, as also mentioned in

chapter 1, the fractal iteration a quantity which measures how rough or smooth an object

is. For instance, for the specific case of a 2D plane Df = 1 would mean a smooth straight

line, while any value greater than one would mean a rough shape, with the maximum

value of Df being two.
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Figure 3.7: Transient power numbers of the three tested impellers after a step-increase of
the shaft velocity from rest (N0 = 0 for t < 0) to N2 = 3 Hz (Re = 150, 000). Black line:
R impeller, red line: F1 impeller, green line: F2 impeller.
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Figure 3.8: Variation of the initial plateau power number, Np∞, with Re. (�) R impeller,
(I) F1 impeller, (C) F2 impeller.
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3.5 Cp distribution

As shown in chapter 2, the pressure distribution on the surface of the blades were mea-

sured for the R and F1 impellers. From these, we may calculate their pressure and drag

coefficients, and their centres of pressure (see eqs 2.1, 2.3 and 2.5). These will enable a

comparison of the form drag of the two impellers which will reveal whether their difference

in torque indeed stems from a difference in their drag coefficients, or, alternatively, if it

is due to a difference in the location of their centres of pressure.

In figure 3.9 the values of the pressure coefficient at the measurement points are plotted

for the R and F1 blades, for three Reynolds numbers. The Cp values of both blades do

not change significantly with Re, implying a self-similar regime, something to be expected

in fully turbulent conditions [15], while they tend to increase with increasing distances

from the axis of rotation, due to the increased relative velocities on the blades. This

creates higher stagnation pressures on the leading side of the blades [15, 18], and possibly

increased separation on the rear side of the blades. For the rectangular blade, the highest

pressure coefficients are located along the edge of the blade (fig 3.9, region A). This region

has been shown to be connected with roll vortices [15, 18, 20] created over the rear side of

the blades causing low pressures on the rear face. The decrease after this region probably

signifies the detachment point of these vortices. In the fractal blade case, the distribution

of Cp is asymmetric, with much higher values in region C, compared to B. This is the

result of two non-symmetrical vortices in the rear side of the blade, in regions B and C,

with the vortex in region B being the weakest of the two, as will be shown in chapter 4,

therefore causing smaller pressure coefficients.

3.6 Drag coefficients and centres of pressure

The drag coefficients (CDr) and centres of pressure (CoP), obtained from the pressure

measurements on the basis of formulae 2.3 and 2.5, are listed in table 3.1. For all Reynolds

numbers the drag coefficients of the F1 blades have lower values, and their centres of

pressure are at larger radii compared to the R blades. These results are opposite to the

conclusions of the stationary experiments [44, 46], where in fact higher CDr was observed

for the fractal geometries, and show that the reduced torque observed for both fractal

blades cannot be attributed to the change in the location of the centre of pressure, which

was one of the possible explanations listed in section 3.2.

For both blades, the CoPs radii increase slightly but consistently with Reynolds num-

ber, possibly due to an increase in the radius of the “forced vortex” (see chapter 1). Recall

that this “forced vortex” corresponds to a cylindrically rotating zone around the centre

of rotation, where the fluid rotates with almost the same angular velocity as the impeller,
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Figure 3.9: Measured Cp for R and F1 impellers.

therefore causing negligible drag. An expansion of this zone would thus boost the contri-

bution of the blade tips to the overall blade drag, therefore increasing the radial location

on the CoP. Nagata [2] proposed an empirical formula based on his extensive experimental

data to estimate the radius of the forced vortex (Rc) in an unbaffled tank, for a range

of Re spanning from laminar to highly turbulent regimes. Applying the formula in our

case for the regular blade impellers (table 3.1), we observe that the values of Rc have an

increasing trend with Re, showing that the increase of the radial location of the CoP with

Re could indeed be linked to this phenomenon.

The drag coefficients of both blades drop withRe, in agreement with the slight decrease

in measured power number (fig 3.2). This can be explained by the slight increase of the

non-dimensional mean tangential fluid velocity Uφ/πDN with Re near the impeller, in

unbaffled tanks for the turbulent regime, as measured by Yoon et al. [26]. This leads to

a decrease of the relative fluid velocity on the impeller, and therefore to a decrease in the

overall drag.
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CDr CoP Rc

Re R F1 %diff R F1 %diff R

100,000 0.1716 0.1532 -10.7 0.820 0.844 2.9 0.686
150,000 0.1556 0.1468 -5.7 0.829 0.850 2.5 0.688
200,000 0.1476 0.1416 -4.1 0.832 0.853 2.5 0.689

Table 3.1: Drag coefficients, centres of pressure, and their percentage differences, for the
R and F1 impellers. Forced vortex radii (Rc) for the regular blade are also shown, derived
from the correlation formula of Nagata [2] . The CoPs and Rc are normalised with D/2.

R F1

Re Pressure Shaft %diff Pressure Shaft %diff

100,000 0.260 0.256 -1.6 0.239 0.230 -3.8
150,000 0.536 0.529 -1.3 0.519 0.465 -10.4
200,000 0.907 0.911 0.4 0.892 0.792 -11.2

Table 3.2: Torque in Nm calculated by pressure integration and measuring the shaft
torque, and their percentage differences, for the R and F1 impellers.

3.7 Pressure measurements’ accuracy

Comparison of the torque values calculated by pressure integration (eq 2.4) and shaft

torque measurement allows an estimation of the pressure measurement errors. In table

3.2 torque values calculated by pressure integration are compared with the ones with the

ones measured with the torque transducer. For the regular case the results obtained with

the two measurement techniques show very good agreement, with the torque estimated

from pressure measurements only slightly overestimating the expected values, with a

maximum overestimation of 1.6%. Naturally, torque calculated by pressure integration

does not take into account the skin friction drag contribution, but this is expected to be

negligible (i.e. less than 2% of the total torque [17]), not significantly affecting the results.

For the fractal case on the other hand, there is an important overestimation, that

increases with Re, reaching 11.2% for the Re = 200, 000 case. The origin of this discrep-

ancy may be a lack of sufficient pressure measurement resolution over the whole blade

(e.g. white control areas in fig 2.8), therefore leading to an inadequate resolution of the

complex effects caused by the increased perimeter of the fractal geometry. The probes

in those regions measure the pressure in the centre of the control areas, and therefore

do not fully capture the expected drop in Cp caused by boundary effects. Nonetheless,

the results in table 3.1 were obtained by assuming a uniform pressure distribution in the

whole control area, resulting in an artificial increase of the integral values (i.e. total force,

torque and CoP).
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Sensitivity study of the pressure measurement resolution.

It is important to consider how this overestimation in torque could influence the conclu-

sions drawn regarding the differences in CDr and CoP for the fractal and regular blades.

In the case of CDr, a possible overestimation for the fractal turbine can only make the

difference between the two blades larger, and therefore does not affect the conclusions.

Regarding the centres of pressure however, it is necessary to assess whether an increased

resolution could lead to a consistent difference with the fractal blade, as reported in section

3.6.

One way to investigate this potential source of error, is to consider a variety of possible

Cp distributions on the areas with low measurement resolution, where the boundary effects

could be significant (grey areas on blade in fig 3.11), and then test whether the CoPs are

sensitive to these distributions or not. Three possible distributions have been tested

(fig 3.10), a parabolic (F1Par), a triangular (F1Tr), and the extreme case where the Cp

was assumed zero in the control areas (F1Zero). In the parabolic and the triangular

distributions the centreline was assigned the measured value, and then the Cp values

dropped parabolically and linearly respectively, until zero in the edges of the area. Torque

and CoPs were calculated by multiplying the Cp values of the areas, by a “correction

factor” cf : cf = 1 if the Cp distribution is assumed constant, cf = 2/3 for parabolic

distribution, cf = 1/2 for triangular distribution and cf = 0 for zero Cp distribution.

In table 3.3 the calculated CoPs for the fractal blade using the different distributions

are listed, along with the CoPs for the regular blade. The radial locations of the CoPs of

the fractal blade are consistently larger than those of the regular blade for the parabolic

and triangular distributions, while even in the extreme case of zero Cp distribution the

CoP values are approximately the same as the regular blade. The above suggests that the

centres of pressure positions of the fractal blade are not severely influenced by the lack

of resolution, maintaining consistently higher values compared to the regular blade. The

conclusions drawn in section 3.6 are therefore considered to be robust.

In fig 3.11, the measured shaft torque values, the torques calculated from pressure

integration, and the torques from pressure integration, are plotted using the parabolic

distribution correction, for the F1 impeller. From the graph it is obvious that torque

calculated though pressure integration is somewhat overestimated. However, after the

parabolic correction, the pressure integrated torque agrees well with the shaft torque

measurements, showing that boundary effects may indeed cause substantial error when

calculating torque from blade pressure measurements.
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A

B

C

Figure 3.10: Different Cp distributions. A) triangular, B) parabolic, C) constant.

Figure 3.11: Variation of the torque of the F1 impeller with Re. Black triangles: torque
calculated from pressure integration. Squares: torque measured from the shaft. Red
circles: torque calculated from pressure integration, using the parabolic correction on the
grey areas of the depicted fractal blade.

3.8 Dynamics of the blade pressure signal

The final aspect of the blades’ pressure distribution that is investigated is its dynamic

behaviour. This is important, because it can provide us information regarding the coherent

structures emanating from the blades. Previous studies that have provided pressure or

velocity data in the impeller reference frame measured only statistical quantities [20,

23, 15, 16, 18, 17], while time resolved data in stirred tanks in the literature have been

provided only for planes stationary relative to the shaft rotation [22, 23, 24, 76]. This

Re Reg F1 F1Par F1Tr F1Zero

100,000 91.4 94.1 93.4 93.1 91.7
150,000 92.4 94.8 94.1 93.8 92.3
200,000 92.7 95.1 94.6 94.2 92.9

Table 3.3: Centres of pressure radii of the regular blade, and the fractal blade with one
iteration, using different correction distributions.
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study is therefore the first attempt to date of continuous signal acquisition and spectral

analysis in the impeller reference frame.

In fig 3.12 the power spectral densities of the pressure signal versus normalised fre-

quency f/N (N being the shaft rotational frequency) for the R and F1 blades are plotted.

The position of these measurements are the red probe points in fig 2.8 (points of intense

periodicity), while the results for two Reynolds numbers (150,000 and 200,000) are shown

for the front and the trailing sides.

A strong periodicity corresponding to a frequency equalling that of the shaft rotation

(f/N=1) can be seen in all cases, including for all other measurement points (not plotted).

This peak was fount to be accompanied by harmonics (not shown in the current plots),

suggesting a connection with mechanical, or more likely electrical, noise due to the slip

ring rotation.

To check the validity of this explanation, the following experiment was performed:

The pressure transducer was attached to the shaft, which was rotated without mounting

the blades. Thus, water was only minimally perturbed, and all variance in the signal was

a noise artefact. Plotted in fig 3.13 are the power spectral densities of the pressure signal

versus the normalised frequencies, for shaft rotations equal to the ones used in the actual

measurements in fig 3.12. The peaks at the rotational frequency and its harmonics are

evident in both cases, showing that they are the effect of noise. It is important to note

that no other peaks are evident in fig 3.13 showing that all other peaks observed in the

PSD plots in fig 3.12 are not caused by, at least this source of, noise.

In fig 3.12 energetic peaks can also be observed for frequencies around f/N = 1.4,

ranging from f/N = 1.37 to f/N = 1.47 for the R blade and from f/N = 1.36 to

f/N = 1.55 for the F1 blade. These peaks are more energetic for higher Re, and are

clearly visible only for the measurements taken on the trailing side of the blade. On the

front side, there are no peaks at this frequency, suggesting that this periodicity is caused

by a phenomenon occurring on the trailing side of the blades. This marked difference

between signals on the front and back sides of the blades is a strong indication that these

peaks are not an artefact caused by noise. Indeed, the way in which the experiment was

performed, i.e. by consecutively measuring the pressure at the trailing and front sides

of the blade at the same measurement point in the same experimental run simply by

reversing the sense of rotation, ensures identical experimental conditions on both sides of

the blade. Thus, a possible vibration or electrical interference, should be visible in both

senses of rotation.

It is interesting to see in which area this periodicity is enhanced, since this information

could reveal the location of a possible structure causing it. A qualitative way to do this

is to examine the spatial distribution of the peak PSD value around f/N = 1.4 for the

different measurement points. In fig 3.14 these distributions, taken from the PSD plots
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Figure 3.12: Power spectral density of the pressure signal as a function of frequency
f normalised with the shaft rotation frequency N , for the R and F1 turbines (first and
second columns respectively), in the position of the red probes. The black line corresponds
to the trailing side of the blade, and the red line to the front side.

of the measurements on the trailing side of the regular blade, are plotted for Re equal to

150,000 and 200,000. In both cases the intensity of the periodicity is increased near the

bottom edge of the blade, close to the blade tip. As discussed in section 3.5, this area

is close to the detachment region of the roll vortices in the rear side of the blade, and

therefore a connection between the two phenomena is conceivable. For the fractal blade

on the other hand, no particular trend is evident (fig 3.15). This could be the effect of

the irregular perimeter that breaks the coherent structures [44, 46].

Finally, energetic peaks in the PSD plots are also located near f/N = 0.8. Such peaks

can be found for both senses of rotation, as can be seen for instance in fig 3.12, while

their intensity distributions do not reveal a particular trend (not shown).

3.9 Conclusions

In this chapter we measured and compared the torque/ power consumption of regular

radial mixing turbines and a selection of turbines with modified blades. These consisted

of blades with fractal perimeter, blades of increased thickness and perforated blades. Blade

surface pressure measurements were also conducted for the regular and fractal turbines,
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Figure 3.13: Power spectral densities of the pressure signal as a function of frequency f
normalised with the shaft rotation frequency N , for the unbladed shaft case. The red
line stands for shaft rotational speed of 3 Hz and the blue line for 4 Hz, corresponding to
Re = 150, 000 and Re = 200, 000 respectively, for the bladed case.
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Figure 3.14: Magnitude of the peak, in arbitrary units, around 1.4f/N in the pressure PSD
for the rearward side of the regular blade. Left: Re = 150, 000. Right: Re = 200, 000.

and their surface pressure distributions, centre of pressures and drag coefficients were

presented.

The results showed that all tested modifications cause a decrease in the normalised

torque, compared to the baseline regular case. In the specific case of the the fractals,

the decrease was found to be more accentuated as the fractal iteration number of the

blades increased. The torque decrease was found to be counter-intuitive, given that the

same modifications, when applied to static plates subjected to a free stream have been

shown to increase the plate’s drag coefficient. Simple torque and pressure measurements

revealed that, for the fractal modification, the drop of the torque coefficient is not caused

by the wake interaction of the different blades, nor by a shortening of the centre of

pressure radius. Furthermore, it was found not to be an effect of the wall influence

on the flow field exclusively. The above investigation also showed that certain types of

perforation produce comparable torques/ drags with fractal geometries both in translating

and rotating motions. It would therefore be interesting to compare their flow fields as

well.

Regarding the pressure measurements, the Cp values showed a fairly uniform increase
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Figure 3.15: Magnitude of the peak, in arbitrary units, around 1.4f/N in the pressure
PSD for the rearward side of the F1 blade. Left: Re = 150, 000. Right: Re = 200, 000.

with radius for both blade types, with regions of high values, known to correspond to

the footprints of the roll vortices in the rear side of the blades. For both cases the CoP

radii slightly increased with Re, while the drag coefficients decreased slightly, this possibly

being attributed to the increase of the forced vortex zone radius, and fluid non-dimensional

tangential velocities with Reynolds number respectively. Spectral analysis of the pressure

signal revealed peaks possibly connected with the detachment of the roll vortices for both

regular and fractal impellers. These peaks were found to be more intense in regions where

the roll vortices are thought to be detached in the case of the regular blades, while they

did not reveal a particular trend in the case of the fractal blades. This suggests that the

flow separation is drastically different for the two blade types.
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Flow field measurements

In this chapter we perform PIV measurements in various regions of the tank,

to investigate some topics which were not possible to be covered from the

torque/pressure measurements of the previous chapter. Specifically, we first

examine the wake properties of the different tested impellers, in hope of un-

derstanding the reasons behind the normalised torque drop, when modifying a

regular impeller by increasing its blades’ thickness, increases its blades’ perime-

ter in a fractal manner, or perforating its blades (see chapter 3). Then, we

measure the mass flow rates and turbulence levels of the different impeller

types. These quantities are connected with the mixing quality, and thus en-

able an assessment of the application potential of the proposed modifications.

Finally, we perform a comparison of the flow fields of the different impellers.

This is particularly interesting for the fractal and perforated blades, as they

were shown to have qualitatively similar power consumptions (see chapter 3).

4.1 Investigation of the blades’ wake

First, we investigate a plane in the discharge region of the blades (plane L1 in fig 2.3),

which is the most energetic region of the flow. There, the radial jet and roll vortices are

most discernible, thus providing valuable information about the separation mechanisms

of each blade type. As described in chapter 2, in that region the PIV images were

conditionally acquired for specific angles after the blade passage (i.e. 0◦, 15◦, 30◦, 45◦,

60◦ and 75◦). In that way, the computed statistics are the same as if they were calculated

in planes rotating with the impeller angular velocity (neglecting the axial asymmetry of

the tank), not taking into account in that way the misleading effects of “pseudoturbulence”

(see chapter 1). An example of the above can be seen in fig 4.1 where the 3D reconstructed

angle-resolved turbulence intensities of the R and F2 blade types are plotted

In figs 4.2, 4.3 and 4.4 we plot the angle resolved turbulence intensities, normalised
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R F2

Figure 4.1: Conditionally averaged turbulence intensities, according to the blade angle,
for the R (left) and F2 (right) blade types. From the 12 shown planes only 6 are actually
measured, which are presented twice for a clearer view of the wake path. The colourbars
are the same as in fig 4.2.

vorticity and Reynolds stress cross term of the eight different blade types, for 30◦ after the

blade passage, along with vectors corresponding to the conditionally-averaged flow field

(not all the vectors are plotted for clarity). The 30◦ plane was chosen because it contained

the most energetic part of the wake. The turbulence intensity is defined as ut/Vtip where

ut =
√
〈u2r〉+ 〈u2z〉, i.e. the square root of the sum of variances of the conditionally

acquired radial and axial velocities, and Vtip = πND is a characteristic blade tip velocity

for each case. Note that such characteristic velocity choice is arbitrary, something which

could affect the comparison of the different blades.

A striking decrease in vortex coherence, turbulence intensities and Reynolds stress

values between the baseline (R) and perforated/fractal cases (F1, F2, PS, PC, PG) is

immediately noticeable. This decrease is also present in the other measured planes, as

shown for instance in fig 4.5 where the turbulence intensities of the R, F2 and PG blade

types are shown for all six acquisition planes. The above quantities also decrease slightly

but consistently with thickness (R, MT and BT blade types). From the above we may

conclude that there is a qualitative correlation between the torque coefficient (fig 3.3) and

the vortex coherence and intensity, suggesting that the decrease in the torque coefficient

of the modifications may be related to differences in the flow separation mechanism of

the blades: By increasing the blade thickness, perforating the blade, or increasing its

perimeter in a fractal manner we produce less energetic and coherent vortices; this is

known [69] to reduce the wake entrainment, leading to an increase in the base pressure

and a decrease in the drag. Another point is that the F1, F2 and PS blades produce

asymmetric vortices (both in position and intensity), due to their asymmetry of their

design (see fig 2.1). This has repercussions on the pressure distribution of these blades,

as shown in chapter 3, where in fact a non-symmetric pressure distribution was found for

the F1 blade.

To aid interpretation and to achieve a more quantitative comparison, different statis-
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Figure 4.2: Contours of angle resolved turbulence intensities, ut/Vtip, for the different
blade types, 30◦ after the blade passage. Also plotted are vectors corresponding to the
angle resolved mean flow fields. The red lines connecting the vortex cores in the MT and
PS cases are examples of the lines along which the quantities of fig 4.6 are plotted.

tical quantities have been plotted along a line connecting the two vortex cores. Examples

of these lines can be seen in fig 4.2. In this way the quantities were plotted in the most

energetic region of the plane, covering the two vortices and jet region in a similar manner

for each blade type. The vortex cores were located by using a simplified version of the

λ2 criterion, introduced by [77], and applying it to the averaged flow fields, but with the

actual velocity vectors being replaced by unity vectors, keeping the same orientation as

the original. In that way the λ2 criterion avoided locating points with high shear [78].

In figure 4.6 the turbulence intensity, cross term of the Reynolds stresses, normalised

out of plane vorticity, and radial velocity of all blade types are plotted for the angles of

30◦, 45◦, and 60◦ after the blade passage. The values correspond to the line connecting

the two vortex cores, as described above, with the top vortex corresponding to negative
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Figure 4.3: Contours of the normalised angle resolved vorticity, ω/2Ω, for the different
blade types, 30◦ after the blade passage.

abscissa values. All quantities qualitatively correlate with the torque coefficients (fig 3.3),

especially at the most energetic 30◦ plane: The R blade type exhibits the largest values,

followed by the MT and BT blade types (increased thickness modifications). The PG type

follows, with all the other blade types having the smallest and approximately equal values.

The F1, F2 and PS blade types have almost identical distributions, showing that the large

scale characteristics of the flow field of fractals can be generated with perforated blades.

Furthermore, their distributions are asymmetrical, reflecting their asymmetric vortex pair

(see fig 4.2). At the 30◦ plane, where the vortices are most clearly formed, the turbulence

intensity maxima are located on the points of maximum vorticity - near but not exactly

on the vortex cores (line edges). There, the fluid’s angular velocity assumes very large

values, reaching up to 10 times the shaft angular velocity for the R blade type. In the

jet region (region around the “midpoint” of the lines l = 0) the turbulence intensities

drop significantly due to the acceleration of the fluid. As the blade angle increases (i.e.
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Figure 4.4: Contours of the normalised angle resolved cross Reynolds stress term,
〈uruθ〉/V 2

tip, for the different blade types, 30◦ after the blade passage.

the wake moves away from the blade) all quantities decrease and tend to collapse, due to

diffusion and dissipation acting on the wake.

It is noteworthy to mention that the qualitative correlation of the torque coefficient

with the radial jet strength and turbulence intensities/ Reynolds stress term, for the

different blade types, is consistent with the angular momentum balance in the tank:

As the impeller torque equals the wall torque (since the system is in a steady state) a

blade type which produces larger torque will generate a larger flux of angular momentum

towards the walls of the tank, where the angular is dissipated, especially towards the side-

walls. Neglecting the viscous angular momentum transport (a reasonable assumption as

the flow is highly turbulent), this flux can be separated into a mean convection part

proportional to UrUθ and a turbulent stress part proportional to 〈uruθ〉, whose sum must

therefore be larger as well. The first term is proportional to the radial jet strength, while

the second one can be assumed to be connected with the overall turbulence levels.
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Figure 4.5: Contours of angle resolved turbulence intensities, ut/Vtip, for the R, F2 and
PG blades, for 0◦, 15◦, 30◦, 45◦, 60◦ and 75◦ after the blade passage (top to bottom).
Also plotted are vectors corresponding to the angle resolved mean flow fields.

Figure 4.7 shows the trajectory of the vortex cores for the different blade types in

the x − y (horizontal) and φ − z planes, determined by applying the λ2 criterion in the

conditionally averaged fields, as previously described. The mean values of the locations

of the top and bottom vortices were used for each plane (mean of the absolute values for

the case of the φ − z plane). For the cases of 0◦ and the 75◦ planes the core position is

not shown as the vortices there were not clearly discernible. As the vortices move away

from the blades, they are radially displaced towards the wall, influenced by the radial

jet. As a result, the blade types with the strongest jet (see fig 4.6), i.e. the R, MT and

BT demonstrate larger radial displacements compared to the other blades. Regarding the

71



Chapter 4. Flow field measurements

axial vortex trajectories (φ−z plane), the R, MT and BT blade vortex trajectories are the

closest to the blade centreline. Comparing these three blade types, we may deduce that

increased thickness slightly increases the axial displacement. The fractal and perforated

blades vortex core locations are much further away from the blade centreline, due to their

increased jet width in these cases, as shown in the next section.
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Figure 4.6: Turbulence intensities, Reynolds-stress cross term, normalised vorticity and
radial velocity plotted along the line connecting the two vortex cores for each case, as
shown in 4.2, for the angles of 30◦, 45◦ and 60◦ after the blade passage (first, second
and third columns respectively). The line edges correspond to the vortex cores. Different
blade types correspond to different colours, as shown.

4.2 Impeller pumping capacities and jet widths

To determine the pumping capacities of the different impeller types and their jet widths

we perform an effective 360◦ average by averaging the velocity values of all six planes (0◦,

15◦, 30◦, 45◦, 60◦ and 75◦). Examples of the resulting fields can be seen in fig 4.8 for

the R and F2 blade types. The jet width, wj, was defined as the axial distance between

the two points of zero radial velocity (solid black lines in fig 4.8). The mass flow rate is

expressed as the non-dimensional mass flow coefficient, defined as
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CQ =
2πr

∫ z2
z1
Ur dz

πNDA
(4.1)

where the integral limits z1 and z2 are set to be the jet limits (black lines in fig 4.8.) In

fig 4.9 the mass flow coefficients of the different blades are plotted, computed at different

radial positions. For all the blade types they are increasing functions of r, due to the en-

trainment caused by viscosity, similar to a free jet, but also due to additional entrainment

caused by the recirculating flow pattern in the tank. Comparing the different blade types

we observe that the regular blade types (R, MT and BT) have the smallest mass flow

coefficients, slightly increasing with thickness. The PG blades follow, with the fractal and

other perforated blade types having the largest pumping capacities. It is interesting that

the modified blade types have smaller power consumption compared to the regular blades,

but larger mass flow rates, for instance 37% increase for the PS blades compared to the

R blades at r/R = 1.2. This mass flow rate enhancement in the case of the perforated

blades might be one of the reasons behind their higher efficiency in oxygen mass transfer

experiments reported by [71], compared to regular blades.

In fig 4.9 we also plot the average jet widths of the different blade types, over the

radial distance from the centre of rotation. We observe a similar trend with the other

flow properties: the regular blade type has the smallest values, followed by the blades

of increased thickness and then by the perforated/ fractal blades. The reason for this is

presumably the differences in vortex strength and separation between the blade types:

as the flow separates from the blades’ passage, vortices are generated in the rear side of

the blades, which interact with the radial jet (see fig 1.2). As these vortices grow larger,

the effective cross section for the radial jet to pass through is reduced, along with the

jet width. Indeed, the jet widths qualitatively correlate with the vortex coherence (for

instance the regular blade types demonstrate more coherent vortices and smaller jet width

73



Chapter 4. Flow field measurements

compared to the perforated/ fractal blade types, see figs 4.2 and 4.6), suggesting that these

two phenomena are linked. Note that the difference in jet width is presumably one of the

causes for the difference in the mass flow rate, described in the previous paragraph.
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Figure 4.8: Contours of the radial velocity, averaged over all 6 measured planes, for the R
(left) and F2 (right) blade types. The black solid lines correspond to points of zero radial
velocity (jet boundaries).

Figure 4.9: Mass flow rate coefficients (left) and mean jet width (right) over the radial
distance from the centre of rotation.

4.3 Bulk turbulence levels

In order to get an idea regarding the performance of the different blade types, planar PIV

was conducted in a large field of view in the bulk of the flow (see fig 2.3) to measure the

turbulence intensity levels for the different cases tested. Turbulence intensity might not

be the desired end effect of a stirred tank, but it is a crucial factor in numerous processes

such as, for instance, scalar mixing or oxygen aeration [11], particularly if it is dominated

by incoherent turbulence.

Examples of the measured turbulence intensity fields, ut/Vtip (note than in this case

a 360◦ average is performed), are shown in fig 4.10, for the R and PS blade types. In the
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central white region the camera view was obstructed by the junction area of the prism

with the tank. The turbulence intensity fields are similar for the two blade types: Low

intensity values are located below the shaft (2r/RT ≈ 0), with a column of increased

turbulence at (2r/RT ≈ 0.3) which is more enhanced in the case of the PS blades. This

column is possibly connected with the rear edge of the blades, located at 2r/RT ≈ 0.15.

For larger radii the turbulence levels drop again, until abruptly increasing once more

as the tank wall is approached (2r/RT = 2). This increase is larger for the PS blades,

probably because of their large jet width (see fig 4.9), which allows more highly energetic

fluid to penetrate the bulk of the flow, instead of reaching the wall region first.

In order to obtain a more quantitative comparison, the turbulence intensity levels of

all blade types were averaged in the space covered by the two black boxes in fig 4.10,

with the resulting spatially-averaged turbulence levels plotted in fig 4.11. The turbulence

levels are qualitatively anti-correlated with the torque coefficients (fig 3.3): The R blade

type has the lowest levels, followed by the MT type (3% difference), and then by the BT

type (further 3% difference). The perforated and fractal blade types demonstrate a large

increase in turbulence intensity, ranging from 19% in the case of the PG blades, to 28.5%

in the case of the PS blades. This increase could be one of the reasons, along with the

increased mass flow rate (see fig 4.9), behind the enhanced oxygen mass transfer observed

by [71] for the case of perforated blades.
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Figure 4.10: Contours of turbulence intensities, ut/Vtip, for the R and PS blade types (left
and right respectively) in the bulk of the flow (L2 plane in fig 2.3). The black frames are
the limits where spatial averaging of turbulence intensities was performed to create the
bar-chart of fig 4.11.

4.4 Turbulence distribution across scales

In the previous sections we measured the turbulence intensities in the discharge and

the bulk regions of the tank, to gain an idea regarding the mixing performance of the

different impellers. A large turbulence intensity, however, does not guarantee good mixing

performance by itself: if turbulence is mainly connected to coherent motion it could
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Figure 4.11: Turbulence intensity levels in the bulk of the flow, spatially averaged inside
the black squares of fig 4.10. The black, blue and gray bars correspond to the R, MT and
BT blade types respectively.

actually inhibit mixing, as coherent structures may “trap” fluid particles for an extended

period. Knowledge of the turbulence kinetic energy distribution across scales is therefore

necessary, which requires spectral analysis. In this section we present the power spectral

densities of the radial velocities of the R, F1 and F2 blade types, as measured in the H1

and H2 planes corresponding to the impeller stream and tank bulk planes, as shown in fig

2.3. The PSDs are plotted at one point per plane only, as the remaining points follow a

similar behaviour.

In fig 4.12 the power spectral densities of the radial velocity in the H1 plane are plotted,

in the position (2r/RT , 2z/RT ) = (1.3,−0.05) with shaft speed N = 3 Hz (Re=150,000).

Note that for high frequencies (f/N > 102) there is a degree of error to the measured

PSD, due to the effect of spatial averaging of the PIV windows. Large peaks are visible

for all blades at the blade passing frequency (i.e. f/N = 4), accompanied by harmonics.

These peaks are of similar magnitude in the F1 and F2 cases, while they are much more

pronounced and energetic in the R case. Given that these peaks correspond to the periodic

passage of the blade wake and roll-vortices, this is a further indication that the R blade

type is characterised by a more energetic wake and more coherent vortices; the latter

which may actually inhibit mixing. For higher frequencies the PSDs of the different cases

collapse. These results suggest that the much larger turbulence intensities in the discharge

of the regular impeller compared to the fractal one, are mainly due to coherent motion

rather than stochastic turbulence. The -5/3 slope fit is quite poor, even if the turbulence

levels are very large in this region of the flow, as was also observed by [24].

In fig 4.12 the power spectral densities of the radial velocity in the H2 plane are also

plotted in the position ((2r/RT , 2z/RT ) = (1.45,−0.78) with shaft speed N = 3 Hz

(Re=150,000). For all three blade types the spectra collapse, and consist of a plateau for

frequencies smaller than the impeller rotational frequency, and afterwards an extended
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-5/3 slope, for almost two decades. No sharp peaks, i.e. coherent motion, are evident.

It is noteworthy to mention that the turbulence levels in this region are much smaller

compared to the H1 plane (see fig 4.10), yet the -5/3 slope is much better defined.
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Figure 4.12: Radial velocity PSD (left) and compensated PSD with (f/N)5/3 (right)
of the R, F1 and F2 blade types (black, red and green colours respectively) in the H1

(top) and H2 (bottom). The shaft speed was 3 Hz corresponding to Re ≈150, 000. The
dashed-dotted line denotes the blade passing frequency.

4.5 Similarities between fractal and perforated plates

In the current chapter and chapter 3 we have seen that the fractal and some perforated

blade types tested in this study have various similarities, especially as opposed to the R

blades. Specifically, these blade types exhibit similar torque coefficient/ power number

values (see chapter 3), which are significantly reduced compared to the R blades. Fur-

thermore, they exhibit similar vortex coherence, turbulence intensity values, vortex path

trajectories and mass flow rates (see previous sections of current chapter), all of them

much different from the R case. Finally, the turbulence intensities of the these types in

the bulk region have similar values, and are much larger than the ones corresponding to

the R blades. Given the above, it is interesting to investigate whether similarities exist

between the fractal and perforated geometries in the non-rotating case as well (i.e plates

subjected to a uniform free stream).
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As shown by Nedić et al. [44], certain types of fractal modification of a plate’s perime-

ter can cause a non-negligible increase in the drag coefficient. This was deemed important

as, until then, it was generally believed that the drag coefficient is insensitive to the plate’s

rim. An example of this increase in drag coefficient can be seen in fig 4.13, where the

maximum documented drag coefficient of fractal plates is plotted, corresponding to the

Df = 1.5(2) fractal plate in reference [44], along with the drag coefficients of various

perforated plates taken from de Bray [75]. As can be seen in fig 4.13 perforation can also

increase the drag coefficient to similar levels and even higher; for instance a similar drag

coefficient of the depicted fractal plate can be achieved by perforating the two outer rows

of a solid square. It must be noted however that, in the case of fractal plates, the extent

of the drag change was shown to be dependent on the iteration number and fractal dimen-

sion of the plate. In fact, for the Df = 1.3 plates, a small but monotonically increasing

trend of the drag coefficient with iteration number was observed, while for the Df = 1.5

plates the increase was larger, but the trend was first increasing, and then decreasing

to almost the same levels as the original square plate. Such trends do not agree easily

with the trend of perforated plates. In fact, the increasing fractal iteration and increasing

perforation trends cannot even be compared, primarily because we would need an unam-

biguous correspondence between fractal iteration number and free area ratio. Therefore,

it is not possible to ascertain whether, apart from some similarities, the drag coefficients

of the two plate types are determined by the same physical mechanisms.

Figure 4.13: Drag coefficients of various perforated plates and a solid plates, taken from
[75] and of the Df = 1.5(2) fractal plate taken from [44].

Another significant effect of the fractal modification of a static plate is the decrease of

the shedding intensity, this being more accentuated as the iteration number of the plate

increases [44]. We now perform a comparison between the measured spectra of two studies,
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i.e from de Bray [75] involving perforated plates and from Nedić et al. [44] involving fractal

plates. In both studies the flow was fully turbulent and the spectra were measured via

a hot-wire anemometer at a radial position of r ≈ 0.8
√
A from the square plates’ centre

point, where the maximum fluctuations occurred. However, the measurements for Nedić et

al. [44] were located at 5
√
A downstream distance from the plates (all plates had the same

net area, A, in this study), whereas for de Bray [75] this varied depending on the plate

(as his perforated plates had the same gross, but different net, areas). Specifically, for

the square plate this distance was 3.6
√
A downstream of the plate, and for the perforated

plate with two rows open 4.3
√
A downstream. We nevertheless carry out a qualitative

comparison. In fig 4.14 we plot the pre-multiplied spectra, f · E, from the two studies

as a function of the Strouhal number, St = f
√
A/U∞. Note that pre-multiplication of

the PSD facilitates the visual determination of the distribution of the turbulent kinetic

energy across frequency. The curves involve a fractal and a solid square plate, and a

perforated and a solid square plate as shown. The pre-multiplied spectra of each study

were normalised with the corresponding maximum value of the solid square plate fs ·Es,
to enable comparison of the two experiments. Both fractal and perforated plates reduce

the shedding, compared to the square plate, and their spectra would appear to almost

collapse. It is important to mention, however, that there is no reason to expect this

collapse to be any more than coincidental, as the measurements were not acquired at

the same downstream distance for the two studies, as noted above, while in the case of

de Bray the plates did not have the same characteristic length and Reynolds number,

i.e. 15% difference in
√
A and Re. From the above, we may conclude that both fractal

and perforated plates excite flow mechanisms which mitigate the shedding. However, the

currently available data are not sufficient to check how similar these mechanisms actually

are.

4.6 Conclusions

In this section we perform PIV experiments in various regions of the stirred tank, to

characterise the flow fields generated by regular and modified impellers, i.e. fractal,

perforated, and increased thickness impellers.

It is found that the torque vortex coherence and intensity in the discharge of the

impellers is qualitatively correlated with their torque coefficient values. This suggests

that the observed drop in torque coefficient in the case of the proposed modifications,

as opposed to the regular impeller, may be due to the weakening of their shed vortices.

The latter is known [69] to diminish the wake entrainment and increase the base pressure,

ultimately leading to a decrease in drag. The weakening of the coherent motion for the

case of fractal blades of the near was also confirmed by spectral analysis of the velocity
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Figure 4.14: Pre-multiplied spectra of various plates as a function of the Strouhal number
based on the net plate area. Blue lines: data taken from de Bray [75], including a solid
square (no symbols) and a perforated plate (filled circles). Black lines: data taken from
Nedić et al. [44] including a solid square (no symbols) and the fractal plate Df = 1.5(2)
(triangles). The spectra are normalised with the peak spectral value of the corresponding
solid square plates of each study, to enable comparison of the two experiments.

signal. This coherent motion was found to account for much of the turbulence kinetic

energy at the near impeller region.

The overall bulk turbulence levels of fractal and perforated blades were found to be

larger compared to the baseline case. Moreover, the mass flow rates of these modifications

were significantly enhanced compared to the baseline case. This led to the interesting

conclusion that the proposed modifications decrease the power demand and increase the

generated turbulence and mass flow rates, something which could prove useful for practical

applications.

Finally, the flow field of the fractal blades’ was found to demonstrate some similarities

with certain perforated blades. We recall that these blades had similar drag coefficients as

well (see chapter 3), showing that some characteristics of the fractal blades can be quali-

tatively reproduced by perforated blades. To investigate whether there is some generality

in this, we performed a literature review to find out whether the fractal and perforated

designs have similarities in the non-rotating case as well, i.e. for plates subjected to a free

stream. It was found that two significant characteristics of the fractal plates (i.e. increase

of the drag and decrease of the shedding compared to square plates of the same area [44])

could be qualitatively reproduced with perforated plates. We note, however, that these

quantities have been shown to scale with the fractal iteration number in the case of the

fractal plates [44], suggesting a dependence on this parameter.
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Chapter 5

Transient torque prediction

The last two chapters have focused on the passive flow control of stirred tanks,

through investigations of an array of regular and modified turbine blades.

However, as mentioned in the introduction, apart from passive flow control, the

scope of this thesis is to contribute to the active control of stirred tanks as well.

Specifically, we focus in the torque/ power consumption prediction of stirred

tanks in which the shaft speed is not constant, but rather time dependent, as

such systems have been shown to greatly enhance mixing. In this chapter we

develop a theoretical framework, based on angular momentum balance, which

will in turn allow the development of analytical models for the prediction of the

transient torque in stirred tanks, when the impeller speed undergoes smooth,

or step changes. As will be shown, these models limit the necessary number

of experimentally determined parameters for the transient torque prediction,

thus providing a valuable tool for the design of such systems. Furthermore,

our analysis will aid us in explaining the documented power number drop with

Re in turbulent unbaffled stirred tanks.

5.1 Power number immediately after a step-change

of shaft speed

In this section we develop a model based on angular momentum balance for the prediction

of the power number immediately following a step change in shaft speed, starting from a

previous steady state. The results are subsequently experimentally validated.

5.1.1 Euler’s equation

Combining the tangential momentum equation with the continuity equation, and multi-

plying the resulting equation by r we obtain the azimuthal component angular-momentum
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Figure 5.1: Left: Combined Rankine vortex model in a stirred tank. The grey zone
denotes the “forced vortex”, while the white zone the “free vortex”. Right: Cylindrical
control volume around the impeller where angular momentum budget is performed for
the formulation of Euler’s equation. The total control volume boundary is S = Sin+Sout.

transport equation in the tank in conservative form
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where ui is the fluid velocity in cylindrical coordinates, τij is the stress tensor (i and j

can be r, φ or z), ρ is the fluid density and p is the pressure field. Note that in the above

equation we have assumed an axisymmetric gravitational potential. We time average eq

5.1 and integrate it in a cylindrical volume around the impeller (see fig 5.1), i.e.∫ tm

0

∫ hv

−hv

∫ rout

0

∫ 2π

0

(·) r
tm

dφdrdzdt (5.2)

where tm is a time corresponding to an integer multiple of impeller rotations, when the

terms of equation 5.1 are statistically converged and rout and hv are the radius and mid-

height respectively, of the cylindrical control volume. Note that time-averaging in that

case is identical to ensemble averaging 〈·〉 (i.e. averaging over many realisations). After

the integration we obtain

Timp = 〈
∫
S

ρruφun dS −
∫
Sin

rτzφniei dS −
∫
Sout

rτrφ dS〉 (5.3)

where Timp is the ensemble-averaged impeller torque, un = uini, ni being the ith compo-

nent of the unity vector normal to the boundary area of the cylindrical volume, S, and ei
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is the ith component of the axial unit vector. Sin and Sout are the boundary areas cor-

responding to the impeller inlet (〈un〉 < 0, cylinder bases) and outlet (〈un〉 > 0, cylinder

side) respectively, with S = Sin + Sout (see fig 5.1). Note that in the integration we made

use of the periodicity in φ. Neglecting the viscous terms, equation 5.3 can be written in

the form

Timp = ṁ(Lout − Lin) (5.4)

which is Euler’s turbine equation. In the above equation ṁ = 〈
∫
Sout

ρun dS〉 = −〈
∫
Sin

ρun dS〉
is the ensemble-averaged mass flow rate of the impeller. The quantity Lp, where p can

be either in or out, is the ensemble averaged angular momentum entering or exiting the

impeller region normalised by the mass flow rate, and is given by

Lp =
〈
∫
Sp
ρruφun dS〉

〈
∫
Sp
ρun dS〉

. (5.5)

It is straightforward to show that the control volume radius, rout, can have any value

larger than the impeller radius and smaller than the tank radius (i.e. not in contact with

solid boundary), without a change in the results. In the same fashion, the volume half-

height can have any value larger than the blade half-height and smaller than the tank

half-height.

The quantity Lin or its non-dimensional form lin = Lin/ΩR
2, where Ω = 2πN is the

angular velocity of the shaft and R = D/2 is the impeller radius, can be used to quantify

the “extent” of the steady-state solid body rotation in the tank: in the special case in

which there is no solid body rotation we have lin = 0. As the solid body rotation grows,

lin grows as well and as the fluid’s tangential velocity approaches that of the impeller we

have Lin → Lout, while Lout → ΩR2. Therefore in that case we have lin → 1. Note that lin

cannot describe the solid body rotation with the same angular velocity as the impeller’s,

since in that case the mass flow rate vanishes and lin is not defined, i.e. lin 6= 1.

The above can be understood better using the fact that the ensemble-averaged solid

body rotation in the tank can be modelled as a Rankine vortex, as shown by Nagata [2]

(see fig 5.1). This is a cylindrically rotating zone where the fluid rotates with the same

angular velocity as the impeller (forced vortex) for r < Rc < R, where Rc is the forced

vortex radius, followed by a region where the angular momentum is assumed constant

(free vortex) at larger radii. For the free vortex model to hold, two conditions must

be met, i.e. a prevalent tangential motion in the tank (in fact the secondary flows are

neglected) and negligible viscous effects, or in other words small local Ekman number (the

ratio of viscous acceleration to Coriolis force) and small local Rossby number (the ratio

of non-linear inertial acceleration to Coriolis force). In that case the flow also satisfies

the Taylor-Proudman constraint of columnar motion (i.e. no axial velocity variation) and
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thus, the tangential velocity is expected to be a function of the radial distance only. The

above conditions can be thought realistic in the bulk of an unbaffled tank operating at a

turbulent regime. Indeed, measurements by Nagata [2] show that the tangential velocity

distribution approaches a Rankine profile in turbulent unbaffled tanks, while the axial

variation of the tangential velocity is small, with the exception of the zones near the tank

top and bottom walls, where the wall friction acts. The above have led to the widespread

use of the Rankine vortex, for instance when modelling the free surface shape of uncovered

unbaffled tanks [2, 29].

From the above, we may model the ensemble-averaged tangential fluid velocity in an

unbaffled turbulent tank as 〈uφ〉 = Ωr for r < Rc (forced vortex) and 〈uφ〉 = ΩR2
c/r

for r ≥ Rc (free vortex). Decomposing the velocity in its mean and fluctuating parts,

i.e. ui = 〈ui〉 + u′i, we may further assume that in the impeller inlet (Sin in fig 5.1)

the contribution of the cross term 〈u′nu′φ〉 is very small when calculating lin, and can

be therefore neglected. As shown in Başbuğ et al. [79], this assumption is realistic for

transitional and turbulent unbaffled tanks stirred by radial turbines (lin changes by less

than 1% if 〈u′nu′φ〉 is neglected). From the above, equation 5.5 reduces to

lin =
2ΩR2

c

∫ 2π

0

∫ rout
Rc

ρ〈un〉r drdφ

2ΩR2
∫ 2π

0

∫ rout
Rc

ρ〈un〉r drdφ
= (

Rc

R
)2 (5.6)

where the lower limit of integration for the radial coordinate is not zero since the blade

does not pump fluid for r < Rc (forced vortex), while the factor 2 in the numerator and

denominator is due to the two bases of the control volume. From eq 5.6 it is clear that lin

becomes zero when there is no solid body rotation in the tank (Rc = 0), while lin tends

to 1 when the fluid approaches the angular velocity of the impeller (for Rc = R the mass

flow rate vanishes and eq 5.6 is not valid).

5.1.2 Power number dependence on solid body rotation

Using eq 5.4, we may develop a low-order model linking the impeller power number with

lin. For this, we first assume that the quantities ṁ/ṁ∞ and Lout/L∞, where the subscript

∞ signifies evaluation of the quantities when there is no solid body rotation in the tank

(or in an infinite medium), can be adequately modelled as functions of lin, instead of the

full velocity and pressure distributions.

Regarding the mass flow rate, we expect that it is a decreasing function of lin (keeping

the shaft velocity constant). That is, because as lin increases, the solid body rotation

increases as well, and thus the relative blade velocity decreases. In the limiting case of

lin → 1 we have ṁ → 0 since the relative velocity of the blades approaches zero. We

model this behaviour with a decreasing power law, i.e.
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ṁ = ṁ∞(1− lin)a (5.7)

where a ≥ 0 is an arbitrary exponent. Note that when a = 0, ṁ = ṁ∞ no matter the

operating conditions (ideal impeller behaviour), while when a = 1 we assume a linear

drop of the mass flow rate.

For the quantity Lout we expect that it is an increasing function of lin for flat and

forward-swept turbines. That is, because as the solid body rotation expands in the tank,

the fluid separation from the impeller occurs at larger radii, causing in turn larger dis-

charged tangential fluid velocities. In the limit of lin → 1 we have Lout → ΩR2, as the

separation point approaches the blade tip. We model this behaviour as linear, i.e.

Lout = L∞ + (ΩR2 − L∞)lin (5.8)

In the above equation if L∞ = ΩR2, then Lout = ΩR2 no matter the input conditions

(ideal impeller behaviour). Note that in the above models we have assumed that the fluid

rotates in the same sense as the impeller, i.e. lin ≥ 0. Furthermore, we have assumed

that the fluid is pumped in a “canonical” way from the blades’ tip back to the impeller

hub, as depicted in fig 5.1. For this to happen, the fluid’s tangential velocity in-between

the blades has to be smaller than the impeller’s, imposing lin < 1. Therefore, we have

lin ∈ [0, 1).

Substituting equations 5.7 and 5.8 to 5.4 we get

Timp = ṁ∞L∞(1− lin)1+a (5.9)

If we multiply both sides of eq 5.9 with 2π/ρN2D5, where ρ is the fluid density, we

have the following expression for the power number of the impeller

Np = Np∞(1− lin)1+a (5.10)

where Np∞ = Np∞(Re) is the power number of the impeller under conditions of zero

solid body rotation in the tank. Note that Re = ND2/ν for stirred tanks, where ν is the

kinematic viscosity of the fluid. In eq 5.10 lin ∈ [0, 1) and a > 0. In the special case of

a = 0 (ideal impeller) the impeller performance (mass flow rate, output swirl) is supposed

not to be affected by the solid body rotation. By repositioning of its terms, equation 5.10

becomes

Timp =
4

π3
ρRNp∞R

2(RΩ)1−a(RΩ−RΩlin)1+a (5.11)

Equation 5.11 may be interpreted as follows: Np∞ = Np∞(Re) is a drag-like coefficient of

the impeller, while RΩ and RΩ−RΩlin are the two characteristic velocities which affect
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the impeller torque. Specifically, RΩlin can be interpreted as the characteristic velocity of

the solid body rotation, in the sense that lin quantifies the extent of the solid body rotation

(as explained in section 5.1.1) and RΩ its (limiting) speed. Therefore RΩ−RΩlin can be

thought as the characteristic relative velocity of the blades, a standard scaling quantity

for bodies performing linear motion. The other velocity, RΩ, is that of the impeller tip

and its presence in eq 5.11 arises from the fact that there are forces affecting the flow

field which scale with the rotational velocity itself (i.e. centrifugal and Coriolis forces). In

the special case of a = 1 we assume that these forces either do not affect the drag of the

rotating body or, more generally, that their effects scale with the characteristic relative

velocity of the blades.

5.1.3 Power number immediately after a step-change of shaft

speed

Using the previous analysis we can have an estimate of the impeller torque/ power im-

mediately after a sudden change of the shaft speed. This is based on the assumption that

after a sudden change in the shaft speed there exists a time interval during which the

quantity Lin is constant and equal to what it was before the speed change. Simply put, if

the impeller operates at a steady rotational frequency N0 (henceforth referred to simply

as speed) corresponding to Lin0 and if at t = 0 we instantaneously change the shaft speed

to N2, then until t = tp, we assume that Lin2 = Lin0. Note that the subscripts 0 and 2 of

a quantity determine at which shaft speed it is evaluated and, in the case of normalised

quantities, with which speed it is normalised.

The above assumption is linked with the recirculating pattern in the tank, i.e. the

cycle where fluid is discharged from the impeller, reaches the wall and then returns to

the impeller region. Therefore, for the duration of one recirculation cycle after a change

of shaft speed (0 < t < tp), the ensemble averaged tangential velocity profile at the top

and bottom boundaries of the impeller control volume stays unchanged (see fig 5.1), since

the discharged fluid after the step change has not reached there yet. Note that this fact

was exploited to measure the “infinite medium” power numbers of the different impeller

types in chapter 3. The above suggest that 〈uφ(r)〉 in eq 5.5 is the same as before the

speed change. Assuming a Rankine vortex, the angular momentum profiles at the top and

bottom boundaries of the control volume are 〈ruφ〉 = Ω0r
2 for r < Rc and 〈ruφ〉 = Ω0R

2
c

for r ≥ Rc, before as well as immediately after the change in shaft speed. Before the

step-change, fluid is not pumped for r < Rc, since the relative velocity there is zero.

Therefore, we can deduce from eq 5.5 (assuming that the tangential velocity fluctuations

are small, i.e. uφ = 〈uφ〉) that Lin0 = Ω0R
2
c . However, immediately after the speed

step-increase the relative blade velocity will be greater than zero for r < Rc, and some
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fluid will be subsequently pumped, leading to Lin2 < Lin0 from eq 5.5. Therefore, the

assumption that Lin2 ≈ Lin0 implies that the fluid which is pumped in the forced vortex

region (r < Rc), after the step-change, is negligible. This could be realistic in turbulent

conditions, given that then, the mass flow rate scales with D3 ([2]), and therefore smaller

radii pump significantly less fluid.

From the above, in the special case of N0 = 0, Lin2 = Lin0 = 0 and using equation

5.10 we get

Np2 = Np∞2 (5.12)

where Np2 corresponds to the power number after the step increase and before the solid

body rotation in the tank changes (0 < t < tp). If N0 > 0 then Np∞0, lin0 and Nps0 are

defined (Nps being the steady-state power number), while lin2 = lin0N0/N2 given that we

assumed Lin2 = Lin0. Using eq 5.10 we have

Nps0 = Np∞0(1− lin0)1+a (5.13a)

Np2 = Np∞2(1− lin0
N0

N2

)1+a (5.13b)

Substituting lin0 from eq 5.13a to 5.13b we have

Np
1

1+a

∞0 −Np
1

1+a

2 R
1

1+a

∞0

Np
1

1+a

∞0 −Np
1

1+a

s0

=
N0

N2

(5.14)

where R∞0 = Np∞0

Np∞2
. Equation 5.14 gives us an estimate of the power number immediately

after the step-increase in shaft speed, Np2, for a given a > 0. Note that eq 5.14 is valid for

N2 > Nw, where Nw is the mean rotational frequency of the fluid in-between the blades

(Nw < N0). This is because eq 5.10 is not valid if the fluid has the same or larger angular

velocity compared to the impeller, as explained in section 5.1.2. In the limiting case of

N2 = Nw we expect Np2 = 0 and therefore eq 5.14 becomes

Nw = N0

[
1−

( Nps0
Np∞0

) 1
1+a
]

(5.15)

The above equation gives us an estimate of the mean tangential velocity of the fluid in

between the blades during steady conditions.

If during a steady state (withN0 > 0) the impeller immediately stops, i.e. N2 = 0, then

for a limited time interval the impeller blades will behave approximately like stationary

bluff bodies in a shear flow with a mean velocity gradient of 2πNw and a median velocity

of πNwR. In that case we expect that the torque will scale with N2
w, much like a wall

baffle. Using eq 5.15 we have
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Npstop ∝
[
1−

( Nps0
Np∞0

) 1
1+a
]2

(5.16)

where in Npstop the normalisation speed is N0. The above predictions can be summarised

as follows 
Np2 = Np∞2, N0 = 0

Np
1

1+a
∞0 −Np

1
1+a
2 R

1
1+a
∞0

Np
1

1+a
∞0 −Np

1
1+a
s0

= N0

N2
, N0 > 0, N2 > Nw

Npstop ∝
[
1−

(
Nps0
Np∞0

) 1
1+a
]2
, N2 = 0

(5.17)

Listed below are the necessary assumptions for eq 5.17 to be valid.

1. The torque due to shear stresses on the boundaries of the control volume of fig 5.1

is negligible (Euler’s equation).

2. The quantities ṁ/ṁ∞ and Lout/L∞ are functions of lin, as shown in equations 5.7

and 5.8.

3. For a sudden change of shaft speed from N0 to N2 there is a time interval, starting

the moment of speed change, where Lin2 = Lin0.

5.1.4 Experimental Validation

To validate eq 5.14 torque measurements were performed for the R, F1, F2 and PC blades

(see fig 2.1). The acquisition frequency was set to 25 Hz. First, the steady-state, Nps, and

“zero swirl”, Np∞, power numbers were experimentally determined for the four impellers,

and are plotted in fig 5.3. For Np∞ this was done by performing steps from zero shaft

speed to different end speeds, n2, and then monitoring the plateau which appears in the

power number time series immediately after the acceleration. This plateau value is Np∞,

as shown in eq 5.12. An example of the power number response after such steps can be

seen in fig 5.2 (case of N0 = 0). The measured Nps and Np∞ for the different impellers

are shown as dashed lines in fig 5.3. We observe that for all blades the steady-state

power number has a declining trend, which is typical for turbulent conditions in unbaffled

tanks (see for instance [2, 12] and chapter 3). Indeed, impeller speed of 1 ≤ N ≤ 4 Hz

corresponds to 50, 000 ≤ Re ≤ 200, 000 which is sufficient for a fully turbulent regime.

The “zero swirl” power number remains relatively constant for all the tested impellers, at

least for the highest speeds.

Knowing the values of Nps and Np∞, we may use eq 5.14 to obtain a prediction for

the plateau power number after an arbitrary step-change in shaft speed, from N0 to N2

Hz. In fig 5.3 these predictions are also plotted (solid lines) corresponding to different
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Figure 5.2: Measured power number response after three different types of steps in the
shaft speed (N0 is the starting speed and N2 the end speed) for the regular impeller. The
red part of the signal signifies the plateau location.

step-changes. For each case, two solid lines are plotted: One for a = 0 and one for a = 1.

These values of a were chosen because they have a physical significance: Imposing a = 0

we assume that the impeller performance (e.g. the mass flow rate) is not affected by

the solid body rotation (see section 5.1.2), and an overestimation of the power number

is thus expected. Choice of a = 1 suggests that all blade forces are proportional to

the characteristic relative velocity of the blades (see section 5.1.2). To validate these

predictions, the impeller was rotated at a steady speed of N0 ∈ [1, 2, 3] Hz, and at a given

time it was instantly accelerated to N2 ∈ [1.5, 2, 2.5, 3, 3.5, 4] Hz insofar as N2 > N0. The

power number signal immediately after the acceleration demonstrated a plateau (see for

instance fig 5.2), whose value was recorded and compared with the predictions. These

plateau values are plotted in fig 5.3 for each pair of N0 and N2. We observe that in all

cases the measurements agree with the predictions, with the a = 0 line effectively acting as

an upper boundary to the measurements, as predicted, and with the a = 1 line a bottom

boundary. The optimal values of a are shown in table 5.1 for each turbine, calculated

from a least square fit of the data in fig 5.3. The value differs for each case, i.e. the fractal

blades have similar and larger values than the PC and R blades. This suggests that the

exponent a is not “universal”, but rather impeller dependent. This could possibly be due

to the fact that a expresses how much each impeller type departs from the “ideal” impeller

(in the sense that its mass flow rate and output angular momentum are not affected by

the level of solid body rotation in the tank), or simply because the assumptions which

were performed for the development of the model are valid to a different extent for each

impeller type. In that case, the exponent a would effectively act as a fitting coefficient in

order to account for the inaccuracy of the model.

For the validation of eq 5.15 it is necessary to measure the mean fluid velocity in-

between the blades during a steady state operation. Ideally, this would require com-
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R PC F1 F2
0.15 0.21 0.48 0.61

Table 5.1: Optimal value of the exponent a, calculated from a least square fit of the data
in fig 5.3, for each turbine type.

plicated velocity measurements. A qualitative but simpler alternative is the following:

First, the impeller’s torque is monitored during an abrupt decrease of shaft speed from

a steady-state of N0 Hz, to a smaller speed of N2 Hz. This enables the measurement of

the shaft torque immediately after the deceleration. The above procedure is repeated for

different pairs of start, N0, and end-speeds, N2. Then, using linear interpolation of the

data we may determine for every start speed, N0, the necessary end-speed, Ñ2, so that

the torque immediately after the deceleration takes zero value. This end shaft speed is

approximately the mean fluid velocity in-between the blades, i.e. Nw = Ñ2.

The above torque measurements were performed for the R and PC impellers. Unlike

the case of step-accelerations, strong blade vibrations were present immediately after

decelerating the impeller, contaminating the signal, especially for the cases where the

torque approached the zero value after the deceleration. Examples of this can be seen in

fig 5.4a. For this reason, the acquisition frequency was set to 1 kHz so that the torque

values after the deceleration could be determined as accurately as possible. A low pass

filter with a cut-off frequency of 100 Hz was used to reduce noise. Examples of the

measured torque values immediately after the deceleration for different pairs of N0 and

N2 can be seen in fig 5.4b. As described above, linear interpolation was performed (solid

lines) to determine Nw for each N0. In fig 5.5 the values of Nw are plotted, determined

with the experimental method described above, along with the predictions of eq 5.15, with

a taken from table 5.1. For both blade types the predictions of eq 5.15 agree qualitatively

with the measurements, with a maximum overestimation of 8%.

5.2 Transient power number for a quasi-stationary

regime

5.2.1 Formulation of the equations

We will now try to model the transient power number of the impeller-tank system during

a transient process. Angular momentum balance in the whole tank volume yields

dLT
dt

= Timp − Tw (5.18)
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Figure 5.3: Plateau power number of different end-speeds, N2, for different starting shaft
speeds N0. Symbols: measurements. (�) N0 = 0 Hz. (I) N0 = 1 Hz. (.) N0 = 2 Hz.
(�) N0 = 3 Hz. Dashed lines: Fits from the data for Np∞ (top dashed line) and Nps
(bottom dashed line). Solid lines: predictions using equation 5.14 for a = 0 (upper line)
and a = 1 (bottom line).
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(a) Examples of the torque signal after in-
stant decelerations. The thick horizontal
black lines are the determined values for each
case.
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ter a deceleration from N0 to N2. Solid lines:
linear fits. Red squares: N2 = Nw

Figure 5.4: Example of the measurement method of Nw for the regular impeller: First,
the plateau in torque after a sharp deceleration from various steady-state shaft speeds N0

to given end-speeds N2 is measured (fig 5.4a). Then, the necessary shaft speed to achieve
T = 0, i.e. Nw, is found using linear interpolation for each N0 (red squares in fig 5.4b).
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Figure 5.5: Variation of the mean fluid rotational frequency in-between the blades, Nw

with steady state shaft speed, N0. Squares: Regular impeller. Diamonds: Perforated-
blade impeller. Filled symbols: Measured values using the procedure described in fig 5.4.
Empty symbols: Predictions using eq 5.15.

where LT = 〈
∫
V
rρuφ dV 〉 is the ensemble-averaged (i.e. averaged over many realisations)

total angular momentum in the tank and Tw is the ensemble-averaged wall torque.

Equation 5.18 can be simplified under the assumption of quasi-stationarity: In a tran-

sient process the impeller adds angular momentum to the fluid, while the wall removes

angular momentum from it. In other words, during a time δt there is an increase (or

decrease) of LT equal to (Timp − Tw)δt. We now assume that instead of a smooth change

of LT with time, its change happens in steps which occur at a period of δts seconds (see

cartoon of fig 5.6). From the above, at t + δts there is a surplus (or deficit) of angular

momentum compared to the previous state, equal to (Timp − Tw)δts, which needs to be

distributed/homogenised throughout the tank. We may monitor the progress of this “ho-

mogenisation” with the parameter (see cartoon of fig 5.6) LS =
∫
V
〈ρruφ − ρrũφ|LT

〉2dV ,

where 〈ũφ|LT
〉 is the ensemble averaged tangential velocity distribution corresponding to

the particular steady-state in which the total ensemble averaged angular momentum in

the tank is LT . We assume that the time needed for the difference in angular momentum

to be homogenised (i.e. for LS to become zero) is δth. If δts > δth, then, for δts − δth
seconds during each period δts the flow will be stationary, and the tangential velocity will

be given by 〈uφ〉 = 〈ũφ|LT
〉. If δth

δts
� 1 then we refer to the flow as being quasi-stationary,

i.e. at every moment the ensemble-averaged solid body rotation will be identical to the

ensemble-averaged solid body rotation of a given steady state.

In the impeller-tank system we assume that if a deviation from an equilibrium point

(dLT

dt
= 0) happens at t = t0, the flow becomes quasi-stationary at t > tq. Then, for t > tq,

at any given instant the impeller will rotate at a speed of N2 Hz, while the instantaneous

ensemble averaged tangential velocity will correspond to the steady state of an (arbitrary)
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Figure 5.6: Hypothetical evolution of LT and LS after an increase of shaft speed. Dashed
line: “Actual” continuous increase of LT . Solid black line: Increase of LT in steps with a
period of δts seconds. Solid blue line: Evolution of LS with time. δth is the time needed
for the surplus angular momentum to be distributed throughout the tank. t0 marks the
moment where the shaft speed increases, and tq the onset of the quasi-steady regime.
δth is assumed to become smaller as the transition progresses (the flow adapts to the
transition).

impeller speed of N1 Hz which we refer to as the quasi-steady shaft speed. Note that the

subscripts 1 and 2 refer to the shaft speed where a quantity was evaluated, and in the

case of non-dimensional quantities, with which shaft speed it was normalised.

We will now attempt to simplify each of the terms of eq 5.18 separately. First, assuming

a quasi-steady regime, the impeller torque term in eq 5.18, Timp, can be simplified in the

following way: First, we note that at any given instant the flow field corresponds to a

steady-state solid body rotation of shaft speed N1, while the shaft rotates with a shaft

speed N2. We may therefore model the instantaneous impeller power number as the

value immediately after a step change of shaft speed from N1 to N2 Hz, i.e. with eq 5.17

(where instead of the index 0 we have 1). In the special case where the instantaneous

impeller speed is larger than the instantaneous mean fluid speed in-between the blades,

i.e. N2 > Nw, and considering that since we have assumed a quasi-stationary flow, solid

body rotation is developed, i.e. N1 > 0, we have for the instantaneous non-dimensional

torque (i.e. power number) Np2 = 2π
ρN2

2D
5Timp

2π

ρN2
2D

5
Timp =

1

R∞1

[
Np

1
1+a

∞1 − (Np
1

1+a

∞1 −Np
1

1+a

s1 )
N1

N2

]1+a
(5.19)

where R∞1 = Np∞1

Np∞2
.

Second, the inertial term, dLT

dt
, can be modelled in a quasi-stationary regime by as-

suming that the tangential velocity distribution is given by the Rankine vortex profile

(〈uφ〉 = Ωr if r < Rc and 〈uφ〉 = ΩR2
c/r if r ≥ Rc). Then, the instantaneous ensemble

averaged flow field is characterised by a Rankine vortex flow corresponding to the quasi-

steady shaft speed N1. Considering a cylindrical tank with radius RT and height H we
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have

LT = 〈
∫
V

rρuφ dV 〉 = 2πHρ(

∫ Rc

0

Ω1r
3 dr +

∫ RT

Rc

Ω1R
2
cr dr) . (5.20)

Assuming that the contribution of the cross term 〈u′nu′φ〉 is negligible when calculating lin

(see discussion in section 5.1.1), we may use eq 5.6, i.e. lin1 = R2
c/R

2. Then, from eq 5.20

we have

2π

ρN2
2D

5

dLT
dt

=
1

N2
2

d(IN1)

dt
(5.21)

where I = π3

8
H
R

[
(RT

R
)2 − 1

2
lin1
]
lin1. lin1 can be calculated by writing eq 5.10 for the case

of the steady state corresponding to N1, i.e. Nps1 = Np∞1(1 − lin1)1+a. In that case I

becomes

I =
π3

8

H

R

{(RT

R

)2 − 1

2

[
1− (

Nps1
Np∞1

)
1

1+a

]}[
1− (

Nps1
Np∞1

)
1

1+a

]
(5.22)

Finally, we model the wall torque term in eq 5.18, Tw. Since we have considered a quasi-

stationary flow, the ensemble averaged instantaneous, transient solid body rotation in the

tank is assumed identical to the ensemble averaged solid body rotation corresponding to

a steady-state of shaft speed N1 Hz. We now assume that the wall torque is mainly due to

the friction caused by the interaction of the solid body rotation with the wall. Therefore,

we may conclude that the instantaneous, ensemble averaged wall torque is equal to the

ensemble averaged steady wall torque corresponding to an impeller rotating at a speed

of N1 Hz. Then, since in the steady state the wall torque equals the impeller torque we

have Tw = Ts1, or

2π

ρN2
2D

5
Tw = Nps1(

N1

N2

)2 (5.23)

given that Nps1 = 2π
ρN2

1D
5Ts1. Substituting equations 5.19, 5.21 and 5.23 to eq 5.18 we

have

1

N2
2

d(IN1)

dt
=

1

R∞1

[
Np

1
1+a

∞1 − (Np
1

1+a

∞1 −Np
1

1+a

s1 )
N1

N2

]1+a −Nps1(N1

N2

)2 (5.24)

which describes the evolution of the quasi-steady speed, N1(t). The unknown functions

Nps(Re) and Np∞(Re) and the unknown exponent a have already been determined ex-

perimentally from torque measurements (see section 5.1.4). Knowing these, along with

the geometrical parameters in the tank, enables us to solve eq 5.24 numerically. Then,

in conjunction with eq 5.19, we can have an estimation of the evolution of the transient

impeller power number in a stirred tank. Below we summarise all necessary assumptions
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for equation 5.24 to be valid. To these we have to add the necessary assumptions for eq

5.17 to be valid (see section 5.1.3).

1. The steady-state tangential velocity is modelled by the Rankine vortex profile.

2. The transition is quasi-steady.

3. The cross term 〈u′nu′φ〉 is negligible in the impeller inlet region (Sin in fig 5.1).

4. The impeller rotates faster than the fluid in the tank (N2 > Nw).

5. The wall torque is mainly due to the solid body rotation - wall interaction.

6. The tank is cylindrical.

5.2.2 Impulsive speed change by a small amount

In the case where, starting from a steady state of shaft speed N0, at t = 0 we impulsively

increase the speed to N2 Hz, where N2 → N0, equation 5.24 accepts an analytical solution

under the following further assumptions. First, we assume that Np∞ = const (and

R∞1 = 1), i.e. a turbulent regime. Second, we assume that lin = const (i.e. the solid

body rotation does not expand) and thus, from equation 5.10 we have Nps = const. This

assumption is valid for the turbulent regime in baffled tanks, and approximately valid for

the turbulent regime in unbaffled tanks, where Nps drops weakly with Re ([2, 67]). In

that case equation 5.24 becomes

I

Np∞

dN∗

dt∗
= [1− (1− β

1
1+a )N∗]1+a − βN∗2 , (5.25)

where t∗ = N2t is the number of impeller rotations, N∗ = N1/N2 and β = Nps/Np∞.

Since N∗ → 1, we can drop the non-linearity of equation 5.25 by linearising it around its

equilibrium point N∗ = 1. In that case we obtain

I

Np∞

dN∗

dt∗
=
[
β

a
1+a (a+ 1)− β(a− 1)

]
(1−N∗) . (5.26)

Solving equation 5.26 we obtain the following expression

N2 −N1

N2 −N0

= e−t/τ , (5.27)

i.e. an exponential decay with a characteristic spin-up time

τ =
I

N2Np∞

[
β

a
1+a (a+ 1)− β(a− 1)

] . (5.28)
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We may gain more insight regarding the spin-up time if we express equation 5.28 for the

two limiting cases, i.e. a = 0 and a = 1 (see sections 5.1.2 and 5.1.4). In that case, the

non-dimensional spin-up time becomes

N2τ =
I

Np∞ +Nps
(5.29a)

N2τ =
I

2(Np∞Nps)1/2
, (5.29b)

where equations 5.29a and 5.29b correspond to a = 0 and a = 1 respectively. It is now

clear that the non-dimensional spin-up time is proportional to the moment of inertia-

like coefficient, I, and inversely proportional to a characteristic power number of the

transition, involving both the steady-state and the infinite medium power numbers, which

represents the rate angular momentum is being pumped in the tank. In the extreme cases

of a = 0 and a = 1 the characteristic power number becomes an arithmetic and a geometric

average, respectively.

5.2.3 Experimental validation

Torque experiments were conducted in the stirred tank of fig 2.3 for the regular impeller

only. The acquisition frequency was set to 25 Hz. The power number predictions of

equations 5.24 and 5.19 were validated for three different cases. First, in the late transition

after a step increase of shaft-speed from a quiescent fluid. Second, by varying the shaft-

speed with a triangular function and third, by varying the shaft-speed with a sinusoidal

function.

Late transition after a step-increase in shaft speed

Three end-shaft speeds were investigated, i.e. 2, 3 and 4 Hz. The impeller starting speed

was zero in all cases. The experiments were repeated ten times for each case, and ensem-

ble averaging was performed to reduce the signal fluctuations. In fig 5.7 the measured

ensemble-averaged power numbers, 〈Np〉, are plotted over the number of impeller rota-

tions, t∗ = tN2, for the three different end speeds. The power-numbers exhibit a plateau

(t∗ < 5), then an abrupt drop, and finally reach the steady state (t∗ > 40), in accor-

dance with the observations of [62]. We observe a good collapse between the three curves,

suggesting a self-similarity of the flow fields. In the plateau and steady-state regions the

curves deviate from each other slightly, suggesting a small Re dependence, consistent with

earlier remarks (see section 5.1.4).

In fig 5.7 we also plot the numerical solution of equations 5.19 and 5.24, using a = 0.15.

The model’s starting point was chosen after the abrupt drop in power number (t∗ = 7.5),
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Figure 5.7: Ensemble-averaged power numbers after impulsive changes of shaft speed,
over the number of impeller rotations t∗. Solid lines: Measurements, from N0 = 0 to
different end-speeds, N2, as shown in the legend. Dashed black line: Numerical solution
of equations 5.24 and 5.19, starting at the late transition (t∗ = 7.5).

i.e. after the discharged fluid has recirculated back to the impeller region, as the flow

cannot be quasi-stationary before this point. As shown in the plot, good agreement is

achieved between the prediction and the measurements.

Triangular and sinusoidal variation of the shaft speed

The shaft speed was varied using a triangle and a sinusoidal function, always between a

minimum shaft speed N2min = 1 Hz and a maximum shaft speed N2max = 5 Hz (see fig

5.8). Experiments were performed for five wave period values, i.e. Tp = 4, 10, 20, 30

and 40 s, to examine the sensitivity of the quasi-steady region to the impeller accelera-

tion. The measurements were conducted for a few periods before recording so that initial

phenomena had subsided. Phase averaging was then performed over several periods to

reduce the signal fluctuations due to measurement errors and turbulence. Note that since

the experimental conditions did not differ from one period to another, in that case phase

averaging is equivalent to ensemble averaging.

In fig 5.9 the measured ensemble averaged shaft power numbers corresponding to the

triangle case are plotted, versus the number of shaft rotations t∗ =
∫
N2 dt (t∗ = 0 corre-

sponds to the start of the wave’s acceleration branch). We observe that the accelerating

branches of the signals corresponding to Tp ≥ 20 s collapse, suggesting self-similarity of

their flow fields, while for smaller period values the signals deviate, presumably because

the fluid in the tank cannot efficiently respond to the shaft acceleration and self-similarity

is lost. The prediction of equations 5.24 and 5.19 using a = 0.15 are also plotted in fig 5.9

with the solid blue line, for a constant steady acceleration of the shaft, corresponding to
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Figure 5.8: Types of time varying shaft speeds used in the experiments. Solid line:
sinusoidal wave. Dashed line: triangle wave. N2min = 1 Hz. N2max = 5 Hz. Tp ∈
[4, 10, 20, 30, 40] s.

the accelerating branch of the triangle function of Tp = 40 s, i.e. dN2/dt = 0.2 s−2. The

prediction follows very well the measurements, showing that the underlying assumptions

of eq 5.24 are valid in this region. For very large t∗ the prediction tends asymptotically

to the steady-state power number of shaft speed equal to the prediction’s (calculated by

extrapolating the measured values of fig 5.3a). This suggests that if a steady shaft ac-

celeration is performed for a large number of shaft rotations, the flow effectively “catches

up” with the impeller.

In fig 5.10 we plot the measured ensemble-averaged power numbers of the triangle and

sinusoidal speed waveforms over the number of shaft rotations divided by Tp, spanning

2.1 wave periods. Only the cases of Tp = 4, 20 and 40 s are presented. We also plot

the predictions of equations 5.24 and 5.19, for a = 0.15, i.e. the optimal exponent for

regular blades as measured in section 5.1.4. For both waveforms we observe that the

predictions and measurements agree best around the wave peak; this is still quite poor

for Tp = 4 s, improves for Tp = 20 s and becomes very good for Tp = 40 s, as then the

impeller speed changes with a slow enough pace for the flow to follow and be considered

quasi-stationary. In the deceleration branch of the waves the solution starts to diverge

from the measurements: This is expected, since the value a = 0.15 was experimentally

determined for shaft accelerations (see section 5.1.4), and may therefore not be valid

for decelerations. Moreover, one of the assumptions for eq 5.24 to be valid is that the

instantaneous impeller speed is larger than the mean fluid speed between the blades, i.e.

N2 > Nw, which requires the power number to be positive (energy being given to the flow

rather than being extracted). Therefore, for Np < 0 the predictions cannot be considered

valid. The agreement is also not adequate in the start of the acceleration branch, possibly

because the flow field has not become quasi-steady yet.

The predictions are more accurate during the first wave period (t∗/Tp < 3 s−1), than

during the second. This is because the solution gradually “forgets” the initial condition,
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Figure 5.9: Ensemble-averaged power numbers over the number of impeller rotations.
Solid black lines: Measurements corresponding to the triangle speed variation, corre-
sponding to different wave periods as shown. Solid blue line: Prediction using equations
5.24 and 5.19 for a steady acceleration equal to the Tp = 40 s case’s. Dashed black
line: steady state power number of the same instantaneous shaft speed as the predic-
tion’s (blue line). Red points: End of shaft acceleration-start of shaft deceleration for the
measurements.

which was picked from experimental data. Indeed, the solution starts the second period

(t∗/Tp = 3 s−1) from an unrealistic initial value, due to the failure of the model to

capture the declarations faithfully. To check the sensitivity of the predictions to the

initial conditions, a prediction corresponding to a = 0.15 was calculated, but with a

wrong initial condition (blue line in fig 5.10. After some impeller rotations the curves

corresponding to wrong and correct initial condition join, showing that the model is not

sensitive to the choice of initial conditions.

Finally, we plot with dashed lines in fig 5.10 the predictions of the power number of eq

5.19, assuming that the quasi-steady speed, N1, stays constant with time, i.e. assuming

that the flow does not adapt to the impeller speed change at all. The value which was

chosen for N1 for each case was the one which made these predictions match best with

the experiments at the start of acceleration. We observe that for Tp = 4 s the predictions

agree qualitatively with the measurements during the whole wave period, and especially

during the first stage of impeller acceleration (t∗/Tp < 0.75 s−1) they collapse with the

data. This suggests that for such small wave period values the fluid cannot effectively

respond to the changes in the speed of the impeller. For the larger Tp cases, the agreement

of the N1 = const predictions with the measurements becomes unrealistic. This signifies

that the impeller now accelerates slow enough for the flow to adapt.
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Figure 5.10: Ensemble-averaged power numbers versus the number of impeller rotations
for triangle and sinusoidal wave variation of the shaft speed (see fig 5.8). Black solid
lines: measurements. Red lines: predictions using equations 5.19 and 5.24. Dashed lines:
predictions using eq 5.19, assuming N1 = const. Blue line: prediction using eq 5.24 and
5.19 using wrong initial condition. The white regions signify the acceleration branches of
the waves, while the gray regions the deceleration branches.
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5.3 Full transition after a step-increase of shaft speed

From the previous discussion we may conclude that after an impulsive step-increase of the

shaft-speed from N0 to N2, the power number transition is separated in four distinct stages

(see fig 5.11). Considering non-dimensional times t∗ = N2t (number of shaft rotations), if

the step change occurs at t∗ = 0, then for 0 < t∗ < t∗p there is the “initial plateau” regime,

where the solid body rotation in the tank has not changed yet. The power number in this

stage is given by eq 5.14, as described in section 5.1.3. For t∗p < t∗ < t∗q there is a transient

stage, until the flow advances to the quasi-stationary regime, for t∗ > t∗q. In this stage

and under some assumptions the power number is given by eqs 5.24 and 5.19. Under

linearisation of the equations and some further assumptions, this regime was found to

accept an analytical solution, i.e. eq 5.27. Finally, for t∗ > t∗s the flow arrives to the new

steady state. In this section we develop an approximate equation which describes the full

transition period after a step-increase in shaft speed. For this, we combine experimental

correlations with the prediction for the plateau power number after a step change, i.e.

eq 5.14, and the analytical prediction of the linear quasi-steady transition, i.e. eq 5.27.

Naturally, we assume that Nps = const and Np∞ = const, as these are necessary for

eq 5.27 to be derived. Finally, we assume an ideal impeller behaviour, i.e. a = 0 (see

paragraph 5.1.2).

0 t∗p t∗q t∗s
t∗

0

〈N
p
〉

Figure 5.11: Cartoon of power number transition after a step change of shaft speed N0 →
N2. Four regimes are identified: plateau period (t∗ < t∗p), transient drop (t∗p < t∗ < t∗q),
quasi-stationary regime (t∗q < t∗ < t∗s), and steady-state regime (t∗ > t∗s).

We first consider a case in which the initial plateau time is very small, (t∗p → 0) and

the flow is quasi-stationary from the beginning (t∗q → 0). If we assume that the expression

describing the linear transition, i.e. eq 5.27, is approximately valid for large steps in the

shaft speed, then combining equations 5.19 and 5.27 (a = 0), we obtain the power number

response during the full transition after an arbitrary step, i.e.
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Np−Nps
Np∞ −Nps

=
N2 −N0

N2

e−(1+β)γt
∗

(5.30)

where γ = Np∞/I, or

Np∗ = Nde
−(1+β)γt∗ (5.31)

To test to what extent eq 5.31 is valid, torque experiments of step-increase in shaft-

speed have been performed. 33 type of steps were performed, with N0 ranging from 0

Hz to 3.5 Hz, and N2 ranging from 1 Hz to 4 Hz. The acquisition frequency was set to

1 kHz. A low pass filter of 100 Hz and a moving average filter were used to reduce the

noise in the signals. In fig 5.12a the transient power numbers of different steps are plotted

versus t∗, for the regular blade. Note that not all cases are shown for clarity. The same

power numbers are plotted in fig 5.12b, but rescaled as proposed by eq 5.31, along with

a curve corresponding to the quasi-stationary transition from the very beginning, given

by eq 5.31. Note that the initial time of shaft acceleration until it assumes the end speed

N2, is negligible compared to the phenomena in question. We observe that indeed all

the signals collapse after some time with the quasi-steady curve, showing that after this

point, the dynamics of an arbitrary, large step in the shaft speed can be approximately

described using results obtained from the linear transition analysis.
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(a) Transient power numbers
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Figure 5.12: Left: Transient power numbers versus number of impeller rotations, t∗,
after a step change of speed. The starting speed, N0, is 0, 0.3, 0.6, 1, 1.5, 2 and 3 Hz
corresponding to the curves a to g respectively, while N2 is always 4 Hz. Right: The
same cases, but with the power number rescaled as seen in eq 5.30. The white circles
in 5.12a are the determined end-points of the plateaus. The red line in fig 5.12b is the
quasi-stationary curve of eq 5.31.

To improve the accuracy of the model, we need to take into account the initial plateau

time (which is not included in the quasi-steady analysis). For that, we model the transient

period as being comprised solely of the “initial plateau”, and then the quasi-stationary

102



Chapter 5. Transient torque prediction

linear regime, or t∗p = t∗q. In that case the whole transition is described by equations 5.14

and 5.31, i.e.

Np∗ =

Nd, t∗ < t∗p

Nde
−(1+β)γt∗ , t∗ ≥ t∗p

(5.32)

For the above equation to be useful, we must develop a prediction of the non-dimensional

plateau time, t∗p for different steps. As no appropriate theory is available for such predic-

tions, an alternative is the usage of empirical correlations. For this reason, the plateau

durations of the step-signals were measured, by monitoring the edges of the plateaus.

This was done by locating the maximum power number value on the plateau, and finding

the point after the maximum where the power number signal was 4% lower than it. The

plateau times were then calculated as the time from the start of rotation, to the plateau

edge. The 4% threshold was used because it located the plateau times closer than any

other threshold choice to the ones determined by visual observation. In four out of the 33

step-cases the plateau edge times were corrected visually, since strong peaks were present

in the plateau region, producing non-realistic results. Examples of the determined plateau

edges can be seen in fig 5.12a.

In fig 5.13 the measured non-dimensional plateau times (t∗p = tpN2) are plotted versus

the coefficient Nd = (N2 − N0)/N2. We observe that the data collapse, suggesting a

relationship of the form t∗p = f(Nd), where f is an increasing function. Given that we

expect t∗p → 0 as Nd → 0 (i.e. the plateau disappears as the percentage difference in shaft

speed change tends to zero), a simplified, linear approximation yields

t∗p ≈ t∗p∞Nd (5.33)

where t∗p∞ = t∗p(1) is the non-dimensional plateau time when there is no solid body rotation

in the tank. From our data we measure t∗p∞ = 4.3.

In fig 5.14 the measured power numbers of four cases of step-increase in the shaft

speed are plotted, along with the predictions of equations 5.32 and 5.33. Even if the

model is simplified, it agrees qualitatively with the measurements, showing that it could

provide a useful tool for design purposes. Note that for the model to be used we need to

experimentally determine the parameters Nps, N∞ and t∗p∞, along with the geometrical

characteristics of the stirred tank.
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Figure 5.13: Variation of the torque plateau time in impeller rotations, T ∗p = t∗pN2 with
Nd = (N2 − N0)/N2, for the regular impeller. The symbol shape signifies the starting
speed N0: (�) N0 = 0 Hz. (�) N0 = 0.3 Hz. (B) N0 = 0.6 Hz. (I) N0 = 1 Hz. (C)
N0 = 1.5 Hz. (J) N0 = 2 Hz. (♦) N0 = 3 Hz. The solid line is a linear approximation of
the form t∗p = t∗p∞Nd, with t∗p∞ = t∗p(1) = 4.3.

5.4 Power number drop in unbaffled tanks at turbu-

lent conditions

Equation 5.10, which describes the solid body rotation dependence on the power number,

can help us draw qualitative conclusions regarding the behaviour of the steady-state power

number of unbaffled stirred tanks at turbulent conditions. In the steady state the impeller

torque equals the torque exerted on the tank wall by the fluid. In that case we have

Nps = Np∞(1− lin)1+a (5.34a)

Nps = Cw(
Uw
πDN

)2 (5.34b)

where eq 5.34a is the model of eq 5.10 corresponding to the power number of the impeller,

and eq 5.34b corresponds to the power number of the wall, assuming that the wall torque

is proportional to the square of the characteristic fluid tangential velocity near the wall.

Cw is a skin friction-like coefficient of the wall, while Uw/πDN is the non-dimensional

mean tangential velocity at the wall due to the solid body rotation. The latter is an

increasing function of lin, as can be readily verified if we model the tangential velocity

distribution in the tank as a Rankine vortex.

It has been experimentally observed that the steady-state power number of unbaffled

tanks drops with Re for the highly turbulent regime (see for instance [2] and [12]). Since in

that regime Np∞ is constant (see chapter 3), equation 5.34a shows that lin must increase,

i.e. the “extent” of the solid body rotation increases in the tank. Equation 5.34b shows
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Figure 5.14: Normalised power numbers after steps from shaft speed of N0 to N2 (left and
right side of the arrow respectively) versus the number of shaft rotations. Black lines:
Measurements. Red lines: Predictions using the simplified model of equations 5.32 and
5.33.

that this is only possible if the skin friction coefficient of the wall drops (since Uw/πDN

is an increasing function of lin and Nps drops with Re). We may therefore interpret

the drop of the power number in unbaffled stirred tanks in the turbulent regime in the

following way: As Re increases, the friction coefficient of the walls, Cw, drops, in analogy

to the flat plate boundary layer behaviour [80]. The impeller-tank system loses then its

equilibrium, as the impeller produces more angular momentum than the wall can destroy.

As a result, a stronger solid body rotation/ swirl is generated, with larger normalised

fluid tangential velocities at the wall, Uw/πDN . We note that the increasing trend of

the normalised mean tangential velocity with Re in turbulent unbaffled conditions has

been experimentally verified by [26]. The above results in an increase in wall torque (as

the wall velocities increase), and a decrease in impeller torque (as the relative tangential

blade velocity decreases). Subsequently, the system reaches a new steady state with a

decreased impeller power number. The above occur continuously as Cw decreases, i.e. as

Re increases, leading to the documented drop in impeller torque/ power number [2, 12]

and impeller drag (see chapter 3) with increasing Re. In baffled tanks on the other hand,

the power number is constant in the turbulent regime [2, 12]. From the above discussion

this implies that the solid body rotation and flow field are self similar in baffled tanks

(i.e. lin = const), something verified by velocity measurements (see for instance [2]).
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5.5 Summary and conclusions

In this chapter we focus on stirred tanks with unsteady shaft speed. As also mentioned

in chapter 1, our aim was to facilitate the prediction of the transient torque/ power

consumption in such cases, by providing analytical models which limit the necessary ex-

perimentally determined parameters to a small number, some of which can be already

found in the literature (e.g. the normalised steady power consumption). To do this, we

first model the tangential velocity distribution in a stirred tank as a combined Rankine

vortex profile, and we present the necessary assumptions for part of it (i.e. the “free” vor-

tex) to be valid. We then formulate an equation which links the impeller power number

with the solid body rotation in the tank. This enables the development of a low order

model which predicts the plateau in torque, that appears immediately after a step-change

in shaft speed. Subsequently, using the previous results, along with the assumption of

quasi-stationarity, we develop an ordinary differential equation for the prediction of the

torque, during smooth changes in shaft speed. Combining an analytical solution of this

equation with empirical correlations, we provide a simplistic prediction of the full power

consumption transition after a step-increase in shaft speed. The above models are exper-

imentally validated with shaft torque measurements of an impeller stirring an unbaffled

tank. The predictions demonstrate considerable agreement with the measurements, at

least when the underlying assumptions are valid. Finally, using the insight gained from

the above theoretical analysis, we attempt an explanation of the long observed decreasing

trend of the normalised power consumption with increasing Re, in turbulent stirred tanks.

Our analysis suggests that this is due to a drop of the wall friction coefficient with Re,

much like the flat boundary layer case.
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Concluding remarks

This thesis is concerned with both active and passive flow control of turbulent stirred

tanks. Regarding the former, we considered the effect of various modifications on a

conventional radial turbine, while for the latter, we focused on cases where the flow field

is controlled via a time-dependent shaft speed.

Specifically, we first introduced a novel turbine blade geometry, based on the fractal

plate design of Nedić et al. [44, 46, 45]. This was done to exploit the effect of these

plates on the flow field (when concerning the wakes of plates subjected to a free stream),

i.e. increased and more persistent turbulence intensities, and a reduction of shedding,

compared to square plates of the same area, at the cost of a higher drag. We then exper-

imentally characterised such fractal blade turbines, a conventional (regular) rectangular

blade turbine used as a baseline and some other modifications of the regular case, i.e.

perforated blades and regular blades of increased thickness. The experiments consisted of

shaft torque (and power) measurements, planar PIV measurements and blade form drag

measurements. For the latter, a novel, highly accurate surface pressure measurement

technique was developed, based on a rotating pressure catheter, which was attached to

impeller blades.

The normalised torque and form drag of the tested blades was shown to decrease,

while their CoP radius was shown to increase with Re. The above were suggested to be

caused by an expansion of the forced vortex radius with Re in unbaffled tanks. With the

help of a phenomenological model which linked the impeller torque with the solid body

rotation “extent” in the tank, it was proposed that the expansion of the forced vortex is

caused by a drop in the friction coefficient of the tank walls with Re, much similar to the

flat plate boundary layer case.

Regarding the effect of geometry, the normalized power/torque was shown to decrease

when increasing the thickness of a blade, perforating a solid blade, or increasing its perime-

ter in a fractal manner, with smaller torque values corresponding to larger fractal iteration

numbers. The above were found to be counter-intuitive, given that such modifications
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actually increase the drag coefficient, when applied to square plates subjected to a uni-

form free stream. Particularly for the case of the fractal modification, simple torque and

pressure experiments showed that the normalised torque decrease was not an effect of a

reduction in the centre of pressure radius, potentially caused by the fractal modification,

nor due to the interaction of wakes produced by the different blades. Furthermore, the

reduction was shown not to be, at least exclusively, caused by the flow being confined by

the tank walls. One the other hand, spectral analysis of the signals of the blade surface

pressure revealed that fractal modification of a regular blade may break the coherence of

its emanating vortices, hinting that the decrease in the normalized torque could actually

link to differences in the flow separation, caused by the variations in blade geometry.

To verify the latter, PIV experiments were performed to characterize the flow field

produced by the different blade geometries. The results showed that indeed, the torque

coefficient of the various blades was qualitatively correlated with the vortices’ coherence

and intensity of the emanating vortices: By increasing the blade thickness, perforating

the blade, or increasing its perimeter in a fractal manner we produce less energetic and

coherent vortices; this is known [69] to reduce wake entrainment, leading to an increase

in the base pressure and a decrease in the drag. By comparing the different blades’ flow

properties we found that, interestingly, the modified blades exhibited larger mass flow

rates and bulk turbulence intensities, compared to the baseline case, even if their power

consumptions were lower, thus showing promise for applications. A last point is that the

flow field properties of fractal and perforated blades demonstrated some similarities.

In the remainder of the thesis we focused on developing analytical models for the

prediction of the transient power consumption in stirred tanks, as this could provide a

valuable tool in the design of systems in which the shaft speed is time-dependent, i.e.

actively controlling the flow field. Analytical expressions predicting the power/torque

when the shaft undergoes step, or smooth changes in shaft speed were derived. For the

specific case of an impulsive, small increase of the shaft speed by a small amount, linear

analysis allowed the determination of a characteristic spin-up time. The results were ex-

perimentally validated, using torque measurements in an unbaffled stirred tank, with good

agreement being found when considering a turbulent regime and impeller accelerations.

Using these models, only a small number of experimentally determined parameters are

necessary for the transient torque prediction. Therefore, these models may aid the design

process of variable shaft speed apparatuses.

The above investigation has provided insight in the fields of both passive and active

control of radial impellers in stirred tanks, with an emphasis on the power consumption

of systems employing such methods of control. However, many questions remained open,

while new ones arose throughout the investigation; further research on the subject is

therefore necessary. Specifically, regarding the passive flow control (blade modifications)
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it would be interesting to

• Perform scalar experiments to discover the actual mixing performance of the tested

modifications.

• Apply the proposed modifications to other types of turbines, apart from the current

radial (e.g. pitched blade turbines), to check whether similar improvements apply

in other cases as well.

• Perform further experiments involving non-rotating plates (i.e. subjected to a free

stream) and rotating ones (i.e. turbine) to explore the mechanisms responsible for

the proposed modifications opposite drag/torque effects in the two cases.

• Perform a more detailed investigation between fractal and perforated geometries, to

compare the flow mechanisms of each case.

Regarding the derived models for the transient power consumption, it would be inter-

esting to:

• Extend the theory/ correlations in the case of impeller decelerations, as most of the

models/ validations of this thesis dealt with impeller accelerations.

• Validate the models with additional types of turbines (e.g. pitched blade turbines)

and baffled tanks.

• Improve the models, by providing more accurate scaling laws for the mass flow rate,

ṁ, and normalised output angular momentum, Lout (see section 5.1.2).

• Complete the theoretical analysis of the impulsive increase in the shaft speed, by

including a model or the prediction of the plateau time.
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