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Abstract 

Concrete filled elliptical hollow sections (CFEHS) are a relatively new addition to the 

range of composite cross-sections available to structural engineers. The European 

design code EN 1994-1-1 (BSI, 2004) provides design rules for composite cross-

sections, including concrete filled circular hollow sections (CFCHS) and concrete filled 

rectangular sections (CFRHS), but CFEHS are not considered in the present design 

code. In order to contribute to the development of design provisions for CFEHS, a 

comprehensive experimental and numerical study of their column and beam-column 

behaviour has been carried out. The testing programme covered a range of member 

lengths, reinforcement ratios and loading eccentricities and consisted of 27 column and 

beam-column member tests, 70 concrete cylinder compression tests, 3 reinforcing bar 

tensile tests and 2 steel tube tensile coupon tests. Numerical models were developed 

using the nonlinear finite element package Abaqus and validated against the 

experimental results. Using the validated models, detailed numerical parametric studies 

of CFEHS members have been conducted addressing three different scenarios: (1) 

members under axial compression, (2) members under combined axial compression and 

uniaxial bending and (3) members under combined axial compression and biaxial 

bending.  

Based on the combined test and numerical data set, along with previous experimental 

results reported in the literature, new design rules for CFEHS are proposed. It is shown 

that the current provisions of EN 1994-1-1 (BSI, 2004) for the design of CFCHS and 

CFRHS are appropriate for the design of members of elliptical cross-section, using 

either buckling curve b or c, depending on the level of steel reinforcement for members 

under axial compression. Cross-section axial load-moment (N-M) interaction curves are 

generally employed for the design of composite members under combined loading. A 

numerical approach, developed in Matlab, was used to the generate the N-M interaction 

diagram for CFEHS, which was found to offer a suitable design basis to be used in 

conjunction with calculated axial forces and second-order moments. Finally, an 

assessment of the reliability of the design proposals for CFEHS columns and beam-

columns in accordance with Annex D of EN 1990 (BSI, 2002) was carried out. 
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Notation 
 

a Radius of the minor axis of ellipse 

a1 Radius of the minor axis of inner ellipse 

a2 Radius of the minor axis of outer ellipse 

b Radius of the major axis of ellipse; average ratio of test (or FE models) 
to design model resistance based on a least squares fit to all data 

b1 Radius of the major axis of inner ellipse 

b2 Radius of the major axis of outer ellipse 

Ac Cross-sectional area of concrete core 

Acci Cross-sectional area of the compressive part of concrete core 

Ar Cross-sectional area of reinforcement 

Ar’ Cross-sectional area of the reinforcing bar 

Arci Cross-sectional area of the compressive part of reinforcement 

Arci,1 Area of the compressed part of the reinforcing bar in quadrant 1 

Arci,2 Area of the compressed part of the reinforcing bar in quadrant 2 

Arci,3 Area of the compressed part of the reinforcing bar in quadrant 3 

Arci,4 Area of the compressed part of the reinforcing bar in quadrant 4 

Arsi Cross-sectional area of the tensile part of reinforcement 

As Cross-sectional area of steel tube 

Asci Cross-sectional area of the compressive part of steel 

Assi  Cross-sectional area of the tensile part of steel 

Αtri Area enclosed by the neutral axis and two radial lines in an ellipse 
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Aθ1θ2
 Area between angle θ1 and θ2 in an ellipse  

Aθ1θ2l 
Area enclosed by the neutral axis and the short arc of the inner ellipse 
between the intersection points 

Aθ3θ4l 
Area enclosed by the neutral axis and the short arc of the outer ellipse 
between the intersection points 

dl1 Distance from the centre of the reinforcing bar in quadrant 1 to neutral 
axis 

dlr Distance from the origin to the intersection point of the neutral axis and 
the connection line of the origin to the centre of reinforcing bar 

dr Distance from the origin to the centre of the reinforcing bar 

D Diameter of circularity 

De Equivalent diameter of ellipse 

e Load eccentricity 

ef Flow potential eccentricity 

ey Load eccentricity on y axis  

ez Load eccentricity on z axis 

E Young’s modulus 

Ea Modulus of elasticity of steel tube 

Ec Modulus of elasticity of concrete core 

Es Modulus of elasticity of steel reinforcement 

(EI)eff Effective flexural stiffness of composite cross-section 

(EI)eff,II Effective flexural stiffness of composite cross-section considering 
second-order effects 

fb0 Compressive strength of concrete under biaxial 

fc Characteristic value concrete strength under uniaxial compression  

fck Cylinder strength of concrete 
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fm Mean value of compressive concrete strength 

fr Strength of steel reinforcement 

fy Strength of steel tube 

Fci Axial load carried by concrete in the scenario with neutral axis i 

Fcci Axial load carried by the compressive part of concrete in the scenario 
with neutral axis i 

Fcti Axial load carried by the tensile part of concrete in the scenario with 
neutral axis i 

Fsi Axial load carried by steel in the scenario with neutral axis i 

Fsci Axial load carried by the compressive part of steel in the scenario with 
neutral axis i 

Fsti Axial load carried by the tensile part of steel in the scenario with neutral 
axis i 

Fri Axial load carried by reinforcement in the scenario with neutral axis i 

Frci Axial load carried by the compressive part of reinforcement in the 
scenario with neutral axis i 

Frti Axial load carried by the tensile part of reinforcement in the scenario 
with neutral axis i 

Ia Second moment of area of steel tube 

Ic Second moment of area of concrete core 

Is Second moment of area of reinforcement 

kd,n Design fractile factor 

Kc Ratio of second stress invariants on tensile and compressive meridians 

L Buckling length of member 

M Moment 

M0 Applied first order moment 

Mci Moment carried by concrete in the scenario with neutral axis i 
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MEd Design bending moment 

MEd,y Design bending moment for y axis 

MEd,z Design bending moment for z axis 

Mi Moment in the scenario with neutral axis i 

Mpl,N,Rd Design value of the plastic resistance moment of the composite section 

Mpl,Rd Design value of the plastic resistance moment of the composite section

Mpl,Rd,y Design value of the plastic resistance moment about the y axis of the 
composite section 

Mpl,Rd,z Design value of the plastic resistance moment about the z axis of the 
composite section 

Mri Moment carried by reinforcement in the scenario with neutral axis i 

MRd Ultimate moment resistance under pure bending 

Msi Moment carried by steel in the scenario with neutral axis i 

Mu,exp Ultimate bending moment of experiment 

My Bending moment about y axis 

Mz Bending moment about z axis 

n Number of reinforcing bars 

N Compressive normal force 

Ni Axial force in the scenario with neutral axis i 

Ncr Elastic critical normal force 

Ncr,eff Elastic critical load of a composite column corresponding to an 
effective flexural Stiffness 

Npl,Rd Design value of the plastic resistance of the composite section to 
compressive normal 

Nu Ultimate normal force 

Nu,exp Ultimate normal force of experiment 



Notation 

15 
 

Nu,EC4 Design resistance according to Eurocode 4 

Nu,FEA Ultimate normal force of FE model 

t Thickness of steel tube 

Vr Combined coefficient of variation incorporating both model and basic 
variable uncertainties 

Vδ Coefficient of variation of tests (or FE models) relative to the resistance 
model 

Wpl,c Plastic cross-section modulus of concrete 

Wpl,cci,y Plastic section modulus of compressive concrete part for y axis 

Wpl,cci,z Plastic section modulus of compressive concrete part for z axis 

Wpl,ci,z Plastic section moduli of concrete about z axis 

Wpl,s Plastic cross-section modulus of steel 

Wpl,si,y Plastic section moduli for steel about y axis 

Wpl,si,z Plastic section moduli for steel about z axis 

Wpl,sci,z Plastic section moduli for the compressive part of steel about z axis 

Wpl,sti,z Plastic section moduli for the tensile part of steel about z axis 

Wpl,r Plastic cross-section modulus for reinforcement 

Wpl,r,y Plastic section modulus for reinforcement about y axis 

Wpl,r,z Plastic section modulus for reinforcement about z axis 

Wpl,ri,z Plastic section moduli for reinforcement about z axis 

Wpl,rci,z Plastic section moduli for the compressive part of reinforcement about 
z axis 

Wpl,rti,z Plastic section moduli for the tensile part of reinforcement about z axis

Wpl,tri,z Plastic section modulus for the part enclosed by the neutral axis and two 
radial lines in ellipse about z axis 
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Wpl,θ1θ2,z Plastic section modulus for the part enclosed by the neutral axis and the 
short arc of the inner ellipse between intersection points about z axis 

Wpl,θ3θ4,z Plastic section modulus for the part enclosed by the neutral axis and the 
short arc of the outer ellipse between intersection points about z axis 

ycentre y value of the gravity centre of enclosed area 

αM Coefficient related to bending of a composite column 

β Equivalent moment factor for second-order effects 

ψ Dilation angle of concrete 

δ Standard deviation 

Δ Indicator for the relative position of neutral axis to reinforcing bar 

Δu Axial displacement at ultimate load 

Δ85% Axial displacement at the load reduces to 85% of the ultimate load on 
the unloading branch 

ε Strain  

εf Strain at fracture 

εln
pl Log plastic strain 

εnom Nominal engineering strain 

εu Ultimate strain 

φ Diameter of the reinforcing bar 

γM1 Partial safety factor for member resistance ̅ Nondimensional slenderness of member 

Λ Indicator for the relative position of neutral axis to reinforcing bar 

μ Viscosity parameter of concrete 

us Reinforcement cover 

ρ Reinforcement ratio 
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σ Stress 

σnom Nominal engineering stress 

σ true True stress 

θ Angle between loading point and buckling axis  

Θ Indicator for the relative position of neutral axis to reinforcing bar 

ωg Magnitude of the initial imperfection 

ωu Mid-height lateral deflection at ultimate load 

χ Buckling reduction factor of member 
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Chapter 1 
 

Introduction 

 

1.1 Background  

In recent years, concrete-filled steel tubular (CFST) columns have gained increasing 

usage and popularity owing to a number of benefits that they offer over plain concrete 

or hollow steel columns. These benefits include greater cross-sectional resistance for 

the same footprint, greater stability of slender cross-sections, enhanced fire resistance, 

no requirement for temporary formwork when concrete casting and greater resistance 

to seismic loads. 

Existing studies into the structural behaviour of CFST sections have generally focused 

on circular, square and rectangular hollow sections (CHS, SHS and RHS, respectively). 

In the past fifteen years, steel elliptical hollow sections (EHS) have gained increasing 

practical interest due to their introduction and availability as hot-finished products, their 

aesthetic properties and enhanced flexural properties compared to CHS tubes due to the 

differing flexural rigidities about the two principal axes. The behaviour of steel EHS 

members has been studied comprehensively in the past fifteen years, which has 

provided a basis for the establishment of suitable design rules for members. However, 

in the context of concrete-filled elliptical hollow section (CFEHS) members, only 
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limited previous experimental and numerical studies have been carried out, design rules 

for CFEHS members are yet to be established. Therefore, this research aims to develop 

reliable structural design guidelines for instabilities of CFEHS members on the basis of 

fundamental theory, full-scale experiments, numerical simulations and statistical 

verification. The developed design rules are suitable for incorporation into structural 

design codes. 

1.2 Structural applications 

The origin of CFST columns can be traced back to 1879 when they were first used for 

the piers in the Severn railway bridge (Figure 1.1) in the UK. Research interests 

increased from the 1960s onwards, but significant uptake of the technology was 

hampered by construction difficulties at the time. With the advent of high strength 

concrete and more effective and reliable pouring and pumping techniques, there has 

been a significant increase in the application of CFST columns in high-rise buildings 

(Figure 1.2, Abenobashi Terminal Building), long-span bridges (Figure 1.3, Wushan 

Yangtze River Bridge, 2005) and heavy industrial buildings in the past two decades.  

 

Figure 1.1: The Severn railway bridge in Gloucestershire, UK (Flickr, 2012) 



Chapter 1: Introduction 
 

28 
 

 
Figure 1.2: The Abenobashi Terminal Building in Osaka, Japan (Wikipedia, 2015) 

 

Figure 1.3: Wushan Yangtze River Bridge in Chongqing, China (Wikipedia, 2012) 
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More recently, EHS has been employed in a number of applications including Cork 

Airport, Ireland (Figure 1.4), the Zeeman Building, University of Warwick, UK (Figure 

1.5) and the Terminal 5 building at Heathrow Airport in London, UK (Figure 1.6). 

CFEHS can offer increased load carrying capacity, without occupying greater floor area 

comparing to unfilled EHS. Therefore, design guidelines for CFEHS are required by 

the structural designers for further implementation.    

 

Figure 1.4: Cork Airport, Ireland (Law, 2010) 

        

Figure 1.5: Zeeman Building in 
University of Warwick, UK  

(Law, 2010) 

Figure 1.6: Coach station at Terminal 3 
of Heathrow Airport in London, UK 

(Chan, 2007) 
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1.3 Recent research into CFEHS 

Studies into CFEHS have focused on the generation of structural performance data 

through physical testing and numerical simulations. Subsequently, the structural 

behaviour of CFEHS under axial compression, bending and combined axial 

compression and uniaxial bending at cross-section and member level have been 

analysed. Furthermore, the confinement effect provided by EHS has been investigated 

through comparison with that of CHS. A review of the pertinent literature is given in 

Chapter 2. 

1.4 Outline of thesis 

This chapter contains a brief introduction to the applications of and recent research into 

CFEHS. An overview of the remainder of the thesis is given below. 

Chapter 2 reviews previous research into the structural behaviour of steel hollow 

sections at cross-section and member level and the buckling behaviour of CFST 

members with various types of cross-sections under axial compression and combined 

loading. Key research findings relating to the numerical modelling of structural steel 

components and confined concrete are also provided. More focused literature is 

introduced and discussed in the relevant chapters. 

Chapters 3 focuses on experimental investigations into the structural behaviour of 

CFEHS columns and beam-columns. A comprehensive experimental programme 

including material tests and full-scale member tests has been presented along with 

subsequent analysis based on the experimental results. 

Chapter 4 describes numerical investigations into the behaviour of CFEHS under axial 

compression and combined loading through finite element simulations. A 

comprehensive programme based upon numerical models developed in Abaqus, 

including validation and parametric studies, has been undertaken along with an analysis 
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of the investigated parameters. 

In Chapter 5, design recommendations for CFEHS are proposed, in line with the 

approach taken for concrete-filled CHS in Eurocode 4. Results of the experimental and 

numerical studies have been analysed, and used to verify the applicability of proposed 

design recommendations. Thereafter, a reliability assessment is provided for the 

proposed design recommendations in accordance with Annex D of EN 1990 (BSI, 

2002). 

Finally, a summary of the important findings of this research, conclusions and 

suggestions for future work are given in Chapter 6. 
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Chapter 2 
 

Literature review 

 

2.1 Introduction  

This chapter contains a review of previous research on hollow section and concrete-

filled hollow section columns and beam-columns with circular, rectangular and 

elliptical cross-section geometries. Research findings relating to experiments, 

numerical simulations and simplified design methods are covered. Further literature 

will be reviewed in subsequent chapters. 

2.2 Structural tubular members  

In the present study, two types of structural members will be investigated: columns and 

beam-columns. A column is a structural member which is subjected to axial 

compression only, a beam-column is a structural member which is subjected 

simultaneously to both axial compressive load and bending moments. The failure 

modes of compression members include material failure when the plastic compressive 

resistance of member’s cross-section is reached and instability failure depending on the 

slenderness of members. The relevant literature on the analysis and design of these two 

kinds of structural members is reviewed in this section. 
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2.2.1 Tubular columns 

For structural members under compression, the plastic resistance can be achieved in 

very stocky cases. However, the load carrying capacity of compression members 

decreases as their slenderness increases and the failure mode changes from the failure 

of the material to instability. Two primary modes of instability of tubular column 

members are shown in Figure 2.1. For columns with a slender cross-section, local 

buckling may occur to the steel shell before the yield strength is reached. For members 

with increasing global slenderness, global buckling becomes progressively more 

dominant. 

 

Figure 2.1: Local buckling (left) and global buckling (right) of tubular columns  

2.2.1.1 Local buckling 

Early theoretical investigations into the local buckling behaviour of circular steel shell 

were carried out by Lorenz (1908), Timoshenko (1910) and Southwell (1914).  

Considerable disparities between the resulting theoretical predictions and the test 

results of Robertson (1929), Flügge (1932), Lundquist (1933) and Wilson and Newmark 

(1933) were however found. Subsequent research was conducted to investigate this 

disparity. By the 1950s, the dominant factors in the discrepancies were found to be 
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initial imperfections and the unstable post-buckling characteristics. Since then, the 

understanding of the behaviour of tubular structural members developed further (von 

Kármán and Tsien, 1941; Donnell and Wan, 1950, Koiter, 1945; Budiansky and 

Hutchinson, 1966). More recently, a review paper concerning the imperfection effects 

and comprehensive behaviour of steel circular hollow section (CHS) members was 

presented by Simitses (1986). 

CHS members were introduced into construction industry in the early 1800s as columns, 

beams, tension members and truss elements. Rectangular hollow section (RHS) 

members have also been investigated by researchers and adopted by structural 

engineers more recently (Dutta, 2002). A number of studies have been conducted to 

investigate the behaviour of CHS and RHS steel stub columns under axial compression 

(Murray, 1986) and bending (Murray and Bilston, 1992), and a review of this work has 

been provided by Teng (1996). 

Steel structural members with elliptical hollow sections (EHS) were first adopted in the 

aeronautical industry (Hathorn, 1933). Early structural engineering research into non-

circular cylindrical shells was focused on oval shapes. Theoretical investigations into 

the buckling and post-buckling behaviour of non-circular cylindrical shells with oval 

(Marguerre, 1951; Kempner, 1962; Feinstein et al., 1971) and elliptical (Hutchinson, 

1968; Tennyson et al., 1971) cross-sections have been carried out. It was concluded that 

the elastic buckling stress of steel oval hollow sections (OHS) or EHS members under 

axial compression could be estimated using the local buckling stress of steel CHS 

members with the radius equal to the maximum of radius of curvature of OHS or EHS. 

Comparing to steel CHS, steel OHS and EHS have been found to be less sensitive to 

geometrical imperfections and, in the elastic range, as the buckles spread from sectors 

with a higher radius of curvature to those with a lower radius of curvature, and the 

collapse load can be greater than the critical load (Kempner and Chen, 1968). However, 

Tvergaard (1976) indicated that this enhancement is weakened when plasticity of the 
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material is considered.  

More recently, hot-rolled steel elliptical hollow section (EHS) were introduced to the 

range of structural steel tubular products (BSI, 2005). Research into the structural 

behaviour of EHS at the cross-section level has been carried out by Gardner and 

Ministro (2005), Zhu and Wilkinson (2006), Gardner and Chan (2007), Chan and 

Gardner (2008), Ruiz-Teran and Gardner (2008), Silvestre (2008) and Silvestre and 

Gardner (2011).  

2.2.1.2 Global buckling  

Early pioneering experiments concerning the relationship between column length and 

its strength were conducted by van Musschenbroek (1755). Euler (1759) investigated 

the elastic stability of columns under concentric loading and derived formulae to predict 

the elastic global buckling load. Euler’s formula is recognised to be applicable to 

slender columns with the inclusion of an appropriate equivalent length coefficient to 

allow for different boundary conditions (Bleich, 1952; Timoshenko 1953a), where 

higher degrees of rotational and translational end restraint lead to increased buckling 

loads. 

Although Euler gave intuitive insight into inelastic buckling of columns, the research 

progress in this field remained dormant for many years until Engesser (1889) suggested 

replacing the elastic Young’s modulus in Euler’s formula with the tangent modulus to 

consider the effects of plasticity. A considerable number of experiments have been 

conducted since then, and the results showed support for the formula using the tangent 

modulus (Templin et al., 1938).  

Column behaviour is affected by a group of factors including: material properties, 

geometric properties, bending axis, and boundary conditions. Extensive investigations 

into the influences of these factors have been conducted, and a review was presented 

by Bjorhovde (1992). In order to develop a rational and reliable column strength 
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criterion, an extensive database concerning the deterministic and probabilistic 

characteristics of column strength has been built by researchers (Birkemoe, 1977; 

Bjorhovde, 1972, 1988, 1991; Bjorhovde and Birkemoe, 1979; Fukumoto et al., 1983; 

Jacquet, 1970; Kato, 1977; Sherman, 1976). Considering the variability of the column 

buckling results, the multiple column curve concept which subdivides the overall band 

of strength into groups of curves with a mean of similar curves for each group was 

proposed by Bjorhovde and Tall (1971) and Bjorhovde (1972). Subsequent research 

pursuing the multiple column curves have been carried out. The design curves 

developed by European Convention for Constructional Steelwork (ECCS) (Beer and 

Schultz, 1970; Jacquet,1970; Sfintesco, 1970) and adopted in EN 1993-1-1 (BSI, 2005) 

are based on the Perry-Robertson concept (Robertson, 1925).  

The column behaviour of EHS structural members has been investigated by Theofanous 

et al. (2009) and Chan and Gardner (2009). It was found that the buckling curve of CHS 

members in EN 1993-1-1 (BSI, 2005) can be safely applied to EHS members (Chan et 

al., 2010).  

2.2.2 Tubular beam-columns 

Depending on the condition of loading and supports, the behaviour of beam-columns 

can be categorised into three types as shown in Figure 2.2: (a) in-plane behaviour, (b) 

lateral-torsional buckling and (c) biaxial bending.  



Chapter 2: Literature review 

37 
 

 

(a) In-plane behaviour    (b) Lateral-torsional buckling   (c) Biaxial bending 

Figure 2.2: Categories of beam-column behaviour 

In-plane behaviour represents an interaction between column buckling and uniaxial 

bending, which happens when a beam-column is either laterally supported or bent in its 

weakest plane. Considering a beam-column under combined compression and uniaxial 

bending about the stronger axis with no lateral supports, a combined mode of twist and 

lateral bending may occur after the compression part of the cross-section loses its 

stability. This phenomenon is known as lateral-torsional buckling. In more general 

cases, a beam-column is subjected to axial compression combined with bending 

moments acting in two perpendicular directions, which is known as biaxial bending 

(Chen and Atsuta, 1977). The load carrying capacity of a beam-column subjected to 

any combination of axial load (N), bending moment about y-axis (My), bending moment 

about z-axis (Mz) is displayed by interaction surface in Figure 2.3 where Npl,Rd, Mpl,Rd,y, 

Mpl,Rd,z are the plastic resistances of the member under only axial compression, bending 

about y-axis and bending about z-axis respectively. Relevant literature relating to the 

beam-column behaviour will be reviewed in the following sections.  
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Figure 2.3: Interaction surface for beam-columns 

2.2.2.1 In-plane behaviour  

Elastic in-plane beam-column behaviour has been studied since the late nineteenth 

century. Rigorous analyses have been carried out, and a comprehensive description was 

given by Timoshenko and Gere (1961). Plastic beam-column behaviour is complicated 

by the nonlinear stress-strain relationship of material in plastic range.  

Early investigations into the plastic behaviour of beam-columns were carried out by 

Ostenfeld (1898), who attempted to derive the design formulas by taking the ultimate 

resistance as the loading which first produces the external fibre stresses equal to the 

yield strength. Since then many design methods were proposed by researchers, 

including von Kármán (1908, 1910) and Roš (1928) and Chwalla (1928). Westergaard 

and Osgood (1928) proposed a simplified design method based on von Kármán’s 

previous work. Ježek (1934) continued the research by adopting a bi-linear instead of 

real stress-strain curve for steel, achieving good agreement with the results of tests. In 

the monograph presented by Bleich (1952), design methods and developments of beam-
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column behaviour before the 1950s have been reviewed.      

With the introduction of numerical methods, research into beam-column behaviour 

moved to investigating the effects of more complicated loading conditions, boundary 

conditions and cross-sectional geometries, and included the development of the 

deflection method (Horne, 1956; Ellis, 1958; Ojalvo, 1960; Neal and Mansell, 1963 

and Lu and Kamalvand, 1968), curvature method (Chen and Santathadaporn, 1969; 

Chen, 1970a, b and 1971 and Chen and Atsuta, 1972) and moment method (Cheong 

Siat Moy, 1974a, b and 1975). A full description of these methods was given by Chen 

and Atsuta (1977).  

To achieve practical design methods for in-plane beam-column behaviour, 

simplifications and idealisations have been made. The interaction expression given by 

Equation (2.1) is used as a starting point for several design formulae (Ziemian,2010) 

Rd Rd

1
N M

N M
+ ≤                               (2.1) 

where N and M are the applied axial force and moment respectively, NRd is the beam-

column’s ultimate resistance under pure axial compression considering buckling 

behaviour, and MRd is the ultimate moment resistance under pure bending. To account 

for the secondary moment, which is the moment resulting from the lateral deflection of 

the beam-column, Johnston (1976) recommended Equation (2.2)  

0

Rd Rd cr

1
(1 / )

MN
N M N N

+ ≤
−

                    (2.2) 

where Ncr is the elastic critical load for buckling in the plane of the applied moment and 

M0 is the applied first order moment. Based on Equation (2.2), extensive research has 

been performed to develop various design curves and equations (Duan and Chen 1989, 

1990; Duan et al. 1989; Cai et al., 1991; Sohal and Syed, 1992; Jaspart et al., 1993; 

Ofner, 1997; Kaim, 2004; Boissonnade et al., 2006). The European standards are based 
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on the first-order moments with amplification factors which account for the secondary 

moment effects. 

Analytical research concerning the beam-column behaviour of EHS members has been 

carried out by Nowzartach and Moherb (2009) and a cross-sectional strength design 

criterion based on the fully plastic condition was proposed and verified by FE models. 

Subsequent experimental and numerical investigations were conducted by Gardner et 

al. (2011) and Law and Gardner (2013) to study the beam-column behaviour of EHS at 

the cross-section and member levels respectively. It was found that plastic interaction 

formulae are applicable to EHS with Class 1 and 2 cross-sections, while for Class 3 and 

4 cross-sections elastic interaction formula can provide reliable predictions. At the 

member design level, Annex B of EN 1993-1-1 (BSI, 2005) is recommended to be 

extended to include EHS beam-columns. 

2.2.2.2 Lateral-torsional buckling 

When an unrestrained beam-column is subjected to bending about its major axis, there 

exists a tendency for it to fail by lateral deflection and twisting which will result in 

lower load carrying capacity than predicted by in-plane analysis.  

Following the work of Euler (1759) on column flexural buckling and Saint-Venant 

(1855) on members under uniform torsion, Michell (1899) and Prandtl (1899) carried 

out research into lateral-torsional buckling behaviour. Their work was extended by 

Timoshenko (1910, 1953b) to consider warping effects. Following the work of Wagner 

(1936), extensive studies into elastic lateral-torsional buckling were carried out by 

Johnston (1941), Timoshenko (1945), and Bleich (1936, 1952 and 1953). Many of these 

studies are included in a survey presented by Lee (1960). With the aid of computer 

programmes, the amount of research increased sharply since the 1960s and the research 

focus shifted from the lateral-torsional buckling behaviour of isolated beam-column 

members to the effects of various end restraints for members in a continuous structure. 
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A summary of these early studies was given in the survey of the Column Research 

Committee of Japan (1971).  

The problem of inelastic lateral-torsional buckling has also drawn great attention of 

researchers. Flint (1950) carried out one of the early studies into the plastic lateral-

torsional buckling behaviour of real steel beam-columns, followed by the work of 

Hechtman et al. (1955). Fukumoto and Kubo (1977a, b, and c) presented a database of 

research before 1977, and a more recent summary was given by Trahair (1993). 

CHS are torsionally stiff and have the same bending stiffness about all axes, making 

them not susceptible to lateral-torsional buckling. EHS also have high torsional 

stiffness, but can be susceptible to lateral-torsional buckling in the case of high cross-

section aspect ratios and long member lengths. Limiting aspect ratios and lengths were 

proposed by Gardner et al. (2010) and Law and Gardner (2012), as criteria for 

exemption from lateral-torsional buckling design.  

2.2.2.3 Biaxial bending  

In-plane and lateral-torsional behaviour are two special cases of a more general beam-

column behaviour – combined compression and biaxial bending, as shown in Fig 2.2 c. 

Goodier (1941, 1942a, b) proposed governing equations of the elastic response of 

beam-columns under biaxial bending by extending the previous work on lateral-

torsional buckling. Following discussion given by Bleich (1952), Timoshenko and Gere 

(1961) and Kollbrunner and Meister (1961), a number of efforts have been made to 

solve Goodier’s equations. Culver (1966a, b), Thürlimann (1953), Dabrowski (1961), 

Prawel and Lee (1964) and Syal and Sharma (1970) have adopted Goodier’s equations 

for beam-columns under equal end moment biaxial bending with different boundary 

conditions. It was found that the first yield analysis based on this theory can give a 

reasonable prediction of resistance of intermediate and slender beam-columns, but for 

stub beam-columns, which benefit from the spread of plasticity, these predictions 
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become conservative.  

The plastic behaviour of biaxially loaded beam-columns was widely investigated in the 

1960s and a review has been presented by Chen and Santathadaporn (1968). The 

ultimate load carrying capacity of biaxially loaded beam-column has been studied using 

analytical methods (Pinadzhyan, 1956; Klöppel and Winkelmann, 1962), 

experinmental methods (Chubkin, 1959; Klöppel and Winkelmann, 1962; Milner, 1965; 

Birnstiel, 1968) and numerical methods (Klöppel and Winkelmann, 1962; Johnston, 

1961; Birnstiel and Michalos, 1963; Harstead, 1966; Harstead et al., 1968).  

A number of numerical approaches including finite difference and finite element 

method have been used to investigate the biaxially loaded beam-column problem. 

Milner (1965) first used the finite difference method to investigate the plastic behaviour 

of biaxially loaded beam-columns, after which, further developments and 

investigations were performed by Vinnakota and Aoshima (1974a and 1974b), 

Vinnakota and Aysto (1974) and Chen and Atsuta (1977). Chen and Atsuta (1977) also 

investigated the biaxially loaded beam-columns problem using the finite element 

method.  

A simplified approach, suitable for design, to tackling the biaxially loaded beam-

columns problem is the adoption of interaction curves or surfaces. Extensive 

investigations concerning applying this method to structural members with different 

cross-sections have been conducted (Morris and Fenves, 1969; Santathadaporn and 

Chen, 1970; Ringo et al., 1973; Boissonnade et al., 2004 and Greiner and Lindner, 2006) 

2.3 Concrete-filled steel hollow sections members 

Concrete-filled steel tubular (CFST) columns have been increasingly used in the past 

decades because of their higher load carrying capability, greater energy dissipation 

ability and fire resistance compared to bare steel tubular columns (Wang, 2003). 

Investigations into the structural behaviour of CFST members have mainly focused on 
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concrete-filled circular hollow sections (CFCHS), concrete-filled rectangular hollow 

sections (CFRHS) and concrete-filled square hollow sections (CFSHS), and 

corresponding design methods are provided for these sections in EN 1994-1-1 (BSI, 

2004). Concrete-filled steel elliptical hollow sections (CFEHS) are a recent addition to 

the range of structural CFST products, and research into their structural behaviour has 

been conducted over the past decade. A review of previous research on CFST columns 

and beam-columns with circular, rectangular, square and elliptical shaped cross-

sections is presented in this section.  

2.3.1 Behaviour of infilled concrete 

The infilled concrete of CFST is under an effective lateral confining condition, which 

can introduce enhanced strength and ductility (Mander et al., 1989), and it depends on 

the section’s shape, wall thickness, column slenderness and material properties. This 

strength-increasing effect is recognised as a confinement effect which is partly 

developed due to the difference in Poisson’s ratio between the steel and the concrete 

(Dai and Lam 2010). Specifically, in the elastic range, where the Poisson’s ratio of steel 

is about 0.3 while that of concrete is smaller (0.2), the confinement effect is limited due 

to the higher expansion of the steel tube. However, in the inelastic range and particularly 

when the concrete starts to crack, the Poisson’s ratio of concrete increases to 0.5 and 

the confinement effect is more evident. 

2.3.2 CFCHS, CFRHS and CFSHS 

The addition of concrete can significantly increase the local buckling strength of a steel 

tube, as the infilled concrete prevents inward buckles of the steel which forces a higher 

buckling mode. One of the early tests has been carried out by Burr (1912), and an early 

recognition of CFST members was given in the American Concrete Institute’s Standard 

Building Code (1936). Extensive research into CFST members started since the 1960s, 

and focus was put on members with circular, square and rectangular cross-sections. A 
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tabular review of 883 CFST column and beam-column tests before the year of 2000 

was presented by Shanmugam and Lakshmi (2001). The influence of the diameter-to-

thickness ratio of the steel tubes, the slenderness ratios of the columns, the loading 

eccentricity ratios and the material strength on the load carrying capacity of CFST 

column and beam-columns was investigated.  

Yielding of the steel and crushing of the concrete is the dominant failure mode of short 

CFST columns, while instability dominates the failure of medium to long CFST 

columns. As mentioned above, local buckling resistance is enhanced when the effect of 

the concrete is considered. An increase of about 50% in the local buckling capacity as 

a result of concrete infilling was found by Matsui (1993). A theoretical model for the 

local buckling of steel plates contacting a rigid medium was proposed by Wright (1993) 

based on energy methods, which can be applied to CFST columns under uniform 

compression. A post-local buckling model was established by Uy (1998) and Bradford 

(2002) based on the effective width principle. 

Analytical analyses of the behaviour of CFST members have been carried out and the 

load carrying capacities compared to those of experimental tests; a comprehensive 

review of these comparisons was given by Shakir-Khalili (1988). Considering the 

nonlinear material characteristics, geometric imperfections and residual stresses in steel 

sections, assumptions which divide the cross-section into a number of slices and 

idealise the strain distribution in each slice to be a linear function have been made in 

the analytical studies of CFST columns. Bradford (1996) proposed calculation methods 

for the ultimate load of CFST column based on the assumption that the deflected shape 

of a column can be described as a sine function. Predictive formulae proposed by Ge 

and Usami (1994) accounted for the elasto-plastic behaviour of the infilled concrete, 

and geometrical imperfections and residual stresses of the steel tube. Further analytical 

analyses will be presented in Chapter 5. 

Simplified design methods have been developed by Wang and Moore (1997) and Kato 
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(1997) by modifying existing design methods for steel members in BS 5950 (BSI, 2000) 

and ISO 10721 (ISO, 1997). The design recommendations in EN1994-1-1 (BSI, 2004) 

cover CFST members with square, rectangular and circular cross-sections with or 

without reinforcement under axial or eccentric loading. No design provisions are 

available for concrete-filled EHS (CFEHS). 

2.3.3 CFEHS 

In the steel construction industry, standard hot-finished structural sections are 

commonly used. For elliptical hollow sections, commercially available cross-sections 

have an aspect ratio of 2 with outer dimensions ranging from 150×75 mm to 500×250 

mm and thickness ranging from 4 mm to 16 mm. Towards the development of structural 

design rules for CFEHS, structural behaviour data has been generated through 

laboratory testing and numerical simulations in the past few years. Investigations have 

been focused on the cross-section level (short or stub column tests, in-plane bending 

tests) and the member level (lateral-torsional buckling tests, and axial compression tests 

and combined axial compression and bending tests on slender members); a summary 

of previous laboratory works at room temperature is given in Table 2.1. The behaviour 

of CFEHS columns in fire conditions has also been examined by Ali et al. (2012, 2013 

and 2016) and Espinos et al. (2010, 2011 and 2014). Based on the data generated by 

physical tests, subsequent numerical investigations have been carried out (Espinos, 

2010; Dai and Lam., 2010; Dai et al., 2014; Sheehan, 2012; Qiu et al., 2017). 

For CFEHS stub columns, the observed failure modes are similar to those of other 

CFST members, involving local buckling of the steel tube and crushing of the concrete. 

The confinement force provided by the EHS varies along the circumference; it 

decreases from the long axis corner to the short axis corner, and the average 

confinement effect lies between CHS and SHS (Dai and Lam, 2010). For medium to 

long CFEHS columns, the failure mode is also in accordance with that of other CFST 

members and is dominated by global buckling. It was found that for concentrically 
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loaded members, the column slenderness and geometric imperfection have a significant 

effect on the buckling resistance, whereas for members under eccentric loading, the 

influence of geometric imperfection is far less. The testing, behaviour and design of 

CFEHS members is the focus of the present study, and a summary of the findings of 

the experiments reported herein may be found in McCann et al. (2015). 

Table 2.1 Summary of experiments performed on CFEHS at room temperature 

 
Structural 

configuration 
 

No. of tests 

(reinforced 

infilled concrete) 

References 

Cross-

section 

level tests 

Compression 

Fixed 

boundary 

condition 

68 (1) 

Jamaluddin et al. (2013), 

McCann et al. (2015)*, Yang 

et al. (2008), Zhao and 

Parker (2009), Uenaka 

(2014) 

Bending 
Minor 0(0) 

Ren et al. (2014) 
Major 6(0) 

Combined 

compression 

and bending 

Minor 4 (0) Sheehan et al. (2012) 

Major 4 (0) Sheehan et al. (2012) 

Member 

level tests 

Compression 

Minor 23(1) 

Jamaluddin et al. (2013), 

Espinos (2014)*, McCann et 

al. (2015) 

Major 9(0) 
Ren et al. (2014), McCann 

et al. (2015) 

Combined 

compression 

and bending 

Minor 13(5) 
Espinos (2014)*, McCann et 

al. (2015)* 

Major 17(3) 
Ren et al. (2014), McCann 

et al. (2015)* 

Total number of tests 144  

* Reinforced specimens included 
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2.4 Numerical simulation 

Although full-scale testing provides the most direct physical evidence of the behaviour 

of a structural member, experimental studies with high numbers of specimens are also 

costly and time-consuming. Since sophisticated finite element (FE) software packages 

and computational power have been substantially improved in the past decades, FE 

modelling is widely utilised as a complementary tool to laboratory testing by both 

researchers and practising engineers. A large amount of structural behaviour data can 

be generated through parametric studies with FE models that have been validated 

against existing laboratory tests and shown to be able to replicate test results with 

sufficient accuracy.   

Models established using general purpose FE software ABAQUS (2013) have been 

successfully utilised to replicate the structural response of concrete-filled tubular 

columns with square and rectangular (Ellobody and Young, 2006; Thai et al., 2014), 

circular (Ellobody et al., 2006; Espinos, 2010; Liang and Fragomeni, 2010) and 

elliptical (Dai and Lam, 2010; Dai et al., 2014) cross-sections. A comprehensive review 

and evaluation of the modelling parameters have been presented by Tao et al. (2013). 

Relevant modelling assumptions and parameters employed in the FE analysis of this 

thesis are discussed in this chapter, and further in Chapter 4.      

2.4.1 Elements  

Three-dimensional 8-node solid elements (C3D8) have been shown to be an effective 

element type to reflect the deformation characteristics of the concrete component in 

CFST column members (Ellobody and Young, 2006). For the steel tube component, 

both C3D8 (Dai and Lam, 2010; Espinos, 2010; Dai et al., 2014; Ellobody et al., 2006) 

and 4-node doubly curved shell elements (S4R) (Ellobody and Young, 2006; Thai et al., 

2014) have been used by previous researchers. Both shell and solid elements are 

capable of reflecting the deformation of the steel tube. However, utilisation of shell 
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elements may result in computational problems associated with the curved contact area 

between the concrete and steel, which would in turn impact on the simulation of 

concrete confinement effects and bond action between concrete and steel. Using two 

layers of solid elements in the thickness direction of the steel tube was shown to be able 

to capture the investigated behaviour by previous researchers working on this topic (Dai 

and Lam, 2010; Dai et al., 2014).   

2.4.2 Material modelling 

Hot-finished structural carbon steel exhibits a stress-strain relationship of the form 

shown in Figure 2.4. At low strains, a linear elastic relationship between stress (σ) and 

strain (ε) exists and the ratio (σ/ε) is known as the Young’s modulus (E), which is 

constant until the yield strength is reached. Upper and lower yield strength points are 

found at the start of steel yielding, which are followed by a fluctuating yield plateau, 

while after the plateau, the material exhibits strain hardening until the ultimate tensile 

strength is reached (BSI, 2009).  

The stress-strain relationships used in the FE models in Chapter 4 are based on the data 

extracted from steel coupon tensile testing. Nominal stresses (load per unit undeformed 

area) and nominal strains (length change per unit undeformed length) are measured 

directly from the tests, and a typical measured stress-strain curve of the steel tube used 

in the present study is shown in Figure 2.4. This engineering stress-strain response is 

converted into true stress (σ true) – log plastic strain (εln
pl) format for input into ABAQUS 

(2013); the relationships between true and nominal stresses and strains are given by:    

true nom nom(1 )σ σ ε= +                            (2.3) 

         pl true
ln nomln(1 )

E
σε ε= + −                          (2.4) 
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where σnom, εnom and E are the nominal stress, strain and Young’s modulus measured 

from coupon tests respectively. A typical modified stress-strain curve of the steel used 

in the present study is also shown in Figure 2.4.  

 
Figure 2.4: Typical nominal and modified stress-strain curves of steel 

For a CFST member under compression, the concrete core expands laterally and is 

confined by the steel tube. This confinement is passive in nature, and can increase the 

strength and ductility of the concrete. It is found that the confined concrete is in a 

triaxial stress state, and the steel is in a biaxial stress state after interaction between the 

two components occurs.  

To account for the confinement effect on the concrete, Han et al. (2007) proposed a 

confined concrete stress–strain model, which has been adopted by other researchers for 

CFCHS (Lu et al., 2009), CFRHS and CFSHS (Thai et al., 2014) members. It was found 

by Dai and Lam (2010) that use of the stress–strain curve model proposed by Han et al. 

(2007), which was originally calibrated against tests on circular section columns, was 

not appropriate for use with CFEHS stub columns since the confinement effect varies 

along the circumference of the section. Therefore, modified stress–strain models, were 

proposed by Dai and Lam (2010) and Dai et al. (2014) for use with CFEHS stub and 

slender columns respectively. A typical comparison between the stress-strain curves of 
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concrete (with fc = 30 N/mm2) in the unconfined and confined (by a 150×75×6.3 steel 

EHS) conditions is presented in Figure 2.5. The tensile strength of the concrete was 

taken as 10% of that in compression (Bažant and Becq-Giraudon, 2002). 

 

Figure 2.5: Typical stress-strain curves of unconfined and confined concrete 

2.4.3 Geometric imperfections 

Initial geometric imperfections (both local and global) are introduced into steel 

structural member during the process of production, fabrication and transportation, 

which can significantly impair the load carrying capacity of members. In the present 

study, the focus is on the global instability, so only global imperfections are considered; 

they are introduced by applying a half sine-wave shaped preliminary lateral deflection 

to the FE models. 

2.4.4 Residual stresses 

Temperature gradients and non-uniform inelastic deformations are the two major 

sources of residual stresses in structural steel components. However, relatively low 

levels of residual stress are found in hot-finished steel tubular members due to an 

absence of plastic deformation in the production process and fairly uniform cooling 

because of the constant cross-section thickness following rolling. Residual stresses 

1.67 

1.00 

fcc/fc 

ε 
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measured in hot-finished EHS (Law and Gardner, 2012) were found to be of magnitude 

less than 15% of the yield strength. Therefore, residual stresses are not considered in 

the FE modelling. 

2.5  Concluding remarks 

An overview of previous research on EHS and CFEHS, relevant literature on the 

structural behaviour of steel tubular and CFST columns and beam-columns and recent 

developments in the numerical modelling of CFST members, have been presented in 

this chapter. Previous research has mainly focused on columns and beam-columns with 

circular, rectangular and square cross-sections and the introduction of EHS calls for 

further research in the area of CFST members. To date, knowledge and structural 

behaviour data on CFEHS members are limited. The present study aims to generate 

laboratory and numerical data and to develop a set of comprehensive and statistically 

verified design recommendations for CFEHS columns and beam-columns.    
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Chapter 3 
 

Laboratory testing 

 

3.1 Introduction  

Experimental investigations into the behaviour of CFEHS beam-columns have been 

performed and described in this chapter. An experimental programme including a total 

of 27 column and beam-column member tests, 70 concrete cylinder compression tests, 

3 reinforcing bar tensile tests, and 2 steel tube tensile coupon tests was carried out in 

the structures laboratory of the Department of Civil and Environmental Engineering at 

Imperial College London. A uniform hollow section size was employed for the 27 full-

scale member tests – EHS (grade S355) 150×75×6.3 in millimetres (2a×2b×t as shown 

in Figure 3.1); this section size is readily available from a number of manufacturers. 

All specimens were manufactured by Tata Steel Tubes (Corus, 2006) and welded to two 

endplates. Self-compacting concrete (SCC) was adopted in this study due to its high 

degree of workability and segregation resistance. While the fresh properties of an SCC 

mix are quite different to conventional concrete mixes, the hardened strength is very 

similar (Persson, 2001; Zhu and Bartos, 2003). A large number of concrete cylinder 

tests were conducted since the properties of concrete are quite variable and dependent 

on the curing conditions. The member tests comprised 9 axial compression tests and 18 
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combined axial compression and uniaxial bending tests. The influence of member 

nondimensional slenderness which is defined in Chapter 5, loading eccentricity, 

buckling axis and embedded reinforcement ratio on the load carrying capacity of 

members has been investigated. In this chapter, the test specimens and the procedures 

employed for conducting the member tests and the supporting material tests are 

described. The results of the experiments on the CFEHS members are also presented. 

 

Figure 3.1: Geometry and cross-section characteristics of major (left) and minor 
(right) axis bending members 

3.2 Material tests 

A material testing programme comprising steel tube coupons, reinforcing bars and 

concrete cylinder tests was carried out prior to the member tests.  

3.2.1 Steel coupon tensile tests  

Material coupon tensile tests were conducted in accordance with BS 6892-1 (BSI, 2009) 

t 
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to determine the basic engineering stress-strain response of the tested steel sections and 

the embedded reinforcing bars.  

3.2.1.1 Steel tubes 

Two necked coupons were machined longitudinally from the EHS tubes (along the 

centrelines of the major axis – i.e. the flattest portion of the section) used for the 27 

full-scale test specimens. Figure 3.2 shows the dimensions of the steel coupons.   

 

Figure 3.2: Dimensions of steel coupons (mm) 

Linear electrical strain gauges were affixed at the midpoint of both sides of the steel 

coupons. Load, strain, displacement and input voltage were all recorded using the 

Bluehill software package with the Instron clip gauge at one-second intervals. The 

testing was conducted in accordance with BS 6892-1 (BSI, 2009) using an Instron 750 

kN loading rig under displacement control at an initial strain rate of 1.4×10-4s-1. The 

strain rate was increased to 7.1×10-4 s-1 in the strain hardening range in accordance with 

BS 6892-1 (BSI, 2009). The average measured values of material properties obtained 

from the two tests are summarised in Table 3.1 and a typical stress-strain curve of one 

of the tested coupons is shown in Figure 3.3. 
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Table 3.1 Measured properties of steel materials 

Material property EHS tubes Reinforcing bars 

Modulus of elasticity E (N/mm2) 205700 198300 

Yield strength fy (N/mm2) 369.1 561.7 

Ultimate strength fu (N/mm2) 495.0 667.7 

Ultimate strain εu (%) 18.4 13.2 

Strain at fracture εf (%) 37.0 18.5 

 

Figure 3.3: Stress–strain curves obtained from tensile testing of steel materials 

3.2.1.2 Steel reinforcement 

For the specimens with steel reinforcements, four bars of T10 deformed steel 

reinforcement were positioned at the locations shown in Figure 3.1. This equates to a 

reinforcement ratio ρ of 4.7%. The material properties of the steel reinforcement 

measured from tensile testing, following the same procedures as described above, are 

presented in Table 3.1, while a typical stress–strain curve of one of the tested 

reinforcing bars is presented in Figure 3.3. 

3.2.2 Concrete  

The concrete used to fill the elliptical tubes was designed to be class C30/37, i.e. with 
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a minimum compressive strength fc of 30 N/mm2. Three test cylinders were cast from 

every concrete mix and tested in compression on the day of the respective full-scale 

member experiments. Average concrete cylinder strength values for each test specimen 

are presented in Table 3.2. Aside from the target strength class, the suitability of an SCC 

mix was assessed primarily on the basis of two properties of the fresh concrete: 

workability and segregation resistance. Slump flow tests were performed on all 

concrete mixes in accordance with Annex B.1 of the EFNARC guidelines (EFNARC, 

2005). Where required, Conplast SP430 superplasticiser was added to the mix in order 

to achieve the required workability. Segregation resistance tests were performed on all 

batches of concrete with a segregation sieve in accordance with Annex B.4 of the 

EFNARC guidelines (EFNARC, 2005). Pulverised fuel ash was added to the cement as 

a binder in order to aid segregation resistance (Liu, 2010). A high level of segregation 

resistance is particularly important in vertical concrete applications to ensure that larger 

or heavier aggregates remain evenly distributed throughout the specimen, rather than 

settling and concentrating near the bottom of the tube. As can be seen in Figures 3.4 

and 3.5, the aggregates were distributed evenly throughout the concrete with little to no 

air entrainment or bubbles, indicating both adequate workability and segregation 

resistance. To ensure sufficient clearance between the steel tube and the steel 

reinforcement, a maximum coarse aggregate size of 10 mm was specified for all mixes. 

It can be seen in Figure 3.5 that limiting the aggregate to this size enabled the concrete 

to pass around the reinforcing bars fully. The basic concrete mix that satisfied the 

strength, workability and segregation resistance criteria is detailed in Table 3.3. Owing 

to variations in the condition of the aggregates over the course of the experimental 

programme, it was necessary to modify the water content and superplasticiser content 

in some mixes to maintain the desired fresh concrete properties. 
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Table 3.2 Measured properties and details of test specimens 

Specimen L (mm) ̅ 2a 

(mm) 

2b 

(mm) 

t 
(mm) 

ey 

(mm) 

ez 

(mm) 

ρ 
(%) 

Buckling 

axis 

fc 

(N/mm2) 

ωg 

(mm) 

E1:L3-MA-0 3154 1.00 148.21 75.77 6.30 0.0 0.0 0 Major 36.0 0.0 

E2:L2-MA-0 2154 0.67 148.45 75.78 6.30 0.0 0.0 0 Major 32.0 0.0 

E3:L1-MA-0 1154 0.36 148.37 75.63 6.30 0.0 0.0 0 Major 33.0 0.0 

E4:L3-MA-50 3154 1.00 148.50 75.79 6.30 0.0 50.0 0 Major 36.5 0.8 

E5:L2-MA-50 2154 0.68 148.96 76.04 6.30 0.0 50.0 0 Major 38.3 0.3 

E6:L1-MA-50 1154 0.36 148.37 76.00 6.30 0.0 50.0 0 Major 28.7 0.0 

E7:L3-MA-150 3154 1.00 150.75 75.93 6.30 0.0 150.0 0 Major 42.7 1.0 

E8:L2-MA-150 2154 0.67 148.71 75.86 6.30 0.0 150.0 0 Major 33.2 0.0 

E9:L1-MA-150 1154 0.36 148.52 75.87 6.30 0.0 150.0 0 Major 36.2 0.0 

E10:L3-MI-0 3154 1.78 149.19 76.00 6.30 0.0 0.0 0 Minor 40.6 0.0 

E11:L2-MI-0 2154 1.20 148.95 75.77 6.30 0.0 0.0 0 Minor 35.4 0.0 

E12:L1-MI-0 1154 0.65 148.64 75.45 6.30 0.0 0.0 0 Minor 36.0 0.0 
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Specimen L (mm) ̅ 2a 

(mm) 

2b 

(mm) 

t 
(mm) 

ey 

(mm) 

ez 

(mm) 

ρ 
(%) 

Buckling 

axis 

fc 

(N/mm2) 

ωg 

(mm) 

E13:L3-MI-25 3154 1.79 148.28 75.97 6.30 25.0 0.0 0 Minor 41.8 0.0 

E14:L2-MI-25 2154 1.20 148.58 75.92 6.30 25.0 0.0 0 Minor 37.0 0.5 

E15:L1-MI-25 1154 0.63 148.79 75.92 6.30 25.0 0.0 0 Minor 32.2 0.3 

E16:L3-MI-50 3154 1.73 148.76 76.07 6.30 50.0 0.0 0 Minor 33.0 0.2 

E17:L2-MI-50 2154 1.19 148.99 75.68 6.30 50.0 0.0 0 Minor 33.1 0.0 

E18:L1-MI-50 1154 0.63 148.66 75.95 6.30 50.0 0.0 0 Minor 28.7 0.3 

E19:L3-MA-50-R 3154 0.93 149.45 75.66 6.30 0.0 50.0 4.7 Major 32.6 4.0 

E20:L2-MA-50-R 2154 0.65 148.19 75.66 6.30 0.0 50.0 4.7 Major 38.7 0.0 

E21:L1-MA-50-R 1154 0.35 148.50 75.99 6.30 0.0 50.0 4.7 Major 35.9 0.0 

E22:L3-MI-25-R 3154 1.72 149.41 75.93 6.30 25.0 0.0 4.7 Minor 31.8 1.5 

E23:L2-MI-25-R 2154 1.19 148.59 76.06 6.30 25.0 0.0 4.7 Minor 35.8 0.3 

E24:L1-MI-25-R 1154 0.64 149.75 75.45 6.30 25.0 0.0 4.7 Minor 36.1 0.0 

E25:hollow 300 0.15 149.33 75.59 6.52 0.0 0.0 0 Stub - - 

E26:stub 300 0.17 149.32 75.48 6.43 0.0 0.0 0 Stub 38.1 - 

E27:stub-R 300 0.18 149.57 75.71 6.42 0.0 0.0 4.7 Stub 38.1 - 
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Table 3.3 Basic concrete mix design 

Component Content (kg/m3) 

Water 180 

Cement 420 

Pulverised fuel ash 100 

10 mm coarse aggregate 800 

Fine aggregate 950 

Superplasticiser 4 

 

        

Figure 3.4: Section of concrete cylinder  Figure 3.5: Cross-section of a specimen 
with steel reinforcing bars highlighted 

3.3 Full-scale member tests 

27 CFEHS specimens have been tested under concentric or eccentric compressive 

loading. The experimental set-up and procedure are described in this section. 

3.3.1 Test specimens 

All 27 test specimens were of the same cross-section (150×75×6.3 EHS) but of different 
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lengths in order to assess the effect of varying the member nondimensional slenderness. 

The cross-section was chosen to ensure that local buckling did not occur during testing 

of the slender columns. While the chosen section size is among the smallest 

commercially-available cross-sections (Tata steel, 2011), members of similar cross-

sectional dimensions have been tested in previous studies (Zhao et al., 2009; 

Jamaluddin et al., 2013; Ren et al., 2014; Espinos et al., 2014) that have also examined 

larger sections, with similar conclusions having been drawn across the range of tested 

specimens. The geometry of an elliptical hollow section in depicted in Figure 3.1, where 

a and b are half of the larger and smaller outer diameter, respectively; t is the tube 

thickness; ey and ez are the load eccentricities to the minor and major axes, respectively, 

and the positions of the steel reinforcing bars are also presented. For the eccentrically-

loaded specimens, plates offset from the centreline of the tubes were welded onto the 

ends of the specimens, as shown in Figure 3.6. For the concentrically-loaded specimens, 

where end-plates were not required due to the absence of end moments, the column 

ends were held in position by means of wooden blocks. The nominal test parameters 

and associated ranges of variation are presented in Table 3.4. The full schedule of test 

specimens is presented in Table 3.2.  

Table 3.4: Nominal values of parameters varied in the experimental programme 

Parameter Range 

L 1 m, 2 m, 3 m, 300 mm (stubs) 

Buckling axis major, minor 

λ  0.3 – 1.7 

e 0 – 2a; 0 – 1.33b 

ρ 0%, 5% 
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Figure 3.6: Layout of loading rig for tests on slender columns (left: eccentric load 
tests; right: concentric load tests). 

The stub column length L of 300 mm was chosen to be twice the major axis outer 

diameter 2a. This ensured that the stub columns were sufficiently short not to fail by 

overall buckling, yet still long enough to contain representative distributions of 

geometric imperfections. 

Measurements of minor and major outer diameters (2a and 2b, respectively), buckling 

length L including the thicknesses of two 77 mm knife-edges, tube wall thickness t and 

initial global imperfection in the axis of buckling ωg were taken for each slender column 

and are presented in Table 3.2, along with values of the reinforcement ratio ρ, equal to 

the ratio of the cross-sectional area of the steel reinforcement to that of the concrete 

core, load eccentricities ey and ez to the minor and major axes, respectively, 

nondimensional slenderness and the compressive strength of concrete fc on the day of 

testing. For the concentrically-loaded specimens, which had measured global 

imperfections close to zero, a nominal imperfection of L/1000 was applied to the 
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specimens by means of load eccentricity. Residual stresses were not taken into account 

as descried in Section 2.5.4. Local geometric imperfections were not measured in this 

study as the proportions of the cross-section included in this experimental study are 

relatively stocky and the main object of the present study is focused on global buckling 

behaviour of members. The slender steel tubes were identified using the following 

format: Specimen number: nominal length in m – buckling axis (MA=major; MI=minor) 

– load eccentricity in mm. For example, specimen E7:L3-MA-150 was 3 m in length 

and loaded with an eccentricity of 150 mm to the major axis. The identification labels 

of specimens containing steel reinforcement were suffixed with an ‘R’, e.g., specimen 

E21:L1-MA-50-R. 

Holes of 50 mm diameter were cut into the top end-plates of the test specimens to allow 

access for the concrete to be poured in. The high workability of SCC was necessary for 

the concrete to flow through such an aperture. Owing to concrete shrinkage during 

curing, a small gap developed between the level of the hardened concrete and the top 

surface of the steel plate. This gap was backfilled with plaster of Paris to ensure a flat 

loading surface between the test rig and the columns. 

3.3.2 Testing method 

The apparatus used to test the 24 slender CFEHS columns, which is shown in Figure 

3.6, comprised an Instron 2000 kN loading rig, hardened steel knife-edges each of 77 

mm thickness with a maximum rotation of 15° to provide pin-ended conditions in the 

intended axis of buckling and fixed conditions in the other cross-sectional axis, a Linear 

Variable Differential Transformer (LVDT) and draw wire transducers at mid-height to 

measure lateral deflections, inclinometers attached to the end-plates to measure end 

rotations, four linear electrical resistance strain gauges at the mid-height of the columns, 

DATASCAN data acquisition equipment and DSLOG data recording software. The 

laboratory set-up is shown in Figure 3.7. After securing the column in the rig, fixing 

the end-plates (or wooden blocks for the concentrically-loaded specimens) and 



Chapter 3: Laboratory testing 

63 
 

attaching the measuring equipment, the hydraulic loading machine was set to 

displacement control at a rate of 0.1 mm/min, 0.2 mm/min or 0.3 mm/min for columns 

of 1 m, 2 m or 3 m length, respectively. The test specimens were then loaded using the 

hydraulic jacks. Testing continued beyond the attainment of ultimate load and was 

stopped when the column had undergone at least 50 mm of lateral deflection at mid-

height, thus enabling a considerable portion of the unloading behaviour of the 

specimens to be captured. 

  

(a) Experimental set-up 

 

(d) Inclinometer 

Figure 3.7: Experimental set-up and configurations 

(b) LVDT, strain 
gauge and wire 
transducer 

(c) Knife-edge  

Inclinometer 
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A total of 3 stub columns (E25-E27) were tested in pure axial compression to obtain 

the cross-section behaviour. The tests on the three stub columns were carried out in an 

Instron 3500 kN hydraulic testing machine, which is shown in Figure 3.8. The end-

plattens of the testing apparatus were fixed flat and parallel. Four LVDTs were used to 

determine the end shortening of the stub columns between the end-plattens of the 

testing machine. Four linear electrical resistance strain gauges were attached to each 

specimen at mid-height. Readings of load, strain, axial displacement and input voltage 

were all recorded at a rate of 1 Hz using the DATASCAN data acquisition equipment 

and logged using the DSLOG computer package. The loading machine was set to 

displacement control at a rate of 0.17 mm/min and the specimens were loaded in 

compression beyond the ultimate load until at least 20 mm of axial displacement was 

recorded. 

 

Figure 3.8: Test rig used for stub column tests 

3.4 Experimental results and discussion 

In this section, the results of the experimental programme are presented, including the 

ultimate loads, second-order inelastic moments, load–displacement curves, strength 
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indices and ductility indices. 

3.4.1 Failure modes and ultimate loads 

The slender columns all failed by global flexural buckling, as demonstrated by 

specimen E13:L3-MI-25 in Figure 3.9. For the beam-columns loaded eccentrically 

about the minor axis, all specimens failed in the minor axis direction only (represented 

by E13:L3-MI-25 in Figure 3.9). For the beam-columns loaded eccentrically about the 

major axis, all specimens failed in the major axis direction only (represented by E4:L3-

MA-50 in Figure 3.10) since the knife edges provided fixed end conditions about the 

minor axis and the buckling length in the direction was therefore halved, making major 

axis buckling critical. For the beam-columns loaded concentrically and free to rotate 

about the minor axis, all specimens failed in the minor axis direction only (represented 

by E10:L3-MI-0 in Figure 3.11). For the beam-columns loaded concentrically and free 

to rotate about major axis, specimens failed predominantly in the major axis direction, 

but some lateral deflections were observed about the minor axis – see Specimen E2:L2-

MA-0 in Figure 3.12. 

For the stub columns, local buckling of the tube walls was observed. Shear bands were 

also seen to develop along the height of the concrete-filled stub columns, as shown in 

Figure 3.13.  

The ultimate loads obtained from the experiments Nu,exp are presented in Table 3.5, 

along with the second-order inelastic ultimate moments Mu,exp, determined as: 

    u,exp u,exp g u( )M N e ω ω= + +                      (3.1) 

where e is the initial load eccentricity to the axis of buckling, ωg is the initial global 

imperfection in the direction of buckling, and ωu is the mid-height lateral deflection at 

ultimate load. 
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a) View from the major axis                 b) View from the minor axis 

Figure 3.10: Flexural buckling about major axis of specimen E4:L3-MA-50 

Figure 3.9: Flexural buckling about 
minor axis of specimen E13:L3-MI-25

Figure 3.11: Flexural buckling about 
minor axis of specimen E10:L3-MI-0
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a) View from the major axis                       b) View from the minor axis 

Figure 3.12: Flexural buckling about major axis of specimen E2:L2-MA-0 

 

Figure 3.13: Shear bands evident in reinforced stub column E27 
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3.4.2 Load-deformation behaviour 

The general load–deformation response of the 27 specimens are presented in Figure 

3.14 to 3.40, which include graphs of load against axial displacement and graphs of 

load against lateral deflection at mid-height. There are no data available for the axial 

displacement of specimen E17:L2-MI-50 owing to a fault in the recording equipment. 

Negative values of lateral deflections at the mid-height have been recorded in the tests 

of specimens E1, E2 and E3 (Figure 3.14b, 3.15b and 3.16b), which represent the 

buckling direction at the start of the tests later reversing – this may have been caused 

by initial imperfection or test set-up imperfections. All curves of load against lateral 

deflection at mid-height for the test members buckling about the major axis and minor 

axis are shown in Figures 3.41 and 3.42, respectively, while all curves of load against 

axial displacement for the test members buckling about the major axis and minor axis 

are shown in Figures 3.43 and 3.44, respectively. Overall, the anticipated trend of 

decreasing ultimate load with increasing slenderness and increasing load eccentricity 

may be clearly observed. All curves of load against lateral deflection at mid-height for 

columns with steel reinforcement buckling about the major axis and minor axis are 

shown in Figures 3.45 and 3.46, respectively, while all curves of load against axial 

displacement for columns with steel reinforcement buckling about the major axis and 

minor axis are shown in Figures 3.47 and 3.48, respectively. It may be observed that 

the greatest increase in strength for the specimens with steel reinforcement compared 

to those without steel reinforcement occurred for the members buckling about the major 

axis, due to the greater lever arm between the reinforcing bars and the cross-section 

centroidal axis – see Figure 3.1. The load–axial displacement curves for the three stub 

columns are shown in Figure 3.49, where, due to the very low slenderness of the stub 

columns, the response of the cross-sections in pure compression is isolated. 
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a) Load-axial displacement curve for E1: L3-MA-0 

 

 

 

 

 
 

b) Load-lateral deflection at mid-height curve for E1: L3-MA-0 

 
Figure 3.14: Load-deformation behaviour of E1: L3-MA-0 
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a) Load-axial displacement curve for E2: L2-MA-0 

 
 
 
 

 
 

b) Load-lateral deflection at mid-height curve for E2: L2-MA-0 

 
Figure 3.15: Load-deformation behaviour of E2: L2-MA-0 
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a) Load-axial displacement curve for E3: L1-MA-0 

 
 
 
 

 
 

b) Load-lateral deflection at mid-height curve for E3: L1-MA-0 

 
Figure 3.16: Load-deformation behaviour of E3: L1-MA-0 
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a)  Load-axial displacement curve for E4: L3-MA-50 

 
 
 
 

b) Load-lateral deflection at mid-height curve for E4: L3-MA-50 

 
Figure 3.17: Load-deformation behaviour of E4: L3-MA-50 
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a) Load-axial displacement curve for E5: L2-MA-50 

 
 
 
 

b) Load-lateral deflection at mid-height curve for E5: L2-MA-50  

 
Figure 3.18: Load-deformation behaviour of E5: L2-MA-50 
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a) Load-axial displacement curve for E6: L1-MA-50   

 
 
 

b) Load-lateral deflection at mid-height curve for E6: L1-MA-50 

 
Figure 3.19: Load-deformation behaviour of E6: L1-MA-50 
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a) Load-axial displacement curve for E7: L3-MA-150  

 
 
 

b) Load-lateral deflection at mid-height curve for E7: L3-MA-150  

 
Figure 3.20: Load-deformation behaviour of E7: L3-MA-150 
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a) Load-axial displacement curve for E8: L2-MA-150 

 
 
 

b) Load-lateral deflection at mid-height curve for E8: L2-MA-150 

 
Figure 3.21: Load-deformation behaviour of E8: L2-MA-150 
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a) Load-axial displacement curve for E9: L1-MA-150 

 
 
 
 

b) Load-lateral deflection at mid-height curve for E9: L1-MA-150   

 
Figure 3.22: Load-deformation behaviour of E9: L1-MA-150 
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a) Load-axial displacement curve for E10: L3-MI-0 

 
 
 
 

b) Load-lateral deflection at mid-height curve for E10: L3-MI-0 

 
Figure 3.23: Load-deformation behaviour of E10: L3-MI-0 
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a) Load-axial displacement curve for E11: L2-MI-0 

 
 
 
 

b) Load-lateral deflection at mid-height curve for E11: L2-MI-0 

 
Figure 3.24: Load-deformation behaviour of E11: L2-MI-0 
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a) Load-axial displacement curve for E12: L1-MI-0 

 
 
 
 

b) Load-lateral deflection at mid-height curve for E12: L1-MI-0 

 
Figure 3.25: Load-deformation behaviour of E12: L1-MI-0 
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a) Load-axial displacement curve for E13: L3-MI-25 

 
 
 
 

b) Load-lateral deflection at mid-height curve for E13: L3-MI-25 

 
Figure 3.26: Load-deformation behaviour of E13: L3-MI-25 
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a) Load-axial displacement curve for E14: L2-MI-25 

 
 
 
 

b) Load-lateral deflection at mid-height curve for E14: L2-MI-25 

 
Figure 3.27: Load-deformation behaviour of E14: L2-MI-25 
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a) Load-axial displacement curve for E15: L1-MI-25 

 
 
 
 

b) Load-lateral deflection at mid-height curve for E15: L1-MI-25  

 
Figure 3.28: Load-deformation behaviour of E15: L1-MI-25 
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a) Load-axial displacement curve for E16: L3-MI-50  

 
 
 
 

b) Load-lateral deflection at mid-height curve for E16: L3-MI-50 

 
Figure 3.29: Load-deformation behaviour of E16: L3-MI-50 
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a) Load-axial displacement curve for E18: L1-MI-50 

 
 
 
 

b) Load-lateral deflection at mid-height curve for E18: L1-MI-50  

 
Figure 3.30: Load-deformation behaviour of E18: L1-MI-50 
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a) Load-axial displacement curve for E19: L3-MA-50-R 

 
 
 
 

b) Load-lateral deflection at mid-height curve for E19: L3-MA-50-R 

 
Figure 3.31: Load-deformation behaviour of E19: L3-MA-50-R 
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a) Load-axial displacement curve for E20: L2-MA-50-R  

 
 
 
 

b) Load-lateral deflection at mid-height curve for E20: L2-MA-50-R 

 
Figure 3.32: Load-deformation behaviour of E20: L2-MA-50-R 
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a) Load-axial displacement curve for E21: L1-MA-50-R 

 
 
 
 

b) Load-lateral deflection at mid-height curve for E21: L1-MA-50-R 

 
Figure 3.33: Load-deformation behaviour of E21: L1-MA-50-R 
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a) Load-axial displacement curve for E22: L3-MI-50-R  

 
 
 

b) Load-lateral deflection at mid-height curve for E22: L3-MI-50-R 

 
Figure 3.34: Load-deformation behaviour of E22: L3-MI-50-R 
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a) Load-axial displacement curve for E23: L2-MI-50-R   

 
 
 

b) Load-lateral deflection at mid-height curve for E23: L2-MI-50-R  

 
Figure 3.35: Load-deformation behaviour of E23: L2-MI-50-R 
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a) Load-axial displacement curve for E24: L1-MI-50-R 

 
 
 
 

b) Load-lateral deflection at mid-height curve for E24: L1-MI-50-R  

 
Figure 3.36: Load-deformation behaviour of E24: L1-MI-50-R 
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Figure 3.37 Load-lateral deflection at mid-height curve for E17: L2-MI-50 
 
 

 
 

Figure 3.38 Load-axial displacement curve for E25  
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Figure 3.39 Load-axial displacement curve for E26 
 
 
 
 

 
Figure 3.40 Load-axial displacement curve for E27 
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Figure 3.41: Load–lateral deflection at mid-height curves for columns buckling about 
the major axis 

 
 
 
 

 
Figure 3.42: Load–lateral deflection at mid-height curves for columns buckling about 

the minor axis 
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Figure 3.43: Load–axial displacement curves for columns buckling about the major 
axis 

 
 
 
 

 

Figure 3.44: Load–axial displacement curves for columns buckling about the minor 
axis 
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Figure 3.45: Comparison of graphs of load against lateral deflection at mid-height for 
columns with and without steel reinforcement buckling about the major axis 

 
 

 

 
 
Figure 3.46: Comparison of graphs of load against lateral deflection at mid-height for 

columns with and without steel reinforcement buckling about the minor axis 
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Figure 3.47: Comparison of load–axial displacement curves for columns with and 
without steel reinforcement buckling about the major axis 

 
 
 
 

 

Figure 3.48: Comparison of load–axial displacement curves for columns with and 
without steel reinforcement buckling about the minor axis 
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Figure 3.49: Comparison of load–axial displacement curves for stub columns 

From Figures 3.41 to 3.44, it can be concluded that for specimens buckling about either 
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influential factors governing the ultimate resistances of the members; overall, 

increasing column lengths and loading eccentricities bring reduced stiffnesses and 

ultimate resistances. Inclusion of the reinforcement resulted in slightly increased 

capacities, but the general form of the load-deformation response was essentially 

unchanged. Note that the low initial stiffness in the very early stages of loading 

observed in some tests in attributed to the closing of gaps and other similar effects 

inherent in the test setup. This is discussed further in Chapter 4. Additional analysis 

based on the strength index and ductility index is performed in the following two sub-
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3.4.3 Strength index 

The utilisation of the full plastic cross-section compressive resistance of a particular 
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resistance of the column cross-section, which is defined in EN 1994-1-1 (BSI, 2004)as: 

    pl,Rd y c cs r rN A f A f A f= + +                      (3.3) 

where As, Ac and Ar are the cross-sectional areas of the steel, concrete and steel 

reinforcement, respectively, and fy, fc and fr are the strengths of steel tube, concrete and 

steel reinforcement, respectively. Values of SI, based on measured geometric and 

material properties and with all partial factors set equal to unity, for the columns are 

presented in Table 3.5. Values of SI are plotted against slenderness for columns without 

reinforcement in Figure 3.50, while comparison between columns with and without 

steel reinforcement is made in Figure 3.51. Generally, as expected, it is observed that 

stockier columns with lower load eccentricities utilise considerably more of their plastic 

compressive resistance. It is further observed that the reinforced sections tend to have 

lower strength indices, which may suggest that the relative strength increase expected 

from the inclusion of steel reinforcement, which affects the value of Npl,Rd, is 

overestimated by the provisions of EN 1994-1-1 (2004) for these specimens. 

3.4.4 Ductility index 

The ductility of a column can be quantified through its ductility index DI, defined as: 

     
%85

uDI
Δ
Δ

=                                    (3.4) 

where Δu is the axial displacement at ultimate load and Δ85% is the axial displacement 

when the load reduces to 85% of the ultimate load on the unloading branch (Ren et al., 

2014). For specimens with a low DI, the load drops away quickly after the peak load 

has been reached, while for specimens with a high DI, the columns are capable of 

maintaining loads closer to the ultimate load with larger accompanying displacements. 

Values of DI obtained from the tests are presented in Table 3.5. Values of DI are not 

available for the stub column specimens E26 and E27 due to the tests having not been 

continued for sufficient deformation for the load to drop to 85% of the ultimate load. 

Values of DI for specimens without reinforcement are plotted against slenderness in 
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Figure 3.52, while comparison is made in Figure 3.53 for the DI of specimens with and 

without steel reinforcement. Overall, it may be observed that there is a general 

reduction in ductility with increasing slenderness and that the presence of steel 

reinforcement does not have a large influence on the ductility of the studied columns. 

Table 3.5: Results for ultimate load, second-order inelastic moment at ultimate load, 
strength index and ductility index from the experiments 

Specimen Nu,exp (kN) Mu (kN m) SI DI 

E1:L3-MA-0 761.5 17.4 0.73 1.12 

E2:L2-MA-0 886.6 5.9 0.88 1.46 

E3:L1-MA-0 1059.3 3.5 1.04 1.91 

E4:L3-MA-50 348.5 34.8 0.33 1.56 

E5:L2-MA-50 359.8 29.4 0.34 1.68 

E6:L1-MA-50 508.6 33.5 0.51 2.05 

E7:L3-MA-150 176.3 35.9 0.16 1.80 

E8:L2-MA-150 199.2 36.0 0.20 2.43 

E9:L1-MA-150 222.7 37.8 0.21 3.22 

E10:L3-MI-0 349.0 12.7 0.32 1.72 

E11:L2-MI-0 664.3 15.1 0.64 1.06 

E12:L1-MI-0 831.3 3.9 0.80 1.40 

E13:L3-MI-25 222.5 19.2 0.21 1.54 

E14:L2-MI-25 337.9 19.6 0.32 1.76 

E15:L1-MI-25 460.3 17.4 0.45 2.04 

E16:L3-MI-50 167.9 10.1 0.16 1.51 

E17:L2-MI-50 245.8 22.5 0.24 1.56 

E18:L1-MI-50 321.6 21.8 0.32 1.83 

E19:L3-MA-50-R 370.2 39.1 0.31 1.48 

E20:L2-MA-50-R 482.3 41.2 0.40 1.60 

E21:L1-MA-50-R 578.6 36.4 0.48 2.51 

E22:L3-MI-25-R 225.7 20.5 0.19 1.69 

E23:L2-MI-25-R 353.3 20.7 0.29 1.77 

E24:L1-MI-25-R 492.7 19.6 0.41 1.77 

E25:hollow 1002.0 - 1.25 1.28 

E26:stub 1176.9 - 1.11 - 

E27:stub-R 1470.5 - 1.20 - 
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Figure 3.50: Comparison of strength indices for test specimens without steel 
reinforcement 

 
 
 

 

 

Figure 3.51: Comparison of strength indices for test specimens with and without 
reinforcement 
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Figure 3.52: Comparison of ductility indices for test specimens without reinforcement 
 
 
 
 

 

Figure 3.53: Comparison of ductility indices for test specimens with and without 
reinforcement 
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3.5 Concluding remarks 

The behaviour of elliptical hollow section (EHS) columns and beam-columns have 

been investigated experimentally in this chapter. An experimental programme including 

material and member tests was conducted. All tested members were of the same Grade 

S355 steel EHS cross-section size (EHS 150×75×6.3), filled with self-compacting 

concrete with cylinder compression strengths ranging from 28 to 40 N/mm2 and some 

specimens contained reinforcing bars with a diameter of 10 mm. The main investigated 

parameters included nondimensional slenderness, ranging from 0.3 to 1.7, eccentricity 

to diameter ratio, ranging from 0 to 2 for members bending about the major axis and 0 

to 1.33 for members bending about the minor axis and reinforcement ratio equal to 0 

and 5%. The fundamental material properties, geometric measurements, test results and 

analysis have been presented in this chapter. Similar to concrete filled tubular members 

with rectangular and circular sections, concrete filled elliptical hollow section (CFEHS) 

members offer enhanced load-carrying capacity and ductility compared to the bare steel 

sections. The behaviour of CFEHS does differ from the other section types however, 

due to the different level of confinement afforded to the concrete by the elliptical tube 

– this is considered further in Chapter 4. The experimental results generated in this 

chapter are used for validation of FE models in Chapter 4 and for the development of 

design guidance in Chapter 5, where further discussion is presented.  
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Chapter 4 
 

Numerical modelling 

 

4.1 Introduction  

Investigations into the behaviour of CFEHS beam-columns through finite element (FE) 

numerical simulations are presented in this Chapter. The general-purpose FE software 

ABAQUS (2013) has been adopted to develop FE models of CFEHS members under 

concentric or eccentric compressive load. The development of the FE models of 

CFEHS members is described in this chapter, followed by a presentation of the 

validation process of the FE models. The numerical results have been compared against 

a range of experimental results of the current (McCann et al., 2015) and previous 

research (Espinos et al., 2014; Ren et al., 2014) for ultimate load, load–deflection 

behaviour and failure modes, with good agreement observed. Three groups of 

parametric studies comprising 360 simulations investigating the behaviour of (1) 

CFEHS members under axial compression, (2) under combined axial compression and 

uniaxial bending and (3) under combined axial compression and biaxial bending have 

been undertaken whereby the slenderness, load eccentricity, cross-sectional geometry 

and reinforcement ratio of the concrete-filled columns were varied. The results and 

analysis of the parametric studies are also presented in this chapter. 
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4.2 Description of finite element model 

The numerical model was developed using the ABAQUS (2013) FE software. In the 

following subsections, the mesh, material models, boundary conditions and analysis 

approach used in the simulations are described. 

4.2.1 Geometry and mesh  

Owing to the symmetrical boundary conditions of the test setup and doubly-symmetric 

cross-sectional geometry of the CFEHS members, a model representing half the cross-

section and half the buckling length of the columns was developed in ABAQUS (2013), 

as shown in Figure 4.1, with symmetry boundary conditions defined on the appropriate 

surface (surface 1 for cross-section symmetry and surface 2 symmetry with respect to 

the mid-height of the member). Three-dimensional 8-node solid elements (C3D8R) 

were adopted for both the steel tube and the concrete core. Rigid R3D4 shell elements 

were used to model the end-plates, through which the load was applied to the members. 

Based on a sensitivity analysis performed in previous research, an upper limit to the 

mesh size of 20 mm was set (Tao et al., 2013). The aspect ratio of the elements was also 

set to be lower than 3, and the steel tube was divided into at least 2 layers leading to an 

element thickness of 3.15 mm.  

 

Figure 4.1: Model in ABAQUS (2013) of a column intended to buckle about its major 
axis 
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4.2.2 Material modelling 

Both the steel tube and steel reinforcement in the current research have been treated as 

homogenous and isotropic material and their stress–strain curves were represented 

using a multi–linear elastic–plastic model with hardening, based on tensile tests 

conducted on steel coupons cut from the EHS test specimens and the rebar. The multi–

linear stress-strain curves comprised 50 intervals to ensure that the full range of the 

response could be captured accurately, a typical example of which is shown in Figure 

4.2. The measured steel material properties given in Table 4.1 were employed during 

the validation of the model, while characteristic values were used in the parametric 

study. All symbols are as defined in Chapter 3. 

 

Figure 4.2: Typical measured stress-strain curve of steel and the multi-linear model 
adopted in FE analysis  
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Table 4.1: Properties of specimens tested in experimental programmes 

Specimen 
L 

(mm) 
λ 

2a × 2b × t 
(mm) 

De/t 
ey 

(mm) 

ez 

(mm) 

ρ 
(%) 

Buckling 

axis 

fy 

(MPa) 

fc 

(MPa) 

fs 

(MPa) 

Nu,exp 

(kN) 

McCann et al. (2015)             

E1:L3-MA-0 3154 1.00 150 × 75 × 6.3 47.62 0 0 0 Major 369.1 36.0 - 761.5 

E2:L2-MA-0 2154 0.67 150 × 75 × 6.3 47.62 0 0 0 Major 369.1 32.0 - 886.6 

E3:L1-MA-0 1154 0.36 150 × 75 × 6.3 47.62 0 0 0 Major 369.1 33.0 - 1059.3 

E4:L3-MA-50 3154 1.00 150 × 75 × 6.3 47.62 0 50 0 Major 369.1 36.5 - 348.5 

E5:L2-MA-50 2154 0.68 150 × 75 × 6.3 47.62 0 50 0 Major 369.1 38.3 - 359.8 

E6:L1-MA-50 1154 0.36 150 × 75 × 6.3 47.62 0 50 0 Major 369.1 28.7 - 508.6 

E7:L3-MA-150 3154 1.00 150 × 75 × 6.3 47.62 0 150 0 Major 369.1 42.7 - 176.3 

E8:L2-MA-150 2154 0.67 150 × 75 × 6.3 47.62 0 150 0 Major 369.1 33.2 - 199.2 

E9:L1-MA-150 1154 0.36 150 × 75 × 6.3 47.62 0 150 0 Major 369.1 36.2 - 222.7 

E10:L3-MI-0 3154 1.78 150 × 75 × 6.3 47.62 0 0 0 Minor 369.1 40.6 - 349.0 

E11:L2-MI-0 2154 1.20 150 × 75 × 6.3 47.62 0 0 0 Minor 369.1 35.4 - 664.3 

E12:L1-MI-0 1154 0.65 150 × 75 × 6.3 47.62 0 0 0 Minor 369.1 36.0 - 831.3 

E13:L3-MI-25 3154 1.79 150 × 75 × 6.3 47.62 25 0 0 Minor 369.1 41.8 - 222.5 
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E14:L2-MI-25 2154 1.20 150 × 75 × 6.3 47.62 25 0 0 Minor 369.1 37.0 - 337.9 

E15:L1-MI-25 1154 0.63 150 × 75 × 6.3 47.62 25 0 0 Minor 369.1 32.2 - 460.3 

E16:L3-MI-50 3154 1.73 150 × 75 × 6.3 47.62 50 0 0 Minor 369.1 33.0 - 167.9 

E17:L2-MI-50 2154 1.19 150 × 75 × 6.3 47.62 50 0 0 Minor 369.1 33.1 - 245.8 

E18:L1-MI-50 1154 0.63 150 × 75 × 6.3 47.62 50 0 0 Minor 369.1 28.7 - 321.6 

E19:L3-MA-50-R 3154 0.93 150 × 75 × 6.3 47.62 0 50 4.7 Major 369.1 32.6 561.7 370.2 

E20:L2-MA-50-R 2154 0.65 150 × 75 × 6.3 47.62 0 50 4.7 Major 369.1 38.7 561.7 482.3 

E21:L1-MA-50-R 1154 0.35 150 × 75 × 6.3 47.62 0 50 4.7 Major 369.1 35.9 561.7 578.6 

E22:L3-MI-25-R 3154 1.72 150 × 75 × 6.3 47.62 25 0 4.7 Minor 369.1 31.8 561.7 225.7 

E23:L2-MI-25-R 2154 1.19 150 × 75 × 6.3 47.62 25 0 4.7 Minor 369.1 35.8 561.7 353.3 

E24:L1-MI-25-R 1154 0.64 150 × 75 × 6.3 47.62 25 0 4.7 Minor 369.1 36.1 561.7 492.7 

Espinos et al. (2014)             

E-50 2135 0.81 220 × 110 × 12 36.67 50 0 0 Minor 372.5 37.6 - 810 

E-20 2135 0.79 220 × 110 × 12 36.67 20 0 0 Minor 347.5 38.2 - 1168 

E-00 2135 0.79 220 × 110 × 12 36.67 0 0 0 Minor 348.1 37.1 - 2331 

RE-50 2135 0.83 220 × 110 × 12 36.67 50 0 2.4 Minor 369.7 39.4 519 777 

RE-20 2135 0.83 220 × 110 × 12 36.67 20 0 2.4 Minor 369.7 39.2 519 1174 
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RE-00 2135 0.84 220 × 110 × 12 36.67 0 0 2.4 Minor 372.5 39.5 519 2071 

Ren et al. (2014)             

ec1-1 3600 1.00 192 × 124 × 3.82 77.82 0 0 0 Major 439.3 50.0 - 1121 

ec1-2 3600 1.00 192 × 124 × 3.82 77.82 0 0 0 Major 439.3 50.0 - 1157 

ec2-1 2700 0.68 192 × 124 × 3.82 77.82 0 0 0 Major 439.3 50.0 - 1389 

ec2-2 2700 0.68 192 × 124 × 3.82 77.82 0 0 0 Major 439.3 50.0 - 1322 

ec3-1 1800 0.50 192 × 124 × 3.82 77.82 0 0 0 Major 439.3 50.0 - 1896 

ec3-2 1800 0.50 192 × 124 × 3.82 77.82 0 0 0 Major 439.3 50.0 - 1829 

ec4-1 3600 1.00 192 × 124 × 3.82 77.82 0 48 0 Major 439.3 50.0 - 632 

ec4-2 3600 1.00 192 × 124 × 3.82 77.82 0 48 0 Major 439.3 50.0 - 641 

ec5-1 3600 1.00 192 × 124 × 3.82 77.82 0 144 0 Major 439.3 50.0 - 325 

ec5-2 3600 1.00 192 × 124 × 3.82 77.82 0 144 0 Major 439.3 50.0 - 343 

ec6-1 2700 0.68 192 × 124 × 3.82 77.82 0 48 0 Major 439.3 50.0 - 776 

ec6-2 2700 0.68 192 × 124 × 3.82 77.82 0 48 0 Major 439.3 50.0 - 788 

ec7-1 1800 0.50 192 × 124 × 3.82 77.82 0 48 0 Major 439.3 50.0 - 972 

ec7-2 1800 0.50 192 × 124 × 3.82 77.82 0 48 0 Major 439.3 50.0 - 961 

Equivalent diameter De=2a2/b 
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In order to account for the effect of confinement by the tube walls and reinforcement, 

a confined concrete stress–strain model was adopted in the simulations. A brief 

description has been given in Chapter 2, and the details of this model are presented as 

follows.  

The confined stress–strain curves were used in the present study in conjunction with 

the concrete damaged plasticity model employed in ABAQUS (2013) using the 

following parameters: the ratio of the second stress invariants on the tensile and 

compressive meridians Kc was taken equal to 0.667, the dilation angle ψ was set equal 

to 15º, the flow potential eccentricity ef was taken equal to 0.1, the viscosity parameter 

μ was taken as zero and the ratio of the compressive strength of concrete under biaxial 

loading fb0 to the uniaxial compressive strength of concrete fc was taken equal to 1.16, 

following the recommendations of Tao et al. (2013).  

Following guidance from ACI 318 (ACI, 2011), the modulus of elasticity Ec of the 

initial linear elastic portion of the concrete stress–strain curve was defined as: 

       c c4700E f=                                (4.1) 

where Ec and fc are in N/mm2. The Poisson’s ratio of concrete was set at 0.2 (Tao et al., 

2013). The uniaxial tensile response was assumed to be linear until the tensile strength 

of the concrete was reached, which was taken as 0.1fc (Bažant, 2002). Thereafter, the 

inelastic portion of the tensile stress–strain curve was modelled as 10% of the 

compressive stress-strain curve (Dai et al., 2014). 

4.2.3 Boundary conditions and interface interactions 

At the ends of the columns, rotation about the intended buckling axis was permitted but 

rotation about the other cross-sectional axis was prevented, thus replicating the knife-

edge boundary conditions employed in the experiments. The compressive load was 

applied by means of displacement control to a reference point located on the rigid end-
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plate at an appropriate distance from the geometric centroid of the elliptical section to 

model the load eccentricity. Tie constraints were defined between the steel tube and the 

rigid end-plate. The interactions between the concrete core and the steel tube, and the 

concrete core and the end-plates were modelled with hard contact behaviour with ‘small 

sliding’ (Abaqus, 2013) in the normal direction and the surfaces of the concrete in both 

cases were set as the slave surfaces. For the tangential contact behaviour, it was found 

by Dai and Lam (2010) that varying the coefficient of friction between 0.1 and 0.5 had 

no significant influence on the overall behaviour of the model. A value of 0.3 was 

applied in the present study. 

4.2.4 Analysis procedure 

In order to provide an initial imperfection mode shape, a linear eigenvalue analysis was 

conducted for each column model. The global buckling (as opposed to local buckling) 

mode with the lowest eigenvalue was selected as the initial imperfect geometry. For the 

validation of the models, the measured imperfection amplitudes from the corresponding 

experiments were used. In some instances in experimental study of McCann et al. 

(2015), the geometrical imperfections were too small to measure directly, so values 

determined from a Southwell plot were employed. Also, in keeping with the test 

procedure, a load eccentricity of (L/1000 + 2 mm) was included when modelling 

specimen RE-00 in the study of Espinos et al. (2014). For the parametric study, an 

imperfection amplitude of L/1000 was used throughout. After incorporation of the 

imperfection into the models, a geometrically and materially nonlinear displacement-

controlled general static analysis was performed. 

4.3 Validation of FE model 

In order to assess the accuracy of the numerical model, comparisons were made 

between the ultimate loads and load–displacement curves obtained from a series of 

experiments conducted by McCann et al. (2015), Espinos et al. (2014) and Ren et al. 
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(2014) and those predicted by the numerical model. A group of the experimental results 

(Jamaluddin et al., 2013) were not used for the model validation owing to some 

unexpected trends in some of the reported data. Measured values of material strength 

and member geometry including imperfections were applied in the models. The 

reinforced specimens tested by McCann et al. (2015) and Espinos et al. (2014) 

contained four reinforcing bars of 10 mm diameter. 

Good agreement between the ultimate loads obtained from the numerical model Nu,FEA 

and the experimental ultimate loads Nu,exp can be observed in Figure 4.3 and Table 4.2, 

with the FE results being, on average, about 10% on the conservative side. The ability 

of the numerical models to capture the load–deflection behaviour accurately is 

demonstrated by the good agreement between the experimental and numerical curves 

presented in Figures 4.4 to 4.27 for the member tests conducted by McCann et al. (2015). 

From the example of specimen E6:L1-MA-50 (McCann et al., 2015), it can be seen 

from Figure 4.28 that good agreement was also achieved between the experimental and 

numerical failure modes; the corresponding load-deflection behaviour for this specimen 

is shown in Figure 4.9.  

 

Figure 4.3: Comparison of ultimate loads from experiments and numerical analysis 
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a) Comparison between test and FE load-axial displacement response for specimen 
E1 

 

 

 

 

b) Comparison between test and FE load-lateral deflection response for specimen E1 

Figure 4.4 Comparison between test and FE load-deformation response for specimen 
E1 
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a) Comparison between test and FE load-axial displacement response for specimen 
E2 

 

 

 

b) Comparison between test and FE load-lateral deflection response for specimen E2 

Figure 4.5 Comparison between test and FE load-deformation response for specimen 
E2 
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a) Comparison between test and FE load-axial displacement response for specimen 
E3 

 

 

 

b) Comparison between test and FE load-axial displacement response for specimen 
E3 

Figure 4.6 Comparison between test and FE load-deformation response for specimen 
E3 
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a) Comparison between test and FE load-axial displacement response for specimen 
E4 

 

 

b) Comparison between test and FE load-lateral deflection response for specimen E4 

Figure 4.7 Comparison between test and FE load-deformation response for specimen 
E4 
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a) Comparison between test and FE load-axial displacement response for specimen 
E5 

 

 

b) Comparison between test and FE load-lateral deflection response for specimen E5 

Figure 4.8: Comparison between test and FE load-deformation response for specimen 
E5 
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a) Comparison between test and FE load-axial displacement response for specimen 
E6 

 

 

b) Comparison between test and FE load-lateral deflection response for specimen E6 

Figure 4.9: Comparison between test and FE load-deformation response for specimen 
E6 
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a) Comparison between test and FE load-axial displacement response for specimen 
E7 

 

 

b) Comparison between test and FE load-lateral deflection response for specimen E7 

Figure 4.10: Comparison between test and FE load-deformation response for 
specimen E7 
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a) Comparison between test and FE load-axial displacement response for specimen 
E8 

 

 

b) Comparison between test and FE load-lateral deflection response for specimen E8 

Figure 4.11: Comparison between test and FE load-deformation response for 
specimen E8 
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a) Comparison between test and FE load-axial displacement response for specimen 
E9 

 

 

b) Comparison between test and FE load-lateral deflection response for specimen E9 

Figure 4.12: Comparison between test and FE load-deformation response for 
specimen E9 
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a) Comparison between test and FE load-axial displacement response for specimen 
E10 

 

 

b) Comparison between test and FE load-lateral deflection response for specimen 
E10 

Figure 4.13: Comparison between test and FE load-deformation response for 
specimen E10 
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a) Comparison between test and FE load-axial displacement response for specimen 
E11 

 

 

b) Comparison between test and FE load-lateral deflection response for specimen 
E11 

Figure 4.14: Comparison between test and FE load-deformation response for 
specimen E11 
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a) Comparison between test and FE load-axial displacement response for specimen 
E12 

 

 

b) Comparison between test and FE load-lateral deflection response for specimen 
E12 

Figure 4.15: Comparison between test and FE load-deformation response for 
specimen E12 
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a) Comparison between test and FE load-axial displacement response for specimen 
E13 

 

 

b) Comparison between test and FE load-lateral deflection response for specimen 
E13 

Figure 4.16: Comparison between test and FE load-deformation response for 
specimen E13 

0

50

100

150

200

250

0 5 10 15 20 25

L
oa

d 
(k

N
)

Axial displacement (mm)

Test

FEA

0

50

100

150

200

250

0 20 40 60 80 100 120 140

L
oa

d 
(k

N
)

Lateral deflection at mid-height (mm)

Test

FEA



Chapter 4: Numerical modelling 

126 
 

 

a) Comparison between test and FE load-axial displacement response for specimen 
E14 

 

 

b) Comparison between test and FE load-lateral deflection response for specimen 
E14 

Figure 4.17: Comparison between test and FE load-deformation response for 
specimen E14 
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a) Comparison between test and FE load-axial displacement response for specimen 
E15 

 

 

b) Comparison between test and FE load-lateral deflection response for specimen 
E15 

Figure 4.18: Comparison between test and FE load-deformation response for 
specimen E15 
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a) Comparison between test and FE load-axial displacement response for 
specimen E16 

 

 

b) Comparison between test and FE load-lateral deflection response for specimen 
E16 

Figure 4.19: Comparison between test and FE load-deformation response for 
specimen E16 
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a) Comparison between test and FE load-axial displacement response for 
specimen E18 

 

 

b) Comparison between test and FE load-lateral deflection response for specimen 
E18 

Figure 4.20: Comparison between test and FE load-deformation response for 
specimen E18 

0

50

100

150

200

250

300

350

0 5 10 15 20 25

L
oa

d 
(k

N
)

Axial displacement (mm)

Test

FEA

0

50

100

150

200

250

300

350

0 10 20 30 40 50 60

L
oa

d 
(k

N
)

Lateral deflection at mid-height (mm)

Test

FEA



Chapter 4: Numerical modelling 

130 
 

 

a) Comparison between test and FE load-axial displacement response for 
specimen E19 

 

 

b) Comparison between test and FE load-lateral deflection response for specimen 
E19 

Figure 4.21: Comparison between test and FE load-deformation response for 
specimen E19 
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a) Comparison between test and FE load-axial displacement response for 
specimen E20 

 

 

a) Comparison between test and FE load-lateral deflection response for specimen 
E20 

Figure 4.22: Comparison between test and FE load-deformation response for 
specimen E20 

0

100

200

300

400

500

600

0 5 10 15 20 25 30

L
oa

d 
(k

N
)

Axial displacement (mm)

Test

FEA

0

100

200

300

400

500

600

0 20 40 60 80 100 120

L
oa

d 
(k

N
)

Lateral deflection at mid-height (mm)

Test

FEA



Chapter 4: Numerical modelling 

132 
 

 

a) Comparison between test and FE load-axial displacement response for 
specimen E21 

 

 

a) Comparison between test and FE load-lateral deflection response for specimen 
E21 

Figure 4.23: Comparison between test and FE load-deformation response for 
specimen E21 
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a) Comparison between test and FE load-axial displacement response for 
specimen E22 

 

 

b) Comparison between test and FE load-lateral deflection response for specimen 
E22 

Figure 4.24: Comparison between test and FE load-deformation response for 
specimen E22 
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a) Comparison between test and FE load-axial displacement response for 
specimen E23 

 

 

b) Comparison between test and FE load-lateral deflection response for specimen 
E23 

Figure 4.25: Comparison between test and FE load-deformation response for 
specimen E23 
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a) Comparison between test and FE load-axial displacement response for 
specimen E24 

 

 

a) Comparison between test and FE load-lateral deflection response for specimen 
E24 

Figure 4.26: Comparison between test and FE load-deformation response for 
specimen E24 
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Figure 4.27: Comparison between test and FE load-lateral deflection response for 
specimen E17 

 

Table 4.2: Comparison of ultimate loads from experiments and numerical 
analysis 

Specimen 
Nu,exp 

(kN) 

Nu,FEA 

(kN) 
Nu,exp / Nu,FEA 

McCann et al. (2015)    

E1:L3-MA-0 762 704 1.08 

E2:L2-MA-0 887 914 0.97 

E3:L1-MA-0 1059 1020 1.04 

E4:L3-MA-50 349 306 1.14 

E5:L2-MA-50 360 384 0.94 

E6:L1-MA-50 509 452 1.13 

E7:L3-MA-150 176 159 1.11 

E8:L2-MA-150 199 179 1.11 

E9:L1-MA-150 223 208 1.07 

E10:L3-MI-0 349 330 1.06 

E11:L2-MI-0 664 588 1.13 

E12:L1-MI-0 831 873 0.95 

E13:L3-MI-25 223 193 1.15 

E14:L2-MI-25 338 280 1.21 

E15:L1-MI-25 460 393 1.17 
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Specimen 
Nu,exp 

(kN) 

Nu,FEA 

(kN) 
Nu,exp / Nu,FEA 

E16:L3-MI-50 168 147 1.14 

E17:L2-MI-50 246 201 1.22 

E18:L1-MI-50 322 268 1.20 

E19:L3-MA-50-R 370 341 1.09 

E20:L2-MA-50-R 482 439 1.10 

E21:L1-MA-50-R 579 535 1.08 

E22:L3-MI-25-R 226 189 1.19 

E23:L2-MI-25-R 353 301 1.18 

E24:L1-MI-25-R 493 446 1.10 

Espinos et al. (2014)    

E-00 2331 2078 1.12 

E-20 1168 1157 1.01 

E-50 810 819 0.99 

RE-00 2071 2024 1.02 

RE-20 1174 1244 0.94 

RE-50 777 842 0.92 

Ren et al. (2014)    

ec1-1 1121 1135 1.00 

ec1-2 1157 1135 1.03 

ec2-1 1389 1366 1.03 

ec2-2 1322 1366 0.98 

ec3-1 1896 1531 1.26 

ec3-2 1829 1531 1.21 

ec4-1 632 546 1.17 

ec4-2 641 546 1.19 

ec5-1 325 278 1.18 

ec5-2 343 278 1.24 

ec6-1 776 663 1.18 

ec6-2 788 663 1.20 

ec7-1 972 796 1.22 

ec7-2 961 796 1.20 

Average   1.11 

Standard deviation   0.09 
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Figure 4.28: Comparison of deformed beam-columns (left) as observed in 
experiments and (right) predicted by numerical model for specimen E6     

(McCann et al., 2015) 

The comparisons between the FE and experimental results show that the ultimate 

resistances and load-deflection responses are generally very similar, demonstrating that 

the FE models are suitable for the simulation of CFEHS column and beam-column 

members. The lower stiffness observed in the initial stages of some of the tests are 

attributed to embedment of the specimens, including the closure of small gaps and 

crushing of the infilled plaster, which would not affect their ultimate loading resistance 

or the post-ultimate behaviour. The validated FE models are now used to perform 

parametric studies. 

4.4 Parametric study 

After achieving satisfactory agreement between the results of the experiments and the 

numerical analysis, three groups of parametric studies, focusing on the CFEHS 

members under axial compression combined with uniaxial bending and biaxial bending, 

using the validated FE models were conducted.  
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4.4.1 Simulations of members under axial compression  

The parameters varied in the parametric study of members under axial compression 

were the cross-sectional geometry 2a × 2b × t, the nondimensional slenderness ̅, the 

steel reinforcement ratio ρ, the major axis reinforcement cover μs and the intended 

buckling axis, which are shown in Figure 4.29. Specimens modelled with steel 

reinforcement contained six reinforcing bars, with the bar diameter chosen to provide 

the specified reinforcement ratio. The ranges of values assumed by these parameters 

are given in Table 4.3. Characteristic material strengths fy, fc and fs of the steel tube, 

concrete and steel reinforcement, respectively, were adopted in the parametric study 

and are also given in Table 4.3, while the amplitude of the imperfection included in the 

model was L/1000. The shape of the steel stress-strain curve used in the parametric 

study was taken as that from the validation study, but characteristic material strengths 

were used in place of the measured values, as illustrated in Figure 4.2. The 220 × 110 

× 12.5 specimens were not modelled with steel reinforcement since the EN 1992-1-1 

(BSI, 2004) requirements regarding minimum bar spacing cannot be met. A total of 120 

simulations have been conducted in this parametric study.  

Figure 4.29: Cross-sectional geometry and positions of reinforcing bars and 
concentric loads for specimens of parametric study of members under axial 

compression  
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Table 4.3: Ranges of variation of parameters for parametric study of members under 
axial compression 

2a × 2b (mm) 220 × 110 480 × 240 

t (mm) 6.3; 12.5* 12.5; 14.2 ̅ 0.2; 0.5; 0.8; 1; 1.2 0.2; 0.5; 0.8; 1.1 

us (mm) 30 55; 65 

ρ (%) 0; 2.5; 5 

Buckling axis major; minor 

fy (MPa) 355 

fc (MPa) 30 

fs (MPa) 500 

B.C. pinned-pinned 

*220 × 110 × 12.5 specimens were not modelled with reinforcement 

since EN 1992-1-1 requirements regarding minimum bar spacings 

cannot be met 

4.4.2 Simulations of members under combined axial compression and uniaxial 

bending 

For the parametric study of members under combined axial compression and uniaxial 

bending, the varied parameters included those for members under axial compression, 

which can be found in Section 4.4.1, and the load eccentricities ey and ez, which are 

shown in Figure 4.30. The range of the parameters in this study is presented in Table 

4.4. The FE models for the simulations of members under axial compression can be 

adopted with modification to the loading point, as shown in Figure 4.30, to account for 

the loading eccentricities. A total of 240 simulations have been conducted in this 

parametric study. 
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Table 4.4: Ranges of variation of parameters for parametric study of members under 
combined axial compression and uniaxial bending 

2a × 2b (mm) 220 × 110 480 × 240 

t (mm) 6.3; 12.5* 12.5; 14.2 ̅ 0.2; 0.5; 0.8; 1; 1.2 0.2; 0.5; 0.8; 1.1 

us (mm) 30 55; 65 

ρ (%) 0; 2.5; 5 

e/2a; e/2b 0.25; 0.50 

Buckling axis major; minor 

fy (MPa) 355 

fc (MPa) 30 

fs (MPa) 500 

B.C. pinned-pinned 

*220 × 110 × 12.5 specimens were not modelled with reinforcement 

since EN 1992-1-1 requirements regarding minimum bar spacings 

cannot be met 

 

Figure 4.30: Cross-sectional geometry and positions of reinforcing bars and eccentric 
loads for specimens of parametric study of members under combined axial 

compression and uniaxial bending  
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4.4.3 Simulations of members under combined axial compression and biaxial 

bending 

To carry out the parametric study of members under combined axial compression and 

biaxial bending, the geometry and boundary conditions of the validated FE models need 

to be modified to account for the loading eccentricity to both of the axes. A full cross-

section is modelled in this parametric study, and at the ends of columns, rotation about 

both axes is permitted. The material and element properties of FE models in this 

parametric study adopted those of the validated models, and a typical FE model is 

shown in Figure 4.31. The varied parameters include the steel tube thickness t, the 

nondimensional slenderness ̅ , the steel reinforcement ratio ρ, and the load 

eccentricities ey and ez, as demonstrated in Figure 4.32. The ranges of values assumed 

by these parameters are given in Table 4.5. A total of 144 simulations have been 

conducted in this parametric study. 

 

Figure 4.31: Model in ABAQUS (2013) of a column under combined axial 
compression and biaxial bending 

Concrete core 

Steel tube End-plate 
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Figure 4.32: Cross-sectional geometry and positions of reinforcing bars and eccentric 
loads for specimens of parametric study of members under combined axial 

compression and biaxial bending 

Table 4.5: Ranges of variation of parameters for parametric study of members under 
combined axial compression and biaxial bending 

2a × 2b (mm) 220 × 110 

t (mm) 6.3, 12.5 

   ̅ 0.4, 0.9, 1.5, 1.8 

us (mm) 30 

ρ (%) 0, 2 

e/2a; e/2b 0, 0.25, 0.5 

fy (MPa) 355 

fc (MPa) 30 

fs (MPa) 500 

B.C. Pinned - Pinned 

 

4.5 Analysis of results of numerical study  

In this section, the results of the parametric studies of CFEHS members under axial 

θ 

e 

Position of eccentric load 

Position of reinforcing bar 

2μs 

μs 

y 

z 
ey 

ez 



Chapter 4: Numerical modelling 

144 
 

compression and members under combined axial compression and uniaxial or biaxial 

bending are analysed. The strength index (SI), which is defined in Equation 3.2, is used 

to evaluate the influence of the varied parameters on the ultimate resistance of CFEHS 

members. 

4.5.1 Members under axial compression 

For columns under axial compression, the varied parameters include the 

nondimensional slenderness ̅, which is defined in Equation 5.1, the cross-sectional 

geometry 2a × 2b × t, the steel reinforcement ratio ρ and the buckling axis. In Figure 

4.33 to 4.35, the values of SI from the parametric models are plotted against their 

nondimensional slenderness and the values are grouped by the cross-sectional geometry, 

steel reinforcement ratio and buckling axis respectively, according to which, members 

with lower nondimensional slenderness were found to have better utilisation of the 

plastic compressive resistance, while the other parameters showed less influence on the 

strength index than the nondimensional slenderness.  

 
Figure 4.33: Influence of cross-sectional geometry and nondimensional slenderness 

on resistance of column members 
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Figure 4.34: Influence of reinforcement ratio and nondimensional slenderness on 
resistance of column members 

 
Figure 4.35: Influence of buckling axis and nondimensional slenderness on resistance 

of column members 
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investigated for members under axial compression. The influence of loading 

eccentricity and nondimensional slenderness on the SI is shown in Figure 4.36. Based 

on the data from the parametric study, stockier beam-columns with lower loading 

eccentricity can lead to higher strength indices following the results of the experimental 

study.  

 

Figure 4.36: Influence of loading eccentricity, buckling axis and nondimensional 
slenderness on resistance of members under combined compression and uniaxial 

bending 
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nondimensional slenderness in Figure 4.37, according to which, larger loading angles 

and smaller loading distance may be seen to result in better utilisation of the plastic 
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from the parametric study shows that the influence of loading angle on the value of SI 

increases as the nondimensional slenderness increases.  

 

 
Figure 4.37: Influence of loading angle, loading distance and nondimensional 
slenderness on resistance of under combined compression and biaxial bending 
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this chapter, with further analysis presented in the next chapter. In general, the trends 

in the FE results follow those observed in the tests and described in Chapter 3. The 

combined experimental and numerical data set is used to devise design 

recommendations for CFEHS columns and beam-columns in Chapter 5.  
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Chapter 5 
 

Design recommendations 

 

5.1 Introduction  

In this chapter, the results of the experiments and numerical parametric studies of the 

beam-column behaviour of CFEHS are compared with the resistances determined 

according to the provisions of EN 1994-1-1 (BSI, 2004) for (1) members under axial 

compression (2) members under combined compression and uniaxial bending and (3) 

members under combined compression and biaxial bending. Since there are no specific 

design provisions for elliptical hollow section members, comparisons were made using 

the provisions for circular and rectangular hollow sections. It was found previously that 

the code predictions generally agree well with experimental results (McCann et al., 

2015; Espinos et al., 2014; Ren et al., 2014). Following the comparisons, an assessment 

is made of the reliability of the design proposals for CFEHS columns and beam-

columns in accordance with Annex D of EN 1990 (BSI, 2002). 

Recommendations are presented in EN 1994-1-1 (BSI, 2004) for the structural design 

of CFCHS components under concentric and eccentric loading. The former adopts a 

reduction factor to allow for member buckling, while the latter involves interaction 
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curves based upon cross-sectional plastic resistance. Applicability of the provisions to 

the design of CFEHS components is assessed in the following sub-sections. 

5.2 Members in axial compression 

For columns in axial compression, it is stated in EN 1994-1-1 (BSI, 2004) that the 

nondimensional slenderness ̅ of a composite member may be used to calculate the 

buckling reduction factor χ using the buckling curves provided in EN 1993-1-1 (BSI, 

2005). The resulting reduction factor is multiplied by the plastic resistance of the cross-

section to compression Npl,Rd to provide the axial design resistance Nu,EC4 of the 

concentrically-loaded column. The nondimensional slenderness ̅ is defined as: 

pl,Rd

cr

N
N

λ = .                           (5.1) 

where Npl,Rd and Ncr is defined by Eq. (5.2) and (5.3), respectively. The plastic resistance 

to compression Npl,Rd of a concrete-filled hollow section is given in EN 1994-1-1 (BSI, 

2004) as: 

Npl,Rd = As fy + Ac fc + Ar fr                     (5.2) 

where As, Ac and Ar are the cross-sectional areas of the steel tube, concrete core and 

steel reinforcement, respectively, and fy, fc and fr are the strengths of the steel tube, 

concrete and steel reinforcement, respectively. For CHS columns with ̅< 0.5 and e/D 

< 0.1, where D is the diameter of the CHS and e is the eccentricity of loading, the 

contribution of the concrete is amplified to take into account the increased confinement 

effect. As was shown by testing (Yang et al., 2008) and numerical modelling (Dai and 

Lam, 2010), the confinement effect in an EHS is somewhat less than that in a CHS, and 

so in the present study, the coefficient of the contribution of the concrete to the plastic 

resistance to compression is set to 1.0, as would be applied to a concrete-filled member 

with a square or rectangular cross-section. The elastic critical buckling load Ncr for a 
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composite member is: 

2
eff

2

cr

)(

L
EIN π=                        (5.3) 

where the effective flexural stiffness of the composite cross-section (EI)eff is given in 

EN 1994-1-1 (BSI, 2004) by: 

(EI)eff = Es Is + 0.6 Ec Ic + Er Ir                      (5.4) 

where Es, Ec and Er are the moduli of elasticity of the steel tube, concrete and steel 

reinforcement, respectively, and Is, Ic and Ir are the second moments of area of the steel 

section, concrete section and the reinforcement about the buckling axis in question, 

respectively. 

According to the current provisions of EN 1994-1-1 (BSI, 2004) for concrete-filled 

CHS and RHS members, the buckling curve that should be used is dependent upon the 

reinforcement ratio ρ. For ρ ≤ 3%, curve a is prescribed, while for 3% < ρ ≤ 6% curve 

b should be used. In Figure 5.1, the ultimate resistances Nu from the tests and numerical 

parametric study are normalized by the plastic resistance of the cross-section Npl,Rd, and 

plotted against nondimensional slenderness ̅ . The results have been grouped by 

reinforcement ratio - ρ ≤ 3% and 3% < ρ ≤ 6%. The results are compared to EN 1993-

1-1 (BSI, 2005) buckling curves a, b and c, where it can be seen that curve b tends to 

provide a lower bound for specimens with a low level of reinforcement, while curve c 

tends to provide a lower bound to specimens with a higher level of reinforcement. It is 

thus proposed that when designing CFEHS columns with ρ ≤ 3%, curve b should be 

used, while for 3% < ρ ≤ 6%, curve c should be used. 

In Figure 5.2, the experimental and numerical results for concentrically-loaded CFEHS 

members are compared to the design resistances calculated using curves b and c while 

in Figure 5.3, the ratios of the experimental and numerical results to the design 
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resistances calculated using curves b and c are plotted, where it can be seen that the use 

of the proposed buckling curves tends to provide safe predictions of the design 

resistance.  

Figure 5.1: Comparison of normalised ultimate loads Nu from experiments and 
numerical parametric study with EN 1993-1-1 (BSI, 2005) buckling curves 

Figure 5.2: Comparison of experimental and numerical ultimate loads with design 
ultimate loads for members under axial compression determined using EN 1993-1-1 

(BSI, 2005) buckling curves b and c 
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Figure 5.3: Variation with slenderness of ratio of ultimate loads Nu from experiments 
and numerical analysis to design resistances Nu,EC4 for members under axial 

compression determined using EN 1993-1-1 (BSI, 2005) buckling curves b and c 

The reliability of the proposed buckling curves is assessed in accordance with EN 1990 

(BSI, 2002) in section 5.7. 

5.3 Construction of interaction diagram for CFEHS under combined loading 

To assess the resistance of members under combined axial compression and bending, 

the N-M interaction diagram of the composite cross-section is required. The ultimate 

resistance of the member can then be predicted by finding the intersection of loading 

curve and N-M interaction diagram. The geometry of elliptical sections complicates the 

process, but the approach employed is described in this sub-section. 

5.3.1 Assumptions  

For the derivation of the interaction diagram for CFEHS, rigid-plastic material 

behaviour is assumed, according to which, the steel strength is limited by the yield 
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strength under either compression or tension, while the concrete strength is taken as the 

cylinder strength fck under compression and zero under tension (Nethercot, 2003). 

5.3.2 Methodology  

In this study, the interaction diagram is derived numerically. The general procedure for 

acquiring the N-M interaction diagram for CFEHS is as follows: 

1) Assume an arbitrary position for the neutral axis of cross-section. 

2) Evaluate the stress distribution of both the steel and the concrete based on the above 

assumptions. 

3) Obtain the axial load by integration of the stress over the cross-section, and obtain 

the bending moment by taking moments about the respective axis of the cross-

section. 

4) Change the position of the neutral axis to over the whole cross-section.  

A CFEHS with its neutral axis at an arbitrary location is shown in Figure 5.4 and 5.5 

for a cross-section under combined axial compression and uniaxial bending, and 

combined axial compression and biaxial bending, respectively.  

Figure 5.4: Stress distribution in a CFEHS under combined axial compression and 
uniaxial bending 

θ 
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Figure 5.5: Stress distribution in a CFEHS under combined axial compression and 
biaxial bending 

The equations of the inner and outer ellipse (i.e. the inner and outer surfaces of the 

EHS) are given by Eq. (5.5) and Eq. (5.6) in Cartesian coordinates, respectively, and 

by Eq. (5.7) and Eq. (5.8) in polar coordinates, respectively. The polar coordinates r 

and θ are illustrated in Figure 5.4. 

2 2

2 2
1 1

1
z y
a b

+ =                                 (5.5) 

2 2

2 2
2 2

1
z y
a b

+ =                                 (5.6) 

2 2

2 2
1 1

( cos ) ( sin )
1

r r
a b

θ θ+ =                        (5.7) 

2 2

2 2
2 2

( cos ) ( sin )
1

r r
a b

θ θ+ =                        (5.8) 

where a1 and a2 are the radii of the minor axis of the inner and outer ellipses and b1 and 

b2 are the radii of the major axis of the inner and outer ellipses. 



Chapter 5: Design Recommendations  

156 
 

The axial load Ni and bending moment Mi for a cross-section in the scenario with neutral 

axis i are given by: 

i ci si riN F F F= + +                              (5.9) 

i ci si riM M M M= + +                          (5.10) 

where Fci, Fsi and Fri are the axial loads carried by the concrete, steel tube and 

reinforcement, respectively, whilst Mci, Msi and Mri are the bending moments carried by 

the concrete, steel tube and reinforcement, respectively. In the present study, 

compressive load is taken as positive, thus: 

ci cci ctiF F F= −                                (5.11) 

si sci stiF F F= −                                (5.12) 

ri rci rtiF F F= −                                (5.13) 

where Fcci, Fsci and Frci are the axial loads carried by the compressive parts of the 

concrete, steel tube and reinforcement and Fcti, Fsti and Frti are the axial load carried by 

the tensile parts of the concrete, steel tube and reinforcement. 

Following the assumptions made in Section 5.3.1, the axial load and bending moments 

can be determined as follow: 

ci cci cci ckF F A f= =                           (5.14) 

si sci ssi y( )F A A f= −                           (5.15) 

ri rci rsi r( )F A A f= −                           (5.16) 

ci pl,c ckM W f=                                (5.17) 

si pl,s yM W f=                                (5.18) 

ri pl,r rM W f=                                (5.19) 

where fck, fy and fr are the concrete cylinder strength, and yield strength of steel tube 

and reinforcing bars; Acci, Asci and Arci are the area of the compressive part of the 
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concrete, steel tube and reinforcement; Assi and Arsi are the area of the tensile part of the 

steel tube and reinforcement and Wpl,c, Wpl,s, and Wpl,r are the plastic cross-section 

modulus of the concrete core, steel tube and reinforcement. 

Since the material properties of the composite cross-section are assumed to be 

homogeneous and constant, the following sections are focused on investigating the 

geometric properties of the cross-section in different scenarios.  

5.3.3 CFEHS under combined axial compression and uniaxial bending 

The stress distribution in a CFEHS under combined axial compression and uniaxial 

bending with neutral axis i is shown in Figure 5.4, and the position of the neutral axis i 

in Cartesian coordinates is given by: 

iy l=                                        (5.20) 

The intersection points of the neutral axis with the inner and outer ellipses in quadrant 

1 are (z1, li) and (z2, li), respectively, as shown in Figure 5.4. For convenience in the 

derivation process, the scenarios with li≥0 are considered in the following discussion, 

while the scenarios with li<0 are introduced at the end of this section.  

The polar coordinate system is adopted in the following derivation, with the 

transformations of the elliptical functions from the Cartesian coordinate system to the 

polar coordinate system given by 

cosz r θ=  and siny r θ=                       (5.21) 

            
2 2

2
2 2( cos ) ( sin )

a br
b aθ θ

=
+

.                       (5.22)               

For the determination of the axial load carried by a cross-section, the areas of 

compressive part of the concrete core, and the compressive and tensile parts of the steel 

tube can be calculated from: 
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( )

[ ]

1 1 1

1
cci i 1 0 0

1 1 1 1 1 1 1
i 1 1

1 1 1 1 1

2

( )sin(2 )
arctan

2 2 ( ) ( ) cos(2 )

a r

a
A ydz l z rdrd

a b a b b al z
b a b a

θ
θ

π θθ
θ

−

 = − −  
   −= − − −   + + −     

  
            (5.23) 

( )

[ ]

2 2 2

2
sci i 2 cci0 0

2 2 2 2 2 2 2
i 2 2 cci

2 2 2 2 2

2

( )sin(2 )
arctan

2 2 ( ) ( ) cos(2 )

a r

a
A ydz l z rdrd A

a b a b b al z A
b a b a

θ
θ

π θθ
θ

−

  = − − −    
   −= − − − −   + + −     

  
     5.24) 

sti sci 2 2 1 1 scisA A A a b a b Aπ π= − = − − .                                   (5.25) 

For CFEHS cross-sections with reinforcement, the areas of the reinforcing bars with 

compressive and tensile stresses can be calculated depending on the position of neutral 

axis, and the reinforcing bars are approximated to be rectangular with a height equal to 

the diameter of bars. The calculation process is presented as follows: 

for  r i2
y l bϕ+ ≤ < : 

rci 0A =                                     (5.26) 

for r i r2 2
y l yϕ ϕ− ≤ < + : 

2 i r

rci

2
2

2

l y
A

ϕ
ϕπ

ϕ

 − −    =  
 

                    (5.27) 

for i r0
2

l y ϕ≤ < − : 

2

rci 2
2

A ϕπ  =  
 

                              (5.28) 

and for all the scenarios discussed above, the area of tensile reinforcing bars is 

rti r rciA A A= −                               (5.29) 

where φ is the diameter of the reinforcing bars and Ar is the total cross-sectional area of 

reinforcing bars of the whole CFEHS. 
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Thus the axial load carried by the cross-section can be found by substituting Eq. (5.23) 

to Eq. (5.29) into Eq. (5.14) to Eq. (5.16).  

For the determination of the bending moment carried by a cross-section, the plastic 

section modulus of different parts is required; for a cross-section under uniaxial bending 

about its minor axis, the bending moment about the major axis is zero, thus only the 

minor axis plastic section modulus is considered, and calculated as:   

2
2 2

2

2 i

2
1 ( ) 2 22 3

pl,ci,z 2
2

2
( ) ( )

3

zz b
a

iz l

aW y z dydz b l
b

−

−
= = −       (5.30) 

pl,si,z pl,sci,z pl,sti,zW W W= −                          (5.31) 

pl,ri,z pl,rci,z pl,rti,zW W W= −                          (5.32) 

where Wpl,ci,z, Wpl,si,z and Wpl,ri,z are the minor axis plastic section moduli of the concrete 

core, steel tube and reinforcement; Wpl,sci,z and Wpl,rci,z are the minor axis plastic section 

moduli of the compressive part of steel tube and reinforcement and Wpl,sti,z and Wpl,rti,z 

are the minor axis plastic section moduli of the tensile part of steel tube and 

reinforcement.     

As the geometrical properties and the stress distribution of the cross-section is 

symmetrical, Wpl,sci,z = −Wpl,sti,z and Wpl,rci,z = −Wpl,rsi,z. Eq. (5.31) and Eq. (5.32) can be 

transformed into 

2 2
1 1 2 2

1 2

1 i 2 i

1 ( ) 1 ( )

pl,si,z pl,sci,z

3 3
2 2 2 21 22 2

1 i 2
1 2

2 2

2 2
2 ( ) ( )

3 3

z zz b z b
a a

z l z l

i

W W ydydz ydydz

a ab l b l
b b

− −

− −

    
= = −            

    
= − − −    

     

   
      (5.33) 

pl,ri,z pl,rci,z2W W= .                            (5.34) 



Chapter 5: Design Recommendations  

160 
 

Since the reinforcing bars have a constant lever arm to the minor axis, the ratio of the 

section modulus of the compressive part to the total part can be assumed to be 

proportional to that of the areas. Thus the following relation can be drawn:   

pl,rci rci

pl,ri,z r

W A
W A

=  giving rci pl,ri,z
pl,rci

r

A W
W

A
=             (5.35) 

where Wpl,ri,z is the minor axis plastic section modulus of the reinforcing bars of the 

whole cross-section, and can be calculated as: 

3 2
2

pl,r,z 32 4 rW n yπϕ πϕ 
= + 

 
                      (5.36) 

where n is the number of reinforcing bars. Thus the bending moment carried by the 

CFEHS with neutral axis i can be found by substituting Eq. (5.30) and Eq. (5.33) to Eq. 

(5.35) into Eq. (5.17) to Eq. (5.19). 

For the scenarios that li<0, setting the li’=−li, the respective geometric properties can 

be found: 

cci c cci'A A A= − , sci tube sci'A A A= − , rci r rci'A A A= − ,                        

sti tube sti'A A A= −  and sti tube sti'A A A= −                      (5.37) 

pl,ci,z pl,ci,z'W W= , pl,si,z pl,ci,z'W W=  and pl,ri,z pl,ri,z'W W=            (5.38) 

By shifting the value of li from -b to b in small increments, the N-M interaction 

resistance curve of a CFEHS under combined axial compression and uniaxial bending 

about its minor axis can be plotted. Similarly, the interaction curve for a CFEHS under 

eccentric loading about its major axis can also be captured by switching the major and 

minor axis.  

The aforementioned methodology is time consuming and not convenient for hand 

calculation. A program in Matlab (MathWork, 2016) was implemented in order to carry 
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out the above described calculations. The source code is given in Appendix A.1, and 

results are used to calculate the design resistances presented in Section 5.4. 

5.3.4 CFEHS under combined axial compression and biaxial bending 

The stress distribution in a CFEHS under combined axial compression and biaxial 

bending with neutral axis i is shown in Figure 5.5 and the location of the neutral axis i 

in Cartesian coordinates is given by: 

y mz c= +                                   (5.39) 

The intersection points of neutral axis with the inner ellipse are (z1, y1), (z2, y2) in 

Cartesian coordinates and (θ1, r1), (θ2, r2) in polar coordinates. Similarly, (z3, y3), (z4, 

y4) and (θ3, r3), (θ4, r4) are the coordinates for the intersection points of neutral axis with 

the outer ellipse, as shown in Figure 5.5. For convenience in the derivation process, the 

scenarios with θ2 − θ1≤π are considered in the following discussion, while the scenarios 

with θ2 − θ1>π are introduced at the end of this section. 

5.3.4.1 Area of compressive part of concrete core 

The concrete core only is considered in this section, as shown in Figure 5.6.  

 
Figure 5.6: Stress distribution in concrete core of CFEHS under combined axial 

compression and biaxial bending 
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In this scenario, the shaded part in Figure 5.6 is the area of compressed part of the 

concrete core Acci, which can be calculated by: 

1 2cci θ θ triA A A= −                                (5.40) 

where Aθ1θ2
 and Αtri are the swept area between θ1 and θ2 and the triangle area enclosed 

by the neutral axis and two radial lines, and can be calculated by: 

2

1 2
1

2
θ θ

1
( )

2
A r d

θ

θ
θ θ=                              (5.41) 

tri 1 2 2 1

1
( ) ( )sin( )

2
A r rθ θ θ θ= − .                     (5.42) 

For the convenience of the derivation, the expression of Aθ1θ2
 is transformed into a 

parametric representation, as given by: 

                   cos cosz a t r θ= =  and cos siny b t r θ= = ,  

giving 2 2 2 2 2cos sin= +r a t b t .                    (5.43) 

Thus the relation between θ and t can be expressed by: 

sin sin

cos cos

y b t r
z a t r

θ
θ

= =  giving tan tan
at
b

θ= ⋅  and ( ) arctan tan =  
 

θ θat
b

.   (5.44) 

By substituting Eq. (5.43) and Eq. (5.44) into Eq. (5.41), Aθ1θ2
 can be expressed as: 

( )

( ) ( ) ( )

2

1 2
1

2 2

1 1

2 2 2 2

2
2 2 2 2

2 12 2 2

2 1

1
cos sin

2

1 sec
cos sin

2 tan 2 2

arctan tan arctan tan
2

dA a t b t dt
dt

ab t ab aba t b t dt dt t t
a b t

ab a a
b b

θ θ

θ θ θ θ

θ θ θ θ

θ θ θ θ

θ

θ θ

θ θ

=

=

= =

= =

= +

= + = = −  +
    = −        



  . (5.45) 

This integral can be checked by:  
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b bt tab t a a
ba b t t
a

b bt d t da a
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dt d

θ

θ
θθ

θ

= =
+ ++

 
 

= = = 
          

              (5.46) 

According to Eq. (5.7) and Eq. (5.8), the area of enclosed triangle can be calculated by: 

( )
( ) ( ) ( ) ( )

( )
2

tri 2 12 2 2 2

1 1 2 2

1 1
sin

2 cos sin cos sin
= −

+ +
θ θ

θ θ θ θ
ab

A
b a b a

.  (5.47) 

By substituting Eq. (5.45) and Eq. (5.47) into Eq. (5.40), the area of the shaded elliptical 

sector can be found as: 

( )
( ) ( ) ( ) ( )

( )

cci 2 1

2

2 12 2 2 2

1 1 2 2

arctan tan arctan tan
2

1 1
sin

2 cos sin cos sin

ab a aA
b b

ab
b a b a

θ θ

θ θ
θ θ θ θ

    = −        

− −
+ +

.      (5.48) 

5.3.4.2 Areas of the parts of the steel tube under compressive and tensile stresses 

To determine the area of the part of the steel tube with compressive stress, both the steel 

tube and concrete core are considered in this section, as shown in Figure 5.7. 

 
Figure 5.7: Stress distribution in steel tube of CFEHS under combined axial 

compression and biaxial bending 
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In the scenario shown in Figure 5.7, the shaded part of the elliptical tube is under 

compressive stress, and the area Asci of this part can be calculated as: 

3 4 1 2sci l lA A Aθ θ θ θ= −                            (5.49) 

where Aθ1θ2l  is the area enclosed by the neutral axis and the short arc of the inner 

ellipse between the intersection points (r1, θ1) and (r2, θ2) and Aθ3θ4l  is the area 

enclosed by the neutral axis and the short arc of the outer ellipse between the 

intersection points (r3, θ3) and (r4, θ4). 

Based on the derivations presented in Section 5.3.4.1, the area of the elliptical sector 

can be found for a given neutral axis location with two intersection points in polar 

coordinates. To determine the value of Asci, the intersection points with the outer ellipse 

(r1, θ1) and (r2, θ 2) are set as a known variable. According to Eq. (5.21) and Eq. (5.22), 

the parameters for the neutral axis location in the polar coordinate system are: 

1 1 2 2

1 1 2 2

sin - sin

cos - cos

r rm
r r

θ θ
θ θ

=                          (5.50) 

1 1 1 1sin cosc r mrθ θ= −                         (5.51) 

Thus the parameters of neutral axis m and c are defined by θ1 and θ2. By adopting the 

root finding function in Cartesian coordinates, the intersection points of the neutral axis 

with the outer ellipse (z3, y3) and (z4, y 4) can be found from: 

2 2 4 2 2 2 4 2 2
2 2 2 2 2 2 2

3 2 2 2
2 2

a mc a b a b c a m b
z

b a m
− − − +

=
+

            (5.52) 

2 2 4 2 2 2 4 2 2
2 2 2 2 2 2 2

4 2 2 2
2 2

a mc a b a b c a m b
z

b a m
− + − +

=
+

            (5.53) 
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2 2 4 2 2 2 4 2 2
2 2 2 2 2 2 2

3 2 2 2
2 2

− − − +
= +

+
a mc a b a b c a m b

y m c
b a m

        (5.54) 

2 2 4 2 2 2 4 2 2
2 2 2 2 2 2 2

4 2 2 2
2 2

− + − +
= +

+
a mc a b a b c a m b

y m c
b a m

        (5.55) 

By substituting the parameters m and c into Eq. (5.50) and Eq. (5.51) and considering 

the following relation: 

3
3

3

arctan( )
y
z

θ =  and 4
4

4

arctan( )
y
z

θ = ,                (5.56) 

the value of θ3 and θ4 can be derived from θ1 and θ2, then Eq. (5.48) can be applied to 

determine Aθ1θ2l and Aθ3θ4l. Thus the value of Asci can be determined. According to 

Figure 5.7, it can be found that the area of the part of steel tube with tensile stress is  

sti scisA A A= −                                    (5.57) 

where As is the area of the steel tube and can be calculated by: 

s 2 2 1 1A a b a bπ= −( )                                (5.58) 

5.3.4.3 Area of compressed reinforcement 

For cross-sections with reinforcement, the area of the parts of reinforcing bars under 

compressive and tensile stresses can be calculated depending on the position of the 

neutral axis. To evaluate the relative position of the neutral axis to the reinforcing bars, 

three indicators Δ, Θ, Λ are introduced and defined as follow. 

r r
l 22 21

mz y c
d

m
ϕ ϕ− +

Δ = − = −
+

                      (5.59) 

where (zr, yr) is the coordinate of the reinforcing bar in Cartesian coordinates and dl is 

the distance from the centre of the reinforcing bar to the neutral axis. 
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2 r r 1θ θ θ θΘ = ≥ ∧ ≥                              (5.60) 

where θr is the angle to the reinforcing bar in polar coordinates. 

lr rd dΛ = −                                     (5.61) 

where dr is the distance from the origin to the centre of the reinforcing bar and dlr is the 

distance from the origin to the intersection point of the neutral axis and the connection 

line of the origin to the centre of reinforcing bar, as shown in Figure 5.8. 

By evaluating the value of the indicators, the position of the neutral axis can be defined 

for six different scenarios. For a clear demonstration, only the reinforcing bar in 

quadrant 1 is considered in the following derivation. 

Scenario (1): The neutral axis crosses the reinforcement without passing through the 

origin and more than half of the area of bar is under compression, as shown in Figure 

5.8 

 

Figure 5.8: Stress distribution in reinforcing bar of CFEHS under combined axial 
compression and biaxial bending in scenario 1 

This scenario can be defined by Δ<0, Θ = 1 and Λ<0, and the area of the part of 

reinforcing bar under compressive stress can be calculated by: 
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l1 r

rci,1

'
2

d A
A

ϕ

ϕ

 + 
 =                          (5.62) 

where Arci,1 is the area of the compressed part of the investigated reinforcing bar in 

quadrant 1; dl1 is the distance from the centre of the reinforcing bar in quadrant 1 to 

neutral axis and Ar’ is the cross-sectional area of the reinforcing bar. 

Scenario (2): The neutral axis crosses the reinforcement without passing through the 

origin and less than half of the area of the bar is under compression, as shown in Figure 

5.9 

 

Figure 5.9: Stress distribution in reinforcing bar of CFEHS under combined axial 
compression and biaxial bending in scenario 2 

This scenario can be defined by Δ<0, Θ = 1 and Λ≥0, and the area of the part of 

reinforcing bar under compressive stress can be calculated by: 

l1 r

rci,1

'
2

d A
A

ϕ

ϕ

 − 
 =                          (5.63) 

Scenario (3): The neutral axis crosses the reinforcement and passing through the origin 

and less than half of the area of the bar is under compression, as shown in Figure 5.10 
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Figure 5.10: Stress distribution in reinforcing bar of CFEHS under combined axial 
compression and biaxial bending in scenario 3 

For those scenarios in which the neutral axis passes through the origin, the value of Λ 

may not be valid, which can be defined by Δ<0, Θ = 0. Assuming that the elliptical 

sector of the compressive part is smaller than that of tensile part, the area of the part of 

reinforcing bar under compressive stress can be calculated from Eq. (5.63).  

Scenario (4): The neutral axis does not cross the reinforcement and the reinforcing bar 

is in the included angle between θ1 and θ2 but not in the part under compressive stress, 

as shown in Figure 5.11 

 

Figure 5.11: Stress distribution in reinforcing bar of CFEHS under combined axial 
compression and biaxial bending in scenario 4 



Chapter 5: Design Recommendations  

169 
 

This scenario can be defined by Δ>0, Θ = 1 and Λ≥0, and the area of the part of the 

reinforcing bar with compressive stress is 0. 

Scenario (5): The neutral axis does not cross the reinforcement and the reinforcing bar 

is in the included angle between θ1 and θ2 and also in the part under compressive stress, 

as shown in Figure 5.12  

 

Figure 5.12: Stress distribution in reinforcing bar of CFEHS under combined axial 
compression and biaxial bending in scenario 5 

This scenario can be defined by Δ>0, Θ = 1 and Λ<0, and the area of the part of the 

reinforcing bar under compressive stress is 

rci,1 r 'A A=                                (5.64) 

Scenario (6): The neutral axis does not cross the reinforcement and the reinforcing bar 

is not in the included angle between θ1 and θ2, as shown in Figure 5.13 
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Figure 5.13: Stress distribution in reinforcing bar of CFEHS under combined axial 
compression and biaxial bending in scenario 6 

This scenario can be defined by Δ>0, Θ = 0, and the area of the part of the reinforcing 

bar under compressive stress is 0. 

Working through the aforementioned scenarios, the area of the compressed part of the 

reinforcing bar in quadrant 1 is found and by repeating a similar process for reinforcing 

bars in all quadrants, the compressed area of reinforcing bars in whole cross-section is: 

rci rci,1 rci,2 rci,3 rci,4A A A A A= + + +                 (5.65) 

where Arci,1, Arci,2, Arci,3 and Arci,4 are the compressed area of reinforcing bar in quadrant 

1, 2, 3 and 4, respectively. The area of reinforcing bars in tension can be found from: 

rsi r rciA A A= −                             (5.66) 

where Ar is the area of all the reinforcing bars of the cross-section. 

5.3.4.4 Plastic section modulus of compressive part of concrete core 

For a cross-section under biaxial bending, the bending moment can be described by two 

parts Mz and My, representing bending moment about minor and major axis, 

respectively. Accordingly, the section modulus of the compressive concrete part can be 



Chapter 5: Design Recommendations  

171 
 

described as Wpl,cci,z and Wpl,cci,y, representing the plastic section modulus of 

compressive concrete part for the minor and major axis, respectively. According to 

Figure 5.6, the minor axis section modulus of the compressive concrete part can be 

calculated from: 

1 2pl,cci,z pl,θ θ , pl,tri,zzW W W= −                        (5.67) 

where Wpl,θ1θ2,z is the minor axis plastic section modulus of the part enclosed by the 

short arc of the ellipse between θ1 and θ2 and two radial lines from the origin to the 

interception points and Wpl,tri,z is the minor axis plastic section modulus of the part 

enclosed by the neutral axis and two radial lines. 

In Cartesian coordinates, 

1 2
θ θ1 2

pl,θ θ ,z A
W ydxdy=  .                        (5.68) 

In polar coordinates system, the coordinates of points on the ellipse are represented by 

cosZ R θ=  and sinY R θ=                   (5.69) 

where (X, Y) are the coordinates of points on the ellipse in the Cartesian coordinate 

system.  

By adopting Eq. (5.69) and transforming Eq. (5.68) into polar coordinates: 

2 2 2

1 2
1 1 1

θ θ θ2 3
pl,θ θ , θ 0 θ 0 θ

1
sin sin sin

3

R R

zW r rdrd r drd R dθ θ θ θ θ θ= = =               (5.70) 

Similar to Section 5.3.4.1, transforming Wpl,θ1θ2,x  into a parametric representation, 

gives: 

θ θ2 2

1 2
θ θ1 1

1 2

2 2t t2 2 2 2
pl,θ θ , 2 2 2t t

2 2
1 2

θ θ

1 sec
sin ( cos sin ) sin

3 tan 3

tan tan
(cos cos ) cos arctan cos arctan

3 3

z
ab t abW b t a t b t dt tdt

a b t
a aab abt t

b b
θ θ

= + =
+

    = − = −        

 
   (5.71) 
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with 
tan

( ) arctan
at

b
θθ  =  

 
. 

The minor axis plastic section modulus of the triangle part enclosed by the neutral axis 

and two radial lines can be calculated in polar coordinates from: 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1 1 2 2 1 2 2 1
pl,tri,z centre tri

1 2
2 2 2 2

1 1 2 2

2 12 2 2 2

1 1 2 2

sin sin sin( )

3 2

sin sin

6 cos sin cos sin

sin( )
cos sin cos sin

r r r rW y A

ab
b a b a

ab ab
b a b a

θ θ θ θ

θ θ
θ θ θ θ

θ θ
θ θ θ θ

+ −= =

 
 = +

+ +  
 
 −

+ +  

           (5.72) 

where ycentre is the y value of the gravity centre of the enclosed triangle. By substituting 

Eq. (5.72) and Eq. (5.73) into Eqn. (5.67),  

1 2

1 2
pl,cci,z 2 2 2 2

1 1 2 2

2 12 2 2 2
1 1 2 2

tan tan
2 cos arctan cos arctan

sin sin

6 ( cos ) ( sin ) ( cos ) ( sin )

sin( )
( cos ) ( sin ) ( cos ) ( sin )

a ab
b b

abW
b a b a

ab ab
b a b a

θ θ

θ θ
θ θ θ θ

θ θ
θ θ θ θ

      − −         
   = +  + +  
  

− + +  



. (5.73) 

Similarly, the major axis plastic section modulus of the compressive concrete part can 

be calculated from: 

1 2

1 2
pl,cci,y 2 2 2 2

1 1 2 2

2 12 2 2 2
1 1 2 2

tan tan
2 sin arctan sin arctan

cos cos

6 ( cos ) ( sin ) ( cos ) ( sin )

sin( )
( cos ) ( sin ) ( cos ) ( sin )

a aa
b b

abW
b a b a

ab ab
b a b a

θ θ

θ θ
θ θ θ θ

θ θ
θ θ θ θ

      − −         
   = +  + +  
  

− + +  



. (5.74) 
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5.3.4.5 Plastic section modulus of compressed steel tube 

The minor axis plastic section modulus of the part of steel tube under compressive stress 

can be calculated from: 

3 4 1 2pl,sci,z pl,θ θ l,z pl,θ θ l,zW W W= −                           (5.75) 

where Wpl,θ1θ2,l,z is the minor axis plastic section modulus of the part of cross-section    

enclosed by the neutral axis and the short arc of the inner ellipse between intersection 

points (r1, θ1) and (r2, θ2) and Wpl,θ3θ4,l,z is the minor axis plastic section modulus of 

the part of cross-section enclosed by the neutral axis and the short arc of the outer ellipse 

between intersection points (r3, θ3) and (r4, θ4). 

By applying the derivations in Section 5.3.4.2, the value of θ3 and θ4 can be interpreted 

from θ1 and θ2. Meanwhile, by adopting Eq. (5.72), Wpl,sci,z can be found. As the cross-

section is doubly-symmetric, the minor axis plastic section modulus of the part of the 

steel tube under tensile stress is Wpl,sti,z = −Wpl,sci,z. Thus, the minor axis plastic section 

modulus of the cross-section is 

pl,si,z pl,sci,x pl,sti,z pl,sci,z2W W W W= − =                      (5.76) 

Similarly, the major axis plastic section modulus Wpl,si,y of the cross-section can be 

found. 

5.3.4.6 Plastic section modulus of compressed reinforcements 

Similar to the derivations in Section 5.3.3, for CFEHS with reinforcements, Eq. (5.34) 

and Eq. (5.35) can apply to find the minor and major axis plastic section modulus of 

the reinforcing bars by replacing Wpl,r with the plastic section modulus of the 

reinforcing bars Wpl,r,z or Wpl,r,y for the minor and major axis, respectively, which are 

calculated by 
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3 2

pl,r,z r32 4
W yπϕ πϕ= +   and 

3 2

pl,r,y r32 4
W zπϕ πϕ= +          (5.77) 

where (zr, yr) is the coordinate of the reinforcing bar in Cartesian coordinates system. 

Similar to Section 5.3.3, for the scenarios where the included angle is larger than π, set 

θ2’= 2π + θ1 and θ1’= θ2, then θ2’ − θ1’=2π – (θ2 − θ1)> π. The respective area of the 

compressed part can be found from Eq. (5.37). As the cross-section is doubly-

symmetric, the plastic section modulus is found from: 

pl,ci pl,ci'W W= − , pl,si pl,si'W W= −  and pl,ri pl,ri'W W= −          (5.78) 

By shifting the value of θ1 and θ2 from 0 to 2π, the N-M interaction resistance surface 

of the CFEHS under combined axial compression and biaxial bending can be 

determined.  

The aforementioned methodology is time consuming and not convenient for hand 

calculation. A program in Matlab (MathWorks, 2016) was implemented in order to 

carry out the above described calculations. The source code is given in Appendix A.2, 

and the results are used to calculate the design resistances presented in Section 5.5. 

5.4 Members in combined compression and uniaxial bending 

For members loaded at an eccentricity to one principal axis, the effects of combined 

compression and uniaxial bending must be accounted for. The first-order design 

moment MEd arising from the effects of the eccentric application (with eccentricity e) 

of the axial load NEd and the initial imperfection ωg is: 

MEd = NEd (e + ωg).                               (5.79) 

The magnitude of the initial imperfection ωg is given by EN 1994-1-1 (BSI, 2004) for 

the design CHS and RHS members as L/300 for members with a reinforcement ratio ρ 

≤ 3% and L/200 for 3% < ρ ≤ 6%. Second-order effects arising from the lateral 
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deflection of the column are accounted for by amplifying MEd by a factor k, defined as: 

effcr,Ed /1 NN
k

−
= β

.                  (5.80) 

where β is an equivalent moment factor set to 1.1 for equal and opposite end moment 

loading and the elastic critical buckling load Ncr,eff is calculated similarly to Eq.(5.3) 

except using the effective flexural stiffness (EI)eff,II where: 

(EI)eff,II = 0.9 (Es Is + 0.5 Ec Ic + Er Ir).               (5.81) 

Thus, the loading curve relating the axial load NEd to the second-order moment MEd is 

defined and presented in the interaction curve plot, shown for a typical member in 

Figure 5.14. The resistance of the composite column is then defined using cross-section 

axial load - moment (N-M) interaction curves. In the present study, the curves were 

derived using numerical integration to determine the level of bending moment Mpl,N,Rd 

that could be sustained for a given axial load, assuming fully plastic distributions of 

stresses and that the concrete did not act in tension. The detailed derivation process was 

given in Section 5.3. According to EN 1994-1-1 (BSI, 2004), for grades S275 and S355 

steel, the following inequality must be satisfied: 

Ed
M

pl,N,Rd

M
M

α≤                  (5.82) 

where Mpl,N,Rd is the plastic moment resistance of the composite column accounting for 

the presence of the axial load. In Figure 5.14, a typical cross-section interaction curve 

is presented, which represents the ultimate load and moment that a cross-section can 

sustain under different loading conditions. The coefficient αM, which is the reduction 

factor accounting for the assumption of rigid-plastic material behaviour, should be 

taken as 0.9 for steel grades S235 and S355, and 0.8 for S420 and S460. The predicted 

design resistance Nu,EC4 for an eccentrically-loaded column is given by the intersection 
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of the loading and resistance (interaction) curves, i.e., by determining the value of Nu,EC4 

for which MEd = 0.9 Mpl,N,Rd as shown in Figure 5.14. 

In Figure 5.15, the experimental and numerical results are compared to resistances 

calculated according to EN 1994-1-1 (BSI, 2004), while in Figure 5.16 the ratios of the 

experimental and numerical results to resistances determined according to EN 1994-1-

1 (BSI, 2004) are plotted against slenderness, according to which, the proposed design 

method may be seen to be generally conservative for predicting the ultimate resistance 

of CFEHS beam-columns under combined axial compression and uniaxial bending. 

From Figure 5.16, it can be seen that no predictions of ultimate resistance, except for 

one numerical validation case, are more than 10% on the unsafe-side, and this may 

result from the slightly conservative predictions from the FE simulations, as observed 

in the validation presented in Chapter 4. Note that, considering the experiments only, 

no prediction is more than 4% on the unsafe side. A reliability assessment of the design 

proposals is presented in Section 5.7.  

Figure 5.14: Interaction curve method to predict the ultimate load according to EN 
1994-1-1(BSI, 2004) 
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Figure 5.15: Comparison of experimental and numerical ultimate loads with 
design ultimate loads for members under combined compression and uniaxial 

bending 

Figure 5.16: Variation of ratio of ultimate loads from experiments and numerical 
analysis to predictions of EN 1994-1-1 (BSI, 2005) with slenderness for members 

under combined compression and uniaxial bending 
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5.5 Members under combined axial compression and biaxial bending 

Similar to members under combined axial compression and uniaxial bending, the EN 

1994-1-1 (BSI, 2004) design approach for members under combined axial compression 

and biaxial bending adopts the interaction curve method. To account for the biaxial 

bending, the design moment about both of the axes are considered and calculated 

similarly to Eq. (5.5) to Eq. (5.7) except using the corresponding loading eccentricities 

and effective flexural stiffness for either the major or minor axis, as shown in Eq. (5.83) 

to Eq. (5.88).  

 MEd,y = NEd (ez + ωg)                            (5.83) 

MEd,z = NEd (ey + ωg)                            (5.84) 

y
Ed cr,eff,y1 /

k
N N

β=
−

                            (5.85) 

Ed cr,eff,z1 /zk
N N

β=
−

                            (5.86) 

(EI)eff,II,y = 0.9 (Es Is,y + 0.5 Ec Ic,y + Er Ir,y)           (5.87) 

(EI)eff,II,z = 0.9 (Es Is,z + 0.5 Ec Ic,z + Er Ir,z)           (5.88) 

Thus the curve relating the axial load NEd to the second-order moment MEd,y and MEd,z 

about the major and minor axis, respectively, is defined. To define the resistance of a 

CFEHS under combined axial compression and biaxial bending, the cross-section N-M 

interaction curve under combined axial compression and uniaxial bending is extended 

to a cross-section N-M interaction surface by including both Mpl,Rd,y, Mpl,Rd,z and Mpl,Rd,bi 

– the plastic bending resistance about the major, minor axis and the neutral axis for 

cross-section under biaxial bending , respectively, as shown in Figure 5.17. Generation 

of the interaction surface is carried out by numerical integration in this study, as detailed 
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in Section 5.3. According to EN 1994-1-1 (2004), the coefficient αM,y and αM,z are both 

equal to αM, which is described in Section 5.2.2. A shaded contour area is defined by 

the N-M interaction surface and the design load-moment curve, and similarly to the 

process of finding the design ultimate load Nu,EC4 for members under combined axial 

loading and uniaxial bending in Section 5.2.2, the Nu,EC4 for members under combined 

axial loading and biaxial bending can be derived, as illustrated in Figure 5.17.  

 

Figure 5.17: N-M interaction diagram and axial load-reaction moment curve of 
member under combined axial compression and biaxial bending 

In Figure 5.18, the results of the parametric study on CFEHS under combined axial 

compression and biaxial bending are compared to resistances calculated according to 

EN 1994-1-1 (BSI, 2004), while in Figure 5.20 the ratios of the results of the parametric 

study to resistances determined according to EN 1994-1-1 (BSI, 2004) are plotted 

against slenderness. It can be seen from these two figures that no design predictions are 

more than 10% on the unsafe side. 
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Figure 5.18: Comparison of experimental and numerical ultimate loads with design 
ultimate loads for members under combined compression and biaxial bending 

5.6 Influence of parameters on accuracy of design methods  

In Figure 5.19 and 5.20, it can be seen that for different levels of load eccentricity, 

increasing the slenderness leads to different effects on the accuracy of the design 

methods. For concentrically-loaded specimens, the design method tends to become 

generally slightly more conservative with increasing slenderness. For a low level of 

uniaxial or biaxial load eccentricity, the accuracy of the design method remains 

somewhat constant and on the safe side, while for a high level of load eccentricity, the 

design method is most conservative for lower slendernesses. As the slenderness 

increases, the design method becomes less conservative, though generally remains on 

the safe side. In Figure 5.21, it can be seen that the accuracy of the design methods is 

not as influenced by the level of reinforcement as by the level of load eccentricity, with 

a reasonable amount of scatter consistently present across the range of slendernesses. 

The observed discrepancies between the numerically derived and predicted resistances 

are attributed primarily to the simplifying assumptions (neglect of concrete in tension 

and interface conditions) made in the estimation of the flexural rigidity of the composite 
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members in the design approach. A reliability assessment of the design proposals is 

presented in Section 5.7.  

Figure 5.19: Variation of ratio of numerical parametric study ultimate loads to design 
ultimate loads with uniaxial load eccentricity   

 

Figure 5.20: Variation of ratio of numerical parametric study ultimate loads to design 
ultimate loads with reinforcement ratio under biaxial load eccentricity
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Figure 5.21: Variation of ratio of numerical parametric study ultimate loads to design 
ultimate loads with reinforcement ratio 

5.7 Reliability analysis 

In this section, the reliability of the proposed design approaches for CFEHS under 

concentric and eccentric loading are assessed through statistical analyses, according to 

the provisions of EN 1990 (BSI, 2002). A summary of the key calculated statistical 

parameters for the proposals is reported in Table 5.1, where kd,n is the design (ultimate 

limit state) fractile factor, b is the average ratio of test (or FE) to design model resistance 

based on a least squares fit to all data, Vδ is the COV of the tests and FE simulations 

relative to the resistance model, Vr is the combined COV incorporating both model and 

basic variable uncertainties, and γM1 is the partial safety factor for member resistance. 

In the analyses, the COVs of the strength of steel, reinforcement bar and concrete have 

taken from previous research (Byfield and Nethercot, 1997; Reedy, 2013; Lu et al., 

1994) as 0.005, 0.07 and 0.18 respectively, while the COVs of the geometric properties 

was taken as 0.03, 0.06 and 0.01 respectively. The over-strength ratios for material 
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fc=fm-1.64δ                             (5.89)                   

where fc and fm are the characteristic and mean values of compressive concrete strength 

and δ is the standard deviation taken as 1.56 herein (Arya, 2009). As can be seen from 

Table 5.1, the required partial factors for the proposed design methods for CFEHS 

members under axial compression, combined compression and uniaxial bending and 

combined compression and bi-axial bending are close to the currently adopted value of 

1.0 in EN 1994-1-1 (BSI, 2004), and thus the proposed design methods are considered 

to satisfy the reliability requirements of EN 1990 (BSI, 2002).  

Table 5.1: Reliability analysis results calculated according to EN 1990 (BSI, 2002) 

Loading condition Sample type Sample 

number 

kd,n b Vδ γM1 

(a) Axial compression Test 13 4.078 1.166 0.044 1.014 

Test and FEA 133 3.165 1.029 0.048 1.016 

(b) Combined compression and 

uniaxial bending 

Test 30 3.452 1.086 0.053 1.050 

Test and FEA 186 3.143 1.048 0.054 0.993 

(c) Combined compression and 

biaxial bending 

FEA 64 3.250 1.025 0.056 1.072 

 

5.8 Concluding remarks 

In this chapter, the experimental and numerical results generated in Chapter 3 and 4, 

and collected from the literature, were compared with the design provisions for CFEHS 

based on the design guidance of CFCHS and CFRHS in EN 1994-1-1 (BSI, 2004). It 

was found that, in general, the current provisions for the design resistances of members 

in axial compression were not satisfactory when compared with the experimental and 

numerical results. It is proposed for CFEHS members in axial compression that for ρ ≤ 

3%, curve b should be used, while for 3% < ρ ≤ 6% curve c should be used. It was 

found that when using the revised buckling curves, the resulting predicted design 

resistances tended to be safe while not overly conservative. For the prediction of the 

ultimate resistance of CFEHS under eccentric loading, the N-M interaction diagram 
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method has been applied and the results were found to be generally conservative and 

agree well with the results from experiments and numerical simulations. This method 

is therefore proposed for the design of CFEHS beam-column members and simplified 

design examples are presented in Appendix B. The aforementioned design provisions 

were confirmed by means of reliability analysis according to EN 1990 (BSI, 2002).  
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Chapter 6 
 

Conclusions and recommendations for future research 

 

In this chapter, the key research findings and principal conclusions of this project are 

reported. Following this, insights into areas for future research are presented. 

6.1 Research summary  

The recent research accomplishments and developed design rules for steel elliptical 

hollow sections (EHS) have boosted the applications of EHS and encouraged research 

into concrete filled elliptical hollow sections (CFEHS). To date, knowledge of the 

structural behaviour of CFEHS is rather limited and reliable structural design guidance 

is required to facilitate their wider application. Therefore, the core objective of this 

research is to investigate the behaviour of CFEHS under various loading conditions and 

develop comprehensive and statistically verified guidance to allow safe and efficient 

design. This has been achieved through experimental investigations, numerical 

simulations and analytical studies.  

After a comprehensive review of the previous research into the structural behaviour of 

steel tubular sections and members and concrete filled steel tubular members in Chapter 

2, the structural behaviour of CFEHS members under concentric and eccentric loading 
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was initially investigated through a laboratory programme in Chapter 3. A total of 2 

steel coupon tensile tests, 3 reinforcing bar tensile tests and 70 concrete cylinder 

compression tests were performed to obtain the basic engineering properties of the 

constituent materials of the full-scale specimens. A group of 27 full-scale test specimens 

comprising 3 stub column tests, 6 slender column tests and 18 slender beam-column 

tests were then carried out, with the results forming the basis of the experimental 

database for the development of design guidance. A range of member lengths was 

selected to cover a spectrum of nondimensional slenderness; the cross-sectional 

geometry of the EHS was constant with a section size of 150×75×6.3 in mm; the 

cylinder compressive strength of infilled concrete ranged from 28 to 40 N/mm2. In 

parallel with the experimental programme, numerical studies were also carried out 

through finite element (FE) modelling using the software ABAQUS in Chapter 4, 

whose scope was to extend the structural performance database numerically. The FE 

models were initially validated against the results of previous experimental studies, 

considering the ultimate resistances, load-deformation responses and failure modes. 

The validated models were then utilised to perform three groups of parametric studies 

focusing on members under 1) axial compression, 2) combined axial compression and 

uniaxial bending and 3) combined axial compression and biaxial bending. The principal 

purpose of the parametric studies was to investigate the influence of nondimensional 

slenderness, loading eccentricity, reinforcement ratio and cross-sectional geometry on 

the structural behaviour of CFEHS, and to extend the structural performance database 

of CFEHS to cover the most of the requirements of practical design.  

The development of design recommendations for CFEHS was described in Chapter 5, 

and adopted the same basic method as that of concrete filled circular hollow sections 

(CFCHS) in Eurocode 4. The structural performance database generated by 

experiments and numerical studies was employed to verify the applicability of the 

proposed design recommendations. It was found that the design resistances of CFEHS 

under axial compression predicted by the current provisions for CFCHS using the 
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equivalent diameter of EHS were not fully satisfactory when compared with the 

experimental and numerical results. It was therefore proposed that buckling curves b 

and c in EN 1993-1-1 (CEN, 2005) should be adopted for the design of CFEHS columns 

with reinforcement ratio ρ ≤ 3% and 3% < ρ ≤ 6%, respectively, for safe while not 

overly conservative predictions. For the design of CFEHS beam-columns, the N-M 

interaction diagram method was applied based on the assumption that the material 

behaviour of the steel tube is rigid-plastic and the concrete reaches its peak strength 

under compression and has zero strength under tension. In the current study, this design 

approach was carried out numerically and programmed using software Matlab. The 

design resistances predicted by the design programme were found to agree well with 

those from the structural database; simplified design worked examples are presented in 

Appendix 3. After that, an assessment is made for the reliability of the design proposals 

for CFEHS columns and beam-columns in accordance with Annex D of EN 1990 (BSI, 

2002). The presented design proposals are considered to be suitable for incorporation 

into international structural design standards.      

6.2 Recommendations for future research  

The current research covers the core of the proposed design proposals for CFEHS. 

Building on the present work, suggestions for possible future research which will 

strengthen and complement the present work are given in this section. 

The confinement effect provided by the steel tube to the infilled concrete in a concrete 

filled steel hollow section have significant influences on the structural behaviour. 

Establishing a more comprehensive understanding of this effect in CFEHS could 

provide more reliable and economic design guidance. The stress-strain relationship of 

confined concrete is affected by the confinement effect which was developed based 

upon that derived for the concrete confined by circular hollow section in the current 

research. According to the previous and present numerical studies for CFEHS, the 

adopted stress-strain relationship provided satisfactory results in the validation studies. 
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However, the aspect ratios of the investigated EHS are limited to 1.5 and 2. It is found 

by Dai and Lam (2010) that the radius of curvature of the steel tube influences the 

confinement effect on the infilled concrete. Further studies into CFEHS with various 

aspect ratios can provide a wider database for the future research into the relationship 

between the aspect ratio of the steel tube and the confinement provided by it. With a 

more comprehensive understanding of the confinement effect, a wider application of 

CFEHS can be established.  

For the CFEHS members under combined axial compression and biaxial bending, 

further experimental data are required, since presently only numerical studies have been 

conducted. Although the finite element models have been validated against 

experimental studies into CFEHS members under axial loading and axial loading 

combined with uniaxial bending, further experimental studies investigating the 

structural behaviour under axial loading combined with biaxial bending are required to 

further validate the presented design proposals.  

The buckling resistance of a beam-column is affected by the loading and boundary 

conditions and the bending moment distribution along the member length. In the current 

study, the loading and boundary conditions in both the test specimens and numerical 

models were such that equal end moments and a uniform bending moment distribution 

along the member length were induced. For a wider investigation into the structural 

behaviour of CFEHS, further research can focus on members subjected to linear and 

nonlinear moment gradients along the member length.  

As discussed in Chapter 2, steel EHS, in common with other steel sections exhibit some 

level of strain-hardening after yielding, which is a factor influencing cross-sectional 

resistance. However, the additional strength provided by the post-yielding phase of steel 

is not considered in the derivation process of design proposals in Chapter 5, which can 

lead to over-conservative designs, particularly for stocky members. Recently, the 

deformation-based Continuous Strength Method (CSM) has been successfully 
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developed for composite beams (Gardner et al., 2016), which accounted for the 

beneficial influence of steel strain-hardening. Extension of the CSM for the design of 

CFEHS could be considered to develop a more economic design method for these 

sections. 

Overall, this research has developed a sound foundation for the design of CFEHS. 

Design methods for the ultimate resistance of CFEHS columns and beam-columns have 

been proposed. This research has provided practical tools for the design of CFEHS 

columns and beam-columns for structural engineers and established a broad database 

of results on CFEHS. These results can be used in future research with the final goal of 

developing comprehensive, safe and economic design procedures to encourage the 

broader use of CFEHS structural members in practice. 
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Appendix A 
 

Software implementation in Matlab for the N-M 

interaction diagram of CFEHS  

 

A.1 CFEHS beam-columns under combined axial compression and uniaxial bending  

%%Program source code: calculation of interaction diagram for the 

resistance of CFEHS beam-column under combined axial compression and 

uniaxial bending numerically  

  
clear all; 

clear command window; 

clear figures; 

  
%%Basic properties of CFEHS 

%Geometrical properties of CFEHS (mm) 

%Member length 

L=2000; 

%Radii of major and minor axis of EHS 

%Major axis bending should use b as the major axis dimension 

as=220/2;  

bs=110/2; 

%Thickness of EHS  

t=6.3; 

%Radii of major and minor axis of concrete core 

ac=as-t; 

bc=bs-t; 
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%Area of concrete core and EHS 

Ac=pi*ac*bc; 

As=pi*as*bs-Ac; 

%Number of reinforcing bars 

n_r=4; 

%Diameter of reinforcing bars 

dia_r=10; 

%Distance of reinforcing bars to the bending axis 

ecc_r=bc-60; 

%Area and plastic section modulus of reinforcing bars 

Ar=n_r*pi*(dia_r/2)^2; 

Sr=n_r*(pi*dia_r^3/32+pi*dia_r^2/4*ecc_r^2); 

%Material properties of CFEHS 

%Strength of concrete, steel tube and reinforcing bars (Mpa) 

fck=30; 

fy=306; 

fr=370; 

%Elastic modulus of concrete, steel tube and reinforcing bars (Mpa) 

Ec=4700*sqrt(fck); 

Es=210000; 

Er=200000; 

  
%% The generation of cross-sectional resistance curve  

%The number of increments of shifting neutral axis 

N=200; 

%Generation of the space for the matrices 

Ac1=zeros(floor(N*bc),1); 

Ac2=zeros(floor(N*bc),1); 

As1=zeros(floor(N*bc),1); 

As2=zeros(floor(N*bc),1); 

Ar1=zeros(floor(N*bc),1); 

Ar2=zeros(floor(N*bc),1); 

Sc1=zeros(floor(N*bc),1); 

Sc2=zeros(floor(N*bc),1); 

Ss1=zeros(floor(N*bc),1); 

Ss2=zeros(floor(N*bc),1); 

Sr1=zeros(floor(N*bc),1); 

Sr2=zeros(floor(N*bc),1); 

%Creating a shifting neutral axis 

%Finding the corresponding value of area and plastic section moduli  

%The subroutine source code of 'uni_area' and 'uni_plastic_moduli' 

can be find in the latter file 
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i=1; 

for l=0:1/N:bc-1/N 

    if l<ecc_r-dia_r/2 

        Ar1(i)=Ar/2;  

        Sr1(i)=Sr/2; 

    else  

        Ar1(i)=Ar/2*(1-(l-(ecc_r-dia_r/2))/dia_r); 

        if Ar1(i)<0 

            Ar1(i)=0; 

        end 

        Sr1(i)=Sr/2*(1-(l-(ecc_r-dia_r/2))/dia_r); 

        if Sr1(i)<0 

            Sr1(i)=0; 

        end 

    end 

    Ar2(i)=Ar-Ar1(i); 

    Ac1(i)=uni_area(ac,bc,l); 

    Ac2(i)=Ac-Ac1(i); 

    As1(i)=uni_area(as,bs,l)-Ac1(i); 

    As2(i)=As-As1(i); 

    Sr2(i)=-Sr1(i); 

    Sc1(i)=uni_plastic_moduli(ac,bc,l); 

    Sc2(i)=-Sc1(i); 

    Ss1(i)=uni_plastic_moduli(as,bs,l)-Sc1(i); 

    Ss2(i)=-Ss1(i); 

    i=i+1; 

end 

%Define compression in cross section is positive 

%Condition 1, area 1 in compression, area 2 in tension     

N1=Ac1*fck+As1*fy+Ar1*fr-As2*fy-Ar2*fr; 

M1=Sc1*fck+Ss1*fy+Sr1*fr-Ss2*fy-Sr2*fr; 

%Condition 2, area 2 in compression, area 1 in tension 

N2=Ac2*fck+As2*fy+Ar2*fr-As1*fy-Ar1*fr; 

M2=Sc2*fck+Ss2*fy+Sr2*fr-Ss1*fy-Sr1*fr; 

%By combining Condition 1 and 2, the positions of neutral axis cover 

the whole cross-section         

%According to Eurocode 4 the design moment is 0.9*M 

NM=[N1,0.9*M1;N2,-0.9*M2];  

NMu=unique(NM,'rows'); 

%MNu is the M-N sets representing the cross-sectional resistance 

curve 

MNu=[NMu(:,2),NMu(:,1)]; 
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%%Generation of load reaction curve 

%Loading eccentricity 

e=100; 

%Initial imperfection 

w=L/1000; 

%Second moment of area of concrete, steel tube and reinforcement 

Icx=pi/4*ac*bc^3; 

Isx=pi/4*as*bs^3-Icx; 

Irx=(pi*(dia_r/2)^4/4+pi*(dia_r/2)^2*ecc_r^2)*4; 

%Effective Second moment of area of the composite cross-section 

EIeffx=0.9*(Es*Isx+0.5*Ec*Icx+Er*Irx); 

%Elastic critical resistance  

Ncrx=(pi^2*EIeffx)/L^2; 

%The vector of normal force 

Ned=0:100:max(N2); 

%Amplification factor for second-order effects 

k=1.1*((1-Ned/Ncrx).^(-1)); 

%The vector of moment regarding the normal force 

Mxcol=k.*Ned*(e+w); 

%The curve of loading 

reaction=[Mxcol',Ned']; 

%Normalise the moment and axial force 

MNu_normal=[MNu(:,1)/max(MNu(:,1)) MNu(:,2)/max(MNu(:,2))]; 

reaction_normal=[reaction(:,1)/max(MNu(:,1)) 

reaction(:,2)/max(MNu(:,2))]; 

%Find the intersection point (closest point) of the resistance and 

loading curve 

%The subroutine source code of ‘close_point’can be find in the latter 

file 

[row,col]=close_point(reaction_normal,MNu_normal); 

%The design resistance moment and normal force of CFEHS beam-column 

intersection=MNu(col,:); 

  
%%Figures 

%Interaction curves diagram 

figure 

plot(MNu(:,1),MNu(:,2),'r-'); 

xlabel('M'); 

ylabel('N'); 

hold on 

plot(reaction(:,1),reaction(:,2),'b-'); 
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hold on 

%Plot(intersection(:,1),intersection(:,2),'ko'); 

plot(intersection(1,1),intersection(1,2),'ko') 

hold off 

fprintf('with eCC %g and length %g, the load is %g 

\n',e,L,intersection(1,2)); 

%Neutral axis 

li=find(intersection(1,2)==N2)/N; 

figure 

%The subroutine for drawing the ellipse is given in latter script 

draw_ellipse(as,bs); 

hold on 

draw_ellipse(ac,bc); 

hline = refline(0, li); 

hline.Color = 'r'; 

stra=num2str(li); 

str1={'li=' stra}; 

text(0,50,str1); 

text(40,-50,'analytical uniaxial method') 

hold off 

 
The script of function for calculation of the area of the elliptical area is given here. 
 
%Find the elliptical sector area of uniaxial bending  

  
function [area]=uni_area(a,b,l) 

x=a*sqrt(1-l^2/b^2); 

theta=atan(l/x); 

area=pi*a*b/2-l*x-(a*b)*(theta-atan(((b-a)*sin(2*theta))/((b+a)+(b-

a)*cos(2*theta)))); 

 
The script of function for calculation of the plastic moduli of the elliptical area is 
given here. 
 
%Find the elliptical sector plastic_moduli of uniaxial bending using 

analytical method 

  
function [first_moment]=uni_analytical_plastic_moduli(a,b,l) 

  
first_moment=(2/3)*(a/b)*(b^2-l^2)^(3/2); 

 
The script of function for finding the closest points in two matrices is given here. 
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%Find the colsest point in matrix A and B 

function[row,col]=close_point(A,B) 

  
a=size(A,1); 

b=size(B,1); 

dis=zeros(a,b); 

  
for  i=1:a 

    for j=1:b 

        dis(i,j)=sqrt((A(i,1)-B(j,1))^2+(A(i,2)-B(j,2))^2); 

    end 

end 

  
minMatrix = min(dis(:)); 

[row,col] = find(dis==minMatrix); 

 

The script of function for drawing ellipses is given here. 
 

%Draw ellipse with radii of a and b 

 
function[]=draw_ellipse(a,b) 

 t = linspace(0,2*pi); 

 X = a*cos(t); 

 Y = b*sin(t); 

 plot(X,Y,'b-') 

 axis equal 

 
A.2 CFEHS beam-columns under combined axial compression and biaxial bending 
 
%%Program source code: calculation of interaction diagram for the 

resistance of CFEHS beam-column under combined axial compression and 

biaxial bending numerically  

clear all; 

clear command window; 

clear figures; 

  
%% Basic properties of CFEHS 

%Geometrical properties of CFEHS (mm) 

%In this programme. major axis is on the x axis, minor axis is on y 

axis 

%Member length 
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l=2000; 

%Radii of major and minor axis of EHS 

as=220/2; 

bs=110/2; 

%Thickness of EHS  

t=6.3; 

%Initial imperfection 

w=l/1000; 

%Radii of major and minor axis of concrete core 

ac=as-t; 

bc=bs-t; 

%Loading eccentricities 

ex=100; 

ey=0; 

%Diameter of reinforcing bars 

dia_r=10; 

%Distance of reinforcing bars to the axes 

xr=ac-60; 

yr=bc-30; 

 
%Material properties 

%Strength of concrete, steel and reinforcements (Mpa) 

fck=30; 

fyk=306; 

frk=370; 

%Youngs moduli of concrete, steel and reinforcements(Mpa) 

Ec=4700*fck^0.5; 

Es=210000; 

Er=200000; 

  
%% Geometrical properties calculation 

%second moment of area of concrete, steel tube and reinforcements 

Icx=pi/4*ac*bc^3; 

Icy=pi/4*ac^3*bc; 

Isx=pi/4*as*bs^3-Icx; 

Isy=pi/4*as^3*bs-Icy; 

Irx=(pi*(dia_r/2)^4/4+pi*(dia_r/2)^2*yr^2)*4; 

Iry=(pi*(dia_r/2)^4/4+pi*(dia_r/2)^2*xr^2)*4; 

%Area of member cross section, concrete, steel shell and single 

reinforcing bar 

A=pi*as*bs; 

Ac=pi*ac*bc; 
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As=A-Ac; 

Ar=pi*(dia_r/2)^2; 

  
%% The generation of cross-sectional resistance curve  

i=1; 

j=1; 

%The number of increments of shifting neutral axis 

Ni=300; 

%Generation of the space for the matrices 

Ac1=zeros(Ni-1,Ni/2); 

Ac2=zeros(Ni-1,Ni/2); 

As1=zeros(Ni-1,Ni/2); 

As2=zeros(Ni-1,Ni/2); 

Ar1=zeros(Ni-1,Ni/2); 

Ar2=zeros(Ni-1,Ni/2); 

Theta1=zeros(Ni-1,Ni/2); 

Theta2=zeros(Ni-1,Ni/2); 

Scx1=zeros(Ni-1,Ni/2); 

Scy1=zeros(Ni-1,Ni/2); 

Scx2=zeros(Ni-1,Ni/2); 

Scy2=zeros(Ni-1,Ni/2); 

Ssx1=zeros(Ni-1,Ni/2); 

Ssy1=zeros(Ni-1,Ni/2); 

Ssx2=zeros(Ni-1,Ni/2); 

Ssy2=zeros(Ni-1,Ni/2); 

Srx1=zeros(Ni-1,Ni/2); 

Srx2=zeros(Ni-1,Ni/2); 

Sry1=zeros(Ni-1,Ni/2); 

Sry2=zeros(Ni-1,Ni/2); 

%Creating a shifting neutral axis 

%The neutral axis function is defined by theta1 and theta2, which is 

the angle of two interacted points of neutral axis and ellipse  

for theta2=2*pi/Ni:2*pi/Ni:(2*pi-2*pi/Ni) 

    if theta2<=pi 

        lastpoint=theta2; 

    else 

        lastpoint=pi; 

    end 

%In this programme, the included angle(dettheta) of point theta1 and 

theta2 in polar coordinates is defined ranging from 0 to pi, which 

means only the smaller part of elliptical cross-section is analysed, 

as the data of rest part can be acquired based on the smaller part 
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        for dettheta=2*pi/Ni:2*pi/Ni:lastpoint 

        theta1=theta2-dettheta; 

        Theta1(i,j)=theta1; 

        Theta2(i,j)=theta2; 

%Parameters with 1 represent the smaller part, 2 stands for the rest 

part 

        Ac1(i,j)=Area_of_elliptical_sector(ac,bc,theta1,theta2); 

        Ac2(i,j)=Ac-Ac1(i,j); 

Scx1(i,j)=x_Plastic_Moduliof_elliptical_sector(ac,bc,theta1,th

eta2); 

Scy1(i,j)=y_Plastic_Moduliof_elliptical_sector(ac,bc,theta1,th

eta2); 

        Scx2(i,j)=-Scx1(i,j); 

        Scy2(i,j)=-Scy1(i,j); 

        As1(i,j)=Area_of_elliptical_ring(ac,bc,t,theta1,theta2); 

        As2(i,j)=As-As1(i,j);  

Ssx1(i,j)=x_Plastic_Moduliof_elliptical_ring(ac,bc,t,theta1,th

eta2);  

Ssy1(i,j)=y_Plastic_Moduliof_elliptical_ring(ac,bc,t,theta1,th

eta2); 

        Ssx2(i,j)=-Ssx1(i,j); 

        Ssy2(i,j)=-Ssy1(i,j); 

        Ar1(i,j)=Area_of_rebar(as,bs,xr,yr,dia_r,theta1,theta2); 

        Ar2(i,j)=4*Ar-Ar1(i,j);    

Srx1(i,j)=x_First_Moment_rebar(as,bs,xr,yr,dia_r,theta1,theta2

);     

Sry1(i,j)=y_First_Moment_rebar(as,bs,xr,yr,dia_r,theta1,theta2

); 

        Srx2(i,j)=-Srx1(i,j); 

        Sry2(i,j)=-Sry1(i,j); 

        j=j+1; 

        %The functions are given in latter scripts 

        end 

i=i+1; 

j=1; 

end 

%Define compression in cross section is positive 

%Condition 1, area 1 in compression, area 2 in tension 

N1=Ac1*fck+As1*fyk+Ar1*frk-As2*fyk-Ar2*frk; 

M1x=Scx1*fck+Ssx1*fyk+Srx1*frk-Ssx2*fyk-Srx2*frk; 

M1y=Scy1*fck+Ssy1*fyk+Sry1*frk-Ssy2*fyk-Sry2*frk; 

%Condition 2, area 1 in tension, area 2 in compression 
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N2=Ac2*fck+As2*fyk+Ar2*frk-As1*fyk-Ar1*frk; 

M2x=Scx2*fck+Ssx2*fyk+Srx2*frk-Ssx1*fyk-Srx1*frk; 

M2y=Scy2*fck+Ssy2*fyk+Sry2*frk-Ssy1*fyk-Sry1*frk; 

  
%Tidy up the matrices of Mx, My and N 

%Change matrix of N1, N2, M1, M2 to vector 

k=1; 

for i=1:size(N1,2) 

   for j=1:size(N1,1)  

          N1new(k,1)=N1(j,i); 

          k=k+1; 

        
   end 

end 

  
k=1; 

for i=1:size(N2,2) 

   for j=1:size(N2,1) 

          N2new(k,1)=N2(j,i); 

          k=k+1; 

        
   end 

end 

     
k=1; 

for i=1:size(M1x,2) 

   for j=1:size(M1x,1)  

        
          M1xnew(k,1)=M1x(j,i); 

          k=k+1; 

       
   end 

end 

  
k=1; 

for i=1:size(M1y,2) 

   for j=1:size(M1y,1)  

        
          M1ynew(k,1)=M1y(j,i); 

          k=k+1; 

        
   end 
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end 

  
k=1; 

for i=1:size(M2x,2) 

   for j=1:size(M2x,1)  

        
          M2xnew(k,1)=M2x(j,i); 

          k=k+1; 

        
   end 

end 

  
k=1; 

for i=1:size(M2y,2) 

   for j=1:size(M2y,1)  

       
          M2ynew(k,1)=M2y(j,i); 

          k=k+1; 

        
   end 

end 

  
%By combining Condition 1 and 2, the positions of neutral axis cover 

the whole cross-section         

%According to Eurocode 4 the design moment is 0.9*M 

MX=[0.9*M1xnew; 0.9*M1xnew; 0.9*M2xnew; 0.9*M2xnew;]; 

MY=[0.9*M1ynew; -0.9*M1ynew; 0.9*M2ynew; -0.9*M2ynew]; 

N=[N1new; N1new; N2new; N2new]; 

NMM=[N,MY, MX]; 

k=1; 

NMMnew=zeros(size(NMM,1),size(NMM,2)); 

%Compressing the size of matrix NMM by eliminating zeros 

for i=1:size(NMM,1) 

        if NMM(i,1) == 0 && NMM(i,2) == 0 && NMM(i,3) == 0 

             
        elseif NMM(i,1) < 0 || NMM(i,2) < 0 || NMM(i,3) < 0 

                 
        else 

            NMMnew(k,:) = NMM(i,:); 

            k=k+1; 

        end 

end 
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NMMnew=NMMnew(1:k-1,:); 

%Compressing the size of matrix NMM by eliminating the identical pair 

of (N, MY, MX) 

NMMu=unique(NMMnew,'rows'); 

%MMNu is the Mx-My-N sets representing the cross-sectional resistance 

%surface 

MMNu=[NMMu(:,2), NMMu(:,3), NMMu(:,1)]; 

  
%% Generation of load reaction curve 

%Effective Second moment of area of the composite cross-section 

EIeffx=0.9*(Es*Isx+0.5*Ec*Icx+Er*Irx); 

EIeffy=0.9*(Es*Isy+0.5*Ec*Icy+Er*Iry); 

%Elastic critical resistance 

Ncrx=(pi^2*EIeffx)/l^2; 

Ncry=(pi^2*EIeffy)/l^2; 

%The vector of loading normal force 

Ned=0:50:max(N2)/2; 

%Amplification factor for second-order effects 

kx=1.1*((1-Ned/Ncrx).^(-1)); 

ky=1.1*((1-Ned/Ncry).^(-1)); 

%The vector of moment regarding the normal force 

Mxcol=kx.*Ned*(ey+w); 

Mycol=ky.*Ned*(ex+w); 

%The curve of loading 

reaction=[Mycol',Mxcol',Ned']; 

%Normalise the moment and axial force 

MMNu_normal=[MMNu(:,1)/max(MMNu(:,1)) MMNu(:,2)/max(MMNu(:,2)) 

MMNu(:,3)/max(MMNu(:,3))]; 

reaction_normal=[reaction(:,1)/max(MMNu(:,1)) 

reaction(:,2)/max(MMNu(:,2)) reaction(:,3)/max(MMNu(:,3))]; 

%Find the intersection point (closest point) of the resistance and 

loading curve 

[P,D]=knnsearch(MMNu_normal,reaction_normal); 

[minD,minind]=min(D); 

minindp=P(minind); 

%The design resistance moment and normal force of CFEHS beam-column 

intersection=MMNu(minindp,:); 

fprintf('with ex %g and ey %g and length %g, the load is %g 

\n',ex,ey,l,intersection(1,3)); 

  
%Find the neutral axis 
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[x,y]=find(intersection(1,3)==N2); 

Dtheta=y*2*pi/Ni+2*pi/Ni; 

Theta3=x*2*pi/Ni+2*pi/Ni; 

Theta4=Theta3-Dtheta; 

x1=ac*bc./(((bc*cos(Theta3)).^2+(ac*sin(Theta3)).^2).^0.5).*cos(Theta

3); 

y1=ac*bc./(((bc*cos(Theta3)).^2+(ac*sin(Theta3)).^2).^0.5).*sin(Theta

3); 

x2=ac*bc./(((bc*cos(Theta4)).^2+(ac*sin(Theta4)).^2).^0.5).*cos(Theta

4); 

y2=ac*bc./(((bc*cos(Theta4)).^2+(ac*sin(Theta4)).^2).^0.5).*sin(Theta

4); 

X=[x1'; x2']; 

Y=[y1'; y2']; 

  
%% Figures 

%Plot out the interaction diagram and the point of design resistance 

figure, 

plot3(MMNu(:,1),MMNu(:,2),MMNu(:,3), 'b.'); 

hold on 

xlabel('My'); 

ylabel('Mx'); 

zlabel('N'); 

plot3(reaction(:,1),reaction(:,2),reaction(:,3),'k.'); 

xlabel('My'); 

ylabel('Mx'); 

zlabel('N'); 

plot3(intersection(:,1),intersection(:,2),intersection(:,3),'ro'); 

hold off 

%Plot out the projection of interaction diagram on My-N and Mx-N 

dimension 

figure 

plot(reaction(:,1),reaction(:,3),'k.'); 

xlabel('My'); 

ylabel('N'); 

hold on 

plot(intersection(:,1),intersection(:,3),'r*'); 

hold off 

figure 

plot(reaction(:,2),reaction(:,3),'k.'); 

xlabel('Mx'); 

ylabel('N'); 
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hold on 

plot(intersection(:,2),intersection(:,3),'r*'); 

hold off 

%Plot out the cross-section and the neutral axis  

figure  

draw_ellipse(as,bs); 

hold on 

draw_ellipse(ac,bc); 

%Draw rebar 

draw_circle(xr,yr,dia_r/2); 

draw_circle(-xr,yr,dia_r/2); 

draw_circle(-xr,-yr,dia_r/2); 

draw_circle(xr,-yr,dia_r/2); 

%Draw neutral axis 

line(X,Y); 

title('E8') 

stra1=num2str(x1); 

stra2=num2str(x2); 

str={'x1=' stra1 'x2=' stra2}; 

text(0,40,str); 

text(20,-50,'analytical biaxial method'); 

hold off 

 
The script of function for calculation of the area of the elliptical sector is given here. 
 
%Function for calculate the area covered by ellipse and an arbitrary 

straight line 

%radii of major and minor axis is: a and b 

%Straight line is: y=mx+c 

function [Area]=Area_of_elliptical_sector(a,b,theta1,theta2) 

  
if theta1==theta2 

    Area=0; 

    return 

end 

[t2,t1] = polar2para(a,b,theta1,theta2); 

area1 = (a*b/2)*(t2-t1); 

area2=((a*b)^2/2)*(1/((b*cos(theta1))^2+(a*sin(theta1))^2))^0.5*(1/((

b*cos(theta2))^2+(a*sin(theta2))^2))^0.5*sin(theta2-theta1); 

Area=area1-area2; 

 
The script of function for calculation of the area of the elliptical tube is given here. 
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%Function for calculate the ellipse ring area 

function [Aring]=Area_of_elliptical_ring(a,b,t,theta1,theta2) 

%For the interaction curve always pass through the concrete part, the 

a and 

%b here are the concrete geometry, ac and bc 

if theta1==theta2 

    Aring=0; 

    return 

end  

u=a+t; 

v=b+t; 

%Polar funtion transformation 

r1=a*b/(((b*cos(theta1))^2+(a*sin(theta1))^2)^0.5); 

r2=a*b/(((b*cos(theta2))^2+(a*sin(theta2))^2)^0.5); 

%Function of straight line: y=mx+c 

if (abs(cos(theta2)-cos(theta1))<0.00000000001) 

    x3=r1*cos(theta1); 

    x4=r2*cos(theta2); 

    y3=v/u*(u^2-x3^2)^0.5; 

    y4=-v/u*(u^2-x3^2)^0.5; 

else 

    m=(r2*sin(theta2)-r1*sin(theta1))/((r2*cos(theta2))-

(r1*cos(theta1))); 

    c=r1*sin(theta1)-m*r1*cos(theta1); 

%Find the coordinates of the two intersection points in the inner 

ellipse 

    x3=(-u^2*m*c+(u^2*v^4-(u*v*c)^2+(u^2*m*v)^2)^0.5)/(v^2+u^2*m^2); 

    x4=(-u^2*m*c-(u^2*v^4-(u*v*c)^2+(u^2*m*v)^2)^0.5)/(v^2+u^2*m^2); 

    y3=x3*m+c; 

    y4=x4*m+c; 

end 

%Find the respective angle of intersection points based on 

coordinates 

theta3=myatan(y3,x3); 

theta4=myatan(y4,x4); 

if theta4<theta3; 

    K=theta4; 

    theta4=theta3; 

    theta3=K; 

end 

if (theta2<=pi && theta4>3*pi/2) || (theta1>pi && theta3<pi/2) 
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    K=theta3; 

    F=theta4; 

    theta3=pi-K; 

    theta4=3*pi-F; 

end 

%Calculate the area of two sector 

Aell1=Area_of_elliptical_sector(a,b,theta1,theta2); 

Aell2=Area_of_elliptical_sector(u,v,theta3,theta4); 

Aring=Aell2-Aell1; 

 

The script of function for calculation of the area of reinforcements under compression 
is given here. 
 
%Function for calculating the area of rebar under compression 

function [Arebar]=Area_of_rebar(a,b,xr,yr,phi,theta1,theta2) 

%% Geometrical properties 

Ar=pi*(phi/2)^2; 

thetar1=atan(yr/xr); 

thetar2=pi-thetar1; 

thetar3=pi+thetar1; 

thetar4=2*pi-thetar1; 

  
%Polar function transformation 

r1=a*b/(((b*cos(theta1))^2+(a*sin(theta1))^2)^0.5); 

r2=a*b/(((b*cos(theta2))^2+(a*sin(theta2))^2)^0.5); 

%Function of straight line: y=mx+c 

%If the neutral axis is vertical(cos(theta1)==cos(theta2)), the value 

of m is infinite vertical 

if (abs(cos(theta2)-cos(theta1))<0.00000000001) 

    x=r1*cos(theta1); 

    if 0>=x && x>-xr+phi/2 

        A=Ar*2; 

    elseif -xr+phi/2>=x && x>=-xr-phi/2 

        A=(xr+phi/2-abs(x))/phi*2*Ar; 

    elseif x<-xr-phi/2 

        A=0; 

    elseif x>xr+phi/2 

        A=0; 

    elseif xr+phi/2>=x>=xr-phi/2 

        A=(xr+phi/2-abs(x))/phi*2*Ar; 

    elseif xr-phi/2>x>0 

        A=Ar*2; 
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    end 

Arebar=A;           

else 

    m=(r2*sin(theta2)-r1*sin(theta1))/((r2*cos(theta2))-

(r1*cos(theta1))); 

    c=r1*sin(theta1)-m*r1*cos(theta1); 

%The relative position of rebar to neutral axis is defined by the 

distance of rebar to zero point(dr) to the distance of intersection 

point of neutral axis and radial line of zero point to rebar (dL1 

and dL2) 

        dr=sqrt(xr^2+yr^2); 

        x1=c*xr/(yr-m*xr); 

        y1=c*yr/(yr-m*xr); 

        dL1=sqrt(x1^2+y1^2); 

        x2=-c*xr/(yr+m*xr); 

        y2=c*yr/(yr+m*xr); 

        dL2=sqrt(x2^2+y2^2); 

    %Distance of neutral axis to rebar in quadrant 1?2?3 and 4 

        d1=abs(m*xr-yr+c)/sqrt(m^2+1); 

        d2=abs(-m*xr-yr+c)/sqrt(m^2+1); 

        d3=abs(-m*xr+yr+c)/sqrt(m^2+1); 

        d4=abs(m*xr+yr+c)/sqrt(m^2+1); 

    %Rebar in quadrant 1 

    %Neutral axis through rebar 

    if d1<phi/2 

        if theta2>=thetar1 && thetar1>=theta1 

            if dL1<=dr 

                Ar1=(d1+phi/2)/phi*Ar; 

            else 

                Ar1=(phi/2-d1)/phi*Ar; 

            end 

        else 

            Ar1=(phi/2-d1)/phi*Ar; 

        end 

    %Neutral axis not through rebar     

    elseif d1>=phi/2 && theta2>=thetar1 && thetar1>=theta1 

        if dL1<dr 

            Ar1=Ar; 

        elseif dL1>dr 

            Ar1=0; 

        end 

    else 
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        Ar1=0; 

    end  

     
    %Rebar in quadrant 2 

    %Neutral axis through rebar 

    if d2<phi/2 

        if theta2>=thetar2 && thetar2>=theta1 

            if dL2<=dr 

            Ar2=(d2+phi/2)/phi*Ar; 

            else 

                Ar2=(phi/2-d2)/phi*Ar; 

            end 

        else 

            Ar2=(phi/2-d2)/phi*Ar; 

        end 

    %Neutral axis not through rebar     

    elseif d2>=phi/2 && theta2>=thetar2 && thetar2>=theta1 

        if dL2<dr 

            Ar2=Ar; 

        elseif dL2>dr 

            Ar2=0; 

        end 

    else 

        Ar2=0; 

    end      

     
    %Rebar in quadrant 3 

    %Neutral axis through rebar 

    if d3<phi/2 

        if theta2>=thetar3 && thetar3>=theta1 

            if dL1<=dr 

            Ar3=(d3+phi/2)/phi*Ar; 

            else 

                Ar3=(phi/2-d3)/phi*Ar; 

            end 

        else 

            Ar3=(phi/2-d3)/phi*Ar; 

        end 

    %Neutral axis not through rebar     

    elseif d3>=phi/2 && theta2>=thetar3 && thetar3>=theta1 

        if dL1<dr 

            Ar3=Ar; 
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        elseif dL1>dr 

            Ar3=0; 

        end 

    else 

        Ar3=0; 

    end  

     
    %Rebar in quadrant 4 

    %Neutral axis through rebar 

    if d4<phi/2 

        if theta2>=thetar4 && thetar4>=theta1 

            if dL2<=dr 

            Ar4=(d4+phi/2)/phi*Ar; 

            else 

                Ar4=(phi/2-d4)/phi*Ar; 

            end 

        else 

            Ar4=(phi/2-d4)/phi*Ar; 

        end 

    %Neutral axis not through rebar     

    elseif d4>=phi/2 && theta2>=thetar4 && thetar4>=theta1 

        if dL2<dr 

            Ar4=Ar; 

        elseif dL2>dr 

            Ar4=0; 

        end 

    else 

        Ar4=0; 

    end  

     
Arebar=Ar1+Ar2+Ar3+Ar4; 

end 

  

The script of function for calculation of the x axis plastic moduli of concrete core 
under compression is given here. 
 
 
%Calculate the plastic moduli about the x axis of area of ellipse 

sector 

function [Sx]=x_Plastic_Moduliof_elliptical_sector(a,b,theta1,theta2) 

  
if theta1==theta2 
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    Sx=0; 

    return 

end 

[t2,t1] = polar2para(a,b,theta1,theta2); 

r1=((a^2*b^2)/((b*cos(theta1))^2+(a*sin(theta1))^2))^0.5; 

r2=((a^2*b^2)/((b*cos(theta2))^2+(a*sin(theta2))^2))^0.5; 

%Find the plastic moduli of the ellipse sector to x axis 

Sx1=(a*b^2/3)*(cos(t1)-cos(t2)); 

%Find the plastic moduli of the triangle to x axis 

Sx2=(1/6)*(r1*sin(theta1)+r2*sin(theta2))*(r1*r2*sin(theta2-theta1)); 

Sx=Sx1-Sx2; 

 
The script of function for calculation of the x axis plastic moduli of steel tube under 
compression is given here. 
 

%Calculate the plastic moduli about the x axis of part of elliptical 

steel tube under compression 

function 

[Sringx]=x_Plastic_Moduliof_elliptical_ring(a,b,t,theta1,theta2) 

  
if theta1==theta2 

    Sringx=0; 

    return 

end 

u=a+t; 

v=b+t; 

%polar funtion transformation 

r1=a*b/(((b*cos(theta1))^2+(a*sin(theta1))^2)^0.5); 

r2=a*b/(((b*cos(theta2))^2+(a*sin(theta2))^2)^0.5); 

%function of straight line: y=mx+c 

if (abs(cos(theta2)-cos(theta1))<0.00000000001) 

    x3=r1*cos(theta1); 

    x4=r2*cos(theta2); 

    y3=v/u*(u^2-x3^2)^0.5; 

    y4=-v/u*(u^2-x3^2)^0.5; 

else 

    m=(r2*sin(theta2)-r1*sin(theta1))/((r2*cos(theta2))-

(r1*cos(theta1))); 

    c=r1*sin(theta1)-m*r1*cos(theta1); 

    %Find the coordinates of the two intersection points in the inner 

ellipse 

    x3=(-u^2*m*c+(u^2*v^4-(u*v*c)^2+(u^2*m*v)^2)^0.5)/(v^2+u^2*m^2); 



Appendix A 
 

231 
 

    x4=(-u^2*m*c-(u^2*v^4-(u*v*c)^2+(u^2*m*v)^2)^0.5)/(v^2+u^2*m^2); 

    y3=x3*m+c; 

    y4=x4*m+c; 

end 

%Find the respective angle of intersection points based on 

coordinates 

theta3=myatan(y3,x3); 

theta4=myatan(y4,x4); 

if theta4<theta3; 

    K=theta4; 

    theta4=theta3; 

    theta3=K; 

end 

if (theta2<=pi && theta4>3*pi/2) || (theta1>pi && theta3<pi/2) 

    K=theta3; 

    F=theta4; 

    theta3=pi-K; 

    theta4=3*pi-F; 

end 

%Calculate the area of two sector 

Sx1=x_Plastic_Moduliof_elliptical_sector(a,b,theta1,theta2); 

Sx2=x_Plastic_Moduliof_elliptical_sector(u,v,theta3,theta4); 

Sringx=Sx2-Sx1; 

 
The script of function for calculation of the x axis plastic moduli of reinforcement 
under compression is given here. 
 
%Calculate the plastic moduli around the x axis of the part of 

reinforcements  

function [Srebarx]=x_First_Moment_rebar(a,b,xr,yr,phi,theta1,theta2) 

Srx=pi*(phi/2)^2*yr; 

%The polar coordinates of rebars 

thetar1=atan(yr/xr); 

thetar2=pi-thetar1; 

thetar3=pi+thetar1; 

thetar4=2*pi-thetar1; 

  
%polar function transformation 

r1=a*b/(((b*cos(theta1))^2+(a*sin(theta1))^2)^0.5); 

r2=a*b/(((b*cos(theta2))^2+(a*sin(theta2))^2)^0.5); 

%function of straight line: y=mx+c 

%if cos(theta1)==cos(theta2) 
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if (abs(cos(theta2)-cos(theta1))<0.00000000001) 

    Srebarx=0;           

else 

    m=(r2*sin(theta2)-r1*sin(theta1))/((r2*cos(theta2))-

(r1*cos(theta1))); 

    c=r1*sin(theta1)-m*r1*cos(theta1); 

%The relative position of rebar to neutral axis is defined by the 

distance of rebar to zero point(dr) to the distance of intersection 

point of neutral axis and radial line of zero point to rebar (dL1 and 

dL2) 

        dr=sqrt(xr^2+yr^2); 

        x1=c*xr/(yr-m*xr); 

        y1=c*yr/(yr-m*xr); 

        dL1=sqrt(x1^2+y1^2); 

        x2=-c*xr/(yr+m*xr); 

        y2=c*yr/(yr+m*xr); 

        dL2=sqrt(x2^2+y2^2); 

    %Distance of neutral axis to rebar in quadrant 1?2?3 and 4 

        d1=abs(m*xr-yr+c)/sqrt(m^2+1); 

        d2=abs(-m*xr-yr+c)/sqrt(m^2+1); 

        d3=abs(-m*xr+yr+c)/sqrt(m^2+1); 

        d4=abs(m*xr+yr+c)/sqrt(m^2+1); 

    %Rebar in quadrant 1 

    %Neutral axis through rebar 

    if d1<phi/2 

        if theta2>=thetar1 && thetar1>=theta1 

            if dL1<=dr 

            Srx1=(d1+phi/2)/phi*Srx; 

            else 

                Srx1=(phi/2-d1)/phi*Srx; 

            end 

        else 

            Srx1=(phi/2-d1)/phi*Srx; 

        end 

    %Neutral axis not through rebar     

    elseif d1>=phi/2 && theta2>=thetar1 && thetar1>=theta1 

        if dL1<dr 

            Srx1=Srx; 

        elseif dL1>dr 

            Srx1=0; 

        end 

    else 
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        Srx1=0; 

    end  

         
    %Rebar in quadrant 2 

    %Neutral axis through rebar 

    if d2<phi/2 

        if theta2>=thetar2 && thetar2>=theta1 

            if dL2<=dr 

            Srx2=(d2+phi/2)/phi*Srx; 

            else 

                Srx2=(phi/2-d2)/phi*Srx; 

            end 

        else 

            Srx2=(phi/2-d2)/phi*Srx; 

        end 

    %Neutral axis not through rebar     

    elseif d2>=phi/2 && theta2>=thetar2 && thetar2>=theta1 

        if dL2<dr 

            Srx2=Srx; 

        elseif dL2>dr 

            Srx2=0; 

        end 

    else 

        Srx2=0; 

    end        

     
    %Rebar in quadrant 3 

    %Neutral axis through rebar 

    if d3<phi/2 

        if theta2>=thetar3 && thetar3>=theta1 

            if dL1<=dr 

            Srx3=-(d3+phi/2)/phi*Srx; 

            else 

                Srx3=-(phi/2-d3)/phi*Srx; 

            end 

        else 

            Srx3=-(phi/2-d3)/phi*Srx; 

        end 

    %Neutral axis not through rebar     

    elseif d3>=phi/2 && theta2>=thetar3 && thetar3>=theta1 

        if dL1<dr 

            Srx3=-Srx; 
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        elseif dL1>dr 

            Srx3=0; 

        end 

    else 

        Srx3=0; 

    end 

     
    %Rebar in quadrant 4 

    %Neutral axis through rebar 

    if d4<phi/2 

        if theta2>=thetar4 && thetar4>=theta1 

            if dL2<=dr 

            Srx4=-(d4+phi/2)/phi*Srx; 

            else 

                Srx4=-(phi/2-d4)/phi*Srx; 

            end 

        else 

            Srx4=-(phi/2-d4)/phi*Srx; 

        end 

    %Neutral axis not through rebar     

    elseif d4>=phi/2 && theta2>=thetar4 && thetar4>=theta1 

        if dL2<dr 

            Srx4=-Srx; 

        elseif dL2>dr 

            Srx4=0; 

        end 

    else 

        Srx4=0; 

    end  

     
Srebarx=Srx1+Srx2+Srx3+Srx4; 

end 

 
Similarly, the y axis plastic moduli of concrete, steel tube and reinforcements under 
compression can be found by switching the axis. 
 
The script of function for transforming the parameters in polar coordinates to 
parametric representations is given here. 
 
%Transforming the parameters in polar coordinates into parametric 

representations    
function [t2,t1] = polar2para(a,b,theta1,theta2) 
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x1 =  sqrt(a^2*cos(theta1)^2+b^2*sin(theta1)^2)*cos(theta1);  

y1 =  sqrt(a^2*cos(theta1)^2+b^2*sin(theta1)^2)*sin(theta1);  

t1 = myatan(y1/b,x1/a); 

x2 =  sqrt(a^2*cos(theta2)^2+b^2*sin(theta2)^2)*cos(theta2);  

y2 =  sqrt(a^2*cos(theta2)^2+b^2*sin(theta2)^2)*sin(theta2); 

t2 = myatan(y2/b,x2/a); 

end 

 
As the tangent function in Matlab is defined over the domain (-π/2, π/2), and in the 
present study, tangent value is defined over the domain (0, 2π), a transforming process 
is need and given here.  
 
%Changing the domain of the function of tangent from (-π/2, π/2) to 
(0, 2π) 
function v=myatan(y,x) 

v=nan; 

% case 1 

if x>0 

    v=atan(y/x); 

end 

% case 2 

if y>=0 && x<0 

    v=pi+atan(y/x); 

end 

% case 3 

if y<0 && x<0 

    v=-pi+atan(y/x); 

end 

% case 4 

if y>0 && x==0 

    v=pi/2; 

end 

% case 5 

if y<0 && x==0 

    v=-pi/2; 

end 

% case 6 

if v<0 

    v=v+2*pi; 

end 

end 



Appendix A 
 

236 
 

 
The script of function for finding the value of member resistance is given here. 
 
% The design normal force and moment about x and y axis is calculated 

here, together with the loading curve. 

function[Load,reaction,intersection]=reaction(MMNu,Ex,Ey,L,ac,bc,as,b

s,phi,xr,yr,Es,Ec,Er,N2) 

Icx=pi/4*ac*bc^3; 

Icy=pi/4*ac^3*bc; 

Isx=pi/4*as*bs^3-Icx; 

Isy=pi/4*as^3*bs-Icy; 

Irx=(pi*(phi/2)^4/4+pi*(phi/2)^2*yr^2)*4; 

Iry=(pi*(phi/2)^4/4+pi*(phi/2)^2*xr^2)*4; 

w=L/1000; 

EIeffx=0.9*(Es*Isx+0.5*Ec*Icx+Er*Irx); 

EIeffy=0.9*(Es*Isy+0.5*Ec*Icy+Er*Iry); 

Ncrx=(pi^2*EIeffx)/L^2; 

Ncry=(pi^2*EIeffy)/L^2; 

Ned=0:50:max(N2)/2; 

kx=1.1*((1-Ned/Ncrx).^(-1)); 

ky=1.1*((1-Ned/Ncry).^(-1)); 

Mxcol=kx.*Ned*(Ey+w); 

Mycol=ky.*Ned*(Ex+w); 

reaction=[Mycol',Mxcol',Ned']; 

  
MMNu_normal=[MMNu(:,1)/max(MMNu(:,1)) MMNu(:,2)/max(MMNu(:,2)) 

MMNu(:,3)/max(MMNu(:,3))]; 

reaction_normal=[reaction(:,1)/max(MMNu(:,1)) 

reaction(:,2)/max(MMNu(:,2)) reaction(:,3)/max(MMNu(:,3))]; 

[P,D]=knnsearch(MMNu_normal,reaction_normal); 

[minD,minind]=min(D); 

minindp=P(minind); 

intersection=MMNu(minindp,:); 

Load=intersection(1,3); 

 
The script of function for determining the second order effect is given here. 
%sencond order effect  

function [Mcol]=second_order_effects(l,Es,Ec,Er,Is,Ic,Ir,e) 

EIeff=0.9*(Es*Is+0.5*Ec*Ic+Er*Ir); 

Ncr=(pi^2*EIeff)/l^2; 

Ned=1:1000:Ncr-1000; 

k=1.1*(1-Ned/Ncr).^(-1); 



Appendix A 
 

237 
 

w=l/1000; 

Mcol=k.*Ned*(e+w); 
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Appendix B 
 

Design examples  

 

B.1 CFEHS column under axial compression  

The compressive load-carrying capacity of a 400 × 200 × 12.5 concrete-filled EHS 

column 4 m in length is to be determined. The steel tube is of Grade S355 steel, while 

the concrete class is C30. It can be assumed that the member will buckle about its minor 

axis. 

Step 1: Determine cross-sectional properties 

2a = 400.0 mm, 2b = 200.0 mm, t = 12.5 mm, L = 4.0 m 

The area of concrete  

( ) ( ) ( )( ) =×−×−=−−= 5.1222005.122400
4

2222
4c

ππ tb taA 51542 mm2 

The area of steel ( ) m
m m m

m

3
1

10 4
s

hA = P t = a +b  + t
h

π
 
  + − 

 

where Pm is the mean perimeter, hm = (am – bm)2/(am + bm)2, am = (2a – t)/2 and 

bm = (2b – t)/2 

  am = (400 – 12.5)/2 = 193.75 mm, bm = (200 – 12.5)/2 = 94.0 mm, 

hm = (193.75 – 93.75)2/(193.75 + 93.75)2
 = 0.121 
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( )s

3 0.121
193.75 93.75 1 12.5

10 4 0.121
A = +  +π ×  × = + − 

11632 mm2. 

The second moment of area of concrete about the minor axis is: 

( ) ( ) ( )( )3 3

c,z 2 2 2 2 400 2 12.5 200 2 12.5
64 64

I a t  b tπ π= − − = − × − × = 9.86 × 107 mm4. 

The second moment of area of steel tube about the minor axis is: 

( ) ( ) ( )( )3 3

s,z c,z
72 2 400 200

64 6
9.86  10

4
I a  b Iπ π ×= − = −  = 5.84 × 107 mm4. 

Step 2: Determine structural properties of member 

fyk = 355 MPa, fc = 30 MPa, Ea = 210000 MPa, Ec = 33000 MPa 

  fyd = fyk/γM0 = 355 / 1.0 = 355 MPa, fcd = fc/γC = 30 / 1.5 = 20 MPa 

The plastic resistance to compression of the section is: 

Npl,Rd = Aa fyd + Ac fcd = 11632 × 355 + 51542 × 20 = 5160 kN. 

The effective minor axis flexural rigidity is: 

(EI)eff,z = Is,z Es + 0.6 Ic,z Ec = (5.843 × 21 + 0.6 × 9.863 × 3.3) × 1011 

= 1.42×1013 N mm2. 

The minor axis elastic critical buckling load is thus: 

Ncr,z = π2(EI)eff,z / L2 = π2(1.422 × 1013) / (4 × 103)2 = 8.772× 106 N= 8772 kN. 

Step 3: Calculate buckling reduction factor 

The nondimensional slenderness 
pl,Rd

cr,z

5160
0.77

8772

N
N

λ = = =  

Since there is no steel reinforcement, buckling curve b from EN 1993-1-1 (2005) shall 

be used, therefore α = 0.34. 

( )( ) ( )( )2 2
00.5 1 0.5 1 0.34 0.77 0.20 0.77 0.89α λ λ λΦ = + − + = + − + =  

( )22 2 21 / 1 / 0.893 0.893 0.770 0.74χ λ  = Φ + Φ − = + − = 
 

 

b,Rd pl,Rd 0.743 5160N Nχ = = × = 3833 kN 
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B.2 CFEHS beam-column under combined axial compression and uniaxial bending 

A concrete filled elliptical hollow section column of length 4 m with uniform cross-

section of 400 × 200 × 12.5 in mm is under a 1800kN loading with 20 mm eccentricity 

about its minor axis. The steel tube is of Grade S355 steel, while the concrete class is 

C30. The resistance of this column can be calculated in the following process. 

As the geometric and structural properties of the member in Example B.2 are the same 

as those in Example B.1, for steps 1 and 2 reference can be made back to Example B.1. 

Step 3: Determine the interaction curves 

As a simplification, the interaction curve may be replaced by a polygonal diagram as 

suggested in EN 1994-1-1 (CEN, 2004) and the details can be found in the design guide 

for Eurocode 4 (Johnson and Anderson, 2004).  

The plastic modulus of steel tube and concrete core can be calculated as: 

( )( ) ( )( )2 6 3
pc,z

2
400 2 12.5 22 2 2 2 1.12 10 mm

32 3
1

2
00 2 2.5W a t b tπ π= − × − ×× == − −   

52 2 6
ps,z pc,z

3(2 )(2 ) 400 200 1.127 10
32 32

4.43 10 mmW a b Wπ π= − = × × − × = ×  

Npm,Rd = fcd Ac = 20 × 51542 = 1031 kN 

Mmax,Rd = Wps fyd + Wpc fcd / 2 = 4.433 × 105 ×355 + 1.127 × 106 ×20 = 179 kN m. 

According to the design guide (Johnson and Anderson, 2004), the value of Mpl,Rd can 

be found in the following process.  

3
pm,Rd

cd
n,z

yd

1031 10

4 8 4 200 20 8 12.5 355

N
h

af tf
×= = =

+ × × + × ×
20.0 mm 

Wpc,n,z = (2a − 2t) hn,z
2 = (400 – 25) × 202 = 1.50 × 105 mm3 

Wps,n,z = 2a hn,z
2 − Wpc,n,z = 400 × 202 − 1.5 × 105 = 1.00 × 104 mm3 

Mn,Rd,z = Wpc,n,z fcd + Wps,n,z fyd = 1.5 × 105 × 20 + 1.0 × 104 × 355 = 7 kN m 

Mpl,Rd,z = Mmax,Rd,z − Mn,Rd,z = 179 – 7 = 172 kN m 

So the polygonal diagram can be plotted, as shown in Figure B.1.   
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Figure B.1: Interaction polygon for bending about minor axis  

Step 4. Bending moments 

According to EN 1994-1-1 (CEN, 2004), the equivalent member imperfection is 

e0 = L/200 = 20.0 mm. 

The mid-length first-order bending moment due to loading is  

NEd (e0 + e) = 1800 × (0.02 + 0.02) = 72 kN m. 

To check whether second-order moments can be neglected, a reduced value of Ncr is 

required. 

(EI)eff,II,z = 0.9 (Es Is,z + 0.5 Ec Ic,z) = 0.9 × (5.843 × 21 + 0.5 × 9.863 × 3.3) × 1011 

= 1.25 × 1013 N mm2 

Hence, 

Ncr,eff,z = 1.251 × 107 × π2 / 42 = 7.716 × 106 N = 7716 kN. 

As this is less than 10NEd, so second-order effects must be considered. The 

amplification factor is  

1
Ed cr,eff,z

1
1.30

1 / 1 1800 / 7716
k

N N
β= = =

− −
 

Thus the second-order design moment is  

MEd,z = k1 NEd (e0 + e) = 93 kN m. 
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The point (MEd,z, NEd) is (163, 1800) on Figure B.1. From the values shown in the figure, 

αM,z MRd,z = 0.9 × 172 × (5160 − 1800) / (5160 − 1031) = 126 kN m. 

This is larger than MEd,z, so the column can sustain the eccentric loading.  

 

B.3 CFEHS beam-column under combined axial compression and biaxial bending 

In this example, a major axis bending moment My,Ed = 100 kN m is added to the end of 

the member in Example B.2 and the additional resistance checks, beyond those of 

Example B.2 are as follows.  

Step 1: Determine the geometric properties of cross-section 

The second moment of area of concrete about the major axis is:  

( ) ( ) ( )( )3 3

c,y 2 2 2 2 200 2 12.5 400 2 12.5
64 64

I b t  a tπ π= − − = − × − × =  4.53 × 108 mm4. 

The second moment of area of steel tube about the major axis is: 

( ) ( ) ( )( )3 3 8
s,y c,y2 2 200 400

64 6
4.530  10

4
I b  a Iπ π ×= − = −  = 1.75 × 108 mm4. 

Step 2: Determine the structural properties member 

The effective major axis flexural rigidity is: 

(EI)eff,y = Is,y Es + 0.6 Ic,y Ec = (1.75 × 210000 + 0.6 × 4.53 × 33000) × 108 

= 4.58×1013 N mm2. 

The major axis elastic critical buckling load is thus: 

Ncr,y = π2(EI)eff,y / L2 = π2(4.58 × 1013) / (4× 103)2 = 2.83×107 N = 28300 kN. 

Step 3: Determine the interaction curves 

The plastic modulus of steel tube and concrete core about major axis can be calculated 

as: 

( )( ) ( )( )2 6 3
pc,y

2
200 2 12.5 42 2 2 2 2.42 10 mm

32 3
1

2
00 2 2.5W b t a tπ π= − × − ×× == − −  

52 2 6
ps,y pc,y

3(2 )(2 ) 200 400 2.42 10
32 32

7.22 10 mmW a b Wπ π= − = × × − × = ×  
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Mmax,Rd,y = Wpa,y fyd + Wpc,y fcd / 2 = 7.22 × 105 ×355 + 2.42 × 106 ×20 = 305 kN m 

3
pm,Rd

cd
n,y

yd

1031 10

4 8 4 100 20 8 12.5 355

N
h

bf tf
×= = =

+ × × + × ×
23.7 mm 

Wpc,n,y = (2b − 2t) hn,y
2 = (200 – 25) × 23.72 = 9.83 × 104 mm3 

Wps,n,y = 2bhn,y
2 − Wpc,n,y = 200 × 23.72 − 1.0 × 105 = 1.23 × 104 mm3 

Mn,Rd,y = Wpc,n,y fcd + Wps,n fyd = 9.83× 104 × 20 + 1.23 × 104 × 355 = 6 kN m 

Mpl,Rd,y = Mmax,Rd,y − Mn,Rd,y = 305 – 6 = 299 kN m. 

So the polygonal diagram can be plot out in Figure B.2.   

 

Figure B.2: Interaction polygon for bending about minor and major axis 

Step 4. Bending moments 

To check whether second-order moments can be neglected, a reduced value of Ncr is 

required. 

(EI)y,eff,II = 0.9 (Es Is,y + 0.5 Ec Ic,y) = 0.9 × (1.75 × 21 + 0.5 × 4.53 × 3.3) × 1012 

= 3.99 × 1013 N mm2 

Hence, 

Ncr,z,eff = 3.99 × 107 × π2 / 42 = 2.46 × 107 N = 24600 kN. 

As this is larger than 10 NEd, so second-order effects can be neglected.  

Thus the design moment is  
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My,Ed = 100 kN m. 

The point (Mz,Ed, Ned) is (80, 1800) on Figure B.2. From the values shown in the figure, 

αM,y My,Rd = 0.9 × 299 × (5160 − 1800) / (5160 − 1031) = 219 kN m. 

This is larger than My,Ed, and the combined effect is checked as follows.  

My,Ed / αM,y My,Rd + Mz,Ed / αM,z Mz,Rd = 100 / 219 + 93/126 = 1.19. 

This exceeds 1.0, so the check is thus not satisfied, and the column cannot resist the 

additional major axis bending moment.  
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