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Abstract

We consider the Variational Data Assimilation (VarDA) problem in an oper-
ational framework, namely, as it results when it is employed for the analysis
of temperature and salinity variations of data collected in closed and semi
closed seas. We present a computing approach to solve the main compu-
tational kernel at the heart of the VarDA problem, which outperforms the
technique nowadays employed by the oceanographic operative software. The
new approach is obtained by means of Tikhonov regularization. We provide
the sensitivity analysis of this approach and we also study its performance in
terms of the accuracy gain on the computed solution. We provide validations
on two realistic oceanographic data sets.

Keywords: Data Assimilation, Sensitivity analysis, Inverse Problem
PACS: 02.60.Dc

Introduction and Motivation

The present work is placed in the context of the design of reliable algorithms
for solving large scale Variational Data Assimilation (VarDA) applications.
We start from considering two concrete scenarios: the analysis of temperature
and salinity variations of data collected in closed and semi closed seas, namely
the Mediterranean sea and the Caspian sea. The software system used in the
Mediterranean sea by the Institute of Geophysics and Vulcanology (INGV )
is named OceanVar (Dobricic2008). This is used within the Mediterranean

Preprint submitted to Journal of Computational Physics May 10, 2017



Forecasting System (MFS) to assimilate observational data with results (the
so called backgrounds) produced by an high resolution general circulation
model of ocean currents named NEMO (Nucleus for European Modeling of
the Ocean) (NEMO). The software system used for the Caspian sea by the
Imperial College London (ICL) is ROMS (Regional Ocean Modeling System)
(ROMS).
The VarDA functional which is at the heart of these operative software, is
highly ill conditioned (Haben2011; Nichols2010), requiring the use of suit-
able computation approaches aimed to mitigate the effects on the solution of
perturbations in the input data, without compromising its accuracy.
In this work, we employ the algorithm in (D’Amore2014) which splits the
VarDA functional into several VarDA functionals. As a consequence, instead
of solving one larger and worse conditioned DA problem (let us say, the
global problem) we solve several smaller and better conditioned DA prob-
lems reproducing the DA problem at smaller dimensions (let us say, the local
problems). The computational kernel of each local problem is the solution of
a linear system. Caused by the background error covariance matrices these
systems are still ill conditioned (Haben2011; Nichols2010).

As the accuracy of the solution of these linear systems heavily entail that one
of DA problem, here we show how to reduce condition number of local VarDA
problems without compromising the accuracy of global VarDa solution. To
this aim, we use singular values analysis of local deviation matrices related to
local background error covariance matrices. We provide sensitivity analysis
of this approach and we compare the accuracy with that one obtained by
using existing techniques.
The article is organized as follows. In section §1, contribution of the present
work with respect to related works is discussed. Section §2 provides math-
ematical settings and preliminary definitions. Section §3 describes VarDA
problem while in section §4 we perform its sensitivity analysis in terms of
the propagation of condition error. Finally, in section §5 we apply results on
data arising from the Mediterranean sea and the Caspian sea while in section
§6 conclusions are summarized.

1. Related work and contribution of the present work

Sensitivity Analysis (SA) refers to the determination of the contributions of
individual uncertainty on data to the uncertainty in the solution (Cacuci2003).
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The first step of SA is to understand the errors that arise at the differ-
ent stages of the solution process, namely, the uncertainty in the mathe-
matical model, in the model’s solution and in the measurements. These
are the errors intrinsic to the DA inverse problem. Moreover, there are
the approximation errors introduced by the linearization, the discretization,
the model reduction. These errors incur when infinite-dimensional equa-
tions are replaced by a finite-dimensional system (that is, the process of
discretization), or when simpler approximations to the equations are devel-
oped (e.g., by model reduction). Finally, given the numerical problem, an
algorithm is developed and implemented as a mathematical software. At
this stage, the inevitable rounding errors introduced by working in finite-
precision arithmetic occur. The first historical approach to SA is known
as the local approach (Dahlquist and Bjorck1974). The impact of small in-
put perturbations on the model ouput is studied. These small perturba-
tions occur around nominal values. This approach consists in calculating
or estimating the partial derivatives of the model at a specific point. For
models with a large number of input variables, adjoint-based methods are
used (Cacuci2005). Such approach is commonly used in solving large en-
vironmental systems as in climate modeling, oceanography, hydrology, etc.
(Cacuci1981). Sensitivity of the four-dimensional VarDA model is been stud-
ied in (Daescu and Navon2013) where an Adjoint modeling is used to obtain
first- and second-order derivative information and a reduced-order approach
is formulated to alleviate the computational cost associated with the sensitiv-
ity estimation. This method makes rerunning less expensive, the parameters
must still be selected a priori, and, consequently, important sensitivities may
be missed (Cacuci and Navon2013).

In the present work, instead of introducing simplified models, we apply a
SA to the reduced functional in (D’Amore2014) so that the computational
cost only depends on local problem size, which can be computationally much
smaller than the original. We perform a sensitivity analysis based on the
Backword Error Analysis (B.E.A.) (Dahlquist and Bjorck1974) of the VarDA
function which emphasizes the relationship between the error propagation
and the condition number of the covariance matrices.
The inherent ill conditioning of covariance matrices was investigated in the
literature in different applications (Ekstrom73; Kotinsky2000). In DA ap-
plications the behaviour of the condition number with respect to sampling
distance, number of data points, domain size, for Gaussian-type covariances
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was been studied in (Haben2011; Nichols2010). In (Dobricic2008), and in
most relevant DA operative software as well (see for example (Andersson98;
Baker2004)), a variable transformation is performed on the variational func-
tional to reduce the computational cost needed for computing the covariance
matrix explicitly; moreover, to improve the conditioning, only Empirical Or-
thogonal Functions (EOFs) of the first largest eigenvalues of the error covari-
ance matrix are considered.
Since its introduction to meteorology by Edward Lorenz (Lorenz56), EOFs
analysis has become a fundamental tool in atmosphere, ocean, and climate
science for data diagnostics and dynamical mode reduction. Each of these
applications basically exploits the fact that EOFs allow a decomposition of a
data function into a set of orthogonal functions, which are designed so that
only a few of these functions are needed in lower-dimensional approximations
(Hannachi2007). Furthermore, since EOFs are the eigenvectors of the error
covariance matrix (Hannachi2004), its condition number is reduced as well.
Nevertheless, the accuracy of the solution obtained by truncating EOFs ex-
hibits a severe sensibility to the variation of the value of the truncation
parameter, so that a suitably choice of the number of EOFs is strongly rec-
ommended. This issue introduces a severe drawback to the reliability of
EOFs truncation, hence to the usability of the operative software in different
scenarios (Hannachi2004).

In the present work we propose to employ Tikhonov regularization which
reveals to be more appropriate than truncation of EOFs and we face the
selection of the regularization parameter. In the literature, many meth-
ods for choosing this parameter have been proposed. Basically, there are
three types of parameter choice methods: a-priori methods, such as the
Morozov’s discrepancy method; a-posteriori method, such as the General-
ized Cross Validation and the L-curve criterion; and data-driven methods
(Hansen06; Morozov84; Golub79). A-priori methods are not really practi-
cal because they need information on the noise affecting data. A-posteriori
methods seek to determine the value of the regularization parameter provid-
ing the optimal trade-off between the size of the regularized solution and the
quality of its fit to the data. In other words, these methods aim to quantify
the amount of regularization affecting the regularized solution, as a function
of the regularization parameter. By contrast, the methods of the last type,
i.e. data-driven methods, are a convenient way to compare the computed
solution with a so-called reference solution. For this reason, these methods
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are sometimes called heuristic or pragmatic methods (Bauera2011).

For a proper choice of the regularization parameter, in the present work we
provide an estimate of Regularization and Perturbation errors which allows
us to get a computable value of the regularization parameter giving the right
trade off between these errors. Finally, we show that, in contrast to EOFs,
the sensitivity of the solution to variation of the regularization parameter is
inappreciable.
In conclusion, the novelties of the present work involve the following aspects:

• Sensitivity Analysis: introduction of the B.E.A. for the Variational
Data Assimilation problem;

• Conditioning: introduction of the Tikhonov regularization to improve
the conditioning of the covariance matrix;

• Regularization Parameter: introduction of an algorithm for computing
the regularization parameter based on the Regularization and Pertur-
bation error estimations.

We validate the algorithm on realistic oceanographic data collected on Mediter-
ranean and Caspian seas and provided by the National Institute of Geo-
physics and Vulcanology in Bologna (INGV) and the Space and Atmospheric
Physics Group of the Imperial College, London (ICL), respectively.

2. Preliminary Definitions

For the sake of completeness, we recall some preliminary definitions that
we will use throughout the article concerning linear discrete ill posed prob-
lems (D’Amore2002; Damore2007; Golub96; Hansen98; Hansen06; Nagy03;
Rotar2012).

Let
Sw = b, S ∈ <p×q, w ∈ <q×1, b ∈ <p×1, (1)

where p ≥ q, be an over-determined linear system. We assume that S has a
full (column) rank and that b is affected by measurement errors, i.e.

b = bef + e, (2)
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where bef ∈ <p×1 represents the unknown error free right hand side and
e ∈ <p×1 the additive noise vector.
In presence of linear discrete ill posed problems (Nagy03), matrix S is very ill
conditioned. In this case, it might make sense to look at the matrix numerical
rank [(Golub96), pag.72] and Singular Value Decomposition (SVD) enables
us to deal with this concept.

Definition 1 (Singular Value Decomposition). Let S be the real matrix
as in (1), and let

S = UΣW T

be the singular value decomposition (SVD) of S where U ∈ <p×p and W ∈
<q×q are orthogonal (or orthonormal) matrices and

Σ = diag(σj)j=1,...,q

where singular values σj appear in decreasing order:

σ1 ≥ σ2 ≥ . . . ≥ σq > 0 .

Definition 2. Let S be as in Definition 1. Given ε > 0, the integer

rε = rank(S, ε),

so that
σrε ≥ ε > σrε+j j = 1, q − rε

is said numerical rank of S with respect to ε.

Even though the above definition is independent of the behaviour of singular
values, it is useful only in presence of a significant gap in the singular value
spectrum, i.e. if σrε >> ε >> σrε+1. Indeed, in presence of an ill conditioned
matrix, the numerical rank allows us to give a precise characterization of
a matrix with a well determined numerical rank or with an ill determined
numerical rank, depending on the singular value spectrum. According to
this, P.C. Hansen in (Hansen06; Hansen98) uses the term well determined
numerical rank if σrε >> σrε+1.
The most important outcome of Definition 2 is that when the discrete prob-
lem is ill posed, with an ill or a well determined numerical rank, it is needed
to filter out the contribution to the solution corresponding to the smallest
singular values. Filtering can be sharp (e.g. by using the Truncated Singuar
Value Decomposition) or smooth (e.g. by using the Tikhonov regularization)
as given in the following definitions:
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Definition 3 (Truncated Singular Value Decomposition). Let
S = UΣW T be the SVD of S as in Definition 1. Let Φtrnc ∈ <q×q be a matrix
such that

Φtrnc = diag(1, 1, 1, . . . 1︸ ︷︷ ︸
trnc

, 0 . . . , 0) , (3)

with 1 ≤ trnc ≤ q. Then the matrix

Strnc := UΦtrncΣW
T , (4)

is the truncated SVD (TSVD) matrix for S.

Definition 4 (Tikhonov Regularization Matrix). Let S = UΣW T be
the SVD of S as in Definition 1. Let ΦT ikh(λ) ∈ <q×q be a matrix such that

ΦT ikh(λ) = diag

(
σ2
j

σ2
j + λ

)
j=1,...,q

, (5)

with
√
σq ≤ λ ≤ √σ1. Then, the matrix

ST ikh(λ) := UΦT ikh(λ)ΣW
T , (6)

is the Tikhonov regularization matrix for S.

Given S, let µ(S) denote the condition number of S.

Remark 2.1. The following results subsist:

µ(ST ikh(λ)) =
σ1

2
√
λ

, µ(Strnc) =
σ1
σtrnc

.

When S has an ill determined numerical rank the TSVD is suitable for pre-
conditioning the linear system if the projection of the right hand side of linear
system in (1) on the singular vectors of S decay faster than the singular value,
i.e. if the Discrete Picard Condition (DPC) is fulfilled (Hansen06; Wang16):

Definition 5 (Discrete Picard Condition, DPC). Let S = UΣW T be
the SVD of S as in Definition 1. Let τ denote the level at which the computed
singular values σj level off because of rounding errors. The Discrete Picard
Condition (DPC) is satisfied if, for all singular values larger than τ , the
corresponding Fourier coefficients |UT

j · b| on average, decay faster than the
σj, with UT

j the j-th left singular vector of V and · the scalar product.

7



Now we give the standard definition of covariance matrix B

Definition 6 (Variance-Covariance Matrix). Let assume X be a matrix
of measurements of pv physical variables at spatial location D = {xj}j=1,...,np,
and at a correlation time window [0, T1] = {τk}k=1,...,M :

X =

 X1
...

XNP

 ∈ <NP×M (7)

where each of NP row is a time series for a given location and NP = [pv]·np.
Let assume that each row Xi of X has mean E[Xi] = {mi}i=1,...,NP and let
m = (mi)i=1,...,NP . Let

V = X−m ∈ <NP×M , (8)

be the deviation matrix. The variance-covariance matrix B ∈ <NP×NP of X
is defined via the expected value1 of the outer product:

B = V V T . (9)

Remark 2.2. It is worth to underline that, by applying the SVD to the de-
viation matrix in (8), the eigenvectors of V are the so-called Empirical Or-
thogonal Functions (EOFs) (Hannachi2004).

We also introduce the following definition of adjoint operator:

Definition 7 (Adjoint operator). Let M : x → y = Mx be a linear
operator.
The operator MT : y→ x = MTy such that

y ·Mx = MTy · x, ∀x,∀y (10)

where · denotes the scalar product, is named Adjoint operator of M.

1If each vector Xi has a distribution with probability density function P , then the
expected value of Xi is defined by

E(Xi) =
1

M − 1

∑
j=1,...,M

xijP (Xj) .
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3. The DA Problem and the VarDA Formulation

The method we describe here is the most general VarDA method. It is called
four-Dimensional (4D-VarDA) because it takes into account observations that
are distributed in space (usually, a three dimensional domain) and over an
interval of time [0, T ] (typically 6 or 12 hours), called the time window. If the
time window is reduced to one instant (i.e. the time variable is fixed), the
method is called three-Dimensional (3D-VarDA) (Cacuci and Navon2013;
Coutier94; D’Amore2013; Kalnay2003). Let us give the mathematical set-
tings describing the VarDA problem.

3.1. The DA Model: Set Up and Problem Definition

If Ω ⊂ <3 is a spatial three dimensional domain, let:

{
u(t2, x) =M[u(t1, x)], ∀x ∈ Ω, t1, t2 ∈ [0, T ], (t2 > t1 > 0)
u(t0, x) = u0(x), t0 = 0, x ∈ Ω,

(11)

be a symbolic description of the predictive model of interest where

u : (t, x) ∈ [0, T ]× Ω 7→ u(t, x) = [u[1](t, x), u[2](t, x), . . . , u[pv](t, x)] ∈ <pv,
(12)

is the state function of M consisting of pv ∈ N physical variables, where pv
denotes the number of physical variables. Let:

v : (t, x) ∈ [0, T ]×Ω 7→ v(t, x) = [v[1](t, x), v[2](t, x), . . . , v[pov](t, x)] ∈ <pov,
(13)

be the observations function consisting of pov ∈ N physical observed vari-
ables, where pov denotes the number of physical observed variables, and

H : u(t, x) 7→ v(t, x), ∀ (t, x) ∈ [0, T ]× Ω (14)

denote the non linear observations mapping. According to the applications
of model-based assimilation of observations, we will use the following discrete
formulation for the VarDA problem. Given

1. NP points of Ω ⊂ <3: {xj}j=1,...,NP ;

2. nobs points of Ω ⊂ <3, where nobs << NP : {yj}j=1,...,nobs;
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3. N points of [0, T ]: {tk}k=0,1,...,N−1;

4. the vector

u0 = {uj0}j=1,...,NP ≡ {u(t0, xj)}j=1,...,NP ∈ <NP ;

which is the state at time t0, i.e. the background estimate;

5. the operator
Mk−1,k ∈ <NP×NP , k = 1, . . . , N,

representing a discretization of a first order approximation of M from
tk−1 to tk;

6. the vector

{ujk}j=1,...,NP ;k=1,...,N−1 ≡ {u(tk, xj)}j=1,...,NP ;k=1,...,N−1 ∈ <NP×N−1;

representing the solution of Mk−1,k at tk, for k = 1, . . . , N ;

7. the vector
vk ≡ {v(tk, yj)}j=1,...,nobs ∈ <N×nobs

consisting of the observations at tk, for k = 0, . . . , N − 1;

8. the linear operator

Hk ∈ <nobs×NP , k = 0, . . . , N − 1

representing a linear approximation of the Jacobian of H;

9. a block diagonal matrix G ∈ <(N×nobs)×(NP×N) such that

G =

{
diag [H0,H1M0,1, . . . ,HN−1MN−2,N−1] N > 1;
H0 N = 1.

(15)

10. the measurements error covariance matrix R ∈ <(N×nobs)×(N×nobs) which
describes the probability distribution function (pdf) of measurement
errors. Here we assume R to be defined as follows

R = diag (Rk)k=0,...,N−1 Rk := σ2
0I, (16)

with 0 ≤ σ2
0 ≤ 1 and I ∈ <nobs×nobs be the identical matrix.
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11. the background error covariance matrix B ∈ <NP×NP which describes
the pdf PB of background errors. Here we assume that B, defined as
in Definition 6 where T1 > T , is such that

B = σ2
bC, (17)

where the matrix C denoting the correlation structure of the back-
ground error, is homogeneous, and the correlations depend only on
distance between states and not position, i.e.

C(NP,h,L) = (cij), cij = exp

(
−1

2
(j − i)2 · ‖xj − xj−1‖2∞

)
, (18)

with length scale L = NP · ‖xj − xj−1‖∞.

Given the DA problem set up, we now define the DA inverse problem

Definition 8 (The DA inverse problem). Given the vectors

v = (vk)k=0,...,N−1 ∈ <N×nobs, u0 ∈ <NP

and the block diagonal matrix

G ∈ <(N×nobs)×(NP×N)

a DA problem concerns the computation of

uDA = (uDAk )k=0,...,N−1 ∈ <NP×N ,

such that
v = G · uDA, (19)

subject to the constraint that

uDA0 = u0 . (20)

Since G is typically rank deficient, DA is ill posed (Eng96; Nichols2010). In
next section we define the variational formulation which leads to an uncon-
strained least square problem, where the term in (20) ensures the existence
of a solution of the (19).

11



3.1.1. The VarDA Model: Problem Definition and Domain Decomposition

Definition 9 (The VarDA problem). The VarDA problem can be described
as following:

uDA = argminu∈<NP×NJ(u) (21)

with
J(u) = α‖u− u0‖2B−1 + ‖Gu− v‖2R−1 (22)

where, for any vector w ∈ <NP and q ∈ <N×nobs, ‖w‖B−1 = wTBw and
‖q‖R−1 = wTRw. Parameter α > 0 denotes the regularization parameter.
In general, operational DA software assume α = 1. By choosing α = 1
can be considered as giving the same relative weight to the observations in
comparison to the background state.

Following (D’Amore2014), in (22) we let α = 1.

In (Arcucci2015; D’Amore2013; D’Amore2014) authors present a reduced
order formulation of the VarDA operator based on the problem decomposition
approach:

Definition 10 (DD-VarDA problem). Let Ω =
⋃Nsub
i=1 Ωi be an overlap-

ping decomposition of the domain Ω such that Ωi ∩ Ωj = Ωij 6= 0 if Ωi and
Ωj are adjacent and Ωij is called overlapping region. According to this de-
composition the DD-VarDA model is a system of Nsub problems described in
(23)-(24) where Ji in (24) is the restriction of the functional J in (22) on
Ωi.

uDA =

Nsub∑
i=1

ũDAi with ũDAi =

{
argminuiJi(ui) on Ωi

0 on Ω− Ωi
(23)

where

Ji(ui) = J(u)/Ωi + ρ

N−1∑
k=0

‖ (M/Ωi)
k ui/Ωij − (M/Ωj)

k uj/Ωij‖2Bij
−1 (24)

and

J(u)/Ωi = ‖ui − ui,0‖2B−1
i

+ ‖Giui − vi‖2R−1
i

(25)
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All the quantities in (24) and (25) are the restriction on Ωi or Ωij of the
variables in Definition 3, ∀i = 1, . . . , Nsub. Also, in (24), we have posed
M = Mk−1,k for all k = 1, . . . , N just for simplify the notations. Parameter
ρ in (24) denotes the regularization parameter. Following (D’Amore2014),
we let ρ = 1.

Since the minimum of the operator J can be obtained by patching to-
gether the minimum functions of these reduced functionals Ji, we solve Ji
instead of J , without compromising the accuracy of the whole solution (see
(D’Amore2014)). Moreover, as we will show in the next section, since the
reduced functionals Ji are better conditioned than the global functional J ,
the problem decomposition approach reduces the VarDA computational com-
plexity as well as the rounding errors propagation.

4. The VarDA Sensitivity Analysis

Let i = 1, . . . , Nsub be fixed. We analyse how errors affecting ui,0 propa-
gates on uDAi computed by Algorithm 1. We will perform SA by obtaining
worst-case error bounds with the aid of the following mathematical frame-
work, mainly based on the condition numbers estimation and regularization
approaches. In the following we denote as:

• µ(Ji) the condition number of the minimization problem in (23) used
in the Step 4 of Algorithm 1 (Dennis96; Nichols2010);

• µ(M0,N−1) the condition number of the model integration problem in-
troduced in the Step 2 of Algorithm 1 (Errico97).

Algorithm 1. DD-VarDA on Ωi

1. Given ui,0
2. Model Integration. Compute

ui,N = M0,N−1[ui,0]

3. Define Gi as in (15), Ri as in (16) and Bi as in (9).
4. Assimilate ui with the observations vi minimizing Ji in (24), i.e. compute

uDAi = min
ui

Ji(ui)

end

The following Propositions hold.
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Proposition 4.1. Let
ũi,0 = ui,0 + ξi (26)

denote the value of ui,0 in Step 1 of Algorithm 1, where ξi is the error given
by the finite precision arithmetic system. The Algorithm 1 computes

ũDAi = uDAi + δi (27)

where
‖δi‖∞ = µ(Ji)µ(M0,N−1)‖ξi‖∞ . (28)

Proof.: By applying the Backward Error Analysis (B.E.A.) (Higham2002),
to steps 2 and 4 of Algorithm 1 it follows that, in Step 2, if we let ũi,N denote
the computed value of ui,N using ũi,0 as initial value, then

ũi,N = ui,N + σi, (29)

where
‖σi‖∞ = µ(M0,N−1) ‖ξi‖∞ (30)

and µ(M0,N−1) is the condition number of the linear operator M0,N−1.
In Step 4, if ũDAi = uDAi + δi denotes the computed value of uDAi obtained
from the perturbed data ũi,T , then

‖δi‖∞ = µ(Ji)‖σi‖∞

and the (28) follows.

♠

In the following we consider M0,N−1 given in step 2 of Algorithm 1 as defined
by the sequence of the operators Mk−1,k which are the discretization of the
first order approximation ofM from tk−1 to tk, ∀k ∈ [1, N − 1] as defined in
Section 3, it is (Daescu and Navon2013):

M0,N−1 = M0,1M1,2 · · ·MN−2,N−1 (31)

Proof.: Let ξi and σi be the errors on ui,0 and ui,N respectively as introduced
in Proposition 4.1 by (26) and (29). From (31) and the step 2 of Algorithm
1, it is

σi = M0,1M1,2 · · ·MN−2,N−1ξi.
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Let {ξi,k}k=1,N−1 be a sequence of propagation errros such that ξi,0 = ξi and
ξi,k = Mk−1,kξi,k−1, then σi = MN−2,N−1ξi,N−1. From (10) in Definition 7, it
is

ξi,k ·Mk−1,kξi,k−1 = MT
k−1,kξk · ξk−1, ∀k ∈ [1, N − 1],

which gives
MT

N−2,N−1 · · ·MT
1,2M

T
0,1σi = ξi. (32)

By considering the infinity norm ‖ · ‖∞, from (32) and (??), it is

‖MT
0,N−1‖∞‖σi‖∞ ≥ ‖ξi‖∞ (33)

then, from (30) and (33), the (??) follows.

♠

Proposition 4.2. Let

A = B−1 + GTR−1G. (34)

be the Hessian of the operator J defined in (22). Then

µ(J) = µ(A). (35)

Proof.: The computational kernel of the minimization problem in (23), is
the solution of a Quasi Newton(QN) method (D’Amore2014; Dobricic2008).
Then

uk+1 = uk + δuk , (36)

where k denotes the generic QN iteration and δuk solution of the linear sys-
tem

Aδuk = −B−1(uk − uk0) + GTR−1(v −GTuk) (37)

Then, the (35) follows.

♠

Remark: The computation of the adjoint (in (??) and in (34)) can be ob-
tained using the methodology of the Discrete Adjoint Sensitivity Analysis
Procedure (DASAP) (Cacuci2005; Daescu and Navon2013).

In the same way we can prove that
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Corollary 4.3. Let
Ai = B−1i + GT

i R−1i Gi, (38)

be the Hessian of the operator Ji defined in (23). Then

µ(Ji) = µ(Ai). (39)

These results highlight that computational kernel of global VarDA problem
defined in (22) (and of the local VarDA problem, defined in (23)) is the so-
lution of the linear system (37) whose coefficient matrix is the matrix A in
(34) (and Ai in (38)) (see Algorithm 2, below.).

Algorithm 2. DD-VarDA on Ωi

1. .....

2. .....

3. .....

4. Call the L-BFGS algorithm (Nocedal97) to minimize Ji:
k:=0;
repeat

k:=k+1;
Solve the linear system

Aiδu
k
i = −B−1i (uk−1i − u0,i) + GT

i R
−1(vi −GT

i uk−1i )

until (convergence)
uDAi := uki + δuki

end

We now demonstrate that the condition number of the local functional Ji
defined in (23) is smaller than the condition number of the functional J
defined in (24).

Proposition 4.4. It holds that

µ(Ai) ≤ µ(A) (40)
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Proof.: It is2 (Haben2011)

µ(A) ' µ(B) , (41)

and, from the (38), it is
µ(Ai) ' µ(Bi) . (42)

Moreover, from (17) it follows that

µ(B) = µ(C(NP,h,L)) , (43)

where C(NP,h,L) is defined in (18). Finally, it is (Abadou94)

µ(C(NP,h,L)) = exp

(
1

2

∣∣∣∣(πh)2 − (πL)2
∣∣∣∣) . (44)

Let
Ci := C(NPsub,h,Lsub)

where NPsub = NP
Nsub

is the number of grid points in Ωi and Lsub = NPsub · h,

and h is the sampling distance among points of Ωi. Then from (44), it follows
that

Lsub < L⇒ µ(Ci) < µ(C(NP,h,L)) . (45)

Finally, from (41)-(42)-(43)-(45) it is

µ(A) ' µ(B) = µ(C(NP,h,L)) ≥ µ(Ci) = µ(Bi) ' µ(Ai) .

♠

The most popular software, developed in the operative centers, implement
the so called incremental formulation of a 3DVar DA model (Andersson98;
Baker2004; D’Amore2011; Dobricic2008; ROMS) described by:

J(w) =
1

2
wTw + (GVw − d)TR−1(GVw − d) (46)

which uses the covariance matrix definition (9). Similarly to (25), the (47)
gives on the subdomains Ωi (Arcucci2015; D’Amore2013; D’Amore2014):

2In the following we will use the symbol a ' b, where a and b are real numbers, to
indicate that a and b have the same order of magnitude.
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Ji(wi)/Ωi =
1

2
wT
i wi + (GiViwi − di)

TR−1i (GiViwi − di) (47)

with Bi = ViV
T
i ∈ <NPsub×NPsub , and Vi ∈ <NPsub×M , where NPsub = NP

Nsub
,

M ≥ NPsub and wi such that

wi = V +
i (ui − ui,0) (48)

with V +
i generalised inverse of Vi. Similarly, the (38) becomes

Ai = Ii + (GiVi)
TR−1i GiVi. (49)

The condition number of Ai is bounded above by the condition number of
the deviation matrix Vi. Indeed, from the triangle inequality in (49) it is:

µ(Ai) ≤ 1 +
1

σ2
o

µ2(Vi)µ
2(Gi) .

The matrix Vi has an ill determined numerical rank then it is highly ill
conditioned (D’Amore2002; Hannachi2004). In (Andersson98; Baker2004;
Dobricic2008) the conditioning of Vi is reduced by truncating the EOFs of
Vi, i.e. by using the TSVD of the Vi matrix. Nevertheless, when the matrix
has an ill determined numerical rank the TSVD approach may be suitable
only if the projections of the right hand side on the EOFs decay faster than
the singular values (see Definition 5). Here we introduce the Tikhonov reg-
ularization matrix and we show that it is much more appropriate than the
TSVD matrix.

4.1. Tikhonov regularization and error analysis

Here, we consider the generic local linear system

Viw = (u− u0), (50)

which follows from (48), where we omit the index i for simplicity of notations.
In particular, we consider the regularised systems

V T ikh(λ)wλ = (u− u0), (51)

where the matrix V T ikh(λ) is defined in Definition 4 (see (6)) and

V trncwtrnc = (u− u0), (52)
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where the matrix V trnc is defined in Definition 3 (see (4)).
The key point of using V T ikh(λ) is a proper choice of the parameter λ that bal-
ances the approximation error (the so-called Regularization error) introduced
by V T ikh(λ) while controlling its condition number (the so-called Perturbation
error).
Here, we are interested in demonstrating the gain obtained by means of the
Tikhonov regularization of V compared to the TSVD of V . Hence, in order
to compute the most appropriate value of the regularization parameter, we
use a data-driven parameter choice method, which is a convenient way to
compare the solution wλ of (51) with our reference solution given by the
system (52). We note that since the operative software truncates the EOFs
at the value trnc = j ∈ N , with 1 ≤ j ≤ NPsub, in this section, we use the
notation EOF (j) instead of trnc. So we give the following

Definition 11 (Regularization Error). Let wEOF (j) be a reference solu-
tion of the system in (52). Let V T ikh(λ) be defined as in (6). Let

ΦEOF (j) = diag(f1, . . . , fNPsub), fk 6= 0, k = 1, . . . , NPsub.

Then
Er
λ :=

[
W
(
ΦEOF (j) − ΦT ikh(λ)

)
W T

]
wEOF (j) (53)

is the regularization error introduced by V T ikh(λ) on wEOF (j).

Definition 12 (Perturbation Error). Let wEOF (j) be a reference solution
of the system in (52). Let V T ikh(λ) be defined as in (6). Then

Ep
λ :=

(
WΦT ikh(λ)Σ

−1UT
)

(wλ −wEOF (j)) (54)

is the perturbation error, introduced by V T ikh(λ) on wEOF (j).

The following result holds.

Proposition 4.5. It is

lim
λ→0
‖Er

λ‖∞ = +∞, lim
λ→∞
‖Er

λ‖∞ = const 6= 0 (55)

and
lim
λ→0
‖Ep

λ‖∞ = 0, lim
λ→∞
‖Ep

λ‖∞ = +∞ (56)

Proof.: it descends immediately from the matrices structures in (3)-(4)-(5)-
(6) and the limits properties.
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♠

It follows that an estimation of the most appropriate value of the parameter
λ, let us say λopt, which gives the best trade off between these two errors,
may be obtained by requiring that

λopt : ‖Er
λopt‖∞ = ‖Ep

λopt
‖∞ (57)

as it is described in Algorithm 3

Algorithm 3. Computation of λopt

1. Given wref as the reference (least square) solution of (50) where the matrix Vi is

replaced by the matrix V
EOF (j)
i and

ΦEOF (j) = diag(f1, . . . , fNPsub
), fk 6= 0;

3. Compute wλ as a solution of (51);
4. Compute the regularization error, i.e. compute

Erλ =
[
W
(
ΦEOF (j) − ΦTikh(λ)

)
WT

]
wEOF (j);

5. Compute eλ = wλ −wEOF (j);
6. Compute the perturbation error, i.e. compute

Epλ =
(
WΦTikh(λ)Σ

−1UT
)
eλ;

7. Provide
λopt : ‖Erλopt

‖∞ = ‖Epλopt
‖∞

end

Remark 4.6. As is shown by the performance analysis in (D’Amore2014),
the SVD computation is the most time consuming step of the DA algorithm.
By applying the SVD to the local functionals of the DD-VarDA model the
time complexity resulting from computing the SVDs of the Nsub local deviation
matrices Vi is

O(Nsub ×NP 3
sub) = O

(
NP 3

N2
sub

)
instead of O(NP 3), i.e. if the SVD is applied to the global deviation matrix
V . Then, the Scale Up factor in (D’Amore2014), which depends on the time
complexity, does not change.
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5. Oceanographic applications

Before describing the validation analysis we need to give preliminary details
about the DA problem configuration. The data we used for the Mediter-
ranean sea are been provided by INGV and are been produced by the software
NEMO (NEMO). The data we used for the Caspian sea are been provided
by the Space and Atmospheric Physics Group which work at the Imperial
College of London (ICL) and are been produced by the software ROMS
(ROMS). It means that for the Mediterranean sea we are using as predic-
tive modelM the general circulation model of ocean currents underlying the
software NEMO, while for the Caspian sea we use the general circulation
model of ocean currents underlying the software ROMS. Furthermore, the
INGV provided values produced by the NEMO software for temperature and
salinity of the Mediterranean sea, then (in (13)) pv = 2. The ICL provided
values produced by the ROMS software for the sea surface temperature, then
pv = 1.

According to the DD-VarDA problem, the experiments set-up consists on the
specification of

• D, the spatial domain in which data are collected, as given in Definition
6. In our application, we consider:

D = {xj}j=1,...,np = {(lat, lon, depth)j}j=1,...,np

where the variables lat and lon refer to the physical coordinates on the
Globe and depth denotes the value of deepness with respect the sea
level.

• NPsub = pv × np, the size of the domain D,.

• [0, T1], the correlation time window and the number M of points in
[0, T1] as given in Definition 6;

• V , the local deviation matrix of the background error covariance matrix
B.

Validation is aimed to compare the (leat square) solution of the linear system
in (51) with the (least square) solution of the linear system in (52) which
is used by the operative software for assimilating the data we considered.
Validation is carried out by performing the following steps:
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1.) characterization of the linear system (50) by evaluating:

? an estimate of the degree k of ill posedness (Hofman86) of V , i.e.
such that:

σj = O(j−k);

? the condition number of V ;

? the Discrete Picard Condition (DPC) associated to the linear sys-
tem in (50) , i.e. the behaviour of pj where:

pj =
|UT

j · (u− u0)|
σj

(58)

with UT
j the j-th left singular vector of V and · the scalar product.

2.) analysis of the linear systems in (51) and in (52). The analysis is
performed by considering:

? the condition number

µT ikh(λ) :=
σ1

2
√
λ

of V T ikh(λ) and the condition number

µEOF (j) :=
σ1
σj

of V EOF (j);

? the (relative) residual of the linear system in (51):

rT ikh(λ) :=
‖V T ikh(λ)wλ − (u− u0)‖∞

‖u− u0‖∞
(59)

and the (relative) residual of the linear system in (52):

rEOF (j) :=
‖V EOF (j)wEOF (j) − (u− u0)‖∞

‖u− u0‖∞
. (60)

3.) estimate of the value of regularization parameter λopt computed by
means of Algorithm 3;
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5.1. Experimental set-up

In order to construct the deviation matrix V of the background covariance
matrix B, according to the Definition 5, we consider

? for the Mediterranean sea:

– D = {(lat = 360◦, log = 145◦, depth = h)}h=0,...,56;

– NPsub = pv × np = 2× 57 = 114;

– M = 14508, time series in March (2012);

– V := VMed ∈ <114×14508;

– V
EOF (j)
Med ∈ <j×14508 and V

T ikh(λ)
Med ∈ <114×14508 .

? for the Caspian sea:

– D = {(lat = i, log = j, depth = 0)}50◦≤i≤60◦, 160◦≤j≤180◦ ;

– NPsub = pv × np = 1× np = 200;

– M = 403 time series obtained in January (1948);

– V := VCas ∈ <200×403;

– V
T ikh(λ)
Cas ∈ <200×403 and V

EOF (j)
Cas ∈ <j×403.

5.2. Validation

1.) Characterization of the linear system in (50).

The matrices VMed and VCas have condition number µ(VMed) = 1.09 × 105

and µ(VCas) = 1.70× 103. Both matrices have degree of ill posedness k = 2,
as Figure 1 shows. The behaviour of the values pj, defined in (58) in Fig-
ure 2, shows that the DPC is violated, meaning that a stable solution of (50)
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Figure 1: Singular value spectrum of the matrix VMed (on the left) and the matrix VCas
(on the right) compared with the values f(j) = j−2 and g(j) = j−3.

Figure 2: DPC for the Mediterranean sea data (on the left) and for the Caspian sea data
(on the right).
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Figure 3: On the left are the condition number values of the matrices V
Tikh(λ)
Med and V

EOF (j)
Med

for 1.0 × 10−2 =
√
σNPsub

≤ λ ≤
√
σ1 = 25 and 1 ≤ j ≤ 114. On the right are the

condition number values µTikh(λ) and µEOF (j) of the matrices V
Tikh(λ)
Cas and V

EOF (j)
Cas , for

1.0× 10−2 =
√
σNPsub

≤ λ ≤
√
σ1 = 13 and 1 ≤ j ≤ 200.

cannot be obtained by using the EOFs truncation.

2.) Analysis of the linear systems in (51) and in (52).

As shown in Figure 3, the difference between the orders of magnitude of
the condition numbers µEOF (j) and µT ikh(λ) increases as EOF (j) ' NPsub
and λ ' 0. This behaviour is in agreement with the expected result that
λ ' 0 ⇒ V T ikh(λ) ' V and that EOF (j) ' NPsub ⇒ V EOF (j) ' V . For
instance, for the Caspian sea it holds that

µEOF (j)(V
EOF (j)
Cas )

µT ikh(λ)(V
T ikh(λ)
Cas )

∈ [101, 102]; (61)

and

µEOF (j)(V
EOF (j)
Cas )

µT ikh(λ)(V
T ikh(λ)
Cas )

' 102, j ' NPsub = 200 λ '
√
σNPsub = 10−2; (62)

while for the Mediterranean sea it holds that

µEOF (j)(V
EOF (j)
Med )

µT ikh(λ)(V
T ikh(λ)
Med )

∈ [102, 105], (63)
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and

µEOF (j)(V
EOF (j)
Med )

µT ikh(λ)(V
T ikh(λ)
Med )

' 105, j ' NPsub = 114, λ '
√
σNPsub = 10−2. (64)

It means that the accuracy of wEOF (j) exhibits a more severe sensibility to
the variation of the value of the truncation parameter j than to the variation
of the regularization parameter λ in the solution wλ. The sensibility to the
variation of the value of the truncation parameter j clearly appears on the
values of rEOF (j) particularly for

j >
NPsub

2

where NPsub
2

= 57 for the Mediterranean sea data and NPsub
2

= 100 for the
Caspian sea data, as shown in Figure 4. This is in agreement with the result
that the DPC is not satisfied.
Since the relative error in the solution is bounded above by the product of
the residual times the condition number (Dahlquist and Bjorck1974), we may
conclude that the relative error in wλ is smaller than in wEOF (j).

3.) Estimate of the regularization parameter.

In Figure 5 we show the regularization and perturbation errors defined in (53)
and (54). Algorithm 3 computes the estimate of the optimal regularization
value λopt = 4.2 for the Mediterranean sea data and λ = 6.08 for the Caspian
sea data. This values are right now used by the INGV and the ICL for the
implementation of the Tikhonov regularization in the operative software for
the assimilation of these type of data.

6. Conclusions

The computational kernel at the heart of the variational data assimilation
problem is the solution of a linear system which is highly ill conditioned.
The accuracy of the solution of this linear system heavily entails that one of
the data assimilation problem. We proposed a computing approach to solve
this kernel which reveals to be much more appropriate than the standard
approach which is usually implemented in the most operative software for
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Figure 4: On the left: residuals rTikh(λ), for 1.0 × 10−2 =
√
σNPsub

≤ λ ≤
√
σ1 = 25,

and rEOF (j) for 1 ≤ j ≤ 114 for the Mediterranean sea data. On the right: rTikh(λ), for
1.0× 10−2 =

√
σNPsub

≤ λ ≤
√
σ1 = 13, and rEOF (j) for 1 ≤ j ≤ 200 for the Caspian sea

data.

Figure 5: Regularization error ‖Erλ‖∞ and perturbation error ‖Epλ‖∞ versus λ where
1.0×10−2 =

√
σNPsub

≤ λ ≤
√
σ1 = 25, for Mediterranean sea data (on the left) and 1.0×

10−2 =
√
σNPsub

≤ λ ≤
√
σ1 = 13 for the Caspian sea data (on the right). Intersection

occurs at λ = 4.2 and λ = 6.08, respectively.
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Oceanographic Data Assimilation. In particular, we proposed to employ
the Tikhonov regularization for filtering the singular values of the deviation
matrix related to the background covariance matrix, which reveals to be more
appropriate than the truncation of the EOFs. We applied this approach to
the reduced functional in (D’Amore2014) so that the computational cost of
the Tikhonov regularization only depends on the local problem size, which
can be computationally smaller than the original.
We validated the algorithm on realistic oceanographic data collected on the
Mediterranean and the Caspian seas and provided by the National Institute
of Geophysics and Vulcanology in Bologna (INGV) and the Space and Atmo-
spheric Physics Group of the Imperial College, London (ICL), respectively.
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