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Accounting for interaction of the soil’s constituents due to temperature change in the design of
geo-thermal infrastructure requires numerical algorithms capable of reproducing the coupled
thermo-hydro-mechanical (THM) behaviour of soils. This paper proposes a fully coupled and robust
THM formulation for fully saturated soils, developed and implemented into a bespoke finite element
code. The flexibility of the proposed formulation allows the effect of some coupling components, which
are often ignored in existing formulations, to be examined. It is further demonstrated that the proposed
formulation recovers accurately thermally induced excess pore water pressures observed in undrained
heating tests.
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1. Introduction

Significant temperature effects have been exposed in a range of
geotechnical engineering problems, such as oil & gas pipelines,
pavements, buried power cables, ground energy storage, and the
storage of high-level radioactive waste [20]. They are also impor-
tant in ground-atmosphere interaction [8]. To investigate the ther-
mal behaviour of soils, extensive laboratory and field experimental
studies have been carried out (e.g. [12,16,13,19]). It is observed
that temperature changes result in the variation of stress equilib-
rium in the ground, as well as pore fluid flow. These problems,
where mechanical, hydraulic and thermal systems in soils interact
with each other, with the independent solution of any one system
being impossible without simultaneous solution of the others, are
defined as coupled THM problems, while the interaction between
the systems is referred to as the THM coupling [34]. Further work
has been carried out on THM-Chemical (i.e. THMC) coupling, with
example references being those of Rutqvist et al. [29] or Seetharam
et al. [30]. Despite being of interest to the modelling of some phe-
nomena, such as chemical dissolution of dissolvable materials in
soils, the present paper focuses only on the THM coupling.

To solve a coupled problem, it is necessary to first develop the
coupled equations based on the governing law of each physical
system [35]. A number of studies have been carried out to model
the coupled THM behaviour of soils, and the most extensively used
numerical tool has been the finite element (FE) method.
Aboustit et al. [1,2] adopted a general variation principle to
develop the governing field equations for the problem of thermo-
elastic consolidation. The mechanical behaviour was modelled
based on the force equilibrium of the solid-fluid mixture, while
the hydraulic and thermal behaviour were taken into account
using the laws of volume and energy conservation, respectively.
To achieve a symmetric stiffness matrix in the FE code, Aboustit
et al. [1] simply assumed the same coupling term to represent
the mutual effects between the mechanical and thermal systems.
It is also noted that heat advection, as well as the thermal effect
on pore fluid flow, were not considered. Following this pioneering
work, various approaches have been proposed for modelling the
coupled THM behaviour of porous media. One commonly used
approach is to first formulate the mass or volume balance equa-
tions, the momentum balance equations and the energy balance
equations for each phase (e.g. solid, fluid, etc.) of a porous medium
(e.g. [24]). Then the coupled THM formulation for the mixture is
derived by combining the governing equations for each phase
(e.g. [25,22]). Another approach takes account of the behaviour of
each coupling system in the soil, thus resulting in the mechanical,
hydraulic and thermal governing equations for the solid-fluid mix-
ture (e.g. [21,10,33,18]). The difference between these two
approaches is that in the first the governing equations are derived
for each phase and then combined, while in the second each of the
governing equations is derived for the complete mixture. It should
be noted that both approaches can lead to the same governing
equations. However, it is also noted that, even when the same
approach is followed, the adoption of different assumptions during
the derivation procedure may result in differences in the final
s. Com-
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coupled THM FE formulation. For example, different time-
marching schemes can be used to approximate a variation over
the time step in the solution process.

The new THM FE formulation for saturated soils proposed in
this paper adopts the second of the above two theoretical
approaches, consolidates and extends the work in the literature
detailing its full derivation with clearly stated and justified
assumptions. The implementation platform for the new formula-
tion is the authors’ FE software ICFEP [27,28], developed specifi-
cally for geotechnical engineering analysis. As such, it enables
access to source code, which is essential for numerical develop-
ments of this type. ICFEP is already capable of performing coupled
hydro-mechanical (HM) simulations (consolidation and seepage)
in both fully and partially saturated soils. For THM coupling a
new equation governing the heat transfer is introduced, which is
also able to account for the effect of pore fluid flow and stress-
strain behaviour on heat transfer. Furthermore, the existing HM
coupled formulation in ICFEP is further modified to account for
thermal effects on pore fluid flow and thermal deformation of soils.
The adopted development approach of considering each coupling
system individually ensures that any of the three systems can be
disabled if they are not active in the analysis, thus reducing the full
THM formulation straightforwardly to HM, TM or TH coupling. The
paper further discusses the performance of the new formulation in
comparison with those found in the literature. Lastly, a fully
coupled THM FE analysis is performed to model the thermally
induced excess pore water pressures in an undrained triaxial
heating test. The results demonstrate the ability of the new
formulation to predict excess pore water pressure generation due
to temperature changes, without resorting to soil thermo-plastic
constitutive modelling. The presented formulation adopts a
tension positive sign convention, while displacement, pore fluid
pressure and temperature are adopted as nodal degrees of
freedom.
2. Development and implementation of a coupled THM
formulation

2.1. Mechanical equation

If only the mechanical behaviour of soils is considered, the FE
formulation can be developed based on the soil constitutive beha-
viour, expressed as:

fDrg ¼ ½D�fDeg ð1Þ

where {Dr} and {De} are the incremental total stress and strain vec-
tors, respectively, and [D] is the constitutive matrix. With the FE
formulation derived from Eq. (1), only the extreme soil conditions,
i.e. fully drained or fully undrained, can be simulated. If soil beha-
viour is somewhere between these two extremes, the principle of
effective stress is adopted to formulate the mechanical governing
equations for fully saturated soils in an isothermal HM coupled
analysis [27]. Therefore, Eq. (1) becomes:

fDrg ¼ ½D0�fDeg þ fDrf g ð2Þ

where ½D0� is the effective constitutive matrix, {Drf}T = {Dpf Dpf Dpf
0 0 0} andDpf is the change in pore fluid pressure. In a coupled THM
problem, the effect of temperature change on the mechanical
behaviour of soils is generally characterised by a thermally induced
volumetric change, namely thermal expansion/contraction. To for-
mulate the mechanical governing equation that accounts for ther-
mal behaviour, two assumptions are introduced:
Please cite this article in press as: Cui W et al. An alternative coupled thermo-h
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(1) The temperature of the soil particles, Ts, is assumed to be
equal to the temperature of the pore fluid, Tf. Therefore, only
the overall temperature of the soil, T, is adopted here, which
implies an instantaneous temperature equilibrium between
soil particles and pore fluid;

(2) If soil grains are in mineral-to-mineral contact and the tem-
perature is changed, the thermal elastic strain of the soil par-
ticles, DeT,p, is assumed equal to the thermal elastic strain of
the soil skeleton, DeT,s. This assumption agrees with the
observations of Campanella and Mitchell [12]. Given this
equality, in the remainder of the paper the symbol DeT is
used instead of DeT,p or DeT,s to represent the effect of tem-
perature on the solid part of the porous medium. Conversely,
the incremental thermal strain of the pore fluid is defined
independently as DeT,f.

Under non-isothermal conditions, the incremental total strain
{De} can be expressed as the sum of the incremental strain due
to stress change (mechanical strain), {Der}, and the incremental
strain due to temperature change (thermal strain), {DeT}:

fDeg ¼ fDerg þ fDeTg ð3Þ
where {DeT}T = {aTDT aTDT aTDT 0 0 0} and aT is the linear thermal
expansion coefficient of the soil skeleton. Substituting Eq. (3) into
Eq. (2) leads to:

fDrg ¼ ½D0�fDeg þ fDrf g � ½D0�fmTgðDTÞ ð4Þ
where {mT}T = {aT aT aT 0 0 0}. The last two terms on the right-hand
side of Eq. (4) illustrate the change in total stresses induced by the
variation in pore fluid pressure and temperature, which represent
the coupled effects of the hydraulic and thermal systems on the
mechanical system. Applying the principle of minimum potential
energy, and minimising the potential energy with respect to the
incremental nodal displacements {Dd}nG, results in a finite element
equation associated with force equilibrium for a coupled THM prob-
lem of fully saturated soils:

½KG�fDdgnG þ ½LG�fDpf gnG � ½MG�fDTgnG ¼ fDRGg ð5Þ
The matrices in Eq. (5) are defined in the Appendix, where [KG]

represents soil mechanical behaviour, [LG] is the HM coupling term
for pore fluid effect on mechanical response and [MG] is the TM
coupling term for temperature effect on the mechanical response.

2.2. Hydraulic equation

Under isothermal conditions, the governing equations for pore
fluid flow through the soil skeleton can be established by combin-
ing the continuity equation with Darcy’s law (e.g. [27]). For a soil
saturated with a compressible pore fluid, the continuity equation
can be formulated based on the volume conservation of the pore
fluid, which implies that the net volume of the pore fluid flowing
into and out of a compressible element of fully saturated soil is
equivalent to the total volumetric change of the soil skeleton, such
that:

r � fv f g � n
Kf

@pf

@t
� Q f ¼ � @ev

@t
ð6Þ

where {vf} represents the vector of the seepage velocity, r� is the
symbol of divergence defined as r �H ¼ @H=@xþ @H=@yþ @H=@z,

n is porosity, Kf is the bulk modulus of the pore fluid, Q f represents
any pore fluid sources and/or sinks, ev is the volumetric strain of the
soil skeleton, and t is time. The seepage velocity {vf} in Eq. (6) is
considered to be governed by the generalised Darcy’s law,
expressed as:
ydro-mechanical finite element formulation for fully saturated soils. Com-
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fv f g ¼ ½kf �
frpf g
cf

� fiGg
 !

ð7Þ

where [kf] is the permeability matrix, or hydraulic conductivity, of
the soil, pf is the pore fluid pressure, frpf g represents the gradient
of pore fluid pressure, the vector {iG}T = {iGx iGy iGz} is the unit vector
parallel, but in the opposite direction, to gravity, cf is the specific
weight of the pore fluid.

Under non-isothermal conditions, however, the changes in vol-
ume of the pore fluid due to the temperature change need to be
taken into account, as often its coefficient of thermal expansion
is different from that of the soil particles (or the soil skeleton, as
per earlier assumption). The difference in the two thermal expan-
sion coefficients can generate a volume of pore fluid flowing into or
out of the soil element when there is a temperature change. If no
flow can enter or leave the soil element, a variation in the pore
fluid pressure is induced. Adopting the principle of volume conser-
vation, the equation of continuity for a compressible pore fluid can
be extended from Eq. (6) as:

r � fv f g � n
Kf

@pf

@t
� 3naT;f

@T
@t

� Q f ¼ � @ev
@t

� 3ð1� nÞaT
@T
@t

� �
ð8Þ

where aT,f is the thermal expansion coefficient of the pore fluid. It
should be noted that the effect of buoyancy is not taken into
account here.

Clearly, the first term on the left-hand side of Eq. (8) is related to
the flow of pore fluid into and out of the soil element, the second
term denotes the changes in the volume of the pore fluid due to
its compressibility, while the third term expresses the thermal
expansion/contraction of the pore fluid. On the right-hand side of
Eq. (8), the first term is the total volumetric strain, while the sec-
ond term reflects the changes in pore space available for the pore
fluid within the porous medium due to the thermal expansion/con-
traction of the soil skeleton. Eq. (8) can be further rearranged as:

r � fv f g � n
Kf

@pf

@t
� 3nðaT;f � aTÞ @T

@t
� Q f ¼ � @ðev � evTÞ

@t
ð9Þ

where DevT = 3aT DT. It should be noted that when the undrained
heating behaviour of soils is modelled by employing Eq. (9) with
a very low soil permeability and a relatively small time-step, the
difference in thermal expansion coefficients between the soil skele-
ton and the pore fluid leads to an increase in pore fluid pressure. It
should also be noted that applying the principle of mass conserva-
tion (the expression for which is shown in the next section) instead
of volume conservation, leads to the same formulation as Eq. (6) for
the isothermal case, and Eq. (9) for the non-isothermal case. The
same hydraulic formulation was also obtained by Lewis and Schre-
fler [22], who followed the approach which combines the mass bal-
ance equation for the solid phase with the mass balance equation
for the fluid phase.

Transfer of pore liquid as well as pore moisture under temper-
ature gradients was observed in experiments on porous materials
[26,11]. For partially saturated soils the effect of temperature gra-
dients on pore liquid flow can be significant; however, for fully sat-
urated soils, the fluid flow due to a temperature gradient is
negligible [26]. Therefore, Eq. (7) is adopted here to model the
seepage velocity under non-isothermal conditions. Substituting
Eq. (7) into Eq. (9) and applying the principle of virtual work as
well as the divergence theorem, the finite element equation gov-
erning the pore fluid flow under non-isothermal conditions can
be assembled in terms of global matrices as [35,27]:

½LG�T fDdgnG
Dt

� �
� ½UG�fpf gnG � ½SG�

fDpf gnG
Dt

� �
� ½ZG� fTgnG

Dt

� �

¼ �½nG� þ Q f ð10Þ
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Details of the matrices in Eq. (10) are given in the Appendix,
where [LG] and [ZG] represent the influence of stress-strain and
temperature changes on the hydraulic behaviour respectively,
and [UG] and [SG] are the permeability and compressibility matri-
ces of the pore fluid. To solve this time-dependent equation, a time
marching scheme is adopted here, which assumes that for the time
interval [t1, t], where t1 is the initial time and t is the current time,Z t

t1

½UG�fpf gnGdt ¼ ½UG�½ðfpf gnGÞ1 þ b1fDpf gnG�Dt ð11Þ

where b1 is the time marching parameter for pore fluid flow, and
({pf}nG)1 is the initial pore fluid pressure at the given time interval.
To ensure the stability of the marching process, the value of b1
should be between 0.5 and 1.0 [9], while the time-step should be
chosen carefully to guarantee accuracy (i.e. not excessively large)
and to avoid spatial oscillations (i.e. not excessively small), as high-
lighted in Cui et al. [15]. Substituting Eq. (11) into Eq. (10) yields:

½LG�TfDdgnG þ ð�b1Dt½UG� � ½SG�ÞfDpf gnG � ½ZG�fDTgnG
¼ f�½nG� þ Q f þ ½UG�ðfpf gnGÞ1gDt ð12Þ
2.3. Thermal equation

Heat transfer in soils generally involves three modes [17]: diffu-
sion, advection and radiation. To obtain the equations governing
heat transfer for THM coupled problems, the following assump-
tions have been made:

(1) The effect of radiation is assumed negligible [23] and is
therefore not taken into account;

(2) Following the assumption adopted for the mechanical equa-
tion, that the volumetric strain of particles and solid skele-
ton due to changes in temperature are identical (i.e.
DeT,p = DeT,s =DeT), thermal volumetric changes of the solid
part in a free draining, mechanically unrestrained soil ele-
ment do not change the void ratio. Indeed, conceptually, it
is argued that when the particles thermally expand, volumes
of both the soil skeleton and the voids change proportion-
ally, resulting in a constant void ratio, such that:

De ¼ Vv0þDVv ;T
Vs0þDVs;T

� Vv0
Vs0

¼ Vv0þ3aT �Vv0
Vs0þ3aT �Vs0

� Vv0
Vs0

¼ 0, where Vv0 and Vs0

are the initial volumes of the voids and the soil skeleton,
respectively, and DVv,T and DVs,T are the corresponding
incremental volumes due to the temperature change. There-
fore, in this formulation, only the mechanical volumetric
change, which is induced by the change in effective stresses,
can affect the void ratio of the porous medium. It should be
noted that under undrained heating conditions the change in
the void ratio could indeed be caused by changes in pore
fluid pressure due to the differential thermal expansion of
the pore fluid and the soil skeleton, as discussed in the pre-
vious section.

The equation governing ground heat transfer is formulated
based on the law of energy conservation [31,32]:

@ðUTdVÞ
@t

þr � QTdV � QTdV ¼ 0 ð13Þ

where UT is the heat content of the soil per unit volume, QT is the
heat flux per unit volume, which includes heat diffusion and heat
advection, QT represents any heat source and/or sink, and dV is an
infinitesimal volume of the soil. The heat content term, UT , is
defined proportionally to soil phases, hence for fully saturated soils:

UT ¼ ½nqf Cpf þ ð1� nÞqsCps�ðT � TrÞ ð14Þ
ydro-mechanical finite element formulation for fully saturated soils. Com-
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where Cpf is the specific heat capacity of the pore fluid and therefore
associated with the pore space (i.e. porosity, n) and Cps is the speci-
fic heat capacity of soil particles, hence associated with the remain-
ing volume (i.e. 1 � n), qf and qs are the densities of the pore fluid
and soil particles respectively, and Tr is a reference temperature.
The heat flux QT is written as the sum of heat diffusion qd and heat
advection qc, where

qd ¼ �½kT �frTg ð15Þ

qc ¼ qf Cpf fv f gðT � TrÞ ð16Þ
and [kT] is the thermal conductivity matrix. Substituting Eqs. (14)–
(16) into Eq. (13) gives:

@f½nqf Cpf þ ð1� nÞqsCps�ðT � TrÞdVg
@t

þ fr � ½qf Cpf fv f gðT � TrÞ� � r � ð½kT �frTgÞ � QTgdV ¼ 0 ð17Þ
The first term on the left-hand side of Eq. (17) can be expanded

to give:

@f½nqf Cpf þ ð1� nÞqsCps�ðT � TrÞdVg
@t

¼ ½nqf Cpf þ ð1� nÞqsCps�dV @T
@t

ð1Þ

þ @½ð1� nÞqsCpsdV �
@t

ðT � TrÞ
ð2Þ

þ @½nqf Cpf dV �
@t

ðT � TrÞ
ð3Þ

ð18Þ

where terms (2) and (3) in Eq. (18) represent the influence of defor-
mation of the soil on heat transfer. In effect, these two terms denote
the influence of changes in the heat capacity of the porous medium,
resulting from variations in porosity which arise from mechanical
deformation. Naturally, the overall impact of this part of the formu-
lation is essentially controlled by the difference in heat capacity of
the fluid and solid phases of the medium. The second term on the
left-hand side of Eq. (17), which represents the advective heat
transfer, can be derived as:

r � ½qf Cpf fv f gðT � TrÞ�dV
¼ qf Cpf fv f gTfrTgdV

ð1Þ
þCpf ðT � TrÞr � ðqf fv f gÞdV

ð2Þ
ð19Þ

Applying the principle of mass conservation for the pore fluid
(omitting the source term) and soil particles, gives [22,32]:

@ðnqf dVÞ
@t

þ ½r � ðqf fv f gÞ�dV ¼ 0 ð20Þ

@½ð1� nÞqsdV �
@t

þ ½r � ðqsfvsgÞ�dV ¼ 0 ð21Þ

where {vs} is the velocity of the soil particles. Clearly, using Eq. (20),
it is possible to establish that term (3) in Eq. (18) and term (2) in Eq.
(19) are equal in magnitude but have opposite signs. Therefore,
eliminating those terms from Eq. (17) and neglecting the advective
heat flux in the solid phase (the second term in Eq. (21)), Eq. (17),
which governs heat transfer, can be expressed as:

½nqf Cpf þð1�nÞqsCps�@T
@t

þqf Cpf fv f gTfrTg�r� ð½kT �frTgÞ�QT ¼ 0

ð22Þ
It is noted that Eq. (22) reproduces that proposed by Lewis and

Schrefler [22] and in a fully coupled THM FE analysis it may ade-
quately illustrate the coupled behaviour of soils. However, when
a coupled thermo-mechanical (TM) FE analysis (e.g. an undrained
analysis, typical of low permeability clays, where the two-phase
nature of the soil is ignored and only the behaviour of the mixture
Please cite this article in press as: Cui W et al. An alternative coupled thermo-h
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is considered) is carried out, cancelling the two terms which are
equal in magnitude from Eq. (17) leads to the absence of TM
coupling in the heat transfer equation. Therefore, the formulation
proposed here retains all the terms in Eq. (17). Introducing the void
ratio, e, as a soil property that is measured in experiments,
n = e/(1 + e), and noting that dV = (1 + e)dVs, where dVs is the
infinitesimal volume of the soil particles, into Eq. (17) yields:

@f½eqf Cpf þ qsCps�ðT � TrÞdVsg
@t

þ fr � ½qf Cpf fv f gðT � TrÞ� � r � ð½kT �frTgÞ � QTgð1þ eÞdVs ¼ 0

ð23Þ
Under isothermal conditions, dVs is generally assumed to be

constant in a simulation, regardless of the change in effective stres-
ses. Under non-isothermal conditions, however, based on the
assumptions presented earlier, dVs is temperature dependent and
can be written as:

dVs ¼ ð1þ evTÞdVs0 ð24Þ
where dVs0 is the initial volume of the soil particles. It is noted that
dVs0 is assumed to be constant here, which is different from Thomas
et al. [32] who assume that dVs is constant in a coupled THM prob-
lem. Substituting Eq. (24) into Eq. (23) and eliminating dVs0 leads
to:

@f½eqf Cpf þ qsCps�ðT � TrÞð1þ evTÞg
@t

1
ð1þ eÞð1þ evTÞ

þr � ½qf Cpf fv f gðT � TrÞ� � r � ð½kT �frTgÞ ¼ QT ð25Þ
Noting that variables in Eq. (25) are e, T, evT, qf and qs, and fv f g,

the first term on the left-hand side of Eq. (25) can be further
derived as:

@f½eqf Cpf þ qsCps�ðT � TrÞð1þ evTÞg
@t

1
ð1þ eÞð1þ evTÞ

¼ ½nqf Cpf þ ð1� nÞqsCps� @T
@t

ð1Þ

þqf Cpf ðT � TrÞ 1
1þ e

@e
@t

ð2Þ

þ ½nqf Cpf þ ð1� nÞqsCps� ðT � TrÞ
1þ evT

@evT
@t

ð3Þ

þ nCpf ðT � TrÞ
@qf

@t
þ ð1� nÞCpsðT � TrÞ @qs

@t

� �
ð4Þ

ð26Þ

In this equation, term (2) denotes the influence of the mechan-
ical deformation, through the variation of void ratio, on the simu-
lated heat transfer. Clearly, the contribution of this term could
potentially be significant in applications where considerable stress
changes are expected, such as in the design of thermo-active struc-
tures. If the material density is assumed to be temperature depen-
dent, substituting q = q0/(1 + evT) for the pore fluid and solid
phases, into Eq. (26) leads to the elimination of terms (3) and (4)
from Eq. (26), resulting in

@f½eqf Cpf þ qsCps�ðT � TrÞð1þ evTÞg
@t

1
ð1þ eÞð1þ evTÞ

¼ ½nqf Cpf þ ð1� nÞqsCps� @T
@t

ð1Þ

þqf Cpf ðT � TrÞ 1
1þ e

@e
@t

ð2Þ

ð27Þ

However, if this is done, then a variable material density should
also be applied to the development of the mechanical and hydrau-
lic equations and be updated during the iteration of each incre-
ment to ensure the consistency of this approach. As far as the
authors are aware, this complication has not been fully taken into
account in any of the existing published THM formulations using
ydro-mechanical finite element formulation for fully saturated soils. Com-
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the finite element method. Therefore, constant densities are
assumed in the formulation proposed here so that comparisons
can be made with results from the literature. As a result, Eq. (26)
becomes:

@f½eqf Cpf þ qsCps�ðT � TrÞð1þ evTÞg
@t

1
ð1þ eÞð1þ evTÞ

¼ ½nqf Cpf þ ð1� nÞqsCps� @T
@t

þ qf Cpf ðT � TrÞ 1
1þ e

@e
@t

þ ½nqf Cpf þ ð1� nÞqsCps� ðT � TrÞ
1þ evh

@evT
@t

ð28Þ

Since the changes in void ratio are assumed to be only a result
of the mechanical strain, it is possible to establish the following
relationship in a small displacement analysis:

1
1þ e0

@e
@t

¼ @ðev � evTÞ
@t

ð29Þ

where e0 is the initial void ratio of the soil. If the fluid density is
assumed not to change (r � qf ¼ 0), the second term on the left-
hand side of Eq. (25) can be derived as:

r � ½qf Cf fv f gðT � TrÞ� ¼ qf Cpf fv f gTfrTg þ qf Cpf ðT � TrÞr � fv f g
ð30Þ

Substituting Eqs. (7), (28)–(30) into Eq. (25) and following a
procedure similar to that for the hydraulic FE formulation, gives
the following finite element equations associated with heat
transfer:

½YG� fDdgnGDt
� ½XG�fpf gnG þ ½XG� fDTgnGDt

þ ½CG�fTgnG ¼ �½nT
G� þ QT

ð31Þ
where the matrices are defined in the Appendix, with [YG] repre-
senting the mechanical effect on thermal response, [XG] the
hydraulic effect on thermal response, [XG] the thermal expansion
and [CG] defining both conduction and advection capacities. To
solve Eq. (31) the same time marching scheme, as that adopted
for solving the FE equations governing the pore fluid flow, has been
used here, resulting in:

½YG�fDdgnG � b2Dt½XG�fDpf gnG þ ð½XG� þ a1Dt½CG�ÞfDTgnG
¼ f�½nT

G� þ QT þ ½XG�ðfpf gnGÞ1 � ½CG�ðfTgnGÞ1gDt ð32Þ
where b2 and a1 are time marching parameters for heat transfer.
Note that the same concerns on the adequate selection of the
time-step previously raised for the solution of the hydraulic equa-
tion apply to the solution of the thermal equation (Eq. (32)). Indeed,
Cui et al. [15] demonstrates that for problems involving heat flux,
the minimum time-step required to prevent the occurrence of spa-
tial oscillations is highly affected by the chosen discretisation, the
applied boundary conditions and by the relative weight of advec-
tion on the overall rate of heat transfer. Assembling Eqs. (5), (12)
and (32) gives the fully coupled THM formulation in the incremen-
tal matrix form as:

½KG� ½LG� �½MG�
½LG�T �b1Dt½UG�� ½SG� �½ZG�
½YG� �b2Dt½XG� aaDt½CG�þ ½XG�

2
64

3
75

fDdgnG
fDpf gnG
fDTgnG

8><
>:

9>=
>;¼

fDRGg
fDFGg
fDHGg

8><
>:

9>=
>;

ð33Þ
2.4. Boundary conditions

To adequately model a coupled THM problem with the FE
method, appropriate mechanical, hydraulic and thermal boundary
conditions (BC) are required. Details of the mechanical and hydrau-
Please cite this article in press as: Cui W et al. An alternative coupled thermo-h
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lic BC for geotechnical engineering can be found in Potts and
Zdravković [27], while the thermal BC, which are commonly used
and have also been implemented into ICFEP, involve: (i) Prescribed
temperature; (ii) Prescribed heat flux; (iii) Heat source and sink;
(iv) Natural heat loss BC which enables heat flux exchange
between a body and its surrounding fluid due to temperature dif-
ference between the two (for example between the ground and the
atmosphere).

In particular, a new coupled thermo-hydraulic BC has been
developed and implemented into ICFEP to balance the change in
energy associated with the flow of pore fluid through the boundary
in a coupled THM or TH analysis [14].

It should be noted that both the natural heat loss BC and the cou-
pled thermo-hydraulic BC are non-linear, as the variables employed
by these two BC can vary over an increment of the analysis.

3. Validation and application

To demonstrate the performance of the newly developed and
implemented THM formulation, a series of benchmark analyses
have been performed and some are discussed here. In the first
instance ICFEP predictions are compared against analytical solu-
tions and numerical studies found in the literature. Subsequently,
a comparison is made against laboratory experimental results.

3.1. Thermo-elastic consolidation of a soil column

The 1D thermo-elastic consolidation analysis of a fully satu-
rated column of soil was first presented by Aboustit et al. [1,2],
and was subsequently used as a benchmark by Noorishad et al.
[24], Lewis et al. [21], Lewis and Schrefler [22], and Gatmiri and
Delage [18] for checking their FE formulations. Consequently, this
example is also analysed using ICFEP.

To ensure the consistency between material properties adopted
in the literature and those used in ICFEP, a plane strain analysis of
1D isothermal elastic consolidation was first performed, for which
an analytical solution [7] is available. The adopted FE mesh is
shown in Fig. 1, employing 8-noded quadrilateral elements, with
both displacement and pore pressure degrees of freedom at all ele-
ment nodes. The adopted material properties are shown in Table 1.

A vertical surface pressure of 1 Pa was applied at the top bound-
ary of the soil column at the start of the analysis and displacement
boundary conditions as shown in the figure were prescribed to
ensure 1D vertical deformation of the column. The prescribed
hydraulic boundary conditions allowed for drainage only through
the top boundary and the initial pore water pressure is hydrostatic
from this boundary. Two sets of time-steps (see Table 2) were
investigated and b1 = 0.875 was adopted for both sets as the time
marching parameter in Eq. (11). Set I was the same as in Aboustit
et al. [1,2] and Lewis et al. [21] and it resulted in spatial oscillations
in the pore pressure at the beginning of the analysis (both in the
above references and in the ICFEP analysis). The authors’ earlier
studies have shown that these oscillations are induced by an exces-
sively small time-step. In this respect, Cui et al. [15] derived the
minimum time-step that ensures non-oscillatory results:

Dtmin ¼ cf h
2ð1þ vÞð1� 2vÞ
16b1kf ð1� vÞ ð34Þ

where h is a measure of element size. Substituting the values given
for the parameters in Table 1 and with h = 0.2 m, gives a minimum
time step of 0.056 s. Clearly, the initial time step of 0.01 s in the first
analysis violates this constraint and explains the observed
oscillations.

Fig. 2 shows the evolution of the column surface settlement
with time, due to the applied pressure, for both analyses. Analytical
ydro-mechanical finite element formulation for fully saturated soils. Com-
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Fig. 1. Finite element mesh for a 1D thermo-elastic consolidation.

Table 1
Material properties.

Young’s modulus, E (Pa) 6.0 � 103

Poisson ratio, m (–) 0.4
Permeability, kf (m/s) 3.92 � 10�5

Initial void ratio, e0 (–) 0.25
qsCps, qfCpf (kJ/(m3 K)) 167.2
Conductivity kT (kJ/(m s K)) 0.836
Thermal expansion coefficient aT (m/(m K)) 3.0 � 10�7

Table 2
Time-step parameters for column analysis.

Set I Set II

Increment Time-step (s) Increment Time-step (s)

1–10 0.01 1–10 1
11–20 0.1 11–5000 10
21–30 10
31–40 100
41–60 1000

Fig. 2. Surface settlements versus time for 1D isothermal consolidation (HM)
analysis with ICFEP.

Fig. 3. Comparison between ICFEP solutions and those in the literature for 1D
isothermal consolidation (HM) analysis.
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solutions from Biot [7] are also plotted. It is noted that both anal-
yses produce very close transient and steady state results, with the
second one matching the analytical solutions exactly. The latter
result is then compared in Fig. 3 to those shown in the literature.
A very good match is evident with the results of Lewis et al. [21]
and Noorishad et al. [24], while the formulation of Gatmiri and
Delage [18] differs significantly from all others.

The subsequent exercise is a non-isothermal consolidation
analysis, which uses the same 2D mesh in Fig. 1, but with an addi-
tional temperature degree of freedom at all element nodes. The
material parameters are listed in Table 1 and the initial tempera-
ture of the soil column is 0 �C. The mechanical and hydraulic
boundary conditions stayed unchanged, while a constant tempera-
ture of 50 �C and a vertical surface pressure of 1 Pa are prescribed
Please cite this article in press as: Cui W et al. An alternative coupled thermo-h
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at the top surface. No heat flow is prescribed at any of the other
boundaries (i.e. insulated boundary). Both time-step sets in Table 2
were attempted and Fig. 4 shows that the biggest difference
between the two results is in the predicted maximum settlement.
Further inspection showed that the Set I analysis missed the peak
settlements due to a large time-step Dt = 1000 s between incre-
ments 41 (t = 1000 s) and 42 (t = 2000 s). Additionally, oscillations
in the nodal temperature distribution along the soil column were
observed in this analysis, as the initial time step is lower than
the minimum one established by Cui et al. [15]. Therefore, the
results from the new THM formulation (as implemented in ICFEP)
with the Set II time steps are compared to those from the same ref-
erences used in the HM analysis. It should be noted that Lewis et al.
[21] adopted a Petrov-Galerkin FE method and upwinding tech-
niques to avoid oscillations as the effect of advection is taken into
account here. The authors have recently implemented the Petrov-
Galerkin FE method into ICFEP for highly advective flows. However,
their previous work [14] has shown that even the conventional
Galerkin FE method can accurately simulate this problem, depend-
ing on the magnitude of the maximum Péclet number. This param-
eter is used to represent the ratio between the advective and
conductive heat fluxes, which in this analysis is 0.002 and there-
fore below the critical value of 2.0 established by Cui et al. [14].
Consequently, the Galerkin FE method is adopted here in the
THM analysis of the soil column.

Fig. 5 compares the prediction of the variation in both temper-
ature and excess pore fluid pressure at a depth of 1 m (point 5 in
the mesh, see Fig. 1) from the new THM formulation against the
ydro-mechanical finite element formulation for fully saturated soils. Com-
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41 42

Fig. 4. Surface settlements versus time for 1D non-isothermal consolidation
analysis with different time-step sizes (THM).

W. Cui et al. / Computers and Geotechnics xxx (2017) xxx–xxx 7
available data from Lewis et al. [21]. Good matches can be found
for both temperature and pore fluid pressure. The slight difference
in the temperature variation at the initial stage of the analysis is
due to the different timemarching schemes adopted for heat trans-
fer in the two analyses (i.e. Set I by Lewis et al. [21] and Set II by the
authors).

Fig. 6 compares the prediction of the surface settlement with
time from the new THM formulation against those shown in the
literature. The solid line result is from the analysis with the new
THM formulation (as implemented in ICFEP) in which aT = aT,f, as
adopted in the analyses from the literature. As noted by Lewis
et al. [21], there was probably a printing error in the results of
Aboustit et al. [2] which has been corrected in Fig. 6 and shows
very good agreement with the ICFEP results, although there are
limited discrete results for the former publication. Also, the same
Fig. 5. Variation in (a) temperature, and (b) excess pore fluid pressure at point 5.
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steady-state was achieved by Lewis et al. [21], Noorishad et al.
[24] and the current work. The difference in the peak settlement
between the prediction of the new formulation and that given by
Lewis et al. [21] is mainly due to the fact that the latter formulation
assumes no coupling effect of temperature on the hydro-
mechanical response. In terms of the THM governing Eq. (33) this
is equivalent to the coupling matrix [ZG] being equal to zero. In the
new formulation, however, this is not the case and the [ZG] matrix
depends on the magnitudes of aT and aT,f,. A further example of the
level of difference in predicted maximum settlements from the
new THM formulation is presented by the dashed line, from an
analysis with different thermal expansion coefficients
(aT = 3 � 10�7 as in Table 1, and aT,f = 2.1 � 10�6). Although differ-
ences in excess pore fluid pressure (see Fig. 5(b)) and maximum
settlement (see Fig. 6) between the two analyses with the new
THM formulation may not be seen as significant (10% on average
for both) for this validation exercise, they could be substantial in
a complex boundary value problem. Unfortunately, it is difficult
to assess the reasons for differences between the results from the
new THM formulation and those from Noorishad et al. [24] or Gat-
miri and Delage [18], due to limited information on their numerical
formulations given in the literature.

3.2. Undrained heating test

The next validation exercise involved application of the fully
coupled THM formulation proposed in this paper in the analysis
of a triaxial undrained heating test reported by Abuel-Naga et al.
[3]. The particular interest here is the development of thermally-
induced excess pore water pressures. A fully saturated Soft Bang-
kok clay was used in the test with an initial temperature of
25 �C. The specimen was isotropically consolidated under isother-
mal conditions to 200 kPa, followed by an unloading which
resulted in an overconsolidation ratio (OCR) of 4.0. Subsequently,
the sample was heated under undrained conditions to 90 �C with
increments of 10 �C, and the thermally induced pore water
pressure was measured after each temperature increment. Labora-
tory tests of the thermo-mechanical response of Soft Bangkok clay
have shown that overconsolidated samples tend to behave elasti-
cally [4,5], and consequently such an assumption is adopted here.

A single element axi-symmetric fully coupled THM analysis was
carried out with the present THM formulation. The relevant proper-
ties of Soft Bangkok clay (K, no and aT) were obtained from data pro-
vided by Abuel-Naga et al. [6,4], whereas the thermal expansion
coefficient of water (aT,f) was adopted from Abuel-Naga et al. [3]
Fig. 6. Comparison in displacement between solutions from the new THM formu-
lation and those in the literature, for 1D non-isothermal consolidation analysis.

ydro-mechanical finite element formulation for fully saturated soils. Com-
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Table 3
Material properties for the analysis under undrained heating conditions.

Bulk modulus of soil, K (MPa) 1.98
Initial porosity, n0 (–) 0.634
Linear thermal expansion coefficient of soil skeleton, aT (�C�1) 1.0 � 10�5

Linear thermal expansion coefficient of pore fluid, aT,f (�C�1) 1.7 � 10�4

Bulk modulus of water, Kf (MPa) 2200

Fig. 7. Comparison between numerical and experimental results for undrained
heating test.
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which represents an average value within the temperature range.
All key material properties are summarised in Table 3. All bound-
aries of the finite element were modelled as impermeable so that
an undrained condition was enforced. A total temperature increase
of 65 �C was applied to all element nodes with an incremental tem-
perature of 1 �C. A value of 0.8 was adopted for all time-marching
parameters and the time-step was chosen arbitrarily as 1.0 s. The
changes in pore fluid pressure were monitored in the analysis and
plotted in Fig. 7 against the experimental results. Considering the
inevitable experimental scatter, the agreement between the two
is excellent. It is the coupling matrix [ZG] in the proposed formula-
tion that enables the prediction of excess porewater pressures in an
undrained heating test, without resorting to a constitutive model
specially developed to simulate such an effect.

4. Conclusions

This paper presents a complete finite element formulation
accounting for fully coupled thermo-hydro-mechanical behaviour
of saturated soils. While the formulation is independent and based
on a set of clearly stated assumptions, the final equations are sim-
ilar to, but differ in some important aspects from those in the liter-
ature. The following are the key characteristics of the proposed
formulation:

(1) The formulation is fully coupled and all terms, including the
cross-coupling terms, are independently defined.

(2) Full derivation of the coupled THM formulation identifies
cross-coupling terms which can be cancelled out in the heat
transfer equation. This has been exploited by others in the
literature. However, the proposed formulation shows that
this results in an error in a thermo-mechanical analysis.
Consequently, it retains all the terms.

(3) The difference in the thermal expansion coefficient between
the pore water and the soil skeleton is explicitly accounted
for. This enables simulation of undrained heating which
results in the generation of excess pore water pressures
without having to use a specially developed thermo-plastic
Please cite this article in press as: Cui W et al. An alternative coupled thermo-h
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constitutive model to simulate this effect. Comparison of
predictions using this facility against experimental results
shows excellent agreement.
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Appendix A
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fmgT ¼ 1 1 1 0 0 0f g
where [B] is a matrix which contains only spatial derivatives of the
shape functions, [N] is the matrix of displacement interpolation
functions (or shape functions), [Np] is the matrix of pore fluid pres-
sure interpolation functions, [NT] is the matrix of temperature inter-
polation functions.

List of symbols for derivation of the coupled THM formulation
P
p

[B]
lease cite this
ut Geotech (2
Matrix containing derivatives of the displacement
interpolation functions
Cpf
 Specific heat capacity of the pore fluid

Cps
 Specific heat capacity of the soil particle

[D]
 Constitutive matrix

½D0�
 Effective constitutive matrix

[Ep]
 Matrix containing derivatives of the pore fluid

pressure interpolation functions

[ET]
 Matrix containing derivatives of the temperature

interpolation functions

e
 Void ratio

Kf
 Bulk modulus of the pore fluid

[kf]
 Permeability matrix

[kT]
 Conductivity matrix

[N]
 Matrix of displacement interpolation functions

[Np]
 Matrix of pore fluid pressure interpolation

functions

[NT]
 Matrix of temperature interpolation functions

n
 Porosity

pf
 Pore fluid pressure
Q f
 Pore fluid sources and/or sinks
QT
 Heat sources and/or sinks

qd
 Heat diffusion

qc
 Heat convection

Ts
 Temperature of the soil particle

Tf
 Temperature of the pore fluid

T
 Temperature of the soil

Tr
 Reference temperature

t
 Time

Vv
 Volume of the voids

Vs
 Volume of the soil skeleton

dV
 Volume of the soil

vf
 Seepage velocity

a1
 Time marching parameter

aT
 Thermal expansion coefficient of the soil

aT,f
 Thermal expansion coefficient of the pore fluid

b1, b2
 Time marching parameter

cf
 Specific weight of the pore fluid

e
 Total strain

eT,p
 Thermal strain of the soil particle

eT,s
 Thermal strain of the soil skeleton

eT
 Thermal strain of the soil

er
 Mechanical strain of the soil

ev
 Volumetric strain of the soil skeleton

evT
 Thermal volumetric strain of the soil

qf
 Densities of the pore fluid

qs
 Densities of the soil particle
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