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Computer simulations are invaluable for the study of ultrafast phenomena, as they allow us to directly
access the electron dynamics. We present an efficient method for simulating the evolution of electrons in
molecules under the influence of time-dependent electric fields, based on the Gaussian tight binding model.
This model improves upon standard self-charge-consistent tight binding by inclusion of polarizable orbitals
and a self-consistent description of charge multipoles. Using the examples of bithiophene, terthiophene and
tetrathiophene, we show that this model produces electrostatic, electrodynamic, and explicitly time-dependent
properties in strong agreement with density-functional theory, but at a small fraction of the cost.
I.

INTRODUCTION

Ultrafast dynamics experiments hold the potential to
probe electron1–4 and nuclear dynamics5,6 with subfemtosecond time-resolution, effectively measuring chemistry on the femtosecond timescale.7 This is achieved by
subjecting atoms or molecules to strong laser fields (I >
1012 W/cm2 ) of just a few femtoseconds duration and
measuring the subsequent harmonic response. Experiments however only give limited access to the underlying electron dynamics. Depending on the setup, the primary observable could for instance be the transmissionabsorption or the high-harmonic radiation8 spectrum.
While it is possible to infer the dynamics in small systems
from symmetry considerations of the molecular orbitals,9
this approach relies on the studied system having a small
number of degrees of freedom. This presents a strong
opportunity for applying theoretical models that take
the time-dependent response of a probed system into account.
Time-propagated
density-functional
theory10
(TPDFT) in particular is a very powerful method
for simulating such systems, as it offers a good compromise between accuracy and efficiency, enabling
demanding simulations over large length and timescales.
Recent developments have gone further to
improve the reliability and accuracy of the method, such
as by inclusion of exact exchange,11,12 or self-interaction
corrections,13,14 to name just a few.
We shall here pursue the opposite approach, and instead question to which degree a conceptually more
approximate method can reach the accuracy of timepropagated density-functional theory. In a previous report we presented the Gaussian tight binding (GTB)
method,15 which is an approximate Kohn-Sham densityfunctional theory method based on an extension of the
semi-empirical density-functional tight binding (DFTB)
method. DFTB has been extensively applied to model
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time-dependent systems and is available in linear-scaling
and parallelized implementations.16,17
The GTB method improves upon standard DFTB in
two ways. First, instead of using a minimal-valence basis
set we use an extended basis set including polarization
orbitals. Secondly, we extend the self-charge-consistent
formalism to include self-consistent multipoles. We have
shown in a previous work15 that GTB is capable of describing the electrostatic response of hydrocarbons to a
static external field with accuracy comparable to densityfunctional theory, but at a significantly reduced computational cost.
We report here on the performance of GTB in predicting time-dependent properties on the example of the
smaller polythiophenes: bithiophene, terthiophene, and
tetrathiophene. First we outline the theory and parameterization of the time-propagated GTB model. Next
we benchmark it with density-functional theory using
the Perdew-Becke-Ernzerhof (PBE) exchange-correlation
functional.18 We find GTB to improve significantly upon
standard DFTB in predicting electrostatic and electrodynamic properties, as well as time-dependent dipole moments and electron densities, while still being orders of
magnitude faster than TPDFT.

II.

THEORY

We give an overview on the basics of time-dependent
density-functional tight binding theory and introduce the
Gaussian tight binding model. Further we describe how
to build a polarizable basis set and how we propagate the
time-dependent tight binding equations.

A.

Density functional tight binding

The density-functional tight binding theory19–21 is a
semi-empirical electronic structure method based on approximate Kohn-Sham density-functional theory. Our
starting point is the time-dependent Kohn-Sham equa-
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tion as given by:


∂
~2
∇2 + v KS [ρ] ψ (n) (r, t) = i~ ψ (n) (r, t), (1)
−
2me
∂t
where ψ (n) (r, t) is the n-th Kohn-Sham orbital and
v KS [ρ] = δE KS [ρ]/δρ(r) is the Kohn-Sham potential,
with E KS [ρ] being the Kohn-Sham energy functional:
E KS [ρ] = E Ha [ρ] + E XC [ρ] + E ext [ρ],

(2)

given in order by the Hartree, exchange-correlation, and
external energy functionals. Let us now define the tight
binding energy functional by the series expansion of the
Kohn-Sham energy functional E KS [ρ] with respect to the
electron density variation δρ(r) = ρ(r) − ρ0 (r) from a
chosen reference density ρ0 (r):
Z
δE KS [ρ0 ]
E T B [ρ] = E KS [ρ0 ] +
δρ(r)d3 r
δρ0 (r)
(3)
Z
δ 2 E KS [ρ0 ]
1
3 0
0 3
3
δρ(r)δρ(r
)d
rd
r
+
O(δρ
).
+
2
δρ0 (r)δρ0 (r 0 )
We truncate the series beyond the second order in δρ(r).
This partitioning enables us to express the tight binding
energy in terms of a static Kohn-Sham energy and an
approximate self-consistent-field (SCF ) contribution:
E T B [ρ] = E KS [ρ0 ] + E SCF [δρ],

(4)

enable tabulation, P
as the exchange-correlation
potential
P
is non-linear vXC [ K ρ0K ] 6= K vXC [ρ0K ]. We simply
cannot precompute these matrix elements for all possible
arbitrary atomic configurations.
The two-centre approximations 21,22 present a
workaround by neglecting three-center and crystalfield terms, leading to the expressions:
(
hφIα | Ĥ KS [ρ0I + ρ0J ] |φJβ i I 6= J
KS
0
HIαJβ [ρ ] ≈
(8)
hφIα | Ĥ KS [ρ0I ] |φIβ i
I=J
The approximate Hamiltonian matrix elements are tabulated as a function of interatomic distance for each pair
of interacting atomic species, following the Slater-Koster
procedure.23 The overlap matrix elements are also tabulated:
SIαJβ = hφIα |φJβ i .

(9)

This tabulation along with the choice of a small basis set is the source of tight binding’s computational
efficiency compared to first-principles electronic structure methods. Non-self-consistent tight binding has
been shown to work well for a wide range of systems.
Nonetheless, the inclusion of the self-consistent contribution E SCF [δρ] is of particular importance when large
amounts of charge transfer or polarization occurs, for instance when strong external fields are applied.

and similarly for the tight binding potential:
v T B [ρ] =

δE T B [ρ]
= v KS [ρ0 ] + v SCF [δρ].
δρ(r)

(5)

The static Kohn-Sham energy functional E KS [ρ0 ] is
only dependent on the reference density ρ0 (r), which
is commonly chosen as the superposition of noninteracting, atomically-centered,
spherically-symmetric
P 0
densities ρ0 (r) =
I ρI (||r − RI ||), where RI is the
position of atom I. This functional is only parametrically dependent on the atomic coordinates and chosen
reference densities, and therefore does not require a selfconsistent solution.
In practice we express the Kohn-Sham orbitals in a
real, non-orthogonal atomic-type orbitals basis set:
X (n)
ψ (n) (r, t) =
cIα (t)φIα (r − RI ),
(6)
Iα

where the atom on site I has an orbital φIα attached to
(n)
it with the time-dependent expansion coefficient cIα (t).
We would like to precompute and store the static Hamiltonian matrix elements
KS
HIαJβ
[ρ0 ] = hφIα |Ĥ KS [ρ0 ]|φJβ i

= hφIα |−~2 /2me ∇2 + v KS [ρ0 ]|φJβ i

(7)

to save the computational expense associated with evaluating the non-self-consistent Hamiltonian matrix elements. The current formulation (7) however does not

B.

Gaussian tight binding

The self-consistent-field contribution E SCF [δρ] (4)
contains second-order functional derivatives of the Hartee and exchange-correlation energy functionals. Its maSCF
trix elements HIαJβ
[δρ] = hφIα | Ĥ SCF [δρ] |φJβ i cannot
be precomputed in a straight-forward manner, as they
are directly dependent on the electron density variation
δρ(r) which is not known a-priori. We are instead left to
approximate these contributions such that they can be
efficiently computed on the fly. Self-consistent densityfunctional tight binding methods commonly only consider the Hartree contribution self-consistently:19
Z
e2
δρ(r)δρ(r 0 ) 3 3 0
E SCF [δρ] ≈
d rd r ,
(10)
8πε0
||r − r 0 ||
as it is difficult to evaluate the exchange-correlation integrals without introducing a major bottleneck in computational performance. We follow this approach here.
We previously reported on the Gaussian tight binding
method,15 a framework for systematically approximating
the self-consistent Hartree energy. We found this contribution to be of particular importance for the quality of
the electrostatic response. This approach is based on expressing δρ(r) in terms of a multipole expansion:
X
δρ(r) =
aIlm (||r − RI ||)KIlm (r − RI ),
(11)
Ilm
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where aIlm (r) is the radial density distribution and
Klm (r) is the real solid harmonic. We approximate the
radial density distribution by single Gaussians scaled by
atomic charge density moments QIlm :
2

aIlm (r) ∼ QIlm e−αIl r .

(12)

The Gaussian widths αIl can be derived from the Hubbard parameters of the respective atomic species.24 This
approximation enables us to compute the Hartree integrals efficiently by analytical integration, with successively improvable quality by including higher order multipole terms. We also explicitly compute the multipole
matrix elements
lm
MIαJβ
= hφIα |Klm (r − RI )|φJβ i

(13)

on the fly as we need them for the atomic charge density
moments QIlm . Access to the dipole matrix elements
1m
MIαJβ
also enables us to treat the interaction of the system with an electric dipole field exactly. We refer to a
previous publication for more details.15
Self-consistent tight binding models are commonly limited to the monopole term (l = 0), and hence are
considered self-charge-consistent 25 (SCC). Self-chargeconsistent models show an erroneous response to external
electric fields; for one, these models commonly lack the
dipole matrix elements required for an exact treatment
of the dipole-field coupling, and for the other, the neglect of atomic polarizability leads to an overestimation
of interatomic charge transfer.
The Gaussian tight binding model offers a systematic
extension to arbitrary order, resulting in a generalized
self-multipole-consistent model without introducing any
further adjustable parameters. We found dipole-order
GTB to give a significantly improved description of static
molecular polarizabilities for a sample of hydrocarbons.15
Empirical self-multipole-consistent tight binding models have previously been formulated: see polarizableion tight binding.26,27 Such models require a potentially
labor-intensive fitting process, but by the same virtue
may also reach higher accuracy than density-functional
theory. Our focus with GTB on the other hand is to
provide a method that requires very little human input
besides the initial choice of the reference densities and
basis set.
In the following we refer to monopole-order, i.e. selfcharge-consistent, GTB as GTB-0, and dipole-order
GTB as GTB-1. The GTB-0 model is conceptually
equivalent to SCC-DFTB. Our earlier studies of the polarization of molecules by static electric fields showed
that the quadrupole contribution was not important,
thus it shall not be considered further here.

minimal basis sets may perform to a satisfactory degree
for a wide range of ground-state properties, the use of extended, polarizable basis sets offers a more accurate description of polarization and excitation effects. We shall
outline the construction of the tight binding parameterization used in this work following the DFTB approach.
First the 1-atom KS-DFT problem is solved on a
radial grid using the Perdew-Becke-Ernzerhof (PBE)
exchange-correlation functional18 with Goedecker-TeterHutter pseudo-potentials for PBE.28,29 The density ρ0 (r)
and radial Kohn-Sham orbitals ψnlm (r) are subsequently
extracted.22,30 These numerical orbitals act as the atomic
basis set, and can further be fitted by Slater-type
(STO)31 or Gaussian-type (GTO)32 orbitals to enable
fast and noise-free analytical integration. In this work
we fit 7 Gaussians to each atomic radial orbital.
In practice it was found that orbitals from the free
atom could become too delocalized to be of practical use,
invalidating the crystal field and two-centre approximations. Eschrig and Bergert33 first suggested the use of a
radially confining potential to the atom, for instance of
the form:
 n
R
.
(14)
VC (R) = V0
R0
This approach has been widely used in the DFTB
community19,34–36 for V0 = 1.0 Eh and n = 2, only leaving R0 as a free optimization parameter. We choose our
confining potential based on the extended basis set model
by Horsfield and Kenny,37 using V0 = 1 Eh and n = 6.
The atomic density and wavefunctions are constrained to
zero beyond a radius of 5.5 a0 .
We build a single-valence-polarizable (SVP) basis set
for the elements hydrogen, carbon, and sulfur. The polarization orbitals are of one angular momentum higher
than the highest angular momentum of each respective
atom’s valence shell: we add 2p0 orbitals for hydrogen,
and 3d0 orbitals for carbon and sulfur. The electronic
configuration of the basis set is listed in Table I.
The Gaussian basis set is used to create the SlaterKoster tables for the static Hamiltonian (8) and overlap
integrals (9). The Hamiltonian onsite elements are directly taken from the eigenvalues of the confined 1-atom
problem. The GTOs are also used to explicitly compute the multipole moment integrals (13) required for the
GTB method on the fly. The basis set enables direct access to the molecular orbitals and electron density, which
may not necessarily be the case for more empirical tight
binding models.

D.
C.

Polarizable basis sets

Tight binding methods save a considerable amount of
computational time by employing small basis sets. While

Time-dependent tight binding
(n)

Defining the states matrix as (C(t))Iα,n = cIα (t), and
TB
the full tight binding Hamiltonian matrix as HIαJβ
=
KS
0
SCF
HIαJβ [ρ ] + HIαJβ [δρ], the time-dependent tight binding
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TABLE I. Confining potential radius R0 and basis set configuration of the single valence polarizable basis set for hydrogen,
carbon, and sulfur in the Gaussian tight binding model.
species
H
C
S

confinement R0 (a0 )
4.0
4.5
4.5

basis set configurations
1s1 2p0
2s2 2p2 3d0
3s2 3p4 3d0

equation is given as:
H T B C(t) = i~S Ċ(t).

(15)

This is rearranged as:
Ċ(t) = −i/~ S −1 H T B C(t),

(16)

where the initial states matrix C(0) is taken from the
self-consistent solution of the ground-state. It is now left
to integrate the states matrix in time.
We use the 4th-order Runge-Kutta (RK4) algorithm
due to its robustness and ease of implementation.38 However, care needs to be taken as RK4 does not preserve
the orthonormality of the state vectors. We express this
property as a unitarity condition by Cholesky decomposition of the overlap matrix: S = U U † :
I = C † SC = (U † C)† (U † C) ≡ B † B,

(17)

where I is the identity matrix. The RK4 algorithm violates the unitarity of B, instead yielding the non-unitary
approximation B̃. Following the projected unitary integrators approach of Dieci et al.,39 we project B̃ back
onto the set of unitary matrices by QR-factorization:
B̃ = QR, where Q is unitary and R is upper triangular.
We identify the unitary solution B as Q, and retrieve the
states matrix by solving B = U † C for C. We note that
this integrator is not symplectic.
III.

method to larger polythiophene-based polymers. The geometries are optimized in PBE-DFT using the cc-pVTZ
basis set.40 . We rotate the molecules such that the furthermost carbon atoms align with the y-axis, and the
furthermost sulfur atoms span a vector parallel to the
xy-plane. We refer to Figure 1 for guidance.
We use the following software for the simulations:
plato41 for GTB, orca42 for static DFT, and octopus43 for time-propagated DFT. The octopus code uses
a real-space grid to represent the wave-functions: the
simulation cell is atructed by adding spheres of 7 Å radius centered on each atom, using a grid spacing of 0.18 Å
and absorbing boundary conditions. This corresponds to
a very high quality basis set for the simulations carried
out here.

A.

Static polarizability of bithiophene

We first investigate the linear response to an external
field on the example of bithiophene. First the groundstate of bithiophene is found. The molecule is not entirely planar; we find a torsional angle of 17.61◦ , which is
underestimated compared to findings from a B3LYP44,45 DFT study.46 Subsequently we compute the molecular
polarizability matrix in the electrostatic limit. The polarizability matrix eigenvalues αλ are listed in Table II
for a variety of methods.
The self-charge-consistent models mio-1-1 and GTB-0
are found to account for polarization nearly only in the
molecular plane (αλ3 ≈ 0 in Table II). The GTB-1 model
in contrast yields polarization also perpendicular to the
molecular plane due to the inclusion of atomic dipole
terms (l = 1). The GTB-1 polarizabilities are in better
agreement with those of DFT using the cc-pVTZ basis
set, which is expected as the SVP basis set lacks the
diffuse orbitals of the aug-cc-pVTZ basis set. This is
consistent with our previous benchmark using small hydrocarbon molecules.15

POLYTHIOPHENE SIMULATIONS

We next assess the performance of tight binding on electrostatic, electrodynamic, and explicitly
time-dependent properties in comparison with densityfunctional theory. We test our previously derived SVP
model in GTB-0 and GTB-1, and also test the mio-1-1
DFTB model19 in GTB-0, which uses a minimal basis
set only including polarization orbitals for sulfur.35 This
parameter set has been shown to be highly accurate and
transferable for a wide range of properties. Nonetheless,
the mio-1-1 model is expected to be inaccurate in modelling molecular polarizabilities due to the lack of the
aforementioned electrostatic multipole terms and polarization orbitals.
Our systems of choice are the smaller polythiophenes:
bithiophene, terthiophene, and tetrathiophene as pictured in Figure 1, as we eventually aim to apply our
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FIG. 1.
Bithiophene, terthiophene, and tetrathiophene
molecules. The furthermost carbon atoms are aligned parallel (red, dotted line) to the y-axis.

a
b

α1
183.69
231.08
202.24
207.98
218.37
210.86

α2
108.78
126.43
128.18
132.15
140.28
138.88

α3
3.36
4.01
61.49
62.21
80.62
80.28

hαλ i
98.61
119.06
130.64
134.12
146.42
143.34

∆E
2.71
3.06
3.21
2.88
2.85
4.08

basis: cc-pVTZ40
basis: aug-cc-pVTZ40

B.

Dynamic polarizability of polythiophenes

We shall next confirm that GTB produces timedependent properties comparable to density-functional
theory.
For this purpose we compute the photoabsorption spectrum for the polythiophenes in a timepropagated calculation.
We apply an electric field impulse at time t = 0 fs,
polarized once each in the ν = x, y, and z directions.
In the octopus density-functional theory code the electron momentum κ is applied directly to the ground-state
Kohn-Sham orbitals:
Φ(n) (r, 0+ ) = eiκr.êν Φ(n) (r, 0− ).

(18)

Sxx (ω) in me e2 /h̄eV

method
mio-1-1 DFTB
SVP GTB-0
SVP GTB-1
PBE-DFTa
PBE-DFTb
B3LYP-DFTb

60

Syy (ω) in me e2 /h̄eV

TABLE II. Static polarizability-matrix eigenvalues αλ
(e2 a0 2 /Eh ) and HOMO-LUMO gap ∆E (eV) of trans-2,2’bithiophene for various DFT and TB methods. hαλ i =
(α1 + α2 + α3 ) /3 is the mean polarizability.
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FIG. 2. Photo-absorption spectra Sii (ω) for bithiophene
in TPDFT (solid, black), mio-1-1 (dotted, black), GTB-0
(dashed, blue), and GTB-1 (dot-dashed, red).

3, and 4 for the spectra of bithiophene, terthiophene, and
tetrathiophene, respectively.

We cannot do this in tight binding as we do not tabulate
the exponential matrix elements. Instead we apply an
electric field impulse over the first time-step ∆t:
Eele (t) = E0 δ(t)êν =

~κ
δ(t)êν .
e∆t

(19)

The simulations are run for a duration of T = 30 fs with
a time-step of ∆t = 0.001 fs. We choose a momentum
of κ = 0.005 /a0 , corresponding to an instantaneous field
of E0 = 0.121 Eh /ea0 = 6.22 V/Å (19). The dynamic
polarizability tensor α̃µν (ω) is subsequently retrieved by
Fourier transform of the molecular dipole moment:
Z

1 T ν
α̃µν (ω) =
pµ (t) − pνµ (0) e−t/τ eiωt dt,
(20)
κ 0
where pνµ (t) is the µ-th vector component of the dipole
moment in a ν-polarized electric field. From this follows
a Fourier resolution of δω = 2π/T = 0.14 eV/~. We apply an exponential decay e−t/τ with τ = 12 fs to broaden
the spectral features. The photo-absorption spectra are
obtained from the dipole strength function Sµν (ω) following the optical theorem:
Sµν (ω) =

2me ω
Im [α̃µν (ω)] .
3π~2

(21)

For each molecule we compute the absorption spectra for
Sxx (ω), Syy (ω), and Szz (ω). We refer to figures Figure 2,

A quantitive comparison of the resonant frequencies is
not straight-forward as there is a great sense of ambiguity
regarding the identification of the peaks. We have therefore restricted ourselves in listing the frequencies of the
two lowest-lying resonances in Sxx (ω) and Syy (ω) with
significant oscillator strength, see Table III. Some resonances appear both in Sxx (ω) and Syy (ω), in which case
we list the next-highest resonance in parenthesis.
The low-lying excitation frequencies as predicted by
the tight binding methods are generally consistent with
TPDFT, while significant deviations occur for higher frequencies at around ω > 5 eV/~. Atomically-localised
basis sets cannot accurately treat such highly energetic
states without the addition of diffuse basis functions,
hence this is an unsurprising outcome. In particular, excitations perpendicular to the molecular plane Szz (ω) are
described poorly in tight binding; only the GTB-1 model
predicts signals at around ω = 4 − 5 eV/~ that are of
comparable oscillator strength and frequency to those of
the lowest-lying excitations in TPDFT. The only reason
why the mio-1-1 and GTB-0 methods predict any signatures in this direction at all is because the polythiophenes
are not entirely planer, and as such there is a minuscule
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FIG. 3. Photo-absorption spectra Sii (ω) for terthiophene
in TPDFT (solid, black), mio-1-1 (dotted, black), GTB-0
(dashed, blue), and GTB-1 (dot-dashed, red).

FIG. 4. Photo-absorption spectra Sii (ω) for tetrathiophene
in TPDFT (solid, black), mio-1-1 (dotted, black), GTB-0
(dashed, blue), and GTB-1 (dot-dashed, red).

amount of charge migration in the direction perpendicular to the molecular plane.
We find that mio-1-1 generally underestimates the resonance frequencies by roughly 1 eV. Inclusion of polarization orbitals in GTB-0 are found to correct this systematic error. The strong agreement between the GTB-0
and TPDFT resonance frequencies are partly caused by
a fortuitous cancellation of errors. We see in Table II
that the GTB-0 method predicts in-plane polarizabilities comparable to DFT using a diffuse basis-set, even
though no diffuse orbitals are included in the SVP GTB
basis set. It is therefore not surprising that the resonant
frequencies fall in line with those predicted by TPDFT,
which is considered to use a high quality basis set. The
self-charge-consistent models also underestimate the oscillator strengths, which is corrected in GTB-1 due to the
inclusion of dipole-order terms.

integrator for tight binding scales cubically with system
size due to the QR-factorization. For large systems other
integrators will be more appropriate.
The numerical stability of the projected unitary integrators method is monitored by keeping track of the absolute energy shift over the simulation. The total energy
drifts on the example of tetrathiophene in the Syy (ω) simulations for mio-1-1, GTB-0, and GTB-1 are found to be
5 × 10−5 meV, 40 meV, and 7 meV, respectively, over the
duration of 30 fs. We also repeated the Syy (ω) simulation in GTB-1 for a duration of 130 fs and found a total
energy drift of 10 meV. It is curious that the GTB-1
dynamics seem more stable than those of GTB-0. For
example we found that for particularly strong fields the
time-dependent dipole moments of GTB-0 would be numerically erratic and noisy, which we did not observe for
either mio-1-1 or GTB-1.

C.

D.

Computational performance

Each octopus simulation was run in parallel over 20
processors, while the tight binding simulations were ran
on a single processor each. We report the wall time of
the Syy (ω) simulations in Table IV. The GTB simulations are found to be two orders of magnitude faster than
the TPDFT simulations. In practice the speed-up is even
larger as we can run 20 GTB simulations in parallel on 20
processors, rather than running one parallelized TPDFT
simulation on 20 processors. We also note that the comparison is not consistent because the cost of our numerical

Time-dependent response of polythiophenes

We shall next investigate the response of the system to
a short time-dependent external field of the form:
(
−E0 êν cos (ωt) sin (πt/τ ) 0 ≤ t ≤ τ
(22)
Eele (t) =
0
otherwise.
We choose an amplitude of E0 = 0.01 Eh /ea0 =
0.51 V/Å, an envelope duration of τ = 3 fs, and three
different carrier frequencies: ω = 1 eV/~ for an underdriven excitation, ω = ω1 (yy) (PBE-DFT) for a resonant
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TABLE III. Low-lying absorption frequencies ωα in eV/~
of Sxx (ω) and Syy (ω) for bithiophene, terthiophene, and
tetrathiophene for density-functional theory (DFT) and various tight binding (TB) methods. The resolution is 0.14 eV/~.
Resonances with a small amplitude are not considered. If a
resonance appears in both Sxx (ω) and Syy (ω) the next-highest
resonance is also given in parenthesis.
bithiophene
method
ω1 (xx)
ω2 (xx)
ω1 (yy)
ω2 (yy)
mio-1-1 DFTB
3.86
5.65
3.31
5.24
SVP GTB-0
4.41
5.79 (6.34) 3.58 5.79 (6.62)
SVP GTB-1
4.55
6.07 (6.76) 3.86 6.07 (6.76)
TPDFTa
3.58 (4.41) 5.93 (6.34) 3.58 5.93 (7.03)
terthiophene
method
ω1 (xx)
ω2 (xx)
ω1 (yy)
ω2 (yy)
mio-1-1 DFTB 2.76 (3.31)
3.86
1.93
5.38
SVP GTB-0
4.27
5.24
2.90
4.55
SVP GTB-1
4.14
5.10
3.17
4.69
TPDFTa
4.27
5.24 (6.34) 2.90
4.69
tetrathiophene
method
ω1 (xx)
ω2 (xx)
ω1 (yy)
ω2 (yy)
mio-1-1 DFTB
3.17
3.58
1.65
2.21
SVP GTB-0
4.00 (4.27)
4.69
2.48
3.72
SVP GTB-1
3.86 (4.83)
5.51
2.76 3.86 (4.41)
TPDFTa
4.00
4.55
2.48
3.72
a

grid radius around each atom: 7.0 Å, grid resolution: 0.18 Å

TABLE IV. Total wall time in hours for bithiophene, terthiophene, and tetrathiophene simulations for the Syy (ω) photoabsorption spectra.
method
bithiophene terthiophene tetrathiophene
mio-1-1 DFTBa
0.04
0.13
0.22
SVP GTB-0a
0.21
0.66
1.18
SVP GTB-1a
0.22
0.72
1.32
TPDFTb
45.83
80.83
123.33
a
b

Simulation running on 1 thread
Simulation parallelized over 20 threads

Eele (t) in Eh /ea0

excitation, and ω = 10 eV/~ for an over-driven excitation, see Figure 5. The amplitude corresponds to a laser
peak intensity of 3.3 × 1012 W/cm2 . The fields have a
band-width of roughly 2 eV/~ in frequency space, and as
such the resonant field may excite multiple resonances.

1.0

·10−2
1.00 eV/h̄
3.58 eV/h̄
10.00 eV/h̄

0.0

−1.0
0.0

0.5

1.0

1.5

2.0
t in fs

2.5

3.0

3.5

FIG. 5. Time-dependent electric fields Eele (t) in Eh /ea0 .
Three different carrier frequencies ω are used. The underdriven case ω = 1 eV/~ (solid, black), the resonant case in
respect to the first excited state of Syy (ω) in PBE-DFT, here
by example of bithiophene (dashed, blue), and the over-driven
case ω = 10 eV/~ (dot-dashed, red).

The simulations are run for a duration of 5 fs using
the same settings as in section III B, once with fields
polarized along the ν = y direction, and once polarized along the ν = z direction. We show the timedependent molecular dipole moments px (t) and py (t) for
the y-polarized fields for bithiophene, terthiophene, and
tetrathiophene in Figures 6, 7, and 8, respectively. We
show the pz (t) dipole moment for the z-polarized field
only for tetrathiophene in Figure 9, as the pz (t) plots
for the three molecules look almost identical. The timedependent density
R change of terthiophene in the xy-plane
∆ρ(x, y, t) = (ρ(r, t) − ρ(r, 0)) dz for the resonant ypolarized field is shown for TPDFT and GTB-1 in Figure 10.
E.

Discussion

Overall the level of agreement between densityfunctional theory and the tight binding methods is encouraging.
The mio-1-1 model performs surprisingly well, considering that it has not been optimized with time-dependent
response in mind. The model however becomes inaccurate for high frequencies, see ω = 10 eV/~ (case C) for
px (t), as the lack of polarization orbitals leads to a poor
description of higher excitedf states. The response to
the resonant pulses (case B) is also flawed as the mio-1-1
model systematically underestimates the lowest resonant
frequencies, see Table III.
While the GTB-0 model shows the addition of polarization orbitals to improve the resonant and high-frequency
cases, the px (t) moment is qualitatively incorrect for the
first half femtosecond at all frequencies, polarizing much
too quickly.
Amongst all tight binding methods only GTB-1 is
capable of describing polarization perpendicular to the
molecular plane direction due to its inclusion of electrostatic dipole terms, see Figure 9. The perpendicular moment pz (t) follows the TPDFT reference qualitatively,
but is consistently underestimated. We attribute this to
the lack of diffuse orbitals in the SVP basis set, seeing
as DFT with the cc-pVTZ basis set also yields an underestimated static polarizability α3 in comparison to DFT
with the aug-cc-pVTZ basis set: see Table II.
The GTB-1 model agrees most strongly with TPDFT
due to the addition of polarization orbitals, electrostatic
dipole terms, and dipole field-coupling matrix elements.
We emphasize that one cannot expect these two methods
to agree perfectly at the ~ω ≈ 5 − 10 eV energy range, as
the GTB-1 and TPDFT linear response spectra already
deviate considerably in that region. Still, the outcome is
very encouraging considering the simplicity of the tight
binding method.
It is also evident that the tight binding methods
strongly vary in their prediction of the initial dipole moment px (0) of terthiophene, see Figure 7. Terthiophene in
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FIG. 6. Dipole moments px (t) and py (t) of bithiophene for an
applied y-polarized field of 3 fs duration with a frequency of
(A) 1 eV/~, (B) 3.58 eV/~, (C) 10 eV/~, in TPDFT (solid,
black), mio-1-1 (dotted, black), GTB-0 (dashed, blue), and
GTB-1 (dot-dashed, red).

FIG. 7. Dipole moments px (t) and py (t) of terthiophene for
an applied y-polarized field of 3 fs duration with a frequency of
(A) 1 eV/~, (B) 2.90 eV/~, (C) 10 eV/~, in TPDFT (solid,
black), mio-1-1 (dotted, black), GTB-0 (dashed, blue), and
GTB-1 (dot-dashed, red).

particular stands out because the molecule has an uneven
number of sulphur atoms. The initial dipole moment is
sensitive to the choice of both the Gaussian multipole
widths αIl of Eq. (12), and the radii R0 of the confining
potentials of Eq. (14). These parameters could therefore
be further optimized to improve the description of the
ground-state.

The density changes ∆ρ(x, y, t) of GTB-1 and TPDFT,
see Figure 10, are not straightforward to compare since
the methods predict slightly different resonance frequencies. The time-dependent responses are as such not in
phase with one another. To allow for a better comparison
we have therefore scaled the time of the GTB-1 density
by a factor of ω1 (yy)(TPDFT)/ω1 (yy)(GTB-1) = 0.93.
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namics in ultrafast systems. Our analysis of the dipole
moments is only indicative of the electron dynamics;
the electron density however confirms that GTB and
TPDFT produce very similar dynamics. In conclusion,
GTB-1 offers a much improved description of electrostatic and electrodynamic properties over standard selfcharge-consistent tight binding while still being significantly faster than TPDFT.

B

5.0

0.5

FIG. 9. Dipole moment pz (t) of tetrathiophene for an applied z-polarized field of 3 fs duration with a frequency of
(A) 1 eV/~, (B) 2.48 eV/~, (C) 10 eV/~, in TPDFT (solid,
black) and GTB-1 (dot-dashed, red).
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FIG. 8. Dipole moments px (t) and py (t) of tetrathiophene for
an applied y-polarized field of 3 fs duration with a frequency of
(A) 1 eV/~, (B) 2.48 eV/~, (C) 10 eV/~, in TPDFT (solid,
black), mio-1-1 (dotted, black), GTB-0 (dashed, blue), and
GTB-1 (dot-dashed, red).

We find the density changes to agree remarkably well:
the tight binding model predicts features of the electron
density consistent with the TPDFT model, though generally the GTB-1 density is more localised due to the lack
of diffuse orbitals.
This key result affirms our assumption that the GTB-1
density can indeed be used to investigate electron dy-

Conclusion

We have shown GTB-1 to significantly improve upon
standard self-charge-consistent DFTB and produce a
time-dependent response comparable to that of TPDFT
using the PBE functional. A direct comparison of the
electron densities confirms that the GTB-1 model is capable of offering a qualitatively correct description of the
time-dependent response on the example of terthiophene
— that is despite the simplicity of the self-consistent description. The GTB-1 model further offers quantitative
accuracy comparable to PBE-DFT with the cc-pVTZ basis set at a significantly reduced cost.
We also have to keep in mind the limitations of tight
binding methods. While we could in principle add diffuse Gaussians to our SVP basis set, we have to be wary
of introducing additional errors by doing so. The tight
binding methods presented here use the two-centre approximation outlined in section II A. The addition of diffuse orbitals leads to a more delocalized electron density,
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is not straightforward in the tight binding framework;
any extensions to the method need to be efficient enough
to not incur a significant slowdown. We refer to some
recent developments towards long-range corrected tight
binding.48,49
The GTB treatment of self-consistency is effective but
crude, as we have approximated the atomic charge densities by single Gaussians (12). We have yet to find a clear
example where this approximation breaks down before
any of the aforementioned other tight binding approximations lead to failure.
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FIG. 10.
Time-dependent
electron density change
R
∆ρ(x, y, t) =
(ρ(x, y, z, t) − ρ(x, y, z, 0)) dz in 1/Å2 of
terthiophene in GTB-1 and TPDFT under the influence of
a time-dependent external field polarized in y-direction (Figure 5, ω = 3.58 eV/~). The time of the GTB-1 densities is
scaled by a factor of 0.93 to bring the dynamics roughly in
phase with those of TPDFT.

thereby adding a systematic error to the Kohn-Sham potential. The extent of this error and its practical consequences on the accuracy however is still a largely unexplored topic.
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should hence consider whether ionization is a likely scenario for a given system.
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could be amended for instance by inclusion of exact exchange or by self-interaction corrections.47 However, this

Itatani, J. Levesque, D. Zeidler, H. Niikura, H. Pépin, J.-C.
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