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Abstract. Due to the repeatedly observed strong vertical ground motions and 

compressional damage of engineering structures in recent earthquakes, the multi-

directional site response analysis is increasingly critical for the seismic design of 

important structures, such as nuclear power plants and high earth dams. However, the 

site response to the vertical component of the ground motion has not been the subject of 

detailed investigation in the literature. Therefore, in this paper, the vertical site response 

due to vertical ground motion is investigated by employing both analytical and 

numerical methods. Firstly, a 1-D frequency domain analytical solution, which can be 

employed for vertical site response analysis in practice, is studied and compared against 

time domain Finite Element (FE) analyses for the two extreme soil state conditions (i.e. 

undrained and drained conditions). The vertical site response is further investigated with 

hydro-mechanically (HM) coupled FE analysis, considering solid-fluid interaction. The 

undertaken parametric studies show that the predicted vertical site response is strongly 

affected by the parameters characterising the hydraulic phase, i.e. soil permeability and 

soil state conditions, both in terms of frequency content and amplification. The 

subsequent corresponding quantitative investigation, of the frequency content and 

amplification function of the vertical site response, shows that depending on the soil 
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permeability the response is dominated by the two types of compressional waves (fast 

and slow wave). Notably, the parametric studies identify a range of permeability that 

significantly affects dynamic soil properties in terms of P-wave velocities, damping 

ratios and vertical site response, and this range is relevant for geotechnical earthquake 

engineering applications. It is therefore recommended that coupled consolidation 

analysis is necessary to accurately simulate this effect at such permeability-dependent 

intermediate transient states between fully undrained and drained conditions. Finally, 

this work suggests a simple modification of standard total-stress site response analysis 

to account for vertical ground motion and solid-pore fluid interaction. In order to 

simulate the attenuation of the response due to solid-pore fluid interaction effects, it is 

suggested to employ additional HM viscous damping in total-stress analysis, further to 

the one used to account for hysteretic material damping. This additional viscous 

damping can be quantified based on the empirical curves proposed in the paper. 

 

Key words: vertical site response, total-stress analysis, hydro-mechanical coupling, 

finite element analysis, solid-pore fluid interaction viscous damping 

 

Notation: 

A and B Amplitudes of the one-dimensional harmonic waves 

propagating in upward direction and downward directions 

A and B  Parameters controlling the variation of the Rayleigh 

damping 

 B   Matrix of derivatives of the shape function 

c  Compressional wave velocity employed in two-phase 

coupled formulations 

c   Material damping ratio 

c1 and c2  Fast and slow wave velocities 
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 C   Global damping matrix       
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D  Soil constrained modulus 

DUndrained and DDrained  Soil constrained modulus under the undrained and drained 

conditions 

 D   Constitutive relation matrix 

e  Void ratio 

E  Young’s modulus 

 E   Inverse matrix of derivatives of the shape function for the 

pore fluid 

f  Loading frequency 

fUndrained and fDrained Fundamental frequency of a soil layer subjected to vertical 

motions under the undrained and drained conditions 

 0F   and  1F    Transfer functions for undamped and damped soil layers 

g  Gravitational acceleration 

H  Depth of a soil layer 

   T

GzGyGxG iiii    Unit vector parallel, but in the opposite direction, to the 

gravity 

k  Permeability 

k  Wave number 

k*  Complex wave number 

K0  Coefficient of earth pressure at rest 

Kf  Bulk modulus of the pore fluid 

 k   Permeability matrix 

 K   Global stiffness matrix        
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 M   Global mass matrix       
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n  Material porosity 

 N   Shape function matrix 

 PN   Shape function matrix for the pore fluid 
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p  Pore water pressure 

Q  Any sink or/and sources (the sign of outflow is positive). 

 S   Fluid compressibility matrix  
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v(z,t) Vertical displacement of the soil layer at depth z and time t 

vp Compressional wave velocity 

vp Undrained and vp Drained  Compressional wave velocity under the undrained and 

drained conditions 

vs Shear wave velocity 

   Integration parameter of the applied time marching 

scheme for pore water pressure ( 0 1  )  

f   Bulk unit weight for the pore fluid 

 d ,  d  and  d   Incremental acceleration vector, the incremental velocity 

vector and the incremental displacement vector 

respectively 

p   Incremental pore water pressure 

 p   Incremental pore water pressure vector 

 R   Incremental external load vector 

t   Time step 

ν Poisson’s ratio 

   Material damping ratio 

t  Target material damping 

1  and 2  Damping ratios for fast and slow waves 

   Material density 

z  and z   Direct stress and strain in the vertical direction 

 Φ   Permeability matrix        
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   Ratio between the effective soil constrained modulus and 

pore fluid bulk modulus 

ω  Circular frequency of an input motion 

ω1 and ω2 Frequencies defining the concerned frequency range over 

which the variation of Rayleigh damping is approximately 

constant 
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1 Introduction 

Site response analysis aims to predict ground motion subjected to different bedrock 

motions and under various stratigraphy conditions. The predictions are usually 

employed as the input motions for the seismic design of overlying structures. Three 

types of site response analysis methods are usually employed for this purpose, the 

design spectra models, analytical solutions and numerical methods. Engineering 

practice has significantly concentrated on the applications of the design spectra models 

due to their simplicity. A large number of models for horizontal site response have been 

proposed and developed based on existing databases of earthquake events. On the other 

hand, the site response due to the vertical ground motion has only received limited 

attention. This is attributed to the assumption that the effect of the vertical ground 

motion component is less significant, due to its smaller magnitude and higher frequency 

content compared to the horizontal ground motion component (Yang and Yan, 2009a). 

When the effect of the vertical ground motion is taken into account for seismic design, 

simple empirical ratios, between the vertical and horizontal response spectra (V/H), are 

usually employed to estimate the earthquake loading imposed on engineering structures 

due to the vertical ground motion. Furthermore, the V/H ratios are commonly assumed 

to be less than 2/3 over the concerned frequency range (UBC, 1997). However, since 

1990s, strong vertical ground motions have been repeatedly observed, leading to 

significant damage of engineering structures in the form of vertical compression 

(Papazoglou and Elnashai, 1996; Yang and Sato, 2000; Bradley, 2011). Moreover, for 

the seismic design of critical structures (e.g. nuclear power plants, high dams), the 

ground motion effects for a wide frequency range need to be taken into account and it is 

the high frequency components that are usually generated by the vertical ground 

motion. It is also noteworthy that according to the seismic design standards in highly 



7 

 

seismic regions, such as the China Earthquake-resistant Design Standard for Civil 

Engineering Structures (Ministry of Housing and Urban-Rural Development of the 

People’s Republic of China, 2010), it is compulsory to investigate the three-directional 

dynamic response of critical engineering structures. However, it is well established that 

the simple design spectra method cannot accurately predict vertical site response, as it 

does not take into account important geotechnical and seismic parameters, i.e. soil 

stiffness, soil permeability and excitation frequency (Yang and Yan, 2009a). Therefore, 

there is a need for a more systematic and rigorous analysis of the site response subjected 

to the vertical component of the ground motion. 

In this study the site response for vertical ground motion is investigated extensively 

using both analytical and numerical methods. Firstly, a 1-D total-stress analytical 

solution in frequency domain, which can be employed in practice but is restricted to the 

two extreme hydraulic soil states (i.e. undrained and drained conditions), is studied. 

Subsequently, the vertical site response is investigated by considering solid-fluid 

interaction with fully hydro-mechanically (HM) coupled Finite Element (FE) analysis. 

This allows the consideration of intermediate hydraulic states by varying the soil 

permeability. Based on the predicted vertical site response in different permeability 

ranges, the subsequent studies concentrate on investigating the permeability effect on 

the two aspects of vertical site response, i.e. the frequency content and amplification. In 

particular, the corresponding quantitative studies of the two aspects investigate the 

dependency of soil stiffness and damping ratio on different hydraulic states. Finally, the 

HM viscous damping, induced by the interaction between solid and fluid phases, is 

discussed and investigated. Recommendations are made on how to increase the material 

damping in simple total-stress analysis in order to account in a simplified manner for the 

generated solid-pore fluid HM viscous damping. 
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2 Dynamic Finite Element formulation 

All the numerical analyses presented in the paper were performed using the Imperial 

College Finite Element Program (ICFEP, Potts and Zdravković (1999)). The u-p HM 

dynamic formulation of ICFEP is briefly introduced herein, where as a detailed 

description can be found in Kontoe (2006) and Han et al. (2015a). The “u-p” 

formulation uses as primary variables the solid phase displacement (u) and the pore 

fluid pressure (p) assuming that the acceleration of the pore fluid relative to the soil 

matrix and the convective terms of this acceleration are negligible.  In addition, it is 

assumed that the material is fully saturated and that the compressibility of the soil grains 

is negligible. The global dynamic equilibrium for the solid-fluid mixture in terms of 

effective stresses is given in incremental form as Equation (1). Furthermore, combining 

the continuity equation of pore fluid flow with the generalised Darcy’s law, the dynamic 

consolidation equation for the solid-fluid mixture is obtained in the form of Equation (2) 

(tension positive). In order to solve the system of the two second order differential 

equations, an appropriate time marching scheme needs to be employed, where in 

ICFEP, both the Newmark (1959) and the Generalised-α (Chung and Hulbert, 1993) 

methods are available. In this paper, the vertical site response is firstly investigated 

employing the single-phase total-stress FE analysis, which essentially only accounts for 

the mechanical soil behaviour (i.e. only the equation of motion of Equation (1) is 

employed).  

             M u C u K u L p R                                        (1) 

                 k

T

tt Φ S p L u n Q Φ p t                           (2) 

where 
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where  M  is the global mass matrix,  C  is the global damping matrix,  K  is the 

global stiffness matrix,  L  is the coupling matrix,  N  is the shape function matrix, 

 B  is the matrix of derivatives of the shape function,  D  is the constitutive relation 

matrix,  PN  is the shape function matrix for the pore fluid,  E  is the inverse matrix of 

the derivatives of the shape function for the pore fluid,  u ,  u  and  u  are the 

incremental acceleration vector, the incremental velocity vector and the incremental 

displacement vector respectively,  R  is the incremental external load vector,  p  is 

the incremental pore water pressure vector,   is the integration parameter of the 

applied time marching scheme for pore fluid pressure ( 0 1  ), Q is any sink or/and 

sources (the sign of outflow is positive),  Gi  is the unit vector parallel (in the opposite 

direction to the gravity), and  ，c , n , fK  and f  are the material density, material 
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damping ratio, soil porosity, bulk modulus of the pore fluid and bulk unit weight of the 

pore fluid respectively, and  k  is the permeability matrix. 

It is noted that the u-p formulation is not as rigorous as the u-p-w formulation, which 

fully satisfies Biot’s theory. According to Zienkiewicz and Shiomi (1984), the u-p-w 

formation is superior to the u-p formulation only when studying high-frequency soil 

dynamics problems, which are however beyond the frequency range that is of concern 

in earthquake engineering (i.e. 0.2-30 Hz). In this paper, the examined cases are found 

to be mainly within the applicable range of the undrained, u-p and drained formulations 

as determined by Zienkiewicz et al., 1980. 

 

3 Single-phase investigation of vertical site response 

In this section, a 1-D total-stress analytical solution in frequency domain is discussed 

to investigate fundamental aspects of site response due to the vertical component of the 

ground motion. 

 

3.1 Frequency domain analytical solution for vertical site response  

Since 1970s, analytical solutions have been proposed and developed to investigate 

the dynamic response of the ground, most of which are derived in frequency domain. 

These solutions form the basis of the so called shake-type programs, such as SHAKE 

(Schnabel et al., 1972) and EERA (Bardet et al., 2000). However, the majority of these 

programs only consider vertical propagation of shear horizontal (SH) waves and 

therefore limited investigation has been performed on the site response due to vertical 

ground motion. 
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The basic principles of the frequency domain analytical solutions employed in site 

response analysis subjected to SH waves can be found in Kramer (1996) and are not 

discussed herein for brevity. By following a similar procedure to Kramer (1996), the 

transfer functions for the 1-D dynamic response of a homogeneous layer overlying rigid 

bedrock subjected to vertical propagating harmonic compressional waves, which 

determines how the input motion is amplified by the soil deposit in frequency domain, 

can be derived and are shown in Equations (3) and (4). These two equations represent 

the transfer functions for undamped (  0 pF ) and damped (  1 pF ) soil materials, 

where ωp, vp,ξp and H are the circular frequency of the input motion, compressional 

wave velocity, material damping associated with the compressional waves and depth for 

the soil layer respectively.  

 0
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By comparing the transfer functions of the analytical solution for vertical site 

response (Equations (3) and (4)) to those for horizontal site response in Kramer (1996), 

it can be clearly seen that the expressions are similar. The differences are in the 

employment of different soil stiffness moduli, with the constrained modulus D applied 

in the transfer function for vertical site response analysis, instead of the shear modulus 

G which is used in horizontal site response analysis. Therefore, existing shake-type 

programs can be directly utilised for vertical site response analysis, by employing the 

appropriate soil constrained modulus in the analysis. 
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However, according to Zienkiewicz et al. (1980), the compressional deformation of 

saturated soil media is highly dependent on the conditions of the soil state (i.e. 

undrained, drained and transient conditions). The soil constrained modulus under 

undrained condition is a function of both the constrained modulus of the soil skeleton 

and the pore water bulk modulus, while under drained condition, it is only a function of 

the constrained modulus of the soil skeleton (as shown in Equation (5)).  
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E K
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n
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D



 



 

 
 

  

 


  

                                             (5) 

where D and E are the soil constrained modulus and Young’s modulus respectively, ν is 

the Poisson’s ratio, Kf  is the bulk modulus for the pore water (approximately 2.2E+06 

kPa under the atmospheric pressure of 100 kPa) and n is the porosity. 

It should be noted that the above transfer functions for vertical site response analysis 

(Equations (3) and (4)) only consider drained soil behaviour. For the undrained 

condition, the P-wave velocity of the soil deposit (vp Undrained) is essentially larger than 

that under the drained condition due to the limited compressibility of the pore fluid. The 

transfer function of a visco-elastic soil layer subjected to compressional waves under 

undrained conditions can be derived by substituting the corresponding vp Undrained into 

Equation (4). The obtained transfer function under the undrained condition is then 

schematically compared with the one corresponding to drained conditions in Figure 1. 

Clearly the fundamental frequency for the undrained condition is larger, as the P-wave 

velocity is dominated by the larger undrained constrained modulus of the soil layer 

which in turn is a function of the pore water bulk modulus. Therefore, it is important to 

carefully select the appropriate soil constrained modulus values in the analytical 
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solution for vertical site response depending on the different conditions of the soil state. 

Overall, based on the similarity of the transfer functions, it is believed that the existing 

shake-type programs are capable of simulating the vertical site response of a soil layer 

by prescribing two parameters: the compressional wave velocity and the damping ratio. 

This is demonstrated in the next section, where the results of a “shake-type” program 

for vertical site response are validated against those obtained with time-domain FE 

analysis. However, only two extreme soil state conditions, undrained and drained, can 

be reproduced, as the analytical solution is based on the total-stress method, i.e. there is 

no distinction between the effective stresses and pore pressures. 

 

Figure 1: Transfer functions for visco-elastic soil layers subjected to compressional waves under drained 

and undrained conditions 

 

3.2 Comparison with time domain FE analysis 

It has been postulated in the previous section that the existing shake-type programs 

can be directly utilised for vertical site response analysis, by employing the appropriate 

soil properties in the analysis. However, very few studies have employed shake-type 

programs for vertical site response analysis (e.g. Elgamal and He, 2004; Yang and Yan, 

2009b) and even these studies have not considered the impact on the response of the 
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two distinct soil hydraulic states (i.e. drained and undrained). As the applicability of the 

frequency domain analytical solution on the vertical site response has not been 

previously rigorously validated, the frequency domain “shake-type” solution is studied 

and compared against time domain FE analyses in this section. 

More specifically, the dynamic response of a soil column subjected to vertical 

ground motion is simulated by using both EERA (an application of SHAKE91) and FE 

analysis, assuming linear visco-elastic soil behaviour and plane strain geometry. The FE 

mesh (consisting of 20 8-noded isoparametric quadrilateral elements) and boundary 

conditions are shown in Figure 2. The horizontal displacements are restricted at the 

bottom boundary and the horizontal and vertical displacements at corresponding nodes 

of the same height along the two lateral boundaries are tied to be identical. Hydrostatic 

pore water pressures and static self-weight are prescribed as the initial stresses for the 

numerical analyses, where the coefficient of earth pressure at rest (K0) is assumed to be 

0.5. The constant average acceleration time integration method (Newmark, 1959), is 

employed for the FE analysis. This scheme was chosen because it does not introduce 

any numerical damping in the response, in order to keep the assumptions of the 

numerical analysis consistent with those of the analytical solution. Vertical 

accelerations are uniformly prescribed at the bottom boundary of the mesh as the input 

motion. The strong vertical ground motion recorded at the Christchurch Cathedral 

College station (the CCCC station) from the Christchurch Earthquake (New Zealand, 

2011), shown in Figures 3 and 4, is chosen for this purpose. The parameters used in the 

FE and EERA analysis are listed in Table 1. As mentioned before, the compressional 

deformation of saturated soil media is highly dependent on the conditions of the soil 

state (i.e. undrained, drained and transient conditions) (Zienkiewicz et al., 1980). This 

influence can be accurately simulated by the HM coupled FE formulation by 
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considering the consolidation process. However, for this validation exercise the single-

phase FE formulation of ICFEP is employed in order to be consistent with the total-

stress analytical solution employed in EERA. Therefore, different pore water bulk 

moduli (2.20E+06 kPa and 0.0 kPa) are employed in the single-phase FE analysis to 

account for the undrained and drained soil behaviour respectively. Moreover, the 

compressional wave velocities of the soil layer under undrained and drained conditions 

are calculated based on Equations (5) and (6), and were implemented in EERA. It is 

noted that shake-type programs, such as EERA, can be employed either in a simple 

manner to account for linear soil behaviour or in a more complicated manner to 

approximate nonlinear soil behaviour through iterative equivalent-linear analysis. 

However, in the present study, only the linear shake-type analysis is employed for 

consistency of the comparison with the analytical transfer function. 

 

Figure 2: A schematic graph of the 1-D soil column 
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Figure 3: Acceleration time history of the observed vertical ground motion (at the CCCC station) from the 

Christchurch Earthquake 

 

 

Figure 4: Acceleration response spectra of the observed vertical ground motion (at the CCCC station) 

from the Christchurch Earthquake (5% damping) 

 

Table 1: Soil parameters for the 1-D soil column 

  Parameter Value 

FE 

analysis 

Young's modulus E (kPa) 1.98E+06 

Constrained modulus D (kPa) 2.20E+06 

Bulk modulus for pore water Kf (kPa) 
2.20E+06/Undrained 

0.0/Drained 

Density ρ (g/cm3) 2.0 

Poisson’s ratio ν 0.2 

Time step Δt (s) 0.003 

Height H (m) 15.0 

Analytical 

solution 

Compressional wave velocity vp(m/s) 
2018.2/Undrained 

1048.8/Drained 

Height H (m) 15.0 
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where vp Undrained and vp Drained and fUndrained and fDrained are the compressional wave 

velocities and fundamental frequencies for a soil layer under undrained and drained 

conditions respectively.  

For the EERA analysis, 1.0% and 5.0% material damping ratios are applied under 

both soil state conditions, while for the numerical analysis, Rayleigh damping, an 

idealised equivalent viscous damping, is employed with the same target damping ratios 

as the ones used in the analytical solution. It is noted that the damping ratios employed 

in vertical site specific response analysis should be obtained from the corresponding 

nonlinear compressional soil behaviour based on in-situ or laboratory tests. Usually the 

compressional hysteretic material damping is smaller than its shearing counterpart due 

to the associated high compressional stiffness and the consequently induced small 

compressional deformation. Therefore, in this section, two relatively small damping 

ratios (1.0% and 5.0%) are assumed for the vertical site response analysis. 

The comparison of analytical and numerical results is shown in Figures 5 and 6, in 

terms of acceleration time histories and acceleration response amplification spectra 

respectively at monitoring point A (see Figure 2). It should be noted that the response 

spectra amplification factors are calculated by dividing the response spectra obtained at 

a point at the top boundary by the spectra at a corresponding point at the bottom 

boundary over the frequency range. It should be noted that all the acceleration response 
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spectra in this paper are calculated by assuming 5% damping for single Degree of 

Freedom (DOF) systems. 

Based on Figure 6, it can been seen that the vertical site response predicted by the 

EERA solution compares reasonably well with the numerical results, in terms of the 

acceleration response amplification spectra. In particular, identical fundamental 

frequencies are predicted by the two simulations and they are in good agreement with 

the numerically calculated values based on Zienkiewicz’s theory (Table 2). However, 

the response spectra amplification factors are slightly underestimated by the FE 

analysis. This is also in agreement with the smaller acceleration values predicted by the 

FE analysis in Figure 5. This can be probably attributed to the inaccurate representation 

of material damping by the Rayleigh formulation in the FE analysis. A possible solution 

for this issue could be to employ the generalised Maxwell body rheological model in the 

numerical analysis (Liu and Archuleta, 2006).  

It is worth mentioning that the two considered hydraulic conditions lead to distinctly 

different dynamic response both in terms of fundamental frequency and amplification 

factor. This reflects the influence of soil state conditions on the vertical site response for 

saturated elastic porous materials. In particular, a larger fundamental frequency is 

observed for the analysis performed under undrained conditions, while larger 

amplification factors at fundamental frequency are observed for the vertical site 

response subjected to drained conditions. These differences in vertical site response 

under the two extreme conditions essentially imply that the total-stress analytical 

solution is not sufficient for predicting the vertical site response of a soil layer at any 

intermediate transient state, when consolidation occurs during the dynamic loading 

(depending on soil permeability and loading duration). Consequently, it is necessary to 

investigate the vertical site response with HM coupled FE analysis, in order to consider 
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the solid-fluid interaction effects. 

 

 

 

 

Figure 5: Comparison of acceleration time histories at point A between EERA and ICFEP results 
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Figure 6: Comparison of acceleration response amplification spectra at point A between EERA and 

ICFEP results 

 

Table 2: Fundamental frequencies calculated based on Zienkiewicz et al. (1980) theory 

       Parameter 

 

Scenarios 

Constrained 

modulus 

(kPa) 

Compressional 

wave velocity 

(m/s) 

Fundamental 

frequency (ω1)                   

(Hz) 

Undrained 8.10E+06 2018.2 33.6 

Drained 2.20E+06 1048.8 17.5 

 

 

4 HM coupled numerical investigation of vertical site 

response 

In order to account for the solid-fluid interaction effects for saturated geotechnical 

materials at any intermediate transient state by varying the soil permeability, in this part 
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the vertical site response is further investigated with HM coupled FE analysis using 

ICFEP. Based on the predicted vertical site response in different permeability ranges, 

the subsequent studies concentrate on investigating the permeability effect on the two 

aspects of vertical site response, i.e. the frequency content and amplification. In 

particular, the corresponding quantitative studies of the two aspects investigate the 

dependency of soil stiffness and damping ratio on different hydraulic states. 

 

4.1 HM coupled vertical site response analysis 

For the coupled FE vertical site response analysis, the same FE model, displacement 

boundary conditions and input motion are employed as the ones used in the previous 

validation example. The parameters for the coupled FE analysis are shown in Table 3, 

where three scenarios of analyses are considered, by employing different values of the 

stiffness ratio χ (ratio between the soil skeleton constrained modulus, where 

(1 )

(1 ) (1 2 )

E
D



 

 


  
, and pore fluid bulk modulus Kf). These three χ values approximately 

represent the relatively soft soil (e.g. soft clay or loose silty sand), relatively stiff soil 

(e.g. stiff clay and loose gravels) and high stiffness soil (e.g. compacted gravels and 

weathered rock) respectively. Since the HM coupled FE formulation is employed for the 

present analysis, additional hydraulic boundary conditions need to be defined for the FE 

model shown in Figure 2. In particular, the DOFs of pore water pressure at 

corresponding nodes of the same height along the two lateral boundaries are tied to be 

identical. The values of pore water pressure at the top boundary are prescribed as zero 

and are not allowed to change throughout the analysis (i.e. Δp=0). The bottom boundary 

is considered to be impermeable (i.e. no flow across this boundary). The employed 

hydraulic boundary conditions indicate that the pore water pressure due to dynamic 
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loading can be only dissipated at the top boundary of the mesh. It should be noted that 

neither Rayleigh damping is employed, nor is numerical damping involved in the time 

integration method (the constant average acceleration method), in order to avoid their 

influence on the coupled vertical site response. For the FE analyses of each scenario, a 

wide range of soil permeability values is parametrically investigated to assess its 

influence on the vertical site response, as listed in Table 4.  

 

Table 3: Soil parameters for the coupled 1-D soil column analysis 

Parameter Value 

Young's modulus E (kPa) 

1.98E+05 (Scenario 1, χ=0.1) 

1.98E+06 (Scenario 2, χ=1.0) 

1.98E+07 (Scenario 3, χ=10.0) 

Constrained modulus D (kPa) 

2.20E+05 (Scenario 1, χ=0.1) 

2.20E+06 (Scenario 2, χ=1.0) 

2.20E+07 (Scenario 3, χ=10.0) 

Bulk modulus for pore water Kf (kPa) 2.20E+06 

Density ρ (g/cm3) 2.0 

Poisson’s ratio ν 0.2 

Void ratio e 0.587 

Time step Δt (s) 0.003 

Height H (m) 15.0 

 

Table 4: Permeability values for parametric studies (coupled FE analysis) 

Scenario Case0 Case1 Case2 Case3 Case4 

Permeability (m/s) 1.00E-20 1.00E-07 1.00E-05 1.00E-04 1.00E-03 

Realistic materials 

(Fetter, 1994) 

Extremely small 

permeability 
Clay Clayey sands 

Well-sorted 

sands 

Well-sorted 

gravels 

Scenario Case5 Case6 Case7 Case8 
 

Permeability (m/s) 5.00E-03 5.00E-02 1.00E+00 1.00E+02 
 

Realistic materials 

(Fetter, 1994) 

Well-sorted 

gravels 

Rockfill 

materials 

Rockfill 

materials 

Extremely large 

permeability 
 



23 

 

 

The resulting vertical site response at monitoring point A (Figure 2) for the various 

values of permeability are compared in Figures 7 to 9, for the scenarios of χ=0.1, χ=1.0 

and χ=10.0 respectively, expressed as the acceleration response amplification spectra. In 

most cases it is clear that the predicted vertical site response is strongly affected by the 

parameters characterising the hydraulic phase, i.e. soil permeability and soil state 

conditions, both in terms of frequency content and amplification. In particular, taking 

the scenario of χ=0.1 as an example, results are distinguished in two groups: those 

involving extreme values of permeability and those adopting permeability values within 

a range encountered in engineering practice. They are shown in Figures 7a and b 

respectively. For the numerical results involving extreme permeability conditions (case0 

and case8), the dynamic responses match those from the analyses performed under 

purely undrained and drained conditions respectively using single-phase FE 

formulation. This agreement between the results is expected, since the definitions of the 

undrained and drained conditions comply with the employment of extremely low and 

high permeability values respectively. For the numerical results involving the transient 

range, the influence of permeability is emphasised by the varied dynamic response 

obtained for the different cases. In particular the following observations can be made for 

all three χ ratios: 

 when a relatively low permeability is employed (case1 and case2), identical results 

are obtained which also match those obtained under the undrained condition; 

 as the permeability increases (case3 to case5), the amplification factors gradually 

decrease, but without a significant change in the frequency content. This means that 

the soil layer maintains the same constrained modulus, but more damping is 

introduced; 
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 when increasingly higher permeability is employed (from case5 to case7), a shift of 

the fundamental frequency is observed towards the lower frequency range for purely 

drained case, indicating a lower constrained modulus for the soil column. This 

phenomenon complies with Zienkiewicz’s theory (Zienkiewicz et al., 1980), that the 

soil constrained modulus is highly affected by the pore water bulk modulus related to 

the different soil state conditions (shown in Equation (5));  

 by further increasing the permeability, the amplification factors increase, reaching the 

peak of the drained dynamic response, indicating lower damping involved for the soil 

column. 

Based on an analytical investigation for compressional wave propagation in saturated 

porous materials, Bardet (1995) introduced a new energy dissipation mechanism due to 

the interaction between the solid and the pore fluid phases. The so-called viscous 

damping can be employed herein to explain the decrease in the amplification factors of 

the predicted site response. It should be noted that neither material damping nor 

numerical damping were employed for the coupled FE analysis and therefore the 

observed viscous damping effect can be attributed entirely to the solid-pore fluid 

interaction simulated by the HM coupled FE formulation. More specifically, when an 

extremely low permeability is considered for the soil, the pore water cannot flow out of 

the soil skeleton, leading to no interaction effect or HM viscous damping in the 

numerical analysis. Therefore the vertical site response for the analysis employing 

extremely low permeability is identical to the response under the undrained condition 

(case0, case1 and case2 in Figure 7). Furthermore, by increasing the employed soil 

permeability, the pore fluid starts to move relatively to the soil skeleton, resulting in 

more interaction effects and higher HM viscous damping. Consequently, the 

amplification factors of the dynamic response gradually decrease when employing 
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higher permeability for the coupled FE analysis, as observed from case3 to case5 in 

Figure 7b. Finally, for materials involving considerably higher permeability, as pore 

water can smoothly move through soil particles with significantly less restriction, the 

interaction effect between the solid and pore fluid is negligible, introducing lower HM 

viscous damping in the coupled FE simulations. It can be seen, for example, that from 

case7 to case 8 in Figure 7, the amplification factors increase and reach the peak of the 

drained dynamic response, indicating that no HM viscous damping is involved for the 

coupled FE analysis employing extremely high values of permeability. 

It should be noted that for the results of the scenario of χ=10.0 (Figure 9), there is 

only a negligible frequency shift and a minor amplification change. According to Han 

(2014) and Han et al. (2016a), when a high χ value is adopted for the coupled FE 

analysis (a high stiffness soil), as the interaction effect between the pore fluid and solid 

is insignificant, the effect of hydraulic states on vertical site response can be negligible, 

in terms of the frequency content and amplification function. Therefore, for the analysis 

employing high χ values, only minor differences are observed in the response among the 

considered permeability cases. 

It is worth mentioning that the studied case 7 (the only of the cases considered) is 

found to be within the applicable range of the u-p-w formulation defined by 

Zienkiewicz et al. (1980) and therefore the neglect of the inertial interaction by the u-p 

formulation in the present study may have affected the accuracy of the prediction for 

case 7. 
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(a): Coupled vertical site response of a soil column for extreme permeability range 

 

(b): Coupled vertical site response of a soil column for realistic permeability range 

Figure 7: HM coupled vertical site response of a soil column considering a wide permeability range 

(χ=0.1) 
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(a): Coupled vertical site response of a soil column for extreme permeability range 

 

(b): Coupled vertical site response of a soil column for realistic permeability range 

Figure 8: HM coupled vertical site response of a soil column considering a wide permeability range 

(χ=1.0) 
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(a): Coupled vertical site response of a soil column for extreme permeability range 

 

(b): Coupled vertical site response of a soil column for realistic permeability range 

Figure 9: HM coupled vertical site response of a soil column considering a wide permeability range 

(χ=10.0) 

 

4.2 Quantitative study of the variation of compressional wave velocity 

The undertaken parametric studies showed that the predicted vertical site response is 

strongly affected by the parameters characterising the hydraulic phase, i.e. the soil 

permeability and soil state conditions, both in terms of frequency content and 

amplification. Therefore, in the subsequent two sections, the variation of the frequency 

content and amplification components of the dynamic response from the parametric 



29 

 

study are quantitatively studied, in terms of the compressional wave velocity and 

damping ratio respectively. 

The compressional wave velocities of the studied soil column in the parametric 

studies can be back-calculated based on the equation of c=4Hf, where H is the depth of 

the soil layer and f is the fundamental frequency of the soil layer in compression-

extension, which is depicted from the computed amplification spectra (Figures 7 to 9). It 

should be noted the parameter c is employed to express the compressional wave 

velocity obtained from HM coupled FE analyses, in order to distinguish it from vp 

velocity used for the single-phase study of vertical site response. The calculated 

compressional wave velocities from the numerical analysis are compared with the 

theoretical fast (c1) and slow (c2) wave velocities obtained from the HM analytical 

solution for compressional wave propagation studied in Han (2014) and Han et al. 

(2016a) for three scenarios shown in Figure 10. The fast and slow waves are two types 

of compressional waves which can develop in saturated porous materials subjected to 

dynamic loading (Biot, 1956a, b). In particular, the fast wave exists when the pore fluid 

and solid particles move in phase under dynamic loading, while the slow wave is 

generated when there is an out-of-phase movement between pore fluid and solid phases. 

The slow wave is usually highly attenuated in the frequency range of seismic loads. 

However, some recent studies observe a possible existence of the slow wave in high-

permeability saturated porous materials, both under high-frequency loads (Gajo and 

Denzer, 2011) and under seismic loads (Han, 2014; Han et al., 2016a). In particular, the 

HM coupled numerical study on compressional wave propagation in Han (2014) and 

Han et al. (2016a) showed the existence of two types of compressional waves and 

observed the transition from the fast wave to a slower compressional wave when an 

increasingly higher permeability is employed. The slower compressional wave velocity 
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was observed to well fall within the slight variation range of the Biot’s slow wave 

velocity when considering a wide material porosity range (n=0.1-0.7). Therefore, the 

observed slower compressional wave can probably be attributed to the slow wave due to 

their wave velocity agreement. This study further highlights the different dominant 

ranges of the two types of compressional waves in terms of soil permeability. More 

specifically, the fast wave dominates the low permeability range (i.e. approximately 

smaller than 5.0×10-2 m/s) and the slow wave dominates the high permeability range 

(i.e. approximately larger than 5.0×10-2 m/s). 

It is noted that the compressional wave velocities predicted by the FE analysis are 

plotted versus the dimensionless parameter kω/g, where k is the material permeability, g 

is the gravitational acceleration and ω is the circular frequency of the harmonic input 

loading. However, since a multi-frequency earthquake load is applied for the present FE 

analysis, the dominant frequency (approximately 12 Hz based on Figure 4) is adopted to 

plot the variation of compressional wave velocities from the FE analysis versus the 

parameter kω/g. 

Figure 10a (scenario of χ=0.1) shows that the compressional wave velocities 

obtained from the vertical FE site response analysis match with the theoretical fast wave 

velocities in the low permeability range, while in the high permeability range they agree 

with the theoretical slow wave velocities. Furthermore, the back calculated 

compressional wave velocities corresponding to extremely low and high permeability 

values match with the compressional wave velocities under undrained (vp1) and drained 

(vp2) conditions respectively (derived from Equations (6)). This indicates that the 

predicted vertical site response for the various permeability cases is probably dominated 

by the corresponding compressional waves. In particular, in the low permeability range, 

the solid and pore fluid move in phase and the fast wave dominates the response, 
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resulting in a vertical site response of a larger fundamental frequency. On the other 

hand, for high permeability values the slow wave dominates, due to the out-of-phase 

movement between the solid and the pore fluid, leading to a response of a smaller 

fundamental frequency. Furthermore, a similar comparison is observed for the scenario 

of χ=1.0, where the compressional wave velocities obtained from the vertical FE site 

response analysis match with the fast and slow wave velocities at low and high 

permeability ranges respectively, as shown in Figure 10b. It should be noted that for the 

scenario of χ=10.0 (Figure 10c), all the wave velocities obtained from the FE analysis 

match with the fast wave velocities. This is in agreement with the findings of Han 

(2014) and Han et al. (2016a) that when employing high values of χ for compressional 

wave propagation in geotechnical materials only the fast wave exists due to the 

insignificant interaction effect between the pore fluid and solid phases. 
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(a): Compressional wave velocity variation against permeability (χ=0.1) 

 

(b): Compressional wave velocity variation (χ=1.0) 

 

(c): Compressional wave velocity variation (χ=10.0) 

Figure 10: Quantitative study for the compressional wave velocity 
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Based on Equation (5), the constrained modulus of soils is determined by the 

constrained modulus of the solid skeleton, the bulk modulus of the pore fluid and the 

material porosity. The former two parameters have been parametrically varied in the 

present work (i.e. the different χ ratios), while a constant porosity value has been 

assumed (n=0.37 representing an intermediate porosity range for geotechnical 

materials). Therefore, the subsequent part more specifically investigates the influence of 

the porosity on compressional wave velocity. 

As mentioned before, the three investigated scenarios, χ=0.1, 1.0 and 10.0, 

approximately represent the relatively soft soil (e.g. soft clay or loose silty sand), 

relatively stiff soil (e.g. stiff clay and loose gravels) and high stiffness soil (e.g. 

compacted gravels and weathered rock) respectively. Based on Bardet and Sayed (1993), 

the usual porosity variation ranges for the three scenarios are 0.1-0.5, 0.1-0.5 and 0.1-

0.3 respectively. Taking into account the variation of material porosity for the three 

scenarios, the compressional wave velocities are compared in Figure 11, as obtained 

from the FE analysis for a very low (k=10-7 m/s) and a very high permeability (k=100 

m/s) value, the analytical solution based on Biot’s theory and from Zienkiewicz et al. 

(1980) (Equation (5)).  

In particular, the wave velocities from the low-permeability FE analyses (including 

the undrained velocities) are dependent on soil porosity and they agree well with the fast 

wave velocities for all three χ scenarios, indicating that the fast wave dominates the 

vertical site response in the low permeability range. The wave velocities from the high-

permeability FE analyses (including the drained velocities) are independent of soil 

porosity due to the insignificant interaction between the solid and pore fluid phases (i.e. 

the contribution of fK n  to the overall constrained modulus can be neglected) and they 

agree reasonably well with the slightly varying theoretical slow wave velocities. This 
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agreement is observed for a considerably wide porosity range, where the dependency of 

the slow wave velocity on material porosity is found to be very limited. Therefore, the 

computed vertical site response in the high permeability range can probably be 

attributed to the domination of the slow wave. 

For the scenario of χ=10.0 and n=0.3, the numerically predicted wave velocity from 

the high-permeability analysis is much closer to the theoretical fast wave velocity in the 

high permeability range (marked as a black triangle) rather than the slow wave velocity. 

This is due to the fact that for this case, the slow wave does not exist and only the fast 

wave develops due to the relatively insignificant interaction between the pore fluid and 

solid phases (i.e. based on Equation (5),  the contribution of the pore fluid bulk modulus 

component ( fK n ) to the overall constrained modulus is relatively insignificant). 

Therefore, it can be concluded that all the numerically predicted wave velocities agree 

reasonably well with the theoretical fast wave velocities for a wide range of parameters. 
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(a): χ=0.1 

 

(b): χ=1.0 

 

(c): χ=10.0 

Figure 11: Influence of porosity on compressional wave velocity 
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In computational geotechnical engineering, the stiffness of soil skeleton is usually 

significantly smaller than the stiffness of soil grains. Soil deformation is mainly 

attributed to the compressibility of soil skeleton and therefore soil stiffness is mainly 

controlled by the stiffness of the skeleton. Therefore, in most cases, soil grains can be 

reasonably assumed to be incompressible (e.g. for cases of χ =0.1 and 1 in this paper). 

However, when soil skeleton stiffness is comparable to the soil grain stiffness (e.g. the 

case of χ=10.0 in the paper), this assumption appears to lose some accuracy and the 

predictions may not be realistic. However, the focus of the present study is to 

investigate the vertical site response in shallow geotechnical materials (e.g. clay, sand 

and gravelly soils), while the case of χ=10.0 is probably more representative of 

weathered rocks. In order to further investigate the influence of the stiffness ratio χ on 

the compressional wave propagation mechanism and at the same time to ensure an 

appropriate representation of a usual shallow geotechnical material, an additional 

numerical analysis is carried out with Kf=2.2E+04 kPa, D=2.2E+05 kPa and χ=10.0 (all 

other aspects of the FE remain unchanged). These parameters correspond to an 

unsaturated relatively soft soil, e.g. soft clay or loose silty sand with a degree of 

saturation of 99.4% (Bardet and Sayed, 1993).  The numerical results, in terms of 

comparison of compressional wave velocities can be depicted in Figure 12, showing a 

similar trend to the previous case of χ=10.0. In particular, the compressional wave 

velocities obtained from the numerical analysis are not significantly affected by the 

variation of permeability and they agree reasonably well with the analytically derived 

fast wave velocities. This can be attributed to the insignificant interaction between the 

pore fluid and solid phases when employing high values of χ. 
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Figure 12: Quantitative study for the compressional wave velocity (additional numerical analysis 

Kf=2.2E+04 kPa, D=2.2E+05 kPa and χ=10.0) 

 

4.3 Quantitative study of the variation of HM viscous damping 

The previously presented FE results have clearly shown that the amplification of the 

response is highly affected by the employed soil permeability. For a certain range of 

permeability there is interaction between the pore-fluid and solid phases which in turn 

generates HM viscous damping. Therefore, in this section, the HM viscous damping 

ratios due to pore-fluid solid interaction are quantitatively assessed. In particular, the 

same vertical site response problem is simulated employing the 1-D total-stress 

analytical solution within EERA (studied in Section 3) aiming to reproduce the dynamic 

response predicted by the coupled FE analysis by iteratively varying the damping ratio. 

Through this procedure, the calibrated material damping ratios employed in EERA can 

be used to equivalently represent the HM viscous damping effect introduced in the 

coupled FE analysis. 

As mentioned before, the predicted vertical site response is dominated by the fast and 

slow wave in relatively low and high permeability ranges respectively. Therefore, in 

order to investigate the dependency of the predicted viscous damping on different 
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hydraulic states, the calibrated equivalent viscous damping ratios (ξ) are compared with 

the damping ratios for the fast and slow compressional wave (i.e. ξ1 and ξ2 respectively) 

obtained from the HM analytical solution (Han, 2014; Han et al., 2016a) in Figure 13. 

For the scenario of χ=0.1 (Figure 13a), it can be seen that as the permeability increases, 

the damping ratio increases at the low permeability range, peaks at the intermediate 

permeability range and decreases at the high permeability range. The variation of the 

HM viscous damping in different permeability ranges can reflect the previously 

observed amplification factor change of the predicted vertical site response from the 

parametric FE studies (Figure 7). In particular, as permeability increases, the 

amplification factors first decrease (associated with higher HM viscous damping due to 

gradually increasing soil-fluid interaction) and then increase as the behaviour 

approaches the drained case, with gradual reduction of the soil-fluid interaction and the 

associated reduction of HM damping. It is noteworthy that the numerically predicted 

viscous damping ratios agree with the ones for the fast and slow wave in the low and 

high permeability range respectively. This highlights the different dominant 

permeability ranges of two compressional waves on vertical site response. Furthermore, 

similar trends are also observed for the variations of damping ratios for the scenarios of 

χ=1.0 and χ=10.0, as shown in Figures 13b and c respectively. 

The maximum viscous damping ratios for the three examined scenarios are 50%, 

27% and 10% respectively, indicating the significant effect of HM viscous damping 

generated by the pore fluid-solid phase interaction on the vertical site response. It is 

therefore suggested that for a certain permeability range (e.g. 10-4 - 100 m/s) in which 

the pore fluid-solid phase interaction can be significant, coupled consolidation analysis 

is necessary to accurately simulate vertical site response. Nevertheless, in engineering 

practice the use of advanced coupled consolidation FE programs is limited. However, as 
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introduced before, the shake-type programs are capable of simulating the vertical site 

response, but only for the two extreme soil state conditions. If the shake-type programs 

are employed for this purpose, it is suggested that appropriate amount of viscous 

damping needs to be employed in the analysis in addition to the material damping, in 

order to take into account the interaction effect between the solid and pore fluid phases. 

The variation curves of the viscous damping ratios presented in Figure 13 provides an 

empirical reference to select appropriate viscous damping ratios for vertical site 

response analysis by employing a total-stress analytical solution. In order to account for 

the HM viscous damping in simple total-stress site response analysis, it is proposed to 

follow a two-step procedure. In particular, for a site specific ground response prediction, 

firstly, a routine shake-type equivalent-linear analysis is carried out to obtain the 

converged equivalent-linear properties, in terms of the reduced constrained modulus and 

corresponding material damping ratio. During this step, appropriate constrained 

modulus degradation curves are required as an input. However, the soil compressional 

nonlinearity has not been extensively investigated and there is a scarcity of data. 

LeBlanc et al. (2012) present some data for the constrained modulus reduction at a site 

in the US obtained from the Large Mobile Shaker in-situ tests and more recently Han et 

al. (2015b) for the constrained modulus degradation of gravelly soils based down-hole 

array seismic observations. The second step of the proposed procedure is a linear site 

response analysis, employing the converged constrained modulus resulting from step 1 

analysis and a modified damping ratio (converged material damping ratio resulting from 

step 1 plus the corresponding HM viscous damping based on Figure 13 in the paper). In 

this way, the HM viscous effects can be approximated within an equivalent linear 

prediction of a vertical site response. 

It is well acknowledged that the hysteretic material damping of soils is highly 
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dependent on the critical characteristics of dynamic loads, such as the predominant 

frequency, amplitude and number of cycles (Kramer, 1996). However, a carried out 

parametric study (not shown herein for brevity) employing input motions with different 

frequency content, amplitudes and number of cycles showed that the HM viscous 

damping, induced by the interaction between solid and fluid phases, is unlikely to be 

affected by these ground motion parameters. 
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(a): Equivalent HM viscous damping ratio variation (χ=0.1) 

 

(b): Equivalent HM viscous damping ratio variation (χ=1.0) 

 

(c): Equivalent HM viscous damping ratio variation (χ=10.0) 

Figure 13: Quantitative study of the HM viscous damping 
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5 Conclusions 

In this paper, the site response due to the vertical component of the ground motion is 

investigated employing both analytical and numerical methods. 

Firstly, a 1-D total-stress analytical solution for vertical site response was studied and 

compared against time domain FE analyses, for two extreme soil state conditions. It was 

shown that the vertical site response was significantly affected by the assumed 

conditions (i.e. undrained or drained), highlighting the importance of adopting a coupled 

consolidation formulation for simulating the vertical site response of a soil layer at any 

intermediate transient state (i.e. when consolidation occurs during the dynamic loading, 

depending on the range of soil permeability and loading duration). 

The vertical site response was further investigated with fully coupled FE analysis, 

considering solid-fluid interaction. The parametric studies showed that the predicted 

response is strongly affected by the parameters characterising the hydraulic phase, i.e. 

soil permeability and soil state conditions, both in terms of frequency content and 

amplification. In particular, a reduction of the soil constrained modulus was induced by 

employing higher permeability, which was depicted as a shift in the fundamental 

frequency of the response. Furthermore, the observed changes in the amplification 

function indicated the effect of HM viscous damping due to the interaction between the 

solid and the pore fluid phases for a certain range of permeability that is relevant for 

geotechnical earthquake engineering applications (e.g. 10-4 - 100 m/s). Moreover, the 

quantitative investigation of the frequency content and the amplification function of the 

vertical site response, showed that the response was probably dominated by the two 

types of compressional waves (fast and slow wave) depending on the different 

permeability ranges. It is therefore suggested that the coupled consolidation analysis is 
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necessary to accurately simulate vertical site response at any intermediate transient state, 

when consolidation occurs during the dynamic loading (depending on soil permeability 

and loading duration). 

Finally, this work suggests a simple modification to standard total-stress site 

response analysis tools, such as EERA and SHAKE, to account for vertical ground 

motion and solid-pore fluid interaction. It was shown that the methodology adopted by 

the widely used shake-type programs could be employed for the vertical site response 

analysis in terms of total stresses, but only for two extreme conditions (i.e. undrained 

and drained conditions). If the shake approach is employed for the vertical site response 

analysis of a soil layer at the intermediate transient state, in order to simulate the 

attenuation of the response due to solid-pore fluid interaction effects, it is suggested to 

employ additional viscous damping in total-stress analysis, further to the one used to 

account for hysteretic material damping. This additional viscous damping can be 

quantified based on the empirical curves proposed in this paper. 

It is noted that this paper only investigates the one-dimensional site response due to 

the vertical ground motion without considering any potential interaction with the 

horizontal component. In multi-directional analyses, the interaction of the three 

components of the ground motion can be important, particularly when significant 

nonlinearity in the soil behaviour is expected (Han et al. 2016b and 2017). 
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