PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: March 1, 2016
ACCEPTED: April 22, 2016
PUBLISHED: April 29, 2016

The A, limit of massive gravity

Claudia de Rham, Andrew J. Tolley and Shuang-Yong Zhou
CERCA, Department of Physics, Case Western Reserve University,
10900 Euclid Ave, Cleveland, OH 44106, U.S.A.

E-mail: Claudia.deRham@case.edu, andrew.j.tolley@case.edu,

Shuangyong.Zhou@case.edu

ABSTRACT: Lorentz-invariant massive gravity is usually associated with a strong coupling
scale As. By including non-trivial effects from the Stiickelberg modes, we show that about
these vacua, one can push the strong coupling scale to higher values and evade the lin-
ear vDVZ-discontinuity. For generic parameters of the theory and generic vacua for the
Stiickelberg fields, the As-decoupling limit of the theory is well-behaved and free of any
ghost or gradient-like instabilities. We also discuss the implications for nonlinear sigma
models with Lorentzian target spaces.

KEYWORDS: Classical Theories of Gravity, Cosmology of Theories beyond the SM, Sigma
Models

ARrRX1v EPRINT: 1602.03721

OPEN AcCCESS, (© The Authors.

Article funded by SCOAP®. doi:10.1007/JHEP04(2016)188


mailto:Claudia.deRham@case.edu
mailto:andrew.j.tolley@case.edu
mailto:Shuangyong.Zhou@case.edu
http://arxiv.org/abs/1602.03721
http://dx.doi.org/10.1007/JHEP04(2016)188

Contents

1 Introduction and summary 1
2 Ghost-free massive gravity and nonlinear sigma model 6
2.1 Nambu-Goto action for non-compact space 6
2.2  Generalization of Nambu-Goto 8
2.3 Linearized theory on Minkowski 9
2.4 Linearized theory on AdS 11
3 Nonlinear Hamiltonian analysis 12
4 Exact non-trivial vacuum solution 14
4.1 Plane-waves 14
4.2  Degrees of freedom 15
5 General perturbative backgrounds 17
5.1 Hamiltonian of fluctuations 17
5.2 The longitudinal mode 19
5.3 Local backgrounds free of ghost and gradient instabilities 20
6 The Az—decoupling limit 21
6.1 Generic operators 22
6.2 Strong coupling scale 24
7 U(1) symmetry in 2D 25
8 Discussions 26
A Equivalent Lagrangians for the minimal model 28
B Plane-wave Hamiltonian 29
C Quadratic Lagrangian on the perturbed background 30

1 Introduction and summary

As an effective field theory on Minkowski space, Lorentz-invariant massive gravity with
generic interactions is strongly coupled and breaks perturbative unitarity at a scale A,
with A, < Az = (Mpym?)/? [1]. When the graviton mass m is taken to be of the current
Hubble scale, this is a very small scale phenomenologically. Moreover, all the interactions
that arise strictly below the scale A3 are associated with the nonlinear Boulware-Deser



(BD) ghost [2-4]. This makes the Vainshtein mechanism [5] in all these massive gravity
theories untrustworthy as a resolution of the linear vDVZ-discontinuity (van Dam-Veltman-
Zakharov [6, 7]). As a result, none of the theories of massive gravity with a strong coupling
scale A, < Asg have a smooth massless limit to General Relativity within the regime of
validity of their effective field theory.

Fortunately, all the interactions below Ag can be eliminated by a unique graviton
potential [8, 9], and this coincides with the elimination of the BD ghost [9-11]. In ghost-
free massive gravity [8, 9] gravitational waves carry 5 modes, as expected for a massive
spin-2 particle in four dimensions, and the Vainshtein mechanism operates in a much
more controlled way [12]. See [13] for a recent review of massive gravity and [14] for an
introduction on the Vainshtein mechanism.

1/3 is usually considered as the

Ao-limit of massive gravity. The scale A3 = (Mpm?)
highest possible strong coupling scale in a Lorentz-invariant theory of massive gravity
(bearing in mind we consider m <& Mp). This usually comes from analyzing ghost-free
massive gravity around the trivial Lorentz-invariant vacuum g,, = 7., ¢4 = 24, where
the ¢* are the Stiickelberg scalar fields that ensure that the theory of massive gravity is
diffeomorphism invariant.

However, about non-trivial vacua
uv = Nuv + O(mz)y ¢A = QZ;A(‘T) 75 xA ) (11)

which still preserves approximate Lorentz-invariance for the metric (in the limit where
m — 0) but not for the Stiickelberg fields, the associated strong coupling scale can be
parametrically higher than As. In unitary gauge, the metric for the non-trivial vacuum
configuration (1.1) is still approximately Minkowski (and hence Lorentz-invariant) but in
a different coordinate form, g, = 8,L<;~5A3V¢~>BT]AB + O(m?), with ¢*(z) being the inverse
function of ¢4 ().

We will show this in a couple of different ways. First of all, writing the metric as
Guv = Nuv + hyw /Mp1, we note that if all the vector and scalar modes obtain a kinetic term
without needing to rely on a mixing with A, , then one can define a As-decoupling limit

for ghost-free massive gravity, by sending

Mp — o0, m — 0, A2 = +/ Mpm — ﬁxed, (1.2)
which leads to
4 1 L opo 4 A h,U«V %
Sarme — [ A7z _Zh ENhpe + ALy -NLs[o”] + 2MP1T ) (1.3)

where the first term is the linear Einstein-Hilbert term, T is the stress-energy tensor of
the matter fields and we have defined the massive gravity nonlinear sigma model as

4
ﬁMG_NLs[qf)A] = Z Oan[!LllKﬁ; ce Kﬁ:] , (1.4)
n=2



with KY = 68 — X! with X} = \/n“pap(bAﬁychnAB. The interesting properties of this
nonlinear sigma model and its generalization have been discussed in [15] and will also be
mentioned later in this paper.

We emphasize that the massive gravity nonlinear sigma model (1.4) does not amount
to simply setting g, := 7, in ghost-free massive gravity, which would be an inconsistent
procedure. Rather, we take a well-defined As-decoupling limit which preserves the total
number of degrees of freedom along the flow Mp; — oo, and hence will automatically carry
over desirable properties of ghost-free massive gravity (such as the absence of the BD ghost)
to the decoupled theory. This fact alone is sufficient to guarantee that L’MG_NLS[qu] does
not carry more that 3 propagating degrees of freedom (in D = 4 dimensions), while the
full action (1.3) still carries all the 5 propagating degrees of freedom. The very existence of
such a decoupling limit relies on configurations for ¢# for which all 3 propagating degrees
of freedom in Lyrg_nLs[¢?] are active.

In what follows we will first perform a full nonlinear Hamiltonian analysis for this
massive gravity nonlinear sigma model. That is, we run a Dirac-Bergmann algorithm for
the model, finding out all the constraints and checking their consistencies. We stress again
that since we are taking a consistent decoupling limit, it is guaranteed that the number
of degrees of freedom is not more than three, since h,, accounts for the additional two.
For technical reasons, we will limit ourselves to the so-called minimal model although
our results hold in all generality for generic sets of parameters. As expected, this Hamil-
tonian analysis concludes that in four dimensions, 3 out of the 4 Stiickelberg fields are
dynamical degrees of freedom. In other words, both the vector and scalar modes in ¢4
are dynamical. Interestingly, even though ‘gravity’ is entirely decoupled, the BD ghost
mode is still eliminated. This of course is due to the matrix square root structure and the
anti-symmetization scheme of the ghost-free graviton potential [16] and was guaranteed by
taking the decoupling limit.

Having proven that the nonlinear sigma model (1.4) includes 3 degrees of freedom one
can then search for backgrounds where the longitudinal mode is dynamical. In principle
most vacua of the theory will excite all 3 DoFs, but the trivial one (¢4) = 24 and any
Lorentz-invariant generalization are special in that at linear order they exhibit an accidental
U(1)-gauge symmetry. For the isolated nonlinear sigma model, the longitudinal mode is
thus infinitely strongly coupled on these trivial vacua and their regime of validity is null. For
massive gravity, however, the coupling to gravity breaks the accidental U(1) and provides
a kinetic term for all the relevant degrees of freedom. This implies that vacua where
the Stiickelberg fields preserve Lorentz-invariance are acceptable vacua for massive gravity
and the strong coupling scale on these vacua is lowered to Ag, but these vacua are not
acceptable for the nonlinear sigma model. Instead, for the nonlinear sigma model and
for massive gravity with a As-decoupling limit, one needs to consider non-trivial (weakly
Lorentz-breaking) vacua for the Stiickelberg fields. (Of course, for the nonlinear sigma
model alone, Aj is a free tunable dimensionfull parameter.)

Finding exact vacua may be generically challenging from a purely technical viewpoint.
Plane waves are exact solutions which play the role of instructive toy-models. More generic
vacua can be constructed perturbatively, either by performing a small field expansion about



the trivial vacuum or by performing a local expansion about a given point in spacetime.
The latter expansion will prove convenient to establish the full stability of the DoFs and
derive the corresponding strong coupling scale.

A nontrivial background ¢¢ will necessarily introduce some characteristic energy scale
L~ (it may of course introduce more scales and when that happens, the relevant energy
scale for this discussion is the smallest one). When taking the decoupling limit (1.2) we
maintain the scale L™! fixed and the resulting strong coupling scale ends up being Ao
dressed by some positive powers of L~!. This scale L™! plays a similar role as the anti-de
Sitter (AdS) curvature when considering massive gravity on AdS [17-21]. Note however
that unlike massive gravity on AdS, we will focus this discussion to the case where the

2 corrections).

spacetime curvature vanishes (at least up to order m
Absence of linear vDVZ-discontinuity.! The previous As-decoupling limit of ghost-
free massive gravity has another virtue: namely the absence of coupling between matter
fields and the Stiickelberg fields. Indeed in the decoupled limit (1.3), only the standard
tensor modes h,, couple to matter as in General Relativity while the additional three
degrees of freedom and specifically the longitudinal mode fully decouple. This immediately
implies that already in the linear regime, 7.e. already at large distances compared to L and
A5 ! but smaller than m !, the phenomenology of ghost-free massive gravity on these vacua
is very close to General Relativity, without even needing to invoke any explicit Vainshtein
mechanism (or in other words the non-trivial vacua already automatically implement the
Vainshtein mechanism). Beyond this decoupling limit we expect corrections suppressed by
positive powers of A, /Mpj, and fifth forces will also be suppressed by a similar amount (see
ref. [22] for relevant discussions).

The decoupling of the longitudinal mode also implies that the theory is free from the
standard vDVZ-discontinuity at the linearized level about these non-trivial vacua, similarly
as for massive gravity on AdS [17-19] (or a general FLRW background [23, 24]). A cru-
cial distinction with massive gravity on AdS is that in our approach the gravitational (or
geometric) sector is insensitive to the scale L in the decoupling limit and the background
metric is Minkowski-like (or can be taken to be de Sitter or FLRW if the relevant cosmo-
logical constant or matter fields are included). For massive gravity on AdS on the other
hand, the gravitational sector is strongly sensitive to the AdS curvature scale L even in the
decoupling limit. For massive gravity on AdS, setting a limit where the metric is Minkowski
requires sending L~! — 0 and therefore leads to an arbitrarily low strong coupling scale
(see figure 1).

Our approach also differs from standard Lorentz-violating theories of massive gravity
(see ref. [25] for a classification), where the strong coupling scale can be Ay (or even
higher when considering Lorentz-breaking generalizations of the Einstein-Hilbert term [26]).

'We emphasize that for most theories of massive gravity, the vDVZ discontinuity is arising from con-
sidering a linear theory beyond its regime of validity, and represents a failure of the linear theory; while
the discontinuity is expected to be absent at the non-linear level. In this manuscript we show that in a
large class of non-trivial vacua, the absence of the discontinuity is already manifest at the linear level for
ghost-free massive gravity.



Indeed in these theories, the Lagrangian manifestly breaks Lorentz invariance. In the model
we consider here, the fundamental theory preserves Lorentz invariance and the latter is only
broken spontaneously about the vacua we consider.

Nonlinear sigma models with Lorentzian target spaces. The potential of massive
gravity can be seen as a non-standard nonlinear sigma model for the four Stiickelberg fields
¢, mapping from the spacetime metric g (or 1, in the absence of gravity) to the target
space (the reference metric [27]).

For a standard nonlinear sigma model, a typical requirement is that the target space
be Riemannian (its metric being positive definite) to avoid ghost DoFs (see e.g. [28-30]).
From this point of view, it is not surprising that generically massive gravity is plagued
by the BD ghost, as the internal space of the Stiickelberg fields is Lorentzian (pseudo-
Riemannian with signature (— + - --+)). Ghost-free massive gravity then acts as a unique
and special case that evades the Riemannian requirement. For a symmetric target space,
the Lorentzian nature translates to non-compactness of the associated symmetry group.

At the technical level, the reason why the BD ghost is eliminated in ghost-free massive
gravity is due to the existence of a second-class constraint [8]. Taking the decoupling
limit (1.2) of ghost-free massive gravity, the nonlinear sigma model decouples from the
gravitational tensor DoFs. Since a decoupling limit never changes the number of DoFs
(if taken appropriately?), the absence of the sixth BD mode in ghost-free massive gravity
ensures the absence of ghost in the nonlinear sigma model. As a result and as we mentioned
above, the nonlinear sigma model that arises from massive gravity is free of the ghost
associated with the negative direction of the target space. This is in contrast with the
other known ways to avoid the Riemannian requirement of the target space which all rely
on invoking some gauge DoF's. This is for instance the case of the string Polyakov/Nambu-
Goto action [31-36], or more generally for p-brane actions [37], where the target space is
the spacetime itself, thus Lorentzian. Another known mechanism is to invoke normal gauge
fields that are auxiliary, that is, without a kinetic term for the gauge field. This mechanism
is used in supergravity model building (see e.g. [38, 39]). All these known exceptions with
a Lorentzian target space do not compromise the spirit of the Riemannian requirement
in the sense that once the auxiliary gauge/diffeomorphism DoF's are fixed by making use
of the auxiliary field equations of motion and gauge choices the target space becomes
manifestly Riemannian. On the other hand, the massive gravity nonlinear sigma model
and its generalization relies on two second class constraints to project out the would-be
ghost associated with the negative direction.

Since the ghost-free graviton potential is unique, up to a few free parameters, it follows
that the massive gravity nonlinear sigma model (1.4) in D dimensions — with the sum
starting from n = 1, the internal space metric n4p replaced by fap(¢) and the coefficients
ay, generalized to be functions of the Stiickelberg fields ay, (¢) [15, 40] — is the only nonlinear
sigma model where the target space is Lorentzian. We emphasize that the target space can
be higher-dimensional than that of the spacetime (that is N > D). The case of N < D

2All the examples where a decoupling limit seemingly changes the number of DoFs are arising from
improperly taking the decoupling limit. See section 8.1 of [13] for examples and a discussion on this point.



is more subtle and will be discussed in section 8. See [15] for a bi-gravity braneworld
interpretation of this generalized nonlinear sigma model and more discussions on nonlinear
sigma models with Lorentzian target spaces.

Outline. The rest of the manuscript is organized as follows: we start by introducing
ghost-free massive gravity and a generalization of the Nambu-Goto action in section 2,
derive the value of the strong coupling scale about the trivial vacuum on Minkowski and
AdS, and explain the origin of the vDVZ-discontinuity on Minkowski and its absence on
AdS. We then perform the full nonlinear Hamiltonian analysis in section 3 for the massive
gravity nonlinear sigma model and confirm the existence of two second class constraints that
remove the BD ghost associated with the negative direction of the target space. Motivated
by this result we first provide in section 4 an explicit exact nonlinear example of vacuum
solution where all the DoF's are manifest. Although that vacuum turns out to be unstable,
it corresponds to a useful explicit proof-of-principle. In section 5 we then derive more
general classes of backgrounds by expanding the background itself and by adopting a local
coordinate expansion. We find a family of stable vacua where all the DoFs are manifest
and healthy. The related strong coupling scale on these stable vacua is established in
section 6. These results are valid in dimensions larger than two. In two-dimensions we
show in section 7 that the U(1)-symmetry is preserved to all orders and the corresponding
nonlinear sigma model hence propagates no DoFs. In section 8, we give a short summary
of our main results.

Conventions. In what follows we use a convention where Greek letters denote D-
dimensional spacetime indices while capital latin letters A, B,... denote indices in the
N > D Lorentzian internal space metricc. When N = D we may also use Greek let-
ters to designate the internal space indices. Lowercase latin letters i,7j,... designate
spatial indices. In D-dimensions we use the convention for the strong coupling scale

D—2 2
Ay = (mr—IM,2 )DFera,

2 Ghost-free massive gravity and nonlinear sigma model

In this section, we introduce the ghost-free graviton potential in a conceptually novel
way: as a non-standard nonlinear sigma model with a Lorentzian target space. In this
formulation, the importance of the scale Ag is manifest.

2.1 Nambu-Goto action for non-compact space

We start by considering a theory of N scalar fields ¢4 living on a D-dimensional flat
spacetime metric 7,,,. These N scalar fields may be thought as coordinates of a non-trivial
target (field space, or internal) manifold specified by the metric f4p(¢). This corresponds
to a nonlinear sigma model whose action can typically be written as

L5 = — 51 0,6"0,6” fan(6) ~ V(6). (21)

Nonlinear sigma models [41] are effective field theories for multiple fields ¢ with applica-
tions in various areas of physics (see, e.g., [28-30] and references therein for a review). The



nonlinear sigma model of eq. (2.1) is well-defined and free of ghost if the internal space
metric fap is positive definite, i.e., the target space has to be Riemannian (as opposed
to pseudo-Riemannian). If the target space is symmetric, this means that the associated
isometry group needs to be compact.

When considering a non-compact space, the internal space metric fap typically has
a negative eigenvalue and the sigma model (2.1) has a ghost. One possible way out is to
ensure that the mode associated with the negative direction is in fact not dynamical or a
gauge mode. This is indeed the resolution for the Polyakov action for a p-brane ® where the
spacetime metric 7, is promoted to an auxiliary field g, (v) and diffeomorphism invariance
ensures that the would-be ghost DoF associated with the negative direction of the internal
space is a gauge mode:

V=9

EPolyakov = _? g“”8H¢A(x)8V¢B(x)fAB(¢) —p+ 1. (22)

If the internal space has signature (— + ---+), then naively the field ¢"(x) behaves as
a ghost. But this action is invariant under the diffeomorphisms and the naive ghost is
merely a gauge degree of freedom. This is obvious in the ‘static’ gauge where ¢* = z#, for
pw=0,...,p, and the left-over target space is manifestly positive definite for the remaining
¢4 with A =p+1,...,N —1. An alternative way to see this is to write the auxiliary field
metric g, in ADM form [42] g, datda” = — (NO)2 dt? + ;; (dxi + Nidt) (dxj + det),
and then the lapse N plays the role of a Lagrange multiplier that imposes a first class
constraint projecting out the would-be ghost DoF,

1 1 .
Hpolyakov D §N0 (ﬁfABpApB +v7 (V90:¢0;0" fap —p + 1)> , (2.3)

with pa = 0Lpolyakov/ GQ'SA, and we have accounted for the entire dependence on the lapse
in the Hamiltonian. Actually, for the p = 1 string case, we see that for this procedure to
work it is essential that the internal space metric f4p be not sign definite, otherwise the
constraint would fix more than one phase space variable. In addition to this Hamiltonian
constraint, there are D — 1 additional first class constraints generated by the shifts N*
but only the Hamiltonian constraint is required to remove the would-be ghost in this
Lorentzian space.

Since the metric g,, is not dynamical in this model and merely plays the role of
auxiliary variables, we can integrate it out without changing the number of DoF's, and we
are then left with the well-known Nambu-Goto action for the p-brane:

L6 =/~ det(0,640,07 fan(9)) (2.4)

The Nambu-Goto action still enjoys the same gauge symmetry, and static gauge can still
be chosen to make the target space manifestly positive definite.

3The Polyakov and Nambu-Goto action usually refer to the one dimensional string actions, but they
have a simple generalization to a p-brane on a p + 1 dimensional world volume.



On the other hand, if the D-dimensional tensor X% defined as*
Xt = XU [fap, 6] = V02 0ad20,0P fap (2.5)

is diagonalizable, then the Nambu-Goto action may also be re-written as

Lng = det X = XY XUz ... XD (2.6)

where our anti-symmetrization convention is with the averaging factor 1/n! in front. In
this language, the absence of ghost for this non-compact target space can be traced back to

0*Lng

signaling that not all of the N scalar fields ¢# are dynamical.

2.2 Generalization of Nambu-Goto

Inspired by the expression (2.6) for the Nambu-Goto action, it is now natural to extend it
to the following Lagrangians for n < D,

_ i xHz L xhn
En - )([Ul)(lu‘22 lefn] ’

(2.8)

so that Lp = Lna and £y = 1. We may also consider a fully equivalent representation of
the £, by taking linear combinations of them and defining the following Lagrangians

L, =K Kh2 - K (2.9)

(1 1’
with K% = 8%, — X%. Solong as N > D, all of these Lagrangians for any 0 < n < D satisfy

the same relation (2.7) as the Nambu-Goto action, namely,

a(ém%):o, (2.10)
DpA0pE

which ensures the absence of ghost in any of these theories. While this generalization
seems to be natural mathematically or at a superficial level, there is a crucial difference
between the Nambu-Goto action and the generalized Lagrangians considered in (2.9): for
the Nambu-Goto action, the rank of the matrix Hap = 92L,,/0¢*d¢" is N — D, while for
the £,, the rank of the associated matrix H4p is N — 1. Also as we have seen, the removal
of the degrees of freedom for the Nambu-Goto action is associated with a gauge symmetry,
while for the other £, no symmetry is present and the removal of the ghost is related to
second-class constraints. Nevertheless, for each one of these Lagrangians the vanishing of
the Hessian is what signals the absence of the would-be ghost for these ¥-models on the
target space. Therefore, the generalized Nambu-Goto Lagrangian (which we will refer to as
the massive gravity nonlinear sigma model for reasons to become clear shortly) is given by

D
LyG-NLS = ZanK[’ﬁlKﬁj KL (2.11)
n=1

4The matrix square root is taken as the principal branch solution of the matrix equation X* X% =

guaaa¢A8V¢BfAB~



where

Kt = 8 — \/1120000,65 f5(0), (2.12)
and N > D.

Intriguingly, this generalization of the p-brane Nambu-Goto action exactly gives rise
to the graviton potential of ghost-free massive gravity when N = D. To consider in the
context of a curved spacetime, we note that, instead of eq. (2.6), the Nambu-Goto action
can equivalently be casted as

Lng =+—gdet X = \/—gé\fﬁ;Xﬁ; e Xﬁg], with X% = \/9”98P¢A3y¢BfAB(¢). (2.13)

The generalization of this action to terms with fewer factors of X is exactly the ghost-free
graviton potential. The difference again is that, while the Nambu-Goto term is diffeomor-
phism invariant, the terms with fewer factors of X are not.

In what follows we will also consider embedding these models in a gravitational setup,
i.e., coupling to the dynamical part of g,,. This leads to ghost-free massive gravity in D
dimensions (we shall consider only N = D in the following, as our main interest is in the
context of massive gravity) [8, 9]

D
_ R
scrwe = 38 [P (- acemt otz oy ) 210
n=2

[:ul ;U‘n}

D—-1
R
= ME2 /de\/Tg <2 —ALEm? ) BaX X X“") . (2.15)
n=1

where

Kl =0 — X, with X = \/gm0,0740,07 fan(6). (2.16)

and the fields ¢ play the role of Stiickelberg fields that restore diffeomorphism invariance.
In the gravitational setup, £; is a tadpole term and X[/’j 11 Xl X ZL‘ 5 acts as a cosmological
constant so we do not consider their contributions. Without loss of generality we may

always set ap = 1 and S; = —1. The constants «,, and (3, are related via
D D !
4 D . Do ' B !
ai = <—1>Z;CD_3/3]-, Bi= (—1>‘;Op_iaj, with G = oy 10
where a1 =0, ag =1,61 = —1, Bp =0. ascpep_1 and Bi«p<p are two sets of equivalent

free parameters of ghost-free massive gravity.

2.3 Linearized theory on Minkowski

“¥-model”. Before considering the effects of gravity, we first focus on the “potential”
term of massive gravity as a Lagrangian for the scalar fields ¢ in their own right living on a
flat Minkowski spacetime, decoupled from the gravitational sector. Note that a priori it is
not certain that this “potential” scalar theory from massive gravity is actually continuously
connected to massive gravity, which would require the existence of a decoupling limit of



some sort. We will see that such a decoupling limit indeed exists. At any rate, for now,
one may consider the “potential” action of massive gravity as a scalar field theory on its
own. Let us, for instance, consider the following Lagrangian

Lofo™ nap] = Ki K} . (2.18)

As will be shown in section 3, non-perturbatively, this Lagrangian carries D — 1 degrees
of freedom (the constraint that removes the ghost in ghost-free massive gravity remains
active even in the absence of gravity). However, perturbatively about the trivial vacuum
A = x“él‘?, the Lagrangian (2.18) only carries D — 2 rather than D — 1 DoFs. Indeed, at
the linearized level, ¢ = a:“&;? + VA4, the Lagrangian Ly is a Maxwell theory for V4 and
enjoys a U(1) gauge symmetry. In dimensions N = D > 2, that symmetry is an artifact of
the linearized theory and does not survive at the nonlinear level.

This realization has a profound impact not only for the scalar theory (2.18), but also
for massive gravity as we shall see later. Indeed, for the scalar theory (2.18), the fact that
one Dok fails to be dynamical on the trivial vacuum ¢% = z® implies that this vacuum is
infinitively strongly coupled and cannot be trusted (its has no regime of validity). This
means that the theory (2.18) only makes sense if considered about different non-trivial
vacua which excites all D — 1 degrees of freedom.

Implications for massive gravity. In the context of massive gravity the situation is
more positive for the vacuum ¢4 = 2. Indeed the mixing with gravity breaks the U(1)
gauge symmetry and all D — 1 DoFs in the fields ¢4 are dynamical. The trivial vacuum
¢% = x% has then an interesting non-trivial regime of validity. In this case one of the DoF
in ¢® only becomes dynamical (at the linearized level) through its mixing with gravity.
This implies that, at the linear level, this DoF directly couples to matter with the same
strength as gravity, which is at the origin of the linear vDVZ discontinuity.

To see this explicitly, let us start with the ghost-free massive gravity Lagrangian (2.14)
and set the cosmological constant A, = 0 so as to have Minkowski as a vacuum solution.
When splitting the fields ¢% = 2 + A% 4+ ¥z and the metric as G = M + Py /Mpy,
at the linear level, the only place where the kinetic term for x enters is through its coupling
with h,,,. Symbolically, this is given by

1
‘Cg%‘MG ~ hagh - m2MP2’lF3V [A] + mQMPthV (DXWV—%&/X) + mhnyMV ['QZJ'L] s (219)

where TH[1);] is the stress-energy tensor of the external fields i; coupled to gravity. The
mixing term can be taken care of by performing the field space rotation, symbolically,
huw = hyy + XN with A3 = m2Mp) and Y the canonically normalized helicity-0 mode,
X = A3y, so that

) <o U N
Lipae ~ h0*h —m> Mg F, [A] — (0%)% + M—Plth“ + M—PIXT. (2.20)

At the linear level, the coupling between y and any non-conformal matter x1 is insensitive
to the graviton mass m and does not vanish in the massless limit. This is of course at the

~10 -



origin of the well-known linear vDVZ-discontinuity and its resolution lies in the nonlinear
interactions which become increasingly important in the small mass limit as pointed out
by A. Vainshtein in [5]. In the context of nonlinear massive gravity the implementation of
this Vainshtein mechanism was considered for instance in [12, 14, 43, 44]. At the nonlinear
level the theory involves interactions of the form h(9%%)"*!/A3", which implies that the
theory is strongly coupled at the scale Ag [8, 27].

2.4 Linearized theory on AdS

“¥-model”. When applied to AdS, the previous analysis has a rather different outcome:
consider again the Lagrangian Lo in (2.18) in its own right (i.e. separated from its grav-
itational context) in N = D dimensions but on an AdS spacetime, so that the tensor K
and X now read

K= oh— XU, with X0 = /gu0,600,0 %), (2.21)
where 'yg;ds) is the AdS metric with curvature L~2, so that its associated Ricci tensor is

Rop = — L*QVQABdS). Then the AdS curvature is sufficient to break the U(1) gauge symmetry
already at the linear level. Indeed at the linear level about the trivial vacuum g,, =

’Y;(f:édS) + by /Mp1, ¢* = 2% + A?, the AdS equivalent of (2.18) reads

1 1
Lol 2099 \/m (_2F3V[A] - 2L2A5> + O(hy/Mp1),  (2.22)

where all the contractions and covariant derivatives are with respect to the AdS spacetime
metric. The appearance of a mass term for A, on AdS implies that the theory enjoys no
accidental U(1) and the helicity-0 mode y acquires a kinetic term A2 D (9x)?. It follows
that on AdS the trivial vacuum ¢% = z® is a perfectly well defined and acceptable vacuum
for the sigma model (2.18) of N = D fields, out of which D — 1 are dynamical. Naturally,
this result holds true for any generalization of that model Lo + 2523 anly.

Implications for massive gravity on AdS. This result propagates to the case of
gravity where it was shown that the linearized vDVZ is absent on AdS [17-21]. Indeed,
in the limit where the AdS curvature is larger than the graviton mass m < L~!, the
canonically normalized field is now y = A3y with

Mplm
A3 = , 2.23
and the coupling between y and matter now goes as
£8) s = g 120 g, (2.24)
X7, Mp,

which makes the massless limit of the linearized theory well-defined already at the linear
level about AdS. This massless limit seems to occur without the need of a Vainshtein
mechanism but we stress that
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A = (Mpym/L)'/3 A = (Mpym?)'/3

L1 —0

S MG on

Minkowski

m-—0
(Vainshtein)

GR on AdS L_l — 0 GR on Mink
+ 3 decoupled —> + 3 decoupled
dof dof

A—0 A=0

Figure 1. Massless limit of massive gravity (MG) on Minkowski and AdS. L is the AdS scale and
A is the strong coupling scale.

1. The Vainshtein mechanism is actually (secretly) active through the AdS background
and this absence of discontinuity is in fact a direct implementation of the Vainshtein
mechanism.

2. Strong coupling is still present in that theory. Indeed, the nonlinear theory includes
interactions of the form (9%)?(9%x)"~!/A3" implying that the theory is then strongly
coupled at the scale A, as given in (2.23).

As shown in figure 1, taking the limit m — 0 and L~! — 0 leads to the same scaling as if
one had started straight from massive gravity on Minkowski and taken the massless limit.
However, for a finite mass m the strong coupling scale can be pushed higher if the AdS
curvature is sufficiently large m < L', although this comes at the price of working about
a non-Minkowski reference metric.

In what follows we will show how one can capture some of these features of massive
gravity on AdS (namely the absence of linearized vDVZ-discontinuity and a higher strong
coupling scale) while maintaining the reference metric nearly Minkowski. What we will
consider instead is a non-trivial Lorentz-violating vacuum for the Stiickelberg fields.

3 Nonlinear Hamiltonian analysis

In the rest of this manuscript, we focus on the case where N = D, f,,, = 1, and no longer
distinguish between spacetime and target space indices. In this section we run the Dirac-
Bergmann algorithm for the nonlinear theory (2.11). We will see rigorously that even when
decoupling gravity, the BD ghost is eliminated, as argued above, and in general there is no
gauge symmetry to further reduce the number of DoF's in the fields ¢®. Lorentz-invariant
vacua are hence special as they re-introduce an accidental U(1)-symmetry at linear order,
but that U(1) is not a symmetry of the full sigma model and does not survive at higher
order. Therefore in D dimensions, ¢ involves D — 1 dynamical DoFs.

For simplicity, and without loss of generality, we focus in this section on the minimal

L1~ —TrX ~ =Tr\/n~10¢nogpT (3.1)

model
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given in (2.11). The general model yields the same result. To explicitly perform the
Hamiltonian analysis, it is convenient to work with an equivalent form of the minimal
Lagrangian:

min 1 3 uv « 1] 1 afs

NLs = —5 A 0u0" 0 as — e (3:2)
where the auxiliary variable ), is a symmetric tensor with inverse MY See appendix A

for the equivalence between this Lagrangian and —TrX. To derive the Hamiltonian, we
perform an ADM-like split for the symmetric tensor A,

)\ k .
Ao = PO TR B (3.3)
Hi Oij

where latin indices are for now lowered or raised with o;; or its inverse o respectively.
The conjugate momenta for ¢* and ¢ are defined as

OL{s _ Ly M

a= 2= —¢q — 0iQa, 3.4
aﬁmin

Tij = 8;?;8 =0, (3.5)

where the Lorentz index « is lowered with 7,3. After the Legendre transform, the Hamil-
tonian becomes quadratic in p and linear in Ag. Integrating out g, we get

MU = Ho + 200 €W + pic), (3.6)

where we have introduced the new set of Lagrange multipliers ;% to impose the rela-
tion (3.5), and we have defined

1 .. 1 .
Ho = §G’Jc‘9i¢a8j¢5(naﬁ +Mamp) + 503507, (3.7)
CV = mun®+1=0, (3.8)

where ¢V and Ci(jl) are primary constraints. If now one further integrates out ¢, one
can see that it is not possible to have any further constraints apart from the secondary
associated with C(1). But to be prudent, we show this explicitly by keeping ¢/.

Since ¢V and CZ»(jl) contain only conjugate momenta but not the fields themselves, it
is clear that we have

W), cVy)} =0, (3.10)
cWe0.cwi =0, (3.11)
e e).c' )y =0, (3.12)
and thus the time preservation of C(!) and Ci(jl) generate secondary constraints
C? = 699,007 = 0, (3.13)
€ = ~0:0°0;0° (nag + mams) + oud oy = 0, (3.14)
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Then we check whether the time preservation of C? and CZ(J2 ) give rise to any tertiary
constraints. Making use of the Poisson brackets:

{€P(x),cV(y)} = 20,07 (x)0° (x — y), (3.15)
(P (x),C (y)} = 030y ma(x)07 7 (x — y), (3.16)
{€)(x),CD(y)} = 496" 0 7a(x)07 " (x — ), (3.17)
(€2 (x), )} = ~20M0305 (nouy ()67 (x — ), (3.18)

the consistency equations C?)(x) = 0 and Cz(f) (x) =0 lead to
40,0 0" No + O™ Oy Ta ™ = — / AP~y {cP (x), Ho(y)}, (3.19)
—80;0”9j)Ta Ao — 200(jTiym Oy " ™" = — /dD_ly{Ci(j?) (%), Ho(y)}, (3.20)

where {C®)(x), Ho(y)} # 0 and {Ci(;) (x),Ho(y)} # 0 in general. This is a non-degenerate
system of linear equations for unknowns Ag and p™".

One can indeed check that all \g and p™" are determined by this system of linear
equations. This is more easily performed in a specific number of dimensions. For example,
in D = 4 dimensions, one can show that the rank of the system of linear equations is 7,

which corresponds to the number of Ay and p™"

. Thus, all A\g and p™" are determined.
The Dirac-Bergmann algorithm ends here and all constraints are second class. Counting

the phase space DoFs, we have, in D = 4 dimensions,
(446)x2—(6+1)—(64+1)=6=3x2, (3.21)

meaning that the number of physical DoFs is indeed 3. This result was proven for the
minimal model £;, but by continuity it holds for a general theory of (2.11). We will
re-confirm this result with a couple of different methods in the following.

4 Exact non-trivial vacuum solution

Having shown that the massive gravity nonlinear sigma model also propagates two con-
straints that remove the BD ghost, and thus has 3 DoF's on generic backgrounds in D =4
dimensions, we shall now present an explicit example where this occurs. In order to sepa-
rate ourselves from the precise matter content of the model we work in the vacuum. In this
sense our approach is different from, say, massive gravity on AdS, which requires a negative
cosmological constant to source the background configuration. For the sake of simplicity,
we focus once again on the minimal model, although our conclusions remain the same for
any linear combinations of the Lagrangians L.

4.1 Plane-waves

One of the difficulties in solving this equation for generic configurations of the fields ¢“
lies in evaluating the square-root that enters in X%. In what follows we will evaluate this
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square-root by performing perturbative expansions about the trivial vacuum, but for now
we may consider the particularly simple —yet instructive— example of plane waves.® Take
for instance

o =at+ (FI(t—2) + Gt +2)) o, (4.1)

where we have used the notation z° = ¢, ' = z and the index I labels the orthogonal
directions, I = 2,---,D — 1. This solves the vacuum equations of motion for arbitrary
combinations of the Lagrangians £,, defined in (2.9) and for arbitrary analytic functions
F! and G!. Indeed the tensor X* associated with these plane wave configurations (4.1)
satisfies 9,(X™)%, = 0 and 9, (Trf( ”) = 0 no matter what the power n is. This implies
that the background configuration (4.1) satisfies the equations of motion for the fields ¢“
for arbitrary combinations of the Lagrangians L,,.

For instance, without loss of generality, we can set G =0 forany I =2,---,D — 1,
Fl'=0forany I =3,---,D —1 and write F?(t — z) = F(t — ). Then, if for simplicity,
we work in D = 3-dimensions and have

o' =zt + (0,0, F(t — z)) . (4.2)

While the square root matrix X% has many branches of solution, it is understood that one
should choose the branch that connects with the identity matrix when F(t — z) — 0. So
the matrix X’ associated with the non-trivial vacuum (4.2) is

3 2 3 2 17
1—¢F sF —5F
Xb=| —3F? 143F? -1F |, (4.3)
1 1
S F —5F 1
where the prime denotes a derivative with respect to the function’s argument, and one
can indeed check that this matrix satisfies Tr[X"] = 3 for any power n, and so we
haveiau (TrX'”) = 0. Furthermore, we can explicitly check that 9,X% = 9, (X2)‘; =
Oy (X 3)7} = 0, so (4.3) satisfies the vacuum equations of motion for arbitrary combination

of Lagrangians £1 4+ asLo + a3L3. This result is independent of the number of dimension
and remains valid for arbitrary configurations of the form (4.1).

4.2 Degrees of freedom

Having established that the plane wave configurations (4.1) are exact vacuum solutions,
we now proceed to evaluate the number of perturbative DoFs. To establish the number of
DoFs on that vacuum, it is sufficient to look at fluctuations of the form

P* = ¢ + eV, (4.4)

where we introduced a dimensionless parameter € to count the order in perturbations.
Focusing on the minimal model £;, then to quadratic order in V' (quadratic order in ¢),
we have

Ly = F(F"P9,V,0,Vs, (4.5)

where FFYP? gre functions of F”.

5Despite the terminology these solutions do not need to exhibit an oscillator behavior and the functions
FT and GT are arbitrary.
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The Hamiltonian analysis performed in section 3 confirms that this model only has
D — 1 DoFs. About the trivial vacuum ¢® = 2% (F = 0), V? is indeed an auxiliary
variable. On more generic vacua, the auxiliary variable is instead a linear combination
of the fields V#, and to simplify the derivation we can perform a rotation in field space
VH = WHF 4+ REWY so that W9 is identified as the appropriate auxiliary variable. In
D = 3-dimensions, the appropriate rotation is given by

Vi=w? VvVi=w'4+RWO, (4.6)
with o )
F 4F
1 _ 2 _
= m and R = m, (47)

so that WO entirely disappears from the resulting Lagrangian and there are only two

conjugate momenta given by:

oL

P (4.8)
The Hamiltonian is then (to quadratic order in ¢)
Hy=) mW' = L= Ay + WOA + (W) A, (4.9)

2

where A,, are functions of the background configuration F” and are n'® order in the remain-
ing phase space variables W, m;. The exact expressions for Ay and A; are given in (B.8)
and (B.8) of appendix B but are irrelevant to this discussion. Ay is given by

128 F""2

A == )
O (P2 1 8)% (3F7 + 16)

(4.10)

and vanishes on the Lorentz-preserving vacuum where F' = 0. About this trivial vacuum,
WY is a Lagrange multiplier that generates a first-class constraint associated with an ac-
cidental U(1)-symmetry. Here we see explicitly that this symmetry is broken on generic
backgrounds and while W7 is still an auxiliary variable, it no longer generates a constraint
for the phase space variables W, ;. Then all the D — 1 remaining DoFs are dynamical and
the resulting Hamiltonian (after integrating out the auxiliary variable W0) is given by%
At

Hi —AQ—TAO. (4.11)
This provides an explicit example of vacuum where all the expected DoFs are excited as
they should. Unfortunately, in this specific example, A9 > 0 and the resulting Hamiltonian
is not bounded from below. As a result, in this specific example, the background solution
turns out to be unstable. However, it represents an explicit proof-of-principle that non-
trivial vacua can excite all the dynamical DoF's without needing to resort to a mixing with

SFor the trivial vacuum where F = 0, one has A; = 9;w* and Ay — 0. This means that deviating
from the surface A1 # 0 would cost an infinite amount of energy and the fields are forced to live on the
constrained surface where A, = 9;7° = 0. However, as soon as Ao # 0, one is allowed to deviate from that
surface, and this deviation is encoded by the existence of an additional DoF.
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the tensor (gravitational) fields. In what follows we will show how to construct a more
general class of stable vacua by considering solutions for the Stiickelberg fields which are
perturbative about the trivial one. We emphasize that looking for perturbative vacua is
only used as an approximate tool to derive explicit vacua, but the theory also contains
much more general classes of vacua.

5 General perturbative backgrounds

We now present a different way to derive an acceptable non-trivial vacuum by relying on
a perturbative approach. This will allow us to derive the Hamiltonian for a large class
of vacua, confirming the DoF counting result of the full Hamiltonian analysis in section 3
and 4, and determining the absence of ghosts and gradient instabilities for a subclass of
these vacua.

5.1 Hamiltonian of fluctuations

As considered previously, we look at fluctuations V* in a non-trivial vacuum ¢,
P =@M eV, (5.1)

where as before € is a small dimensionless parameter which keeps track of the order in
perturbations about the vacuum ¢*. Now for convenience and ease of the presentation,
the vacuum configuration itself is treated perturbatively,

Pt =zt + eB*, (5.2)

and we will be considering the background to be perturbative in the dimensionless pa-
rameter € (in what follows ‘barred’ quantities will represent quantities that only involve
the background). For concreteness, we focus on a specific Lagrangian in what follows
and choose

Nis = 2K K7 = (KK — KUK, (5.3)

with K% = 6% — X%, so E%QLS differs from the minimal model £; in (2.11). Including
higher o, terms will add some computational complexity, but as we shall see below the
a9 term is sufficient for our purposes. In what follows we look at the Hamiltonian for
the fluctuations V¢ living on top of the perturbed background ¢*. We therefore wish to
compute the Hamiltonian quadratic in € and perturbatively in e. We will see that working
up to second order in € is sufficient for this analysis. The resulting quadratic Lagrangian
for V# is given (symbolically) by

. . -
LRis = =7 GG + € (0B)"*70,V,0,Vy + € (0BOB)Y"" 9, V,0,Vo + O(¢),  (5.4)

where we have defined

GIW = 28[MVV} . (5.5)

As expected, to lowest order in €, we recover the Maxwell term for V# and the theory
enjoys an accidental U(1)-symmetry. The exact expressions at linear and quadratic order
in € in arbitrary dimensions are given in appendix C.
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We now follow the same procedure as in the previous section, see eq. (4.6), and perform
a field space rotation so as to identify the auxiliary variable W0,

Vi=w' Vvi=wi4+TWO, (5.6)

and set the elements 7% perturbatively in e so that the resulting Lagrangian does not
involve any W (after appropriate integrations by parts). This procedure can be performed
in arbitrary dimensions and if we focus for simplicity in D = 3 dimensions, we get

. —_ 2 - —_ . — _ . - PR —_ PR
Ti = g i % (QBOFOZ + ;B F — 2,00 BY) — 28jB08’BJ) O, (5.7)

where we have defined
Frv = 9plr gl (5.8)

After substituting 7" into eq. (5.4), we can confirm that W9 is manifestly an auxiliary vari-
able. To pass to the Hamiltonian formulation, we therefore define the conjugate momenta
T = OL/OW* and get

1 .1 g . . . _
Hyis = 57@”2 + ZGMG” + G (mi, W) + WO [0in" + € Go(my, W] — (W) A+ O(e%),
(5.9)

where G; and Gy do not depend on WY and their exact expressions is not relevant to the
discussion here. In D = 3 dimensions the term A is given by

_ 1 2 e, _ _ .. P — . _ [
A= —g (FijF” + 28kFij8kF” + 2F0’87Fij — aiFOZBjFOJ — 8kF0,-6kFO’) . (510)

One important point to notice is that the term quadratic in the auxiliary variable W0
only enters at quadratic order in e. This means that up to leading and first order in the
background expansion (zero and first order in ¢), the variable W0 still acts as a Lagrange
multiplier which generates the accidental U(1)-symmetry and removes one additional DoF.
Indeed, had we truncated the theory to first order in e, W9 would then act as a Lagrange
multiplier that enforces a primary constraint Cf) = 0,7 + € Gy ~ 0 and one can show that
this constraint is first-class since it Poisson-commutes with itself

¢ x),c ()} =0, (5.11)

the relevant part of C%E) for this calculation being Cf) D Gt — eF Gi;/4. Therefore, up
to O(e), the Hamiltonian (5.9) still enjoys a gauge symmetry for any background B* and
only D — 2 DoF's of W are excited.

On the other hand, when the O(€?) corrections are included, A does not vanish for the
background chosen and W70 still remains an auxiliary variable but ceases to be a Lagrange
multiplier. To that order, integrating out W° we then get

1.1 g
,HIO\?LS =—_mn' + ZGUGU +eG1 +

(aﬂri +€g2)2
5 -

=N (5.12)
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Therefore, we can see that all the D — 1 DoFs are now activated. The reason why the
Hamiltonian is non-analytical in e after integrating out W9 is simply because our back-
ground itself is a perturbation around the trivial background ¢® = x®, where there is an
accidental gauge symmetry and only D — 2 DoFs are active. The non-analyticity in the
Hamiltonian (5.12) reflects the fact that a DoF activated by a perturbative background is
very weakly coupled, as we shall see more explicitly in what follows. It is straightforward to
construct backgrounds for which A does not vanish and is positive, and we shall construct
approximate solutions below.

5.2 The longitudinal mode

In the last subsection, we have derived the quadratic Hamiltonian for the field W* on
a generic background B*. Around the trivial background B* = 0 (or ¢® = ), the
longitudinal mode of W* is only a gauge mode. But, around a generic background (at least
including the O(€?) terms), this mode becomes dynamical and there are in total D — 1
DoFs. Since the leading order (O(¢€°)) of the Hamiltonian (5.9) is just the Maxwell theory,
D — 2 of these DoF's are just the transverse modes of an Abelian gauge field, thus totally
free of ghost or gradient instabilities. Therefore, to study the linear stability of this theory,
we only need to focus on the longitudinal mode m; < 0;x, W; o< ;1.

From the Hamiltonian (5.12), we see that the leading contribution to the longitudinal
momentum mode x comes from the term (Omi)Q /42 A. We shall scale it with € so as to
make the kinetic term of O(°):

™= ev—gx, (5.13)
where V2 = 9;0°. Note that this is not yet the canonical normalization for the kinetic
term, as there is still a characteristic scale in A.

Up to O(e) neither G; nor Gy contribute to the longitudinal mode . This is because,
up to O(e) in the Hamiltonian (5.9), there is still a gauge symmetry, enforced by a first
class constraint C;”, as we mentioned above. To see this explicitly, note that, at order

O(e), the contributions in G; and Gy which are independent of 7* are given by
€eG1 D —gGij (6}€3sz] + QFijaka + QEOGZ'J') + 0(62), (5.14)
1 LA — N
€g2 De <4F”GU — F0’83Gij> + 0(62) . (5.15)

These expressions are clearly independent of the longitudinal mode since G';; vanishes for
the longitudinal mode W; o 0;10. So the leading gradient terms, i.e., 1% terms, come from
the next order pieces in G; and Ga. Thus, to make the leading gradient terms of O(?), we
can define the longitudinal mode as
19
L eVVe

After performing the scaling of egs. (5.13) and (5.16), the leading contribution to the

Y. (5.16)

Hamiltonian for the longitudinal mode goes schematically as

(x +0[(0B)*0¢))*
(9°B)?

Hirg ~ + (OB)}(0)? + O(e) . (5.17)
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The first term always comes in as squared, so we may define
X ~ x +0[(0B)* 9], (5.18)

and regard x as the new conjugate momentum. Therefore, the leading Hamiltonian is

-2 i 5 i 5

L X i - 0;0; O 1. - sl
Fz (Y F R /Y2

Hyws = 7 1 gfut” (Vv 29)? + 5 Fo* Foy oz e 0 o3

¥+ O(e). (5.19)

_ 9tok ¥
3F01F 90 w88k
V2

(V= \/7
The linear stability of the longitudinal mode is guaranteed if one can find a background

B*, such that A is positive and the gradient term for v is positive definite at least for a
local patch of spacetime.

5.3 Local backgrounds free of ghost and gradient instabilities

For a smooth As-decoupling limit to be well-defined, it is essential that there are some stable
background solutions in the massive gravity nonlinear sigma model. For the perturbative
backgrounds being considered, we have come to the conclusion that the background is
stable if the longitudinal mode is stable, that is, HIﬁLS is bounded from below. While one
requires an exact solution to be stable across the whole spacetime, it is not necessary for a
perturbative background to be stable globally, as the perturbative background may only be
a good approximation of the underlying exact solution within a coordinate patch. Thus, to
facilitate the stability analysis, we will expand a generic perturbative background within
a local spacetime patch. Within this approach, it is easy to give explicit examples where
ghost and gradient instabilities are both absent.

Suppose B® has a characteristic length scale L, we can at least expect that within
the spacetime patch z < L, B® is smooth and analytical, and approximates the underly-
ing exact solution to a sufficiently good extent. Thus, we Taylor expand B* around the
coordinate origin and substitute

B _ 1 _ P10 3
B = (H;;azﬂ + §Mﬂpg% +0O (;)) (5.20)

into the Hamiltonian (5.19). Here H) and M*,, are constant. To leading order, both in €
and x/L, we have

Pl 1 . 1, - 5197
Hirs = AT F F (V) + iFOkFOk\/— Fdﬂr FOZFOJ\/ 1/JF
3. 9 aﬂak T
L =Ty = TG (e, Z) : (5.21)
where now we have
Fy, = 2H,, (5.22)
1 1 v “rlijlk v it v 77 i v 0]k
A=—513 (M[moM[ Mo + 2Mpyj M — 20100 MW j — Mgy Miggy? — Mg M) ) :
(5.23)
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Now, since F,w and A are just constants, we can move 0; and VV2 around by partial
integration, so we may re-write eq. (5.21) as
X1 o o k = 5 [i ad] T
s = 17+ 16 P 0wedt + Fud Rl + 0 <e, Z) . (5.24)
The gradient terms in this expansion are rather simple. In fact, they are manifestly positive
definite. Thus, there are no gradient instabilities for any perturbative background within a
local patch L. To determine the consistency of a perturbative background, one only needs
to check for ghost instabilities, which amounts to checking whether or not a perturbative
background gives rise to a positive A.
The equations of motion for ¢* in this approach becomes, to lowest and sufficient order,

M," =0, (5.25)

which should be satisfied by the perturbative background. Thus, A can be viewed as a
quadratic form of M, uvps Subject to the constraint M, w]” = 0. Upon imposing this equation
on eq. (5.23), one can show that there are positive directions in the Hessian of A (viewed
as a quadratic form of M, upo)- S0 there are perturbative background solutions that are free
of ghost instabilities, and these backgrounds are the desired local Ao backgrounds. For a
simple explicit example in D = 3 dimensions, we note that one may choose Mayq = 1 and
]\Zfﬂpg = 0 for all others, then A =4 > 0.

In this section we have established the existence of stable vacua for the longitudinal
mode. Since on this perturbative vacua, the other DoF's simply behave as an Abelian gauge
theory (with small corrections), these DoF's are obviously free of ghost and gradient insta-
bilities. Moreover, the longitudinal mode does not mix with the gauge modes to leading
order. Thus, at least within our perturbative approach, there are backgrounds in the mas-
sive gravity nonlinear sigma model that are entirely free of ghost and gradient instabilities.

6 The As—decoupling limit

In section 2.3, we have seen that around the trivial background the longitudinal mode of
ghost-free massive gravity only acquires a kinetic term via mixing with the tensor modes.
Thus, around the trivial background, the theory is strongly coupled at the scale A3. In the
previous sections, we have shown that the massive gravity nonlinear sigma model (2.11)
has D — 1 DoFs and there are non-trivial backgrounds where all of these D — 1 DoF's are
excited and are stable, at least perturbatively. This means that on these generic vacua,
ghost-free massive gravity admits a As-decoupling limit:

1
Mp — 00, m—0, A= (MFj?lm4) b+t — fixed, (6.1)
which leads to
MD72 D
Sermc — /dDw (‘ilhuygﬁghpa +A7 ZOJanLllKﬁ; : KL”&) ; (6.2)
n=2

where K = 0% — XY with X% = \/09,0°0, %10
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We emphasize that directly setting g, = 1., in ghost-free massive gravity would be
an inconsistent procedure. Rather, the correct way to obtain the massive gravity nonlinear
sigma model is through the As-decoupling limit defined above. In this way, the healthy
properties of ghost-free massive gravity can be carried over to the resulting scaled theory,
i.e., the massive gravity nonlinear sigma model. To prove a smooth As-decoupling limit
exists, we need to make sure the would-be decoupled theory has the right DoF's and there
are backgrounds where these DoFs are well-behaved, which we have proven in the previous
sections. In what follows we can therefore work in this As-decoupling limit and determine
how the strong couplings scale gets redressed by the scale L™!.

6.1 (eneric operators

In section 5, we have shown that there are healthy backgrounds that are a small deviation
from the trivial one ¢* = z*. It may well be the case that there are healthy backgrounds
far away from the trivial solution which could in principle be written as

Guv = Nuv + h/u//MPh P = &a + V= $p@f;($) + Ve, (6'3)

where ¢ is an ezact background and Qg‘ ~ O(1) is assumed to have a characteristic length

scale L. One might also consider Q% not to be O(1), but that simply amounts to redefining

graviton mass m and tuning dimensionless parameters «,, (or §,) away from O(1).
Schematically, the spacetime derivative of the background goes as

06 ~ O(z(Q) ~ (1 + %) ~O(1) within z < L. (6.4)

The matrix square root goes like X ~ d¢(1 +V/dp+ (0V/3p)% + - --) 4+ O(h/Mpy). Sub-
stituting these into the action (2.14), the quadratic kinetic terms around this background
are schematically given by

_ MD—2 B
SiG = / d%z (—‘j; W E oo + A 5z<a¢>auvpauvo> . (65)

where fhy (9¢) represents functions of ¢. Assuming all 3, are O(1), we have

b (00) ~ O(1). (6.6)

In our dimensional analysis below, we shall neglect all O(1) factors such as fhy (9¢) as well
as the Lorentz indices unless needed for the discussion.

As shown in the previous sections, one DoF in V*# is not dynamical, so one can always
perturbatively make a field redefinition

VH = F(0¢, WH), (6.7)

so that W is manifestly an auxiliary variable and the D — 1 components of W* are dy-
namical. At linear order in W, this redefinition should reduce to a linear rotation similar
to that of eq. (5.6) but with 7% now depending on the generic background ¢. As shown
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in the previous section, the kinetic terms after the field redefinition will be schematically
given by

sgg;ge ~ / dPz <—M£—2h5h + AP (W2 + WO (00W' + L™ow?) + L2(W0)2D .
(6.8)

There is a characteristic scale L™! coming out of the background every time a derivative
is shifted from W* to the background ¢. As W0 is an auxiliary field, one can integrate it
out, which, to leading order in perturbations in W#_ should be

WO leading ~ L20*W* + LOW" . (6.9)

We will later include all possible nonlinear terms of W# for W°. Therefore, integrating out
WO at leading order, we have

by . N 2
SR L / Pz (-Ml?l—?hgh + AP [(awif + 12 (9w D . (6.10)

where W' represent the D — 2 transverse modes and Wﬁ the longitudinal mode which is
absent on the trivial vacuum but not on generic ones. Note that in deriving eq. (6.10) we
have neglected the LOW' term of eq. (6.9). This is because a derivative on W* is greater
than L~! within < L, so one can symbolically think of LO as a large number.

The canonical normalizations are then

3 D2 gy D . . D ‘
h~Mp?® h, Wi ~AZWI, Wi~ A7 LOW|, (6.11)

and from these normalizations, it is obvious that the lowest strong coupling scale should
come from some pure WH interactions, i.e., terms without h.

Although the model is fixed (up to a few parameters), we now have the freedom to
choose the vacuum ¢. This choice will then affect the normalization and hence the scale
of the interactions. We shall first assume that all a priori conceivable terms exist, and
then comment on specific classes of vacua where certain terms happen to cancel. Before
canonical normalization and integrating out W9, a generic interaction for W* is given by

AL PoT=P(wHewWHT-9 with T>3, T>P>0, T>Q>0. (6.12)
Next, we integrate out W9, which, including all possible nonlinear orders, may be written as

WO~ S LENWHN KW with N> K; when N=K, K =1,2, (6.13)
K,N

where we have used eq. (6.9) for WY, (In here N is not to be confused with the dimension
of the target space that appeared earlier.) Substituting W° into eq. (6.12), a generic
interaction term is then given by

A5L7P+QK8T*P+QN(Wi)T+Q(N7K) . (614)
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Assuming that M of the W* are the longitudinal mode W’ﬁ and the rest are the transverse

mode W}, the canonical normalization gives

[QK—P—M

T—P+QN—M (137i\M (137i \T+Q(N—K)—M
e ? (WM V) , (6.15)
2
with integers T, N, K, P, Q, M satisfying
T>3, N>K, 0<P<T,0<Q<T,0<M<T+QN-K). (6.16)

For operators with QK — P — M < 0, the corresponding operator is either relevant or has a
strong coupling scale that is no smaller than Ay (simply noting that T—2+Q(N — K) > 0).

6.2 Strong coupling scale

The operators that enter at the lowest energy scale satisfy QK — P — M > 0, which requires
K>0. (6.17)

For these operators, the associated energy scale is a geometric mean of As and L~! (the
characteristic scale of the background):

Ag, = (A L~m)M/mtm) (6.18)

withm=QK —-P—-M >0andn=T+ Q(N — K)—2 > 0. For the stable perturbative
backgrounds we have identified with the local coordinate expansion, the existence of a valid
effective field theory requires that L is larger than Az_*l, which implies L~! < Ag. It follows
that the lowest interaction scale then comes from a geometric mean where L~! has as many
powers as possible. That is, the lowest strong coupling scale corresponds to the greatest

ratio of " QK —P— M

n T+QN-K)-2
In summary, using the relation (6.16) as well as K > 0, it is clear that the greatest ratio
corresponds to N = K =2, P=M =0, () =T with T = 3. This ratio comes from cubic
terms that go like

(6.19)

AP3W3, with WO~ L29*W¢. (6.20)

Since W is an auxiliary field, the 9% in front of (W9)? should only contain spatial deriva-
tives. Thus, if all a priori possible terms exist in the perturbative expansion of W# on
some background ¢, then the lowest strong coupling is given by

min _ (AD[~12) D372 (6.21)

On the other hand, it is conceivable that for certain backgrounds some operators may not
exist or cancel out. In addition, some operators may be removable by field redefinitions.
Around those backgrounds, As. can potentially be raised to

max — (AP re (6.22)
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which corresponds to the strong coupling scale for T' — oo, i.e., vertices with a large number
of legs. For example, for backgrounds for which all P <3 (or M < 3,or P <2and M <1,
etc) terms cancel out, we only have interactions with

P+M>4. (6.23)

Then the greatest ratio of m/n is given by 2 — (P + M —4)/(T —2), which tends to 2 when
T — oo and P, M remain finite.

In summary, the precise value of the strong coupling scale depends on the detailed
properties of the vacuum and its characteristic scale L, which should be analyzed on a case
by case basis. But the range of the dressed scale As, is

(APL12yD%12 < Ay, < (APL4)D51 (6.24)

and can be parametrically larger than the standard Ag scale one typically derives in massive
gravity. Notice that when L is so large that the resulting scale Ag, becomes comparable
or smaller than As then the interactions with the gravity can no longer be ignored and the
correct strong coupling scale does not actually fall below Ajs.

7 U(1) symmetry in 2D

The general results of the previous sections apply to dimensions greater than two. In
D = 2 dimensions, the massive gravity nonlinear sigma model has an extra gauge DoF,
on top of the constraints that eliminate the BD ghost. So there is no physical DoF in the
2D massive gravity nonlinear sigma model, if the internal space is of the same dimension
as the spacetime. In this section, we show explicitly the gauge transformation around an
arbitrary background.

The general massive gravity nonlinear sigma model in 2D is given by

Lap = try /100,00y (7.1)

For simplicity, we adopt here a Euclidean signature for n*¥ and 74, as our goal is mainly
to count the number of DoF's in the theory. Assuming A* is a background solution which
satisfies the equations of motion, we look for a small perturbation around it

Pt = At eV, (7.2)
The equations of motion for A* are

1
(0,412 + 20, 4,0 A7

Oy (fOLAM) +20" (fO,A,) =0, with f= (7.3)

The quadratic Lagrangian for the perturbations V# on the vacuum A* is captured by
73

) = 5 (01, A0V — 8, AP0, V,)" (7.4)

1
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where A, satisfies the background equations of motion (7.3). By direct calculation, one
can show that this Lagrangian is invariant under the infinitesimal gauge transformation:

20, 4,)0"¢

V=V, + 0.8 — o Ax

(7.5)
where £(t, z) is the gauge parameter, once the on-shell conditions are imposed on A#. This
implies that the U(1)-symmetry remains about any on-shell background of the theory.
Since we have worked at quadratic order about an arbitrary background, our analysis is
equivalent to working to all orders about the trivial background. The helicity-0 mode is
hence fully absent from the theory which propagates no physical degrees of freedom in
D = 2 dimensions. The existence of this symmetry is very specific to D = 2 dimensions
and as we have seen does not generalize to higher dimensions where the U(1)-symmetry is
broken in the full theory.

8 Discussions

In this paper, we have developed the As-decoupling limit of Lorentz-invariant massive
gravity. This is an approximate description of a large family of solutions of Lorentz-
invariant massive gravity, all of which spontaneously break Lorentz invariance. Hence this
excludes the usual Lorentz invariant vacuum which lies within the A3 regime. Interestingly
the As > A3 regime is far closer in spirit to the decoupling limit of massive gravity on AdS
where the strong coupling scale is also parametrically higher. As in the case of massive
gravity on AdS, the vDVZ-discontinuity is simply absent already at the linear level, and
hence these backgrounds easily comply with existing tests of gravity.

Beyond the scheme of massive gravity, we have also shown an interesting connection
between ghost-free massive gravity as a generalization of the p-brane Nambu-Goto action.
In particular, we have pointed out that the ghost-free graviton potential can be viewed as a
non-standard nonlinear sigma model that uniquely evades the compact requirement for the
target space. This evasion is different from all the known examples where some auxiliary
gauge trick is utilized and the first class constraints associated with the gauge symmetries
explicitly project out the would-be ghost, while the massive gravity nonlinear sigma model
makes use of second class constraints to project out the would-be ghost.

The uniqueness of ghost-free massive gravity, which essentially is due to the unique-
ness of the matrix square root and anti-symmetrization scheme of the graviton potential,
suggests that Lagrangian (2.11) is a unique generalization of the Nambu-Goto action that
eliminates the ghost associated with the negative direction of the target space [15]. Without
spoiling the spirit of this uniqueness, a further generalization is to promote the «,, parame-
ters to be functions of ¢*, which also gives rise to a consistent nonlinear sigma model [15].
On the other hand, letting the target space have more than one negative direction, such as
(——,4+---+), is necessary problematic [15]. Such a nonlinear sigma model has more than
one ghost in the spectrum, but the unique matrix square root and anti-symmetrization
scheme can only eliminate one ghost.” (In the Nambu-Goto special case, having more than

"By definition, a nonlinear sigma model has only one target space. If one allows for more than one target
space, there may be field theories that are ghost-free but with more than one negative internal direction.
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one negative direction is possible as there are more than one diffeomorphism invariance, if
D=p+1>1)

For most of this manuscript, we have restricted ourselves to an internal space which is
at least as large as the spacetime dimension, N > D. The case N < D has its own interest,
and was for example applied for the description of realistic condensed matter systems using
the AdS/CFT correspondence in [45]. However, the absence of the BD ghost for N < D
is more subtle. As shown in [46], in some cases of N < D, all the N DoFs may propagate.
We note that this happens whenever the lapse function squared of the reference metric
—foo + for(f~H* fio vanishes, (here we have extended the target space metric fap with
zeros such that it formally has the same dimension as g,,), which is when the unitary
gauge Hamiltonian proof of the ghost-free-ness of massive gravity with a general reference
metric [47] fails.

We have studied the massive gravity nonlinear sigma model by performing a nonlinear
Hamiltonian analysis/Dirac-Bergmann algorithm, finding an exact solution and examining
perturbations on that solution, and examining perturbations on a general perturbative
background and determining its stability. Our study of the massive gravity nonlinear
sigma model indicates that:

e There exists a smooth As-decoupling limit where the tensor modes are completely
decoupled, and the whole matrix square root and anti-symmetrization structure is
kept intact.

e There are many non-trivial As-backgrounds that are stable, around which all the
D — 1 DoFs are propagating. These backgrounds need non-vanishing support from
the vector modes, and spontaneously break the Lorentz invariance with the strength
of the graviton Compton length scale.

e There is no linear vDVZ-discontinuity around these As backgrounds. Thus these
backgrounds trivially pass the local gravity tests such as the solar system tests for a
Hubble scale graviton Compton length. In some sense, the Ay backgrounds are the
ones with the Vainshtein mechanism already implemented.

e Around these As backgrounds, the strong coupling scale is raised to As,, which is
parametrically larger than Ag.

It has been shown that homogeneous and isotropic cosmological solutions, as well
as static, spherically symmetric black holes, in ghost-free massive gravity are ab-
sent /unstable [43, 44, 48], and it has been argued that the “natural” cosmological solutions
in ghost-free massive gravity are inhomogeneous/anisotropic and the “natural” black hole
solutions are non-static/spherically symmetric, the deviations from the exact symmetries
being typically of O(m?). In the Ay decoupling limit, we are forced to break Lorentz
symmetries in order to have stable backgrounds, and indeed we expect that it is the Ag
decoupling limit that is the most appropriate description of the generic inhomogenous cos-
mologies in massive gravity. We remind the reader that this forced inhomgeneity is not
in conflict with observations since the scale of the inhomgeneity is set by m~! which can
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be made arbitrarily large, and is usually taken to be at least of the order of the current
Hubble horizon.

The existence of the As-decoupling corresponds to a description of backgrounds which
in unitary gauge will locally take the form

guu = u¢aau¢ﬂna6 + O(m2) (8'1)

They are physically different solutions from the Minkowski metric 7, even if the O(m?)
corrections were excluded, and the differences will show up in perturbations in the gravi-
tational sector. If m~! is taken to be a cosmological scale (of the order of the observable
Universe today), all these backgrounds have essentially an approximately FRW geometry
below the Hubble horizon, and at scales larger than the current Hubble scale can become
inhomogeneous. We thus expect that the As solutions describe a typical inhomogeneous
cosmology, which may be approximately homogenous out to the scale m~'. Once again,
these A backgrounds have the virtue that there is no linear vDVZ-discontinuity, and hence
it will be significantly easier to satisfy current tests of gravity, raising the possibility that
it is these Ay backgrounds that may have the most direct connection with phenomenology.

We have shown that a Ay background that is perturbatively away from the trivial Ag
background ¢* = z® is sufficient to excite the longitudinal mode. This suggests that one
can continuously connect the trivial A3 background with some nontrivial As backgrounds.
There may be some backgrounds such that in some local region (for instance around a
star or black hole) the background is of the Ay type, and asymptotically the background
approaches the Ag limit. How a particular background is chosen is determined by the initial
and boundary conditions.
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A Equivalent Lagrangians for the minimal model

In the Vielbein formulation of ghost-free massive gravity [49], the flat space limit of the
minimal model (in the X/ formulation) is given by

S o / €uvpo N add? A da¥ A da? A da” o / d*zA*,0,¢", (A1)

where A, is an auxiliary field, satisfying A*,7,,A%, = n,,. Thus, the minimal model
Lagrangian can be written in either of the following equivalent forms

Lot = A0, + Mo (A 01PN 5 — 1P), (A.2)
Lz = A0, + N7 (A naph’s — 0p0), (A.3)
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where \,, and A\?? are symmetric in exchanging p and o. Since A¥, is quadratic in either
of the two Lagrangians, we can easily integrate it out respectively. Up to a global rescaling
of A\op, we get

1< 1

L1 = =5 N7 0p¢" 0o ap — S Aapn™, (A4)
1 < 1

£m2 = _Enpaaquaacr@bﬁ)\aﬂ - 5)\0[/8770457 (A5)

where M7 is the inverse of Apo- In section 3, we take advantage of Lagrangian (A.4), as this
form entitles an ADM-like splitting for A,z in the full Hamiltonian analysis. This action
also resembles the Polyakov action to some extent. Expressions similar to Lagrangian (A.5),
with gravitons activated, have been utilized to re-confirm the absence of the BD ghost in
ghost-free massive gravity [50, 51]. Further integrating out \,,, we arrive at

Lot =~y T0GOGT = ey /20,000,610 (4.6)
Lz = —tey/06TI100m = —try/ 0,6m 1900675, (A7)

B Plane-wave Hamiltonian

To count the DoF's about the non-trivial plane-wave vacuum configuration (4.1), we work
in the Hamiltonian formalism. To provide an explicit derivation, we focus on the D = 3
dimensional case provided in eq. (4.2) and without loss of generality, we consider solely the
Lagrangian £;.

We consider linear fluctuations V® about the vacuum configuration ¢ so that the
fields ¢“ take the form

¢ = % + V. (B.1)

To quadratic order in fluctuations, we then have
P = F(Fy™»°9,V,0,Vs, (B.2)

where FHP7 are functions of F’. Since the BD ghost is absent from this theory (as con-
firmed by the Hamiltonian analysis of section 3, some combination of the V*’s must play
the role of a Lagrange multiplier. On arbitrary backgrounds the Lagrange multiplier is
a linear combination of the V#’s; and, to make the primary constraint manifest, we can
rotate the fluctuations V¢ in field space

Vi=w" Vi=w'+ RWO, (B.3)
in such a way that W° becomes an auxiliary field. By requiring 85%2) / AW not to contain
WH, we get in D = 3 dimensions

Fl2 4F/
=577 and R? = (B.4)

1 —
i 84 F
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which gets rid of W° completely (after appropriate integrations by parts while maintaining
at most one time-derivative per field). Then one can define the conjugate momentum for
i=1,2

(2
= 8£.1 , (B.5)
ow?
to pass to the Hamiltonian
HE =N m Wi — L7 = Ay + WO + (WO)2A,, (B.6)

where A,, are functions of the background configuration F’ and are n'" order in the re-
maining phase space variables W, ;.

128 F""2
Ay = 5 , (B.7)
(F"2 +8)° (3F"% 4 16)
—4
A = R TP TS) [(F'2+8)2F”(32W1(F’2—8)+4(a2w2 + W F +80,W2)
+2(F"” + 8)(3F" + 16) (F' (Oamo F' — 40omy + 40173) — 8(01m1 + Oama))
FF(68ams + O WLE") + 8o (3F2 + 8)FF" — 64y (F + 4)F’F”} ,
(B.8)
1
Ay = — 16m F' (6479 (3F" + 8
2716 (F2 + 8)% (3F + 16) [ 1 (B ( )

— (F?+8) (= 3FPOW!' + 16 (F'0,W? + (F"? +2) W') + 320,W?))
+ (F2+8) ((F2 = 8) W + 4F' (9,W20, W2 + 8,W2) + 89, W?)?
—16mo ' (F?+8) (F' ((3F+40) 01 W?+12F' 9, W' +3 (F”? — 8) 0, W)
640, W) + 409677 (F'2 + 4) + 25673 (3F"* + 16F" + 64) | . (B.9)

As soon as Ag # 0, WY enters quadratically and it no longer imposes an additional first-class
constraint. Rather one can easily integrate it out giving rise to the following Hamiltonian

1D = 4y — 4710 . (B.10)

C Quadratic Lagrangian on the perturbed background

In this appendix we consider the Lagrangian (5.3) and look at fluctuations V¢ living on
top of the background ¢ = z® + B,

¢% = 2% + eB* + eV, (C.1)

Since we are looking for the stability of the fluctuations V¢, it is sufficient to construct the
Lagrangian and Hamiltonian at quadratic order in fluctuations, i.e., to second order in &.
Moreover, we treat the background ¢® perturbatively and for the sake of this analysis it

— 30 —



will be sufficient to work to second order in €. To that order in perturbations, the explicit
form of Lagrangian (5.4) is then given by

L= 8V, 0"V
+ 5| 0B O,V — 40,V 0P BROLY, + 40,V P BV, — P BUO"V,.0,V,
— OBV, 0V, + 30° B0V, 0"V, — 20, B,V 0"V + 20,B0,V, 0" V" |
2
+ 520,V 707 B0,V (8,8 0" B,) =0, B,0" V7 0,Vo0” B — 10, B9,V 70, V50" B
— 0,Vo0P B 8, B, 0"V — 0,B"0,V,8,B°0"V° — 0,V,0° B 0, B0, V"
— 60°B"0,V,0" B0,V + 180,V,0" B 0" B,0,V° — 667 B 9,V,0" B,0,V°
— 8B,V BP0,V + 28, B,0" B (30"V,0,V" — (8"V,, — 30,V"), V)
+ 38,V 8,V 0P B 0" B, + 20,V,,0° B"9,V"8° B, + 48,V,0° B ,V,,8° B”
100, V58" B8, V0" B” + 80,V,0" B"8,V,0° B — 889,B" 9 B 0, V,0,V°
—160,V,,0° B"9,V,0° B” — 20,V,0° B"9,V,,0° B + 40° B*3,V,,0,V,,0° B”
+ 0P B9,V 0,V,0° BY + 69,V,,0” B 0, V,0° B” + 49, B" 9" B*8,V,0°V,,
+ 489 B48,V, 0" Byd"V,, — 20,8 8° BF9,V,0°V,, + 48° B*8” B,0,V, 0" V,,
+ 409 B8,V 0" B0V, — 80,B"9,V,0" BP9V, + 20° B'9” B,d,V, 07V,
— 80, B49" BP8,V,0°V,, — 200,V,0° B"0" B,d" V, + 240, B"8,V,0" B’ V,,
+ 48, B,0° B9, V,0° V" — 40,B,0° B*8,V,0° V"
— 40,B,0° B 0, V,0° V" +49,B,0° B"9,V,0° V" | + O(¢). (C.2)
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