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Abstract

Aligned-discontinuous-fibre reinforced polymers have the potential to combine (i) the high specific stiffness
and strength and light weight of conventional continuous-fibre composites with (ii) increased damage
tolerance, improved manufacturability, and the ability to close the life-cycle loop of composites by using
recycled fibres. However, predicting the mechanical response of discontinuous composites is a challenge
for which no universally accepted and computationally-efficient solution exists yet. This paper presents
a model for aligned discontinuous-fibre reinforced composites considering (i) a generic constitutive law
for the matrix, (ii) stochastic fibre failure under non-uniform stress fields due to the presence of fibre-
ends, and (iii) unstable final failure from a critical cluster of damage. Results show good agreement with
experiments from the literature, and the model also stresses the importance of considering the stochastic
nature of both the fibre-end locations and the fibre-strengths to model aligned discontinuous composites.
Parametric studies suggest that failure of aligned discontinuous composites depends on (i) the overlap
length between fibres for short-fibre composites, and (ii) the fibre strength for long-fibre composites;
intermediate-length fibres would result in discontinuous composites with maximum stiffness, strength,
and failure strain simultaneously.

Keywords: A. Short-fibre composites, B. Stress/strain curves, C. Failure criterion, C. Modelling,
C. Statistics

1. Introduction

Continuous-fibre reinforced composites are remarkably stiff, strong and light, but tend to fail in a brit-
tle manner that cannot be tolerated in most applications. Natural composites overcome this flaw through
discontinuous microstructures, achieving stiffness and strength comparable to those of continuous-fibre
materials, but increasing significantly their tolerance to damage [1, 2]. Nacre, for instance, composed of
95% of stiff mineral platelets embedded in 5% of a soft organic phase, has a 3000-fold increase in tough-
ness compared to the platelets, while maintaining reasonable stiffness and strength [3]. Experiments
with man-made discontinuous composites have been successful in showing increased non-linearity and
toughness, and also the potential of tailoring the discontinuous architecture to achieve different failure
mechanisms [3–6].

Discontinuous composites also have better manufacturability than continuous-fibre composites, as the
fibres are able to flow in the matrix during curing; this allows discontinuous composites to be manufactured
through automated processes, it reduces the manufacturing time, and it allows for more complex-shaped
components to be manufactured [7]. Moreover, recycled composites – which will become essential as
composite production keeps increasing – have inherently discontinuous fibres [8, 9].

Many problems arise when modelling discontinuous composites. The first one, also present in
continuous-fibre composites, is the stochastic variability of the fibre strength, which can be captured
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by Weibull’s continuous probability distribution [10–12]. However, most models for discontinuous com-
posites either neglect fibre failure [13], use a deterministic fibre strength [14], or assume a uniform stress
field in the fibres [11, 12], which is not true due to the presence of fibre-ends.

Another challenge while modelling discontinuous composites is the failure of the matrix or fibre/matrix
interface. Gao et al. [15] identified two main approaches to this problem: a first group of models [16, 17]
considers a maximum shear stress criterion and uses shear-lag models to derive the stress-transfer between
neighbouring fibres. The second group of models [18] regards debonding as a particular case of fracture
mechanics; however, conventional linear elastic fracture mechanics requires knowing in advance the ori-
entation and the length of a pre-existing initial crack [18], and neglects the non-linearity of the matrix.
Recently, Pimenta and Robinson [13] developed an analytical model for the response of discontinuous
“brick-and-mortar” composites for any shear constitutive law of the matrix, which bridges the strength
and toughness-based approaches.

The issue of defining the microstructure of discontinuous composites and in particular the location of
fibre-ends has been tackled in different ways in the literature [13, 19–26]. A first widely used approach
is to consider perfectly staggered fibres [13, 19–21, 25], in which case the overlap length between two
neighbouring fibres is half the fibre length. Other authors recommend using an average value for the
overlap length, which corresponds to a quarter of the fibre length [22]. However, predicting accurately
the effect of overlap lengths in discontinuous composites requires more realistic architectures, considering
randomly-located fibre-ends [23, 24, 26, 27].

Most models in the literature [13, 25, 26] consider that the strength of discontinuous composites
coincides with the maximum average stress that the material can withstand, but experiments [28] show
that composites fail when a cluster of damage reaches a critical size and propagates unstably in the
material, leading to catastrophic failure. This observation suggests that final failure of composites can be
approached as a fracture mechanics problem [27, 29]. This requires being able to predict the toughness
of discontinuous composites [12, 30], which can be done for instance by calculating the energy dissipated
through the formation of pull-outs with a given stochastic distribution of lengths [12]. In any case,
many authors highlighted the importance of accounting for debonding and friction during the pull-out
process [15, 31, 32].

An alternative method to model discontinuous composites is finite element (FE) simulations, which
have the advantage of representing more realistic stress fields without the assumptions made in analytical
models. However, being computationally expensive, FE models are generally limited to the fibre/interface
scale [18, 32] or to small representative volume elements (RVEs) [25, 26, 33–35], and cannot be used to
model full-sized specimens.

Overall, there is still a need for models able to predict accurately and efficiently the mechanical
response of discontinuous composites, in order to better understand their deformation and failure mech-
anisms, perform virtual experiments on full-scale specimens, and also to identify optimal configurations.

The work presented in this paper aims at modelling a full-size 3D composite specimen with aligned
discontinuous fibres with random location of fibre-ends, and accounting for non-linear matrix response
and debonding, stochastic formation of fibre breaks, and catastrophic specimen failure.

The paper is organised as follows: Section 2 describes the model development and proposes a roadmap
for its numerical implementation. Section 3 presents the model results, including experimental validation
and parametric studies. Section 4 discusses the model and its results, its relation with literature, and its
potential applications. Finally, Section 5 summarises the main conclusions.
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Nomenclature

Uppercase roman variables
E tensile stiffness
F status of fibre breakage (logical values)
G tangent shear stiffness
G fracture toughness
J non-linear energy release rate
N number of active neighbours
S shear strength
S list of fibre-end locations in interactions
X, X strength
V volume fraction
Z list of broken fibres

Lowercase roman variables
a cluster size (radius)
l length
n RVE size (n× n fibres)
na cluster size (na × na fibres)
nRVE number of RVEs in the specimen
x, x location of fibre-breaks / fibre-ends

Indices
i, j location within the RVE
k interactions around a fibre
p RVEs in a specimen
s segments in an interaction

Lowercase greek variables
ε tensile strain
γ shear strain
φ diameter
σ, σ longitudinal stress
τ shear stress

Subscripts
Br broken segment
H horizontal interaction
NB next fibre-break
PB previous fibre-break
SL shear-lag segment
V vertical interaction

Superscripts
f fibre
I interaction
m matrix
N neighbour
∞ remote

Operator (on variable χ)
χ̂ peak/maximum value

Blackboard bold symbols (e.g. F, σ, X) are used to represent matrices.

2. Model development

2.1. Multiscale modelling framework
The response of aligned discontinuous composites is modelled at different scales [27], as represented in

Fig. 1. Their implementation in the model is described in the next subsections, and summarised below:
1. Specimen: the model considers an aligned short-fibre polymer-matrix composite specimen as a

series of pRVE ∈ {1, ..., nRVE} representative volume elements (RVEs) (Fig. 1a and Section 2.5).
2. RVE: the cross-section of each RVE has n × n aligned fibres in parallel, arranged in a square

packing. The length of the RVEs is the fibre length lf (uniform for all fibres in the specimen), and
fibre-ends are randomly located along the longitudinal direction of the RVE (Figs. 1a and 1b and
Section 2.5).

3. Fibre: each fibre has a stochastic strength and builds stresses through the interaction with its four
nearest neighbouring fibres (Figs. 1b, 1c and 1d and Section 2.4).

4. Interaction: in each interaction between two neighbouring fibres, stresses are transferred through
shear in the matrix (Figs. 1c, 1d and 1f and Section 2.3.4). Each interaction is initially composed
by two shear-lag segments delimited by fibre-ends (Fig. 1d), but can be further divided into more
segments due to the formation of fibre-breaks (Fig. 1f).

5. Segment: each segment within an interaction is delimited by fibre-ends and/or fibre-breaks, and
can be categorised as shear-lag (subscript SL, Fig. 1e) or broken (subscript Br, Fig. 1g) (Sec-
tions 2.3.1 to 2.3.3).

3



(d)
(b)

RVE

𝑙f

(a) Full 3D structure of the specimen
(initial configuration, n = 5).

+

(c)

(b) Fibre with its four nearest
neighbours.

+

fibre ℬ

fibre 𝒜

matrix

(c) Interaction between two neighbouring fi-
bres (cross-section view).

fibre ℬ

fibre 𝒜

𝑙f
𝛿𝑙i 𝛿𝑙ii

fibre
end

𝕩ℬ 𝕩𝒜

Segment iiSegment i
𝑥

(e)
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(f) Interaction shown in (d) after fibre-breakage. The formation of fibre-breaks creates
one broken segment (with length δlBr1) and four shear-lag segments (with lengths δlSL1
to δlSL4).
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(g) Broken segment.

Figure 1: Overview of the different scales involved in the model for aligned discontinuous composites.

2.2. RVE definition

Each fibre in a RVE is identified by the coordinates (i, j) (see Figs. 2a and 2b). At the beginning
of the simulation, each fibre contains one fibre-end along an RVE, whose random location x ∈ [0, lf] is
stored in a matrix xij . Considering a high fibre-content (and thus small gaps between fibres), the RVEs
are assumed to be periodic in the longitudinal direction, and therefore the matrix x is initially equal
for all RVEs. As the simulation progresses, fibre-breaks can be introduced, in which case xij becomes a
sorted vector xij(1, ..., smax), where the smallest value xij(1) always corresponds to the fibre-end of fibre
(i, j). For example, the vector for fibre B in Figure 1d is xB = xB (1) at the beginning of the simulation,
and becomes xB = {xB (1), xB (2), xB (3)} after the fibre-breaks occur, in Figure 1f.

The strength of the fibres is stochastic; different realisations of strengths are used for each RVE, and
the values of the fibre strength for each RVE are stored in a matrix Xij (see Section 2.4 for further
details).
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(c) Stress fields in the two quarter-fibres forming the inter-
action V(i, j) in Fig. 2a, made of one broken segment and
four shear-lag segments.
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(d) Stress field in fibre (i, j) due to the four neighbouring
fibre-ends (Fig. 2b) at the initial configuration, and identi-
fication of the maximum fibre stress σ̂f

ij .

Figure 2: Indexing system of the different matrices of the model and stress fields considered in the fibres.

2.3. Response of an interaction between neighbouring fibres

2.3.1. Type and length of segments in an interaction
Consider the horizontal (subscript H) and vertical (subscript V) interactions between a fibre and its

four neighbouring fibres (see Figs. 2a and 2b); the symbol ∗ is used to replace H and V when no orientation
is specified for an interaction. Take, for example, the interaction V(i, j) between fibres (i, j) and (i+1, j),
which is also represented in Figure 2c; the location of the fibre-ends involved in that interaction can be
collected in a sorted vector SV(i, j) = {xi+1,j(1), xi+1,j(2), xij(1), xi+1,j(3), xij(2), xi+1,j(1) + lf}.
This can be generalised so that, at each stage of the simulation, one can collect a vector with the location
of all fibre discontinuities present along each interaction and store them in two matrices:

SH(i, j) = sort
[
x(i, j) , x(i, j + 1) , x(i, j)(1) + lf

]
, for horizontal interactions

SV(i, j) = sort
[
x(i, j) , x(i+ 1, j) , x(i, j)(1) + lf

]
, for vertical interactions.

(1)

If the size of a given vector (S∗ij) is defined as smax + 1 (for instance, smax = 5 in the interaction in
Figures 1f and 2c), then the interaction ∗(i, j) will be composed of smax segments. The sth segment of
an interaction has a length equal to δls = S∗ij(s+ 1)− S∗ij(s), and will be of one of the two types:
• A segment delimited by discontinuities in the same fibre is a broken segment (see Segment 1 in

Figs. 1f and 2c, and Fig. 1g);
• A segment delimited by discontinuities in the two fibres is a shear-lag segment (see Segments 2 to

5 in Figs. 1f and 2c, and Fig. 1e).
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The mechanical response of segments and interactions will be calculated in Sections 2.3.2 to 2.3.4, using
stresses based on the cross-section of the fibres only (i.e. normalised for a volume fraction of 100%).

2.3.2. Broken segment
In the case of a broken segment (let us consider Segment 1 from Fig. 1f and Fig. 1g, where the broken

segment is in fibre B), it is assumed that the load is entirely carried by the neighbouring, unbroken fibre
element (of fibre A). In that case, the stress (σI

Br) vs. strain (εI
Br) response of the broken segment is

simply defined by

σI
Br = εI

Br ·
Ef

2 , (2)

where Ef is the stiffness of the fibre. This assumes that no stress is transmitted to the broken element
through shear in the matrix, and results in a lower boundary for the stiffness of the composite after fibre
breakage.

2.3.3. Shear-lag segment
In the case of a shear-lag segment (see for example Segment i in Fig. 1d and Fig. 1e), we consider

an overlap of length δlSL between two neighbouring fibres, composed of two quarter-fibres A and B of
diameter φf and stiffness Ef with a volume fraction V f. The response of this shear-lag segment can
be calculated using Pimenta and Robinson’s extended shear-lag model [13], as summarised below. The
geometric inputs (T, tm, L) for the shear-lag model are calculated from the geometry of the shear-lag
segment as

T = φf

4 , L = δlSL

2 and tm =
(√

π

4 · V f − 1
)
· φf. (3)

Considering a piecewise-linear constitutive law in shear for the matrix (or fibre-matrix interface), the
behaviour of the shear-lag segment is defined by a set of differential equations

d2∆σ(x)
dx2 = ±λ2 ·∆σ(x) , with the characteristic coefficient defined as λ

def=
√

2 · |Gm(x)|
T · tm · Ef , (4)

and where ∆σ(x) = σB(x) − σA(x) is the local stress difference between the two fibres A and B, and
Gm(x) = dτm(x)

/
dγm(x) is the local shear tangent stiffness of the matrix (Gm takes a different value

at each piece of the constitutive law, and Gm
0 corresponds to the elastic shear modulus of the matrix).

The solutions of these equations enable us to find the shear strain γend and the stress difference ∆σend

at the ends of the segment [13]; finally, the remote stress (σI
SL) vs. strain (εI

SL) curve of the segment is
calculated through

σI
SL = ∆σend

2 and εI
SL = ∆σend

2 · Ef + tm · γend

δlSL
. (5)

2.3.4. Overall response of an interaction between two neighbouring fibres
Once the full stress-strain curves (σI

s vs. εI
s) of each of the s ∈ {1, ..., smax} segments forming

an interaction between two neighbouring fibres have been calculated (as explained in Sections 2.3.1
to 2.3.3), they are combined in series to derive the stress-strain response (σI vs. εRVE) of the overall
interaction (Fig. 1f). Considering that the length of each segment s is δls (s ∈ {1, ..., smax}) such that∑smax
s=1 δls = lf, and that the remote stress of the interaction (σI) must be uniform through all segments

(hence σI
s ≡ σI ∀ s ∈ {1, ..., smax}), the corresponding remote strain of the interaction is

εRVE(σI) =
∑smax
s=1 δls · εI

s(σI)
lf

. (6)
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Equation 6 allows us to populate the rising part of the stress-strain curve of each interaction, and
the strength of the interaction is defined as the minimum of the strengths of each segment (since they
are arranged in series). As a result, if two neighbouring fibres have a break or an end at the same axial
location x, their interaction is considered deactivated (i.e. no load is carried through this interaction). The
stress-strain responses of all horizontal and vertical interactions (i, j) are stored respectively in σI

Hij(εRVE)
and σI

Vij(εRVE), where εRVE is the overall strain applied to all interactions and fibres in a RVE.

2.4. Tensile response of a fibre with stochastic strength
2.4.1. Maximum stress in the fibres

The overall stress field within fibre (i, j) should be calculated by combining the stresses due to the
four interactions in each quarter-fibre (see Section 2.3.4) in parallel. However, calculating these full stress
fields would be computationally expensive, and therefore an approximate method is derived as follows.

The average stress in each quarter of fibre (i, j) due to a single interaction is equal to the average stress
of the interaction σI

∗ij(εRVE) (Fig. 2c). Combining the four quarter-fibres forming a fibre in parallel, the
average stress in the fibre is defined as:
σf(i, j, εRVE) =

(
σI

V(i− 1, j, εRVE) + σI
H(i, j, εRVE) + σI

V(i, j, εRVE) + σI
H(i, j − 1, εRVE)

) /
NI
ij , where NI

ij

is the number of active neighbours (or interactions) around fibre (i, j); this is initially set up to 4 within
the RVE, 3 along the edges and 2 in the corners, but it may decrease as fibres break during the simulation,
as will be explained in Section 2.4.4.

The maximum stress (due to the stress concentrations caused by the neighbouring fibre-ends) in
each quarter-fibre (i, j) is equal to 2 · σI

∗ij(εRVE) (Fig. 2c). Therefore, for each fibre, four stress peaks
are calculated, each representing a combination of (i) the average stress in the fibre and (ii) the stress
concentration due to a neighbouring fibre-end (see Fig. 2d). As a result, the four values of stress-peaks
in each fibre (i, j) are calculated as follow:

σf
1(i, j, εRVE) = σf(i, j, εRVE) + σI

V(i− 1, j, εRVE)
NI
ij

, σf
2(i, j, εRVE) = σf(i, j, εRVE) + σI

H(i, j, εRVE)
NI
ij

,

σf
3(i, j, εRVE) = σf(i, j, εRVE) + σI

V(i, j, εRVE)
NI
ij

, σf
4(i, j, εRVE) = σf(i, j, εRVE) + σI

H(i, j − 1, εRVE)
NI
ij

.

(7)

Comparing these four values of peaks in the local stresses of fibre (i, j), we can identify the maximum
fibre stress σ̂f

ij(εRVE) (Fig. 2d) as well as the relative neighbour kcrit(i, j, εRVE) of fibre (i, j) causing this
peak, such that:

σ̂f
ij(εRVE) = σf

kcrit(i,j,εRVE)(i, j, ε
RVE) = max

{
σf
k(i, j, εRVE)

}4
k=1 . (8)

2.4.2. Computation of fibre strength
The fibre strength Xij is required to determine whether fibre (i, j) will break under the maximum fibre

stress σ̂f
ij(εRVE) defined in Eq. 8. As there is considerable variability in the strength of technical brittle

fibres (e.g. carbon and glass), their stochastic strength is modelled using a Weibull distribution [10].
Strength distributions (characterised by a Weibull modulus m and a scale parameter σ0 measured at

the length lr) for technical fibres can be found in the literature, but size and “shape” (of the stress field)
effects must be accounted for, as the gauge length lr at which the fibre strength has been measured is not
necessarily the same as that of the fibres in the composite (lf), and the stress-fields in the fibres within
discontinuous composites are not uniform. Therefore, fibres are assigned strengths following a scaled
Weibull distribution with a failure probability given by

F (σf) = 1− exp
(
−Clength · Cshape ·

(
σf

σ0

)m)
, (9)
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where Clength and Cshape are correction factors accounting for the fibre length and the shape of stress-
fields of the fibres in the composite (see Appendix A). This process creates a matrix containing four
ordered strengths for each fibre Xij(q) (q ∈ {1, ..., 4}), to allow for each fibre to fail once due to each
interaction with its four neighbours; the initial strength of the fibre (i, j) is Xij(qij) where qij = 1. The
realisation of fibre strengths is repeated for each RVE, so that different fibres in the same cross-sectional
location (i, j) have different values of stochastic strength along the full specimen.

2.4.3. Identification of fibre-breaks
At this point, we have defined the maximum stress in each fibre (i, j) for every value of the applied

strain as σ̂f
ij(εRVE) in Eq. 8, and also the strength of each fibre as Xij(qij) in Eq. 9. Therefore, we can

find out whether a fibre will break or not under a given remote strain εRVE, and store that information
in the matrix of logical values

Fij(εRVE) =
(
σ̂f
ij(εRVE) > Xij(qij)

)
=
{

1 : fibre is broken,
0 : fibre remains in the same configuration.

(10)

From the values of Fij(εRVE) through the whole RVE, the remote RVE strain at which the first
fibre-break occurs in the RVE is defined by

εRVE
NB = min

{
εRVE :

[
∃(i, j) : Fij(εRVE) > 0

]}
. (11)

Moreover, we know which neighbouring fibre caused failure of fibre (i, j) (this is defined by the index
of the relative neighbour causing the stress concentration kcrit(i, j, εRVE) in Eq. 8); consequently, a break
is introduced in fibre (i, j) at the same location xbreak as one of the fibre-discontinuities of its critical
neighbouring fibre:

xbreak = xicritjcrit(scrit), with



(icrit, jcrit) = (i− 1, j) for kcrit = 1

(icrit, jcrit) = (i, j + 1) for kcrit = 2

(icrit, jcrit) = (i+ 1, j) for kcrit = 3

(icrit, jcrit) = (i, j − 1) for kcrit = 4

(see Fig. 2b), (12)

where the sth
crit fibre-discontinuity in the critical neighbouring fibre (icrit, jcrit) is located at the end of the

longest segment of the interaction between fibres (i, j) and (icrit, jcrit), which is supposed to be the most
critical discontinuity for fibre (i, j). For example, in Figure 1f, Segment 4 is the longest shear-lag segment
in the interaction between fibres A and B and, as a result, fibre A would break at x = xB(3). After this
strain εRVE

NB , the interaction between fibres (i, j) and (icrit, jcrit) is unable to carry any further stresses.

2.4.4. Storing results and updating the configuration after the formation of fibre-breaks
Everything calculated until Equation 12 is valid for each RVE up to the formation of fibre breaks;

therefore, the stress-strain curves of the interactions in the pRVEth RVE can be stored in matrices σRVE
V

and σRVE
H up to the strain εRVE

NB defined in Equation 11:

σRVE
Vij (εRVE; pRVE) = σI

Vij(εRVE)

σRVE
Hij (εRVE; pRVE) = σI

Hij(εRVE)

}
for εRVE < εRVE

NB . (13)

Once a fibre breaks, its shear-lag interactions with its neighbours are modified and must be recalculated
for strains above εRVE

NB . To do this, the list Z of fibres which broke under the strain εRVE
NB is defined as

Z(εRVE
NB ) =

{
(i, j) : Fij(εRVE

NB ) = 1
}
. (14)
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Applying Equation 12 to each fibre (i, j) in Z, the location of the new break in fibre (i, j) xbreak is
calculated and added to the list of fibre-breaks in fibre (i, j), so that

xij = sort [xij , xbreak] . (15)

Moreover, for the fibres in Z, the interaction between the broken fibre (i, j) and its critical neighbour
(icrit, jcrit) is deactivated (because the interaction cannot build-up stresses), and therefore the number of
active neighbours (or active interactions) in the two fibres is decreased by one:

Nij(εRVE > εRVE
NB ) = Nij(εRVE < εRVE

NB ) − 1 and Nicrit,jcrit (εRVE > εRVE
NB ) = Nicrit,jcrit (εRVE < εRVE

NB ) − 1. (16)

Finally, the strength Xij(qij) of the fibres in Z must be updated as well, and is increased to
Xij

(
qij(εRVE > εRVE

NB )
)

where qij(εRVE > εRVE
NB ) = qij(εRVE < εRVE

NB ) + 1. This is done to account
for the fact that, each time a fibre fails, it has one less weak section, and therefore the strength of its
segments should increase (see Appendix A).

Once the configuration of the RVE has been updated (see Eqs. 14 to 16), the entire process of
calculating the stress-strain curves of the interactions in the RVE is repeated for higher values of strain
(εRVE > εRVE

NB ), until new breaks are formed.

2.5. Macroscopic response and final failure

2.5.1. Calculation of the overall stress-strain curve of the specimen
Once the stress-strain curves of all 2 ·n ·(n−1) interactions of the pth RVE are calculated (as described

in Sections 2.3 and 2.4), they can be combined in parallel (i.e. by averaging the stresses of all interactions
for each applied strain) and normalised by the fibre volume fraction V f to define the stress-strain curve
of the RVE:

σRVE(εRVE; pRVE) = V f ·
∑
i,j

(
σRVE

Vij (εRVE; pRVE)
)

+
∑
i,j

(
σRVE

Hij (εRVE; pRVE)
)

2 · n · (n− 1) . (17)

All nRVE RVEs are then combined in series (i.e. by averaging the strains of all RVEs for each applied
stress) to obtain the global stress-strain curve of the whole specimen, σ∞(ε∞):

ε∞ =
∑nRVE

pRVE=1 ε
RVE(σ∞; pRVE)
nRVE . (18)

2.5.2. Failure criterion
Equation 17 defines the average stress-strain response of each RVE, and therefore defines the stiffness

ERVE
global and the strength XRVE

global of each RVE. However, it has been observed [28] that composites typically
fail when a cluster of damage (e.g. broken fibres) reaches a critical size and triggers unstable failure of
the entire specimen. To account for this possibility of catastrophic failure propagating from a critical
flaw in the material, we adapted Dugdale’s non-linear fracture mechanics criterion [29], as described in
this section.

We use a window of nRVE
a × nRVE

a fibres scanning each RVE (Fig. 3a) to find the weakest clus-
ter of size nRVE

a , which is the cluster in the pth RVE which reaches its maximum stress at the low-
est strain (eRVE

min (nRVE
a , pRVE), see red curve in Fig. 3b). If this cluster is critical, its failure at the

strain eRVE
min (nRVE

a , pRVE) will trigger catastrophic failure of the entire RVE, at the corresponding stress
XRVE

min (nRVE
a ) def= σRVE(εRVE = emin(nRVE

a )).
The problem is now to find the critical cluster size nRVE

a,crit leading to the RVE failure stress
XRVE

crit
def= XRVE

min (nRVE
a = nRVE

a,crit). This problem is analogous to Dugdale’s yield-strip model [29] in non-
linear fracture mechanics. Considering a centre-crack (length 2aRVE) in a linear-elastic – perfectly-plastic
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(b) Derivation of XRVE
global and XRVE

min (nRVE
a , p).

Figure 3: Failure criterion used to identify final failure of an RVE.

plate (with yield strength XRVE
global) under a remote stresses σRVE, the non-linear energy release rate (ERR)

is defined by Dugdale as [29]

JNL(σRVE, aRVE) = JLE(XRVE
global, a

RVE) ·D(σRVE), with D(σRVE) = 8
π2 · ln

(
sec
(
π

2 ·
σRVE

XRVE
global

))
. (19)

In this equation, D(σRVE) is the Dugdale factor and JLE is the ERR for the same structure but considering
a linear-elastic material. This relation can be extrapolated for other geometries [36], and here we will
consider that the critical cluster of weak/broken fibres (with an arbitrary shape) can be represented by a
penny-shaped crack. For a penny-shaped crack of radius a, JLE(σ∞, a) =

(
2
/
π · σ∞ ·

√
π · a

)2 ·
/
ERVE

global;
therefore, the ERR of a penny-shaped crack in a non-linear material can be calculated as

JNL(σRVE, aRVE) =
(

2
π
·XRVE

global ·
√
π · aRVE

)2
· 1
ERVE

global
·

[
8
π2 · ln

(
sec
(
π

2 ·
σRVE

XRVE
global

))]
. (20)

In our model, we consider that the penny-shaped crack has the same area as the nRVE
a × nRVE

a cluster,
thus aRVE = nRVE

a · φf/(2 ·
√
V f
)

. Failure will then occur in the RVE when this weakest region of size
aRVE gets sufficiently large and satisfies the two conditions

σRVE = XRVE
crit ≡ XRVE

min (aRVE
crit ) ∧ JNL(XRVE

crit , a
RVE
crit ) ≥ Gcrit, (21)

where Gcrit is the fracture toughness of the material. Therefore, the criterion for final failure is

32
π3 ·

XRVE
global

2

ERVE
global

· aRVE
crit · ln

(
sec
(
π

2 ·
XRVE

crit
XRVE

global

))
≥ Gcrit, with XRVE

crit = XRVE
min (aRVE

crit ). (22)

This criterion is tested for an initial value of aRVE calculated for nRVE
a = 1; if the corresponding ERR

is lower than the toughness of the composite, the size of the cluster nRVE
a is increased progressively, until

the criterion in Equation 22 is met. Once XRVE
crit has been calculated for each RVE, the overall strength

of the specimen is defined as

X∞crit = min{XRVE
crit (pRVE) , pRVE ∈ {1, ..., nRVE}}. (23)

X∞crit is then used as a cut-off in the global response found in Equation 18. A method to estimate the
toughness of the material is developed in Appendix B, assuming that debonding and pull-out occur at
the smallest shear-lag segment between each pair of neighbouring fibres.

This failure criterion bridges the two extreme cases of ductile (strength-dominated) and brittle
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Inputs:

Geometry:
𝜙f, 𝑙f, 𝑉f (fibre)

𝑛, 𝑛RVE, 𝕩𝑖𝑗 (RVE)

Mechanical properties:

𝐸f,𝑚, 𝜎0, 𝑙r (fibre)
𝜏m 𝛾 , 𝒢IIC

m (matrix)

Preliminary calculations:

Stress-strain libraries:

𝜎SL(휀SL; 𝛿𝑙SL ∈ 0,… , 𝑙f ) (Eq. 5)

ॿ𝑖𝑗𝑞(𝑚, 𝜎0) (Eq. 9 and App. A)

Post processing:

Stress-strain curve of RVEs:
𝜎RVE(휀RVE; 𝑝RVE) (Eq. 17)

Material toughness:
𝒢crit (App. B)

Main calculations:

Initiation:

휀PB
RVE = 0

ℤ = 𝑖, 𝑗 ∈ {1. . 𝑛}2

𝑞𝑖𝑗=1 for 𝑖, 𝑗 ∈ ℤ

Failure criterion:

Initiation: 𝑝RVE = 0

𝑝RVE = 𝑛RVE ?

Definition of next fibre-breaks:
ॲ𝑖𝑗(휀

RVE) (Eq. 10)

휀NB
RVE(ॲ ) (Eq. 11)

ℤ (휀NB
RVE,ॲ ) (Eq. 14)

휀NB
RVE = 휀max

RVE ?

true

true

false

For each modified fibre 𝑖, 𝑗 ∈ ℤ :

Maximum stress in the fibre  𝜎𝑖𝑗
f (휀RVE) (Eq. 8)

For each interaction with all neighbouring fibres 𝑘 ∈ {1,2,3,4}:

Stress-strain curve of the interaction 𝜎∗
I(휀I) (Eq. 6)

For each segment 𝑠 ∈ {1,… , 𝑠max} along the interaction:

Storage of stress-strain response:

𝜎∗ 𝑖𝑗
RVE 휀PB

RVE, … , 휀NB
RVE − Δ𝜀 (Eq. 13) 

Segment 
type?

𝜎SL
I (휀SL

I ; 𝛿𝑙𝑠) (Eq. 5)𝜎Br
I (휀Br

I ) (Eq. 2)

Shear-lagBroken

Update RVE:
𝕩𝑖𝑗 for 𝑖, 𝑗 ∈ ℤ (Eq. 15)

ℕ𝑖𝑗 (Eq. 16)

Update fibre strengths:
𝑞𝑖𝑗 = 𝑞𝑖𝑗 + 1 for 𝑖, 𝑗 ∈ ℤ

Simulation 
parameters:
휀max
RVE, Δ𝜀

휀PB
RVE = 휀NB

RVE

𝑝RVE = 𝑝RVE+1

false

For each RVE 𝑝RVE:

𝑋min
RVE(𝑛a

RVE) (scanning function on RVE)

𝐽NL(𝑋min
RVE(𝑛a

RVE), 𝑛a
RVE) (Eq. 20)

Determination of the RVE strength:

𝑋crit
RVE = 𝑋min

RVE(𝑛a
RVE) (Eq. 22)Initiation:

𝑛a
RVE = 1

𝐽NL 𝑋min
RVE, 𝑛a

RVE > 𝒢crit ?
false

𝑛a
RVE = 𝑛a

RVE + 1
true Stress-strain curve of specimen:

𝜎∞(휀∞) (Eqs. 18 and 23)

Figure 4: Implementation of the proposed model for aligned discontinuous composites.

(toughness-dominated) fracture:

• A perfectly brittle material (with finite fracture toughness Gcrit and X∞crit � X∞global) will fail when
JLE(X∞crit, acrit) = Gcrit, since in this case the Dugdale factor is D(σ∞ → X∞crit)→ (X∞crit

/
X∞global)2;

• A perfectly ductile material (with Gcrit → ∞ and X∞crit ≈ X∞global) will fail when X∞crit → X∞global,
since in this case the Dugdale factor is D(σ∞ → X∞crit)→ +∞.

2.6. Matlab implementation

The model described in the previous sections has been implemented in Matlab as summarised in
Figure 4. As the mechanical response of segments is called thousands of times during the simulation, a
library of stress-strain responses of shear-lag segments (σI

SL vs. εI
SL, see Eq. 5) is computed prior to the

simulation using the Matlab code developed in a previous paper [13]. The increase of the segment length
(δSL) in the library is logarithmic (128 values varying from 0 to lf), as this allows to best capture the
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Table 1: Properties of the fibres and matrices used as input for the model. The fibre length lf = 3 mm applies to validation
against experiments (Figs. 5 and 6); it varies in the parametric studies (Figs. 7 and 8), and is fixed to lf = 2 mm to study
size effects (Fig. 9). The specimen length lspec is equal to 50 mm for all experiments [37, 38] (Figs. 5 and 6), and set to
lspec = 10 mm while studying the effect of lf (Fig. 7). The actual friction stress during pull-out is τµ = τµ0 · (1− V f) [45].

Fibre properties lf (mm) φf (µm) Ef (GPa) m σ0 (MPa) lr (mm)

High Strength Carbon 3.0∗/2.0 7∗ 225∗ 5.71† 4344∗,† 25†

Matrix properties Gm
0 (GPa) Sm (MPa) τµ0 (MPa) Gm

IIc (kJ/m2) V f (%) n

Polypropylene (Fig. 5) 0.7† 8† 4† 0.2∗∗ 36∗ 65‡
Epoxy, 2 sets (Fig. 6) 1.3† 60∗† 10† 0.8‡ 41∗/55∗ 36‡/97‡

Effect of lf (Fig. 7) 1.0 50 10 0.8 36 32
Critical cluster (Fig. 8) 1.0 100 10 0.8 36 45

Size effect (Fig. 9) 1.0 100 10 0.8 36 45
∗ Specimen specifications given by Yu et al. [37, 38].
∗∗ Estimated considering a weak carbon-fibre/polypropylene bonding.
† Calculated from values found in literature [37, 38, 46–50].
‡ Calculated from the size and volume fraction of the specimens tested experimentally [37, 38]).

evolution of the stress-strain curve with the segment length. This library is then called by the model and
returns the stress-strain curve of a shear-lag segment of any length σI

SL(εI
SL; δSL).

The stress-strain responses σI
∗ij vs. εRVE of horizontal and vertical interactions (i, j) are stored respec-

tively in the 3D matrices σI
H(i, j, εRVE) and σI

V(i, j, εRVE), where the RVE remote strain εRVE increases
from 0 to εRVE

max by steps of ∆ε.
After fibre-breaks are detected at the strain εRVE

NB , the stress-strain curves of the interactions for
ε > εRVE

NB must be recalculated (see Section 2.4.4). To make the model more efficient, at each increase in
the RVE strain for εRVE > εRVE

NB the simulation is re-run only for the interactions in which at least one fibre
has just been updated (using the updated fibres (i, j) listed in Z(εRVE

NB )). Also, the model computes stress-
strain curves within strain intervals where a given configuration is valid (i.e. for εRVE

PB ≤ εRVE < εRVE
NB ,

where εRVE
PB is the strain at which the configuration was previously updated), rather than doing it for

each strain step, which increases further the efficiency of the implementation.

3. Results

3.1. Experimental validation

The model is compared against two sets of experimental results measured by Yu et al. [37, 38] in
Figures 5 and 6. Both sets of specimens (with specifications shown in Table 1) were manufactured with
the same carbon-fibre type [37, 38], but each set was embedded in a different matrix (polypropylene for
Set 1 in Figure 5 and epoxy matrix MTM 49-3 for Set 2 in Figure 6 [37], both modelled through bilinear
constitutive laws).

As the properties of the polypropylene/carbon-fibre interface were not accurately known, the effects
of the shear strength Sm, the frictional stress τµ0 and the toughness Gm

IIc of the fibre/matrix interface
on the stress-strain response of the composite are presented in Figures 5a, 5b and 5c respectively (the
nominal values of Sm and τµ0 shown in Table 1 were measured in the literature, and the nominal value
of Gm

IIc was estimated). Figure 5 shows a good agreement between the model and experiments not only
concerning the non-linear shape of the stress-strain curves, but also quantitatively, considering the best
estimates for the properties of the fibre/polypropylene interface.

For composites with epoxy matrix (Fig. 6), the model predicts a small progressive strain softening,
while the experiments show a small progressive strain hardening (especially for V f = 55%); the latter can
be due to (i) the strain-hardening nature of carbon fibres [39], and/or (ii) the re-orientation of misaligned
fibres [37] (which are not considered in the model). The final failure is accurately predicted for V f = 55%
(Fig. 6b), but the failure strain and strength of the dataset with V f = 41% are lower in the experiments
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Figure 5: Comparison of the stress-strain curves predicted by the model against experiments [38] (with 3 mm long
carbon-fibres embedded in polypropylene, see Tab. 1), and influence of matrix/interface input parameters.
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Figure 6: Comparison of the stress-strain curves predicted by the model against experiments [37], for 3 mm carbon-fibres
embedded in epoxy matrix and for different fibre volume fractions (see Tab. 1). Error bars represent one standard deviation
(7 specimens have been tested for V f = 41%, and 6 for V f = 55% [37]).

than in the model (Fig. 6a). However, the low average and high variability of the strength of the specimens
with V f = 41% was justified by Yu et al. [37] by the small width of the specimens, which made their
strength very sensitive to inaccuracies in specimen cutting. Moreover, the specimens with V f = 41%
should exhibit a similar failure strain to the specimens with V f = 55%; overall, the mismatch between
model and experiments for the dataset with V f = 41% is likely due to experimental problems.

3.2. Parametric study

The effect of matrix/interfacial properties on the stress-strain response of discontinuous composites
is investigated in Figure 5. Figure 5a shows that a stronger matrix/interface leads to less non-linearity
and to an increase in the tensile strength of the composite, as it delays strain-softening and failure of
the matrix/interface near fibre-ends. For small values of Sm, this leads to an increase in failure strain;
however, for higher values of Sm, a further increase of the shear strength will actually make the material
more brittle, because (i) the effect of the matrix/interface softening will be more confined to the fibre-
ends, and (ii) the unstable failure criterion will be triggered for a lower tensile strain (due to shorter fibre
pull-outs and the consequent decrease of the toughness of the composite).

The effect of the pull-out friction τµ0 on the stress-strain curve shown in Figure 5b is insignificant, as
failure of this particular material is strength-dominated and not affected by the fracture toughness of the
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Figure 7: Effect of fibre length on the response of aligned discontinuous composites (V f = 36%).

composite. Finally, increasing the toughness of the matrix/interface allows the fibres to build-up higher
stresses before matrix/interfacial failure (see Fig. 5c), therefore delaying failure of the composite.

Figure 7 highlights the different trends for the effect of fibre length on the response of composites
with a bilinear (brittle) or a strain-hardening (ductile) matrix (Fig. 7a). Up to a threshold (lf ≈ 1.1 mm),
an increase of fibre length generates an increase of the stiffness and strength of the composite (because
the effect of the discontinuities is reduced). Above this threshold, the strength plateaus (because the
failure mode changes to fibre-failure), and the stiffness also converges towards that of the continuous-
fibre composite (i.e. to Ef · V f = 225× 0.36 = 81 GPa).

For the failure strain (Fig. 7f), and above the threshold lf ≈ 1.1 mm, an increase in fibre length leads to
a more brittle material (governed by fibre failure). Below this threshold, matrix/interface ductility starts
governing the deformation of the composite, as the two matrices considered generate opposite trends.

3.3. Study of the characteristics of the critical cluster

The characteristics of the critical clusters (which trigger final failure of the specimen) have been
studied for three different fibre lengths (0.7, 2.0 and 6.0 mm, see the “critical cluster” specification in
Tab. 1) using a method proposed by de Geus et al. [40] (see Fig. 8). For each fibre length, 1000 RVEs have
been analysed and staggered so that their critical clusters are centred on top of each other, as illustrated
in Figure 8a. Then, stochastic variables characterising the material locally (e.g. initial fibre-overlapping
lengths or fibre strengths) can be averaged at each point of the staggered RVEs; any deviation of the local
averages in the centre of the staggered RVEs from the expected value in the entire composite (e.g. shorter
overlaps or weaker fibres) will identify a statistically significant source of weakness in the microstructure
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Figure 8: Study of the characteristics of the critical cluster in discontinuous composites. The following characteristics are
shown in figures (b), (c) and (d): number of fibre-breaks per RVE (left), initial overlap length (middle), and fibre strength
(right), for different fibre lengths. The staggered RVEs in Figures (b)-(d) show 45× 45 fibres.

15



0.0 0.5 1.0 1.5

Strain (%)

0

200

400

600

800

1000

1200
S
tr

es
s

(M
P
a
)

lspec = 2 mm
lspec = 10 mm
lspec = 60 mm

(a) Stress-strain curve with average failure strains for dif-
ferent specimen lengths lspec.

1 10 100

l
spec

(mm)

1.0

1.1

1.2

1.3

A
v
er

a
g
e

fa
il
u
re

st
ra

in
(%

)

1

10

50

C
o
e/

ci
en

t
o
f
va

ri
a
ti
o
n

(%
)

(b) Variation of the average failure strain and its coeffi-
cient of variation with lspec (log-log scale).

Figure 9: Effect of the specimen length lspec on the response of aligned discontinuous composites (lf = 2 mm; 30 specimens
are considered for each length lspec).

of the material.
Figure 8 shows that failure of composites with short fibres is triggered by clusters of fibres with

minimum overlapping lengths lower than the average (see Fig. 8b), with nearly no formation of fibre
breaks. On the contrary, failure of composites with long fibres (see Fig. 8d) is triggered by clusters of
weaker fibres, which fragment before catastrophic failure propagation. Figure 8 also shows that the size
of the critical cluster decreases with fibre length (from approximatively 9 fibres at lf = 6.0 mm to 4 fibres
at lf = 0.7 mm), because the composite becomes more brittle with increasing fibre length.

3.4. Size effects

Figure 9 shows that longer specimens become weaker and present less variability than shorter speci-
mens. Moreover, Figure 9b shows a logarithmic relationship between (i) the average strength or the coeffi-
cient of variation and (ii) the specimen length, which agrees with Weibull’s weakest link theory [10, 41, 42].

4. Discussion

4.1. Response of aligned discontinuous composites

Figure 8 suggests the presence of two competing failure modes in aligned discontinuous composites:

• Fibre failure, governed by the strength of the fibres, and occurring for long fibres (or for a stronger
matrix, as the results show that fibre length and matrix/interfacial strength have a similar impact
on the response of the composite). This failure mode triggers brittle failure of the material from
small critical clusters.

• Debonding/pull-out, governed by matrix/interface properties, and occurring for short fibres (or for
a weaker matrix). This failure mode triggers a more ductile failure from relatively larger critical
clusters.

4.2. Optimal configuration for stiff, strong and less brittle discontinuous composites

Figures 5 to 8 show that it is possible to tailor the microstructure of aligned discontinuous composites
to optimise their mechanical response. The plateau found for the strength (Fig. 7e) agrees with numerical
models in literature [22, 25] and provides a critical fibre length (lf = 1.1 mm) to achieve maximum strength
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of the composite. In the same way, the stiffness is nearly constant for fibres longer than 0.5 mm (Fig. 7d).
As Figure 7f shows that the final extension will reach a peak for lf = 1.1 mm, this is the optimal fibre
length to achieve a combination of high strength, high stiffness and high failure strain.

The critical fibre length identified in the present model is larger than those found by other analytical
models in the literature [13, 43]. For instance, Kelly-Tyson’s [43] critical overlap length δlfK = σ0 · φ

/
(4Sm)

returns 0.15 mm for the configurations in Figure 7 (see Tab. 1); this would correspond to a critical fibre
length of lfK = 4 · δlfK = 0.60 mm (to account for random overlap lengths), which is smaller than the value
of 1.1 mm found for that configuration in this model. This is explained as:

• The model scales-up the fibre strength to account for size effects in the fibre. Accounting for this
strengthening, Kelly-Tyson’s critical fibre length becomes lfK = 0.88 mm;

• Kelly-Tyson’s theory [43] assumes a perfectly-plastic matrix, while the present model considers
matrix failure as well (which decreases the ability of the matrix to transfer stresses);

• The model considers that final failure propagates from a weaker cluster (see Sec. 2.5). Therefore,
although the average overlap length between neighbouring fibres in a specimen is lf/4, Figure 8
shows that the overlap length in the cluster triggering final failure can be much smaller than lf/4
(up to −18% in Sec. 3.3), which leads to a higher critical fibre length.

4.3. Model in the scope of literature

The model presented in this paper complements the literature with the following features:

a. This model is one of the first in the literature (along with the model from Pimenta and Robinson [13])
to provide the stress-strain response of aligned discontinuous composites considering a generic non-
linear response of the matrix analytically, which makes it suitable to study the effect of different
matrices on the response of discontinuous composites (see for instance results in Fig. 7).

b. Contrarily to most models in the literature considering idealised microstructures (like perfectly
staggered fibres) [13, 19–22, 25], the present model generates random locations of the fibre-ends
throughout the whole specimen. It is shown in Figure 8 that this random staggering is what triggers
failure of composites with short fibres; moreover, Trujillo et al. [23] carried out experiments showing
that the overlapping pattern in discontinuous composites had a significant impact on the strength
of such materials. Therefore, this feature must be included in realistic models for discontinuous
composites.

c. This model considers stochastic fibre strengths and accounts for the non-uniform stress fields in
the fibres due to neighbouring fibre-ends (see App. A). This is neglected or highly simplified in
some models [11–14], but Figure 8 reveals that the variability in fibre strength is what triggers
failure of composites with long fibres, and therefore must be considered to accurately model aligned
discontinuous composites.

d. The model contains a strain-based failure criterion bridging plasticity and fracture mechanics [29]
which captures the failure process observed experimentally in composites [28]: a weak cluster of
fibres reaches a critical size and triggers catastrophic failure of the whole specimen. Combined with
an analytical expression for estimating the toughness of discontinuous composites (App. B), this
criterion is able to predict catastrophic failure of the material. Other models in the literature (finite
element models in particular [25, 26, 35]) consider that the strength of the material is the same as
the maximum stress found in the RVE, which can overpredict the composite strength.
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e. The model captures size effects in agreement with the weakest link theory [10, 41, 42] and highlights
the importance of considering size effects when modelling and designing composite components using
allowables measured in small coupons.

f. The semi-analytical character of the model makes it computationally efficient (for instance, a spec-
imen made of 10 000 fibres runs in less than 30 seconds on a standard computer), and is therefore
more suitable than finite element simulations [18, 25, 26, 32–35] to model full-scale specimens.
Moreover, the good agreement with experiments (see Figs. 5 and 6) makes the model appropriate
to support material development and perform virtual experiments.

5. Conclusions

A semi-analytical model has been developed to predict the stress-strain response of aligned discontinu-
ous composites. The model is the first in the literature to consider analytically (i) matrix debonding/pull-
out using a shear-lag model generalised to any shear constitutive law of the matrix, (ii) fibre fragmentation
under the influence of stress concentrations near fibre-ends and stochastic fibre strengths, and (iii) final
failure using a strain-based failure criterion combining fracture mechanics and plasticity.

The model suggests that aligned discontinuous composites fail due to a weak cluster of fibres whose
criticality depends on (i) the overlap length between fibres for short-fibre composites, and (ii) the fibre
strength for long-fibre composites. Considering the stochastic nature of the location of fibre-ends and
of the fibre strengths is therefore fundamental to create representative models and achieve accurate
predictions. The model also highlights the importance of size effects when designing full-size composite
structures.

The present model is computationally efficient, captures the effect of various parameters on the re-
sponse of discontinuous composites (matrix properties, fibre length, specimen size), and shows good
agreement with experiments in the literature. The model can therefore be used to support the design of
structures made with discontinuous composites and to guide the development of optimised discontinuous
composites tailored for specific applications. Moreover, this model can also be used to identify the opti-
mal fibre length for a given fibre/matrix combination, which maximises simultaneously the stiffness, the
strength and the failure strain of a discontinuous composite.
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Appendices
A. Correction factors for the Weibull strength distribution of fibres in a discontinuous

composite

The fibre strength distribution used in the model (Eq. 9) contains a correction factor, Clength, which
accounts for a difference between the length of the fibres used to measure the strength (lr) and the length
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of the fibres in the composite (lf). In addition, the fibres in the composites are allowed to break four
times, for which four values of strength are needed; consequently, the fibres are considered to be divided
in four elements of equal length lf

/
4, and therefore the length-scaling factor of the Weibull distribution

for fibre strength is

Clength = lf

4 · lr
. (24)

The set of four strengths generated for each fibre is sorted, and each fibre (i, j) is initially affected the
lowest value of the set. During the simulation, each time that fibre (i, j) breaks, its strength is updated
to the next smallest value of the set (see Sec. 2.4.4).

The other correction factor in the fibre strength distribution, Cshape, accounts for the shape of the
stress fields seen by the fibres, which is uniform during the measurement of fibre strengths, but has stress
concentrations in discontinuous composites. Therefore, a representative case of the stress field σf

ij(x)
along a fibre in the discontinuous composite – where the four neighbouring fibre-ends are evenly spaced –
is considered. The survival probability Sshape of a fibre (i, j) under a complex stress field σf

ij(x) similar
to the one shown in Fig. 2 is given by [44]

ln [Sshape] = 1
lf
·
∫ lf

x=0

(
σf
ij(x)
σ0

)m
dx, (25)

where the integral is calculated numerically, and m and σ0 are respectively the shape and scale parameters
of the original single-fibre strength Weibull distribution; note that, because the scale parameter σ0 was
measured at the length lr, the survival probability Sshape refers to a fibre of length lr as well.

The result found numerically for Sshape can be compared to the analytical result (Suni) given for a
uniform stress field σf

ij(x) = σ̂f
ij , and a correction factor Cshape is calculated to account for the shape of

the complex stress field: assuming that the survival probability of the fibre under a complex stress field
can be expressed in the form ln [Sshape] = Cshape · ln [Suni], the shape parameter is then defined by

Cshape = − ln [Sshape] ·
(
σ0

σ̂f
ij

)m
, where −

(
σ̂f
ij

σ0

)m
= ln

[
Suni(σ̂f

ij)
]
. (26)

B. Toughness estimation of aligned discontinuous composites

To estimate the fracture toughness (or critical energy release rate) of an aligned discontinuous com-
posite, we start by assuming a perfectly-plastic matrix (with strength Sm) so that the maximum stress
carried by a fibre with minimum overlap δl is [43]

σ̂f ≈ 4 · Sm · δl
φf . (27)

Consequently, one can then define the survival probability of an overlap of length δl as:

SL(δl) = exp
(
−Clength · Cshape ·

(
4 · Sm · δl
φf · σ0

)m)
, (28)

where Clength and Cshape are derived in Appendix A.
Then, because a fibre always fails at the same location as the end of one of its four neighbours (at

a location xbreak defined in Equation 12), a fibre break always creates one overlap of length δl = 0 with
one of the four neighbouring fibres. In addition, the minimum overlap lengths between the broken fibre
and the three other neighbouring fibres can be recalculated: when a fibre breaks within the shortest
shear-lag segment of an interaction, the new length of the shortest overlap generated will be uniformly
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Figure 10: Probability density function of minimum overlap lengths for discontinuous composites with different initial
fibre lengths (the infinite peaks at δl = 0 are not shown in the plots).

distributed between zero and the length of the initial shear-lag segment. This principle can be applied
recursively every time a fibre breaks to generate the probability density function) of overlap lengths
PDF(δl) (Fig. 10). For this model, the assumption of a square packing implies that each fibre can break
up to four times.

Moreover, the work of debonding Wdeb and pull-out Wpo for an overlap of length δl are given by

Wdeb = π · φf

4 · Gm · δl and Wpo = π · φf

4 · τµ ·
δl2

2 . (29)

Therefore, normalising the dissipated work by the cross-section of an overlap π ·φf2/(8 ·V f), the toughness
components g are defined as

gdeb = 2 · V f

φf · Gm · δl and gpo = V f

φf · τµ · δl
2. (30)

Finally, combining the toughness components with the probability density functions of the overlap
lengths, the toughness of the composite is calculated by summing the components of debonding and
pull-out as follows:

Gcrit =
∫ lf/2

δl=0
(gdeb + gpo) · PDF(δl) · dδl. (31)
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[47] W. Liu et al., “Improvement in interfacial shear strength and fracture toughness for carbon fiber
reinforced epoxy composite by fiber sizing,” Polymer Composites, pp. 1–7, 2014.

[48] S. Yumitori et al., “Increasing the interfacial strength in carbon fiber / polypropylene composites by
growing CNTs on the fibers,” in Wit Trans Model Sim, pp. 275–284, 2013.

[49] D. T. Burn, Long Discontinuous Carbon Fibre / Polypropylene Composites for High Volume Auto-
motive Applications. PhD thesis, University of Nottingham, 2016.

[50] H. Saidpour et al., “Mode-II interlaminar fracture toughness of carbon/epoxy laminate,” Iranian
Polymer Journal, vol. 12, no. 5, pp. 389–400, 2003.

22


