ALGEBRAIC PROPERTIES OF ANOMALIES

by

Dan Levy

A thesis presented for the

Degree of Doctor of Philosopy of the University of London.

Department of Physics
The Blackett Laboratory

Imperial College

June 1987



To Riva

for her love and support



ABSTRACT

The work presented here is divided into three main
sections. In the introduction some basic general propefties of
anomalies are reviewed, mainly through the example of the d=2
abelian anomaly. We also review the connection between this
anomaly and the Kac-Moody algebra of free fermionic currents.

In chapter II we then investigate the algebra of free
fermionic currents in d=4. It is proved for a specific case
that the Jacobi identity is not compatible with a certain set
of standard assumptions which are normally assumed to hold for
field theories. The proof is supplemented with a full
calculation of the relevant double commutators which suggests
an 1interesting possibility of getting well-defined finite
results. We then discuss the relationship between this result
and the anomaly of the d=4 axial current.

In chapter III, the algebraic properties of abelian gauge
theories are studied in the Hamiltonian formalism both in d=2
and” d=4. In d=2 it 1is shown explicitly how the anomaly
modifies the ©Poincaré algebra, besides the already known
modifications of the Gauss-law constraint algebra. In d=4,
employing a one loop BJL calculation, it is found that the
anomaly leads to a breaking of the Jacobi identity in the
algebra of the Hamiltonian with the Gauss-law. It is also
shown that in order to reproduce the anomaly, a square
diag;am, with one fermionic energy-momentum tensor and three

fermionic currents, should be considered.
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THE THOUGHT-FOX / Ted Hughes

I imagine this midnight moment's forest
Something else is alive
Besides the clock's loneliness

And this blank page where my fingers move.

Through the window I see no star:
Something more near
Though deeper within darkness

Is entering the loneliness:

Cold, delicately as the dark snow,
A fox's nose touches twig, leaf;
Two eyes serve a movement, that now

And again now, and now, and now

Sets neat prints into the snow
Between trees, and warily a lame
Shadow lags by stump and in hollow

Of a body that is bold to come

Across clearings, an eye,
A widening deepening greenness
Brilliantly, concentratedly,

Coming about its own business

Till, with a sudden sharp hot stink of fox

It enters the dark hole of the head.

The window is starless still; the clock ticks,

The page is printed.
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Notation and conventions

This work follows the conventions of ref. 3-10, which are
basically those of ref. 3-15. Here is a short summary of some
relevant ones (d=2 conventions are given in parenthesis):

a. A Greek letter index runs over 0,1,2,3 (0,1) while a Latin
index rumns over 1,2,3 (1) only. Repeated indices (Greek or

Latin) are to be summed over.

. 55 i - - - i —1 N = = .
b guv diag(l,-1,-1,-1) (diag(l,-1)) ; 6ij gij
0123 123
Ce €0123= —€ = g =1 (gg1=1) ;
5 01 2 3 5 0 1

ys=y =iy yyy (v =y vy ) .

d. B(x) = B(t,%) and B(%) = B(O,%), for any operator B.

e. F =23 A -3 A ; EYz F°1 . Bz (yxa)lz M™% A% . 1In the
pv v VAR m
Weyl gauge we have El= - aoAl, where Ap is a U(1l) gauge
field.

f. The generators A% of a non-abelian group G are taken in the
fundamental representation, and are normalized to give

1
tr (A *\Py= ;5ab. a®PC = tr (W2 (2P,2%).

g. All commutators, unless otherwise specified, are equal-time
commutators.

Other conventions or deviations from the above will be
given at the introduction to each of the chapters or at the
appropriate places when necessary.

We will also make use of the following abbreviations:

J- Jacobi identity or the left-hand side of it (the sum of the
three double commutators), VEV- wvacuum expectation value,
W.I.- Ward Identity, ST- Schwinger term, E.T.C- equal time
commutator, C.C.R- canonical commutation relations, C.S.M. -

Chiral Schwinger model.
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CHAPTER I - Introduction to anomalies
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1.1 Classical symmetries and conserved currents

By now, anomalies are recognized as a fundamental feature
of quantum theories. Theoretically, their study led to the
discovery of important topological, geometrical and algebraic
structures and to a much better understanding of quantum
theories themselves. In parallel to that, various experimental
predictions based on the knowledge of anomalies were derived
and verified. The principle of anomaly cancellation, for
instance, 1s a clue to the understanding of the basic
experimental fact of the equal magnitudes of the electron and
proton charges.

The subject of anomalies and their implications has grown
very rapidly, and it is even hard to give a good definition of
it. In this brief introduction, 1I'll just outline a few
properties and results, which are at the background of the
present work.

We normally say that there is an anomaly when a symmetry
of a classical theory is not respected by its quantum version.
Noether's theorem tells us that when a classical theory is
invariant under a continuous symmetry, there should exist
corresponding conserved currents. In a theory containing
fermions, one can define a transformation for the fermion

field ¥ by
ia .
Y(x) » e "¥Y(X) ; a real (1.1)

These transformations form a U(l) group which will be
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denoted Uv(l). If the theory in question is invariant under

this group, we'll find a conserved current:
Vv
a“Ju(x) =0 (1.2)

We can also define another type of U(l) transformations:

iBys
Y(x) > e ¥(x) ; B real (1.3)

which we denote by UA(l). The classically conserved current
will be denoted by Jﬁ(x). In the theories we'll deal with,

these currents are given as bilinears in the fermion fields:
IV (x)=T(x)y ¥(x) ; JA@)=T(x)y v, ¥(x) (1.4)
B p 1} S

In the quantum theory the conservation of the currents is
translated into certain conditions on the Green's functions of
the currents, known as the Ward-Takahashi identities
(hefeafter, W.I.). An anomaly then means that we cannot
satisfy simultaneously all the W.I.'s and other physical
conditions one would 1like to impose on a given Green's
function. In order to demonstrate how this situation occurs we

now specialize to d=2.
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1.2 The axial anomaly in d=2

In many aspects, the gauge anomaly in two space-time
dimensions, provides a good starting point to 1learn about
anomalies in quantum field theory. The models are technically
easy to handle, but still possess essential features.

Consider the following current-current Green's function:

Hpv(x) = <0|T(Ju(x)JV(O)IO> (1.5)

where each of the J's can be either a vector or an axial

current. The Fourier transform of Huv(x) is defined by:

2 -ipex
Huv(p) fd x e npv(x) (1.6)

We'll derive the W.I. for Huv(p):
a“npv(x) = ¥ <O|O(Xo)Jp(x)Jv(0)+e(—x°)Jv(O)Jp(x)|O> (1.7)
Since a“e(xo) = gpoé(xo), we get:
a“nuy(x) = g"%(x%) <OI[Ju(x),JV(O)]IO> + (1.8)

+ <0|T(6pJu(x)Jv(O))lo>
Using current éonservation, the second term is zero. The first
term is the equal time commutator of the currents. It has a

classical part which one can get by naive application of the

canonical anti commutation relations of ¥(x) and its conjugate
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(see appendix A). For our 2-dim. case there is no contribution
of this type. The canonical terms are normally (at least for
internal symmetry currents) proportional to a Dirac delta
function (whose argument is the space coordinates difference).
There might also be other terms proportional to derivatives of
delta. To get these terms one should define the equal time
commutator more carefully, taking into account quantum
divergences. Such calculations are at the heart of the present
work. The non-canonical contributions to the commutator
exposed by them are generally called Schwinger terms. It was
Schwinger who proved that if <0|[JO,Ji]|O> were to vanish, one
would be in conflict with very basic assumptions of quantum
field theories. For this specific case, the Schwinger term is
a c-number, but we'll call any non-canonical contribution to a
commutator, a Schwinger term (abbreviated to ST). Another name
in use is commutator anomalies.

We'll now proceed with the derivation of the W.I.
ignoring the possible presence of a ST. In momentum space one

gets:

2 —iDe
ipuHuv(p) [d"x e *P Xa“nuv(x) (1.9)

Therefore the naive W.I. is:

. B -
ip o, (P) 0 (1.10)
The reasoning behind neglecting the ST is the following:

The T-product used to derive the W.I. is not a Lorentz
covariant object, because of the presence of e(xo). However,

we normally define the Green's functions in a Lorentz
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covariant way. For example, in perturbation theory we use
Lorentz covariant Feynman rules to evaluate Huv(p)°
Therefore, we. have neglected not only the ST, but also the
derivative of the difference between the covariant and the
non-covariant forms of the T-product, known as the seagull
term. An implicit assumption in the derivation of the W.I. is
that possible ST's cancel against derivatives of seagulls.

This assumption is known as the Feynman conjecture. Thus we

see that commutator anomalies do not necessarily correspond to

W.I. anomalies. In ordinary QED, for instance, one encounters
ST's but it is possible to define the T-product in such a way
that the Feynman conjecture is satisfied.

We'll now check explicitly whether Huv(p) can satisfy all
the W.I.'s we want to impose on it. We'll consider a free
massless fermionic theory, which is invariant under both UV(l)
and UA(l). Then Huv(p) is given exactly by the bubble

diagram (Fig. la):

2
-fd L tr[—= T, L
(zn)z f+¢ t

o,® = r,] (1.11)

Where Fu stands for yp or Ypys.

We note that Huv(p) is superficially log divergent. If
all the expressions appearing in our derivation of the naive
W.I. were well defined, the derivation would have Dbeen
justified and the naive W.I. would hold. Therefore, having

some sort of divergence is a necessary condition for having an

anomaly. However, that doesn't mean that the starting Green's
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function must be divergent. In the cases where the canonical
part of the commutator 1is non-trivial, the W.I. will connect
two Green's functions. The second Green's function may have a
divergence which will lead to an anomaly. Another important
point is that it is the fact that we are forced to introduce
some regularization in order to define Hpv(p) which is crucial
for circumventing the naive W.I.. In fact we will see that
the W.I. anomaly doesn't contain any infinite parts. Whatever
regularization we choose for defining Hpv(p), one of our
physical demands is Lorentz covariance. Assuming this, we can
write a general expression for Huv(p)’ using only the
information that it has to be a two-index Lorentz tensor,

depending on a single 2-vector pu:
2 2 B 2 '
m,® =g, Bip )+ (Pg,,~2pp)B(P ) (1.12)

2,12232
* e, Bs(@ ) + e (P g =2, P )Bu(P )

The Bi's are as yet, undetermined functions. They will be

called the invariant amplitudes. From (1.10) we get:
2 2
Bi- p B, =0 ; B3+ p B, =0 (1.13)

Similarly, we'll have a second W.I. from "dotting" p into

the second index. Here we'll get:

»

2 2
By- p B =0 ; B3—-p By =0 (1.14)

Since Huv(p) has zero mass dimensions, so have B; and Bj.
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We can therefore expect them to correspond to the
superficially log divergent part of the bubble. Hence their
definition will depend on the chosen regularization. On the
other hand, B, and B, have mass dimension -2. They correspond
to the convergent parts and there is no ambiguity in their

definition.

From parity considerations, B3 and B, vanish for HZX and
Hﬁé . Since B} is ambiguous, we might be able to choose it to

satisfy (1.13-4). However, for the two mixed cases, namely, AV
and VA, B, and B, are zero because of parity, and B3 and
B, must be zero to satisfy simultaneously (1.13-4) (assuming
analyticity). But we can show by an explicit calculation that
B, is non-zero. Since it is also unambiguous, there is no
freedom left to redefine it to be zero. Thus, Hzé(p) cannot
satisfy both W.I.'s.

In fact, there 1is another constraint we would 1like to

impose on Hpv(p). We have an algebraic identity (special to

d=2), which says:
\
v,15 =y, (1.15)
It follows that:
v .V _ <A
€ Jv(x) = Jp(x) (1.16)

If we want to impose it on the two-point function we get:

AA Vv \ A \ A
Huv(p) =g € BH (p) & By = - B; ; By = By (1.17)
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The result of introducing this extra demand is that if we
define BY so that the W.I. for HZX(p) is satisfied, then
Hﬁe(p) won't satisfy its W.I. and vice versa. In d=4, extra
constraints would typically come from demanding Bose
symmetry.

We now return to (1.11) to prove some of the previous
claims. After introducing a Feynman parameter, and doing a

legal shift in the r-integration, we get:

b2, e[ (-pT (F-xp)T ]
HU\’(p) B fdxfd rz{ 2 - 2.2 >
0 (21) [r +x(1-x)p ]

(1.18)

In this form one can read off the Lorentz structure and make
contact with our general decomposition (1.12). For example,

the zero-~dimensional amplitudes B; and B3 are given by:

bogl tr[fr fr ]
log div part = [dx/2 rz{ - & Vz -

0 (2n) [r +x(1-x)p ]

} (1.19)

We can define this integral through a symmetric

integration formula (see appendix E). We then get:

1 2 2 .
: _ 1 a dr r
l.d. part = > tr(y PuYan] [ax | 2{ > - 2} (1.20)
0 (2n) [r +x(1-x)p ]

With +this definition, the superficially 1log divergent
amplitudes actually vanish. This follows from the algebraic

identity (which is again special to d=2):
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T ..;P Y =0 for any positive integer n (1.21)

Alternatively, we could have used the Pauli-Villars
regularization method to define the bubble. This would have
given us a non-zero but finite value for the zero dimensional

amplitudes. The non-zero value would come from terms like:
2
tr[MPuMPv] = M tr[Fqu] } (1.22)

Where M is the mass of the regulating fermion.

We have seen that B; and B3 turn out to be finite, but
possess an ambiguity which reflects itself as a dependence on
the regularization scheme. Next, we can identify B, and B,

from:

1 2
Finite part = tr{gr gr ]fdx(l-x)xfd L
eV 0 2

2 2
(2n) [r +x(1-x)p |

1

(1.23)

The integral 1is convergent, and the result for it will be of

the form with ¢ a non-zero finite numerical constant.

p
Since all the invariant amplitudes are finite the anomaly

(i.e. pu

Huv(p) ) is also finite.

Let us summarize the main results of the analysis we have
carried out. There is no choice of ambiguous quantities for
which” we can satisfy both W.I.'s in HXﬁ(p). Moreover, imposing

algebraic relations between the vector and the axial currents,

we have to sacrifice W.I. for either sz(p) or Hﬁﬁ(p) as well.
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In another language we can say that there is a part in the ST
which is not cancelled by the seagull term contribution when

the divergence of Huv(p) is taken and therefore the Feynman

conjecture fails.
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1.3 Implications of anomalies

The bubble diagram can appear in several theories of
interest:
1. In the free theory. Here the anomaly doesn't have any
direct physical consequence, since the bubble diagram doesn't
enter in any physical process in this theory. The conservation
equation of the current is true quantum mechanically since for

any two physical states a« and B we have:
2" <al JZ’A(X) B> = 0 (1.24)

(1.24) is true despite the fact that the set of naive
W.I.'s cannot be maintained. For many purposes the free theory
is a good place to study the anomaly, and the fact that the
anomaly already appears there reflects its basic nature.

2. Suppose one of the currents is coupled to a gauge field
while the symmetry associated with the other current remains
global. QED with a global axial current is an example of this
type. In our d=2 example, the bubble diagram with one external

photon (FiG. 1b) then describes the following matrix element:
<0lJﬁ(x)ly> « iea“HZﬁ(p) (1.25)

Where e is the gauge coupling constant and e is the photon
polarization vector. One can choose to preserve the vector
W.I.'s , but then the axial W.I.'s are broken. Because of
(1.25), and in contrast to the free theory, this implies that

the axial current is not conserved quantum mechanically:
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A \Y
a”Ju(x) « e’ Py (%) (1.26)
Thus, the global UA(l) is broken in the presence of
vector photons. In a situation like this we talk about "The
good anomaly'", since the theory is consistent and we get a
natural way to reproduce a desired physical effect of symmetry
breaking. The first process to be understood in terms of this
mechanism was the decay of 7° into two photons. Since then,
many other physical phenomena have been tied to this form of
anomalies.
3. We can also think of a theory where both Uv(l) and UA(l)
are gauged (Fig. 1lc). Because of the anomaly, at least one of
the gauge symmetries must be broken when the theory is
quantized. However, unlike the previous case, it is believed
that the resulting theory is inconsistent. Chapter 111 is
devoted to the problems arising in such theories. In this
situation we are talking about "The bad anomaly". So far, the
common strategy concerning bad anomalies has been to reject
theories possessing them (The principle of anomaly

cancellation). We'll remark on this later.
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1.4 Generalizations and further results on anomalies

1. The type of anomaly arising in our d=2 example, i.e. an
anomaly connected to a classically conserved fermionic current
coming from the continuous axial symmetry, generalizes to
space time dimensions d=2n. It occurs in one-loop diagrams

1
containing at least ;n+1 vertices where the number of axial

vertices, i1.e. vertices with yg type of coupling, is odd. In
d=4, for example, we encounter anomalies in the AVV and AAA
triangle diagrams. Note that, because of the unavoidable
anomaly in the AAA triangle, a theory with an axial gauge
coupling 1in d=4 will always have a bad anomaly, in
contrast to the d=2 case.

We can also discuss internal symmetries.  which are
more general than the abelian U(l)'s appearing in our d=2
example. One can then show that if the fermionic current
carries an index 'a' of a compact Lie group G, i.e.,
Ji=¥rpxaw, where 22 is a generator in the corresponding
Lie algebra, the anomaly in the %n+1 diagram will be
proportional to a symmetrized trace over the group
generators. In d=4, this group-theoretic factor is dabc.
In the d=4 non-abelian case, we have anomalies also in the
4-point and 5-point Green's functions, which correspond to
a square and a pentagon diagram. However, these anomalies
are determined by the triangle anomaly. The practical
meaning of rejecting bad anomalies of the type considered
here is that we restrict the fermionic content of the

abc=

theory to be consistent with the condition d 0. This
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condition has been very useful in constructing the
standard model and in analyzing grand unified theories.
2. Another interesting and important feature of axial
anomalies 1is the fact that they are non-perturbative. In
our example, one can see that there are no radiative
corrections to the bubble diagram due to (1.21). The d=4
derivation is muéh more involved, but again the end result
is that the numerical coefficient of the anomaly does not
receive radiative corrections. Alternatively, this result
is implied by the existence of manifestly non-perturbative
methods to derive the anomaly.
3. Bosonic 1loops are known to be free of axial gauge
anomalies. However, bosonic fields do play an important role
in investigating them.

Consider the following action, which describes fermions

coupled to an external gauge field:
L — —
S = [d x (i¥(x)f¥(x) + T(x)y”Bi(x)haW(x)) : (1.27)
a a a
Bu(x) = eVVu(x) + anSAp(X)
where Vi(x) and Ai(x) are non-abelian vector and axial vector

gauge fields. We now define an effective action related to S

through functional integration over the fermion fields:

o W(B) _ is(¥,v,B)

= (DYDY e (1.28)

Because of the anomaly, the effective action W(B) is not
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invariant under chiral gauge transformations and we have:

B(Xx)
5W(B ) = G(B) (1.29)
&8 (x) B(x)=0

Where BB is the axially gauge transformed B. However, it is
clear that W(B) is not local in B. If it had been local we
could have subtracted it from S and the resulting theory would
then be anomaly free. But the basic result about the anomaly
is that it cannot be removed by subtracting a local counter
term. Thus W(B) cannot be local in B.

[

Wess and Zumino 4]have shown that if a scalar field 0(x)
is introduced with an appropriate gauge transformation rule,
an effective action W(B,0), local in both B and ©, can be

constructed, which will reproduce the anomaly, namely:

B(x) . B(x)
5W(B , 0 )I = G(B) (1.30)
58 (X) | 8 (x)=0

In the abelian case, the construction 1is very simple.

For example:

W(A,0) « eesuVFuv (1.31)
reproduces (1.26) provided 6 transforms under UA(l):
0> 0'=0+8 : (1.32)

In the non-abelian case the WZ action has a much more

complicated and richer structure. Its main use so far has been
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in constructing effective actions in d=4 for describing QCD
effects at 1low energies, which incorporate QCD good flavor
anomalies. More recently, it has been proposed by Faddeev and
Shatashvili (ref. 3-1) that adding a WZ action to a theory
with bad anomalies may be an alternative to the normal
strategy of anomaly cancellation, previously mentioned.

4. Other types of anomalies are known besides gauge anomalies.
Another important anomaly connected with a continuous symmetry
is the gravitational anomaly. It appears in one-loop diagrams
involving energy momentum tensor vertices. An example in d=2
is again the bubble diagram, with the two current vertices
replaced by euv vertices. In d=4 we have the Salam-Delbourgo
anomaly (ref. 3-17) in the triangle diagram with two euv's and
one UA(l) current. This is an example of a mixed gauge and
gravitational anomaly. The symmetry connected with the
conservation of Guv is general coordinate invariance.

There are also anomalies associated with the topological
nature of gauge or general coordinate transformations. They
may arise in the case of "large" transformations which cannot
be reached continuously from the identity. This type of

anomalies will not be dealt with in the present work.
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1.5 Connection of the d=2 anomaly with the K.M. algebra

It was said earlier that the anomaly already appears in
the free quantum theory of fermions. It is also known that in
d=2, the free quantum fermionic currents form a rich algebraic
structure, called the Kac-Moody algebra. The defining
relation for this algebra (using its continuum version) is:

..abc._c Eﬁ

[5*(x),3% )] = 1£*°°5%(x)8(x-y) + - k6*%s' (x-y)  (1.33)
T

Here fabc are structure constants of a compact Lie algebra G,
and the J's are 1linear combinations of vector and axial
currents (Ja «< JzaiJﬁa). The K.M. algebra is an extension of G
and reduces to G when the numerical constant k is set to zero.
The central extension (the second term in (1.33)) is an
example of a ST mentioned earlier. The H in front of it
reflects its quantum nature. In order to derive (1.33) for the
case that the J's are bilinears in elementary fermion fields,
one should use a careful definition of a commutator. We'll use
the BJL method which is defined and explained in apﬁendix B.
Since the BJL procedure calculates the commutator of two
operators from their T-product, the connection with the W.I.
will be more transparent.

The first term in (1.33) 1is a canonical term and
therefore doesn't interest us here. If we take the vacuum
expectation value of (1.33), on the r.h.s. only the central

extension will contribute, since it's a c-number and the
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current 1is normal ordered. Hence the central extension 1is
given by the VEV of the commutator. In order to evaluate the
VEV of the commutator using the BJL definition, we have to
know the VEV of the T-product of the currents in momentum
space. This is nothing but Huv(p)° The fact that we deal with
a general group G means that we have to replace Pu by xaru. In
the Feynman expression we'll encounter tr(xaxb), which will
give the 6ab factor. Note that the T-product of the currents
is given by an appropriate linear combination of Huv(p)'s, so
it's enough to look at the BJL limit of a general Hpv(p).
Earlier on we found that B; and By are ambiguous

constants, while B, and B, are of the form —Ez and ¢ is fixed.

p
1
Going back to (1.12), and looking for the — term we find:
P
o}
1 5 1 1 « 1 1
— (-2ep)[g, 8, * 8,8, * e, (8,8 * 8, 8 )] (1.34)

P,

p; will turn in x-space into an i§'(x-y). We see two
interesting things:

1. The non-vanishing value of the central extension k and the
unambiguous and non-vanishing part of the W.I. anomaly arise
from the same source - the non-zero value of c.

2. A ST appears in both the even and the odd parity parts,
though a genuine W.I. anomaly is unavoidable only in the odd
parity part. However, the two ST's can be distinguished by

their’different Lorentz structure.
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CHAPTER II - The failure of the Jacobi identity for
free fermionic currents in d=4 and its

relation to the axial anomaly
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2.1 Introduction

The aim of this chapter is to examine the validity of
Jacobi identity <for current operators in a free massless
fermionic theory, in four space-time dimensions. The main
conclusion is that for certain cases, the Jacobi identity is
not compatible with other '"standard", well established
assumptions which are made about quantum field theories. We
begin by reviewing some previous results concerning the
validity of the Jacobi identity. Next, it is shown that under
a specified set of standard assumptions, the Jacobi identity
for the time component of the axial current and two different
space components of a vector current must fail at equal time.
Then, all the components of the vacuum expectation value of
the double equal time commutator of one axial current and two
vector currents are calculated, using a double BJL 1limit and
the previous result is verified and elaborated. The results of
a similar calculation for three non-abelian vector currents,
where another violation of the Jacobi identity occurs, is also
given. It is shown that this result implies a third violation
of the Jacobi identity, this time between the energy-momentum
tensor and two currents. The properties of the various results
are discussed and a connection 1is made with some previous
work. A short discussion 1is given of what happens in two
dimensions. We then suggest a possible connection with the

W.I. anomaly of the axial current.
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For convenience we change 1in this chapter to the

following notation for the fermionic currents:

(x)
(x)

¥(x )qu(x) is the U(1) fermionic 4-vector current,
1_

(x)Y A Y(x) is the non-abelian vector current, and

:x> 1::»1:
NI

(x) = T(x)ysyuw(x) is the fermionic U(1l) axial current.
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2.2 A brief review of previous work on J breaking

The wvalidity of J was previously questioned in several
contexts:
1. The quantum mechanical non-relativistic prqblem of a
charged point particle moving in an external magnetic field of
a Dirac monopole. A possible failure of J for the velocity
operators at the location of the monopole was first noted by
the authors of ref 1 (1969), and much later aroused renewed

[2-5,8], 14 debatel® 7). The terminology used in these

interest
papers 1is that of cohomology theory, according to which a
possible failure of J for a set of generators indicates the
possible presence of a 3-cocycle. Moreover, if this third
cocycle is non-trivial, i.e. if it is a non—-integer multiple
of 2n, then the <finite transformations related to these
generators are non-associative.

[14]observed, back in 1966, a failure of J

2. Johnson and Low
for spatial components of vector currents in the quark model.
They sketched this possibility, using the BJL definition of a
[10]

single commutator. Buccella et al. proved, for the same

model, that C-number ST's are not compatible with J.

[2]

Jackiw notes that there are experimental indications that
the ST is indeed a C-number, consistent with the quark model
calculations, but since the calculation produces a
quadratically divergent term (which cannot be removed by usual
renormalization), the mathematics of the problem seems to be'

ill-defined. It seems that no further investigations into this

issue have been published. The results presented here are
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closely related to those of ref's 10 and 14, and it is hoped
that they will illuminate them further.

3. An argument by Brandtlls]

seems to imply that whenever
commutators are defined as limits of regularized expressions,
there is no automatic guarantee that J will hold. His argument
can be used to solve the following paradox: Suppose one
chooses to define the E.T. double commutator as a limit of a
regularized double commutator (for instance, by using point
splitting or a double commutator at unequal time etc.). Then
for the regularized double commutator J is expected to hold

reg=O for

since the operators are now well defined. But if J
any value of the regulating parameters then in the 1limit it
will remain zero and therefore we can always find a
regularization procedure which respects J at equal times.
However, we note that a definition of a double E.T.C 1is
restricted by that of a single E.T.C. . It forces us to take
the limits of the regulating parameters in a certain order.
For a double commutator we'll need to take two successive
limits, the first corresponds to the "inner" single commutator
(See assumption 2 of section 2.3 . However, this restriction
may leave some residual freedom, which is discussed later on).
Therefore the limits of the regulators are taken in different
orderé in the three double commutators which form J. A failure
of these limits to commute will result in a failure of J for
the double E.T.C.'s even though it holds for the regulator-
depeqdent ones.

4. A failure of J in a theory with a bad anomaly was noted by

ref 9 (see also ref 11) for three spatial components of the
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electric field. These results were also obtained from a BJL

They are effectively reproduced in the next

calculation.

chapter and further implications are discussed there.

£

5. Possible associativity anomalies are also mentioned in the

[22]

context of string theories .
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2.3 The incompatibility of J(AVV) with standard assumptions

It was already mentioned in the introduction that
Schwinger gave a proof[17]that the VEV of [Vo,Vi] cannot be
zero, 1independent of any definition (regularization) of this
object, 1if one accepts a limited set of very general
assumptions. In an analogous manner one would 1like to
establish the possibility that J can fail in certain cases,
without referring to any specific definition of the double
commutators involved. Although we call the final result the
failure of J, a more cautious statement to make is that we
give a set of assumptions which are inconsistent with J.

Here are the assumptions:

(1) The existence of ETC, which for two local operators A and

B will have the form:

[A(t,%),B(t,¥)] = ] € D (X-§)0_(t,%) (2.1)
n
where:
On(t,§) - areﬁlocal operators constructed from basic fields of

the theory and their derivatives including the unit operator.
We'll assume that the On's belong to a set of independent
operators (see ref 18).

Dn(§—§) - are delta functions and / or any of their
derivatives.

Cn - .are numerical quantities which are allowed to contain
dimensional divergent parts of the form (t) 1, (t) "2 ete.

where t > 0 .
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(2) The free currents, together with a subset of {On}, close
an algebra with the algebraic properties : [A,B] = -[B,A] ;
[c,[A,B]] = [c,D] if [A,B] =D .

(8) In the free theory [A,B]true = [A’B]canonical + possible
different extra terms. The extra terms correspond to different
values of the label n in (2.1) than the terms which can be
derived from C.C.R. . Actually a weaker assumption is needed
and we'll comment on this later.

(4) All properties used to prove the necessary existence of
the ST hold, 1like Lorentz covariance, positivity of the
Hamiltonian, etc. (see also assumption 6).

(5) The currents are hermitian operators of canonical
dimension 3 (in mass units), and have normal transformation
rules under P,C,T, symmetries (see appendix A). They are
normal ordered to give zero VEV.

(6) We can use axial current conservation in the commutator of
two axial currents.

Under these assumptions, it will now be shown that the

VEV of:
[AO(O,E),[vi(o,§),vj(o,6)]] + 2 Jacobi permutations (2.2)

is non-zero for i#%j in a free massless fermionic theory since
the first term is necessarily non-zero while the other two

vanish.

We start by showing for the free theory that:

[45(0,%),V,(0,5)] =0 (2.3)
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Using (1) and (2) for the r.h.s. of (2.3) we have that dim On
is less than or equal to 3 since dim Dn is at least 3. Since
only fermion fields, their derivatives and the unit operator
can be used to construct On’ we get (using dimensions and
Lorentz properties) that On can only be bilinears in the
fermion fields or the unit operator. Writing down the most
general sum of terms constructed from the five independent
Lorentz fermion bilinears with complex coefficients we get,
using hermiticity, discrete symmetries, anti-symmetry of the
commutator, translation invariance, that all the coefficients
vanish. In fact, c-numbers on the r.h.s of (2.3) do not
matter, but it is easily seen, using charge conjugation, that
they vanish. We also note that C.C.R also gives (2.3). It now
remains to show that the first term of (2.2) cannot be zero.
Repeating the same exercise for [Vi(0,§),Vj(O,§)], (This is
done in detail in appendix A in order to demonstrate the
general technique), we get that the only possible non c-number

contribution, is a term of the form e¢. Ak. Again, this is

ijk
exactly the result one gets from C.C.R. We now use assumption
3 to exclude any cancellation of the canonical term by a
non-canonical contribution (here one can see that we are
really using a weaker version of 3). The final step is to
simply substitute the canonical result into the first term in
(2.2) and use 4 and 6 to get that the VEV of what's left
cannot vanish.
There are two comments to be made:

1. Assumption 3 already assumes that C.C.R. do not contain all

the information about the true commutation relations. However,
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rejecting the weaker version of 1it, which, as previously
explained, is what 1is actually being used, is equivalent to
saying that C.C.R. do not contain any information at all about
the true commutation relation. Besides the fact that no
acceptable definition of E.T.C is known to give such a result,
it's hard to see how one can accept it and keep all other
canonical results unaffected.
2. Assumption 6 relies on the fact that there is no W.I.
anomaly in the AA two-point function, and therefore the proof
that the [AO,Ai] ST cannot vanish goes parallel to that of the
[VO,Vi] case.

Before concluding this part it is useful to give an
explicit expression for the ST which appeared in our argument.
It seems that the following structure is agreed upon by

,[13,16,21]

severa methods of defining the E.T.C.

> 3., 1 2 3,
<O|[Vo(0,x),Vi(O,6)]|O> = i(Abié (X)+———28vvai$ 63(x)) (2.4)
127

where A is a quadratically divergent quantity and va is a
finite non-zero constant. For free currents the axial ST has

the same structure as in (2.4) with S =S .
aa Vv
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2.4 BJL calculation of the AVV double commutator

In this section we'll use the BJL definition of a double
commutator (see appendix B) in order to calculate J for one
axial and two vector currents of the U(l) free massless

fermionic theory. Define:

Jgon (X:¥)2 <OL[V _(0,%),[V (0,¥),4,(0,0)]]+ (2.5)

[V, (0.9),[4,00,0),v _(0,%)]]+[4 (0,0), [V (0,%),V (0,%)]]10>=
= B1+ B2+ B3

The relevant three-point function needed to evaluate
these double commutators is given in the free theory exactly
by an appropriate triangle diagram (Fig. 2). The calculation
of this diagram is well known and we will use the expression

for it given in ref 12. We want to calculate:

By(K1,kp)= -lim  kjo lim  kpo T_ (k) ,kz) (2.6)
kjgrie kKyg>i= Pr

B, (ky ,k,)= lim Kpo lim kjo T (kj,kp) (2.7)
Kpp+ie kjgrie s

By (ky,Kp)= lim qo 1im  kpo T, (kK1=-(a+kz),kz) (2.8)
qo+ie kygrie

where:
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L L ile ikzy
T ky ,ko)=/d xd <O|TV \ A (0)|0> = (2.9
sop (K1 k2)=fd xd y e e 1TV ()Y (¥4 (0) | (2.9)

-i
= R Ky ,kp,mp=
- Bopp(R1,k2,m0=0)

(2m)

and chu(kl’kz:mo=0) is given[lzlby:

R ky ,kp)= 2.10
5~ Bopp(K1,K2) ( )
167
=k"e [—kl'kzl (kl,k2)+k2(1 (ky,kp)-I (kl,k2))]
1 Topu 11 2" 20 10
2
T
Kk -k (I (ky,k;)-I (ko,k;))+kyjekoI (ko,k
zerdpu[ 1( ,o (Raok)=1 (ko 1))+k) ko 1 (K2 1)]
& T E 1
-k; k;ksye I k; ,k +k, Kikjse I ky,ky)-1I ky,k
1Kk, o T (KioKp) +kp Kk 516“[ ,o (K1oK2)"T (K, 2)]
£ T E 1
_klcklkzegtpu[lzo(kz,kl)—Ilo(kz,kl)] +k26k1kzsgtpp111(k2,kl)

where I (k;,kp;) is defined by:

st
1 1-x Xsyt
I (kj,kp)= [dx [dy (2.11)
st 0 0

2 2
y(1-y)k] +x(1-x)k,+2xyk; oK,

Let us calculate B,. We first take the limit k,; »i~. We

can rewrite (2.11) as follows:

f t(kl:kz)
s
I (k; ,k,)= - (2.12)
st K)o
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Examining (2.11) we find f to be at most 1logarithmically

divergent as kj;g»> i~». Hence, we write an expansion:

Ca
£ (kp,kp)= C1+ — + O(——) (2.13)
st 2

kio kio

Suppose now that c¢; and c, are finite. It is then
legitimate to expand under the integral sign. We can see from
dimensional reasoning and from (2.11) that c; is a numerical
constant and c, is proportional to k,,. In this case there
will be no contribution to the second limit since there are no
negative powers of k,;. Checking the s,t values relevant to
(2.10), we find that only the combination (I,,(k;,k;)-
I,0(k;,ky)) has a logarithmically divergent c;, while all

other IS have finite c¢; and c,, and therefore won't

t
contribute. We also see from (2.10) that Iy (k;,ky)-I;0(k;,ks)

is multiplied at most by one power of kjy so it's enough to

consider only c;.

For I,4(k,,ky)-I;4(k;,k,) c; behaves at k;,» i« like

2
kjo O 2
Iln(——). The quantity a should have the dimension of mass .
a

Considering (2.11) again, we note that the logarithmic
behaviour of f at the above 1limit is caused by the pole at
y=0 , which is the lower 1limit of the y integration. The

behaviour near the pole is dominated by the coefficient of the
2

ko
X(1l-x) term, which is —;—. For later purpose we'll write it:
Kio
2 2
20 (1 B
—_— 1= — 2.14
5 > ( )
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and by the coefficient of y, which in the leading order has no

momentum dependence. Therefore 'a' should be proportional to
2

2
ko, and dependence on ﬁl or on Kl-iz can come only through
1

higher orders in —— which don't contribute anyhow, as was
ko

previously explained. This 1is what we expect from the

analysis of the previous section. Since each in factor

corresponds to a derivative of a §-function, and since for B,

we expect only derivatives of 63(§), we get only Ez

dependence.

Our conclusion that c¢; should be proportional to the
logarithm of (2.14) can be verified explicitly and the
constant of proportionality can be found since the vy
integration in (2.11) is elementary and indeed the expected
logarithm is found. Now, the logarithm of (2.14) is a sum of
two logarithms of which one is finite at k)3+ i~ and gives
rise to negative powers of k,3. Performing the second limit
kyp»> i» we will get a contribution only from the fourth term

in (2.10) since only one k,, factor is needed from the

1
polynomial to get a final —— contribution. We finally get
koo
for B,:
> >
By (k) ,kp) = (2.15)
i 2
. i koo kpo
= =g ko[k, T 1lim kpolim kyo(2— 1n(—))]

€ .
. 27pofoiop
6n Kygrie kjgrie K10 Kio
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Most of the features of the result are those expected
from the previous section. Examining the Lorentz structure it
is easily seen that to get a non-zero result we must have p=0
and o*p both spatial. Comparing with (2.4), (2.15) is also a

sum of two terms : a finite third derivative of a §-function
2
3 > 3 > . . . -
(aiﬁ 8 (y))é (x) and a first derivative of a &6-function with a

coefficient which suggests a quadratic divergence, i.e.
kygln(ky,g). However, unlike the calculation of a single
commutator, we are left here with a possibility to get rid of
the divergent part by fixing the final limit to be taken on a
kog=constantek;y line, which will leave us with a constant
that can be thought of as a part of a pure polynomial in Lo
(taking constant=1 will set it immediately to zero and save us
the trouble of dropping it!).

The interpretation of the second term in (2.15) deserves
further discussion. To get (2.15) we had to take a successive
double 1limit. The first step is to identify the leading
contribution to the first 1limit and then to identify in what
remains the leading contribution to the second limit. If no
divergences occur, this procedure should agree with what was
done in the previous section, i.e. forming the double
commutator from two single ones. However, we find in this case
that we need a further specification of the definition to get
a full agreement and that there are other possible definitions
which do not agree with the previous section about the
presence of the quadratic divergent term. Now, one may argue

that we should insist on consistency with the single BJL limit
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for the VEV of [Ao’Ai] , even if it means that we have to keep
a divergent term. However, since associativity is lost
whether we keep the divergent part or not, it doesn't seem at
all necessary to force such a consistency condition. Rather,
it is more natural to use the freedom created by
non—-associativity to get rid of the infinite term. Of course,
we must Kkeep 1in mind the possibility, that another, vyet
unknown physical or mathematical argument will fix the
ambiguity in the second term of (2.15) in another way.
Nonetheless, we'll encounter more hints as we continue that
everything we need is in the finite third derivative term.

For completness we write down the full expression for
the VEV of J(AVV), dropping the ambiguous term:
K%l ¢+ (2.16)

. - 2
> -1 1
I (k1 ,k2)= —= [¢g kyky + g
ou ,

6n

posoiuc oosoipu

where a=-(E1+f§2) .
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2.5 The VVV double commutator

Using the double BJL 1limit we can repeat the previous
calculation for three vector currents. Because of charge
conjugation, only non-abelian currents will give a non-zero
result for the VEV of the double commutator, which is
therefore proportional to the totally anti-symmetric structure

constant fabc' We get for J(VVV):

> >
abce _ =i .abc
Topu (B1ok2)= == £ (g 18, 8 *8 :8,.8,,%8,185,8,,)  (2:-17)
12n
is2  ix2  is2 is2 is2

(kyky+kokp+q a J-g ;8 8 Kk -g ;8 8 Kok,

is2
“€,18ox8oxd q |

where the spatial index k is not under summation. We
immediately note that the momentum structure is the same as
that of the AVV double commutator, including an ambiguous
first derivative term which has already been omitted from
(2.17). This shouldn't be a surprise since the final result
arises in both cases from the VEV of the ST between one time
and one space components of the currents (which, as has
already been mentioned, is the same for AA and VV cases). As
for the Lorentz structure, we see that J is wviolated in two
cases; when two of the indices pick up the time value and the

third a spatial wvalue, or when two of them take the same
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spatial value and the third a different spatial value. The
second case 1s the one discussed by ref's 10 and 14, and it
resembles J(AVV) in the sense that only one of the three VEV's
which form J is different from zero. This property was the
basis for the arguments previously constructed here and in ref
10 for the failure of J. It enables one to rely only on the
non-vanishing of the ST and not on any knowledge
about its form. It is conceivable that the analysis of section
2.3 can be repeated for the J(VVV) case as well, with the
appropriate modification needed to take into account the
presence of a non-abelian G. For two time components and one
spatial such an argument cannot be constructed without using
the explicit form (2.4) of the ST, since all three terms are
different from zero. However, it is interesting to note that
for this case the ambiguous first derivatives simply cancel
when we form J since k;+ky+q = 0. Thus, for this choice of
indices, J(VVV) comes out finite, well-defined and non-zero
even if the double commutator is left ambiguous. This result
clearly demonstrates the importance of the third derivative
terms.

We can see the intimate connection between the presence
of third derivatives and the failure of J yet from another
direction, and as a byproduct to discover a third failure of
Jd. Ref 13 (chap. I1) gives a formal proof that:

> > . > >

(V2 (t,x),V0(t,y) ]= 1222V (x)6° (x-y) + 52Pads’ 2
O( _’X): l( y)j= 1 1(X) (x=y) lja & (X-'Y) (2.18)
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i.e. there are no ST's with higher derivatives of a delta
function. This, of course, contradicts the previous results
(2.16) and (2.17), and the form (2.4) for the ST. Examining
the proof given in ref 13 we find that J is assumed to hold

for the VEV of the following double commutator:

> >

[0°9¢0,2),[v*(0,x),v2(0,¥)]] (2.19)

where 0 stands for the energy momentum tensor. It is
reasonable to expect that the formal proof of (2.18) is
incorrect since J fails also for (2.19). In fact, it will now
be shown, using arguments similar to those of section 2.3 that
(2.18) is in fact a minimal requirement for J(6VV)=0 to hold.
Hence the formal proof is invalidated since it is actually a
circular argument.

We begin by observing that the double commutator (2.19)
is expected to have a vanishing VEV since:

> > 3 5
(2) [V8(0,%),v50,3)] = 1£2P%vS(0,%)6 (%) (2.20)

00
(b) <ol[e ,Vv§]l0> =0

The relation (2.20b) follows from the invariance of the
vacuum under group transformations. To check the other two
terms in J(OVV) we'll use the canonical commutatorlls]

(assuming that the currents are conserved):

> > j > 3 5 5
[6°°(0,%),v°%(0,7)] = ivJa(o,x>aj6 (x-¥) (2.21)
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After substituting (2.21) into the remaining terms in
J(0VV) one can immediately see that the final result depends
crucially on the nature of the ST. Only if we assume the form
(2.18) may we hope that a cancellation between the two terms
will occur, because 1in this case, Dboth of them are
proportional to 363(§—§)-$53(§—§). Higher derivatives of a
d—function, 1like those in (2.4) spoil this possibility. One
may still worry whether a cancellation can occur from extra
non-canonical terms on the r.h.s. of (2.21). However, it's
easy to see that no such other terms which are proportional
to a first derivative of a &6-function besides the canonical
one can be present in the free theory. Using assumption 3 of
section 2.3 which states that the canonical term must be
present closes the argument. It should also be noted that
(2.21) 1is 1insensitive to the question of which form of o0 is

chosen for the l.h.s. of it (i.e. ec or eB. See ref. 13).
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2.6 The Jacobi identity in two space-time dimensions

In d=2, the Jacobi identity is repeatedly used to derive
important results concerning the K.M. and Virasoro algebra,
and no inconsistencies are encountered. It 1is therefore
natural to ask how our previous arguments are evaded in d=2.
We can note immediately that the argument of section 2.3 and
the argument of ref 10 do not carry through, since they both
require two different space indices. Also, from dimensional
' arguments (in d=2 the currents have mass dimension 1), the ST
for [Vo,Vi] can contain no more then a finite first derivative
of 66-function, as was shown explicitly in the previous
chapter. Hence, one can easily verify the following:

1. Though VEV's of certain current double commutators are
non-zero, J will be zero, again .due to the fact that the ST
contains only first derivatives of a §&-function and momentum
conservation implies kj+ky+q = O.

2. Since the ST is finite from the start the double BJL
results completely agree with the single BJL ones and no

ambiguities arise in the final limit.
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2.7 A possible connection between J breaking and the axial

anomaly

It is natural to ask whether the breaking of J is somehow
connected with the anomaly in the divergence of the axial
current. Recall the main feature of the analogous connection
in d=2 discussed in the introduction. In the first place we
have found that an anomaly in the commutator of certain
components of a specific current doesn't necessarily imply a
breakdown of the W.I. connected with the conservation of this
current. However, the reverse is true, and a W.I. breaking
does imply the appearance of a commutator anomaly. Moreover,
we have found a numerical connection between the W.I. anomaly
and the ST.

We will show here, that the d=4 free theory case reveals
a remarkable similarity to the d=2 case, if we take the VEV of
the double commutator or that of J to be the analog of the d=2
ST. In order to do this we look for a numerical connection
between the non-conservation of the axial current and the
double commutator. Actually, a connection between the axial
anomaly and ST's in a four-dimensional fermionic theory was
pointed out by the authors of ref 15. They define two
numerical constants KVV and Saa’ where the definition of Sa

a
is given by (2.4), and va is defined through:

> > > 3 > >

[vi(o,y),vj(o,x)]= ZivaeijkAk(O,x)G (X=Y) + .. (2.22)

The ... refers to extra terms which might appear in
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a theory with interactions. Now, the claim of ref. 15,
following a short-distance analysis of the triangle graph by

[16]and Crewther[17], is that the Crewther relations

Wilson
connect Saa and KVv to the divergence anomaly of the axial

current via:

n

aaKVV (2.23)
where S is Adler's anomalous constant[lzldefined for the

fermionic part of the current by:

@0

B = § — P& TP
buA (x) S . F>"(x)F (X)Egcmp

(2.24)
In (2.24), F'P is the field strength tensor of the E.M. field
and a«g is the '"bare'" fine structure constant.

It is trivial to see that the r.h.s. of (2.23) is
uniquely related to the numerical coefficient of the VEV of
the double commutator (2.2) by simply combining (2.4) with
(2.22). We note that the three numerical coefficients in
(2.23) were defined so to fulfil S=Saa=vaél for the U(1l) free
currents. Therefore, the result we get from combining (2.4)
with (2.22) agrees with our BJL calculation (2.15) as well.

To summarize, we find a similarity between the d=2 and
d=4 free fermionic theories, concerning the relation of the
W.I. anomaly to anomalous commutators. A breaking of the
Jacobi identity for certain components of a given current does

not necessarily imply a breakdown of the W.I. connected with
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this current (e.g. the non-abelian vector triangle is free
from W.I. anomalies, but the Jacobi identity of the free
non-abelian currents 1is broken); however, we do find a
breaking of J associated with a W.I. breaking for the axial
current. We also find a clear numerical connection between the
two phenomena.

The similarity between d=2 and d=4 ceases when we look at
the actual algebraic structure which emerges in d=4. Two
important differences are immediately apparant:

1. There are no direct means of getting rid of the divergence
in the single commutator ST, and it is therefore not clear how
to incorporate it into the algebra.

2. The role of the space components of the currents is more
fundamental in d=4. In d=2, with the help of the special
identity (1.16), A; is actually V,3, and if we start in the
classical theory with a gauge group G, the ST provides an
extension of this algebra. In d=4, already for G=U(l) we have
to consider a bigger algebra in order to incorporate the space
components of the currents which take part in forming the
anomalous contribution. However, it is interesting to note
that although in d=4 the vector and axial currents are not
tied together by an identity of the type (1.16), the algebra

of the Vp's doesn't close without the Au's (eq. (A.5) app. A).
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CHAPTER III - On algebraic properties of anomalous
abelian theories in the Hamiltonian

formalism
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3.1 Introduction

The aim of the present chapter is to look at the problems
caused by the bad anomaly and at the ways various commutators
are affected by it when the theory is formulated using the
Hamiltonian approach. In a set of papers by Faddeev and

[1]

Faddeev and Shatashvili it was suggested that when an
anomalous theory is quantized in the Hamiltonian formalism,

using the Weyl gauge (A0=O), information about the anomaly

appears as an extra term in the commutator of the Gauss-law
constraints. These constraints are also the generators of the
residual time independent gauge transformations which are left
after fixing the Weyl gauge. In a non-anomalous theory they
satisfy the normal algebra of the gauge group, namely:

> > > 3
[6*X),6° )] = 1£3P%% (%) (3-7) (3.1)

In this case it is consistent to impose:
a > .
G (x) |physical> = 0 (3.2)

which eliminates the remaining gauge freedom. However, for an
anomalous theory, ref.l proposes, that as a consequence of a
proper regularization of the quantum operator Ga(§), eq. (3.1)

is modified to:

-

sabese 2 3 > gb

[6*(%),6° )] = cC(X)s (X-¥) + o2k (3.3)
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Now, eq. (3.2) and (3.3) are inconsistent when taken together.
Since eq. (3.2) 1is an essential step 1in the normal
quantization procedure, agb(§,§) represents an obstruction to
this procedure due to the fact that it appears only after
passing to the quantum theory. Yet, Faddeev has suggested that
maybe after taking into account the presence of a,, a new
quantization scheme, which will yield a consistent theory, can
be found. This hope provides us with the motivation to 1look
more closely at anomalous gauge theories in the Hamiltonian
formulation. In general, the potential problems one might
expect, in an anomalous gauge theory, are a lack of unitarity
when the theory is quantized in a manifestly lorentz covariant
gauge, or a lack of Lorentz invariance when the theory is
quantized in a unitary gauge (like the Weyl gauge).

Most of the investigations around Faddeev's proposal
have so far been carried on two dimensional theories. 1In
particular, Halliday, Rabinovici, Schwimmer and Chanowitzlz]
have shown, by an exact solution of the abelian chiral
Schwinger model, that the resulting spectrum of states of the
full Hilbert space is indeed non relativistic and that there
is no subspace of it which possesses the desired Lorentz
invariance. Before discussing this point, it's important to
clarify a certain issue concerning the status of ay, for the
case of an abelian gauge group.

It is known that for the abelian case, a, 1is
cohomologically trivial in the sense that one can change the

definition of G(§) by a term with local dependence on the
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gauge field in such a way that the new G(§) will satisfy
(3.1). However, this is not likely to remove the obstruction
to quantization, since in order to impose (3.2) consistently,

one should also demand:
[H,G67(x)] =~ 0 (3.4)

Where H is the Hamiltonian operator, and = stands for "weak
equality"[4’5]. Eq.(3.4) guarantees that the time evolution of
physical states is consistent with the constraints imposed at
some initial time. If we start with a situation where (3.4)
is satisfied but a,%#0, a redefinition of G(§) by an Au(§)
dependent term in order to remove a,, may result in an
appearance of a new term on the r.h.s. of (3.4). In fact,
this situation 1is known to occur in the +two dimensional
abelian models, as will be shown explicitly later on.

This interplay between (3.3) and (3.4) in the abelian
chiral Schwinger model has already caused some confusion, more
so because different quantization procedures can differ in an
implicit manner about the way the above mentioned ambiguity is
fixed and to produce what look like contradictory results (As
an example see some of the remarks of ref.3 concerning ref.2).
The conclusion that should be drawn from this "abeliaﬁ
phenomenop" for the general case (abelian and non-abelian), is
that we should 1look how the anomaly affects both equations
(3.1) and (3.4).

Returning to the non-relativistic spectrum found in

ref.2, it can be argued to be the result of the impossibility
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of imposing (3.2) due to problems with either (3.1) or (3.4).
It is known that in a non-anomalous theory like QED, Poincaré
invariance is guaranteed only when Gauss-law is imposed, since
the equal-time Poincaré algebra closes up to G-dependent
terms. It will be shown that this picture of the source of
Poincaré non-invariance needs some modification. The
conclusion will be that the anomaly can affect a third
commutator, connected with the Poincaré algebra, in a way that
doesn't follow directly from the two anomalous commutators
which were already discussed. The rest of the chapter is
divided into two parts as follows: In the first part (3.2) we
study the Poincaré algebra of the abelian chiral Schwinger
model (hereafter C.S.M) in its bosonized form and show that
when G(x) 1is fixed to commute with the Hamiltonian, a
"G-independent" anomaly appears in the Poincaré algebra, and
discuss the implications. In the second part (3.3) we try to
examine the same questions of how the anomaly affects key
commutators in a d=4 abelian example. Again, because the
model is abelian, ap is trivial and there should exist a local
G(%) that satisfies (3.1). However, it is not a priori clear
that there is a choice of a local G(%) which can satisfy
(3.4). We study this question for the case of massless axial
QED in perturbation theory, using the BJL definition of
commutators. Two interesting features, compared with the d=2
case, emerge. The first one is that the algebra of G and H
does not satisfy the Jacobi identity (As was mentioned in the
previous chapter, the breaking of the Jacobi identity by
commutators calculated from anomalous diagrams in an anomalous

[6]

gauge theory was first noted by Jo , but its manifestation
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in the G,H algebra was not discussed). The second interesting

feature is that the relevant commutators have contributions

from a square diagram on top of the expected contributions

from the AAA triangle diagram.
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3.2 Poincaré non-invariance of C.S.M

In this - section we will study the question of Poincaré
invariance in the C.S.M. using its bosonized representation.
For simplicity we take one left-handed and one right-handed
fermion. As was shown in ref.2 through the bosonization of the
fermion operators, the original theory is completely
equivalent to a quadratic bosonic model. Hence, we'll work

with the following expressions: a Hamiltonian H given by:

H = [dx H(x) = %fdx (B (x) + BE(x) + B (x)) (3.5)
where:

L L L L ,

aR(x) = [v= (m¥(x)+0 8% (x)) + efa(x)] (3.6)

and a constraint G(x) given by:
- 1 1, L L ! R, R R
G(x) = aXE(x)-/;e (o (X)+3,® (x))-/;e (M (x)-2,27(x)) (3.7)

In these formulas ®(x) is a dimensionless scalar field
and II(x) 1is 1its canonical conjugate momentum. They satisfy

canonical equal-time commutation relations:

(mhxy %)) = [mRx),oR(y)] = -i8(x-y) (3.8)
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Similarly, the gauge field A(x) and the electric field E(X)

satisfy:
[E(x),A(y)] = 18(x-y) (3.9)

while all other equal time commutators between these fields
are zero. In this formulation of the theory, all commutators
we want to calculate are realized canonically, that is, we use
(3.8) and (3.9) directly. The standard normal ordering of

composite operators is to be understdod in all of our

expressions.

With the above definitions one gets:
22
[G(x),G(y)] = i(e;-ep)6' (x-y) (3.10)
[H,G(x)] =0 (3.11)
As was mentioned in the introduction we can modify G(x)
by a locally A(x)-dependent term which will set the r.h.s. of

(3.10) to zero. Define:

1 2 2
Gy (x) = G(x) - —(e—ep)A(x) (3.12)

[Gy (x),G(¥)] =0 (3.13)

i 2 2
[B,Gy(x)] = - S(ep-ep)B(x) (3-14)
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The modification (3.12) can be thought of as a
modification of the fermionic current, reflecting finite
A(x)-dependent ambiguities in the definition of the normal-
ordered current, and 1is therefore strongly related to the
current conservation equation. We will discuss this point in
more detail in the next section where we work directly with
the fermionic variables. The possible presence of such an
A(x)-dependent term in the definition of the fermioniec current
explains quite naturally how the so called seagull commutator
can be realized in the present canonical framework[Bl.

We now want to understand whether we can construct a set
of Poincaré generators satisfying the appropriate equal-time
algebra. These generators have to satisfy two demands:

1. to generate the relevant Poincaré transformatioﬁs
(infinitesimal translations and Lorentz transformations) when
acting on the basic degrees of freedom.

2. to satisfy the Poincaré algebra.

The two-dimensional Poincareé symmetry consists of three
operations: Time translations that should be generated by the
Hamiltonian H, space translations generated by the momentum P,
and boosts generated by M. The algebra these generators should

satisfy is:

(a) [H,P] =0 (3.15)
(b) [M,P] = -iH
(¢) [M,H] = -iP
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Assuming H and P are given as space 1integrals over
densities which are local functions of the basic degrees of

freedom:

H = [dx H(x) ; P = [dx P(x) (3.16)

the boost generator will be given by:

M = tP - [dx xH(x) (3.17)

Based on experience from non-anomalous QED, we allow terms of
the form fdx U(x)G(x), to appear on the r.h.s. of (3.15).

We first note that our information on P is somewhat
different in nature from that concerning H. Since we are
working in the Hamiltonian formulation, the Hamiltonian

generates the dynamics, and in the equation:

i[H,6(t,x)] = d350(t,x) (3.18)

the r.h.s. is defined by the l.h.s., and we are looking for
a ¢(t,x) which solves it. In other words, (3.18) cannot in
general be used to restrict the form of H. In contrast, the

equation:

i[P,6(0,x)] = 2_4(0,x) (3.19)

-

serves as a restriction on P. We are looking for a P which
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satisfies it. There is one crucial exception to this. Since we
don't want the constraint to be a dynamical variable, the case
¢ = a constraint, does restrict H as a Poincaré generator, and
H must be chosen to commute with the constraints (eq.(3.4)),
as a part of the first condition we have placed on the
Poincaré generators. Trying to treat possible terms appearing
on the r.h.s. of (3.4) as new constraints, without introducing
new degrees of freedom into the theory, is not 1likely to
succeed because the theory will become over constrained and
may be '"pushed back" to the free theory.

Following the above, it 1is clear that with the choice
(3.13-14) the Poincaré algebra is anomalous. What about the
choice (3.10-11) ? Here we make use of an observation due to
Schwinger[7], that once H(x) is given, P is fixed by (3.15).

We substitute (3.17) into (3.15¢) and use (3.15a) to get:
-iP = -[dxdy x[H(x),H(y)] - ifdx Up(%)G(%) (3.20)
The commutator appearing 1in (3.20) must be anti-symmetric

under x « y so only terms proportional to §'(x-y), can appear.

Substituting from (3.5) we get:
1
[H(x), B = (BB ) +[H (), B ()] (3.21)

The evaluation of the remaining commutators using (3.8) is

‘elementary. We get:
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1 L R
P = - ;fdx (H (x)-H (x)) + [dx Up(x)G(x) (3.22)
We now check to see whether this P satisfies (3.15a):

[P,H]

1 2
fdx[UP(x),H]G(x)- :fdxdy[HL(x)-HR(x),E () ]= (3.23)

3 2 2
[dx [UP(X),H]G(x)+§(eL—eR)fdx (E(x)A(x)+A(Z)E(x))+

: 1 L L 1 R R
+ifdx E(x)[/;eL(H (x)+0,® (x))+/;eR(H (x)-3,8 (x))]

We can replace the square brackets in the last line of (3.23)

by -(G(x)—aXE(x)). Doing this we get:
[P,H] = fax([U,(x),H]-1E(x))G(x) (3.24)

delel [dx(E(x)A(x)+A(X)E
5 (°L7eR) x(E(x)A(x)+A(X)E(x))

The first term in (3.24) is proportional to G(x), and in fact
vanishes for the correct choice of UP(x). However, the second
term which is '"G-independent", remains and prevents the
closure of the Poincaré algebra. Note that this term has the
characteristic coefficient of the anomaly (i.e. it vanishes
for e, = teR). It comes from the following term in P (see

L
(3.22)):

1 2 2 2 '
- ;(QL—eR)fdx A (%) (3.25)



-69-

This in turn can be traced back to the commutator of the
interactién part in the Hamiltonian (i.e. the eAJl part of the
Hamiltonian) with itself (see (3.21)). The reason that this
last commutator is anomalous is of course the presence of the
Schwinger term in the current-current commutator, precisely
the same Schwinger term which 1s the cause of (3.10). 1In
appendix C we check whether this '"Poincaré anomaly" cannot be
removed by local redefinitions of both the Gauss-law G(x) and
the Hamiltonian. We show that under a suitable set of
assumptions about these possible modificétions, as long as one
demands that the modified H will commute with the modified
G(x), the Poincaré algebra based on the modified H is
anomalous in a similar "G-independent" manner.

The "Poincaré anomaly" can place some restrictions on
possible suggestions for a consistent quantization of an
anomalous theory. Suppose that we choose an H and a G(x) which
satisfy (3.10-11). In Dirac's terminology, G(x) is a second
class constraint[4’5]. Dirac has suggested that a set of
classical second class constraints can be set consistently to
zero, if the normal Poisson brackets are replaced by what is
termed Dirac brackets[4’5]. In a classical theory, these
brackets are defined in such a way that the bracket of any
function of the phase space coordinates q; and Py with a
second class constraint, vanishes. Therefore, after
introducing them, it 1is consistent to set the second class
constraints to zero. In our case, we cannot apply Dirac's
method directly, since G(x) turns 1into a second class

constraint only after quantization. Still we may ‘try to
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[01(x),02(y)] = [0} (x),05(¥)] (3.26)
-fdzaw[0; (x),G(z)]([G(2),G(w)]) 1[G (w),0, (¥)]

where the inverse of the commutator of G(x) with itself will

be defined by:
fdz([6(x),G6(2)]) " [G(=z),6(y)] = (3.27)

=fdz[G(x),6(z) ]([G(2),6(y)]) 1= 6(x-y)

In the general case, the commutator of the constraints can be
some quantum operator, so finding a solution to (3.27), and in
particular assuring that the 1left inverse and the right
inverse are equal (if they exist at all), can range from a
complicated task to an impossible one. However, the r.h.s. of
(3.10) is a c—-number. By substituting (3.10) into (3.27) it's

easy to see that:

([6(x),6(m]) F= 2 e(x-y) (3.28)
2 2
(eL—eR)

Where (6 is the step function):

1
e(X-y) ;(ecy-x)—e<x-y>)

With (3.28) substituted into (3.26) the Dirac '"trick" will
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work, and whenever one of the O's in (3.26) is G(x) we'll get

a zero. Note, that under the new commutation rule we have:

* *
[G(x),G(y)] = 0; [H,G(x)] =0 (3.29)

One may wonder how we overcame previous obstructions to
satisfying both of these equations simultaneously. This can be
understood by recalling that using Dirac brackets 1is
equivalent to using normal brackets but modifying the

[4,5]

operators by non-local terms Since previously we imposed
locality on the possible modifications, we were not able to
achieve (3.29). But does (3.29) solve the problem of Poincaré
invariance ? The answer is no. Because of (3.11) (which is

also true for the Hamiltonian density H(y)),for amny operator

O, the following holds:
%
[H,0] = [H,0] (3.30)

Hence the new commutator definition doesn't modify
eqs.(3.20-24), and the Poincaré anomaly remains. We note that
the treatment of the Chiral Schwinger model in ref.8 seems to
match our last discussion. Through the introduction of certain
non-local terms the analog of (3.29) is achieved (see ref.8
eqs. 11 and 22), but still Poincaré invariance is not
recovered.

-Compared with this, the main suggestion so far for a
1]

consistent quantization of an anomalous gauge theory[ is to

add to the original action a Wess-Zumino term, which includes
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a new field (8), and therefore should be considered as a
non-local modification. This proposal is again studied in the
context of C.S.M. in ref.2. It is 1left to the reader to
convince him/herself by using the formulas given there that
this time, after correctly fixing the local modifications, not
only G(x) does return to be a first class constraint, but also

the "G-independent" anomaly in Poincaré vanishes as well.
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3.3 Axial massless QED in d=4

For d=4 anomalous gauge theories we again expect problems
with Poincaré invariance when the starting classical theory is
formulated in a physical gauge. Again, for the abelian case,
¢y in eq. (3.3) is cohomologically trivial, and therefore one
expects the anomaly to affect (3.4) as well. The question we
want to address in this section is whether the features of the
d=2 abelian case generalize to the d=4 abelian theory. Can we,
for imnstance, still shift the anomaly between (3.1) and
(3.4) ?

Since in d=4 one cannot obtain exact solutions to the
relevant models, we will work out one-loop contributions to
anomalous commutators, to the leading order in perturbation
theory, using the BJL definition, and check the answers at
this 1level, as was done in refs. 6 and 9. As a convenient
model for studying these questions we choose massless axial
electrodynamics, in which the U(1l) gauge field is coupled to a
single axial fermionic current. Contrary to d=2, where the
"pure axial" theory is non-anomalous, the AAA triangle diagram
(Fig.3a) has a fundamental anomalyllo]. Including a vector
current, we would have to consider the AVV diagram as well.

The classical Lagrangian density for our model is given

by:

1 wv = S n
L(x) = - " va(x)F (x)+1W(x)¢W(x)-er(x)A (x) (3.31)

5
where Ju(x) =z ?(x)yuy5w(x).
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In the Weyl gauge, the Hamiltonian density derived from this

Lagrangian is:

2 2
1 . .
H(x) = ;(ﬁ(x)+§(x))-i?(x)yiblw(x)+eJi(x)A1(x) (3.32)

and the Gauss-law constraint is:

> > > 5 »
G(x) = VeE(X)-edy(X) = O (3.33)

Before proceeding to the actual calculation of the
relevant commutators, we'll try to use simple considerations
in order to analyze the possibilities. We'll start by
examining the possible form of [GM(§),GM(§)], where the label
M indicates, as before, a possible modification of (3.33) by a
local function of Ai(§). Standard assumptionslll](see (2.1))
imply that the terms on the r.h.s. must be proportional to
63(§-§) or its derivatives. The required X - § anti-symmetry,
and dimensions allow only for a first derivative. We also
expect to have the Levi-Civita tensor on the r.h.s. since the
anomaly is coming from the parity violating part. Moreover,
the r.h.s. should depend only on Ai and must be a local

function of it. All of this leads to:

3
[6y ) ,6y(] = c 1% Beds (3-3) (3.34)

T

where B is the magnetic field, and ¢ is an undetermind

3
numerical constant. e anticipates the fact that non-zero
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contributions to the r.h.s. of (3.34) will be connected to the
triangle diagram. In fact, (3.34), apart from a group
theoretic factor, is precisely Faddeev's suggestion[ll.
However, the triviality of a2 in the abelian case means that
there is a choice of GM(§) for which c¢=0.

Using similar considerations, we can assume the following

form for the second commutator of interest:

» 3

[8,64(0)] = 22 (1B -B(Rr+e2h(R) - ¥xE(D)) (3.35)

T

Contrary to (3.34), we must allow §(§)=—60K(§) dependence on
the r.h.s. Dbecause the l.h.s. gives us aoG(§). A shortcut
argument for no fermion field dependence on the r.h.s. is
that anomalous diagrams from which possible contributions to
the r.h.s. may arise, do not contain external fermion lines.
When we examine the possible terms which we can use to
modify G(%), we find only one term which is a local function
of Ai(§) alone and is invariant under space rotations. We can

therefore write:

3
Gy (%) = G(§)+c39; R(x)B(}) (3.36)

Y

3
The term we added to G(%) should start from order e Dbecause

it has a non-vanishing canonical commutator with G(%), so
. -3
only e will be consistent with (3.34).

Now we'll examine how the various undetermined constants

are constrained by the Jacobi identity and by the demand that
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there is a choice of c¢3 for which GM(§) commutes with the

Hamiltonian. Starting with the Jacobi identity we have:

3(Gy (), Gy (¥),H) = [[G(X),Gy(3)],H] + (3.37)

[[H,6,()],6y (M 1+[[6(¥),H],G () ]=
3
= 193{[c§-$53(§—§),ﬂ] +

T

+H{[e1B(x) - B(x)+eA(3) - VxE(x) ,Gy(3)] - x-3))

The commutators that are left to evaluate on the r.h.s. of
3
(3.37) are O(e ); therefore, to this order, only their

canonical contributions are important.

3 2

> > i 3 > 3 j >, 1 >
I(Gy (%), 6y (F),H) = 22 {co 8" (X-¥)/d 2[B7(),E (2] + (3.38)
T

B2 [BI ()0, B ) ]+ea[aT (), 0 EY (D 1 (FxEE)) I-3-$)) ) =
. 3 3
= 18 i(-c+2c2)$xﬁ(§)-3xé (X-Y)

2
T

So satisfying the Jacobi identity implies c¢c = 2c,. On the
other hand, from eq. (3.35) we see that we have to have
cy=cp,=0 for the modified Gauss-law to commute with the
Hamiltonian. Combining the two conditions together we get
c=0. The net result of this analysis is, that undér our
assuﬁptions and at least to order e3 we are facing four
distinct possibilities:

1. There is a choice of c3 which will set the r.h.s. of (3.34)
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and (3.35), simultaneously to zero.

2. There is no choice of c3 which will set (3.35) to zero.

3. The Jacobi identity is not satisfied. As in the d=2 case,
one can shift the anomaly between (3.34) and (3.35), by
choosing an appropriate c3 each time. It's important to note

here that J(GM,G H) does not really depend on c3, since the

M?
term connected with c3 is of order e3 and therefore
contributes through canonical commutators which automatically
satisfy the Jacobi identity.

4. The Jacobi identity is not satisfied and still the r.h.s.
of eq. (3.35) cannot be set to zero.

While the first possibility looks very unlikely, since it
simply tells us that there is a local modification of G(?),
which allows to impose it comnsistently, a miracle that hasn't
occured in d=2, the fourth possibility looks too ugly. In any
case, it is clear that the d=4 abelian case possesses some new
qualitative features compared with d=2.

[6,9] that

In fact, we already know from published results
BJL commutators give c¢=0 for c3=0. Moreover, the calculation
in ref.6 indicates that some of the anomalous commutators do
break the Jacobi identity (note eq. 1.1 in ref.6b - It holds
for the abelian case as well). So we can say that existing
results hint that possibilities 3 or 4 may be realized.
Assuming for the moment that there exists a value of c3 for
which c¢;=c,=0, we can speculate a bit more on what this Qalue

may be. First note, that in order to achieve c;=c,=0, for some

value of c3, we must have c);=c, for all values of c3. This
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can be seen directly by evaluating the following commutator

canonically:
3 1 2
[B,3G)-B(0)] = [ay[-E .2 -B(®)] = (3.39)
= i(BE)-Bx) + A(x)-¥xE(X))
Next, reca11[10] that the expression for the divergence of the

axial current which reproduces the anomaly in the AAA triangle
is:
2 2

> . e vaB _ e
6“Ju(x) = " e¥ Fuv(X)FaS(x) = ——; E(x)oﬁ(x) (3.40)
481 61

where the ambiguities in the AAA triangle were fixed by the
demand of full Bose symmetry between the three photonic legs,
and the second equality holds in the Weyl gauge. As is shown

in ref.10, one can define:

2

_ e g PAT
Jd (xX) = Ju(x) 2A (x)d"A (x)egutp (3.41)
121
which satisfies:
_5
b“Ju(x) =0 (3.42)

—5
N¥e'll now couple A“(x) to Ju(x). In the Weyl gauge the

Hamiltonian (3.32) remains unchanged, but the Gauss-law is
5 5 5,
modified since Jy(X) is replaced by Jg(x). We'll have:
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3

G(x) = G(x) - == 21(%)-%(%) (3.43)
127
1
from which we can guess that c3= - Iy is a serious candidate

to set c¢c;=c,=0. This guess is motivated by the classical

(Poisson bracket) result:

[H,G(x)] = a“Ji(x) (3.44)

A derivation of a related relation can be found in Jackiwllz]
(eq. 2.18). A direct proof is presented in a paper by Hwang,
who also studies the status of (3.44) for C.S.M. . From (3.40)
we see that if (3.44) is not modified in the quantum theory,
we'll have c,=0 and c;*#0 when c3=0, and therefore there will
be no way to get the modified Gauss-law to commute with H.
This is to be contrasted with the d=2 case, where (3.44) is
true in the quantum case, and consistent with [H,G]=0. For d=4
it's attractive to conjecture that (3.44) is modified in such
a way as to allow G to commute with H.

We now turn to the actual calculation to see which of the
possibilities mentioned is realized. The standard assumption
made in calculations of anomalous commutators is that they get
contributions only from anomalous diagrams (to be more
precise, that other possible contributions from non-anomalous
diagrams cancel when we calculate a classically gauge-

invariant object 1like [H,G]). Following this, we consider
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contributions from the AAA diagram (Fig.3a). Here we'll just
give the final results. Details of the method of calculation
are given in app. D and E. Our application of the BJL

[6]

definition follows closely that of Jo and complementary
details concerning the method can be found there. In fact, our
triangle results should be deduceable from the results of
ref.6 after taking care of differences in conventions. I've
redone the part of the calculation which is relevant to the

present work for the sake of completness and to check the

method.

5 3

> 5_) . {4k . > >
(@) [J0(2),30(M] = = = 78 8%, 6" (3-9) (3.45)
2%
5 » 5 » i ij > 3 >
(o) [J0R), 3] = - 28 MEE @hops” G-I
4n
iy 192 ie” ijk., » (33
(e) [E7(),J0(] = == e (438,420 54, )6 (X-F)
67
is. 5> ie2 ija.2.3 > »
() [E'G),J35)] = = VB G-P)
12n
. . .3.. 3
(e) [E'),BI ] = - 2 Mt x-9)
6n
J, > 5 »
(£) [A%(x),de ()] =0
i 2,2 ie’ ija 8.3 » »
(&) [A7(x),9. D] = —,° A 5 (x-y)

6T
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Using (3.45) (a),(c) and (e) one can verify that indeed:

[6(x),6(7)] = 0 (3.46)

i.e. ¢=0 for c3=0. The contribution of the triangle to the

commutator of the Hamiltonian with the Gauss-law is given by:

3
[H,G(%)]p= i92(4ﬁ(§)-ﬁ(i)-2§(§)-$xﬁ(§)) (3.47)
12%n

1
Comparing with (3.35) we find that for c3=0, we have c;= Y and

1
Cop= - z . These values correspond to our possibility 4.

We <can get another indication that considering the
triangle contributions is not enough, by trying to reproduce

eq. (3.40) in the present formalism through:
b5 5 i 5 »
d Ju(x) = i[H,Jo(x)] + i[P ,Ji(x)] (3.48)
where the space translations operator is given by:
i 3 .ot i > iﬁ > 12
P = [d x{i¥ (x)2 ¥ (X)+(d E(x))+A(x)} (3.49)

Using (3.45) we get:

. 2
+i[P1,Ji(§)]T= 9—2(st(i)-ﬁ(%)-33(§)-$xﬁ(§)) (3.50)
127

5 5
i[H,J0 (%) ]

which doesn't reproduce (3.40).
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All of this suggests that we have missed contributions to
the anomalous commutators and that (3.45) is not the full
list. It's not difficult to see that the only other diagram
which can potentially contribute to order e3 is the square
diagram in Fig.3b . It can contribute to commutators of the
free fermionic energy momentum tensor (hereafter denoted by

0 with various operators. Details of the calculations,

)

which are much more cumbersome than the triangle calculations,

are to be found in app. D and E. The relevant results are:

5

3 - i >
(2) [Ja y(-1¥(3)v;07¥(3)),30®) )y pomatous = (3.51)

.2
= %22 (B B)-EG) - TxE))
12w

3 N . .
(b) [fa y(-1¥ )y 0 v (), V-BH)] =

3
= Sigz(ﬁ(i)-ﬁ(§)-2<§)~$xi<§))
12~

5

' 3 + i >
(c) [fa y(iv (§)alw(§))’Ji(x)]anomalous=

2
=3i922(§)-$x§(§)
12xn

The contribution of (3.51) (a) and (b) to [H,G(%)] is:

»

3
[m6)]g = - 9332(E(§)°§(§)-Z(§)°§XE(§)) (3.52)

12n
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1
Combining (3.47) with (3.52) we now get for c3=0, c)=cy= )"

The dJacobi identity is still not saved but for the predicted

1
value of c3= - Y; , the Gauss-law constraint commutes with H.

It's also easy to see that (3.51) (a) and (¢) combine with
(3.50) to reproduce (3.40). This completes the proof that the
square diagram contributions are essential to reproduce the
anomaly in the Hamiltonian formalism. We'll end up by making
a few remarks on the d=4 results and their implications.
1. The results of ref.13 indicate that in d=2, eF does not
contribute in a fundamental way to the anomalous commutators.
The same result can be also easily seen from the formalism
of ref.2.
2. We have mentioned in chapter 1 that another axial Ward
identity anomaly 1is known to exist in our model, namely the
Delbourgo-Salam anomaly[17], which appears in a triangle
diagram with two eF vertices and one Jz. However, it can't
contribute to the commutators discussed above.
3. After showing [H,G(%X)]=0, we can ask whether the d=2 result
of a "G-independent" anomaly in Poincaré, also generalizes to
d=4. The direct diagrammatic evaluation of +the analog to
(3.20), involves a lot of labour, since one should check for
possible contributions from the +triangle, the square, and
possibly from a pentagon diagram, giving the matrix element of
[GF(;)’GF(§)] between vaccum and three photon state. The full
calculation hasn't been done but there are some things that
can be said on the expected result. Let us assume by analogy
with the d=2 case that an extra anomalous term in Pi, will be
3

of order e and a local function of 1(%) alone, containing a

Levi-Civita tensor. There are three terms which answer this
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requirement:

1) fdsx AL HRE) B3 2) fdax Bi(§)K2(§) 3) ]dax st (%733
We can discard the last term since potential contributions
are from terms containing three photon fields. Now; in d=2 we
were able to construct a non—-anomalous Pi when GM(§) commuted
with itself. In d=4 using the BJL definition this happens for
c3=0. As we have seen, the canonical Poincaré algebra closes
up to a G-dependent term, where this G is the unmodified one
(c3=0). BSo if d=2 results are to be paralleled, we expect the
anomalous contributions to the' analog of (3.20) to vanish
(When we work with c3#0, Pi will be anomalous exactly because
the canonical Poincaré algebra still closes up to G(%) and not
Gy (%))«

It is not hard to evaluate the contribution of the
triangle diagram, since we have a complete expression for
itllo]. One can immediately see that none of the commutators
in (3.45) can contribute. The only remaining triangle
commutator which is not in (3.45) is [Ji(%),JS(?)]. This
commutator contains several pieces, 1including a divergent

term. However, only one term, with a non-divergent

coefficient, contributes to the final answer. One finds:

3 3 i > S > 5 »
fd xd y x [eh(x)-T (x),eh(¥)-F M] = (3.53)
3
= ¢y l% fd3xA1(§)K(§)-§(§)
T

with c¢,#0 and finite. We see once more that if d=2 results are
to be generalized, we'll need 'non-triangle'" contributions in

order to cancel (3.53).
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4. Earlier on it was mentioned that a basic assumption in
calculating anomalous commutators 1is that contributions to
them come from diagrams with true Ward identity anomalies.
If we stick to this assumption, we should conclude that the
square diagram in Fig.3b has a Ward identity anomaly. Seen
from a slightly different angle, this diagram describes an
effective coupling of a graviton to three axial photons. In
order to completely clarify the nature of the square anomaly,
we should therefore study the one-loop diagrams of fermions
coupled to external gauge and gravitational fields, and try to
impose all desired physical requirements on the square. This
investigation is beyond the scope of the present work.
However, one can think of three distinct possible results:

(a) There is no fundamental anomaly in the square - one can
fix the ambiguities of the square in such a way that all Ward
identities and symmetry requirements are satisfied.

(b) There is a fundamental anomaly in the square, but it 1is
connected to the already known anomalies in the triangle and
may be calculated from them via some consistency condition.
(c) The anomaly in the square is new, and cannot be deduced
from the already known anomalies.

It seems that our commutator results offer some (not
conclusive) evidence, against the first possibility. Recall
chapter I, where it was explained that a Ward identity anomaly
is often described as arising in a situation where the ST
doesp't cancel against seagull contributions when the
divergenée of the relevant T-product is taken. In fact, the

occurrence of this cancellation for the bubble diagram is
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precisely the mechanism which guarantees that [H,G(x)]=0 in
ordinary QED. Since in our case, the square has a non-zero
contribution to this commutator, it suggests that a failure of
Feynman conjecture does occur. Another sign for a non-trivial
nature of the square commutators is the fact that the
contribution of the square to auJi via (3.51la,c) is not
sensitive to various ambiguities in the relevant one-loop
diagrams. This issue is explained in appendix D.

If we take the fermions to be in some representation of

a gauge group, our square commutators will all be multiplied

be

by da (a,b,c are group indices of the currents - eF does not

carry any). Thus, a cancellation of the square anomaly doesn't
place any new restrictions on the fermion representation and
occurs automatically if the triangle anomaly is cancelled in
the standard way. This 1is consistent with the second
possibility we have mentioned, but by no means can be
considered as a sufficient proof of it. In connection with the
last point we note the following: Any loop diagram which one
obtains from a basic anomalous diagram by inserting into it an

arbitrary number, N, of 6_ vertices will have the same degree

F
of divergence and the same group and discrete symmetry

properties of the original diagram. Moreover, the new diagram
will Dbe connected through the naive Ward identities to a
similar diagram with N-1 @F insertions. Therefore, the answer
to the problem of the nature of the square anomaly should
clarify the status of all of these other diagrams as well.

8]

Finally, we mention that Capper, Jones and Linden[1 discuss

the process of one graviton » three photons in the context of
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an anomalous gauge theory, formulated in the light cone gauge.
However, no specific claim about the square diagram or any
other diagram with OF insertions is made.
5. Another issue related to our d=4 results is their
implications concerning the suggestion for a possible
consistent quantization procedure of an anomalous gauge
theory. First of all we remark that the main qualitative
features of our results, namely the breaking of the Jacobi
identity and the contributions from the square diagram, are
expected to generalize to the non-abelian case as well. In
fact, as was mentioned earlier, the failure of the Jacobi
identity for the electric field components was first
calculatedie] in a general non-abelian theory. It is
interesting, however, to know whether one can still achieve
eq. (3.4) through a local modification, when a5, is non
trivial.

The failure of the Jacobi identity for H and G implies
that they cannot be both represented on the same Hilbert
space, making the mathematical inconsistency of the theory
.evident (In d=2 the inconsistency of the theory is physical
and not mathematical). If by adding a Wess-Zumino term we can
remove this inconsistency, it means that we should find a
breaking of the Jacobi identity in the commutators involving
the Wess-Zumino part. This is an interesting problem, since
the Wess-Zumino term is supposed to reproduce the effects of
the anomaly on a 'classical" 1level, 1i.e. through Poisson

brackets relations.
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The main feature of our results in chapters II and III is
the connection in d=4 between the W.I. anomaly and a Jacobi
identity <failure <for certain commutators. We started by
looking for a d=4 analogy to the clear connection that exists
in d=2 Dbetween the Kac-Moody algebra and the d=2 axial
anomaly. In d=2 one first notices this connection in the free
fermionic theory. Then, if the fermions are coupled to gauge
fields in such a way that a bad anomaly is present, one can
see in a clear manner how the presence of the non vanishing
K.M. central term affects the theory and destroys a desired
physical property 1like Poincaré invariance. Moreover, it was
also shown (ref. 3-2), at least for d=2 abelian models, how
the suggestion for a consistent quantization of an anomalous
theory via the addition of a WZ action can be understood from
a "K.M. point of view", as a mechanism for cancelling the
anomaly by adding another K.M. representation, based on a
scalar field, in such a way that in the combined theory the
K.M. algebra is trivialized. In fact, the question whether
this picture is true also for the d=2 non-abelian case is open
at the moment.

In d=4 we haven't seen any such direct connection between
the algebraic structure of the free theory and the problems
encountered when the anomalous current is gauged. The c-—-number
terms calculated in chapter II do not seem to be related to
the commutators of chapter III. Nevertheless, a Jacobi

.

identity breaking does appear in crucial commutators and does
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create severe problems for +the gauged theory. This 1is
intriguing and deserves further attention.

Finally, and in connection with the 1last point, it is
interesting to know whether some sort of a "K.M. point of
view" exists also for Faddeev and Shatashvili's suggestion in
d=4. Can we think about their procedure as adding a
representation of the same algebra as that of the original
fermionic theory, based on a scalar field, in such a way that

in the combined theory the Jacobi identity is restored ?
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APPENDICES
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Appendix A

The purpose of this appendix is to show in more detail
how symmetry considerations constrain the current E.T.C.'s in
a free massless fermionic theory. As an example, consider the
non c-number part of [Vi(0,§),Vj(O,§)] . As explained in
section 2.3, it's enough to analyze the contributions from the
five independent fermion bilinears (the scalar, pseudo-scalar,
vector, axial vector and anti-symmetric tensor), which have
the form T(O,%)Piw(o,ﬁ)’, where T, is the appropriate
combination of Dirac matrices. For the definitions of the
fermion bilinears and other notational conventions see ref
2-20 as well as for the P,C,T transformation properties (table
(3-199) p.157 there). We now write a general expression for
the above commutator:

> .3 5 >
[V5(0,%),V5(0,5)] = ] €,0;5(X)8 (R-¥) (A.1)
n

jG:)

are the fermion bilinears (or any combination of their

where Cn are complex numerical coefficients and Oi

components we can form using the tensors gij and eijk)' All
our Oij's are defined to be hermitian; therefore, by taking
the hermitian conjugate of both sides of (A.l1), we get that
all Cn's should be pure imaginary. Furthermore, since the
l.he.s. of (A.1) should be anti-symmetric wunder the
simultaneous interchange i~j , §~§ (see assumption 2 section
2.3), and since the r.h.s. of (A.1) is symmetric under }0§ it

follows that there are no 83 terms on the r.h.s. Therefore:

J
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> > k > k >
[v5€0,%),V;€0,5)] = ( Cre; ) A7(0,X) + Coey [, V7(0,%) +  (A.2)

> 3

> 0 > >
+ CgTij(O,x) + CgeijkT %o,x) 18 (x-Y)

By operating with charge conjugation on both sides of
(A.2) and using the known transformation properties of all the
bilinears appearing in this equation we get C,=C3=C,=0. One
can furthermore verify that an imaginary C; is consistent with
P and T transformations. Finally, naive use of the canonical

anti-commutation relations:

> > + > + >
(2) {¥,(t,%),v(t,¥)} = {¥ (t,%),¥5(t,5)} =0 (A.3)

B
> + > > >

(0) {¥, (t,%),¥ (e, 9D} = 8 56 (X-¥)

gives the C.C.R between any two fermion bilinears:

[¥(0,%)r,¥(0,%),¥(0,¥)ry¥(0,¥)] = (A.4)

- 3

from which, by taking P1=yi R P2=yj , and using the identity

i 1
l -— .
€11mYSYOY =01y (o91p= ;l[Yl’Ym]) we get:

> > . k > 3 5> >
[V; (0,%),V500,5) Jcanonical™ 21€5jxA (0,X)8 (X-¥) (A.5)
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Appendix B

As was mentioned on several occasions 1in the text,
quantum field theory singularities force us to look for a
careful definition of a commutator. Such a definition 1is
provided by the BJL prescription, according to which a matrix
element of the commutator of two 1local operators A and B,

between two arbitrary physical states is given by (ref. 3-10,

3-16):
1im <alqux eiq‘xT(A(x)B(O))|B> = (B.1)
qo-)im
3 —igex > 1
= ( ) <al fd x e [A(0,%),B(0)] Ig> + O(=)

do

When Feynman rules are used to evaluate the T-product on the
l.h.s. of (B.1), pure q¢ polynomials are to be dropped,
since they arise from the difference between the Lorentz non
covariant T-product which is used to define the BJL limit and
the covariant object one gets from Feynman rules and uses in

the actual calculation. On the other hand, terms which contain

2
dgpln(qop)
In(qg) or qgln(gqg)= ———— are interpreted respectively as

do

logarithmic and quadratic divergences in the commutator.

There exist several formal proofs of the definition
(B.1) (see for instance ref. 2-13). They serve to show that
the BJL definition agrees with more naive ways of calculating

commutators when no singularities are encountered.
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Finally, by an obvious generalization of (B.l), a double
commutator of three local operators can be defined as the

coefficient of the

term in an expansion of their three-
QoPo

point function, reached through a successive limit:

3 3 P ST .
1im 1lim agpg T(p,q)= - [d°x d°y e 1p*X o71q°y
g * 1« pg» ie=
<al [B(0,¥),[A€0,%),C(0,0)]] Ig> (B.2)
where:
L Y - .
T(p,a)z fd x d y e P% ™V <ol TA(x)B(y)C(0) |B> (B. 3)
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Appendix C

In this appendix we show in some detail, that no -local
modifications of H(x) and G(x) can remove the "G-independent"
anomaly in Poincaré algebra, discussed in section 3.2 . By a
local counter term (c.t.) we mean a term which is a finite

polynomial in the basic variables, which we take to be:

L L
(m(x)£0_ 0" (x)), A(x), E(x) (C.1)

The restrictions we impose on these c.t.'s are the following:

1. G(x) is to be modified only by an A(x)-dependent term.

2. No change is to be made in the fermionic content of the
theory.

3. The vector Schwinger model (normal 2-dim QED) expressions,
should be recovered smoothly in the limit (ei—e§)+0+.

4. [HM,GM(X)]=O

5. No new constraints should be generated.

We now construct the general form of HM and GM(X),
2
compatible with the above requirements, when e, is close

2
enough to ep - It is useful to recall the mass dimensions of

various quantities:

[H(x)]=[G(x)]=2; (C.2)
L L

(1% (x)2a o (x) ]=[E(x)]=[o_]=[e ]=[e;]=1;

[A(x)]=0;
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Using the above set of assumptions and dimensional

considerations we get:

2
GM(X) = G(x)+e Gl(A(x))+eaxG2(A(x)) = G(x)+MG(x) (C.3)

L L
2
Hy (x)=H(x)+e Hl(A(x))+be2(A(x),E(x),HR(x)taX@R(x))+ (C.4)

+eE(X)Ha (A(x))+UL (A(x))G(x) = H(X)+ML(x)

2 2
Where es/(eL— eR). Note that we allow a term proportional to
the constraint to appear 1in HM(x). We have used G(x) in this

term, because UH(G -G) can be absorbed in the other terms in

M

HM' We now proceed to evaluate the relevant commutators from
the canonical commutation relations given in (3.8-9). We

introduce the following notation:

X F(A(Y)) = F'(A(y)) (C.5)

5A(Y)

Then the basic commutators give:
(a) [E(x),F(A(y))]= iF'(A(¥))&(x~Yy) (C.6)
(b) [F(A(x)),ayE<y>]= —18 (P! (A(x))8(x-y)) =

= 1iF'(A(x))8' (x-y)



-100-

From our fourth demand we get the following set of equations:

(a) G{=0 ;l(b; Gy=H} ; (C.7)
() -HY + —(H3)' = Uy + U}G;=0 ;

Next we want to calculate PM from:

-ip, = -[dxdy x[HM(x),HM(y)]-ifdx Up(X)Gy (x)= P+M, (C.8)

where P 1is given by eq's (3.20) and (3.22). P has the

following commutation relations with the basic variables:

L L L L
(2) [P,nR(x):aX@R(x)] = 1o (n%(x)*o 0" (x)) (C.9)

(b) [P,A(x)] id_A(x)

2
iaxE(x) + ie A(X)

(¢) [P,E(x)]

where (C.9c) is anomalous. We therefore want MP to commute

with the scalar variables and with A(X), and to give

2
[MP,E(x)] = -ie A(x). Note that (C.9) has already fixed for us
UP(x)ﬁ -A(x). Before we proceed we note that H, decomposes as
follows:
L L L
R R R E
H2(x) = Hz(A(x))(H (x)iax® (x))+H2(A(x))E(x)+ (C.10)

+ el (A(x))
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From the demand that MP should commute with the scalar

variables we get:

L
1 2
() Hy'=0 ; (b) [Hy(Uf=A)+=(Up)']"=0 ; (C.11)

1 2
() [HyUyra)+—(Up) ' ]"=0 ;

Substracting (C.11b) from (C.1llc) we get (Hgi)'=o, from which

by locality of HE we get:

2
H§=o (C.12)
Substituting back into (C.11) we get:

1 2

7 (Ug)"=0 (C.13)
From [MP,A(x)]=O we get:

H§'= Uy H (C.14)

Finally from the demand on the commutator of MP with E(x) we
get:

2

1
(UHHi—Hg'H3)'+ —(Up) '~ (AG;)'= -A (C.15)
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Using (C.7a) and (C.14), (C.15) becomes:
1 2 1 2 1 2
1 | I, [} "n_oo__ " — (I -
Uy (Hy ~(Hg) )+UH(H1 2(H3) )+2(UH) G;= -A

The solution of (C.13) is:

2
UH(A) = ¢y + Cc)A

But from locality of U_, c;=0. Substituting U/'=0,

H H

becomes:

" ! 2 "
-H1+ ;(HB) =0

(C.16) now gives:
Gi= A

which cannot be satisfied because of (C.7a).

(C.186)

(C.17)

(C.7¢c)

(C.18)

(C.19)
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Appendix D

In this appendix we give some details of the d=4 BJL
calculations involving the square diagram.

In a calculation of the l.h.s. of (B.1l), some preliminary
steps can be taken before actually doing any Feynman integral.
In this we follow the method employed by Jo (ref. 3-6), and we
give here a short summary of the main idea.

Our commutators are expected to separate into a sum of a
canonical term plus anomalous contributions. The canonical
terms are defined to be those which we get by naive
application of the canonical commutation relations that the
basic fields satisfy, ignoring divergences of composite
operators. The canonical results relevant to our calculation

are:
S5 3 L= > i_ > 5 >

(a) [Hp,do(x)]=[fd y(-1¥(¥)v;07¥(¥)),do(X)] = (D.1)
i.b

= ip i(%)

i 5 5 3 + i 5 o .5
(0) [Pp, 3y ) ]=[[d y(1¥ (o ¥v($)),3,(X)] = -1273 (%)

> > 3 —_ > i > >

(e) [Hp,¥-B(X)]=[fd y(~1TF)ys0 ¥ (P)),V-EE)] =0
3 S5 1> » > iS5 »

(@ [fd'y 3;MHa"F),V-EBX)] = 1873, (%)

As a consequence we expect:
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y  ~ikpex 5
lim(-ik;¢)<0| Jd xe T(HFJO(X))|y(k2,52)y(k3,53)>= (D.2)
K)jorie
3 if(l '-JE . 5 .
=[d x e {—ki(Ole(x)lyy> + anomalous terms}

One of the aims of the preliminary steps mentioned 1is to
separate the canonical contribution (the first term on the
r.h.s. of (D.2)) from the rest, before explicitly evaluating
the Feynman diagram. This means changing the order by taking
the BJL limit before doing the loop integral. Taking the limit
first is a safe operation only when the resulting expression
is not superficially divergent (both in UV and IR regions).
In this spirit the following operation and obvious

generalizations of it are also safe:

1
lim —— (a superficially log-div integral) = 0 (D.3)
kijg»ie Kjq

1
If 1lim —— (integrand) = 0
kjg*i= kg

Our starting Feynman expression for the square is
superficially linearly divergent. Taking the BJL limit before
doing the integral is therefore not safe. If one still insists
on doing so, this procedure will pick up only the canonical
terms in the commutator, and miss the anomalous ones. The way
to proceed 1is to make use of algebraic identities which
separate out convergent bits of the starting expression. Two

useful identities are:
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1 1 1 1 1

1 1
@) —=—=-—p—+ —p—p — (D.4)
il vl S
(b) _i_ = _i + (_i_ - _i)
b bt F

Thinking of r as a loop momentum and of p as some linear
combination of external momenta, the l.h.s. of (D.4) is a
typical fermion propagator appearing in the expression for the
loop. Then, the second and the third terms on the r.h.s. of
(D.4a) and similarly the second term on the r.h.s. of (D.4b).
have an improved UV behaviour. However, one should be careful
not to use repeatedly the identities in (D.4) too many times
or the resulting single terms may become superficially IR

divergent.

A typical square diagram, relevant for evaluating the
T-product on the l.h.s. of (D.2) is shown in Fig.3b . From

Feynman rules we get:

L

(2) Di= et (ka)ed (ka) [&E (-1)tr[—= (~tey;v5)T voys  (D.5)
(271) t+x2 t
L (-ieyjys)—i-——-— (- - Y£(2r+k2—k3—k1)l)]
) o) 31 F-(k1+fs) 2

We have to add to it:
(b) D= D) (j=0, k;~k3, in the trace)

(¢) D3= D; (0~i, kj~k,, in the trace)
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and three more diagrams with the fermionic arrows reversed in
each of the Di's. These diagrams are equal to those given
above due to charge conjugation. Therefore the final
expression for our T-product is 2(D;+D,+Dj).

D, and D3 contain the canonical contributions. After

making use of the above mentioned algebraic identities we get:

2 . .
1im(-ik, )2(Dy+D3)= ie e (ky)eY (k3) lim (D.6)
Kjp»ie kKjg»ie

dr 1 1 1 2
+f “tr[ Yi T Yj Y’Q'YS](kl+k2+k3)
(27) f+k2 t F-¥s3

+[Z—= tr[- v, YXYS](kl'kZ'kB)R}

Yo
(2ﬁ)u £ f'ﬁz J t'*Z'k3

where the Am's and S will be defined below. In the last two
lines of (D.6), we have (almost) separated the canonical
contribution. The canonical term 1is basically the AAA
triangle. Demanding full Bose-symmetry (i.e. symmetry under
the exchange of any two of the three photon legs) completely
fixes the ambiguity in the definition of AAA. In bringing the
last two terms in (D.6) to this symmetric form, we pick up

surface terms from a shift in the loop momentum. The last two

-
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terms in (D.6) therefore give us:

L
dr

2ie” el (ky)ed (k3){J
(2m)

ktr (D.7)

1 1 1

[ . , — 1k}
F+p "1 t+p-k2 '3 F+p-ko-¥;3 YaYs LT

-1 1 2! 2
+ — ¢ .. [=kyq(ky=k,=k;) "+ —(k,q-ka.,)k
2Soijaly K20 (kL Ey=ky) T+ — (ko -kyq)ky ]}
27
2 1
where p = ;k2+ §k3'

An important technical comment is in place here. The last term
on the r.h.s. of (D.7):

i i j L
-, (kz)eJ(ka)e k1 (kao-k39)

12n

oiji

comes from shifting the "partially Bose symmetric" form of the
triangle (i.e. symmetry in only one pair of photonic legs) to
the completely Bose symmetric form. It reflects an ambiguity
in the definition of the canonical part of the commutator.
However, the two commutators we are interested in, namely,
(3.35) and (3.48), are insensitive to the way we choose to
define the triangle, as long as we use the same definition,
since their canonical parts vanish. The last term in (D.7) was

therefore systematically omitted from (D.la,b,d).
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In general, the regularization in our calculations is
effected through keeping track of shifts in loop momentum, and
through symmetric integrations (see appendix E). In this way,
linear divergences disappear, leaving finite surface terms.
The way to define and evaluate surface terms 1is briefly
reviewed in appendix E. In the course of calculation one also
encounters integrals which are superficially log-divergent. To
evaluate these we need to introduce a cutoff. After doing so
one finds that in fact the divergences cancel, leaving well-
defined and cutoff-independent results, as should be expected
for an anomaly.

We now give the definition of the various terms in (D.6).

S is a surface term given by:

y
1 1
s=[4L ¢r[

1 L
- v, Y Y,¥s]r = (r » r+kp) = (D.8)
TR R PR = TE T

1
,f0ijh
12xn

2 2
[-koo(ko+k3 )™+ k3ok3 |

The various Am's are defined as follows:

1

dr 1 1 2
(a) af= [SF tr[— vy = v; —— ypvslr (D.9)
en’ t T ks
(b) r%= Idkr tr[= v, - : 1r*
2 =/ S T ( Y;Ys
PRI B = S
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1 1 1 1
(a) AP= - jil“tr[_ K2 — vy = Y5 vas]rx (D.10)
(27) t t t t-kl_k3
b d'r 1 1 1 1 2
(b) A= - f———qtr[— Yi T Y57 (3 Yovslr
(c) A?E - fd—u—r tr[—l- k2 z Y - Y : Y-Ys]ri
(z,ﬂ)u t t J t . t"'kl t
b dr 1 ! ! ! 2
(@) ay= = [SF tr[= vy — vy < v, Fivslr
(2.,[)“ t t i‘ t+¥l
b dqr 1 1 1 1 L
(e) Ag= - f— tr[— Yj - (k2+#3) - Yl YiYS]r
(2n)” t t F+ky
c dr 1 1 1 1 1 9
(a) afz - [SE iy — vy -k - R Yg¥s ]z (D.11)
(21) r f f t r—}(l-ﬁ3
c dkr =1 1 1 1 1 2
() a3z = [=—= trl= %2 = v5 —(Fa*k3)~ v, Yivslr
(27) f 4 F
o ar .1 1 1 1 1 2
(e) a3z = [== tr[=v; — vy —Cha+kad)= v, Frvs]r
(27) t t t 128 3
(@ a8= JT el Ly Ly Ly ]t
yE [ tr[= k2 —v; — v, - K Y, Vs
4 R B - t-k1-k; *

(2m)
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I

1 1 1 1 1

(e) AS= - fg—zutr[— Yi — ¥2 - Y3 T Yy
ey FOF b P T PR

fl){s]r'Q

4 1 1
(£) hg= - fg—zqtr[— k2 — k2 — vy =¥, — YiYs]rl
(27) t t t t t"'tl

L
1 1
(8) A7= fg—iutr[— k2 — k2 — Y
(2n)

1 2

Ir
F-¥1-k3 Yo'

s

L
1 1
(0) 4§z - [SF tr[= v —(ko+ks)
o p Iy
(21)

1

f

! 2
(¥2+K3); Yy vivslr

1
t+k,
Where ilE tl— klOYO'

1

N
d_. (d r 1 1 1 L
(2) A1= [== tr[— vy, — v, Y,vs]-(kp-kj-k3)~ (D.12)
(2.“)l+ t * t J t-tl-t}} 2 2
4 1 1 1
(b) af=z ~[SF tr[= k2 —v; — ¥

1

I b-f1 -k

1= (kp - ; -k3)%
Yovs 5 (ka-k1-k3

N
d dr 1
(c) A3= -J’——qtr[- Ys

1 1 1
- YJ' 11
(27) t t t-k3 t_kl-k3

1= (kp—k, -k3)*
YoYs 15 (ka=ky=k3)

1 1 1
(a) Afz —-f&E tr[— v; = v,
(2ny  F*RL TR F-¥2-K;3

1 - 2
Yo ¥5)-(k1-k2-k3)" (D.13)
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1 1 1 1 1
(0) a5z =[SL trl— ¥ = v; = v5 = vyvs)-(ki-ko k)"
(27) t+$l t t t
e d“r 1 1 1 1. 1 3
(c) A3= -f———ktr[——— Y; — ¥ - Yy 7 YXYS];(kl‘k2‘k3)
(21) t+K1 t f f

D; will contribute only to the anomalous terms. After

some algebraic manipulations we get:

2

lim(-ik;)2D;= 2ie e (kp)ed(k3) lim kg (D.14)
kKjg»ie K)jp»ie
£
Sk e ] af
m=1 =1
f dq 1 1 1 1
(a) a1z [&E tr[= v, - vors]rt (D.15)

Yo —  Ys T
(2n)4 t * t r—tl J t—kl

f dr 1 1 1 1 1 9
(b) AQE I—- tr[— Y:s — Y0 — Y5 —— #3 —_y .Ys:lr
(23" B R S0 TR SHA = e
f dhr 1 1 1 1 1 1
(c) A3z -f=— tr[- k2 — v; — vo Y; Yors]r
(2ny F f f s SHRG &8 3|
(dy afs qur tr[l y 1 1 1 1 ¢ ] »
y= —[=—= tr[—= K2 — v4; — Yo & 3 — y,p¥s5]r
(2n)“ t o e SHE S SH 5 M
f d“r 1 1 1 1 1 1 2
(e) Ag= [=— tr[— ¥ — k2 — vy = vo Yovslr

(zn)q t+¢2 t t t t-klyj r_Kl
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4
(d) agz [T ¢r[

1 1 1
4 Yi 7/ Yo —
(27) F+¥1 &4 3! f

1 1 1
Yy — ¥3 — Fs — vors)rt

t-¥s t f

L
dr 1 1 1 1 1 2
[==, trl — Y5 T Ypvsl=(k2-ki-k3)”  (D.16)

(a) A%E Y4 Yo
(2n)“ t+#l * ¢+kl f t

q 1 1 1 1 1 1
_ r 2
(b) A§=f ktr[ Y5 Yo =Yy T ks - Yst];(kz‘kl'ka)
(2%) t+kl t+kl f t t
a4 1 1 1 1 1 1
() 482 ~fSF trl=fo = v; — vo — ¥, vy 15 )-Ckz -k k)

(Zﬁ)“ t t t t-*l J t-Kl

Most of the Am's are superficially linearly or
logarithmically divergent, and A; are superficially
quadratically divergent. As explained, the linear divergences

disappear after a shift to a symmetric origin. The quadratic

d e

m? Am, Ai cancel for each

and log divergent terms in A;, A
Am separately, when the integrals are defined according to the
symmetric integration formulas (E.1l), and the traces over the

Dirac y-matrices are taken. For AE, A;

and kloAi, the
cancellation is less trivial, in the sense that it occurs only
when all the different contributions from these terms are
summed together. To treat the superficially log-div parts, a

cutoff is introduced and extra care is needed in order not to

miss yarious finite terms which are left at the end.
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Let us illustrate the 1last points in a particular

example. In order to calculate the Az's we need to calculate:

4 1
= [F erl= v
(2m)

1
v 3 — yyvs]rt (D.17)

where p= k;+k, and k has no dependence on r or k,. After

introducing a Feynman parameter and shifting the r-integral,

we get:

I = I,+ a surface term (D.18)

1

I,= 3fdx(1-x)
0 (2m)
tr[(t*xp)Yv(f+X¢)Yn(f+X¢)Yj(t"(l‘x)ﬁ)Yst](r+Xp)£}

[r2+x(1—x)p2]q

L
BEN

The linearly divergent term in I; (fﬁffrx) drops out because
it's odd under r » -r.

There are four superficially log-div terms. The ttttxpx
term 1is =zero due to the Dirac trace and the symmetric
integration. The other three terms, involving rx, do not

vanish. After using (E.1), we are left with an r-integral of

the form:

L 2 2
1 = [4r r r (D.19)

. L 2 2 L
T4 " ony [r +x(1-x)p +ie]

where we have put back the ie, so far omitted from the

fermion propagators. Since the integrand is a scalar we can
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4 ® 5 @ 2 L2
replace [d r » 4nfr drfdry (here r = T ). We then perform the

0 -

ro integration along the contour dictated by the ie. The
result of this integral is of course finite, but the remaining
integral is log divergent. After introducing a cutoff A, we
finally get for (D.19):

G 1n(

2 2 2
drd g, -x(1-x)p 1927

————5-——) -4 (D.20)

We now separate all finite contributions from (D.20) which may

be important in the limit k)p+iw

2 k
. o . - 0
1 = —l—zln( 2 ) - 3412 -~ In(x(1-%))- —i; — + (D.21)
4T 6n -k 0 192 16m 81 Ky
1
+ O(—
(=)
k1o

The first term on the l.h.s. of (D.21) is the "true" divergent
part, and it cancels among the different A&s as mentioned
above. For future reference, we denote this term by D.

The finite r-integrals and the various finite
contributions from the log-div parts, stay finite in the BJL
limit and after integrating over the Feynman parameters. 1In
what follows, we give a 1list of key intermediate results.
They .were derived both by a "hand calculation" and by using

the algebraic manipulation program "REDUCE" (ref. 3-14).



-115-

d ! 2
(a) == tr[=v -y — v,ys]r'= (D.22)
L p t LM _p
(27)
1 (o]
- 2SoppsP P
247

. dqr 1 1
(b) 1lim J— tr[- Y, -
k)jgrie (2n)q r f

R 2

L
+
nevakl gvanaKR }

]-Sp evnKl

1. a L
ElD{P [BgKe g

+3¢e -
vnal vnKka

L
2[19poevnKo+p (7gKo€vnol+23gno€v0K2+

11gvo€onxx)]

288n

1
+ — k ¢
2 0 MoKV
24+

4 1
(¢) lim IQ_E tr[—

. 2 2
B ;lD[2gK€K£nv+2gnEXKlv_3€kKnv]

<+

)-13(g +g

nosolKv vosoxKn)]

2[19(gKoEOXnv+gXO€OKnv

288n

n
fd T 1 1

tr[— v Y
(2my' PR T AT

(d) 1lim
kl O-’iw

|-

1

»

2 a
= |- € + —-€ - € + € €
2[ 2K} Lopp a ( capu guo capo gpo caou+3goo oapu) ¥

161

+ ]

€
o copu
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4
. dr 1 1 1 1
(e) lim | “tr[ Yo T Vo =Yy T Y,¥s5] =
k)p>ie (27) r-k t t t
1
- 2[-Ecpuv—gvoecpuo+gpoecpov+gpoecopv+3gcoeopuv]
167
_ 4 r 1 1 1 1 1 2
(f) lim klof——ktr — k2 =Y - Yo — ¥ Yst]r =
kyo»i= (27) t f -k i S|
1 2
= ;leOljxklokz
A dkr 1 1 1 1 1 2
(g) lim klof—ktr[‘ i Tk T Yo T vy T Yovs]r'=
Kjo>ie (27) t t f-k1 ¢—¥1
! 2
= = ;1D€Oijlk10k2
(h) lim klof—qtr[- k2 — k2 — v4 — Yo Y; Yovslr'=
kKro»i= (o) tF T F R R
1 2
= - T ,f0ijak20k2
487
. . dqr 1 1 1 1 1 1
(1) lim ) klOf—qtr[" Yi — k2 — k2 — vo Y3 YxYS]r =
Kio»i=  (ony f [l SR S 31
7 2
= T ,%01jaK20K2

487
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"

1

1

. _ d r 1 1
(j) lim Kijof—= tr[— ko — Yi — Yo —
Ky g>i N

7
T Eoij
487

2 2
g (k30k2- k20Kk3)

N
1 1

1
Y
(2ny. FF T F KRR

| &

1

| St 3

1

(k) lim klofg_fhtr[ Yi — k2 — Yo — k3

1
k10->i® (2":) r

_ 5 2 2
= —"—Zeoijl(k3°k2- k20k3)

487
L
dar . ! ! -
(21) F+k1 r+k) F F
1 1 k2 o
= . 5 [-5 1€Vppc+k1(‘2k1p€avpg_2kloeapvu+
24n Kk,
+
2K apov T 2EL, aoup)]

Yi: — K3

. dr . ! L :
(n) lim  kjof X [ Y5 Yo =2 = vy
Klo>i=  (on) Frhy = Pk F d

— K20 455
81

1
- Y 5
i " F-k1  t-k1 Y r-K,

)
Yo¥s]r'=

L
YXYS]r =

- v,v5] =
MRS

— Y,Ys]
A



-118-

L
d 1 1 1 1 1
(o) lim f—rutr[— K2 — Y3 = Yp —3 Y Yevslr'=
kjo»ie 2 l‘ t t #l t"
(2m)
l_ 11
= —(- -3—1D + )k20€OlJm

In the above formulas, p = (k;+k), and k,q, do not depend on
either r or k;. D denotes the '"true" log-divergent part (the
first term on the r.h.s. of (D.21)). With these formulas one
should be able to reproduce (3.51). It should be remembered
that in some cases a rearrangement of the starting expression
may be needed in order to match it with the form given in
(D.22). Useful properties in this context are the charge
conjugation identity (ref. 3-15 ch.7), the cyclic property of
the trace, etc. Note also, that we have dropped non-divergent
polynomials in k;3, as prescribed by the BJL definition.

We have shown in some detail how to calculate (3.51a).

The calculation of (3.51c) follows the same path. The

expression analogous to D; will be:

L,,
pi= el (k2)ed (k9) [SF (-1ytr[-2= (-ievyvs)Tovvs (D.23)
(Zn) f*#z t

i . 1
L (ciey.ys)——— (= yo(2r+ka-k3-k;)1)]
F-K1 3 - <xl+k3> 2

The diagram associated with (3.51b) contains a photon

-

propagator. In the Weyl gauge the photon propagator is given
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by :

- _ij
D;j(P) = —= + o(—) (D.24)

Since the basic square is at most linearly divergent, one
can see, by using a relation similar to (D.3), that the higher
order terms in (D.24) cannot contribute to the BJL limit. In

order to calculate (3.51b) we therefore start from the

expression:
E_ . T T | 3
Di= ikjo (-ik)) s (k2)e” (k3) (D.25)
k)
dk
&£ S 1ytr[—2= (-iey,vs)i-(iey vs)
(gﬂ) t+k2 1 t .
B l l
L (-iey y5)——— (- = v, (2r+kp-k3-k1)")]
-k I -y 2t

Again, most of the intermediate results needed for the
calculation are given in (D.22). However, there 1is an
important difference between the calculation of (3.5la,c) and
that of (3.51b). In the previous cases, we were looking for a

1
term in the basic square which behaves like —— , while here,

ki
because of the photon propagator, we are looking for the term
which behaves 1like 1. Therefore, unlike the previous cases,

the present result is sensitive to the ambiguities of the
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square, which are reflected in the possibility of adding or
substracting polynomials in the external momenta. Again, we
impose Bose symmetry. The expression for the T-product based
on D% is not symmetric under k; - kg3 , i « j , due to surface
terms. These terms can be easily calculated and then one can
read off the polynomial that should be added in order to

symmetrize.
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Appendix E

1. Symmetric integration formulas.

L 2 1 4 2 2
(a) Jd r rarBf(r ) = Jdrr £f(r) (E.1)

v Bop

L 2 1
(b) far T Tl Tel(r ) = —(8 08 s+ 8y, 8g5% By585,)

L 2 2 2
Jad rrr £(r)

N 2 1
= — + +
(e) Jd r ryrgrorsr v £(r ) = ——{g,g(8 58 % By eBsn* EynBse)

4 2 2 2 2
+ 4 similar terms with B«y,p«6,B«c,B=n)}fd r r r r £(r )

2. Evaluation of surface integrals.

Surface terms arising in our calculations are of the

form:
L
dr
f———k[f(x,p,r+a) - f(x,p,r)] = (E.2)
(27m)
Y 4
=f9—£k(eXp(a-a)-l)f(x,p,r) = aKIQ—E“ 2 f£(x,p,r)
(27m) (21) arK
1 4 3
+ —a a fd r 5 0 f(x,p,r) + O[—Q—)
2 kM “ 3r ar dr
(2m) K n

where x 1is a possible Feynman parameter, p an external
momentum, and . depends on some external momenta and on Xx.

The function f will in general be a ratio of two polynomials
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in r. It is useful to work with an f chosen in such a way that

2
its denominator depends on r only through r (see for example

(D.18)). We then perform the integral in a finite spherical

2 2
4-volume defined by r =R in Euclidean space. After that, the

limit R » » is taken. A useful basic result is:

4 2 21 4 2
]fjd r o, (r e(r ) = i2r (-g, )R g(R ) (E.3)

where the domain of integration D is the 4-sphere r=R. This

2
eeesf(r ), in a
P 2
straightforward way ( for the next non-zero case, rurarsg(r )

1
one should replace :guv on the r.h.s. of (E.3), by the tensor

result can be generalized to r“rar

structure on the r.h.s. of (E.1lb) etc.). For evaluation of the
the second order (in derivatives) term in (E.2), the following

result is useful:

L

2 2
fd T 2%V (r¥rte(r ) = 12z {(gVg M +g8PeVY) (E.4)
D

1 4 2 1 5 2 A 1 5 3 2
[-R g(R )+ —R 2R )] + g"g"™ —r™ 2@’}
L 24 3R 24 3R
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FIGURES
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Figure Captions

Fig 1. : a. A bubble diagram describing a 2-current Green's
function in a free fermionic theory.
b. The bubble diagramﬁin a d=2 theory with a good
anomaly.

c. The bubble diagram in a d=2 theory with a bad

anomaly.
Fig 2. : The AVV triangle diagram
Fig 3. : a. The AAA +triangle diagram in axial massless QED.

5
b. A square diagram contributing to [HF,J0(§)].
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Figure 1la

Figure 1b

Figure 1c
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Figure 2
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