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Abstract

The primary objective of this thesis is to investigate the transmission of 4, 16 and 64 QAM
data signals at 2.4 kbaud s} over a voiceband HF radio link; the data rate respectively being
4.8, 9.6 and 14.4 kbit s!. The particular problems associated with the channel medium are
that it is a multipath channel, thereby giving rise to intersymbol interference (ISI), which can
be quite severe at times, and also that its characteristic changes significantly with time. Two
ISI mitigating devices, or equalizers, are examined; namely, the decision feedback equalizer
(DFE), and the maximum likelihood sequence estimator (MLSE), or an approximation to it
(near-MLSE). Their performance is compared using computer simulated models of two-path
and three-path HF channels which have additive gaussian noise. The time-varying nature of
the channel requires that the receiver be made adaptive, and the performances offered by the
steepest descent (SD) and recursive least squares (RLS) tracking algorithms, both of which are
decision-directed, is investigated. An important question that is addressed is, what steps need

to be taken to produce acceptable system performance at higher data rates?

It is shown that the superiority of the more complex MLSE/near-MLSE over the DFE is not
too great, and that this advantage is only due to error propagation in the latter. In the
absence of any special arrangement (e.g. periodic training) by which the receiver can re-align
itself, 16 QAM appears to be the highest feasible signal constellation size. With the periodic
insertion of known symbols into the data stream, it is shown that performance can be
maintained near the level for which decision errors do not affect the tracking algorithm; with
the facility of a request-for-training (RTS) link to the transmitter, it is shown that
performance can be significantly improved for all constellation sizes, with only a small loss in
the useful data rate. The investigations have also produced some interesting by-products. A
superior way of implementing the adaptive DFE than with the conventional RLS approach is
presented. The method relies on the process of channel estimation, which is theoretically and
experimentally analysed for both the SD and RLS algorithms. It is demonstrated that the

simpler SD algorithm gives a comparable level of accuracy with the more complex RLS



algorithm.  Using this new approach, it is also shown how simple predictions of the
performance degradation of the DFE due to tracking error can be made. Finally, it is observed

that a particular form of RLS algorithm is unstable under certain conditions.
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Chapter 1
INTRODUCTION

The high-frequency (HF) radio portion of the electromagnetic spectrum is broadly defined as
that range of frequencies running from 2 to 30 MHz. When a beam of electromagnetic
radiation at a frequency within this range, originating from a point on the ground, strikes the
Earth’s ionosphere, it undergoes a process of refractive bending from the ionized layers at
different elevations, the net result of which causes a substantial portion of the original beam to
be “reflected” back to the ground again. This phenomenon has been exploited for the
realization of beyond-the-horizon communication, an information signal of finite bandwidth
being modulated onto an HF carrier wave. Ranges up to 2500 miles and beyond can be

achieved.

From its inception up to the present time, the greatest interest in HF radio has been for long-
distance speech communication as required in military and civilian applications. Analog
speech (or voiceband) communication requires a nominal bandwidth of around 3 kHz, the
speech signal being modulated in its analog form directly on to the carrier wave. Generally,
though, transmission over HF links was considered unreliable because of the fading effects
introduced by such channels [1], as will be discussed shortly. The conversion from analog to
digital transmission, however, and the use of powerful adaptive signal processing techniques,
has offered hope of acceptable network communication quality. In particular, the advent of
very-large-scale-integration (VLSI) has brought down the cost of implementation of many of

the signal processing techniques that can be used.

The long history of analog speech communication in HF radio has naturally led to this
application getting a firm footing in terms of equipment investment and agreements on band
allocation. There is motivation, therefore, to considering the transmission of digital traffic over
HF channels, whether it be for speech or just information in general, under condition that the

bandwidth is ~3 kHz, i.e. the voiceband. Of course larger bandwidths may be used, as in
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“spread spectrum” receivers, offering improved reception and facilities for information security.

In this thesis, however, we shall restrict our attention to voi%,\band bandwidths.

The increasing availability of satellite communication systems has not led to a demise in the
use of HF; in particular, digital HF links offer economic and security advantages over satellite
links [1]. Many countries will therefore continue to use HF radio extensively for point-to-point
information transfer, commercial shipping, aircraft communication, military land-sea-air
operations, etc. [2]. Whereas the main constraint for satellite links is maintaining an adequate
signal-to-noise ratio, for HF links it is the dispersion and time-varying characteristics of the

transmission medium, which we shall now describe.

1.1 Characteristics of the HF Channel

In most cases the transmitted HF radio waves reach the receiver via more than one distinct
path, with the time taken to traverse each path being different. The result is that the impulse
response of the channel exhibits a discrete multipath structure, with the receiver input, as we
shall shortly see, consisting of the linear superposition of phase-shifted-and-attenuated delayed

versions of the transmitter output, in addition to channel noise.

Each distinct path from the transmitter to the receiver, by way of the ionosphere, is often

termed a skywave. The existence of multiple paths is due to [2]

(#) skywave returns from different ionospheric layers, namely the E layer (90-110 km high)

and the F layer (150-300 km high).

(1) multiplé—hops, e.g. skywave may be reflected off the ground and then off the ionosphere

again before reaching the receiver.
(#17) high and low angle skywave paths, particularly via the F layer.

(#v) splitting of the magneto-ionic components, ordinary and extraordinary, resulting from the

effects of the Earth’s magnetic field.
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Although there are several possible routes to the receiver, most of them experience quite a large

attenuation. The number of “effective” paths is therefore generally small.

Communication via a line-of-sight path, or groundwave, from the transmitter to the receiver is
much more straightforward than skywave. The groundwave is just an attenuated and
delayed, but otherwise undistorted, version of the transmitted signal. On the other hand a
skywave has an attenuation and delay time that can vary with time. In this thesis it will be

assumed that all paths to the receiver are from skywaves.

Contrast HF radio with another important transﬁission medium, troposcatter radio (0.3-10
GHz), which we shall briefly mention. Transmission is brought about by random fluctuations
in the dielectric constant of the troposphere [1]. This has the effect of diverting a small
fraction of the energy of an incident radio wave back to the receiver. Scatter returns from
different points in a “common volume”, defined by the transmitter and receiver antennas, have
different path delays. Signals scattered from points separated by more than the decorrelation
distance of the fluctuations in the dielectric constant are not correlated [1]. The impulse
response of the troposcatter channel therefore has a multipath structure, but, unlike the HF
channel, the structure is not made up of discrete paths but a continuum of paths.

Troposcatter systems will not be considered in this thesis.

Consider a single skywave path which has a delay time of (1) secs. The t variable in 7(2)
expresses the dependence of the quantity on time. In reality a skywave is composed of a
number of rays, or sub-paths, that traverse slightly different trajectories [2]. The difference in
delay time between the sub-paths is considered to be very much smaller than the reciprocal of
the signal bandwidth, so that the receiver is unable to resolve them. Let 7;(f) be the time-
varying delay time of the i*® sub-path with respect to 7(f), and also let «;(f) be the
corresponding time-varying attenuation factor for this sub-path. The transmitted signal is a

modulated carrier wave of frequency f., and can be expressed in general as

m({) = Re{s(f)d" ™"y (L)
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where z(?) is the information-bearing part of the signal, assumed to have a bandwidth By < f.

Ignoring additive noise, the input to the receiver from the skywave is

e(t) = ) _a;()m(t—7i(1) =7 (1))

ej27rfc(t-—'r(i))}

= Re{ [0 T Ot ri ) (o) (12)

As far as the receiver is concerned, the delayed versions of z(?) from each sub-path cannot be

differentiated from one another. Therefore we can assume z(t—7;(t)—7(1))~z(t—7(1)), giving

2=,

o(t) ~ Re{G(t)z(i— (1)) (1.3)

1)

where G(t) = Zai(i)e-jgi(t)
' } (1.4)

0;(1) = 2nferi(d)

The quantity G(?) is a complex attenuation factor introduced by the skywave; its magnitude is
the real attenuation and its argument is & phase shift. The variation in the magnitude of G(?)
with time is usually termed fading, and it is governed by the time variations of {a;(t)} and
{6;(1)}. The values of {Gi(t)}bcan at times result in the real positive attenuations {e;(?)}
being added destructively, the value of |G(t)| then being very small or practically zero; at other
times they can be added constructively, so that |G(?)| is large. The phase 8,(?) will change by
27 rad whenever 7j(1) changes by 1/f.. Since 1/f is a very small numbef, then only small
changes in the ionosphere, such as variations in the height and refractive index of the
ionospheric layers [2], are required to produce significant changes in 6;(f). In contrast,
relatively large dynamic changes in the ionosphere are required for a;(t) to change sufficiently
to cause a significant change in G(?) [3]. Thus the fading rate of |G(t)| is governed primarily

by the time variations of {6,(¢)}.

The delays {r:(1)} associated with different sub-paths change at different rates and in a
random manner, which implies that G({) can be modelled as a random process {3]. Studies

have shown that the gaussian-scatter model for G(t) [4] (to be described in chapter 4) fits
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experimental data rather well. As well as physical length, the delay time of a skywave path is
also dependent on frequency and time [2]. However, if the signal bandwidth is restricted to say
10 kHz or less, and if we consider sufficiently short times of say 10 minutes, most paths are
fairly stationary with regard to delay time. Thus HF multipath channels can be adequately
represented by models in which the delay time of a path is assumed fixed [2], as it is for
example in the gaussian-scatter model. Suppose that there are P paths present, and let G,(?)
and 7; be, respectively, the complex attenuation factor and delay time of the ith path with
respect to the 0' or earliest path. Neglecting the delay of the earliest path , the received
signal is

(1) = Re{ [Pz-:lGi(i)z(t—r,-)e_ﬂchT‘] g2l (1.5)
1=0

It is apparent from (1.5) that the equivalent low-pass received information signal is the

expression contained in the square [.] brackets.

Before discussing the design of receiver devices for a fading multipath channel, we will
introduce some useful terms that define the characteristics of the channel {1], [3]. Let the
impulse response of the channel be described by the two-dimensional random process ko(7;1),
with corresponding fourier transform

00

H(fit) = j ho(rit)e 27 4 (1.6)

-0
We assume that ho(7;t) is wide-sense-stationary. Then we define the autocorrelation function
of ho(7;t) as [3]

By(r1y723AY) = LE[RS(710)ho(ryit+AL)] (1.7)

where the expectation E[.] is over the fading statistics of the channel. It is usually the case
that the statistical variations of the paths are independent of one another; this is referred to as

uncorrelaled scattering. Thus we assume that

(T, 72580 = @p(T1;A86(T1—T3) (1.8)
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With At=0 the autocorrelation function ®,(7;0)=®,(7) is just the average power output of
the channel as a function of the delay 7, and it is thus commonly called the multipath
intensity profile or delay power spectrum of the channel. The range of values of  over which
®,(7) is essentially non-zero is called the multipath spread of the channel; it is a measure of
the time between the arrival of the first and last path. We will denote the multipath spread of

the channel as Tp,.

Since ho(7;t) is a random process in the ¢ variable, it follows that H(ft) also has the same
statistics. Under the assumption of wide-sense-stationarity, we define the autocorrelation

function

& (fifidt) = LELH (f50) B(fyt+AD)] (1.9)

Using (1.7) and (1.8) it is straightforward to show that

o0
® y(fuufas M) = J 8, (A P = 8 (AfAY) (1.10)
-0

where Af=f,—f;. Thus ®;(f;At) is the fourier transform of ®,(7;At). Note that it is the
assumption of uncorrelated scattering that leads to the autocorrelation function of H(f;!) being
dependent only on the frequency difference Af=f,—f;. For At=0, ®4(Af0)=P5(Af) and
®,(7;0)=2,(7), with the relationship
00
& (Af) = j &, (r)e 2T AT 4 (1.11)
-0
The range of values of Af over which ®,(Af) is essentially non-zero is called the coherence
bandwidih of the channel; it is a measure of the frequency difference required between two
sinusoids foi- them to be affected differently by the channel [3]. We will denote the coherence

bandwidth of the channel as F.. Because of relationship (1.11) we can assume
Fem 71 (1.12)

If the bandwidth of the transmitted signal, By, is such that By>Fe, the channel is said to be

frequency-selective {1], [3] (> means “on the order of or greater than”). In this case the signal
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is severely distorted by the channel, but there is potential for implicit frequency diversily gain,
because different parts of the frequency band fade independently [1}. Thus, while one section
of the band may be in a deep fade, the remainder can be used for reliable communication. On
the other hand, when By < F. the channel is said to be frequency-nonselective, and the entire
frequency band fades with no possible implicit diversity gain. A channel that is frequency-
nonselective is unable to resolve the multiple paths, and so to the receiver the transmission

appears to have come from only one path.

Consider now the fourier transform

o0
Y (AfN) = J & (AfAL
~00

)eP2TAAL Ay (1.13)

For Af=0, ¥, (0;A)=¥;(X) and &5 (0;A1)=®;(Al), with the relationship

)6-3'27rz\Ai

V() = J & (At dA1 (1.14)

o0
The quantity ¥,()) is a power spectrum that gives the signal intensity as a function of the
Doppler frequency A. The range of values of A over which ¥, ()) is essentially non-zero is
called the Doppler spread of the channel; it is a measure of the width of the received spectrum
when a single sinusoid is transmitted through the channel, or put another way, it is a measure
of the rate of change with time of the envelope of the sinusoid. It can equally well be
interpreted as the rate of fading of the channel with time. We will denote the Doppler spread
of the channel as F;. The range of values over which ® (A1) is essentially non-zero is called
the coherence time of the channel; it is a measure of the minimum difference in time required
between the transmission of two sinusoids, of the same frequency, for their respective
attenuations suffered to be uncorrelated. We will denote the coherence time of the channel as

T.. The relationship of (1.14) means we can assume
d .

Clearly, for a slow-changing channel, F; is small, or equivalently, T, is large.
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For a given HF link the maximum usable ffequency (m.u.f.) is that frequency above which
transmission via the ionosphere is not possible. The m.u.f. is different for different links,
tending to be smaller for the shorter range ones. For example, in [2] a particular 430 km link
is shown to have an m.u.f.~3 MHz, whereas a longer 1365 km link is shown to have an
m.u.f.~12 MHz. Also, as the frequency is reduced below the m.u.f. the number of paths, and
consequently the multipath spread, increases to a maximum. This situation tends to be more
pronounced with shorter links, where the number of effective paths to the receiver is usually
greater. For example, a 2500 km link has been shown [5] to have a maximum multipath

spread of about 3 ms; for 1000 km it increases to 5 ms, and for 200 km it is about 8 ms.

1.2 Receiver Designs

Consider a serial digital HF transmission system in which the signalling rate (or baud rate) is
77! Hz. The information signal z({) transmitted in a particular baud interval takes on any
one of a finite number of distinct forms, according to the value of a discrete data symbol
variable which represents a finite number of bits of information. Let the number of bits
transmitted per baud interval be log, M, in which case the number of discrete values and forms
of the data symbol variable and z(t) respectively is M. Also, let B, denote the available
bandwidth (in Hz) at our disposal, which is assumed to be an integer multiple (>1) of the
bandwidth By of z(t). In determining the signalling strategy, by which the information signal
z(1) in a particular baud interval takes on any one of M distinct forms, it is important to

consider the efficiency index E; given by

R (bits s71)

Er =B (m)

(1.16)

where R is the data rate, in bits s™!, transmitted through the channel of bandwidth B; Haz.
When the data rate is such that E,<1, the appropriate strategy is to select each of the M

waveforms to be orthogonal to one another [3], ie.
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T
Jz,.(t)x;(t)dt =0 for ki
4}

#0 for k=i (1.17)

where z;(1), 1<i< M, identifies a particular waveform out of the set of M. An example of an
orthogonal signalling scheme is orthogonal frequency-shift-keying (FSK) [3]. Receiver designs
that are based on the condition E;<1 are usually termed low-daia rate receivers. When
E,>1, the appropriate strategy is one which is bandwidth-efficient; that is, for a fixed
bandwidth the rate R increases logarithmically with an increase in the number of waveforms M
(3]. Linear modulation schemes like single-sideband-pulse-amplitude-modulation (SSB-PAM),
quadrature-amplitude-modulation (QAM), and phase-shift-keying (PSK) are bandwidth-
efficient, and therefore suitable for high speed data transmission. Receiver designs that are

based on the condition E;>1 are usually termed high-data rate receivers.

Digital speech requires a data rate of about 2.4 kbits s™! for acceptable quality [2); with a
bandwidth of 3 kHz this would imply an £, of 0.8. Thus most HF voiceband systems employ
a bandwidth-efficient linear modulation scheme. In this thesis we will be concerned with data
rates much greater than 3 kbits s™!; it can be assumed, therefore, that a linear modulation
scheme is employed, so that the information signal in any baud interval consists of a fixed
pulse of bandwidth By, multiplied by a data symbol that takes on any one of M discrete values
[3]. For QAM and PSK the fixed pulse is real, while for SSB-PAM it is one sideband of a real
pulse, therefore making it complex. For SSB-PAM the data symbol is real-valued, while for
QAM and PSK it is in general complex-valued. Unless stated otherwise, it should be assumed

that the discussion is with reference to QAM and PSK.

We assume that at the transmitter the fixed real pulse in any baud interval does not
significantly interfere with the pulses in other neighbouring baud intervals, i.e. there is no

significant intersymbol interference (ISI). It is therefore required that

Bu 2 % (1.18)



21

In most voiceband applications bandwidth is a precious commodity, so it is usual to have

Bu ~ % (1.19)

i.e transmit as close to the Nyquist rate as possible without incurring significant ISI. Unless

stated otherwise, condition (1.19) will be assumed to hold. The data rate R is given by

R = g;;.l"—ngﬂ ~ Blog,M (1.20)

where it is assumed that the bandwidth B, can be sub-divided into a number of sub-channels
of bandwidth By, each independently transmitting log, M bits per baud interval T. Note that
for SSB-PAM there needs to be an extra multiplying factor of 2 on the LHS of (1.18) and
(1.19), and therefore also on the RHS of (1.20), because By in this case is only one half of the

bandwidth of a real pulse.

We will now discuss the design of receivers firstly under condition that there be no ISI at the

receiver, and secondly with this condition relaxed.

1.2.1 Receivers for Channels with Negligible ISI

Given a fixed amount of received signal energy, for a time-invariant channel it is desirable,
both in terms of performance and simplicity of receiver design, for the received signal to be just
a delayed and attenuated, but otherwise undistorted, version of the transmitter output. In the
case being studied here, this situation can be approximated to by making the baud interval T

significantly greater than the multipath spread of the channel, i.e.

T> Tm (1.21)

= Bu<Fe (1.22)

Thus each sub-channel is frequency-nonselective, and therefore the receiver effectively sees only
one skywave path in each sub-channcl. As well as by making T large enough, condition (1.21)

can be realized by judicious choice of the operating frequency with respect to the m.u.f., so as
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to limit the amount of multipath spread. Another insurance against significant ISI is to
employ time-guard bands at the end of each baud interval, the duration of which should be

NTm.

Consider the data rate of 2.4 kbits s~ required for digital voice. Substituting B,=3 kHz in
(1.20) we get R~3000.log,M; thus M=2 would provide us with acceptable voice quality.
Typically, Trm~1 ms for HF, and so T should be at least about 10 ms to satisfy (1.21). This
makes By at most about 100 Hz, and therefore calls for a type of parallel sub-channel
transmission system to be used. One of the earliest such systems was Kineplex [2], [6]. One
version of this uses 20 sub-channels, spaced 100 Hz apart, each one carrying a serial 75 baud
s~! transmission of four-phase signals (equivalent to 2 bits per baud interval); the total band

occupancy is therefore 2 kHz and the data rate is 3 kbits s™*.

The system employs differential-
phase-shift-keying (DPSK), or to be more precise, the actual information is coded/decoded as
the phase difference between baud-adjacent four-phase signals. For correct operation, this
strategy of DPSK requires that the channel state be very slowly changing with respect to the

signalling rate, i.e.

F > Fy (1.23)

therefore ensuring that the phase shift introduced by the time-varying medium is virtually the
same for signals in adjacent baud intervals. Fortunately, F; is usually no more than just a few
Hz on most HF channels, and so (1.23) can be assumed to hold in general for all the receivers
we discuss. When condition (1.23) holds, the channel is described as being slow-fading. The
Kineplex is classed as a non-adaptive system, since at no time is compensation made for the

time-varying effects of the channel.

Another non-adaptive parallel sub-channel system is Andeft [2], [7], the essential difference
with Kineplex being that the DPSK coding scheme is between simultaneous (in time) signals in
frequency-adjacent sub-channels. For correct operation, this strategy of DPSK therefore

requires that
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Buw & Fe (1.24)

so that signals in adjacent sub-channels do not experience significantly different phase shifts.
The Andeft uses 66 sub-channels at a frequency spacing of 40 Hz, which compares favourably
with F which is typically ~1 kHz. Remembering (1.19), condition (1.24) is actually no more

than what we assumed to begin with in (1.21).

It can be seen that DPSK is inferior to coherent (i.e. phase compensated) detection of PSK,
since just one error in a string of coherently detected PSK signals gives rise to two errors if the
differential-phase scheme is adopted. In [3] it is shown that for a frequency-nonselective
Rayleigh fading channel, the advantage of binary coherent PSK signalling is 3 dB, in terms of

signal-to-noise ratio or probability of error, over the corresponding DPSK signalling.

However, as is shown in [3], perhaps the most important feature of transmission on frequency-
nonselective fading channels is that the error rate decreases only inversely with the signal-to-
noise ratio, in contrast to an exponential decrease that occurs with time-invariant channels.
This means that the transmitter must transmit a large amount of power in order to obtain a
low probability of error, which in many cases is not possible either technically or economically.

This leads us on to a discussion of diversity techniques as a means to improving performance.

System performance is influenced primarily by the deep fades that occur during transmission.
Diversity techniques are basically schemes in which redundancy is introduced into the system
in an attempt to lessen the chance of severe signal loss. This takes the form of providing the
receiver with multiple replicas of the same information signal, each of which have arrived
under indepéndently fading channel conditions. Thus, for example, if p is the probability that
any one signal fades below some critical value, then pY is the probability that N independently

fading replicas of the same signal will fade below the critical value.

An obvious method that comes to mind for achieving diversity is to employ multiple receiving

antennas., The receiving antennas have to be spaced sufficiently far apart for their respective
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received signals to fade independently of one another; a separation of at least 10 wavelengths
[3] is usually required between any two antennas. This method, however, seems a bit
physically cumbersome, and costly too, for HF channels, since a frequency of 30 MHz would

require an antenna spacing ~100 m.

The multiple-antenna method just described is an example of what is sometimes referred to as
ezplicit diversity [1], because of the externally visible nature of the technique. The alternative
form of diversity, i.e. implicit diversity, is when the channel itself provides the redundancy.

For example, if the channel is frequency-selective, i.e.
B; P F. (125)

then there is potential for implicit frequency diversity gain, because different portions of the
frequency band fade independently of one another. Typically, Fc~1 kHz, implying that
voiceband channels have potential for implicit frequency diversity gain. For parallel sub-
channel systems, frequency diversity can be realized by transmitting the same information on
different sub-channels that are sufficiently far apart in frequency. This is exactly what is done
in the Kathryn system [8]. Unfortunately, introducing diversity in this fashion does decrease
the overall net information rate of the system, since sub-channels that could otherwise be

carrying useful information are instead carrying redundant information.

Another type of diversity is implicit iime diversity, which is related to the coherence time Te..
In fast-fading channel environments, where T!>F,, redundant symbols in a coding scheme
can be used to provide time diversity if the code word spans more than one fade period. In
slow-fading environments, as characterized by (1.23), this condition of spanning the fade period
can be realized by interleaving the code words so as to introduce time gaps >T. between
successive symbols in a particular code word. However, apart from reducing the net
information rate of the system, this scheme means that the signal delay will be greater than
Te. In practice, for such applications as transmission of digitized speech, the required time

delay is unsatisfactorily long for two-way communication [1]. Thus the interest in providing
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implicit diversity tends to be focussed mainly in the frequency domain.

Before leaving this section, we will digress a little to mention an important type of wideband
receiver that utilizes frequency diversity through the availability of a very large bandwidth,
such that

By > Fe > (1.26)

b Lo

This means that the signal pulses are so narrow that the receiver can resolve all the path
components of the received signal. Thus, within each baud interval, there are P time-displaced
versions of the same information signal. A device commonly employed for the optimal
combining of the information signal from all the independently fading replicas is a RAKE
recetver [3], [9]. RAKE receivers can be made non-coherent through the use of DPSK signals,
although versions using coherent PSK signals are still superior in performance [3], assuming the
phase compensation is perfect. The frequency diversity present in wideband systems gives rise
to a significant improvement in performance over frequency-nonselective channels. However,
since voiceband bandwidths do not really allow us to realize (1.26), wideband receivers like the

RAKE will not be considered in this thesis.

1.2.2 Receivers for Channels with ISI

The parallel sub-channel systems discussed in the last section were originally adopted for
voiceband HF because of the desire to have T°>Ty;,. Suppose now that we relax this

condition, and consider the serial transmission of data over the whole of the voiceband, so that

#~Bu=B 2 F (1.27)

= T Tm (1.28)

Therefore there is intersymbol interference at the receiver. Receiver devices that are designed

to mitigate the effect of ISI are broadly termed equalizers. A specific requirement of these
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devices is that they must know the channel impulse response, or some quantity related to it,
and so in a time-varying environment it is essential they be made adaptive. An important
advantage of digital systems is that the transmitted source symbols only have a finite number
of values. Given a high likelihood that receiver decisions on these symbols are correct, they
can therefore be used as a form of sounding signal to follow the channel’s variations, and
thereby provide what is referred to as decision-directed adapiation [1). Thus no power need be
used on the transmission of special pilot or probe signals for tracking the channel. The
adaptation process does, however, possess some inertia, and so performance of the equalizer is
critically dependent on the degree to which condition (1.23) holds; the slower the slow-fading
channel is, the better the adaptation. Equalizers, and the algorithms used to make them

adaptive, will be described in detail in later chapters.

It will be noted from (1.27) that there is some degree of resolution of the paths at the receiver,
or put another way, there is implicit frequency diversity. The important feature of adaptive
equalizers, under such circumstances, is that when correctly adjusted they can cope with ISI
and still wind up with a net diversity gain [1]. Also, the diversity gain is achieved without
having to deliberately reduce the net information rate, as is done for parallel sub-channel
systems, essentially because the constraint of (1.21) no longer applies. It has been shown that
serial transmission systems with implicit frequency diversity, assuming the adaptation of the
equalizers is perfect, can offer substantially better performance than parallel sub-channel
systems [10], [11]. Other disadvantages of parallel sub-channel systems, relative to serial

systems, are the possibility of co-channel interference, and [12]

(9 inefficient use of available transmitter power. The amplitude of the transmitted signal
varies according to the relative phases of the signals in the sub-channels. The random nature
of the signals in each sub-channel causes the composite transmitted signal to have infrequent
peaks of magnitude several times the mean level. Since transmitter amplifiers are peak-power
limited, the average power output is likely to be much lower than the maximum available. In

[13] it is reported that for a 16 sub-channel system, the average power output was 100 W from
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a transmitter capable of producing 1 kW.

(37) the need for time-guard bands, which reduces the information capacity of the system. For
example, the Kathryn system [8] employs a 1 ms time-guard in a baud interval of 13.3 ms;
thus the information capacity is reduced by about 8%. Alternatively, for a given baud
interval, the presence of guard bands reduces the number of sub-channels possible within an

allocated bandwidth.

1.3 Objectives and Outline of the Thesis

This thesis is concerned with the serial transmission of data over a voiceband HF channel.
Before being more specific on this, we will discuss some notable papers published prior to, and

during the early part of, this study. These are related to the work undertaken in this thesis.
1.3.1 Related Work

In [14] the error rate performance of bandwidth-efficient modulation techniques, like 8-ary PSK
and 8-ary PAM-PSK, are examined for a serial data 3 kbaud s™! HF channel, both two-path
and three-path. The receiver uses a decision feedback equalizer (DFE). The results show that
at data rates as high as 9 kbits s™!, and with perfect adaptation of the DFE, energy-efficient
constellations involving a combination of PAM and PSK yield better performance than

straightforward PSK.

In [15] the performance of an adaptive DFE is observed for a two-path 3 kbaud s™' HF
channel. The parameters of the DFE are directly adjusted by a tracking algorithm, this
method beiﬁg the conventional approach to implementing an adaptive DFE. Two types of
decision-directed tracking algorithm are compared; the steepest descent (SD) algorithm and the
Kalman algorithm. With correct decisions being fed to the tracking algorithms, the results are
strongly in favour of the Kalman algorithm; the SD algorithm produces an irreducible error
rate that is many orders of magnitude greater than the error rate for the Kalman algorithm.

When actual receiver decisions are fed to the Kalman tracking algorithm, it is shown that a
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request-for-training-sequence (RTS) scheme is useful in maintaining performance, particularly
when tracking suffers, as happens in a deep fade or when the channel changes abruptly. The

largest number of signal points (i.e. data symbol levels) used in [15] is 8, e.g. 8-ary PSK.

Reference [16] contains the derivation for a square-root formulation of the recursive least
squares (RLS) tracking algorithm, the RLS algorithm being just a variant of the Kalman
algorithm. It also derives a modified version of the algorithm to give improved performance.
More will be said concerning ref. [16] later in the thesis. Performance results of the
transmission of 8-ary PSK signals over a 2.4 kbaud s~! two-path HF channel re-affirm results
given in [15]; essentially, that with correct decisions being fed to the adaptive algorithm, the
signal-to-noise ratio loss with respect to the situation in which perfect adaptation is assumed is

reasonably small, e.g. 2.0 dB at an error rate of 10™* with a 1 Hz fade rate.

Whilst [14]-[16] have investigated the performance of the DFE, [11], {17] and [18] have
investigated the performance of another equalizer device, namely the maximum likelihood
sequence estimator (MLSE).  Actually, because of the complexity of the MLSE, an
approximation to this device is often used, when it is then referred to as a near-MLSE. The
observed performances of the near-MLSE’s in [17] and [18] are primarily under condition that
the adaptation is perfect. The argument for adopting the MLSE /near-MLSE lies essentially in
the fact that, under condition of perfect knowledge of the channel state, the MLSE invariably
outperforms the DFE, although the degree to which it does so is highly dependent on the
channel impulse response. The argument for the DFE 1is its much lower cost of
implementation. Very little has appeared in the literature in which the two devices are
compared u'nder the same fading channel conditions. In this thesis we will remedy this to some
extent, and in doing so give some idea of the magnitude of the trade-offs between the DFE and

MLSE/near-MLSE.

In [11] and [17] the data rate is set at 2.4 kbits s™?, the signalling rate being 1.2 kbaud s™*

with 4 QAM (equivalent to 4-ary PSK) signals, over a two-path channel. In [18], 16 QAM
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signals are transmitted at 2.4 kbaud s™! over a two-path channel, thus giving a data rate of 9.6
kbits s~X. In this thesis we shall observe performance with 64 QAM signals at 2.4 kbaud s™?,
giving a data rate of 14.4 kbits s™'; this data rate is much higher than anything previously

looked at for voiceband HF channels.

In all the references mentioned in this section, the HF transmission system is simulated in the

laboratory using a statistical model.

1.3.2 Objectives of the Thesis

The primary objective of the research in this thesis is to investigate the transmission of 4, 16
and 64 QAM data signals at 2.4 kbaud s™! over a voiceband HF radio link; the data rate
respectively being 4.8, 9.6 and 14.4 kbits s™. The signalling rate is such that ISI is present at
the receiver, thus requiring the employment of, and therefore the focussing of attention on,
adaptive equalizers. Two ISI-mitigating devices are examined; namely, the DFE and the
MLSE/near-MLSE. Their performance is compared using a computer simulated model of a
two-path and three-path HF channel, both of which have additive gaussian noise. The
performances offered by two decision-directed tracking algorithms are looked at, these being

the SD and RLS.

The performances of the equalizer devices are observed under three conditions, or modes. The
first (mode I) is where the adaptation of the equalizer is perfect; the second (mode II) is where
the data symbol values employed in the tracking algorithm are equal to the values of the
transmitted data symbols; the third (mode III) is where the tracking algorithm uses actual
receiver decrisions on the transmitted data symbols. The three modes are explained in more
detail at the beginning of chapter 5. By examining the performance in each mode and
comparing, we can ascertain the degradation caused by the use of a tracking algorithm and
also the effect of ‘incorrect receiver decisions. This will help to pinpoint the respective
tolerances of each receiver device to adaptation error, and give an appreciation of what steps

need to be taken in order to produce acceptable performance, especially at the higher data
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rates. In mode III the usefulness of having training sequences from the transmitter, as a means
to maintaining and even improving performance, is examined. In some cases we have
employed an analytical bound for measuring the error rate of the DFE; this is useful, as it
allows us to measure error rates much lower than can be recorded by the commonly used “error

count” approach. Further details will be given in chapter 5.

The investigations have produced some interesting by-products. A new way of implementing
the adaptive DFE, and also the pre-filter of a near-MLSE, has been developed. The method is
based on estimating (i.e. tracking) the channel sampled impulse response (channel estimation),
and is shown to have advantages over the conventional way of implementing the DFE. The
process of channel estimation has been mathematically analysed for both the SD and RLS
algorithms, and the accuracy of the algorithms is compared for both theory and experiment. A
method is shown by which the performance of the adaptive DFE can be predicted, using the
new way of implementing it. Also, the modified version of the RLS algorithm given in [16] is

shown to be unstable under certain conditions.

1.3.3 Brief Outline of Chapters

Chapters 2~-4 are basically review material and groundwork for the thesis. Chapters 5-8

contain all the results of our investigations.

Chapter 2 is a review of the basic elements of a QAM transmission system, and contains

details of various receiver devices used to combat ISI.

Chapter 3 contains a description of the two tracking algorithms used in this thesis, the SD and

RLS, and a discussion of their respective merits.

Chapter 4 describes the gaussian-scatter model for an HF channel, and gives details of the

actual simulation model, fade rates, time-spans etc. used in the thesis.

Chapter 5 is essentially concerned with performance in mode 1. It presents comparisons of the
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DFE with the ideal matched filter equalizer, and also the DFE with the MLSE/near-MLSE,
revealing some interesting trade-offs between the devices. Chapter 5 also contains a few other

interesting details, some of which have already been mentioned.

Chapter 6 investigates the capabilities of the SD and RLS algorithms, when used for the task
of channel estimation in the HF systems of this thesis. A mathematical analysis of the
performances of the two algorithms is presented, including a derivation for the optimum
setting of their respective adaptation parameters. Our theoretical derivations are compared

with experiment.

Chapter 7 is concerned with performance in mode II. It describes in detail a method by which
the adaptive DFE can be implemented via the channel estimate, and compares this new
approach with a conventional RLS approach. The modified form of RLS tracking algorithm
given in [16] is analysed and shown to be unstable under certain conditions. Using the new
way of implementation, a method is given by which simple predictions of the performance of
the DFE can be made. Results comparing the performances of the MLSE/near-MLSE and

DFE are shown and discussed.

Chapter 8 looks at the performance of the DFE in mode III. Besides the no-training case, two
approaches to the employment of training sequences from the transmitter are also examined.

One training approach in particular is shown to provide significant gains.

Chapter 9 contains a summary of the findings of the thesis, with additional comments, and

suggestions for further work.
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Chapter 2
DETECTION TECHNIQUES IN A
QAM TRANSMISSION SYSTEM

In this chapter we will first describe the basic elements of a QAM transmission system. Then,
assuming ISI is present at the receiver, we will give detailed derivations of the most commonly
used equalizer devices for mitigating ISI, and discuss their relative merits. We begin by
assuming a time-invariant channel, for simplicity, and later extend the analysis to time-

varying channels.

2.1 The QAM Transmission System

Linear modulation schemes like SSB-PAM (or its more practical version, vestigial-sideband
(VSB) PAM [19]) and QAM are well suited for high-speed data transmission because of their
efficient use of available bandwidth [19], [20]; to make full use of the bandwidth, however, it is
necessary for the receiver to employ a coherent linear demodulation scheme. QAM signals
have an advantage over PAM signals in that the knowledge of the carrier phase can be
acquired in an easier manner, as we will mention later. QAM signals are as efficient in terms
of bits s~! per Hz of bandwidth as SSB-PAM signals (with VSB-PAM signals being slightly
less efficient). A QAM signal is actually a combination of PAM and PSK, and is generally

more efficient in its use of energy than is a pure PSK signal with the same number of levels.

Fig. 2.1 shows the basic components of a QAM transmission system. At the input are two

data streams }_s;,6(1—iT) and 3s;,6(1—iT), where s;; and s;, can take any of the L integer
i T

values —(L—1), —(L—3), ..., (L—3), (L—1) where L is even, and T is the baud interval.

The pulse-shaping low-pass filters (LPF’s) for each of the data streams are identical, with

causal impulse response a(t). The outputs of the two filters are each modulated by a carrier of

frequency f, with a mutual phase difference of 90°, and summed to give the QAM signal
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m(t) = [Zsua(t—iT)]coswaci - [Z:s,-za(t—iT)]sin%rfct
= Re{ [Y_sia(t—iT)] J2mlety (2.1)
where s;=s;,+Js;, (complex). Therefore
m(t) = Re{z(t)>™ ) 2.2)
where (1) = Zs‘-a(t—iT) (2.3)
The fourier transform (FT) of a(?) is A(f), and is such that
Al =0 for 1> £ (2.4)
which implies that X(f), which is the FT of complex baseband data signal z(2), is such that
XNl =0 for |1 >fe (2.5)

It will be assumed in this thesis that the two data streams are statistically independent, and
that each s;; and s;, for any i is equally likely to take on any one of its allowed integer values.
The complex data symbol s; has L? possible values, and the system is therefore called an L?

QAM transmission system. Letting E[.] denote the statistical mean, we have for any 1
E[s;] = E[s;n) = 0
E[s}] = E[s}] = §(2*~1)
El]s;|*] = Elsh] + Els}] = (2~ 1) (2.6)

It can be seen that the data signal z(¢) has no d.c. component, which means that the QAM

signal m(?) is “suppressed-carrier”.

The impulse response of the transmission medium is denoted as ho(1—1,), where ¢, is the delay
in sending a pulse through the channel (ko(?) is causal). The signal c¢(1—1;) at the output of

the medium is given by
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c(i—1;) = m(t)eho(t—1,) (e = convolution)
= Re{ [o(1)€2 ™ oho(1—1,) }
= Re{ [a(D)s(ho(t—t,)e 2™ty ST

= Re{ [a())eh(i—1,)] &2} @.7)

-2mfe(t+1y)

where h(t) = ho(1)e (2.8)

The signal at the receiver input is
(1—1;) = c(i—1) + no(2) (2.9)

where no(1) is additive noise. If the in-phase component is represented as the real part of a
complex quantity, and the quadrature component as the imaginary part, then the complex

signal u(t—1,) at the output of the complex LPF w(?) in fig. 2.1 is given by

2e‘j(27rf5t+ ¢)}ow(t)

u(i—t,) = {r'(1—1,)

= {lson(t=1))e 7 s x(en(t—) e T D guy

+2no () T ) ) (2.10)
. -j471’fci . .o e
Assume w(t) rejects the double-frequency e signal components, giving
a(i—ty) = {[:(t)oh(t—tl)]e—1¢+n(t——t1)}ow(t) 2.11)
where , n(t—1) = 2no(!)e_](27rfct+¢) (2.12)

The quantity ¢ is the phase difference between the transmitter and receiver carriers. The
filter w(?) also has another function, that of noise suppression. The complex data symbols {s;}
are determined from the periodic T-spaced samples of u(t—t,), and in the next section
optimum characteristics for w(t) will be derived under certain criteria. However, it is obvious

that such a w(t) should at least filter out all noise beyond the bandwidth of z(t), and therefore,



36

recalling (2.5), the assumption that w(?) rejects the double-frequency components is not

restrictive.

Compare the QAM system of fig. 2.1 with the SSB-PAM system of fig. 2.2. QAM transmits at
twice the bit rate but uses twice the bandwidth. It is therefore as efficient in bits s™* per Hz as
SSB-PAM. Notice that to avoid a reduction in signal power for SSB-PAM (and also VSB-
PAM), the receiver demodulating carrier should be in phase synchronism with the transmitter
modulating carrier, requiring the transmission of a pilot carrier to achieve this, at the expense
of greater equipment complexity [21]. In contrast, QAM signals do not require the receiver
carriers to be in any special phase relationship with the transmitter carriers. Any phase

difference can be compensated for using data-aided techniques, as will be described in chapter

4.
Let W(1) = [a(t)eh(D)]e (2.13)
Then u(i—1,) = {Zs,.y(t—tl-i:r)+n(t—t1)}-w(t) (2.14)

If the transmission medium characteristic h(?) changes with time, as is the case for an HF radio

channel, and/or if ¢ has time variations, then it is necessary for w(t) to be made adaptive.
Let b(t) = y(t)eu(?) (2.15)
The sample of u(t—1t,) at time t,+ kT, where k is an integer, is

u(to+kT) = Zs,-b(to+(k—i)7')+nw(to+kT)

= spb(lo)+ ) 85ib(to+iT)+nu(to+kT) (2.16)
iFo
where to = tp—1; and  ny(t) = n(t)ew(?) (2.17)

The quantity 1, is termed the sampling phase. In the absence of noise, in order to detect the

{s;} both (t) and t, must be known. In the detection of s;, the middle term (i.e. the
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summation) of (2.16) is interference from neighbouring symbols (ISI), while the last term is
interference from additive noise. The equivalent baseband QAM model based on (2.14), (2.15)

and (2.16) is shown in fig. 2.3. All signals are complex, and y(?) is causal.

The additive noise n(t) in fig. 2.3 shall henceforth be assumed to be a stationary complex white
gaussian random process, with zero mean, the real and imaginary parts being independent
stationary white gaussian random processes with zero mean and equal variance of ¢3/2. This
is a common assumption in the theoretical analysis and simulation of communication systems
such as voiceband (3], made not just for the mathematical convenience, but also because it

generally gives a fair representation of the real performance to be expected [21].

2.2 Equalization Strategies at the Receiver

Equation (2.16) can be written as

Uy, =\;,3k+z Sp—ibi+ny (2.18)
iF£o0
where u, = u(lo+kT)

b: = b(to+ 1T|)

Byp = nu(lo+kT)

Suppose that the decision device is to detect s, from u, and that it has at its disposal the
values of {sk_}, for —N,<i<—1, 1<i<N,. Then the input to the threshold detector, 3, that

produces the estimate 5, is given by

N,

= u—) ) sb; (2.19)
i=-N
iFo
The error in 5, is
€ = Ek-—sk
N2 —(N1+1) 00
= sk(b6—1)+z sk-—i(b:"'bi)'*'z sk—ib;'l'z Sp-ibitnyp (2.20)
= —Nl i=-00C i:Nz-i—l

iF#0
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The mean square error (MSE), denoted as £(N;, N,), is

E&(Ny, N,) = E“elciz]

— N +1
= a,{|b'-1|2+§: |b'—b|2+z |54 +Z 18] }+a,.w (2.21)
i=-~N, i=—-00 i=No+1
s#l)
where o? = E[|S;|2] = %(Lz_l)

ohw = Ellny|’]
Two popular criteria of optimality for the selection of u(?) and {5;}, (— N, <i<N,, i#0), are:

(i) the zero-forcing (ZF) criterion. This minimizes £(N,, N,) subject to the condition that the
interference from data symbols, which is the term in {} on the RHS of (2.21), is zero. This
definition assumes that there is no restriction on the realization of w(¢). The solution can be
expressed in general as the cascade of a band-limited continuous filter and a transversal filter.
In practice the transversal filter is implemented as a digital filter, which can only have a finite
number of taps, which therefore means that the interference from data symbols cannot in
general be zero; thus, in this context, the ZF criterion requires only a certain range of
interference terms in (2.21) to be zero, e.g. see [3]. Whenever the ZF criterion is mentioned in
this thesis, it should be assumed that it refers to the case of no restriction on w(t), so that all
the interference from data symbols is zero. Actually, though it is not assumed here, the term
“zero-forcing” is often applied only to the condition of having no interference from data

symbols, irrespective of whether £ is minimized.

(i) the minimum MSE (MMSE) criterion. This simply minimizes (N, N,). Obviously
MMSE provides a lower £ than does ZF, though the two solutions will tend to coincide as the
noise power gets smaller. This thesis will mainly consider MMSE, as it seems to be the more
widely used criterion [3], probably becé.use it generally lends itself more easily to

implementation by means of recursive tracking algorithms (to be discussed in chapter 3).



41

The term “intersymbol interference” is, strictly speaking, supposed to mean the interference
from neighbouring symbols, although when we use it we shall also mean it to include the

interference from the current symbol being detected, as represented by the |5 —1|2 term on the

RHS of (2.21).

The noise power o3, can be written as

o0

o2y = E[|J n({fo+ET—u)u(y) dul?]
= J J E{n(to-+ kT—u)n* (o + T ) u(u)u’ (z) du dz (2.22)
~oo Lloo

From the definition of n(%),

E[n(to+ kT—u)n*(to+kT—2)] = 026(u—1) (2.23)
(o8] o0

= oy = a?,J O a?,J | W(H|2df (2.24)
—-00 -00

where W(f) is the FT of w(t). Also, from (2.15), b} can be written as

b = J Y(to+iT—u)u(u)du = J yipwend ety (2:25)
o0

—~00 -
where Y(f) is the FT of y(¢). In order to find the optimum w(¢) and {b;} according to the

MMSE criterion, it is necessary to differentiate £&(N;, N,) with respect to w(?), {b;} and set the

result equal to zero. If {(Ny, N,) in (2.21) is differentiated with respect to b;, one obtains

Ny
8¢ = —a?y  [(bi—b;)6b;+(b;—b;)*6b;] (2.26)
i=-N,
.';éol
Obviously 66 =0 when
b; = b; for —N;<i<N,, i#0 (2.27)
&(Ny, N,) now becomes
~(Ny+1) 0 o0

e ) = oH{|ig-11+3 [HP+Y [} +ok] IWOFY  (229)

i=-00 I'=N2+1 -0
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Using (2.25), differentiating (2.28) with respect to W(f) yields

00
6¢ = J 202 Re{[—}’*(j)e-]‘zﬁﬁ°+
Zoo
~ 2 T
ye(f)e P2 o j Y@ W@ TN g w) W (0} df (2.29)
) o ST,
."<T1(3r1
where p= g—;‘ (2.30)
For 6£=0 the integrand in (2.29) must be zero, i.e.
wip = v(pe i opy (2.31)
= 2 T
where D(f) = % [I—J Y(z) W(:c)ejzw'ﬁoz ¢ m(z— )i dz) (2.32)
oo T,
i<-N

Note that D(f) is periodic, with period T~, so that W(f) in (2.31) can be thought of as the

-2 . T
72 fto and a T-spaced transversal filter (i.e. periodic in

cascade of a continuous filter Y*(f)e
frequency, with period T7!) D(f). Y*(f)e—fzwﬂ ° is actually a filter “matched” to the impulse
response y(1), with a delay ?,. In fact the optimum linear receiving filter under various criteria
can be expressed as the cascade of a matched filter and a transversal filter [22], {23]. Since D(/)

(e 2™ followed by a

is a transversal filter, W(f) followed by a sampler is equivalent to Y*
sampler followed by D(f). Forney [23] has shown that the T-spaced samples (obtained at the

correct sampling phase) of the output of a matched filter is a set of sufficient statistics for

estimation of the transmitted data symbols. An explanation of this is given in Appendix A.

Substituting (2.31) into (2.32) yields
(k+1)/T

== versey S
/T .i=02

i<
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I .
=1p- e‘ﬂ”f’TTj /() D(2) 2™ ) (2.33)
:'<‘:1%1

() = %EI;IY(H%)I? (2.34)

where

Sy(f) is real and periodic, with period 771, Similarly, substituting (2.31) into (2.24) and (2.25)

yields _—
odw = AT  S(NIDNIPdf (2.35)
0

1 .
B = TI s,(ND(H2™T 45 (2.36)
0
Since Sy(f)D(f) has a period of T~?, it can be expressed as
S,(HD(f) = Zake"ﬂ”ﬂ“T (2.37)
3
!
where a4 = TI s,(HD(H X g5 (2.38)
0
= ¥ =ug (2.39)
The optimum value of &, denoted as fmin(Nl, N,), can be expressed as
!
EminM M) = o {1—a=as+ 3 el 40T SOIDOPY} (240
l'>N2 0
i=0
!<—N1

with D(f) given by (2.33) and a; given by (2.38). The quantities D(f) and § . (Ny, N,) shall

now be evaluated for combinations of N; and N,.

2.2.1 Linear Equalizer (LE) [3], [21], [24], [25]

This is characterized by N;=N,=0. The decision device then becomes a simple threshold

detector. From (2.33) and (2.38),
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D) = %[1 _Ze‘j?ﬂ'fiTai]

)

= L[1-8,(HD()]

= D)= m (real) (2.41)
P2 flo
Thus W) = %W (2.42)
T—l

Emin( 0) = o2{1-a0—ai+ Tl +o7[  S,(IDDI47}
¢ [)

771 !
= 03{1_2%”] Sy ND*(fdf +ij Sy (f)df}
0 0
T—l
— 201 — 0’3 __ﬁ____ .
= o}{l—gp} = TJ: cram?y (2.43)

2.2.2 Decision Feedback Equalizer (DFE) [3], [21], [24], [25]-[29)

This is characterized by N;=0 and N,=o00. The decision device therefore subtracts the ISI
contributions from all previous data symbols before providing an input to the threshold

detector. From (2.33) and (2.38),

o) = J1-3, P 0] = Ju-is,00) (2.44)
‘where [Sy(HD(N]” = zo: ake—jzﬂ.ﬂcT (2.45)
k=-00

The impulse response of filter D(f) is
d(1) = ) dnb(t—nT) (2.46)

=  D(f) = Zdne'ﬂ"f"T . (2.47)
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It is apparent from (2.44) that with p#0,
dn =0 for n>0
Therefore (2.44) can be written as
[(p+Sy(NMDN =1

Since p and Sy(/) are real, and with period 77, one can factorize p+ Sy(f) as

(p+S5(N)) = MM

00
where M(f) = kae-ﬂwﬂcT
k=0
00,
Define Qpr(2) = kaz'k
k=0

If M*(f)~! is to be expressable in the form

0
— Z 0ke—]2ﬂfkT

k=-00

1
M(f)

6, finite as k — —o0

(2.48)

(2.49)

(2.50)

(2.51)

(2.52)

(2.53)

then z-polynomial €,,(z) must be such that its roots lie on or inside the unit circle. The

factorization of (2.50) can always be done so as to achieve this. Note that Q,,(z) is the =

transform of the inverse FT of M(f), and M(j):QM(eﬂ?rfT). Note also that for p>0, Q,,(2)

has no roots on the unit circle, by virtue of (2.50) and the fact that Sy(f)>0. Substituting

(2.50) into (2.49)

(MAHMNDA]” =1

The solution to (2.54) that satisfies (2.48) is
D) = —=F
mo M (f)

so that W) =

(2.54)

(2.55)

(2.56)
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Note that with p=0 there is no unique solution to D(f). From (2.40),

77} 77!
Emin(0 ) = H{1-a—a+ 7| SODOI Par+pT| S0P}
0 0

The quantity a, is the d.c. value of Sy(f)D(f), and is given by

an = 1__p._
° [mo|?
Using (2.44), eq. (2.57) becomes
1
2
€,.:. (0, 00) = 03{1—2(1—'7:|2)+1—|m:|2+pTJ (o +SuMID(I2ds)
0
0
_ ol
|mo|?

From (2.50),

In(p+Sy(f)) = mM(H)+InM*(f)
Since §2,,(2) has all zeros on or inside the unit circle, InM(f) is of the form
0
InM(f) = lnmo-}-zake-ﬂﬂ-ﬂ:T
k=1

Thus

-1
inlmol* = 7| lp+8,0)] df
0
1
erf weESyy
giving fmin(o’ o) =cle °

2.2.3 Matched Filter Equalizer (MFE) [25]

(2.57)

(2.58)

(2.59)

(2.60)

(2.61)

(2.62)

(2.63)

The MFE is characterized by Ny;=c0 and Ny=o00. The decision device is able to subtract ISI

from both future and past data symbols before providing an input to the threshold detector.

From (2.33), -

D(f) = %,[I—TJ $4(2)D(2)da]
0

Using the form for D(f) given in (2.47), one can see that

(2.64)
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D(f) = dy (2.65)
Substituting (2.65) in (2.64),
7! -1
dy = (p+ TJ Sy(z)dz> = (Hl ) (2.66)
0 .
1! e} 00
where En = TI S,,(f)df:J |Y()|2df = J ly(0)|2dt (2.67)
0 ~oc0 ~00

The quantity Ey is the “energy” of the received impulse response y(t). The filter W(f) is given

by
-127 fto
Wi = % (2.68)
From (2.40),
_ _af,__2En B pEn \ _ _oip
“min (%0 ©©) = U’{l (p+E")+(P+En)2+(P+En)2} = (p+En) (2.69)

It can be seen that Emin(o’ O)ZEmin(O, oo)mein(oo, 00). Before talking more about the
relative merits of the three MMSE equalizers just described, the optimum detector (in the sense
of minimum probability of error) and the maximum likelihood sequence estimator (MLSE) will

be discussed.

2.3 Optimum Detection and the MLSE

From the QAM baseband model of fig. 2.3, the received signal, 7(?), is given by

nt) = Zs,.g(t-iT)+n(t) (2.70)

Suppose that the receiver observes the signal n(t) over the time interval 3, corresponding to the
transmitted data sequence sy, sy, ..., s;, which we represent as {si}g. The receiver would like
to make an estimate of {s;}J, denoted as {3;}{, with the minimum probability of error. This

2(I+1)

can be achieved by choosing {5,-}5 out of the L possible sequences to be such that

Pr{3,}] /r(t),teﬂ] is maximized (2.71)
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This is known as the maximum a-posteriori (MAP) criterion. If {s,-}g is equally likely to take

) possible forms, then the criterion of selecting the estimate {3;}{ to be

any one of its L2(I+1
such that

Pr[r(t),t€9 /{3,.}{,] is maximized (2.72)

also achieves minimum probability of error. This is known as the maximum likelihood (ML)
criterion, and is only equivalent to MAP under the assumption of equally likely data sequences.
Of course, equally likely data sequences is assured if the data symbols are independent and
equally likely to take any one of their L? possible values. In terms of the probability

distribution function, the ML criterion can be expressed as selecting {E,-}g such that
p[n(1),1€3 /{3,}5] is maximized (2.73)

Now using (B.28), (B.29) and (B.30) of Appendix B, and remembering that n(?) is a stationary
complex zero mean white gaussian random process, with independent real and imaginary parts

each having the statistical autocorrelation function o26(7)/2, one can write
I
Alr(t),tes [{s}) = sln(t),tes [{s:})

{-JIn(t)?dt/ o2)

= p[n(t),1€3] ~ e (2.74)

Substituting for n(t) from (2.70), with the summation going from 0 to I, and collecting only

terms that depend on {s;}, gives

I I
{L2Rsiul=3 3 sfliomsm}/ ok

pln(t) 1€3 [{s;}5]) ~ & =° =0 m=0 (2.75)
where v = J (1)y*(1—iT)dt (2.76)
3
i = [ y(t—mT)y*(t—iT)dt = I,,_; for I>(i, m)>0 (2.77)
°3

Remembering that y(?) is causal, and assuming that the period of observation 3 at least covers
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0 to (IT+time spread of y(t)), then (2.76) and (2.77) can be rewritten as

o0
v = J )y (t—iT)dt (2.78)
-0
o0
L =I W=mT)y (1—iT)dt = I'_, for I>(i, m)>0 (2.79)
-0

{v;} is recognizable as the samples of the output of a matched filter, whilst {/;} are the samples
of the impulse response of the cascade of the ¢hannel y(¢) and matched filter y*(-t), or, in other
words, the autocorrelation function of y(?). Let an infinite sequence of symbols {T;} be such

that
T, = a non-zero data symbol value for 0<i<J, and 0 otherwise (2.80)

If {'I‘,.}N denotes the sequence from —oo to N, then define the metric for this sequence as

N N N
JAT ) =3 2Re(Tiw] =Y Y i Tm
1=00 :

1=—-00 m=-00

N
= > (2RelTiul= Y Tl T ) (2.81)

N
i=0 m=0

Then from (2.75), for the estimate {§,-}g of {si}g to satisfy the ML criterion, {5,.}5 must be
such that over all L**" possible sequences {T,-}I the metric J({O}_I{S',-}g) is maximum,
where {0}~! denotes a semi-infinite sequence of zeros from —oo to —1. In view of the length
and number of possible sequences, the brute-force approach of calculating J{.) for all sequences
and selecting that which yields a maximum value is impractical. However, computational
effort can be greatly reduced, while still achieving ML detection, through the use of a recursive

algorithm based on the principles of dynamic programming and known as the Viterbi

Algorithm (VA). A modified version of the VA [30] will now be described.

2.3.1 Implementation of the MLSE by the VA

It is possible to write J{.) recursively as
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N-1
JULHY) = T D 4R T 2oy =T nlo—2D Tl )] (2.82)
i=0
Let integer g be such that
glB)=0 Cor 0< t.<(g+1)T (2.83)
=  y(iT) =0 for i<0,i>g (2.84)
L, =0 for [i|>g (2.85)
Then (2.82) becomes
g
JATHY) = T +Re[ Ty 20y — Y ylo—2) T k)] (2.86)
i=1

It can be seen that in the evaluation of metric J({T;}"), the second term on the RHS of (2.86)
involves the last g symbols of {T,-}N_l. Suppose that the g symbols Tp_ o, Ty o1y oo s Ty
are known, then from (2.86) the sequence {T,-}I with the maximum metric also has the sub-
sequence {T,-}N'l, N<I, with the maximum metric. Of course the last g symbols of {'I‘,-}N'1
are not known to the receiver, but they do, at most, take on L% different forms. Thus the
receiver needs to store, at most, only L sequences at any one time. The algorithm can be

broadly stated as follows.

Assume I>g, and note that for a sequence {T,.}N , 0K N<I, the receiver need only store the
non-zero part, i.e. {T;}&. At time 0T, but before the receipt of sample v,, the receiver holds
no sequences. On receipt of v, the receiver stores the L? sequences {T,-}O, which is just all the
different possible data symbols, together with their respective metrics as given by (2.81). At
time N7, 0<N<g, but before the receipt of sample vy, the receiver holds in store the 2l
different possible sequences {'I‘,-}N'1 together with their respective metrics. On receipt of vy,
each stored sequence {T;}"~! is expanded into L? sequences {T,-}N , the last symbol of each
"expanded sequence taking exclusively one of its I? possible values. The metrics of the new
expanded sequences are evaluated according to (2.86). The receiver now has Lz(N+1) sequences
{T,-}N with their respective metrics. At time N7, g<N<I, but before the receipt of sample
M-

. . . . P, .
vy, the receiver holds in store L% sequences {T ! together with their resective metrics.
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Each of the sequences differs from the other at least in its last g symbols. On receipt of vy
each stored sequence is expanded and the metric updated, according to (2.86), as previously.

2s+1) sequences {T,-}N with their respective metrics, and for all

The receiver now has L
sequences with the same last g symbols the receiver proceeds to extract that with the largest
metric and discard the rest. Thus the receiver finishes up with L* sequences {T,-}N (called
survivors) and their respective metrics. After the receipt of sample v; the ML estimate {&i}é is
given by the non-zero part of that sequence {Ti}l with the largest metric. To prevent the

metrics from growing excessively large with time, it is a good idea to periodically subtract the

smallest metric from all the metrics.

The modified form of the VA just described differs from the original in that it operates on
samples of the output of a matched filter, where the noise samples are in general correlated.
The original VA (3], [21], [23], [31] requires noise samples that are statistically independent.

The form of the original VA can be derived from (2.81) as follows.

The quantities v; (2.78) and [;_,, (2.79) can be written in terms of FT’s as

v = j RHY (T 4 (2.87)
oo o ! ,
L= J‘ ly(mzeﬂwj(z—m)Tdf: TJ‘ Sy(ﬁej‘Z'/rf(z—m)Tdf (2.88)
-00 0

where R(f) is the FT of r(t). It is apparent form (2.88) and (2.85) that

Sy = i e P AT (2.89)

i=~g

Since Sy(f) is real and periodic, it can factorized as

Sy() = M(HM*(f) (2.90)
where M) = Zg:m;e_ﬂwﬁT (2.91)
i=0

From (2.81),
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J{T}) = 2Re [J Rg)flz‘fgf)(Z;T.M 0¥ Tyag

T—l

I
7 1 ve

0 =0

~R2rfiT 2 4 (2.92)

Note that the ratio Y*(f)/ M"*(f) in the above expression is well defined as M'(f), by definition,

is such that

| Y(F+4)I
T s L (299
N }l_:r apn~RTAT _ R, pafiT
ow M (e e EZ;e (2.94)
$=0 1=0
where Z; = Eg:T,-_,,m;, (2.95)
h=0
Let Z, = J Rgf},}?fgﬂe’?“ﬂT (2.96)
I+g
Thus J{LY) = Reld 217(22,— 7)) (2.97)
1=0

The quantity Z; is recognizable as the sample at iT of r{t) passed through the filter
Y*'()/ M'"(f), while Z; is a possible value of the data portion of the sample Z;. Note that the
sampled impulse response of | Y*(f)|>/M'*(f) is causal with FT given by M'(f). If i, and #;
are samples at times kT and iT respectively of the noise n(t) passed through the filter
Y*(f)/ M'*(f), it is quite easy to show that

- YU+ 2afik=i)T . _
E[f,7]] = I ZIM'(HTT)I? df = o026, (2.98)

where §,; is the Kronecker delta function,

6 ;=1 for k=i

=0 for k#i (2.99)



53

Thus the noise samples are uncorrelated, or equivalently, statistically independent since the
noise process is gaussian. The filter Y*(f)/ M'*(f) is identical to the “whitened matched filter”
of [23], [32], so-called because the noise samples at its output are statistically independent.

Define for the sequence {Y;}" the metric

MUTIY) = Rel3 222~ 2) (2.100)
=0
Note that J{T ) = T 9 (2.101)

) I+g

so that the ML estimate {3,}} of {s;}} is such that over all A possible sequences {T,}

the metric T'({0}~{3,}} {0}5:’1’) is maximum. TI'(.) can be written recursively as
{1V = TV +Re[ 2, *(22y — Z)y)) (2.102)

From (2.95) it can be seen that Zj involves the last g symbols of {T;}N'l so that, as before,
the receiver need only store at most L% sequences at any one time. The original VA, up to
the receipt of sample Z; at time IT, proceeds exactly as in the modified VA described
previously except that now we are talking about samples {Z;} and referring to the metric I'(.).
After the receipt of Z; the receiver holds I* sequences {'I‘,-}I with their respective metrics, but
the ML estimate is not now given by the non-zero part of that sequence with the largest
metric. At time NT, I<N<I+g, but before the receipt of sample Z,, the receiver holds
Lz(g”“_N) sequences {'I‘;}I with their metrics. Each of the sequences differs from the other
at least in its last g+I+1—N symbols. On receipt of Zy the metric for each sequence is
updated according to (2.102), with no expansion being performed, and then for all sequences
with the same last g+I—N symbols the receiver extracts that with the largest metric and

2g+I=N) sequences {Y;}! with their

discards the rest. Thus the receiver finishes up with L
metrics. At time (I+g¢)7T, but before the receipt of sample Z, g the receiver holds L?
sequences {T;}} with their metrics. On receipt of Z1,, the metrics are updated, and now the

ML estimate {3;}) is given by the non-zero part of that sequence {1} with the largest

metric.
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This completes the description of the VA. The original form tends to be the more widely used
version. Symbol errors in the VA tend to occur in bursts, the lengths, for a given channel
response, being variable as they depend on the noise samples and data symbols that are present
at the time. Bounds on the VA’s probability of error performance can be found in [3], [23],
[30], [33]. Error bounds for the original VA in the presence of correlated noise samples are

developed in [34].

The modified version of the VA can be adapted to deal with the case of non-white gaussian
noise as shown in [30]. The VA performs about (k+ 1)L2(g+1) metric computations in the

2(k+1) needed for the brute-force

detection of k+1 transmitted symbols, compared with L
method. A problem, however, is that the stored sequences grow linearly with time. For a
large k this can lead to storage problems, and so in practice the sequences are truncated to
some length ¢ (¢>g¢). Then, say, at time NT on processing the N*® received sample, the
receiver selects as the detected symbol 5 N—q that Tp_ 0 belonging to the sequence with the
largest metric, and finishes with L*? stored sequences {Ti}x_ 41" Thus there is a delay in
detection of ¢7. The loss in performance resulting from this truncation strategy is negligible if
g>5g [3], as most stored sequences will by then have a common sub-sequence {'I‘i}N_q. For
large constellations and/or a large value of g, storage can again be a problem as well as
number of computations. In such cases one strategy is to use a transversal pre-filter to reduce
the value of g seen by the VA to some desired setting [24], [34]-[37], although this enhances the
noise and makes the samples, if uncorrelated, correlated. Another strategy is to reduce the
number of sequences stored by the detector [37]-[43], since many sequences are so unlikely to be
the maximum likelihood sequence that they can effectively be ignored. These reduced state
detectors are usually referred to as near-MLSE’s, and in the literature almost invariably take
the form of some sub-optimum version of the original VA. There is usually an increase in the

number of computations per stored sequence for the near-MLSE. For best performance, the

near-MLSE usually requires that the impulse response seen by the algorithm, i.e.

g
Y my6(1-hT)
h=0
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have its “energy” concentrated towards the beginning of the response, i.e. be minimum phase.
This is because if, for example, the first component mj in the impulse response is small relative
to the rest, then on processing of sample Z; at time i7T, the transmitted symbol s; plays a less
effective role in the selection of which sequences to keep, and therefore also which possible
values it will be detected as, and which sequences to discard. The minimum phase condition

can be achieved if the z-polynomial
g
QM,(z) = hX:m;,z"h (2.103)
=0

i.e. the ztransform of the impulse response seen by the near-MLSE algorithm, has its roots on
or inside the unit circle. Then the resulting receiver filter Y*(f)/M'*(f) becomes identical
(except for a scaling factor) to the optimum filter for the ZF DFE, a result first shown in [44].

Compare M(f) for the MMSE DFE (2.50) with (2.90); it is apparent that
MOM(f) = MM (D+5 (2.104)

It can be seen that for small p, the receiver filter (2.56) for the MMSE DFE approximates to

that for the ZF DFE.

2.3.2 Lower Bound to Performance

Any receiver can perform no better than if it were able to detect each transmitted data symbol
in total isolation, so that there would be no ISI. For a white gaussian noise channel, setting

I=0 in (2.75) gives
* — 2 2 _ _ 2 2
P GORS) /So] ~ 6{2Re[sovO] 50|}/ o -~ e{ lol(vo/l)— 501"}/ o (2.105)
Thus §, is given by that symbol T, that minimizes |(vy/l)—7To| over all L? possible data

symbols. This is equivalent to threshold detecting from sample vy/l,. The receiver filter is

Y*(f)/ En, where E, is given by (2.67) (En=1,). This is just the ZF matched filter equalizer.



2.4 Comparison

Table 2.1 gives a summary of the receiver designs discussed so far, with reference to the

transmission model of fig. 2.3.
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Design Filter W(f) Decision Device
-R27fto
MMSE LE % Threshold detector
- 27|' ﬁo
Y'(fe”? .
MMSE DFE W(—f)— Threshold detector, with
2)7(2) has its ISI cancellation for
roots on or inside previous symbols.
the unit circle.
-727fto
MMSE MFE m*f______ Threshold detector, with
(p+En)
total ISI cancellation.
—]27fﬁo
ZF MFE Y*—(f)%———-—— Threshold detector, with
n
total ISI cancellation.
r(pe 2l
MLSE/near-MLSE —m VA (original), or some
For near-MLSE, reduced-state version.
Q M,(z) has its
roots on or inside
the unit circle.

Table 2.1 Receiver designs for different equalizers.

If the channel spectrum Y(J) has nulls or points o

function Sy(f), the corresponding receiver filter W(f) for the LE may have points of very high

very low amplitude, then, depending on the
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amplitude, leading to excessive noise enhancement [24]. This is not so for the DFE, which in
general, therefore, has a significantly superior error rate performance {3]. For a time-varying
channel such as HF, there are bound to be many instances where nulls or near nulls appear in
the spectrum characteristic, and so the LE is not recommended. Furthermore, the DFE is
much more insensitive than the LE to errors in the receiver’s knowledge of the carrier phase ¢
and the sampling phase ?, [24], [45], [46]. It has not been mentioned yet but, as the name
suggests, the DFE uses previous decisions for the ISI cancellation. Obviously if decisions are
incorrect then error propagative effects arise. These effects are difficult to analyse quantitively
without resorting to Monte Carlo simulation on a computer. Some analytical results on the

probability of error of the DFE in the presence of decision errors can be found in [29], [47].

The MFE can be implemented in practice, when it is then sometimes referred to as a decision-
aided ISI canceller [24], by using tentative decisions regarding future data symbols. A receiver
with a two-step decision process such as this was first proposed in [48]. Like the DFE, this
receiver will suffer from propagative effects due to incorrect decisions. We are interested in the
MFE only as an indicator of the lower bound to performance, the ZF MFE in the absence of
decision errors achieving this. Comparison of the ZF MFE with the MMSE MFE illustrates
the fact that minimization of MSE does not necessarily mean minimization of probability of
error. A DFE based on the minimization of probability of error has been designed (see [29]
and the references therein) and can be shown to be equivalent to the MMSE DFE for high
signal-to-noise ratios. Also, at high signal-to-noise ratios the MLSE approaches the lower
bound to performance for all channels except those with extremely severe ISI [23]. For g=0
(no ISI) the MMSE DFE becomes equivalent to the MMSE MFE while the MLSE and ZF DFE

become equivalent to the ZFF MFE.

In making a decision on a transmitted data symbol, the MLSE processes all the energy in the
sampled impulse response of the channel in cascade with the receiver filter, i.e. Y(f) W(/),
whereas the DFE cancels out those terms of the impulse response that give rise to ISI

(assuming past decisions are correct). For this reason the MLSE usually outperforms, in terms
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of probability of error, the DFE, e.g. [3], [21], [27], [29], [45], the trade-off being complexity.
Note that it is assumed the receiver knows perfectly the channel response y(¢) and sampling
phase t,. In {49] it is shown that the DFE can outperform the MLSE, implemented by the

VA, in the presence of phase jitter.

2.5 Fractionally-Spaced Transversal Filters

Table 2.1 shows that the receiver filter W(f) for all the designs can be expressed as the cascade
of a matched filter Y"(f)e-jzwﬂ ° and a T-spaced transversal filter, denoted as D(f). Linearity
permits us to replace W(f) followed by a sampler by Y‘(f)e—ﬂﬂ—ﬂ" followed by a sampler
followed by D(f). Then D(f) can be implemented as a digital non-recursive filter as shown in
fig. 2.4a. The continuous filter Y‘(f)e‘fz"ﬂ ° is dependent on the sampling phase 1,, which
according to [3] should be known to within +£5% of T for most applications. Techniques for
sampling with ?, at some desired setting (usually zero), termed synchronization, can be found
in [3], [60]-[65]. QAM has an advantage over PAM systems in that timing with significantly
less jitter can be obtained (3], [50]. The penalty suffered, in terms of MSE, for inaccuracies in
the knowledge of 1, for LE’s and DFE’s is demonstrated in [24]. Also, as indicated in [24], the
relative insensitivity of the DFE over the LE for inaccuracies in {, may be offset by an
increased severity in error propagation when a decision error occurs. The problem with
continuous filters is that it is difficult to make them adaptive to change, whereas, as we shall
see later, digital filters can be made adaptive relatively easily as they only require a finite
number of coefficients (or taps) to be updated. Thus a receiver filter with a fixed continuous
filter, which ideally should be Y‘(f)e_ﬂwﬂ ° at all times, is going to suffer not just because of
inaccuracies in ¢, but also, and more seriously, if the channel is time-varying. What is desired
is a receiver filter that is equivalent to W(f) but which consists of continuous filters that can

remain fixed and transversal filters that can be made adaptive.
Let the bandwidth of Y(f) be denoted as fy, so that

Y =0 forlf>% (2.106)
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input sample train,

(a) D(f):Z:d,.e—ﬂ"ﬁT output sample train,
: rate 71;
K delay units K delay units

v
A
v

input sample train, ¥

_ -RrfikKTIM
(b) W(f)—zwie output sample train,
' B
rate ATJ—’ is read every T secs.

Fig. 2.4 Digital implementation of (a) T —spaced transversal
filter D(f), (b) KT/M fractionally-spaced filter W(j).
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The bandwidth of W(f) will also by f,. Let filter B(f) have bandwidth ! and be such that

B #£0  for |f] < = (2.107)
29
Assume I 7!>f,, and let the T-spaced transversal filter W(f) be given by

LOEDY ZEJIF:Z‘ZJT; (2.108)

Then the filter B(f) followed by W(f) is equivalent to W(f). To implement W(f) as a digital
filter we sample the output of the continuous filter B(f) at rate M/ T (M is an integer >1), the
samples being shifted into a digital shift register memory. Then every K** sample (K>1) in
the shift register is multiplied by a successive filter coefficient (or tap) and all the products
summed to give an output that is read at rate T~!. Thus T=KT/M, where K, M are relative
prime integers. If fy<T ! then K=M=1 is sufficient, and if fy> T, as often happens in
practice, we need K<M. The filter W(f) is termed a fractionally-spaced transversal filter
because ¥ is generally required to be less than T. The digital implementation of W (/) is
illustrated in fig. 2.4b. The filter B(f) can be any fixed continuous filter satisfying (2.107), the
obvious one coming to mind having a rectangular spectrum with cut-off at +0.5/9". For more

details on fractionally-spaced transversal filters see [24] and the references therein.

In this thesis it will henceforth be assumed that fy,<T™ 1 a condition guaranteed if the
bandwidth of the pulse shaping filter a(?) is <7 (recall (2.13)). For a voiceband HF channel
we would want the bandwidth of a(f) to be as close to T~ as possible. Thus we shall assume
that effectively =T, and the receiver filter consists of a fixed filter B(f), which will be
assumed to be rectangular with amplitude T and cut-off at +0.5/ T, followed by a T-spaced
transversal filter W(f) implemented as a digital non-recursive filter. The receiver arrangement
is shown in fig. 2.5. The noise samples at the output of B(f) will be uncorrelated. The
transversal filter for the MLSE is a pure phase filter, i.e. constant amplitude spectrum, because
|W()]>=1, as is also that for the MMSE DFE at high signal-to-noise ratios. Note that for a

MLSE, as opposed to a near-MLSE, the transversal filter can be omitted as we are free to



(1)

B(f) 3
AT

S

Fig. 2.5 Receiver arrangement for f; < %—, (c.f. fig. 2.3).
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(1)

sample 1o+ kT
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7r(f+%)to

. J2
choose M'(f)= ﬁ"lz Y(f+jl,)ej so that W(f)=1.

The sample at time #,+ k7T of the output ry(?) of filter B(f), which has impulse response b,(1),

is

n(to+kT) = ﬁzs'-y(io+(k—i)’-")+n1(io+k7*)
T
where ny(1) = n(t)ed,(2)
Replacing t, by HT+ A, where H is an integer and 0<A< T, gives
r((k+H)T+A) = T s;y((k+H—i) T+ A)+n,(k+ B T+A)
i

Define r; = n(iT+A)
v = AT y(iT+A)

n" = nl(iT"‘A)
From (2.83), y;=0 for i<0, :>g. Therefore (2.111) becomes

9
TerHl = z;skw-sys‘“"“km
1=

Note that E[n;n}] = o3é,),

(2.109)

(2.110)

(2.111)

(2.112)
(2.113)

(2.114)

(2.115)

(2.116)

The noise samples at the input to W(f) are therefore statistically independent, i.e. white noise

samples. The z-transform of the sampled waveform of ﬁy(i+ A), with zero sampling phase,

is

)
Qy(z) = ) 5z
1=0
Also,

27T ;. R2m(frd)A
oy (@) = A5 v hd T

Note that QY(Z)Q;/(Z_l)=QM,(Z)QRI(Z_I). From (2.108), W(f) is given by

s iy 2Rt

W) = Q%Z (F+7)e

(2.117)

(2.118)

(2.119)
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Using (2.118), the z-transform representing filter W(f) is

Qqp(2) = 7HQp(2QY (=) (2.120)
where Qp(2) = Zdiz" (2.121)
o,(¢*™T) = by (2.122)

Depending on whether H is positive or negative, H represents a delay or advance of |H|T
seconds. Replacing the 7 term in (2.120) by unity simply means that at any particular
sampling instant the receiver has detected symbol s, , instead of s;. This presents no
problem as long as the receiver knows which symbol it has detected. Thus the 7 H term can

be neglected. Setting H=0 in (2.115) and (2.120) gives

g

Te= ) Seilitmy (2.123)
i=0

Qup(2) = Qp(AQY (™) (2.124)

The sampled impulse response seen at the output of the sampler, but before #(f), in fig. 2.5
has ztransform Qy(z). Notice that for a near-MLSE, since QD(z)z(Q;W(z'l))"l,
Q0 (D30(71) =y (2)Q2Y(z7") and Q,4(2) has its roots on or inside the unit circle, then
§24y(2) has poles which are the roots of Qy(z) lying outside the unit circle, and zeros which are

the reciprocals of the complex conjugates of these roots.

2.6 Effect of Time-Varying Channel

The derivations so far in this chapter are, strictly speaking, based on the assumption that the
transmission channel’s impulse response is time-invariant. Basing the derivations on a general
time-varying h(t) serves to unecessarily complicate the analysis. This is because the rate of
variation of the channel can, for all practical purposes, be assumed to be very much less than
the baud rate, otherwise a decision-directed tracking device could never “learn” quickly enough

about the changing medium. For HF channels the rate of variation is typically a few Hz or
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less, compared with a baud rate of 2400. Because of the time variation of (%), the bandwidth
of y(t) (the cascade of a(?) and k(1)) is now not strictly limited to the bandwidth of a(t), but
since variations are considered very small c.f. 77! we can reasonably assume that it is still
approximately so. Thus our assumption in section 2.5 that fgsT"l, enabling us to define B())
as a rectangular filter, can still be considered effectively valid for a(¢) bandlimited to around

7! Hs.

We shall now re-examine the DFE and MFE, and include in the notation the time variation of

the channel, and also the limitation of having a finite number of feedforward taps in the DFE.

2.6.1 MMSE DFE with Finite Number of Taps

For the MMSE DFE,

Qp(z) = ;@;—(}T) (2.125)

where Q,,(2) was defined in (2.52). The coefficients {d;} for i>0 in (2.121) are zero, because

2(2) has its roots on or inside the unit circle. Thus we can write

w .
Qep(2) = Y wi# (2.126)
1=0 .
The output of W(f) is
®.2) [e.9] 9 o)
U = wa i = Z sk+izthh+i+znk+iwi (2.127)
i=0 i=—g  h=0 i=0

It can be seen that in detecting s, from u,, the DFE need only subtract the ISI contributions
from the previous g symbols. Eq. (2.126) assumes that Qw(z) consists of an infinite number
of terms, sor that a digital filter implementation of W (f) would consist of an infinite number of
taps. In practice this cannot be so. We shall restrict the number of taps to N. Fig. 2.6 shows
the form of the DFE, consisting of an N-tap linear feedforward section and a g¢-tap feedback
section that subtracts the ISI from previous symbols, assuming past decisions are correct. This
DFE will in future be referred to as DFE(N,g). Unfortunately the optimum MMSE DFE tap-

weights change with the value of N, and so it will be necessary to re-do the minimization
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Feedforward Section

Fig{. 2.6 Decisiqn Feedback Equalizer: DFE(A.g)
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process for their determination.

The possibility that Y(f) can vary with time has been mentioned, but up till now has not been
explicitly represented in the mathematics. Let us characterize the sampled impulse response
Yoy -+ Yg in (2.123) by a subscript k to denote its time dependence. Thus
g
T = Esk-iykr*'"k (2.128)
i=

Define the following column vectors, where superscript “t” denotes the transpose, as

Yii = (96,04 -+« Yeap,pmi -+ YeaN-1,No1-i] (2.129)
Wi = [wyg ... W N ] (2.130)
o = [ng ... oyl (2.131)

Note that w, also has a subscript to denote time dependence. Assuming past decisions are

correct, the error in 3, is (see fig. 2.6)

N-1 g
e = 5p—5 = E}c[z 5k+i!ki+2k1"zsk-ibk.’—sk (2.132)
i=—-g i=1
We know that in order to minimize the MSE,
b = Wiy, for 1<i<g (2.133)
Substituting (2.133) into (2.132) and denoting the MSE as &, we get
2 2f i t t t
£ = Elle]*] = a'{gk[Z!kiZZi+PI]V—VZ'_EI:ZL-O"‘(Ek!ko)""l} (2.134)
$=0

1 is the NxN identity matrix. Let us define the NxN matrix Y, as

N-1
Y, = ) yuyii+ol (2.135)

=0

Note that Y, is Hermetian, i.e. Y, =Y;t. Differentiating £, with respect to w; we obtain

86, = ZRe[o3{wl Y, —yi6}ow}] (2.136)
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Hence 6§, =0 is given by
w, = Yi ¥ (2.137)
where superscript “~1” denotes the inverse of a matrix. Substituting (2.137) into (2.134) yields
§kmin = c(1—wY,®) = o(1-yi5 Y, 'Yko) = o3(1—=iyro) (2.138)

We can express in another useful form by first substituting for Y, in Y;w, =y}, and

k,min

then comparing the first coefficient to get

Vo¥iYrot WkoP = ¥io (2.139)
— 52, %0 . 2%k
Thus Ek,min = a,pyzo = on o (2.140)

As N increases, the tap weight vector w, approaches the first N taps in W(f) for the MMSE
DFE(o0,g) solution. Thus if N is large enough, and p is small, w; can be used as an
approximation to the first N taps in W(f) for the near-MLSE, the feedback section of the
MMSE DFE(N,g) plus b,o=1 representing the (g+1)-length sampled impulse response seen by

the near-MLSE.

2.6.2 MMSE MFFE and ZF MFE

For the MMSE MFE, Qp(7) = ; +1 7 (2.141)
n
Yz
Then from (2.124), QW(Z) = m_f—)- (2.142)

Qp(2) and Q‘W(z) for the ZF MFE can be obtained from (2.141) and (2.142) by setting p=0.

Qqp(2) can be written as

g .
Qgp(2) = Zw,-z' (2.143)

=0
The MFE is depicted in fig. 2.7, and will sometimes be referred to as MFE(g+1) because it has
g+1 taps in the digital filter W(f). Using equations (2.128)-(2.131) but with N replaced by

g+1, and assuming correct decisions for past and future symbols, we get for the error in 5,



Fig. 2.7 Matched Filter Equalizer: MFE(g +1)

detected symbol
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g g
e = 5—s, = W), sk+iZki+I—1k]—_E Seibri—se (2.144)

i=-g i=-g
For the MMSE or ZF criterion we need
bei = Wi¥e i —g<i<—1, 1<i<y (2.145)
so that € = sk(gizk0—1)+_vg§g,, (2.146)
For the MMSE criterion it is straightforward to show that
W, = (_P—'*—'Zﬂi'_i;ﬁ - (MMSE) (2.147)

where ﬂZko“zzliglko is the magnitude (or norm) of the vector y;,. Setting p=0 in (2.147)

gives us the result for the ZF criterion

W, = ﬂfkollz (ZF) (2.148)
2k0
The final MSE takes the form
2
£ = m (MMSE) (2.149)
Lk0
afp
€ = el (ZF) (2.150)
JkO

Notice that in introducing a time subscript k, Qy(2) and E, in (2.142) have been replaced by

g
Zyk“-,,-z" and ﬂ!koﬂz respectively.

1=0

2.7 Other Detection Devices
We will briefly mention a few less commonly used detection devices.

The probabilistic symbol-by-symbol equalization algorithm [3] is based on computation of a-
posteriori probabilities, and is optimum in the sense of minimizing the probability of symbol
error, in contrast to the MLSE which minimizes the probability of sequence error. There is
also a delay in detection. It requires knowledge of the channel sampled impulse response, and

involves a large number of computations per received sample. In particular, it involves
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summations of exponential factors. Therefore the major shortcoming of this device is its heavy
computational burden. Monte Carlo simulations have shown it to be superior in performance

to the DFE, and comparable to the MLSE [3].

The linear feedback equalizer [3] is similar to the DFE except that the feedback filter contains
the pre-threshold estimates {3,}. Drawbacks with this device are that it is only marginally

superior to the linear equalizer, and adaptive versions of it are prone to instability [3].

Another device is the so-called message estimator [56], which is based on the Kalman filter. It
requires knowledge of the channel sampled impulse reponse, and in an adaptive
implementation it has a faster start-up convergence than do the conventional adaptive
implementations of the LE and DFE. However, simulations have shown that it is only

marginally superior in performance to the LE, and significantly inferior to the DFE [56].
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Chapter 3
TRACKING ALGORITHMS

We shall now describe two algorithms that are often used to provide adaptation of receiver

filters under time-varying channel conditions. Let us first define the following.

Xt = (71 Ty .- Tppg) 3.1)
o = len oo Cipl (3.2)
€4 = Z,—XiG; (3.3)

The M-length vectors x; and ¢; are termed the input vector and estimated vector respectively.
The quantities z, and €,;, both scalars, are termed the desired value and error respectively. In
the context of adaptive equalization, x; and z, can, in general, be regarded as linear functions
of the transmitted data symbols {s;}, the noise samples {n;} and the channel sampled impulse

response. Assume that at time kT we know x; and z; for i<k.

3.1 The Steepest Descent (SD) Algorithm

This is also known as the MSE algorithm [3], or the least-mean-squares (LMS) algorithm [24].
At time kT we wish to determine ¢; such that the mean square error &,=E[|¢;;|?] is

minimized, the expectation being over the data symbol and noise sequences.
86, = —2Re{8¢{*Elxier]} = 2Re{6c;"(Elxixtle;~Elxiz )} (3:4)
Clearly, €, is minimized when

(Elxix}])Elx} 2] (3.5)

€ = Sopt =

€, can be viewed as a quadratic surface in M-dimensional space, a particular vector ¢;
corresponding to a particular point on that surface. We could find ¢, opt iteratively by
observing the gradient 0¢,/dc; and adjusting ¢; by a small amount in the direction of steepest

descent. From (3.4) it can be seen that the direction of steepest descent is the same as that of
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vector E[x}e,;]. An updated vector ¢;,, is thus given by
i1 = &+ uE[xiey;] (3.6) .

where yu is a small positive real number. Subtracting Ctopt from both sides of (3.6) we get
Cir1—C opt = (I—HRE)(€i—¢; opt) (3.7)
where R, = E[xjx}] = VA, Vit (3.8)

V, is the matrix of eigenvectors and A, the diagonal matrix of positive real eigenvalues {\.,},

1<i< M, of the covariance matrix R, (V,V;t=I). Define the error vector d,; as

Cei = €T opt (3.9)

Then from (3.7), diiv1 = (I—pRy)d;; (3.10)

From (3.10) we can see that ﬂgkiﬂ2=g;§gki converges to a steady-state value (0 in this case) as

t—oo if
ﬂ‘—lk,i+lﬂz < d.f® (3.11)
where [deiea]® = dhiVi(I— AL Vit (3.12)
Eq. (3.11) is thus satisfied if
(1=pr)? <1 for 1<i<M (3.13)
k,max

where Ay may is the largest eigenvalue of R;. In practice the gradient quantity E[xje,,] is
unknown, so it is replaced in (3.6) by the unbiased estimate x}¢,;. Further, if we carry out the

iterative process recursively in time, (3.6) becomes
Cr = Cp_y+uXi€s (3.15)

where € = € gy = PR (3.16)
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Eq. (3.15) is the basic form of the SD algorithm that is commonly used for adaptation
purposes. The vector c,_, is computed at time (k—1)T and is used at time kT as an estimate
of

The update ¢, is an improved estimate of ¢ Let the error vector d; be given

€x,opt k,0pt’
by
4, = & =€y 0pt (3.17)
Then from (3.15),
dy = (I—pxixi)di 1 +HXE€, opt (€40 0pt =Sk opt) (3.18)
where €ropt = zk—zzs'k,opt (3.19)

At time kT, for E[ |d,]?] to be able to reach a steady-state condition it is required that the

first term on the RHS of (3.18) be such that
E - pxiaxh)de-a ) < E{ i) (3:20)

If we make the common assumption [24] that the input vectors are statistically independent,
i.e.
E[xix5]) =0 for i#m (3.21)
then, since d;_, depends on x; for i<k—1, (3.20) becomes
M
E[d;t—l(I_Ql‘Rk+l‘2;’\kiRk)gk-1] < E[ |di-y]?) (3.22)

where it has been assumed that

M
E[(xix})?] ~ E[xix;]R; = D MRy (3.23)
i=1
Eq. (3.22) is satisfied if
M
Q=2 +12> Midem) <1 for 1<mgM (3.24)
=1
= 0 < B < (3.25)

M
Z;'\ki
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Contrast the permissible range for g in (3.25) with that for the deterministic case (i.e. E[x}¢,]
known) in (3.14). With equal eigenvalues, the range in (3.25) is reduced c.f. (3.14) by the
factor M. A more detailed derivation of (3.25) can be found in [57], where it first appeared.
Note that the steady-state value of E[ |d;|?] varies with time integer k if € opt does. Even for
€, opt invariant with respect to k, E[]d,[?] is never going to reach zero if E”‘k,optlzl is not
zero [3], [57], because then we will always be using a “noisy” estimate xje, of the gradient

term E[x}e,.].

It is shown in [57], for a time-invariant ¢ that the speed of convergence of the algorithm

k,0pt?
from any initial starting point of the estimated vector ¢, is dependent on the vector length M
and, to a lesser degree, on the eigenvalue spread of Ry, characterized by the ratio
/\k'maX/’\k,min' A larger M and/or ’\k»maX/Ak,min produces slower convergence, which

therefore means that the algorithm is less able to track time variations in ¢ To remove

kopt*
the effect, should the need be, of eigenvalue spread, consider the transformed input vector xj

given by

x, = Ay *Vix, (3.26)

and the estimated vector ¢ given recursively as

€k = Gy taxEL (3.27)
where € = z—xitch_, (3.28)

The eigenvaules of E[x,*x,‘]=I are all equal to unity, so that the spread is minimized. The
4 E Xk

optimum value €4 opt (3.5) is related to t_:;ppt by
. 1/2¢at
Elx,"z] = -‘-:;:,opt =AY €k,0opt (3.29)

Thus if we multiply ¢} by VkA;V ? we get an approximation to ¢ Denoting this, as

=k,opt*

before, by ¢, and assuming

-1/2 -1/2
VA, / Ch1 N Vk—lAk—{ k1 = Gy (3.30)



75

then if we multiply both sides of (3.27) by VkA;V ? we get the algorithm
_1+uREIx e (3.31)

with €, given again by (3.16). This algorithm is called an orthogonal SD algorithm [24],
because the input vector x} has uncorrelated elements. Its speed of convergence is independent
of the eigenvalue spread in R;, and so it will be much faster than the algorithm of (3.15) for a
large ’\k:maX/Ak,min ratio. The problem with its implementation, of course, lies in having

knowledge of R,. The range of u for stable convergence is
V<p<?
B <3 (3.32)

Further details on the SD algorithm can be found in [3], [24], [57]-[60]. The SD algorithm of
(3.15) is just about the simplest adaptive process around. At each iteration it requires 10M

equivalent real multiplications and 8 M real additions.

3.2 Recursive Least Squares (RLS) Algorithms

In the SD algorithm we strive to minimize a statistical average of the squared error [cklz. In
the least squares approach we strive to minimize a time average of the squared error, as

defined below.

k k .
E= Dowtileal? = Yoot la e (3.33)
i=0 1=0

where w is a weighting coefficient, 0<w<1. Eq. (3.33) assumes an average over k+1 error
values, the weighting for each value getting exponentially smaller as we go “into the past”.

We wish to determine ¢, such that €, is minimized.

68, = 2Re{5c:‘(zw'° ‘(xixier—xiz))) (3.39)
£=0
Thus for minimum ¢,
k . k
= ()W x0T (3.35)
=0 1=0

Notice the similarity between the solution here and that of (3.5); the statistical averages have
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been replaced by weighted time averages. With a little effort it is possible to show, for >0,

that

k
C = gk_l+(Zwk":_c;fy_rf)’lg:(zk—:_rﬁgk_l) (3.36)
i=0

We can derive a recursive formula for the evaluation of the inverted matrix in (3.36) as

follows. Suppose we have an MxM matrix P, which is related to P,_, by
P; = UJPk 1 -+ kaE (3.37)
where 7) is a positive real constant. Then
k
Pt = o™IPT + (3wt xix) (3.38)
i=0

As w<]1, for k large enough we can neglect the first term in comparison to the second on the

RHS of (3.38). Thus
k

P;! ~ %(Zwk xixt)  for klarge (3.39)

=0
Note that P:} cannot be a zero matrix because then Pal has no inverse. It is usual, therefore,
to set P_; to the identity matrix, which then ensures that the first few iterations of P;! are
not ill-conditioned. Ill-conditioning of P;! means that small deviations in the elements of the
matrix can lead to large changes in the inverse P,. Large errors and instability can then arise

because of computer round-off errors, the degree depending on the numerical precision

available.

Consider now the recursive formula

K = 91:-1'*“'7‘;‘)1’::’—‘2(21:“?—‘2%—1) (3.40)

10

If at some high enough k, P, is approximated by (3.39) and ¢,_, is the least squares solution
at time (k—1)T, then ¢, will, from (3.36), be the least squares solution at time k7. We need
to show that from any initial starting vector ¢_;, ¢; does converge to the least squares solution.

With a little rearranging of (3.40) and substituting for xixt from (3.37), it is possible to show
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that

k .
Pile = WPl g +¥xis = WPy 9-1+%Zwk_"_(:2; (3.41)
=0

For P_; and c_, fixed at some initial value, the first term on the RHS of (3.41) becomes
negligible in comparison to the second for k large enough, and thus ¢, tends to the solution in
(3.35). It is usual to set ¢_, =0, so the first term in (3.41) is zero anyway. The algorithm can

now be stated. At time kT the necessary ordered computations for updating ¢, _; to ¢ are:

. t
(3 € = Zp—XpCry

(i) k= (+xiPx) ' Peyxi  (SHPxt)
- (1)-(v)  (3.42)

(i) P, = L(Py_,—kxiP,_,)

() & = g1 tkeey

The parameter n controls the initial convergence of the algorithm from start. A large 7 means
that we need to wait longer before (3.39) becomes valid, and too small a 7 means that the first
few iterations of P;' will become ill-conditioned. The weighting coefficient w also influences
the initial convergence, but is primarily viewed as the parameter that controls adaptability to
time-varying conditions. The faster the change of €t.0pt (3.5) with k, the smaller must w be in
order to keep track. However, the smaller the value of w the greater the influence of noise, and
too small a w also leads to ill-conditioning of P;*. For S1.opt time-invariant, w can be set

close to unity.

The RLS algorithm described here is often referred to as the RLS Kalman (RLSK), because it
is a variant of the Kalman filter algorithm [61]. It is recognised as the fastest known adaptive
process [24], [62]. The vector k; in (3.42) is frequently called the Kalman gain vector. The use
of the Kalman filter algorithm for adaptive equalization was first demonstrated in [61]. For a

time-invariant ¢

€ opt? it is demonstrated in [61] that the speed of convergence (with w=1) is

fairly insensitive to 7, provided 7 is reasonably small but not zero (we will demonstrate its
influence later on in chapters 6 and 7). Further, the convergence time can be shown to be of

the order of M iterations, which is usually about 3-10 times faster than the SD algorithm [63].
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Comparison of the RLSK (3.40) with the orthogonal SD (3.31) suggests that the high speed is
achieved because we are performing a kind of self-orthogonalization with the matrix P, so
that insensitivity to the eigenvalue spread of R, is obtained. This is true, in that the RLSK
algorithm is insensitive to eigenvalue spread [3], but still its convergence can be considerably
faster than the orthogonal SD algorithm [63]. As to why this might be so, consider the
situation in which we have the M input vectors and desired values x;, 7, 0<t<M—1. Then,

assuming ¢

< opt does not vary much over 0<i< M—1, to determine the M elements of c), , we

have the M unique equations (assuming the {x;} are linearly independent of each other)

Xieyoy = % 0KiSM—1 (3.43)

M-1-i

Weighting the i** equation with w and multiplying both sides by x; we can solve (3.43)

to get

M=1 . M-1 .
Croy = (Z wM‘l"‘gfn_cf ‘I(E wM"l"_J;:Iz‘- (3.44)
i=0 i=0

Thus, if the influence of P_, in the RLSK algorithm is negligible by about M iterations we will
have obtained an estimated vector that is quite close to its steady-state value. A more detailed

explanation of the fast convergence of RLS algorithms can be found in [63].

A problem with the RLSK algorithm is that it can become numerically unstable [3], [16], [64].
The main reason for this is that P, is computed as the difference of two positive semi-definite
matrices. Computer round-off errors mean that with each iteration the numerical accuracy in
P, is reduced. This may result in a P, matrix which is indefinite, i.e. having both positive and
negative eigenvalues. To alleviate the problem, algorithms have been developed which avoid
the computation of P, according to (3.42). These are based on the decomposition of P, in the
form

P, = U;D, U} (3.45)

where U, is an upper triangular matrix (with unit diagonal elements) and D, is a diagonal

matrix with real positive elements. Such a decomposition is called a U-D factorization or
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square-root factorization, although the computation of square roots is not required. The U-D
factorization procedure guarantees non-negativity of the P, covariance matrix. The time
updating is performed on U, and D;. In this thesis we shall employ the basic RLSK algorithm
described here but with U-D factorization of P, and shall refer to it as the Sqaure-Root-
Kalman (SRK) algorithm. It is identical to the algorithm referred to as the Square-Root-
Kalman in [16]). Appendix C lists the computational steps needed to realize the algorithm on a
computer, the extensive mathematical manipulations needed to prove them being in [16]. At
start-up, the matrices D_, and U_, are each equal to the unit identity matrix, and c_, is an

all-zero vector.

From Appendix C we see that the number of computations per iteration is proportional to M2,
As observed in the next section, the input vector x; ., contains a number of elements of the
previous vector x, “shifted” along. Algorithms that take advantage of this shifting property
are the Fast Kalman algorithm [3], [65] and the Fast Transversal Filter (FTF) algorithms [93],
these schemes having the number of computations per iteration now only proportional to M.
They are found, however, to be more numerically unstable than the RLSK algorithm of (3.42)
[16], [24). Another algorithm based on minimization of the least square error, and which also
takes advantage of the shifting property, is the RLS adaptive lattice algorithm [3], [24], [62],
[64], [71], which uses lattice filters to implement the equalizer instead of digital transversal
ones. It has the advantage of being order recursive, i.e. an additional new stage to the lattice
filter does not alter the state of the other stages, unlike digital transversal filters whose
coefficients all change with a different number of taps. It is also more numerically stable than
the RLSK algorithm of (3.42). Like the Fast Kalman and FTF algorithms, its complexity is
proportional to M, which in this case is the number of lattice stages, but with a significantly
larger proportionality factor. For this reason, as pointed out in [16] for the DFE, the SRK
algorithm may be more efficient in terms of computations than the RLS adaptive lattice
algorithm for typical HF channels. “Normalized” versions [24], [93] of FTF and RLS adaptive

lattice algorithms have improved numerical stability, but require the computation of square
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roots, the RLS adaptive lattice needing more. Where digital precision is limited, special
“restart” or “rescue” schemes are required to mitigate the effect of numerical errors, these
being most needed in the Fast Kalman and FTF algorithms [93], [95], [96]. It is stated in [95],
[96] that the SRK algorithm of [16] produces the most numerically stable version of the RLS
adaptive transversal filter. In terms of performance, neglecting numerical errors, the RLSK,
Fast Kalman and RLS adaptive lattice algorithms are all similar and equally fast converging

[62], as one would expect since they minimize the same cost function.

3.3 Application to Equalizer Adaptation

The vectors Xx;, ¢, and scalar z; take the following forms for the DFE and MLSE equalizer

structures.

3.3.1 The DFE(N,g)

The conventional approach is to have

t - . -
zk =[Tk Tk+1...rk+N_l sk—l sk_2 .‘.sk_g] (3-46)

2 =38 3.47
k k

where M=N+g. It can be verified by taking expectations in (3.5) that

t
Sropt = [Weo Wey - W Nog —Ok1 =Dk oo =i (3.48)

where {b;;} and {w;} are as given in (2.133) and (2.137) of chapter 2. The vector ¢; is a
better estimate of €t.0pt than ¢,_, is, but it is ¢;_, that has to be used as the estimate of

<x.opt in detecting 3.

3.3.2 Channel Estimation

For the MLSE (using the original VA) we need to know the sampled impulse response of the

resultant channel as seen by the decision device in fig. 2.5; i.c. the vector
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i = [Yko U1 - Uiy (3.49)

(Note: do not confuse the (g+1)-component vector y, with the N-component vector y,; in

(2.129)). The adaptation problem is therefore one of channel estimation, requiring

i = [84_g koot e Bpogeg] (3.50)

2, = T'k_q (3-51)

Vector €t.opt =Yk-g» and ¢;_, is the best available estimate of y, for use by the MLSE when
processing the received sample r;,. Obviously the longer the delay ¢ is, the more inaccurate is
the estimate of y, for a time-varying channel. Predictive methods have been investigated in
[66] as a means for improving the channel estimate over significant delays. Another strategy is
to use “soft” decisions for s;_;, 0<i<g, enabling us to set ¢=0 in (3.50) and (3.51). This can
take the form of obtaining a “soft” 5, according to some cost function criterion in the MLSE,
or, at the expense of greater complexity, having a DFE produce it. For a near-MLSE we
effectively already have a DFE anyway, because the digital pre-filter W(f) required by it is
approximated (at low noise and large enough N) by the feedforward section, the feedback
section plus b,o=1 representing the (g+1)-length sampled impulse response seen by the near-

MLSE.

3.3.3 Training/Decision-Directed Mode

It will be noticed that x, depends on the data symbols, in which case the adaptation algorithm
can be called data-aided. In the start-up of the adaptation process the receiver knows the
transmitted data symbols (receiver is in training mode), normal transmission only beginning
when convergence has been achieved to the extent that receiver decisions are reliable enough to
be used (receiver now in decision-directed mode). Notice that in decision-directed mode for a

rectangular QAM constellation there are four possible solutions to ¢ these corresponding

k,opt’

to our detecting 5, as

s, = i=0,1,20r3 (3.52)



82

For i=0 the training mode solution is obtained. If it ever arises that 70 in (3.52), there is no
problem as long as the information on which quadrant (in the complex plane) the k'* data
symbol is in is encoded as the quadrant change between the s._, and s, transmitted symbols,

and not the actual quadrant in which s, is in (e.g. see [42]).
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Chapter 4
THE HF CHANNEL MODEL

In this thesis we shall adopt the guassian-scatter model, described in [4], to represent a
voiceband HF ionospheric channel. As stated in [4], the model can accurately represent a
major portion of typical HF ionospheric links, exceptions being those channels that have a
specular (non-fading) path present. Experimental verification of the model is given in [67].

For a detailed description of the characteristics of the HF medium, see [2].

In this chapter we shall describe the gaussia.n-scattef model referred to above, and explain how
it has been applied and implemented in this thesis. The discussion will deal with the basic
assumptions regarding the models of the two-path and three-path channels tested, and the
length of time over which readings are taken. We shall also discuss the problem of carrier

phase recovery.

4.1 The Gaussian-Scatter Model

Suppose there are P paths present, and that a path ¢ has associated with it a fixed delay T;
relative to the first or earliest path. Fig. 4.1 depicts the model of the i*" path. For a signal
e]‘27rfct . . . .
Re{z(1) } at the input (as in fig. 2.1), the signal at the output is given by

Re{ G,-(t)z(i—ri)eJQch(t—T‘)}. The complex function G;(1) is given by

27y

Gi(t) = Gia(dF T 4 By (0T

(4.1)

where the “a” and “b” subscripts identify the two magnetoionic components (whose difference
in delay is negligible) that are generally present in each path. The quantities G;,(t) and
é;b(t) are independent complex gaussian ergodic random processes, each with zero mean and
independent real and imaginary components with equal variances. The statistical variation of
G;(1) is independent with respect to each path. The amplitudes of G;,(t) and G;,(?) have
Rayleigh probability distribution functions, to give rise to what is commonly called Rayleigh

fading. The quantities v;, and v;, represent the Doppler frequency shifts for the two



input signal
—e————

Re{G;(1)}

output signal

Im{G;(1)}

Fig. 4.1 Model of 7% path of HF channel.

V8
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magnetoionic components. The power spectrums of random processes G;,(1) and G;,(t) are
gaussian functions centred on zerc. It will be assumed here that
V;e=V;3=V;, and that the variances of the gaussian power spectrums of the two magnetoionic
components are equal. Then we can write for G;()

ej27ru,-t

G,(t) = G;(1) (4.2)

Folf) = me‘(f“”f)z/ @F) _ BT of B[G3(2)G,(z+1)] (4.3)

where F(f) is the power spectrum of G;(?) and A; the attenuation. The quantity 2fr is the
Doppler (or frequency) spread of G,(f), which we have assumed to be approximately the same
for each path; it represents the rate with which G,(?) changes with time, and will often be
referred to as the fade rate. From [4], it is quite valid to describe G;(1) by (4.2) and (4.3) for
some low path rays, and often also for high rays where the two magnetoionic components have

such large differences in delay that they can effectively be treated as distinct paths.

A method for estimating HF channel parameters like Doppler spread, multipath spread,
Doppler shift and signal-to-noise ratio, in real-time, is given in [68]). The estimated parameters
can then be used in numerous ways in adaptive HF communication setups, including real-time

channel quality evaluation for link or equipment adaptation [68].

In chapter 2, fig. 2.1, the transmission medium’s causal impulse response was denoted as ho(7),
which does not imply any time variation in the transmission characteristic. Let us now denote

it as ho(7;t), the ¢ variable expressing its time variation property. From fig. 4.1 we can write

P-1
ho(rif) = J Re{G(?) 16(r—7) = 72} )

where it is assumed 7,=0. From (2.8) and (2.13),

o(rit) = [a(r)o(ho(ri)e LT 1y ~6() (45)

Notice that we have modified ¢ to be a possibly time-varying phase difference ¢(t). The FT of

[6(T)—=1/(jx7)] is & step function of height 2 starting at the origin. Then since the FT of real
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waveform a(?) is zero beyond the carrier frequency fe,

i) = O Sty BT (49

For simplicity we assume »;=v for all paths, to give
srit) = DS Z_;a(‘r )Gt (4.7)
where $(1) = d(1)—2mvt (4.8)

-52 )
the complex constant e 2rfe(rith)

being incorporated into G,(t) without any loss of
generality (time delays 7, and 1, are taken to be fixed). The ztransform of the sampled
waveform of impulse response T y(7;t), which we defined in (2.113) and (2.117), but without

a subscript k to denote time dependence, is

g . _id! 9. P-1 . R
Qy(d) =y = 1% > Eoﬁ a(iT+A—7m)Gpp 7" (4.9)
=0 1=0 m=

where ¢! and G, are the values of ¢'(t) and Gm(1) respectively at the k** sampling instant,

and 0<A<T. We will now digress a little to talk about the phase term ¢'(?).

4.2 Carrier Phase Recovery

In adaptive equalization we need to keep up with the time variations of ¢'(t) and G,(t). The
phase difference ¢(1) between the receiver and transmitter carriers can vary with time because
of instabilities in the local oscillators. The frequency shift (or offset) v can sometimes, under
disturbed ionospheric conditions, be as high as 10 Hz, while on “good” or “quiet” days it is
typically 0.01-1 Hz {2]. Apart from ¢'(t), each individual path i is subject to an additional
phase change given by the time-varying argument of G‘,-(t). The fade rate of G;(t) is typically
~1 Hz or less [2], [64], but can be as high as 10 Hz on some transauroral and transequatorial
paths [64]. If the term e—j¢l(t) varies much faster than G;(1), it is better to have a separate
adaptive process for the purpose of tracking ¢'(f). This is because an adaptive digital filter

(this includes a channel estimator as well) is mainly meant to compensate for, and therefore
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track, the distortion introduced by the channel’s frequency spectrum characteristic (which leads
to ISI), as governed by the {G,(?)} terms in (4.7). The extra burden of tracking e—j¢’(t),
particularly if varying at a much faster rate, can seriously degrade performance [69]. The
quantity ¢'(?) is a phase change that is common to all paths, and can therefore be thought of
as an “effective” phase difference between the transmitter and receiver carriers. Thus the task
of following ¢'(?) is commonly referred to as carrier phase recovery or tracking. The linear

nature of QAM permits the tracking of ¢'(f) using quite accurate data-aided techniques,

without needing to send an auxillary transmitted pilot tone.

Let our estimate of ¢} in (4.9) be denoted as ¢,. Then in the case of the DFE(N,g) [46] the

output of the feedforward section is multiplied by ejﬁ'l, which is equivalent to multiplying
the samples rp.;, 0<i<N—1, in the feedforward section by eja);"l, so that x, in (3.46) is
modified as

&= [1~,=ej‘7’;°—1 r“N_,ejai—l Bp_y oo Broy) (4.10)

The update @, is given by an SD algorithm that seeks to adjust ¢} so that the E[|¢,|?] is
minimized, i.e.

pY T ja;c-l N * |
¢r = Py +pIm{e,[e Zrk+i—lck—l,;'] } (4.11)

f=1
é. is a better estimate of @, than ¢,_, is, but we have to use ¢,_, as the best available
E E k-1 : k-1

estimate of @), ;, 0<i<N—1, in the detection of 3.

It can be seen that the update ¢, involves ¢’ _, whilst ¢} involves ¢;_,, so that we have a kind
of joint adaptation of ¢, and ¢, going on. Note that for minimization of E[|e;|?] the joint
optimum cﬁoice of the feedforward tap coefficients and phase &32 at the k** instant is not
unique, and can theoretically take on an infinite number of combinations. For example, if
a;’opt=¢;+¢, where 1) is any real value, then the optimum feedforward tap weights are given
-J

by those optimum tap weights for c‘i); opt=¢;c multiplied by e *7. Therefore, this means that

&), is not necessarily a literal estimate of ¢}, but should be looked on rather as a quantity that

follows (with g in (4.11) sufficiently high) the same rapid changes in ¢} that the slower
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tracking digital filters cannot accommodate. Note that in [46] carrier demodulation is also
carried out along with the carrier phase compensation. This is merely for convenience, and
should make no difference. Hence in [46] one has what is termed a “passband” DFE, as
opposed to the baseband one considered here, because demodulation of the carrier frequency is

performed after the feedforward section.

T
In channel estimation for the MLSE we multiply each received sample r,_, by eJ¢'°'1, so that
(3.51) becomes
<71
Zk = rk_qe]¢k—l (4.12)

and the update @} is given by

1 Y] ja’i:—l .

¢k = Sy —pIm{e,[e" " _ ]} (4.13)

et
The MLSE at the k** instant operates directly on r, using e_]¢'°"lgk_1 as an estimate of y,.
For further details and analysis of carrier phase recovery, see [46], [62], [53], [69], [70].

4.3 Channel Configurations Tested

This thesis is concerned with the adaptation of the digital receiver filter, the desired function of
which is to mitigate the distortion caused by the {G;(1)} terms in y(7;t) (4.7). Therefore, as
most other contributions on the subject also do (e.g. [11], [14]-[18], [64], [66], [71]), we shall
exclude the variation of e-j¢,(t) from our investigations; this is equivalent to assuming e_j¢,(t)
has a negligible time variation, so that it can effectively be incorporated as a constant in G,(%),
or that it is perfectly compensated for by a carrier phase recovery scheme. The CCIR [72] also
recommend that for general qualitative testing of a system of data transmission on simulated
HF circuits, under good/moderate/poor conditions, a two-path channel model be used with
equal mean attenuation, equal fade rates, and no Doppler shifts for each path; assuming stable

-i¢'(1) .

carrier oscillators, this then means that e is time-invariant.

With ¢'(#)=0 the resultant channel impulse response seen by the receiver is



y(rit) = _la(r—r,-)é,-(t) (4.14)

M"a

il
©

and the sampled impulse response (4.9) is

"o
-

T a(iT+A=7m)G ! (4.15)

-

Il
=)

g .
Qy(2) = D nis™ =

1=0 {

Il
o

m
Each component y,; is a complex gaussian random process with fade rate 2f-, the real and
imaginary parts being statistically independent of each other with zero means and equal

variances. The correlation between components is

P-1 P-1 5 .
E[ykiy;:h] = Z TE[kaG;cn]a(iT+A“‘Tm)a‘(hT‘i-A—Tn)
m=0 n=0
P-1
=Y Lo(iT+A—1m)e*(hT+A—Tm) (4.16)
m=0 ™

It can be seen that the correlation is dependent on the shape of the data pulse a(t?) and time
delays {7;}. A simplification frequently made is to assume that y,;, if of non-zero variance, is
statistically independent of y;,, h#4, (true if a(t)~0 for ¢<0, t> T, i.e. no interference between
adjacent pulses) and of equal variance; see, for example, [14]-[16], [64], [7T1].  This
simplification will also be made here. Each non-zero y;; then represents the contribution from
a distinct transmission path, all the paths contributing equally in terms of average attenuation

and fade rate.

It was mentioned in chapter 1 that the number of “effective” paths present in an HF channel is
generally small. In [12], for example, a 1000 km HF link is shown to have 2-4 paths present
in general; the channel can effectively be modelled as a three-path channel [55]. The
investigations to be reported in this thesis are based on two configurations for Q,y(z), denoted
as Channel A and Channel B, and depicted in fig. 4.2. Channel A is representative of a two-
path channel with a time delay between paths of about T secs., and is similar to the two-path
channels used in [14]-[16], [64]. Channel B is representative of a three-path channel with a
multipath spread of about 27 secs., and is similar to the three-path channels used in [14], [64],

[71). In terms of multipath spread, the channels can be classed as being “good”, in the sense
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Channel A
Ellyl?] = % for i=1, 2
1 1
2 2
T
Channel B
Bllywil®l = 5 for i=1,2,3
1 1 1
3 3 3
T T

Fig. 4.2 Channel configurations.
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that the spread is kept to a minimum for the given number of resolvable paths.

For midlatitude paths the fade rate is typically between 0.1 and 1.0 Hz [64], with more
extreme fading in the range 1.0 to 10.0 Hz being encountered on certain transauroral and
transequatorial paths. Most simulation studies concerning transmission over HF channels have
assumed fade rates of 2.0 Hz or less, the most commonly used being 1.0 Hz. In this thesis we
shall examine performance primarily at £he highest fade rate for midlatitude paths, namely 1.0
Hz, and to a lesser extent we will also look at performance at a fade rate of 2.0 Hz.
Furthermore, the performance in mode I, whe;e adaptation is assumed perfect, can
equivalently be viewed as performance at a very low fade rate, since the tracking algorithm is
then able to follow the channel’s variations with negligible error. Thus, altogether, three
different fade rates will be examined. In future the abbreviation f.r. will sometimes be used for

“fade rate”, and should not be confused with f; the relationship is f.r.=2f..

Note that although it is assumed 7!=2400, the results of our investigations could equally
well be interpreted as being for T7'=1200, with the fade rates of 1.0 Hz and 2.0 Hz then

becoming 0.5 Hz and 1.0 Hz respectively. The multipath spreads would also be twice as large.

4.4 Notes on Implementation

4.4.1 Model of the Transmission System

The basic model of the transmission system, as implemented on the computer, is shown in fig.
4.3. An outline of the simulation process is as follows. At each new time instant kT the data
symbols are shifted along in the shift register shown in fig. 4.3, and a new symbol s, generated
at the input. The channel vector y, and noise sample n, are generated, in a manner to be
described shortly, and the multiplication and addition process carried out to produce the
received sample r,. The contents of the transversal receiver filter are shifted along, and the
new sample 7, accepted at the input. The output of the transversal filter (which is simply r if

the MLSE is being used) is fed to the decision device, whereupon an estimate 5, _y,,_ . of the



“transmitted
data symbols

Sk

} components of channel vector

received NS
sample
Tk
for DFE and near-MLSE only feedback section of DFE
ny plus threshold detector (g=0),
noise sample or MLSE/near-MLSE algorithm (¢>0)

N.B. all quantities are complex

Fig. 4.3 Model of the Transmission System.
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symbol s;_ny.,_, is produced. The tracking algorithm (not indicated in fig. 4.3) then adjusts

the appropriate parameters in the receiver, ready for the next time instant (k+1)T.

The simulation programs, given in Appendix I, are written in Fortran-77 and were run on a
Cyber 170-720 mainframe computer, which uses 60 bit words with 48 bits (equivalent to

approximately 14 decimal digits) for the mantissa.

4.4.2 Signal-to-Noise Ratio

The k** sample at the input to the transversal receiver filter is

9
f‘k = Zsk‘_‘-yki"‘nk (4-17)

1=0

and the signal-to-noise ratio is therefore

:NI«M

o

g
SNR;, = z Zlykilz (4.18)
1=0

The average signal-to-noise ratio is

1%

D=

SNR = E[SNR,] = (4.19)

I

o

where, as shown in fig. 4.2, the variance of the {y;;}, 0<i<g, are normalized so that their sum
is unity, i.e

Bllyl’] = gy for 0<igy (4.20)

In practice the receiver employs an automatic-gain-control (AGC) amplifier to bring the level

of the received signal into its dynamic range, e.g. see [16).

For convenience of layout of the graphs in this thesis, the definition of signal-to-noise ratio as
given in (4.19) is adopted. For comparing different data constellation sizes it is more fair,
however, to divide SNR by the number of bits per symbol. Hence it should be remembered
that for obtaining the signal-to-noise ratio per bit from SNR (dB) the values should be

adjusted as follows:
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(i) 64 QAM = 6 bits per symbol; therefore subtract approximately 8 dB.
(37) 16 QAM = 4 bits per symbol; therefore subtract approximately 6 dB.

(iit) 4 QAM = 2 bits per symbol; therefore subtract approximately 3 dB.

4.4.3 Generation of {y,;}, {n;} and {s.}

The series of values ... 9._;;y ¥ki s Yp41,i --- are samples of a complex gaussian ergodic
random process with zero mean and independent real and imaginary components with equal

variances. The power spectrum of the random process is gaussian with variance f2. The

Flef) | 2fm)?

inverse FT of (Y27 f)™'e ; hence the correlation between samples is

- 2
Elyeivhil = (gil)e’w’”(k o) (4.21)

Consider the T-spaced samples given by

Yei = ;nmif(kT—mTl) (4.22)

where {n,,;} are rate T7' samples of a complex gaussian ergodic random process with zero
mean and independent real and imaginary components with equal variances. The power

spectrum of the random process is constant (process is therefore white) with value o3, so that
2
E[nmin;zi] = 0'16,"_;, (423)

The quantity f{1) is a real function. Since the {y;;} as defined by (4.22) are linear functions of
{n,,;}, it follows that they too are samples of a complex gaussian ergodic random process with
zero mean and independent real and imaginary components with equal variances. Denoting

the FT of f{1) as F(f), the correlation between samples is

Elyvh) = Yo} AkT—mTy) F(AT—mTy)

oo 00
_ ”?ZJ J‘ F(u)e]27ru(kT—mTl)P(w)e—]2rw(hT—mTl) du dw

-00-00
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2 (uk— wh)TzeJQW(w_ wymT, du dw (4.24)

= affo ro F(u)F(w)é

~oo=-co

Using the relation

Rr(w—u)mT,
;e (w—w)mTy _ 71,—1 Zn:é(w—u—%) (4.25)
we obtain
00
. : -2xhmT/T; 2wu(k—h)T
Blusid = 31 | AR Fe) I ADTy g
-0 m
Assume T is such that
F(u)F"(u+:l-’¥-1) ~ 0 for m7#0 (4.27)
Then
00
2
. Rru(k—h)T
Blusiid » 3 [ 1R PP, (429)
~00

Clearly (o%/T,)|F(f)|® is the power spectrum of the random process of which {y;} are

samples. In order to satisfy (4.21) we then require that

2
ﬂF 2: 1 -ﬁ/(2ﬁ) 4,99
L Y (4.29)
Choosing af:(g—}—_—lj means we can have
T -f/(4f
A = | ¢ £10487) (4.30)
2 2
Therefore ft) = ,12«}% T\ fr e-(zfrﬂ) = \ﬁLsz c—t /2T3) (4.31)
— 1
where T, = 205 fom (4.32)
In order to satisfy (4.27) we need
-2 2 2
e_(2frT1) — 6-217 (T2/T1) <1 (4'33)
If we select T, = 04T, (4.34)

then (4.33) becomes
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2
12577 964 x 107% <« 1 (4.35)

and () is
2
1) = ﬁe” /@T3) (4.36)

To sum up, the rate T-! samples {y;;} representing the time variation of the i*? component of
the channel sampled impulse response can be generated by passing white gaussian samples

{ny;}, at rate 77!, through a filter f{#) of impulse response given by (4.36) (with Tp=2.5T)).

In practice we shall approximate f{t) by the waveform depicted in fig. 4.4, this waveform
agreeing with (4.36) at the 13 sample points shown. Linear interpolation is used between the

sample points. The relationship between T,/ T and f. is (from (4.32) and (4.34))

T,

1
T~ 52 xfT (4:37)

If we select T, to be a multiple of T, then the clocking period of the {n,;} samples is a
multiple of the baud period, which provides for easier program implementation. With
T-'=2400, T,/T=216 = f,~0.5001757 Hz and T,/T=108 = f,~1.000351 Hz, which

clearly shows that accurate fade rates of 1.0 Hz and 2.0 Hz can be achieved.

The method of generating the {y;;} that has been described here is a more refined version of
the one described in [73], where the accuracy of the method is demonstrated using {n;;} that
are simple binary sequences and approximations to f{f) that are much cruder than that in fig.

4.4.

Each of the elements in the channel impulse response vector y, has its own independent
generating sequence {n;;}, 0<i<g. It will be noticed that, apart from a multiplying constant,
the random sequence {n,;} is statistically equivalent to the noise sample sequence {n.} in
(4.17). Thus the method of producing the noise samples {n,} and the {n,;} samples for the
{v;:}, 0<i<g, is the same, and is described in Appendix D. It employs the computer’s own

random generating function which, for any initial starting “seed”, produces a sequence of real
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numbers varying between 0 and 1 with a uniform probability distribution. Each number in a
sequence is statistically independent from any other, and different starting seeds produce

independent sequences.

The method of generating a sequence of statistically independent data symbols {s,} is also
based on the computer’s random generating function. The range 0 to 1 is divided into L®
equal sub-intervals, so that a random real number falling into any particular sub-interval

designates a particular data symbol to be transmitted.

4.5 Time Span Observed

To gauge performance of the different detection techniques using tracking algorithms, it is
necessary, for practical reasons, to make measurements from some limited observation time of
the received signal. Figs. 4.5 and 4.6 depict a typical variation with time of the norm H!klf of
the channel impulse response vector y,, for Channel A and Channel B respectively. The time
span is 25 fade periods. The graphs are inciicative of the fading pattern of the instantaneous
signal-to-noise ratio SNR; (4.18). The norm uzknz for Channel B is % times that for Channel

A, plus the contribution from an extra component, |y;,|°.

In this thesis all measurements conducted over Channel A and Channel B are based on the
respective fading patterns in figs. 4.5 and 4.6. For a fade rate of 1.0 Hz and 2.0 Hz, the 25
fade period time span corresponds to the transmission of 60,000 and 30,000 data symbols
respectively. In the next chapter the effects on performance measure of using a limited
observation time will be discussed briefly. The sequences of 60,000 and 30,000 data symbols
and noise sé,mples are the same for all measurements, unless specifically stated otherwise, with

the 30,000-sequences being the first 30,000 of the 60,000-sequences.



99

25

Fig. 4.5 Fading Pattern for Channel A

10

No. of fade periods
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Chapter 5
MODE | PERFORMANCE

In this thesis we will examine three modes of detection at the receiver. These are:

mode I: receiver always knows channel state perfectly, i.e. perfect tracking assumed. This is

equivalent to having a very slow fading channel, such that the error in adaptation is negligible.

mode II: tracking algorithm uses correct data symbols at all times, i.e. receiver decisions not

allowed to affect adaptation.

mode III: tracking algorithm uses receiver decisions on data symbols. This, of course,

represents the situation to be encountered in practice.

In addition, mention of modes I and II may sometimes bear a subscript of “1” or “2” that has
relevance to the DFE only. Subscript “1” refers to the situation where the feedback process
uses correct data symbols, thus eliminating any propagative error effect in receiver decisions.
Subscript “2” refers to the situation where the feedback process uses previous receiver decisions.
Comparison of performance in situation “1” with that in situation “2” will reveal the effect of
error propagation in the DFE. As the number of decision errors in situation “1” gets smaller,
the performance in situation “2” should tend to that in situation “1”. In mode III the
feedback process of the DFE uses receiver decisions always. Frequently we will use an

abbreviation like say DFE-I;, which denotes operation of the DFE in mode I,.

Mode I tells us the “ideal” performance one can expect from a particular decision device, and
this chapter is going to look at this aspect. We shall look at the performance of the ZF MFE,
and compare this with the DFE(N,g), with N taking on various values. This will reveal how
far the finite-tap DFE is from the very best that can be expected. The DFE is also compared

with the MLSE/near-MLSE and merits discussed. To begin with, however, we will talk a little
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5.1 Performance Criteria

5.1.1 Probability of Error

5.1.1.1 Threshold Detection, as used in the DFE and MFE

The two most popular criteria for performance evaluation in the detection of data are the mean
square error and the probability of error, the latter by far being the more informative. In the
presence of gaussian noise and no ISI the probability of error in the detection of a data symbol

can be calculated quite straightforwardly.

A difficulty arises when ISI is present due to the fact that a closed form expression for the
probability distribution function (p.d.f.) of the ISI is almost impossible to obtain. This is
further compounded in a time-varying environment because the p.d.f. of the ISI is then
constantly changing. More problems arise in the feedback process of a DFE because it can lead
to propagative effects should a decision error occur. Consequently virtually all error rate
performance evaluations over HF links (and some time-invariant channels too) in the literature
use the brute force approach of actually counting the number of errors that have occurred and
dividing by the total number of symbols transmitted. A drawback with this method is that
to obtain error estimates below ~1 in 10* usually entails the transmission of quite long

sequences of symbols, and so rarely is the observed error probability below 10™%.

The probability of error in modes I, II, and III, because of the difficulty in analysing the
effect of propagation, will be examined using the error-count approach. Modes I, and II;,
however, can be handled using an analytical method that estimates the error probability using
the statistics of the noise and ISI. Such a procedure enables us in theory to measure the error
rate up to 1in 10 and beyond. We will now mention a few of the methods available for

measuring the probability of error in modes I, and II;.

(o

o+

o
]

It is possible to get an exact expression for the probability of error in the presence of ISI using

a series expansion technique [74], but the method can be rather involved. The hard effort in
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obtaining an exact answer has naturally led to the development of more easily calculable
bounds on the error rate. Perhaps the simplest of these is the upper bound formulated by
Saltzberg [75], which is based on the Chernoff bound. The Saltzberg bound suffers from being
too loose in the region of most practical interest [78], [79], a fact confirmed in our own tests
(the Saltzberg bound is used in [80] to measure the probability of error on a two-path
microwave channel that assumes perfect knowledge of the channel and no propagation in the
DFE). Other bounds by Milewski [76] and McLane [77] are tighter but require that the peak
distortion, or eye-opening, (defined in Appendix E) be less than 1. This is not always the case
in our situation, especially during a deep fade (when tracking will be suffering) and with 64
QAM. The “sharp” upper and lower Chebyshev bounds of [78] were found by us to be very
tight when using 4 QAM but extremely loose with 64 QAM. This was most likely due to the

increased peak distortion that was present at the higher constellation size.

An attractive set of bounds has been formulated by Jenq, Liu and Thomas [79]. Here a simple
lower bound, an upper bound, and a simple approximation to the upper bound which is twice
the lower bound, are derived. Thus either the lower bound or the approximation to the upper
bound can be taken as a good approximation to the actual probability of error. We have
derived the bounds in Appendix E, slightly diffrently from [79], and show that one can obtain
a tighter lower bound than that given in [79]. More precisely, the approximation to the upper
bound is now only at most twice the lower bound, and we show in Appendix E that the two
bounds tend to coincide as the peak distortion decreases, whereas in [79] they always remain 3
dB apart. In this thesis we adopt the upper bound, as given in Appendix E, as our measure for
the probability of error. It is evaluated at each time instant kT to take into account the time

variation of the transmission medium, and then averaged with previous values.

In future we shall denote the probability of error at any instant k7T, relevant only when we
employ the analytical method, by Pe,. The average (over time) probability of error will be
denoted as P., even when we use the error-count approach, although we shall identify that

situation with the abbreviation “E.C.”. Besides modes I, and II,, the analytical P, estimate
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will prove useful in mode III under certain conditions, as will be seen later in chapter 8.

It is important to mention the distinction between probability of symbol error, as we use in
this thesis, and the probability of a bit error, or bit error rate as it is usually called. It is
common practice, e.g. [42], to have the original data in the form of binary, and then to code
sets of 2log, L bits into the LZ-level data symbols that are to be transmitted. Thus, although
we can say that the bit error rate will be lower than the symbol error rate, its precise value is

dependent on the coding scheme used.

5.1.1.2 MLSE/near-MLSE

The probability of error for an MLSE, as implemented by the VA, is also very difficult to
evaluate exactly, perhaps more so than the DFE. Bounds on the error rate, which can be fairly
tight, have been developed (3], {23], [30], [33] assuming perfect knowledge of the channel
impulse response, which implies the only error in the cost evaluation process of the true
survivor comes from gaussian noise. The evaluation of these bounds can still be quite involved,
relying on the determination of a “minimum distance” quantity that also changes as the
channel medium does. When there is imperfect knowledge of the channel impulse response, the
error in the cost evaluatio;l process of the true survivor now also involves contributions from
data symbols. In [34] an attempt to upper bound performance with this added degradation is

made by application of the Chernoff bound.

The storage and computational requirements of implementing an MLSE using 16 and 64 QAM
force us to adopt a sub-optimum near-MLSE scheme, which uses an adaptive pre-filter. The
prospect of estimating the probability of error by analysis now becomes even more daunting.
In view of all the difficulties mentioned, we shall therefore measure error rate performance by

the error-count approach for the MLSE and near-MLSE.

5.1.2 Mean Square Error

In modes I, and II, there are two ways of calculating the average (over time) mean square
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error in detection in the DFE. The first, which is more costly, is that knowing the true
channel state and the DFE taps we can calculate what the coefficients of the interference terms
from data symbols are. Adding together the squared magnitude of each coefficient and
multiplying by o2 gives us the mean square interference from data symbols, and then adding
this to the variance of the noise (equal to the sum of the squared magnitudes of each
feedforward tap multiplied by o2) gives us the mean square error at any instant, .
Averaging £, over time gives us the average mean square error. The second way is to simply
subtract the true symbol at the k** instant, s;, from the pre-threshold estimate & g and then
average the squared magnitude of this error over tfme. Over a long enough time interval the
two methods should produce the same result, since the data symbols, noise and channel state
all vary independently, and over the 25 fade period time spans used here this was found to be
virtually so, the difference being negligible. In this thesis we have used the first method, at no
great cost, since the calculation of the interference terms is already required in the evaluation

of the analytical estimate Pe,.

In future we shall denote the average mean square error as §. However, we will not use this
criterion as much as the more interesting probability of error, restricting its use to the DFE in
modes I, and II;,. In the MLSE there is no directly comparable performance measure to &,

since there is no analagous quantitiy to a pre-threshold estimate of a data symbol.

5.2 ZF MFE(g+1)

In chapter 2 it was shown that the best performance, in terms of probability of error, is
achieved with a ZF MFE, in which the interference from data symbols is zero. From (2.150)

and Appendix E we can write the probability of error at instant kT as
Pe, = 2(1—Lyerte(1Zd 5.1
e & 2(1=Derte(5 ) (5.1)

where y,, is given by

!io = [¥ko Ye41,1 o0 yk+g,g] (5.2)
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Vector y;o should not be confused with vector y,, which is given by

}_’E = [Yk0 Ye1 --- Ykyl (5.3)

although for a slowly fading channel c.f. baud rate it would not be unsafe to assume y,,xy;.
Notice that the argument of the erfc(.) term in (5.1) is the reciprocal of the square root of £,

the mean square error in detection at time kT.

The average probability of error, P., and the average mean square error, £, are formed by
averaging samples of P., and £, respectively over the fading patterns. Figs. 5.1-5.4 show Pe
and ¢ for a ZF MFE averaged over 30,000 uniformly spaced samples on Channel A and
Channel B. P, is the lowest obtainable error rate, since it is for a ZF MFE with perfect
knowledge of the channel state and with correct decisions on past and future data symbols. £
for a ZF MFE is not the minimum achievable error, but as the noise power decreases it does

tend toward the average MSE obtained from an MMSE MFE (2.149) as shown in the figures.

It is possible to derive P. and & for a ZF MFE from the assumed statistics of the fading

channel. This is done in Appendix F, from which we get (using (F.14) and (F.15))

P, = 2(1-%){1-@(1“(11,\))} (5.4)

£ =202p (5.5)
for Channel A, and
Pe = 201-1){1~ 14'\-,\(1+2(1£|-,\)+3(1i,\)2)} (5-6)
£ = 1.502p (5.7)
for Channel B, where
A = (p(g+1)od)? (5.8)

The theoretical expressions of (5.4)-(5.7) are also plotted in figs. 5.1-5.4, from which we can
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see the effect of using 25 fade periods as opposed to an infinite number. The difference is
negligible in the £’s, but quite substantial in the P.’s, particularly at the lower error rates. To
confirm that the difference is due to the low number of fade periods covered, and not a
statistically inaccurate channel model, we also made measurements (shown in figs. 5.1-5.4)
using 60,000 uniformly spaced samples over a time span of 5400 fade periods (which is
equivalent to a fade rate of 216 Hz with T7'=2400). It can be seen that the agreement with
the theoretical P. curves is much better, although the lower error rate values are still sensitive
to the time span used. This was confirmed by observing that measurements using only the
first 30,000 samples, which are over a time span of 2700 fade periods, tended to fall below the
theoretical P. curves at the lower error rates rather than above them as in the 5400 fade period

case.

The reason why the lower error rates are increasingly sensitive to the number of fade periods
covered is that as the level of noise drops, P. is governed by the more deeper fades. Since the
deeper the fade the less frequent its occurrance, we need to have a larger time span containing
a sufficient number of them so as to form a good average estimate. The fact that £ exhibits a
much closer fit to theory than P. for the same time span is due to the performance measure

itself; the P, measure places a much greater weight to the deep fade occurrences.

A perhaps more economical technique to obtaining good long-term estimates of the error rate,
rather than observing long continuous cycles of fading, is to measure the error rate at various
“snapshot” instants of the random variation of the channel [64]. Each instant should be
chosen independently of any other, the average of all of them providing the long-term estimate,
and the lafger the number of instants the more statistically accurate the estimate. This
technique is fine as long as we are assuming perfect knowledge of the channel at each instant.
In this thesis we want to observe the performance when decision-directed adaptation is
employed, which makes it necessary for us to use a long un-interrupted sequem—:e of received
samples. Therefore the “snapshot” technique is unsuitable, and to enable comparison of

“ideal” performance with “adaptation” Per:formance is why we are thus making observations
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over a continuous fading pattern for the former situation.

It will be noticed that Channel B yields a superior performance to Channel A. This is due to
the extra path component in Channel B, which makes a deep fade less likely to occur (as can
be seen in the fading patterns in figs. 4.5 and 4.6) and consequently a high P., and ¢, less
probable. This may also explain why Channel B exhibits a better fit to the theoretical P.
curves than Channel A, because the fade pattern for B is less deviant from the mean. An
interesting point from eqgs. (5.4)-(5.7) is that for a given p, the value of £ for Channel B is
always approx. 1.25 dB lower than the value for Channel A, whereas the difference between the
P.’s varies and can be as high as 10 dB or more, as can be seen from figs. 5.1 and 5.3. This

suggests that the diversity advantage of Channel B is not expressed in the first-order statistic

of Ek‘

5.3 MMSE DFE(N,g)-1,

Figs. 5.5-5.8 show P. and ¢ for an MMSE DFE(N,g) in mode I; for various numbers of
feedforward taps N. The averages again use 30,000 uniformly spaced samples. The change in
P. and ¢ as N varies is more marked for the higher constellation size. This is because the
residual mean square ISI in detection is proportional to L2, and so for a given N and p the ISI
is more influential the higher the value of L. Increasing N reduces the mean square ISI. The
increased coincidence of the curves as N increases suggests that performance close to that with

N=o00 can be achieved with a modest number of feedforward taps.

Figs. 5.5 and 5.7 also show the advantage of a ZF MFE over an MMSE DFE. This advantage,

in terms of SNR, is given in Table 5.1 for Po=10"3 and 107° with N at its largest value.

Bearing in mind that the P. curves for the DFE have a lower bound at most 3 dB less, the

advantage of the ZF MFE, and therefore also the MLSE, over the MMSE DFE does not appear

to be spectacular. A similar observation, using 4 QAM, was made recently in [81} from
< and

measurements on real HF channels and using a different performance measure (that of

“minimum distance”) which also, as here, ignores the effect of propagation in the DFE.
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SNR loss (dB) Channel A Channel B

of MMSE DFE

cf. ZF MFE Pe=10"% | P.=10"% | P.=10"2 | P.=10"°
4 QAM 1.3 2.0 1.4 1.0

16 QAM 1.9 2.6 1.8 1.1

64 QAM 2.1 3.0 1.8 1.3

Table 5.1 Advantage of ZF MFE over MMSE DFE.

Notice that the advantage of the MFE over the DFE is slightly higher for the larger
constellation size, which is due to the increased residual mean square ISI in detection in the
DFE. An interesting feature in figs. 5.5-5.8 is that for the same £ level, at a given N, the
corresponding P, level is higher for Channel A than for Channel B. This suggests that for the
same ¢, the time variance of ¢, is greater for Channel A than Channel B, thus producing a
larger error rate. Also, in terms of &, the difference between Channel A and Channel B for the
DFE(N,g) curves Awith N>6 is quite small, in contrast to the more substantial difference in
terms of P.. This indicates that the £ criterion does not demonstrate the diversity advantage

of Channel B.

Notice from figs. 5.5 and 5.7 the significant advantage in SNR an extra path component has on
the P, performance. Roughly speaking, for a P, of 10~3 and 10~° there is a power saving on

Channel B of about 4 dB and 6 dB respectively, relative to Channel A.

One might expect that the DFE performance be closer to the MFE performance on Channel A
than on Channel B, because of the reduced ISI on average present on A. This is borne out by
the & curves and the higher error rate part of the P curves. The difference (in terms of SNR)
between the MFE and DFE appears slightly larger for Channel A than Channel B on the low
error rate portion of the P. curves. This is most likely due to the reasons given in the last

section, where ihe lower P, measurements, unlike the { measurements, are more dependent on

the actual limited fading pattern covered. This could therefore make them less representative
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of a truly long-term average value, this likelihood being greater for Channel A.

We shall in future be using a DFE with N=6 on both Channel A and Channel B, this value of
N appearing to give a performance that would be reasonably close to that with N=o0 for all
constellation sizes without also being unduly large. It should be noted, however, that for a
given accuracy we can get away with fewer feedforward taps to approximate to the DFE(o0,g)

when using a smaller constellation size.

Fig. 5.9 shows a plot of the ratio of the average mean square noise to the average mean square
ISI, these two quantities being the constituents of the average mean square error in detection
for the DFE. It is straightforward to show, using egs. (2.35), (2.55) and (2.59), that for the
time-invariant MMSE DFE(co,g) this ratio is monotonically increasing with decreasing p. In
the case being studied here we have a finite number of feedforward taps, which means, unlike
for the infinite-tap case, that the mean square ISI can never be zero when more than one
feedforward tap is non-zero. In this thesis the feedforward section of the DFE(6,g) will be used
as an approximation to the feedforward section of the ZF DFE(co,g) (whose mean square error
in detection consists entirely of gaussian noise), as is ideally required by a reduced-state near-
MLSE. The graph of fig. 5.9 indicates that for the MMSE DFE(6,9) the gaussian noise
dominates the ISI on average; above SNR= 10 dB the noise:ISI ratio is greater than 2.5:1,

above 20 dB it is greater than 7:1, and above 27.5 dB it is greater than 10:1.

5.4 MLSE/near-MLSE and MMSE DFE(6,9)

Implementing an MLSE by means of the VA requires that we always hold in store L*
survivor-sequences, and at each new time instant carry out L2 ot evaluations and
comparisons, as detailed in chapter 2. Using 4 QAM, implementation of the VA is not a great
problem, but with 16 and 64 QAM it becomes rather expensive. We have therefore decided to
implement a near-MLSE when using these larger constellations. The sub-optimum scheme
chosen, which is a type of reduccd-state VA, is one that has been developed in [42] for high

data rate transmission using 64 and 256 QAM over telephone circuits, and is referred to as
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“Detector 2” in [42]. If the detector can operate satisfactorily with 64 QAM, its performance
should be good with 16 QAM as this is just a subset of the former. The detection process is
described in Appendix G. We have constrained it to operate with 16 survivors that are
“expanded” into a maximum of 64 sequences during the selection process, these constraints
being chosen (from consideration of the results in [42]) to provide a reasonable balance between
storage/computational complexity and performance. For details on how performance varies
with different constraints over differing quality time-invariant channels, see [42]. Since this
detection process is a type of reduced-state VA, we need an adaptive phase filter ahead of it to
make the resultant channel response be in a condition of minimum phase. This filter will be
approximated by the feedforward section of the MMSE DFE(6,g), with the resultant response
at its output assumed (by the detection algorithm) to consist of a unit first component

followed by the feedback taps of the DFE.

The delay in detection of the MLSE/near-MLSE is set to 15 symbol intervals for both Channel

A and Channel B, this setting being greater than 5g.

Figs. 5.10 and 5.11 depict the P, vs. SNR performance of the MLSE/near-MLSE and DFE in
mode I. The E.C. curves consist of straight lines between the data points. Tables 5.2 and 5.3
give the number of errors occurring in the E.C. measurement runs, which were done using a 1
Hz fade rate and 60,000 transmitted symbols. As expected the E.C. curves for the DFE-I, are
quite close to the analytical upper bound estimate, the E.C. values beyond about 1 in 10*
tending to deviate from the bound. This is because of the inaccuracy of using only a few errors

to produce a P. estimate, a value of 10™* being given by only 6 errors.

The errors occurring in mode I; are potential pitfalls for error propagation in the DFE in mode
I,. With 4 QAM the difference between modes I, and I, is fairly small. For example, from
figs. 5.10 and 5.11 at the SNR for P.=10"2 in mode I,, the effect of propagation increases the
error rate by a factor of approximately 1.3 and 1.8 for Channel A and Channel B respectively.

As the number of errors in mode I; decreases, the number in mode I, will approach it. With
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SNR (dB) No. of errors in 60,000

DFE(6,1) MLSE/
4 QAM Mode I, Mode I, near-MLSE
7.5 4,657 5,730 4,788
10.0 2,139 2,768 2,219
12.5 912 1,186 931
15.0 400 548 416
20.0 92 136 78
24.0 20 21 18
27.5 4 5 6
30.0 1 1 2
16 QAM
15.0 6,905 10,379 8,998
20.0 1,429 2,649 1,880
25.0 264 458 405
30.0 61 160 89
32.5 22 51 24
35.0 8 16 10
37.5 2 7 7
64 QAM
25.0 2,711 7,017 5,485
30.0 507 1,245 921
35.0 120 311 249
37.5 54 220 157
40.0 18 77 27
42.5 9 76 17
45.0 1 9 0

Table 5.2 Error counts for mode I on Channel A.
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SNR (dB) No. of errors in 60,000

DFE(6,2) MLSE/
4 QAM Mode I, Mode I, near-MLSE
7.5 4,647 6,609 5,154
12.5 800 1,316 748
16.5 109 208 107
20.0 22 34 16
22.5 5 8 3
16 QAM
17.5 3,558 8,340 6,097
22.5 420 1,486 908
26.5 44 101 59
30.0 6 16 3
31.0 3 3 0
64 QAM
25.0 3,113 13,872 9,250
30.0 338 3,812 1,222
32.5 76 736 160
35.0 22 77 45
37.5 2 74 0

Table 5.3 Error counts for mode I on Channel B.
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the higher constellation sizes the degradation caused by propagation is more severe. For
example, from figs. 5.10 and 5.11 with 16 QAM, at the SNR for P.=10"3 in mode I, the
effect of propagation increases the error rate by a factor of approximately 2.7 and 2.4 for
Channel A and Channel B respectively, and with 64 QAM the corresponding factors are
approximately 3.8 and 7.3. This is due to the fact that there are more levels in the data
symbols, for if supposing we were in an error propagation situation then, at worst, if we
guessed each symbol at random we would be 25% of the time right for 4 QAM and 6.3% and
1.6% right for 16 and 64 QAM respectively, which suggests it would be less easier to recover
out of a propagation run with a higher constellation size. As another example, observe in
Table 5.3 that with 4 QAM at SNR=22.5 dB, 5 errors in mode I, lead to only 8 errors in
mode I,, whereas with 64 QAM at SNR=37.5 dB just 2 errors in mode I, lead to a staggering
74 errors in mode I,. Also, note that not all propagation bursts are equally severe, since the
lower SNR of 35.0 dB with 64 QAM gives 22 errors in mode I; (20 more than at 37.5 dB)
leading to 77 errors in mode I, (just 3 more than at 37.5 dB). This is not surprising since the
length of a propagation burst depends on the amount of ISI subtracted out by the feedback
taps, and this in turn depends on the random fading of the channel. In general, whenever
there are errors in the feedback decisions of the DFE, the noise margin in the detection of the
current symbol is significantly reduced. We could therefore expect that the length of a
particular propagation burst is also dependent on the noise samples and data symbols that are
present at the time. Because propagation bursts have an uncertain duration, when there are a
small number of errors for the DFE-I; the corresponding errors for the DFE-I, may not change
in proportion to a change in the number of errors for the DFE-I,, particularly for a high
constellatioﬁ size, which explains the erratic behaviour around P.<1072 of the DFE-I, curves
for 64 QAM. Notice that the effect of propagation is generally more severe on Channel B than
on Channel A. This is because Channel B is, on average, more dispersive than Channel A,

which leads to a larger number of previous symbol decisions being used in the feedback process.

One might expect the MLSE to perform at least as well as, if not better than, the DFE-I,.
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The results for 4 QAM more or less bear this out, with the difference between the two
detection devices being very slight. The data given in Tables 5.2 and 5.3 show that for 4 QAM
the DFE-I, sometimes produces less errors than the MLSE over the fading patterns. The
results for 16 QAM, however, show that the near-MLSE is performing overall slightly worse
than the DFE-I,, and for 64 QAM the degradation is more apparent. Thus the MFE
advantage detailed in the last section seems to be a poor indicator of the near-MLSE “gain”

over the DFE-I,.

On the other hand, the near-MLSE does perform better than the DFE-I,. For example, from
fig. 5.10 at the SNR for P,=10"2 with the MLSE/near-MLSE on Channel A, the relative
factors of increase in the error rate given by the DFE-I, are approximately 1.6, 1.9 and 2.1 for
4, 16 and 64 QAM respectively, and from fig. 5.11 the corresponding factors for Channel B are
approximately 2.0, 1.7 and 2.1. It appears, in fact, that the advantage of the MLSE/near-
MLSE over the DFE only arises because of the latter’s proneness to error propagation bursts.
As pointed out in-chapter 2, the MLSE/near-MLSE will also produce errors in bursts, but these
are usually much shorter than the propagation bursts of the DFE, as is shown, for example, in
[37). Whether having a near-MLSE, because of its advantage over the DFE-I,, is worth the

considerable amount of extra processing involved is another question.

We shall discuss the MLSE/near-MLSE and DFE devices further in chapter 7, when we look at

performance in mode II.
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Chapter 6
CHANNEL ESTIMATION

To implement the MLSE by the VA the receiver needs to know, and therefore track, the
resultant channel impulse response vector y,. If a reduced-state VA is used, it is usual to have
an adaptive linear filter ahead of the detection device to provide phase equalization, the
resultant impulse response now being of minimum phase. This filter is ideally the feedforward
section of a ZF DFE(co,g) which in practice can be approximated, with low noise and N large
enough, by the feedforward section of an MMSE DFE(N,g). Thus the impulse response vector

seen by the detection device is assumed to be [1 by, ... b, g]t.

For a near-MLSE (requiring a pre-filter) or a DFE, the conventional approach to providing
adaptation is to adjust the filter taps (both feedforward and feedback) directly, as explained in
section 3.3.1. This procedure can be viewed as an indirect way of tracking the channel
response vector yy, since it is theoretically possible (though perhaps tedious) to derive the
channel vector from the correctly adjusted filter taps. Actually, a receiver using any detection
process need only really track the channel vector y;, in order to be adaptive, since knowledge of
this along with the data symbols allows us to fully describe the information bearing part of the
received sample 7., and so therefore all necessary information on the transmission medium is
available in y,. It is shown in the next chapter that the performance of the DFE can be
improved by using an alternative adaptation procedure to the conventional SRK one, basically
that of tracking the channel vector directly and then computing the MMSE filter taps from it.
This chapter is therefore devoted to the problem of channel estimation, comparing the
performance of the SRK and SD algorithms. We will also attempt to derive theoretical

expressions for performance and compare with experiment.

6.1 Channel Estimation using the RLS (SRK) Algorithm

To judge the worth of the SRK algorithm at various SNR’s, fade rates etc., we should observe

the performance with the weighting coefficient w optimized at each point. Rather than go
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through the laborious process of optimizing w by measurement, it would be nice if one could
derive the optimum value by analysis. The criterion of optimality we choose is the

minimization of the average mean square error, ¢, given by
t
¢ = Efle;*] = Ellry—xicp|’] (6.1)

where the expectation is over the data symbols, noise and fading statistics. Recall from section

3.2.2 that x,,, with detection delay ¢=0, is

= [8 .. 5] (6.2)

where it will be assumed that the decisions {5} are correct. Substituting rk=zizk+nk, and

neglecting the dependence between x; and ¢;_;,

€ = El(yy—cp1) KXk (vh —gpo1)]+ 0 = olE|y,—gp [l + 00 (6.3)
where we have used Elc,_ym] = 0
E[xixt] = ¢&1 (6.4)

Minimization of € is achieved by minimizing, with respect to w, the quantity ¢’ which we

define as the error in the channel estimate, i.e.
¢ = Eljyr—ce-1)’] (6.5)

In [82], minimization of ¢’ for an RLS algorithm is done for a simple channel model (not HF)
that obeys a first order Markov process, that is, y, is a function of y,_, only. The nature of
the HF channel suggests that y, may effectively be a function of previous vectors as high as

five intervals away [66), i.e. obey a fifth order Markov process.

Recall from chapter 3 that

, = RO w1 ixin (6.6)

k=1 .
where R,, = Zwk"l"gﬁgf (6.7)
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Let e(p) = E[“Zp—gk_llf] for p>k (6.8)
Substituting (6.6) into (6.8),

¢'(p) = E[ HR k\:w" i =y —y:)—m) H]

|=0

p-d
?r

=E[Tr(R;3{( § WAt bty —y (g —ya) i)

i=0 h=0

+a'?.ki R 3 )] (6.9)

i=0
where Tr(.) means the trace of a matrix. From the assumed fading statistics of Channel A and

Channel B (recall (4.21)), and remembering that E[y,;3},,]=0 for i%m,

* * * " «t
E{(yp—y:)¥r—yn) Y= E[!PZPt_ZiXPt_XPth‘*'ZiZh ]

_ ~B(p—i)*/2_ -B(p—h)*/2 -B(i—h)*/2
= (g+1)(1—c e +e )1 (6.10)

where B = (2frnT)? (6.11)

We shall assume in the exponential summation of (6.9) that the optimum setting of w will be
small enough so that effectively 8(p—h4)?, B(p—i)? and B(i—h)2 <1 at all times. Thus we see

that (6.10) is effectively
El(yr—3:)(gr—ys)"1 ¥ (gﬁj(l—1+ﬂ(1>—5)2/2—1+ﬁ(1>—h)2/2+l—ﬂ(i—h)2/2)l

= e-i—b (6.12)

and substituting this in (6.9) gives

k-1
- k=1-4) -
e(p) m BRI LR 4023 ™ xiatinc)) (6.13)
=0
k=1
where R, = E(p-—i)u.)lc 1-igext (6.14)
=0

with the expectation in (6.13) now being only over the {x;}. Since we are interested in the

error over the long-term, k shall be assumed to be very large. We will now make an
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assumption, commonly used in the analysis of RLS algorithms (e.g. [82]) to greatly simplify

matters, that R_ can be effectively approximated as

k=1 . k=1
R, = Zwk'l"z; b Zwk “1-ipxixt ( ) (6.15)
1=0 =0
and also that
$3, 210 O | (6.16)
=0 HE (1 w )
Thus R,; becomes
k- —k+1p
Roy = o'l Ry
E—
~w ”offw = w)]r =0 )2(1+(p B(1—w))I (6.17)

The approximations of (6.15) and (6.16) should be more accurate the closer w is to 1, since

they then become more like long-term time averages. Using (6.15)-(6.17) in (6.13) we hence

obtain
(o) = G2+ (- B0 +o+ DrfT 7o) (6.18)
and ¢ =¢'(k) = B +(g+1)p w) (6.19)
(1-w)? i)
€ = o2(e'+p) (6.20)

The first term on the RHS of (6.19) is due to the time variation of the channel, and as such a
quantity of this nature is usually referred to as the “lag” since it is the error caused by the
algorithm’s limitation in coping with time variations. The second term on the RHS of (6.19)
is due to tﬁe additive gaussian noise, and is proportional to the length of the channel vector.
Eq. (6.19) tells us, not surprisingly, that as w decreases, the amount of lag-error reduces but
the noise-error increases. An optimum setting of w=1 is achieved when =0, i.e. no time

variations, so that the lag-error is not infinite but zero.

The essential difference of (6.19) with the expression for a first-order Markov channel [82], is
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that the denominator of the lag term in the latter is only proportional to (1—w).

Differentiating €’ with respect to w,

i = (1-2-61)3 - 2((19::))5 (6.21)

and setting it to zero gives the optimum w as the solution to

SNR =1 = (i‘;_l)g;:;z (6.22)

SNR is plotted against optimum w in fig. 6.1 for 2f;=1 and 2 Hz. The curves predict that
above a certain SNR a positive optimum value of w is not possible, indeed it will actually be
negative. This result arises because of the approximations of (6.15) and (6.16), which were
initially made under the assumption that w>0 (and preferably close to 1), but definitely not
w<0. Note also that w50 as then R, theoretically has no unique inverse, a situation which
again (6.15) and (6.16) do not appear affected by. We should thus not be surprised if the low-
w behaviour predicted by our theoretical derivations is somewhat inconsistent with experiment.

Substituting (6.22) into (6.19) gives

¢ = ﬂ((l_z_tw‘% (6.23)

where w is at its optimum value. Figs. 6.2 and 6.3 show the measured values of ¢/c? and ¢’
(time averages of |e,]|%/0? and [¥x —.‘Ek-1|12 respectively) from using the SRK algorithm, with
known data symbols and optimum w from fig. 6.1, over the fading patterns for Channel A and
Channel B respectively. Before actually commencing its run over the 25 fade period patterns,
the SRK algorithm has been running for 1.67 fade periods already (equivalent to 4000 and
2000 symbol intervals for fir.=1.0 Hz and 2.0 Hz respectively), ensuring that any start-up
transient effects have died away. The parameter 7 only influences the start-up convergence of
the algorithm, as was discussed in chapter 3, and later on we will show how. For the moment,
however, it will suffice to say that within the range 0.001 to 10.0, n has no influence because of

the more than sufficient warm-up time of 1.67 fade periods.
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Also shown in figs. 6.2 and 6.3 are the theoretical values obtained from (6.19) and (6.20). The
theoretical expressions indicate that ¢/o? and ¢’ should be independent of the constellation size
L%, This was found to be virtually so, the maximum deviation observed between 4, 16 and 64
QAM over all readings being about 0.1 dB. Thus the experimental curves in figs. 6.2 and 6.3

are effectively valid for 4, 16 and 64 QAM.

The agreement between theory and experiment over the range of SNR considered is reasonably
good, the agreement worsening as the SNR increases, or rather as the “optimum” w setting
decreases. This, as already mentioned, is due to the approximations of (6.15) and (6.16) which
we should expect to become less accurate as w decreases. Also, the agreement for Channel A is
slightly better than for Channel B. This can again be put down to the approximations of
(6.15) and (6.16), since for larger g there is greater chance of there being some non-zero
elements not on the main diagonal in the LHS of these equations, thus making them less like a
diagonal matrix. A supposedly more accurate approximation to (6.15) is offered, without the

derivation, in [82], putting

k- —w -
le*-l-‘;;;z(li)){n,lgwgy L (6.24)

_ Varlln?] _ Eflsl*)=(Ells;[?)? _ 2(F*—4)
(Var[z,])? Ells])? 5(27—1)

where (6.25)

A method of computation of E[|s;|*] can be found in the appendix of [92). For L?=4, 16 and
64 we have y=0, 0.32 and 0.381 respectively, and v is always less than 0.4. The modified
approximation of (6.24) is identical to (6.15) for y=0, and close to it for y30 and w close to
1. Our experimental measurements show that the dependence on v is virtually negligible, so

using (6.24), which complicates matters anyway, in place of (6.15) would not appear to help.

As the noise gets very low the lag-error is expected to dominate the channel error, and for no
noise there should be an irreducible lower level representing the tracking algorithm’s limit in
coping with time variations. With w set to its optimum value, the theoretical derivations give

the ratio of lag-error to noise-error as (1+w)™!, implying that for positive w the noise is always
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bigger; we know already that at low w this theoretical estimate of the ratio may be unreliable.
The experimental curves in figs. 6.2 and 6.3 are actually starting to show a very slight
inclination to “level out” at SNR=45.0 dB. We have measured the lag-to-noise error ratio at
SNR=45.0 dB, 2.0 Hz fade rate, to be approximately 1.18 and 1.58 on Channel A and
Channel B repectively, the corresponding theoretical predictions being 0.71 and 0.68
respectively. More will be said about the algorithm’s limitation in coping with time variations

later on.

At a given SNR, the channel error is lower on Channel A than on Channel B, which is due to

the latter being represented by a longer channel vector.

Fig. 6.4 shows, for both theory and experiment, the variation of the channel error ¢’ with w at
SNR=24.0 dB and 45.0 dB on Channel A, and SNR=22.5 dB and 45.0 dB on Channel B, at a
fade rate of 2.0 Hz. It can be seen that the agreement with theory is better for the lower SNR
(with its higher range for w) than for the higher SNR. Nevertheless, even at SNR=45.0 dB the

measured ¢’ yielded by w set to its theoretically optimum value (0.403 and 0.463 for Channel

A and Channel B respectively) is very close to the measured C;nin' The rate of change of ¢’
with respect to w is smaller for the higher SNR, which is to be expected since for low noise ¢’
now depends to a greater degree on the comparatively less erratic time variations of the
channel. Observe in fig. 6.4 that the difference in measured c;n in Detween 4 QAM and 64
QAM at SNR=45.0 dB is no more than 0.1 dB, 4 QAM giving the lower value. In general the

difference in ¢’ between the constellation sizes diminishes as w increases, which we expect since

the approximations of (6.15) and (6.16), which are independent of 7, become more accurate.

We will discuss the question of convergence from start-up after we have looked at the SD

algorithm.

6.2 Channel Estimation using the SD Algorithm

It is well known that the SD algorithm performs a great deal worse than the RLS when used in
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the conventional tracking approach to the DFE, e.g. see [15], [64], [71]. This is because the
covariance matrix R, is highly dependent on the channel reponse, and its eigenvalue spread is
thus constantly changing. It was pointed out in chapter 3 that a large eigenvalue spread leads
to slower convergence and a more restricted range for stability on the parameter y. Improving

the performance by orthogonalization cannot be done because R, is unknown.

The SD algorithm should ideally be used when R, is known, so that orthogonalization can be

achieved. This is automatically done in channel estimation because

R, = o3I (6.26)

R, now being the covariahce matrix of data symbols. Before comparing the performance of
SD channel estimation with that of SRK, we will derive the optimum setting for the parameter
g. Recalling (3.15),
& = G HpxEE
= (I px}xi e 1+ HXE (XEYe+ )

k k k
= [Ja-mmxdeo+ D { ] A—pxinxhn) pxi(xlyi+n,) (6.27)
m=i+l

i=1 i=1
Assuming p is within the range 0<p<2/((g9+1)o?) required for stable convergence, the first
term in (6.27) goes to zero as k—oco. Actually this range, given in (3.25) of chapter 3, was
derived by ignoring the fourth-order statistics of x;. Since x; is a vector of data symbols we

may easily re-write (3.23) for this case more precisely as
E[(xix})’] = El(xixp)xixi] = od(g+1+7)1 (6.28)
where v was defined in (6.25). The range for stable convergence then becomes

2
< p << 5o 6.29
BS o2 g+1+49) (6:29)

Since 7<0.4 its effect may not make much difference. In any case, assuming stable

convergence, we get for k large
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k=1 k=1
Cr-1 ¥ (I_#Z:nzgn)}ﬂlt;(}_(%!i'*‘n;)
i=1 m=i+1
k=1 _k-1 t k=1
= (I—w_t%:_tm)}z; { H (I— pxinxt) }y,
1=1 m=i+1 =i

+uZ{H (I—#Xme)}_, ;

i=1 m=i+1

We shall make the following simplifying assumptions.

E[x!xbh] =0 for i£m }
=02 for i=m
Elxixtxmah] = o1 for i#m }
= (g+1+7)osl  for i=m

Let B = 1—;10'3

po = 1-2pci+(g+1+7)p0s > 0
where the stability requirement of (6.29) ensures |u,| and p, are <1. Then
¢'(p) = El|yp—ci-1|’]

1 —BB-9/2 3 2 2% j1i
= 1-2(1—py))_p™' e +x+(g+1)oroin®y ps
i=1

i=1
where
k= 11:21{ I'-h| k-1-max(in}_y , |s+1 hI E-1-max{ih-1}
t=lh=
2
i—h _ . ~Bi-nY/2
+#lz l#: ma.x{a,h}}e B )/
k—1k=1 i by < B(ih)?
_ ol -—hly;-l-max{a.h}e BGi-1)°[2
i=lh=1
k=1k-2 -
22 ll!' hl k—1 max{i, h} -B(i-h- 1)/
i=1h=0 +" —2k= 2#!x-hl k—1-max{i,h} -ﬁ(' n)?/2
1=0h=0
E=1k-1 ; —B(i-n)? ~B(i-h-1)? -B(h-i-1)®
Y= Z" a-—hlylzc-—l—ma.x{i,h}(2e BG-m7*/2_ ~BG-n-1)*/2_ -P(h-i-1) /2)

h=

.
1
—

(6.30)

(6.31)

(6.32)

(6.33)

(6.34)

(6.35)
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k-2 _Bk-1-02/2 k=l _Bk-1-k)2/2
_Y e Ble-1-i)"/ “S R B-1-1)°/
h=1

k=1 C Brp_n? E=2 . . _B;2
—1—:e ﬂ(k i) /2+{ #x“k—l—:e ﬁ /2

12
i=1 1=0
k=1 en - h2 9 k=1 i = ._1)2 9
+Y ptpusi e Y —2) pipsTi e Bu-vf } (6.36)
h=1 =1

The last term on the RHS of (6.36), in {} brackets, is zero for k large. As in the previous

.2
analysis we make the approximation e-ﬁ ' x1—-44% to get, for k large,
=1%=1 |i-h| k—1-max{i,h =l i .
x v 305 uliH e maat g o8 keiipi Ly (6.37)
t=1h=1 i=1

The first term on the RHS of (6.37) is simplified as

kE=1k=1 1. E=1,i=1 k=1
—h| k-1-max{i,h ich k—1—i —i k-1—
S8l Mk Ehg = gy (Y uihus= 4y uhiub1h)
i=1h=1 i=1 h=1 h=1
k-1 i-1 k=1
ke1—i P(1=p177) | a1
= —-—-—-—-———-+ L <
By (w7 By (7))
k=1, i k—1—i k-1-i k=i
31 Bila 3 A—(pa/1)" ")
=pfl/7— — +
ﬂ((l—l‘l)(l—ﬂz) ; (1—p) (1=pa/py) })

with the first term in the {} being zero,

_ 7 1 1 (pa/m)

- ﬂ((l_l‘l)(ll_ﬂZ) + (1"1‘2/#1){(1—#1) (1—#;) )

_ B(l+p)

= T=pm)-) (6.38)

The second term on the RHS of (6.37) is simplified by applying (6.17), to give us

& ki 28 B _ B(+py)
2[9‘2:;(15—1—2)#{: 1= o~ O = (1--#1)12 (6.39)

__BQ+p)  B(+py)
Thus X = (l—pl)(lillz) (1—p)?

+1 (6.40)

Consider the second term on the RHS of (6.35),
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k- . —B(p—i)? k-1 )
21—p)S b PO o (18 (i)t (6.41)
i=1 =1
Now
k=l 2 k—-l—l L k- p+1 p—2—1 -p p—=1-4
S (r—i)u} {7 o= o—i— ) 4w -] T} (6.42)
=1 i1=1
Using (6.17),
Z(p—z)p”"" —ﬁ[u@ )(1—py)] (6.43)

= -2-9 —-1—i
Z_; p—i)(p—i—L)pf " = (Z(:»—:)p” )]

= (=B ok k)(l —)]

- 1—m
o (pm k(1= ) (6.44)
(1— )3 p 251 .
Therefore, (6.42) becomes
2, b-1-i (I4p) | (=K a1
Z;(p i) o Tyt (=B =) (6.45)

Collecting together (6.41), (6.45) and (6.40), we finally obtain from (6.35) that

6l(p) ___1+ﬂ(1+/"1) +ﬁ((p k))[2+(p—k)(l /-ll)]'*' ﬂ(l'}'l“l)

(1-p)* (I=p1)(1=p2)
(1+py) (1—p)?
ﬂ(l ”)2+1+(g+1)p-(1—‘)
(1_,(11)-;1“ 1),uz)"“ﬁ'((lp__,,))[%(p k)(1- 4“1)]+(9+1)P((1 ’:“)) (6.46)

Substituting for g, and g, from (6.33) and (6.34), and letting p'=po?, we obtain for the

channel estimate error €’

= €'(k) = Eljyr —- 1I2]

= (2—pu'(g+14+7))" {ﬂ(

+(9+1)p/1 } (6.47)

and from (6.3) the average algorithm error e=E[|¢,|?] is,
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€ = o3(e'+p) (6.48)

The first term on the expanded RHS of (6.47) is the lag-error, and the second term the noise-
error (which is proportional to the length of the channel vector). Eq. (6.19) for the RLS
algorithm and eq. (6.47) for the SD algorithm become identical when ¢=0, y=0 and
p'=1—w. In [82] it is shown that for a first-order Markov channel, the channel error for the
RLS algorithm is identical to that for the SD algorithm. Setting de’/dpu’'=0 gives us the

optimum p' as the solution of

_ 1 _ (g+1) .o
SNR = b = A== =)t 1+ 7)]

(6.49)

SNR is plotted against optimum p’ in figs. 6.5 and 6.6 for y=0 and y=0.381, corresponding
to 4 QAM and 64 QAM respectively. The curve for ¥=0.32, corresponding to 16 QAM, would
lie in between the curves for =0 and 4=0.381, being closer to v=0.381. The influence of =
appears to increase with increasing SNR. Notice that the optimum g’ is upper bounded by the
smaller of the two positive roots of the quadratic expression in x4’ in the denominator of (6.49),

i.e.

, (s+8+7— (g+7)(y+7+g))
Fopt < 15 (9+1+7)

P

(6.50)

The upper bound of (6.50) is tighter than the stability bound of (6.29), a fact that can be
verified by substituting p'=2(g+1+4+v)"! in the denominator of (6.49), which gives a negative
value, thus implying that this value of u' lies in between the two roots of the quadratic. For
Channel A the upper bound of (6.50) is approximately 0.719 and 0.595 for 4 and 64 QAM
respectively, while for Channel B it is approximately 0.465 and 0.410 for 4 and 64 QAM
respectively. As the fade rate increases, with a given constellation size, the optimum p’ needs
to be larger, the amount by which becoming insignificant at very high SNR when for all fade

rates the optimum p’ is close to the upper limit of (6.50).

In figs. 6.7 and 6.8 we have plotted the channel error ¢' against SNR, with p' set at its

theoretically optimum value. The continuous dark curves are for the theoretical values of ¢’
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(6.47) while the plot-points are for the measured €' over the fading patterns using the SD
algorithm with known data symbols (and also a warm-up time of 1.67 fade periods to remove
start-up transients). The agreement between theory and experiment is quite good, being better
than that for the SRK algorithm at high SNR. The theoretical prediction of the lag-to-noise

error ratio, with p' set at its optimum value, is

lag _ B2—p) _ 2-n) (6.51)
noise — p'3(g+1)p  [4—p'—p'(3—p')g+1+7)]

For p' close to zero the ratio is about 0.5, indicating that the noise is twice as great as the lag
(as it is for the SRK algorithm as well, with w close to 1), and for u' close to the upper bound
of (6.50) the ratio becomes infinite, indicating that the lag is dominant. The theoretical curves
in figs. 6.7 and 6.8 show the channel error gently starting to level-out, as confirmed by the
experimental measurements. The theoretical lower limit of the channel error can be found by
substituting the upper bound of (6.50) into the lag-error term of (6.47). We observe that the
theoretical predictions of the SD algorithm’s behaviour are far more consistent with what we
expect, at high SNR, than are those derived for the SRK algorithm, probably because the

assumptions made in the analysis for the simpler SD are less drastic.

Also shown in figs. 6.7 and 6.8 are the experimental ¢’ curves for the SRK algorithm, as shown
previously in figs. 6.2 and 6.3. It can be seen that the SD algorithm performs at a comparable
level to the SRK over virtually all of the range of SNR shown, the SD being slightly worse at
the high SNR end, with this degradation being more for 64 QAM than for 4 QAM. At
SNR=45.0 dB the difference between the measured ¢’ for the SD and SRK algorithms is at
most about 1.5 dB, this being on Channel B at a 2.0 Hz fade rate with 64 QAM. It is also at
this “setting” that the maximum difference in measured ¢’ occurs between 4 and 64 QAM for
the SD algorithm, this being approximately 0.75 dB, compared with 0.1 dB for the SRK
algorithm. It would appear that with increasing SNR, the constellation size, as characterized
by the value of v, is more influential in the SD than in the SRK algorithm, though the effect

of this influence may still be considered negligible even at SNR=45.0 dB.
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In fig. 6.9 we have plotted, for both theory and experiment, the variation of ¢' with respect to
u', at SNR=24.0 dB and 45.0 dB on Channel A, and SNR=22.5 dB and 45.0 dB on Channel
B, at a fade rate of 2.0 Hz. The agreement with theory is generally better at the lower SNR,
and, as for the SRK algorithm, the rate of change of ¢’ with respect to the adaptation
parameter, in this case p’, is smaller at the higher SNR. The prediction of the optimum

setting for u’ is excellent.

6.3 Start-up Convergence of SRK and SD Algorithms

Figs. 6.10 and 6.11 show the start-up convergence of the error in the channel estimate,
H)_rk—gk_lﬂ?, when the SRK and SD algorithms are used assuming known data symbols. At
time 0 the estimated vector ¢_;, has all zero elements, the input vector x, consists of data
symbol values, and the starting conditions in the SRK algorithm are as given in Appendix C.
Each of the curves in figs. 6.10 and 6.11 are the average of 30 separate runs, each run having a
different sequence of gaussian noise samples and data symbols, but with the same channel
variation over the 60 baud interval time span. For Channel A the channel vector varies from
(—0.641—30.223 , —0.396+50.354) to (—0.666—;0.242 , —0.322+70.502) over the 60 baud

intervals, while on Channel B the variation is from (—0.524—;0.182, —0.324+;0.289 ,

—0.635—;0.064) to (—0.544—70.197 , —0.263+70.410 , —0.628—50.098).

For the SRK algorithm the parameter w is set to its theoretically optimum value as given in
fig. 6.1, while the parameter 7 is allowed to vary from 107362 to 10.002. It can be seen from
the figures that the curves for all the different 5’s, for a given constellation size, do eventually
come together and become indistinguishable from one another, verifying that the influence of 5
does decrease with time. A value of n=10"2¢? appears to give a convergence rate close to

optimum.

The convergence curves for the SD algorithm are obtained under exactly the same conditions
as the SRK algorithm, with the parameter p' set to its theoretically optimum value as given in

figs. 6.5 and 6.6. Table 6.1 compares the convergence rates of the two algorithms, the values
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listed being those number of whole baud intervals needed for a curve to reach within 1.0 dB of
its approximate “steady-state” value. For the SRK algorithm, the values in the table refer to

the curves with 1;=10'20'§.

Channel conditions Time, in baud intervals, to reach specified dB
(Constellation size, value of channel error from start-up.
channel, SNR (dB)) SRK algorithm SD algorithm

4, A, 24.0 7 for —30 dB 42 for —30 dB

64, A, 45.0 4 for —41 dB ' 16 for —40 dB

4, A, 45.0 5 for —41 dB 10 for —41 dB

4, B, 22.5 9 for —27 dB 38 for —26 dB

64, B, 45.0 4 for —40 dB 30 for —39 dB

4, B, 45.0 5 for —40 dB 22 for —40 dB

Table 6.1 Comparison of convergence times for SRK and SD algerithms.

Table 6.1 clearly highlights the superiority of the SRK algorithm in reaching steady-state more
rapidly, being about 2-6 times faster than the SD algorithm. The convergence of the SD
algorithm can be improved, though perhaps not spectacularly so, by using a kind of “gear
shifting” scheme in which the value of p' is high at the beginning to provide rapid initial
convergence, and then progressively reduced in size when the error is down to a certain level,
e.g. see [67]. A much better method, though, is to use special periodic training sequences that
enable a simple and close-to-steady-state calculation of the estimated vector to be made in
baud intervals equal to the period (assuming the period is greater than the vector length), after
which a tracking algorithm can take over. Convergence can thus be achieved in as fast a time
as the RLS algorithm, and the training scheme is such that no symbol-synchronization is
required at the receiver. In other words, the receiver does not need to know what the actual
data symbols are at any particular instant, but only the cyclically ordered sequence in which

they are transmitted. For further details on the use of periodic training sequences see [83], and
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in particular [84], which deals specifically with channel estimation.

Observe in Table 6.1 that at SNR=45.0 dB, the convergence of the SD algorithm is noticeably
quicker with 4 QAM than with 64 QAM. This is due to the influence of 4, and not the
different p'’s used, since a run with 64 QAM using the optimum p’ for 4 QAM, which is not
shown, yielded little difference from the original. Contrast this behaviour with that of the

SRK algorithm, which shows little difference between the constellation sizes.

One final interesting point is the slower convergence exhibited by the algorithms at the lower
SNR values. We have mentioned how the long-term channel error is composed of two parts,
namely the lag-error, which arises because of time variations of the channel, and the noise-
error, which is due to additive gaussian noise. In order for the channel error to reach a steady-
state both these components have to individually reach their respective steady-states. Usually
at the start it is the lag-error which dominates the transient behaviour, but because the
gaussian noise is, in the short-term, much more random in nature than the time variations of
the channel, it is more likely the noise-error that takes longer to reach a steady-state, and this
would be more so if the effective “window” size of the algorithm is larger. (A larger “window”
means that the estimated vector at any instant depends to a greater extent in both degree and
number on its past values, and this condition is brought about by a larger w in the SRK
algorithm or smaller p' in the SD algorithm). Obviously for a lower SNR, the transient
behaviour of the noise-error becomes more influential [93]. In particular, observe in figs. 6.10
and 6.11 the convergence curves for the SRK algorithm at the lower SNR with 7 set at its
lower values. The curves have a sharp initial fall, but then decrease in slope considerably
around a channel error value ~p, and it is this change that makes convergence take longer
than what it does at the higher SNR. In chapter 3 we discussed how the RLS algorithm
achieves convergence in baud intervals of the order of the length of the estimated vector, this
being independent of w. That discussion can now be seen to be with relevance, strictly
speaking, to the convergence of the lag-error, whose transient behaviour is responsible for the

sharp initial fall in the convergence curves. For the SD algorithm, a smaller p’ also brings
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about slower convergence of the lag-error as well as the noise-error.

6.4 Improving the Performance at High SNR

The curves in figs. 6.7 and 6.8 indicate a very slight tendency for the channel error to start
levelling out at high SNR, this being more apparent at the higher fade rate of 2.0 Hz. This is
due to the lag-error starting to approach an irreducible level, this level representing the
fundamental lower limit (in the absence of noise) of the algorithm’s ability to track the

channel’s time variations.

The estimate of the channel vector at any instant is derived from previous received samples
and data symbols, these being appropriately weighted according to their distance in the past.
This can be most clearly seen in the RLS algorithm, where ¢; is chosen such that it minimizes
a weighted sum of time-spaced squared errors (3.33). The channel estimate is therefore a kind
of “average vector” produced from previous samples and symbols, the effective time-span or
window over which the average is formed being determined by the weighting. At low SNR the
window has to be made large to limit the effect of noise. As the SNR increases the window can
be made smaller, thereby reducing the lag-error because the channel estimate is now formed
from a proportionally higher amount of more recent information. For any window setting,
however, the estimation process does not take into account the variation in time of the channel
vector over the past samples, and this is the fundamental limitation in the algorithm’s tracking
ability. The effect of this inadequacy is too small to make much difference when the noise
level is sufficiently high, the effect becoming apparent only when the noise level has dropped
enough to expose it. Hence the levelling-out of the channel error at high SNR. To improve
matters beyond this point, then, it would seem necessary that the channel vector be estimated
as a first or higher order function of time, ideally matching the short-term time variation of
the channel. This would naturally entail an increase in the number of computations per

update of the tracking process.

The expected value of the squared difference between two time separated values of the i'®
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element of the channel vector is , recalling (4.21),

Ellyx; —¥nil’] = Elves)® — vesthi— it + 19a:l°]

2 ~BU=B?/2

= ———(1—-

sy ) (6.52)

In the short-term we may assume B(k—h)?<«1. Therefore

N2
E[kai_yhi' | = J(g+1)(1 1+ (k2 ) ) = (gf—l) [k—A| (6.53)

Eq. (6.53) suggests that, in the short-term, the channel variation is approximately linear with
time. Therefore, estimating the channel vector as a linear function of time could be most
appropriate. For example, we could determine at time kT the vectors ¢, and Ac, that

minimize the weighted time average

k
€ = ) v In—xi{a+Ag (i-D} (6.54)
1=0

Vector Ac, is akin to a gradient vector, so that ¢, +Ac,(i—k) is a kind of least squares linear
estimate of the channel vector. The estimate of the channel vector y, for use at time kT would
therefore be ¢,_,+Ag,_,. Differentiating (6.54) with respect to ¢, and setting the result to

zero gives us

c = (iw"“x_(‘;)_cf)_l{'z:;wk ixtr; +(Z(k—z)wk ixt t)Ack} (6.55)

With Ac, =0, (6.55) is identical to what we originally had in (6.6). Differentiating (6.54) with
respect to Ac; and setting the result to zero gives us

(;(k— i)2wE-ixtx ) {Z;(k—z)wk it (r,—xt ck)} (6.56)
Unfortunately the implementation of (6.55) and (6.56) as a recursive algorithm is considerably
more complicated than that for Ac,=0. Therefore more simpler schemes, still based on the
notion of a channel estimate that is a linear function of time, are desired, and one such is given

n [66). This is based on an SD algorithm, though there is no reason to suggest this could not
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be replaced by an SRK algorithm if desired, that utilizes a weighted least squares linear fit of
previous channel estimates. The primary objective of [66], however, was to see if a good
estimate of the channel vector could be produced via the decisions of an MLSE, this device
having a significant delay in detection. The estimation of the channel vector as a linear
function of time allows us to predict, by extrapolation, what the vector could be in say 10-20
symbol intervals time. This is what is done in [66], and the results given suggest that this
process of linear extrapolation can be quite effective in combatting the detection delay of an

MLSE.

The form of the channel error curves in figs. 6.7 and 6.8 does not suggest any great
degradation (up to SNR=45.0 dB) caused by an irreducible lag-error yet, although this could
be different for longer channel vectors and/or higher fade rates. Furthermore, in our
investigations we shall be ignoring, for purposes of channel estimation, the delay in detection of
the MLSE/near-MLSE, the reason for which will be given in chapter 7. Therefore we shall not
be implementing any modified versions of the SRK or SD algorithms that estimate the channel

vector as a linear function of time.

On a passing note we mention a more different estimation algorithm developed in [85}, which
uses SD-type updating (therefore not too complex in computations) and which gives good
performance by assuming knowledge of the actual configuration of the transmission medium,

i.e. the number of paths present together with their relative strengths and time delays.
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Chapter 7
MODE Il PERFORMANCE

In this chapter the performance of receiver devices is observed when the channel variations
have to be followed by a tracking algorithm, subject to the condition that receiver decisions it

uses are always correct.

We will first describe how the DFE taps can be computed from the channel estimate at a cost
less than the conventional SRK approach to the DFE, and then show that this alternative
tracking procedure gives a superior performance as well. A modified form of the SRK
algorithm by Hsu [16] is also shown to be prone to instability under certain conditions. It is
demonstrated that the SD algorithm competes favourably with the SRK when used to
implement the DFE by way of the channel estimate, and from the results in chapter 6 it is
shown how simple theoretical predictions can be made of the performance of the DFE-II,.
Finally, Pe(E.C.) results are presented for the DFE and MLSE/near-MLSE and merits

discussed.

7.1 Computation of DFE Taps from Channel Estimate

Recall from section 2.6.1 that the DFE taps at time kT are given as

w, = Yi 'Yko (7.1)
by; = -E_Y_k,--‘ for 1<i<yg (7.2)
with Y, given as
N-g ¢
Yy =) yuyki+el (7.3)
$=0

and y,; as defined in (2.129). Let p be a positive real quantity, about which we will discuss
later, but for the moment can be assumed, like p, to be small. Let us now form an
approximation to Y, from the elements of the channel estimate vector c;_,, defining it as

N-1

Yy =) copiciiy i+l (7.4)

i=0
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Where (-:k—l,i = [Ck—l,l-—i ck—l,?—f cee ck—l,N—i] (7-5)

the elements ¢,_, ;=0 for i<1 and i>g+1. Using Y., an estimate of the MMSE DFE taps is
given as
#, =Y e (7.6)

b = Whey for 1<i<yg (7.7)

At first sight it might appear that to calculate %, we have to invert the matrix Y}. Using the
fact that Y, is a positive definite Hermetian matrix, this can be accomplished with
multiplications proportional to N> [86]. However,'by exploiting certain properties of Y, we
show it is possible to calculate W, with multiplications proportional to N2. Observe that Y}

can be expressed as
Y; = LiLt 451 (7.8)
where L, is a lower triangular matrix given by
Ly = [ek-1,0 Sk-1,1 - Sy Nl (7.9)
Assuming c,_; 1 7#0, L, possesses a unique inverse L;l. It is easy to show that
Ly e o=[10...0] (7.10)
Then to get ¥, we need to solve the equation
(L +pLy &, =[10...0 (7.11)

The matrix L is Toeplitz, i.e. the elements along any northwest-southeast diagonal are equal.
It is shown in Appendix H that L{~' is also Toeplitz. Thus the matrix (L%+pL;™) is
Toeplitz. This fact enables us to solve (7.11) by applying the method of the Levinson-Durbin
algorithm [3], [87] for solving Yule-Walker systems. Appendix H gives full details of the

procedure and of an algorithm to solve for the DFE taps.
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Note that the parameter p cannot be set to zero, because then we would be solving
Liw, =[10...0]" (7.12)

which yields, with N finite and ¢;_, ; #0, the trivial solution

W, = [Ckil, 0..0t (7.13)

With N infinite there is more than one solution to (7.12), the ZF DFE(oo0,g) case being one of

them, because it is now possible to have i, N-2> Wy y_y—0 as N—oo.

Table 7.1 gives a comparison of the computational and storage requirements that arise when
the implementation of the adaptive DFE is by way of the channel estimate (in future to be
referred to as the channel estimate (CE) method) and by way of the conventional method with
the SRK algorithm. Note that in addition to the computations involved in solving for the
DFE taps (as given in Appendix H) we also, for the CE method, have to include the
computations needed to produce the channel estimate, which is assumed to be via the SRK
algorithm. The storage requirement for the CE method is the sum of that for producing the
channel estimate from the SRK algorithm and that for the computation of the DFE taps, less
2(g+1) because the elements {I;}, 1<i<(g+1), in Appendix H are also the components of the
channel estimate, which are the elements {c;} in Appendix C. Actually the storage
requirement for the CE method can be even less, because some of the “working” variables used
in the SRK algorithm can be used again in the computation of the DFE taps. The exact

requirements may vary slightly from those in Table 7.1 for different signal processors.

Table 7.1 shows that, except for 2 extra real reciprocals, the CE method is more economic than
the conventional method, and the numerical advantage increases with increasing N, g. The CE
method does, however, require more organisation than the conventional method, but this

should not be a restrictive factor.
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e.g. DFE(6,1): 356

DFE(6,2): 433

Requirement CE Method Conventional Method
Equivalent Real 6(N+9)*+11(N+g) 6(N+g)°+11(N+g)
Multiplications —29(2N+¢-3)

per Iteration. —N+11

e.g. DFE(6,1): 371

DFE(6,2): 472

Equivalent Real
Additions per

Iteration.

6(N+g)*+4(N+g)
—2¢(2N+g¢-3)

—8N+12

e.g. DFE(6,1): 266

DFE(6,2): 336

6(N+9)>+4(N+9)

e.g. DFE(6,1): 322

DFE(6,2): 416

Equivalent Real
Reciprocals

per Iteration.

N+t-g+2

e.g. DFE(6,1): 9

N+g

e.g. DFE(6,1): 7

Locations.

+49+17

e.g. DFE(6,1): <81

DFE(6,2): <97

DFE(5,2): 10 DFE(6,2): 8
Equivalent Real < (N+9)*+9(N+y) (N+9)*+9(N+y)
Variable Storage +14—N(N+2¢+3) +14

e.g. DFE(6,1): 126

DFE(6,2): 150

Table 7.1 Comparison of requirements for implementing adaptive DFE by way of CE method

and conventional method.
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7.2 Performance Comparison of CE and Conventional Methods

Start-up convergence will be discussed first. This is an important consideration when periodic

training is employed, as convergence is required in the shortest number of baud intervals.

The parameter p in the CE method should be small, and ideally we expect it should equal the
quantity p. In the lower halves of figs. 7.1-7.4 are plotted the start-up convergences of the
MSE in detection, &, for the DFE(6,9), produced by the CE method for SNR=22.5 dB and
40.0 dB with 4 QAM and 64 QAM respectively, and with p set at various values. The
parameter 7 is set to the value 10”252, which we saw in chapter 6 gives a convergence rate
close to optimum. The fade rate in all cases is 1.0 Hz, and in the time period of 60 baud
intervals the channel response vector has changed from (—0.638—30.220 , —0.409+;0.327) to
(—0.648—30.229 , —0.373+370.404) for Channel A, and from (—0.521-;0.180,
—0.334430.267 , —0.636—70.059) to (—0.529—30.187 , —0.305+30.330 , —0.633 —;0.074) for
Channel B. Initially the DFE taps (both feedforward and feedback) are zero, as is also the
initial channel estimate vector c¢_,. The starting conditions in the SRK algorithm are as given
in Appendix C, and the input vector x, consists of data symbol values. Each convergence
curve is the average of 30 separate runs, each run involving a different sequence of noise
samples and data symbols. The parameter w is set to the theoretically optimum value from

fig. 6.1 that minimizes the long-term error in the channel estimate.

The convergence curves for the different values of p all appear to level out at the same time,
and the ones for p=p always reach the lowest steady-state level. From theory we know that
the smaller p is, the closer the MMSE DFE(co0,g) is to the ZF DFE(c0,g). Therefore, as long
as p is just a small enough number, there should be little change in performance for variation
in p, as the convergence curves bear out. The curves support the expectation that p=p is
ideal, and also suggest that if p£p then it is better to have p<p than p>p. In the rest of

this thesis employment of the CE method is made with the setting p=p.

The upper halves of figs. 7.1-7.4 depict the convergence curves for the conventional method
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under the same conditions as the lower halves for the CE method, with n/0? varying between
10~* and 10.0. The DFE taps, which form the elements of the estimated vector, are initially
zero. The starting conditions in the SRK algorithm are as given in Appendix C, and the input
vector x, consists of N received samples and g data symbols (recall (3.46) of chapter 3). The
curves are again formed by averaging over 30 different sequences of noise samples and data
symbols. The curves indicate that 17/:7§’~10’3—‘10“2 gives a convergence rate close to
optimum. The optimum value of n must depend to some extent on the channel response
vector, because of the latter’s influence on the input vector; note that this is not the case for
channel estimation. The values of w used in the SRK algorithm have been optimized for long-

term performance, about which more will be said later.

Table 7.2 gives a comparison of the convergence times of the CE and conventional methods,
the information being obtained form figs. 7.1-7.4. The convergence time is taken as the
number of whole baud intervals required by a curve to reach within 2.0 dB of its approximate
steady-state value. The values given in the table are for the p=p curves in the CE method

and the “fastest” curves in the conventional method.

Channel conditions Time, in baud intervals, to reach specified dB
(constellation size, value of £, from start-up.
channel, SNR (dB)) CE method Conventional method
4, A, 22,5 5 for —14 dB 11 for —13 dB
64, A, 40.0 4 for —17 dB 9 for —14 dB
4, B, 22.5 5 for —13 dB 12 for —12.7 dB
64, B, 40.0 4 for —14 dB 11 for —13 dB

Table 7.2 Comparison of convergence times for CE and conventional methods.

Table 7.2 indicates that the CE method is about 2-3 times faster than the conventional
method. The reason for this will be discussed later, after we have looked at the long-term

performances over the 25 fade period patterns.
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In the CE method, the parameter w of the SRK algorithm is set to that value which
theoretically minimizes the error in the channel estimate. With the conventional method, the
calculation of the optimum w setting that minimizes, say, the average mean square error £ is
not easy. We resort, therefore, to determining it by measurement. Fig. 7.5 gives the optimum
w, for the conventional method, that effectively minimizes £ and P. in mode II, at a fade rate
of 1.0 Hz. Each plot point involved minimizing £ with respect to w, a “minimization curve”
being formed by measuring ¢ at different settings of w at a particular SNR, each measurement
involving a run of 60,000 data symbols over the fading patterns, with a warm-up time of 1.67
fade periods to eliminate start-up transients. It was found that the optimum w at a particular
SNR is virtually independent of the constellation size, so fig. 7.5 is valid for 4, 16 and 64
QAM. It was also noticed that the optimum w virtually minimizes the analytical P. estimate
too, this being almost exact for error rates above 10™%, and for the lower error rates observed

the difference between the minimum P. and that with é-optimized w is negligible.

Figs. 7.6-7.9 compare the performances of the two adaptive methods in mode II;, both
methods having a warm-up time of 1.67 fade periods to eliminate start-up transients. The
graphs show that the CE method yields a useful improvement over the conventional method,
this being larger for increasing constellation size. For example, on Channel A at P.=1073, the
advantage in SNR is about 0.9, 1.4 and 3.4 dB respectively for 4, 16 and 64 QAM, whilst at
P.=107% it is about 1.5 and 3.2 dB for 4 and 16 QAM respectively. Also, on Channel B at
P.=10"3, the advantage is about 0.5, 1.0 and 1.6 dB respectively for 4, 16 and 64 QAM,
whilst at Pe=107% it is about 0.9 and 1.6 dB for 4 and 16 QAM respectively. The advantage
of the CE method appears quite significant for 64 QAM, being greater than 3.0 dB beyond
P.=0.5x10"%. Both the P. and £ criteria indicate that the advantage of the CE method
increases with increasing SNR. In fact, with 16 QAM on Channel A, and with 64 QAM on
both Channel A and Channel B, the P. and £ curves for the conventional method show a.
distinct tendency to start levelling out to an irreducible level, indicating that the effect of ISI is

becoming quite influential.
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Observe in Table 7.3 the SNR advantage of the CE method, i.e. the additional amount of SNR
needed to enable the conventional method to perform at the same level as the CE method at a

given SNR, for both the P, and £ performance criteria, the information being taken from figs.

7.6-7.9.

Channel A Channel B
SNR 4 QAM 16 QAM 64 QAM 4 QAM 16 QAM 64 QAM
(dB) P, 3 P, 3 P. 13 P. 13 P, 13 P, 13
10.0 06 |05 0.4 |04
15.0 0.7 | 0.6 04 |05
20.0 08 |07 [0.6 [0.7 05 07 |05 |0.7
25.0 1.1 | 1.1 09 |10 09 |10 (07 |10
30.0 14 |16 |12 [15 [14 |15 1.1 (15 |1.0 |15
35.0 1.8 |25 (23 |25 19 |24 |15 |24
40.0 3.3 |43 |36 |45 3.0 |43

Table 7.3 SNR advantage (dB) of CE method over conventional method, using P. and ¢

criteria.

From the values in Table 7.3, the ¢ criterion, on the whole, appears to indicate a larger
advantage for the CE method than does the P. criterion. The difference between the criteria is
slight for low SNR, getting larger, but not excessively so, as the SNR increases. The fact that
there is sometimes a difference between the two criteria, errors in measurement not
withstanding, implies that we can have a situation where the two adaptation methods,
operating under appropriate SNR’s, can yield the same P. but different £’s and vice-versa.
This is not altogether unexpected, because P. is a quantity that is also influenced by the
variance (over time) of the instantaneous mean square error £;, as well as by its time-average
€. For the reason that P. is a more informative indicator of performance, the advantage

expressed by this criterion is to be preferred. A point to remember, however, in favour of the ¢
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criterion is from the results of chapter 5, where it was demonstrated (for a ZF MFE in mode
I,) that £, measured over the limited fading patterns, is more representative of its

corresponding theoretical long-term value than is Pe..

It was noted in the last section that we need ¢;_, ;70 for L, to possess a unique inverse LY
the reciprocal of c,_, , is used in the CE method. In practice, therefore, c;_, ; should never be
zero, and there should be a lower bound set for |c,_,,| that is the smallest “safe” number
allowable with the numerical precision available. For the simulations conducted in this thesis,
however, the only constraint applied was that if ¢;_; ;=0 the DFE taps are not updated; this
is not to say that the constraint ever came into play. Several simulations were run with (7.6)
solved by a more standard routine, such as the one in (86] (based on Cholesky decomposition),
and compared with the simulations from the CE method. The computer uses floating point
arithmetic with 14 decimal digits for the mantissa; using a measurement accuracy of 8
significant digits, the agreement between the method using the process of [86], which is more
costly in terms of computations, and the CE method, was exact. If more limited precision
processors are employed, another strategy to use if |c,_, | becomes too small is to simply set
the first tap of the feedforward filter to zero, and compute the rest of the taps assuming c;_, ,

as the first component in the channel vector.

The method of implementing the MMSE DFE via the channel estimate could perhaps be made
even more computationally efficient, especially when N, g are large. This is because the
channel estimate is not expected to change too much in successive baud intervals. Therefore,
some cost-reducing iteration scheme could perhaps be devised to compute the new MMSE tap

settings from the new channel estimate and old tap settings and channel estimate.

We have demonstrated that the CE method is superior to the conventional SRK method in
both computational economy and performance. A pertinent question to ask is why does it
perform better. The faster convergence can be easily explained. In the conventional method

the length of the estimated vector in the RLS algorithm is N+g, whereas for channel
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estimation the length is g+1. It was discussed in chapter 3 how the speed of convergence of
the RLS algorithm is dependent on the length of the estimated vector, the longer the vector the
slower the convergence. Thus since the speed of convergence of the CE method is determined
solely by how fast the channel estimate can be formed, the CE method will be faster than the
conventional method. As to why the CE method has a better long-term performance, recall
first that the estimated vector ¢; in the RLS algorithm is given by

& = (S wb it (D et ixt, (7.14)

i=0 i=0

where for the conventional method x; and z; are

t - - -
X - [T" Ti+1 oo ri+N—1 5"__1 3.'_2 e s"_g] (7-15)

z; = 5 (7.16)

] 3

while for the CE method, which uses channel estimation, they are

X =[5 8y o 8isg) (7.17)
z; =1 (7.18)
Rearranging (7.14) we obtain
iw”"‘x.’(xﬁsk—zi) =0 (7.19)
i=0

Assuming there are no decision errors in the {§;}, it can be seen from (7.19) that in order to
have a unique value for ¢, the value of k needs to be >M—1, where M is the length of the
estimated vector, with at least M linearly independent x,’s which, for good adaptation, should
be the most recent. Consequently, the conventional method needs at least 2N+ g—1 noise-
contaminated received samples r; (these being in the N+ g successive input vectors x;), whereas
the CE method needs only g+1 (these being in the g+1 desired values z;), and in a time-
varying environment the accuracy of the conventional method will further suffer because of it’s
need for a larger span of received samples. Thus it is not surprising that the conventional
method is inferior to the CE method. Furthermore, if the P! matrix in the RLS algorithm is

ill-conditioned (more likely if w is smaller), then small errors in the elements of P}, as can be
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produced by noise in the {x;}, lead to larger errors in the inverse P,.

The CE method is a more determined attempt at implementing the MMSE DFE, taking
advantage of the special relationship between the optimum DFE tap settings and the channel
response, and the accuracy of the channel estimate is thus the crucial issue; the conventional
method simply determines the DFE tap settings that minimize a weighted time average of the

squared error at the input to the threshold detector.

To conclude this section we mention a recent development in [88). In this paper it is described
how roots of the ztransform of the sampled channel impulse response, which are outside the
unit circle, can be calculated in an iterative manner. These roots are then used to evaluate the
leading N taps of the feedforward section of the ZF DFE, which is the pre-filter for the near-
MLSE, the feedforward filter having a ztransform which has poles that are the roots in
question, and zeros that are the reciprocals of the complex conjugates of these roots (recall end
of section 2.5). Because N is finite-valued, there will be some anti-causal ISI present at the
output of the feedforward filter; therefore N has to be made sufficiently large to limit this.
Roots that are close to the unit circle require a large value of N in order for them to be
accurately accommodated by the filter [88]. At the same time, however, the closer to the unit
circle the roots are, the less urgent the need for them to be accommodated. It is suggested in
[88] that the scheme be adopted for use on time-varying channels, by employing an estimate of
the channel response. The fundamental difference between an approach based on the scheme in
[88] and the CE method, is that the former aims to produce a truncated-tap version of the ZF
DFE(co,g9) from the channel estimate, whereas the latter produces a finite-tap MMSE
DFE(N,g), which is optimum for the given value of N. With N large enough, and 5 small, and
ignoring any differences concerning the degree of numerical precision required, in theory one
would expect there to be little difference between the levels of performance offered by the two
approaches, the possible advantage of one approach over the other being in terms of economy
of computations and ease of implementation. In general, the computational requirements of

the scheme in [88] depend significantly on the number of roots outside the unit circle, and the
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number of iterations needed to locate them to within a given accuracy.

7.3 Revised SRK Algorithm of Hsu [16]

It has been observed how the parameter n in the SRK algorithm controls convergence; a large
value produces a slow rate. In [16] it is pointed out that a small value for this parameter
(identified as “£” in [16]) produces a large magnitude disparity in the start-up computations of
the diagonal matrix D;. To be more specific, it states for example how the first component of
this matrix drops from 1.0 to about 1073 in the first iteration, the other components staying at
about 1.0, this example being for the conventional implementation of a DFE with 7~1072 and
w close to 1. For a processor of limited word size, this large magnitude disparity can
significantly disturb the equalization process during start-up, and also if a periodic resetting
scheme is used (the resetting is for preventing the cumulation of round-off errors). To
overcome this situation a modified version of the SRK algorithm is presented in [16], and is
such that it is “stable” for various values of  without sacrificing the rate of convergence. The

essential difference lies in the replacement of the step

P, = S(I-kx})P,_, (7.20)
as was in (3.42iii) of chapter 3, with

P, = (31-kx})P,, (7.21)

What this means to the algorithm in Appendix C is that we replace those computational stages

marked on the left-hand side with “A”, namely

() K= a;
(i) dy = dyhunk
(1))  Bo = o;, — (7.22)

(iv) &k = 51—
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with, in respective order,

. _ 1 -
() r= (ay+h)
(i) & = dihu(n+ho)x
(iii) Bo = ai—l'*'ht — (7.23)

. — 1
S (orgt+hy)

(v) €= ekhy

where hy = app(ho—1) (7.24)

The mathematical proof of the steps in (7.23) can be found in [16]. For w close to 1, there is
little difference between the revised and original SRK algorithms. In [16] the revised SRK
algorithm is observed to be superior, though only very marginally so, to the original SRK, and
this is put down to the improvement of stability of the revised SRK. We have found, however,
that for w below a certain value the revised SRK algorithm becomes unstable, and that the
threshold for this is dependent on the length of the estimated vector. Observe in Table 7.4
some error count performance figures for the conventional implementation of the adaptive DFE
by means of the revised SRK algorithm. The figures were obtained over a time period that
covers only part of the 25 fade period pattern of Channel B, after an initial warm-up time of

2000 baud intervals to remove transient effects.

It was found that the sudden large jump in the error count, that occurs on reaching a
particular setting of 1/w, is caused by the real positive elements of D, increasing at each
iteration, until they approach the upper limit for a positive number on the computer, which is
~10322, In general, if any number exceeds the upper limit the program aborts. This did not
happen here, because before the elements {d;}, or the elements {g;} and {a;} as well (see
Appendix C), could reach the upper limit, the quantity « reached zero, it being the reciprocal
of a very large number. This then caused the {d;} to become zero, and thence on the next
update the elements {g;} all became zero and {a;} all became equal to 7. Thus tracking

ceased altogether, the estimated vector becoming “frozen” at a constant value.
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No. of errors in 20,000 data symbols (64 QAM)

DFE(15,2), SNR=100.0 dB | DFE(10,2), SNR=100.0 dB | DFE(6,2)
1 fr.=05Hz |fr.=1.0Hz |fr.=15Hz |fr.=20Hz |[fr.=10Hz
(over 40,000) SNR=40.0 dB
1.050 9 204
1.075 0 84 47
1.100 0 43 72 25
1.125 1 28 43 134 15
1.150 7,862 26 35 101 12
1.175 23,363 6,703 27 79 10
1.200 10,436 1,622 1,232 10
1.225 10,535 9,417 12
1.250 13,600 12
1.275 7,437
No. of errors in 20,000 data
symbols (64 QAM). Table 7.4 Error count performance
N DFE(N,2), f.r.=2.0 Hz, figures for revised SRK algorithm
SNR=40.0 dB, %:1.237. of [16] on Channel B with 64 QAM.
4 63
5 39
6 39
7 70
8 7,252
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We can derive an approximate lower bound to w below which instability arises. Recall from

Appendix C and (7.23) that the i'* element of D, is updated at each iteration as

_ (n+h)
d = itk (7.25)
i+ .
di = d‘»hwﬁon = d’.hw(c(ililThth;) for 2$1SM (7.26)

If the multiplying coefficient of d; on the RHS of (7.25), (7.26) is always going to be >1, then
d; will keep on increasing, and therefore we have a situation of instability. If all the d;,
1<i<M, are infinitely large, we could expect all the a;, 1<i<M, also to be infinitely large,
and thus the multiplying coefficient to be h, (>1) for all 4, ensuring a condition of instability.
Suppose that at any particular instant we have the element dp, infinitely large, where
1<m< M, and the rest of the elements d;, i#m, all finite. Then it may be assumed that all
a;, 1<i<m—1, are finite, and that all a;, m<i<M, are approximately equal and infinitely
large. This would then make the multiplying coefficient in (7.25), (7.26) approximately hy,—1
for i=m, and h., for ixm. Further supposing that stability will be assured if the determinant

M
of Dy, i.e. [] d;, keeps on decreasing, we then require for stability that
i=1

In(3-1)

W he-1) <1 = M < 14—

(7.27)

A graph of 1/w vs. M is plotted in fig. 7.10. For stability the combination of 1/w and M must
produce a co-ordinate below the curve in fig. 7.10. When the adaptive DFE is implemented in
the conventional manner, M=N-+g. The predicted upper bounds to 1/w that give the
threshold for instability compare reasonably well with the results in Table 7.4. For example,
for DFE(10,2) the upper bound to 1/w from fig. 7.10 is approximately 1.173, and in Table 7.4
there is a large change in error count going from 1/w=1.175 to 1.200. The state of instability
may actually already exist even though a low error count has been recorded, since the detection
process only fails when any of the {d;} reach the maximum positive number capable of being
stored on the computer. This can be seen in the results for DFE(15,2), the first column listing

counts taken from 40,000 symbols and suggesting a threshold for instability between
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1/w=1.125 and 1.150, while the second column lists counts taken from half the number of
symbols (therefore detection process has not been running for so long) and suggests a threshold
for instability between 1/w=1.150 and 1.175; the predicted threshold for 1/w is approximately

1.134.

It was observed for the DFE(6,2) with 64 QAM on Channel B, at a 2.0 Hz fade rate, that the
probability of error can barely be reduced below 10~3 without causing instability by further
reduction in w. Apart from producing the results in this section, the revised SRK algorithm of

[16] is not used further in this thesis.

7.4 Performance of DFE(6,g)-II,

Unless stated otherwise, in the rest of this thesis the DFE should be assumed to be

implemented by way of the CE method.

Figs. 7.11-7.14 depict the long-term performance of the DFE(6,¢)-II,. Except for the mode I,
curves, which are shown for ease of comparison with mode II;, the continuous curves represent
the performance offered by the SRK algorithm while the plot symbols represent that from the
SD algorithm, both algorithms having w and p' respectively set to their optimum theoretical
values as detailed in chapter 6. As usual, in measuring long-term performance there is a
warm-up time of 1.67 fade periods prior to transmission over the fading patterns, t;q remove

transient start-up effects.

Figs. 7.11 and 7.12, which refer to Channel A, indicate that there is very little difference
between the SRK and SD algorithms, up to a fade rate of 2.0 Hz. In figs. 7.13 and 7.14, which
refer to Channel B, there is a more noticeable degradation of the SD algorithm with respect to

the SRK algorithm, this being apparent at the high SNR end of the curves for 16 and 64 QAM.

The number of computations needed by the SD algorithm is 10(g+1) real multiplications and
8(g+1) real additions, and its use in the CE method thus brings about a reduction in both

multiplications and additions of approximately 6-7% for DFE(6,1) and 13% for DFE(6,2).
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Clearly, in view of the performance offered by the SD algorithm, its use is worth considering if
computational complexity is critical. However, since the SRK algorithm generally has an
advantage (albeit small at times) over the SD algorithm, both in terms of long-term
performance and start-up convergence, its use will be more predominant than the latter’s for
the remaining work in this thesis. The discussion in the rest of this section is centred on

results from the SRK algorithm.

The curves for 4 QAM in figs. 7.11~7.14 indicate that there is little degradation in going from
mode I; to mode II,; at P.=10"% the degradation, in terms of SNR, is about 1.0 dB and 1.5
dB on Channel A and Channel B respectively. The difference between 1.0 Hz and 2.0 Hz fade
rates for 4 QAM appears to be very small in the P. curves, the difference being slightly more
marked in the £ curves. Overall the results for 4 QAM suggest that fade rates higher than 2.0
Hz can be coped with quite easily. The degradation from mode I, to mode II, is larger for 16
QAM, and more so for 64 QAM, this being a consequence of having to operate at increasingly
higher values of SNR. For example, observe the figures in Table 7.5 for the SNR degradation
from mode I, to mode II,, the information being taken from figs. 7.11 and 7.13. For 64 QAM,
it looks as though the required SNVR would have to be in excess of 50.0 dB in mode II, in order

to achieve a P. of 10~° on Channel A, and on Channel B at f.r.=2.0 Hz.

fr.=1.0 Hz fr.=2.0 Hz
P.=10"%® | P.=10"° | P.=10"% | P.=10"%
Channel A | 16 QAM 1.1 2.0 1.5 3.3
64 QAM 1.5 — 2.7 —
Channel B 16 QAM 1.2 2.6 1.9 3.8
64 QAM 2.1 4.6 3.8 —_

Table 7.5 SNR degradation (dB) from mode I, to mode II,.

The degradation from mode I, to mode II; is generally greater on Channel B than on Channel

A, because B’s longer channel response vector can be known less accurately. The extra path
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component of Channel B, however, ensures that its mode II; P. performance is usually still
much better than Channel A’s, in contrast to its & performance, which is worse than Channel
A’s. We saw in chapter 5 that the SNR difference between Channel A and Channel B is much
smaller for the £ criterion than for the P. criterion, indicating that the € criterion does not

highlight the diversity advantage of Channel B.

At time kT the receiver assumes the channel vector is equal to the estimated vector ¢,_,. To
the receiver, the tracking algorithm error ¢, =r, —xtc,_, is the sole corrupting influence on the
information bearing part of the received sample r,. The mean square value of ¢, where the
expectation is over the gaussian noise and data symbols, varies with k because of the time
variation of the channel. Thus we may think of the interference in r, as being from a zero
mean noise quantity, not necessarily gaussian, that has a time-varying variance. The ratio of
o7 to the mean square value of €, can therefore be regarded as an effective signal-to-noise ratio
at time k7. Averaging the mean square value of ¢; over the fading statistics of the channel
gives us ¢ (6.1), and the ratio o2/e is thus a kind of average signal-to-noise ratio that relates to
long-term performance over the channel. The quantity 10log;o[e/(po?)] represents the dB loss
with respect to the signal-to-noise ratio 1/p. As SNR increases, then ¢/(po?) gets larger, as
can be seen in figs. 6.2 and 6.3 of chapter 6, and thus we may expect the dB loss from mode I;

to mode II, to get larger as well.

Assuming that the estimated vector ¢,_,, in the absence of decision errors, follows the same
basic time variation as does the channel vector, consider now a scheme in which the
performance level in mode II;, at a given value of SNR, is predicted as being the Performance
level in mode I, at an SNR value of o2/e, where ¢ is obtained from mode II,. Using figs. 6.2
and 6.3 and the mode I; performance curves we thus form the dashed curves in figs. 7.11-7.14.
The prediction of the £ performance is extremely good for both channels. The prediction of the
P, performance tends to become worse at the lower values of P, this appearing to be more so
for Channel A than Channel B. This could be due to the fact that the P. measurement

depends to some extent on the fourth order statistics of €., and also that for low values it
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tends to be less indicative of truely long-term behaviour, a condition that is worse for Channel

A, as was discussed in chapter 5.

Note that the feedforward section of the DFE(N,g) at time kT contains N received samples
Teyiy 0Si<N—1. If the DFE taps are determined from the estimated vector ¢,_;, then each
received sample in the feedforward section can be imagined as having an effective “noise” given
by 7 +‘—_Jg§+,<_:k_1, this quantity having an expected square value (over gaussian noise, data
symbols and fading channel statistics) that increases with i. In the prediction scheme described
above we are effectively ignoring the variation in “noise” variance over the received samples in

the DFE.

On the whole the prediction of the P. and € performance in mode II;, based on the
performance in mode I,, appears reasonably good given the simplistic nature of the method. In
a similar fashion the performance by way of the SD algorithm can be predicted too. Given
that we have mode I, performance curves, it is much easier to produce curves of €¢/o? vs. SNR
than it is to simulate a DFE-II;, and measure Pe, £. One could alternatively use the theoretical
expressions for ¢ derived in chapter 6 for both the SRK and SD algorithms, thereby reducing
further the need for simulations, though the prediction accuracy for the SRK algorithm, unlike

for the SD, is likely to suffer at high SNR where the theoretical estimate of € is not so good.

7.5 MLSE/near-MLSE and DFE(6,9)

Figs. 7.15 and 7.16 depict the long-term P.(E.C.) vs. SNR perfomance of the MLSE/near-
MLSE and DFE(6,9) in mode II, at a fade rate of 1.0 Hz. The E.C. curves consisi: of straight
lines between the data points. Tables 7.6 and 7.7 give the number of errors occurring in the
E.C. measurement runs. The tap values of the DFE, and therefore also the pre-filter taps for
the near-MLSE, are determined according to the CE method with the channel estimate being
produced by the SRK algorithm. The warm-up time is 1.67 fade . periods prior to
measurement. The channel estimate used by the MLSE/near-MLSE is the same as that for the

DFE, so in effect we are ignoring any limitation due to the delay in detection of the
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SNR Errors in 60,000, f.r.=1.0 Hz Errors in 30,000, f.r.=2.0 Hz
(dB) DFE(6,1) MLSE/ DFE(6,1) MLSE/
4 QAM Mode II, Mode II, near-MLSE | Mode II, | Mode II, | near-MLSE
7.5 4,843 (4,657) 5,986 (5,730) 5,119 (4,788) 2,507 3,127 2,742
10.0 2,345 (2,139) | 3,028 (2,768) | 2,411 (2,219) 1,170 1,514 1,200
12.5 | 1,028 (912) 1,316 (1,186) | 998 (931) 538 726 533
15.0 | 457 (400) 603 (548) 468 (a16) 223 280 219
20.0 101 (92) 154 (136) 93 (78) 59 76 46
24.0 | 26 (20) 29 (21) 25 (18) 10 9 9
2715 |6 (@ 6 (5) 6 (6) 2 5 3

300 |1 (v 3 2 (2 0 0 0

16 QAM

15.0 7,588 (6,905) 11,276 (10,379) | 9,912 (8,998) 4,010 5,958 5,323
20.0 1,641 (1,429) 2,993 (2,649) | 2,286 (1,880) 902 1,567 1,242
25.0 | 343 (264) 615 (as8) 464 (405) 184 329 262
30.0 88 (61) 175 (160) 127 (89) 40 71 51
32.5° | 36 (22) 77 (51) 54 (24) 16 30 15
35.0 |8 (8) 16 (16) 12 (10) 7 22 10
375 |7 (2 13 () T (7) 3 19 8
40.0 1 (o) 6 (0) 6 (o) 0 0 0

64 QAM

25.0 3,374 (2,711) 7,964 (7,017) 6,385 (5,485) 1,893 4,668 3,865
30.0 695 (507) 1,804 (1,245) 1,211 (921) 426 1,077 669
35.0 | 180 (120) 472 (311) 345 (249) 104 260 199
375 |85 (54) 284 (220) 189 (157) 52 146 113
40.0 | 42 (18) 176 (7) 120 (27) 29 109 74
42.5 19 (9) 128 (76) 72 (A7) 15 79 40
45.0 11 (1) 100 (9) 59 (o) 7 43 38

Table 7.6 Error counts for mode II on Channel A, using SRK algorithm. Figures in (.)

indicate values obtained for mode I (chapter 5).
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SNR Errors in 60,000, f.r.=1.0 Hz Errors in 30,000, f.r.=2.0 Hz
(dB) DFE(6,2) MLSE/ DFE(6,2) MLSE/
4 QAM Mode II, Mode II, near-MLSE | Mode II, | Mode II, | near-MLSE
7.5 5,060 (4,647) | 7,164 (6,609) | 5,600 (5,154) 2,577 3,674 2,806
12.5 | 919 (so00) 1,497 (1,316) | 890 (748) 483 795 487
16.5 | 146 (109) 274 (208) 133 (107) 76 153 53
20.0 24 (22) 35 (34) 20 (16) 18 34 13
225 |9 (5 12 (8) 4 (3) 4 10 2

16 QAM

17.5 | 4,199 (3,558) | 9,422 (8,340) | 7,365 (6,097) 2,292 4,933 3,964
22.5 610 (420) 2,061 (1,486) 1,222 (908) 366 1,208 754
26.5 85 (44) 369 (101) 126 (59) 65 204 127
30.0 |13 (&) 57 (16) 40 (3) 11 48 31
31.0 5 (3 32 (3) 6 (o) 7 39 13
325 |0 (o) 0 (o 0 (o) 2 13 13
64 QAM

25.0 4,267 (3,113) 16,602 (13,872) | 11,619 (9,250) 2,518 8,977 6,857
30.0 673 (338) 6,444 (3,812) | 2,255 (1,222) 450 3,598 1,514
32.5 194 (76) 1,863 (736) 427 (160) 185 2,270 538
35.0 57 (22) 505 (77) 130 (45) 72 910 138
37.5 13 (2) 103 (74) 69 (o) 29 840 64
40.0 2 (0) 22 (0) 8 (o) 11 61 39

Table 7.7 Error counts for mode II on Channel B, using SRK algorithm. Figures in (.)

indicate values obtained for mode I (chapter 5).
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MLSE/near-MLSE. In this way the two detection devices are on an equal footing when it
comes to accuracy in channel estimation. Figs. 7.15, 7.16 and Tables 7.6, 7.7 also show the
performance in mode I for ease of comparison with mode II. Also shown in Tables 7.6 and 7.7
are mode II error counts for runs at a 2.0 Hz fade rate, the counts now being over only 30,000
transmitted symbols, these symbols being the first 30,000 of the 60,000 symbols used at the
fade rate of 1.0 Hz. The error counts for 2.0 Hz when doubled are, as expected, generally
greater than the corresponding counts for 1.0 Hz. The data for 2.0 Hz is not plotted in figs.
7.15 and 7.16 so as not to over-complicate the graphs, and in any case, the essential message
the daté conveys, which will be discussed shortly, can easily be seen from the tables. The
performance with the SD algorithm is not very different from that with the SRK algorithm,

and so is not shown.

As we saw in the last section, the DFE-I, and DFE-II; produce lower error rates, at a given
SNR, on Channel B than on Channel A. With 16 and 64 QAM in particular, however, the
near-MLSE and DFE-I,,II, produce lower E.C. error rates on Channel A than on Channel B
above about P,=10"2. This is probably because of the more dispersive nature of Channel B,
producing longer bursts of errors. The extra path, or order of diversity, in Channel B ensures
that when Pc(E.C.)sIO‘z,‘ the P.’s produced by the near-MLSE and DFE-I,,II, on this

channel are lower, at a given SNR, than on Channel A.

The results for mode II reaffirm most of the observations made previously in chapter 5 for
mode I. For 4 QAM the degradation caused by propagation in the DFE is fairly small, and
the MLSE is quite close in performance to the DFE-II,. As the constellation size .increases to
16 and 64, the effect of propagation gets progressively worse, and is particularly severe for 64
QAM, as can be seen from the figures in Tables 7.6 and 7.7. Though the MLSE performs as
well as the DFE-II, for 4 QAM, the near-MLSE performs noticeably worse than the DFE-II,
for 16 QAM, with the gap even wider for 64 QAM. It is interesting to note that for both
channels the gap in performance between the near-MLSE and DFE in mode II; generally

appears larger than the coresponding gap in mode I;. For example, observe in fig. 7.16 for
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Channel B that in mode I, the near-MLSE can, at high enough SNR, produce a slightly lower
error count than the DFE for both 16 and 64 QAM, but definately not so when in mode II,.
This would suggest that the near-MLSE degrades more than the DFE (in the absence of
feedback errors) when both devices are subject to the same error in the channel estimate. On
the other hand, the near-MLSE does perform better than the DFE-II,, which leads us to
conclude that in the situations studied here the MLSE/near-MLSE is superior to the DFE only
because of the latter device’s inclination to propagate errors. From figs. 7.15 and 7.16 at the
SNR for which P.=10"3 for the MLSE/near-MLSE in mode II, the corresponding P. for the

DFE-II, is, at most, just slightly less than 2x1073,

As far as computational complexity is concerned, with the values of g used here the MLSE for
4 QAM is only marginally more complex than the DFE. With the near-MLSE, however, the
difference lies in that the DFE uses a feedback filter and a simple threshold detector at the
output of the feedforward section, whereas the near-MLSE, with the feedforward section now
acting as its pre-filter, uses the detection algorithm detailed in Appendix G (and given as a
Fortran program in Appendix I). The additional cost over the DFE of the near-MLSE is thus
considerable. As a practical example of the additional cost involved, a complete simulation
run of 60,000 symbols on the computer (includes everything from generation of data symbols,
fading channel, etc. to update of SRK algorithm, receiver devices and the measurement
processes themselves, but excluding the analytical P. estimate) takes approximately 4-5 times
longer with the near-MLSE than it does with the DFE. The performance of the near-MLSE
could be improved if it were allowed to operate with more than 16 and 64 survivors and
expanded sequences respectively [42], but probably not without a significant increase in

complexity.

Although the MLSE/near-MLSE has used exactly the same channel estimate as the DFE in
producing the results of this section, in practice unless some type of early detection, such as for
example a DFE operating in parallel, or some type of extrapolation technique on the channel

estimate (see section 6.4) is employed, the delay in detection of the MLSE/near-MLSE can lead
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to a significant deterioration in the accuracy of the channel estimate. Another point to bear in
mind is from the work in [49], which shows that in the presence of phase jitter, on an otherwise
time-invariant channel, the performance of the VA can degrade to a greater extent than that of
the DFE. This therefore means there has to be greater emphasis on accuracy in any carrier
phase recovery scheme if an MLSE/near-MLSE is employed. Assuming the carrier phase
recovery scheme is data-aided, as was described in chapter 4, it must therefore also confront
the problem of the delay in detection of the MLSE/near-MLSE. One could view the presence
of phase jitter as simply being a source of error in the receiver’s knowledge of the channel
response vector, and thus the results of [49] may offer some support to our earlier remark about
the near-MLSE degrading more than the DFE when there is error in the channel estimate. We
can reasonably conclude that the performance of the MLSE/near-MLSE depicted so far is the

best that can be expected with respect to the DFE.

On a final note we mention a near-MLSE developed in {18] for 16 QAM, which operates
without any digital pre-filter, requiring only an estimate of the channel vector. The channel
estimate must be examined regularly to determine the most “significant” component. The
scheme is quite different from any near-MLSE based on the concept of a reduced-state VA [18].
The motive behind the strategy adopted in [18] lies in the assertion that the adaptive pre-filter
is difficult to hold correctly adjusted, compared to estimation of the channel vector which can
be achieved more rapidly and accurately. This claim is probably made under the assumption
that the pre-filter is implemented by way of the conventional method, using the SD algorithm.
For time-varying channels like the HF, the conventional RLS implementation of the adaptive
DFE is vastly superior in performance to the conventional implementation using the SD
algorithm [15], [64]. We have shown that the CE method of implementing the adaptive DFE
is superior in performance to the conventional RLS method. In operating without a pre-filter,
the near-MLSE scheme of [18] is more complex [97] than similar-performing near-MLSE

schemes that use a pre-filter (assuming it is correctly adjusted), such as the ones in [42].
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Chapter 8
MODE Ill PERFORMANCE

The performance of the receiver up to now has been observed under condition that the tracking
algorithm function independently of the receiver’s decisions, employing at all times the actual
transmitted data symbol values. In normal transmission, however, it is intended that the
tracking algorithm employ the receiver’s decisions. The investigations to be reported in this
chapter assume this to be the case, unless the receiver is being “trained”, in which case the

transmitted symbols are already known.

The results of the previous chapter showed us that around P.<10~> the MLSE/near-MLSE is
only slightly better than the DFE-II,, when both devices use the same channel estimate.
Assuming adequate provision is made in the channel estimation process to compensate for the
delay in detection of the MLSE/near-MLSE, it is reasonable to assume that its behaviour in
mode III will not be too dissimilar to that of the DFE. We shall therefore confine our
attention to the DFE only in this chapter. An interesting result of the previous chapter is that
the MLSE is only as good as, and the near-MLSE is inferior to, the DFE-II,. In chapter 5 it
was shown that around P.<10™2 the possible advantage of any device over the DFE-1, is only
~1-3 dB (in terms of SNR) anyway. It therefore seems highly desirable, and more cost-
effective than employing a near-MLSE, to employ a DFE in which serious error propagation is
prevented by some arrangement, such as use of a training sequence from the transmitter. In
any case, as we shall shortly see, the effect of bursts of errors such as occur for 16 and 64 QAM
can prove very trying for the tracking algorithm, and so recourse to training from the

transmitter is likely to be needed anyway.

In this chapter two approaches to use of training sequences from the transmitter will be
examined; one is where a sequence of known symbols is inserted periodically into the data

stream, the other where a training sequence is requested by the receiver.

In all measurements the fade rate is set at 1.0 Hz, and the warm-up time for the tracking
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algorithm is 1.67 fade periods, or 4000 known symbols, prior to transmission over the fading

patterns.

8.1 Performance of DFE(6,g)-1II

Recall from section 3.3.3 what was said about a receiver operating in decision directed mode.
The experience of deep fades at the receiver, when the instantaneous error rate is high, or
where the channel undergoes rapid changes in time, can sometimes perturb the detection and
tracking process in such a way that, on “recovery” out of the difficult period, the detected data
symbols are shifted by a phase angle iw/2, where i;—- 1, 2 or 3, with respect to the transmitted
symbols, e.g. see [15] or [64]. The estimate of the channel vector likewise has all its
components shifted by a phase angle —im/2 with respect to the true channel vector. This state
of affairs causes no problem to the reception of data if the information on which quadrant (in
the complex plane) the k** data symbol is in (that is, the symbol that is intended for the
customer as opposed to the one that is actually transmitted) is encoded as the quadrant change
between the s,_; and s, transmitted data symbols. For example, the receiver passes on to the

customer the k** data symbol given as

"jQu(gk—l)W/z (8-1)

Customer’s data symbol = 3,e

where Qu(.) is an integer function taking on the values

Qu(s,) =0 for 0 < arg(s,) < %

=1 for 72__r <arg(s) <=

- (8.2)
=2 for 7 <arg(s;) < %I
=3 for §2£ < arg(s) < 2w B

It can be seen from (8.1) that any fixed quadrangular phase shift between the detected and
transmitted symbols does not alter the symbol passed on to the customer. The strategy of
coding data as the phase difference between two adjacent (in time) symbols is termed

differential coding. We shall in future distinguish the symbols and symbol errors detected by
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way of differential coding with the descriptor “differential”, as opposed to the ones arising out
of actual threshold detection, which have hitherto been referred to simply as “detected”. Given
the scheme of (8.1), it can be seen that the number of differential symbol errors is > (only >
for 4 QAM) the number of detected symbol errors, by at most a factor of 2, assuming there is
no phase shift between the detected and transmitted symbols. The difference is usually greater
for small constellation sizes, since an erroneous detected symbol that is a “nearest neighbour”
to the transmitted symbol is more likely to be in a different quadrant, this always being the

case for 4 QAM.

Figs. 8.1 and 8.2 depict the P.(E.C.) vs. SNR performance of the DFE(6,g)-III, with the error
rates being derived from the differential error counts that occurred from use of the scheme in
(8.1). Also shown in figs. 8.1 and 8.2 are the curves of Pe(E.c.) vs. SNR based on the
differential error counts of the DFE-II,. Tables 8.1 and 8.2 list the differential error counts of
the DFE, using the SRK algorithm, for both mode II, and mode III, and also lists the actual
detected error counts too. Comparing the counts for the detected errors and the differential
errors, where the former is significantly greater than the latter tells us that a quadrangular
phase shift in the detected symbols, with respect to the transmitted symbols, occurred at some

time during the measurement run.

The performance of the DFE-III using the SD algorithm is not radically different from that
witﬁ the SRK algorithm. The distinct “random” variations in the curves for each algorithm
may be different, as shown in figs. 8.1 and 8.2, but essentially they both pertray the same
behaviour. For the rest of this chapter the discussion is centred on the SRK algorithm. Fig.
8.1 shows that the degradation of mode III with respect to mode II, is very slight with 4 QAM
on Channel A. The difference between the two modes steadily narrows as the SNR
increases/error rate decreases. With 4 QAM on Channel B (fig. 8.2), the degradation of mode
III with respect to mode II, is larger than for Channel A, particularly above P.=10"3, but
this narrows sharply as the SNR increases. At P.=10"3 for 4 QAM, the degradation of mode

III with respect to mode II, is ~0.5 dB in terms of SNR, for both channels.
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No. of errors in 60,000 for DFE(6,1)

SNR (dB) Mode II, Mode III

Threshold Differential Threshold Differential
4 QAM Detected Detected Detected Detected
7.5 5,986 8,773 43,068 11,250
10.0 3,028 4,357 42,477 6,474
12.5 1,316 1,902 29,659 3,708
15.0 603 859 59,587 973
20.0 154 214 17,384 230
24.0 29 47 17,304 62
27.5 6 10 6 10
30.0 3 4 3 4
16 QAM
15.0 11,276 12,652 53,475 38,829
20.0 2,993 3,267 55,995 22,811
25.0 615 667 59,587 4,810
30.0 175 195 17,344 1,687
32.5 77 86 17,264 1,611
35.0 16 19 48 52
37.5 13 15 1,397 1,449
40.0 6 7 6 7
64 QAM
25.0 7,964 8,187 58,231 49,677
30.0 1,804 1,850 56,254 38,829
35.0 472 485 59,724 14,560
37.5 284 288 19,149 5,274
40.0 176 177 37,597 6,779
42.5 128 128 1,787 1,795
45.0 100 - 101 17,225 9,229

Table 8.1 Error counts for DFE(6,1) on Channel A, using SRK algorithm.
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No. of errors in 60,000 for DFE(6,2)

SNR (dB) Mode II, Mode III

Threshold Differential Threshold Differential
4 QAM Detected Detected Detected Detecped
7.5 7,164 10,523 52,863 18,930
12.5 1,497 2,129 54,094 5,083
16.5 274 372 16,871 1,449
20.0 35 55 41 68
22.5 12 21 12 21
16 QAM
17.5 9,422 10,596 56,774 44,376
22.5 2,061 2,271 42,477 29,319
26.5 369 406 59,450 7,837
30.0 57 58 1,549 1,622
31.0 32 32 16,794 2,356
64 QAM
25.0 16,602 17,146 59,177 53,598
30.0 6,444 6,594 58,950 57,609
32.5 1,863 1,893 44,787 31,634
35.0 505 518 58,905 57,564
37.5 103 108 58,769 56,124
40.0 22 22 17,028 9,642

Table 8.2 Error counts for DFE(6,2) on Channel B, using SRK algorithm.
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For 16 QAM, the gap between mode II, and mode III is significantly larger than that for 4
QAM, since the effect of error propagation is generally more severe. The mode III curves do
show an inclination to converge towards the mode II, curves, but in quite an erratic fashion.
Note, for example, the sudden rise in error rate at SNR=37.5dB on Channel A, and
SNR=31.0 dB on Channel B. Measurements were conducted at these two SNR’s with different
values of w and noise sample sequences. The results are shown in Table 8.3. Observe in Table
8.3 the marked difference that occurs for 16 QAM in mode III at SNR=237.5 dB on Channel A,
when the tracking parameter w is increased slightly, or when the noise sequence is changed. At
SNR=31.0 dB on Channel B, changing the noise séquence has had little effect in mode III on
the number of differential errors that occur, while a slight increase in w has brought about a
substantial reduction. One might expect that a change in the random noise sequence or the
random variation of the channel estimate (caused by a slight change in w) tends to be more
influential as the error count for the DFE-II; gets lower. The figures in Table 8.3 show that
the error count for the DFE-III, in contrast to that for the DFE-II, is much more sensitive to
any short-term random variations. One can imagine that at a particularly sensitive time
instant, and assuming the detection and tracking process is unaffected by decision errors up to
that point, the occurrence of just one error in the DFE-III can lead to a large enough burst of

errors that perturbs the detection and tracking process to an alarming degree.

In general, having a lower value of w in the SRK algorithm means that the tracking process is
more susceptible to short-term decision errors, because the window size is smaller. Thus when
a low value of w is required to achieve the necessary tracking accuracy; as it would be for a
large constellation size, the effect of decision errors is also more likely to cause error in the
channel estimate. This problem is then greatly compounded for large constellation sizes by the
fact that propagative error bursts tend to be much more severe. For 64 QAM the effect of
error bursts is, as expected, more severe than it is for 16 QAM, as can be seen from figs. 8.1
and 8.2; the error rate can barely be reduced below 1072, Increasing w, or having a different

noise sequence, does not appear to relieve matters much, as Table 8.3 shows.
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No. of errors in 60,000 for DFE(6,9)

w Mode II, Mode II, Mode HI

16 QAM, Ch. Al Threshold Differential Threshold Differential

SNR=37.5 dB Detected Detected Detected Detected
0.754 (opt.) 7 15 1,397 1,449
0.754 1 1 7 16 16
0.794 7 15 14 16

16 QAM, Ch. B, (1 indicates different noise sequence)

SNR=31.0 dB
0.864 (opt.) 5 32 16,794 2,356
0.864 5 46 2,467 2,378
0.874 5 32 99 105

64 QAM, Ch. A,

SNR=45.0 dB
0.591 (opt.) 11 101 17,225 9,229
0.591 ¢ 7 77 17,344 2,859
0.791 10 84 2,925 2,912
0.791 ¢ 9 82 2,859 2,832
0.950 455 1,767 58,097 34,368

64 QAM, Ch. B,

SNR=40.0 dB
0.741 (opt.) 2 22 17,028 9,642
0.741 { 3 86 59,862 3,237
0.841 4 63 17,146 2,787
0.841 { 9 101 59,724 8,936
0.950 336 5,002 58,499 51,541

Table 8.3 Error counts for 16 and 64 QAM with variations in w and noise sequences.
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It would appear that with 16 QAM, performance in mode III with P¢510"3 is only possible
when the errors from the DFE-II; are very small to begin with; with 64 QAM they probably
have to be zero. Referring back to chapter 7, the curves in figs. 7.11 and 7.13 inform us that
for the DFE-II, on Channel A, an SNR of about 50.0 dB or more is needed to produce a P, of
107% for 64 QAM at a 1.0 Hz fade rate, while on Channel B the corresponding value is about
45.0 dB. For a 2.0 Hz fade rate the required SNR’s will naturally be greater. Clearly then,
relatively large transmitter powers are needed if the DFE-II,; is to produce very low error rates
with 64 QAM. Even then, one error may be enough to cause a significantly harmful error
burst. Lower fade rates than 1.0 Hz would perhapsvyield more acceptable performance with 64
QAM, because then w can be set to a high value, say >0.95. However, for w=0.95 to be
optimum, in the sense of minimizing the error in the channel estimate, a fade rate of about
0.03 Hz is required at SNR=45.0 dB on Channel A, and a fade rate of about 0.08 Hz is
required at SNR=40.0 dB on Channel B; thus it can be seen that the fade rate would have to

be substantially lower than 1.0 Hz.

The effect of error bursts on the tracking algorithm is so severe with 64 QAM that, on many
occassions, the measurement runs for this constellation size finished with the receiver in a
“nonaligned” state, i.e. the tracking algorithm was widely “off the mark” and the detector was
producing errors. The fading patterns used in the measurement runs (figs. 4.5 and 4.6 of
chapter 4) ensure that the instantaneous signal-to-noise ratio SNR, (4.18) finishes on a high
value. The measurement runs for 4 and 16 QAM always managed to finish with the receiver in

an “aligned” state.

Overall, the results for the DFE-III suggest that if the receiver is to operate at fade rates as
high as 1.0 Hz, without any arrangement by which the tracking can re-align itself, then 16
QAM may perhaps be the largest rectangular constellation size that can feasibly be used,
providing a data rate of 9.6 kbits s~ and only then with an SNR that gives a sufficiently low

error rate for the DFE-II;.
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One might think that the closeness of the mode II, and mode III curves for 4 QAM is due to
the relatively short propagation bursts that occur with this constellation size, ensuring that the
tracking algorithm is not pert\irbed by decision errors for too long. This may be only one
reason. Another reason may come from the highly desirable property of phase constellations,
as 4 QAM is, of enabling “self-recovery” of a tracking algorithm. What this means is that the
receiver is able to self-adapt to channel conditions without needing to know what the
transmitted symbols are, i.e. no training is required. The reality of self-recovery has been
demonstrated for the start-up convergence of adaptive linear equalizers on time-invariant
channels [83], [89]-[91], using the SD algorithm, and mathematical analyses have been put
forward to explain it [90], [91). For the fading channels used in this thesis, it has been
observed with 4 QAM that for both the DFE (via the CE method) and MLSE, using either the
SD or SRK algorithm, the receiver is able to self-align from start-up in at most ~100 symbol
intervals (with a possible quadrangular phase shift). In general, the time taken to self-align is
dependent on the initial value of the estimated vector, the number of levels in the data signal,
and the amount of ISI introduced by the channel. Unlike for adaptive linear equalizers, it
seems difficult to prove that self-recovery can take place for an adaptive DFE or MLSE, and
more so if the SRK algorithm is used, because of the more complex inter-dependency between
adjacent (in time) symbol decisions. Nevertheless, assuming that it can occur, transmission
with 4 QAM is thus desirable because it does not need to rely on training sequences, unlike 64
QAM does, in order to recover out of a difficult period like a deep fade. Self-recovery perhaps
also plays a limited role in transmission with 16 QAM, since this constellation can be crudely
thought of as a phase constellation 756% of the time (consider outer points only). It is possible
to devise a self-recovery scheme for combined PAM-PSK type constellations, as is detailed for
example in [90]-[92], by approximating the non-phase constellation by a phase constellation.
This has been successfully demonstrated for linear equalization in [90], [91] on time-invariant
channels, using an SD-type algorithm. However, approximating a non-phase constellation by a
phase constellation naturally introduces a certain amount of self-noise, this being larger the

greater the degree of PAM is present. The effect of this self-noise would be compounded in a
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DFE through the feedback taps. It is not evident whether a self-recovery scheme on HF
channels could be devised for 64 QAM using a DFE, remembering that there is also the
question of convergence time. The convergence times shown in [90], [91] for 16-point and 32-
point constellations are in the region of 102-10* symbol intervals, which is probably too long
for the time-varying channels looked at here. For further information on the interesting area

of self-recovery, see [89]-[92].

To round-off this section we will mention what happened when the DFE-III was implemented
by way of the conventional method, using the SRK algorithm and with the same SNR values
as was used for the CE method of implementation. Not surprisingly, performance was fouund
to be poorer, but in a more dramatic way than expected. All the measurement runs, for 4, 16
and 64 QAM on Channel A and Channel B, produced a Pe(E.C.)>10"1, the one exception
being at SNR=22.5 dB on Channel B with 4 QAM, which produced 27 differential errors and
19 detected errors. At the end of all the runs, bar the one exception, the receiver was in a non-
aligned state, and in a majority of these it was noticed that the tracking algorithm was in a
state of instability, i.e. one or more elements of the D, matrix continuing to increase at each
update. In fact, one of the measurement runs did not complete the full 60,000 symbol
transmission, because the computer’s upper limit for a real number had been exceeded, thus
causing the program to abort. We ascertained that the cause of instability was from the
estimated vector reaching a constant setting, in which the feedforward taps of the DFE were all
zero, and the feedback taps were such that the detected symbols were cyclically repeating
themselves in a manner which ensured the algorithm error €¢,=0 always. For example, the
measurement run which aborted was with 16 QAM at SNR=26.5 dB on Channel B. The
value of the last element of the diagonal matrix Dy, i.e. dg, had exceeded the upper limit on
the computer, all the other elements being between 0.1 and 0.5. The estimated vector at the

time of abortion was (with the feedback tap values accurate to 3 d.p.),

¢t =1[0,0,0,0,0,0,—(0.527+54.304) , —(5.304—30.527)] (8.3)
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and the detected symbols, which repeated themselves every 4 baud intervals, were in the
sequence (1—j), (—1—j), (—=1+j), (1+j), going from &, to §,_g. It can be seen that
€, =3, —xtc,_,=0 always, so that the estimated vector remains fixed at the value in (8.3).
Since the feedforward taps are all zero, the received samples {r;} are not used, thus permitting
c. to take on a constant value. The estimated vector can be viewed as having reached a
steady-state solution to the least squares criterion of (3.33), given that the symbol values used
in the input vector x, are not restricted to being the actual transmitted symbols, but free to
take on any values they like. It is easy to see that given the sequence of detected values (1—3j),
(—=1=3), (=1+j), (1+3), the RLS solution for ¢, that satisfies ¢, =0, with the feedforward
taps all zero, is not unique, and the P;l matrix under such circumstances is singular; this

therefore makes the determinant of D, infinite.

When implemented by way of the conventional method, the DFE-III may go through a long
period of say 10,000 symbols or more, before it encounters a sufficiently abrupt change or deep
fade that causes the whole detection and tracking process to assume something like the
undesirable state we have just described. The possibility of this situation arising does not
appear to have been mentioned much in the literature, maybe because the time spans observed
are too short. To stop the situation arising, it would probably be necessary to have a
constraint preventing some or all of the feedforward taps from settling to a zero value. We
note that a similar state of affairs cannot arise in channel estimation; the estimated vector
could never settle to a fixed value, with ¢, =0, because the “random” received samples are

never prevented from influencing the proceedings.

8.2 DFE-III with Periodic Training Sequence (PTS)

Consider a scheme in which a finite sequence of symbols, known to the receiver, is inserted
periodically into the transmitted sequence of data symbols. If the gap between the finish and
start of two successive training sequences is z symbols, and if the length of a training sequence

is y symbols, then the scheme is described as being a 100y/(z+y)% PTS scheme. It is assumed
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that the receiver knows the start and finish of the training sequence.

In this section we shall observe the performance of the DFE-III when a 10% PTS scheme is
employed (z=90, y=10). At the start of each training sequence the channel estimate vector is
set to zero, and the U, and D, matrices in the SRK algorithm are set to the unit identity
matrix. A sequence of 10 known symbols is an adequate time to allow for the DFE,
implemented by way of the CE method with 5=10"2¢2, to align itself, as was shown in
chapter 7. The training sequence we use for Channel A is made up of a 2-symbol repeating
sequence, while for Channel B it is made up of a 3-symbol repeating sequence, these given

respectively as

m{ (143) , (=1+3) } (84)

m{ (1+j) ’ ("‘1+j) ’ (1_'.7.) } (85)

where we set m=1, 3 and 5 for 4, 16 and 64 QAM respectively to ensure a signal power >o?2.
The two sequences in (8.4) and (8.5) are desirable because each one is linearly independent of
any cyclically-shifted version of itself. Thus, for both channels, the g+1 successive input
vectors Xy, ..., Xz, to the SRK algorithm are linearly independent. The sequence in (8.4) also
happens to be self-orthogonal, i.e. the scalar product of two different cyclically-shifted sequence
vectors is zero, which makes it suitable for the start-up channel estimation process described in

[84], although this is not utilized here.

Figs. 8.3 and 8.4 depict the P.(E.C.) performance of the DFE-II, and DFE-III with a 10%
PTS scheme. Table 8.4 lists the error counts that occurred during the measurement runs,
which are only for the periods during which no training symbols were being received. The
error counts are based on straightforward threshold detection of the symbols, because these
were found to be always lower than the differentially detected errors. This indicates that the
receiver never had time, between training sequences, to become aligned with a quadrangular
phase shift of #w/2. The curves for 4 QAM show that the performance of the DFE-III is very

close to that of the DFE-II,. On Channel A with 16 QAM, the curves for the DFE-III and
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Table 8.4 Error counts for DFE(6,9)-1I,, and DFE(6,g)-III with 10% PTS scheme.

SNR (dB) No. of errors in 60,000 SNR (dB) No. of errors in 60,000
(Channel A) | for DFE(6,1) (Channel B) | for DFE(6,2)

4 QAM Mode 11, Mode III 4 QAM Mode II, Mode III

7.5 5,986 6,182 7.5 7,164 7,659

10.0 3,028 3,000 12.5 1,497 1,664

12.5 1,316 1,439 16.5 274 252

15.0 603 631 20.0 35 35

20.0 154 156 22.5 12 10

24.0 29 29 16 QAM

27.5 6 7 17.5 9,422 11,224

30.0 3 1 22.5 2,061 3,077

16 QAM 26.5 369 460

15.0 11,276 11,672 30.0 57 55

20.0 2,993 3,297 31.0 32 24

25.0 615 589 64 QAM

30.0 175 191 25.0 16,602 20,191

32.5 77 67 30.0 6,444 7,819

35.0 16 19 32.5 1,863 3,252

37.5 13 8 35.0 505 773

40.0 6 1 37.5 103 292

64 QAM 40.0 22 52

25.0 7,964 10,284

30.0 1,804 2,389

35.0 472 550

37.5 284 278

40.0 176 240

42.5 128 187

45.0 100 95
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DFE-II, are quite close together in the high P. region, but then start to differ, though not
drastically so, around SNR=32.5 dB to 37.5 dB. As we saw in the last section, the error rate
of the DFE-III in this region is highly sensitive to the short-term random variations of the
channel estimate and noise samples. With 64 QAM on Channel A, the DFE-III curve looks
like a slightly offset version of the DFE-II, curve. On Channel B the difference between the

DFE-III and DFE-II, is reasonably small for both 16 and 64 QAM.

On the whole, then, we can say that a PTS scheme is effective in allowing performance close
to, or occassionally even better than, the DFE-II, to be achieved. The difference between the

DFE-III-with-PTS and DFE-II, tends to be larger for the larger constellation size.

It was found that the periodic re-setting of the channel estimate vector and the U, and D,
matrices of the SRK algorithm did not make much difference from the situation whereby they
are just left alone. If a Fast Kalman algorithm is used, and/or if limited precision processing is
employed, then re-setting is particularly desirable to avoid the cumulation of numerical round-

off errors.

8.3 DFE-III with Request for Training Sequence (RTS)

Consider a scheme whereby the receiver, deciding that data is not being detected reliably
enough, initiates the transmission of a training sequence from the transmitter. When the
receiver subsequently decides that data is being detected reliably enough, another signal is sent
to the transmitter requesting the resumption of normal data transmission. In theory, therefore,
the likelihood of serious error propagation can be reduced, and performance close to that of the
DFE-II; achieved. This scheme assumes that a feedback link exists from the receiver to the
transmitter, though it does not need to be very sophisticated, as it only needs to carry a simple

ON/OFF type signal.

In order to decide what the current level of performance is, the receiver needs to monitor some

performance index. An obvious one that comes to mind is the error at the output of the
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equalizer [64], [71]. Consider the quantity
Hy = (1=M)H,_+ 2[5, —5;|? ' (8.6)

where A is in the range 0<A<1, and governs how far back into the past the “averaging” of H,
extends (window size ~1/)). The quantity 3, is the pre-threshold estimate of s,. Whenever
H,, computed at the E** time instant, is above a threshold level H;, the receiver sends a signal
to the transmitter and thereby initiates the transmission of a training sequence. The training
sequence sent by the transmitter, for Channel A and Channel B respectively, is the 2-symbol
and 3-symbol repeating sequence of (8.4) and (8.5). While training symbols are being received,
the receiver continues to compute H;, and when H,<H; a signal is sent to the transmitter
requesting that normal data transmission be resumed. It is assumed that the receiver knows
the start of the training sequence, although this is not absolutely necessary for convergence to

be achieved [84].

Figs. 8.5 and 8.6 depict the performance of the DFE-II;, and DFE-III with an RTS scheme, the
P. being measured by means of the analytical bound mentioned in chapter 5. The threshold
H, is set at values of 0.1 and 0.2, and X is set at values of 0.03 and 0.09. The figures next to
each plot-point in figs. 8.5 and 8.6 refer to the percentage of the 60,000 baud time for which
training sequences were transmitted. After having produced the detected symbol 3, if H, > H,
(Hy_;<H;) then the r,, received sample contains the first training symbol; if, on the other
hand, H,<H; (H,_,>H;) then r, 5 contains the first non-training symbol. After H) is first
monitored to be >H, (H,_,<H,), we stop monitoring H, (but continue to evaluate it) until
the first training symbol arrives for “detection”, and then when H, is found to be < H; we stop
monitoring H, (but continue to evaluate it) until the first non-training symbol arrives. We
shall define the “training period” as that period from when Hy>H; (H,_,<H,) to when the
first non-training symbol arrives; the P. measure excludes the training periods. The training
period of course neglects the time taken for the feedback signal to reach the transmitter, and

the delay of the signal from transmitter to receiver. It was found that very few detected errors
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from the DFE-III-with-RTS occur during the non-training periods, and consequently this is
why the analytical bound is employed, proving to be very useful. The bound assumes, of
course, that the feedback symbols in the DFE are correct. Detected errors occurred only with
H,=0.2, and the counts are listed in Table 8.5 along with those for the DFE-II,, for ease of

comparison.

The curves of figs. 8.5 and 8.6 show that an RTS scheme offers substantial improvements in
performance. For example, in fig. 8.5 we see that with 4 QAM at SNR=20.0 dB on Channel
A, a P. of 107° can be achieved at a power saving of about 13 dB (with respect to the DFE-
I1,) with 10% training; with 16 QAM at SNR=30.0 dB, a P. below 1076 can be achieved at a
power saving of about 13 dB with approximately 5% training; with 64 QAM at SNR=40.0 dB,
a P. of nearly 107¢ is possible with only 2.5% training. On Channel B (fig. 8.6) the power
saving is generally lower than that for Channel A, but still significant. For example, with 4
QAM at SNR=22.5dB on Channel B, a P. of about 3x10~7 can be achieved at a power
saving of 5 dB with 4.4% training; with 16 QAM at SNR=30.0 dB, a P. below 107° can be
‘achieved at a power saving of 6 dB with 7.6% training; with 64 QAM at SNR=37.5 dB, a P.
of approximately 2x107% is possible at a power saving of 6 dB with 8.6% training. Note that
all the above quoted figures are for H;=0.1 and A=0.03. It appears from figs. 8.5 and 8.6
that it is better, in general, to have A small rather than large, as can be seen by comparing the

two curves for A=0.03 and 0.09 with H; =0.1.

The performance with RTS on Channel A often yields lower error rates with lower training
times, at a given SNR, compared to those for Channel B. This may not be a totally fair
comparison to make, however, as it should be remembered (from chapter 5) that for a ZF
MFE, a longer observation time than 25 fade periods can increase the SNR required to achieve
a P. below 1075 (recall figs. 5.1 and 5.3), this being more so for Channel A than Channel B.
Another point to consider, though, is that the RTS scheme would be expected to eliminate the
deeper fade periods from the useful transmission time. Thus, given that the total average

energy is the same for both channels, the comparison between them when an RTS scheme is
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SNR (dB) | No. of errors in 60,000 SNR (dB) | No. of errors in 60,000
(Channel A) | for DFE(6,1) (Channel B) | for DFE(6,2)

4 QAM Mode II, Mode III 4 QAM Mode II, Mode III

10.0 3,028 18 12.5 1,497 24

15.0 603 6 16.5 274 10

20.0 154 0 20.0 35 1

24.0 29 1 22.5 12 0

16 QAM 16 QAM

20.0 2,993 19 17.5 9,422 4

25.0 615 14 22.5 2,061 10

30.0 175 1 26.5 369 17

35.0 16 0 30.0 57 3

64 QAM 64 QAM

30.0 1,804 6 25.0 16,602 6

35.0 472 3 30.0 6,444 12

40.0 176 0 35.0 505 3

45.0 100 2 31.5 103 6

Table 8.5 Error counts for DFE(6,9)-1I,, and DFE(6,9)-II with RTS scheme (H,=0.2,

A=0.03).
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used is to a greater degree on the basis of the less dispersive (i.e. less ISI) Channel A against
the more dispersive Channel B, and to a lesser degree on the basis of the extra diversity path of

Channel B.

The use of an RTS scheme appears particularly attractive for 16 and 64 QAM, in light of the
performances observed previously. Performance over an HF channel is governed largely by the
deep fades that occur, relatively large transmitter powers therefore being needed to provide
acceptable error rates. An important difference between HF channels and “bad” time-invariant
channels, however, is that the former is not “bad” all of the time. The results in this section
demonstrate that the time-varying channel is bad for only a modest proportion of the total
transmission time, enabling substantial reductions in transmitter power when an RTS scheme

is employed.

An important point to consider, depending on whether the particular application requires it, is
the size of buffer needed by the transmitter for it to hold those data symbols whose
transmission is delayed because the receiver is being trained. One way of enabling continuous
throughput of data, thereby reducing the buffer size and increasing the overall useful
information rate, is to transmit information using a smaller constellation size in place of the
training symbols. For example, observe in fig. 8.5 that at SNR=35.0 dB the P, for the DFE-
I, with 4 QAM is less than 107% thus with 16 QAM at SNR=35.0 dB, H,=0.1 and A=0.03,
the training sequence could be reliably replaced with 4 QAM data signals, since there is little
chance that these will be detected erroneously. Observe again, also in fig. 8.5, that with 64
QAM at SNR=45.0 dB, H;=0.1 and A=0.03, the training sequence could be reliably replaced
with both 16 QAM and 4 QAM data signals. One could describe such a scheme as a variable

data rate (VDR) scheme.

There are other designs for an RTS scheme that are possible. For example, another one, which
is suitable for the MLSE too, is to monitor the squared magnitude of the error ¢, in the

tracking algorithm, and also the squared magnitude of the received sample r,, and thence
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produce a kind of signal-to-noise ratio estimate; when this drops below a threshold, a request-
for-training signal is sent to the transmitter. Such a design was tested by us, and found to be
not substantially different in performance from the one described earlier. One area for research
is to investigate more efficient ways of forseeing performance deterioration, for it should be
remembered that it only takes a few symbol errors arising in the DFE-II, for there to be very

severe consequences, in the absence of training, for the DFE-III.
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Chapter 9
CONCLUSIONS

In this chapter we summarise the main points of the thesis, with some additional comments,

and later give suggestions for further work.

In chapter 5 the performance of the receiver was observed for when adaptation is perfect. It
was shown that the difference between the MMSE DFE and ZF MFE is ~1-3 dB in terms of
SNR, this being achieved with a modest number of feedforward taps in the DFE. With a
smaller constellation size, fewer feedforward taps are needed in the DFE for the performance to
approach that when there are an infinite number. With 4 QAM, the effect of error
propagation in the DFE was seen to be relatively small, unlike with 16 and 64 QAM, for which
it appeard increasingly severe. With 4 QAM the MLSE performed at a level close to that of
the DFE-I,, while with 16 and 64 QAM the near-MLSE was, on the whole, worse than the

DFE-1, and better than the DFE-I,.

In chapter 6 the task of channel estimation was looked at for two decision-directed tracking
algorithms, the SRK and the SD. Assuming correct decisions on data symbols, mathematical
analyses of the performances of the two algorithms were presented, with optimum settings for
the adaptation parameters derived, and comparison with experiment was generally found to be
good. It was shown that the simpler SD algorithm gave a comparable level of accuracy with
the more complex SRK algorithm, though its start-up convergence was slower. It is
appropriate to mention here a recent paper [94], published near the end of these investigations,
which shows measurements of the channel error produced when modified forms of SD and
Kalman-type tracking algorithms are used to provide channel estimation (assuming known
data symbols) for a simulated 16 QAM two-path HF transmission link. As in chapter 6, the
results of [94] show that there is little difference between the two algorithms. Of interest from
[94] is the improvement in performance offered at very high SNR when the scheme of [66] is

adopted to produce a channel estimator that estimates the channel response vector as a linear
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function of time (recall section 6.4). However, when optimized for steady-state (i.e. long-term)
operation, the modified estimators of [94] do exhibit a very much longer start-up convergence
time. Finally, it is also worth mentioning here ref. [95], which is basically a more detailed
account of the work in [82], some of which was discussed in chapter 6, and therefore may be of

interest to the reader.

In chapter 7 the performance of the receiver was observed for when a decision-directed tracking
algorithm, assuming correct decisions, is used to provide adaptation. A new method was
presented (the CE method) which calculates the MMSE DFE taps from the channel estimate
at a computational cost less than the conventional SRK method of implementing the DFE (as
given in [16]). Furthermore, the CE method was shown to be superior in both long-term
performance and start-up convergence than the conventional method. The revised SRK
algorithm of [16), when used to implement the DFE by way of the conventional method, was
shown to be unstable when the adaptation parameter w is set below a certain threshold, this
threshold being dependent on the number of taps in the DFE. The performance of the DFE-
II,, implemented by way of the CE method, was shown for the two cases where the channel
estimate is produced by the SRK and SD tracking algorithms; the difference was small, with
the SD being on the whole inferior to the SRK. In general, the SNR degradation of the DFE
from mode I, to mode II; was lower for the smaller constellation size, higher P./¢ and lower
fade rate; at f.r.=1.0 Hz, P.=10"3, the degradation ranged from 0.5-2.0 dB for 4-64 QAM.
It was also shown how, with the CE method, simple predictions of the performance loss of the
DFE-II; with respect to the DFE-I; can be made. It was observed that in going from mode I
to mode II the near-MLSE generally suffered slightly more than the DFE, when both devices
used the same channel estimate. Apart from that, the relative performances of the
MLSE/near-MLSE and DFE in mode II were more or less similar to those obtained in mode I.
The closeness of the near-MLSE to the DFE-II, around P.<10™3 suggests that employment of
the near-MLSE be considered carefully in light of its much greater complexity, and probable

higher requirement for accuracy in carrier phase recovery.
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In chapter 8 it was shown how the DFE (implemented via the CE method) suffers when
receiver decisions are used in the tracking algorithm. The degradation from mode II, to mode
III for P.<10™2 was small (~0.5 dB) with 4 QAM. With 16 QAM, however, the effect of
error bursts was much more severe, and it appeared that the errors in the DFE-II; would have
to be very low for there to be no significant deterioration in mode III. With 64 QAM, the
effect of error bursts made performance virtually useless, the error rate barely being below
107!, Furthermore, with 64 QAM the receiver very often failed to re-align itself following a
difficult period, unlike for 4 and 16 QAM. Therefore it was suggested that 16 is the highest
constellation size (out of 4, 16 and 64) that can feasibly be used, assuming there is no special
arrangement by which the receiver can re-align itself. It was described how the conventional
method of implementing the DFE suffered from some instability problems in mode III due to
its basic design. When a 10% PTS scheme was used, the performance of the DFE-III was seen
to be close to that of the DFE-II, for all constellation sizes. When an RTS scheme was used,
it was shown that very substantial improvements in performance could be achieved for only a
small loss in the useful data rate. The use of an RTS scheme appeared particularly attractive
with 16 and 64 QAM, in view of the performances obtained previously. It was also shown how
the training periods of an RTS scheme could effectively be replaced by useful data transmission
with a smaller constellation size, thus allowing continuous throughput of data, and therefore an

increase in the useful data rate (referred to as a VDR scheme).

Of the two- and three-path channels used in this thesis, both of which have equal average
energy, the extra diversity path of Channel B ensured that in modes I and II the SNR
necessary to achieve a given P.<10™? on this channel was lower than that on Channel A. In
chapter 8, however, it was noted that an RTS scheme may be effective in reducing this
diversity advantage, as it often gave rise to a slightly better performance of the DFE on

Channel A.

To end this section we will just briefly mention three recent papers related to the area covered

in this thesis, these being published while this thesis was being written. In [96] the
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transmission of 4 QAM signals over a voiceband HF channel is looked at using the
conventional implementation of the adaptive DFE, comparing the performances obtained with
the FRLS (i.e. Fast-RLS, or Fast-Kalman) algorithm and the LMS (i.e. least mean square, or
steepest descent) algorithm. As expected, the FRLS implementation yields a superior
performance to that of the LMS, although resetting schemes are necessary with the FRLS to
ensure numerical stability. The channels used in [96] have much longer multipath spreads
than those used here, and also the DFE is of a fractional-tap type (see section 2.5), employing
a T/2-spaced feedforward section. It was found necessary in [96] to employ periodic training to
ensure receiver recovery from the effects of severe fading. Reference [97] looks at the
performance of different forms of near-MLSE, all of which use a pre-filter, on voiceband
telephone and HF channels. It is shown that there are more cost-effective ways of selecting
which sequences to keep, and which to discard, relative to methods such as those used in [42].
These are based on the notion of selecting proportionally more sequences from those surviviors
with lower costs. An interesting result in [97] is that for the transmission of 16 QAM signals
over a simulated three-path HF channel, which has a much longer multipath spread than the
three-path channel used in this thesis, the advantage of a near-MLSE over a ZF DFE,
operating under conditions equivalent to mode I, is still not too large, being about 3 dB in
terms of signal-to-noise ratio. Finally, in [98] the performances of a finite-tap MMSE DFE and
infinite-tap ZF DFE are compared on various time-invariant telephone channels with 16 QAM
signals. It is shown that in general there is no significant difference between the MMSE and
ZF DFE’s, although when severe amplitude distortion is present the MMSE equalizer does

perform noticeably better than the ZF equalizer.

Suggestions for further work

It has been observed that transmission with 4 QAM signals is quite robust, the effect of error
bursts not perturbing the detection and tracking process to any large degree. The employment
of an RTS/VDR scheme offers hope of reliable transmission with 16 and 64 QAM signals, and

maybe larger signal sizes too, as well as improved performance with 4 QAM signals, entailing
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only a small loss in the useful data rate. An interesting area for further work would be to look
for more efficient ways of determining performance deterioration. Ideally, an RTS scheme
should be able to detect the occurrance of decision errors; the occurrance of error bursts may

therefore be advantageous in this respect, since they enhance the detectability of errors.

It would be interesting to observe how much the performance deteriorates when there is also a
Doppler shift present, necessitating the employment of a carrier phase recovery scheme. The
channels used in this thesis are “good”, in the sense that the multipath spread is kept to a
minimum for the given number of resolvable paths. Longer channel vectors generally imply
less accurate channel estimates, and more taps in the DFE. It would be interesting to see what
performance advantage could be obtained with an RTS/VDR scheme when carrier phase

recovery is involved, and more larger multipath spreads are present.

Referring back to chapter 2, it was assumed in this thesis that the bandwidth of the data pulse
a(t) is T !, such that the receiver filter W(f) can effectively be implemented as a fixed low-
pass filter, with cut-off at +0.5/T, followed by a T-spaced transversal filter (see section 2.5).
A lot of useful data pulses, however, have excess bandwidths lying between 1/T and 2/ T [96],
and in some circumstances, therefore, an appropriate implementation of W(f) would then be as
a fixed low-pass filter with cut-off at +1/T, followed by a T/2-spaced transversal filter. The
DFE in [96] is implemented with a T/2-spaced feedforward filter section. In such instances,
the MMSE tap settings of the fractional-tap DFE are related in a more complicated way to the
channel vector, or rather vectors, since two are now appropriate, these being shifted in time by
T/2 secs. with respect to each other. It would be interesting to see what advantage could be
achieved over the conventional RLS implementation of the fractional-tap DFE, as employed in
[96], by deriving the MMSE taps from the two channel estimates, and what the relative cost of
doing so might be. One can also consider a more simplified sub-optimum implementation, in
which every second tap in the T/2-spaced feedforward section forms the T-spaced feedforward
section of the MMSE DFE derived from one channel estimate, the other taps similarly forming

the MMSE DFE derived from the other channel estimate, so that in effect we have two MMSE
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DFE’s, each having a T-spaced feedforward section, operating in a kind of parallel

configuration.

We have not considered the question of redundant coding in this thesis. The potential for
coding gain, particularly where the redundancy is in the form of more levels in the signal

constellation size, is a topic for further work.

Finally, the results and ideas expressed in this thesis could also have relevance to other time-
varying channels, when there is ISI at the receiver. Troposcatter systems [1], [3], [64], {80],
[99]-[101] (see section 1.1) are widely used .by the military for beyond-the-horizon
communicati‘ons up to 600 miles [1]. Typical multipath spreads are ~1 us or less, and fade
rates ~10 Hz or less. With a typical baud rate of 10 MHz, troposcatter systems therefore do
not experience as large a channel variation in one baud interval as do HF systems, and
consequently less powerful tracking algorithms can be used [64]. In fact, the adaptive DFE in
a troposcatter system is usually implemented via the conventional method using the SD
algorithm. There is considerable interest at the moment in UHF mobile radio (~900 MHz)
[102]-[108], for providing digital communication within urban and suburban areas of cities.
The mobile radio channel has a discrete multipath structure, the different paths arising
primarily from the reflection and scattering of the radio waves by buildings and other
obstructions. A typical multipath spread is in the range 1-5 ps [106], [107], and fade rates can

be as high as 160 Hz, depending on vehicle speed and direction [105].
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Appendix A
Suppose, in the absence of noise, the signal at the receiver is
) = Ssp(t=iT) = [3s8(1—iT)ley(?) (A.1)
H 3

where y(t) is the resultant impulse response seen by the receiver and {s;} are the transmitted

data symbols (see fig. 2.3 of chapter 2). The FT of (1) is
R = [ s 2 v (4.2)
If () is passed through a filter e(t), of FT E(f), the .output re(1) and its FT are
() = [Sss(i=iDley(ed) (4.3)
R(f) = (s 2 vy (A.4)

If r(t) is sampled at t, -+ kT, the resulting signal r,,(?) and its FT are

roy(t) = rc(t)z;é(t—to—kT) = 5°-T(i)gk:e‘ﬂ”(’_t°)k/ T (A.5)
Rah) = FE R T
= [Cse ) 5 (4.6)
where s = p3vo om0 (A7)

If the sample train signal r,,(?) is a set of sufficient statistics for the estimation of the {s;},
then this means it should be possible to reconstruct the original signal r(t) by passing r,,(1)
through a linear filter. The sampling process can then be deemed “information lossless”.

Clearly, from consideration of (A.6), we require that

S()#0  when Y(f)70 (A.8)

otherwise it would be impossible to reproduce all the non-zero parts of the spectrum Y(f) by
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linear filtering. If
Ef) = v(fe e (A.9)
then s = LS v by (A.10)
k

and (A.8) holds. Note that (A.9) is not necessarily the only solution for E(f) such that (A.8)

holds.
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Appendix B
Consider the N-component complex vector random variable z,
z2=x+iy =[5 5 ... oy iy v2 o ] (B.1)

where each of the z;, y;, 1<i<N, is a real random variable. Vector z can alternatively be

represented by the 2 N-component real vector random variable ¢,
¢ = [J_tt Zt] =225 ...oy %1 Y2 - Y] (B.2)

If z is a zero mean complex gaussian vector random variable, then the probability distribution

function is

1.to-1
- -172 {-3¢°Q7'¢}
Pe(Z1s or Ty Y1y o Uy) = (27N (det Q)26 2 (B.3)
where Q = E[c ! (B.4)
The characteristic function is
.t
Ty(v) = E[£¥ € (B.5)
where vt = [V Veg s VN Vg1 Vya - Vypl (B.6)
For a zero mean complex gaussian vector random variable this becomes
1.t
-v Qu
Ty(v) = [ Q) (B.7)
The quantity c'Qc can be written as
t N N
QtQ_l.‘.: =¢cq= Z erzm+Z YmQym (B8)
m=1 m=1
where q= 1[0 -GN %1 - qu]t = Q¢ (B.9)

From (B.4) and (B.9) one gets

N
Y {Elem2i)g,1 +E[zmy;lege} = 2m  for 1<m<N (B.10)
k=1
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N
Y {Blymzilaos +Elymuloge} = ym  for 1<m<N (B.11)
k=1

Suppose now that under consideration is a stationary complex zero mean gaussian random
process 2(t)=z(t)+7jy(?), where z(1) and y({) are stationary real zero mean gaussian random
processes. Imagine that z(t) consists of an infinite number of samples over a period of

observation 3. Then (B.10) and (B.11) can be written in equivalent form for a random process

L{rx(t—-u)q,(u)+rzy(t-—u)qy(u)} du = z(t) for t€j (B.12)
Js{ryz(t—u)q,(u)+ry(t—u)qg(u)‘} du = y(t) for t€$ (B.13)

where rz(7) = E[z(t+7)z(1)] (B.14)
rzy(7) = E[z(t+7)y(1)] (B.15)

ry(t) = E[y(t+7)y(?)] (B.16)

ry=(1) = E[y(t+7)z(1)] (B.17)

The equivalent form of the RHS of (B.8) is

jj{z(t)qz(t)w(t)qy(t)} dt (B.18)

Thus for the probability distribution function and characteristic function of z(t) one can write

{31 gla()g=()+ ¥(D) gy (¥)] d1}

pz(2(1), ¥(t); t€3) ~ e (B.19)

ot ot 68 o AT (0] 40 520

where us(l) = Js{rz(i-u)vz(u)+rsy(t—u)uy(u)} du (B.21)
uy(t) = J [{reli= () (= ()} o (B.22)

If the period of observation J is long enough so that boundary conditions are insignificant, then

taking FT’s of both sides of (B.12) and (B.13) yields

Rz(f)Q=(N+ Ray(N@u(f) = X(N) (B.23)
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Ryz(f)Qz(f)+ Ry(HQy(f) = Y(H)

Solving for Qz(f) and Qy(f),

() = JDEN=YDRes(h
R (DRy() = Res(DEy=()

() = JORD=XDRse()
W= FDR D= Rey (DR ()

Further, if 2(¢) and y(?) are statistically independent random processes, i.e.
roy(T) = 1y2(7) = 0

then

1 1";1 —1u u r;l —u u u
(a0, o) 1E3) ~ oA (=)o) + (O (1= )y(w)] d )

where rz(7)erz(7) = (1)
ry(r)ery’(r) = 6(r)
and ¥,(vz(t), vy(l); t€I) ~

e{—%f g glva(Ora(t—wva(w)+vy(Yry(i—u)vy(v)] du di}

(B.24)

(B.25)

(B.26)

(B.27)

(B.28)

(B.29)

(B.30)

(B.31)
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Appendix C

At time kT we have the input vector x;, the desired value z;,, and want to update the
estimated vector ¢, _, to ¢;. The SRK algorithm [16] proceeds as follows, with {z;}, {c;}, {d;}
and {u,,;} representing the elements of x;, ¢,_,, diagonal of D;_, and upper triangular portion
(excluding diagonal) of U,_, respectively. The number of equivalent real computations
involved for a particular stage are given on the right hand side of the page, and the “A”
markings on the left hand side have relevance to the discussion in section 7.3 of chapter 7. The
computational steps given here differ only very slightly from those given in [16], the end result,

of course, being the same.

Note: A multiplication of two complex numbers is assumed to require 4 real multiplications

and 2 real additions. An addition of two complex numbers is assumed to require 2 real

additions.
€k=zk—§:zici 4Mx, AM+
i=1
fi=2
gi=dfi 2x
oy =n+gfi 2%, 2+
For :=2, M
f;=iilum-x¢1+r$ A(i=1)x, 4~ 1)+
n=
gi=d;f; 2x
a;=a; +8:f 2x, 2+
Next ¢
"=(Tli 1+
dy=dhunk  (where hw=<%) 3x
For i=2, M
A Bo=a;_,

A=fik 2x
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a r=g 1+
d;=d;hufok 3x
For n=1, i—1 7]
B1=bni
Pni=B1—gnA — 8(i—1)x, 8(i—1)+

gn=gn+g;01

Next n ]
Next i
A e=¢€rK ' 2x
For i=1, M
c;=c;+g;e 4AMx, 4M+
Next ¢

All quantities are complex except w, 1, hu, &, Bg, {d;} (1<i<M) and {o;} (1<i<M). As far
as storage is concerned, the algorithm requires M2+9M+14 equivalent real variable locations,
a complex variable being assumed to take the storage of two real variables. Note that the
lower triangular portion and diagonal elements of U, are not used (the diagonal elements of U,

are unity). The initial start-up values of {d;} and {p,;} are

d; =10 for i=1,2,..., M

Bn; = 0.04350.0 for n=1,2,..., M—1 and i=n+1,n4+2,..., M

Totals:
Equivalent real multiplications: 6M%+11M
Equivalent real additions: 6M?+4M

Real reciprocals: M

Exact computational requirements for the algorithm may be slightly different from those listed

above for various signal processors.
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Appendix D

Consider the complex variable
. L1
iy = re”e _ ’_—x2+y2 e]tau (v/z) (D.1)

where z and y are statistically independent zero mean gaussian random variables of unit
variance. The joint probability distribution function (p.d.f.) of (r, 8) is obtained by comparing

it with the joint p.d.f. of (z, y) as below, remembering that dzdy=rdrdf.

2 2 -
Pz y(e, B) da df = lee‘(“ B2 4 ap

2/2

= g Py dy dp = p o, ¢) dy dp (D.2)

where v2=a?+ 3% Hence

—~2/9
pr,0(71 ¢) = 2_77?3 7 / (D3)

Eq. (D.3) clearly shows that r and # are statistically independent. Therefore

2
-¥?/2
pp(7) = ve ! 2t 720 (D.4)

,,19(¢)=2L7r for 0<¢<2r (D.5)

The function p,.(7) is a Rayleigh distribution. Eqs. (D.4) and (D.5) imply that the complex
gaussian variable (z+jy) can be obtained from a Rayleigh distributed random variable and a

uniformly distributed random variable.

Consider now the independent real random variables z; and z,, each having a uniform p.d.f.

between 0 and 1 and a zero p.d.f. elsewhere. Then the variable defined as

= .|—2 In(z) (D.6)

can easily be shown to have the Rayleigh p.d.f.

2
b =77 o 420 (D.7)
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If we define the variable 8’ as
9' = 271'22 (D'S)
= py(d) =5 for 0<g<2m (D.9)

6" . . . . . .
then ¢ gives us the complex gaussian random variable we are seeking. The variance is 2,

but can be changed to any desired value by simply multiplying by an appropriate constant.



238

Appendix E

Consider the general case of threshold detecting data symbol s, from 3,, which is given as
§k = 3k+zsk_’-bi+n (E.l)
i

where the second term on the RHS of (E.1) is interference from both past and future data
symbols, and also the present. The quantity n is a random gaussian noise variable of variance
2

o”. The quantities s, b; and n are in general complex, and we split them into their

component real and imaginary parts as below.

$g = Sp1tISe2 (E.2)
by = by +3jb;y (E.3)
n = n;+jn, (E.4)

Each of the symbols s, and s;, are equally likely to take on any one of the L integer values
a; =2i—L—-1 for 1<i<[L (E.5)

where L is an even integer, and they do so independent of each other. Successive data symbols
s, are also independent of each other. The noise variables n, and n, are statistically
independent zero mean gaussian random variables of variance ¢2/2. Splitting (E.1) into its

component real and imaginary parts,
Re[5,] = skl+Z(5k-i,1bil_sh—:’,2bi2)+n1 (E.6)
1}
Im(3,;] = slc2+Z(sk—i,lb£2+sk—i,2bi1)+n2 (E.7)
13

The real and imaginary components of the detected symbol §,=3,+j5,, are determined from

threshold detection of (E.6) and (E.7) respectively. Define

ziy = Sp_inbi Uy = Sp_ioby } (E5)

Zig = sk-i,lbiz Ujp = sk—i,2b£2
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Therefore Re[5,] = 31:1‘*‘31:11’01‘*‘2 Z;y Z“zﬁ‘“l (E.9)
:#0 i
Im(5,] = 5k2+3k2501+22.2+2".1+"2 (E.10)
i l#O

The ISI in both (E.9) and (E.10) has a maximum value of

PD, = (L=1)) (Ib;y]+1b;al) (E.11)

The quantity PD, is sometimes referred to as the “peak distortion” or the “eye-opening”. If
PD, is greater than 1 (“eye” is closed) then no matter how small the noise the error in

detection can never be zero.

The p.d.f. for n; is

i (E.12)

pp,(7) = ﬁ! -

and the p.d.f. for n, is identical. The p.d.f. for z;; and u;, is

L
P, (1) = = 1% s(r—amlbyl) (E-13)

m=1

and the p.d.f.’s for z;, and u;, are identical but with b;; replaced by b;,. Let

B=Y z;—Y uy (E.14)
iFo i
The probability of error, P,;, in the detection of real symbol §,, is
1 L-1
Py=5 {Pr[B+n,;>1—a;by|+Pr[B+n, < —1—a;by]}
=2

+1 PrBn <—1—(L—1)boy ]+ Pr[B+n;>1+(2—1)b)]

Ly/2
{ZPI[B+711>1 [+ 3 b01]+Pr[B+n1>l+a bOl]}

b«lw

I Pr[B+n1>1+(L—1)b01] (E.15)

where we have used the fact that the p.df. of B+mn; is symmetrical; that is,

Pr[B+n,>z]=Pr[B+n;<—z]. The probability of error, P,,, in the detection of real symbol
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5o is equal to P,, because the interference terms in (E.9) and (E.10) are statistically identical.

The overall probability of error, P,;, in the detection of complex data symbol §, is
P,, = Pr|(Error in 5, )|J(Error in §;,)] < P,;+P,, = 2P, (E.16)

Note: For no interference from data symbols, the detection of 5., is independent from the
detection of §,,, so that P,, can be written exactly as P,,=1—(1—P,,)(1—P,,)~2P,, for

P, small.

We will now bound P,, by bounding Pr[B--n,>z] along the lines suggested in [79]. Let us
first write B in a slightly different form as

B = Zj:ﬁiz; (E.17)

i=1

where the 3;, 1<i<J, are statistically independent binary random variables, equally likely to
take on one of the two values +1. The z;, 1<i<J, are positive multiplying coefficients. It is
always possible to write B in this way if log,L is an integer (which it is for L?=4, 16 and 64)
because then an L-level random variable s;_; , can be interpreted as being composed of log, L

independent binary variables having the respective ranges +2°, i=0, 1, ..., (log,L—1).

A receiver, which sees a (g+1)-length sampled channel impulse response and employs a
DFE(N,g), is unlikely to get a perfect estimate of the true feedback tap coefficients (necessary
for ISI cancellation) from its tracking algorithm. Therefore from (2.132) we can see that

J < {2(N+g)—1}log,L  for DFE(N,g) (E.18)
Let the {z;} in (E.17) be arranged in non-increasing order, i.e. z;;,<z;. Denoting as py(7) the

p.d.f. of B, and noting that the p.d.f. of B+n, is the convolution of pn1(7) and pg(7),

O 0

Pribem>al = | | po,(u=1)py(s) dy du (E.19)
z -00

Define the sequence am, —1<m<J, as

a_; = —(a;+6) with 0<é<ay (E.20)
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am = Zx,- for 1<m<J

where it will be noticed that —a;<B<a;. Define the probability Pr[B : am] as

Pr[B: am] = Pr[B>am]+%Pr[B= am)

Now, for 0<m<J,

PrB: am] = 3 ... Yty ..., Bl ALY Bisit Wn t am /By, ..., fin]

ﬁl ,Bm =1

.
where Wmn = Z Biz;

fi=m+1

Now Pr{f,, ..., Bm]=2"", so

Pi[B: am] = 27™(Pr[Wm
where
m 1 m m
em = ) P{Wm: 2545 > Pr[Wm: 22,4 25p]+
i=1 ‘i=lp=1
pFi
(eo=€;=0)

Since Pr[ Wp, : 0]=% we have
Pr{B: am] = 2-(m+1)+2_mcm

Subtracting Pr[B : a,,,,] from Pi[B : am] gives us

: 0]+€m)

«or +Pr[Wn : 2am]

for 0<m<J

Pr(apys ¢ Bt am] = —3PrB=0511]+Pr{an41 2 B> am]+ SPr{ B=am]

= 2'('"“)+2’(”‘+‘)(2em—em+1) for 0<m<J—1
Now from (E.12) and (E.19),
00 00 2, 2
-(u—v)*/e
Pr[B+n;>z] = .[ pg(7) J ‘ﬁl € (w=7)"/ du dy

-0 T

(E.21)

(E.22)

(E.23)

(E.24)

(E.25)

(E.26)

(E.27)

(E.28)

(E.29)
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o0
= [ pphertel®5T) &y
~o00
a;
L 1 =7
= [ s & (E.30)
1=0 a;_,
o0
—2 |
where erfe(z) = =l e dt (E.31)
z

Prfa; : B: a;_,] can be written in terms of py(7) as

a;
Prla;: B:a;_ ] = —%pg(ai) d’)""J rg(7) d7+%1’3(ai-1) dy (E.32)
81
the range in the integrand being ¢;_; <v<a;. Using (E.32), and the fact that erfc(z;7) is a

non-decreasing function of v, we can bound (E.30) as
z 1
E Prla; : B: 8;_11g;-1+5Pr(B=a;]g; < Pr[B+n,>a1]
i=0
Y 1
< E Pr[a; : B: a,-_l]q,-+§Pr[B=aJ]qJ (E.33)
=0

where 4 = %erfc(r_o.ai) (E.34)

Substituting Pr[B:a_,]=2"J, Prlay: B: a_1]=% and (E.29) we get

(J+1)

J .

—(i+1 i, -
Sl (i )+2 H2€;_,—¢€)] q,~_1+%q_1+2 g; < Pr[B+n,>1]
i=1

J .
= 2[2-(‘+1)+2-i(2€£-1 —€;)] q,-+%q0+2"(J+1)q

=1

; (E.35)

Looking at the lower bound (LB) and upper bound (UB) of (E.35), and using the fact that

€o=¢€;=0,
LB = Jz_:l[g’("+2)+2'(e+1)(2€,._em)] a+le _'_2—(J+1)qu
=0
= %(T’+2‘qu+q_1+AL) ©10
e b= 52—(“1) % (E37)
1=0

J-1 J-2
A=) 2708 = ) 2 (G =) 2 0 (E.38)
i=0 i=0
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UB = P+277q, 44, (E.39)
I, £2-(i+1)
where Ay = 22 (2eia—€)g = 22 €41(%i42—%i41) 2 0 (E.40)
i=1 i=0

It is demonstrated in [79] that we can assume A, , A< P. Hence we can approximate (E.35)
to

LP+27g,+4.,) < Pr{Bin>2) < P42y, (E.41)

Note that the lower bound is a true lower bound, whereas the upper one is an approximation

(which is less) because of our assumption about 4.

For J=0 (no ISI) we have P=0 and ¢q_,=g¢,, and the lower and upper bounds become equal
and give the exact value for the probability; since by, =0 and z=1, the RHS of (E.16) becomes
2(1—%)erfc(%). For J>0, as aj increases then ¢_;—0 and the lower bound tends to half the

value of the upper bound.

J

We have adopted the upper bound, P+277¢ g0 of (E.41) in this thesis, and evaluate it for each

term in (E.15) to provide an estimate of the probability of error (E.16) for a DFE(N,g).

The bounds derived in [79] differ from (E.41) in that the g_; term in the lower bound is
absent. This is because in [79] they have defined a_;=—o0, which means g_;=0. The lower
bound in (E.41) is therefore tighter than that in [79], the difference being greater the smaller

the peak distortion a; is.
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Appendix F

We wish to find the expectation of erfc(Vz), where z is the sum of the squares of 2(g+1) real

independent zero mean gaussian random variables, each of variance A/2. Since the p.d.f. of the

sum of two independent random variables is the convolution of their respective p.d.f.’s, it can

be shown that the p.d.f. of zis

Let A denote the quantity we seek, i.e.

oo 7/)\
A = Elerfc(Nz)] = J el'fc(«r) g+1 a
A g

Now it can be shown that
0o
J; e"T'terfc(«r) dt = %( ——1‘1—1_*'=$>
Denoting the LHS of (F.3) by @,
)
an J (=1)"” "rterfc(«r) dt

0

from which it can be seen that

9|
A= §
/\yHg!( ) dl'g |z— ,\_1
Now
d*(z7!) _ al (=1)"
dz” - zn+1
and using the formula
i d"'p d d"
d(zl,),Q) dz q+ Cld n_‘; d3:+ +pd3 for n>1

we obtain, using p=1/z and ¢= 1/J1+z,

dﬂ(xﬁ?r Z ¢, C=B am1y 40 T G-1)

n—k+1

(F.1)

(F.2)

(F.5)

(F.6)

(F.7)

(F.8)
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1 -2
Thus dx - (,,+}) ( \]1{}-:5 kz:(l+z) “ )H(z-—— ) (F.9)
It can be shown that
T(k+1) = 7 (-2) Ho('" (F.10)

where I'(.) is the gamma function, defined as
o
I'(v) = J v-le=T dz (F.11)
0

which converges for s>0. TI(1)=1 and I'(})=q=, and from integration by parts it can be

shown that
I(v) = F("“) (F.12)
leading to the more general expression
k=1
T(u+k) = I(u) [J(u+i) for k=1,2,3 .. (F.13)
=0
Hence
L. D(k+3)
— 1L |_A 2
A=1 ﬁ\]1+A ,;, B (14+X)F (F-14)
Consider the expectation of %
®_g-1 -7/A
L_ |1 e = 1
0
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Appendix G
The following is a description of the near-MLSE scheme referred to as “Detector 2” in [42].

On receipt at time kT of the sample u, which is from the output of the feedforward section of

a DFE (ideally ZF), the detector holds m survivor-sequences, each of length g, denoted as

{o; i:; = Opogy g1y voey Opy - (G.1)

where «; is a possible data symbol value. Each survivor has associated with it a cost |T';_,|%.
The detector now expands each survivor into L (g¢+1)-length sequences {a,-}i_q, the last
component «, taking on the L real values 2i—L—1, 1<i<L. Note that a, is not as yet a

possible data symbol value. Thus the detector now holds Lm sequences of length ¢+1. Let us

define d; as
g
4 = “k_zak—ibi = Vp—og (G.2)
1=0
g
where v, = uk—Zak_ib,- (G.3)
i=1
bo = 1 (G.4)

and {};}, 1<i<g, are the feedback taps of the DFE. The detector now selects n (n<L)
sequences that have originated from a particular survivor, discarding the other L—n, such that
the absolute values of the real part of d;, are minimum. In other words, the detector selects the
n sequences originating from a particular survivor for which the given possible values of «, are
closest to the real part of v, (G.3), this being achieved by simple threshold comparison and

not by the evaluation of any costs.

This process is then repeated for each g-length survivor being expanded into L (g¢+1)-length
sequences for which the last compnent «, this time takes on the L values j(2i—L—1), 1<i<L,
the n selected sequences originating from a particular survivior being chosen such that «, is

now closest to the imaginary part of v.



247

The detector now has m sets of 2n (g+1)-length sequences, each set originating from a
particular survivor. The detector now forms a set of n? sequences from each set of 2n
sequences by letting the last component «, take on all possible combinations of the real and
imaginary values of «; in the latter set, thereby making it a possible data symbol value. Thus
the detector now has m sets of n? (g+1)-length sequences. For each sequence the detector

evaluates the cost

T = [Tpaf®+1de]? (G.5)
using the real and imaginary parts of d, already evaluated.

Out of the n®m sequences it holds, the detector selects that with the smallest cost and takes the
value of the first component o _, of this sequence as the detected value 5,_, of the
transmitted data symbol s;_,. All sequences for which a;_,#35,_, are now discarded, and the
first component of each of the remaining sequences (including that with the smallest cost) is
omitted to give a set of ¢length sequences {ai}’i_q+1. The detector now has to select m
sequences from the remaining sequences it holds. The first of the selected sequences is that
with the smallest cost. If the remaining sequences contain any originating from the smallest-
cost survivor, the detector selects from this group the sequence with the smallest cost and then
from all the rest of the sequences (which excludes the two just selected) the m—2 sequences
with the smallest costs. If the remaining sequences do not include any originating from the
smallest-cost survivor, the detector simply selects the m—1 sequences with the smallest costs.
These m selected sequences now form the new set of ¢length survivors {a;}f_qﬂ. They are
stored in the detector, along with their costs II‘k[2, ready for the next sample u,,, at time

(k+1)T.
In our investigations we set n=2 and m=16 whenever we use this near-MLSE scheme.

Points of Note from [42]

(1) In the practical implementation of the detection scheme it is not really necessary to
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perform the expansion processes described, these being presented to explain what is done by the

detector rather than how it precisely does it.

(2) The selection, where possible, of at least one sequence originating from the smallest-cost
survivor is done because it has been found to reduce significantly the average length of error

bursts, when the channel introduces severe amplitude distortion into the received data signal.

(3) The discarding of sequences for which oy _g# 35—, Prevents the merging (i.e. becoming
the same) of the survivors, since it ensures that if these are all different at the start of

transmission then no two or more of them can subsequently become the same.
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Appendix H

Given the NxN lower triangular Toeplitz matrix L, we wish to solve for the N-length vector w
from the equation

(L+pLHmw =[10... 0} (H.1)

where p is a real positive scalar. Toeplitz matrices belong to the larger class of persymmetric
matrices, which have the property that they are symmetric about their main northeast-

southwest diagonal [87]. This is equivalent to requiring
A = T'A'T (H.2)

where A is an Nx N persymmetric matrix and I' is an Nx N matrix which is all zero except for

unit elements on its main northeast-southwest diagonal (I'l'=1I, the identity matrix).

The inverse of a persymmetric matrix is also persymmetric. The inverse of a Toeplitz matrix
is not in general Toeplitz. The inverse of a lower triangular Toeplitz matrix is, however,
Toeplitz. Let us denote the inverse of L* as Q, and the first column of L, which characterizes

the matrix, by the vector

=40, 0 (H.3)

We have L'Q=1I (H.4)
Equating corresponding elements in (H.4), with {¢;,} representing the elements of Q,

i
S B jsaten = 6 for 1<(, BN
k=1 :
i-1
= g = Gin— Y G Gn)/ (H.5)
k=1
Given ], (H.5) enables us to calculate the elements of Q column by column. We can see that
¢;,=0 for h>1, which means Q is also a lower triangular matrix. We can therefore rewrite

(H.5) as



250

i-1
Gin = (Bin—= Bogs1qen)/f for 1<RLiSN (H.6)
k=h

For h<i<N—1, element g;,, 5, is given by

i i-1
%Gitvr,h41 = (6i+1,h+1"z If-k+29k,h+1)/’1' = (5ih"‘zrf—k+14k+1,h+1)/q (H.7)
k=h+1 =h

Comparing (H.7) with (H.6) one can see that Q is also a Toeplitz matrix, because each
successive column is a down-shifted version of the previous one. Since L' is an upper
triangular Toeplitz matrix,

A=147Q) (H.8)

is an Nx N Toeplitz matrix. The structure of A may be drawn as

ag a_, ves a”(N—U
a a - a
A= = 7 ~(V=2) (H.9)
AN-1 ON-2 0 G0
Let the vectors a; and a_; be defined, for 1<k<N—1, as
at =[a; a5 ... af] (H.10)
aty =[o_y ay ... a_y)] (H.11)

and let the matrix A, be the kxk top left-hand corner of A (A)=A). Suppose now that we

have the solutions u, and v, to the equations

Ay = 3, (H.12)

Ay, =2, (H.13)

which are easy to solve for k=1. Egs. (H.12) and (H.13) bear some similarity to the k** order
complex Yule-Walker systems [3], [87], the difference being that the latter assumes matrix A is
Hermetian as well, so that a,=a’,. The method to be described here for finding w is a simple

extension of the Levinson-Durbin algorithm [3], [87] for solving Yule-Walker systems.
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First we need to find the vectors u,,, and v,,, from u;, and v,. Vector u,,, is obtained by

solving
A, TLia, Zy 8y
e I O o 251
where I, is the kxk top left-hand corner of I, and
Ui = [ziey] (H.15)
Equating corresponding terms in (H.14) leads to
Az thia o, = a; (H.16)
ailiz, +aoay = apyy (H.17)

Using the relations A7'I,=I,(A)™! and I,I,=I,, where I, is the kxk identity matrix, we
solve (H.16) and (H.17) to get
z = m—ogliv, (H.18)

a = (g, —2pln,)/(ag—2kv,) (H.19)

In a similar manner v, , is obtained by solving

Al ILa r a_
) k’ k3% k _ k (H.20)
aly a B O_(k+1)
where !E.H = [!Eﬁh] (H.21)
We thus obtain for r, and §,,
I, = !k—ﬁkl;.-‘_lk (H.22)
Br = (“_(k+1)“‘Q't—kl'k!k)/(ao—_f-k‘_lk) (H.23)

From (H.12) and (H.13) it is easy to show that

a’ K9 = aﬁ-‘-’k (H.24)
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which implies that the denominators in (H.19) and (H.23) are equal.

denominator as p;, we note that its computation can be expressed recursively as

1
Vi1 = BroalpoUey

Bi-

Pr = aO—Q}c‘—’k = ao—[é}:—ﬂk]

t t
= ao—'ék-1‘_’k-1+ﬂk—1ék—112-1‘_1k-1 — P10
= py_y+Br1(—ap_1Pr1)

= (1—ap_1Br_1) Pry

To obtain the vector w'=[w,w't], observe that

1

4 ét_(N..l) Wo | 0
ay., Ay w :
0

Equating corresponding elements in (H.26) gives us the equations

oWy +§t_(N_1)V_V' =1

woay_; +AN® =0
which we solve to get
w = —Wolly_;

1
t
G —2_(N-1)8N-1

_ 1
PNy

‘w0=

Denoting this

(H.25)

(H.26)

(H.27)

(H.28)

(H.29)

(H.30)

Thus the vector wt=[w0v_v't] can be obtained directly from uy_, and py_,. (Note that the

elements of w run from w, to wy_,).

If we are determining the taps of a DFE, as described in section 7.1, then, in the notation of

chapter 7, vector 1 is ¢;_; o and w is %,. The quantities {5;}, 1<i<g, given by

Q

by = ) Wnlsina
0

>
1

(H.31)
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are, in the notation of chapter 7, the feedback taps {b,;}, 1<i<g. We will now present an
algorithm for the determination of the DFE taps, given the vector ] and real scalar p. Note
that since the vector a_(N-1) is just the last (N—1) elements of I, to save storage we can use
the latter in those computational steps that involve the former. Also, we can use the storage
elements {w;} in those computational steps that involve the elements of u,. The last N—g—1
elements (assuming N>g) of | are zero. The number of equivalent real computations involved

for a particular stage are given on the right-hand side of the page.

Note: A complex reciprocal is assumed to require 4 real multiplications, 1 real addition and 1

real reciprocal. (See also the note in Appendix C).

(i) Determination of ay and ay_,

A=1/8 4x, 1+, 1+
ag=pA 2x
For i=1, N—-1

a;=0.0+50.0

For k=max{0, i—g}, i—1

a;=a;,—1l;_;.,0; 4 min{i, g}x, 4 min{s, g} +
Next k
a;,=a;A 4x, 2+
Next ¢
ag=ay+1; 24

(1) Determination of w and {b;}

A=1/q, 4x, 14, 1+
w1=alA 4X, 2+
v =l 4x, 24

P=ay



a=uw

B=v

For k=1, N-2
pr=1-aB)p
Q=04
For i=1, k

A== 0; W4

Next i
A=1/p
a=al
B=l,s

For i=1, min{k, ¢}
P=B—li11%in
Next 1
B=BA
For i=1, k
A=V i — By
Wi =W =@V iy
Vp—ip1 = A
Next ¢
Wgq1=¢
V1 =0
Next &k
p=(1—af)p
wy=1/p
For i=1, N—1
w; = —WoW;

Next ¢
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8x, 5+

4kx, 4k+

4%, 1+, 1+

4%, 2+

4 min{k, g}x, 4 min{k, g}+

4x, 2+

- 8kx, 8k+

8x, 5+

4%, 1+, 1+

4(N=-1)x, 2(N-1)+
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For i=1, ¢
b;,=0.0+4;0.0
For k=0, min{N—-1, g—1i}
bi=bi+wplhyin 4g—1+1)x, 4(g—i+1)+
Next & (assuming N>g)

Next 1

All quantities are complex except p. The quantities involved are A, p, p, «a, B, {4}
(0<i<N-1), {I;} (1<igg+1), {v} (1Ki<N-1), {w;} (0<i<N-1) and {b;} (1<i<y).

Therefore the number of equivalent real variable storage locations required is 6 N+4g+9.

Totals:
Equivalent real multiplications: 6N?4-8gN—2¢%+10N—69—6
Equivalent real additions: 6N?+8gN—~2¢2—4N—6g+2

Equivalent real reciprocals: N+41
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Appendix I

This appendix contains listings of the simulation programs used to produce the results of this
thesis. The language is Fortran-77, and the programs were run on a Cyber mainframe. Any
variable whose first letter is from I-N should be assumed to be an integer, and a variable with

one or two argument(s) is a vector or matrix respectively.

Consider the main program MAIN (given on p. 264). The subroutine VALUES (not detailed)
is a routine to provide values to the following variables, which may be in an “interactive”

manner or by reading from a separate file containing the values of the variables.

NT: the value of g+1 (NT>2).

Ith

SPEC(I):  (complex) the value of the specular component of the I'® path in the channel

model (assumed zero in this thesis).

STAND(I): the standard deviation of the real (and imaginary) component of the I

fading
path component in the channel response (assumed to be 1/ J2—(gT13 in this thesis).

DOPPS:  the Doppler shift x27/7T (assumed to be zero in this thesis).

IFADR:  the value of 1/(5J§7rfr T). With T-1=2400, IFADR=216 and 108 implies fr~0.5
and 1.0 Hz respectively.

NSL: the value of L (NSL=2, 4 or 8).

SNRO: the value of SNR (dB).

EPSIL: the value of n/o? in the SRK algorithm.

HQUEP: the value of 1/w in the SRK algoritlim.

DELTA: the value of g’ in the SD algorithm.

LANT: the number.of feedforward taps in the DFE.

LEMM, MUE: the values of m and n respectively in the near-MLSE scheme of Appendix G.

IDID: the value of the delay in detection, ¢, of the MLSE/near-MLSE (IDID>NT—1).

KADEL: the number of baud intervals between the finish and start of a training burst, for

the PTS scheme of chapter 8. In this thesis KADEL=90.
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DELTO:  the threshold level Hy for the RTS scheme of chapter 8.

DAMSE: the weighting parameter A for evaluating H, (for the RTS scheme of chapter 8).

NDURE: the number of baud intervals of transmission simulated.

ITRIT: the warm-up period, in baud intervals.

ISED1, ISED2: starting seeds for the random variation of the data symbol and noise sample

sequences respectively.

REVISE: logical variable, enabling operation of the revised SRK algorithm of [16].

TRAIN:  logical variable, enabling operation in modes I and II when .TRUE., and mode III
when .FALSE..

MLDON: logical variable, enabling operation of the MLSE/near-MLSE when .TRUE..

KALON: logical variable, used to switch between the SRK and SD algorithms.

PROBE: logical variable, used to turn ON/OFF the evaluation of the analytical P

estimate.

The following variables are derived from the inputted variables, in the subroutine INITY.

SVAR, PIFF: the value of ¢ and o, respectively.

NINQ, NSPA: the value of L2/4 and L/2 respectively.

SIGM: the value of p/2.

QUE: the value of (1/w)—1, used in the SRK algorithm routine SRKALG.

IL, IL1: used in the routine MLSE for the operation of the MLSE/near-MLSE.

The remaining variables of significance are:

ITIME: the current number of baud intervals simulated during a program run.

IECNT(I): holds the error counts (both threshold detected and differential detected) for the
MLSE/near-MLSE and DFE.

KINP(I): holds the detected symbols of the DFE, with detected symbols being used in the
feedback process.

KINPI(I): holds the detected symbols of the DFE, with transmitted symbols being used in
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the feedback process.

IDECS(I): holds the detected symbols of the MLSE/near-MLSE.

INP(I): holds the transmitted symbols.

Note: KINP, KINP1, IDECS and INP store the data symbol as an integer in the range

0-(L%-1).

ERRID:  (complex) holds the error (5,—s;)/os of the DFE.

SQERR:  holds the error |5, —s,|%.

AVSQER: the time average of SQERR

SQISI: at any particular instant, holds the mean square ISI in detection of the DFE.

AVISI: the time average of SQISI.

SQNOI: at any particular instant, holds the mean square noise in detection of the DFE.

Note: SQISI+SQNOI is the mean square error in detection of the DFE.

AVNOI:  the time average of SQNOI.

PEULB(I): holds the values of the probability of error as obtained from the analytical bounds
derived in Appendix E.

SIRCH(I): holds the elements of the channel estimate.

SIRER: (complex) holds the algorithm error €, /o

AVSIRE: the time average of |[SIRER/>.

SQCER:  the error in the channel estimate, ﬂ}_’k“gkqﬂz-

AVCER: the time average of SQCER.

SHUK(K, I): (complex) holds the value of the I'® component of the channel response vector

as a function of the time index K.

EST(I): (complex) the feedback taps of the DFE.

RALF(K): (complex) holds successive input samples r,.

ALF(I): (complex) the feedforward taps of the DFE.

RVEC(I): (complex) successive outputs of the feedforward section of the DFE.

UUU(I):  (complex) holds the elements of the upper triangular portion (excluding diagonal)

of matrix U, in the SRK algorithm.
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DDD(I):  holds the elements of diagonal matrix D, in the SRK algorithm.

MAPX(K, I): holds the survivor sequences of the MLSE/near-MLSE.

COST(K): holds the costs of the survivor sequences in MAPX(K, I).

COPPS:  a variable used for generating the Doppler shift effect in the channel response (not
used in this thesis).

IREED(I): holds the seed for the random variation of the I** path in the channel response.

RBV(I, K): (complex) holds the sequence {,,;} for producing the random variation in the I'?
path of the channel response (see section 4.4.3).

GFV(I), DVFG(I): these define the approximate gaussian function in fig. 4.4.

IPETRA(I): hold the training symbol values for the PTS and RTS schemes of chapter 8.

IPETCO: used to increment the argument of IPETRA(I).

SAVSQE: the quantity H, used in the RTS scheme of chapter 8.

TRANE, FREEZE: logical variables used in the PTS and RTS schemes.

KNOT, KNOT1: variables used in the PTS and RTS schemes. KNOT1 counts the number of

baud intervals spent on training.

ICCP: used, in conjunction with IFADR, to determine when the sequence {n,,;} is shifted
along.

THOLD: logical variable that holds the value of TRAIN while the warm-up period is

underway (ITIME<ITRIT) as TRAIN must always be .TRUE. during this period.
Subroutines and Functions

RINIT: this routine initialises IREED(.) and sets the values for GFV(.) and DVFG(.).

INITY: this routine initialises all other variables.
CHAN: this routine generates the current value of the fading channel response.
GEN: produces the data symbols, gaussian noise, received samples and outputs of the

feedforward filter.
MLSE: implements the MLSE/near-MLSE detection algorithm.

QUANT: produces the detected symbols of the DFE.



EVAL:

SRKALG:

SDALG:

DTAPS:

IDECOD:

CGAUSS:

CONSIG:

MDECON:

RESULT:
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produces the analytical P. estimate, and the mean square ISI and mean square
noise values for the DFE.

implements the SRK algorithm.

implements the SD algorithm.

computes the DFE taps from the channel estimate, as described in Appendix H.
produces the differential detected symbol (IX, IY) from two given symbol values
IREO and IRE1 (which are in integer form, i.e. 0—(L%—1)).

(complex function) produces a complex gaussian noise sample of variance 2, as
described in Appendix D.

(complex function) converts an integer in the range 0-(L?—1) into a complex data
symbol value, divided by o,.

(function) converts a complex data symbol value into an integer in the range
0-(L*—1).

this routine (not detailed) is for outputting the results, which can be to a VDU
screen, or to the file containing the input values, or to a separate file altogether.
In our case the results were written in to the file containing the input values, and
simulations were run during a batch processing session because of the length of

time taken.

How the results are produced.

We will mention what routines are needed to produce the simulation results of this thesis. It

may well be that not all of the variables will be required during a particular simulation run.

When the fade rate is 1.0 Hz we set NDURE=64000 and ITRIT=4000, and when the fade

rate is 2.0 Hz we set NDURE=32000 and ITRIT=2000.

The results for the DFE and MLSE/near-MLSE in modes II and III are produced from the

program MAIN. For mode II the value of TRAIN is .TRUE., whereas for mode III it is

.FALSE.. PEULB(1) and PEULB(2), evaluated in EVAL, are the lower and upper P. bounds
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as described in Appendix E; PEULB(3) and PEULB(4) are the respective time averages of
these bounds. The variables TRANE and FREEZE are only used in the PTS and RTS
schemes, and are otherwise always .FALSE.. When the PTS and RTS schemes are used, the
subroutine SRKALG must be modified slightly by the insertion of extra program lines, as is
indicated in the subroutine listing. In the PTS scheme the value of KNOT, which is 10,
specifies the length of the training burst. Furthermore, in the PTS scheme the logical variable

FREEZE is not really needed.

When the DFE is implemented by the conventional SRK method, the subroutine DTAPS is
not needed, and SRKALG is replaced by the subroutine SRKAL1, whose “call” statement in

MAIN is CALL SRKAL1(RVEC(IDID+1),REVISE,TRAIN).

The results of chapter 6 (excluding the convergence curves of figs. 6.10 and 6.11) are also
produced from the program MAIN, but the subroutines MLSE, QUANT, EVAL and DTAPS
are not needed. The convergence curves of figs. 6.10, 6.11, 7.1-7.4 are produced by setting
NDURE=81 and ITRIT=20, and including an outer DO loop in program MAIN just before
the one going from 1 to NDURE, this outer loop going from 1 to 30. Also, the subroutine
CONVER(VERG,ENCE) must be included in a “call” statement just before CALL DTAPS for
the DFE-via-CE-method, and just after CALL GEN for the conventional SRK method.
Subroutines MLSE and QUANT are not needed, and PROBE is .FALSE., and also the
routines EVAL and DTAPS are not needed for figs. 6.10 and 6.11. The vectors VERG and
ENCE should be appropriately dimensioned in MAIN and initialised to zero, and they hold,
respectively, the successive (in time) values of the channel error and mean square error in
detection. The “call” statement for subroutine CONVER is

IF (ITIME.GE.ITRIT) CALL CONVER(VERG,ENCE)

To produce the E.C. results for the MLSE/near-MLSE and DFE(6,g) in mode I, the program
MAIN1 is used, which is identical to MAIN until just after the line “ITIME=0" in MAIN; the

remaining lines in MAIN1 are
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PROGRAM MAIN1

TRAIN=.TRUE.
DO 1 J=1,NDURE
ICCP=ICCP+1
ICCP=MOD(ICCP,IFADR)
CALL CHAN(ICCP,IFADR)
CALL GEN
CALL DTAPS1
CALL MLSE(RVEC(IDID +1),RALF(IDID +1))
CALL QUANT(RVEC(IDID+1),TRANE)
1 CONTINUE
CALL RESULT
STOP
END

The subroutine DTAPS1 evaluates the DFE taps according to egs. (2.137) and (2.133), using a
complex version of the process given in [86] to solve (2.137). This is based on decomposing the
positive definite Hermetian matrix Y} as Y;=LDL*t, where L is a lower triangular matrix
with unit diagonal elements and D is a diagonal matrix with real positive elements. Vector w,
is obtained by first solving g:f,'lzio, the elements {v;} of v being evaluated in the order i=1
to N. Then the equation w,=(L**)"!D'y is solved, with the elements {w,;} of w, being

evaluated in the order i=N—1 to 0.

To produce the results for the DFE(N,g)-1,, simultaneously for L2=4, 16 and 64, the routines
GEN, MLSE and QUANT are not required in MAIN1, and the routine EVAL1 shoﬁld be
included in the statement CALL EVALl immediately after CALL DTAPS1. The two
quantities SQISI and SQNOI, evaluated in EVALI, respectively denote the mean square ISI
and mean square noise, divided by ¢?. PEULB(1)-PEULB(4) contain the analytical P, values
for L?=4, while PEULB(5)~PEULB(8) and PEULB(9)-PEULB(12) are for L?=16 and 64

respectively. In our case we set IFADR to 108, with NDURE=32000 and ITIME=2000.
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The results for the ZF MFE and MMSE MFE of chapter 5 are produced from MAINI1, but
with routines GEN, DTAPS1, MLSE and QUANT absent. The routine EVAL2 should be
included in the “call” statement CALL EVAL2 immediately after CALL
CHAN(ICCP,IFADR). SQERR and SQISI, evaluated in EVAL2, denote the mean square
error of the ZF MFE and MMSE MFE respectively. PEULB(1), PEULB(3) and PEULB(5)
contain the instantaneous error probability values for the ZF MFE for L?=4, 16 and 64
respectively, with PEULB(2), PEULB(4) and PEULB(6) being the respective time averages.

In our case we set IFADR to 108, with NDURE=32000 and ITIME=2000.
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PROGRAM MAIN
COMPLEX ERRID,SIRCH,SIRER,SHUK,EST,RALF,ALF,RVEC,UUU,SPEC,RBV
LOGICAL TRAIN,KALON,MLDON,REVISE,THOLD,TRANE,FREEZE,PROBE
COMMON/MISC/NT,NSL,IDID,IL,IL1,SNRO,SIGM,PIFF,SVAR
COMMON/DATSYM/IECNT(5),KINP(22), KINP1(21),IDECS(10),INP(50)
COMMON/PICO/ERRID,SQERR,AVSQER,SQISI,AVISL,SQNOI,AVNOI,PEULB(12)
COMMON/GLUM/SIRCH(10),SIRER,A VSIRE,SQCER,AVCER,SHUK(20,10),EST(10)
COMMON/DFEFIL/RALF(40),ALF(20),RVEC(21)
COMMON/KALSRK/UUU(410),DDD(30),EPSIL,QUE,HQUEP
COMMON/MISC1/ITIME,ITRIT,LANT,ISED1,ISED2,KADEL,DELT0,DAMSE,DELTA
COMMON/MLD/LEMM,MUE,MAPX(16,20),COST(16)
COMMON/VARI/SPEC(10),STAND(10),DOPPS,COPPS
COMMON/RAYL/IREED(10),RBV(10,13),GFV(6),DVFG(6)
COMMON/CONSIY/NINQ,NSPA
COMMON/PETRAN/IPETCO,IPETRA(3),SAVSQE,TRANE,FREEZE,KNOT,KNOT1
CALL VALUES(NDURE,IFADR,TRAIN,KALON,MLDON,REVISE,PROBE)
CALL RINIT
ICCP=~1
CALL INITY(ICCP,IFADR)
ITIME=0
THOLD=TRAIN
TRAIN=.TRUE.
DO 1 J=1,NDURE

ICCP=ICCP+1

ICCP=MOD(ICCP,IFADR)

CALL CHAN(ICCP,IFADR)

CALL GEN

IF (MLDON) CALL MLSE(RVEC(IDID+1),RALF(IDID+1))

CALL QUANT(RVEC(IDID+1),TRANE)

CALL EVAL(PROBE)

IF (KALON) THEN

CALL SRKALG(RVEC(IDID+1),RALF(IDID-+1),REVISE, TRAIN)

ELSE

CALL SDALG(RVEC(IDID-+1),RALF(IDID+1), TRAIN)

ENDIF

CALL DTAPS

IF (ITIME.EQ.ITRIT) TRAIN=THOLD
CONTINUE
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CALL RESULT
STOP
END

SUBROUTINE RINIT
COMPLEX RBV,CGAUSS
COMMON/MISC/NT,NSL,IDID,IL,IL1,SNRO,SIGM,PIFF,SVAR
COMMON/RAYL/IREED(10),RBV(10,13),GFV(6),DVFG(6)
IREED(1)=864095000
IREED(2)=468381000
IREED(3)=946715000
IREED(4)=622081000
IREED(5)=713574000
IREED(6)=579432000
IREED(7)=105242000
IREED(8)=333333000
IREED(9)=212525000
IREED(10)=55533000
DO 1I=1,NT
DO 2 J=2,13
RBV(1,J)=CGAUSS(IREED(I))
CONTINUE
CONTINUE
TPI=2.5*SQRT(3.141592654)
TPI=1./SQRT(TPI)
X=2.2
DO 31=1,6
GFV(I)=TPI+EXP(—X*X/2.)
X=X-0.4
CONTINUE
DO 41=1,5
DVFG(I)=GFV(I+1)—-GFV(I)
CONTINUE
DVFG(6)=TPI-GFV(6)
RETURN
END
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SUBROUTINE INITY(ICCP,IFADR)

COMPLEX ERRID,SIRCH,SIRER,SHUK,EST,RALF,ALF,RVEC,UUU,SPEC,
+CONSIG,ROCK

LOGICAL TRANE,FREEZE
COMMON/MISC/NT,NSL,IDID,IL,IL1,SNRO,SIGM,PIFF,SVAR
COMMON/DATSYM/IECNT(5),KINP(22),KINP1(21),IDECS(10),INP(50)
COMMON/PICO/ERRID,SQERR,AVSQER,SQISI,AVISI,SQNOI,AVNOI,PEULB(12)
COMMON/GLUM/SIRCH(10),SIRER,AVSIRE,SQCER,AVCER,SHUK(20,10),EST(10)
COMMON/DFEFIL/RALF(40),ALF(20),RVEC(21)
COMMON/KALSRK/UUU(410),DDD(30),EPSIL,QUE,HQUEP
COMMON/MISC1/ITIME,ITRIT,LANT,ISED1,ISED2,KADEL,DELT(0,DAMSE,DELTA
COMMON/MLD/LEMM,MUE,MAPX(16,20),COST(16)
COMMON/VARI/SPEC(10),STAND(10),DOPPS,COPPS
COMMON/CONSIY/NINQ,NSPA
COMMON/PETRAN/IPETCO,IPETRA(3),SAVSQE, TRANE,FREEZE,KNOT,KNOT1
SVAR=2.*FLOAT(NSL*NSL—1)/3.

PIFF=SQRT(SVAR)

NSPA=NSL/2

NINQ=NSL+NSL/4

SIGM=0.5/(10.xx(SNR0/10.))

QUE=HQUEP-1.

COPPS=0.

IF (NSL.EQ.2) THEN

IL=NSL#*(2¥(NT—1))

IL1=NSL#*x(2+(NT—2))

ELSE

IL=LEMM*MUE+MUE

IL1=MUE+«MUE

ENDIF

J=0

IF (NSL.EQ.4) THEN

J=3

ELSE IF (NSL.EQ.8) THEN

J=10

ENDIF

IPETRA(1)=]

IPETRA(2)=J+(NSL+NSL)/4

IPETRA(3)=J+(3xNSLxNSL)/4
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IPETCO=0
DO 6 I=1,(IDID+LANT+NT-1)
INP(I)=IPETRA(IPETCO+1)
IPETCO=MOD((IPETCO+1),NT)
CONTINUE
LUN=LEMM
IF (NSL.EQ.2) LUN=IL
DO 11=1,LUN
J=I-1
DO 2 K=1,(NT-1)
MAPX(I,K)=MOD(J,(NSL+NSL))
J=J/(NSL«NSL)
CONTINUE
DO 3 M=NT,IDID
MAPX(I,M)=0
CONTINUE
COST(I)=1.E3
CONTINUE
DO 10 I=1,LANT
ALF(I)=(0.,0.)
DO 17 J=1,NT
SHUK(I,3)=(0.,0.)
CONTINUE
CONTINUE
ITIME=0
DO 11 I=1,(IDID+LANT)
ICCP=MOD((ICCP+1),IFADR)
CALL CHAN(ICCP,IFADR)
ROCK=(0.,0.)
DO 5 J=1,NT
ROCK=ROCK+CONSIG(INP(I4+NT—1J))*SHUK(LANT,J)
CONTINUE
RALF(I)=ROCK
CONTINUE
DO 7 I1=1,(IDID+1)
RVEC(I)=(0.,0.)
KINP(I)=INP(I+NT-1)
KINP1(I)=KINP(I)
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CONTINUE

DO 12 I=1,NT
IDECS(I)=INP(I)

CONTINUE

J=(LANT+NT-1)*(LANT+NT-2)

DO 13 I=1,(3/2)
uuy(1)=(0.,0.)

CONTINUE

DO 14 I=1,(LANT+NT-1)
DDD(I)=1.

CONTINUE

DO 151=1,5
IECNT(I)=0

CONTINUE

DO 8 I=1,12

PEULB(I)=0.

CONTINUE

EST(1)=(1.,0.)

SIRCH(1)=(0.,0.)

DO 9 I=2,NT
EST(I)=(0.,0.)
SIRCH(I)=(0.,0.)

CONTINUE

ERRID=(0.,0.)

SQERR=0.

AVSQER=0.

SQISI=0.

AVISI=0.

SQNOI=0.

AVNOI=0.

SIRER=(0.,0.)

AVSIRE=0.

SQCER=0.

AVCER=0.

SAVSQE=0.

IPETCO=0

KNOT=0

KNOT1=0
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TRANE=.FALSE.
FREEZE=.FALSE.
RETURN

END

SUBROUTINE CHAN(ICCP,IFADR)
COMPLEX SIRCH,SIRER,SHUK,EST,SPEC,RBV,CGAUSS,SUMN
COMMON/MISC/NT,NSL,IDID,IL,IL1,SNRO,SIGM,PIFF,SVAR
COMMON/GLUM/SIRCH(10),SIRER,AVSIRE,SQCER,AVCER,SHUK(20,10),EST(10)
COMMON/MISC1/ITIME,ITRIT,LANT,ISED1,ISED2,KADEL,DELT0,DAMSE,DELTA
COMMON/VARI/SPEC(10),STAND(10),DOPPS,COPPS
COMMON/RAYL/IREED(10),RBV(10,13),GFV(6),DVFG(6)
ITIME=ITIME+1
DO 7 I=1,(LANT—1)
DO 8 J=1,NT
SHUK(I,J)=SHUK(I+1,J)
CONTINUE
CONTINUE
COPPS=AMOD((COPPS+DOPPS),6.283185308)
IF (ICCP.NE.0) GOTO 3
DO 11=1,NT
DO 2 J=1,12
RBV(I,])=RBV(I,J+1)
CONTINUE
RBV(1,13)=CGAUSS(IREED(I))
CONTINUE
PATL=FLOAT(ICCP)/FLOAT(IFADR)
DO 4 I=1,NT
SUMN=(0.,0.)
DO 5J=1,5
SUMN=SUMN-+(GFV(J)+PATL+DVFG(J))*RBV(I,13—J)
CONTINUE
DO 6 J=6,2,—1
SUMN=SUMN+(GFV(J)—PATL*DVFG(J —1))*RBV(L,J)
CONTINUE
SUMN=SUMN+PATL+GFV(1)+xRBV(I,13)+
+  (1.—PATL)*GFV(1)xRBV(I,1)
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X=PATL
IF (PATL.GT.0.5) X=1.—PATL

SUMN=SUMN+(GFV(6)+2.+*X*DVFG(6))*RBV(L,7)

SHUK(LANT,I)=(SPEC(1)+SUMN+STAND(I))*CMPLX(COS(COPPS),SIN(COPPS))

CONTINUE

RETURN

END

SUBROUTINE GEN
COMPLEX SIRCH,SIRER,SHUK,EST,RALF,ALF,RVEC,CGAUSS,CONSIG,RECD
LOGICAL TRANE,FREEZE
COMMON/MISC/NT,NSL,IDID,IL,IL1,SNR0,SIGM,PIFF,SVAR
COMMON/DATSYM/IECNT(5),KINP(22),KINP1(21),IDECS(10),INP(50)
COMMON/GLUM/SIRCH(10),SIRER,A VSIRE,SQCER,A VCER,SHUK(20,10),EST(10)
COMMON/DFEFIL/RALF(40),ALF(20),RVEC(21)
COMMON/MISC1/ITIME,ITRIT,LANT,ISED1,ISED2,KADEL,DELT0,DAMSE,DELTA
COMMON/PETRAN/IPETCO,IPETRA(3),SAVSQE,TRANE,FREEZE,KNOT,KNOT1
CALL RANSET(ISED1)
UNIF=RANF()
IF ((UNIF.LE.0.).OR.(UNIF.GE.1.)) GOTO 7
IX=IFIX(FLOAT(NSL+NSL)+UNIF)
CALL RANGET(ISED1)
DO 1 I=1,(IDID+LANT+NT—2)
INP(I)=INP(I+1)
CONTINUE
IF (FREEZE) THEN
IX=IPETRA(IPETCO-+1)
IPETCO=MOD((IPETCO+1),NT)
ENDIF
INP(IDID+LANT+NT—1)=IX
RECD=(0.,0.)
DO 2 I=1,NT
RECD=RECD+SHUK(LANT,I)*CONSIG(INP(IDID+LANT+NT—I))

CONTINUE
RECD=RECD+SQRT(SIGM)*CGAUSS(ISED2)
DO 3 I=1,(IDID+LANT 1)

RALF(I)=RALF(I+1)
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CONTINUE
RALF(IDID+LANT)=RECD
RECD=(0.,0.)
DO 5 I=1,LANT
RECD=RECD+ALF(I)+*RALF(IDID+I)
CONTINUE
DO 6 I=1,IDID
RVEC(I)=RVEC(I+1)
CONTINUE
RVEC(IDID+1)=RECD
RETURN
END

SUBROUTINE MLSE(RECD,RECD1)
COMPLEX RECD,RECD1,SIRCH,SIRER,SHUK,EST,CONSIG,DEKAY
DIMENSION IMAPX(16,20),IMAPX0(64),IMAPX1(64),COSVA0(64),COSVA1(64)
COMMON/MISC/NT,NSL,IDID,IL,IL1,SNRO,SIGM,PIFF,SVAR
COMMON/DATSYM/IECNT(5),KINP(22),KINP1(21),IDECS(10),INP(50)
COMMON/GLUM/SIRCH(10),SIRER,AVSIRE,SQCER,AVCER,SHUK(20,10),EST(10)
COMMON/MISC1/ITIME,ITRIT,LANT,ISED1,ISED2,KADEL,DELT0,DAMSE,DELTA
COMMON/MLD/LEMM,MUE,MAPX(16,20),COST(16)
IF (ITIME.LT.ITRIT) RETURN
IF (ITIME.EQ.ITRIT) THEN
J=1
IF (NSL.EQ.2) THEN
DO 3 K=1,(NT-1)
J=J+INP(IDID+4NT+1—K)*(NSL#(2+(K—1)))
CONTINUE
ELSE
DO 4 K=1,(NT-1)
MAPX(1,K)=INP(IDID+NT+1-K)
CONTINUE
ENDIF
DO 5 K=NT,IDID
MAPX(J,K)=INP(IDID+NT+1-K)
CONTINUE
IDECS(NT)=INP(NT)
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COST(J)=0.

RETURN

ENDIF

TLIM=1.E30

IF (NSL.EQ.2) GOTO 38

With reference to the near-MLSE algorithm of Appendix G, IL and IL1 are equivalent to
mn? and a? respectively, and DEKAYR and DEKAYI are equivalent to Re[v] and Im[v]

Q Q

C  respectively.
DO 1 I=1,LEMM
IQ=(I-1)xIL1
DEKAY=RECD
DO 2 J=2,NT
LLL=MAPX(I,J —1)
DEKAY=DEKAY —EST(J)*CONSIG(LLL)
2 CONTINUE
DEKAYR=PIFF+REAL(DEKAY)
DEKAYI=PIFF*AIMAG(DEKAY)
M1=IQ+MUE
M2=M14+MUE
CPRR=ABS(DEKAYR)
J=IFIX(CPRR)
C  Select first sequence from Re[v,].
IF (J.GT.(NSL—1)) THEN
J=NSL-1
ELSE
J=J+MOD((J+1),2)
ENDIF
C  Select second sequence from Re[v,].
CPRR=CPRR—FLOAT(J)
IF (CPRR.GE.0.) THEN
K=J+2
ELSE
K=J-2
ENDIF
IF (K.GT.(NSL—1)) K=K—4
IF (DEKAYR.LT.0.) THEN
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ENDIF
COSVA0(IQ+1)=ABS(CPRR)
COSVA0(1Q+2)=ABS(DEKAYR—FLOAT(K))
IMAPX0(IQ+1)=]
IMAPX0(IQ+2)=K
CPRI=ABS(DEKAYTI)
J=IFIX(CPRI)

IF (J.GT.(NSL—1)) THEN
J=NSL-1

ELSE

J=J+MOD((J+1),2)

ENDIF
CPRI=CPRI-FLOAT(J)

IF (CPRI.GE.0.) THEN
K=J+2

ELSE

K=J—-2

ENDIF

IF (K.GT.(NSL—1)) K=K—4
IF (DEKAYILT.0.) THEN

J=-J
K=-K
ENDIF

COSVAO0(M1+1)=ABS(CPRI)
COSVAO(M1+2)=ABS(DEKAYI—FLOAT(K))
IMAPX0(M1+1)=]

IMAPX0(M1+2)=K

C Evaluate the costs of the sequences and find the one with the lowest.

12

DO 11 J=1,MUE
DO 12 K=1,MUE
CPR=COST(I)+COSVAO(IQ+J)#+2+COSVAO(M1+K)*2
LLL=IQ+(J—1)*MUE+K
COSVAI(LLL)=CPR
IMAPX1(LLL)=MDECON(IMAPX0(IQ+J),IMAPX0(M1+K))
IF (CPR.GT.TLIM) GOTO 12
TLIM=CPR
IACF=LLL
CONTINUE
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11 CONTINUE
1 CONTINUE
C  Address of lowest-cost sequence, and detected symbol.
IDENT=(IACF—1)/IL1+1
LIMT=MAPX(IDENT,IDID)
DO 13 I=1,(NT-1)
IDECS(I)=IDECS(I+1)
13 CONTINUE
IDECS(NT)=LIMT
DO 14 1=2,IDID
IMAPX(1,])=MAPX(IDENT,I-1)
14 CONTINUE
IMAPX(1,1)=IMAPX1(IACF)
C Lowesr-cost sequence effectively removed from rest by putting high cost value.
COSVA1(IACF)=1.E60
C  Sequences for which a_ 7#35,_, are removed.
DO 15 I=1,LEMM
1Q=(I—1)xIL1
IF (MAPX(1,IDID).EQ.LIMT) GOTO 15

DO 16 J=1,IL1
COSVA1(IQ+])=1.E60
16 CONTINUE
15 CONTINUE
IREST=1

C  Any sequences originating from lowest-cost survivor? If so, find the lowest-cost one, store
C it and its cost, and then effectively remove it from the rest.
IF (MAPX(1,IDID).EQ.LIMT) THEN
TLIM0=1.E30
DO 17 I=1,IL1
CPR=COSVAI1(I)
IF (CPR.GT.TLIM0) GOTO 17
TLIM0=CPR
IACF=I
17 CONTINUE
COST(2)=TLIM0—TLIM
DO 18 I=2,IDID
IMAPX(2,l)=MAPX(1,I-1)
18 CONTINUE
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IMAPX(2,1)=IMAPX1(IACF)
COSVA1(IACF)=1.E60
IREST=2
ENDIF
Select rest of sequences.
DO 19 I=(IREST+1),LEMM
CPR=1.E30
DO 20 J=1,IL
IF (COSVA1(J).GE.CPR) GOTO 20
CPR=COSVA1(J)
IACF=J]
CONTINUE
COST(I)=CPR
COSVA1(IACF)=1.E60
IMAPXO0(I)=IACF
CONTINUE
Sort sequences for start of next sampling instant.
DO 24 I=(IREST+1),LEMM
IDENT=(IMAPX0(I)—1)/IL1+1
DO 25 J=2,IDID
IMAPX(I1,J)=MAPX(IDENT,J—1)
CONTINUE
IMAPX(I,1)=IMAPX1(IMAPXO0(I))
CONTINUE
DO 22 I=1,LEMM
DO 23 J=1,IDID
MAPX(1,J)=IMAPX(L,J)
CONTINUE
CONTINUE
RETURN
Start of MLSE for 4 QAM. IL and IL1 are respectively equal to L2’ and 12077,
DO 30 I=0,(IL1-1)
DO 31 K=0,(NSL*NSL—1)
JK=I-IL1+1
CT=1.E30
DO 32 J=0,(NSL«NSL—1)
JK=JK+IL1
DEKAY=RECD1—-CONSIG(K)*SIRCH(1)
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DO 33 M=1,(NT—1)
LLL=MAPX(JK,M)
DEKAY=DEKAY —CONSIG(LLL)+*SIRCH(M+1)
CONTINUE
CPR=COST(JK)+CABS(DEKAY)#+2
IF (CPR.GT.CT) GOTO 32
CT=CPR
IACF=JK
CONTINUE
KADD=I+NSL+NSL+K-+1
COSVAO(KADD)=CT
DO 34 L=(NT—1),(IDID—1)
IMAPX(KADD,L)=MAPX(IACF,L)
CONTINUE
IF (TLIM.LE.CT) GOTO 31
TLIM=CT
LIMT=MAPX(IACF,IDID)
CONTINUE
CONTINUE
DO 35 I=1,IL
DO 36 L=NT,IDID
MAPX(I,L)=IMAPX(I,L—1)
CONTINUE
COST(I)=COSVAO(I) ~TLIM
CONTINUE
DO 37 I=1,(NT—1)
IDECS(I)=IDECS(I+1)
CONTINUE
IDECS(NT)=LIMT
RETURN
END

SUBROUTINE QUANT(ARR,TRANE)

COMPLEX ARR,SIRCH,SIRER,SHUK,EST,CONSIG,RISI,XY

LOGICAL TRANE
COMMON/MISC/NT,NSL,IDID,IL,IL1,SNR0,SIGM,PIFF,SVAR
COMMON/DATSYM/IECNT(5),KINP(22),KINP1(21),IDECS(10),INP(50)




277

COMMON/GLUM/SIRCH(10),SIRER,AVSIRE,SQCER,AVCER,SHUK(20,10),EST(10)
COMMON/MISC1/ITIME,ITRIT,LANT,ISED1,ISED2,KADEL,DELT0,DAMSE,DELTA
KINP(22)=KINP(1)
DO 1 I=1,IDID
KINP(I)=KINP(I+1)
KINP1(I)=KINP1(I+1)
CONTINUE
IF (ITIME.LE.ITRIT).OR.TRANE) THEN
KINP(IDID+1)=INP(IDID+NT)
KINP1(IDID+1)=INP(IDID+NT)
RETURN
ENDIF
RISI=(0.,0.)
DO 2 I=2,NT
RISI=RISI+CONSIG(KINP(IDID+2~I))+EST(I)
CONTINUE
RISI=(ARR — RISI)*PIFF
RX=REAL(RISI)
RY=AIMAG(RISI)
IX=IFIX(ABS(RX))
IY=IFIX(ABS(RY))
IF (MOD(IX,2).EQ.0) IX=IX+1
IF (MOD(IY,2).EQ.0) IY=IY+1
I=NSL—1
IF (IX.GT.I) IX=I
IF (IY.GT.I) IY=I
IF (SIGN(1.,RX).LT.0.) IX=—IX
IF (SIGN(1.,RY).LT.0.) IY=—IY
KINP(IDID+1)=MDECON(IX,IY)
RISI=(0.,0.)
DO 5 I=2,NT
RISI=RISI+CONSIG(INP(IDID+NT+1—1))+EST(I)
CONTINUE
RISI=(ARR —RISI)*PIFF
RX=REAL(RISI)
RY=AIMAG(RISI)
IX=IFIX(ABS(RX))
TY=IFIX(ABS(RY))
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IF (MOD(IX,2).EQ.0) IX=IX+1

IF (MOD(IY,2).EQ.0) IY=IY+1

I=NSL—1

IF (IX.GT.I) IX=I

IF (IY.GT.I) IY=I

IF (SIGN(1.,RX).LT.0.) [X=—IX

IF (SIGN(1.,RY).LT.0.) [Y=—IY
KINP1(IDID+1)=MDECON(IX,IY)

CALL IDECOD(INP(NT),INP(NT—1),IIX,ITY)
CALL IDECOD(IDECS(NT),IDECS(NT—1),IDX,IDY)
I=IABS(IIX —IDX)+IABS(IIY —IDY)

IF (1.EQ.0) GOTO 8

IECNT(1)=IECNT(1)+1

IF (IDECS(NT).NE.INP(NT)) IECNT(2)=IECNT(2)+1
CALL IDECOD(KINP(1),KINP(22),IDX,IDY)
I=IABS(IIX —IDX)+IABS(ITY —IDY)

IF (1.EQ.0) GOTO 9

IECNT(3)=IECNT(3)+1

IF (KINP(1).NE.INP(NT)) IECNT(4)=IECNT(4)+1
IF (KINP1(1).NE.INP(NT)) IECNT(5)=IECNT(5)+1
RETURN

END

SUBROUTINE EVAL(PROBE)

COMPLEX ERRID,SIRCH,SIRER,SHUK,EST,RALF,ALF,RVEC,CONSIG,XY
DIMENSION CLASS(180)

LOGICAL TRANE,FREEZE,PROBE

COMMON /MISC/NT,NSL,IDID,IL,IL1,SNR0,SIGM,PIFF,SVAR
COMMON/PICO/ERRID,SQERR, A VSQER,SQISI,A VISI,SQNOIL A VNOLPEULB(12)
COMMON/GLUM/SIRCH(10),SIRER,AVSIRE,SQCER,AVCER,SHUK(20,10),EST(10)
COMMON /DFEFIL/RALF(40),ALF(20),RVEC(21)

COMMON/MISC1/ITIME, ITRIT,LANT,ISED1,ISED2,KA DEL, DELT0,DAMSE, DELTA
COMMON/PETRAN/IPETCO,IPETRA(3),SAVSQE, TRANE,FREEZE,KNOT,KNOT!I
IF (ITIME.LE.ITRIT) RETURN

IF (TRANE.OR.FREEZE) RETURN
IIX=IFIX(0.5+LOG10(FLOAT(NSL))/LOG10(2.))

ITY=IIX#(2+(LANT+NT—1)—1)
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Evaluate the ISI terms.

XX=0.

B1=0.

MM=0

DO 2 I=1,(LANT-1)
XY=(0.,0.)
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DO 3 J=(I+1),MINO(LANT,(NT+I))
XY=XY+ALF(J)+SHUK(J,]—T)

CONTINUE
Cl1=ABS(REAL(XY))
C2=ABS(AIMAG(XY))
DO 18 J=1,IIX

B2=FLOAT(NSL/(2++J))

CLASS(MM+1)=C1xB2

CLASS(MM+2)=C2+B2

MM=MM+2
CONTINUE
XX=XX+CABS(XY)**2
B1=B1+CABS(ALF(I))*+2

CONTINUE

SQISI=XX

B1=B1+CABS(ALF(LANT))*2

SQNOI=2.+SIGM+SVAR+B1

XY=(0.,0.)

DO 4 I=1,MINO(LANT,NT)

XY=XY-+ALF(I)+SHUK (L)

CONTINUE

XY=XY-1.

Al1=REAL(XY)

C2=ABS(AIMAG(XY))

DO 19 J=1,IIX
B2=FLOAT(NSL/(2%]))
CLASS(MM+1)=C2+B2
MM=MM+1

CONTINUE

SQISI=SQISI+CABS(XY)**2

XX=0.

DO 5 I=1,(NT-1)
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XY=(0.,0.)
DO 6 J=1,MINO(LANT,(NT-I))
XY=XY+ALF(J)*xSHUK(3,J+I)
6 CONTINUE

XY=XY—-EST(I+1)

C1=ABS(REAL(XY))

C2=ABS(AIMAG(XY))

DO 20 J=1,II1X
B2=FLOAT(NSL/(2%xJ))
CLASS(MM+1)=C1xB2
CLASS(MM+2)=C2+B2
MM=MM+2

20 CONTINUE
XX=XX+CABS(XY)**2
5 CONTINUE
SQISI=SVAR*(SQISI+XX)
PERRI=FLOAT(ITIME~ITRIT—KNQOT1)
AVISI=AVISI4(SQISI—AVISI)/PERRI
AVNOI=AVNOI+(SQNOI—-AVNOI)/PERRI
IF (PROBE) RETURN
C  Sort the ISI terms, and evaluate the upper (F2) and lower (F1) error bounds according to
C  the method given in Appendix E.
DO 21 I=1,(ITY—1)

B1=0.

DO 22 J=L,ITY
IF (B1.GT.CLASS(J)) GOTO 22
B1=CLASS(J)

MM=J
22 CONTINUE

IF (B1.EQ.0.) THEN

IIy=I-1

GOTO 23

ENDIF

CLASS(MM)=CLASS(I)

CLASS(I)=B1

21 CONTINUE
IF (CLASS(IIY).EQ.0.) ITY=IIY -1
23 Cl1=1./SQRT(SQNOI)
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F1=0.

F2=0.

DO 12 I=2,(NSL/2)
K=2+I—-NSL-1

D1=1.—FLOAT(K)*Al

D2=1.4+FLOAT(K)*Al

E1=0.

E2=0.

B2=D1xC1

IF (B2.LE.25.) E1I=ERFC(B2)

B2=D2«C1

IF (B2.LE.25.) E2=ERFC(B2)

IF (IIY.EQ.0) THEN

F2=F24+E1+E2

GOTO 12

ENDIF

C2=0.5

F2=F2+C2*(E1+E2)

DO 13 J=1,(IIY—1)
D1=D1—-CLASS(J)
D2=D2—-CLASS(J)
E1=0.

E2=0.

B2=D1xC1

IF (B2.LE.25.) E1=ERFC(B2)

B2=D2xC1

IF (B2.LE.25.) E2=ERFC(B2)

C2=C2/2.

F2=F2+C2+(E1+E2)
CONTINUE

Di=D1-CLASS(IIY)

D2=D2—-CLASS(IIY)

E1=0.

E2=0.

B2=D1xC1

IF (B2.LE.25.) E1I=ERFC(B2)

B2=D2+C1

IF (B2.LE.25.) E2=ERFC(B2)
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F2=F2+C2+(E1+E2)
D1=2.%(1.—FLOAT(K)*Al)—D1
D2=2.%(1.4+FLOAT(K)*A1)—-D2
E1=0.
E2=0.
B2=D1xC1
IF (B2.LE.25.) E1I=ERFC(B2)
B2=D2+C1
IF (B2.LE.25.) E2=ERFC(B2)
F1=F1+E1+E2
CONTINUE
D1=1.4+FLOAT(NSL—1)*Al
E1=0.
B2=D1xC1
IF (B2.LE.25.) E1=ERFC(B2)
IF (IIY.EQ.0) THEN
F2=F2+E1
GOTO 24
ENDIF
C2=0.5
F2=F2+C2+E1
DO 14 J=1,(ITY-1)
D1=D1-CLASS(J)
E1=0.
B2=D1xCl1
IF (B2.LE.25.) E1I=ERFC(B2)
C2=C2/2.
F2=F2+C2+El
CONTINUE
D1=D1-CLASS(IIY)
E1=0.
B2=D1+C1
IF (B2.LE.25.) E1I=ERFC(B2)
F2=F2+C2+E1
D1=2.%(1.+FLOAT(NSL—1)*A1)-D1
E1=0.
B2=D1x«C1
IF (B2.LE.25.) E1I=ERFC(B2)
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F1=F1+E1+F2
PEULB(1)=F1/FLOAT(NSL)

PEULB(2)=2.xF2/FLOAT(NSL)

PEULB(3)=PEULB(3)+(PEULB(1)— PEULB(3))/PERRI

PEULB(4)=PEULB(4)+(PEULB(2)— PEULB(4))/PERRI

RETURN

END

SUBROUTINE SRKALG(AR1,AR2,REVISE,TRAIN)
COMPLEX AR1,AR2,ERRID,SIRCH,SIRER,SHUK,EST,UUU,RDASH,
+CONSIG,FFF(30),GGG(30),ALAMDA,BETA1,XY
DIMENSION AAA(30)
LOGICAL REVISE,TRAIN, TRANE,FREEZE
COMMON/MISC/NT,NSL,IDID,IL,IL1,SNR0,SIGM,PIFF,SVAR
COMMON/DATSYM/IECNT(5),KINP(22),KINP1(21),IDECS(10),INP(50)
COMMON/PICO/ERRID,SQERR,AVSQER,SQISI, A VISI,SQNOL AVNOIPEULB(12)
COMMON/GLUM/SIRCH(10),SIRER,AVSIRE,SQCER,AVCER,SHUK(20,10),EST(10)
COMMON/KALSRK/UUU(410),DDD(30),EPSIL,QUE,HQUEP
COMMON/MISC1/ITIME,ITRIT,LANT,ISED1,JSED2,KADEL,DELT0,DAMSE,DELTA
COMMON/PETRAN/IPETCO,IPETRA(3),SAVSQE,TRANE,FREEZE,KNOT,KNOT1
SIRER=(0.,0.)
RDASH=(0.,0.)
IF (.NOT.TRAIN) THEN
DO 11 I=1,NT

XY=CONSIG(KINP(IDID+2—I))

SIRER=SIRER+XY*SIRCH(I)

RDASH=RDASH+XY*EST(I)

CONTINUE

ELSE
DO 12 I=1,NT

XY=CONSIG(INP(IDID+NT+1—1I))

SIRER=SIRER+XY*SIRCH(I)

RDASH=RDASH+XY+EST(I)

CONTINUE

ENDIF
ERRID=ARI1—RDASH
SIRER=AR2—SIRER
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SQERR=SVARx(CABS(ERRID)*+2)

SAVSQE=DAMSE+SQERR+(1.—DAMSE)+SAVSQE

SQCER=0.

DO 3 I=1,NT
SQCER=SQCER+CABS(SIRCH(I)—SHUK(1,I))+2

CONTINUE

IF (ITIME.LE.ITRIT) GOTO 4

INSERT point for extra lines for PTS and RTS schemes (see end of this routine)

PERRI=FLOAT(ITIME-ITRIT)
AVSQER=AVSQER+(SQERR—AVSQER)/PERRI
AVSIRE=AVSIRE+(CABS(SIRER)++2—AVSIRE)/PERRI
AVCER=AVCER+(SQCER—AVCER)/PERRI
IF (NOT.TRAIN) THEN
XY=CONSIG(KINP(IDID+1))
ELSE
XY=CONSIG(INP(IDID+NT))
ENDIF
FFF(1)=CONJG(XY)
GGG(1)=DDD(1)*FFF(1)
XY=GGG(1)*CONJG(FFF(1))
AAA(1)=EPSIL+REAL(XY)
MM=0
DO 1J=2,NT
IF (.NOT.TRAIN) THEN
XY=CONSIG(KINP(IDID+2-17))
ELSE .
XY=CONSIG(INP(IDID+NT+1-1J))
ENDIF
FFF(J)=CONJG(XY)
DO 21=1,(J-1)
MM=MM-+1
IF (.NOT.TRAIN) THEN
XY=CONSIG(KINP(IDID+2-1I))
ELSE
XY=CONSIG(INP(IDID+NT+1-1))
ENDIF
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FFF(J)=FFF(J)+UUU(MM)+«CONJG(XY)
CONTINUE
GGG(J)=DDD(J)+FFF(J)
XY=GGG(J)xCONIG(FFF(J))
AAA(J)=AAA(J—1)+REAL(XY)
CONTINUE
IF (REVISE) THEN
HHTT=QUE*AAA(NT)
ELSE
HHTT=0.
ENDIF
CAPPA=1./(AAA(1)+HHTT)
DDD(1)=DDD(1)+*HQUEP«(EPSIL+HHTT)«CAPPA
MM=0
DO 6 J=2,NT
BETA=AAA(J-1)+HHTT
HLAMDA=FFF(J)*xCAPPA
CAPPA=1./(AAA(J)+HHTT)
DDD(J)=DDD(J)+HQUEP+BETA+CAPPA
DO 71=1,(J-1)
MM=MM+1
BETA1=UUU(MM)
UUU(MM)=BETA1—CONJG(GGG(I))*HLAMDA
GGG(I)=GGG(I)+GGG(J)*CONIG(BETA1)
CONTINUE
CONTINUE
BETA1=SIRER/AAA(NT)
DO 8 J=1,NT
SIRCH(J)=SIRCH(J)+GGG(J)*BETA1
CONTINUE
RETURN
END

INSERT lines for PTS scheme.

IF (FREEZE) THEN
KNOT1=KNOT1+1

IF (KNOT.GT.0) KNOT=KNOT-1
IF (KNOT.EQ.0) THEN
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TRANE=.FALSE.
FREEZE=.FALSE.
ENDIF
ELSE IF ((.NOT.TRAIN).AND.(.NOT.TRANE)) THEN
IF (MOD(ITIME,(KADEL+10)).EQ.0) THEN
FREEZE=.TRUE.
TRANE=.TRUE.
KNOT=10
SIRCH(1)=(0.,0.)
DO 5 I=2,NT
EST(I)=(0.,0.)
SIRCH(I)=(0.,0.)
CONTINUE
J=(LANT+NT-1)*(LANT+NT-2)
DO 91=1,J/2
uuu(1)=(0.,0.)
CONTINUE
DO 10 I=1,(LANT+NT-1)
DDD(I)=1.
CONTINUE
ENDIF
ENDIF
End of INSERT lines for PTS scheme.

INSERT lines for RTS scheme.

IF (FREEZE) THEN
KNOT1=KNOT1+1

IF (KNOT.GT.0) KNOT=KNOT-1
IF (KNOT.EQ.1) TRANE=.TRUE.
IF (KNOT.EQ.0) THEN

IF (SAVSQE.LT.DELT0) THEN
FREEZE=.FALSE.

KNOT=LANT

IF (KNOT.EQ.1) TRANE=.FALSE.
ENDIF

ENDIF

ELSE IF (((NOT.TRAIN).AND.(.NOT.TRANE)) THEN
IF (SAVSQE.GE.DELT0) THEN
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FREEZE=.TRUE.

KNOT=LANT

IF (KNOT.EQ.1) TRANE=.TRUE.
ENDIF

ELSE IF (KNOT.GT.1) THEN
KNOT1=KNOT1+1
KNOT=KNOT-1

IF (KNOT.EQ.1) TRANE=.FALSE.
ENDIF

End of INSERT lines for RTS scheme.

SUBROUTINE SDALG(AR1,AR2,TRAIN)
COMPLEX AR1,AR2,ERRID,SIRCH,SIRER,SHUK,EST,RDASH,CONSIG,XY
LOGICAL TRAIN
COMMON/MISC/NT,NSL,IDID,IL,IL1,SNR0,SIGM,PIFF,SVAR
COMMON/DATSYM/IECNT(5),KINP(22), KINP1(21),IDECS(10),INP(50)
COMMON/PICO/ERRID,SQERR,AVSQER,SQISI,AVISL,SQNOI,AVNOIL,PEULB(12)
COMMON/GLUM/SIRCH(10),SIRER,AVSIRE,SQCER,AVCER,SHUK(20,10),EST(10)
COMMON/MISC1/ITIME,ITRIT,LANT,ISED1,ISED2,KADEL,DELT0,DAMSE,DELTA
SIRER=(0.,0.)
RDASH=(0.,0.)
IF (NOT.TRAIN) THEN
DO 11 I=1,NT
XY=CONSIG(KINP(IDID+2—1I))
SIRER=SIRER+XY+SIRCH(I)
RDASH=RDASH+XY+EST(])
CONTINUE
ELSE
DO 12 I=1,NT
XY=CONSIG(INP(IDID+NT+1~1I))
SIRER=SIRER+XYSIRCH(I)
RDASH=RDASH+XY*EST(I)
CONTINUE
ENDIF
ERRID=AR1—RDASH
SIRER=AR2—SIRER
SQERR=SVARx*(CABS(ERRID)*2)
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SQCER=0.
DO 1I=1,NT
SQCER=SQCER+CABS(SIRCH(I)—SHUK(1,I))#*2
CONTINUE
IF (ITIME.LE.ITRIT) GOTO 3
PERRI=FLOAT(ITIME—ITRIT)
AVSQER=AVSQER+(SQERR—AVSQER)/PERRI
AVSIRE=AVSIRE+(CABS(SIRER)**2—AVSIRE)/PERRI
AVCER=AVCER+(SQCER—-AVCER)/PERRI
DO 2 I=1,NT
IF (NOT.TRAIN) THEN
XY=CONSIG(KINP(IDID+2—I))
ELSE
XY=CONSIG(INP(IDID+NT+1-1))
ENDIF
SIRCH(1)=SIRCH(I)+ DELTA+SIRER+CONJG(XY)
CONTINUE
RETURN
END

SUBROUTINE DTAPS
COMPLEX SIRCH,SIRER,SHUK,EST,RALF,ALF,RVEC,
+A(20),W(20),V(20),HLAM,A1,B1,D0
COMMON/MISC/NT,NSL,IDID,IL,IL1,SNRO,SIGM,PIFF,SVAR
COMMON/GLUM/SIRCH(10),SIRER,AVSIRE,SQCER,AVCER,SHUK(20,10),EST(10)
COMMON/DFEFIL/RALF(40),ALF(20),RVEC(21)
COMMON/MISC1/ITIME,ITRIT,LANT,ISED1,ISED2,KADEL,DELT0,DAMSE,DELTA
IF (SIRCH(1).EQ.(0.,0.)) RETURN
HLAM=1./CONJG(SIRCH(1))
A(1)=2.+SIGM+HLAM
DO 1 I=1,(LANT—1)

A(I+1)=(0.,0.)

DO 2 K=MAX0(0,]—NT+1),I—1

A(I+1)=A(I+1)—CONIG(SIRCH(I— K+1))*A(K+1)

CONTINUE

A(I+1)=A(I+1)xHLAM
CONTINUE
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A(1)=A(1)+SIRCH(1)
HLAM=1./A(1)
W(1)=A(2)*HLAM
V(1)=SIRCH(2)*HLAM
DO0=A(1)
Al=W(1)
B1=V(1)
DO 3 K=1,LANT-2
D0=(1.—A1xB1)«D0
Al=A(K+2)
DO 41=1,K
Al=A1-A(I4+1)xW(K~I+1)
CONTINUE
HLAM=1./D0
Al1=A1xHLAM
B1=(0.,0.)
IF (K.LE.NT-2) B1=SIRCH(K+2)
DO 5 I=1,MINO(K,NT—1)
B1=B1-—SIRCH(I+1)*V(K—~I+1)
CONTINUE
B1=B1+HLAM
DO 6 I=1,K
HLAM=V(K-I+1)—-B1+W(I)
W(DH=W(I)—Al*V(K~-I+1)
V(K—I+1)=HLAM
CONTINUE
W(K+1)=A1
V(K+1)=B1
CONTINUE
D0=(1.—A1xB1)%D0
ALF(1)=1./D0
DO 71=1,LANT-1
ALF(I+1)=—ALF(1)*W(I)
CONTINUE
DO 8 I=2,NT
EST(I)=(0.,0.)
DO 9 K=1,MINO(LANT,NT—I+1)
EST(I)=EST(I)+ALF(K)*SIRCH(K+I—1)
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CONTINUE
CONTINUE
RETURN
END

SUBROUTINE IDECOD(IRE1,IRE(,IX,IY)
COMMON/CONSIY/NINQ,NSPA
IQUA1=IRE1/NINQ
IQUAO=IREO/NINQ
IQUAD=MOD((4+I1QUA1—-IQUAD0),4)
LOK=MOD(IRE1,NINQ)
IY=2+(LOK/NSPA)+1
IX=2xMOD(LOK,NSPA)+1

IF (IQUAD.EQ.1) THEN

I=IX

IX=-1Y

IY=I

ELSE IF (IQUAD.EQ.2) THEN
IX=-1IX

IY=-1Y

ELSE IF (IQUAD.EQ.3) THEN
I=IX

IX=IY

IY=-1I

ENDIF

RETURN

END

COMPLEX FUNCTION CGAUSS(ISEED)

CALL RANSET(ISEED)

THETE=6.283185308«*RANF()

UNIF=RANF()

IF (UNIF.LE.0.0) GOTO 1

CALL RANGET(ISEED)
RADIUS=SQRT(—2.0+LOG(UNIF))
CGAUSS=RADIUS*CMPLX(COS(THETE),SIN(THETE))
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RETURN
END

COMPLEX FUNCTION CONSIG(N)
COMMON/MISC/NT,NSL,IDID,IL,IL1,SNRO,SIGM,PIFF,SVAR
COMMON/CONSIY/NINQ,NSPA
IF (N.NE.—1) GOTO 1
CONSIG=(0.,0.)

RETURN

LOK=MOD(N,NINQ)
LOKI=2#(LOK/NSPA)+1
LOKR=2*MOD(LOK,NSPA)+1
IQUAD=N/NINQ
X=FLOAT(LOKR)
Y=FLOAT(LOKI)

IF (IQUAD.EQ.1) THEN

R=X

X==Y

Y=R

ELSE IF (IQUAD.EQ.2) THEN
X=-X

Y=-Y

ELSE IF (IQUAD.EQ.3) THEN
R=X

X=Y

Y=-R

ENDIF
CONSIG=CMPLX(X,Y)/PIFF
RETURN

END

FUNCTION MDECON(IX,IY)
COMMON/CONSIY/NINQ,NSPA

IQUAD=1

IF (ISIGN(L,IX).EQ.ISIGN(1,—IY)) IQUAD=2
IQUAD=IQUAD—ISIGN(1,IY)
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IDX=IX

IDY=IY

IF (IQUAD.EQ.1) THEN
I=IDX

IDX=IDY

IDY=-1

ELSE IF (IQUAD.EQ.2) THEN
IDX=-IDX

IDY=-IDY

ELSE IF (IQUAD.EQ.3) THEN
I=IDX

IDX=~-IDY

IDY=I

ENDIF
MDECON=IQUAD*NINQ+NSPA*(IDY—1)/2+(IDX—1)/2
RETURN

END

SUBROUTINE SRKAL1(AR1,REVISE,TRAIN)
COMPLEX AR1,ERRID,SIRCH,SIRER,SHUK,EST,RALF,ALF,RVEC,UUU,
+RDASH,CONSIG,FFF(30),GGG(30),HLAMDA,BETA1,XY
DIMENSION AAA(30)
LOGICAL REVISE,TRAIN
COMMON /MISC/NT,NSL,IDID,IL,IL1,SNR0,SIGM,PIFF,SVAR
COMMON/DATSYM/IECNT(5),KINP(22),KINP1(21),IDECS(10),INP(50)
COMMON/PICO/ERRID,SQERR,AVSQER,SQISI,AVISL,SQNOI, AVNOI,PEULB(12)
COMMON/GLUM/SIRCH(10),SIRER,AVSIRE,SQCER,AVCER,SHUK(20,10),EST(10)
COMMON/DFEFIL/RALF(40),ALF(20),RVEC(21)
COMMON/KALSRK/UUU(410),DDD(30),EPSIL,QUE,HQUEP
COMMON/MISC1/ITIME,ITRIT,LANT,ISED1,ISED2,KADEL,DELT0,DAMSE, DELTA
RDASH=(0.,0.)
IF (.NOT.TRAIN) THEN
DO 11 I=1,NT

XY=CONSIG(KINP(IDID+2—I))

RDASH=RDASH+XY+EST(I)

CONTINUE

ELSE
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DO 12 I=1,NT
RDASH=RDASH+CONSIG(INP(IDID+NT+1-I))*xEST(I)
CONTINUE
ENDIF
ERRID=AR1-RDASH
SQERR=SVAR+(CABS(ERRID)**2)
IF (ITIME.LE.ITRIT) GOTO 10
AVSQER=AVSQER+(SQERR—AVSQER)/FLOAT(ITIME—ITRIT)
FFF(1)=CONJG(RALF(IDID+1))
GGG(1)=DDD(1)+FFF(1)
XY=GGG(1)*CONJG(FFF(1))
AAA(1)=EPSIL+REAL(XY)
MM=0
DO 1 J=2,LANT
FFF(J)=CONJG(RALF(IDID+J))
DO 2 1=1,(J-1)
MM=MM+1
FFF(J)=FFF(J)+UUU(MM)*CONJG(RALF(IDID+I))
CONTINUE
GGG(J)=DDD(J)+xFFF(J)
XY=GGG(J)*CONJG(FFF(J))
AAA(J)=AAA(J-1)+REAL(XY)
CONTINUE
DO 3 J=(LANT+1),(LANT+NT-1)
LL=J—-LANT-1
IF (.NOT.TRAIN) THEN
XY=CONSIG(KINP(IDID—LL))
ELSE
XY=CONSIG(INP(IDID+NT—-1~-LL))
ENDIF
FFF(J)=CONJG(XY)
DO 4 I=1,LANT
MM=MM-+1
FFF(J)=FFF(J)+UUU(MM)*CONJG(RALF(IDID+I))
CONTINUE
LL=-1
DO 5 I=(LANT+1),(J-1)
MM=MM-+1
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LL=LL+1
IF ((NOT.TRAIN) THEN
XY=CONSIG(KINP(IDID—LL))
ELSE
XY=CONSIG(INP(IDID+NT—1—LL))
ENDIF
FFF(J)=FFF(J)+UUU(MM)+*CONJG(XY)
CONTINUE
GGG(J)=DDD(J)*FFF(J)
XY=GGG(J)xCONJG(FFF(J))
AAA(J)=AAA(J—-1)+REAL(XY)
CONTINUE
IF (REVISE) THEN
HHTT=QUE+AAA(LANT4NT-1)
ELSE
HHTT=0.
ENDIF
CAPPA=1./(AAA(1)+HHTT)
DDD(1)=DDD(1)+*HQUEP«(EPSIL+HHTT)xCAPPA
MM=0
DO 6 J=2,(LANT+NT-1)
BETA=AAA(J—1)+HHTT
HLAMDA=FFF(J)xCAPPA
CAPPA=1./(AAA(J)+HHTT)
DDD(J)=DDD(J)*HQUEP+*BETA*CAPPA
DO 71=1,(J—1)
MM=MM+1
BETA1=UUU(MM)
UUU(MM)=BETA1-CONJG(GGG(I))*HLAMDA
GGG(I)=GGG(I)+GGG(J)*CONJG(BETA1)
CONTINUE
CONTINUE
BETA1=—ERRID/AAA(LANT+NT-1)
DO 8 J=1,LANT
ALF(J)=ALF(J)+GGG(J)*BETA1
CONTINUE
DO 9 J=2,NT
EST(J)=EST(J)— GGG(LANT-}-J —1)+xBETA1
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CONTINUE
RETURN
END

SUBROUTINE CONVER(VERG,ENCE)
COMPLEX ERRID,SIRCH,SIRER,SHUK,EST,RALF,ALF,RVEC,UUU
DIMENSION VERG(61),ENCE(61)
COMMON/MISC/NT,NSL,IDID,IL,IL1,SNR0,SIGM,PIFF,SVAR
COMMON/PICO/ERRID,SQERR,AVSQER,SQISI,AVISL,SQNOI,AVNOLPEULB(12)
COMMON/GLUM/SIRCH(10),SIRER,AVSIRE,SQCER,AVCER,SHUK(20,10),EST(10)
COMMON/DFEFIL/RALF(40),ALF(20),RVEC(21)
COMMON/KALSRK/UUU(410),DDD(30),EPSIL,QUE,HQUEP
COMMON/MISC1/ITIME,ITRIT,LANT,ISED1,ISED2,KADEL,DELT0,DAMSE, DELTA
IF (ITIME.EQ.ITRIT) THEN
DO 1 I=1,LANT

ALF(I)=(0.,0.)
CONTINUE
SIRCH(1)=(0.,0.)
DO 2 I=2,NT

EST(1)=(0.,0.)

SIRCH(I)=(0.,0.)
CONTINUE
J=(LANT+NT—1)x(LANT+NT—2)
DO 3 I=1,J/2

UUU)=(0.,0.)
CONTINUE
DO 4 I=1,(LANT+NT—1)

DDD(I)=1.
CONTINUE
RETURN
ENDIF
I=ITIME—ITRIT
B1=LOG10(SQCER+1.1E—100)
B2=LOG10(SQISI+SQNOI+1.1E—100)
VERG(I)=VERG(I)+(1./30.)xB1
ENCE(I)=ENCE(I)+(1./30.)*B2
RETURN
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END

SUBROUTINE DTAPS1
COMPLEX SIRCH,SIRER,SHUK,EST,RALF,ALF,RVEC,A(20,20),V(20),B2
DIMENSION D(20)
COMMON/MISC/NT,NSL,IDID,IL,IL1,SNRO,SIGM,PIFF,SVAR
COMMON/GLUM/SIRCH(10),SIRER,AVSIRE,SQCER,AVCER,SHUK(20,10),EST(10)
COMMON/DFEFIL/RALF(40),ALF(20),RVEC(21)
COMMON/MISC1/ITIME,ITRIT,LANT,ISED1,ISED2,KADEL,DELT0,DAMSE,DELTA
DO 16 I=1,LANT
DO 17 J=1,I
A(J3,1)=(0.,0.)
CONTINUE
CONTINUE
DO 3 M=1,LANT
AM,M)=A(M,M)+2.+SIGM
DO 4 I=M,MINO((M+NT—1),LANT)
DO 5 J=M,I
A(J,1)=A(J,1)+CONJG(SHUK(I,(I—-M+1)))*SHUK(J,(J —M+1))
CONTINUE
CONTINUE
CONTINUE
D(1)=REAL(A(1,1))
DO 6 I=2,LANT
B1=REAL(A(LI))
DO 7 J=1,(I-1)
B2=A(J,I)
DO 8 K=1,J-1)
B2=B2-V(K)*CONJG(A(J,K))
CONTINUE
V(J3)=B2
A(L,J)=B2/D(J)
B1=B1—(CABS(B2)++2)/D(J)
CONTINUE
D(I)=B1
IF (D(I).EQ.0.) RETURN
CONTINUE
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DO 14 I=1,LANT
IF (.LE.NT) THEN
B2=CONJG(SHUK(L,))
ELSE
B2=(0.,0.)
ENDIF
DO 15 K=1,(1—1)
B2=B2—A(,K)*V(K)
CONTINUE
V(I)=B2
CONTINUE
DO 19 I=LANT,1,—1
B2=V(I)/D(1)
DO 20 K=(I+1),LANT
B2=B2— CONJG(A(K,I))+ALF(K)
CONTINUE
ALF(I)=B2
CONTINUE
SIRCH(1)=SHUK(1,1)
DO 9 I=2,NT
EST(1)=(0.,0.)
DO 13 J=1,MINO(LANT,(NT—I+1))
EST(I)=EST(I)+ALF(J)+SHUK(3,(J-+I—1))
CONTINUE
SIRCH(I)=SHUK(1,)
CONTINUE
RETURN
END

SUBROUTINE EVALL

COMPLEX ERRID,SIRCH,SIRER,SHUK,EST,RALF,ALF,RVEC,XY

DIMENSION CLASS1(50),CLASS2(100),CLASS3(150)
COMMON/MISC/NT,NSL,IDID,IL,IL1,SNRO,SIGM,PIFF,SVAR
COMMON/DATSYM/IECNT(5),KINP(22), KINP1(21),IDECS(10),INP(50)
COMMON/PICO/ERRID,SQERR,AVSQER,SQISI,AVISI,SQNOI,AVNOI,PEULB(12)
COMMON/GLUM/SIRCH(10),SIRER,AVSIRE,SQCER,AVCER,SHUK(20,10),EST(10)
COMMON/DFEFIL/RALF(40),ALF(20),RVEC(21)
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COMMON/MISC1/ITIME,ITRIT,LANT,ISED1,ISED2,KADEL,DELT0,DAMSE,DELTA
SQERR=2.xSIGM+xCABS(ALF(1))/CABS(SHUK(1,1))
IF (ITIME.LE.ITRIT) RETURN
PERRI=FLOAT(ITIME—ITRIT)
AVSQER=AVSQER+(SQERR—AVSQER)/PERRI
IIY=2+«LANT—1
IX=IIY
XX=0.
B1=0.
MM=0
DO 2 I=1,(LANT-1)
XY=(0.,0.)
DO 3 J=(I+1),MINO(LANT,(NT-+1))
XY=XY+ALF(J)*SHUK(J,(J-1I))
CONTINUE
C1=ABS(REAL(XY))
C2=ABS(AIMAG(XY))
CLASS1(MM+1)=C1
CLASS1(MM+2)=C2
DO 12 J=1,2
B2=4./(2.%xJ)
CLASS2(2+MM+2+J —1)=C1+B2
CLASS2(2+MM+2+J)=C2+B2
CONTINUE
DO 13J=1,3
B2=8./(2.%+J)
CLASS3(3*MM+2+] —1)=C1+B2
CLASS3(3xMM+2+J)=C2+B2
CONTINUE
MM=MM+2
XX=XX+CABS(XY)*%2
B1=B1+CABS(ALF(I))**2
CONTINUE
SQISI=XX
B1=B1+CABS(ALF(LANT))*%2
SQNOI=2.+SIGMxB1
XY=(0.,0.)
DO 4 I=1,MINO(LANT,NT)
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XY=XY+ALF(I)xSHUK(LI)
4 CONTINUE
XY=XY~-1.
A1=REAL(XY)
C2=ABS(AIMAG(XY))
CLASS1(MM+1)=C2
DO 14 J=1,2
B2=4./(2.%J)
CLASS2(2+MM+J)=C2+B2
14 CONTINUE
DO 15 J=1,3
B2=8./(2.4+J)
CLASS3(3*MM+1J)=C2+B2
15 CONTINUE
SQISI=SQISI+CABS(XY)x%2
AVISI=AVISI+(SQISI—AVISI)/PERRI
AVNOI=AVNOI+(SQNOI-AVNOI)/PERRI
DO 5 I=1,(IIY —1)
B1=0.
DO 6 J=LIIY
IF (B1.GT.CLASS1(J)) GOTO 6
B1=CLASS1(J)
MM=J
6 CONTINUE
IF (B1.EQ.0.) THEN
IX=I-1
GOTO 34
ENDIF
CLASS1(MM)=CLASS1(I)
CLASS1(I)=B1
5 CONTINUE
IF (CLASS1(IIY).EQ.0.) IIX=IIY -1
34 DO 16 I=1,(2+IIY 1)
B1=0.
DO 17 J=IL,2+1TY
IF (B1.GT.CLASS2(J)) GOTO 17
B1=CLASS2(J)
MM=]
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17 CONTINUE
CLASS2(MM)=CLASS2(I)
CLASS2(I)=B1

16 CONTINUE

DO 18 I=1,(3«IIY—1)
B1=0.
DO 19 J=I,3xI1Y
IF (B1.GT.CLASS3(J)) GOTO 19
B1=CLASS3(J)
MM=J

19 CONTINUE
CLASS3(MM)=CLASS3(I)
CLASS3(I)=B1

18 CONTINUE

ITY=IIX

C1=1./SQRT(2.xSQNOI)

F1=0.

F2=0.

D1=1.4+A1

E1=0.

B2=D1xCl1

IF (B2.LE.25.) E1I=ERFC(B2)

IF (ITY.EQ.0) THEN

F2=F2+E1

GOTO 35

ENDIF

C2=0.5

F2=F2+C2«E1

DO 21 J=1,(IIY-1)
D1=D1-CLASS1(J)
E1=0.
B2=D1xCl1
IF (B2.LE.25.) E1=ERFC(B2)
C2=C2/2.
F2=F2+C2+El

21 CONTINUE
D1=D1-CLASS1(IIY)
E1=0.
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B2=D1xC1

IF (B2.LE.25.) EI=ERFC(B2)

F2=F2+C2+El

D1=2.x(1.+A1)-D1

E1=0.

B2=D1xCl1

IF (B2.LE.25.) E1=ERFC(B2)

F1=F14+E1+F2

PEULB(1)=F1/2.

PEULB(2)=F2
PEULB(3)=PEULB(3)+(PEULB(1)—PEULB(3))/PERRI
PEULB(4)=PEULB(4)+(PEULB(2)—PEULB(4))/PERRI
C1=1./SQRT(10.*SQNOI)

F1=0.

F2=0.

DO 22 1=2,2
K=2+I-5

D1=1.—FLOAT(K)*Al

D2=1.+FLOAT(K)*A1l

E1=0.

E2=0.

B2=D1+C1

IF (B2.LE.25.) EI=ERFC(B2)

B2=D2xC1

IF (B2.LE.25.) E2=ERFC(B2)

IF (IIY.EQ.0) THEN

F2=F2+E1+E2

GOTO 22

ENDIF

C2=0.5

F2=F2+C2x(E1+E2)

DO 23 J=1,(2+1IY—1)
D1=D1-CLASS2(J)
D2=D2—-CLASS2(J)
E1=0.

E2=0.
B2=D1+C1
IF (B2.LE.25.) EI=ERFC(B2)
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B2=D2xC1
IF (B2.LE.25.) E2=ERFC(B2)
C2=C2/2.
F2=F2+C2(E1+E2)
CONTINUE
D1=D1—CLASS2(2«IIY)
D2=D2—CLASS2(2«IIY)
E1=0.
E2=0.
B2=D1xC1
IF (B2.LE.25.) E1=ERFC(B2)
B2=D2«C1
IF (B2.LE.25.) E2=ERFC(B2)
F2=F2+C2x(E1+E2)
D1=2.#(1.—FLOAT(K)*A1)—D1
D2=2.x(1.+FLOAT(K)*A1)—D2
Ei1=0.
E2=0.
B2=D1xCl1
IF (B2.LE.25.) E1I=ERFC(B2)
B2=D2+C1
IF (B2.LE.25.) E2=ERFC(B2)
F1=F1+E1+E2

CONTINUE
D1=1.43.xAl

E1=0.

B2=D1xC1

IF (B2.LE.25.) E1I=ERFC(B2)
IF (IIY.EQ.0) THEN
F2=F2+E1

GOTO 36

ENDIF

C2=0.5
F2=F2+C2+E1

DO 24 J=1,(2«11Y—1)

D1=D1-CLASS2(J)
E1=0.
B2=D1xC1
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IF (B2.LE.25.) E1=ERFC(B2)
C2=C2/2.
F2=F2+C2*El
24 CONTINUE
D1=D1—-CLASS2(2+IIY)
E1=0.
B2=D1«C1
IF (B2.LE.25.) E1=ERFC(B2)
F2=F2+C2+El
D1=2.x(1.+3.xA1)—D1
E1=0.
B2=D1xC1
IF (B2.LE.25.) EI=ERFC(B2)
F1=F1+E14F2
36 PEULB(5)=F1/4.
PEULB(6)=F2/2.
PEULB(7)=PEULB(7)+(PEULB(5)-PEULB(7))/PERRI
PEULB(8)=PEULB(8)+(PEULB(6)—PEULB(8))/PERRI
C1=1./SQRT(42.+SQNOI)

F1=0.

F2=0.

DO 28 1=2,4
K=2«I-9

D1=1.—~FLOAT(K)*A1l
D2=1.4+FLOAT(K)xA1

E1=0.

E2=0.

B2=D1xCl1

IF (B2.LE.25.) E1=ERFC(B2)
B2=D2xCl1

IF (B2.LE.25.) E2=ERFC(B2)
IF (IIY.EQ.0) THEN
F2=F2+E14+E2

GOTO 28

ENDIF

C2=0.5

F2=F24C2«(E1+E2)

DO 29 J=1,(3%IIY-1)
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D1=D1-CLASS3(J)
D2=D2-CLASS3(J)
E1=0.
E2=0.
B2=D1xC1
IF (B2.LE.25.) EI=ERFC(B2)
B2=D2x+C1
IF (B2.LE.25.) E2=ERFC(B2)
C2=C2/2.
F2=F2+C2+(E1+E2)
CONTINUE
D1=D1—-CLASS3(3«IIY)
D2=D2—-CLASS3(3«I1Y)
E1=0.
E2=0.
B2=D1xCl1
IF (B2.LE.25.) E1=ERFC(B2)
B2=D2xC1
IF (B2.LE.25.) E2=ERFC(B2)
F2=F24+C2x(E1+E2)
D1=2.#(1.—FLOAT(K)*A1)—D1
D2=2.#(1.4+FLOAT(K)*Al)—D2
E1=0.
E2=0.
B2=D1xCl1
IF (B2.LE.25.) E1I=ERFC(B2)
B2=D2xCl
IF (B2.LE.25.) E2=ERFC(B2)
F1=F1+E1+E2
CONTINUE
Di1=1.47.xAl
E1=0.
B2=D1%C1
IF (B2.LE.25.) E1I=ERFC(B2)
IF (IIY.EQ.0) THEN
F2=F2+E1
GOTO 37
ENDIF
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C2=0.5
F2=F2+C2+El
DO 30 J=1,(3*IIY—-1)
D1=D1-CLASS3(J)
E1=0.
B2=D1xCl1
IF (B2.LE.25.) E1I=ERFC(B2)
C2=C2/2.
F2=F2+C2+«E1
CONTINUE
D1=D1—CLASS3(3+IIY)
E1=0.
B2=D1xC1
IF (B2.LE.25.) E1I=ERFC(B2)
F2=F2+4C2+E1
D1=2.%(1.4+7.xA1)—-D1
E1=0.
B2=D1xCl1
IF (B2.LE.25.) E1=ERFC(B2)
F1=F1+E1+F2
PEULB(9)=F1/8.
PEULB(10)=F2/4.

PEULB(11)=PEULB(11)+(PEULB(9)— PEULB(11))/PERRI
PEULB(12)=PEULB(12)+(PEULB(10)— PEULB(12))/PERRI

RETURN
END

SUBROUTINE EVAL2

COMPLEX ERRID,SIRCH,SIRER,SHUK,EST
DIMENSION CLASS1(50),CLASS2(100),CLASS3(150)
COMMON/MISC/NT,NSL,IDID,IL,IL1,SNR0,SIGM,PIFF,SVAR
COMMON/PICO/ERRID,SQERR,AVSQER,SQISLAVISI,SQNOLAVNOI,PEULB(12)
COMMON/GLUM/SIRCH(10),SIRER,AVSIRE,SQCER,AVCER,SHUK(20,10),EST(10)

CHEN=0.

DO 1I=1,NT
CHEN=CHEN+CABS(SHUK(1,I))**2

CONTINUE
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SQERR=2.+SIGM/CHEN
SQISI=2.4SIGM/(CHEN+2.+SIGM)

IF (ITIME.LE.ITRIT) RETURN
PERRI=FLOAT(ITIME—ITRIT)
AVSQER=AVSQER+(SQERR—AVSQER)/PERRI
AVISI=AVISI+(SQISI—-AVISI)/PERRI
P1=1./(2.*SQERR)

P1=SQRT(P1)

E1=0.

IF (P1.LE.25.) EI=ERFC(P1)
PERRI=FLOAT(ITIME—ITRIT)

PEULB(1)=El
PEULB(2)=PEULB(2)+(PEULB(1)—PEULB(2))/PERRI
P1=1./(10.+SQERR)

P1=SQRT(P1)

E1=0.

IF (P1.LE.25.) E1=ERFC(P1)

PEULB(3)=1.5%E1
PEULB(4)=PEULB(4)+(PEULB(3)—PEULB(4))/PERRI
P1=1./(42.+SQERR)

P1=SQRT(P1)

E1=0.

IF (P1.LE.25.) E1=ERFC(P1)

PEULB(5)=1.75«E1
PEULB(6)=PEULB(6)+(PEULB(5)—PEULB(6))/PERRI
RETURN

END
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