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ERRATA

Last section of second paragraph, page 9, is changed 
to : "Also the boundary is not a simple shape and 
introduces some modelling approximations when using 
quadratic elements. The test reveals how the variation of 
the jacobian determinant might affect the finite element 
strain field."

Last line of second paragraph, page 51, should read : 
"subtended by the elements."

At the end of the section of page 121, the following 
should be added : "These conclusions have been reached for 
a constant bending moment and they might or might not be
valid for a constant shear."
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Abstract

In this thesis the problem of the stress sensitivity 
of the finite element displacement method for linear 
elastic assemblies was examined. Three tests were 
developed to examine the way with which the finite element 
strains (stresses) approach the theoretical ones.

The first test was a patch test for constant 
inextensional bending of thin shells of negative Gaussian 
curvature. The shell chosen was the catenoid of 
revolution since the writer has shown it to be the only 
shell for which the solution for inextensional bending 
would be the same for both Novoshilov, or Koiter-Sanders 
based theories. The complete theory of the catenoid under 
inextensional bending was developed and a patch test was 
designed for constant inextensional bending. It was 
predicted that the size of the patch can never be small 
enough for the nodal stresses to be free from parasitic 
membrane action, the thin shell elements will always 
exhibit unacceptable stress errors. It was also found 
that for Mindlin type elements with reduced integration, 
the stresses at the reduced integration Gauss points were 
practically exact. This was further examined using a 
simple Mindlin beam to model the behaviour of cylindrical
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Abstract

An inherent feature of the assumed displacement 
finite element method is the lower order of accuracy 
delivered for the nodal stresses and strains as compared 
to that of the nodal displacements in a typical finite 
element assembly. This has forced the developers of most 
commercial finite element programs to adopt different 
techniques for improving certain features of the stress 
output.

Three tests are proposed in this thesis to exploit 
the effectiveness of these stress extraction techniques of 
three basic types of problems, ie. the inextensional 
bending of thin shells, the thermal stress in membrane 
elements and the stress concentration in membrane 
elements.

In chapter 2, the Novoshilov shell theory is compared 
to that of Sanders and their differences are outlined. 
The problems in modelling thin shells with finite elements 
are then discussed and the problem of inextensional 
bending is explained. A shell of negative Gaussian 
curvature called the catenoid of revolution is then used 
to develop a patch test of four elements to test for 
constant- inextensional bending. Numerical results are
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Mindlin shell elements of zero Poisson ratio and it was
found that the mechanism of reduced integration is
equivalent to a process of releasing Legendre-like
polynomials of the finite element strain distribution. It 
was shown that these Legendre-like polynomials are 
responsible for the presence of the parasitic membrane 
nodal stresses but since they are zero by definition at 
the reduced integration Gauss points, the stress results 
at these points are exact or near exact. The writer also 
proposed a selective very-reduced integration scheme for 
quadratic Mindlin beams/shells consisting of 3 point 
integration for the membrane energy and 1 point
integration for the transverse shear, which he claims will 
obtain exact stress response for constant inextensional 
bending but erroneous displacement patterns associated 
with it. No finite element results with shell elements 
are shown to substantiate this claim.

The second test consisted of a circular membrane with 
a circular hole under quadratically varying radial 
temperature. It was modelled with 8 node quadratic 
membrane elements. Four different schemes of application 
of nodal temperatures and subsequent stress extraction 
were used, one of which was developed by the writer. That 
method was the application of nodal temperatures based on 
a profile that is a least squares fit of the original 
temperature profile. It was found that this method 
exhibited very little error in both the radial and 
circumferential stress components and it was by far the 
best of all. The reason was attributed to the fact that
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presented for quadratic Mindlin finite elements for both 
distorted and undistorted patch test configurations while 
predictions are made for the performance of the 
corresponding Koiter-Sanders type elements.

From the numerical results presented it was obvious 
that the Gauss points exhibited superior accurac' to that 
of the nodes as far as the stress output was concerned. 
In chapter 3, the reason for the Gauss point behaviour was 
further examined and the mechanism of reduced and 
selective integration was investigated as applied to the 
general problem of "locking” of Mindlin elements.

The least squares fit property of the finite element 
method was used in chapter 4 for the development of a test 
for the thermal stress sensitivity of an assembly of 
quadratic isoparametric elements. The problem of imposing 
a given temperature profile on a finite element assembly 
was discussed. Four different ways for the imposition of 
a given quadratic temperature profile were used and the 
reasons for the assembly performance in each case were 
discussed.

Finally, in chapter 5, the problems of stress 
sensitivity of a mesh around a stress concentration were 
discussed. An elliptical membrane with an elliptical hole 
was used to create a sharp stress concentration which was 
eventually modelled with 3 node and 6 node isoparametric 
triangular elements and 4 node, 8 node and 16 node 
isoparametric quadrilateral elements under both coarse and 
fine mesh configurations.
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the inherent mismatch between the linear finite element
radial strain and the corresponding quadratic thermal 
strain, that was responsible for the strain (stress) error 
oscillations over the elements, had actually been 
eliminated by the least squares fit process on the 
temperature due to the degeneration of the thermal strains 
to an equivalent linear distribution.

The last test consisted of an elliptical membrane 
with an elliptical hole under external traction. It was 
designed to exhibit a stress concentration of intensity 
factor 9. The theoretical solution for the inner and outer 
boundary stress distributions was derived. The maximum 
stress concentration and its variation around the boundary 
of the hole were determined using various linear and 
quadratic, triangular and quadrilateral membrane shell 
elements for both coarse and fine meshes. It was found 
that the quadratic elements, although clearly superior to 
their linear counterparts, they showed considerable 
sensitivity to the location of the midside node as far as 
stress accuracy was concerned. It was finally 
demonstrated that the requirement for the midside node to 
be at the midside of a quadratic element could lead into 
an erroneous element boundary representation.
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Chapter 1

INTRODUCTION

1.1 General Introduction

The finite element method emerged at the end of the 
1950's as a numerical technique for the approximate 
solution of problems that engineers of that time could not 
otherwise solve. During the 1960's the method became well 
established in the aerospace and nuclear industry, not at 
the every-day application level but mostly for specific, 
very complicated, structural analyses. By far the most 
easily comprehensible by the average engineer method was 
and still is the assumed displacement method. According 
to this method, the structure is subdivided (discretised) 
into a number of finite parts (finite elements) and over 
each of these the shape of the deformation field is 
assumed in some polynomial form, continuous over each 
element and continuous over the complete structure if 
compatible elements are used. The actual magnitude of the 
deformation field is found through the principle of 
virtual work by equating the work done by the external
loads to that done by the internal stresses for any
arbitrary but suitable virtual deformation of the
structural boundary. (ref. 66, 69, 4, 15).
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An immediate problem that appeared was that even when 
the deformation of the structure at the element nodes was 
continuous, the nodal stresses calculated from the nodal 
strains were not. This was inherent to the piece-wise 
continuous nature of the element deformation polynomials 
(shape functions). However, the stress at a point is a 
single valued function ie. it is independent of the path 
with which one approaches that point. To avoid this 
conflict the arithmetic mean of the various finite element 
nodal stresses could be found instead. By doing so the 
relative significance of a large element connected to a 
small element, or a very distorted element next to a less 
distorted element, was lost.

At the same time, the most important problem due to 
the continuous development of new elements was the problem 
of convergence, that is whether an assembly of elements 
will tend to produce the correct displacement/rotation 
field with continuously increasing mesh refinement. By 
the end of the 1960's the patch test emerged (ref. 28), 
the simplest version of which states that an element will 
converge to the correct answer with increasing refinement 
if, when embedded in a mesh of arbitrarily distorted 
elements and that mesh is subjected to a constant stress 
state, it (the element in question) will reproduce exactly 
that constant state of stress everywhere in its volume.

The patch test was accepted as the test for 
convergence by the beginning of the 70's (ref. 64) and it 
very clearly shifted the emphasis from the displacement
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output quality to the stress output quality of the finite 
element method.

It soon became apparent that even when the stresses 
were averaged across elements they could still be 
considerably in error. In an effort to find any other 
possible points inside an element for improved stress 
sampling, it was found that the stresses at the Gauss 
points were in many cases exact or nearly exact, but in 
almost all cases they were significantly more accurate 
than those found at the nodes (ref. 7, 69). At the same 
time the equivalence of the minimisation of the total 
potential energy functional and a weighted least square 
fit of the mechanical strains to the theoretical strains 
in the structure was established (ref. 23, 40, 55, 69). A 
theoretical justification was soon obtained for the 
apparent least squares fit effect of the Gauss point 
stresses as compared to the nodal ones (ref. 69) and 
consequently it was formally recommended by many 
researchers that the nodal stresses should be found by 
some extrapolation from the Gauss point values.

This gave rise to the ideas of global and local 
smoothing of the finite element stresses over a structure 
for improved accuracy. (ref. 24, 25).

Nowadays, the formulation of the most advanced finite 
elements in the leading finite element systems has taken 
into account the fact that optimal stress sampling points 
exist in an element, for a specific application, and the 
stresses are normally calculated there. However, these
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points are not necessarily the Gauss points and often the 
reason for the choice of their position is not given. It 
is therefore a necessity to create tests that are stress 
sensitive in order to investigate the degree of success or 
failure present in a given integration and stress 
extraction scheme employed by a specific finite element 
system.

The two tests created by the writer in chapters 4 and 
5 respectively are designed with this type of thinking in 
mind. That is, the stress concentration of chapter 5 has 
the peak stress occuring on a free boundary where 
averaging of nodal values is not possible. On the other 
hand, the stress extrapolation from the conventional Gauss 
points will tend to underestimate or overestimate the peak 
nodal stresses. The boundary is also not a simple shape, 
to introduce some modelling approximation by quadratic 
elements and hence attempt to reveal how the variation of 
the Jacobian determinant might complicate the finite 
element strain field.

The test of chapter 4 has a quadratic temperature 
(thermal strain) imposed on relatively undistorted meshes 
and attempts to expose the variety of nodal stress 
responses that a given mesh can give, purely from the way 
this temperature profile is applied.

However, the test of chapter 2 deals with a much more 
severe source of error, the error due to the exact or the 
inexact formulation and integration of the stiffness 
matrix, combined with the optimal stress extraction in a
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specific shell element. This problem is mostly apparent 
in thin shells under inextensional bending where it has 
been shown that a small error in the displacement solution 
can introduce very high membrane stresses at the expense 
of the bending ones (ref. 40). This can seriously 
influence the prediction of phenomena that heavily depend 
on the accurate bending behaviour of shells such as 
buckling.

In this test both classes of thin shell 
(Kirchhoff-Love or Koiter-Sanders) elements and thick 
shell (Mindlin or Ahmad-type) elements can be tested. The 
thin shell ones can be tested against their capability to 
reproduce correctly constant inextensional bending of a 
shell where the Koiter-Sanders shell theory and the 
Novoshilov-Goldenwiser type theories will yield identical 
results by definition. One shell that has this property 
is the catenoid of revolution. The thick shell elements 
can be tested against locking.

Historically the term "locking" was established in 
the 60's based on the behaviour of the 2 node Mindlin beam 
element used to model a thin cantilever beam under 
constant bending action. It exhibited the paradoxical 
behaviour that as it was becoming thiner it was becoming 
stiffer rather than softer and in the limit of the 
thickness tending to zero the nodal displacements were 
becoming zero ie it was "locking".

It was showed (ref. 69) that this was due to a 
constraint imposed by the shear term on the displacement
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field. It was also found that inexact integration of the 
stiffness matrix, a technique called "reduced" 
integration, will relieve this constraint and hence create 
one of the simplest and most efficient elements (ref. 70).

These ideas were extended further to create the Ahmad 
type shell elements (ref. 2) which employed reduced 
integration by definition. It was also found that the 
deformation of the structure was increased by the 
introduction of reduced integration as compared to that of 
full integration. This was called "stiffness matrix 
softening". In other cases spurious zero energy modes 
(mechanisms) appeared in otherwise well constrained 
structures. This effect associated reduced integration 
with the reputation "to be used with extreme care". A lot 
of research of a mostly semi-empirical nature was done to 
guide the average engineer to the proper selection of the 
required integration scheme. (see section 1.2.1).

Reduced integration was developed into "selective" 
integration ie. reduced integration of certain strain 
components in the element (typically the transverse shears 
only) while fully integrating the rest. A great amount of 
work was done in this field and it was shown that even 
shallow shell elements (based on Marguerre-beam
formulation) had dramatic improvements or deterioration to 
their stress performance if a certain reduced integration 
scheme was used. (ref. 8)

Nowadays the term "locking" is associated with 
certain parasitic responses that get exaggerated at the
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expense of the real behaviour of the structure. For 
instance, the term of "membrane locking" has emerged for 
thin shells whenever the membrane stresses grow
parasitically at the expense of the other stresses. (This 
is especially the case of the inextensional bending of 
thin shells). Similarly "shear locking" can happen in 
Mindlin plate elements.

The subject of "locking", both in general and as 
applied on thin shells when modelled with the Mindlin 
formulation is the subject of chapter 3, while a more 
detailed description of the already existing achievements 
in this area are discussed in the literature survey of the 
next chapter.
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1.2 Literature Survey

1.2.1 Stress Smoothing, Reduced Integration and Locking

A relatively simple shell element based on continuous 
ideas was developed by Ahmad et al. (ref. 2) . It was a 
thick shell described by the behaviour of its mid-plane. 
It had the transverse "shear" rotations independent of the 
mid-plane displacements and employed reduced integration 
to improve its performance.

Zienkiewicz et al (ref. 70) degenerated the Ahmad 
element to an 8 node Mindlin plate to check the 
performance of the reduced integration scheme (2 x 2) 
used. Many satisfactory results were obtained and they 
showed that it completely converged to the exact thin 
plate results if reduced integration was used. In its 
curved form, they tested the Ahmad element with the 
Scordelis-Lo roof test (ref. 61) and the results were also 
good. (The Scordelis-Lo roof test is a cylindrical shell 
test, notorious for the presence in substantial amounts of 
both membrane and bending stresses). However, a 
displacement convergence test was used rather than a 
stress one.

At the same time Oden and Brauchli (ref. 55) 
developed the idea of global stress smoothing by defining 
an approximation function J?T for the stresses and then 
deriving a new approximate and continuous over the
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structure stress field. Their work can apparently give 
the optimum approximation for the stresses once the order 
of the function f t  is selected. However, they provided no 
guidance about the choice of f t , which quite clearly will 
decide which approximate solution will be obtained. They 
provided no physical or mathematical justification about 
why stress smoothing is necessary after all.

Hermann (ref. 23) showed that the finite element 
method is equivalent to a weighted least squares fit of 
the finite element strains to the theoretical ones. He 
provided the first justification for stress smoothing 
since the stress oscillations exhibited by the nodal 
values are an inherent characteristic of a least squares 
fit process.

Argyris and Wiliam (ref. 5) presented an automatic 
internal least square fit method for the element nodal 
stresses using a Galerkin minimisation technique. They 
presented lots of results to justify the performance of 
their scheme and they finally mentioned, without proof, 
that reduced integration could be seen as an equivalence 
to a mixed method. However, no relationship between 
reduced integration and least squares fit was
established.

Hinton and Campbell's paper (ref. 24) dealt very 
systematically with global and local smoothing. They 
distinguished local smoothing as discrete and function 
local smoothing. In local function smoothing the smoothed 
function is a least squares' fit to the unsmoothed
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function everywhere over the element, while in local 
discrete smoothing the smoothed function is an exact least 
squares fit of some selected values of the unsmoothed 
function (normally the Gauss point values). They 
presented a theoretical justification for why the Gauss 
point stresses should be used for any extrapolation 
process to obtain the nodal values. However, the 
following clarifications will have to be made :

1. Their global smoothing technique depended heavily on 
the choice and level of completeness of their global 
shape functions just like the Oden method did.

2. The discrete and the function smoothing were both 
identical by definition for the particular choice of 
the interpolation functions and the corresponding 
number of Gauss points.

3. The Jacobian determinant was constant throughout. 
For distorted meshes, this might be a severe 
limitation to the validity of their conclusions.

4. The success of reduced integration and Gauss point 
extrapolation in the case of locking of Mindlin 
elements is presented as an example of the success 
of local function smoothing. However, this could be 
confusing, since the actual necessity for reduced 
integration has nothing to do with stress 
smoothing. It is not the locking of the Mindlin 
elements that needs stress smoothing but it is the 
reduced integration (which is necessary to releave
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locking) which creates the "oscillatory" stress 
field and hence demands the introduction of stress 
smoothing. In other words, stress smoothing does 
not cure locking on its own. (see chapter 3)

The same ideas on local function smoothing were also 
contained in the paper by Hinton et al. (ref. 25).

Barlow (ref. 7) generalised the idea of obtaining the 
stresses at the Gauss points to obtaining the stresses at 
optimal sampling points. He did this by searching, in 
simple finite element cases, what points in an element 
will have a stress accuracy of the order of the nodal
displacement accuracy. For the simple cases he looked at 
they turned out to be the Gauss points again, but in
general, for a strongly varying Jacobian, this might not 
be true as it will be shown in the next chapter.

Cook (ref. 17) complemented his earlier thoughts on 
artificial softening (ref. 16) by showing how this can be 
done at the element level through the use of arbitrary
factors less than unity to soften the deformation modes
that are too stiff.

Hughes et al (ref. 27) introduced the concept of 
selective integration as applied to the thick plate and 
shell isoparametric elements. They presented a lot of 
results where only the transverse shear stresses were 
reduced integrated and the convergence of the
displacements was very good. However, they did not 
present any stress results and they did not justify
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theoretically in any way the necessity, if any, of the 
choice of such an integration scheme.

Sandhu and Singh (ref. 60) presented an iterative 
method for obtaining improved stress results. This was 
achieved by directly solving the part of the stiffness 
matrix that contains the constant stress response using 
reduced integration and iteratively for the rest. They 
provided, however, no comprehensive justification for why 
the reduced integration works apart from some semi 
empirical observations.

Hughes et al (ref. 26) used selective and reduced 
integration to develop some new plate elements. They 
investigated locking of Mindlin type elements in a similar 
way to Zienkiewicz (ref. 69) and concluded that the 
parameter that controls whether an assembly will lock is 
the number of constraints imposed on the global stiffness 
matrix, where

number of total number of total number of== —  strain equations
constraints free d.o.f. per Gauss point

Pough et al (ref. 57) presented a semi-empirical 
justification of the success of reduced integration as 
applied to locking. They found that Serendipity plate 
elements could lock when the corresponding Lagrangian ones 
did not. They invented the so called "locking indicator" 
S which was based on their original definition of the 
number of constraints in the global stiffness matrix.
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Bicanic and Hinton (ref. 9) investigated in a 
semi-empirical manner the problem of propagation of 
spurious rigid body modes in isoparametric element 
meshes. They examined what result selective and reduced 
integration will have on the zero eigenvalues of a column 
modelled by 8 noded and 9 noded isoparametric membrane 
finite elements meshes. Both constrained and free-free 
geometries were examined. No theoretical justification of 
the findings was attempted.

Tsach (ref. 67) used the mathematical program MACSYMA 
to recreate the expression for the transverse shear strain 
in an assembly of Mindlin type plate elements. He used 
various meshes of 8 node and 9 node elements with various 
boundary conditions. His method was to investigate what 
condition could make the shear zero for each element. 
Doing this with full and selective integration he 
concluded that only selective integration could allow some 
non zero deformation field over the assembly while the 
shear been zero. His method was a nice computer-automated 
way for checking for locking but lacked any theoretical 
justification about the success of selective integration, 
other than his test cases themselves. He examined only 
square element meshes and did not attempt to examine 
Mindlin shell elements.

Stolarski and Belytschko (ref. 62, 63) defined the 
term "membrane locking" as the inability of an element to 
bend without stretching. They then predicted that this 
phenomenon, although characteristic of their simple beam
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model, it must also appear in shells. They showed that 
reduced integration in either the shear or the membrane 
energies leads to improved accuracy in the bending 
response of a curved element (ie. an element with only 
displacements explicitely continuous at its nodes, but not 
their derivatives). However, reduced shear integration is 
accompanied by a deterioration of the membrane-flexure 
coupling which is one of the essential features of a 
curved element. They also found that it might lead to 
spurious zero energy modes in the structure. Their 
investigation was based mostly on the formulation of 
shallow shell elements for both assumed displacement and 
mixed formulations. They predicted that locking should 
occur in mixed formulation shallow shell elements and that 
reduced integration may be a necessary remedy. They 
tested reduced and selective integration combinations of 
the membrane, bending and shear energy components of 
cubic-linear, quadratic and cubic isoparametric elements 
and they obtained some very interesting results. They 
found that for the test they were using, the cubic-linear 
element performed best under selective integration while 
the isoparametric elements performed best under reduced 
integration. A discussion of their results for the 
isoparametric elements as compared to those of the present 
thesis is given in section 3.5.

Finally, Belytschko et al. (ref. 8 ) defined the term 
of "stress projection" (Mode-decomposition) as a method in 
which the stresses are projected on a subspace of stresses 
designed in such a way in order to reduce the parasitic
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shear stresses and remove locking. They demonstrated the 
mechanism of the stress projection method through the 
behaviour of a Marguerre "shallow shell" curved beam. 
They made the remark that elements that lock, do 
subsequently converge through increasing mesh refinement. 
They showed that the mode-decomposition method can be 
equivalent to a mixed method. Finally, they tested a 
number of different shell elements including the 9 node 
Mindlin shell element with reduced integration for three 
important shell tests, the Scordelis-Lo roof mentioned 
before, the hemisphere with pinch loads and the cylinder 
with pinch loads and end diaphragms. The comparative 
performances of all these elements were portrayed in a 
graphical form and it was found that the 9 node element 
performed extremely well for the Scordelis-Lo roof 
irrespective of whether selective or full integration was 
used. That behaviour was stated as "unexpected" and "very 
puzzling". They also noted a "confusing result", that is, 
in the hemispherical test with pinch loads, very good 
convergence of the 9 node Mindlin shell element occured 
when no stress projection was performed, which might 
appear to defy the idea of the stress projection in the 
first place.
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1.2.2 Inextensional Bending of Shells

Since the creation of the finite element method it 
appears to be only one researcher, namely L.S.D. Morley, 
that attempted to examine in a systematic manner the 
inextensional bending behaviour of shell finite elements. 
During the last fifteen years he was the author of
numerous papers dealing with a range of theoretical 
solutions (sensitive solutions) and their applications on 
various finite elements.

His first paper (ref. 48) examined very carefully the 
application of the Sanders-Koiter thin shell theory on
cylindrical shells and he identified the degree of
inherent indeterminacy that exists in the corresponding 
constitutive relations. He then defined the relative 
order of magnitude that the bending curvature terms must 
have compared to the membrane strain ones for the bending 
effects to be important and the other way around. He 
finally identified the spurious terms in the constitutive 
relations that would arise under a linear and under a 
cubic assumption for the normal displacement of a 
cylindrical shell (the same also for the rigid body
motion) .

His next publication (ref. 40) dealt with the stress 
sensitivity of shell finite elements. He concentrated his 
work on the Koiter-Sanders type shell theory based finite 
elements and rationalised the idea of error of the nodal 
stresses by examining how much error is in general
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inherent to a Koiter-Sanders type theory. He showed that 
this error will have to be excluded from the total error 
of a shell finite element based on such a shell theory, as 
explained in chapter 2. To achieve this he used a set of 
"sensitive solutions" that he derived for cylindrical 
shells. His emphasis was on the pointwise exactness of 
the finite element method.

Morley and Morris (ref. 49) extended the work of 
Morley (ref. 48) on cylindrical shells to spherical shell 
sensitive solutions. They examined the size of a 
quadratic thin shell element that is necessary to produce 
negligible nodal stress error and they concluded that in 
most cases it was ridiculously small. They produced some 
results on Semi Loof elements modelling a hemisphere under 
four radial "pinch" loads, a test that involves areas of 
large local bending and areas of large rigid body rotation 
of the shell elements.

In his subsequent publications (ref. 41-47) he 
concentrated on testing various classes of elements, ie 
bilinear elements (ref. 44) , quadratic parametric elements 
(ref. 47) , explicit cubic elements (ref. 46) etc. by 
adopting the attitude that, since only a limited number of 
closed formed solutions exists for the inextensional 
bending of shells, it would be better to test the 
capabilities of these classes of elements numerically 
through some suitable computer program. He then showed 
how to develop such a computer program (ref. 42) that can 
create the "exact" (numerically) state of inextensional
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bending for any positive, zero and negative Gaussian 
curvature shell geometries that the element in question 
can represent.

However, one limitation of this approach is that it 
tests the inextensional bending capabilities of a specific 
element when used to model exactly a shell geometry. In 
reality, the geometry of a shell is almost never exactly 
represented by a finite element since most of the shells 
used are not of polynomial geometric representation. 
Hence, the relative importance of the modelling error to 
the element performance cannot be assessed.

But most important, the reason why Morley developed 
this numerical testing technique is summarised in his 
statement in reference 47:

"Closed form exact solutions for the displacements 
of inextensional bending in shell surfaces with 
non-zero Gaussian curvature are known (to the 
author) only for spherical surfaces".

He was obviously unaware of the works of Novoshilov 
in the area of shells of negative Gaussian curvature (ref. 
53), where he solved the inextensional bending problem for 
a catenoid of revolution.

Finally, the inextensional bending of thin shells 
could be related to the transformation of surfaces by 
bending since thin shells are normally represented by the 
behaviour of their mid surface plus with some assumption
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as to the state of stress variation across their 
thickness. A lot of work in this area was done by J.C. 
Maxwell (ref. 37) where he defined the idea of a "line of 
bending" (nowadays called "characteristic line") based on 
the ideas of developability introduced by K.F. Gauss 
(ref.18). In his paper Maxwell also presented the findings 
of one of his colleagues Prof. Jellett who extended the 
idea of "lines of bending" to "curves of flexure" in 
general. Both Maxwell and Jellett created numerous 
theorems that can be used, especially for shells of zero 
or negative Gaussian curvature, in order to estimate 
whether a given geometric shell shape with given boundary 
conditions on a shell will ever permit inextensional 
bending to occur. This is something that the Morley 
method can probably predict also, but certainly without 
providing any explicit mathematical justification about 
why it happens.

The writer chose the catenoid of revolution to create 
a test for inextensional bending of thin shell elements, 
for reasons explained in chapter 2 , but mainly because of 
the existence of an exact solution which makes the target 
values of the test element-independent.
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Chapter 2

INEXTENSIONAL BENDING TEST FOR TH IN  SHELL F IN IT E  ELEMENTS

2.1 Comparison of NOVOSHILOV and SANDERS shell theories

According to Love (ref. 35) , a shell is thin when 
t/R<<l , where t is the shell thickness and R is some 
characteristic radius of curvature. Also, from the 
Kirchhoff assumptions, the through thickness direct 
stresses and the transverse shear strains due to the 
transverse shear stresses could be safely neglected for a 
thin shell, without introducing more error than of order 
t/R , as proven by Novoshilov (ref. 52).

Based on these assumptions, Novoshilov (ref. 53) 
developed his theory using curvilinear coordinates along 
lines of principal curvature, ie. orthogonal to each 
other. This choice is not necessary but provides a lot of 
simplicity and more physical insight compared to theories 
along oblique curvilinear coordinates.

The deformation of the shell can then be expressed 
with respect to the deformations of its middle surface 
through equations (4.11), (4.13) and (4.22) of ref. (53), 
while the deformations of the middle surface are given 
explicitely in terms of the displacements in equations
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(4.23). The equations of deformation of the middle surface 
in a more compact form could be presented as below:

€„ = _l_ 9« ___i_ 9/1,1 r +1̂1 A| AtAz 9  k, R,

& „ = 1 Qir + J ^ /li u +
Ax. A//)l ^2

v  + e  =  4  9  IJL) + Ai 9  I j L )
K  '  f c , z  21 a, 1«,UJ  A T

J _  9& / 9/1,
" A, 9*. 4 , 4

. _  j _  n -f- 1 9/1.
>zi A* 4  A,. 9<x,

J = T,z +■ ■ =  T— •12l

f

K «  =  4 -  ^

12

K

( Z . I . I  )

where ' l i r QA,
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and 0 = the rotation along the positive 0(z direction
_L 7 k  + K
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_L 2X ̂ XL

Ax. ^<*1 £2
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u , v , w , are the displacements along the directions oC  ̂
, 0(2 and normal to o ( \  cK2 respectively

A-l , A2 are the magnitudes of the base vectors along 
° ( l  '  0( 2

RjL f R2 are the two principal radii of curvature of 
the shell.

The stress resultants per unit length are defined as 
below:
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where T and N are the inplane and out of plane forces and 
M are the bending and twisting moments.

It has to be noted from the above that due to the 
symmetry of the stress tensor (ie. (7 ^ 2  ~ 0 "2l) then
T12=̂ t21 and m 121^m21 n general.

The strain energy of a thin shell can be shown to be 
as below (ref. 53), by discarding terms of order t/R or 
less:

- £

(£|i+ £«)-'2(,-v')(6i.£2z 

^Kii + K12J —

Using the calculus of variation the following constitutive 
relations could be obtained:
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Novoshilov showed that the "actual" shear forces and 
twisting moments are represented by S and H respectively, 
and the knowledge of these two quantities does not allow 
us to uniquely define T-^/ T2 1f M1 2' M2 1* However' he also 
shows that it is not necessary to know these 4 components 
since, on the boundary of the shell, we prescribe terms 
like T 2 1  + M^2/Ri' which can be transformed to S + 2 H/R^. 
The only time we need to know""J^etc. individually is for 
the calculation of the out of plane shear forces N-ĵ , N2 2/ 
but these are much smaller in order of magnitude from the 
other stress resultants and they are frequently ignored.
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The Sanders theory of shells (ref. 10, 11, 59), along 
lines of principal curvature and for zero transverse shear 
strains is as below:

£ ,  ~ i Qu- - " "■f* 1 ^  ^ W
u A\ /3 « ' l A  A  2  0 ^ 2 R ,

6 . ,  — i _  + 1 2 / i .  ^  + I V2 2 AX 9 ^ 2 A  A *  9 * , K *
1 Qir _  
A i 2 * .

l *>A, ^ _ 
A,fiz 9 * 2

tv

_  _ L I + u)
A z AtAz

V  '
—  £  4 -  £12 c 2 l

k \ . -  i 19 +  i ^ W
A i  - a * , T

K , x _  _ L  O f . 1 9 / l z~t~ — 9
A jl z  A i A z

Tin _  I Of j _ 9 / i  i ^ . uu
J  *2. A , R ,

r 2l =  X _  ^  ill +
A  A t  9 ^ /  *

r =  i t r,z + r 2l)

By direct comparison with equations 2.1.1, it can be 
easily shown that the following is true :
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where Nov.= Novoshilov and San.= Sanders

( 2 .  l . s )

t

and W  is a rotation about the out of plane normal 
of the shell, defined in equation 2.1.6a.

The Love first approximation shell theory stress 
resultants per unit length (ref. 35)  are defined as by 
Novoshilov in equations ( 2 . 1 . 2 ) ,  the z/R terms are omitted 
since their order of magnitude is t/R and hence they could 
be neglected. However this implies that T1 2 ~ T21 and 
m 12= m 21 i-n turn results in the violation of the
equilibrium about the normal, except in the special case 
where the shell is spherical. Sanders corrected this 
problem by defining the following "total" shear strain 
and "total" twisting curvature 3^as below:

San n ,  w
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w ith

7l  =  + 7̂  t)„ (*!■<)

1 ( L I zl ^ 1 . 'la + J— ?*l tr l
2.  I - Ai Qtf, /h/fe. ^ 2  /^2 A /U  J

=  1 1 e*  * €* t .  (*■<■*«,)
The c o n s t i t u t iv e  e q u a tio n s  are  j u s t  as in  e q u a tio n s  

(2 . 1 . 4 ) but w ith  th e  sh ear and t w is t in g  moments d e f in e d

a s :

T a  =
E - L

Y  = S)
2 ( H V )

^  S e x u . '  N o v .

=

E t *

t  ) 4 U )

12 (/+v») A/oy,

From eq u a tio n s 2 . 1 . 1 ,  2 . 1 . 5  and 2 . 1.6 i t  can

t h a t :

be shown

and hence th e  two t h e o r ie s  w i l l  in  g e n e r a l d i f f e r  in  th e  

d e f i n i t io n  o f  th e  t w is t in g  c u r v a tu r e . However, fo r  a 

c a te n o id a l  s h e l l  where = -  R2 (se e  s e c t io n  2 .4 )  th en  

from ( 2 .1 .8 )  and (2 . 1 . 7 ) we g e t :
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Hence for a catenoidal shell it will not matter which of
the two theories we use.

Finally the writer has shown that the Novoshilov 
shell theory can properly represent small rigid body 
motions of the shell, unlike some other theories. This 
can be easily shown by defining a set of rigid body 
displacements in the general form:

U =  Oo + Q ) x  ] r

and then substitute this into the strains and curvature 
equations of (2.1.1). After some algebraic manipulations, 
heavily involving the Gauss-Codazzi relations as given in 
reference 59, it can be shown that all of the six strains 
and curvatures are zero. (see Appendix B)

In the following sections the theory of inextensional 
bending of the catenoid of revolution will be defined 
according to the Novoshilov shell theory.
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2.2 Problems regarding the F.E. modelling of thin shells

In modelling a thin shell with curved finite elements 
one has to decide on three main problems:

1. Which shell theory to use ? (ie. which components of 
the stress and strain tensor one needs to keep or 
discard ?)

2. How to represent the geometry ?

3. Which displacement field to use ?

Although the above three questions are generally 
interconnected to each other, there are some distinct 
features that determine the possible answers.

For the first question, if the shell is thick usually 
a Mindlin type theory can be used (see section 2.7), 
otherwise if thin a Koiter-Sanders type theory can be used 
(see section 2 .1), or a shallow shell theory if the 
minimum radius of curvature to shell span ratio is more 
than 10 (ref. 13).

For the second question, if symmetry exists in the 
circumferential direction for the geometry, the loading 
and the boundary conditions and the shell is complete in 
the circumferential direction, then an axi-symmetric 
representation should be chosen, otherwise, a general 
shell geometry has to be used. (ref. 69)
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However, the answer to the third question is a lot 
more difficult. In order to choose a suitable 
displacement field one must concentrate on three more 
aspects:

1. The retention of the required degree of interelement 
compatibility.

2. The representation of the relevant constant states 
of strain.

3. The assurance of the presence of zero strain energy 
modes of rigid body displacements.

The choice of an isoparametric element immediately 
eliminates any problems with the adequate description of 
the rigid body modes. However, extra zero energy modes 
might appear in a well behaved structure depending on the 
level of reduced integration with which the stiffness 
matrix has been evaluated and the type of element used, 
(ref. 63)

The problem of interelement continuity has always 
been a great one in the modelling of flat plates and in 
the case of the curved shells it is even bigger. The 
"classical" condition for monotonic convergence to the 
right answer is that all the terms in the strain energy 
expression until one order less than the highest 
derivative included in the strain energy, should be 
continuous across element boundaries. Looking at the
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strain energy functional of equation 2-1.3 it can be seen 
that it consists of membrane terms (first order
derivatives of the inplane displacements) and bending 
terms (second order derivatives of the radial
displacement). This means that the inplane displacements 
must be of lower order than the normal ones.

Koiter (ref. 33), however, showed that in the strain 
energy functional of a curved shell, the magnitude of the 
membrane/bending strain energy is of order R / t ie. 
the shell carries predominantly membrane strain energy. 
G.R.Thomas and R.H.Gallagher (ref. 6) then proposed that 
to reduce the error in the membrane strain term more than 
in the bending one, the in-plane and out-of-plane 
displacements have to be of the same order (since the 
membrane term involves derivatives of lower order than the 
bending ones).

Finally, referring to the hoop strain term w/R , 
R.D.Cook (ref. 15) proposed that in order to avoid 
mismatching of the strain terms due to their different 
order, then the in-plane displacements should be of higher 
order than the radial ones.

From the above it can be deduced that the choice of 
the suitable order of the displacement field is not an 
easy one. But whatever the choice is, it must
sufficiently represent the relevant constant states of 
strain. This problem will be examined separately in the 
next section.
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2.3 The problem of constant bending action

The classical condition of convergence of the 
displacement method states that the solution will converge 
monotonically to the true answer if the displacement 
fields used contain all the rigid body and constant strain 
states of the structure considered. Since a curved shell, 
in the limit, can be geometrically approximated as a 
series of flat plates, then the above condition for 
constant strain could be used as if the shell was a flat 
plate ie. only the constant strain modes of a plate
should be adequately represented. Doing this, the 
constant membrane state of a shell will not always be 
properly predicted due to the possible presence of 
spurious self equilibrating bending stresses. Also, the 
term "in the limit" is a mathematical term meaning "if the 
number of elements used tends to infinity" which clearly 
is very impractical from engineering point of view. This 
means that the true constant strain modes of a curved
shell must be completely represented for any geometrical 
shape of the shell element.

Since the strain energy functional of a shell, based 
on Love's theory or any other equivalent one, consists of 
a membrane part and a bending part, then the constant
strain modes will be constant membrane action and constant
curvature (bending) action.
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As was mentioned in section 2.2, according to Koiter, 
the membrane energy component in such a strain energy 
functional is usually much greater than the bending energy 
component. Hence, if one applied a displacement field 
equivalent to a state of constant membrane action then the 
amount of "spurious" bending energy would have been much 
less than the amount of "spurious" membrane energy 
corresponding to the application of an equivalent 
displacement field that creates a state of constant 
bending action. Hence the problem of constant bending 
action is a more sensitive one than that of constant 
membrane action.

Displacement fields that correspond to pure bending 
of the shell result in a stress free middle surface of the 
shell ie. inextensional deformation of the middle 
surface. Hence a mode of deformation of constant bending 
is more often called an "inextensional bending mode".

Inextensional bending was first seriously examined by 
L.S.D. Morley (ref. 40-49). Based on Koiter's remarks 
about the accuracy of the Love-type "first approximation" 
shell theories, Morley showed that the finite elements 
using these theories should not be expected to produce 
zero membrane stain on the application of an inextensional 
bending deformation, in order to be considered as 
correct. Instead, a membrane strain which is no more than 
°( w k) should be considered to be negligible, within 
the limits of "first approximation" theory

ie. o(e) 4  o
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where £ is the membrane strain in question
is the corresponding bending curvature

Morley (ref. 48,40) solved the problem of inextensional 
bending for a circular cylindrical shell (zero Gaussian 
curvature) and examined the limitations on the size of 
various isoparametric elements for convergence to the 
right answer to occur.

Morley and Morris (ref. 49) did the same for the 
spherical shell (positive Gaussian curvature).

C.R. Calladine (ref. 13), based on the works of Gauss 
and Maxwell (ref. 18, 37), showed that for inextensional 
bending the following is true, along lines of principal 
curvature:

+- =  0  U . . 3 . 2

Ra
R^/ R2 are the two principal radii of curvature^ 
are the two corresponding changes of curvature.

For a cylinder, R^ = 00 and hence inextensional
bending will occur when

K, =  0  ( * 3 . 5 )
For a sphere, R-̂ = R2 and hence

K, ■= -  K z

In this thesis, the inextensional bending behaviour of a 
shell of negative Gaussian curvature, the catenoid of 
revolution, is going to be examined, which has the 
following geometric definition

R ,  =  -  K z
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This makes it naturally the "simplest" shell of 
negative Gaussian curvature and the inextensional bending 
condition from (2.3.2) will be

Comparing with equation (2.3.4) we can see that the 
catenoid can be considered as reciprocal to the sphere.

Finally, as already shown in section 2.1, it is the 
only axisymmetric shell for which the Novoshilov and the 
Sanders shell theories will correspond to the same energy 
functional.
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2.4 Catenoidal shell under inextensional bending

The simplest shell of negative Gaussian curvature to 
examine under inextensional bending is the catenoid of 
revolution. It is an axisymmetric shell whose surface is 
created by the rotation of a catenary about its x-axis. 
The mathematical details of its shape are in Appendix A. 
The main property of the catenoid is that its two 
principal radii of curvature are equal and opposite

hence this shell could be considered as a conjugate shape 
to the sphere.

To obtain the displacement fields which correspond to 
inextensional bending one must put the first three 
equations of (2 .1 .1) to zero ie.

The simultaneous solution of the above three equations was 
done analytically by Novoshilov (ref. 53) in terms of 
trigonometric series and the following displacement fields 
were found:

0

K=o K-\
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u-= / ^
K=<

ic s im Ks + \  ir K c o s K B
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(Note that the definitions of u^, v^, as above is the 
correct one while the one given in ref. 53 contains 
typographical errors)

'bcLL\ jL-

K > 1 and integer __
C 'k 9 C"k ' c 'k r c"k are scalin9 factors
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A shell of negative Gaussian curvature might or might 
not be capable of developing an inextensional bending 
state, depending on its boundary conditions (ref. 37, 53).

Novoshilov examined certain boundary conditions for 
the catenoid to demonstrate this and found that when the 
tangential v displacement is held along the upper and 
lower edges of a catenoid it might be possible to achieve 
inextensional bending. The condition that the slope of 
the catenoid must obey is then:

The catenoid in this thesis is designed by satisfying the 
above condition. This is NOT a necessity since other 
boundary conditions might also exist that will guarantee 
inextensional bending (ref. 37). The writer used it 
because of its simplicity and inherent circumferential 
symmetry which makes it ideal for possible axi-symmetric 
applications as well as to general shells.

The simplest catenoid based on equation (2.4.4) is a 
symmetric one about the meridional direction, ie.

%  ■ -  *

Hence from (2.4.4) we get

The condition for v = 0 at both edges is:
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^  cos (>/k^  =  o
>Toj> 4 b-j>

cos (ŷ / </>) + c* sih (ŷ r f) = o
'boTfoUA OqfbUUL

Q  « * ( ' / &  ^ ^ M(\/^W Uui=  0

It can be easily seen using (2.4,6) and (2.4.7)

0 ( ^ j =  C; « ( ! ? ) -  o

For a non trivial solution with C'^ , C'^ terms we get:

=  ( 2 * + l ) ^  ie. tu= %u + \

otherwise, in terms of C"^ and C"^ we get:

=  n  7r  i e .  u u -  Z i A
%

Hence, if m is an odd number then the inextensional 
bending of such a catenoid will be described from the part 
of the displacement field that involves C'^ and C'^ while 
if m is an even number it will be described by the C"^ and 
Cnk parts.

Once the displacement field has been fixed then the 
bending curvatures Kf6pf and K $0 and the twisting 
curvature will be defined by (2 .1 .1) for a catenoid
as below:

V  = ; - - L 2 _ / - i - 2 W . i O

A, 0>f> U ,  i f  Kt )  ( 2 - 4 . \ )
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Using the following simple and very useful relations
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and the displacement fields of (2.4.3) we get:

For m = even integer

K t f  =

o°
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k $ 4 (2A)o)
T  = Kloost\y>

For m = odd integer

K ( £ - / J  cO£
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Since we will be testing for constant bending curvature 
conditions, it can be easily seen that none of the stress 
distributions given by (2.4.10) and (2.4.11) are readily 
suitable. To achieve the smoothest possible stress 
variation we need the lowest harmonic K. Since K > 1 then 
K i = 2 ie EVEN. Also since the conjugate displacement
field has identical results but with a 90 phase difference 
from the primary field we can concentrate only on the 
primary field ie. on C"k terms.

The displacements and curvatures for K = 2 will then
be:

o

\L -  a z Cfis 1 0  

[r  -  V I  s i i a £@

-  W x  cos 2 0



k
tf,z ,s i u h u ' 2 Ul 00%

coskd>
o o  %  H Q

( 2 A . \  2 . )

COS ( & f )

QfsOe

S|M 1 6
Cos kill

Using (2.1.1) the rotation field will be as below:

9

u 1 9W ■ u--- 4- / 9 m/
ft. A 9*, ft. A 9/*

Z j i cos
T0

cos IQ

IT 9kV Lr i Qiv

Ra A, Ka /U 0 9

i

13)

4

Vo
SlU (Js'ijy) ~  JT "ibLU^^ cos

The drilling rotationidoes not have to be defined since it
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plays no role in the Novoshilov theory, unlike in the 
Sanders one.

From (2.4.6) the catenoid that will have the
inextensional bending state of (2.4.12) requires the
tangential displacement v to be constrained along the
circles of

zs (j!>  cluc(  — (Z bit)
as shown in figure (2.4.1), where

2  hecw  / £

r r
\/ioT

- 1 K = 2
I?. 5"

o

Using equations (2.1.4) and (2.4.12) , the 
bending and twisting moments will then be:

M Et*

M © e

H
E  t*

&(!+>>)

corresponding

i

(Z.*r. 15")

I
Finally, from direct substitution of the equation (2.4.14) 
into (2.4.12) the force boundary conditions along the top 
and bottom edges of the catenoid can be found to be:

TT

T I F "  
+  d  Vkm

s i u K d

K - 2

I - 6 5 ” ~ ~ - z i t o Z G
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Figure 2 . 4 . 1  

Catenoid o f re v o lu tio n
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2.5 Designing a patch test for the catenoid

To test the capabilities of the finite elements in 
modelling inextensional bending behaviour of the catenoid 
of revolution, one does not have to model the complete 
shell shown in figure 2.4.1. This would be very expensive 
and laborious. Instead the same result can be achieved by 
means of a set of patch tests, as discussed in chapter 1.

A patch of elements (say four) can be defined 
somewhere on the shell surface and then,depending on its 
position, either:

1. the nodal displacement parameters are prescribed
everywhere on the patch and the stresses are
recovered on some interior node of the patch, or

2. the nodal displacement parameters are prescribed on
the exterior boundary of the patch while the
stresses are recovered on some interior node, or

3. the boundary forces and moments are prescribed on
all nodes of the patch while the stresses are
recovered on some interior node.

From the above three types of patch tests, the first 
one might not be very desirable since by applying the 
displacements and/or the rotations at every node of the 
patch, the stiffness matrix generation, decomposition and 
subsequent solution stages of the computer program in
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question are bypassed. However, it could also be argued 
that this is the best thing to do to test the element 
since it is a direct test of the strain/displacement 
matrix of the element.

From equation (2.4.1) it can be seen that the maximum
principal geometric curvature of the catenoid surface

• . • , oexists at the waist circle le. 0  = 90. It.is therefore
desirable to define the patch with the waist circle as an 
epicentre, to achieve the highest possible angle of 
subtention of the elements.

However, examining the bending curvature expressions 
of equations (2.4.12) we can see that at the points with 
^  = 90 (ie. (̂  = 0) then:

=■ o
K e e  =  ( * * ' )

T  =  i f !  d / s i < a Z 6

-■ r0L

Defining then a patch of elements around these points will 
lead into the following difficulties:

1. The curvatures Kprffrf r and iT change quite
rapidly with p j around the 0 90°region. It can 
be shown from equation (2.4.12) that the boundary of 
the patch that lies at > 90° will have opposite
sign bending curvatures than that lying at ^  < 90°r 
and hence the patch will not be subjected to
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constant curvature which was the initial aim.

2. Since the bending curvatures, which are of primary 
interest are all zero, then it is impossible to 
define the error of the finite element (f.e.) 
results as a percentage of the theoretical ones.

Hence, an alternative location of the patch must be 
found with emphasis been given on the consideration of as 
constant bending curvature as possible, ie where :

II

^
 
C5>

11 0 ( 2 . S'. 2 )

Q K e e __ 0 ( 2 .  S '. 3 )Q o
Examining equations (2.4.12) it can be shown that
equations (2.5.2) and (2.5.3) are satisfied, for k=2, at

S 'Z .  3 2  ° 0 = 0 °  ( 2 .S .4 - )
respectively. The corresponding curvatures are then

^  4, 4??- ^ 2

Kee =  < f f f f ( z s . r

O' =  0
and hence it corresponds to a state of constant bending 
action, around that point.

However, the size of the patch should be such that 
any variation of the resulting bending and twisting over 
it is minimal. (The bending and twisting moment 
distributions can be obtained from equations (2.4.15) by 
straight forward substitution).

Expanding , M0q and H of equations (2.4.15) as a
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Taylor series about the point
o

(£) — (p  zr i  2

0  =  e ,  =  o '
(z  r .  ^

and retaining terms to second order, it can be shown that 
in general :

- {' - *VjJ

H  =  0  I

where EE 3 .a "
=  — — : =■ — ~ ~ *Z.

> ' ‘fc&c U(l-v) %fl<. 12r0 (l-v>)
For K = 2 and the angle of element subtention

p - ^  = e - ec= 6 °

it can be shown that

9c

and hence the maximum variation of the bending moments
over such a patch is less than 6%. To achieve a maximum
variation of less than 1% one has to select elements

osubtending an angle of 2.5 which is extremely shallow.

We will therefore design a patch test the elements of
owhich will be subtending an angle of 0.1 rad ie. 5.7 as 

shown in figure (2.5.1) The loading representation must be 
defined next. If we choose to apply a constant bending 
moment around the patch of a value equal to that of the
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Figure out of scale

Figure  2 . 5 . 1

U n d is to rted  c a te n o id a l patch
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centre of the patch as given in (2.5. 6) , then we will
definitely excite parasitic membrane action in the
structure since the applied loading will no longer
correspond to a truly inextensional one, due to the
variation indicated by equation (2.5.7). What we really 
have to do is to apply a variable bending moment field 
around the patch, exactly as indicated by (2.5.7).

However, applying a variably distributed load along a 
3-D curved side is something that can not be done in an 
easy and straight-forward manner by all finite element 
systems. It is therefore more general, but still quite 
laborious, to prescribe the displacement field of equation 
(2.4.12) and/or the rotation field of equation (2.4.13) 
everywhere around the periphery of the patch. We should 
then expect a truly inextensional behaviour with a very 
small variation in the bending stresses as indicated 
before (less than 6%). Any parasitic membrane action will 
then be due to the particular f.e. solution we are 
testing.
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2.6 Quadratic displacement modelling of the catenoid under
inextensional bending

The lowest class of thin shell finite elements that 
can cope with curved boundaries are those of quadratic 
displacement field. We will therefore attempt to simulate 
the performance of such elements when they are used for 
the patch test of chapter 2.5. It will be assumed that 
they have been formulated according to some consistent 
Love-type or Sanders-type shell theory, they do not have 
any problems modelling the geometry of the shell and their 
stiffness matrix was not integrated using reduced or 
selective integration techniques.

We will now investigate the distributions of the 
membrane and shear strains and the bending and torsional 
curvatures of the midplane of the catenoid, around the 
centre of the patch ie. around = 52.32 .

This is easily done by using an alternative angular 
variable ^ ' as defined in figure 2.6.1 and carrying out a

n jTaylor expansion of the quantities of interest up to a 2n 
order. The following relations will be found useful:

f

K  =  *  ( . 2 . 6 . 1 )

“  0, ^ \  \ -h 1, 2  £  prf I
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Figure out of scale

Figure  2 .6 . 1

U n d is to rted  c a te n o id a l patch
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hsin (73 y) ^  - 0 .%3 + O . l - t f ? '  - h

baubd, &  -0.611 + O . l V f i ' + 0-106?'Z

~  -  O .m / -h  l.5X6p/Z

( X X / )

1
n  JThe displacement field then, to 2n order quantities, will 

be:
U »  C2 ( - 2 . ^  f '  + O.I^STjzf^J ( / -2 0 ZJ 

IT «  Ca ( " 0.143 + 0. M? f '+ 2.240 ? 'z)z &

W ® ^  ( X. 3*4 - \.8 i3 p ' -  S I? ? }p ‘Z)  (l-29r)  v
The membrane strains will be:

t f Z f f  «  ( - i .S S 3 ^ ' -  S ’. 5"?4 f \  3 .1 0 4  p ' Q *  +■ U -182 0 ' V )

//

6ee «  1̂1. (-2.9*4 0* + 10.434 f f 'V j  ( 2.6.3)
Vo

V ~ ^ - (  O.U\ 9 +■ 0X3? p'0 -  0 . m p 'Z9)
Vo

f
(16.2)

The bending strains will be:

5 ^  S"£S~ + H i^ev - otdezr- - k ^ S
Yo
V '

K 0 0  ^  +• H ijlie r  oyjfi^r 4^lr(M5

T  »  f k .  (  2 X 6 4 3  jz f '0  -f 5 1 .1 1 2  p / Z e )
Vfl

Although the membrane and shear strains of equation
(2.6.3) should have been zero, it will be wrong to think
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that all the error is due to parasitic membrane action of 
the finite elements. Instead, we have to use the Morley 
criterion of equation (2.3.1) to find the proportion of
error that is inherent to the Love-type theories and
ignore it. The rest will then be parasitic membrane
action of the f.e. method due to the specific assumed
displacement field.

Similarly we can find the maximum size (roughly) that 
the element must have to experience just the Morley-type 
membrane error, ie. we can find at what 0 '  the following 
is true:

€  =  —  K ( M - r )
l*R

Substituting (2.6.4) and (2.6.3) into 
lengths of the sides of the elements, 
defined as of R p  ' type. Hence:

Ip ~  m  (t t ) ^

U  ~  o . s  -L

(2.6.5) we get the 
1p , 1q , where 1 is

{ 2 , 6- 6 )

This result is very extraordinary. It means that in the
circumferential direction 6  , the maximum size of each
element should be roughly half the element thickness,
while in the meridional direction , for a thin shell, it
is practically impossible to achieve a state of stress
free from parasitic membrane, for an element of quadratic

4-displacements. (—£<<1)
Vo

The behaviour of the stresses in the circumferential 
direction agrees well with the observations of Morley and
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Morris (ref. 49) for cylindrical and spherical patch 
tests. They found that the maximum size of the element 
had to be of the same order as the thickness. But there
was nowhere in the literature that the writer could find 
any shell results that could exhibit this paradoxical 
behaviour of the catenoid, along the meridional

researchers had found for the sphere or the cylinder. )

The consequence of equation (2.6.6) is that one needs 
a great number of elements in the circumferential 
direction in order to expect to achieve reasonable 
circumferential stresses while there is very little that 
can be done along the meridional direction to achieve 
similar results, the error in the membrane stress will 
always be relatively large.

It therefore appears to be a much tougher test than 
the cylinder or the sphere of reference 49, for quadratic 
thin shell (Kirchhoff) elements.

direction. ( Observe that the largest term in 
proportional to <& ' rather than ( $ 1) that the other
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2.7 Mindlin-type shell elements

2.7.1 A few words about shell theories including 
transverse shear effects

In section 2.1 the equations for the mid surface 
strains and curvatures of a thin shell were given as 
obtained by Novoshilov, under the assumption that "plane 
sections normal to the mid-surface remain plane and normal 
to the mid-surface after the deformation of the shell". 
This assumption had the result of removing the effect of 
the transverse shear strains from the calculations.

If this assumption is modified to just "plane 
sections before the deformation remain plane after the 
deformation of the shell " then the following strains will 
be found at the mid-surface of the shell, as obtained by 
Washizu (ref. 68) and as compared to those of equations 
2.1.1.
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A

( a .?- .  A )

r

where ©  and Lp are the rotations along the positive 
directions (X^ and o(j respectively of the plane sections 
that were initially normal to the mid plane and they are 
not equal to the "slope" type rotations 0  and {jj 
defined in equations 2.1.1. Instead, they are unknowns 
that are used to define not only the bending and torsion
curvatures k , k tt and rz t but the transverse shear
strains V and V as defined below .

013 073
0 i

i

V
where 0 and (// are as in equations 2.1.1. This can be
shown pictorially in the next figure :

Ku = 1
A,

99  4. 
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v> 11_ ±  
Az
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Vciz

i
Aif\n
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9o(,

6

T 1 i 9A, 9
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: 9o(z
i

AfAi
9A»
9<x, V
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Washizu also showed that the linearised strain 
displacement equations of a point at a distance 2  above 
the mid-surface can be found from the strains and 
curvatures of equations 2.7.a . and 2.7.B. through the 
following relationships:

-  <Y*3
The corresponding strain energy functional for the shell 
is as below if compared with that of no transverse shear 
by Novoshilov (equation 2.1.3.) :

u (J .JD )

where the factor K is used to compensate for the
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non-uniformity of the distribution of the transverse shear
stress through the cross-section. E. Reissner (ref. 58)
has found K to be 5/6 for an isotropic plate while Mindlin

2(ref. 39) suggested -*L. which is close to 5/6.
12

Mindlin carefully examined in his paper the 
importance of the presence of the shear strains in the 
correct formulation of the vibration problems of 
plates. To achieve that, he used a definition for the 
transverse shear strains identical to that of 2.7.B. For 
that reason, subsequent researchers in the field of finite 
elements who developed elements that included transverse 
shear effects as in section 2.7.2, called these elements 
of "Mindlin" type.
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2.7.2 Theory of an 8 node isoparametric Mindlin shell
element (QS08)^

In the formulation of a Mindlin type shell finite 
element, the effect of the shear deformation is modelled 
by allowing the displacement degrees of freedom to be 
independent from the bending rotations of the section. 
The bending and twisting stresses are then found from the 
derivatives of the rotations of the mid plane of the shell 
while the shear stresses are found from the differences 
between the section rotations and their slopes.

The geometry of the element is shown, in a general 
form, in figure 2.7.1. The element has eight nodes at the 
mid plane, with six global degrees of freedom each, (three 
displacements U ;  U i W i and three rotations 
where i is the node number).

The displacement field then at a given point on the 
midplane inside an element is given by :

(P lease Turn Over)

QS08 is an element of the FINEL finite element 
package of the Department of Aeronautics at Imperial 
College of Science and Technology.
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Figure 2.7.1 

8 node isoparametric thick shell element (Mindlin) 
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and the values for to Ng are given in Appendix C.

Since the element is isoparametric its geometry is 
defined from the nodal coordinates as below :

n
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Two local systems of axes are defined inside the
element, one orthogonal Cartesian and 
curvilinear . The orthogonal is used in the defcurvilinear is used in the definition

one

of the element strains and curvatures while the 
curvilinear is used to provide the correspondance between 
a point on the undistorted (parent) element to a point on 
the distorted (actual) element. The two systems are 
depicted in figure 2.7.2. The x' axis is arbitrarily 
chosen to be tangent and in the same direction with the 
local ^ axis at that point while z' is similarly tangent 
to the ^  axis. In a generally distorted mesh, y* will 
not be tangent to the ^ axis.

Defining the strains and curvatures along the x', y', 
z' local Cartesian system of axes at a point in the 
element we get :

6

( J U . 3 )
/

6
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Figure  2 . 7 . 2

Local C artes ian  and lo c a l c u r v i l in e a r  axes
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<%/

where the subscript Q denotes "at the mid-surface".

Expressing K 0 , and ^ with respect to the
rsj

displacements and rotations along the x*, y'f z' system of 
axes we get:

% x' 0 b 0 0 0

0 % 0 0 0 0

% r • 0 0 0 0

0 0 0 0 0
0 0 0 0 0
0 0 0 % 0

0 0 0 1 0

0 0 % -1 0 0

f i t .

vf
W2/

0x '

e jr'

or
UtOLSt -Vi ovor

)
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£ '  )  
rv J f^ l
K ' >  =
A/ I $ K

n
—

Transformation of the local Cartesian deformation to
the global one {^ A Y z l is achieved through a usual
direction cosine matrix 1 as below

c i x y i . =  i  cl ( z i s )

Finally, the transformation of the local Cartesian 
operator matrices h  ■ and to the parent-element
curvilinear ( ^ , pj f ^ ) operator ones occurs through the 
following Jacobian matrix :

2£  2a!
Qvj Q m

(nt)

From figure 2.7.2. and by virtue of the definition of the 
x'y’z' axes in relation to the ^  , Pj , ^ ones it can be 
easily seen that :
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X  =
0

sin{$ cos^

Investigating equation (2,7.6.) we get

=  T
-I

(2AS)

Using equation (2.7.8.) we can transform h '  Q k ' IV to the
D,, T X , and jfry which involve derivatives -2— and ~ —  
only.

H ence substituting equation 2.7.1. into 2.7.5., then
2.7.5. into 2.7.4. and redefining the D/ operators along 
^ ^ through 2.7.8 we get :

L  N  o

The shell strain energy then will be :

u

x
£'«V'

/i

c

f

e
K '

J ' ,

( I? . ? )

o/A (2.*.io)

and the element stiffness matrix is :
r

1>6 , \ r f
I N )

I k

D*,
/

C
c

c
’V

■ 
—

 

---
---

---
---

L N J A  ( 2 .1 .11)
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I
'

where C = E t_

l-v>'

v> 0

I 0
0 0 ^Z

G  -
Et5

1 2 .(1 - /)

1 i> 0

N> I 

0  0

0
l-y*
2

9* ~
EKE
2 ( j + v )

I 0 
0  |

K = 1

and K is some constant to allow for the fact that the 
transverse shear stresses are not constant through the 
thickness. In these tests K = 1 for all cases.

This Mindlin shell element is similar to that 
proposed by Ahmad et al (ref. 2) in the sense that both 
elements are based on continuum ideas in order to derive 
their local strains and the information about geometric 
curvature is provided by their corresponding Jacobian 
matrices.
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There are though the following important differences 
between those two elements.

The Ahmad element has the local orthogonal axes for 
the strain definition at each node, while the Mindlin 
element of this section has them defined at. each gauss 
point only.

The element of this section has the local orthogonal 
axes defined by a vector normal to the shell mid-surface, 
a vector tangent to the element ^ direction and a vector 
along the cross-product of those two vectors.

The element of Ahmad has one vector normal to the 
shell mid-surface and the remaining two vectors uniquely 
defined in such a way so that any transverse rotations 
about those two vectors create displacements directly 
along the global axes. To achieve this, since in general 
the direction of the through thickness vector changes over 
the shell, the directions about which the transverse 
rotations occur must change accordingly. This is achieved 
by isoparametric interpolation of the direction as well as 
their magnitude.

The Mindlin element of this section achieves the same 
effect in a different way by specifying the transverse 
rotations along the axes perpendicular to the midsurface 
normal, as defined before, then transforming them at the 
gauss points along the global axes (through the usual 
direction cosine transformation) and finally interpolating 
them isoparametrically to the nodal values.

74



In general, the Ahmad element should be able to 
deliver the nodal local stresses along the correct local 
directions so that they could be easily averaged across 
element boundaries (provided the element normal vector is 
continuous, too). The element of this section will, in 
general, achieve this indirectly through appropriate 
stress transformations.

Finally, as it will be shown in chapter 3, this 
element suffers from the phenomenon of "locking" unless 
its stiffness matrix is integrated in a special way. This 
phenomenon is normally present when the thickness to span 
ration is less than 0.1 (ref. 67).
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2.8 Finite element results with Mindlin shell elements

The patch test of figure (2.5.1) was tested using the 
quadratic Mindlin shell elements of section 2.^, in the 
absence of any thin shell (Kirchhoff) elements available 
to the writer. The loading was applied as a displacement 
and rotation field around the boundary of the patch and 
the nodal stresses as calculated at the nodes were 
recovered at the centre of the patch, point C of figure 
2.6.1.

The geometrical and material properties used were:
Tq = 1 . 0  m

C"2 = 0.01 
E = 210 GPa 
V = 0.3 
t = 0.01 m

The elements employed reduced integration 2x2x2 to 
releave their inherent "shear locking" problem. (see 
chapter 3)

The arithmetic mean of the direct stresses on the 
outer fibres at point C of the patch were found as below:

(MPa) Gee( MPa )
F.E. results 43.81 74.58
Theoretical 67.16 67.16
% error -35% 11%
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Analysing these stresses in terms of their membrane 
and bending components we get:

(MPa) (MPa) (MPa) (MPa)
F.E. results Theoretical 
% error

-22.39
0.05

44680%
66.20
67.16
-1.5%

8.95
0.0517800%

65.63
67.162.3%

Before any further discussion, it has to be pointed 
out that the number appearing in the above table for the 
theoretical membrane stresses is calculated based on 
Morley's criterion in equation (2.3.1), It is therefore 
strictly valid only for Love type theories and since the 
Mindlin element does not, strictly speaking, obey a thin 
shell theory at any thickness level, we can not justify 
using it. However, the writer included it only here as a 
crude indication of the error in the membrane stresses 
which otherwise could have not been evaluated, since it is 
not known what the inherent error of the Mindlin element 
shell theory under reduced integration is.

From the above table it can be immediately seen that 
the meridional membrane stresses are about 3 times the 
circumferential ones which agrees with the general 
prediction of the previous chapter, ie. that the 
meridional direction is a lot more susceptible to 
"spurious" membrane stresses.

This can be seen graphically in graphs 2.7.1 - 2.7.4 
where the 0^# and stresses were plotted along the
internal boundaries of the patch. It is therefore obvious 
that the meridional stresses oscillate with greater
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amplitude than the circumferential ones. At a glance, 
graphs 2.7.1 and 2.7.3 show that net resultant membrane 
stresses (Jqq and respectively exist through the
patch. This might appear to violate equilibrium with the 
applied boundary loading which is meant to be membrane 
free. If this is true then something must be wrong with 
the applied boundary displacements, since no distributed 
load was applied in the interior of the patch.

However, taking graphs 2.7.2 and 2.7.4 into account 
it can be seen that these "net" membrane stresses along 
one direction vary harmonically along the other and 
therefore equilibrium with a membrane free boundary 
condition is still satisfied.

This type of self equilibrating "spurious" state of 
stress can be represented only by a Legendre-like 
polynomial distribution. Since Legendre polynomials have 
their corresponding Gauss points as roots (see chapter 3), 
then the Gauss points of the elements should be expected 
to be almost free from spurious membrane stresses (almost, 
because the distributions of and
Legendre polynomials but Legendre-like, as it will be 
shown in chapter 3).

P/jm and Ge&jm a r e  n o t  t r u e

Looking again at the distributions of the and
0~qq|m they look quadratic ie. like the Second Legendre 
polynomial, , which has the ? = i  as roots.

J 3  y 3
Since the order of integration was reduced to 2x2x2 then
the stresses at the 2x2 Gauss points (after extrapolation 
to the inner and outer surfaces of the shell) should be
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expected to be a lot more accurate. This remark was 
initially made by Barlow (7).

Looking then at the Gauss point stresses we get:

Element Gauss
Point °esL(MPa) (MPa) (MPa) (MPa)

1 0.0 65.32 -0.04 65.26
1 2 -0.07 65.78 0.19 66.21

3 -0.19 66.93 0.02 66.37
4 -0.10 66.23 0.20 66.46
1 -0.07 65.78 0.19 66.21

2 2 0.0 65.32 -0.04 65.26
3 -0.10 66.23 0.20 66.46
4 -0.19 66.93 0.02 66.37
1 -0.12 66.84 0.27 66.30

3 2 -0.13 66.18 0.12 66.35
3 -0.06 65.14 -0.15 65.10
4 -0.08 65.64 0.14 66.02

1 -0.13 66.18 0.12 66.35
4 2 -0.12 66.84 0.27 66.30

3 -0.01 65.71 0.14 66.02
4 -0.06 65.14 -0.15 65.10

Theoretical o•o 67.16 o•o 67.16

It can be seen that the prediction about the 
performance of the Gauss points was correct. The spurious 
membrane stresses are non-existing while the maximum error 
in the inextensional bending components is always less 
than 3%.

However, we have to take into account the fact that 
for a patch of elements subtending an angle of 0.1 rad 
each, the inextensional bending curvature varies by a 
maximum of less than 6%, as shown in section 2.5. This 
means that since the Gauss points are located at distances 
that vary from close to the centre of the patch to close
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to the corner nodes, then they should be expected to have 
acceptable variations in bending curvature of less than 
6%. Since the maximum variation experienced was 3% then we 
could say that the performance was practically exact.

It has to be noted that the order of the membrane 
stress error now is very close to the inherent order of 
error the Love-type theories tend to have ie. + 0.05 MPa. 
But it is very hard to say whether this "spurious" 
membrane error at the Gauss points is still a finite 
element error or whether it is an inherent error of the 
Mindlin shell theory.

What is important, is that if the Gauss point 
stresses are used to extrapolate for the nodal stresses 
then this new set of nodal values will be practically free 
from the parasitic membrane stress contamination of graphs
2.7.1 - 2.7.4.

To test for the limits of the validity of this last 
statement the writer distorted the previous patch of 
elements by moving the epicentre of the patch by 1/3 of 
its characteristic length in both the meridional and 
circumferential directions. The new patch is shown in 
figure 2.7.1. The same displacement field was applied on 
the boundary and the nodal stress results obtained as 
calculated at the nodes were plotted in graphs 2.7.5 to 
2.7.12.

It can be seen that although the behaviour is in 
general similar to the undistorted patch, there are very
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Figure  2 .7 .1

D is to r te d  c a te n o id a l patch
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large discontinuities in the membrane stresses across the 
internal element boundaries. It can also be seen that the 
circumferential bending stress results are more 
discontinuous than the meridional ones (graphs 2.7.6 to 
2.7.8). The averaged nodal stresses on the outer fibres at 
the centre of the patch are as below:

° e e(MPa) (MPa)
F.E. results 35.41 79.79
Theoretical 66.87 66.87

% error -47% 19%

where a new theoretical value had to be calculated now 
since the point C of the patch has been displaced to a 
position of slightly different bending stress state.

It can be seen that the error in the meridional 
stress is once more 3 times that of the circumferential 
one.

Analysing the stresses into their components we get:

(MPa) ? & k(MPa)
°99)lu(MPa) (MPa)

F.E. results -33.36 68.77 9.4 70.41
Theoretical 66.87 66.87

% error —* -3% — -5.3%

It can be seen that there exists significant amount 
of "spurious" membrane (meridional) stress, almost 
50% of the magnitude of the inextensional bending one.
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Looking at the Gauss point results we get:

Element Gauss
Point

^ e e jiu
(MPa) (MPa)

tty?) Ui
(MPa) (MPa)

1 0.56 65.19 -1.45 65.19
1 2 -0.91 65.42 -0.90 65.74

3 0.49 66.77 1.14 66.67
4 0.10 66.07 0.17 67.90
1 0.0 66.27 2.40 65.42

2 2 -0.05 64.36 -1.50 64.62
3 -0.84 71.00 1.86 69.42
4 -1.43 64.12 0.03 65.73
1 -0.47 66.44 0.53 66.00

3 2 0.67 65.02 -1.01 65.28
3 -0.08 65.10 -0.27 65.23
4 -0.49 65.33 0.38 66.04
1 -0.05 70.29 -0.10 67.15

4 2 0.82 65.12 1.04 65.71
3 -0.96 66.68 -0.63 66.49
4 0.47 64.95 -0.74 65.13

Theoretical o•o 66.87 o•© 66.87

It therefore appears that the performance of the
Gauss points under inextensional bending is excellent even 
for quite distorted meshes.

However, the writer has encountered cases where the 
Gauss points were not so successful as here but still they 
performed far better than the traditional nodal point 
results. This was the case of a distorted cylindrical 
patch under inextensional bending (Kamoulakos et al. 
ref. 31). The reason was that the elements used subtended

oangles 3 times larger than those here (ie. 15 instead of 
5.7° ) and had a smaller radius of curvature (ie. lm 
instead of 1 .6m), therefore they were "deeper" than here.

Unfortunately, the drawback of the present test is
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the severe limitation in the element "depth". From 
equation (2.5.7) it can be shown that if the elements of 
the patches in figures 2.5.1 and 2.7.1 were to subtend an 
angle of 1 5 ° each, then the variation of the bending 
curvature over them would be almost 36% which completely 
defies the effort of testing as constant a bending curvature 
as possible.

In an effort to find out the reason of the remarkable 
performance of the Gauss points, the mechanism of Gaussian 
integration and the way the finite element strains 
approach the theoretical ones was further investigated, as 
presented in the next section. A relatively easy way that 
a parametric study of this problem can be done is by 
considering the simple case of inextensional bending of a 
cylindrical shell.

It was subsequently clear that the reason for the 
great error of the nodal stresses of the quadratic 
isoparametric Mindlin shell element was the reduced 
integration scheme (2x2 ) which was necessary to avoid 
locking.

This eventually led into the examination of locking 
under a more systematic way than the one used by most of 
the researchers listed under the "References" section. To 
achieve that, the following functional presented by 
Zienkiewicz (ref. 69) was extensively used:

TT =  ~  J  ( §  " € t w ,)' A (§  -  e ^ )  d V

which states the well known fact that the displacement

91



method is equivalent to the weighted least squares fit 
(l.s.f.) minimisation of the difference between the finite 
element ( f.e ) strains and the theoretical ones. It is a 
weighted minimisation because the A matrix is in general 
not diagonal. In the event that it is diagonal (ie V  =
0 ) then the physical interpretation of the above
functional becomes a lot easier to conceive. In the
following sections only cases with the A matrix been
diagonal will be examined and this should not be 
interpreted as a limitation since the Poisson strain 
coupling in thin shells could be a lot smaller than the 
geometric strain coupling. Whenever the above variational 
form is used in the rest of this paper it will be called 
"Zienkiewicz form", although the writer accepts that the 
theorem upon which it is based was earlier presented by 
Hermann (ref. 23), Moan (ref. 56) and Oden (ref. 54).
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Chapter 3

LOCKING AND REDUCED INTEGRATION OF QUADRATIC MINDLIN

3.1 A few words about locking of Mindlin elements

The problem of locking appeared in the sixties with 
the well known Mindlin beam element. Zienkiewicz (ref 69) 
was the first to present a detailed reasoning on to why 
reduced integration could be used to alleviate this 
problem. He showed that reduced integration could make 
the shear stiffness matrix singular and hence remove the 
constraint imposed by the shear strain as the thickness 
became infinitesimally small.

We will examine now this problem in a different way. 
Let us consider a single element test with the 2 node 
isoparametric Mindlin beam element used by Zienkiewicz 
(figure 3.1.1). The normal displacement w and rotation 
of the neutral axis are interpolated as:

The total potential energy functional for the case of the 
element loaded by a shear force P and a bending moment M

SHELL ELEMENTS
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Figure 3.1.1.

2 node M in d lin  beam element
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is as below:

+ 1

- '
( 3 . 1 . 2 .)

Using the boundary condition that the element is encastre^ 
at node 1 ie.

w, = P, = 0  (3 ,|.? )
The normal finite element solution by minimisation of the 
functional (3.1.2) using full ( 2 point ) integration
gives:

The equivalent Timoshenko beam results, which we consider 
as the "theoretical" results, are:

l
w , El 3 J

(3.1.5)

Comparing the two results above it can be easily seen that

"theoretical" results for t — * 0 since although
G-KA Z

it is impossible for the f.e. results to converge to the
- S ~ * 0
GKA

— ► 0 0  will m a k e  7— ------ --- 1 — ^ 0 andSEI El(l+ GK/I/3E1 J
hence we get w 2 — * 0  instead of J3 2 ' w 2 —* ° °  i-e* it
LOCKS.

I the

If the problem is solved using reduced ( 1 pt )
integration we get:
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Comparing with the "theoretical" results it can be seen 
that the response to the bending moment is now totally 
correct.

Considering the case where only M exists we will use 
now the Zienkiewicz form of the total potential energy 
which, for this case, will be:

= f  l l K - K ^ S  * (M)
For . r r  = min then f o r  = 0. Since each of the integrals 
is of quadratic form, the total potential energy will 
reach its absolute minimum when each of these integrals is 
minimised. We will now minimise each of these integrals 
independently and then look at the consequences this will 
have. Therefore,

i
El

%
[ K - K

-l
=  o (3.1.8)

5 }  =  0
( S . 1.9)

where
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Using the above definitions, equation (3.1.8) will give us 
the following with respect to S f> 2 ie:

B =  2  f  = 3 - 4 !
' Z  £X

(?. I . lo j

From equation (3.1.9), using full (2 point) integration, 
we get 2 equations with respect to <?W2 and £ 0 2  ie:

W ,  : W z

= W x

-  "Z

_ 4
( S . l . l l )

3 ( 3 - / . U )

It can be seen that equations (3.1.11) and (3.1.12) can be 
satisfied only when W2 = jB 2 = 0. This however contradicts 
equation (3.1.10). Hence it is impossible for this Mindlin 
beam to behave exactly like a Timoshenko beam, at any 
thickness level. Looking once more at the variation of 
the shear energy component, for , ^theory= 0 ' we 9et:

S {  * r  =  0V. -/

Observe that W2 "varies” as a constant ( 1/2 W2 ) , while 
^ 2 varies as a linear function ( 1/2 )/?2

variation with respect to <fw2 is a least squares * fit 
(1-s.f) on a linear function ( 2  ) using a constant ( w2 
) as a trial function. The variation with respect to &J$ 2  

is a l.s.f on a constant ( W2 ) using a linear function 
(Ĵ 2 ) as the trial function. These two processes are in 
general different. However, reduced integration could 
make them equivalent. If we then do reduced ( 1 point ) 
integration we will get:

II5?

Sh ■■ £ II
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This system of equations is now quite clearly singular and 
agrees with Zienkiewicz's conclusion.

A simple reason for why this is happening lies right 
in the heart of Gaussian quadrature. Imagine a straight 
line + B and a constant C. To make the constant C a
l.s.f to the straight line, the constant must intersect 
the straight line at the location of the 1 pt Gaussian 
integration, ie. at ^ = 0 (figure 3.1.2).

ie. C --- B

To make the straight line a l.s.f to the constant C then

A --- B ---

This can be achieved if the straight line intersects the 
constant at the 2 pt Gaussian integration locations, ie 
f =  ±3=- (figure 3 . 1 . 3 ) .  But this is not equivalent to the 
one before. Using reduced ( 1 pt ) integration instead, 
we get

B --- ► C

while A remains temporarily undetermined (figure 3.1.4), 
hence giving a whole family of solutions. The coefficient 
A will then be free to be determined by other 
considerations ( eg. in this case by the bending
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Figure 3.1.2.

Figure 3.1.3.
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Figure 3.1.4.
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curvature l.s.f requirements ). However, the important 
thing to note is that the a £  term is proportional to the 
first legendre polynomial, which has been "liberated" in 
the process of reduced integration.

Looking back to the shear strain ^ , since we want to 
simulate the case where Y  = 0 , then

C = 0

and hence the shear strain y  will vary over the element,
for 1 pt integration, as the First Legendre Polynomial
does (figure 3.1.5) where A is found from bending
curvature considerations. Since the area under any
Legendre polynomial is zero, the global equilibrium will
not be violated. Since any Legendre polynomial has the
corresponding Gauss points as roots ( ie. the first has
r  r  I
7 = 0 , the second has r = + ~  and so forth ) if we 
sample the shear strains at the corresponding Gauss
points, the value of the function will equal the area
which is zero and hence we will get the right answer, ie.

* h = o  0

To summarize, it has been shown using a very simple 
example that when a least square fit has to be achieved 
between two functions of different order, the 
one-step-down reduced integration will make the higher 
order function behave like a lower order one by liberating 
a corresponding Legendre polynomial. Care must be taken 
to sample the appropriate entities of interest at the
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Figure 3.1.5.
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Gauss points at which this Legendre polynomial is zero, 
otherwise erroneous and fictitious distributions will 
occur over the element.

In the case of locking of Mindlin beams ( which are 
Mindlin plates with \̂ = 0 ) these conclusions agree with 
the well known facts of reduced integration. They will 
now be extended for the case of locking in Mindlin curved 
beams ( which are Mindlin cylindrical shells with = 0 
) .
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3.2 More about reduced integration

The appearence of Legendre polynomials in the process 
of reduced integration of a polynomial is not accidental 
at all.

By definition, the orthogonal polynomials that are 
used in the quadrature of the form

, in the special case of W(x) =1, are the special Jacobi 
Polynomials called Legendre Polynomials and the quadrature 
formula is called Gaussian or Gauss-Legendre quadrature 
(ref. 65).

Their main properties, apart from obeying a certain 
recursion formula, like every Jacobi polynomial does, is 
that the net area they occupy is zero and their roots are 
the corresponding Gauss points, eg. the third Legendre

h

a
f(x) dx

polynomial has roots 0 ,has roots 0 are
the locations of the 3 pt Gaussian integration.

Also since for W(x) = 1

dx = 0 for m < n
a
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(ref. 65), then it can be easily shown that the l.s.f 
function g(̂ j ) to any Legendre polynomial Pn ( § ) is :

g(£> = 0 (3 X 3 )

Hence, if a multiple of the Nth Legendre Polynomial is 
minimised using l.s.f method that employs reduced 
integration, then the coefficient of that polynomial can 
remain undefined if its minimised value is evaluated at 
the n Gauss* points only. For example, there is an 
infinite number of multiples of the Second Legendre 
Polynomial that will pass from ^ ~  and have g ( £■ ) =0
as their l.s.f (figure 3.2.1). We will now consider the 
minimisation of any nth order polynomial ie.

Co + C, § + ca f  + . . .  + c  §h o (3.2A)

under 2 point reduced integration.

As the writer has shown in reference 32, the 
following is true for 2 pt integration:

=  A  ,  n  =  » , ' , V "  ( ? ■ * ■ * )

-i 3

- /

Performing now the minimisation of equation (3.2.4) with 
respect to the C coefficients we get:
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Figure 3.2.1.
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S c , i

t

c, 4  + c , §Jf 4- .
y

C. 5Jf + c ' 5</f *
-/

t I I

0

=  0

( i . n )

- f

From equation ( 3 . 2 . 6 )  we can see that all the odd powers 
of ( 3 . 2 . 7 )  are zero. ( This is in fact true for any 
number of integration points used, due to the symmetric 
location of the Gauss points about the ^ = 0 axis ) . A 
direct consequence of this is that the coefficients of the 
odd powers of £* uncouple from those of the even powers. 
Hence we get:

? c ,

i
i
i
«
i

c ,  + . . .  = o

i

+  c 5
- r

i i
/ «

Using now equation (3.,2.5) we get:

fco : 1  c0 +
3

2 ^ 
T  *

+ . i i =. 0

U ,  : — c
3 L{

4- Z
1 —  Q  2} 5

+ i « i = 0

£ c z  : ± cv— n + 2 c2 + 1  c , +. i • = 0
2? 81

t / t

A

( 3 . 2 . 8 )

v

( 3 . 2 . 1 )

107



theFrom (3.2.9), by comparing the equations o Cq and oC2/ 
fCl and Sc3 and so on, it can be seen that the system of 
equations is now singular. Hence only one equation can 
now be written for the odd powers and only one for the 
even powers, ie.:

When we have to minimise with l.s.f. methods and 2 pt 
reduced integration a rational function of the form:

Hi) i.a  „
------- ----------- 0
} ( ! )

(3.Z.ll)

then we can always carry out a Taylor expansion of the 
denominator g(^) and hence obtain a single polynomial of 
as high order as we require from an accuracy point of 
view. Then the result of equation (3.2.10) will be still 
valid.

o iia o I s u  VCLy \  ■ J i  O ut

In the event that g ( ^ ) is an even function of 
then it can be easily shown that minimising (3.2.11) using 
2 point integration is equivalent to minimising only the 
numerator ( since g(~) = by definition ) and then
the result of equation (3.2.10) will be valid for C's 
being the coefficients of f(^) only. This situation is 
applicable when the denominator is the detJ of the 3 node 
Mindlin curved beam element ( to be examined in the next 
sections ) and the "midside" node of the parent element is 
placed on the midside of the real element. We will refer
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from now on to a situation like that as the element been
"undistorted".

If g(^) is an odd function of then, instead of 
expanding as a Taylor series, a more complicated 
expression than that of (3.2.10) can be obtained with the 
main difference been that the coefficients of the odd and 
the even powers will not uncouple any more.
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3.3 Curved Mindlin beam element formulation

Let us define the following 3 node quadratic 
isoparametric curved Mindlin beam element. The nodal 
degrees of freedom will be the global displacements W , U 
and the global rotation B . The total potential energy is 
defined with respect to a local cartesian system at any
point ^ which is tangential to the element neutral axis 
(figure 3.3.1). The corresponding degrees of freedom are w

~  J

Wr= { w. %  IV,} u.T» { t L ,  u, U, f

B  =  U  B ,  B s }  =  I - ! '
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Figure 3.3.1.

3 node curved M in d lin  beam element
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then the stiffness matrix can be found to be

K ( ^ X a/ )t c (T2TU ) d ^ T  J
— I

This element is derived from the curved thick shell 
isoparametric Mindlin 8 node element of section 2.7 which
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is under investigation in section 3-5. It is therefore a 
fictitious element serving only the purpose of 
degenerating the three dimensional problem of "spurious" 
membrane stress contamination to two dimensions, for the 
sake of simplicity and better understanding. In other 
words, it is the 2-D version of the element of section 
2.7. However, there is absolutely no difference in the 
formulation of this curved beam element as compared to 
that derived from an equivalent Ahmad 2-D curved beam, 
since there is only one transverse rotation possible 
anyway. (see section 3.7.2)

The boundary condition required for the beam is fully 
fixed at node 1 ie.

The resulting stiffness matrix is then given in Appendix 
D.

Expressing the total potential energy alternatively 
using the Zienkiewicz form we get

U!  = w!  = Bx = 0 (3 .3 .2 )

-f
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3.4 Minimisation by doing a least squares' fit

Just as before, for 7T = min then 
Minimising each of the quadratic integrals
(3.3.3) individually we get:

<T7T = o.
of equation

For the case where the loading is a bending moment, for 
the boundary conditions of (3.3.2), inextensional bending 
will occur. This is true irrespective of the shape of the 
curved beam ( it could be circular, parabolic, even 
irregular ) if the beam is formulated according to the 
Kirchhoff assumptions. We will attempt to see under what 
conditions, if any, the Mindlin beam is capable of 
responding as a Kirchhoff beam under pure bending. Hence

K,,
E l

0

*
*

§

II 0

Also

K = |T|
- K K  +  t ( 2 f + | ) B : ( 3 A  S')

L
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( 3 . - U J

■Vx = - L -
J  |T|5 7),+T>a M ) 3 f  -  ( / ) , ‘j | j / 7  off

In the process of minimisation we can write two equations 
from equation (3.4.6), three equations from equation
(3.4.7) and six equations from equation (3.4.8), from 
which all the A's, F's and D's could be found. But these 
coefficients are not really independent. They were 
obtained from equations where the only true independent 
variables were the nodal displacements and rotations U2 / 
U3 , w 2 , w 3 , b 2 , B3 , ie 6 unknowns.

Hence, out of a total of 11 equations, only 6 of them 
must be linearly independent if locking is to be 
prevented. Furthermore, since only rotational degrees of 
freedom contribute in the bending curvature terms, then 
they should be found by minimising (3.4.6) only, which
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means the equations obtained by the variation of equation
(3.4.8) with respect to A^ , A 2 / and A3 must be made 
singular with respect to the rest. This leaves us with 
the six equations from the variations of the F's and D's, 
from which only four must be linearly independent.

Using the results from section 3.3 we could see that 
with a 2 point reduced integration only two equations 
exist out of the six in the shear strain equation 
minimisation and only two equations exist out of the three 
in the membrane strain equation minimisation. This adds 
up to four linearly independent equations and hence 
locking will be prevented.

Assuming the element as been "undistorted" ( as 
defined in section 3.3 ) and putting the six equations
thus obtained together we get:

from S A

from

from S T ,

from ? f2

from

from

a 2 =  k  | r j c _ j _
\fi

A 3 =  0

f ^ F 3 = 0  ( 3 . ^ J

F2 -  0

T>x =  / I . I U j - j .
VJ f

Using the first two equations, A2 and A3 can be found 
from which B2 , B3 can be found and subsequently A^ . Then 
the other four equations will give the U's and W's. The 
important thing to observe is that F-̂ and F3 are not set
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to zero independently but as a joint coefficient F^+F3/3 . 
The same also happened with the D's. Since the membrane 
strain has quadratic numerator it can be written in the 
following form:

which is the Second Legendre Polynomial divided by the 
Jacobian determinant. This means that the element will 
experience fictitious membrane strain distribution unless 
the strains are sampled at the Gauss points where they 
will be by definition zero.

Another important thing to note is that the variation 
of the membrane strain as defined by equation (3 .4 .1 0)is 
in general NOT quadratic due to the presence of the 
(detJ) . Therefore, if some post processor selects the 3 
nodal stresses and attempts to define a quadratic 
variation over the element, then the false impression will 
be given that the membrane stress is NOT zero at the Gauss 
points and hence some resultant membrane action is present 
over the element (see section 6) . This effect is
proportional to element size for a given geometric 
curvature. But once the membrane and shear strains are 
recovered at the 2 point integration Gauss points, there

From equation (3.4.9) this reduces to:
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appears to be no upper limits in the element size for a
satisfactory stress performance under inextensional 
bending, apart from those imposed by geometric modelling 
considerations.

Since the "driving force" for the deformation of the 
element is ONLY the imposed bending moment, then the 
higher the number of Gauss points used for the bending 
curvature minimisation the better the overall element 
response.

When the element is "distorted", ie. when the 
midside node is shifted from the midside position, then 
the | J | is an odd function of ^  „ Using 2 point 
integration, the six equations given in section 3 will be:

i t
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where

It is obvious from the above equations that the
conclusions reached for the "undistorted" case are valid
for the "distorted" one, also. Since the coefficients of
the membrane strain distribution are set to zero not

Iindependently but in groups, ie. Fi + —  F3 and F2 / the 
membrane strain will vary just like a Second Legendre

oPolynomial divided by the |j| . This appears to be true 
irrespective of the magnitude of the element distortion 
from the parent shape and the Gauss point stresses will be 
precise once more. This remark has already been predicted 
by Barlow (ref. 7).

In the next section, numerical results are presented 
for cylindrical Mindlin shell elements of = 0 under
inextensional bending with both "undistorted" and
"distorted" configurations to verify all the previous 
observations.

In order to achieve pointwise correct results for the 
membrane strain of the element then all the F's must 
become zero, ie we will need to create 3 linearly 
independent homogeneous equations out of the membrane 
strain variation. This can be achieved by doing a 3 point 
integration. However, since the maximum number of
independent equations for the F's and D's is 4, this 
immediately implies that only one equation should now be 
available from the shear strain variation. This can be 
achieved by a 1 point integration of the shear term. 
These 4 equations thus obtained for an "undistorted" 
element will be :
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from £fi •. Ft (
i

4* +  ± r>l.S|r|;._Yi u vrlrllJ  ■ 5- « W i=i/r
=  0

from S'F, : E  =  0

from £ Ps • F, +- -|r — 0

from £]>, ; T>, =  4, ]TT|s = v/T

The solution of the above equations is:

(3.4.12)

F f  = F 2 = F 3 = 0 (3.4.13)

The shear strain distribution will now be :
1>iS A J  l r l z

I r r

which includes the First Legendre Polynomial multiplied by 
some other function. Therefore if the shear strains are 
sampled at the 1 point integration Gauss point ie. § =  0 
, they will be zero.

It therefore appears that if a 2 point or more 
integration is used for the bending curvature, a 3 point 
integration for the membrane and a 1 pt integration for 
the shear, then the membrane strains will be everywhere 
zero, while the shear strains will be zero only at the 
^  = 0 Gauss point. The bending curvature will be as
accurate as we choose it to be from the selected level of 
integration which, in turn, depends on the element 
distortion ie. |J|.
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The writer regrets that he has no numerical results 
to substantiate the effectiveness of such a numerical 
scheme. However, he predicts that the nodal displacements 
will be in more error than when a 2 point integration was 
used throughout (see next section).

121



3.5 Finite element results

A single element test was set up, as shown in figure
3.5.1, to test the level of agreement between the previous 
findings and the well known results of the 8 node 
isoparametric Mindlin shell element under inextensional 
bending conditions. The Poisson ratio was set to zero to 
simulate 2-D behaviour, which is compatible with the 
theoretical inextensional bending behaviour of cylinders. 
The formulation of the 8 node shell element used was as 
described in section 2.7. As explained in the 
introduction, it has been observed that exceptionally good 
results are obtained only at the Gauss points while the 
rest of the element suffers severely from parasitic 
membrane stress. The geometry used in this series of 
tests was specifically chosen to test the limits of those 
observations. The element was therefore chosen to subtend 
an angle of 90 degrees !

The integration scheme used was 2x2x2 integration ( 2 
points through the thickness ) , but as far as we are 
concerned it was 2x2 in £  and l̂ J coordinates.

In the "undistorted" case of figure 3.5.1, the 
membrane stress &%£ was found to be identically zero at 
the Gauss points but completely dominated the nodal values 
( see graph 3.5.1 ). Because of the developable nature of 
the cylinder and the type of loading and boundary
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conditions used, there is no geometric coupling to create 
any variation of the stress along the meridional 
direction. Therefore the stress values at the 2x2 Gauss 
points must be identical to those at the corresponding 2 
Gauss points along any circumferential section of the 
cylinder or along the edges 123 or 678.

From the nodal strain results along edge 123, as 
calculated at the nodes, the following quadratic 
expression could be obtained for the membrane strain

hence
£**= 0.02703^- 0.01236

0 at 6 = + 0.6762x x  —

( 3 . 5 : i )

i " 7 ?
Substituting the nodal displacements produced by the f.e. 
computer program for this 8 node element into equations
3.4.5, we get for this geometry that:

£ x x  -
where

H. II

Hence

Expressing in

we get:

<̂  xx

I - ( 0.01855 $ -
|xr
2 ( 0.52 + (0.4142 ̂  
0 at ^ = +,

0.00619

0.577

(3S.2)

I

± _ 7 r

terms of the Second Legendre Polynomial

a o / g s r  

I T | *

(3 . S'. 3 )

From the above it can be seen that the membrane strain did 
not vary in a quadratic form over the element 
circumference, as it might have been suggested by a common 
post processor ( equation (3.5.1) ) but in a more 
complicated way ( equation (3.5.3) ). Expanding the ITr
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until quadratic terms we could get from (3.5.3) that:
( 3 . 5 7 4 )

6 xic ~  “ 0.02546 g 4 + 0.0456 g 2 -  0.01238
r  +. Iwhich is again identically zero at \ - — -

v T

Also it has to be pointed out that equation (3.5.4) 
is very erroneous near g  = 1 and g  = -1 because of
insufficient number of terms in the polynomial expansion 
of \ J \ Z In general, more terms are needed for an element 
subtending such a "deep" angle.

To test for the effect the resulting element 
distortion, by shifting the midside node, could have on 
the element stress performance, the case of figure (3.5.2) 
was examined. As predicted in section 3.4 , the results 
obtained using 2 pt integration had exactly the same 
characteristics as in the undistorted case. It was 
verified that the strain distribution was once more not 
quadratic but dependent on the Second Legendre Polynomial.

Next, the uneven distortion of the parent element 
space as mapped on the real element space, caused by 
shifting only one midside node as shown in figure (3.5.3), 
was tested. This effect can not be predicted only by 
curved beam results since different circumferential 
sections now have different g  distributions.

It was found that the membrane stresses at the Gauss 
points were still very nearly zero. To examine this 
result we formulate the membrane strain according to
section 3.4 and using the nodal displacements as
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calculated by the f.e. computer program for this 8 node 
element ( since they could not be found by any curved beam 
considerations ) we get:

U
-  0

- f §  + 12*} +■

+ # Sf+uff -5^=0
By virtue of the explanation of page 125 , we still do not 
expect any variation of x̂Ji along the meridional 
direction. Hence we can select K) = + and examine at

< -  v s
what c the equation (3.5.5) is true. We then get:

and since 
membrane points 
points.

yT

1680 § *  -  f  -  S~6o =  0
i e  1 = 0 .  j  -  0 .  m o  

l i n o s '  -  1 -  S " ^  =  0

/ e.  §  =  a  5 - ^ 0  J  -  0 . S W

0.5774 it can be deduced that the zero 
are still practically the 2x2 Gauss

In reference 31 the writer has found that the 
distortion caused by skewness of the element produces 
worse Gauss point membrane stress performance than the one 
in the present examples, but still far superior to the 
corresponding nodal ones.

Finally, the "undistorted" case of figure 3.5.1 was 
examined under the proposed selective - very reduced 
integration scheme of chapter 3.4. There are no numerical 
results available by the writer but he predicts that the
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nodal f.e. displacement field, as compared to the 2 point 
integration one and to the theoretical one, would be as 
below:

Nodal 3pt - lpt 2pt f.e. theoretical
d.o.f. predicted results results

results
°2 0.0131 0.0081 0.0087
U3 1> ( w )

0.0447 0.0570 0.0570
W 2

r v ' 0.0316 0.0143 0.0150
W3 J 0.0447 0.0323 0.0325
B? 1

(Y a l )
0.0447 0.0447 0.0448

fb 3 J 0.0894 0.0894 0.0895

It can be seen that the 2 point integration
displacement field is far more accurate than the
corresponding selective - very reduced integration one, 
while the opposite is true for the strain distribution 
(see (3.4.12), (3.4.13)). However, these observations are
yet to be verified by the actual performance of the 8 node 
element of figure 3.5.1.

This scheme of selective - very reduced integration 
was also tested by Stolarski and Belytschko (ref. 63, 
table 5) and it was concluded to be undesirable for 
reasons explained in their paper. Their reasons are not 
the same as the arguments presented above since there are 
some very fundamental differences between their study and 
the present one, apart from the fact that they followed a 
semi-empirical way of testing for locking.

1. They used a "shallow” shell isoparametric element
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while the author used a continuum based "deep" shell 
isoparametric element.

2. The test they used (circular arch with pinch load) 
was testing an assembly of elements under a complex 
stress distribution resulting in some elements being 
under large rigid body rotations and translations. 
In this thesis a single element test was used, with 
a simple "sensitive" stress distribution (ie. 
constant inextensional bending) and with all the 
rigid body motions constrained, purely for the sake 
of simplicity.

3. They judged the success or failure of the 
integration schemes they used by looking at the 
nodal displacements of the assembly. In this thesis 
the main emphasis was on the accuracy of the strain 
(stress) recovery of the element under consideration 
and NOT on the nodal displacement performance.

4. Finally, in their calculation of the performance of 
their assembly under a 1 point integration for the 
shear they mentioned that some terms of the 
stiffness matrix had to be exactly integrated in 
order to avoid kinematic modes (artificial 
stabilization of the stiffness matrix). In view of 
this comment and in the absence of more precise 
information about this stabilization process it is 
rather improper to compare their 1 point integration 
scheme with the current one.
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It has to be noted that apart from all these 
differences, if the performance for locking is based on 
the nodal displacement accuracy, Stolarski and Belytchko 
concluded that for their quadratic isoparametric element, 
the 2 point integration for the membrane and the shear was 
the best, which appears to be in agreement with the 
writer*s results of the above table.
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Chapter 4

THERMAL STRESS TEST FOR MEMBRANE F IN IT E  ELEMENTS

4.1 Problems regarding the F.E. modelling of temperature 
loadings

When a structure is subjected to a temperature 
distribution it might or might not develop elastic strains 
depending on its material properties, the boundary 
conditions imposed on it and the temperature distributions 
experienced. Thermal strains will always exist and they 
will be proportional to the temperature.

In the finite element analysis the external loadings,
which are normally boundary or body forces, are
represented in the solution by their kinematically
equivalent nodal components. This process is done by 
using the same shape functions that are defined for the 
displacement field such that the work done by the 
equivalent forces is the same as the work done by the real 
ones over any arbitrary virtual displacement.

The case of temperature loadings, however, is 
different. This can be seen in a relatively simple way 
through the total potential energy functional of the 
structure.
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__ r (4././J
- Z J f t /% m  - X ̂ m-4

t * 1> f« l 1 ^
where £  is the matrix of the element elastic strains, £ 
the element nodal displacement vector, and ^ p  the
corresponding distributed and point loads and N  the 
matrix of the element interpolation functions.

For the case of a purely thermal loading applied on 
the structure we have

id  i?  =  0 (4.1.2)ruwhile
^  4o4- ^  +UotrtUj&j£,

Hence equation 4.1.1. becomes

L Vi

i Lot = f t  =  C& tf )  2
Expanding the above expression we get

IT = y X / ftTC €t4Vc - X jitQ §tUVs
L Vi l vi-

4- X  j=U< ~  ^  ^

The last integral of the above expression is a constant as 
far as the subsequent minimisation of I t  is concerned 
since it is independent of the nodal displacements and it 
can be ignored. Hence the final form of the functional 
will be:

*
x  Z .  [  £ t  Q

Vi
f t

i  V i
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since

TT

where

f-fc = Q h )  l then

C f #  =  c

c  <<
N
N
/V

0

1 7

Mod<x/-

and hence obtain the equivalent nodal forces from the 
temperature distribution

The finite element results will depend a lot on the method 
of interpolation of the temperatures for a given 
displacement interpolation method of an element ie. the 
choice of N.

Looking again at equation (4.1.3.) it can be seen 
that the finite element (total) strains will
approximate the thermal strains €^via a least squares fit 
process. This can be deduced directly from the quadratic 
form of equation 4.1.3. which is similar with that of the 
"Zienkiewicz form" given at page 91'.

Supposing we have a quadratic displacement element, 
mildly distorted so that we can ignore the effects of
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geometrical variations (|J| variation). We then impose a 
quadratic temperature distribution over the element which 
we subsequently linearise, in some way, in order to obtain 
an equivalent linear thermal strain. Since the 
displacement interpolation of the element is quadratic 
then linear and we will obtain a least squares
approximation to the linearised temperature profile. It 
has to be noted that a fine mesh might have to be used to 
reduce the error from the temperature linearisation.

If, on the other hand, we use the quadratic 
interpolation functions of the displacements, then we will 
get as quadratic and since . is linear we will
obtain a least squares approximation to the quadratic 
temperature profile.

As will be shown in the next section the disadvantage 
of the latter method is that, due to the least squares fit 
approach of the finite element method, we will get large 
self-equilibrating ripples in the stress field (parasitic 
Legendre-like polynomial distributions) which might 
completely contaminate the nodal values and give a false 
impression about the stress state of the structure.

While the linearised method does not have these 
inherent problems of the parabolic variation, it tends to 
converge to the linearised version of the temperature 
distribution and therefore it depends heavily on how the 
reduced temperature fit is carried out.
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4.2 Designing a test for temperature loadings

A simple test that could exploit the efficiency of 
all the different ways that the temperature loading can be 
represented by different systems was set up.

The category of structures to be examined was the 
plate membranes.

The most common form of "higher order" elements are 
the eight node quadratic membrane elements. Since it is 
generally believed that they perform quite adequately for 
most engineering applications, they were chosen as the 
focus of this test. It will be demonstrated that the 
common belief of "a coarse mesh of higher order elements 
performs better than a fine mesh of lower order elements" 
can be quite false when the loading is due to 
temperature.

To achieve this, a circular membrane plate with a 
circular hole was subjected to a quadratic radial 
temperature, as shown in figure (4.2.1.). The temperature 
was chosen quadratic since this is the highest polynomial 
order that the eight node element can represent through 
its nodal values and because it can lead to large self 
equilibrating ripples in the stress response, as it will 
be shown. The boundary conditions used are that both the 
internal and external boundaries are clamped. Under this 
loading, geometry and boundary conditions, there is
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symmetry about any diametrical section. Hence, although
the boundaries are curved, there should be no 
circumferential variations in the stresses.

The loading was the temperature variation

This temperature distribution is not very realistic 
from steady state temperature considerations but 
variations of this order over an element occur during 
thermal transient conditions.

From Appendix E it can be seen that the theoretical 
distribution for the radial and circumferential stresses are:

The geometric regions to be used for the definition 
of the coarse and fine meshes were as in figure (4.2.2.). 
Only one quarter of the structure needed to be analysed 
because of symmetry. In fact a section of any arc length 
could be used but this would require the use of local 
coordinate systems or constraint equations to impose the 
boundary conditions. Since we were not testing this 
facility it was avoided.

Three circumferential subdivisions for the regions 
were defined to minimise any slope discontinuities between 
the adjacent parabolic boundaries of the elements.

T = 10 (r-1) (2-r) C

p
= [ 2.5r2 - lOr + 8.453 - 3.333r~ 3 E 

6 ^ e  = [ 7.5r2 - 20r + 8.453 + 3.333r"2] E
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The radial subdivisions were chosen to ratios 1 : 2
so that a non symmetric temperature distribution was set 
up with respect to the elements. This exposes a lot of 
temperature modelling difficulties, as will be shown later 
on.

Two meshes were chosen as shown in figure (4.2.3.), a 
coarse of 3x2 and a fine of 6x4 elements. Four different 
ways of calculating the stresses were to be examined:

1. Quadratic temperature representation and calculation 
of the nodal stresses at the nodes.

2. Linearised temperature representation by ignoring 
the midside node temperature value and calculation 
of the nodal stresses at the nodes.

3. Quadratic temperature representation, reduced 
integration and extrapolation of the stresses from 
the Gauss points to the nodes.

4. Least squares fit linearisation of the temperatures 
and calculation of the nodal stresses at the nodes 
(this scheme was devised by the writer).

The first method is the most straight forward while 
the second one is a "cheap" improvement of the first one, 
the limitations of which are to be exposed in the next 
chapter. The third and fourth methods are more 
sophisticated ones, especially designed for
good-on-average response of the f.e method under any 
temperature distribution. This follows the philosophy of
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the finite element method which has a mean square form of 
convergence.
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4.3 Finite element results with quadratic isoparametric
membrane elements

The coarse and fine meshes of figures 4.2.3. were 
tested using eight node quadratic isoparametric elements 
for all the four different methods for thermal stress 
representation of the previous section.

The results obtained for the radial and 
circumferential stresses 0 ^  and & qq along the radial 
direction AB of figure 4.2.3. were plotted for each method 
of approximating the temperature variation in graphs 4.3.1 
to 4.3.8, where the plots are for:

method (1) graph 4.3.1. coarse mesh
method (1) graph 4.3.5 fine mesh
method (2) graph 4.3.2 coarse mesh
method (2) graph 4.3.6 fine mesh
method (3) graph 4.3.3 coarse mesh
method (3) graph 4.3.7 fine meshmethod (4) graph 4.3.4 coarse mesh
method (4) graph 4.3.8 fine mesh

Comparing all the graphs together it can be seen that the 
radial stress converged most slowly. It can also be 
seen that the fine mesh gave a great improvement to the 
results of all the methods simply because as the element 
size decreased, the temperature distribution throughout 
the element degenerated more and more into a straight line 
and hence reduced the strain missmatch between the thermal
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strain and the linear mechanical strain, as mentioned in 
section 4.1.

Looking each method in particular we get the 
following:

METHOD 1 : It can be seen that it displayed a
Legendre-like polynomial contamination of the nodal 
stresses. The reason for this can be seen by examining 
the order of the polynomial distribution of the relevant 
strains in the membrane. Therefore we have :

u., v  = quadratic in r and s
d u Q (r = linear in r , quadratic in s
9 r  > 2r-

- quadratic in r , linear in s
flS ' 9s

Along the radial section AB of figure 4.2.3 we have

Vr—  ) -—  = linear in r9v- 9t-
9 m 9cr = quadratic in r
9s ; 9 s

( 4 . 3 . / )

The elastic strains ^Y tr j^S S w^ich control the stresses as
below,

6~ — E ( (- V Csshr ~~ 1 -v*2 V ^

°l II E
( £<s +- o f-

l-v>*
V

)
( * •  3. *  )

have the following polynomial representation, in general,

^  = If- - « T
^  {^L\\Atix>r r ) — o<  ̂<>uj<xcbraM'c ^  ^J

— (o uao6vtz fi'c r  j
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€ r ,  =S£
7 u
? s

-  o< T
=  " < T  =

~  \^U.<xd>ccJriz. y~J -  *  (tuL&dr-ajh'c r ' j  

=  (^^UocLyah'c y )
f t .  3 . 3 )

Although both the above elastic strains are quadratic in r 
' has the coefficient of jj as a  variable (since

2. * *is quadratic in r ) while £^_has the coefficient of y j as 
a constant depending only on p( / (since is linear in r 
) . The consequence of that can be seen by using the 
Zienkiewiczs functional of page 91 .

which states that the elastic strains will approach the 
theoretical ones through a weighted least squares fit 
process. Assuming that the Poisson coupling is small 
(since V  = 0.3) we might postulate that an unweighted
least squares fit of the elastic strain will occur over 
the theoretical ones. Furthermore, we must assume for the 
same reason that :

E

- E

We will later on see how to correct these assumptions.

Since £^jis quadratic but subject to variation only 
up to the linear coefficient (as explained before) it will
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the linear terms as a leastapproach 6yr) by adjusting r -Hteppj
squares fit to the minus the quadratic terms of
(It can be seen from graph 4-3.1 that is mildly

-Htejoruquadratic over each element)- v

This will result in the release of a multiple of the
r z I .second Legendre polynomial ( j ) as explained m

chapter 3, since the trial function is linear while the 
target function is quadratic.

Looking at graph 4.3.1, the existence of this self 
equilibrating parasitic stress (strain) distribution is 
immediately evident.

However, is quadratic and will approach as a 
least square fit which is also very quadratic as seen 
from graph 4.3.1. Hence no self equilibrating distribution 
(Legendre type) should be released since both the trial 
and the target functions are complete polynomials of the 
same order.

Looking at graph 4.3.1. we can see that the 6$$ 
results show a slight self equilibrating error over the 
theoretical results. This is because the Poisson effect 
was originally neglected in this explanation. This error 
is the reflection of the coupling of and 6 $$: to
produce (see equation 4.3.2) and it is roughly 1/3 in
magnitude of the error in G y ^

It is therefore apparent that the cause of the great
error in (5^_is the "missmatch" of which is linear as

"t
compared to the thermal (<t(T) which is quadratic, that
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produces a quadratic elastic strain but only linear as 
far as variation is concerned.

Since 6 ^-cannot change unless we change element it 
looks logical to try to change (linearise) the applied 
thermal strain (o tf~) so that no constant quadratic terms 
will appear in .

Three methods of linearisation and their associated 
problems are discussed in Methods 2, 3 and 4.

METHOD 2 : That method had the greatest error of
all. Since the midside node temperature value was ignored 
it converged to the wrong stress distribution even with 
the fine mesh.

The radial region subdivisions of the mesh of figure 
(4.2.2) were deliberately defined with ratios 1 : 2 so
that the outer ring of elements experience a "more 
quadratic"^ temperature variation than the inner ones. 
Therefore if the midside node temperature information was 
discarded a totally false picture of the temperature 
distribution would be obtained over the outer region.

This temperature approximation will only work if a 
very fine mesh is used, much finer than is required by the 
elasticity solution.

METHOD 3 : The reduced integration - Gauss point
extrapolation method gave very good results for both

 ̂the temperature rises to a peak over that region and then drops to zero
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stresses in the coarse mesh and for the circumferential
stress in the fine mesh.

The radial stress, which converges most slowly as 
explained in method 1 , exhibited some oscillations about 
the theoretical answer in the fine mesh. This is typical 
of the non-monotonic convergence of the reduced 
integration technique. However, if averaged across the 
nodes the results looked a lot better. Obviously this 
only allows the stresses at the nodes to be recovered, not 
the stresses at any point.

METHOD 4 : The best results of all methods were
obtained from this one. The writer developed this method 
on the idea that:

1. No information about the temperature over some node 
should be arbitrarily discarded such as method 2 .

2. No unnecessary errors should be introduced by 
processes like reduced integration because although 
the temperature loading is integrated in a reduced 
manner (and hence it gets linearised) , so does the 
stiffness matrix and finally the convergence of the 
stresses is not monotonic.

3. The misleading parasitic Legendre ripples of Method 
1 should be removed in a systematic fashion.

By virtue of the explanation in method 1, if we 
linearise the applied temperature distribution by using 
its linear least square fit instead, there will be no
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quadratic terms left to create a missmatch with the linear 
terms of 6 ^ ^ This will automatically remove the problems 
of 3- Since full integration is used, we do not have the 
problem of 2 and finally all the nodal temperature 
information is used to obtain the temperature least
squares fist and hence we do not get the problem of 1 .

This method consisted of applying a linearised 
temperature profile over the elements which is a least 
squares fit of the original temperature distribution. 
Since there is no circumferential variation of the 
temperature in this test, then the temperature least
squares fit has to happen in the radial direction only.
This can easily be achieved by selecting the values of the 
original temperature distribution, along any radial 
element boundary, at the Gauss points that correspond to 
the 2 point integration ie. at points with parental 
coordinates |4 = i  —  J_■ . These values can be used to

* v r
define a straight line over that radial boundary, which
can then be used to define the required linearised nodal 
temperatures by directly calculating the values of that 
linear profile over the required nodes.

It has to be noted that although the new temperature 
profile is now linearised, the solution will still 
converge to the same theoretical solution as in method 1 . 
As explained in method 1, there was no way that 6 r^^would 
converge to more than a linear least square fit of the cXT* 
quadratic terms. Hence this linearisation method for 
their removal appears to be the natural way for achieving
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the same result as method 1 but without the Legendre type 
errors.

The temperature least squares fit has to be done over 
individual elements independently. This inevitably leads 
to multiple temperature values at common nodes, depending 
from which element they were obtained. Ideally, a system 
would be required to keep at the same node these different 
element temperatures for this method to work exactly.

However, the system the writer used did not have this 
capability and he had to average the temperature values at 
boundary nodes. This meant that the temperatures 
prescribed were almost but not quite least squares fit of 
the initial temperatures but the success of results of 
graphs 4.3.4 and 4.3.8 indicates that this did not matter 
so much after all.
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Chapter 5

A STRESS CONCENTRATION TEST FOR MEMBRANE F IN IT E  ELEMENTS

5.1 Problems regarding the F.E. modelling of stress 
concentrations

Stress concentrations are areas of high stress 
gradients normally due to specific combinations of 
geometry, loading and boundary conditions. It is 
therefore very difficult for a stress concentration to be 
represented by a finite element solution unless a fine 
mesh is used around the area of the stress concentration 
so that the geometry and displacement distributions are as 
accurate as possible.

The most common types of stress concentrations are 
those occuring on the boundaries of structures due to some 
high local geometric curvature.

To investigate the sensitivity in the accuracy of the 
finite element prediction of a stress concentration the 
writer developed a relatively simple benchmark for which 
he could derive an analytical solution for the stress 
field (see Appendix F) . It consisted of an elliptical 
finite membrane with an elliptical hole, under uniform 
external traction, as shown in figure 5.1.1. From
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symmetry/ only one quarter of the structure needed to be 
analysed/ as shown in figure 5.1.2 where the peak stress 
occurs at point D. The purpose of this test was to provide 
a relative comparison of the stress accuracy between the 
various membrane finite elements that are most commonly 
used in membrane plate problems. However, in the process 
of testing these elements the following difficulties might 
be encountered.

1. When lower order elements are used, ie. 4 node 
quadrilaterals or 3 node triangles, the linearised 
version of the inner boundary might produce 
artificial stress concentrations at every point 
where a boundary slope discontinuity occurs. This 
might result in the tangential stresses 
overestimated at the common nodes between adjacent 
elements along the inner boundary. They might also 
tend to be overestimated at point D since the 
boundary will not be continuous with its mirror 
image underneath. (The mirror image of the 
structure is represented by the imposed symmetry 
along side DEF). These effects should decrease with 
increasing mesh refinement.

2. When lower order elements are used, the volume of
the structure might be overestimated (ie. when 
points. A, B, C and D are joined via straight 
segments). This can in effect cause an 
underestimation of the stresses for a given
loading. This effect should decrease with
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Figure 5.1.2.
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increasing mesh refinement. It can be corrected, 
even for a coarse mesh, if the curve of the boundary 
is a linear least squares fit of the true boundary 
but then greater slope discontinuities might be 
induced at the nodes between adjacent elements, 
which will cause more of the problems discussed at 
1.

3. Higher order elements, such as 8 node quadrilaterals 
and 6 node triangles, will have to a very limited 
extent those problems discussed previously. 
However, the 8 node quadrilateral and the 6 node 
triangles in particular can show great sensitivity 
in the choice of the position of the midside node 
for the elements very close to point D where the 
structure exhibits the greatest curvature. This is 
not only because of effects like the "quarter point 
singularity" but also because depending on the 
location of that midside node, the geometric fit of 
the boundary curvature around D will differ and 
since that area of the structure is particularly 
stress sensitive, it might show up in the stress 
performance of the assembly.

In view of the three modelling problems discussed 
above, it can be seen that the f.e. value of the stress 
concentration at point D can be affected simultaneously by 
more than one causes and therefore it is very difficult to 
quantify the contributions to the error in the stress from 
each of the three causes. Their relative contributions
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will be different for different points in the structure.
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5.2 Definition of the stress concentration test

The elliptical membrane of figure 5.1.1. was 
subjected to a uniform normal traction p of 10000 N/m and 
the theoretical solution for the stress distribution along 
the inner boundary of the membrane was obtained in 
Appendix F. The maximum tangential stress ■<% occurred at 
points D and D' and it can be found to be :

^  9.27 p

Due to symmetry, only one quarter of the membrane 
needs to be analysed and it is shown in figure 5.1.2. The 
geometric definition of the points A to J is as below :

Point x (m) y (m) Equation of boundary
A 0 1.0 ^
B 1.1653 0.8127 / * X> (j l ) + y = 1C 1.7833 0.4527 ( v 2 ;
D 2.0 0
E 2.4167 0

F 3.25
• ) z 1G 2.8330 1.3477 (

( r f r )  ' ( j r h r ) '  1
H 1.7830 2.2992 (
I 0 2.75 J
J 0 1.5833

The material properties of the membrane were :
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E = 210 GPa 
Y> = 0.3

The membrane of figure 5.1.2 was divided (as shown) 
into six regions in order to define the coarse and fine 
meshes of the elements to be tested. This was as below :

Coarse mesh Every region was filled by one 
quadrilateral or two triangular elements.

Fine mesh A uniform subdivision of the coarse mesh.

In this way approximately the same total number of 
degrees of freedom was maintained between a quadrilateral 
and a triangular mesh of elements of the same order.
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5.3 Finite element results with linear and quadratic
isoparametric membrane elements.

The membrane of figure 5.1.2 was analysed by a coarse 
and a fine mesh of three and six node (linear) triangular 
elements and four and eight node quadratic quadrilateral 
element assemblies using the FINEL finite element system 
of the department of Aeronautics of Imperial College.

The results obtained for the distribution of the 
tangential stress CT^ along the boundary ABCD for all the 
meshes are presented in the following figures :

figure 5.3.1 linear triangular coarse mesh results
figure 5.3.2 ti it fine it n

figure 5.3.3 n quadrilateral coarse it 11

figure 5.3.4 if 11 fine n n

figure 5.3.5 quadratic triangular coarse 11 it

figure 5.3.6 VI it fine 11 n

figure 5.3.7 VI quadrilateral coarse it 11

figure 5.3.8 n IV fine n n

It has to be noted that the 0 ^^ stresses are local
stresses along the hole boundary. However, the hole
boundary is NOT continuous when modelled by linear 
elements, as explained in section 5.1. This is because of 
the slope discontinuities that exist at the common nodes 
between the elements of the hole boundary, which is
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Figure 5.3.1.

Tangential nodal stress distribution
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Figure 5.3.2.
T an g e n tia l nodal s tress  d is t r ib u t io n
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Figure 5.3.3.

Tangential nodal stress distribution
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Figure 5.3.4.

T an g e n tia l nodal s tress  d is t r ib u t io n
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Figure 5.3.5.

Tangential nodal stress distribution

171



Figure 5.3.6.

Tangential nodal stress distribution
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JO

(p) Theoretical result

Finite element result

Figure 5.3.7.

Tangential nodal stress distribution
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Figure 5.3.8.

T an g en tia l nodal s tress  d is t r ib u t io n
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obvious from the meshes of figures 5.3.1 to 5.3.4. It can 
be seen that for these meshes it is impossible to define 
any local nodal stresses. It was therefore decided to 
project the global f)odal stresses of all the meshes along 
the true boundary slope of the ellipse, in order to 
provide some means of comparision between the linear and 
the quadratic elements, since the latter ones have 
superior boundary representation by definition.

From all the figures it can immediately be seen the 
superior performance of the quadratic elements as compared 
to that of the linear elements. It can also be seen that 
the triangular meshes were less accurate than their 
corresponding quadrilateral ones.

The three node triangular meshes of figures 5.3.1 and
5.3.2 showed the 0 dramatic improvement due to mesh 
refinement. However, the element closest to the peak of 
the stress concentration was extremely inaccurate, having 
more than 50% error at the coarse mesh level. The 
triangular meshes of figures 5.3.1 and 5.3.5 were
especially chosen to give the worst modelling 
representation for the triangular mesh since two elements 
meet at the point of stress concentration and the included 
angle of both of them is quite small. Only the stress in 
the element whose edge lays by the ellipse was used, not 
the average stress. When an alternative mesh was used, as 
shown in figure 5.3.9 with the stress concentration region 
completely over that element, the stress results improved 
considerably. The four node quadrilateral meshes of
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figures 5.3.3 and 5.3.4 showed a better performance than 
the triangular ones. They underestimated the peak stress 
by 20% at the coarse level but a lot less at the fine 
one. Both coarse and fine meshes showed very poor 
pointwise stress accuracy, but if the nodal stresses were 
averaged they would have been far more accurate.

The quadratic triangular and quadrilateral meshes of 
figures 5.3.5 to 5.3.8 showed comparable results to each 
other, the quadrilaterals been slightly better than the 
triangular ones. Their pointwise accuracy was good, 
especially on the fine meshes. However, they consistently 
displayed an apparent shift of the peak stress 
concentration away from point D of figure 5.1.2.

This effect is typical of the elements with quadratic 
isoparametric representation and is caused from the 
relative position of the midside node with respect to the 
neighbouring two corner nodes. The geometric shape of the 
boundary is of parabolic type (in parametric form) and has 
its maximum geometric curvature at its apex. The location 
of this apex greatly depends on the location of the 
midside node. We would like to satisfy two conditions, 
that is, the midside node been placed at the midside of 
the element and the maximum curvature of the element to be 
at the point of the maximum curvature of the true 
boundary. However, the greatest curvature of the complete 
elliptical membrane happens at point D. This implies that 
the element having node D as a corner node might 
experience two stress concentrations, one at point D and
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one at its local apex, depending on the position of the 
midside node. This phenomenon tends to "spread" the 
stress concentration away from point D and hence decrease 
its strength.

In Appendix G a simple demonstration is given on how 
the location of the midside node affects the parabolic fit 
of a given boundary.

Finally, the accuracy of the stress concentration 
( ( )  prediction of each of the meshes was as below, 
compared to the theoretical one :

Element type Coarse imesh Fine mesh
3 node 3.89 P 6.58 p
4 node 7.60 P 8.81 p
6 node 7.69 P 8.90 p
8 node 8.16 P 9.08 p

Theoretical 9.27 P 9.27 p
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Chapter 6

CONCLUSIONS

In this thesis three tests were developed to expose 
the sensitivity of the finite element stress results to 
certain kinds of error that specific types of finite 
elements exhibit.

The first test dealt with the problem of
inextensional bending of thin shells. The theory of 
inextensional bending of a shell of negative Gaussian 
curvature called the catenoid of revolution was 
developed. A patch test of four elements with prescribed 
displacements and rotations around its boundary was 
devised. Two types of shell elements were considered, the 
Love-Sanders type and the Mindlin ones. No numerical 
results for the Love-Sanders type (thin shell) elements 
were obtained, but it was predicted that they will be in 
greater error in predicting the meridional stresses than 
the circumferential ones. The numerical results obtained 
by the quadratic Mindlin shell elements showed very high 
error in the form of self-equilibrating ripples for all 
the stresses calculated at their Gauss points. This was 
also verified through a patch test of distorted elements.

The stress performance of the Mindlin elements in
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general was further investigated and their inherent 
problem of "locking" was exposed and explained. The 
mechanism of reduced integration, which is the normal 
remedy for locking, was then examined and it was found 
that reduced integration can be seen as a process for 
achieving a least squares fit between two functions by 
"releasing" a specific Legendre or Legendre-type 
polynomial with temporarily indeterminate coefficients. 
The existence of an alternative integration scheme to that 
of the reduced integration was then suggested and 
justified. This was the scheme of selective-very reduced 
integration for which no numerical results were obtained 
but it was predicted that it should provide pointwise 
accurate membrane stresses as well as bending ones. 
However, the shear stresses will be correct only at their 
corresponding Gauss points.

The second test dealt with the problem of applying a 
thermal strain and calculating the stresses in a membrane 
structure. The theory of the thermal loads was developed 
and the possibility for the existence of 
self-equilibrating (Legendre-type) ripples in the stress 
output was exposed. A circular membrane with a circular 
hole was then tested for a quadratic temperature 
distribution, as modelled by quadratic isoparametric 
elements. The stress results obtained by the direct 
application of the given temperature profile on the 
structure verified the existence of significant error in 
the nodal stresses which was found to be due to the 
"missmatch" in the order between certain mechanical
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strains and their corresponding thermal ones. The 
necessity for a linearisation of the quadratic 
temperatures was then apparent and three linearisation 
methods were examined. The most successful of all was the 
one developed by the writer which consisted of a least 
squares fit linearisation of the temperature profile and 
then normal finite element solution.

The third test dealt with the accuracy with which a 
stress concentration can be calculated with linear and 
quadratic membrane elements. An elliptical membrane with 
an elliptical hole was modelled with three node, four 
node, six node and eight node elements for both a coarse 
and a fine mesh configuration. The results obtained 
showed that the quadratic elements were superior to the 
linear elements as expected and that the quadrilaterals 
were superior to the triangular ones. The linear elements 
were underestimating the value of the stress concentration 
and they also exhibited large interelement 
discontinuities, even at a fine mesh. However, they could 
still yield relatively satisfactory stress results if the 
nodal stresses were averaged. The quadratic elements 
offered superior pointwise accuracy but they tended to 
underestimate the magnitude of the stress concentration 
because of an apparent tendency to smooth out the maximum 
tangential stress. This was attributed to the sensitivity 
with which the midside node along an element boundary can 
affect the location of the point of maximum geometric 
curvature of that side.
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Appendix A

GEOMETRIC D E FIN IT IO N  OF THE CATENOID

From reference 38 pages 186-187 it can be shown that 
the equation of the catenary of the following figure is :

Displacing the catenary, as shown in the figure below, the 
equation of the catenary will now be :

Rotating the above curve about the z-axis, the catenoid of 
revolution would be created whose equation can be shown to 
be :

V"

189



and its shape is as in the figure below

The magnitudes of the base vectors 
surface can be shown to be :

and 0 \ r of the

2E
9?

since

i f f
Jfo__

A2

tf, =
fit'a = 0

The catenary of equation A.2, which is the generator of 
the catenoid (since it represents a typical lateral 
"slice" of the catenoid of the revolution) can be used for 
the definition of the lateral principal curvature R-̂ of 
the catenoid which can be defined, in general, as below :

Msrr (A.!T)

Using equations A.2 and A.5

R, =  - —

it can be shown that:

[A. 6)
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The circumferential principal curvature R2 can be defined
as :

It can also be shown that the following is true for an 
axi-symmetric shell (ref. 53)

—  =  - R . c o ^  ( A . % )
<{<f>

Combining equations A. 6 , A.7 and A .8 the following can be 
found :

K* =
Vo

and finally from equation A .6 :
(A-V

R ,  =  -  K (A . lo)
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Appendix B

CHECKING NOVOSHILOV'S THEORY FOR R IG ID  BODY MOTION

A rigid body movement of a structure can be defined 
by a rigid body translation plus a rigid body rotation as 
below (ref. 59) :

(B. 0u = A +• S  A: h
where
translation : A — "ti 4- oj 4- Sm m”

rotation : Q =  - y  t, -4- 0 t2 4- w.
position vector : y- = n -t, +- viC 4- ^ h”

Since the movement is of a rigid body nature, we get

Also

9 * ,

9oi,

M :  =  ( \ , i , })r
9̂ 2.

—  A z  i ; ( S . l )

-12±iz-Aî  K  = _L Mi I
/12, Ki Ai

1  2 1̂/ / 
Ai 9 *

R,

I 9 A z  T* 
A* 9*. s i *

=  A ■̂ 2.
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Sanders showed, using the above definitions, that all the 
six equations of strain, as defined by 2-1.5 and 2.1.6 
would be identically zero under a rigid body movement. 
Since the Novoshilov shell theory differs in general only 
in the definition of the equivalent torsional curvature 
“J* we only have to examine that term. According to 
Novoshilov :

T  = K|2 -f
"rT

( $ . 3

i 1  O f i QA\  -
9 +  - * - ( _  j _ 2 d i  S i )

A, ^ A , A t f t  \ /lx A ,  A t

Using the definitions B.2 :Lt can be shown that :

9 1 A , + A,
(aJ

A t ' ft

f a  _ Sr OAr . ^ /U w + QAz

2<<z a , ■ A , 9 0(1 A 9f(,

Substituting the above equations into B.3 it can be shown 
that ' J ' becomes identically zero for a rigid body 
motion.
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Appendix C

M INDLIN SHELL ELEMENT INTERPOLATION FUNCTIONS

The interpolation functions are as below :

N, = h i - ±fa)fa)
n 2 -  f a )  f a )  + j  f a ) $ H

his = (̂i) fa) f a  fa) fa)
Ni, = f a ) f a )  fa$

= ^d)fa) + { fa) fa) 
n 6 - U % ) f a )  - ifa)fa)

Nj. = fa) fa) + 2  fa) fa)
Hg =  h ( f ) h W  f a  fa ) fa )

Us) = faH'-f) fa) = f a l H)
3 ( 5 ) =  ( I - ! ) 1  f a )  =  { i - f a

h(S) =  - J $ 0 +S) k C*i ) = y l ( l+tt)
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Appendix D

CURVED MINDLIN BEAM ELEMENT ST IF F N E SS MATRIX

I(ww ^Wt{ Xwa
— K*a Kub

SY/W ~ \  ~
6̂8 --

KWw = ( easing + CM co**e)(~-J (^ ~ )  

Kwu =

Kws =  - C K A l r /  cosB ( i £ )  A/

Kau =  (EAeot'0 +

K m s =  C M  \ t i  s , * q  ( M y  y

K bb =  & K A l X l 2 U TN  +

K/ =  { I - f "
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Appendix E

THEORETICAL SOLUTION FOR THE THERMAL STRESSES OF

CHAPTER 4

Since the geometry and the loading are both 
axisymmetric, the differential equation of equilibrium can 
be shown to be as below in polar coordinates :

of Oyr -h <5rt~ ~  _  Q ( E - 0

where the associated stress-strain law is :

<5v-v —  v> ^ee ~  ( i ^ ) c( T J

<ree =  [ ^ ee + v > 6 r r - ( ‘+ ' ’ ) * T ]
and the strain-displacement relations are :

c  — d u^rr ~  —r ~W r
€  —  ^C B9

IE.Z)

( E .3 )

)r
Substituting equations E.2 and E.3 into E.l and 
integrating the resulting differential equation for u, we
get :

U, =  (l+v>) —  f T y - J r  -t / ) r  +■ ( h - 4 j

Imposing the boundary conditions

for r = 1 

for r = 2

u = 0 

u = 0
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and solving for the constants A and B of equation E.4 
a temperature distribution as

T = 10 (r-1) (2-r)

we get :
A =  -  —  ( M *|2_

B  =  ( i+v) *
The strains of E.3 then become :

^  =  I0 ( l+W-)^ ( 2 ,—  ^ - l )  4 A -  —

=  £  =  io(wv;Jrf(r- £  - I )  A  +■ -pj
and the stresses of E.2 become :

^rv =  (0*25"^ — v- +. O.WS"3 -  flS333-L.) IOEx 
(T ^  / 0.}SV -  J?v- 4 o. t o  4 0.333S J - )  10 E*00  ̂ f 2 /

for

(E.rJ

( e .< ;
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Appendix F

ELLIPTIC AL PLATE STRESS CONCENTRATION

The linearised differential equations of equilibrium 
and compatibility, in the small displacement theory of 
elasticity, can be combined with the stress-strain law to 
produce the following biharmonic equation for the 
continuum (ref. 51):

Expressing equation F.l in terms of complex variables 
and solving for the complementary solution (ie. T = 0) we 
get :

be shown that the stress components can be recovered as 
below (ref 51):

where U is the Airy stress function defined as :

=  XU

and

where 0  and are complex potential functions. It can
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+  °SC ~  ° i x  +■ 2  [ft'(z) +■ j

%  - + l c < r ^

f t % )  +  t y ' ( z )  }

It can also be shown that the Cartesian displacement 
components u and v can be found from :

-  i  0'(i)  -  'f'fej ■= {u + iir)  (R S j

A simpler form of boundary condition to F.4 for given 
stresses is of the form :

0 U )  + i  pl'(i) +  — - l [ X + l Y ]  +• 0Mii. ( f. g)

From F.6 the inner ellipse (hole) force boundary condition 
is :

t f t e i . )  + Z i u / ( 0 )  + = 0  ( F ' l ~ )

The outer ellipse force boundary condition is :

0 ( O i )  +  Z 0a  f t  )  +■  ' { ' ( O f - )  =  ( F- 8 )
where p is the traction per unit thickness

The equations F.7 and F.8 have to be solved 
simultaneously and this can be most easily achieved by 
using conformal mapping transformations. Defining the 
mapping function as :

SUl) =  £  -  R +■ t )
which maps a circle of unit radius to an ellipse of a and 
b major and minor semi-axes (see figure below)
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R = (a + b) / 2 
m = (a - b) / (a + b)

we can transform equations F.7 and F.8 from the z-plane 
(elliptical boundary) to the .^  plane (circular 
boundary). Setting the inner elliptical boundary on the
unit r^n circle, ie :

=  <r
Kir*1?)

then the outer elliptical boundary is mapped from an outer 
circle (only when the ellipses are cofocal)

=  *~<r

and rQut can be found to be :

( F . 9 )

K . a  =  v~ - a'+t' a *f
out ' V c c '- ts  o , - b

where a, b, a 1 and b ‘ are defined on the figure below
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condition becomes

(F.ll)

It can be proved that the above equation can be used to 
define everywhere. If we substitute it into equation
F.8 we get the boundary condition on

(rcr) ~  1 , —
-  ® M _  p'M =  f> Q(fl

do (y-tr)
Assuming to be a double-ended expansion in , and
since the problem is doubly symmetric, only odd powers of 
^  should be considered/ ie.

i . a „ r
N (F. 12)

we get 
N N A/

/  C L ^  (T  -  /  OL^Y' c r -t
~N

- +

v \-i it-/
no(, r  cr

-N
\M

- f j

<r \r r/r J

IM ,+• -Tri+‘r <r

r  . w r
cr )
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The above equation can be solved by equating coefficients 
of <^S which will result in a system of N + 1 
simultaneous equations with unknown a's. The stresses 
then along and normal to the boundary of the inner ellipse 
(hole) will be found from equation F.4 as :

where the a's are found to be (for N=19) :

Coefficient
a19
a17
a15
a13
all
a9
a7
a5
a3
al
a-l
a-3
a-5
a-7
a-9
a-ll
a-13
a-15
a-17
a-19

Value (pR)
-1.5871e-15 
-7.6182e-14 
-3.6567e-12 
-1.7552e-10 -8.4255e-9 
-4.0462e-7 
-1.9513e-5 
-9.7322e-4 
-6.1062e-2 
7.5208e-l 

-1.0806 
3.1970e-2 
8.1536e-4
2 -3437e-5 
6.3785e-7 
1-6461e-8 
4.0920e-10 
9.9060e-12 
2.3582e-13 
7.5388e-15

202



From the above table it can be seen that the series
is clearly convergent.

The O ' ) stress is then found to be :

J\U
= 9.2658 p
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Appendix G

MODELLING S E N S IT IV IT Y  TO M IDSIDE NODE LOCATION IN  

QUADRATIC ISOPARAMETRIC ELEMENTS

In this appendix a demonstration will be given of the 
effect the location of the midside node of a quadratic 
isoparametric element has in the geometric modelling 
capability of that element.

A quadratic eight node isoparametric membrane element 
is used to model a parabolic boundary, as shown in the

x-|=0
x3=1

y i =o

y3=i

The above simple quadratic boundary has its maximum 
geometric curvature at point 1. The location of points 1 
and 3 are kept fixed while the location of point 2 will be 
allowed to vary in order to find an optimal location (if 
it exists) so that the isoparametrically modelled boundary
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is identical in all aspects to the one showed in figure
. oG.l, ie. it becomes y=x

The only interpolation functions contributing along 
the 123 boundary are by definition the following :

A/, = i S(S-«J 
A/, = l-S*
N i  — ? 0 + 0

and the isoparametric representation of the boundary will 
be :

x  =  ( i - f )  +■

^ — ( i - f l) y-L + f (nij — 0~£ ) x * ■'■'if (i+’f )
Eliminating from the above eguations we get :

V  +  x (£*-.)' -  *x ± 2 — (s* . - 0  -
x * u - x j

~ +- 2 ( x - y )
2x2-I
X2(1-**)

x - 3
x 2 (I -x2)

^  0

( G . i )

It can be seen that the equation G.l is in general not 
equivalent to y=x . For example, if X2 = l/3 , the above 
equation degenerates to

P°+i)xi + - f x  = 0
The above equation is quadratic but not the original 
parabola and hence it will not have the same distribution 
of curvature along its length.

However, if x2 is chosen to be equal to 1/2 ie.

x 2
1

2 ^2
1

4
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then equation Q. 1 degenerates to

which is exactly the original boundary shape. It will be 
then expected that no geometric modelling error will occur 
if the midside node is chosen to be at point (1/2,1/4)

Checking the length of the arcs 12 and 23 for X2=l/2 
we get :

arc length = J j s  =

arc length 12 = J \J | f <dx.o
= 0.5739

arc length 23 = I \/ I + olx.

%
= 0.9050

le. arc length 23 > arc length 12

which means that the optimal position for point 2 results 
in the midside node been placed not along the midside of 
the element boundary.

Conversely, if the location of the midside node is 
placed at exactly the midside of the boundary it will 
result in an erroneous boundary representation.
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