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Abstract In this paper, we propose the notion of continuous-time dynamic spectral
risk measure (DSR). Adopting a Poisson random measure setting, we define this class
of dynamic coherent risk measures in terms of certain backward stochastic differen-
tial equations. By establishing a functional limit theorem, we show that DSRs may
be considered to be (strongly) time-consistent continuous-time extensions of iterated
spectral risk measures, which are obtained by iterating a given spectral risk measure
(such as expected shortfall) along a given time-grid. Specifically, we demonstrate
that any DSR arises in the limit of a sequence of such iterated spectral risk measures
driven by lattice random walks, under suitable scaling and vanishing temporal and
spatial mesh sizes. To illustrate its use in financial optimisation problems, we analyse
a dynamic portfolio optimisation problem under a DSR.
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1 Introduction

Financial analysis and decision making rely on quantification and modelling of future
risk exposures. A systematic approach for the latter was put forward in [2], laying the
foundations of an axiomatic framework for coherent measurement of risk. A sub-
sequent breakthrough was the development and application of the notion of back-
ward stochastic differential equations (BSDEs) in the context of risk analysis, which
gave rise to the (strongly) time-consistent extension of coherent risk measures to
continuous-time dynamic settings [39, 42]. Building on these advances, we consider
in this article a new class of such continuous-time dynamic coherent risk measures,
which we propose to call dynamic spectral risk measures (DSRs).

Quantile-based coherent risk measures, such as expected shortfall, belong to the
most widely used risk measures in risk analysis, and are also known as spectral risk
measures, Choquet expectations (based on probability distortions) and weighted VaR;
see [1, 11, 34, 48]. In order to carry out for instance an analysis of portfolios in-
volving dynamic rebalancing, one is led to consider the (strongly) time-consistent
extension of such coherent risk measures to given time-grids, which are defined by
iterative application of the spectral risk measure along these particular grids. Due to
its continuous-time domain of definition, a DSR is, in contrast, independent of a grid
structure. While the latter holds for any continuous-time risk measure, we show that
DSRs emerge as the limits of such iterated spectral risk measures when the time-step
vanishes and under appropriate scaling of the parameters, by establishing a functional
limit theorem.

To explore its use in financial decision problems, we consider subsequently a dy-
namic portfolio optimisation problem under DSR, which we analyse in terms of its
associated Hamilton—Jacobi—Bellman (HJB) equation. In the case of a long-only in-
vestor (who is allowed neither to borrow nor to short-sell stocks), we identify explic-
itly dynamic optimal allocation strategies.

DSR, like any dynamic risk measure obtained from a BSDE, is (strongly) time-
consistent in the sense that if the value of a random variable X is not larger than
Y under DSR at time ¢ almost surely, then the same relation holds at earlier times
s < t. For dynamic risk measures, the property of strong time-consistency is well
known to be equivalent to recursiveness, a tower-type property which is referred to
as filtration-consistency in [15]. Such concepts have been investigated extensively in
the literature; among others, we mention [3, 10, 14, 16, 25, 30, 31, 40]. For studies
on weaker forms of time-consistency, we refer to [41, 47, 49].

The notion of strong time-consistency in economics goes back at least as far as
[46] and has been standard in the economics literature ever since; see for instance [9,
20, 23, 24,27, 32, 33].

Due to their recursive structure, financial optimisation problems, such as utility
optimisation under the entropic risk measure and related robust portfolio optimisa-
tion problems, satisfy the dynamic programming principle and admit time-consistent
dynamically optimal strategies (see for instance [5, 36] and references therein). In
Sect. 6, we demonstrate that this also holds for the optimal portfolio allocation prob-
lem phrased in terms of the minimisation under a DSR, and phrase and solve this
problem via the associated HIB equation.
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On dynamic spectral risk measures

For a given DSR, the functional limit theorem that we obtain (see Theorem 5.2)
shows how to construct an approximating sequence of iterated spectral risk measures
driven by lattice random walks, suggesting an effective method to evaluate func-
tionals under a given DSR and solutions to associated PIDEs, by recursively apply-
ing (distorted) Choquet expectations. The functional limit theorem involves a certain
non-standard scaling of the parameters of the iterated spectral risk measures, which is
given in Definition 5.1. The advantage of this approximation method is that it avoids
the (typically nontrivial) task of computing Malliavin derivatives. A numerical study
is beyond the scope of the current paper and left for future research.

While one may prove the functional limit theorem directly through duality argu-
ments, we present in the interest of brevity a proof that draws on the convergence
results obtained in [37] for weak approximation of BSDEs. In the literature, various
related convergence results are available, of which we next mention a number (refer
to [37] for additional references). The construction of continuous-time dynamic risk
measures arising as limits of discrete-time ones was studied in [45] in a Brownian set-
ting. In a more general setting including in addition finitely many Poisson processes,
[35] presents a limit theorem for recursive coherent quantile-based risk measures,
which is proved via an associated nonlinear partial differential equation. In [19], a
Donsker-type theorem is established under a G-expectation.

Contents The remainder of the paper is organised as follows. In Sect. 2, we collect
preliminary results concerning dynamic coherent risk measures and related BSDEs,
adopting a pure jump setting driven by a Poisson random measure. In Sect. 3, we are
concerned with the Choquet-type integrals which appear in the definitions of dynamic
and iterated spectral risk measures. With these results in hand, we phrase the defini-
tion of a DSR in Sect. 4 and identify its dual representation. In Sect. 5, we present
the functional limit theorem for iterated spectral risk measures. Finally, in Sect. 6, we
turn to the study of a dynamic portfolio allocation problems under a DSR.

2 Preliminaries

In this section, we collect elements of the theory of time-consistent dynamic coherent
risk measures and associated BSDEs, in both continuous-time and discrete-time set-
tings. To avoid repetition, we state some results and definitions in terms of the index
set Z, which is taken to be either Z = [0, T'] or

LT=nap:={t; =iA,i=0,...,N}, withA=T/N,
forsome N e Nand T > 0.
2.1 Time-consistent dynamic coherent risk measures

On some filtered probability space (£2, F, F, P) with F = (F;),e, we consider risks
described by random variables X € L? = LP(Fr), p > 0, the set of Fr-measurable
X with E[|X|P]1= [, |X|?dP < co. We denote by LI = LP(F;) and LP(G) the
elements X in L7 (F) that are measurable with respect to the sigma-algebras F; and
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G C F, respectively, and by £, L, L>°(G) the collections of bounded elements
in LP, Ef and £7(G). Let S2(Z) denote the space of F-adapted semimartingales

Y = (Y});<7 that are square-integrable in the sense that || Y ||‘292 @ < where

1¥13 g, =E[ sup Y]
tel

For a given measure p on a measurable space (U, Uf), we denote by L” (1), p > 0,
the set of Borel functions v : U — R with |v], , < 00, where

1/p
lp,pu = </U|v(X)IpM(dX)> ,

and by Li (u) the set of nonnegative elements in £ ().
Dynamic coherent risk measures and (strong) time-consistency are defined in an
L£2-setting as follows.

Definition 2.1 A dynamic coherent risk measure p = (p;);ey is defined to be a map
p : L2 — S%(T) that satisfies the following properties:

(i) (cash invariance) for m € £12, (X +m) = pi(X) —m;

(ii) (monotonicity) for X,Y € L> with X > Y, p;(X) < p,(Y);

(iii) (positive homogeneity) for X € £* and A € L2, pr(IAMX) = M| (X);
(iv) (subadditivity) for X, Y € L2, py(X +Y) < p;(X) + p/(Y).

Definition 2.2 A dynamic coherent risk measure p is called (strongly) time-
consistent if either of the following holds:

(v) (strong time-consistency) for X,Y € £?and s, t with s <1, p1(X) < ps(Y) im-

plies ps(X) < ps(Y);
(vi) (recursiveness) for X € £? and s, t with s <t, ps(p/ (X)) = ps(X).

More generally, a map p : £2 — S%(Z) is called a time-consistent dynamic risk
measure if p satisfies conditions (i) and (v). For a proof of the equivalence of (v) and
(vi), we refer to Follmer and Schied [26, Lemma 11.11]; for a discussion of (the un-
conditional version of) the properties (i)—(iv), see [2, 3]. One way to construct a time-
consistent dynamic risk measure is as solution to an associated backward stochastic
differential equation (BSDE) or backward stochastic difference equation (BSAE). To
ensure that such dynamic risk measures satisfy (iii) and (iv), the corresponding driver
functions must be positively homogeneous, subadditive and should not depend on
the value of the risk measure (see [42, Proposition 11] and [15, Lemma 2.1]). Fur-
thermore, a necessary condition to ensure that a comparison principle (and hence the
monotonicity in (ii)) holds is that the driver function in addition satisfies a gradient
condition (see [17, Theorem 3.2.2]). For background on the notion of strong time-
consistency and its relation to g-expectations, we refer to [6, 7, 39, 42]. Specifically,
in our setting, such driver functions are defined as follows.
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Definition 2.3 For a given Borel measure 1 on R¥\{0}, k € N, we call a function
g:7T x L2(n) — R adriver function if for any z € L£2(w), the mapping t — g(t, 2)
is continuous (in case Z = [0, T']) and the following holds:

() (Lipschitz-continuity) for some K € R.\{0} and any r € Z and z1, z» € £>(w),
lg(t,z1) — g(t, 22)| < Klz1 — 22l2, -
A driver function g is called coherent if the following hold:
(ii) (positive homogeneity) foranyr e Ry, t € Z and z € Ez(,u), we have
g(t,rz) =rg(t,2);
(iii) (subadditivity) for any t € T and z1, z» € £>(11), we have

gt,z1+22) < gt,z1) + g(t, 22)-

(iv) (gradient condition) for any t € T and z1, z» € £>(11), we have

g(t.21) — g1, 22) < / 5922 (1, ) (21 (1) — 22(x) ) (d),
RK\ {0}

where the mapping %122 : [0, T'] x R¥\ {0} — (—1, c0) is such that the mapping
1> Jgi o) 18722 (0, x)|?1(dx) is bounded, uniformly in (z1, z2).

If a driver function is convex and positively homogeneous, condition (iv) is satisfied
if the subgradients of g are bounded, uniformly in (¢, z) € Z x L2(w).

We describe next the dynamic (coherent) risk measures defined via BSDEs (if
I =10,T]) and BSAEs (if Z is a finite partition of [0, T']).

2.2 Discrete-time lattice setting

We turn first to the discrete-time lattice setting, fixing a uniform partition & = ma
of [0, T] with A =T/N for some N € N. Let L™ = (L;”)),En denote a square-
integrable zero-mean random walk starting at zero and taking values in (v/AZ)¥, and
let FO") = (]—',(”)) rex denote the filtration generated by L. Furthermore, we let g™
be a coherent driver function as in Definition 2.3 with Z = 7 and w(dx) equal to the

scaled law v\ (dx) of AL,(”) = Lz(Z-)A - L;”), t € w\{T}, given by

1
v (dx) == ZP[AL?” cdx], xe (VAL Q2.1
In view of [37, Proposition 3.2], the BSAE for (Y(”), Z(”)) corresponding to the
final value —X™ e 2 (.7-';”)) and the driver function g™ takes the form, analogous

to the one in the continuous-time case given in (2.6) below,
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T—A
Y7 ==X 437 (s, M)A

s=t

=3 (z§">(AL§”>)1{ AL 20, —1E[Z§”)(AL§’”)1{ AL ¢0}|}'§”)]) (2.2)

for t € w\{T'} and with Y}”) = —X)_ where I, denotes the indicator of a set A. In
difference notation, the BSAE (2.2) is for r € 7\{T} given by

AYT = =™, i) A

+Z7(ALT)]I B[z (AL FPl @3

(AL#0y {AL§”>¢0}|

with Y}”) =—X_ A pair (Y™, Z) is a solution of the BSAE if for any ¢ € 7, it
satisfies (2.2) with

v e2F™), 7 el =2 (v dx) x dP, B((WAZY) @ F7).

If the Lipschitz constant K = K ™) of the driver function g™ is strictly smaller than
the reciprocal 1/A of the mesh size, we can use [37, Propositions 3.1 and 3.2] and
the fact that in the notation of [37] F™ is independent of W@ to conclude that
there exists a unique solution (Y . 7z (”)) to the BSAE which satisfies for ¢t € 7 the
relations

v =g, 2 A+ B[y, TN 7], 2.4)
z7V () =E[Y )| R viaLy™ =x)] - E[Y 0| F7 viaL® =0)]  (2.5)
for x € (v/AZ)K, where }"t(”) v {ALE”) =x}:= ]-'[(”) v 0({ALI(”) = x}) denotes the

smallest sigma-algebra containing ]—',(”) as well as the sigma-algebra o ({AL;”) =x})

generated by the set {ALI(”) = x}. In analogy with the continuous-time case (re-
viewed below), the dynamic risk measure associated to the solution to the BSAE is
defined as follows.

Definition 2.4 For a driver function g as in Definition 2.3 with 7 = 7 and with
wu(dx) = v and the solution (Y™, Z() of the corresponding BSAE (2.2), we

04 () . . . . .
denote by p8 ™, = (,o;g ’(”)),Eﬂ the time-consistent dynamic risk measure given
(™
by of T L2(FF) — L2(FT) with

()
plg )(N)(X) Yt(ﬁ)'
2.3 Continuous-time setting

In the continuous-time case Z = [0, T'], we consider risky positions described by
random variables X that are measurable with respect to F7, where F = (F;)¢[0,7]
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denotes the right-continuous and completed filtration generated by a Poisson random
measure N on [0, T] x R¥\{0} for some k € N. We suppose throughout that the
associated Lévy measure v satisfies the following condition:

Assumption 2.5 The Lévy measure v associated to the Poisson random measure N
has no atoms, and for some g9 > 0, we have v, € R4 \{0}, where for p >0,

vy ::/ |x|Pv(dx).
Rk\{0}

We denote by N(dr x dx) = N(@dt x dx) — v(dx)ds the compensated Poisson
random measure and by L = (L;);¢[0,7] the (column-vector) Lévy process given by

L, =/ xN(ds x dx).
[0,1]xRk\{0}

Under Assumption 2.5, we have E[|L;|>*%0] < oo for any ¢ € [0, T] (see [44, Theo-
rem 25.3]).

Let 72 denote the set of P-measurable square-integrable processes where, with
P denoting the predictable sigma-algebra, P = P ® B(R¥\{0}), and let I denote the
Borel sigma-algebra induced by the L?(v(dx))-norm. In particular, U € #2 is such

that ||U||?;[2 < 00, where
r 2
||U||ﬁ2::E[/ IU,IZ,vdt]
0

Moreover, let M, denote the set of probability measures Q = Q¢ on (£2, Fr) that
are absolutely continuous with respect to [P with square-integrable Radon—Nikodym
derivative & € Ei(]—'r), and write 8% := S2[0, T].

Let us next consider a coherent driver function g as in Definition 2.3 with © = v
and 7 = [0, T] and fix a final condition X € £2. The associated BSDE for the pair
(Y, Z) € 8 x H? is given by

T
Y, =—-X +/ g(s, Zs)ds —/ Zs(x) N(ds x dx) (2.6)
i (1, T1xRk\{0}

for t € [0, T]. This BSDE, as we recall from [4], admits a unique solution. By com-
bining [38, 43, 42], we have that the BSDE (2.6) gives rise to a dynamic coherent risk
measure as follows.

Definition 2.6 For a given coherent driver function g, the corresponding time-con-
sistent dynamic coherent risk measure p8 = (p? )re[0.7] £? — S? is given by

pf(X) =Y,

where (Y, Z) € 82 x H? solves (2.6).
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Remark 2.7 (i) Let L% = (L%),¢0.7) be given by LE = dr + L, for some d € R¥. For
random variables X € £? of the form X = f(L$) for some function f : R* — R, the
dynamic coherent risk measure pf(X) is related to the semilinear PIDE (denoting
. v

V= W)

0(t, x) + Gu(t,x) 4+ g(t, Dv; ) =0, (t,x) €[0,T) x R, (2.7)
(T, x)=—f(x), xeRk (2.8)

where Dy x :R¥ > R and Gu(t, x) are given by Dv; x(y) = v(t,x +y) — v(t, x)
and

Gu(t,x)=dTVu(t, x) + / (’th,x(y) — Vul(t, x)Ty)v(dy),
R\ (0}

where Vv = (;—x”l, e ;TU,()T' Specifically, if v € Cl1([0, T1 x R¥) solves (2.7) and

(2.8) such that Vu(z, x) is bounded (uniformly in (¢, x) € [0, T] X R¥), then we have
the stochastic representation

T
pf(X)zE[—f(L‘%)Jr f g(s, Zy)ds
t

ft} = (@, LY),
Zi(x)=v(t, L} +x)—v(t, L), xeR,

with Lg_ = Lg. This nonlinear Feynman—Kac result is shown by an application of
Itd’s lemma.
(ii) The risk measure p® admits a dual representation

pf(X) = esssup EQ[—X|F] (2.9)
QeS8

for a certain representing subset S8 of the set M of probability measures that are
absolutely continuous with respect to P. The set S8 is convex and closed (see [26,
Theorem 11.22]).

We describe next a representation result for a dynamic risk measure p¢ in terms of
the representing processes (H¢) of the stochastic logarithms of the Radon-Nikodym
derivatives & € Li(]—"T) of the measures Q% € M, which are given by

£E=EM5)r, M?:/ HE (x) N(ds x dx),
(0, - IxRF\{0}

where £(-) denotes the Doléans-Dade stochastic exponential. A B(RY) ® U-mea-
surable set family C = (C;);¢[o0,7] is called convex or closed if for any ¢ € [0, T'], the
set C; is convex or closed.

Theorem 2.8 Let g be a coherent driver function. Then for some P @ U-measurable
set family C8 that is closed, convex and contains 0, we have for any t € [0, T that
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08 (X) satisfies (2.9) with
S8 ={Q* e My : HE €C§ foralls [0, T]). (2.10)

Furthermore, the driver function g satisfies for (t,z) € [0, T] x £2(v)

g(t,2)= sup/ z(x)h(x)v(dx). (2.11)
hect JRA\{0}

The proof follows by an adaptation of the arguments given in [36, Theorem A.25]
and is omitted.

Remark 2.9 (i) Note that two driver functions g; and g, are equal if and only if the
corresponding sets C8! and C#2 in the representation (2.11) are equal.

(ii) Let C be a U-measurable subset of Ez(v). If C,g = C forall t € [0, T], then
the corresponding driver function is given by g(¢, z) = g(z), where

8(2)= sup/ z()e(x)v(dx), zeL’W).
teC JRA\(0}

2.4 Convergence

We next turn to the question of convergence of a sequence (pé . )); of dynamic
coherent risk measures as in Definition 2.4 when the mesh size A = A, tends to
zero. Let us suppose that (p8 @, )); are driven by the random walks (L), that
are defined as

ALY =UNVA, e, ren\(T),  @12)
for some probability distribution (ij, j € ZF) on ZF that is given, in terms of a
constant ¢ > 1 (to be specified shortly) and a partition (BjA, j=U1,.--, Jr) € 7X) of
(v/AZ)* into block sets of the form
A _ A
B =143,
Ji

where A2 = [kv/A, (k+ DVA) if k> 0, AL = ((k — DV/A, kv/A] if k < 0 and
A€ = (—vA,V/A), by

PP =v(BMA, jeZNCa, (2.13)
pj =0, jeCa\{0} (2.14)
Py =1-Y_pf (2.15)
Jj#0
where
Ca={jeZr:|jl<cam), ca=c+(logA)™, (2.16)

where, as before, v, = ka\{()} Ix[2v(dx).
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When A \ 0, we have by the dominated convergence theorem that

E[(LT + LT — T/

(o +x)7v(dx),  rse{l,... k),
Rk\{0}
where L(Tn)’m and x,,, m € {1, ..., k}, denote the mth coordinates of L(T”) and x € R*.
Moreover, we have by functional weak convergence theory (see e.g. [29, Theo-
rem VIL.3.7])

L™ L1 as AN,

where —&> denotes convergence in law in the Skorokhod Ji-topology on the space
D([0, 17, Rk) of R¥-valued RCLL functions.

On a suitably chosen probability space, L(T”) converges to L almost surely as
A N\ 0. The latter convergence also holds in a stronger sense thanks to moment con-
ditions satisfied by L(T”) that we show next. We define the value of ¢ in terms of
&o > 0 given in Assumption 2.5 by

e+ yPto v
c= Su .
S (xR Dy v 1)

2.17)

Lemma 2.10 The collection (L™), of random walks defined in (2.12)—(2.15) is
such that for any uniform partition w and t € w\{T}, we have ]E[|ALt(”) 11/vVA—0
as AN\ 0 and

1
BIALPPY ) <vp A, PIALT =012 1— — (2.18)
A

where gy > 0 and v, are as in Assumption 2.5 and c is given in (2.16) and (2.17).
Furthermore, we have

sup  E[ILYPF0]eR,. (2.19)
w:AreR4\{0}

Remark 2.11 Under the bound on the right-hand side of (2.18), we have numerical
stability of the solutions to a sequence of BSAEs driven by (L) (see [37, Theo-
rem 3.4]).

Proof of Lemma 2.10 Letting m = a denote the partition with mesh size A € R, \{0}
and ¢ = gp, a first observation is that for any ¢ € m\{T}, a € Ry\{0} and
p € 12,2+ ¢], we have by Chebyshev’s inequality

PIAL™ | >al <v({z eRF: [z] > a}) A (2.20)
Vp

< -2, 2.21)
aP
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where, as before, v, = ka\{o} |x|?v(dx). By multiplying (2.20) by pa”~! and inte-
grating, we have the estimate

E[|AL™P1<v, A, pel2,2+¢l (2.22)
Taking in (2.21) p =2 and a = b/cav2 A and setting b = 1 shows that

PIALT | > 0] =P[|ALT™| > Jeam Al < ¢} (2.23)

which yields the bound on the right-hand side of (2.18), while integrating over b > 1
shows that E[|AL§”) |]/«/Z < /v2/ca, which tends to zero as A N\ 0 in view of the
form of ca.

To establish (2.19), the proof next proceeds analogously as that of the moment
result for Lévy processes (see [44, Theorem 25.3]). The key step to transfer the uni-
form estimate of moments of the increments to a uniform estimate of moments of
the random walk at T is the estimate for submultiplicative functions g (a function
g :R¥ — R is called submultiplicative if for some be €Ry and any x,y € R¥, we
have g(x + ) < by g(x)g(y)) given by

E[g(L(T”))]zE[g< 3 AL@)} <Y 'Elg(ALN", (2.24)
tex\{T}

where we used that the increments AL;”), t € m\{T'}, are independent. For any
a € Ry, the function g,(x) := |x|**® V a is submultiplicative; see [44, Proposi-
tion 25.4]. From (2.22) and (2.23), we have that E[gl(ALl(”))] is bounded above
by

Elgo(ALT)] +PIALT| € (0, 1]] < vare A 4¢3 (2.25)

Combining the bounds (2.24) and (2.25) with the facts that ¢ defined in (2.17) is such
that by, = c and ¢ < ca, we have for all N € N that

1

1 N
Elgi(Ly )] <! (Z + v2+aA> T (1 +

cvare T ) ! (2.26)

N

As the right-hand side of (2.26) is bounded above by ¢! exp(cva4e T), we have
(2.19) and the proof is complete. O

The moment conditions in Lemma 2.10 carry over to those of path-functionals as
follows.

Corollary 2.12 Assume that F : D([0, T], Rk) — R satisfies, for some ¢ € R4,
|F(0)] < clolle  forall o e D([0, T1,R¥), (2.27)

where ||®||co = sup, (o, 77 1@ (?)|. Then, uniformly over partitions T = 7,

sup  E[|F(LW™)P+o] e Ry
AER;\(0}
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Proof For any partition 7, an application of Doob’s inequality to the centred random
walk i§”> = L;”) — IE[LEH)] shows that

E[sup |Z§”>|2+80] < constE[| L |>+0], (2.28)

temw

The assertion follows by combining the estimate (2.28) with (2.27), the triangle in-
equality, the convexity of x > |x|>*20 and (2.19) in Lemma 2.10. O

To guarantee that the convergence of the random walks (L), carries over to
the convergence of the corresponding BS AEs, we impose the following condition on
the sequence of coherent driver functions (g‘™),; and their piecewise constant RCLL
interpolations ().

Condition 2.13 (i) The collection of functions (g™)); is uniformly Lipschitz-
continuous with Lipschitz constants K ™ such that sup,, K™ e R,

(i) For any continuous function / for which sup, cg#\ (o) 2(x)|/|x]| is bounded and
any ¢ € [0, T'], we have

lim g (t, h) = g(¢, h).
Jim 27, ) = g (e, h)

The convergence result for BSAEs [37, Theorem 4.1] is phrased as follows in the
current setting.

Theorem 2.14 Let g be a coherent driver function, let (L) be as in (2.12)—(2.15)
and suppose that the sequence of coherent driver functions (7)), satisfies Condi-

tion 2.13. If X e Lz(}"}n)) and X € L2 are such that X — X in distribution
and the collection (XU)?); is uniformly integrable, then we have (with ﬁg(ﬂ)’(” )
the piecewise constant RCLL interpolation of p8 @, )

587 x4 p8(X) as ANO.

3 Choquet-type integrals and iterated versions
3.1 Choquet-type integrals

We describe next the Choquet-type integrals that feature in the definition of dynamic
spectral risk measures given in the next section. We refer to [18] for a treatment of
the theory of nonlinear integration. The Choquet-type integrals we consider are given
in terms of measure distortions that we define next.

Definition 3.1 Let (U, U, 1) be a measure space.

i) I :[0, w(U)] — [0, 0] is called a measure distortion if I' is continuous and
increasing with I'(0) = 0. If I"(1) = 1, then I" is called a probability distortion.
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(ii) I" o u : U — [0, 0o] denotes the set function given by (I" o u)(A) := I'(u(A))
for Aeld.

On a given measure space (U,U, ), a set A € U with u(A) > 0 is called an
atom if C C A implies u(C) € {0, u(A)}. We assume throughout that the measure
distortions and associated measure spaces are of the following type:

Assumption 3.2 The measure p on (U, If) is sigma-finite and has no atoms, and the
measure distortion " : [0, w(U)) — Ry is bounded and such that

r
Kr :=f ﬂdye]&r. 3.1
G RANAT

The Choquet-type integrals that we consider are defined as follows.

Definition 3.3 Let (U, U/, t) be a measure space and I} and /_ associated measure
distortions which satisfy Assumption 3.2.

(i) The Choquet-type integral Cf’o“ : E%r (U, U, np) — Ry is given by
Ciﬂm(f)::/() )(1"+ou)(f>x) dx, feEi(U,Z/I,;L),
[0,00

where {f > x}={z€U: f(2) > x}.
(ii) The Choquet-type integral CT+°/%-T=°1 : £2(U, U, u) — R is given by

Clroloon () = CLE (f ) = C(f7). ©-2)

Remark 3.4 (i) To see that Ciou(f) e Ry for f e £3(n) and p and I satisfying
Assumption 3.2, we note that by Chebyshev’s inequality, monotonicity of I" and a
change of variables, we have

crencpy = /0 F(u(f > 0)dx < /0 FAfR,/x)dy = Krl flag

if u(U) = oo. If u(U) < oo, a similar line of reasoning gives Cioﬂ(f) <Kplfll2u
with K. = Kr + I'(w(U)) /+/ i (U).

(ii) Taking in Definition 3.3 (U, U, u) = ($2, Fr,P), and taking the measure dis-
tortions Iy and I'_ equal to a continuous probability distortion ¥ and the function
7 given by Q/\(x) =1—¥(l —x) for x € [0, 1], it is straightforward to check that
¥ o P is a capacity and the Choquet-type integral of X € £ in (3.2) coincides with
the classical Choquet expectation corresponding to ¥ o P, i.e.,

CWOP,WOP(x)zf (WOP)(X>x)dx—f (1—(11/ OP)(X>X))dx
0 —00

Moreover, as we have @(x) <x <¥(x) for x € [0, 1], it follows that
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and we have equality in (3.3) for all X € £? if and only if ¥(x) = ':l/\(x) = x for
x €1[0,1].

We record next a robust representation result for Choquet-type integrals that plays
an important role in the sequel. Let M, ,,, p > 1, denote the set of measures m on
(U, U) that are absolutely continuous with respect to a given measure 1 on this space
with Radon—-Nikodym derivatives such that g—ﬁ € E‘i (w).

Proposition 3.5 For a given concave measure distortion I' and measure (1 on (U, U)
satisfying Assumption 3.2, define

M7, = {m e M{°, :m(A) < T'(u(A)) for all A €U with 1(A) < oo}.
Then C+OM [,2 (u) = Ry is K -Lipschitz-continuous and
CL(f) = suptm(f):m e ML} for f € £2. (). (3.4)

Furthermore, the subgradients of CFOM (i.e., the elements of the dual set ./\/lr L) are

uniformly bounded in L£*(j), meaning that SqueMF |d/4 .. < 00, and CFOM is

positively homogeneous and subadditive, that is, for any » € Ry and f, g € L2 (),
CLMON =2CEM (), M+ I D HCLT ). (B

Proof The representation in (3.4) is known to hold true when (a) F(l) =1land(b) u
has unit mass and (c) /\/lr is replaced by the set of m € /\/l1 , With m(U) =1
(see [8] and [26, Corollary 4. 80]). We note that by positive homogenelty and (a) and
(b), (c) is not needed for the representation in (3.4) to hold true. Let ¢ > 0, let
1 be as given, let m € Mf w and denote by O, ¢ > 0, a collection of sets with
0 < u(0;) < oo and such that O, /' U. Denoting

ce :=u(0;), Ie(-):=T(c-),
me(dx) == Io, (|x])m(dx), e (dx) := ¢ o, (Ix])p(dx),

we thus have for any f € Ei_ (u) that

1

=0 cliere )y =sup fm):me mi7 V)

— 1 . r
_sup{rg(l) : LM}' 3.6)

Since one can readily verify by an application of the monotone convergence theorem
that CT*°"< (f) ~ CLo(f) and me (f) / m(f)as e \ 0, and since [+(1) € R \{0},
we obtain (3.4) by taking ¢ N\ 0 in (3.6).

The positive homogeneity and convexity of Ciol‘ (f) as stated in (3.5) follow as
direct consequences of the robust representation in (3.4).
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Next we turn to the proof of Lipschitz-continuity. We observe that the robust rep-
resentation (3.4) of Cioﬂ implies that for u, v € ,C%r (),

ICL" @) = C @) < [CF 0 =) VICL = v)l. 37

Using a similar estimate as in Remark 3.4(i), we note that for m € Mf u and some

CGRJ,_,
dm |? dm\? dm o dm
— = — ) du = —dm = m|l— >x)dx
du s, du dp 0 du
o0 d d
5/ F(,u(—m>x))dx§c—m ,
0 du di |y,

. . . dm . 2
which implies sup,, . er,u Imlzyﬂ < ¢, and hence we obtain for u € £ 2 (n) that

|C£°M (u)| < clulz,, by (3.4). The latter bound together with (3.7) yields the stated
Lipschitz-continuity. g

3.2 Conditional and iterated Choquet integrals
Analogously, we define F;-conditional Choquet-type integrals as follows.

Definition 3.6 For any ¢ € [0, T] and probability distortions ¥ and ¥ satisfying
Assumption 3.2 (relative to the measure P restricted to (§2, F;)), the conditional
Choquet-type integral C¥°P¥°F (.| F): £2 — £ is given by, for X € £2,

c%R%Wmﬁy=/ WWW+>MEDM—/‘@@W7>MEDM~
Ry

Ry

Remark 3.7 (i) Reasoning similarly as in Remark 3.4 (i) and as in the proof of
Lemma 3.5, we have that for any X € L2, CYoP.¥oP (X|F;) is square-integrable,
and the map C¥°%¥°F (.| F,) is Lipschitz-continuous on £> with Lipschitz constant
Ky + K (which are given by the constant K in (3.1) with u(U) =1 and I" equal
to ¥ and ¥, respectively).

(ii) The conditional Choquet expectation in (3.2) of X € £? with ¥ = 7 may
equivalently be expressed as weighted integral of the conditional expected shortfall
of X at different levels. Specifically, associated to any concave probability distortion
Y is a unique Borel measure u on [0, 1] defined by 1 ({0}) = 0 and w(ds) = s F(ds)
for s € (0, 1], where F is the locally finite positive measure given in terms of the right
derivative ¥ of ¥ by F((s, 1]) = ¥, (s) (see [26, Theorem 4.70)). It is straightfor-
ward to check that ¥ satisfies Assumption 3.2 if and only if

1
—u(d R, \{0}.
‘Lﬂ¢w(”€+“}
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The conditional Choquet expectation in Definition 3.6 can then be expressed in terms
of the measure x and the F;-conditional expected shortfall as

CWOP’@OP(XV,):/ ES,(=X|Fudn), X eLl?, (3.8)
©.1]

where the F;-conditional expected shortfall ES; (X|F;) of X € £2% atlevel A € (0, 1]
is given in terms of the F;-conditional value-at-risk

VaR, (X|F;) =inf{z e R: P[X < —z| F;] < A}

at level A by
1 A
ES, (X|F) = X/ VaR, (X |F;)du, e (0,1].
0

The proof of (3.8) follows by a straightforward adaptation to the conditional setting
of the proof for the static setting given in Follmer and Schied [26, Corollary 4.77].

(iii) It follows from the representation in (3.8) that the collection of conditional
Choquet expectations X — CW°P"1’°P(—X|]-",), te[0,T], X € L2, isa dynamic co-
herent risk measure in the sense of Definition 2.1 (with Z = [0, T']).

One way to define a sequence of conditional spectral risk measures adapted to the
filtration F™) = (]-',(”)) tex 18 recursive in terms of conditional Choquet-integrals, as
follows.

Definition 3.8 Given a concave probability distortion ¥ satisfying Assumption 3.2
and a filtration F™*) = (]—',(”)),en, the corresponding iterated spectral risk measure
S = (St)sexs St £2(}'}”)) — L2(F™), is defined recursively on the grid 77 = 74
by

CURIE (S, OIF™), 1em\(T),
S:(X) =
-X, t=T.

The class of iterated spectral risk measures defined above contains in particular
the iterated tail conditional expectation proposed in [28] and is closely related to the
dynamic weighted V@R defined in [12] for adapted processes via its robust repre-
sentation. As already noted in the proof of Proposition 3.5, in the static case such a
representation was derived in [8] for bounded random variables; see also [26, Theo-
rems 4.79 and 4.94], and see [11] for the extension to the set of measurable random
variables (we refer to [22] for families of dynamic risk measures defined via stochas-
tic distortion probabilities in a binomial tree setting; see [13] for a general theory of
finite-state BSDEs).

We show next that iterated spectral risk measures are discrete-time time-consistent
dynamic coherent risk measures, and we identify the driver function of the associated
BSAE.
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Proposition 3.9 The iterated spectral risk measure S = (S;)ser in Definition 3.8 is
a discrete-time coherent risk measure p82" with driver function g given by

_ 1 (W A Fo(p®
gA(t,h)=Z<C‘P R INRZOCIN (h(f)I{#o})—A/

h(x)u<">(dx)>, (3.9)
Rk\{0}

where v is defined in (2.1).

Proof Tt follows from Proposition 3.5 that the function ga defined in (3.9) is a co-
herent driver function in the sense of Definition 2.3 with Z = and p = v, Let
X € L2(F™)) be arbitrary and denote by (Y ™), Z(™)) the solution of the BSAE with
driver function ga. To show that the dynamic coherent risk measure corresponding
to ga coincides with the spectral risk measure S = (S;);er, it suffices to verify that

Za(t, Z5) A =S,(X) — B[S, ()| F™]. (3.10)

Letting t € 7\{T} and denoting AL = AL,(”), we note from Definition 3.8 and (2.3)
that S,(X) — E[S,, ; (X)|F ] is equal to

C‘I/OP,(I;OP (S

X)|F™) = EIS,, , (X)IF™]

t+1 t+1

— C‘POP,Q/\OP(ZZ(W) (AL)I{AL#()} |ft(7[))

- E[Z,(”)(AL)I{AL;éOHft(n)]

B (C%(V(M)@O(Nm) (R ir20) = A /
RK\{0

h(x)v(”)(dx)>
\{0}

k]

h=z{"

where we used that due to stationarity of the increments of L™, AL?”) (which has
law v A) is independent of 7. Thus we have (3.10) and the proof is complete. [

4 Dynamic spectral risk measures

With the previous results in hand, we move to the definition of dynamic spectral risk
measures in continuous time. Let us fix in the sequel a pair of concave measure dis-
tortion functions I} and I'_ that satisfy Assumption 3.2 and are such that I"_ (x) < x
for x € Ry. We define dynamic spectral risk measures to be those time-consistent dy-
namic coherent risk measures p& for which the driver functions g are given in terms
of Choquet integrals, as follows.

Definition 4.1 The spectral driver function g : £L*(v) — R is given by
I'_ov

gu) == C ) + )

for u € L2(v).
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By Lemma 3.5, we have that g is Lipschitz-continuous, positively homogeneous
and convex, so that g is a coherent driver function in the sense of Definition 2.3.
The corresponding time-consistent dynamic coherent risk measure p? is the object of
study for the remainder of the paper.

Definition 4.2 The dynamic coherent risk measure p¢ with spectral driver function g
given in Definition 4.1 is called the (continuous-time) dynamic spectral risk measure
corresponding to the measure distortions I, and I'_.

We next show that a dynamic spectral risk measure admits a dual representation of
the form (2.9) and (2.10) with a representing set that is explicitly expressed in terms
of the measure distortions I and I, as follows.

Theorem 4.3 Let X € L%, 1 € [0, T] and let g be a spectral driver function. The
dynamic spectral risk measure p® satisfies the dual representation in (2.9) and (2.10)
with representing set C8 given by

‘ .
for any A € B(R*\{0}) with v(A) < oo, } ’ .1

Z_ 2 .
C8 = {HGE (v): _Fi(v(A))ffAHdUEIq»(V(A))

where fA Hdv = fA H(x)v(dx).

Example 4.4 The risk of a positive or negative jump arriving with a size larger
than a, as quantified by the dynamic spectral risk measure p$, may be explic-
itly expressed in terms of v, I} and I_, as we show next. For any a € R;\{0},
let I(a) = lisup,cjo.r) 1AL | <a) = {N§ =0}, N =#{t € [0,T] : |AL;| > a} and
v(a) =v({y:|y| > a}). While E[ (a)] = exp(—v(a)T) (since N has a Poisson dis-
tribution with parameter Tv(a)), the values of I (a) and —1I(a) under ,05’ are given
by

pE(I(@) = —exp ( -7 (0@ + F+(17(a)))>,

pE(—1(@)) = exp ( - T(f)(a) - F_(f)(a)))).
These expressions follow by using the dual representation in Theorem 4.3 and Gir-

sanov’s theorem (see [29, Theorems II1.3.24 and II1.5.19]); indeed, we have that
p§ (I(a)) is equal to

T
sup ]EQE[—I(a)] = sup E[ — exp ( — / / (1 + H,E(y))v(dy)dt):|
Qb eS8 Q5eSs 0 J{lyl>a}

= —exp ( — Ti(a)) exp ( —-TIy (ﬁ(a))),
while the expression for pg (=1 (a)) follows in a similar manner.
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Proof of Theorem 4.3 In view of Theorem 2.8 and Remark 2.9, it suffices to verify
that for any & € L?(v), we have

sup /h edv=Ci ity + iy, (4.2)

LeCd

where f hedv = ka\{O} h(x)£(x)v(dx). Our next observation is that the set C8 in
(4.1) admits the equivalent representation

for any A € BRY\{0}) with v(A) < oo,

. (4
[aUTdv < Ty (v(A), [,U" dv <T_(v(A)) (4-3)

Cé = {Ueﬁz(v):

To see that this is the case, we note that for any U € L*(v),wehave - U~ <U < U™,
while Ut =U; and —U~ = U, for Uy = Uliy>oy and U, = U Iy <0y
To see that (4.2) holds, we note from (4.3), Proposition 3.5 and the identity

he*=ntef +h= o5, =t In=o)— £ In<o),
for any h, ¢1,4; € £2(v) that g(h) =supyccz fhﬁ dv is bounded below by
sup /hé*dv: sup /h+£+dv+ sup /h_ﬁ_dv,
£1,6,€C8 LeCs LeCs
I_ov

which is by Proposition 3.5 equal to Cfov (hH+C o (h7). Given this lower bound
and the fact that g(%) is bounded above by

sup /h+Edv+ sup /h‘(—@)dvf sup /h+£+dv+ sup /h_Z_dv,
LeCs LeCs LeCs LeCs

we conclude that (4.2) holds true. O

5 Limit theorem

We next turn to the functional limit theorem which shows that dynamic spectral risk
measures arise as a limit of iterated spectral risk measures, under a suitable scaling
of the corresponding probability distortions. We suppose that uniformly in p € [0, 1],
WA (p) — p scales in the mesh size A and the measure distortions Iy and I as

Ua(p) = p+ A(TH(p/ D)o 11 () + T-((1 = P)/A) L1 (D)) +0(A) (A \0).
Specifically, the condition that we require is phrased as follows.

Definition 5.1 We de/pote by (WA)AG(OJ] a sequence of probability distortions that
is such that Y5 and ¥ given by WA (p) =1 — WA (1 — p) satisfy Assumption 3.2
with respect to the measure u(dx) := IP’[ALl(f) € dx], and we have

lim YA =0, 7TA= sup 5.1
ANO

xe@©,1)| Tax)A

Ua(x) —x ’
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where for A € (0, 1] and x € [0, 1],
Fa(x) =Ty (/M) 1700 + T ((1 = x)/A) L1 1y (x).

Here we recall that Iy and I_ denote the given concave measure distortions which
are such that I_(x) < x for x € R} and Assumption 3.2 holds with p(dx) := v(dx)
and M:=Tyorl_.

The functional limit result is phrased in terms of the sequence of piecewise con-
stant RCLL extensions (L) of the random walks (L)), given by

i@

Afl[tA]v te [O’ T]9

where [r] =sup{n e NU {0} :n <r} forr e R;.

Theorem 5.2 Given a sequence of probability distortions (Wa)ae(,1] as in Defini-
tion 5.1 and given filtrations F™ = (F),er, let S* = (S2),ex, A € (0, 1], denote
the corresponding iterated spectral risk measures as in Definition 3.8 and let g de-
note the spectral driver function from Definition 4.1. Let the set of w € D([0, T, R¥)
at which F : D([0, T], R¥) — R is discontinuous in the Skorokhod Ji-topology be a
nullset under the law of L and assume that for some c € R,

|F(w)| <cllwlleoc forall w e D([O, T],Rk). 5.2)
Then we have
SAF(L™)) - pR(F(L)),  ANO,

where g,A = Sﬁ—l[m]’ tel0,T].

Remark 5.3 (i) Given two concave probability distortions ¥, and W_ satisfying the
integrability condition (3.1) (with £ (U) = 1), one may explicitly construct a sequence
(¥a) Ae(o,1] satisfying Definition 5.1 via

Ua(p)=p+ (Te(p/ D 1y (p) + T-((1 = p)/A)Ls () A, pelo,1],

where inspired by [21], we suppose that the functions I, I'_ : Ry — R are given
by

: b
Fi(x)=aW,(l —e ), F_(x)ZElI/_(l—e_dx), x eRy,

for some a, b, c and d € R4 \{0} satisfying the restrictions
I (1/Qa) =I-(1/28)) <1/24),  b¥.(0+) € (0. 1), (5.3)

where f/(0+) denotes the right derivative of a function f at x = 0. It is straight-
forward to check that for any A € (0, 1], ¥, is a concave probability distortion (the
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first condition in (5.3) guarantees continuity at p = 1/2 and WA (1/2) < 1) and that
I'_(x) < x for any x € R (as consequence of the second condition in (5.3)). Fur-
thermore, we have that the limit in (5.1) holds.

(ii) Examples of functionals F' that satisfy condition (5.2) include a European call
option payoff with strike K € R, where F(w) = (w(T) — K)T, the time-average
F(w) = % fOT w(s)ds, and the running maximum F(w) = sup,¢[o, 77 @ ().

(iii) We note that YA may be equivalently expressed in terms of ¥ and @\A as

Ua(x) —x

Tp= A Zx
A= SR TG A)A

x — Wa(x) '
x€(0,4]

I (x/MA

1‘ VvV  sup
xe(0,1)

(iv) We next provide an example to show the necessity of scaling the probability
distortions. For a given uniform partition m = wa of [0, T'] with mesh A, a probability
distortion ¥ and a4, a_ € R4 \{0}, let us consider the risk charge under the iterated
spectral risk measure S corresponding to ¥ of the following statistic X ™) of the
jump-sizes of L) = (L(”)’l, e, L(”)’k):

k
XM .=Nt-N-, NF= #{t en\{T}: ) (ALTH* > ai}.
i=1

From the form (2.4), (2.5) of the solution of the BSAE associated to the iterated
spectral risk measure S, we have that Z™™) is given by

ZP0 =W -"w, L) =1,

k
Ar= {z eRM\(0}: ) (z)* > ai}-

i=1

As a consequence, we have from (3.9) in Proposition 3.9 that the driver function takes
the form

- oV A) To(v™
an, Z,(”))A — W™ A) W™ A) (zf)(f) _ z(_”)(f))
N / (@7 () — 2 ()™ (d)
R\ (0}
=W (PALYY € AL]) —PIAL € Ay
+PIALT € AL - W (PIALT € A)).
For given ¢t € w\{T}, the iterated spectral risk measure S;(X () may therefore
be expressed in terms of the functions DJAr and D, : [0, A~'1 > R, given by

Df(x)=¥(xA) —x and D;(x) =x — ¥ (x A), as
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St(X(n))_E[X(n)|ft(ﬂ)]:]E|: Z gA(SvZASH))A‘J—'}(ﬂ)]

s>t,ser\{T}

1
— (T — z)(K DI(AT'PIALT € ALD)
| (m)
+ L DaATIPIALT €A ).

Note that as A\, 0, A" P[AL™ € AL] — v(A4) and
E[XP|F] — (T = )(v(A4) — v(AL)) + Nt — Ny,

where NtﬂE =#{s € (0,7]: Ly — Ls— € A+}. Hence, this suggests that for the sequence
of iterated spectral risk measures to converge, A~! DJAr(x) and A™! D, (x) are to
admit limits as A N\ 0.

Proof of Theorem 5.2 We note first that as L") 4 L when A \, 0, F(L™) con-
verges in distribution to F (L), which is an element of £2. Furthermore, by Corol-
lary 2.12, the collection (F (L™ N2y is uniformly integrable. Thus, in view of Theo-
rem 2.14, it suffices to verify that the sequence of driver functions (ga)ae(o,1] of the
iterated spectral risk measures S* given in Proposition 3.9 satisfies Condition 2.13,
which we proceed to do.

Let t € [0, T']. Our first observation is that by subadditivity and nonnegativity of
gnA, we have for any h, £ € Lz(v(”)) that

18a(t,h) —ga(t, O] < ga(t,h — &) vV ga(t, £ — h), (5.4

so that to verify Condition 2.13(i), it suffices to show that ga (¢, &) /| |2,z is uniformly
bounded. We have for any A € (0, 1] and h € L?>(v™) that

Bt ) = (CM”(”)A)’@“(”("’A) i -s [ hd”(n)>

- % (Cfﬁ"(”(”)m(hﬂ _ A/h+dv(n>>

1 7 4
N OV AR )
op(™ “ov™ SA g —
=T+ RO+ )+ RA ), (55)

where the remainder terms R2 (A1) and R2 (h™) are given in terms of the identity
function 7 : [0, 1] — [0, 1], I (x) = x, as

RA) = %/OO ((wA DT >x0A) - (VP ;hT > x))A) dx,
0

RO = — /OO ((1 — V)™ h > 0)A) - (VP > x))A) dx.
A Jo
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Since v (Wt > x) < |hi|§’]}(n)/x2 for x € R \{0} by Chebyshev’s inequality, it
follows that for

x> HE = |h*|, V24,
the mass of A v™ (A% > x) is bounded above by 1/2. Recalling the form of YA (see
Remark 5.3 (iii)) and that I} 4+ I'_ is bounded (by I'x, say), we have

op(™
IRA(hH)] < Ta LY (n)
H+

+/ (F+(v<”>(h+ =)+ I (v < x))) dx
0

op(™
< AP () + B Iy, (5.6)
o™ o _ _
IRAEBT) < TaCl™ (h7) + H I 5.7)
o™
Comblmng (5.4)~(5.7) and the K, - and K_-Lipschitz- contlnulty of Cl*” and
CF’OV (Proposition 3.5) and the fact that the values CFJr v (0) and Ci ov (0)

are equal to 0, we find
18a)] = C |y o,

where C = (Kr, +Kr_+ 22 I'o)(1+ SUPAE(0,1] Ta) is finite by the limit (5.1) in
Definition 5.1. This completes the proof of Condition 2.13(i).

We next turn to Condition 2.13(ii). Let 2 be a continuous function with the
property that ¢;, := sup |2(x)/x| € R;. Since v™ converges weakly to v, we have
v (h > x) — v(h > x) at x € R, \{0} that are points of continuity. Hence, as I+
are continuous, it follows that It (v (h > x)) — I't (v(h > x)) at such x. Next we
show that the latter functions are dominated by an integrable function. By Cheby-
shev’s inequality, I'y (W™ (h > x)) < Fi(|h|§ U(,,)/xz), while it follows from the in-

equality (2.22) that vé”) < vy, where vén) = ka\{O} |x|2v(™) (dx). Hence we have the

bound
[1ly 0 < i/ Uéﬂ) <cn/v2.

Also, for any d € R, I't(d?/x?) is integrable since

o0
/ Ii(d*/x*)dx =K, d,
d

)
where vy = v(RF\{0}) and K, is given in (3.1). As a consequence, the dominated
] ( o
convergence theorem gives that CFi VT > Fi Y(h*) as A N\ 0. Further, in
view of (5.1), R2(h*) and RA(h ) tend to zero as A N 0. This establishes Condi-
tion 2.13(ii), and the proof is complete. O
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6 Dynamically optimal portfolio allocation

We next consider dynamic portfolio problems concerning balancing gain and risk as
quantified by the dynamic spectral risk measure (DSR). We suppose the investment
horizon is T > 0 and consider the DSR associated to the spectral driver function g.
In this section, we impose the following restriction on the Lévy measure v.

Assumption 6.1 The support of v is included in (—1, co)¥.

We suppose that the financial market consists of a risk-free bond and # risky stocks
with discounted prices S = (S!, ..., $") evolving according to the system of SDEs

st . o
T’:b’dr—i—/ RixN(@t xdx), i=1,...,n,te(0,T],
S Rk\{0}

So = s0 € (R \{ODF,

where b € R is the excess log-return and R’ € R is the (row) vector of jump co-
efficients with nonnegative coordinates that are such that (R')T1 < 1 (where 1 € R¥
denotes the k-column vector of ones and vT the transpose of a vector v). Given the
form of the model, we have 3‘; € £? and S‘t’ >0foranyi=1,...,kand? €[0,T].

Let us consider the case of a small investor whose trades have a negligible im-
pact on prices and let us adopt the classical frictionless and self-financing setting (no
transaction costs, infinitely divisible assets, continuous-time trading, no funds are in-
fused into or withdrawn from the portfolio at intermediate times, etc.). At any time
t € [0, T], the investor decides to allocate the fraction 0} of the current wealth for in-
vestment into the stock S¢ ,i=1,...,n,sothatif X i denotes the discounted wealth
just before time ¢, we have that 9} X ,9_/ Si_is the number of stocks i held in the
portfolio at time #. We suppose that certain limits are placed on the leverage ratio of
the portfolio and on the size of the short holdings in the various stocks, and that this
restriction is phrased in terms of a bounded and closed set B C R" as the requirement
that

0;(w) € B forany (t,w) €[0,T] x £2. 6.1)

Example 6.2 To impose constraints on the fractions of the current wealth invested in
the bond account and the stock accounts, we take

n
B:{xeR’i:xiz—Li,Zx,-gl—i-Lo}

i=1

for some Lo, ..., L, € Ry. In particular, by taking L; > 0, we impose a limit on the
borrowing (i = 0) or the number of stock i that may be shorted (i # 0). The case of
a “long-only” investor that has no short sales and only invests his own wealth (no
borrowing) corresponds to taking Lo=L;=---= L, =0.
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We call an allocation strategy 6 = (6;):c[0,1] admissible if 6 is predictable and
(6.1) holds. We denote by A the collection of admissible allocation strategies. De-
noting by R = (R');—1..._x the R™K-matrix with ith row equal to R’, we have that
the discounted value X? = (X f),e[oj] of a portfolio corresponding to 6 € A evolves
according to the SDE

dx?

X9

=9,det+/ OTRx N(dr x dx), te (0,7 AT],
RE\(0)

X5 = x e R4\ {0}, x¥=x° re AT, T],

AT’

where 77 = inf{r € [0, T]: XY < 0} (with inf@ = +00) is the first time that the value
of the portfolio becomes negative, when the investor has to stop trading.

6.1 Portfolio optimisation under dynamic spectral risk measures

We consider next the stochastic optimisation problem given in terms of DSR by the
criterion to minimise, for ¢ € [0, T'], the quantity

76 g 6
I =pf (X5, 0)-

The investor’s problem is to identify a stochastic process J* = (jt*),e[o,r] and an
allocation strategy 0* € A such that

Jr = esseglfjf =J", tel0,Tl. (6.2)

While the problem in (6.2) may be solved via a BSDE approach (as used for instance
in [5, 36] to analyse utility optimisation and robust portfolio choice problems), due
to its Markovian nature, it may also be approached via classical methods based on an
associated Hamilton—Jacobi—Bellman equation; this is the method we present here.
One class of allocation strategies are those of feedback type, defined as follows.

Definition 6.3 Denote by O the set of functions 6:10,T] x Ry — B that are such
that there exists a unique solution X? = (X¥),¢[0.7 to the SDE

ax?!  _ = y G

_éf =0(t, X! )Thdr +6(t, X?_ )T Rx N(dr x dx), 1€(0,7%], (6.3)
v
X0 =x, x0 = XféAT, te (@ AT, T]. (6.4)

where 7¥ = inf{r € [0, T]: X! < 0}. A strategy 6 € A is called a feedback allocation
strategy if there exists a feedback function 6 € ® such that

6,=6(<° At,x% ), 1e0,T],

OA(t—)

where X = X4 and X? solves the SDE in (6.3) and (6.4).
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Associated to a given allocation strategy 6 € O of feedback type, there exists a
value function V' satisfying J;* = VO, X ) fort € [0, T'] (as a consequence of the

Markov property). If sufficiently regular, the function V¢ satisfies a semilinear PIDE
that is given in terms of certain operators DY and G’ indexed by 6 € B. For any
function f € C11([0, T] x R), these operators yield the functions Df, of R¥ > R

and G% f : [0, T] x R, \{0} — R given in terms of
bg =07TD, Ry=6TR, 0ebB, (6.5)
by (denoting f/ = %)
(D))= f(t.x +xRoy) — f(2,%),

G ft,x) =bo f'(t,%) +/ (DL )Y = f/(t, %) x Ro y)v(dy).

R¥\{0}

The nonlinear Feynman—Kac formula (see Remark 2.7) implies that if the following
semilinear PIDE has a sufficiently regular solution, it is equal to V?:

0(t,x) + G7CD(,x) + D) =0, (1,x) €[0, T) x Ry \{0},

v(t,x)=—x, (t,x)e[0,T)xR_,
v(T,x)=—x, xekR.
Standard arguments suggest that if the optimal allocation strategy 0* is of feedback

type and the corresponding value function V is sufficiently regular, then V satisfies
the Hamilton—Jacobi—Bellman (HJB) equation

V(t,x) +0in2f3 GV, x)+gMD! V) =0, (t,x)€[0,T) xR \{0},  (6.6)
€

Vit,x)=—-x, t€[0,T)xR_, (6.7)

V(T,x)=—x, xeR. (6.8)

Next we verify that a sufficiently smooth solution of the HIB equation gives rise to a
solution of the optimisation problem in (6.2). Let C ;’1 ([0, T] x R) denote the set of
¢! functions f 10, T] x R — R with bounded first order derivatives.

Theorem 6.4 Lerw € C;’ ! ([0, T x R) be a solution of the HIB equation (6.6)—(6.8)
and let the function o [0, T] xRy — B, (t,x) —~ é(t, X), given by

(t, x) € argsup (ggw(t, x)+ g(nyxw))
0eB

be such that € ©. Then the feedback strategy g* = (é,*),aojl with feedback func-

tion 0 is optimal for (6.2) and we have jt* = jte* = w(t, X?A ;5)» where X9 solves
_ - T

the SDE in (6.3) and (6.4) with 6 replaced by 0.
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Proof Letting 6 € A be an arbitrary admissible strategy, r < v A T and w as in the
theorem, we find by an application of Itd’s lemma that

N
w(T/\tg,X(;Me)—w(t,Xf)—l-/ 2(D%w yo)ds
t

T At?
= [ (G G XD GD ) ds M, ML (69)
t
where M? is the square-integrable martingale given by
t
MY = /0 w'(s, X?_)(dXY — by, X9 ds)

t
+/ f (D wy xo (v) — w'(s, XI) x Ry, y)N(ds x dy).
0 JRK\{0} o

Note that by the HIB equation (6.6), the first term on the right-hand side of (6.9) is
nonpositive. Hence by taking conditional expectations in (6.9) and using (6.7) and
(6.8), we have that

TAt?
w(t, X)) < E[ X9 o+ f g(D%w, xo)ds
, A

]—}} =J°. (6.10)
Since 6 € A is arbitrary, we have that

w(t, X?) <essinf 7 = J*. (6.11)
oeA

If we choose 6 = 6*, we note that the first term on the right-hand side of (6.9) van-
ishes and the inequalities in (6.10), (6.11) become equalities, so that J* = w(t, X t@*).

As the process X 9" coincides with the process X 0 solving the SDE in (6.3) and (6.4),
the proof is complete. g

6.1.1 Case of a “long-only” investor

We next restrict to the case of a “long-only” investor (see Example 6.2). In this case,
we note that for any admissible allocation strategy 6 € A, the solvency constraint
Xf € R, is satisfied for all 7 € [0, T'] so that 7 = oo a.s. We identify the optimal
strategy as follows.

Theorem 6.5 Let 6* € B satisfy

60* € argsup (bg — g(—Ryp 1)), (6.12)
oeB

where bg and Ry are given in (6.5) and I : R¥ — RK is given by I1(y) = y. Then
0* = (6" )ref0.1) given by 0 = 0* is an optimal strategy and

= —X{"exp (T 1) (by: — &Ry ).
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Proof The assertions follow by an application of the verification theorem (Theo-
rem 6.4). We note first that as the function 6 — by — g(— Ry I) is concave, it attains
its maximum on the compact set 3. Thus, the set in (6.12) is not empty and 6™ is
well defined. Moreover, given the positive homogeneity of g, it is straightforward to
verify that the function C : [0, T] — R given by

C(t)=—exp ((T = 1)(bg — §(~Ro-D) )
satisfies the ODE
¢+ jnf (beca) +2(C() Ry 1)) —0, 1€[0,7),
C(T)=—1.

As a consequence, we have that the candidate value function V : [0, T] x Ry — R4
given by V (¢, x) = C(t)x satisfies the HIB equation (6.6)—(6.8) (here we used again
the positive homogeneity of g). The assertions follow now by an application of The-
orem 6.4. O
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