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ABSTRACT

Stress concentrations and associated singularities which develop at 

crack tips, corners and notches are discussed for longitudinal shear and 

plane strain situations in materials exhibiting the characteristics of 

viscoelastic deformation. Integral transform methods are used to 

establish the time dependency of the near tip fields and lead to an 

eigenvalue problem in the complex plane. In general, simple explicit 

solutions to the eigenequation are not available. To complete the 

inversion process and hence effect the real time evolution of the stress 

concentrations requires that specific branches of the eigenequation be 

monitored as a function of the transform parameters. Analytic 

continuation is used to this end. For instantaneous and large times, 

Tauberian theorems establish that the material response is identical to 

the corresponding elastic problem with the elastic constants replaced by 

appropriate short and long time moduli. For intermediate times there is 

a marked transition between these limits characterised by the geometry 

of the problem, loading constraints and material properties.

In Chapter One the longitudinal shear deformation associated with a 

semi-infinite crack meeting a welded boundary between two viscoelastic 

half spaces is given. An explicit solution to the eigenequation is 

available in this case. The simple model problem of a screw dislocation 

interacting with a bimaterial interface is also discussed. Explicit 

results for the time evolution of the force on the dislocation are 

obtained and compared to the near crack tip behaviour.
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Chapters Two and Three address the stress singularities that 

develop at corners and notch tips for plane strain deformation when 

fixed displacements and mixed boundary conditions are applied to the 

sector flanks. In each case, the singularity behaviour is characterised 

by solutions to a transcendental equation for which there is no simple 

explicit solution. Two inversion methods are used to effect the near 

corner tip behaviour in real time.

4



Co n t e n t s

Introduction

Chapter One

Chapter Two

Chapter Three

References

Page

6

ANTIPLANE STRAIN STRESS SINGULARITIES 14- 
ASSOCIATED WITH CRACKS INTERACTING WITH A 

VISCOELASTIC BIMATERIAL

PLANE STRAIN STRESS SINGULARITIES AT 71
CORNERS

STRESS SINGULARITIES IN ANGULAR SECTORS 107
OF VISCOELASTIC MEDIA

150

5



In t r o d u c t io n

The three chapters in this thesis may be read

independently and each includes an

introduction, a collection of figures and a

set of references.

Sites of geometrical discontinuities within a body such as cracks, 

holes, corners and notches are regions in which high concentrations of 

stress may develop. Crack initiation and subsequent failure of a body 

originate in these areas and thus considerable practical importance has 

been attached to determining the behaviour of the stress fields in such 

regions. This is reflected by the vast literature available on this 

subject. Numerous articles have been written on stress analysis in 

elastic media and include reviews by Atkinson (1977), (1979) and England 

(1971).

Various techniques exist to determine the nature of stress 

concentrations which occur in elastic media. One approach assumes the 

local stress field to be expressed as an infinite series of separable 

form

The dominant behaviour of the stress close to the singularity site is 

reflected by the leading term in such an eigenexpansion. The constant 

of proportionality completely characterises the singular field and is 

dependent on the applied load and geometrical form of the body. The

eigenvalue analysis.



The influence of geometry and boundary conditions on singularity 

behaviour which develop in elastic media was first addressed by Williams 

(1952). A later investigation by England (1971) confirmed that the 

magnitude of the singularity was influenced by the geometry of the body 

and that the type of singularity could be attributed to prescribed 

boundary conditions. The simplest type of singularity which may develop 

is that due to a line crack in a homogeneous linear elastic medium. 

Close to the crack tip the singularity is of the type r (r is measured 

from the crack tip). A problem in which the power of the singularity is 

not - ) i occurs when a crack terminates at a bimaterial interface. 

Williams (1959) showed that the stress at the tip of a semi-infinite 

crack between two elastic half spaces for longitudinal shear 

deformations was proportional to r ^ where A was a constant lying 

between 0 and 1 depending on the ratio of the shear moduli of the two 

materials. Subsequent papers by Cook and Erdogan (1972), Erdogan and 

Biricikoglu (1973) and Erdogan and Cook (1974) have established similar 

results for a finite cracks terminating at a bimaterial interface. The 

change in singularity behaviour for cracks approaching and passing 

through an interface has been considered by Atkinson (1975). An 

explicit form for the singularity as a function of the (small) distance 

the crack was from (or through) the interface was obtained. Papers by 

Erdogan and Biricikoglu (1973), Erdogan and Cook (1974) and Atkinson 

(1972) include numerical calculations for the above problem and 

correlate with the analytical approach used by Atkinson. Similar ideas 

have been applied to other elastic stress singularities. Williams (1952) 

established the singularity behaviour at notch tips and re-entrant 

corners for a variety of plane strain situations noting that for even 

the simplest of applied loads the stress behaviour was characterised by 

transcendental equations for which explicit solutions were not
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available. It Is the purpose of this thesis to begin to extend results 

of this kind to problems involving materials which exhibit the 

characteristics of viscoelastic deformation. Despite the recent 

interest in polymeric behaviour, very few viscoelastic stress analysis 

problems have been solved. To a large extent, this is due to the 

inadequacy of current techniques to deal with the mathematical 

complexities of the theory. However, for simple geometries in which the 

boundaries do not vary with time, and for which prescribed boundary 

conditions at each point on the boundary are invariant, a correspondence 

principle between the Laplace transformed viscoelastic equations and 

their counterparts in linear elasticity may be invoked. The time 

transform of the governing viscoelastic field equations and boundary 

conditions leads to a set of equations which are identical to the 

equations of elasticity, provided the elastic constants are replaced by 

appropriate functions of the transform parameter p. Essentially, the 

transformed problem may be regarded as an elastic stress analysis 

problem for which an inversion of the transformed stresses will (in 

principle) lead to a solution of the original viscoelastic problem. 

However, even for the simplest of situations, the inversion process is 

not straightforward and particular methods must be devised for each 

problem. For the problems considered in this thesis, to establish the 

real time evolution of the stress concentrations which develop at crack 

and notch tips requires that particular branches of the eigenequation 

governing the singular behaviour be monitored as a function of the 

transform parameter p. A successful application of analytic 

continuation throughout the p-plane allows the solution in real time to 

be effected.
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We begin with, perhaps, the simplest situation in which 

viscoelastic singularity behaviour may be exhibited - that of the 

longitudinal shear deformation associated with a semi-inf inite crack 

terminating at the boundary between two viscoelastic half spaces. This 

problem is the analogue of the elastic problem discussed by Williams 

(1959) and subsequently by Erdogan and Cook (1974). An explicit 

solution to the eigenequation governing the singularity behaviour is 

available. This permits the real time behaviour at the crack tip to be 

effected. Results for various material combinations and internal crack 

loadings are given. The instantaneous and long time behaviour is 

accounted for by using asymptotic techniques based on Tauberian 

theorems. In addition, the simple model problem of a screw dislocation 

interacting with a bimaterial interface is given and the analogy between 

the time evolution of the force on the dislocation and the singular 

crack tip stress field is exhibited.

In Chapter Two the method is extended to study the time evolution 

of stress concentrations which develop at the apex of a notched 

viscoelastic corner for the plane strain situation. Previous 

investigators who have considered associated elastic problems include 

Tranter (1948), Williams (1952) and England (1971). When fixed 

displacements are symmetrically applied to the radial edges of the 

sector, the singular behaviour at the wedge tip is shown to be 

characterised by a transcendental equation for which simple explicit 

solutions are not available. Burniston and Siewert (1973a) developed a 

method to establish the roots of the eigenequation, involving the 

formulation of an appropriate Riemann boundary value problem. Solutions 

were expressed in terms of quadrature. The authors have also used the 

technique for a variety of other transcendental equations (Burniston and 

Siewert (1973b)) and their method has subsequently been developed by

9



Atkinson (1985) to treat more complicated equations. It was preferred 

not to use these methods but to seek solutions via analytic 

continuation. A single valued branch to the eigenequation is located in 

the complex p-plane. A corresponding path is traced in an appropriately 

cut strip in the complex s-plane. Circular paths mapped from the 

p-plane are then taken as inversion circuits within the strip. An 

explicit real time behaviour of the near notch tip stress field can thus 

be effected. The influence of material properties of the corner and 

applied loads are displayed and contrasted to instantaneous and long 

time limits associated with elastic behaviour.

The work contained in Chapter Two is extended to the case when 

mixed boundary conditions are prescribed along the sector flanks. The 

eigenequation governing the singularity behaviour is more complicated 

than that for the clamped-clamped problem, and in Chapter Three it is 

established that it admits three separate branches for the singular 

stress field. For material behaviour with Poisson's ratio 

1/3 < v < 1/2, the eigensolutions are real and the method adopted for 

the clamped-clamped problem may be used to effect the inversion process. 

However, for material behaviour in which v < 1/3, complex eigensolutions 

exist which allow for the possibility of highly oscillatory behaviour as 

the notch tip is approached. An alternative inversion process is 

required to establish the notch tip behaviour for such cases. Again, 

solutions are presented for various situations and compared to the 

planar elasticity short and long time limits from which the near notch 

tip behaviour departs and tends towards*
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V iscoelastic Behaviour 

The Constitutive Equations

The hallmarks of a material exhibiting viscoelastic deformation in 

repsonse to a suddenly applied and maintained load consists of an 

instantaneous elastic response followed by a slow flow or viscous 

process. At any instant of time the state of stress is dependent not 

only on the current deformation but also on all past histories of 

strain. Various forms of the constitutive equations have been proposed 

to model this time dependent behaviour and account for both elastic and 

viscous aspects of material response. For linear isotropic viscoelastic 

materials a superposition principle is Invoked to describe polymeric 

behaviour. It assumes that the state of stress at any given time is 

determined from the sum of individual strain increments whose magnitude 

depend on the time lapse since loading commenced. This leads to 

convolution type stress-strain Integrals of the form

“ 00

and

( 1. 2 )

where the notation is such that
1 5cr. . - =■ o. .0*. . , ij 3 ij kk sn  = 0 (1.3)

c .  . n  5, .£■ i yIj 3 ij kk e.. = 0 1 1 (1.4)

are the resolved deviatoric stress and strain tensors and

8u
3x

du
(1.5)

is the infinitesimal strain tensor. In the above G^(t) and (t) are 

known as the relaxation functions.
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An Inverse relation to (1.1) and (1.2) involving the stress history

exists in the form

and

( 1 . 6 )

(1.7)

where J^(t) and J^tt) are referred to as isotropic creep functions.

An alternative representation of viscoelastic behaviour is offered 

in the form of linear differential operators. In the above notation the 

relevant stress-strain relations may be written as

Psu = Qeu (1.8)

M<rkk = Nckk (1.9)
g

where P, Q, M and N are polynomials in the time derivative r̂-.at
Simple mechanical models involving dashpots and springs are often 

portrayed in this form. Examples include (i) The Kelvin Solid - A 

parallel arrangement of a spring and dashpot, (ii) The Maxwell Liquid - 

A spring and dashpot in series. Whi1e the behaviour of real materials 

is satisfactorily represented by a few elastic and viscous elements 

(corresponding to low order polynomial relations) more realistic 

behaviour is established on combining a large number of such devices. 

However the mathematics becomes cumbersome and less tractable. This 

thesis will address situations in which material behaviour is adequately 

described by the standard linear solid with stress-strain relations

( dt + ^1 )Sij = 2M10 ( dt + a1 )ei J

( dt + ^2 )°kk = 2m20 ( dt + a2 ]ckk 

where ji1Q, , 0^, jû q , a^, are positive constants.
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This consists of a Maxwell model in parallel with a spring, and is the

simplest combination 

describe relaxation 

comparison with the 

Chapter One).

of elastic and viscous elements which adequately 

and creep behaviour in one single model. Its 

Achenbach-Chao solid (1962) is also noted (see
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Ch a p t e r  On e

ANTIPLANE STRAIN STRESS SINGULARITIES ASSOCIATED WITH CRACKS INTERACTING

WITH A VISCOELASTIC BIMATERIAL
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ABSTRACT

The problem of a semi-infinite crack meeting a plane welded interface 

between two dissimilar viscoelastic materials under anti plane strain (mode 3 

deformation) is considered. We investigate the manner in which two different 

viscoelastic solids affect the time evolution of the singular stress field. 

To this end, integral transform methods are used to establish that the 

singularity behaviour is governed by an eigenvalue equation identical in form 

to the corresponding elastic problem. Explicit solutions to the 

eigenequation are available enabling the stress concentrations to be 

expressed as contour integrals within an appropriately cut complex p-plane 

using analytic continuation. Numerical inversion around appropriate paths is 

necessary due to the complicated nature of the integrands and the real time 

behaviour of the stress fields is compared to long and short time asymptotic 

expansions (relating the properties of the bimaterial) for distances near and 

far from the crack tip. A discussion of the results is made for intermediate 

times where there is a transition between these extreme elastic limits. The 

solution is also given for a screw dislocation interacting with a bimaterial 

interface and this simple solution is used to explain the qualitative 

behaviour of the crack tip stress field by means of an analogy between the 

crack and a dislocation pile up.
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1. INTRODUCTION

There is a large literature on problems of stress concentrations and

associated stress singularities at notch tips, corners and cracks in elastic

bodies, plates, bimaterials, etc.; some of this work is reviewed in Atkinson

(1977) and England (1971). For example, the problem of a crack meeting an

interface between two different elastic media under longitudinal shear

deformation was first considered by Williams (1959) who by means of an

eigenvalue analysis showed that the stress at the crack tip was proportional

to r \  where r is the distance from the crack tip and A is a constant lying

between zero and one depending on the ratio of the shear moduli of the

bimaterial. The case of a crack approaching the interface or just passing

through has been considered by Atkinson (1975) who showed that the stress
-0 5intensity factor (the stress is proportional to r ' for the crack tip lying 

in either medium, r again measured from the crack tip) is a function of the 

(small) distance c the crack is from (or just through) the interface. For c 

small enough this function is c raised to a power depending on the 

coefficient A. Similar ideas can be applied to other elastic stress 

singularities. It is the purpose of the present chapter to begin to extend

results of this kind to the situation where the bimaterial is viscoelastic.

As will be seen in the analysis section the application of a 

correspondence principle (i.e.noting that the Laplace transform of the 

viscoelastic equations is identical to the Laplace transform of the elastic 

equations provided the constant elastic moduli are replaced by corresponding 

functions of p) gives an eigenvalue equation for the Laplace transformed 

problem which has the same form as the elastic problem. However, to 

elucidate the real time evolution of the singular crack tip field is by no 

means straightforward. We need to monitor the appropriate branch of the 

solution of the eigenvalue equation as a function of p and hence effect the 

Laplace transform Inversion. For the problem considered here, the mode -3
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crack meeting an interface, the solution of the eigenvalue equation can be 

effected explicitly and hence analytic continuation throughout the complex p 

plane performed. This allows various integration paths to be taken to 

complete the Laplace inversion. This is considered in detail in the Appendix 

where the characteristics of the complex integrands are discussed. A 

complete solution of the problem for the real time evolution of the singular 

crack tip stress field under various internal loadings is thus effected. 

Results are given for a unit load acting on the crack for 0 ^ r < 1 where r 

is the distance along the crack front, and also for loading at infinity and 

various material combinations where the viscoelastic media are represented 

either as a linear solid or an Achenbach-Chao solid (cf. Christensen (1971) 

and Achenbach and Chao (1962)). The results are combined with asymptotic 

results (valid for any linear viscoelastic solids) for large and short times. 

The short time results follow by use of an appropriate Tauberian Theorem.

A detailed discussion of the results is deferred to section 5; however 

we also derive the solution to the problem of a screw dislocation interacting 

with a bimaterial interface. This is given in section 4. Explicit real time 

solutions can be obtained for this problem and it is interesting to compare 

the nature of the time evolution of the force on the dislocation with that of 

the singular crack tip stress field. In each case a rationalisation of the 

results can be obtained. This being motivated by the interpretation of a 

crack as a pile up of virtual dislocations so a single dislocation is merely 

a rather crude approximation to the crack.

We view this problem as a precursor to the more difficult plane strain 

problems where a simple explicit solution of the transcendental equation 

governing the singularity behaviour is not available. These more difficult 

problems addressed in Chapters Two and Three.
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2. FORMULATION OF THE PROBLEM

In the subsequent analysis we consider a semi-infinite crack lying 

perpendicular to a plane welded interface between two dissimilar viscoelastic 

media. The crack lies on the plane x^ = 0, extends from x^ = -to to x^ = 0 

and is of infinite extent in the x^ - direction (normal to the page), and the 

interface is taken to be the line x^ = 0. The typical situation is 

illustrated in Fig 1.

For the sake of simplicity we shall focus our attention on those 

problems in which particular loadings applied to the crack induce a state of 

longitudinal shear deformation.

Before imposing this constraint, however, we shall present some familiar 

results governing the theory of linear viscoelasticity (see Christensen 

(1971) for example). Two formulations will be given, the first involving 

convolution integrals. Here the stress-strain relations for isotropic 

viscoelasticity may be written

s. .i J
( m )

<Tkk
(m)

I
.t , , de,,lm)

a,
-00

I
+ ( m )

dT
-00

( 2 . 1)

( 2 . 2 )

where
(m) (m) 1 « _ (m) (m) _s. . = a . . -  -  8 . .<r. , s. . = 0ij ij 3 ij kk ’ ii (2.3)

(m) (m) 1 « (m) (m) ne. . = c. . -  -  8 , .e. . , e. . = 0
i j  l j  3 i j  kk * n

(2.4)

and the infinitesimal strain is defined by

( m )

■IJ
autm) au(m)
--------  + ----- —
9x . 9x.J 1

(2.5)
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The alternative approach is based upon differential operators and expresses 

(2.1) and (2.2) as

(y u 
»a(" (y vw ■ v ’tsj

. (m) .. (m) . (m) . . (m) . . .. .. . dwhere , H2 ’ ^1 anc* ^2 are 'runc^1ons the operator
In each of the above expressions the usual summation convention is 

employed and the superscript m, which takes the values 1 and 2, corresponds 

to regions 1 and 2 respectively.

In addition to the constitutive equations we must add the equation of 

motion

9<x. ( m )

1J

(m)
9x . J

= P
r , a V m) (m) ___i_

9t2
i.J = 1,2,3 (2.8)

where p is the density of the two regions. For the purposes of our

analysis, however, we shall neglect the inertia terms on the right hand side

of equation (2.8), thereby working with
(m)9 cr.

1J
9x = 0 (2.9)

The purpose of our analysis is to study how the singular terms of the 

stress field evolve with time due to the time dependence of the loading and 

the constitutive behaviour of the material and these singular terms are 

controlled to a large extent by the highest spatial derivative terms on the 

left hand side of (2.8). Thus, neglecting the Inertia terms is not seen as a 

major omission in the calculations of the singular stress field, and moreover 

simplifies the problem considerably.

Since we are concerned with the case of anti-plane strain, the only
(m)non-zero component of displacement is u^ ix^.x^.t) while the only 

non-vanishing stresses are a-j3 ^  »x2 » and (x^, x2, t).
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Consequently, the stress-strain constitutive equations as given by (2.1)

and (2.2) become

^ 3
( m ) ■ r G,(m)(t - T )

de ( m )

i 3
dr dr (2 .10)

(m) 1
i3

9u, ( m )

9x i = 1,2 (2 .11)

whereas using the differential operator notation they are simply

u (m)f d I (m) (m) f d 1
Hi [ a t  J *13  = J i L a t  J

( m )

13 i = 1.2 (2 .12)

Likewise, the set of three equations (2.9) reduce to the single equation

3<̂  + ! ! »  = 0ax, ax. (2.13)
1 2

Based on the geometry of the problem it proves convenient to introduce an

(r,0) co-ordinate system based at the crack tip and to replace the
(m) (fn)displacement component u^ ix^.x^t) by <p ir,0,t). To proceed, define a

(m)Laplace transform of <f> y(r,0,t) over t as

(m)' - , e , p )  = J * (m)( r , e ,* ' ~- Pt -<t> (r t)e K dt (2.14)

and denote by

=(m), _ . f T(m) , _ . s-1 ,<p (s,0,p) = I <f> (r,0,p)r dr (2.15)

its subsequent Mel 1 in transform over the radial coordinate r. Applying these 

in turn to (2.13) gives

a2=(m) 0 »
* s2 5 tm) = 0

902
(2.16)

Regularity conditions on the displacement as r -» 0 and r -» co establish that 

(2.16) exists in the strip -1 < d^ < Re(s) < d^ < 1, where d^ and d^ are to

be determined. Elementary solutions to (2.16) for the transformed
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displacement fields are taken in the form

0^(s,0,p) = A^(s)sin s(0- + B,j(s)cos s(0- (2.17)

0 ^ ( s , 0 , p ) = A 2(s)sin(s0) (2.18)

where the functions A^(s), B^s) and A2(s) must be established from the 

remaining boundary conditions as stated below:

Continuity of stress and displacement at the interface:

(T (1 )
( 2 )  .

* 0 2 "  ^02

J 1 )

►

. (2 )
0 = 0

_ n  on 0 = 2 (2.19)

Symmetry:

*(2) = 0 on 0 = 0 (2.20)

Specified internal crack loading:

( 1 )

0 z = -f(r)H(t) on 0 = 7i (2 .21)

where H(t) is the Heaviside unit step function. Applying the Laplace and 

Mel 1 in transforms in turn to the above conditions we obtain

and

a;r(1) -=5(2)
»Vp) If = 2̂(P) It

= d ) = (2 )0 = 0

p 2) = 0

,  s 30(1) f(s) 
^1(P) 80 = —

_ 71 on 0 = 2

on 0 = 0

on 0 = ir

(2 .22)

(2.23)

(2.24)

where

f (s> = Jf(r)rSdr (2.25)
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and

Hm (p) = | G ^ ’tp) = J1(m)(p)/2H1tm)(p) (2.26)

define the 'complex moduli'. Using expressions (2.17) and (2.18) It Is then 

quite straightforward to establish that

p2(p) r sir i
V s) =S7T?Tcos [ F ]  V s) (2-27)

B^s) = sin [ I5 1 Ag(s) (2.28)

where

A^(s) 2f (s)

pst^ (p)+fi2 (p) ] c o s ( stt ) +
M2(P)“M1(P)
^2 (p)+^(p)

•  •

(2.29)

In particular,

=  (2 );(s,0,p) 2f(s)s1n(s0)
ps (p ) (P) 1 (cos(sTi)-b) (2.30)

where

^(p) - fi2(p)
(P) + M2 (P) (2.31)

The real time behaviour of the displacement and stress fields will follow on 

Inverting the above transforms, and each Is characterised by solutions to the 

eigenequatlon

cos (sir) = b (2.32)

Explicit solutions are available to (2.32) and one particular enumeration 

establishes the roots as

s = ± i log(b+(b2-1)X) + 2n n = 0,±1,±2,... (2.33)

2 yiwhere the choice of branch of (b -1) Is made so that the root to be taken
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has positive imaginary part and where it is understood that the principal 

branch of the logarithm has been taken. For small r, the Laplace 

transformed components of displacement and stress are found using the inverse 

Mel 1 in transform, closing the contour in the left hand plane and evaluating 

the residue of the integrands at the first pole

S1 = re 1og(b+(b2-1)^) (2.34)

2 )£Here the principal branch of the logarithm has been taken and (b -1) denotes 

that root having positive imaginary part. The results are
- s .

^ 2*(r,0,p) =
-2f(ŝ  )sin(s^0)r 

7rps1 [ ( p) +^2(P) ]sin(ŝ 7i) (2.35)

and
- ( s ^ D

_ -2f(s1)̂ 2(p)cos(s10)r
°0z (r »e »P) “ 7rp[^ (p ) (P ) 3sin( 7c) (2.36)

as r -> 0.

Similar expressions are obtained for large r, with s^ replaced by -s^.

A Laplace inversion of expressions (2.35) and (2.36) will then give the 

displacements and stress fields in real time, e.g

^e+ico

aQz(2)(r,0,p)eptdp (2.37)
c-ico

For a brief account of the numerical method employed to invert the above 

contour integrals we refer the reader to the Appendix, where particular 

viscoelastic materials are treated.
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3. ASYMPTOTIC RESULTS

To support the numerical results given In section 5 we include here a 

selection of long and short time asymptotic expressions associated with the 

displacement and singular stress fields for the near and far crack tip 

behaviour. The results are valid for any linearly viscoelastic solids and 

thus demonstrate how the solutions depend on the material properties of the 

two media and the effect of specific internal loadings applied to the crack. 

The small time results are obtained by considering the behaviour of the 

integrands for large p and applying appropriate Tauberian Theorems, whereas 

for large times we expect the main contribution to the Integrals to come from 

the residue of the pole at the origin. In the expressions below note that 

G ^ 1^(0), G ^(co), etc. correspond to instantaneous and long time values of 

the relaxation function G^^(t).

In the case when a unit load is applied along the crack for 0 as r < 1, 

where r is the distance along the crack front

where f(r) is defined by (2.21).

Using (2.25) it follows that

f(s) = (3.2)S + I

Accordingly, for the near crack tip region one gets for the displacement and 

stress (on 0 = 0)

f (r) = 1 0 s r < 1 (3.1)
0 r > 1

(3.3)

and

(3.4)
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for small times, where

g1 (r, 0, t) = 1-t

g2 (r,t) = 1-t
Jt/G1111 (0)G112) CO)

, o g r  +
- + A2 G1

(2)
2 r  ( 2) 

G1

and

A, =
g 1(1)/(o )g 1(2)(o )-g 1(1)(o )g 1(2)/(o )

g 1(1)(o )+g 1(2)(o )

=
G1^1}7(0)G1 2̂^(0)+G1^1^(0)G1 2̂^/(0) 

G1(^3(0)G1(2^(0)

where the primes denote differentiation with respect to t.

The corresponding results for large times are
A„

0
2sin(A20)r

tiA_ (1 -A_ ) } / G„(1)(«)G„(2)(co)2' 2 1

and

(2)
0z

(A2-1) G^^Ceo)

e=0 " t1 *2* /  G1C11 Coo)

where

(3.5)

(3.6)

#(0 )

(0 )

(3.7)

(3.8)

(3.9)

(3.10)

25



(3.11). _ 2 , -1 A =  — tan d. n
G1 C2) (oo) 

G1 <1' too)

Likewise, for distances far from the crack tip, we obtain for the 

displacement and stress (on 0 = 0 )  for small times

<t>
2sin(X10)r 1g3(r,0,t)

ttX1 (1+X1) / G ^ ^ O J G ^ ^ O )
(3.12)

( 2 )
0z

1 , G1(2)(0) -(X1+1)

0=0 g7 ^  r
(3.13)

where

g3 (r,0,t) = 1+t
7T / G ^ ^ O J G ^ ^ O )

2X1 +1

logr + x^TT+x^T "0cot(;vie)

(3.14)

g4 (r,t) = 1+t
7T / Gl(1)(0)Gl(2)(0)’

,ogr + r n ^ T

A2 G1(2)"CO)

(3.15)
where A^, A2 are defined in (3.8) and X^ is given by (3.5), while for large 

times
-X«

<P
(2) 2sin(X20)r

(3.16)
ttX2 (1+X2 ) /  G1(1)(oo)G1(2)(«B)

(2)
0z

-(X2+1)

8=0 ~ * (1+V

g 1 ( 2 ) ( » )

G1(1)(oo)
(3.17)

where X2 is defined by (3.11).
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Similar results are obtained when a point load is applied to the crack 

at r = a where r is the distance along the crack front. Here

f(r) = 5(r - a) (3.18)

as defined in equation (2.21) where 5 is the Dirac delta function. Then, in 

accordance with (2.25)

f(s) = a .  (3.19) 

For this case we find that the near crack tip behaviour for displacement and 

stress (on 0 = 0 )  are given by

<t>
(2) „ 2sin(A10)

(2 )(OJG^^O)

X1
m

gg(r,0,t) (3.20)

(2 )
r0z 0=0

(A -1)
96(r,t) (3.21)

for small times, where

g5(r,0,t) = 1-t
tv/  G1(1)(0)G1(2)(0)'

log [ £ ] - l -  + 0cot(A..0) 
A1 1

. +

(3.22)
and

gg(r,t) = 1-t
tt/  G1(1)(0)G1l2)(0)'

log ( E l

(2)'A2 G1l̂ J (0)

G1(2)(0)

(3.23)
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Again, A^ and are defined in (3.8) and A^ is given by (3.5). 

For large times we find that

<t>
( 2 )

0z
(2)

2sin(A20)

ttA2/  G1(1)(oo)G1(2)(ob)

(a2-d

(3.24)

(3.25)

where A2 is defined by (3.11).

Corresponding to distances far from the crack tip, the displacement and 

stress (on 0 = 0 )  are found to be for small times

<f>
2sin(A10)

n x y  G1l1)(0)G1l2)(0)’

"A1
( j J  97 tr>0>t)

( 2 )
0z

, , g /^CO)

a7r y  r (1)rm
0=0 v  G1 (0)

( 5 ) ’ gg (r,t)

(3.26)

(3.27)

where

g7(r,0,t) = 1+t
tc/  G1 (1 ̂ (0)G1 (0)

log U K - 0cot(A^0)

(3.28)
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g8(r,t) = 1+t
it/ G ^ ’d J G ^ ’co)

log(5)
A2 Gn (2)' (0)

r + G , <2, (0)

(3.29)
and A^, being defined in (3.8) and by (3.5), while for large times

4>
( 2 ) 2sin(A20)

ttA2/  G^^tooJG^2^®)

-A,

( 5 ) ‘
(3.30)

(2 )
0z

1_
air

0=0

G,t2)C») 

G1 (11C®) ( 5 )

-(A2+1)
(3.31)

with A2 given by (3.11).

Before presenting results which illustrate the analysis covered in the 

previous sections, we consider a simple model problem which, as well as 

having significance in its own right, helps with the interpretation of the 

results of the full problem.
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4. DISLOCATIONS INTERACTING WITH A WELDED BOUNDARY BETWEEN TWO DISSIMILAR 
VISCOELASTIC MEDIA

We suppose a screw dislocation to occupy the position (-a,0) and to have 

an associated Burgers vector of magnitude b with the welded interface between 

the two media at x^ = 0. Our interest, here, lies in establishing explicit 

expressions for the time evolution of the force on the dislocation which we 

assume to be nucleated at t = 0.

We proceed as in section 2 by applying a Laplace transform to both the
_ ( m)constitutive equations and equation of motion to conclude that u^ ix^x^.p) 

(the only non-zero component of displacement in the anti-plane strain case) 

is a harmonic function of x^ and x^. Accordingly, the displacement fields in 

regions 1 and 2 can be written

and

(4.1)

(4.2)

where K(p) is to be determined.

To establish the function K(p) we appeal to conditions of continuity of 

displacement and stress at the interface, which, when transformed give rise 

to the requirements

- (1) _ - (2)
U3 3

^ 3 <1) < 2’
"1(P) 3^7 = p2Cp)a57

on x^ = 0
(4.3)

(4.4)1 1
Equations (4.1) and (4.2) automatically satisfy (4.3) and condition (4.4) is 

met provided

K(p)
(P)-m2 C P)

P1(p)+p2 (p) (4.5)
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The force on the dislocation is given by the formula

F(t) = b I 0*2 2 ^1 ̂ -(self-stress)
Jx1=-a,x2

the Laplace transform of which can be shown to be

■J x =-a, x =0
(4.6)

2 r Cp)K(p)
-S— ] (4.7)

Inverting (4.7) will then establish an expression for the force in real time, 

once a particular viscoelastic model has been assumed.
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5. RESULTS

Our main interest here lies in establishing the real time evolution of 

the singular stress field on 0 = 0 for distances both near and far from the 

crack tip. Particular attention is paid to the case when the crack is loaded 

internally for 0 ^ r < 1 with a unit load, r being the distance along the 

crack front. Numerical results will then be given when the viscoelastic 

media are represented either as a linear solid or as an Achenbach-Chao solid. 

For the most part we will concentrate on the former solid, although the 

analogies between the two models will be demonstrated. Prior to discussing 

individual examples, we state the relevant constitutive relations associated 

with the above viscoelastic solids.

5.1) The Standard Linear solid

For the standard linear solid of the 3 parameter type the stress-strain 

constitutive equations may be written

l (1)
P 3 2m10 [ at + “ i

( i - v
L  , (2) 2m20 r s l  ♦ ,
J ' 3 l dt 2.

^ ̂ ^  * ^2 * p10 #i20 are positive

1 = 1 , 2 (5.1)
(2 )

The complex viscoelastic moduli, as defined by (2.26), are then

t y p) = p10
p+a.
P+P, and p2(p) = p2Q

p+a„
P+fr- (5.2)

With these we associate the short and long time moduli of the two materials.

In region 1 these are denoted by and p1(o where p1m = p ^
/* *v
“i
0

Si milar

expressions obtain in region 2 where the subscript 1 is replaced by 2.
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Corresponding to (5.2) are the relaxation functions given by

G1(1)(t) = 2P10 ----
--1 _r

‘
___

t

[M il -**1 l l
LIN V. J

and (5.3)

G1(2>tt) “ 2M20 ----
--1

f------OJ [ M a i - V i____i

------\
OJ ^ 2l  J

5.2) The Achenbach-Chao Solid

In the case of the Achenbach-Chao model the constitutive equations are 

described by

i = 1, 2 (5.4)

where > 3^ and

Here the complex moduli are

= Mio
P + t t 1

P+3, and n2 (p ) = n2Q
p+a„
P+3. (5.5)

while the long time moduli associated with regions 1 and 2 are now

respectively ji ai
10

V. J
and fi.

20

a„
3.

In place of (5.3) we now have
2

1J (t) = 2\l10
a 1
3 1-

al 3i1 (ai-^U2 “3-jtte3
and

G!j2)(t) = 2 n.
20

r  ^(X- 2 a _ 2 ]2 1 - 2

^ 2  L J ^ 2  ^ J

“P2t (a2-P2)2  ̂
e "  T T  te

(5.6)

Various material combinations will shortly be considered and the manner 

in which they affect the stress singularity interpreted. To preempt this 

discussion we offer the following argument. The singular stress field is

33



influenced by two effects, that of the time evolution of the two materials 

coupled with the applied internal crack loading. For long and short times 

the behaviour of the stress singularity is clear. Both materials respond as 

if they were elastic solids. On the basis of an eigenvalue analysis such as 

that given by Williams the crack tip stress behaves like r * where X lies 

between 0 and 1 and, for small times depends on the ratio of the short time 

moduli (glassy moduli) of the two materials while, for large times, it is 

governed by the ratio of the corresponding large time moduli (rubbery 

moduli). Similar arguments apply at remote distances from the crack tip, 

except here, the stress singularity is proportional to a different power of 

r. For intermediate times there is a transition between these extreme 

behaviours, which requires further investigation. However, regarding a crack 

as a pile up of virtual dislocations, and therefore that a single dislocation 

is a crude approximation to the crack, we will show that the response to the 

full problem can, to a large extent, be predicted from the dislocation 

formulation. Indeed applying Tauberian Theorems to the results of section 4 

establish that the short and long time behaviour of the force on the 

dislocation then are

and from these limits we attempt a qualitative interpretation of the results 

over the whole time range. Explicit expressions for the force on the 

dislocation are given only for the linear solid. However, numerical examples 

for the Achenbach-Chao model are included, these having been derived from the 

appropriate formulae.

Case 1____ Viscoelastic-Elastic Bimaterial

When the material in region 1 is viscoelastic while that in region 2 is 

elastic, the force on the dislocation for the linear solid can be found as
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(5.8)

4ira f̂ 1oo-̂ 2oo1 1̂oo .
■  ' - k > 3 '  a

)e *■ 0P20 'e

^ io^ o ’

where

r = M10 a1+fX2Q 
0+fI20 2 oo = H20 (5.9)

We observe that when

or

(1 ) a1 >

(i i) a1 <

and

and

10
20

MO
*20

< - 1

> V2 - 1

(5.10)

the force versus time curve has a minimum at some intermediate time which, in 

either case, occurs at

t = ^10+^20
(pr “i)flio

1 n 1_ [̂ 10+^201 
2 l ^20 J

(5.11)

Several examples now follow which illustrate these cases.

Example 1. (Figs 2-4)

Referring to Fig. 2 we note that the viscoelastic parameters are such 

that G1 (15 (0) > G ^ ^ t O )  and G ^ ^ o o )  > G^^oo). These limits dictate that 

for small and large times the force on the dislocation is attractive and that 

the trend of the force is to increase in some manner from its initial value 

to its final value, the precise nature of which is established as follows. 

Equation (4.7) may be written
u2 r_ m  ̂ l (5.12)? ( P> = §5 ? [ ^ 1 )<p >k <p >]

wi th

G ^ ’tpJ-G^tp)
K(p) =(1>, ..=(2) (5.13)

G^ (p)+G| (p)
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where It is noted that K(p) is connected with the sign of the force on the 

dislocation, while the premultiplying factor G ^ ( p )  modifies the overall 

characteristics of the response. A more rigorous argument would Involve a 

convolution integral but since we have the explicit inversion of (5.12) in 

real time for the cases considered here the above incomplete argument is 

sufficient to motivate the results.

For this example, G^!t) is monotone increasing and lies above G ^ ( t )  

which remains constant. Thus, K(p) is always positive while G^^Ct) is 

increasing. We conclude that the force on the dislocation increases

monotonically from its small time limit to its large time limit, and is for 

all time positive, as is seen in Fig. 3. Comparison of the time evolution of 

the force on the dislocation with that of the singular crack tip stress field 

is given via Fig. 4. As expected, the stress is monotonic increasing 

evolving from its small time limit to its long time limit. When we consider 

the singular stress field for large r the response is practically identical 

as for smaller r. Comparison of the results for the linear solid with that 

of the corresponding case for the Achenbach-Chao model is also given. The 

two sets of results are essentially the same and,in each case, there is good 

agreement between the asymptotic analysis and numerical solution.

Example 2 (Figs 5-8)

As a second example, we consider the case when relation (5.10(0) is

satisfied and when the relaxation functions intersect (Fig. 5). Here the

short and long time limits establish that G^^(O) < g | ^ ( 0) and g | ^ ( oo) >
(2 )Ĝ  (oo). Initially, therefore, the force on the dislocation is one of 

repulsion, but for large times it is attracted towards the interface. Hence, 

for intermediate times, it must increase in some manner between these limits. 

For small times G^1\t) < Ĝ j2 ̂ (t) but G ^ ( t )  is increasing. Appealing to
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(5.12) and (5.13) we deduce that the force on the dislocation must initially 

decrease. However, since for large times the force becomes attractive, it 

must change sign. As predicted with the choice of parameters, a minimum must 

occur (cf Fig.6). The force changes sign at approximately the same time at

reach its asymptotic long time limit. The time evolution of the singular 

stress field for small r (Fig. 7) should be compared with these results. Of 

note is the time at which both the stress at the crack tip and the force on

singularity is strictly monotone increasing between its short and long time 

values. The reason for this is presumably because the detail of the crack 

tip does not influence the remote stress field.

It is interesting to compare Fig. 7 with the case when a uniform strain 

as applied to the crack at infinity (Fig. 8). In place of (3.2) we now have

With this loading, the stress near the crack tip does not take on a minimum 

value but evolves monotonical 1y between its short and long time limits which, 

for completeness, we include below.

For small times equation (3.4) should be replaced by

which the relaxation functions cross one another. Thereafter, G^^(t) >
( 2 ) (2 )(t) and since G^ (t) is constant the force increases monotonical 1 y to

the dislocation curves assume minimum values. For large r the stress

f (s)
M1 (P)

(5.14)(s+1)

(2 ) (5.15)0z 2it(1-A ) r
0=0

where
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gg (r,t) = 1-t
?r/ G ^ ^ C O J G ^ ^ O )

A
2
A.2 (5.16)

A^, A^ are defined by (3.8) and A^ is given by (3.5).

The corresponding long time result which replaces (3.10) is

(5.17)

where A^ is defined by (3.11).

For the case of a uniform applied strain at infinity we have not 

attempted a simple interpretation using the dislocation model. The essential 

difference between this and the internally loaded crack is that the load 

induced on the crack faces by the applied strain at infinity depends on the 

time dependent materials viscoelastic modulus (cf. for example (3.2) and 

(5.14)). Hence to model this case by a dislocation would presumably require 

that the Burgers vector of the dislocation mirrored this time dependence.

We include corresponding results for the Achenbach-Chao model in each 

figure and again observe that the solutions are almost identical.

Example 3. (Figs. 9-12)

In contrast to the previous example consider Fig. 9. Here the

viscoelastic parameters are chosen to satisfy (5.10(11)) and to ensure that 

the relaxation curves intersect. Based upon the short and long time limits 

of these curves it is clear that the force on the dislocation is initially 

attractive, but for large times is repelled from the interface. Thus the 

overall trend of the force curve is to decrease. A consequence of this is 

that the arguments adopted for the previous case no longer apply, and an 

alternative approach must be sought. Referring to Fig. 9 we observe that for 

large t, G^^(t) < G^^(t) and that for time decreasing from infinity,
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(t) is a monotone increasing function. From (5.12) and (5.13) we 

therefore deduce that for Intermediate times the force must assume values

which are more negative than its long time asymptotic limit. This accounts 

for the minimum which is reached after the sign of the force has changed 

(Fig. 10). The evolution of the singular crack tip stress is depicted in 

Fig. 11, and mimics the result described above.

Similar characteristics occur for the stress field for large r although 

the minimum here is much less pronounced. Again, the special case of a

uniform applied strain at infinity (Fig. 12) is used to contrast (with Fig. 

11) the response for small r. As expected, the minimum has all but 

disappeared and the stress singularity decays from its initial value to its 

long time limit.

Case 2 Elastic-Viscoelastic Bimaterial

In the case where material 1 is elastic and material 2 is viscoelastic 

the force on the dislocation for the linear solid is given simply as 

47ra
2 F(t) = h .

"1- - "2»
h -  +  ^ 2  CD

2"l0,120(“2'P2)e"rt (5.18)

where

r =
^10+^20

and ••i- = h o (5.19)

It is clear that this function is monotone increasing or decreasing according 

as a2 < or This result agrees qualitatively with the 

motivational argument given for example 1 at the beginning of section 5. The 

stress fields for the near and far crack tip behaviour will respond likewise, 

evolving monotonically between short and long time limits established via an 

eigenvalue analysis.
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Case 3 Vi s c o e 1ast i c-Vi s c o e 1 a s 1 1c B 1 mater i a 1

Several examples are included here to illustrate cases when each 

component of the bimaterial deforms viscoelastical 1y. We begin with the 

formula for the force on the dislocation associated with the linear solid. 

In general,

47ra _,. .
- r F(t) = "i.

" l -  '  M2 co

"a, (3—  1 
1

24 V “i' (y-i+ô ,)
*1 y1+f31  ̂ J _rT o + j o ** 1 ro

24 o v - r ( r 2+ ^ ) (r2+32)
r 2 y2+f31 L J (fl10+,l20)(y2'y1)

(5.20)

where are roots of the equation

Ml0(p+a1 + ^20(p+a2)(p+^1) = 0 (5.21)

However (5.20) needs modifying in the case when p = is a root of

(5.21) or when (5.21) has repeated roots. Such cases are not

discussed here .

Example 4.(Figs. 13-15)

The analogue of Example 3, is illustrated in Figs. 13-15 where each 

component of the bimaterial is described by the linear solid. The

parameters , /3 and are identical to those used in Figs. 9-12 and

satisfy (5.10(H)). The time evolution of the force on the dislocation is

illustrated in Fig. 14. Although G^tt) is non-constant, similar arguments to 

those given for the interpretation of Fig. 10 obtain here. The corresponding 

singular crack tip stress field curve is displayed in Fig. 15.
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Example 5.(Figs. 16-18)

A second example to Illustrate the time dependency of the near crack tip 

behaviour for a viscoelastic bimaterial is depicted in Figs. 16-18. The 

parameters a1, 0^ and coincide with those of Example 2.

Intuitively, we therefore expect similar results to obtain. Fig. 17 

displays the real time behaviour of the force on the dislocation. The 

singular crack tip stress field is shown in Fig. 18 and closely resembles the 

force versus time curve. Corresponding results are supplied for the 

Achenbach-Chao model and in each case the solution curves compare well. 

Example 6.(Fig. 19)

To conclude, we present Fig. 19. This represents the stress field near 

the crack tip when each component of the bimaterial is represented by the 

appropriate Achenbach-Chao solid. A similar figure is obtained when the 

linear solid is used to model the bimaterial. In each case, the initial 

response can be interpreted using arguments similar to those given in Example 

2. However, we are unable to give a simple explanation as to why the stress 

should assume a maximum value before approaching its long time elastic limit. 

We believe that a more detailed analysis for large time should account for 

this behaviour.
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APPENDIX

In section 2 the stress and displacement fields associated with the 

bimaterial crack problem were cast as contour integrals in the complex 

p-plane. Their numerical inversion follows by choosing a single-valued

branch of the eigenequation

cos(stt) = b
^  (p)-/i2(p) 
M1 (p)+|i2(p) (Al)

and monitoring it as it moves in the p-plane. That the process of analytic 

continuation may be successfully completed to effect the real time evolution 

of the stress and displacement fields requires that the complex p-plane must 

be cut appropriately for each viscoelastic model representing the bimaterial. 

The results are outlined below for those cases treated in section 5.

(a) For the Standard Linear Solid

When the material in region 1 is viscoelastic and that in region 2 is 

elastic the complex p-plane has a cut extending along the straight line 

segment from p = -a^ to p = -0^ thereby joining the three branch points

i ^1 0 ^ 2 0  i'
P = -a1, and

Conversely, if region 1 consists of elastic material while that in 

region 2 is viscoelastic then the branch points are given by p =-a2» ”P2 and
_rfl20a2 M1CT2l
’ l ^10^20 J

and the cut is the line segment joining p = and p = -{S^-

When the materials on either side of the interface deform 

viscoelastical ly the branch points are given by p = -o^, -0^, -02 and 

the solutions of

^10(P+a1)(P+^2) + H20(p+a2)(P+01) = 0. (A2)
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For those cases when the viscoelastic constants obey the relations

“ 1 > pi 

a1 > a2 

*2 >

*2 > «2
the cut consists of the circle

2
u + P1“2-“1^2

3r ai+a2-p2
+ v

or

a1 < P1 

al < a2

f*2 < a2

(a2~@2J(a2_a1^( “ai^( ~@2J
O^a-j+ag-pg)'

(A3)

(A4)

and the intervals

■max (ô  ,0 ,a2>P2),
•O.jOg-a^g) - V( a2“P2) (a2“ai H  -a1) (̂  -02)

IP1“W P2

(A5)

-(|31a2-a1^2) + V(a2~^2* (a2-<X1} ( “ai} (£-| _^2 J

I W V * 2
, -min (a^ 31, a2> 02)

(A6)
as shown in Fig. 20. Otherwise the complex p-plane is cut in the following 

manner. Arrange the branch points p = -a^, -j3̂ , -a2 and -^2 in increasing 

numerical order and associate with this ordering the points a, b, c and d. 

Then the branch cuts consist of the line segments joining [a, b] and [c, dl. 

(b) For the Achenbach-Chao Model

If region 1 consists of viscoelastic material while that in 2 is elastic 

the branch cut is the circle
K +0,1 C A7)n  4. i V M “r piP ^ 2
• «

2

joining the branch points p = -c^, -f3^ and -(1*10“1 +̂20̂1 )±i(0£r P1) ̂ 10̂ 20
(fl10+fJ20)
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On the other hand when region 1 is elastic and region 2 is viscoelastic

the complex p-plane is cut along the circle

r v ' y [“2 * 2 l
p "r 2 2

* • •
(A8)

to join the branch parts p = -a^, -3g and * ̂ 20a2+^10^2 *±1 * a2~^2 * ̂ 10^20 
(*110+,120)

Finally, when the bimaterial is viscoelastic the branch points are given by 

p = -a^, -a^ and and the solutions to

H^Q{p + * } ) 2 (p+&2 ) 2 + M2Q(p+a2)2 (p+31)2 = 0. (A9)

Accordingly, the cut consists of the locus

[ (u+a1) (u+3,j) + v2] [ (u+a2) (u +32 ) + v2] + v2 (31~a1) Og-o^) = 0 (A10)

the form of which is depicted in the following Figures (21 and 22). Note 

that (A10) reduces to the circle

P + 2 1
2

*r*2
2 (A11)

if = a2 and to the circle

P + ' V “2 ' 
2

II

a™1 
<M

iT

• m
(A12)

when £ = 32-

With an appropriately cut complex p-plane Cauchy's Theorem can then be 

employed in a standard manner to deform the original path of integration of 

each integral to one consisting of a contour completely enclosing the cut(s) 

and lying entirely in the left half plane together with a residue 

contribution from the pole at the origin. A Gaussian quadrative scheme may 

then be used to evaluate the integrals along the deformed path, which in each 

case can be chosen to be a circular contour. Results may be obtained to a 

specified degree of accuracy and checked by computing each integral along 

several different paths to verify numerical path independence.
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FIGURE CAPTIONS

Figure 1 A crack meeting a bimaterial interface

Figure 2 Relaxation functions for media 1 and 2 with parameters
ji10= 0.2, a ^ - 6 , 0,̂ = 1, 1*2q~ ° * 1 (Linear Solid x------x) and

= 0.2, a 1 = Vi5, 0 1 = 1, jî q = 0.1 (Achenbach- Chao Solid

Figure 3 2(47ra/b )F versus T for the dislocation interaction problem 
in a bimaterial with properties shown in Figure 2.

Figure 4 Time evolution of singular crack tip stress field on 0 = 0 
(r = 0.001) for the unit loading case (Crack in material and 
its comparison with small and large time asymptotic analysis 
(-----). Material properties as in Figure 2.

Figure 5 Relaxation functions for media 1 and 2 with parameters 
ji1 0 =0.2, 0̂ = 6 , 0^=1, /i2 q= 1 (Linear Solid x------- x) and
P 1 0=0.2, a^Vfe, 0^=1, /i2g= 1 (AcKenbach-Chao Solid —  —  ).

Figure 6
2(47ra/b )F versus T for the dislocation interaction problem in 

a bimaterial with properties shown in Figure 5.

Figure 7 Time evolution of the singular crack tip stress field on 0 = 0 
(r = 0 .0 0 1 ) for the unit loading case (crack in material 1 ) 
and its comparison with small and large time asymptotic 
analysis (-----). Material properties as in Figure 5.

Figure 8 Time evolution of the singular crack tip stress field on 0 = 0 
(r = 0 .0 0 1 ) for loading at infinity (crack in material 1 ) and 
its comparison with small and large time asymptotic analysis 
(-----). Material properties as in Figure 5.

Figure 9 Relaxation functions for media 1 and 2 with parameters 
fi10= 1.1 0̂ = 1, 0^= 6 , n2Q= 1. (Linear Solid x------- x).

Figure 10 2(47ra/b )F versus T for the dislocation interaction problem in 
a bimaterial with properties as in Figure 9.
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Figure 11 Time evolution of the singular crack tip stress field on 0 = 0 
(r = 0 .0 0 1 ) for the unit loading case (crack in material 1 ) 
and its comparison with small and large time asymptotic 
analysis (- - - -). Material properties as in Figure 9.

Figure 12 Time evolution of the singular crack tip stress field on 0 = 0 
(r = 0 .0 0 1 ) for loading at infinity (crack in material 1 ) and 
its comparison with small and large time asymptotic analysis 
(------- ). Material properties as in Figure 9.

Figure 13 Relaxation functions for media 1 and 2 with parameters 
M1q= 1.1, 0̂ = 1, ^  = 6 , ^2 0= 1’ a 2 = 1» ^  = 2 (Linear Solid
x------ x).

Figure 14 2(47ra/b )F versus T for the dislocation interaction problem 
in a bimaterial with properties shown in Figure 13.

Figure 15 Time evolution of singular crack tip stress field on 0 = 0 
(r = 0.001) for the unit loading case (Crack in material 1) 
and its comparison with small and large time asymptotic 
analysis (-----). Material properties as in Figure 13.

Figure 16 Relaxation functions for media 1 and 2 with parameters = 
0.2, 0̂ = 6 , = 1 , M2 q= 1> a2 = 2‘3, ^2 ” 2 (Linear Solid 
x x) and M 1 0 = 0 .2 , ^ = 1/6 , 3 ., = 1 , 3 2 0 = 1. 
(*2 = v̂ 2.3, 3 ^ = \/2 (Achenbach-Chao Solid —  — ).

Figure 17 2(4?ra/b )F versus T for the dislocation interaction problem 
in a bimaterial with properties shown in Figure 16.

Figure 18 Time evolution of singular crack tip stress field on 0 = 0 
(r = 0.001) for the unit loading case (Crack in material 1) 
andits comparison with small and large time asymptotic 
analysis (-----). Material properties as in Figure 16.

Figure 19 Time evolution of the singular crack tip stress field on 0 = 0 
(r = 0 .0 0 1 ) for the unit loading case (crack in material 1 ) 
and its comparison with small and large time asymptotic
analysis (---—). Material properties for the Achenbach-Chao
Solid: m 1q = 0.2, ^  = 36, ^  = 1, 32Q = 1, ^  » 1.331,
0 2 - 1 .1 ).
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Figure 20

Figure 21

Figure 22

The branch cut in the complex p-plane for the Linear Solid 
(Viscoelastic-Viscoelastic bimaterial) when the parameters 
satisfy (A3).

The branch cut in the complex p-plane for the Achenbach-Chao 
Solid when the materials in region 1 and 2 both deform
viscoelastically.

The branch cut in the complex p-plane for the Achenbach-Chao 
Solid when the materials in region 1 and 2 both deform
viscoelastically.
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PLANE STRAIN STRESS SINGULARITIES AT CORNERS
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ABSTRACT

The stress singularities that evolve at the corner of a notched 

viscoelastic angular plate subject to mode I deformation is discussed when 

prescribed, but arbitrary, displacements are symmetrically applied to both 

radial edges of the sector. The solution procedure, based on Laplace and 

Mel 1 in transforms (with transform parameters p and s respectively) leads to 

an eigenvalue problem in the complex p-plane, which is dependent on Poisson's 

ratio and characterises the singular behaviour of the stress fields. 

Although simple solutions to the transcendental elgenequation are not 

available the real time evolution of the stress concentrations is effected by 

monitoring a particular branch of the eigenvalue equation as it moves in the 

complex p-plane. A corresponding path is traced In an appropriately cut 

strip in the s-plane, in which solutions to the eigenequation are 

single-valued. Analytic continuation in the p-plane thus allows the Laplace 

and Mel 1 in Inversions to be performed and the real time behaviour of the 

plane stress components to be expressed as contour Integrals within the 

strips in the complex s-plane. Cast in this form the stress components are 

evaluated numerically when the viscoelastic material is represented as a 

standard linear solid. Their dependence on the angular variation within the 

plate, the applied load and the effects of the viscoelastic material 

properties is exhibited for a number of situations, and in each case 

contrasted with short and long time asymptotic curves based on Tauberian 

theorems.
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INTRODUCTION

In a recent paper, Atkinson & Bourne (1989), we discussed the problem of 

a semi-infinite crack meeting an interface between two different viscoelastic 

media under longitudinal shear deformation. The manner in which the stress 

field evolved with time due to the internal crack loading and the 

constitutive behaviour of the bimaterial was established. Employing a 

Laplace and Mel 1 in transform it was found that the stress singularity was 

characterised by an eigenvalue equation identical in form to that obtained by 

Williams (1959) for the analogous elastic problem. Explicit solutions to the 

eigen equation were possible and hence, via analytic continuation, the real 

time evolution of the singular crack tip stress field could be studied. The 

short and long time behaviour was identical to the corresponding elastic 

situation (involving short and long time moduli respectively) but for 

intermediate times the stress field evolved in a complicated manner, the 

qualitative features of which could be rationalised using an analogy between 

the interaction of a screw dislocation and a bimaterial interface.

In the present paper we extend the methods used for the bimaterial crack 

problem to study the time evolution of the stress at the apex of a notched 

viscoelastic plate for the plane strain situation. Tranter (1948) derived a 

formal solution to the corresponding elastic problem using a Mel 1 in 

transform, when prescribed loads were distributed along the flanks of the 

wedge. The stress components were represented as infinite integrals and in
Othe case of a wedge of angle 180 exact solutions were obtained. Williams 

(1952) approached the elastic problem using an eigenvalue analysis and 

investigated the singularity behaviour for a variety of boundary conditions 

applied to the radial edges of the plate. Only for fixed or clamped-free 

edges were the elgenequations dependent on Poisson's ratio and for re-entrant 

wedges gave rise to the possibility of infinite stresses at the wedge tip. 

Similar conclusions were reached by England (1971) who discussed the
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dependence of singularities on geometry and boundary conditions for a 

selection of plane strain problems in linear elasticity. Based on these 

results we shall treat the clamped-clamped situation, the governing equations 

of which are given in section 2 and obtained directly from the associated 

elastic problem via a Laplace transform over time and a Mel 1 in transform over 

r (radial distance from the wedge tip). The correspondence principle 

Involves replacing the constant elastic modulus and constant Poisson's ratio 

by appropriate functions of p (the Laplace transform parameter) and it is 

established that the singular behaviour at the wedge tip is characterised by 

the roots of the eigenvalue equation (s+1)sin(2a) = ic(p)sin2(s+1)a. Explicit 

solutions (involving quadrature) to this transcendental equation have been 

obtained by Burn Iston & Si ewert (1973a) using complex variable analysis by 

determining a canonical solution to an associated Riemann boundary value 

problem. A variety of other transcendental equations using this technique 

have also been solved by these authors (see Burniston & Siewert (1973b)) and 

the method has also been extended by Atkinson (1985). While the results of 

Burniston & Siewert could perhaps have been used in this paper, an 

alternative procedure, based on analytic continuation, was preferred. A 

particular branch of the eigenvalue equation is chosen and monitored as it 

moves in the complex p-plane. Its corresponding path Is traced in a strip in 

the complex s-plane, cut appropriately, in which solutions to the eigenvalue 

problem are single-valued. Analytic continuation in the complex p-plane is 

then performed and the real time evolution of the stress components is 

formulated as contour integrals in the complex p-plane mapped from within the 

strips in the s-plane(see section 3). In each case they are computed 

numerically when the plate material is represented as a standard linear solid 

(see Christensen 1971). The manner in which the stress fields evolve with 

the time due to the angular variation within the plate, the applied load and 

the influence of the constitutive properties of the wedge material is thus
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obtained. Several situations are discussed in section 5. A comparison of 

the results is given in section 4 via asymptotic analysis based on 

appropriate Tauberian theorems, and in each case illustrates the complicated 

way in which the stress versus time curves evolve between instantaneous and 

long time elastic limits.

There are many practical situations in which the analysis of the time 

evolution of the stress concentration at the apex of a wedge should be 

important. These include the possibility of crack or slip initiation from a 

rigid inclusion and similar effects which can occur in composite materials. 

In Atkinson et al. (1982) the problem of a rod pulled out from a polyurethane 

matrix was considered and observations of the fracture process were made and 

recorded on film. It was observed that debonding could occur at the surface 

of the sample where the rod emerged from the sample or at the base of the 

sample (if there was not a perfect bond there). In the first case the debond 

crack was initiated by the stress singularity at the free surface and 

subsequently propagated down the rod until it stopped. In the second case 

the debond crack propagated across the bottom of the rod then up the side 

until it was stopped by the compressive stress field preexisting there due to 

the interaction between the rigid rod and the applied field. In the above 

mentioned paper the debonding events were explained by analysis based on 

finite element and crack energy release rate calculations and also by the use 

of special solutions at the stress singularities together with some simple 

model crack analyses. In a companion paper Atkinson & Avila (1982) more 

sophisticated analyses of the debonding process were made and in Atkinson & 

Avila (1983) it was shown how singularity analysis plus crack modelling 

taking into account the rigid nature of the rod compared well with the more 

exact (and complicated) debonded quarter plane model. In all of these 

analyses it was assumed that the matrix material deformed elastically. For 

materials which show viscoelastic deformation characteristics there will be

75



situations where there is a balance between the rate of loading and the 

relaxation of the stress singularity due to the time dependent properties of 

the material. It is to just such situations that the analysis of the present 

paper is intended to apply and we hope that solutions such as that derived 

here can serve as canonical solutions for more complicated situations in the 

same way as those discussed in the above papers
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2. BASIC EQUATIONS

The basic equations for a linearly isotropic body in plane strain based 

on an (r,0) co-ordinate system are stated below. For viscoelastic stress 

analysis problems in which the boundaries do not move, a correspondence 

principle exists between the Laplace transformed viscoelastic equations and 

their counterparts in linear elasticity (e.g. see Tranter (1956)). This 

involves replacing the constant elastic shear modulus p. and constant 

Poisson's ratio by appropriate functions of the Laplace transform parameter p 

and gives, following a Mel 1 in transform over the radial coordinate r

2ji(p) £ u^+iUg j = #c(p)A(s,p)e ^ S+2 0̂+(s+1 )A (s, p ) e ^ S+2 0̂-B (s,p)e’ S0

( 2 . 1 )

o* + io* = - (s+1) f A(s,p)e ^ S+2 0̂+(s+3)A (s,p)e^ S + 2 ^0 rr re i
* . ise I-B (s,p)e

(2. 2 )

<Tqq -  itr̂ g = - (s+1) £ A(s,p)e ^ S+2 0̂-(s+1)A (s, p ) e ^ S+2*0+B (s,p)ei s 0 ]
(2.3)

where

»c(p) = 3-4py(p) (2.4)

and A(s,p), B(s,p) etc. are arbitrary functions of s and p (the asterisk *

denotes complex conjugate). Note that inertia terms have been neglected in

the above equations. Also u^ and uQ denote polar displacements-in the radial

and circumferential directions and cr^, °0g» are the accompanying

components of stress. Furthermore, a single bar over a variable denotes its

Laplace transform over time defined by
00

h(r,0 ,p) = J h(r,0 ,t)e p^dt (2.5)
o

while a double barred variable refers to its subsequent Mel 1 in transform over 

r. In particular, the transforms of the displacements are written u^, uQ and
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defined by

u(s,0,p) = J u(r,0,p)rSdr (2.6)
o

while <r , <rnnt <r _ denote the stress transforms rr 00 r0
00

cr(s,0,p) = J o:(r,0>p)rS+1dr (2.7)
o

For the present the transform parameters s and p may be regarded as real. 

Later it will be necessary to analytically continue the transforms into 

complex s and p-planes.

00
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3. ANALYSIS

Figure 1 represents an infinite plate or re-entrant corner of

semi-included angle aC n/2  < a  < n) with the corner tip based at the origin of

an (r,0) co-ordinate system. Fixed normal displacements are symmetrically

distributed (with respect to the wedge axis 0 = 0) along the radial edges of

the sector. For this problem the appropriate boundary conditions are

uQ(r,a,t) = - uQ(r,-a,t) = F(r)H(t) 0 £ r < co (3 . 1)

u (r,a, t) = u (r,-a, t) = 0  0 ^ r < »  (3.2)r r

where F(r) denotes some arbitrary prescribed loading and H(t) is the 

Heaviside unit step function.

Applying the Laplace and Mel 1 in transforms as defined by (2.5) and (2.6) 

in turn to the above conditions and using (2.1) determines the constants 

A(s,p) and B(s,p) as

Af % _ _______2ji(p)f(s)cos(sa)_______
’P ~ p[ (s+1 )sin(2a)-»c(p)sin2(s+1 )a] (3.3)

Rf % _ 2ji(p)f (s) (ic(p)+s+1 )cos(s+2)a 
’ ” ” p[ (s+1 )sin(2a)-ic(p)sin2(s+1 )a] (3.4)

f(s) = J F(r)rSdr (3.5)
o

The strip of regularity is taken to be -2 < c < Re(s) < d < 0, where c and d

are to be determined. The displacement components (u ,u ) are then bounded

as r ■) 0 (corner tip) and r co. The real time behaviour of the near corner

tip stress and displacement fields will be found on inverting the relevant

transforms within this strip. Closing the inversion path to the left and

picking up the poles within the strip -2 < c^ < Re(s) < d^ < -1 will give the

fields for small r, and is consistent with the possibility of stress
—1+c —csingularities in the range r to r (e>0) where r is measured from the

79



notch tip. For large r, the contour should be completed to the right,

picking up contributions from the poles lying within the strip

-1 < c^ < < d^ < 0. Again c^ and d^ are to be determined. In each

case, the strips must be cut appropriately to admit single-valued solutions 

to the eigenequation

(s+1)sin(2a) = »c(p)si n2(s+1 )a . (3.6)

For this purpose it proves convenient to introduce a complex z-plane defined

by
z = 2(s+1)a (3.7)

Within the strips -2a < Re(z) < 0 and 0 < Re(z) < 2a cuts extending from
A A

z = - min(x,2a) to - n  ± ico and from z = min(x,2a) to tt ± loo respectively, are 

made along the paths z = x + iy where

tanh y _ tan x
y

and x is the unique root of

tan x = x

(given approximately by x = 4.49341). A further cut extends along the 

imaginary axis from z = - io o  to ioo, as illustrated in Fig. 2. The complex 

s-plane is cut accordingly. Expressions for the Laplace transformed 

displacement and stress components are found using the inverse Mel 1 in 

transforms

, . . 3tt,(tt < x < 2~) (3.9)

and

c+ioo

u (r , 0 , p) = J u ( s , 0 , p)r *S+1^ds
C-ico

c+ioo

cr(r,0 , p) = ^ j- J <r(s,0 , p)r Ŝ+2^ds
c-ioo

(3.10)

(3.11)
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For small r, closing the contour in the left hand plane and applying the 

residue theorem establishes the contribution from the eigensolution s whose 

real part lies between -2 and -1 as

2fi(p) ju^+1u0j = |*:(p)C(s,p)e ^ S+^y0+(s+1 )C(s,p)e^S+2 0̂-D(s,p)e^S0jr ŝ+1^

(3.12)

<r +1 <r _ rr r0
t  ̂  ̂ -i(s+2)0.  ̂ i(s+2)0 n , . is0") -(s+2)(s+1) C(s,p)e +(s+3)C(s,p)e -D(s,p)e r

(3.13)

<r_ -1<r _ 00 r0
r .̂1 ̂ fn t \ "i(s+2)0 f n i(s+2)0^n, x isOl -(s+2)- (s+1) C(s,p)e -(s+1)C(s,p)e +D(s,p)e r

where
(3.14)

rf x 2p(p)f(s)cos(sa)________
’P p[sin(2a)-2aK(p)cos2(s+1)a] (3.15)

and
n , x 2/i(p)f (s) ( k ( p ) + s +1 )cos(s+2)a 

S,p p[sin(2a)-2cxic(p)cos2(s+1 )a]

For large r, the results (3.12)—(3.14) should be multiplied by a factor of -1

and the eigensolution s located within the strip -1 < c^ < Re(s) < d^ < 0.

The real time behaviour of the stress and displacement components will

be established on inverting their respective Laplace transforms e.g.
c+ioo

a(r,0,t) = î-j- J <r(r, 0,p)eptdp (3.17)
c-ioo

It would appear that the inversion process cannot easily be completed due to 

the dependence of the transforms on the parameter s (a function of p) given 

implictly via the eigenvalue equation (3.6). However, the integrands may be 

analytically continued into the left half of the complex p-plane, cut 

appropriately, to define single valued functions. The line integrals in 

(3.17) are then closed by adjoining to them semi-circular arcs, enclosing the 

cuts, with radii extending to infinity and centred at the origin. Cauchy's
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theorem 1s employed in a standard manner to conclude that the original 

integrals may be evaluated around any closed paths encircling the cuts. It 

is observed that both the pole at the origin and the point at infinity in the 

complex p-plane are mapped to distinct real points within the strips of the 

complex s-plane and that closed contours within the strips trace out closed 

paths in the complex p-plane. In particular, when the corner material is 

modelled using the standard linear solid, small circular contours centred 

about s(p=oo) are mapped to two closed paths in the p-plane (each associated 

with particular branches of the eigenfunction) one of which circuits all the 

cuts. Accordingly, the Laplace inversions may be completed within the strips 

of the s-plane, the components of stress and displacement being expressed as 

contour integrals there together with a residue contribution from the pole at 

p = 0. In each case, the paths are taken as circles centred at s(p=oo) and 

the appropriate value of s(p=0) established (i.e. lying in -2 < Re(s) < -1 or 

-1 < Re(s) < 0) according to whether small or large r solutions are being 

sought).
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4. ASYMPTOTIC RESULTS

Short and long time asymptotic expressions for stress and displacement 

components are stated below. They apply to any linearly viscoelastic solid, 

and assume that unit displacement loads are symmetrically distributed along 

the radial edges of the corner region (see section 5). Note that extensions 

to other loadings are easily obtained. The small time behaviour is

established on expanding the appropriate Laplace transforms in inverse powers 

of p and applying term-by-term inversion. For large times the stress and

displacement fields are dominated by a residue contribution from the pole at 

the origin. In the sequel G^(0) and Ĝ (oo) correspond to short and long 

time limits of the relaxation function G. (t). Note that s_ and s will1 0 oo
denote the unique real eigensolution to

( s+1 ) s in (2 a )  = KgS in2 ( s+1 )a  (4.1)

and
(s+1)sin(2a) = K sin2(s+1)a (4.2)00

lying within the strip -2 < c^ < Re(s) < d1 < -1 or -1 < < Re(s) < d^ < 0

according to whether small or large r solutions are required, where

T G ^ O ^ G ^ O )
Ko = Ĝ ToT+2Ĝ Tor”

and
7G1(oo)+2G2 («)

K oo = G1 (oo)+2G2 (oo) •

Further notation used throughout this section is as follows:
K^sin2(sQ+1)a

S1 ” s in (2 a)-2 aK g C o s2 (s0 + 1 )a
where

K1 = 12
F

G'(0)G2 (0)-G1(0)G^(0)

[G1(0)+2G2(0)]‘

Cq = Ĝ  (0)cos(sQa)

(4.3)

(4.4)

(4.5)

(4.6)

(4.7)
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r K.cos2(s_+1 Ja-̂ aK-ŝ -sin2(s_+1 )a
C1 = 2<X [ sin(2a)-2aK0cos2(sQ+1 )a J G! CO)o°s CSqO:)

rr s1G1(°) ^|^G'(0) - +1j j cos(sQa)-slaG1(0)sin(sQa) J (4.8)

Dq = G^(Q)[K0+s ^ ] c o s (s q +2)ol (4.9)

D1 = 2a (0)[K0+s0+1)cos(s0+2)a
cos2 ( Sq+1 )a-2aKQs1sin2(sQ+1 )â
sin(2a)-2aKgCOs2(sQ+1)a J 1̂

( gi (o ) [k i +s i ) + [v v i ) [ g ; (o) -  S t t - ] ) co s (v 2)a

-s^G^j (0) [Kq+Sq+1 ]sin(sQ+2)a (4.10)

Note that primed variables denote their differentiation with respect to time. 

The small time displacement results are as follows

f 0ur = [ s ;

Dq Co s (Sq 0 )-Cq [Kq +Sq +1]cos(Sq +2)0
(0)(s0+1)[sin(2a)-2aK0cos2(sQ+1)a] j G^r.e, t )r

-tV D

where

wi th

1 1
G. (r, 0, t) = 1 + i -  « l-L (0) +H_(0) +H_(0)-H. (0)

(4.11)

(4.12)

H1 ( 0 )  = s 1l|̂DqCos ( sQ0 ) -CQ ĴKq+Sq+1 J cos ( Sq+2 ) 0j 1 ogr
h2(9) = [C,

G ' ( ° ) w  >

C 0  G 1 ( 0 ) J  [ K 0 + S 0 + 1 J

H 3 ( S )  “  C o | [(K1+S1]c o s(Sq+2)0 “ |Kq+Sq+1 js^Osinfs!

H 4 ( 6 )  =  [ d ,
g ; ( ° k

f D0 G1(O)JCOs(sO0)"DOS10SintSO0)

(4.13)

and
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(4.14)A  ̂ = DqCo s Cs oe ) - co ( w 1)K0+ s0+1 c o s ( s q+2)0

where

and

ue =
°os in ( s oe ) ' co -K0+sq+1Is1n (s0+2)0
G„ (0) (s«+1) [sin(2a)-2ceiLcos2(srt+1 )a] G2(r,0,t)r-(v 1)

(4.15)

G2 (r,0,t) = 1 + 5“ { H5 (0 )+H6(0)+H7(0)“H8(e) } (4.16)

H5 (9) = [c)Qs i n (sQ0) -CQ j^Kg+Sg+1 j s i n (sQ+2) 0 j 1 ogr
H6 (9) = [c, g ;(°)i c  ■)- C0 G ^ o J i-W 1] sin(sO+2)0
h7 (9) = CQ [|̂ -Kg+Sg+1js10cos(so+2)0 + (sj-K1)sin(sQ+2)0j (4.17)

Hs(9) = [d ,- G;to)iD0 G1(0)Jsin(s0e)+D0S19COs(s0e)
A2 = DqSin(Sq0) - Cq E-Kq +Sq+1]sin(sQ+2)0 (4.18)

Similar results obtained for large times. Here

u = r
D cos(s 0)-C [K +s +1]cos(s +2)0 

00 00 00 00 00 00

G. (oo)(s +1) [sin(2a)-2aK cos2(s +1)a 1 00 00 00

-(s +1)00 (4.19)

and

ue =

D sin(s 0)-C [-K +s +1]sin(s +2)0 
00 00 00 00 00 00

G„ (co)(s +1) [sin(2a)-2ouc cos2(s +1 )a 1 00 00 00

-(s +1) 00 (4.20)

where

C = G. (oo)cos(s a) oo 1 00 (4.21)

and

D = G, (co)[K +s +1]cos(s +2)a 00 1 00 00 00 (4.22)

The small time results for the stress components are

rr
Cq (Sg+4)cos(Sq+2)0-DqCOS(sQ0) 
sin(2a)-2aK_cos2(s +1 )a G3 (r,0,t)r

- ( V 2)
(4.23)

where
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(4.24)

wi th
G3tr-e’t) - 1 + r  { s (9)+L2(0)+L3(0)

}

•1(0) = Sl(D0cos(sQ0)-CQ(Sq+4)cos(s0+2)oj £l-(s0+1)logrj/(sQ+1)

and

l_2 (0 )  = - D os l 0 s i n ( s o 0 )+ D 1c o s ( s o0 ) - C 1 ( s o + 4 ) c o s ( s q + 2 )0  (4

1.3 (e) = S 1Co [ tsO o+2)s)+4)0s i n(Sq +2)0-cos(s

Ag = Cq (Sq+4)cos(Sq+2)0-DqCOS(Sq0) (4

where

wi th

00

Dq c o s ( s Q0 ) - S q CqCo s ( S q + 2 )0  

s1n(2a)-2aK0Cos2(Sg+1)a (r»0 * t)r
- ( V 2)

G4 ( r , e , t )  = 1 + j -  | L4 (e)+L5 (e)+L6 (e)
a4 t }

(4

(4

L4(0) = s 1 ^SqCqCo s (S q+2)0-DqCOS(Sq0 ) j j^1-(sQ+1) l o g r j / ( s Q+1)

i co(_sLg(0) = sQC1cos(so+2)0+slCo -so0sin(so+2)0+cos(sQ+2)0 (4

and

L_(0) = D-s10sin(s_0)-D.1cos(sr.0) 0 0 1 0 1 0

= DqCo s (Sq0)-SqCqCo s (Sq+2)0 (4

where

wi th

r0
Cq (Sq+2)s  i n(Sq+2)0-DQs i n(s Q0 ) 
s  i n(2a)-2oKqCOs2 (Sq +1)a Gg(r,0,t)r- < v 2)

G ( r , 9 , t )  = 1 + (e)+L8 (e)+Lg (e)
}

L y (0) = s 1 ĵ Dos i n ( s o0 ) -C o ( s o+2)0j ^1-(sQ+1) l o g r j / ( s Q+1)

(4

(4

Lq (0) = D1sin(so0)+DQs10cos(so0)-C1(sQ+2)sin(sQ+2)0

L g (9 ) = S1Co[(sO+2)0cos(Sq +2)0+s i n(Sq +2)0

(4

.25)

.26)

.27)

.28)

.29)

.30)

.31)

.32)

.33)
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and

Ag = Co(so+2)sin(so+2)0-Dosin(so0) (4.34)

Note that for large times

and

rr
C (s +4)cos(s +2)0-D cos(s 0) 

00 00 00 00 00

sin(2a)-2aK cos2(s + 1)aoo oo

-(s +2)00 (4.35)

00

D cos(s 0)-s C cos(s +2)0 00 00 00 00 00
sin(2a)-2aK cos2(s +1)a 00 00

-(s +2) 00 (4.36)

r0
C (s +2)sin(s +2)0-D sin(s 0) 1 -(s +2)00 00
sin(2a)-2aK cos2(s +1)a 00 00

(4.37)

where C and D are given by (4.21) and (4.22). 00 00
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5. RESULTS

Below we apply the theory of the preceeding sections to the case when 

the corner material is represented as a standard 3 parameter linear solid, 

the constitutive stress-strain equations of which are described by

d_
dt +  ^ 2 fi10

d_
dt + a. U

i * J = 1,2 (5.1)

d_
dt 2p20

d_
dt + a. kk

where ^20’a1 *^1 ’ a2 ’̂ 2 are Pos*tive constants. Note that

sij <rij 3 5U°'kk’ sii = 0
(5.2)

eij C1j " 3 61jckk’ e ii = 0

are the deviatoric components of stress and strain and c 

infinitesimal strain defined by
U is the

- 1 r ! ! i  + 1ij 2 [ 9Xj 3xi J (5.3)

To illustrate the effects of the applied load we assume unit 

displacement loads are symmetrically distributed along the radial edges of 

the sector in the regions r > 1. It follows from (3.1) and (3.5) that

and

F(r)
1

0 < r < 1 

r > 1
(5.4)

f(s) = - ^  (5.5)

Note further that applying the Laplace transform to the constitutive 

equations (4.1) establishes the time transforms (^(pJ.G^fp) of the relaxation 

functions G^t), G,,(t) associated with the material.
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i. e.

and

"  <W p)/ptW p)

(5.6)

(5.7)

Here f l ip ) denotes the time transform of the viscoelastic shear modulus.

In terms of G ^ p K G ^ p )  we may define the time transform of the 

viscoelastic Poisson's ratio i>(t) as

the inversion of which will give its real time evolution. One such case is 

illustrated in Fig.3. Accompanying this, are Figures 4 and 5. These display

along the symmetry line 0 = 0 for a sector of semi-included angle a = .

Note that the shear stress <rr0 is identically zero along this line. The 

instantaneous response of each of the above stress versus time curves is 

identical to the corresponding elastic problem based upon the short time 

(glassy moduli) and ji g. This much can be established from a simple

eigenvalue analysis and is reflected by the leading term of the short time 

asymptotic expansions given in section 4. The large time behaviour 

(represented by the horizontal dashed line) is similarly accounted for and is

with the elastic solution. For intermediate times the stress fields evolve

between these elastic limits, the precise manner of which is governed by the

applied load and material properties of the corner. Observe that the first

two terms of the short time asymptotic expansions (denoted by the oblique

dashed lines) serve as good initial approximations to the full analysis.

Note too that <r is for all time compressive, its magnitude increasing with 
00

(5.8)

the time evolution of the singular corner tip stress components and <r^
3tt

based upon the long time (rubbery)
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time. This agrees with a quantitative argument based on the sector loading. 

Altering the sign of the loading would yield a tensile stress in the near 

corner tip region. Under such conditions a crack initiated at the notch tip 

would have a tendency to open.

Figures 6,7 and 8 depict the angular variation of the near corner tip 

stress fields for different times. The symmetry of the corner permits only 

half the sector to be considered. Again, the t = 0 and t = » curves 

correspond to the short and long time elastic responses. The figures also

include the 0-variation of the stress components for an intermediate time. 

The similarity or variation between the curves may be illuminated by 

comparison with analysis of the form of the stress field for the associated 

elastic problems corresponding to elastic material with moduli equal to the 

short and long time moduli.

Here the singular stress field at the corner tip may be represented as

o\ j = KF(i>,e)r~A (5.9)

where r is measured from the notch tip and A lies between zero and one and is
/

the solution of the relevant eigenequation. The angular variation within the 

plate F(v,0) is dependent solely on Poisson's ratio v. Close to the corner 

tip the stress field is fully characterised by the coefficient K of the r ^ 

term and is dependent on the applied load and material constants. For 

viscoelastic materials one might hope that the singular stress field may be 

similarly characterised, however, it is clear from the asymptotic results of 

section 4 that the angular variation will evolve with time also. 

Nevertheless if the dominant contribution to the time dependence of the 

problem is due to the loading rather than the geometry of the notch then this 

time dependence may be absorbed into the parameter K while the angular 

variation is itself slowly varying. In this respect the angular variation of 

stress components for the short/long time elastic solution to that for the
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viscoelastic response should not be dissimilar. This is borne out in each of 
the above figures.

As a final example we include Figures 9-11. Fig. 10 depicts the normal 

component of stress <r , again evaluated along the symmetry line of the 

corner. Of note is the instantaneous compressive stress at the corner tip in 

marked contrast to the tensile stress at large times. This change would seem 

to contradict an elastic analysis which, based on the stress intensity factor 

concept, predicts that for any two materials and loading, under the same 

opening mode, the near corner tip stress fields should respond in a like 

manner. A simple calculation reveals that F(i>,0) for the elastic problem 

changes sign at approximately v = 0.2. This would account for the quite 

different behaviour of the viscoelastic stress field for small and large 

times. Note that under these conditions a crack in the near corner tip 

region would initially close and then re-open. Again, close similarity is 

observed between the angular variation of the small/large time elastic stress 

component and that for the viscoelastic material for some intermediate time 

(see Fig. 11).
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FIGURE CAPTIONS

Figure 1 The corner geometry.
Figure 2 Strips in the complex z-plane (z=2(s+1)a) displaying the cuts

, ,, .. tanx tanhyalong the paths ---- = ----—.x y
Figure 3 Poisson's ratio versus time curve based on linear solid with

Figure 4

parameters p1Q = 0.2, = 0.29, ^  = 0.1, p2Q = 2.9, a,2 = 

0.14, 02 = 0.1.

Time evolution of the near notch tip stress component cr at0 0
r = 0.001, 0 = 0 (unit loading case) for a corner of semi-

3ttincluded angle a = and its comparison with small and long 

time asymptotic analysis (- - -). Material properties as in 

Figure 3.

Figure 5 Time evolution of the near notch tip stress component <r at

r = 0.001, 0 = 0 (unit loading case) for a corner of semi-
3ttincluded angle a = and its comparison with small and long 

time asymptotic analysis (- - -). Material properties as in 

Figure 3.

Figure 6 Angular variation of a at r = 0.001 (unit loading case) for0 0
different times. Material properties as in Figure 3 for a

3ttcorner of semi-Included angle a = .

Figure 7 Angular variation of <r at r = 0.001 (unit loading case) for

different times. Material properties as in Figure 3 for a
371corner of semi-included angle a = .

Figure 8 Angular variation of <r at r = 0.001 (unit loading case) forP 0
different times. Material properties as in Figure 3 for a

3ttcorner of semi-included angle a = .

Figure 9 Poisson's ratio versus time curve based on the linear solid 

with parameters p1Q = 0.5, = 2, ^  = 3, /i2Q = 2, <*2 = 1, 

02 = S.
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Figure 10

Figure 11

r = 0.001, 0 = 0  (unit loading case) for a corner of
3ttsemi-included angle a = —  and its comparison with small and 

long time asymptotic analysis (- - -). Material properties as 

in Figure 9.

Angular variation of a at r = 0.001 (unit loading case) for

different times. Material properties as in Figure 9 for a
3ttcorner of semi-included angle a = .

Time evolution of the near notch tip stress component at
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Figure 1 THE CORNER GEOMETRY
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Ch a pt e r  Three

STRESS SINGULARITIES IN ANGULAR SECTORS OF VISCOELASTIC MEDIA
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ABSTRACT

Concentrations of stress and associated singularities which develop at 

re-entrant corners and notches deforming viscoelastical 1y are discussed for 

plane strain situations when mixed boundary conditions are imposed on the 

sector flanks. Laplace and Mel 1 in transforms are used to establish that the 

corner singularity is characterised by a transcendental eigenequation 

identical in form to that of the corresponding elastic problem, but is a 

function of the Laplace transform parameter p and time transform of Poisson's 

ratio. To effect the real time evolution of the stress concentrations at the 

notch tip requires that specific branches of the eigenequation be monitored 

as a function of p. The process of analytic continuation is used to this end 

and permits the components of stress and displacement in real time to be 

formulated as complex integrals. Numerical integration completes the 

inversion process. Stress versus time curves for material behaviour based on 

the standard linear solid are given for different situations and the manner 

in which they depart from and tend towards their respective instantaneous and 

long time limits of the corresponding planar elasticity problem is noted.
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INTRODUCTION

In an earlier paper, Bourne and Atkinson (1989), we studied the time 

variation of stress at notch tips and re-entrant corners deforming 

viscoelastical 1y for situations of plane strain in which fixed displacements 

were symmetrically applied to the radial edges of the sector. Using Laplace 

and Mel 1 in transforms it was established that the corner singularity was 

characterised by solutions to the transcendental eigenequation

(s+1)sin(2a) = »c(p)sin2(s+1 )a (1.1)

where

#c( p ) = 3 - 4 p y ( p )

[i>(p) being the time transform of Poisson's ratio and a the corner 

semi-angle]. To effect the real time evolution of the stress field required

that a single-valued branch of the eigenequation be followed as a function of 

p. Rather than use results such as those of Burniston and Siewert (1973a), 

(1973b) or Atkinson (1985) which would have given an explicit solution to

(1.1) involving quadrature, reliant upon formulating an appropriate Riemann 

boundary value problem, the method of solution employed the technique of 

analytic continuation. A strip in the complex s-plane was determined, cut 

appropriately, in which a single valued branch of the eigenequation could be 

traced. In this way, the components of stress and displacement for real time 

could be formulated as complex Integrals within the strip. Small circular 

contours, centred about the short time elgensolut1ons s(p = co), were chosen 

as the integration paths to complete the inversion process. Results were 

presented for a number of situations, each based on the standard linear solid 

to model the material. In each case the dependence of the stress field on 

angular variation and material properties of the corner was exhibited.

As a continuation to that analysis and as part of a more general study 

of stress concentrations and associated stress singularities in viscoelastic 

media (see Atkinson and Bourne (1989)) we now investigate the situation when
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mixed boundary conditions are applied to the wedge faces. To a large extent, 

the methods adopted in Bourne and Atkinson (1989) may again be used to 

determine the real time behaviour of stress at the notch tip. Indeed, in 

sections 2 and 3 integral transform methods establish the eigenequation 

governing the singularity behaviour to be of the form

sin2z = (p)-<2(p)z2 (1.2)

[K^(p ) and <2(p) are functions of both the corner semi-angle a and the time

transform v(p) of Poisson's ratio]. Note that both eigenequations stated

above are identical to those derived by Williams (1952) for the corresponding

elastic problems, provided the constant Poisson's ratio v is replaced by an

appropriate function of p (the Laplace transform parameter) in accordance

with the elastic-viscoelastic correspondence principle (see e.g. Christensen

(1971)). The real time evolution of the stress field for this situation is

more complicated than that discussed in Bourne and Atkinson (1989). In

section 3 it is found that the eigenequation (1.2), governing the singularity

behaviour, admits three separate branches within a strip of regularity. (We

define our strip of regularity to be consistent with possible singularities
—1+c —cof stress in the range r to r (c > 0), where r is measured from the

corner tip). That the inversion process may be completed successfully

requires that each individual branch be monitored as a function of p. For
1 1material behaviour in which Poisson's ratio ^ £ v(t) -  ^  the so1tJtion 

procedure is identical to that described for the clamped-clamped problem. 

Small circular contours, centred on each of the three short time 

eigensolutions s(p = oo) are taken as integration paths within the strip of 

regularity. The contribution from each contour, together with an appropriate 

residue term completes the picture of the stress field in the singular 

region. However, for material behaviour in which the glassy moduli (short 

time elastic) have Poisson's ratio >1 and evolve to rubbery moduli (long time
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elastic) with Poisson's ratio <1 the long time eigensolutions associated with 

the dominant contribution to the near tip stress fields are complex, and 

allows for highly oscillatory fields to develop as the notch tip is 

approached. No such oscillatory behaviour is present for small times. An 

alternative numerical scheme is required for the inversion process in this 

situation. This is discussed in the Appendix. However, the method of 

Bourne and Atkinson (1989) may successfully be used to establish the 

contribution from the least singular eigenvalue in this case. Numerical 

results based on the standard linear solid are presented in section 5 for 

each of the situations described above. Short and long time asymptotic 

formulae are given in section 4 and are used to display the manner in which 

the stress versus time curves for the full analysis depart from and asymptote 

to the instantaneous and large time elastic limits of the corresponding 

planar elasticity problem.

The analysis of this paper would apply to situations in which a 

knowledge of the time variation of stress at notch tips and inclusions is 

important. Recently much attention has focussed on composite materials in 

this area. For example, the various debonding events when a rod is extracted 

from a polyurethane matrix has been addressed by Atkinson et al (1982). In 

the case when the rod was completely debonded from the matrix experimental 

evidence established that crack initiation first took place at the base of 

the rod. Subsequently, the flaw propagated around the corner where it met a 

compressive normal stress due to the interaction of the rod and the applied 

load. This inhibited crack growth, arresting the debond a small distance up 

the side of the rod/matrix interface. Fracture was then seen to begin at the 

intersection of the rod with the free surface of the container. In 

subsequent papers Atkinson and Avila (1982), Atkinson and Avila (1983) the 

observed results were correlated with a finite element approach and detailed 

analytical techniques. In all cases the matrix material was assumed to
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deform elastically. For situations in which the 

viscoelastic deformation it is hoped that the analysis of 

could possibly be applied.

material exhibits 

the present paper
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2. GOVERNING EQUATIONS

For linear viscoelastic stress analysis problems in which the boundaries 

do not vary with time and conditions imposed at each point of the boundary 

are invariant, an elastic-viscoelastic correspondence principle may be 

invoked to establish the governing equations. The application of a Laplace 

transform with respect to time to both the field equations and boundary 

conditions leads to a set of equations identical to those of elasticity 

theory, in which the elastic constants are replaced by appropriate functions 

of the transform parameter p. Following Tranter (1956) and ignoring the 

effects of inertia, the relevant equations for a linearly viscoelastic 

isotropic body for plane strain deformations may be stated as

2/i(p) jb^+iUgj = Jc(p)A(s,p)e ’ ŝ+2 )0 + ( s+1 )A * ( s , p ) e ^ s+ ^ 0 -  B * ( s , p ) e ’ s0

( 2 . 1 )

<r + rr

00 - i arQ

where

( s+1 ) ^A(s,p)e + ( s + 3 ) A * ( s , p ) e ^ S+^ 0 -  B * ( s , p )e ^ S0j

(2 . 2 )

(s+1) [A (s ,p )eH ( s + 2 ) e  -  ( s + 1 ) A * ( s , p ) e i t s+ 2 )0  + B * ( s , p ) e i s 0 j

(2.3)

ic(p) = 3-4pv(p) (2.4)

Here (r,0) denotes a polar coordinate system in which the displacement 

components are (ur,u0 ) and <r , <r00, <r are the components of stress. Note 

that a single bar over a variable denotes its Laplace transform over time

e.g.
00

u(r,0,p) = J u(r,0,t)e ^ d p  (2.5)
0

while a double barred variable corresponds to its subsequent Mel 1 in transform 

over the radial coordinate r.
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00
i.e. We define u and u byp 0

u(s,0,p) = J u(r,0,p)rSdr (2.6)
0

and V -  he *  \ e  by
00

<r(s,0,p) = J  a(r,0,p)rs+1dr . (2.7)
0

Furthermore A(s,p) and B(s,p) are arbitrary complex functions of the 

transform parameters p,s and an asterisk denotes their complex conjugate. 

Here, p and s are assumed to be real. However, later it will be necessary to 

regard them as complex.
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3. ANALYSIS

Consider the situation shown in Fig.1. This represents a re-entrant 

corner or notch of semi-included angle a < a < n) in a situation of plane 

strain. Plane polar coordinates (r,0) are based at the apex of the sector (0 

is measured through the material from the symmetry line). The face 0 = a is 

assumed to be stress free, while the remaining edge is fixed. For this 

situation the appropriate boundary conditions take the form

ur = U0 = 0 on 0 = -a (3.1)

<r00 = f(r)H(t) 1

a _ = 0 r0
on 0 = a (3.2)

where f(r) denotes some arbitrary applied load and H(t) is the Heaviside unit 

step function.

Applying, in turn, the Laplace and Mel 1 in transforms to the above 

conditions we find the complex coefficients A(s,p) and B(s,p) to be

A(s,p)
[{K(p] -2i(s+1)a, 2i(s+1)a, -isa * isa e +e }e +2i(s+1)sin(2a)e F(s)

(s+1) 2 2 2 2 (<c(p)+1) -4K(p)sin 2(s+1 )a-4(s+1) sin (2a)

B(s,p) = ic(p)A*(s,p)e 2 ^ s+1 â + (s+1 )A(s,p)e2ia

(3.3)

(3.4)

where
00

F(s) = J f(r)rS+1dr (3.5)
0

and tc(p) is defined by (2.4).

Inverting the Mel 1 in and Laplace transforms, in turn, will establish the 

stress and displacement fields in real time. Note that each is characterised 

by solutions to the eigenequation

sin2z = (p)-<2(p)z2 (3.6)
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where

K^p) = 4(1 - p v (p)) / (3-4pi>(p)) 

K2 (p) = [ ] /(3-4p?(p))
(3.7)

and

z = 2(s+1)a

within the strip - 2 < c < R e ( s ) < d < 0  (c and d are to be determined). 

Although explicit solutions to (3.6) are not available, the Mel 1 in inversion 

process may be formally applied. For small r, closing the contour in the 

left hand plane, and picking up the relevant contributions from the roots 

S j ( p ) ,  j = 1,2,3, each of whose real part lies between -2 and -1, gives

[_ _ 1 3 /■ "HS.Ttjo 1 va. .
ur +1u0 J = £  |K (p )C(Sj ,p )e  J + ( S j+ 1 )C * ( S j , p )e  J

j =1
1siei _(si

!j’p)e ]r

-i(s .+2)0 i(s .+2)0

-D* (s

(3.8)

-i(s .+2)0 i (s .+2)0
rr

_ O r -I
+ io“r 0 = jT — (s j + 1 ) |C(Sj,p)e  J + (S j +3 )C* (S j ,p)e J

j=1
is 0^ -(s +2) 

- D * ( S j , p ) e   ̂ Ir  ^

(3.9)

i cr _ 00 r0
3

l
j=1

-i(s .+2)0 i(s .+2)0o r i \o ;u i vo ,
= y-(s+1) C(s.,p)e J -(s .+1)C*(s .,p)e J^ J y, J J J

is .0> -(s .
!j-p)e J ]r J+D*(s

(3.10)
where

C(s,p) =
[{K(p)e'2i(s+1>“+e2i(s+1)a>e-'sa+2i(s+1)sin(2a)eisa

( S + 1 )

F(s)

8ouc(p)sin4(s+1)a+8(s+1)sin (2a)

(3.11)

116



and

D(s,p) = K(p)C*(s,p)e'2i(s+1)<X+(s+1)C(s,p)e2ia (3.12)

For large r, expressions (3.8) - (3.10) should be multiplied by a factor of 

-1, and the three eigenvalues s^(p), j = 1,2,3 located within the strip 

-1 < Re(s) < 0.

The real time behaviour of the stress and displacement fields follows on

inverting their respective Laplace transforms. For example,
c+i oo

<r(r,0,t) = J <r(r,0,p)eptdp (3.13)
c-i oo

Methods for evaluating these integrals are discussed in the Appendix.
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4. ASYMPTOTIC RESULTS

The dependence of the notch tip stress and displacement fields for small 

and large times on material properties and the applied load may be obtained 

using appropriate Tauberian theorems in the limits p » and p -» 0 to the 

relevant time transforms. In addition to providing a useful check on 

numerical results they also highlight the disparity between the instantaneous 

and long time notch tip behaviour to that observed for intermediate times. 

Below results are presented for arbitrary viscoelastic materials and applied 

loads. For small times, only the leading terms characterising the singular 

fields are given and correspond to the elastic solutions for all time 

provided the appropriate short time moduli are inserted. While it is 

strai ghtforward to obtain the linear term in t, the final form of the 

solution is lengthy, and it is for this reason only that they are not 

reproduced here. However, the figures in section 5 do include the 

appropriate calculations for these higher order terms.

The short time results for the components of stress are as follows:

«■ = - y
rr jfri

(s .+4) J cos(sj+2)S+C^s i n(sj+2)0 cos(s )+0^3in(sj0)
28aKsin4(s .+1)a+8(s +1)sin (2a) J J I

-Cs.+2) r  j

(4.1)

3 f s. C.cos(s .+2)0+C_sin(s .+2 )0]-fD.cos(s .0)+D_sin(s.0)a = Y l J - 1 j  2 j  J l 1 J 2 J_l
ee ,L. L  ____  ____

r-(Sj+2)

j=1 8aKsin4(Sj+1)a+8(Sj+1)sin (2a)

3 f(s.+2) C„sin(s ,+2)0-C_cos(s .+2)0|-|D.sin(s .0)-Docos(s .0) 1r Ŝj
* = - Y  L j -U-----j----- 1 — J J l — j— i -----J—LL

j=1 8aKsin4(s .+1)a+8(s.+1)sin (2a)

(4.2) 
+2)

8aKsin4(s.+1)a+8(s.+1)sin (2a)J J
(4.3)

Expressions for the small time displacement components are similarly 

found as
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- I

(k +Sj +1 ) C1cos(sj+2)S+C^s i n(sj+2)0

j=1 G1 (0) (Sj+1) ĵ8aics1n4(Sj+1 )a+8(Sj+1 )s1n& (2a)
cos(sj0)+D2s i n (sj0)

-(s .+1)
y ‘

and

- 1

|(-K+Sj+1 ) 10^5^ ( 3^+2)0-02003(5^+2)0 - 1 s1n (sj0)-D2c o s (sj0)

G ^ O M s y H ) 8oucs1n4(Sj+1 )a+8(Sj+1 )sin (2a)J

(4.4)

-(s .+1)

j=1

Note that the eigensolutions s^, j = 1,2,3 satisfying

s1n22(s+1)a = K ^ K ^ s + l  )2a2

where

K1

2G1(0)+G2 (0)

G1(0)+2G2(0) 7G1(0)+2G2 (0)

and

(4.5)

(4.6)

(4.7)

K2 =
' G1(0)+2G2 (0) ' » ■

sin(2a)
7G1(0)+2G2(0)

• m
2a

• •

(4.8)

have real part between -2 and -1 for small r and between -1 and 0 for large 

r. Here G^(0) and G2(0) denote the Instantaneous relaxation function limits 

associated with the viscoelastic model representing the corner material. 

Furthermore

= ̂ (/c+1 )cos2(Sj+1 )acos(Sj<x)- £(#c-1 )sin2(Sj+1 )a+2(s^+1 )s1n(2a) jsin(Sja) J F (s j)

(4.9)
C2=- ̂ (ic-1 )s1n2(Sj+1 )a-2(Sj+1 )sin(2a) jcos(Sja) + (ic+1 )cos2(Sj+1 )as1n(s^a) |f (Sj)

(4.10)

D1 = ^ ^ 0052(8^+1 )a-C2sin(Sj+1 )aj + (Sj+1) |cicos(2a)-C2sin(2a) j

(4.11)
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D2 = ~»c^sin2(Sj+1 )a+C2cos(Sj+1 )aj + (Sj+1) |c^sin(2a)+C2COs(2a)j

(4.12)
where

7G1(0)+2G2(0)
G1(0)+2G2(0) (4.13)

and F(s) is defined by (3.5).

Note that the long time results will follow by replacing G^(0) by Ĝ (oo)

and G_(0) by G_(co), and then locating the relevant eigensolutions s ., 2 2 J
j = 1,2,3.
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5. RESULTS

Particular cases illustrating the time dependency of the near corner tip 

stress field due to the applied load in material properties will be discussed 

here. First we state the relevant stress-strain constitutive equations 

assuming the corner material to be modelled as a standard linear solid. In 

terms of differential operators these may be written as

(  a t + p i ) s u  = 2flio  ( a t + “1 )etj

i,j = 1,2 (5.1)

( dt + ^2 ]°kk = 2/i20 [ dt + a2 )Ckk

where the stress and strain tensors have been resolved into their deviatoric 

parts

s. . = a . . - 1 S. . a . . , s . . = 0ij ij 3 ij kk’ i i
(5.2)

e. i = c. . - lr  6 . .e. , , e. . = 0ij ij 3 ij kk’ n

and where

 ̂ p 9u. 0Uj i
c i j = 2 [ + 3 ^  J (5.3)

defines the infinitesimal strain tensor. Note that a2 anc*

13̂  are positive constants.

Using the notation of earlier sections we also derive the time 

transforms of the relaxation functions G^(t) and G^(t) associated with the 

linear solid to be

F  , , " P+“
G1(P) = ~ ( f ^ )  = ®ij(p)/p®ijtp) =

_ 2n(p)

(5.4)
2M20 r P+“ 

G2(p) = ~
f P+a2 I _

Here ji(p) represents the Laplace transform of the viscoelastic shear
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modulus The time transform i>(p) of Poisson's ratio i>(t) may also be
defined in terms of G^p) and G2(p) as

h P) = U V p  1<P) 1 .
P G1(p)+2G2 (p) J

(5.5)

the real time behaviour of which will be realised via a Laplace inversion.

Numerical results will be given for a corner of semi-Included angle 
3tt

cl ~ for which the face 0 = a (see Fig. 1) has an applied unit load

distributed over the region 0 ^ r :£ 1 (r denotes the distance from the notch 

tip). Adopting the notation of (3.2) and (3.5) it then follows that

f(r) =
1 0 s r s 1

0 r > 1
(5.6)

and

F(s) 1
s+1 (5.7)

The manner in which the time evolution of the corner tip stress field is 

influenced by this applied load and material behaviour is illustrated below. 

Case 1 represents a situation in which the short and long time eigensolut1ons 

governing the corner singularity are real. A second example is included to 

demonstrate that a quite different near corner tip behaviour is possible 

reliant on the choice of viscoelastic parameters describing the linear solid. 

In this latter case the appropriate long time eigensolutions are complex and 

allow for the possibility of highly oscillatory behaviour as the notch tip is 

approached.

CASE 1

Figure 2 represents a plot of Poisson's ratio versus time. Accompanying 

this are Figures 3,4 and 5. They depict the time evolution of the complete 

singular stress field for each component of stress along the line of symmetry
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of the corner region. In each case oblique and horizontal dashed lines 

tangent to the solid curve denote short and long time approximations to the 

full analysis and have been derived from the appropriate Tauberian theorems 

of section 4. For small and large times the behaviour of the corner tip 

stress field is precisely that of the corresponding elastic problem based on 

the appropriate short time (glassy) moduli and long time (rubbery) moduli. 

Close to the corner tip the singular field consists of the sum of three terms 

each proportional to r ^ (r is the distance from the notch tip). The 

exponents X each lie between 0 and 1 and are related to the eigensolutions of 

(3.6) via X * s+2. The relevant set of values are tabulated below for this 

case. Similar behaviour is observed for large time except here the exponents 

are different. Again the appropriate values are recorded in Table 1

si S2 S3

Short time -1.28179 -1.41275 -1.82176

Long time -1.29437 -1.39538 -1.83884

Table 1

For intermediate times the applied load and time dependent properties of the 

notch material influence the field and a transition between the instantaneous 

and long time elastic limits occurs. A moderate value of r has been chosen 

to depict this time variation. It should be noted that the leading term of 

the eigenexpansion will dominate the singular field as the corner tip is 

approached. In this respect each of most singular fields arising from the 

leading singularity, given in column 1 of Table 1, should display similar 

tends as r -» 0, discounting of course rare cases where the coefficient of the 

leading singularity is zero. This means that in magnitude one would expect 

that the dominant singular stress terms will decrease monotonically between
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their appropriate elastic limits. This is borne out for the case shown in

Table 1. However, as an elastic eigenvalue analysis of all three

singularities shows this is limited to very small regions confined to the
-12corner tip (typically r < 10 ). For more realistic values of r (such as

that used in the Figures) all three singular terms shown in Table 1 come into 

play and as can be seen from the table even a crude interpretation based on 

these short and long term results shows the possibility of a complicated 

interplay between them since s^ and s^ decrease algebraically while s^ 

increases algebraically between short and large times. This is further 

complicated by the presence of the angular variations of the coefficients in 

each case (the exponent is of course independent of the angle 0). Numerical 

results for the complete time evolution evaluated by the full method for 

r = 0.001 are shown in the above figures. As an illustration of the 

complicated interplay alluded to above, Tables 2,3 and 4 display the 

instantaneous and long time limits associated with each of the three singular 

terms in the eigen-expansion of each component of stress, 

i. e.

<r(r, 0, t) <Tj(r,0, t) (5.8)

where

- ( s  (t)+2)
o\(r,0,t) = ^j(t)F!j(y,r, 0, t)r J (5.9)

Here the coefficient depends on the applied load and material properties 

of the medium and F^ is the angular variation at the notch tip. Note that at 

intermediate times F^ may also depend on r but for very small and very large 

times Fj is independent of r and s^tt) tends to an appropriate constant 

value. Note that each singular term in expansion evolves monotonically 

between the appropriate limits given in the tables and that the results shown 

in Figures 3,4 and 5 evolve with time between the sum of these limiting
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values.

Short time (t=0) Long time (t=co)
(r, 0, t) 8.68277 0.16174

^  (r, 0, t) 21.36634 27.23046
(r, 0, t) 0.99498 1.08854

Table 2. Instantaneous and long time limits associated with each of the

three singular terms in the eigenexpansion (5.8) for a on 0 = 0, r = 0.001.rr
Material properties as in Figures 2 and 3.

Short time (t=0) Long time (t=oo)

CTj (r,0, t) 21.12702 26.08082

0*2 (r, 0, t) 0.48207 -3.61271

0*2 (r, 0, t) 1.53063 1.68825

Table 3. Instantaneous and long time limits associated with each of the

three singular terms in the eigenexpansion (5.8) for a on 0 = 0, r = 0.001.00
Material properties as in Figures 2 and 4.

Short time (t=0) Long time (t=oo)

o\j (r, 0, t) 0.03527 -3.17255

0*2 (r, 0, t) 9.37621 12.26405

(r, 0, t) -0.40322 -0.59047

Table 4. Instantaneous and long time limits associated with each of the

three singular terms in the eigenexpansion (5.8) for <r on 0 = 0, r = 0.001.P 0
Material properties as in Figures 2 and 5.
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Figures 6 and 8 represent the corresponding angular variations of the 

complete singular field around the notch tip for small and large times 

respectively. Again, each curve consists of the sum of three contributions. 

The response for a typical intermediate time is also included (Figure 7). In 

order to collate these results one might try to rationalise the angular 

variations motivated by the corresponding results for the elastic short and 

long time results. For these elastic results it is known that the singular 

stress can be characterised by a given function of 0 times the corresponding 

power of r. Typically

the viscoelastic case the situation is further complicated by the evolution

of the stress singularities with time and the corresponding angular factors,

together with the need to sum all three singularities for intermediate values

of r. Note however that in the case (to be considered later) where the short

time eigensolutions are real and two of the long time eigensolutions are

complex no such rationalisation might be possible. Summing all three

singularities might or might not simplify this. Notwithstanding the above,

the graphs of o* , a „ versus 0 for t = 0,6 and t = co shown in Figures

6,7 and 8 for r = 0.001 (i.e. summing all three contributions) show little

variation with time of the angular shape of the curves. With this

observation it is possible to group together the results by using Figure 6

(instantaneous elastic responses) as the angular signature and Figures 3,4

and 5 suitably normalised, i.e. Divide Figure 3 by 31.04409 (ffrrl0=g at

t = 0); Divide Figure 4 by 23.13972 (<rao|n_n at t = 0); Divide Figure 5 by

9.00826 (o* - at t - 0). Note that this is still more complicated than anr010=0

(5.10)
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elastic result since the characterising parameter K would be the same for 

each component. The normalised figures could perhaps then be used to 

determine approximations to the stress versus time curves for alternative 

applied loads. Regarding the dominant contributions to the time dependence 

of the problem to be due to the loading rather than the geometry of the notch 

then the above arguments would suggest that this time dependence may be 

absorbed into the parameter K(t) since the angular variation varies slowly. 

Essentially, the signature K is an integral of the time transform of the 

loading. In this way Tauberian theorems could be invoked to establish 

approximations to the instantaneous and long time values associated with 

K(t). Multiplying the normalised figures by these limiting K values would 

establish short and long time approximations to the components of stress in 

real time. An approximate solution curve for intermediate times would

possibly follow, simply by passing a smooth curve through these values.

CASE 2

Figures 10,11 and 12 represent the near corner tip fields based on a set 

of parameters for which the associated short time eigensolutions s^ and 

are real but evolve to complex long time values (see Table 5). The material 

properties are given in Figure 9.

si S2 S3

Short time -1.33333 -1.35190 -1.85974

Long time -1.33809+0.10110i -1.33809-0.10110i -1.95350

Table 5

For large times a quite different response should be seen around the notch 

tip where the singularity behaviour has the oscillatory form
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-0.66191r (0.1011 logr) (5.11)

A more complete analysis would require a photoviscoelastic analysis for which 

the isochromatic fringe patterns would display this highly oscillatory long 

time behaviour as the notch tip is approached. Also, values for r for which

there is a transition from non-osci1latory behaviour to large time 

oscillatory behaviour could possibly be established.

Note that the Figures have been evaluated at a moderate value of r from 

the corner tip and that the theoretical large time oscillatory behaviour is 

not observed. However, Figure 10, which represents the normal stress 

component <r evaluated along the symmetry line 0 = 0 ,  is in marked contrast 

to the monoton1c behaviour observed for the other two stress components. The 

asymptotic dashed lines accurately depict the small and large time behaviour. 

It should be noted that the individual singular terms from which the a  
curve has been constructed evolve monotonically between the short and long 

time values given in Table 6. Here the leading two singular terms have been 

taken together.

Short time (t=0) Long time (t=co)

o\j (r,0, t)+cr2 (r,0, t) 23.82483 10.93021

o*2 (r, 0, t) 1.26498 6.39842

Table 6: Instantaneous and long time limits associated with each of the

three singular terms in the eigenexpansion (5.8) for <r on 0 = 0, 

r = 0.001. Material properties as in Figures 9 and 10.

Accompanying Figures 11 and 12 are Tables 7 and 8. These display the 

instantaneous and large time elastic limits associated with the singular 

expansion of a and <r along 0 = 0 ,  r = 0.001. Again, the singular terms 

in each expansion evolve monotonically between the values shown in the Tables
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(the leading two singularities have been combined in each case) and that the 

composite singular fields shown in Figures 11 and 12 evolve with time between 

the sum of these limiting values.

Short time (t=0) Long time (t=oo)

(r, 0, t) +0*2 (r, 0, t) 23.45176 26.36487

<r3 (r,0, t) 1.94225 7.63289

Table 7: Instantaneous and long time limits associated with each of the

three singular terms in the eigenexpansion (5.8) for a on 0 = 0 ,
00

r = 0.001. Material properties as in Figures 9 and 11.

Short time (t=0) Long time (t=co)

o*1 (r, 0, t) +0*2 (r, 0, t) 8.65748 6.90206

<r3 (r,0, t) -0.881561 -6.56001

Table 8: Instantaneous and long time limits associated with each of the

three singular terms in the eigenexpansion (5.8) for a _ on 0 = 0,r0
r = 0.001. Material properties as in Figures 9 and 12.

To conclude, we present Figure 13 based on the same viscoelastic parameters

as above. This represents the normal component of stress or evaluated along00
3ttthe flank 0 = - . A compressive singular field 1s observed for all time

and is consistent with the results noted by Atkinson et al (1982) in the rod 

pull out problem. The response is a further illustration of the complicated 

way in which the three singular terms interact with one another at moderate 

values of r from the corner tip. Note that the Instantaneous and long time 

limits between which the individual components of the singular field evolve 

monotonically are given in Table 9 and that the observed response (Figure 13) 

evolves between the summed limiting values.
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Short time (t=0) Long time (t=oo)

^  (r,0, t)+<r2 (r,0, t) -13.73449 -23.31464

<r3(r, 0, t) 2.52818 13.45232

Table 9: Instantaneous and long time limits associated with each of

three singular terms in the eigenexpansion (5.8) for a on 0 = -00
r = 0.001. Material properties as in Figures 9 and 13.

the
371 
4 ’
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APPENDIX

NUMERICAL EVALUATION OF TIME INTEGRALS

The real time behaviour of the near corner tip stress and displacement 

fields will be realised on inverting the relevant transforms given at the end 

of section 3. That the eigensolutions to (3.6) characterising the singular 

behaviour are given implicitly via the eigenequation complicates this 

procedure. To complete the inversion process requires that each of the three 

branches of the eigenequation be monitored as a function of the transform 

parameter p. Analytic continuation throughout the complex p-plane is used to 

this end. Two numerical schemes will be outlined and correspond to the 

examples discussed in section 5.

In either case it is noted that on completion of the Laplace inversion 

contour to the left hand plane Re(p) < 0 each of the three short time 

eigensolutions sj(p = 00) are mapped to distinct real points within the strip 

of regularity -2 < c < Re(s) < d < 0 in the complex s-plane. For material 

behaviour with Poisson's ratio 1/3 ^ v(t) ^ 1/2, such as that discussed in 

Case 1, the long time eigensolutions s^(p = 0), j = 1,2,3 are also mapped to 

distinct real points in the complex s strip. This is not the case for the 

material behaviour in Case 2 in which v(t) < 1/3. Here the two long time 

eigensolutions, characterising the corner tip behaviour, are complex while 

the remaining eigenvalue s^(p = 0) is real. The numerical inversion process 

for the two cases in different.

Case 1 (1/3 3 v rs 1/2; Viscoelastic Parameters, fi^Q=0.2, a^=0.29, /3^=0.1,

M20=2.9, a2=0.14, £2=0.1)

In this case it is noted that as p moves from infinity to the origin in 

the complex p-plane each branch of the eigenequation traces a path connecting 

Sj(p = oo) to its neighbour s^(p - 0). j = 1,2,3. Small circular paths 

circuiting each of these three distinct regions and centred on the short time
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elgensolutlons Sj(p = co) are mapped to four closed paths In the half plane 

Re(p) < 0. One of these paths circuits the other three. Identification of 

this path permits the line integrals (3.13) to be computed around the 

circular path in the s-plane. This process must be repeated for each of the 

three branches. To each must be added the appropriate residue contribution 

from the pole at p = 0.

Case 2 (i> < 1/3, Viscoelastic Parameters ^^=0.5, a^=2, p^=3, p2g=2,

a2=!, 02=5)

The contribution associated with the least singular eigensolutions 

Sg(p - 0) and Sg(p = oo) was established using the method for Case 1. Here 

the circular path about s^(p = co) in the s-plane mapped to two distinct sets 

of two closed curves in the p-plane. Interior to each large circuit was one 

small contour. The two outer paths were chosen as the inversion contour. An 

alternative approach was required to determine the dominant singular field 

characterised by the eigenvalues Sj(p = oo) and s^(p =0), j = 1,2. The roots 

S j ( p = ° ° ) ,  j = 1,2 were found to be branch points of the eigenequation. A 

branch cut was taken along the negative real p axis from p = -co to p = -1.2. 

The line integrals were then considered as contour integrals around the path 

depicted in Figure 14. The implicit dependence of the eigensolutions on the 

parameter p required that for each value of p along the cut an appropriate 

value of s had to be determined. The Newton Raphson iteration method was 

used to this end. Tracing a path from p = -ioo to p = ico along the imaginary 

p-axis determined which of the two short time eigensolutions Sj(p - 00) should 

correspond to the long time values s^(p = 0), and thus serve as initial 

guesses on the top and underside of the cut. The trapezoidal rule was used 

to evaluate the integrals and used in conjunction with the iteration 

procedure. Again the relevant residue contribution from the pole at p = 0 

was included to complete the inversion process.
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FIGURE CAPTIONS

Figure 1 

Figure 2

Figure 3

Figure 4

Figure 5

Figure 6

Figure 7

Figure 8

The corner geometry.

Poisson's ratio versus time curve based on the linear solid with 

parameters ^ 2Q = 0.2, a<J = 0.29, 0 =0.1, n2Q = 2.9, <*2 = 0.14,

02 = 0.1.

Time evolution of the near notch tip stress component <r at

r = 0.001, 0 = 0  (unit loading case) for a corner of semi-included 
3ttangle a = ^— and its comparison with small and long time asymptotic

analysis (-----). Material properties as in Figure 2.

Time evolution of the near notch tip stress component a at
00

r = 0.001, 0 = 0  (unit loading case) for a corner of semi-included 
37Tangle a = —  and its comparison with small and long time asymptotic

analysis (-----). Material properties as in Figure 2.

Time evolution of the near notch tip stress component cr̂ 0 at

r = 0.001, 0 = 0 (unit loading case) for a corner of semi-Included 
37Tangle a = and its comparison with small and long time asymptotic

analysis (-----). Material properties as in Figure 2.

Short time (elastic) angular variations in the near notch tip 

stress component at r = 0.001 (unit loading case). Material 

properties as In Figure 2 for a corner of semi-included angle 

a = 3tt/4.

Angular variations in the near notch tip stress component at

r = 0.001 (unit loading case) for the intermediate time t = 6. 

Material properties as in Figure 2 for a corner of semi-Included 

angle a = 3rc/4.

Long time (elastic) angular variations in the near notch tip 

stress component at r = 0.001 (unit loading case). Material 

properties as in Figure 2 for a corner of semi-i ncl uded angle 

a = 3tt/4.
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Figure 9 Poisson's ratio versus time curve based on the linear solid with

Figure 1

Figure 1

Figure 1

Figure 1

F i gure 1

parameters p2Q = 0.5, ol = 2, ^  = 3, p2Q = 2, <*2 =1, 02 = 5.

0 Time evolution of the near notch tip stress component a atrr
r = 0.001, 0 = 0  (unit loading case) for a corner of semi-included 

3ttangle a = and its comparison with small and long time asymptotic 

analysis (-----). Material properties as in Figure 9.

1 Time evolution of the near notch tip stress component <r at69
r = 0.001, 0 = 0  (unit loading case) for a corner of semi-included 

37Tangle a = and its comparison with small and long time asymptotic 

analysis (-----). Material properties as in Figure 9.

2 Time evolution of the near notch tip stress component at

r = 0.001, 0 = 0  (unit loading case) for a corner of semi-included 
3ttangle a = and its comparison with small and long time asymptotic 

analysis (-----). Material properties as in Figure 9.

3 Time evolution of the near notch tip stress component a at66
3ttr = 0.001, 0 = - (unit loading case) for a corner of

371semi-included angle a = and its comparison with small and long 

time asymptotic analysis (— — — ). Material properties as in 

Figure 9.

4 Inversion path in the complex p-plane used for the evaluation of

near notch tip stress components in real time when the corner 

material is modelled by the linear solid with parameters = 0.5, 

a1 = 2, = 3, p2Q = 2, a2 = 1, 02 = 5.
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Figure 1 THE CORNER GEOMETRY
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