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A b stract
A b stra ct in terp re ta tio n  is th e  n a m e  a p p lied  to  a n u m b er o f tech n iq u es for reason in g  
a b o u t p rogram s by ev a lu a tin g  th e m  over n on -stan d ard  d om ain s w h ose  e le m e n ts  
d en o te  p ro p ertie s  over th e  sta n d a rd  d o m a in s. T h is  th esis  is concerned  w ith  h igher-  
order fu n c tio n a l la n g u a g es an d  a b stra c t in terp reta tio n s w ith  a  form al se m a n tic  basis.

It is k n ow n  how  ab stra ct in terp re ta tio n  for th e  s im p ly  ty p e d  la m b d a  ca lcu lu s  can  
b e  fo rm a lised  b y  u sin g  b in ary  lo g ica l re la tio n s. T h is  has th e  ad van tage  o f m ak in g  
correctn ess an d  o th er  se m a n tic  co n cern s stra igh tforw ard  to  reason  a b o u t. I ts  m ain  
d isa d v a n ta g e  is th a t it  en forces th e  id en tif ica tio n  o f p rop erties  as sets. T h is  th esis  
show s how  th e  k n ow n  fo rm a lism  can  b e  g en era lised  b y  th e  u se  o f tern ary  log ica l 
re la tio n s, an d  in  p articu lar  h ow  th is  a llow s ab stra ct va lu es to  d en o te  p ro p erties  as  
p a rtia l equivalence relations. A  fram ew ork  b ased  on th is  g en era lisa tio n  is d ev e lo p ed ,  
w ith  th e  issu es  o f in d u ced  in te r p r e ta tio n s  for co n sta n ts  an d  th e  trea tm en t o f recu rsive  
ty p e s  b e in g  con sid ered  in  so m e d eta il.

C erta in  k in d s o f p rogram  p ro p ertie s  ca n  b e  cap tu red  by th e  u se  o f p ro jec tio n s , and  
a n a ly ses ca p tu r in g  th e se  p ro p ertie s  h a v e  p rev io u sly  b een  d ev e lo p ed  for first-ord er  
la n gu ages. It is sh ow n  h ow  th e se  sa m e  p rop erties can  b e  u n d ersto o d  as p a rtia l 
eq u iv a len ce  re la tio n s an d , u sin g  th e  a b o v e  fram ew ork, h ow  th e y  can  b e  ca p tu red  by  
ab stra ct in terp re ta tio n s  for h igh er-ord er  lan gu ages.

O n e o f th e  m o st c o s t ly  o p era tio n s in v o lv ed  in  a u to m a tin g  a n a ly ses b a sed  on  
ab stra ct in te r p r e ta tio n  is th e  c o m p u ta t io n  o f fix ed  p o in ts . For th e  case  o f first-ord er  
la n g u a g es a n d  in terp re ta tio n s  b a sed  o n  th e  tw o -p o in t la tt ic e , th ere  is an effic ien t  
a lg o r ith m  for fin d in g  fix ed  p o in ts  w h ich  u ses th e  fro n tie r  rep resen ta tio n  for a b stra c t  
fu n c tio n s. It is sh ow n  how  fron tiers m a y  b e  u n d ersto o d  as rep resen ta tio n s o f  up p er-  
closed  an d  lo w er-c lo sed  su b se ts  o f  a  fu n c t io n ’s d o m a in  an d  h ow  a fron tiers a lg o r ith m  
can  b e  u n d ersto o d  in  th e se  term s.

It is th e n  sh ow n  h ow  th is  v iew  o f  fron tiers m a y  it s e lf  b e  seen  as a  sp e c ia l case  
o f B irk h o ff’s R ep resen ta tio n  T h eo rem  for fin ite  d is tr ib u tiv e  la tt ic e s . T h is  a llow s  
fron tiers to  b e  a p p lied  in  a far w id er  s e tt in g  and a gen era lised  frontiers a lg o r ith m  is 
d ev e lo p ed  to  ta k e  ad v a n ta g e  o f th is .

F in a lly , it  is ob serv ed  th a t  for m a n y  fu n c tio n s , e sp e c ia lly  in  th e  h igh er-ord er case, 
fin d in g  fix ed  p o in ts  in  an a b stra c t in terp re ta tio n  is an in tra c ta b le  p rob lem  b eca u se  
o f th e  s izes o f  th e  a b stra ct d o m a in s. A  so lu tio n  to  th is  p ro b lem  is d ev e lo p ed  w h ich  
u ses  G alo is co n n ec tio n s  to  p la ce  u p p er  an d  low er b ou n d s on  th e  va lu es o f fix ed  p o in ts  
in  large la t t ic e s  b y  w ork ing  w ith in  sm a ller  la ttic e s .
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D eclaration

S o m e o f th e  m a ter ia l p r esen ted  in  th is  th esis  has ap p eared  e lsew h ere  in  an oth er  
form , and  so m e is b ased  on jo in t  w ork w ith  o th er  au th ors.

T h e  corresp o n d en ce  b e tw e e n  p ro jec tio n s and p artia l eq u iv a len ce  re la tio n s and  
th e  a sso c ia ted  u se  o f tern ary  lo g ica l re la tio n s d escr ib ed  in  C h ap ter  3, to g e th er  w ith  
an ear ly  version  o f th e  h e a d -s tr ic tn e ss  a n a ly sis  d escr ib ed  in  C h ap ter  5, w ere first 
p resen ted  at th e  1990 G lasgow  W ork sh op  on F u n ctio n a l P ro g ra m m in g  ([H u n 90b , 
H u n 90a]).

T h e  c o n sta n c y  a n a ly sis  d e scr ib ed  in  C h a p ter  5 w as d ev e lo p ed  jo in t ly  w ith  D a v id  
S an d s an d  w as p resen ted  a t th e  S y m p o siu m  on  P a rtia l E v a lu a tio n  an d  S em a n tics-  
B a sed  P rogram  M a n ip u la tio n  1991 ([H S 91]).

C h ap ters 7 an d  9 are b a sed  o n  w ork w h ich  w as o r ig in a lly  p resen ted  at th e  F ourth  
In tern a tio n a l C on feren ce  on  F u n c tio n a l P ro g ra m m in g  an d  C o m p u ter  A rch itec tu re  
1989 ([H u n 89]). T h is  w ork w as su b seq u en tly  d ev e lo p ed  jo in tly  w ith  C hris H an k in  
([H H 91]), b u t th e  g en era lisa tio n  d escr ib ed  in  C h ap ter  8 is or ig in a l to  th is  th es is .
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C hapter 1 
Introduction
F u n ctio n a l la n g u a g es  h ave  m a n y  a d v a n ta g es  over m ore tra d itio n a l im p era tiv e  la n ­
guages: ru n -tim e  e ffic ien cy  is n o t o n e  o f  th e m . B y  a b stra c tin g  aw ay from  ‘lo w -lev e l’ 
d eta ils  su ch  as th e  m a n a g em en t o f  s to re , fu n ctio n a l la n g u a g es focu s a tte n tio n  on  
what is to  b e  co m p u te d  rath er  th a n  how  i t  is to  b e  done. For each  in p u t A , a  fu n c­
tio n a l p rogram  sp ec ifies  an  o u tp u t B , b u t  m u ch  o f th e  b u rd en  o f w ork ing  ou t th e  b est  
ro u te  from  A  to  B  fa lls  on th e  co m p iler . T h u s for fu n ctio n a l la n g u a g es th e  p rov ision  
o f highly op tim isin g  co m p ilers is o f  cru c ia l im p o rta n ce . T h is  th e s is  is con cern ed  w ith  
tech n iq u es  for co n stru c tin g  an d  im p le m e n tin g  provably  correct a u to m a te d  program  
a n a ly ses for u se  w ith in  o p tim is in g  co m p ilers  for fu n ctio n a l la n gu ages.

1.1 T he T heory o f A b stract In terpretation
A b stra ct in terp re ta tio n  is a m a th e m a tic a l fram ew ork in  w h ich  p rogram  a n a ly ses can  
b e  fo rm a lised  an d  p roved  correct. It is  b a se d  on  th e  id ea  o f ev a lu a tin g  a  p rogram  over  
a n o n -sta n d a rd  d o m a in , w h o se -e le m e n ts  d en o te  properties  over th e  d om ain  o f th e  
stan d ard  in terp re ta tio n . O f cou rse, th e  in te n tio n  is  th a t  an  a b stra c t in terp reta tio n  
sh ou ld  b e  correct: th e  p ro p erty  d e n o te d  b y  th e  ab stract in terp re ta tio n  o f a p rogram  
sh ou ld  b e  o n e  w h ich  is sa tisfied  b y  th e  stan d ard  in terp re ta tio n  o f th a t program . It 
is a lso  in ten d ed  th a t  th e  a b stra c t in te r p r e ta tio n  can  b e  co m p u ted  in  f in ite  t im e . For 
m o st p ro p erties  o f  in tere st , th is  req u irem en t im p lie s  th a t in  gen era l th e  p ro p erty  
co m p u ted  w ill o n ly  b e  ap p ro x im a te: an  a b stract in terp re ta tio n  m a y  b e  ab le  to  
d eterm in e  th a t  for a ll in p u ts  a  p rogram  co m p u tes  a n o n -n eg a tiv e  in teg er , w h ereas  
in  fa ct th e  resu lt is a lw ays in  th e  ran ge 0 -2 5 5 .

T h e  th eo ry  o f a b stra c t in te r p r e ta tio n  w as d ev e lo p ed  for im p e r a tiv e  flow -chart 
la n gu ages b y  P a tr ick  an d  R a d h ia  C o u so t ([C C 77]). It w as la ter  a d a p ted  and ap-

11
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p lied  to  firs t-o rd e r fun c tio n a l languages by A la n  M y  c ro ft ([M yc81]) to  form alise  

strictness analysis', an analysis fo r lazy fun c tio na l languages to  detect fu n c tio n  pa­

ram eters w h ich  are always evaluated. M y c ro ft ’s w ork was in  tu rn  extended to  higher- 

order fu n c tio n a l languages by  Geoffrey B u rn , C hris H a n k in  and Samson A bram sky 

( [B H A 86]) . Despite the  com m on unde rly ing  idea, the  theories o f abstract in te rp re ta ­

tio n  fo r im p e ra tive  and fu n c tio n a l languages tend  to  be ra the r d iffe rent in  character. 

In  p a rtic u la r, the  o rig in a l w o rk  o f the  Cousots was based on an essentia lly opera­
tional sem antic fram ew ork, whereas M y c ro ft ’s w ork  and th a t w h ich  has fo llow ed i t  

is based on the  use o f denotational semantics, in  w h ich  term s are m apped to  values 

in  some (usua lly  s truc tu red ) dom ain. F lem m ing  N ielson ([N ie84]) developed a very 

general fram ew ork  fo r abstract in te rp re ta tio n  in  a denota tiona l setting, a lthough i t  

was no t im m e d ia te ly  applicab le  to  h igher-order fu n c tio n a l languages. In  th is  thesis 

we fo llow  the  [M yc81, B H A 86] line  o f developm ent in  using denota tiona l semantics.

The key issue in  abstract in te rp re ta tio n  is th a t o f correctness. F igure  1.1 shows 

two schemes fo r fo rm a lis ing  the  no tio n  o f correctness. In  b o th  diagrams the  m ap 

labeled S  takes the  te rm  e to  its  standard denota tion  s, and the  m ap labeled J  takes 

e to  its  abstract in te rp re ta tio n  a. In  (i) correctness is captured by the  requirem ent 

th a t s satisfies P , w r itte n  s : P , where P  is the  p ro pe rty  denoted by the  abstract 

in te rp re ta tio n  a. The m ap 7  ta k in g  a to  the  p ro pe rty  i t  denotes, is know n as a 

concretisation  map. In  (ii) correctness is captured by the  requirem ent th a t s and a 
be related by  some correctness re la tion  R.

The concre tisa tion  m ap and correctness re la tion  approaches to  correctness are 

rea lly  tw o  sides o f the  same coin. In  the  re la tiona l fram ew ork due to  Samson A b ra m ­

sky ([A b r90 ]) the  equivalence o f the  tw o  approaches takes the  fo rm  of id e n tify in g  

7 (a) w ith  the  set {d  | d R  a]. Thus in  th is  case satisfaction is ju s t set m em bership: 

s : P  s E P . We w il l  see th a t in  some respects th is  v iew  o f correctness is

overly re s tr ic tive . B y  using te rn a ry  instead o f b in a ry  correctness re la tions, and by
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using p a rtia l equivalence re la tions instead o f sets as properties, we can s ign ifican tly  

extend the a p p lic a b ility  o f abstract in te rp re ta tion .

The diagram s o f F igure  1.1 h ide a ll the in te rna l s truc tu re  o f an abstract in te r­

p re ta tio n  and the fact th a t the  rea l challenge is to  construct a fram ew ork in  which 

correctness can he reasoned about in  a compositional wa,y. The Cousots had already 

done th is  fo r the im p e ra tive  case b u t fun c tio na l languages, and p a rtic u la r ly  h igher- 

order languages, posed new problem s. T he  approach o f [Myc81, B H A 86 , Nie84] was 

to  concentrate on the concre tisa tion  maps (and the associated abstraction maps, see 

C hapte r 4) and th is  en ta iled  the  use o f various power dom ains. B y  contrast, [M J85]1 

concentrated on the  correctness re la tio n  itse lf, the  key ins igh t being the relevance 

o f logical relations ([P lo73 ]) to  the  theo ry  o f abstract in te rp re ta tio n  o f h igher-order 

fun c tio n a l languages. In  [Abr90] th is  idea was refined and applied to  the  s im p ly  

typed  ra th e r than  the u n typed  lam bda  calculus, and the  connection w ith  the  earlie r 

power dom ain  approaches was m ade clear. We take [Abr90] as our s ta rtin g  po in t.

1.2 T he P ractice  o f  A bstract In terpretation
To be o f any use, the  abstract in te rp re ta tio n  o f a te rm  m ust be com putable  in  fin ite  

tim e . In  the  abstract in te rp re ta tio n  o f func tiona l languages th is  is usua lly  ensured 

by using finite lattices as abstract dom ains. However, ju s t because the  abstract in ­

te rp re ta tio n  o f a te rm  is com putab le  in  theory, doesn’t  m ean we a u to m a tica lly  have 

an effic ien t m e thod  fo r com pu ting  i t .  T he  real problem s in  th is  regard are caused 

by  recurs ive ly  defined functions. For reasons w h ich  are ou tlined  in  C hapter 7, in  

the  im p le m en ta tion  o f an abstract in te rp re ta tio n , un like  the  im p lem en ta tion  o f the  

standard in te rp re ta tio n , i t  is necessary to  e x p lic it ly  com pute the  graph o f a recur­

sive ly defined func tion . T h is  involves an ite ra tive  process, generating a sequence o f 

approx im ations to  the  least fixed  p o in t o f a fun c tio n  and checking fo r convergence 

on each ite ra tio n . The use o f f in ite  la ttices  means th a t the  fun c tio n  graphs are 

themselves f in ite  and th a t the  fixed  p o in t ite ra tio n  always term inates, b u t the  cost 

o f com puting  the  graph o f a fu n c tio n  can be very h igh, b o th  in  space and tim e .

E conom ica l representations fo r the  graphs o f the abstract functions occurring  in  

firs t-o rd e r strictness analysis, know n as frontiers, and an a lg o rith m  fo r construc t­

ing  them , were developed by C hris C lack and Sim on P eyton Jones ([CJ85, JC 87]). 

F irs t-o rde r strictness analysis uses the  la ttic e  2, w h ich  has two elements 0 and 1 w ith

XA similar idea is already present in [Nie84].
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0 <  1 , and the  functions used in  abstract in te rp re ta tio n  are monotone. The naive 

representation  o f a fu n c tio n ’s graph is ju s t the  look-up tab le  {(a , b) \ f (a )  =  &}, b u t 

i f  f  is a m onotone fu n c tio n  in to  2 and a <  a', then  once i t  has been established th a t 

/ ( a )  =  1 , i t  is know n w ith o u t any m ore ca lcu la tion  th a t f(a ')  =  1 as w ell. The fro n ­

tie rs techn ique exp lo its  th is  s tru c tu re  to  reduce the  space taken up in  representing 

a fu n c tio n ’s graph, and to  reduce the  am ount o f e ffo rt invo lved  in  com puting  it .

T h is  o rig in a l w ork  was subsequently extended to  functions over a larger class 

of la ttices , toge ther w ith  m ethods fo r coping w ith  h igher-order functions, by  Chris 

M a rt in  and C hris H a n k in  ([M H 87, M ar89 ]). The o rig ina l fo rm u la tions  o f the  fro n ­

tie rs a lg o rith m , and those of its  subsequent extensions, were ra th e r com plex. We 

are able to  offer a m uch clearer exp lana tion  o f the  a lg o rith m  by exposing connec­

tions w ith  the  theo ry  o f f in ite  la ttices . Furtherm ore, once these connections have 

been exposed i t  is possible to  generalise the  use o f fron tie rs  in  a ve ry  strong way, by 

e xp lo itin g  B irk h o ff ’s R epresentation Theorem  fo r f in ite  d is tr ib u tiv e  la ttices.

Even w ith  clever representations such as fron tie rs , some o f the  la ttices  w h ich  

occur in  the  abstract in te rp re ta tio n  o f h igher-order functions are so large th a t the 

p rob lem  o f estab lish ing the  graph o f a fu n c tio n  becomes in trac tab le . In  the  se tting  of 

im p e ra tive  languages, the  Cousot’s characterised a class o f app rox im a tion  techniques 

know n as widening and narrowing to  cope w ith  s im ila r problem s (in  fac t, in  the 

Cousots’ w o rk  a pp rox im a tion  is unavoidable  since the  la ttices  are n o t required  to  be 

f in ite ) . W e describe an exam ple o f such an app rox im a tion  technique, appropria te  

fo r fu n c tio n a l languages, w h ich  uses Galois connections to  move between la rger and 

sm aller la ttices , a llow ing  us to  establish upper and lower bounds on the  least fixed  

po in ts o f functions.

1.3 A ltern ative A nalysis Techniques
There are o the r ways o f fo rm a lis ing  p rogram  analyses, and there are analyses w h ich  

do no t appear to  fa ll w ith in  the  re m it o f the  abstract in te rp re ta tio n  fram eworks 

we have m entioned. P a rtic u la r ly  in te res ting  in  the  se tting  o f fun c tio n a l languages, 

are those analyses w h ich  have been form alised using projections (a class o f dom ain 

re trac tions). P ro jec tions were firs t used fo r th is  purpose by  P h il W adler and John 

Hughes ([W H 87 ]), to  form alise  a k in d  o f strictness analysis. One o f the  s tr ik in g  fea­

tures o f th is  w o rk  was th a t a new strictness p ro pe rty  know n as head-strictness was 

iden tified , w h ich  the  abstract in te rp re ta tio n  technique o f [B H A 86] and [Abr90] could 

not capture. P ro jections were subsequently used by John Launchbury ([Lau89]) to
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form alise  an analysis know n as b in d in g  tim e  analysis. A gain , abstract in te rp re ta ­

tion  in  the sty le  o f [B H A 86, A br90] was unable to  capture the relevant p roperty . 

However, a drawback o f these p ro je c tio n  based analysis techniques is th a t they are 

res tric ted  to  firs t-o rd e r languages. W e w il l  show how the elusive properties can 
be captured w ith in  abstract in te rp re ta tion s  fo r h igher-order languages, by using an 

abstract in te rp re ta tio n  fram ew ork based on p a rtia l equivalence relations.

1.4 O verview  o f T hesis
The cu rren t chapter concludes w ith  a section in troduc ing  our basic n o ta tio n  and 

te rm ino logy. The rest o f the  thesis d iv ides rough ly  in to  tw o parts:

•  Chapters 2 to  6 deal w ith  the  und e rly in g  m a them atica l fram ew ork w h ich  fo r­

malises the  d e fin itio n  o f abstract in te rp re ta tio n  and in  w h ich  analyses can be 

specified and proved correct;

•  Chapters 7 to  9 deal w ith  the  p rac tice  o f abstract in te rp re ta tio n , and in  p a rticu ­

la r w ith  m ethods o f construc ting  representations fo r the  abstract in te rp re ta tions  

o f recursive defin itions.

The reader is warned th a t our tre a tm e n t o f the  practice  o f abstract in te rp re ta tio n  is 

its e lf qu ite  theore tica l. However, we have endeavored to  take the  w ork to  the  po in t 

where the  step to  an ac tua l im p le m e n ta tio n  is a sm all one, and in  fact the  work 

o f Chapters 7 and 9 has been successfully incorpora ted  in  the  im p lem en ta tion  of a 

strictness analyser fo r a h igher-o rder fu n c tio n a l language.

In  C h a p te r  2 we in troduce  a s im p ly  typed  lam bda calculus w ith  constants. The 

no tion  o f interpretation , an assignment o f dom ains to  types and values to  constants, 

is described and the  standard  in te rp re ta tio n  is specified. W e give the d e fin ition  o f a 

binary logical relation (a type-indexed fa m ily  o f re la tions) between in te rp re ta tions. 

Using strictness analysis as an exam ple, we summarise [A b r9 0 ]’s use o f the  B ina ry  

Logica l Rela tions Theorem  in  fo rm a lis in g  correctness fo r abstract in te rp re ta tion . 

We in troduce  the  idea o f presenting a log ica l re la tion  as a type-indexed fa m ily  of 

concretisation maps, where a concre tisa tion  m ap takes an abstract value to  the set 

o f values fro m  the  standard in te rp re ta tio n  w h ich  are re la ted  to  i t .

In  C h a p te r  3 we h ig h lig h t the  lim ita t io n  o f the b in a ry  log ica l re la tions fram e­

w ork, using constancy as an exam ple o f a p rope rty  w h ich  cannot n a tu ra lly  be cap­

tu red  using sets. We review  Launchbu ry ’s use o f projections to  capture  th is  property,
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and go on to  show how equivalence re la tions can be used as an a lte rna tive  to  p ro ­

jections. W e then  in troduce  partial equivalence relations (pers), w h ich  generalise 

equivalence re la tions, and the  la ttic e  o f complete pers, w h ich  are the  appropria te  

pers fo r dom ains. We describe ternary  log ica l re la tions and the  Ternary Logical 

Relations Theorem . We show how a te rna ry  log ica l re la tion  can also be represented 

as a fa m ily  o f concretisa tion  maps, b u t in  th is  case a concretisa tion  m ap takes each 

abstract value to  a relation instead o f a set. We show how the  p ro pe rty  o f a fa m ily  

o f re la tions being log ica l can be characterised as a p ro pe rty  o f its  associated fa m ily  

o f concre tisa tion  maps: we ca ll a fa m ily  o f maps w ith  th is  p ro pe rty  a logical con­
cretisation map. We show th a t i f  each base-type m em ber o f a log ica l concretisa tion  

map is a w e ll defined m ap in to  the  la ttic e  o f com plete pers, then  so is every higher- 

type  m em ber. T h is  in troduces the  idea o f inheritance fo r log ica l re la tion s /lo g ica l 

concretisa tion  maps and we describe some key examples o f in h e rite d  properties.

In  C h a p te r  4 we use the  correspondence between pers and te rn a ry  log ica l re la ­

tions to  develop a fram ew ork fo r abstract in te rp re ta tio n . We form alise the  no tion  

of correctness in  th is  se tting  and show th a t the  correctness o f an in te rp re ta tio n  is 

im p lie d  b y  the  correctness o f the  in te rp re ta tions  o f the  in d iv id u a l constants. We 

adapt [A b r9 0 ]’s resu lt concerning least fixed  p o in t in te rp re ta tions . We go on to  in ­

troduce the  idea o f best interpretations fo r constants and show th e ir  existence to  be 

guaranteed i f  the  base-type concretisa tion  maps preserve meets. T h is  leads to  the 

de fin itio n  o f abstraction maps, w h ich  give the  best in te rp re ta tio n  fo r a constant as 

a fu n c tio n  o f its  standard  in te rp re ta tio n . We discuss the  way in  w h ich  non-in jec tive  

concretisa tion  maps can in te rfe re  w ith  the  deriva tion  o f best in te rp re ta tions .

In  C h a p te r  5 we present tw o  exam ple abstract in te rp re ta tions . The firs t is 

designed to  capture the  p ro p e rty  o f constancy in troduced  in  C hapter 3. We show the 

concre tisa tion  maps fo r th is  in te rp re ta tio n  to  be non-in jective . The  second exam ple 

in te rp re ta tio n  is designed to  capture the  head-strictness p ro pe rty  o f [W H87]. To 

do th is  we have to  extend our language o f types w ith  lis t types. We show how the  

fram ew ork  developed in  Chapters 3 and 4 can be adapted to  a llow  th is .

In  C h a p te r  6  we consider the  im p lica tio n s  o f extending our language w ith  recur­
sive types. We in troduce  a category o f com plete pers and show how the  fram ew ork of 

[SP82] can be used to  give m eaning to  recursive descriptions o f pers on the  standard 

dom ain in te rp re ta tio n  o f a recursive type . We go on to  consider the  extension of 

the  abstract in te rp re ta tio n  fram ew ork to  the  new language. We fin d  th a t in  spite o f 

being able to  give m eaning to  recurs ive ly described pers, we are on ly  able to  induce 

f in ite  la ttices  fo r abstract in te rp re ta tions  i f  we re s tr ic t the  use o f —> in  recursive
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types. U nder th is  re s tric tio n  we describe an extended fram ew ork and illu s tra te  its 

use by app ly ing  i t  to  the constancy analysis o f C hapte r 5. We show th a t the ex­

tended fram ew ork does not generalise strictness analyses such as the head-strictness 

analysis o f C hapte r 5.

In  C h a p te r  7 we exp la in  the  need to  com pute the com plete graph o f recur­

s ive ly defined functions when im p lem en ting  abstract in te rp re ta tions. We in troduce  

[JC 87]’s frontier representations, w h ich  app ly  to  a restric ted  fo rm  o f m onotone func­

tio n . We observe th a t such fron tie rs  correspond to  lower and upper subsets o f a 

fu n c tio n ’s argum ent dom ain , and based on th is  observation we derive an a lgo rithm  

fo r com puting  the  fro n tie r representations o f a function .

In  C h a p te r  8 we observe th a t the  f in ite  la ttices used in  abstract in te rp re ta tio n  

are ty p ic a lly  distributive. We show how th is  observation leads to  a generalised defi­

n it io n  o f fron tie rs  as representations o f u pper and lower sets o f irreducible elements. 

We develop an a lg o rith m  fo r construc ting  these generalised fro n tie r representations. 

We then in troduce  a fa m ily  o f f in ite  d is tr ib u tiv e  la ttices, su itab le  fo r use in  abstract 

in te rp re ta tio n , and give the  deta ils o f how  the  various operations required  by  the 

generalised fron tie rs  a lg o rith m  can be im p lem ented  fo r la ttices in  th is  fam ily .

In  C h a p te r  9 we show th a t the  abstract la ttic e  in te rp re ta tions  fo r types which 

occur in  qu ite  s im ple program s can be so large th a t com puting  the  whole graph of 

a fu n c tio n  on such la ttices  is in tra c ta b le . We describe a way o f coping w ith  th is  

p rob lem  by using a certa in  fa m ily  o f Galois connections to  approx im ate  values in  

large la ttices  by values in  sm a lle r ones. The  key resu lt is th a t the  fixed  po in ts  of the 

approx im ations o f a fu n c tio n  in  a sm all la ttic e , can be used to  place upper and lower 

bounds on the  fixed  p o in t o f the  o rig in a l fu n c tio n  in  the larger la ttice . We consider 

b r ie fly  the  in te ra c tio n  o f th is  app ro x im a tio n  technique w ith  the use o f fron tie rs .

In  C h a p te r  1 0  we review  the  m a in  con tribu tions  o f the  thesis and suggest some 

d irections fo r fu tu re  w ork.

1.5 N o ta tio n  and Term inology
In  th is  section we review  some basic la ttic e  and dom ain theore tic  n o ta tio n  and 

term ino logy. A n  excellent in tro d u c tio n  to  la ttic e  theo ry  is [D P 90].

P osets
A  poset is a p a ir (P , < )  where P  is a set, know n as the  carrier o f the poset, and 

<  is a p a rtia l order (a re flexive, tra n s itive  and an ti-sym m e tric  re la tion ) on P . We
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w il l fo llow  usual p rac tice  in  w r it in g  P  b o th  fo r the  carrie r and the  poset, a llow ing 

context to  dete rm ine  w h ich  is in tended. Tw o posets P  and Q are said to  be order 
isomorphic i f  there  is a one-one and onto m ap /  : P  —* Q, such th a t fo r a ll x ,y  E P

f{x )  <  f { y )  x <  y.

The one-element poset { • }  is w r itte n  1.

Chains
A n  lo-chain in  P  is a coun tab ly  in fin ite  fa m ily  {x n} neuj o f elements o f P  such th a t 

xn <  ^n + i fo r a ll n E u.

L attices
Given x ,y  E P , an elem ent z  E P  such th a t x <  z  and y <  z  is called an upper 
bound fo r x and y. As its  nam e suggests, a least upper bound (also know n as a jo in ) 

fo r x and y is an upper bound z  such th a t i f  z' is any o the r upper bound fo r x and y, 

then z  <  z ' . The notions o f lower bounds and greatest lower bounds (also know n as 

meets) are defined analogously. I f  the  jo in  (m eet) o f x and y exists, i t  is necessarily 

unique and is w r itte n  x V y (x A y ) .
A  jo in  semi-lattice ( meet semi-lattice) is a poset in  w h ich  every p a ir o f elements 

has a jo in  (m eet). A  lattice is a poset in  w h ich  every p a ir o f elements has b o th  a 

jo in  and a meet. The  tw o -p o in t la ttic e  2 , has carrie r {0 ,1 }  ordered by 0 <  1.

The de fin itions  o f least upper bound and greatest lower bound can c learly  be 

generalised to  app ly  to  a rb itra ry  subsets o f elements, no t ju s t pairs. A  complete 
la ttic e  has least upper bounds and greatest lower bounds o f a ll subsets X , w r itte n  

\ j X  and f \ X  respectively. A n y  fin ite  la ttic e  is a u to m a tica lly  complete.

D uality
For any poset P  =  (P, < ) ,  the  opposite o f P , w r itte n  P op, is the  poset (P, > ) .  The 

no tion  o f opposite  gives rise to  the  n o tio n  o f duality: fo r exam ple the  concepts o f jo in  

and meet are dua l because x V y in  P  is the  same as x A y in  P OP. Hence the  opposite 

o f a jo in  sem i-la ttice  is a m eet-sem i la ttic e  and vice versa. N ote th a t la ttices  are 

self dual in  th a t L is a la ttic e  i f  and on ly  i f  LOF is a la ttice . The im portance  o f th is  

concept o f d u a lity  is th a t i t  allows us to  reduce re p e titio n  o f de fin itions and proofs 

w h ich  are essentia lly the  same apart fro m  the ‘o rie n ta tio n ’ o f the  p a r tia l orders



1.5. N O TA TIO N  AND T E R M IN O L O G Y 19

invo lved. We w il l see numerous examples in  the rest o f th is  section and in  the la tte r 

p a rt o f th is  thesis.

U p p  er and Lower Sets
Let P  be a poset. A n  upper closed (o r ju s t upper) subset X  C P  is one fo r which

x G P  and x  <  x' => x G P .

The lower sets are defined dua lly . A  subset X  C  P  is upper i f  and on ly  i f  its  

com plem ent P  \  X  is lower. Hence X  is lower i f  and on ly  i f  P  \  X  is upper. The 

co llection  o f a ll lower subsets o f P  form s a com plete la ttic e  C (P )  when ordered 

by subset inc lus ion. The co llec tion  o f a ll upper subsets o f P  also form s a com plete 

la ttic e  U (P ), b u t we order th is  b y  reverse inclusion: fo r Y, Y ' G £ /(P ), Y  < Y '  *£=> 
Y ' C  Y . Defined in  th is  way the  la ttices  U (P )  and C {P ) are order isom orphic, w ith  

the isom orphism  being given by X  P  \  X  in  bo th  directions.

The la ttices  C (X )  and U {X )  are b o th  closed under in tersection and un ion: in  

C {X )  in te rsection  gives meets and un ion  gives jo ins , w h ile  in  U {X )  un ion  gives meets 

and in te rsection  gives jo ins. T he  upw ard  closure o f a subset X  C P  is the  upper set

=  { x ' € P  \ 3 x e X . x Q  x'} .

The lower closure I X  is defined dua lly . I t  is easy to  see th a t a set X  is upper i f  and 

on ly  i f  X  =  and th a t X  is low er i f  and on ly  i f  X  =  [ X .

M onotone Functions
Let A  and B  be posets. A  m ap /  : A  —> B  is monotone i f  a <  a' => f (a )  <  / ( « ') •  

The pointwise o rdering  on m onotone maps is a p a r tia l order defined by /  <  g <=$  
Va G A. f (a )  <  g(a). The poset o f a ll m onotone maps under the po in tw ise  ordering 

is w r itte n  [A —>m B]. I f  B  is a la ttic e  then  so is [A —>m B\. The posets [A — B] 
and [A op — B OF] are dual, th a t is to  say:

[A op -* m i?op] =  [A -> m B ]OP.

P roducts and Sum s
Let A i and A 2 be posets. The  product o f A \ and A 2 is the  cartesian p roduc t A \ x  A 2 
ordered by  (a1,a 2) <  {a'^a'2) a\ <  a[ and a2 <  a'2. I f  A \ and A 2 are both
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la ttices then  so is A \ x  A 2. The separated sum  o f A \ and A 2, w r itte n  A \ +  A 2, has 

as carrie r the  set {_L} U { in i(a i)  \ a\ £ A i}  U ( m 2(a2) | £  A 2} ,  and is ordered by

_L <  x fo r a ll x £ A \ +  A 2 and m t (a) <  inj(a') 4 = ^  i =  j  and a <  a'. B o th  

products and separated sums can be generalised to  the  n -a ry  case.

Lifting and Topping
The lifting o f a poset A, w r itte n  Aj_, has as carrie r the  set {_!_} U {lift(a) \ a £  A } ,  

and is ordered by _L <  x fo r a ll x £ A±  and lift(a ) <  lift(a') *<=>- a <  a'. The 

topping o f A , w r itte n  A T , has as ca rrie r { T }  U {colift(a) \ a £ A } ,  and is ordered by 

x <  T  fo r a ll x £  A T and colift(a) <  colift (a') <=$■  a <  a'.

D om ains
We assume some fa m ilia r ity  w ith  dom ain  theory. The p a rtia l order on a dom ain  is 

usua lly  w r it te n  C  and jo ins  and meets are usua lly  w r itte n  x U y and x n  y. In  th is  

thesis we take a domain  to  be a Scott dom ain, i.e., a bounded-com plete a;-algebraic 

cpo w ith  least e lem ent (a cpo is a poset in  w h ich  every w-chain has a least upper 

bound). The  reader u n fa m ilia r w ith  these notions is referred to  [GS90]. A n y  fin ite  

la ttice  is a dom ain. I f  D  and E  are dom ains then  so are D  x  E , D  +  E  and D _l -

Continuous Functions
Let D  and E  be dom ains. A  m ap /  : D  —» E  is continuous i f  fo r a ll (u-chains { £ n} ,  

/ ( L K ^ n } )  =  U { / ( ^ n ) } -  The co llection  o f a ll continuous maps fro m  D  to  E  under 

the po in tw ise  o rdering  form s a dom ain, w h ich  we w rite  [D —> E], N ote th a t fo r 

f in ite  dom ains, [D —»• E] and [D —*m E] are the  same th in g . .

C ategory T heory
In  C hapte r 6 we assume some fa m ilia r ity  w ith  category theory. A lth o u g h  the  ca t­

egory the o ry  used is no t ve ry  advanced, we do not a tte m p t to  make C hapter 6 

self-contained. A  ve ry  good in tro d u c tio n  to  category theo ry  fo r com puting  science 

is [BW 90].



C hapter 2
A bstract In terpretation  
U sing Sets
In  th is  chapter we in troduce  a fram ew ork  fo r the  abstract in te rp re ta tio n  o f higher- 

order fu n c tio n a l languages. T he  key lim ita t io n  o f th is  fram ew ork is th a t i t  enforces 

an understand ing  o f p roperties as sets. In  subsequent chapters we show how the 

fram ew ork can be extended to  overcome th is  lim ita t io n .

We begin by describ ing our fu n c tio n a l language, a s im p ly  typed  lam bda calculus 

w ith  constants.

2.1 A  Sim ply T yp ed  Lam bda Calculus
We assume a f in ite  set o f base types

h3 £ %,
w hich  includes bool and int. O u r language o f types is then:

ff,reT L | Oi X  <72 | <7i 0 2 -

A t each type  we assume the  sets Vara and Cona, fro m  w h ich  are draw n variables 

and constants:

x , y , . . . € V a r  =  L U r  Varc 
c £  Con =  L U r  Cona

These sets are subject to  the  fo llow ing  conditions:

1. i f  cr and r  are d is tin c t types then  Vara and VarT are d is jo in t;

21
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2 . i f  a  and r  are d is tin c t types then  Cona and ConT are d is jo in t;

3. Var and Con are d is jo in t.

R e m a rk  Because o f these disjointness conditions we m ay th in k  o f each va ri­

able and constant as being decorated w ith  its  type , so the  type  system 

described below  is essentia lly a C hurch (e x p lic it)  system ra the r than  a 

C u rry  ( im p lic it )  system  ([B ar91b ]). We have avoided e x p lic it type  deco­

ra tions to  reduce n o ta tion a l c lu tte r.

The syn tax o f te rm s is then  given by:

e G A r  : :=  x | c | A x . e | e\ e2 | (e i, | fs t(e ) | snd (e )

Terms are assumed w e ll-fo rm ed according to  the  typ in g  axiom  and ru le  schemata 

shown in  F igu re  2.1. N ote  th a t the  disjointness conditions on Var and Con ensure 

th a t each w e ll-fo rm ed  te rm  has exac tly  one type.

The constants are assumed to  inc lude  the  fo llow ing:

•  n  : in t, n £  u  ;

•  p lu s , m in u s , m u l t  : int —> int —> int ;

•  t r u e ,  fa ls e  : bool ;

•  is z e ro  : int —» bool ;

•  \ i a : bool —» a  —* a  —»• <r, fo r each cr 6  T ;

• Y a  : (<r —► a )  — >■ cr, fo r each cr £ T .
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2.2 In terpretations
An interpretation  / ,  is a p a ir

where:

The in te rp re ta tio n  fo r 

\ D l }  as follows:

=  Dk x  Dk
D L t =  [Di -*• D l\.

2 . Each K l  is a m ap Cona —> D la : the  in te rp re ta tio n  o f constants o f type  a.
The least element o f D 7 is w r itte n  _L7 and, when i t  exists, the greatest e lem ent is 

w r itte n  T 7. For c E Cona, we w il l  w r ite  c7 to  mean A"J[c].

A n  I-environm ent is a p a r tia l m ap p  fro m  Var to  U^eT w ith  f in ite  dom ain , 

denoted dom (p), and such th a t i f  x E Vara and x E dom (p), then p(x) E -D7. 

The set o f a ll /-env ironm en ts  is w r itte n  Env1. For p E Env7, x E F a r*, d E D 7, 
le t p[a; f—> d] be the  /-e n v iro n m e n t w ith  dom ain dom(p) U {a:} w hich maps x  to  d 

and is everywhere else equal to  p. The  sem antic va lua tion  func tion  induced by /  

is [ _ ] J : At  ->  E nv1 ->  IJ^gT i / 7, defined in  F igure  2.2. I t  w il l always be assumed 

th a t when an expression e is evaluated in  an environm ent p, the  free variables of 

e are conta ined in  dom (p). O ur use o f A -abstraction on the  r ig h t hand side of 

the  d e fin itio n  o f [_]7 m ay be ju s tif ie d  b y  the  fact th a t the  category o f dom ains and 

continuous maps is cartesian closed (see [LS86]).

A  s im ple in d u c tio n  on the  s tru c tu re  o f term s serves to  show th a t fo r any env iron ­

m ent p E Env1, i f  e : a  then  ( [e ]7p) E fiJ . I f  e is closed then  the  value o f [e ]7p does 

no t depend on p and in  th is  case we w i l l  sometimes ju s t w r ite  [e] 7 fo r th is  value.

D e f in i t io n  2 .2 . 1  If  an interpretation J  is such that D Ja is a finite lattice fo r  each 
<r E T , we say that J  is a finite interpretation.

N ote th a t fo r in te rp re ta tion s  as we have defined them  over T ,  an in te rp re ta tio n  J 
is f in ite  i f  and on ly  i f  D f  is a f in ite  la ttic e  fo r each  ̂ E To- Note also th a t fo r a fin ite  

in te rp re ta tio n , [D^ —> D *] is ju s t the  f in ite  la ttic e  o f monotone maps fro m  D Ja to 

D f.  For any f in ite  in te rp re ta tio n , assuming a (necessarily f in ite ) tab u la tio n  of the

1. Each D \  is a dom ain : the in te rp re ta tio n  o f base type  i. 
base types is extended to  an in te rp re ta tio n  fo r a ll types
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in te rp re ta tio n  fo r each constant, the  in te rp re ta tio n  o f any te rm  can also be f in ite ly  

tabu la ted . P u t another way, le t J  be a fin ite  in te rp re ta tio n , le t p £ E nvJ and fo r 

each a  le t the  p red ica te  Pa be defined by

Pa{e,a )  4 = ^  [e]Jp =  a

fo r e : a  and a £  D^. Then i f  the  pred ica te  PT(c, _) is decidable fo r each constant 

c : r ,  i t  fo llow s th a t the  predicate Pa(e, -) is decidable fo r each expression e : cr.

2.2.1 T he Standard Interpretation
The standard  in te rp re ta tio n , S (S fo r S tandard) is shown in  F igure  2.3 and hope fu lly  

contains no surprises. The standard in te rp re ta tions  o f bool and int are the  fla t 

domains o f booleans and integers respectively. The  boolean and in teger constants 

are in te rp re te d  accordingly. Each i f ^  is in te rp re ted  as a cond itiona l and each Y a is 

in te rp re te d  as a least fixed  p o in t operator.

2.3 S trictn ess and Scott-C losed  Sets
In  th is  section we sketch the  way in  w h ich  the  Scott-closed subsets o f a dom ain can 

be viewed as a class o f properties re la ted  to  the  strictness o f functions over those 

domains.

Let D  and E  be dom ains (m ore generally, they  could ju s t be posets w ith  least 

elements). A  fu n c tio n  /  : D  —> E  is said to  be strict i f  /(-Lz>) =  -Lg. In fo rm a-
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D l ol =  B  =  { t t , f f } ± Dfnt =  Z  =  { . . . , - 1 , 0 , 1 , . - h
n s =  n
t r u e s =  tt false® =  f f

_L i f  n =  _L

is z e ro s n = tt oIIe

.  f f
otherw ise

p lu s s n m  — f _L i f  72 =  JL or m  =  _L 
1 n +  m  otherw ise

m in u s s n m i f  n  =  JL or m  =  J_ 
— m  otherw ise

m u l t s n m  = J _ L  i f  ?2 =  _L o r m  =  _L 
1 n *  m  otherw ise

K i f  v =  _L
if®  v d d! =  < d II

d' i f  v =  f f
y  ; /  =  U /•' K

F igure  2.3: The  S tandard  In te rp re ta tio n
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t io n  about the  strictness o f functions can be useful when com p iling  lazy fun c tio na l 

languages, because know ing  th a t a fu n c tio n  is s tr ic t allows evaluation order to  be 

changed w ith o u t com prom is ing  the  in tended semantics o f a program , thus increas­

ing  scope fo r o p tim isa tio n  and e xp lo ita tio n  o f para lle lism . See [M yc81], [BH A86], 

[Bur87] and [Bur91] fo r extensive discussions o f the  m otiva tions.

A n  idea w h ich  is im p lic it  in  [BH A86], and one w h ich  is b rought out m ore e x p lic it ly  

in  [Bur87], is th a t non-em pty  Scott-closed sets can be used to  describe a range of 

p roperties, w h ich  we ca ll strictness properties, in c lu d ing  th a t o f a fu n c tio n  s im p ly  

being s tr ic t. Le t D  be a dom ain  and le t X  C D. Then X  is Scott-closed if:

1. X  is lower;

2. whenever {d n} is an o;-chain in  D  such th a t each dn £  AT, then  |J {d n} £  X .

Let Y  C D: the  Scott closure o f Y ,  w r itte n  Y*, is the  sm allest Scott-closed subset o f 

D  con ta in ing  Y . The  set o f a ll non-em pty Scott-closed subsets o f D , w r itte n  V H{D) 
is know n as the  Hoare power domain and form s a com plete meet sem i-la ttice  when 

ordered b y  subset inc lus ion , w ith  a rb itra ry  meets given by  in tersection  (adopting  

the  convention th a t f |0  =  D ). Note th a t the  least element o f V H(D ) is ju s t {_L}.

The general fo rm  o f a strictness p ro pe rty  fo r a fu n c tio n  /  : D  —> E  is taken to  

be:

f { X )  C Y  (2.3.1)

w i t h X  £ V h(D) and Y  £  V H(E ), where f ( X )  =  { f ( d)  \ d £ X } .  Strictness o f /  can 

be described easily in  th is  fo rm , since / (_ L d ) =  T #  i f  and on ly  i f  / ( { _ L d } )  C {_]_#}. 

The usefulness o f the  general fo rm  o f strictness p ro pe rty  is m ost easily seen by an 

exam ple in vo lv in g  lis ts  (a lthough  our language does no t cater fo r functions on lis ts  

we w il l  consider extensions to  T  and A ?  w h ich  rem edy th is  in  C hapte r 6). Suppose 

th a t I  is a dom ain  o f f in ite , p a r tia l and in fin ite  lis ts  o f elements fro m  Z. Le t len 
and sum  be functions in  [L —»• Z] such th a t

len [] = 0  sum  [] = 0

len n : l =  1 +  ( len l) sum n i l  =  n +  (sum l)

where [] is the  e m p ty  lis t and n : l is the  lis t w ith  head n and ta i l  /. The fu n c tio n  

len calculates the  leng th  o f a lis t o f integers and sum  is the  fun c tio n  w h ich  sums the  

members o f a lis t o f integers. I t  should be reasonably clear th a t b o th  these functions 

are s tr ic t, b u t we can say m ore than  th is . For exam ple, len 1 = 1 .  whenever l is
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e ithe r JL^, or ends in  A_l , or is in fin ite . Le t Inf be the set o f a ll such l:

{ n i  \ . . .  \ n k \ A-l | k >  0, m , . . . ,  nk G Z }*

(another descrip tion  o f Inf is as the set o f a ll those elements o f L which are not 
lis ts  ending in  []). We can also see th a t sum  is “ s tr ic te r”  than  len, in  the sense th a t 

sum l =  JL whenever l is either in  Inf o r  contains an undefined element. Le t Fin be 

the  set:

Inf U {n i : . . .  : rik : 11 | k >  1, n\ , . . . ,  G Z , 3z : 1 <  i <  k. n{ =

B o th  Inf and Fin are non -em pty  Scott-closed sets. Thus we can describe properties 

o f len and sum  in  fo rm  (2.3.1) w h ich  are m ore in fo rm a tive  than  s im ple strictness:

len(Inf) C {_L} 

sum (Fin) C {_!_}.

I f  len and sum  were defined in  a lazy fu n c tio n a l p rogram m ing  language, knowledge o f 

these strictness p roperties could  be used to  advantage when com p iling  or in te rp re tin g  

th e ir  de fin itions. T hey  te ll us not on ly  th a t argum ents to  len and sum  can be 

evaluated eagerly or in  p a ra lle l w ith  eva luation  o f the app lica tion  b u t th a t they  can 

be evaluated fu r th e r than  the  oute rm ost constructor: the  whole s truc tu re  o f the  lis t 

can be evaluated and in  the  case o f sum  a ll the  elements can be evaluated to  norm al 

fo rm  (see [Bur87, B ur91 ]). To see how strictness properties can be composed, define 

sing : Z  —> L by

sing n  =  n : [].

Now a lthough sing is no t s tr ic t, i t  is the  case th a t (sing n) £ Fin i f  n =  _L, i.e.,

s m ^ ( { l } )  C Fin.

C om bin ing  th is  w ith  our knowledge o f sum, we can conclude th a t

sum  o s m # ( { l } )  C { _L} ,

i.e ., th a t sum  o sing is s tr ic t. (T h is  is no t tru e  fo r len o sing, since s m ^ ( { i } )  2  /n / . )
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2.4 A b stract In terpretation
In  th is  section we o u tline  the  developm ent o f a fram ew ork  fo r abstract in te rp re ta tio n  

o f the  s im p ly  type d  lam bda  calculus due to  A bram sky  ([AbrQO]1). O ur m a in  a im  

is to  in troduce  the  cen tra l ideas on w h ich  the  fo llow ing  chapters are based. A  

secondary a im  is to  convince the  reader th a t the  fram ew ork is conceptua lly  sim ple, 

has a w e ll developed theory, and hence th a t extending its  a p p lic a b ility  to  a richer 

class of p rogram  analyses is a w o rthw h ile  enterprise. W e proceed b y  way o f a w e ll 

know n exam ple - strictness analysis. The p a rtic u la r analysis we consider is th a t 

developed in  [B H A 86], w h ich  was the  firs t such analysis form alised using abstract 

in te rp re ta tio n  fo r a h igher-order fun c tio na l language.

2.4.1 A  F in ite  Interpretation  for S trictness A nalysis
We w ish  to  reason about the  strictness properties o f functions defined in  A t  under 

the  standard  in te rp re ta tio n . For each type  cr, we have iden tified  a com plete meet 

sem i-la ttice  o f p roperties o f in te rest, nam ely V H(D ®). The goal is to  construct a 

f in ite  in te rp re ta tio n  B  (B  fo r B H A ) such th a t fo r a te rm  e : a  —> r ,  the  fin ite  

in te rp re ta tio n  [e ]B w il l  a llow  us to  in fe r strictness properties o f fo rm  (2.3.1) fo r the  

standard in te rp re ta tio n  [e ]s. The elements o f D f  are know n as abstract values (o f 

type  cr) and by  contrast, the  elements o f D f  are know n as concrete values. The idea 

is th a t each abstract value o f type  cr should correspond to  a property  o f concrete 

values o f typ e  cr, w h ich  in  th is  case is taken to  mean a m em ber o f V H{ Df ) .
In  accordance w ith  our requirem ent th a t B  be fin ite , we choose a f in ite  subset o f 

p roperties w ith  w h ich  to  w ork. A t  the  base types an obvious choice is to  se ttle  fo r the  

tw o extrem es, the  least and greatest elements o f V H(D f), these being { i ^ }  and D f 
respectively. The  f in ite  in te rp re ta tio n  o f each base type  D f  is thus chosen to  be the  

tw o p o in t la ttic e  2 =  {0 ,1 } ,  where 0 C 1. The in te n tio n  is th a t the  b o tto m  p o in t 0 

corresponds to  {_Lt }  and the  top  p o in t 1 corresponds to  D f. One way o f fo rm a lis ing  

th is  correspondence is in  term s o f concretisation maps ~jf : D f  —> defined

by

• 7? 0 = {± .};

• 7 f 1 =  #?•

1Earlier versions of [Abr90] were circulated to a number of researchers in manuscript form 
from September 1985 onwards, one version going under the title ‘Strictness Analysis via Logical 
Relations’.
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G iven th is  understand ing o f the  base types, w hat m ig h t we expect fo r the  con­

stants? Consider p lu s . We m ay th in k  o f an app lica tion  o f the f in ite  in te rp re ta tio n  

o f p lu s , say (p lu s 13 a 6) as representing a set o f app lica tions of the standard in te r­

p re ta tion :

Y /nine* 772 V l in t
i ̂  rr> ')■> CZ ( h\ \  

^  V l i n t  ” )  J

Clearly, since p lu s s is s tr ic t in  b o th  argum ents, X  w il l be {JL} i f  e ither a =  0 o r 

6 =  0. On the o the r hand, i f  b o th  a =  1 and 6 = 1 ,  then X  w il l ju s t be Z. We want 

the  value o f p lu s 13 a 6 to  be consistent w ith  th is  view , so we define p lu s 13 by

p lu s 0 a 6 =
0 i f  a =  0 or 6 =  0

1 otherw ise

or, m ore concisely, p lu s 0 a 6 =  a n  6. Now  consider the firs t-o rde r cond itiona l i f int 

in  the same way. Corresponding to  an app lica tion  ( i f ? t a 6 6') we m ay th in k  o f the 

set:

Y  =  v dd? \ v  € (7 fooi a), d €  ( 7 f„t b),d' £ (jfnt b' ) }

I f  a =  0 then Y  is {_L}. I f  a =  1 then , since /yfool 1 =  { _ L , ^ , i f } >  we have 

Y  =  { -L} U (7 fnt 6) U (7 ^  6') .  A  l i t t le  though t w il l  show th a t th is  is ju s t 7 ^ ( 6  U 6' ) 2 *, 

leading to  the d e fin itio n  o f i f fnt as:

i f fm a b b ' = 0 i f  a =  0

b U b ' otherw ise

The fu l l in te rp re ta tio n  B  is shown in  F igure  2.4. N ote  th a t as in  the s tandard  

in te rp re ta tio n , each Y 0 is a least fixed  p o in t operator. The ju s tif ic a tio n  fo r th is  

is discussed in  C hapte r 4 at the  end o f Section 4.1. The fo rm a lisa tion  o f the 

correspondence between po in ts  in  2 and sets in  V H{D SL)̂  and the  extension o f th is  

correspondence to  the  h igher types, is th e  key to  a fu l l understand ing o f the  in te r­

p re ta tions o f constants in  B  and to  showing how B  can be used to  reason about 

strictness properties in  S. Th is  is the  subject o f sub-section 2.4.3 b u t f irs t we pause 

to  in troduce  some n o ta tion  fo r re la tions.

2T o so m e  extent th is  is  a  h a p p y  acc iden t, s in ce  in  genera l jo in s  are n o t p reserved b y  concreti-

sa t io n  m a p s .
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1D f =  2 =  I 
1 0

n B =  1 (the  top o f 2, not the in teger!)

true®  =  fa ls e 13 =  1
is z e r o B a =  a
plus®  a 6 =  a n  6

m inus®  =  m ult®  =  plus®
•fB  t t , _  J -L® i f  a =  0
i f „  a 2 |  6i u  i2 i {  a =  !

Y® /  = U  f  -L?
i  Eu>

F igu re  2.4: A  F in ite  In te rp re ta tio n  fo r Strictness A nalysis

2.4.2 R elations
We w rite  R  : A  <-» B  to  mean th a t R  is a re la tion  between sets A  and B . The domain 
of a re la tio n  R  is the  set {a  \ 36. a R  6} ,  the  range o f R  is the  set {b \ 3a. a R b } ,  
and the  graph o f R  is the  set {(a , b) \ a R  b}. The set o f a ll re la tions between A  and 

B  is denoted 7Z (A ,B ). E q u a lity  on re la tions is extensional, th a t is, P  =  Q means 

a P  b a Q b. Rela tions P ,Q  6  7£(A, B ) are n a tu ra lly  ordered b y  implication,
defined thus:

P  <  Q 4 = ^  a P  b a Q b.
This is a p a r tia l order, in  p a rtic u la r P  =  Q <*==$■  P  <  Q and Q <  P .

For { Ri}ieI a fa m ily  o f re la tions in  R (A , B ), the  conjunction o f the  R{ is w r itte n  

/ \ ieI R{ and is defined by a (A ie / Ri) b V i £ I. a R{ b. N o te  th a t i f  /  =  0

then A ie / Ri is the  un iversa l re la tion  between A  and B  (we should rea lly  decorate 

A  to  specify A  and B  b u t we w il l  re ly  on context instead). I t  is easy to  see th a t 

( K ( A ,B ) ,<  , A ) is a com plete m eet sem i-la ttice  and hence a com plete la ttice . For 

P i : A \ B \ and P2 : A<i P 25 the  product o f Pi and P2 is P i x  P2 : A 1 x  A 2 <-> 
B i x  B 2, defined by

( a i ,a 2) P i x  P2 ( 61, 62) (a i P i 61) and (a2 P2 b2).

Meets o f p roducts  can be ca lcu lated elementwise, i.e., (a i,a 2) (A ie /^ i , i  x  Pi,2) 
(61,62) a\ { AieIPi,i ) 61 and a2 (/\ieI P^ )  b2.

We could have been m ore econom ical w ith  our n o ta tion  and s im p ly  taken a
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re la tion  between A  and B  to  be a subset o f A x  B , id e n tify in g  R  w ith  its  graph. 

In  th is  case P  <  Q w ou ld  be synonymous w ith  P  C Q and / \ R i  would ju s t be 

H ig / Ri- Note however, th a t the  p roduc t o f Pi and P2 w ou ld  not be the cartesian 

p roduc t o f the sets Pi and P2. I t  is p a r tly  to  avoid the poss ib ility  o f such confusions 

th a t we adopt th is  s lig h tly  m ore abstract no tion  o f re la tion .

2.4.3 C oncretisation  M aps and Logical R elations
There  are a num ber o f ways in  w h ich  the  re la tion  between a fin ite  in te rp re ta tio n  and 

the  standard in te rp re ta tio n  m ig h t be form alised. The approach we began to  sketch 

above, and shall develop fu rth e r, is to  concentrate on the concretisa tion  maps (our 7 11 

m aps). T h is  is also the  basis o f the  approach taken by the Cousots in  th e ir o rig ina l 

w ork  on abstract in te rp re ta tio n  o f im p e ra tive  flow -chart languages. M y c ro ft ’s devel­

opm ent o f an abstract in te rp re ta tio n  technique fo r firs t-o rde r fun c tio na l languages 

([M yc81 ]) focussed on the  use o f an abstraction map, abs, from  a standard dom ain 

to  the  corresponding abstract dom ain  such th a t abs(d) was the ‘best’ abstract value 

w h ich  co rrec tly  described d  (see Subsection 2.4.4). F rom  th is  s ta rting  p o in t, M y c ro ft 

induced concretisa tion  maps o f a s im ila r na tu re  to  the 7 t maps in fo rm a lly  described 

above, b u t using the  P lo tk in  power dom ain  ra the r than  the Hoare power dom ain. 

T h is  idea was extended to  the  h igher-o rder case in  [B H A 86], th is  tim e  using the 

Hoare power dom ain. B y  contrast w ith  b o th  o f these approaches, [Abr90] takes a 

d ire c tly  relational approach to  the  p rob lem . ( I t  should be po in ted  out th a t th is  was 

no t the  firs t approach to  using re la tions in  th is  way. The  idea dates back at least 

to  [Nie84]. Closer to  [Abr90] is the  re la tio n a l fram ew ork o f [M J85] w h ich  considers 

the un typed  lam bda  calculus.)

A t  each type  cr, [Abr90] defines a b in a ry  re la tion  R a : D J D ® to  describe the

way in  w h ich  abstract and concrete values are re lated. T h is  approach e lim inates the  

need to  use any theo ry  o f power dom ains and leads to  an extrem ely  s im ple p ro o f o f 

correctness. The developm ent hinges on the  fo llow ing  d e fin ition , an instance of an 

idea o rig in a lly  due to  M . G ordon ([P lo73]).

D e f in i t io n  2 .4 .1  ( B in a r y  L o g ic a l R e la t io n )  Let I  and J  be interpretations. A 
relation R  between I  and J , written R : I  <r-> J , is a type indexed fam ily of binary 
relations {R a }aeq- with R a : D f. Such an R  is logical if  fo r  all cr,r G ST:

1. f  R ^ T h <=> Wd G -D^, a G D f. d  R a a => ( /  d) R r (h a);

2. ( d i ,d 2) R aixa2 (« 1 ,« 2) di R (Tl a\ a n dd2 Ra2 a2.
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In fo rm a lly , a log ica l re la tion  is one w h ich  relates functions w h ich  m ap re la ted  argu­

m ents to  re la ted  results, and w h ich  relates pairs elementwise. N ote th a t a log ica l 

re la tion  is com p le te ly  de term ined by its  base type  members, so th a t to  specify a 

log ical re la tio n  R  we need on ly  define the R t . A  re la tion  R  : I  J  can be extended 

to  environm ents in  a po in tw ise  m anner: le t p E E nv1 and 6 E EnvJ , then  we w rite  

p R 8 to  m ean th a t dom(p) =  dom(S) and p(x) R a 8(x) fo r a ll x E dom(p) f l  Vara , 

fo r a ll <r.

D e f in i t io n  2 .4 .2  An  abstract in te rp re ta tio n  is a pair (J ,R J ) where J  is a finite 
interpretation and R J: S J  is a logical relation.

I f  we w ish  to  understand abstract in te rp re ta tio n  in  term s o f concretisa tion  maps 

instead o f re la tions, we can easily do so by exp lo itin g  the  isom orphism  7Z(A, C ) =  

C  —» PA: g iven a log ica l re la tion  R  : S <-» J , we define the  fa m ily  o f concretisa tion  

maps { j a } aeT w itl1  lo  : D t  P D f,  by:

7 a a =  {d  € D f | d R a a ]  . (2.4.3)

The log ica l re la tio n  used to  establish correctness o f B  is R B: S <-»■ B , defined as 

follows:

•  d R f  0 4 = ^  d =  _Lf;

•  d R f  1 fo r a ll d E -D f.

N ote th a t i f  we define { 7 ®} in  term s o f R B v ia  (2.4.3), the  base type  m embers j f  
w il l have the  same d e fin itio n  as in  Subsection 2.4.1.

The correctness requ irem ent fo r B  is th a t whenever d and a are the  s tandard  and 

fin ite  in te rp re ta tion s  respective ly o f some closed3 te rm  e : cr, then  i t  is always the 

case th a t d R f  a. To see th a t th is  is w hat we need, consider the  case o f e : 1 —»• j  
w ith  standard  in te rp re ta tio n  /  and fin ite  in te rp re ta tio n  h. Suppose th a t h 0 =  0. 

Now i f  /  R f^j h then  since R B is log ical and _Lf R f  0, we have ( /  J_J) R f  (h 0) =  0. 

B u t the  only d E D f such th a t d R f  0 is _L®, so /  T f  =  ±®. Thus the  proposed 

correctness co nd ition  guarantees th a t fo r expressions denoting functions at the  base 

types, strictness o f the  f in ite  in te rp re ta tio n  im p lies strictness o f the  standard in te r­

p re ta tio n . I t  can easily be shown ([A br90 ]) th a t th is  im p lic a tio n  holds fo r functions

3This is just a convenience which allows us to consider the interpretations of e without specifying 
an environment. The restriction is dropped in the formal statement and proof of correctness.
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at a ll types. The  im portance  o f th is  fact is th a t strictness in  the fin ite  in te rp re ta ­

tion  is decidable so we have a sound and effective test fo r strictness in  the standard 

in te rp re ta tio n . (T h is  does no t mean th a t a p rac tica l im p lem enta tion  o f the test is 

s tra igh tfo rw ard : see Chapters 7 -9  and [HH91].) W h ile  sound, the test cannot be 

com plete, since in  our language, w h ich  has the power o f a universal T u rin g  machine, 

any test fo r te rm in a tio n  can easily be reduced to  a test fo r strictness. A  simple 

exam ple illu s tra t in g  the  weakness o f the  test is given by the te rm  A x . if*nj t r u e  x 3, 

w h ich  c learly  denotes a s tr ic t fu n c tio n  under the standard in te rp re ta tio n  b u t which 

has fin ite  in te rp re ta tio n  A a £ 2 . 1 . C hapte r 4 contains a ra the r m ore deta iled  dis­

cussion o f how correctness allows us to  reason in  a useful way about the standard 

in te rp re ta tio n  o f term s.

The fo rm a l p roo f o f correctness o f B  uses the fo llow ing  theorem , due in  th is 

p a rtic u la r fo rm  to  [Abr90] (P ropos ition  3.2) b u t o rig in a lly  due to  P lo tk in  ( [P lo80], 

P ropos ition  1, see also [Sta85], Fundam enta l Theorem  o f Logical R ela tions).

T h e o r e m  2 .4 .4  (T h e  B in a r y  L o g ic a l R e la t io n s  T h e o r e m )  Let I  and J  be in­
terpretations and let R  : I  <-» J  be a logical relation. Suppose that cIR r cJ fo r  each 
r  and fo r each c : r . Then fo r  all cr, fo r  all e : cr, fo r  all p £  Env1 and 6 £ E nvJ :

p R S => ( [e f / ) )  R„ ( [e ]J «).

The fo rm a l sta tem ent o f correctness fo r B  is as follows: B  is correct i f  fo r a ll cr, for 

a ll e : cr, fo r a ll p £  E nvs and 6 £  EnvB:

p R B 6 =$■  ([«]•/>) R* ( le ]Bfi).

Since R B is log ical, the  B in a ry  Log ica l R elations Theorem  im p lies th a t fo r B  to 

be correct i t  is suffic ient th a t the  cB be correct, i.e., th a t cs R B cB fo r each c : r  

( i t  is also c lea rly  necessary, since the  expressions inc lude  the  constants). T h is  idea 

o f reducing a g lobal correctness cond ition  to  loca l conditions on the constants is a 

centra l one in  the  Cousots’ o rig in a l w o rk  ([CC77]), and can fa ir ly  be said to  be the 

cornerstone o f any abstract in te rp re ta tio n  fram ew ork.

The correctness o f the  constants is easily established fo r B  ([A br90 ]) b u t in  itse lf 

th is  is ra the r weak because R B is T -universal, w h ich  is to  say th a t each D B has 

a greatest element T B, and d R B T B fo r a ll d £  D®. Th is  means th a t i t  would 

be correct to  take cB =  T B fo r a ll c : cr, b u t o f course the  resu lting  strictness test 

w ou ld  be ex trem ely  poor. However, i t  can be shown th a t the  in te rp re ta tions  of the 

constants in  B  are no t on ly  correct b u t are ac tu a lly  the best possible in te rp re ta tions ,
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given the in te rp re ta tion s  o f the  types and the  de fin itio n  o f R B.

2.4.4 B est Interpretations for C onstants
To see th a t best in te rp re ta tion s  exist, i t  helps to  re -in troduce  the  concretisa tion  

maps described above (th is  is no t qu ite  the  approach taken in  [Abr90] b u t seems 

m ore in tu it iv e  in  some respects). The ' jf  are extended to  a type  indexed fa m ily  

7 b =  { 7 ? }  w ith  7 ® —> V H{D l)  by  tak ing

1» a = { d € D l \ d R l a }
fo r each a £ D B. One way o f ve rify in g  th a t th is  makes the  7 ® w e ll defined (i.e ., th a t 

each 7 ® a is non-em pty  and Scott-closed) is to  dem onstrate ([A br90 ]) th a t each R B 
is:

1. stric t : JL® R B J_®;

2. S-monotone : d' C  d R B a C a' d! R B a';

3. inductive : whenever {d n} and {a n}  are cj-chains such th a t dn RB an fo r a ll n , 

then  |_l{^n} R™ U { an}-

S -m ono ton ic ity  also ensures th a t the  7 ® maps are m onotone. The  statem ent th a t 

cB is a correct in te rp re ta tio n  fo r c : <j  is then  equivalent to  the  statem ent th a t 

cs £ (7 ® cB). Now  the  sm aller the  cB are, the  sm aller w il l  be the  value o f [e ]B fo r any 

given e : cr, and hence, since 7 ® is m onotone, the  sm aller the  set (7 ® [e ]B). C learly, 

assuming the  correctness o f B , the  sm aller (7 ® [e ]B) the  m ore we know  about [e js 

( in  the  extrem e case th a t 7 ® [e ]B =  { -L } ,  we know  th a t [e ]s =  _L). The question 

n a tu ra lly  arises: fo r any c £ Con, is there a least value fo r c® w h ich  is correct? 

M ore generally: fo r any d £ D®, is there  a least a £ D B such th a t d £ (7 ® a)? The 

answer is yes, and th is  can be shown by dem onstra ting  the  fo llow ing:

F a c t 2 .4 .5  Each 7 ® preserves meets, i.e., fo r any S  C D B

T ? ( n s ) =  r i ( 7 »
a£S

(this can be proved by a simple adaptation of the proof of our Proposition f .2 .5 ).
The im p o rt o f th is  fac t is th a t i t  fo llows (see Section 4.2) th a t 7 ® has a left adjoint 
(here ju s t the  lower component o f a Galois connection), th a t is to  say, a m onotone
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map cvB : V n(D*) —> D B such th a t fo r a ll X  E T U(D*) and a E D B:

X  C (7 ® a) < = »  c*®(X) C a.

Now fo r any X  E 'Ph (.D^), d E AT i f  and on ly  i f  [d  C X , and so fo r any a E D ®:

d  ̂(7° <0 id £ (7? o£(|d) ^
In  o the r words, a B(J,d) is the  least a E -D® such th a t d E (7 ® a). The fa m ily  o f maps 

a&s =  {<z&sCT}  w ith  absa : D ® —» Z)B, is therefore defined by tak ing  absa(d) =  c*®(jd) 

so th a t the  best f in ite  in te rp re ta tio n  fo r any constant c : a  is given by se tting  

cB =  absa(cs ). [Abr90] shows how the  fa m ily  abs m ay be defined in d u c tiv e ly  by:

, , « J o  i f  d =  -L
•  a6s.(d ) =  < .

I 1 o therw ise

•  absa->T( f )  =  Xa E D™ . \J {a b sT( f  d) \ abs(T(d) C a }

•  absaXT(d,d') =  (abs(T(d), absT(d')).

(T he  last clause is our own a dd itio n  since [Abr90] does no t consider p roduc t types.)

2.5 P olym orphism
The language we have chosen to  consider is on ly  s im p ly  typed  and thus does n o t allow 

polymorphic fun c tio n  de fin itions. T h is  is a serious lim ita t io n , since po lym orph ic  

type  systems co n tribu te  g re a tly  to  the  expressive power and c la r ity  o f func tiona l 

languages such as M ira n d a  and M L . The  fa ilu re  to  deal w ith  p o lym orph ism  is not 

som eth ing w h ich  can easily be rem edied, since g iv ing  a semantics to  po lym orph ic  

languages is ra the r harder than  fo r s im p ly  typed  languages. In  fact, the  development 

o f a good sem antic m ode l fo r p o lym orph ism  is s t i l l  ve ry m uch the  subject o f active 

research ([Fre89, BFSS90, A M S W 90, A P 90 ]). For languages using H in d le y -M ilne r 

sty le  po lym orph ism , there  is one ra the r crude way o f adapting  analyses in tended for 

s im p ly  typed  languages. T h a t is to  resolve a po lym orph ic  fun c tio n  de fin itio n  in to  the 

set o f its  m onom orph ic  instances w h ich  are ac tu a lly  used in  a given program . Since 

there  m ay be m any such instances fo r each p o lym orph ic  d e fin itio n  and, since the 

in s ta n tia te d  types m ay be ra the r com plex (hence th e ir f in ite  la ttic e  in te rp re ta tions 

m ay be ra the r large), th is  can lead to  a ve ry  com p u ta tion a lly  expensive analysis.
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One way o f avo id ing  th is  expense is to  establish th a t a polymorphic invariance 
resu lt holds fo r the  p ro p e rty  o f in terest ( [A b r86]). G iven an expression o f p o lym o r­

ph ic  fu n c tio n  type  e : Va. —> cr2(a ), we w il l  w r ite  the  in s ta n tia tio n  o f e w ith

a n r  as eT. In  [A b r86] i t  is shown th a t fo r the  [B H A 86] in te rp re ta tio n , strictness 

analysis is a p o lym orph ic  in va ria n t, by w h ich  i t  is m eant th a t:

(Vr. M b (t) -  -L«2(t)) ( N

where t  ranges over a ll types and t is any base type . T h is  says th a t the  [B H A 86] 

analysis can e ithe r fin d  the  sim plest instance o f a po lym orph ic  fu n c tio n  to  be s tr ic t, 

in  w h ich  case a ll instances are s tr ic t, or i t  can fin d  no instance to  be s tr ic t. Thus i f  

we w ish to  know  w hether various eT are s tr ic t, we need on ly  in te rp re t e*. A b ra m sky ’s 

p roo f o f the  p o lym orph ic  invariance resu lt is ve ry  syn tac tic  and ra the r heavy going. 

B y  contrast, the  same resu lt is proved m uch m ore e legantly in  [AJ91], using a 

categorica l semantics fo r H in d le y -M iln e r sty le  po lym orph ism  based on a re la tiona l 

analogue to  functo rs  (th is  w o rk  bu ilds on [Hug88], a precursor o f [H L91 ]: see below). 

In  fu tu re  we hope to  be able to  adapt th is  technique to  the  analyses we describe in  

la te r chapters.

U n fo rtu n a te ly , p o lym o rph ic  invariance does no t give us a ll th a t we need. The B  

in te rp re ta tio n  o f a te rm  can ca rry  m ore in fo rm a tio n  tha n  ju s t w hether a fu n c tio n  is 

s tr ic t. L e t tw ic e  be the  lam bda  te rm  A f  . A x  . f ( f  x ). In  the  p o lym orph ic  lam bda 

calculus th is  can be given the  type  Va. (a  —> a ) —> a  —> a. In  the  s im p ly  typed  

lam bda calculus we have to  use a d is tin c t lam bda  te rm  A f T . A x r  . f T( f T x T), w ith  

f T : r  —» t and x T : r ,  fo r each instance tw ic e T required. Now the  B  in te rp re ta tio n  

o f the  te rm

tw ic e in*_>irrt (A g . A n . p lu s  1  (g n ))

is ju s t the  id e n tity  on [2 —» 2 ], w h ich  shows the  te rm  to  denote a s tr ic t fun c tio n  

under S. B u t th is  cannot be determ ined fro m  the  B  in te rp re ta tio n  o f tw ic e *  using 

A b ra m sky ’s p o lym orph ic  invariance resu lt, w h ich  on ly  reveals th a t t w i c e ^ ^ ^  is 

s tr ic t in  its  f irs t a rgum ent4.

A n  a lte rn a tive  to  [M yc81, B H A 86] style abstract in te rp re ta tio n  fo r fun c tio na l 

languages, is the  projection  based analysis technique o f [W H87]. T h is  is lim ite d  to

4Baraki’s recent work ([Bar91a]), using a semantic model of polymorphism very similar to that 
used in [AJ91], indicates that it may be possible to do better than this by using the abstract 
interpretation of the simplest instance of a polymorphic function to place an upper bound on the 
abstract interpretation of more complex instances.
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firs t-o rde r languages b u t is able to  capture  properties which cannot be expressed 

in the [M yc81, B H A 86] fram eworks. For strictness analysis o f firs t-o rde r functions 

using p ro jec tions, [HL91] shows th a t using polymorphic projections can give us ra ther 

m ore than  p o lym orph ic  invariance. However, th is  w ork exp lo its  the correspondence 

between po lym orph ic  functions and n a tu ra l transfo rm ations (a fundam enta l notion 

in  category theo ry ), w h ich  on ly  holds in  the  firs t-o rde r case. In  the fo llow ing  chapters 

we show how some aspects o f the  use o f p ro jections in  p rogram  analysis can be 

generalised by the  use o f a ce rta in  class o f b in a ry  re la tions, and th a t th is  allows 

analyses w h ich  can capture  the  same properties as p ro jections to  be defined for 

h igher-order languages. I t  rem ains to  be seen w hether the ideas of [HL91] can 

be adapted to  the  h igher-o rder case, b u t i t  is in te res ting  to  note th a t the  p a rtia l 

equivalence re la tions used in  the  fram ew ork developed in  the next two chapters 

p lay  a p rom inen t ro le in  some o f the above c ited  w ork on sem antic models for 

po lym orph ism .



C hapter 3
Pers and Ternary Logical 
R elations
The abstract in te rp re ta tio n  fram ew ork described in  the  previous chapter hinges on 

the use o f a b in a ry  log ica l re la tion . We have seen th a t the  fram ew ork allows us to  

in fe r p roperties o f functions in  the  fo llow ing  way. A  fin ite  in te rp re ta tio n  J  and a 

log ical re la tio n  R J : S J  are defined such th a t J  is correct w ith  respect to  R J. 
Then i f  f s : D J —> D ® and f J : D Ja —»• D Jr are the  a lte rna tive  in te rp re ta tion s  o f 

some te rm  e : a  —► r ,  we are guaranteed th a t f s R Ja^ r f J . I f  7 J is derived fro m  R J 
v ia  (2.4.3), i t  is no t hard  to  show (see Section 4.1 in  the  next chapter) th a t to  say 

th a t f s RJ_>Tf J is equivalent to  saying th a t fo r any a E  D Ja and b E  D Jr \

f J a =  b=t> f i ' t i  a) C (7tj  b).

Th is was im p lic it  in  the  strictness analysis exam ple. In  th a t exam ple the  re la tion  R B 
was such th a t the  sets (7 ® a) were always Scott-closed b u t in  general th is  need not 

be the  case: another analysis described in  [Abr90] is a term ination analysis based 

on an in te rp re ta tio n  T  and log ica l re la tion  R T such th a t the  sets (7 J  a) are always 

upwards closed. The p o in t we w ish to  b rin g  ou t here is th a t w hatever kinds o f sets 

they are, the  (7 ^  a) are always sets, and the  properties o f functions w h ich  m ay be 

in ferred  using abstract in te rp re ta tions  w ith in  A b ram sky ’s fram ew ork are always o f 

the fo rm  / s(7 /  a) C  (7 ^  b). I t  is im p o rta n t to  be clear about th is  lim ita t io n , because 

there are m any p roperties o f in terest w h ich  cannot be captured in  th is  way. In  th is  

chapter and the  next we develop a generalised version o f A b ra m sky ’s fram ew ork 

w h ich  allows us to  construct abstract in te rp re ta tions  fo r reasoning about some o f 

these p roperties.

38
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3.1 B ind ing T im e A nalysis, P rojections  
and E quivalence R elations

One type  o f p rogram  analysis w h ich  exposes the above m entioned lim ita t io n  is the 

binding time analysis ([Jon 88]) used in  p a rtia l evaluation. The goal o f th is  analysis 

is to  de te rm ine  w hich parts o f a p rogram  can be evaluated given p a rtia l in fo rm a tio n  

about the p rog ram ’s inpu ts . Suppose we have an in te rp re te r e v a l : code x  input —► 

output, defined in  a fun c tio na l language in  term s o f a num ber o f a u x ilia ry  fu n c tio n  

defin itions
f i (x )  =  ei

/ 2M  = e2 

fk (x ) =  ek.
The argum ents to  e v a l are the  p rogram  to  be in te rp re ted  and a vector o f values 

fo r the  p ro g ram ’s ru n -tim e  param eters. A  m uch stud ied p a r tia l evaluation p rob lem  

is the  a u tom a tic  generation o f a com p ile r fro m  the d e fin itio n  o f the in te rp re te r. 

Each t im e  the  generated com p ile r is app lied  to  some program , say p, i t  produces 

as o u tp u t a version o f the in te rp re te r w h ich  is specialised to  p. To generate such 

a com pile r, i t  is necessary to  know , fo r each use of each /*• in  the  in te rp re te r, how 

m uch o f the  argum ent to  / ;  w i l l  be know n when the  code to  be com piled becomes 

know n. In  the  p a r tia l eva lua tion  lite ra tu re , inpu ts , or argum ents, or m ore generally, 

sub-expressions th a t w il l  be know n are term ed static  and those w h ich  w il l  n o t be 

know n are te rm ed  dynamic. The  ro le  o f b ind ing  tim e  analysis is to  id e n tify  (a subset 

o f) the  s ta tic  parts o f a p rogram . The core o f a b ind ing  tim e  analysis is a m ethod  

w h ich , fo r each / ;  defined in  a p rogram , can determ ine how m uch o f f i(x )  w il l  be 

s ta tic  g iven in fo rm a tio n  about how m uch o f x is s ta tic . I t  is im p o rta n t to  note th a t 

a m e thod  is required  w h ich  does no t need to  know  the actua l value w h ich  x  is to  

take, since a com pile r m ust be generated w ith o u t know ing w ha t program s are to  be 

com piled.

To illu s tra te  the  idea, le t A  and B  be domains, le t b £  B  and consider the  three 

functions c : A  —> B , fs t : A  x  B  —> A  and sw ap : A x  B  —> B  x  A , w ith  de fin itions:

c(x) ~  b
f s t(x ,y )  =  x 
sw a p (x ,y ) =  (y ,x ).



40 C H A P T E R  3. P E R S  A N D  T E R N A R Y  L O G I C A L  R E L A T I O N S

In tu it iv e ly , c(x ) is s ta tic  even i f  x is dynam ic, since c is a constant fu n c tio n 1, w h ile  

f s t(x , y) is s ta tic  as long as x is s ta tic , even i f  y is dynam ic. Since swap computes a 

pa ir, i t  makes sense to  ask w hether e ithe r component o f sw ap(x , y) is s ta tic . C learly, 

the  second com ponent o f sw a p (x ,y ) is s ta tic  i f  x is, even i f  y is dynam ic, and the 

firs t com ponent o f sw a p (x ,y ) is s ta tic  i f  y is, even i f  x is dynam ic. In tu it iv e ly , i t  

is p robab ly  h e lp fu l to  th in k  o f the  d iffe rent properties o f c, fs t  and swap as being 

d ifferent degrees o f constancy. The  fu n c tio n  c is constant, fs t is constant in  its  

second a rgum ent, w h ile  swap is constant in  its  firs t argum ent i f  we on ly  look at the  

second com ponent o f its  resu lt and vice versa.

We now  consider tw o  ways in  w h ich  the  concepts o f ‘s ta tic ’ and ‘dyna m ic ’ m ay be 

form alised, using the  above examples as illu s tra tio ns . The firs t way uses pro jections 

and the  second uses equivalence re la tions.

3.1.1 P rojections
D e f in i t io n  3 .1 .1  Let D be a domain. A p ro jec tion  is a continuous map a  : D  —> D  
such that a  C  idr> and a  o a  =  a .

The set o f a ll p ro jec tions on D  form s a com plete la ttice , P ro j(D )  when ordered by 

the usual po in tw ise  ordering. Joins are in h e rite d  fro m  [D —> D] b u t meets are not. 

The least p ro je c tio n  on D  is A b s^ , the  constant b o tto m  fun c tio n , and the  greatest 

p ro je c tio n  is Id ^ ,  the  id e n tity .

In  [Lau 88] i t  was suggested th a t ‘ s ta tic ’ be equated w ith  Id  and th a t ‘d ynam ic ’ 

be equated w ith  Abs. M ore  generally, Launchbury proposed th a t fo r expressions 

tak ing  th e ir  value in  some s truc tu red  dom ain, various notions o f ‘p a r t ly  s ta tic ’ be 

form alised b y  p ro jec tions w h ich  m apped the  dynam ic components to  b o tto m  and 

le ft s ta tic  com ponents alone. For a p roduc t dom ain A  x  U , p ro jections describing 

‘p a rtia l staticness’ m ay be form ed by  ta k in g  the  p roduct o f p ro jec tions on A  and B  
(the p ro du c t o f tw o  p ro jections a  and /? is defined in  the  usual way, by  a  x  /?(a, b) =  
(a  a,/? b)) . Thus i f  x is s ta tic  and y is dynam ic, the  staticness o f sw ap’s argum ent 

(x, y) is described by  the  p ro jec tio n  Id ^  x  A bs# , and th a t o f the  expression sw ap(x , y) 
by Abs# x  Id ^ .

From  th e  p o in t o f v iew  o f b ind ing  t im e  analysis, the  key no tio n  to  be form alised 

is th a t o f a fu n c tio n  trans fo rm ing  the  degree o f staticness o f its  argum ent in to  a 

degree o f staticness o f its  resu lt. In  [Lau89] i t  was shown th a t th is  could be done

1This assumes a non-strict semantics for the language. See the discussion in Chapter 5.
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using the ‘strictness re la tio n ’ in troduced  in  [W H87]. Suppose th a t the staticness o f 

x is safely described by the p ro jec tio n  a . (B y  ‘safe ly’ we mean th a t x is a t least 

as s ta tic  as cv, though some la rger p ro jec tio n  m ay be m ore accurate. Thus Abs is 

always safe.) Then the fact th a t the staticness o f f (x )  is safely described by j3 is 

form alised as the equation:

/ ? o /  =  / 3 o / o a .  (3.1.2)

The sim plest way to  m o tiva te  th is  is by some examples. 

F irs t consider c. Now

f3 o c  =  ( 3 o c o a
fo r any a  and /?, since c =  c o  a  fo r any a. So in  p a rticu la r:

Id #  o c =  Id #  o c o A bs^.

T h is  form alises the fact th a t c(x) is s ta tic  even i f  x is dynam ic.

For fs t  we have

a  o fs t =  a  o fs t o (cr x  /?),

since a (fs t(a  a, (3 b)) =  a (a  a) =  a  a, using the  idem potence o f the  p ro jec tio n  a. 

Thus

Id ^  0 fs t =  Idyi °  fs t  o (Idyi x  A bs# ),

fo rm a lis ing  the  fact th a t f s t ( x ,y ) is s ta tic  as long as x is.

F in a lly , i t  is easy to  see th a t

(/3 X  a)  o swap =  (/? x  a ) o swap o (a: x  /?),

and hence th a t

( w B x  Absyi) o swap =  ( Id #  x  Absyi) o swap o (Absyi x  Id # ),

(the  firs t com ponent o f sw ap(x , y) is s ta tic  i f  y is) and

(A bs#  x  Idyi) 0 swap =  (A bs#  x  Idyi) o swap o (Idyi x  A bs#),

(the  second com ponent o f sw ap (x ,y )  is s ta tic  i f  x is).

In  [Lau89], Launchbury presents a b in d in g  tim e  analysis fo r a firs t-o rd e r func­

tio n a l language. The analysis is based on a non-standard semantics w h ich  in te rp re ts  

fun c tio n  de fin itions as maps between fin ite  sub-lattices o f p ro jections, such th a t i f  /  #
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and /  are, respective ly, the  non-standard and standard in te rp re ta tions  o f a fu n c tio n  

d e fin ition , then

/ # (a ) =  ( 3 = ^ 0 o f  =  ( 3 o f o a .
A no th e r analysis based on p ro jections is the  strictness analysis described in  

[W H87]. A ga in  the  analysis is fo r a firs t-o rde r language, b u t in  th is  case i t  is based 

on a backwards semantics. Thus the  d e fin itio n  o f a fun c tio n  /  : A \ x  • • • A n -»  B  is 

in te rp re ted  as a fa m ily  o f maps { / *  : P ro j(B )  —> P ro j(A i)}1<i<n such th a t:

f ( (3 )  =  a = > /3 o f  =  ( 3 o f o  ( Id Al x  • • • x  I d ^  x  a  x  Id ^ +1 x  • • • x  I d ^ J .

A  d is tin c tive  fea tu re  o f th is  analysis is th a t i t  is able to  id e n tify  an in te res ting  

fo rm  o f strictness fo r functions over lis ts , know n as head-strictness, w h ich  cannot 

be discovered v ia  a [B H A 86] sty le  analysis. In  C hapter 5 we describe a forwards 

analysis fo r a h igher-o rder language, w h ich  can also discover head-strictness.

3.1.2 Equivalence R elations
In  [Lau88] i t  is no ted  th a t there is a n a tu ra l way to  associate an equivalence re la tion  

to  a p ro je c tio n  a  £ P ro j(D ), nam ely  the  re la tion  w h ich  equates those elements o f 

D  w h ich  a  maps to  the  same value. In  fac t th is  can be done fo r any fun c tio n , not 

ju s t p ro jec tions, and is a standard construction:

D e f in i t io n  3 .1 .3  For a function f  : A  —> B , the kernel of f  is the equivalence 
relation ke r /  : A  A  defined by

a ( k e r / )  a' /  a =  f  a'.

B y  concen tra ting  on the  equivalence re la tions ra the r th a n  the  p ro jections, we 

a rrive  at an a lte rna tive  (b u t equiva lent) fo rm a lisa tion  o f the  term s ‘s ta tic ’ and ‘dy­

nam ic ’ .

D e f in i t io n  3 .1 .4  For each domain D , we define H d : D  <-> D  to be ke rld jr j, hence 
Idi) is ju s t equality on D , and we define Allz> : D  <-> D to be k e rA b s u , hence AUd 
is the universal relation on D:

d AUd  d' fo r  all d , d' £ D.

We will write Ida to mean Id p s and similarly for A lla .
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Now ‘s ta tic ’ is in te rp re ted  by Id s  and ‘dynam ic ’ by A llp . To form alise the notion 

o f a func tion  trans fo rm ing  ‘staticness’ in  th is  se tting  we in troduce  the fo llow ing  

n o ta tio n 2 * *: fo r /  : A  —> B  and b in a ry  re la tions P  : A  <-> A  and Q : B  B  we w rite  

/  : P  =>» Q to  mean

a P a! = *  f (a )  O f (nA,
"  ' •> \~~ J ~v j  \ "  J

Now consider c again. Because c is constant, i t  is clear th a t c(a) =  c(a') fo r any 

a, a' E A, or p u t another way, th a t a All a d  => c(a) Id s  c(a '). Thus

c : A ll a ^  Id s

In  fac t th is  could be taken as a ra th e r n a tu ra l definition o f constancy: i t  says th a t 

no m a tte r how x varies (however dynam ic  x is), c(x) rem ains fixed  (s ta tic ).

Recall th a t the  p ro du c t o f tw o  re la tions is defined such th a t (a, b) P  x  Q (a ', b')  

i f f  a P  a' and b Q b'. So (a, b) (Id a x  AUb ) (a7, V) <=> a =  a '. Thus

fs t  : Id a x  A lls  => IdA-

S im ila rly , we can see th a t

swap : Id a x  A lls  A lls  x  M a

and

swap : A ll a x  I d s  =$■  Id s  x

The e xp lica tion  o f the  te rm s ‘s ta tic ’ and ‘dynam ic ’ d ire c tly  in  term s o f equivalence 

re la tions ra the r than  p ro jec tions m ay seem m ore in tu it iv e  than  the  use o f p ro jections, 

though as the  fo llow ing  resu lt shows the  tw o approaches are equivalent.

P r o p o s it io n  3 .1 .5  Let a  : A  —> A  and (3 : B  —» B  be projections. Then fo r  any 
function f  : A  —» B :

f 3 o f  =  f i o f o a  /  : (k e ra ) (ker/3)

P r o o f  For the  im p lic a tio n  fro m  le ft to  r ig h t, suppose a (k e ro )  a'. Then a  a =  a  a'. 
B u t by assum ption, j3 (f(a  a)) =  fd(f a) and f i ( f ( a  a')) =  (3(f a'). Hence (3(f a) =

2The resemblance of this notation to an assertion that /  has a certain f u n c t i o n  typ e  is not
accidental since binary relations can indeed be used to give a semantics to types in such a way
that => is the natural interpretation for —k See [Rey83, CL90] for example.
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P ( f  a') and so ( /  a) (ker/9) ( /  a').
For the  im p lic a tio n  fro m  r ig h t to  le ft, fo r any a £ A, a  a =  a (a  a), and so a (k e ra ) 

(a  a). B u t then  by  assum ption, ( /  a) (ker/3) f ( a  a), hence (3(f a) =  (3 (f(a  a)).

(Note th a t there  is a somewhat m ore general resu lt lu rk in g  here, since the  on ly  

p ro pe rty  o f the  p ro jections w h ich  is used is idem potence o f a .) □

R e m a rk  The  n a tu ra l ordering  on p ro jections is the  usual po in tw ise  ordering  

on functions, w h ile  the  n a tu ra l ordering  on re la tions is inc lus ion. I t  is no t 

too  h a rd  to  see th a t fo r p ro jec tions and th e ir  kernels these orderings are 

dual, in  the  sense th a t

a  Q (3 (kei (3) <  (k e ra ).

W hen  com paring  the  analyses we develop in  the  rest o f th is  thesis w ith  

analyses based on p ro jections, th is  reversal o f order should be born  in  

m in d .

3.2 C om p lete P artia l Equivalence R elations
The above discussion shows th a t by  using equivalence re la tions (or p ro jec tions) i t  is 

easy to  describe the  p ro pe rty  o f constancy. On the  o the r hand, i t  is no t possible to  

capture th e  fac t th a t /  : A  —> B  is constant v ia  the  use o f a p a ir o f sets in  the  fo rm  

f ( X )  C y ,  as allowed by  the  abstract in te rp re ta tio n  fram ew ork described in  the 

previous chapter. C learly, we can describe the  fact th a t /  is the  particular constant 

fu n c tio n  w ith  value 6, by  the  statem ent th a t f (A )  C { 6} ,  b u t we cannot s im p ly  

assert th a t  /  is constant in  th is  way. T h is  suggests th a t i t  w ou ld  be w o rth w h ile  to  

consider ways o f construc ting  p rogram  analyses fo r reasoning about p roperties o f 

functions /  : D  —» E  w h ich  can be expressed in  the  fo rm

f : P = > Q  (3.2.1)

where P  : D  D  and Q : E  E  are equivalence re la tions. In  fac t, fo r such 

analyses to  w o rk  in  the  h igher-order case we need to  w o rk  w ith  a less res tric ted  class 

of re la tions  th a n  the  equivalence re la tions. To understand why, we m ust consider a 

new cons truc tion  on re la tions w h ich  m ay be viewed as the  fu n c tio n  type  analogue 

o f the  p ro d u c t construc tion  defined in  Subsection 2.4.2. For p ro jections there does 

not seem to  be a n a tu ra l construc tion  fo r fun c tio n  types.
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Let D and E  be dom ains. Le t P  : D D  and le t Q : E E. The re la tion

(P  => Q) : [D —> E] <-> [D —> E] is defined thus:

f  (P  =>Q ) f  < = >  Vd, d ' e D . d P d f => f{d )  Q f ’(<?).

For a b in a ry  re la tion  P  :£ )< ->  D , we w rite  |P | to  mean the set {d  | d P  d] and

we w rite  d : P  to  mean d 6  |P |. T h is  no ta tion  is ac tu a lly  consistent w ith  th a t

in troduced  in  Section 3.1 because now

f - P ^ Q
f  £ \ P  => Q\

4=^ /  ( P  => Q )  f
Vd, d! e D . d P d ' = >  / ( d )  Q f(d ').

A  useful resu lt concerning the set |P | fo r  b in a ry  re la tion  P  is the fo llow ing: 

L e m m a  3 .2 .2  Let {P i] ieI be a fam ily of binary relations on D . Then

A t f i  =  n w -iei iei

P r o o f  T r iv ia l.  □

We have seen th a t b in d in g  t im e  analysis is based on properties w h ich  m ay be 

described at the  base types using the  equivalence re la tions All and Id. However, even 

i f  P  and Q are equivalence re la tions, P  => Q m ay no t be. As a sim ple exam ple o f th is , 

consider the  re la tio n  A llp  M e • N ow  /  (AUd => M e ) f  i f f  Vd, d '. / ( d )  =  f \ d ' ) .  
C learly  th is  enta ils th a t /  =  / ' ,  b u t i t  also entails th a t /  is constant. Thus assum ing 

th a t ne ithe r D  nor E  are t r iv ia l,  so th a t non-constant functions exist, AUe  M e is 

no t reflexive. A  class o f re la tions w h ich  includes the  equivalence re la tions as a special 

case and is closed under the  construc tion  (and has m any o ther useful closure 

properties besides) is obta ined s im p ly  b y  dropp ing the  requirem ent o f re fle x iv ity :

D e f in i t io n  3 .2 .3  Let D  be a set. A binary relation P  : D  D  is a p a r tia l equ iv­

alence re la tion  (per) if
1. P  is sym m etric: d P  d! => d' P  d;
2. P  is transitive: d P  d' P  d" d P  d".

I f  P  is a per then  x P  x' im p lies  th a t x' P  x (by sym m etry ) and hence th a t x P  x 
and x' P  x' (b o th  by  t ra n s it iv ity ) .  I t  fo llows th a t the  dom ain  and range o f a per
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P  are b o th  equal to  \P\. F u rthe rm ore, the  re s tr ic tio n  o f P  to  \P\ is an equivalence 

re la tion  (a to ta l one).

3.2.1 C om plete Pers
We w il l  a c tu a lly  be considering pers over domains and i t  is n a tu ra l to  consider 

res tric ted  classes o f pers w h ich  take account o f the  dom ain s truc tu re . In  p a rticu la r, 

fo r any dom ain  D , we w il l  be in terested in  those pers P  : D D  w h ich  are bo th :

1. strict'. _L P  J_;

2. inductive: whenever {d n}  C D  and {d'n} C D  are o;-chains such that dn P  d'n 
for all rc, then U {dn} P  U {d (J .

Such pers are said to  be complete by  [AP90] (b u t note th a t [Ama91] uses the  te rm  

complete where we have used inductive). For any dom ain  D, the  equivalence re la tions 

AUd and Idp  are c learly  com plete pers on D. M ore generally, g iven any continuous 

fun c tio n  / ,  the  equivalence re la tion  ker /  is a com plete per: i t  is s tr ic t because i t  is 

reflexive and i t  is in d uc tive  because /  is continuous.

R e m a rk  In  [AP90] a per P  is said to  be meet closed i f  the  fo llow ing  holds: 

fo r a ll non-em pty  fam ilies  X  =  { x i} ie I ,X '  =  i f  P  fo r a ll

i  E / ,  then  |"1 X  P  C\X '. I t  is w e ll know n ( [G H K + 80]) th a t p ro jections 

preserve meets and i t  fo llows th a t fo r any p ro jec tio n  <a, the  equivalence 

re la tio n  ker a  is meet closed. The results o f [AP90] are suffic ient to  es­

ta b lish  th a t a ll the  pers aris ing in  the  exam ple analyses considered in  th is  

thesis (C hapte r 5) are meet closed, though as ye t we have found no way 

o f e xp lo it in g  th is  fact.

The fo llo w in g  p ropos ition  sums up some other basic facts about com plete pers.

P r o p o s it io n  3 .2 .4  Let D and E  be domains. Let P  and P ' be complete pers on D, 
let {P i} ieI be a fam ily of complete pers on D and let Q and Q' be complete pers on 
E . Then the following hold:

1. P  => Q is a complete per on [D —*■ E];

2. P  =$■  AUe  — AR[D-*E\j
3. H e  =>■ IdE =  Id[D->E\;
4- P  X Q is a complete per on D  x  E ;
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5. A ie / Pi Is a complete per on D ;
6. the map _ _ : C P E R ( Z ) )  x  C P E R ( i 2 )  —> CPERQZI —> E]) is monotone in its 

second argument and anti-monotone in its first:

P' < P  and Q < Q f = > ( P ^ Q ) <  ( P' Q').

P r o o f  These are a ll w ell know n (see, fo r exam ple, [Ama91, Asp90]) and easy to  

verify . We prove 1 and 5 by w ay o f illu s tra tio n .

For 1, suppose d P  d'. Then _!_[£)_>£](d) =  L^p^E]{d') =  2-e and so, since Q 
is s tr ic t, L[D^ E](d) Q A.[D^ E](d'). Thus ± [d ->£] (P  => Q) -L[d ^ e]- N ow assume 

th a t { / n}  and { / ^ }  are cu-chains such th a t f n (P  =$- Q) f'n fo r a ll n. Suppose 

th a t d P  d! . Then  f n(d) Q / ' ( d ' ) ,  fo r each n- Hence f l j { / n} ) (d )  =  U { /n ( d ) }  Q 
LJ {f'n{d')} = (U {fh })(d f), by  inductiveness o f Q and c o n tin u ity  o f the functions. 

Thus |_l { / n}  ( P = * Q ) L J { / ; } .

For 5, f irs t ly  _L P{ JL fo r a ll i E / ,  hence _L (A ie i  Pi)  -L . Now le t { dn} and {dJJ  be 

o;-chains such th a t dn (A i 6/  Pi) d'n fo r a ll n. Then fo r a ll i £ / ,  dn Pi d'n fo r  a ll n 
and hence U { dn}  |J {d'n}. Thus |J {d n} (A ie j  Pi) U {d'n}- D

Closure under con junction  (p a rt 5 o f the  above p ropos ition ) im p lies th a t fo r any 

given dom ain  D  the set o f a ll com plete  pers on D  form s a com plete m eet semi­

la ttic e  (hence a com plete la ttic e ) w ith  p a r tia l order ( < )  and meets (A) inhe rited  

fro m  7Z(D, D) (see Subsection 2.4.2). W e denote th is  la ttic e  by CPER(D ). T h e  least 

and greatest elements o f CPER(D) are BotD  and AUd respectively, where B o to  is 

defined to  be the  per such th a t

d B o to  df <=r* d =  d! =  _L.

As fo r A ll and 7d, we w il l  w r ite  B ota to  mean B otDs.

O ur a im  is to  construct a fram ew ork  fo r defin ing p rogram  analyses based on 

com plete pers, in  a way w h ich  is analogous to  the  use o f Scott-closed sets described 

in  Section 2.4. As a clue to  how th is  m ig h t be done, we observe th a t b in a ry  logical 

re la tions and pers are in t im a te ly  re la ted  v ia  the  x  and =£> constructions on re lations. 

Look ing  back to  the  d e fin itio n  in  C hapte r 2 , we can see th a t a b in a ry  log ical re la tion  

is a fa m ily  {R a}  such th a t R aXT =  R a x R r and R a-+r =  R a => R r . Now consider 

a b in a ry  log ica l re la tion  R  : S S re la tin g  the  standard in te rp re ta tio n  to  itself. I t  

fo llows fro m  P ropos ition  3.2.4 th a t i f  each base type  m em ber o f R  is a (com plete)
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per, then  every m em ber o f R  is a (com plete) per. However, we need ra the r m ore 

than  th is . W e w ish  to  reason about f in ite  in te rp re ta tions  in  w h ich  each p o in t in  the 

f in ite  la tt ic e  in te rp re ta tio n  o f a type  corresponds to  a per over the  standard dom ain 

in te rp re ta tio n . To do th is  we have to  use a m ore general no tion  o f log ica l re la tion .

3.3 Ternary Logical R elations
The B in a ry  Log ica l Rela tions Theorem  (2.4.4) is ac tu a lly  an instance o f a m ore 

general theorem  ([P lo80]) w h ich  concerns re la tions between n in te rp re ta tions , where 

ac is any o rd ina l. A lth o u g h  the  general theorem  is s tra igh tfo rw a rd  to  state and 

prove, i t  is ra th e r cumbersome no ta tiona lly . The on ly  o the r instance w h ich  we need 

to  consider is the  te rn a ry  case, w h ich  we now describe.

D e f in i t io n  3 .3 .1  (T e rn a ry  L o g ic a l R e la t io n )  Let I , I' and J  be interpretations. 
A ternary relation R  between I , I' and J , written R  : /  x  / '  J , is a type-indexed 
fam ily of relations {R a }aeq- where R a : (D Ja x  D f. Such an R  is log ica l if
for all <t , t  ( z T :

1. ( / ,  f )  Ra-^r h
«*=* Vd £ £>', d* e D * ', a e  D f .  (d, d') R a a =* ( /  d, f  d') R r (h a);

2. ( ( d i ,d 2), (d i,d '2)) R aixa2 (« i, «2) ( d i ,d i)  R ai ax <md(d2,d'2) R U2 a2.
As in  the  b in a ry  case, we extend R  : I  x I' J  to  environm ents. For p £  E nv1, p' £ 

Env1' and 6 £  E nvJ we w r ite  (p, p') R  8 to  mean th a t dom(p) =  dom(p') =  dom(S) 
and (/? (# ),p'(x)) R a £(#) fo r a ll x £  dom(p) D Vara , fo r a ll a.
R e m a rk  A lth o u g h  R  : I  x  / '  <-> J  is essentia lly a te rn a ry  re la tion , b y  grouping 

the  f irs t tw o  argum ents together we have reduced i t  to  a b in a ry  one. In  

some ways i t  w ou ld  have been b e tte r to  w ork  w ith  genuine te rn a ry  re la ­

tions , say R  : I  I' J . A n  advantage w ou ld  be th a t the  appropria te  

de fin itions  o f x  and =r* fo r te rn a ry  re la tions w ou ld  have allowed us to  define 

a log ica l re la tio n  as one fo r w h ich  R axr =  Ra x  R r and R a-+T =  R a => R r .
B u t in  p rac tice  we on ly  have need fo r the  res tric ted  case in  w h ich  I  =  
and we w i l l  be th in k in g  o f R  as describing how each a £ J  corresponds 

to  a set o f pairs (in  fac t, to  a com plete per). The choice we have made is 

thus qu ite  suggestive and (we hope) helps give a clearer p ic tu re  o f how we 

a c tu a lly  e xp lo it the  ex tra  expressive power w h ich  te rna ry  log ica l re la tions 

give us over b in a ry  ones.
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T h e o re m  3 .3 .2  (T h e  T e r n a r y  L o g ic a l R e la t io n s  T h e o re m )  Let I , / '  and J
be interpretations and let R  : I  x  I1 <-» J  be a logical relation. Suppose that 
(cr , c i ' ) R t c j  for each r  and fo r each c : r .  Then for all cr, fo r all e : a, for all 
p G Env1, p' G E nv1' and S G E nvJ :

(,P,P') R  $ => ( [ e fp ,  [ e j V )  R* ( W 7^).

P r o o f  B y  in d u c tio n  on the s tru c tu re  o f e. The base cases (variables and constants) 

are im m ed ia te  fro m  the  hypothesis o f the  Theorem . The rem ain ing  cases are as 

fo llows, where i t  is assumed th a t (p, p') R  6:
1. e =  A x . e', w ith  x : a  and e' : r .  Le t d G D 7, d' G D% and a G be such

th a t (d, d ') R a a. Then  (p[x d ],p '[x  i-> d ']) R  6[x a], so by in d u c tio n

hypothesis:

{{e 'fp [x  i * d], [e ' ] 7 p'[x i-> d']) R r [ e ' f  8[x i-» a].

B u t by the d e fin itio n  o f [_]7 we have the  equalities:

•  [A x . e'}1 p d  =  [e ']7/?^ »-*• d],

•  [A x .  e'J7 p 'd ' =  [e ' ] 7 p'[x i—► d '],

•  [A x .  e'\J 8 a =  [e ']Jd[x i—► a].

Hence ( [A x .  e ']7p, [A x  . e' ] 7 pf) R a-+r [A x  . e']J 8.
2. e =  ei e2, w ith  e1 : a  —> r  and e2 : cr. B y  in d uc tio n  hypothesis we have th a t 

( [ ei ] 7/b I ei ] 7 p') R<t-+t [e iJJ d and s im ila r ly  fo r e2. So, since R  is log ical,

{ ( U i f P ) ( l * Y P U b i f  ̂ ( M V ) )  ^  ( I e i lJ5 ) ( [e J J6).

B u t, by the  d e fin itio n  o f [_]7 we have:

•  [e i e2] 7p =  ( [ e i l7p )([e 2] 7p),

•  [e i e2f p >  =  ( | e i ] 7V ) ( [ c J ZV ) ,

•  [e i e2]J8 =  ( [ e i ] Jd )([e 2] Jd).

Hence ([ea e2] 7/?, [e j e2f p ' )  R r [e j e2] J d.

3. e =  (e i, e2). Since (e1} e2) is in te rp re te d  as a p a ir and log ica l re la tions are defined 

elementwise on products , th is  fo llow s easily fro m  the in d u c tio n  hypothesis.

4. e =  fs t(e /) o r e =  s n d (e /) w ith  e' : <Ti x  cr2. See previous case.

□
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3.4 L ogical C oncretisation  M aps
We could  have given an even m ore res tric ted  version o f Theorem  3.3.2 since, as 

rem arked above, we on ly  a c tu a lly  need i t  in  the  case th a t I  =  I'. We w il l  be 

considering f in ite  in te rp re ta tion s  J  re la ted  to  the  standard in te rp re ta tio n  by  log ica l 

re la tions R J : S2 J . We extend the  te rm  abstract interpretation  to  inc lude  the 

case th a t R J is a te rna ry  log ica l re la tion  o f th is  fo rm . O ur in te n tio n  is to  associate 

w ith  each such log ica l re la tio n  the  fa m ily  o f concretisa tion  maps 7 J =  { 7 ^ }  w ith  

each 7 ^  : — > C P E R (D®), such th a t (7 ^  a) is the  re la tion  w h ich  relates d to  d'
exactly  w hen R f  relates (d, d') to  a:

d (7 /  a) d' 4=£> (d ,d r) R Ja a (3.4.1)

C e rta in ly , th is  w il l  no t be w e ll defined (the  (7 /  a) w il l  no t be com plete pers) fo r 

a rb itra ry  R J . For now, le t us consider the  general case o f in te rp re ta tions  I  and J  
and re la tio n  R  : I 2 J  to  w h ich  we associate a fa m ily  o f maps 7  =  { 7 ^ }  w ith  

each 7 o- : —> 'R,(DIa ,D Ia) defined as in  (3.4.1). We can see 7  s im p ly  as a re­

presen ta tion  o f i?, e xp lo itin g  the  isom orphism  7Z(A  x 5 , C )  =  C - >  7£(A, B ). I t  is 

useful to  consider how the  p ro p e rty  o f R  being log ica l m anifests its e lf as a p ro pe rty  

o f 7 .

T h e o re m  3 .4 .2  (T h e  L o g ic a l C o n c re t is a t io n  M a p  T h e o re m )  The relation 
R  : I 2 J  is logical if and only if  fo r all cr,r:

1. 7cr—*r b — J\ O' T^ib u),
aEDJ

2. 7*ixa2 (&l,&2) = (7<n &l) X (7 ^ 2  6 2),
for all h e  D ^ r and (bu b2) G D JaiXG2.

P r o o f  W e show th a t 1 and 2 are equivalent to  the  tw o  respective clauses in  D e fin i­

t io n  3.3.1. F irs tly , note th a t to  say tw o re la tions P  and Q are equal, is to  say th a t 

f  P  f '  4= ^  /  Q f . B y  the  defin itions,

f ( ^ r h ) f  <=>  ( / ,  f )  R(j^r h

f  ( A 7 <t a =» l r { b  a )) f  4 = ^  Va <E D Ja . /  (7 ^ a =» 7 T(h a)) / ' .
aeD£

and
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Now

/  {la  a => 7 T(h a)) f  4 = >  Vd, d' £  D ^ .d  (7 ^ a) df => f  d (7 T(h a)) f  d'.

B u t by de fin ition  d (7 ^ a) d' ifip (d, d') R a a and f  d (7T(h a)) f  d' ifF ( /  d, / '  d') Rr 
(h a). lienee  1 is equiva lent to  the  sta tem ent th a t

( / , / ' )  R ^ t h <=>  Va £ £ ^ .V d ,d ' £  £ * . ( d ,d ')  R a a => ( /  d , / '  d!) Rr (h a).

T h is  is ju s t a re -sta tem ent o f the  firs t p a rt o f D e fin itio n  3.3.1 specialised to  the  case 

th a t /  =  The argum ent fo r p a rt 2 is s im ila r. □

We now have an a lte rna tive  w ay to  define a log ical re la tion  R  : I 2 J . A t 

the  base types we define maps 7 *. : D JL —» w h ich  are then extended to

a fa m ily  7  =  { 7 ^ }  by using clauses 1 and 2 o f the Logica l C oncretisa tion  M ap 

Theorem  as de fin itions at the  h igher types. We w il l  re fer to  such a fa m ily  as a 

logical concretisation map. The associated log ical re la tion  R  is obta ined by tak ing  

(d, d') R a a 4= ^  d (7 * a) d! as a d e fin itio n  o f each R a.
P r o p o s it io n  3 .4 .3  Suppose that R  : I 2 J  is logical and that (7 ,, a) £ C PER (D f) 

for each t £ To, a £  D f . Then (7 ^ b) £ CPER(D^) for each a  £  T ,  6 £  D
P r o o f  B y  in d u c tio n  on cr. The base cases (a  £  7o) are given by the hypothesis o f the 

P roposition . For fu n c tio n  types, le t h £  [D f —> Df].  B y  the  Logica l C oncretisation 

M ap Theorem , we have 7 a^ T h =  AaeD^7 a a 7 r ( ^  &)• B y  in d uc tio n  hypothesis, 

7 ^ a and 7 T(h a) are com plete pers fo r a ll a £  D Thus, by P ropos ition  3.2.4 

p a rt 1 , 7 ,  o lr {h  a) is a com plete pe r fo r a ll a £  D f,  hence A aeD* 7 a a => 7 r {h a) 
is a com plete per by P ropos ition  3.2.4 p a rt 5. The case fo r p roduc t types follows 

im m ed ia te ly  fro m  the in d u c tio n  hypothesis by P roposition  3.2.4 p a rt 4. □

3.4.1 C o-Step Functions as Basic P roperties
The Log ica l C oncre tisa tion  M ap  Theorem  gives an in te res ting  ins igh t in to  the  way 

in  w h ich  we w il l  be using abstract fu n c tio n  spaces to  describe properties over the ir 

concrete counterparts. I t  seems reasonable to  consider pers o f the fo rm  P  => Q 
as being the ‘basic’ p roperties fo r fu n c tio n  types. I f  R  : I 2 J  is log ica l, the 

Logica l C oncretisa tion  M ap Theorem  shows th a t the p ro pe rty  (per) represented via 

concretisa tion  by an abstract fu n c tio n , is a conjunction o f such basic properties. 

The fo llow ing  d e fin itio n  and p ropos ition  show th a t corresponding to  these basic 

properties there are ‘basic’ functions in  J.
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D e f in i t io n  3 .4 .4  Let A  and B  be complete lattices and let a £ A  and b £  B . 
1. The step fu n c tio n  [a , 6] : A  —> B  is defined by

\a,b] (a') =
b
■Lb

if  a1 □  a 
otherwise.

2. The co-step fu n c tio n  [a, b\ : A  —> B  is defined dually by

b if  a' C a

T  b otherwise.la , b\ [ a )

We shall re a lly  on ly  be in terested in  the  co-step functions fo r the m om ent, b u t in  

C hapter 8 we f in d  a p ra c tica l use fo r b o th  the  step and the  co-step functions (we w il l  

also see th a t  the re  are sound la ttic e  theore tic  reasons fo r considering such functions 

to  be ‘bas ic ’).

P r o p o s it io n  3 .4 .5  Suppose R  : I 2 <-> J  is a logical relation such that each associ­
ated 7 ^ is top preserving and monotone. Let ct, t  £  T . Then fo r any a £ D^ and
b e D i

7 ff_*T( |a, b\ ) =  7 ^ a =>• 7 r  b.
P r o o f  B y  the  Log ica l C oncre tisa tion  M ap Theorem  we know  th a t

7 a_+r (|_a,&|) =  / \  7 a a' ^  l r ( \a ,b \ {a')). 
a'eDJ

The requ ired  resu lt fo llows by  showing th a t (7 * a =$* 7 T b) is the  sm allest m em ber 

o f the  fa m ily  { 70- a' => 7r ( [a , (a'))}a'eDJ• F irs tly  i t  is in  the  fam ily , since a £ D Ja
and [a, b\ (a) =  b. For every o the r (7 ^ a' => 7 r  b')  in  the  fa m ily  there  are tw o  cases. 

In  the f irs t  case a! C a, and then  7 ^ a' < ^ a a (rfa m onotone) and b' =  b (d e fin itio n  

o f [a, 6J) hence by  p a rt 6 o f P ropos ition  3.2.4, (7 ^ a => 7 r  b) <  (7 ^ a' 7 r  &'); in  

the second case a' ££ a, in  w h ich  case b' =  and so (7 ^ a' j T b') =  (7 ^ a’ 
A llDi)  =  A llDi , by  P ropos ition  3.2.4, p a rt 2. □

Thus each co-step fu n c tio n  corresponds to  a p ro pe rty  o f the  fo rm  P  =>■  Q. F u rth e r­

more, i t  is  easily seen th a t each abstract fun c tio n  h £ [D % D^] can be expressed

as a m eet o f co-step functions:

h =  PI |_u, h a\ . 
aeD£
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T h is  m ay suggest v iew ing  an abstract in te rp re ta tio n  as a fo rm  o f program logic, 

w ith  the co-step functions corresponding to  form ulae o f the form  (f> —> if and meets 

in the abstract la ttices corresponding to  con junction  o f form ulae, w hich is the  idea 

explored in  [Jen91]. A ltho u gh  [Jen91] is concerned w ith  strictness analysis (and

lm n lic it lv  w ith  ^ rn ff-r ln cn rl flip* n rm rnarli Qlmnlrl ^vfp'nrl fn  analv«p<3 nilXXXX^XX-.VXJ " * » “  -XX-XXXXX. -XXV,-XXXX XXXXXXXJ - — ----------~XX -XX

the use o f pers.

3.5 Inherited  P rop erties
P ropos ition  3.4.3 is an exam ple o f w ha t [Abr90] calls inheritance. A  p ro pe rty  P  =  

{P<t} o f te rna ry  re la tions is inherited i f  fo r each log ical re la tion  R  : I  x  I' <-» J :

(V a G To. Pl{R l)) = > \ / a e T .  P ^ R ,) .

I f  Pa(R a ) fo r each a, we say th a t P  holds o f R. The p rope rty  in  question in  

P ropos ition  3.4.3 is th a t o f (7 a a) being a com plete per fo r each a G D From  now 

on we w il l re fer to  th is  as p ro p e rty  CP.

The fo llow ing  d e fin itio n  gathers toge ther some o ther properties o f in terest.

D e f in i t io n  3 .5 .1  For a ternary relation R  : I 2 J , each R a may be:

1. J_-reflecting; (d, d ') R a L Ja =>• d =  d' =  _L^;

2. T -u n ive rsa l: D Ja has greatest element T Ja and Vd, d' G .D^. (d, d') R a T Ja;

3. s tr ic t ;  (± £ , J- i)  R* T Ja ;

4 . in d u c tive ; whenever {d n} , {d'n} and {a n} are to-chains such that (dn,d (J  R c an 
for all n, then (|J {d n}  , U {d'n}) R a |J {a n} ;

5. righ t-m ono tone ; (d, df) R^ a C  b => (d, d') R a b;

6. le ft-_L-un iversal; Va G D (_L;J, J_£) R a a;

7. lo ca lly  in d u c tive ; whenever v-chains {d n} and {d'n} and a G D Ja are such that 
(dn , d'n) R a a fo r  all n, then (|J {dn} , |J {d'n}) R a a;

8. lo ca lly  sym m etric ; (d, d') R a a =$■  (d ', d) R a a;

9. lo ca lly  tra n s itiv e ; (d, d') R a a and (d ',d " )  R a a => (d, d") R a a.
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Some o f these p roperties o f R a, or com binations o f them , are equivalent to  fa m ilia r  

properties o f We lis t these equivalences below.

•  R a is s tr ic t and ^ -re fle c tin g  i f f  7 is s tr ic t ( i.e ., 7 * ±.f. =  B otDj , reca lling  th a t 

B otD  ̂ is the  least com plete per on TP );

• R a is T -un ive rsa l i f f  7 ^ is top  preserving (i.e., 7 ^ Tf. =  A llD1 );

•  R a is righ t-m ono tone  i f f  7 ^ is monotone;

•  the  con junc tion  o f p roperties 6-9  is ju s t p ro pe rty  CP.

The fo llo w in g  lem m as state w h ich  properties are in h e rite d  and describe the  key 

in te r-re la tions  between the  d iffe rent properties.

L e m m a  3 .5 .2  The following hold fo r  properties 1-9:
•  properties 2 -8  are independently inherited;
•  L-reflectivity (1) is inherited in the presence of T -universality (2);
•  local transitivity (9) is inherited in the presence of local sym m etry (8);

P r o o f  T he  proofs are a ll s tra igh tfo rw ard  inductions over T .  T h a t T -un ive rsa lity , 

strictness and inductiveness are in h e rite d  and th a t _L-re flectiv ity is in h e rite d  in  the  

presence o f T -u n ive rsa lity , are the  obvious generalisations to  the  te rna ry  case o f the  

corresponding parts o f [A b r90 ]’s P ropos ition  3.4. For the  purposes o f illu s tra t io n  

we prove th a t r ig h t-m o n o to n ic ity  is inherited . Le t R  : I 2 J  be a log ical re la tion . 

The base cases are given.

For the  case o f fu n c tio n  types, suppose th a t ( / ,  / ' )  R a^ r h Q g. Since R  is log ical, 

(d, d ') R a a =>- ( /  d, f  d') R r (h a). B u t h C g h a C g a, so by  the  in d u c tio n  

hypothesis, (d, d') R a a => ( f  d , f  d') R T (g a). Hence, again since R  is log ical,

( / ,  f )  Ra->r g-
For the  case o f p roduc t types, suppose ((d i,  d2), (d 'l5 d'2)) R aXr (a i ,a 2) C  (61, b2). 
Then since R  is log ical, (d i,d ^ )  R a ai C and (d2,d'2) R T a2 C b2. B y  the  

in d u c tio n  hypothesis, (d ^ d ^ )  R a bi and (d2,d'2) R r b2. Hence, since R  is log ical, 

((di,  d2), (d i,  d'2)) R axr (61, b2). □

Note th a t P ropos ition  3.4.3 is a co ro lla ry  o f Lem m a 3.5.2.
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L e m m a  3 .5 .3  The following implications hold between properties 1-9:
•  left-L-universality (6) =>■ strictness (3);
•  inductiveness (4) => local inductiveness (7);
• if  D f is of finite height then local inductiveness (7) =>• inductiveness (4).

P r o o f  The firs t tw o are obvious. For the  th ird , assume th a t is o f f in ite  height 

and th a t Ra is lo ca lly  in d uc tive . Le t {d n } ,  {d'n} and {an} be cj-chains such th a t 

(dn,d'n) R a an fo r a ll n. Then loca l inductiveness im p lies th a t (U { ^ n }  > l_ l{^n}) 

U K } ,  since {a n} is even tua lly  constant. □



C hapter 4
A b stract Interpretation  
U sing Pers
We are now  in  a pos ition  to  give the  details o f how abstract in te rp re ta tio n  can be 

used to  reason about fu n c tio n  defin itions in  term s o f p roperties o f th e ir  denotations 

w h ich  m ay be expressed using pers. The  results o f th is  chapter assume the  fo llow ing:

•  (J, R J : S2 <-» J )  is an abstract in te rp re ta tion ;

•  R J satisfies p ro p e rty  CP;

•  7 J =  { 7 / }  the  associated log ica l concretisa tion  m ap (w ith  each 7 /  : D Ja —> 

CPER(D^) defined as in  (3.4.1)).

T ak ing  our lead fro m  A b ra m sky ’s (b ina ry ) log ica l re la tions fram ew ork, there are 

tw o  im p o rta n t questions w h ich  we m ig h t ask given th is  s itua tion . F irs tly , w ha t does 

i t  mean fo r  J  to  be correct? Secondly, g iven the  appropria te  no tio n  o f correctness, 

do best in te rp re ta tion s  exist fo r the  constants?

4.1 C orrectness
O ur d e fin it io n  o f w ha t i t  means fo r J  to  be correct w il l  be guided by  the  basic 

idea th a t i f  /  £ \D E\ is the  standard deno ta tion  o f some te rm , we w ish to  

be able to  test fo r cond itions o f the  fo rm  f  : P  =$> Q, where P  £ CPER(D ) and 

Q £ CPER(jF). Suppose th a t / s : D% —» D ® and f J : D % —► D* are the  standard 

and abstract denotations respective ly o f some closed te rm  e : a  —» r .  Each a £ D Ja 
and b £  D Jr correspond to  com plete pers, nam ely (7 ^  a) and (7 /  6). B y  analogy

56
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w ith  the strictness analysis described in  Section 2.4 we require th a t

f J a =  b=> f s : a) => (7 /  6),

g iv ing  us a sound and effective test fo r the  cond ition  th a t f s : (7 /  a) => (7 /  6). The 

fo llow ing  lem m a and co ro lla ry  show th a t th is idea generalises p leasantly to  include 

bo th  n u lla ry  functions and cu rried  functions of m ore than  one argum ent.

L e m m a  4 .1 .1  Let / ,  / '  : D \ —> . . .  —> D n —► E be continuous functions on domains, 
where n >  0 (if n =  0 then we ju st mean / , / '  £ E ). Let P; be a complete per on 
Di, 1 <  £ <  and let Q be a complete per on E . Then f  (P i =>> . . .  => Pn =>• Q) f  
if and only if

vdi,...,dn.vdi,...,d;.
(d i P i d i)  and . . .  and (dn Pn d'n) => ( /  dx . . .  dn) Q ( / '  d i . . .  d'n), 

where borrowing the types convention, we write P i =£■ . . . = >  Pn => Q to mean
a  = * ( . . .  ( a ,  = * < ? ) . . . ) •

P r o o f  B y  in d u c tio n  on re. For n =  0, the  two sides o f the  c la im ed equivalence are 

b o th  ju s t /  Q / ' .  For the  in d u c tive  case, by de fin ition  /  (Pi =$■  P2 =$■ ■ ■ ■ =$■  Pn ^  Q)
/ ' i f f

Vdt . VdJ. di Pi d’i =*> ( /  d ,)  (P2 =>...=$■  Pn ^ Q )  ( / '  d'J 

B u t by  in d u c tio n  hypothesis, ( /  d i)  (P 2 => • • • => Pn =*■ Q ) ( P  d j)  i f f

Vd2, . . .  , d „ .  Vd'2, . . . ,d 'n.
(d2 P2 d'2) <md . . .  and (dn Pn dJJ ( /  d i d2 . . .  dn) Q ( / '  d'x d'2 . . .  d(J.

The rest is ju s t a s tra igh tfo rw a rd  log ica l equivalence. □

C o r o l la r y  4 .1 .2  Let f  be given as in the statem ent of the Lemma. Then f  : P i =£» 

. . .  =4* Pn =>■ Q if  and only if

Vda, . . . , d n . V d i , . . . , d ; .

(d i P i  d i )  and . . .  and (dn Pn d'n) ( /  dx . . .  d „ )  Q ( f  d[ <)•

N ote th a t when n  =  0, /  : Pi =$>... =5> Pn =$> Q ju s t asserts th a t /  : Q (equiva lently, 

th a t /  £ |Q| or th a t /  Q / ) .  For n >  2, i f  we le t / *  : P i  x  . . .  x  D n —» E  be the 

‘u ncu rr ied ’ version o f / ,  com parison o f the  above w ith  the d e fin itio n  o f p roduc t fo r
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re la tions (Subsection 2.4.2) w il l  reveal th a t f  : P 1 =>...=$> P n Q i f  and on ly  i f  

/ *  : Pi x  . . .  x  Pn => Q, as we m ig h t hope.

So our correctness requirem ent should be such th a t fo r any closed expression 

e : <7i  —> . . .  crn —> r  w ith  standard denota tion  f s and abstract deno ta tion  f J

f  a i . . .  an =  b f s : (7 ^  af) . . .  =» (7 ^  an) => (7 /  6),

for al l  a i  €  , . . . ,  an £  and b £ D*. A  sim ple rephrasing o f th is  according to

the defin itions  and Lem m a 3.2.2 yie lds the  equivalent

f S '■ A ••• A ((7^  «i) =>••• => (7A on) =4- (7r( f j  (4.1.3)

A ltho u gh  i t  m ay no t be im m ed ia te ly  obvious, th is  is precisely the  content o f the 

fo llow ing  fo rm a l d e fin itio n  o f correctness.

D e f in i t io n  4 .1 .4  The interpretation J  is correct if  fo r  each p £  E nvs and S £  

EnvJ, fo r  every expression e : cr

Correctness of J  implies th a tc s : 7 /  cJ fo r  each c : r .  Accordingly, the interpretation  
of an individual constant c : r  is sa id to be correct if  cs : 7 ^  cJ .

To see th a t  th is  re a lly  is w hat we w ant, we need the  fo llow ing  resu lt.

L e m m a  4 .1 .5  Let D  and E  be domains. Let P  : D  D and let { Q i } i e I  be a 
fam ily with each Q \  : E  <->• E . Then

P ^ ( A Q i )  =  A ( P ^ Q i ) -iei iei
P r o o f  For re la tions S  and S' reca ll th a t S  =  S' i f  and on ly  i f  S  <  S' and S' <  S.
To show P  => (A ie I Qi)  <  f \ie i(p  assume th a t f  (P  => (A ie iQ i))  / ' •  Now

le t j  £  I .  Suppose d P  d!. Then  by assum ption ( /  d) ( A te iQ i )  ( / ; d ') and so 

( /  d) Q j  ( / '  d '). Hence /  (P  =£• Q j)  / ' .  B u t j  was chosen a rb itra r ily  fro m  / ,  so

Vi £ /. /  (P => Q<) f .

To show th e  reverse im p lic a tio n , assume th a t /  (A ie/ ( P  Q i)) f ' • Suppose d P  d'. 
Let j  £  I . Then  by  assum ption /  (P  Q j)  / '  and so ( /  d) Q j ( / '  d '). B u t 

j  was a rb itra ry , so V i £ / .  ( /  d) Q t- ( / '  d '), i.e ., ( /  d) (A,-ejQ i )  ( / '  d '). Hence

f ( P ^ ( A i e i Q i ) ) f -  □
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W e th en  have th e  fo llo w in g  eq u iva len ce:

P r o p o s i t i o n  4 .1 .6  Let h : D Jai D Jan —> D JT be m onotonic. Then

=  A  •••  A  (7 ^  “ l)  “ ») =*• (7 t A  “ 1 • • • « . . ) ) •aneD^n

P r o o f  B y  in d u c tio n  on ra. For n  =  0 b o th  sid es are ju st  7 f h .  L et n =  k + 1. B y  th e  
L ogica l C o n cretisa tio n  M ap T h eo rem  (3 .4 .2 ) ,  7 ^1_>__><rn_>T& =  l \ ai€D£ ( l i x a i )  
(7a2- ...-« r„ -.T (*  « i) ) -  T h en  b y  in d u c tio n  h y p o th esis  a i )  is ju st

A  • • •  A  (7 2̂ a j )  => •• • (7 a „  «n) => ( 7 r ( /* « i  a 2 . . . a n)).
a2 6 D^2 aneDln

T h e  req u ired  resu lt fo llow s b y  k a p p lica tio n s  o f L em m a  4 .1 .5  (in d u c tio n  on  k). □

U s in g  th is  w e can  see  th a t  th e  req u irem en t ex p ressed  b y  (4 .1 .3 )  is p rec ise ly  w h a t it  
m ea n s  for a c lo sed  term  to  b e  correct accord in g  to  D e fin itio n  4 .1 .4 .

T h e o r e m  4 .1 .7  ( T h e  C o r r e c t n e s s  T h e o r e m )  I f  cs : 7 /  cJ fo r  all types r  and  
fo r  all constan ts c : t ,  then J  is correct.

P r o o f  B y  th e  d e fin itio n  o f th e  co n cre tisa tio n  m a p s, d  : 7 /  a iff (d ,d )  Rf. a. T h e  
p ro o f is  th en  ju s t  an  in s ta n t ia t io n  o f th e  T ernary L ogica l R e la tio n s  T h eo rem  (3 .3 .2 )

. w ith  I  =  V  =  S  an d  p =  p1. □

4.1.1 Least F ixed  Point Interpretations
W e saw  in  S ec tio n  2 .4  th a t  th e  in terp re ta tio n  o f Y a in  B is  th e  lea st fix ed  p o in t  
o p era to r  (F ig u re  2 .4 ), ju st  as it  is in  th e  stan d ard  in terp re ta tio n . In terp reta tio n s  
w ith  th is  p ro p erty  are sa id  b y  [Abr90] to  b e  least fixed poin t in terp reta tio n s (in  
earlier  version s o f [Abr90] th e y  w ere te r m e d  norm al in terp re ta tio n s). T h e  fo llo w in g  
resu lt is a  stra igh tforw ard  a d a p ta tio n  o f  P ro p o sitio n  3 .5  from  [Abr90] to  th e  tern ary  
case.

P r o p o s it io n  4 .1 .8  L e t I  a n d  K  be le a s t fix ed  p o in t in te rp re ta tio n s . L e t R  : I 2 K
be a log ica l re la tio n  w ith  a s so c ia te d  7 defin ed  as in  (3 .4 .1 ) .  I f  th e  logical re la tio n  R
is  s t r ic t  a n d  in d u c tive  th en
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P r o o f  L et / ,  / ' ,  h b e  su ch  th a t  ( / ,  / ' )  R a^ a h. W e m u st show  th a t  (Y * / ,  / ' )  R a
(Y p  h ). S in c e  I  an d  K  are, b y  a ssu m p tio n , lea st  fix ed  p o in t in terp re ta tio n s , th is  
a m ou n ts t o  sh o w in g  th a t

( L l f  ± 1 ,  U / '1' J-J) R a  jj** -L a -
i'Gw i£u> iGw

S in ce R  is  a ssu m ed  to  b e  in d u c tiv e , it  suffices to  sh ow  th a t  ( /*  J_^ , f H _L^) R a 
(k 1 _L^) for  a ll i. W e p ro ceed  b y  in d u c tio n  on  i. For i =  0 w e ju s t  requ ire th a t  
R  is s tr ic t , w h ich  is  tru e  b y  a ssu m p tio n . For i =  n  +  1 , b y  in d u c tio n  h y p o th es is  
( f n J L ^ ,//n -L^) R a ( hn _L^). B u t th e n  s in ce  ( / ,  / ' )  R a^ a h an d  R  is lo g ica l, 
( / ( / ” J - L i ) )  R a h(h" X f ). □

C o r o lla r y  4 .1 .9  I f  J  is a least fixed po in t in terpreta tion  then  Y j  : 7 pr_Kq_,CT Y Ja .

P r o o f  F ir s tly , n o te  th a t  S is a  lea st  fix ed  p o in t in terp reta tio n . W e h ave a ssu m ed  
th a t R J sa tis f ie s  C P , or eq u iv a len tly , p ro p erties  6 -9  o f D e fin it io n  3 .5 .1 , so in  par­
ticu la r  R J is s tr ic t  an d  lo c a lly  in d u c tiv e . F u rth erm ore, J  is a ssu m ed  to  b e  a  f in ite  
in terp re ta tio n  an d  so each  D f  is  o f fin ite  h e ig h t. T h en  b y  L em m a  3 .5 .3 , R J is str ic t  
and in d u c tiv e , so th e  T h eo rem  ap p lies . □

4.1.2 M onotone C oncretisation  M aps
A  ty p ic a l s itu a t io n  w h ich  arises (see  th e  ex a m p les  o f  th e  n e x t  ch a p ter) w h en  w e  
a tte m p t to  d er iv e  a correct in terp re ta tio n  for a  co n sta n t, say  c : a  —» r  is th e  
fo llow ing: for so m e  a , &i,&2 w e k n ow  th a t  for a ll d, d' such  th a t  d  (7 /  a) d ', either  
cs (d) (7 /  bi) cs (d '), or  cs (d) (7 ^ 62) cs (d /). In  th is  s itu a tio n , i f  th e  co n cre tisa tio n  
m ap  7 /  is  m o n o to n e , th e  answ er is sim p le: se t cJ a =  &i U 62. M o n o to n ic ity  o f  
7 /  th e n  en su res th a t  7 /  61 <  7/(61 U b2) an d  7 /  b2 <  7/(61 U 62), an d  h en ce  th a t  
d  (7 /  a ) d' cs (d) (7/(61 U 62)) cs (d'). M ore gen erally , m o n o to n ic ity  im p lie s  th a t  
it  is a lw ays safe  to  a p p ro x im a te  upw ards in  th e  a b stract la tt ic e s , in  th e  sen se  th a t  
if  a is a correct in terp re ta tio n  for c an d  a C  a', th e n  a' m u st a lso  b e  correct. T h is  
is such  a h e a v ily  u sed  p ro p erty  w h en  d eriv in g  correct in terp reta tio n s for co n sta n ts  
th a t m o n o to n ic ity  o f  th e  co n cre tisa tio n  m a p s is e ffec tiv e ly  in d isp en sa b le . A ll th e  
a b stract in te r p r e ta tio n s  w e  are aw are of, an d  cer ta in ly  a ll th e  ex a m p les  con sid ered  
in  th is  th e s is ,  are b a sed  on  m o n o to n e  co n cre tisa tio n  m ap s or th e ir  eq u iv a len t. In  
C h ap ter 6 , w e  are forced  to  reject a p o ss ib le  sch em e for th e  a b stra c t in terp re ta tio n  
of recu rsive  ty p e s , b eca u se  th e  in d u ced  co n cre tisa tio n  m ap s are n o t m o n o to n e .
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4.2 B est In terpretations for C onstants
In S u b sec tio n  2 .4 .4  in C h ap ter  2 , w e d iscu ssed  th e  e x is te n c e  o f b est  in terp reta tio n s  
for th e  co n sta n ts  in  B  and  it  is an issu e  o f in terest for any a b stract in terp reta tio n  
(b o th  [Nie89] and [Abr90] d iscu ss  th e  q u estio n  a t so m e len g th  as it ap p lies  to  th e  
p a rticu la r  fram ew orks th e y  co n sid er ). A lth o u g h  th e  (7 ® a) w ere se ts  and our (7 /  b) 
are p ers, th e  b a sic  id ea  o f b e s t  in terp re ta tio n s  for co n sta n ts  is th e  sam e. L et e b e  
a c lo sed  term . S u p p o se  w e k n ow  th a t [e ]s : P  for som e per P  ( th is  is p rec ise ly  
th e  s itu a tio n  g u a ra n teed  b y  co rrectn ess o f  J  i f  w e tak e P  =  7 / ( [ e ] J )). T h en  th e  
sm a ller  th a t  P  is, th e  grea ter  w ill b e  our k n ow led ge o f [e ]s . So if  w e can  ch o o se  
correct in terp reta tio n s for th e  co n sta n ts  in  such  a  w ay  as to  m in im ise  th e  s ize  o f  

f ° r e : <t , w e  can  th u s  m a x im ise  th e  accu racy  o f  an y  a n a ly sis  b a sed  on
J . If w e a ssu m e th a t th e  7 ^ are m o n o to n e , th is  can  b e  a ch ieved  b y  m in im is in g  th e  
a b stra c t in terp re ta tio n s  o f  th e  c o n sta n ts , cJ . J u st as in  th e  e x a m p le  o f s tr ic tn ess  
a n a ly s is , th is  w ill b e  p o ss ib le  i f  for each  ty p e  a  an d  for each  d  G D p, th ere  is  a  lea st  
a G su ch  th a t a co rrectly  d escr ib es d, w h ich  in  th e  current s e tt in g  m ea n s  such  
th a t  d  : 7 /  a. T h is  m o tiv a te s  th e  fo llo w in g  d efin ition .

D e f i n i t i o n  4 .2 .1  For a constan t c : a  we sa y  that cJ is the b e st  in terp re ta tio n  for 
c i f  cJ is the least value in Dp such tha t cs : 7 /  cJ . M ore generally, we sa y  that 
a G Dp is  b e s t  for d  G Dp i f  a is the least value in Dp such that d : 7 ^ a.
To o b ta in  a  m a x im a lly  a ccu ra te  a n a ly sis  it  is c learly  su fficient th a t th e  in terp re ta tio n  
o f each  co n sta n t b e  b est . W h eth er  it  is a lso  n ecessa ry  is n o t so clear. W e retu rn  to  
th is  q u estio n  in  S ec tio n  4 .3 .

W e w ill sh ow  th a t  a  su ffic ien t c o n d itio n  for th e  e x is te n c e  o f b e s t  in terp re ta tio n s  
for th e  c o n sta n ts  is  th a t ea ch  7 ^ h as a le ft  ad jo in t.

4.2.1 Left A djoints for C oncretisation  M aps
D e f i n i t i o n  4 .2 .2  L et A  and B  be com plete lattices and let f  : A  B  and g : B  —» 
A  be m onotone m aps. Then f  and g  are sa id  to fo rm  an  a d ju n ctio n  (a lternatively , a 
G alo is connection^) with left (o r low erj com ponent f  and right (or upper) com ponent 
g i f  fo r  all a G A  and b G B :

/ ( a )  C  b -<=>- a C  g(b).

In that case, g is sa id  to have le ft  ad jo in t /  and f  is sa id  to have r igh t ad jo in t g . 
The sta tem en t that f  and g fo rm  such an adjunction  is abbreviated as f  H g .
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P r o p o s i t i o n  4 .2 .3  L et A  and B  be com plete lattices and let f  : A  —> B  and g : 
B  —> A  be m onotone m aps. Then the follow ing are equivalent:

i - f ^ g

2 . f  o g  C  i d s  and g  o /  □  id a

3. f  p reserves jo in s  and g{b ) =  [ f { a  E A \  f [ a )  C  b} 

j .  g p reserves m eets and f ( a )  =  n  {b  £  B  \ a C  g (b )}

P r o o f  T h e se  are a ll sta n d a rd  ([G H K + 80]). □

C o r o l la r y  4 .2 .4  The com ponents o f  an adjunction  between com plete lattices deter­
m ine each other uniquely (parts 3 and j  o f the P roposition ).

T h e  coro llary  to  th e  n e x t  resu lt show s th a t  th e  e x is te n c e  o f le ft  a d jo in ts  is  ea s ily  
e s ta b lish e d  sin ce  it  is an  in h er ited  property .

P r o p o s i t i o n  4 .2 .5  I f  7 /  preserves m eets fo r  all 1  £  T0, then  7 /  preserves m eets fo r  
all a  £ T .
P r o o f  B y  in d u c tio n  on  ty p e s . T h e  b a se  cases are g iven . P ro d u c t ty p e s  are s im p le  
sin ce  m e e ts  are c a lc u la te d  e lem en tw ise  for p ro d u cts . For fu n c tio n  ty p e s  a  —»• r ,  le t  
{ h i } ie I  b e  a  fa m ily  in  D f_ + T . T h en

AtG/Ta-vr hi f \ i e i  ( h  a))

A a e D £  A i e l i ' l a  a  ^  I t ( h i &))

A a e D i i l i  a =* A i e i l r  ( h i a))

A a e z > j(7 ff  a => 3t ( r ~\iei{hi a))) 

A a zD lill  a  7 t  ( ( n ieihi) a)) 
7a->r(nie/ht-)

T h eo rem  3 .4 .2

L em m a  4 .1 .5  
b y  in d u c tio n  h y p o th es is

T h eo rem  3 .4 .2

N o te  th a t  th e  p e n u lt im a te  s tep  o f th e  p ro o f u ses th e  eq u a lity  l~1 ie i{h i a) =  (["he/ hf) a , 
w h ich  h o ld s  b eca u se  J  is f in ite . M ore g en era lly  it  h o ld s for m e e ts  o f f in ite  fa m ilie s  in  
co n tin u o u s fu n c tio n  sp a ces over S co tt d o m a in s, an d  for m e e ts  o f arb itrary  fa m ilie s  
in  m o n o to n e  fu n c tio n  sp aces over co m p le te  la tt ic e s . □

C o r o l la r y  4 .2 .6  I f  7 /  preserves m eets fo r  all 1  £  T0, then  7 /  has a left ad jo in t fo r  
all a  £  T .

P r o o f  Im m e d ia te  from  th e  P ro p o s it io n  b y  P ro p o sitio n  4 .2 .3  p art 4. □
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4.2.2 A bstraction  M aps
Suppose that 7 / is monotone and has left adjoint ctJa . Define the ‘forgetful’ map 

U  : CPER(/}®) —> P (D p  x  D *) to take a complete per to its graph and define the 

‘free complete per’ map F  : P ( D ® x  D®) —> CPER(D®) by

F (S )  =  f \ { Q  e  c p e r ( D l )  | V(d,d') e S . d Q d ' } .

Thus, given the graph of an arbitrary binary relation on D ®, the map F  returns 

the smallest complete per containing that relation. It is clear that F  o U =  id  and 

U  0 F  >  id , hence F  U, by Proposition 4 .2.3 (note that F  o U  is actually equal to 

the identity, not just dominated by it).

R em ark  U (P )  is really forgetting not that P  is a relation  but that P  is a 

com plete p a rtia l equivalence relation. It  is slightly more convenient for our 
purposes to define U  as we have done, rather than as a map CPER(D *)  —>

Now adjunctions compose, meaning that

(F  H U  and a ^ H 7 / )  =£* a Ja o F  ~ \U  o 7 ^,

hence a ^ (F (S ))  C a 4=^ S  C U {7 /  a). So, since d  : 7 /  a d  (7 / a) d  and
d  (7^ a) d  <*=>• {(d, d )}  C U (7 /  a), we have

d  : 7 /  a  < ^ (F {(d ,d )}) C a.

But this says precisely that a^ (F {(d , d)}) is best for d. .

D efin ition 4 .2 .7  I f  each 7^ das /e/£ a d jo in t a JG, then define the fa m ily  o f  abstraction 

m aps absJ =  {a& s^ j with absJc : D ® x  Z)® —> ZhJ; by abs^ (d ,d ') =  a Ja (F  { ( d ,d ' ) } ) .

Thus the best interpretation for a constant c : r  is obtained by setting cJ =  
absT(cs ,cs). In practice, we will want to calculate a b sf  directly for the base types 

and then give an inductive definition for all other types. Proposition 4 .2.9 allows us 

to do this, but first we require the following lemma.

Lem m a 4 .2 .8  Suppose that each 7 /  has left adjoin t a Ja . L et 07, . . . ,  <rn, r  E T , with 
n >  1. L et G  C x  ( D ® ^ . . . ^ ^ ) ,  and let G , . . . ,  a„ G D JCn.
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Then:

a U - ^ r ( n ^ ) )  <*1 ••■<*»
=  oljt ( F  { ( g  dx • • • dn,g ' d[ d'n) | (g ,g ') e  G ,d i  (7 / .  a,-) 1 <  i <  rc}).

P r o o f  W e p rove  th e  case  for n =  1, ta k in g  cr\ =  or. T h e  resu lt th e n  fo llow s b y  an  
ea sy  in d u c t io n  on  n. In  th e  fo llo w in g  w e m ak e u se  o f th e  fa ct th a t  =  f"l 0 an d  
h en ce  th a t  7 /  =  / \ 0  =  A llr , s in ce  7 /  p reserves m e e ts .
Let LH S a n d  R H S b e  th e  le ft  an d  righ t h an d  sid es o f  th e  eq u a tio n . L et b £  D  JT. W e  
w ill sh ow  th a t  LH S C  b R H S C  6. It is ea sy  to  see  th a t  i f  h £  [D ^  —> D ^ ], th e n
h a C  b -4= ^  d [T [a , 6J (D e fin it io n  3 .4 .4 ) . T h u s LH S C  b iff a^_>T(.F(Cr)) C  [a>&|* 
T h en , s in ce  o F  H U  o 7 ^ r , w e h ave  LH S C  b iff (7 C [ / ( 7 ^ r |_a ? &])• B u t b y  
P ro p o sitio n  3 .4 .5 , 7 /_»r |_a 5 =  7 /  u =>• 7 /  6, h en ce

LH S C  b •$=*• V ^ .m ') e G . }  (7 /  a  =►  7 /  6) </.

N ow  s in c e  otJT o F  H U  o 7 ^, w e h ave

R H S  C  b •<=>■  {(<, d ,< / d') | (<?,<?') €  G ,d  (7 /  a ) d '}  C  C/(7 tj  6 ).

B u t th is  m a y  b e  re -w r itten  to  g iv e

R H S  C  b <=>■  V(</,5 ') €  G . V d ,d ' €  D l . d i ' f i  a) d' => (</ d) (7 tj  6 ) (g 1 d'),

w h ich  is ju s t
R H S C  b < = >  V (g ,g ')  £  G .g  (7 /  a 7 /  6)

□

P r o p o s i t i o n  4 .2 .9  L e i <7, r  £  T .  L e i / , / '  £  [D® —> L)®]; let a  £  D„ and let 
( 4 , d 2), ( 4 ,d ' 2) £  D®X t. Then:

1 . a b s ^ T( f , f ' )  a =  U  { a b s t ( f  d, f  d’) \ absJa {d ,d ')  C  a }

« ^ XT( ( d i ,d 2) , ( 4 , 4 ) )  =  {ab sJa {d 1 ,d'1 ) ,a b s JT{d2 ,d'2)).
P r o o f

1. F ir stly , w e h a v e  sh ow n  th a t  abs^(d, d') □  a d  (7 /  a) d', so  b y  th e  d e fin itio n
o f absJ , th e  right h a n d  sid e  o f th e  eq u a tio n  is

U {^ (F ({(/d ,/'d ')}))|d (7,J a)d'}.
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T h en  u sin g  th e  fact th a t  le ft  a d jo in ts  p reserve jo in s , w e have  

\ _ \ { < x i ( F ( { ( f d , f d ' ) } ) ) \ d ( 7 i a ) d ' }

=  a JJ F  { ( f  d,  f> d,') \ d  ( y i  a )  d ' } ) .

B u t by  th e  L em m a  th is  is ju s t  { ( / ,  / ;) } )  a.
2. As we have shown, a b s Jp XT( ( d \ ,  d2), ( d ' ^ d ^) )  is uniquely determined as the pair 

(a i,a 2) such that for any (&i,&2), we have (d i,d2) (7/ Xt (&i , ^2)) (d'nd'2) iff 
(« i,a 2) C ( b i , b 2). Now d \  (7 / b{ )  d^ iff a b s p ( d i , d [ )  C bi ,  and similarly for a b s Jr . 
Hence ( d l l d 2) ( r i x r ( b u b2) )  K , d ;2) iff (a6s^(di, d [ ) ,  a b s Jr ( d 2 , d ’2) )  C (61,62), 
s in ce  7 / XT( 6I , i 2) =  (7 / 6,) X  (7 / b2 ).

□

It is in te r e s t in g  to  com p are our a b stra c tio n  m a p s w ith  th o se  o f [B H A 86]. T h e  
im m e d ia te  d ifferen ce is th a t  th e  [B H A 86] m a p s are from  Dp  to  D%, rath er th a n  from  
.DJ x  D^ to  D^. A t th e  ‘to p - le v e l’ w e  o n ly  rea lly  n eed  a m ap  o f th e  form er ty p e , 
sin ce  w e are in te r e s te d  in  b e s t  in terp re ta tio n s  for co n sta n ts . T h u s for th e  p u rp oses  
o f co m p a riso n  w e cou ld  defin e th e  m a p s  abs'p : Dp  —> Dp  b y  abs'p(d) =  abs(T(d ,d ) . 
B u t th e  d ifferen ce b e tw een  th e se  m a p s a n d  th e  a b stra c tio n  m a p s o f [B H A 86] is s till 
very  m ark ed . In p articu lar , th e  [B H A 86] m ap s are con tin u o u s w h ereas in  gen era l, 
ours are n o t ev en  m o n o to n e . A n  e x a m p le  is  g iv en  in  th e  n e x t ch ap ter. In a  sen se  
th is  co u ld  b e  co n stru ed  as an a d v a n ta g e , s in ce  a recen t resu lt d u e to  S a m u el K am in  
([K am 91]) sh ow s th a t  th e  h e a d -s tr ic tn e ss  p rop erty  o f [W H 87] can n ot b e  d iscovered  
v ia  a b stra c t in terp re ta tio n  b a sed  on  m o n o to n e  a b stra c tio n  m ap s w ith  fin ite  range. 
In  C h ap ter  5 w e  p resen t an  a b stra c t in terp re ta tio n  u sin g  p ers w h ich  is  a b le  to  d e tec t  
h e a d -str ic tn e ss  an d  th e  a sso c ia te d  a b stra c tio n  m ap s are in d eed  n o n -m o n o to n e  (th e  
a n a ly sis  is e sse n tia lly  th e  on e  d escr ib ed  in  [H un90a], w h ich  p re-d a tes K a m in ’s resu lt) .

4.3 N on -In jective C oncretisation  M aps 
and E xp ected  Forms

T h e  e x a m p le  a n a ly ses  o f C h a p ter  5 sh ow  th e  co n d itio n  th a t  th e  co n cre tisa tio n  m aps  
p reserve  m e e ts  to  b e  m e t q u ite  n a tu ra lly . T h u s b e s t in terp reta tio n s are g u aran teed  
to  e x is t  for th e  co n sta n ts  an d  are g iv en  b y  th e  a b stra c tio n  m a p s d efin ed  a b o v e . N ote  
th a t  th ere  is no w ay  o f a u to m a tin g  th e  co n stru c tio n  o f a  to ta lly  correct (gu aran teed
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to  te r m in a te )  a lg o r ith m  for co m p u tin g  a&s^(cs , c s ), so w e h a v e  to  re ly  on  h u m a n  
in gen u ity . N o n e th e le ss , in  p ra c tice  th ere  does u su a lly  seem  to  b e  a fa ir ly  o b v iou s  
co n stru c tio n  for a  correct in terp re ta tio n  for each  co n sta n t, an d  if  i t ’s n o t im m e d ia te ly  
ev id en t w e  can  u se  th e  d e fin itio n  o f th e  a b s J m a p s p ro v id ed  b y  P r o p o s it io n  4 .2 .9  
to  gu id e  u s  to  i t ,  as B u rn  show s in  [B ur87, B ur91]. H ow ever, th e se  ‘o b v io u s’ in ter ­
p re ta tio n s for th e  co n sta n ts  are w h a t N ie lsen  ca lls  e x p e c t e d  f o r m s  ( [N ie85]) an d  in  
gen era l are n o t th e  sa m e as th e  b e s t  in terp reta tio n s. W e g iv e  an  e x a m p le  o f th is  b e ­
low , w h ich  illu s tr a te s  th e  ty p ic a l ca u se  o f th e  d ifference b e tw een  th e  e x p e c te d  form  
and th e  b e s t  in terp reta tio n : in  gen era l th e  co n cre tisa tio n  m a p s are n o t in je c t iv e  at 
th e  h ig h er  ty p e s . W e w ou ld  n o rm a lly  a ssu m e th e  base  t y p e  co n cre tisa tio n  m a p s to  
b e  in je c t iv e , s in ce  th is  corresp on d s to  d efin in g  ab stra ct la tt ic e s  w ith  n o  red u n d an t  
p o in ts  b u t , as is d em o n stra ted  b y  th e  co n sta n cy  a n a ly sis  d escr ib ed  in  C h ap ter  5, 
in jec tiv en ess  o f  th e  co n cre tisa tio n  m a p s is n o t an  in h er ited  p roperty .

S u p p o se  th a t  for ea ch  pair o f  ty p e s  cr, t , th e  se t o f co n sta n ts  in c lu d es  a p p ly CT T : 
(cr —» r ) —» a  —» r , w ith  th e  ob v io u s sta n d a rd  in terp re ta tio n  g iv en  b y

apply?,T f d  =  f d .

T h e  n a tu ra l ca n d id a te  for th e  a b stra ct in terp re ta tio n  o f a p p ly a T s im p ly  m im ic s  th e  
stan d ard  in terp reta tio n :

apply£r h a  =  h  a.

It sh ou ld  b e  c lear th a t  th is  w ill a lw ays b e  c o r r e c t  s in ce  7 J is lo g ica l, b u t is it  b e s t ?
For th e  rest o f  th is  sec tio n  w e w ill a ssu m e th a t  th e  7 ^ p reserve  m e e ts , ea ch  h a v in g  

left a d jo in t a J0 .
L e m m a  4 .3 .1  L e t  cr, r  G T . L e t  h  G [ D f  —> D f ]  a n d  l e t  a  G D f .  T h e n :

“ L r f r L r  h )  a  =  a Jr { F  { ( /  d,  f  d' )  \ f  (7^ T h )  / ' ,  d  (7^ a) (?})•

P r o o f  S in ce  F  o U  — i d , w e h ave

h )  a
=  « ^ t(F (£ /(7.G t h ) ) )  a
=  a i ( F  { ( /  d,  f  cV) | ( / ,  / ' )  € t % L r  h ) ,  d  (7 / a )  d ' }  ,

w h ere th e  la st  s te p  is b y  L em m a  4 .2 .8 . □
For an y  a d jo in t p a ir  /  H g ,  an  e a sy  argu m en t show s th a t  g  is in je c tiv e  if  an d  o n ly  i f  
/  o g  — i d ,  so a coro llary  o f th is  le m m a  is th a t  i f  7 /_»T is in je c tiv e  th e n  a p p ly ^ T is
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in d eed  b est, s in ce  for any h and  a:

a J{a^ T)^ ^ T(F  {(ap p ly®  T, a p p ly *  T) } )  h a
=  ai(.F {(apply!;,t /  d, apply®,r / ' d') I /  (r '-,T h) / ' , d ( l i «) '( '})
=  a i ( F { ( f  d , f  d') I ( / , / ' )  6  U (t L t h ) , d h i  a) d '}
=  a l _ T{ y i _ T h) a 
=  h a.

N ow  a ssu m e th a t  7 /  is in je c t iv e  (for e x a m p le  r  cou ld  b e  a b ase  ty p e ) b u t su p p ose  
th a t  7 ^_»r is n o t (th is  is p o ss ib le , as sh ow n  by  th e  co n sta n cy  a n a ly sis  o f th e  n ex t  
ch a p ter ). H en ce  th ere  are fu n c tio n s  h i ,h 2 such  th a t  7 ^ r hi =  7 / ^  h 2 =  P ,  w ith  
so m e a su ch  th a t  hi a ^  h 2 a. L et app  b e  th e  b e s t  in terp re ta tio n  for a p p l y ^ ,  i.e .,  
app =  a 6 5 ^ _ >Tj_ >a_>T( a p p ly ® |T, a p p ly ®  r ). B y  L em m a  4 .2 .8  it  fo llow s th a t

app hi a =  app h2 a =  a Jr (F  { ( /  d, f  d ' ) \ f P  / ' ,  d  (7 /  a) d '} ) ,  (4 .3 .2 )

so a p p ly ^ T is c er ta in ly  n o t b e s t ,  s in ce  a p p ly ^ T h\ a =  h\ a ^  h2 a =  a p p ly ^ T h2 a. 
W e w ill sh ow  th a t  u sin g  app  as th e  in terp re ta tio n  for a p p l y ^  lea d s to  a  m ore  
accu ra te  a n a ly sis  th a n  th e  o b v io u s a p p ly ^ T, u n d er th e  fo llow in g  a ssu m p tio n : there  
are c lo sed  term s e i ,  e 2 an d  ea w ith  a b stra c t in terp reta tio n s h i, h2 an d  a , resp ectiv e ly . 
To m a k e  th e  co m p a riso n  in  a  stra igh tforw ard  w ay, w e w ill a ssu m e th a t th ere  is an 
a ltern a tiv e  a p p ly  co n sta n t a l t a p p ly CT T : (a  —> r )  —> a  —> r ,  such  th a t a ltap p ly®  T =  
apply®  r b u t a lt a p p ly ^ T =  app. T o sh ow  th a t  u sin g  th e  b est  in te r p r e ta tio n  leads  
to  a  m ore a ccu ra te  a n a ly sis , w e  sh o w  th a t  th ere  are term s e : r  an d  e' : r  w h ich  differ 
o n ly  in  th a t  e u ses a lt a p p ly ar w h ere e' u ses a p p ly aT, b u t th a t  7 / [ e ] J is s tr ic tly  
sm a ller  th a n  7 / [ e ' ] J .

C on sid er th e  fo llo w in g  pers:

•  P i =  7 r [ a l t a p p l y ^  ei ea] J =  7 ? {a p p  hi a)

•  P 2 =  7 r [a lta p p ly CT)T e2 eaf  =  7 ? {a pp  h2 a)

• P[ = 7r [apply*,T ei e a]J  = l i { h i  a)

•  p 2 =  7r t a p p e r  e2 eaJJ =  7 i { h 2 a)
S in ce  app  is b e s t  for b o th  a p p ly CTT an d  a lt a p p ly aT, an d  sin ce  7 /  is m o n o to n e , it 
fo llow s th a t P i <  P[ an d  P 2 <  P 2. F u rth erm ore, P[ P 2 s in ce  7 /  is in je c t iv e  and  
hi a ^  h2 a. B u t b y  (4 .3 .2 ) , P i =  P 2, h en ce  e ith er  P i is s tr ic t ly  less  th a n  P[ or P 2 

is s tr ic t ly  less th a n  P 2.
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T h e  a ssu m p tio n  th a t  w as n ecessa ry  to  sh ow  th a t  th e  b est  in terp re ta tio n  for 
a PPly<7,T h as a p ra c tica l ad v a n ta g e  over th e  o b v io u s on e  d eserves c loser scru tin y . 
G iven  th a t  7 /_>r is n o t in je c t iv e , w e cou ld  argue th a t  Df_^T co n ta in s  to o  m a n y  
p o in ts , s in ce  at lea st  tw o  o f th e m  (h i and  Z^) rep resen t th e  sa m e p rop erty . It is 
n atu ra l to  ask  w h eth er  a ll th e se  p o in ts  are denotable  un d er th e  a b stra ct in terp re­
ta t io n , in  p a rticu la r , do th e  ex p ressio n s e\ an d  e 2 a ssu m ed  ab ove a c tu a lly  ex ist?  
In  fa c t, it  w o u ld  b e  in tere stin g  to  go fu rth er th a n  th is  an d  look  for a a resu lt ak in  
to  fu ll abstraction  ([P lo 7 7 ]). T ake a p rogram  to  b e  a  c lo sed  te r m  o f b a se  ty p e  an d  
ta k e  c o n c r e tisa tio n  as a n o tio n  o f o b servation , i .e . ,  say  th a t  program s e, e' : l are  
observably equal i f  and  o n ly  if  7 f [ e ] J =  7 iJ [e /] J . T h e n  a ssu m in g  th a t  a ll co n sta n ts  
oth er  th a n  a lt a p p ly CTT are in terp reted  b y  th e ir  ‘e x p e c te d  fo rm s’, d oes th ere  ex is t  
a p rogram  c o n te x t  (7[] su ch  th a t  C [ a p p ly CT)T] an d  C J a lta p p ly ^ J  are n o t o b serv ­
ab ly  eq u al?  T h e  g lar in g  o b sta c le  to  an sw erin g  su ch  a q u estio n  is  th a t  w e h ave no  
g o o d  d e fin itio n  o f w h a t an  e x p e c te d  form  is. O ne p o ss ib ility , su g g ested  b y  th e  w ork  
o f [N ie84, N ie85 ], w ou ld  b e  to  a tte m p t to  ch aracter ise  e x p e c te d  form s in  term s o f  
th e ir  b eh a v io u r  o n  irreducible elem ents  (see  C h ap ter  8). T h is  su b jec t rem a in s to  b e  
in v e stig a te d .

4.4 P ers Subsum e Sets
It is in tu it iv e ly  c lear th a t  th e  u se  o f p ers as p rogram  p ro p erties  su b su m es th e  u se  o f  
se ts . T h is  is s im p ly  d e m o n stra ted  b y  en co d in g  ea ch  su b set o f a d o m a in  I C D a s  
th e  p er P ( X ) ,  w h ere

d P ( X )  d' d e X  a n d d '  £  X .

T h u s th e  p er  P ( X )  sa tisfies  |P ( A ) |  =  X  an d  a ll d  £  X  b e lo n g  to  th e  sa m e  
eq u iv a len ce  c lass o f  P ( X ) .  N o te  th a t  X  £  /PH(D )  iff P ( X )  £  C P E R ( D ) .  (A n  
a lte r n a tiv e  is to  en co d e  X  as th e  d iagon a l A ( X ) ,  w h ere  d  A ( X )  d' <=$* d =  d' £  X .  
See [H u n 90b ].)

L et (/T , R ) b e  a se t-b a sed  (b in a ry  lo g ica l re la tio n ) ab stra ct in terp re ta tio n  w ith  as­
so c ia te d  c o n c r e tisa tio n  m a p  7 . L et (K , R') b e  th e  p er-b a sed  ab stra ct in terp re ta tio n  
w ith  th e  sa m e  D an d  w ith  a sso c ia ted  lo g ica l co n cre tisa tio n  m ap  7 ' in d u ced  
from  th e  b a se -ty p e s  b y

i ' ia =  Phi. «)•
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T h en  it is stra igh tforw ard  to  show  (in d u ctio n  on a )  th a t for all a  and  for all 
b e  D !<:

l ' a b =  P { 7<r b).

It fo llow s th a t  ( K , R ) is correct if  an d  o n ly  if  [K ,R ! )  is correct. T h u s an y  se t-  
b ased  a n a ly sis  can  tr iv ia lly  b e  p resen ted  as a p er-b ased  one: th e  con verse  d oes not 
ap p ear to  b e  true.



C hapter 5
E xam ple A nalyses
W e d escr ib e  tw o  e x a m p le  a b stra c t in terp reta tio n s b a sed  on  th e  fram ew ork  d ev e lo p ed  
in  p rev io u s ch ap ters. T h e  first is  w h a t w e  ca ll a co n sta n cy  a n a ly sis  w h ich  cou ld  
form  th e  b a s is  o f a h igh er-ord er  b in d in g  t im e  a n a ly sis , as d iscu ssed  in  S ec tio n  3 .1 . 
T h e  seco n d  is a  s tr ic tn ess  a n a ly sis  ab le  to  d iscover th e  h ea d -str ic tn ess  p ro p erty  
of [W H 87]. B e c a u se  h e a d -str ic tn ess  o n ly  m ak es sen se  for fu n ctio n s over l is ts  w e  
m u st e x te n d  our la n g u a g e  o f ty p e s . In  th is  ch ap ter  th is  is  d on e in  a  rath er  a d -h oc  
way. In th e  n e x t  ch a p ter  a  s lig h tly  m ore sa tis fa c to ry  approach  is ta k en , in  w h ich  
th e  la n g u a g e  o f ty p e s  is e x te n d e d  to  in c lu d e  recu rsive  ty p e s . U n fo rtu n a te ly , our  
m e th o d  for  in d u c in g  a b stra c t in terp reta tio n s for th e se  ty p e s  d oes n o t gen era lise  th e  
s tr ic tn ess  a n a ly sis  o f th is  ch ap ter . T h e  p o in t is d iscu ssed  fu rth er at th e  en d  o f th e  
n e x t ch ap ter .

5.1 A  C onstancy A nalysis
In C h a p ter  3 w e in tro d u ced  th e  p rop erty  o f constancy  to  illu s tr a te  th e  w eak n ess  
o f th e  b in a ry  lo g ica l re la tio n s  fram ew ork . In  th is  s e c tio n  w e p resen t an a n a ly sis  
for rea so n in g  a b o u t c o n sta n c y  w h ich  ex p lo its  th e  e x tr a  p ow er o f th e  tern a ry  lo g ica l  
re la tio n s fram ew ork . T h is  a n a ly sis  is b a sed  on  on e  d ev e lo p ed  jo in tly  w ith  D a v id  
S an d s, d e scr ib ed  in  [H S91]. It can  b e  seen  as g en era lisa tio n  o f th e  b a sic  a n a ly sis  o f  
[Lau89] t o  th e  h igh er-ord er case , a lth o u g h  th ere  are a  n u m b er o f im p o r ta n t a sp ec ts  
o f th a t  w ork  w h ich  w e  do  n o t address: in  p articu lar , d o m a in  fa c to r isa tio n , p o ly m o r­
p h ism  a n d  th e  co n stru c tio n  o f a  ‘g lo b a l’ a n a ly sis  to  p ro p a g a te  th e  lo c a l co n sta n cy  
in fo rm a tio n  th ro u g h o u t a  program .

W e p o s tp o n e  g iv in g  an  e x a m p le  o f th e  a n a ly sis  ‘in  a c t io n ’ u n til  th e  n e x t  ch ap ter, 
w h ere w e sh ow  h ow  it  can  b e  e x te n d e d  to  p rogram s u sin g  recu rsiv e ly  d efin ed  ty p e s .

70
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5.1.1 T he A bstract D om ains and C oncretisation M aps
R eca ll th a t for a  fu n ctio n  f  : D  —> E , c o n sta n c y  can b e ex p ressed  as

/  : AUd => Idg.

It is thus n atu ra l to  d efin e an in terp re ta tio n  C  (C  for C o n sta n cy ) w ith  tw o-p o in t  
b ase  ty p e  in terp re ta tio n s D

^  = 2 = T
w h ere as a m n e m o n ic  co n v en ien ce  w e n a m e  th e  e lem en ts  o f  2  as D (D y n a m ic ) and S 
(S ta t ic )  in s te a d  o f  1 an d  0. T h e  in te n tio n  is th a t D an d  S sh o u ld  correspond  to  All 
an d  Id  (o f  th e  ap p ro p ria te  ty p e s )  resp ec tiv e ly . T h is  corresp on d en ce  is e s ta b lish ed  
b y  th e  co n cre tisa tio n  m a p s 7 tc  : D f  —>• CPER(Z)f), w h ere

I A ll t if a =  D 
7 . a  =  < IdL if a =  S.

T h e  lo g ica l co n cre tisa tio n  m ap  7 °  =  { ' i s in d u ced  v ia  th e  L ogica l C o n creti­
sa tio n  M ap T h eo rem  (3 .4 .2 ) . T h e  a sso c ia te d  lo g ica l re la tio n  R c : S 2 C  is  th a t  
in d u ced  by

(d, d') R f  D for a ll d, d! G Df 
(d ,d ' )R °  S < = >  d = d '

E ach  7^ is:

CP;

•  m ee t-p reserv in g .

B y  P ro p o s it io n s  3 .4 .3  and  4 .2 .5  it  is su ffic ien t o n ly  to  v er ify  th e se  at th e  b a se  ty p es .  
T h is  is  tr iv ia lly  d on e. It is  a lso  tr iv ia lly  sh ow n  to  b e  th e  case  th a t  th e  b a se  ty p e  
co n cre tisa tio n  m a p s are in je c t iv e  b u t, as w e sh ow  in  S u b sec tio n  5 .1 .3 , th is  p ro p erty  
is n o t in h er ited  at th e  fu n c tio n  ty p es .

S in ce  7 °  p reserves m e e ts , w e k n ow  th a t  each  7^ has a le ft  ad jo in t an d  h en ce  
th a t  b est  in terp re ta tio n s  e x is t  for th e  co n sta n ts . T h e  b ase  ty p e  a b stra c tio n  m ap s  
are ea sily  ver ified  to  b e  g iv en  by:

a b s f (d , d!) = S if d =  d'
D otherwise.
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D f  =  |  i f  D =  A llt r /f  s  =  Id t 

n °  =  s
t r u e c =  fa ls e c =  s  
is z e r o c a =  a 
p lu s c a b =  a U b 
m in u s 0 =  m u lt °  =  p lu s 0
i f  °  a bi b2 =
Y ° f =  U f  -L?

F ig u re  5.1: A n  A b str a c t In terp reta tio n  for C o n sta n cy  A n a ly sis

T h e  s im p le s t  fu n c tio n -ty p e  a b stra c tio n  m a p s are sh ow n  b y  P ro p o s it io n  4 .2 .9  to  b e  
g iv en  by:

abs°_l ( f J ' ) a =  l_ \{abs° ( f  d’f ' d') I absfid^d') C  a}  .

It is th e n  stra igh tforw ard  to  sh ow  th a t  absf_^t( f , f ' )  =  A a  6  2 . S  iff /  an d  / '  are  
eq u al a n d  c o n sta n t, an d  s im ila r ly  th a t  abs°_+t ( f , / ' )  =  A a £ 2 . D i f F /  an d  f '  are 
n o t eq u a l. T h e  o n ly  p o ss ib ility  le ft  is th a t  ( / , / ' )  =  A a E 2 . a i f f /  a n d  / '
are eq u a l an d  n o t co n sta n t. It fo llow s th a t th e  d erived  m a p  /  absf_^c( f ,  f )  m e n ­
tio n ed  in  th e  p rev io u s ch ap ter  (S u b sec tio n  4 .2 .2 ) is n o t m o n o to n e  sin ce , for ex a m p le ,  
( A n G Z . l ) i - ^ A a G 2 . S  an d  ( A n  G Z .  101) i-» A a G 2 .  S, b u t ( A n G Z . n  =  l ^  
_L, 101) i-» A a G 2 . a.

5.1.2 T he Interpretations o f C onstants
T h e in te r p r e ta tio n  C , in c lu d in g  th e  in terp reta tio n s o f th e  co n sta n ts , is sh ow n  in  
F igu re  5 .1 . R eca ll, for a co n sta n t c : cr, th a t c °  is correct if  an d  o n ly  if  cs : 7 0 c ° .  
W e sh ow  b e lo w  th a t  each  c °  is  correct, an d  h en ce , b y  th e  C orrectn ess T h eo rem  
(4 .1 .7 ) , th a t  th e  in terp re ta tio n  C  is correct.

N ullary C onstants
T h e  in te r p r e ta tio n s  o f th e  n u lla ry  co n sta n ts  tr u e , fa lse , 0 , 1 , . . .  are a ll S. F rom  th e  
fact th a t 7 £ oZ S =  Id}>00i , 7fni S =  Idint an d  \Idn\ =  D for an y  D , correctn ess o f  th e

f if o =  D
1 61 U 62 if a =  S
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m iliary  co n sta n ts  is im m e d ia te . C learly, th ese  in terp reta tio n s are all b est s in ce  th ey  
are all lea st.

A rith m etic  O perators and Test for Zero
For th e  te s t  for zero , s in ce  JL A llint 0 , w e m u st h ave  J_ 7 ^ o/( is z e r o H d )  I t , so  
is z e r o 11 D  h as to  b e  D .  L ike a ll fu n c tio n s , i s z e r o s : Id  =>■  /d ,  so it  is correct to  take  
is z e r o s S =  S. T h u s i s z e r o H is correct (a n d  b e s t) .

To sh ow  correctn ess for th e  b in ary  a r ith m e tic  op erators, w e m u st sh ow  th a t, 
ta k in g  /  : Z —> Z —> Z to  b e  a n y  o f  p lu s s , m in u s s , m u lt s , for a ll a , b E 2:

/  ; 7£i «=> lint b=>y?„t(aU  &)■

N ow  if  e ith er  a =  D  or b =  D  th e n  a U b =  D  an d  (5 .1 .1 ) is tr iv ia lly  sa tisfied , 
(for an y  / ,  n o t ju s t  p lu s s , m in u s s an d  m u lt s ), s in ce  ^fnt D  =  A llint. O th erw ise , 
a =  b =  (a  LI b) =  S. B u t 7 ^  S =  Id int an d  /  : Id{nt =$■  Idint Idint c lea r ly  h o ld s  
(a g a in , for an y  / ) .

W e can  see  th a t th e se  in terp re ta tio n s  are a lso  b est: su p p o se  tow ards a  con tra ­
d ic tio n  th a t p lu s c is n o t b e s t . T h e n  th ere  m u st b e  a , b su ch  th a t a U b =  D  and  
p lu s s : 7 ^ ( a 7 ^  b 7dtnf. B u t e ith e r  a or b m u st b e  D ,  so p lu s s m u st b e  
co n sta n t in  on e  o f  its  a rg u m en ts , a  co n tra d ic tio n . T h e  sa m e argu m en t o b v io u s ly  
ap p lies  to  m in u s  and  m u lt .

C onditionals
To ju s t ify  th e  in te r p r e ta tio n  u sed  for th e  co n d itio n a ls  w e w ill u se  th e  a b stra c tio n  
m a p s. W e require th e  fo llo w in g  resu lt:

L e m m a  5 .1 .2  L et a  E T  and let a €  . Then there is som e d  E a\ such that
absZ(Ll,d) = T°.

P r o o f  ( s k e tc h )  F irst d efin e  th e  fa m ily  o f se ts  w ith  each  M a C D®, by:

•  M l =  D 5 \  i_;
•  M aXT =  M a x  M r ;
•  M p—yr =  {A d  E D l .m  | m  E M T}.

T h en  it  can  b e  sh ow n  th a t  for a ll a  E T, for a ll a E an d  d  E M a \

•  M a is not em pty;
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•  M a C  |7 °  a |;
•  K  (7 ?  a ) d = > i ?  a =  A lla .

T h e  first o f  th e se  is  ob v io u s from  th e  d efin ition . T h e  seco n d  an d  th ird  are b y  ea sy  
in d u c tio n s  o n  a . It can  fu rth er  b e  sh ow n  th a t  in  a d d itio n  to  b e in g  to p -p reserv in g ,  
each  7 ^ is  top-reflecting , w h ich  is to  say  th a t 7 ^ a =  A lla =£• a =  T J . T h e n  for an y
d e M a

absa{±-sa ,d )  C  a
=> -14 (7° «)
=4* 'Ja a = AH',
=» a =  T ? .

□

O m ittin g  m o st o f th e  su p erscr ip ts  an d  su b scr ip ts  to  keep  th in g s  read ab le , w e h ave  

a&sc ( i f  ®,if® ) D b e
=  U  { a b s ( i f *  x  y  z ,  if® x ' y' z ') | a b s ( x ,  x ' )  C  D, a b s { y , y') C  6, a b s ( z , 2/ )  C  c }  .

S in ce D is  to p , abs£ool(x , x ') C  D for a ll (a;, a;') 6  B .  In  p articu lar , != D -
T h u s th e  se t on  th e  r igh t h a n d  sid e  co n ta in s a&sj(_l_®, z ')  for a ll z ’ G I7 J3 fe|, so  b y  
th e  L em m a , th e  se t co n ta in s  T ° .  T h u s a&s D b c =  T J , w h ich  agrees w ith
our ch o ice  for i f ° .

U sin g  th e  fa c t th a t  7 J\ol S =  Id j,00i,  w e have: 

a & s c ( i f  ®, i f  ®) S b e

=  U  { a b s ° ( ± . * , JL*), y'), a b s ° ( z ,  z ' )  \ a b s ° ( y ,  y ' )  C  b, a b s ° ( z ,  z ' )  C  c } .

B y  a d jo in tn ess  co n sid era tio n s th is  is eq u iva len t to

a&sc  (if®, if®) s 6 c = <£(-£ 6) U a?(7° c).

N ow  for cr su ch  th a t  7 ^ is in je c t iv e , th e  r igh t h an d  sid e  is  ju s t  b U c. So in  p articu lar , 
for th e  b a se  ty p e s  w e h a v e  sh ow n  th a t  th e  i f tc  are b e s t . In  gen era l, as is sh ow n  b e lo w , 
7 ^ is n o t in je c t iv e  an d  w e  o n ly  h a v e  &) LI a ? ( 7 <? c) C  6 U c, so th e  i f ^  are
correct b u t  n o t n ecessa r ily  b e s t .

R ecursion C om binators
C  is a le a s t  fix ed  p o in t in terp re ta tio n  so correctn ess o f Y j  is g iv en  b y  C oro llary  4 .1 .9 .
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5.1.3 N on-In jective C oncretisation  M aps

A s rem ark ed  a b o v e , th e  7 ^ m a p s are n o t a ll in jec tiv e . To sh ow  th is  w e co n sid er  th e  
e x a m p le  o f cr =  in i x  in t —> in t ( th e  ch o ice  o f in t is n o t s ig n ifica n t, an y  b a se  typ e  
w ou ld  d o ). T h e  a b stra c t la t t ic e  in te r p r e ta tio n  for th is  ty p e  is [2 x  2 —> 2 ], show n  
in  F ig u re  5 .2 . W e w ill sh ow  th a t  7 ^ h i =  7 ^ A2-

U sin g  th e  L ogica l C o n cre tisa tio n  M ap  T h eo rem , an d  d rop p in g  ty p e  su b scr ip ts  
for th e  sake o f  rea d a b ility , w e  see  th a t

7 °  h 2 =  Pi A P 2 A P 3 A P 4,

w h ere
P i =  A ll  x  A ll  =*> A //
P 2 =  A ll x  Id  => Id  
P 3 =  Id  x  A ll  => Id  
P 4 =  Id  x  Id  Id .

U sin g  P ro p o s it io n  3 .2 .4  w e can  see  th a t  P i =  A ll  an d  P 2, P 3 <  P 4. H en ce

7 °  h<i — P 2 A P3.

S im ilar ly , w e  h ave
7 °  ^1 — Q i A Q 2 A $ 3  A Q 4,
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w here
Q i  =  A ll x  A ll  =>■  Id  
Q 2 =  -A// x Id  ^  Id  
Q z — Id x A ll =r> Id  
Q 4 =  Id  x  Id  =r* Id .

A gain  u s in g  P r o p o s it io n  3 .2 .4 , w e find  th a t  Q 1 <  Q 2, Q 3, Q a- T h u s

7 °  =  Q a.

S in ce  Q i <  P 2, P 3 , w e k n ow  th a t  7 °  h i <  7 °  h 2. N o te  th a t  PA =  Q A =  I d , so  th a t  
7̂ 2, P 3? Q i  <  Id . A n y  p er  P  w ith  th is  p ro p erty  is  c o m p le te ly  d e term in ed  b y  \P \, so  
to  sh ow  th a t  7 °  h i =  7 °  h 2 it  rem a in s to  sh ow  th a t  /  G \^c  h 2 | im p lie s  /  G |7 C h i | .  
N ow  le t  /  G |7 C h 2 |, an d  le t  n 1 ,n 2 ,n'1 ,n 2 G Z . T h en  / ( n i , n 2) =  / ( n ^ , n 2), s in ce  
/  : AH x  Id  => Id ,  an d  / ( n i , n 2) =  f { n [ ,n 2), s in ce  f  : Id  x  A ll  => Id . T h u s  
f ( n 1 ,n 2) =  / (n l ,r c '2). H en ce  f  : A ll x  A ll => Id . W e co n c lu d e  th a t 7£ txint_ t-nt h i =  
l?ntxint->int h 2 an d  h en ce  th a t  7 fntxint^int is n o t in jec tiv e .

T h e  cru x  o f th e  a b o v e  argu m en t is in  th e  la s t  few  lin es  w h ich  revea l th e  b a sic  
cau se o f n o n -in je c t iv e n e ss  for 7 ihtxint^int1 a  b in a ry  fu n c tio n  is sep a ra te ly  co n sta n t  
in  each  a rg u m en t i f  an d  o n ly  i f  it is jo in t ly  co n sta n t in  b o th  its  arg u m en ts. B y  
m a p p in g  ( d , s )  to  S a n d  m a p p in g  (s , d )  to  S ,  th e  fu n c tio n  h 2 h as a lread y  c o m p le te ly  
d eterm in ed  a  p ro p erty  (p er ). W h a t it  d oes to  ( d , d )  is rea lly  n o t im p o r ta n t. T h u s  
th ere  is a n  in h eren t red u n d a n cy  in  u sin g  th e  fu ll sp a ce  o f m o n o to n e  fu n c tio n s  to  
d escrib e  p ro p ertie s  o f fu n c tio n s  o f m o re  th a n  on e  a rgu m en t. (It is  n o t h ard  to  see  
th a t  th e  r e s tr ic tio n  o f 7 fntxint-^int {h.3, . . . ,  Jiq}  is in je c t iv e , so th e  o n ly  red u n d a n cy
in  th is  p a rticu la r  la t t ic e  is ca u sed  b y  h a v in g  b o th  h i an d  h 2.) In  [CC79] it  is 
su g g e ste d  th a t  su ch  red u n d a n cy  b e  e lim in a te d  b y  q u o tien tin g  o u t th e  su p erflu ou s  
p oin ts: t h e  su g g ested  q u o tien t m a p  is s im p ly  a% 0 7J3, w h ich  d oes th e  jo b  ad m irab ly . 
T h e  p ro b lem  w ith  th a t  su g g e stio n  in  th is  se tt in g  is th a t  w e h ave to  co p e  w ith  th e  fu ll 
ty p e  s tru c tu re  o f T ,  w h ich  m ea n s in fin ite ly  m a n y  a ,  an d  in  gen era l w e s im p ly  d o n ’t 
know  h o w  to  co m p u te  o 7 J3. W h a t is requ ired  is  an  a ltern a tiv e  ch a ra cter isa tio n  
o f th o se  a b stra c t fu n c tio n s  w h ich  are sup erflu ou s.

A s y e t w e d o n ’t h a v e  su ch  a ch a ra cter isa tio n , b u t w e co n jectu re  th a t  on e  w ill b e  
fou n d  b y  a d a p tin g  B e r r y ’s w ork  on  s ta b le  fu n ctio n s. W e n o te  th a t  th e  fu n c tio n  h 2 

is  d is tin g u ish e d  from  th e  o th er  fu n c tio n s  in  [2 x  2 —> 2 ] b y  th e  fact th a t  it  d o e sn ’t 
p reserve b in a ry  jo in s . H ow ever, th is  p ro p erty  a lon e d oes n o t g iv e  us th e  ch aracter­
isa tio n  w e  seek , s in ce  all fu n c tio n s in  [2 —» [2 —* 2 ]] p reserve b in ary  jo in s , b u t th e  
curried  v e r s io n  o f h2 is  su p erflu ou s th ere  ju s t  as h2 is  in  [2 x  2 —> 2]. T h e  answ er m a y
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b e to  ad a p t [Ber78] and w ork w ith  b id o m a in s (p erh ap s m ore properly, b ila ttic e s)  
u sin g  th e  coconsistently add itive  (ca) fu n c tio n s1 (d u a l to  consisten tly m ultiplicative) 
and  th e  a sso c ia ted  ca  ord erin g . T h is  g iv es rise to  a la tt ic e  for in t x  int —> in t w hich  
is ju s t  [2 X 2 —> 2] w ith o u t and a la tt ic e  for in t —> in t —> in t w hich  is ju st  
[2 —> [2 —> 2jj w ith o u t th e  cu rried  version  o f h2. M ore g en era lly  it g ives r ise  to  a 
ca rtesia n  c lo sed  ca teg o ry  o f f in ite  la tt ic e s  in  w h ich  th e  in terp reta tio n  C  cou ld  be  
red efin ed . W e do n o t k n ow  w h eth er  th is  is th e  ch a ra cter isa tio n  w e seek . A  p o ssib le  
a n a lo g u e  o f B e r r y ’s F u n ctio n  (u sed  to  d em o n stra te  th a t  s ta b ility  ^  se q u e n tia lity ) , 
is su g g ested  b y  th e  fact th a t  u n d er  th e  ca  ordering, th e  fu n ctio n  sp ace  [2 —> 2] is 
iso m o rp h ic  to  Bop:

T  : A a . D

W e d efin e  th e  fu n c tio n  q : [2 

su ch  th a t

B : \ a . S  I : \ a . a
«i3

[2 —> 2] to  b e  th e  g rea test m o n o to n ic  fu n c tio n

q ( I ,B ,T )  =  I  
q ( B ,T ,I )  =  /  
q ( T , I ,B )  =  I .

T h en  q an d  A ( / ,  g , h ) . I  are d is t in c t  fu n c tio n s  w h ich  are b o th  ca , b u t w e d o  n ot 
k n ow  w h eth er  7 c (q) =  7 C(A ( / ,  g , h ) . I ) .

5.1.4 C onstancy in a S trict Language
T h e  s ta n d a rd  sem a n tic s  a ssu m e d  for A ?  is n o n -str ic t. W e cou ld  m o d e l a  str ict  
fu n c tio n a l la n g u a g e  in  Aq- b y  p ro v id in g  s tr ic t a p p ly  com b in ators sa p p ly ^  r : (cr —> 
t ) — > u  — * t  w ith  sta n d a rd  in terp reta tio n s:

sappiy»,r /  d T  if  d  =  _L 
/  d  o th erw ise .

A  s tr ic t  la n g u a g e  se m a n tic s  co u ld  th e n  b e  s im u la te d  b y  rep la c in g  a ll a p p lica tio n s  
[e i e2] b y  [ s a p p ly  e\ 62] e x c e p t  w h ere  n o n -str ic tn ess  is n eed ed  (su ch  as th e  ap­
p lic a t io n  o f a  co n d itio n a l to  its  seco n d  an d  th ird  a rg u m en ts). U n fo rtu n a te ly , the  
resu ltin g  a n a ly sis  w ou ld  b e  ra th er  u n in tere stin g . S in ce  w e h ave fo rm a lised  con stan cy  
o f  /  by

f : A l l = >  I d ,

! A  f u n c t i o n  /  i s  c a  i f  f o r  a l l  p a i r s  a ,  b w h i c h  a r e  b o u n d e d  b e l o w ,  f ( a  U b)  =  / ( a )  U f ( b ) .
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th e  o n ly  co n sta n t s tr ic t  fu n c tio n  is th e  co n sta n t b o tto m  fu n ctio n . It fo llow s th a t , for 
ex a m p le , an y  correct ch o ice  for s a p p l y ^ t>t-nt w ill b e  su ch  th a t  s a p p l y ^ ^  h D =  D, 
for a ll h G Dfnt_+int. T h u s no te r m  [ s a p p iy inf int e] d en o tin g  a str ic t  fu n c tio n  w ill b e  
fou n d  to  b e  c o n sta n t. It is p o ss ib le  to  fo rm u la te  a m o d ified  d efin itio n  o f co n sta n cy ,  
m ore a p p ro p r ia te  for s tr ic t la n g u a g es, as fo llow s. D efin e  th e  p er AIVD b y

d All'D d' 4= 7* {d  ^  _L and d' ^  _L) V d =  d' =  _L.

Say th a t a  s tr ic t  fu n c tio n  f  : D  —> E  is alm ost constant if

/  : A\Vd  =* Id E .

T h u s a fu n c tio n  is a lm o st co n sta n t if  its  re str ic tio n  to  non-_L a rgu m en ts is co n ­
sta n t. N o w  u s in g  C  w e cou ld  d e term in e  th a t  A x .  ( ( A y .  3 )  (e  x ) )  d en o ted  a  con ­
sta n t fu n c tio n , regard less o f w h a t e m ig h t b e . B u t to  d e term in e  th a t  th e  term  
A x . ( s a p p ly  ( A y . 3 )  ( s a p p ly  e x ))  d en o ted  an  alm ost co n sta n t fu n c tio n , w e w ou ld  
h ave to  d e te r m in e  th a t  e sa tisfied  th e  co n d itio n

[ s a p p ly  e ]s : AH' ^  AW .

U n fo rtu n a te ly , th is  a m o u n ts  to  d e term in in g  th a t  [ s a p p ly  e ]s is a  to ta l  fu n c tio n  
(on e  m a p p in g  non-_L arg u m en ts to  non-_L resu lts) an d , as th e  te r m in a tio n  a n a ly sis  
o f [Abr90] d em o n stra te s , an  a n a ly sis  b a sed  on  ab stra ct in terp re ta tio n  w h ich  is ab le  
to  d e tec t t o ta l i ty  is  l ik e ly  to  b e  so p oor  as to  b e  v ir tu a lly  u se less . In  p ra ctice , b in d in g  
t im e  a n a ly ses  for str ic t  la n g u a g es a n a ly se  program s as th o u g h  th e  sem a n tic s  w ere  
a c tu a lly  n o n -s tr ic t  ([J o n 88]) and  th e se  a n a ly ses m a y  b e  v iew ed  as b e in g  b a sed  on  
so m e fo rm  o f p a r tia l correctn ess cr iterio n .

5.2 L ist T yp es
T h e  e x te n d e d  la n g u a g e  o f ty p e s  is as follow s:

<j, t  G T~l ::=  i | X cr2 | —* cr2 | l is t(a ) .

W e do n o t  e x te n d  th e  la n g u a g e  o f term s, re ly in g  in s te a d  o n  h igher-order co n sta n ts  
to  o p era te  on  lis ts .  T h is  is n o t v ery  sa tisfa cto ry , b u t it  d oes red u ce  th e  a m o u n t o f  
w ork to  b e  d o n e  in  a d a p tin g  th e  e x is t in g  fram ew ork  to  in co rp o ra te  th e  n ew  ty p e s .
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5.2.1 Interpretations
T h e  d efin itio n  o f an in terp re ta tio n  is m od ified  as follow s: an in terp reta tio n  I  is now  
a pair

( K L r . ’ K ' L r . ) ’
w h ere th e  K la assign  m ea n in g s  to  co n sta n ts , as before, and  th e  D * are su b jec t to  
th e  fo llow in g  con d ition s:

D n x e 2 = D l t X D U
D L r II 3 '"

l 1

N o te  th a t  th e  in terp re ta tio n s  o f ty p e s  are n o  lon ger in d u ced  b y  th e  in terp reta tio n s  
o f  th e  b ase  ty p e s , s in ce  c o m p le te  freed o m  is a llow ed  for th e  in terp re ta tio n  o f list  
ty p e s . In p ra c tice  w e e x p e c t  so m e  u n ifo rm ity  in  th e  in terp reta tio n  o f lis t  ty p es. 
O n e w ay  o f im p o sin g  th is  w o u ld  b e  to  require so m e fu n ctor  L 1  over th e  ca teg o ry  
o f d o m a in s, eq u ip p ed  w ith  so m e  a d d itio n a l stru ctu re  (e .g . th a t o f  a m o n a d ), such  
th a t  D jist^  =  L ^ D p ) .  W e h a v e  n ot d on e th is  s in ce  w e h ave y e t  to  id en tify  a  
stru c tu re  w h ich  is b o th  u sefu l an d  o f  su ffic ien t g en era lity  to  in co rp o ra te  th e  stan d ard  
in terp re ta tio n  and th e  a b stra c t in terp re ta tio n s  o f in terest.

T h e  d e fin itio n s o f e n v iro n m en ts  an d  th e  sem a n tic  v a lu a tio n  fu n ctio n s [_]J rem ain  
u n a ltered .

5.2.2 Logical R elations
L ogica l re la tio n s over T l are d efin ed  e x a c t ly  as before. A s in  th e  case  o f ty p e  
in terp re ta tio n s , th is  m ea n s th a t  a  lo g ica l re la tio n  is no longer u n iq u e ly  d eterm in ed  
b y  its  b ase  ty p e  in sta n ces .

C o n cretisa tio n  m ap s are d er iv ed  from  lo g ica l re la tio n s in  th e  sa m e w ay  as before, 
b u t to  en su re  th a t th e se  m a p s  a lw ays re tu rn  c o m p le te  pers requires m o re  effort: see  
S u b sec tio n  5 .2 .3  b elow . T h e  L o g ica l C o n cre tisa tio n  M ap T h eo rem  c learly  rem ains  
v a lid , an d  th e  d efin itio n  o f lo g ica l co n cre tisa tio n  m ap  is re ta in ed , th o u g h  o f course  
a lo g ica l co n cre tisa tio n  m a p  is n o  lo n g er  in d u ced  b y  its  b a se  ty p e  m em b ers.

C orrectn ess o f  an a b stra c t in terp re ta tio n  is  d efin ed  in  th e  sa m e w ay  as before  
(D e fin it io n  4 .1 .4 ) . T h e  T ern ary  L og ica l R e la tio n s  T h eo rem  (3 .3 .2 )  rem a in s valid  
b eca u se  th e  p ro o f is b y  in d u c tio n  over th e  stru ctu re  o f term s, w h ich  are as before. 
H en ce  th e  C orrectn ess T h e o r e m  also  rem ain s va lid .
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R e m a r k  It m a y  se e m  as th o u g h  w e are g e tt in g  so m eth in g  for n o th in g : w e h ave  
ad d ed  lis t  ty p e s  w ith o u t m a k in g  an y  req u irem en t th a t lo g ica l re la tio n s  
resp ec t th e m , y e t  w e  are g u a ra n teed  th a t  a ltern a tiv e  in terp re ta tio n s  o f  
term s o f l is t  ty p e  w ill a lw ays b e  re la ted . T h e  reason  is  th a t  th e  o n ly  
w ay w e  h a v e  to  co n stru ct su ch  term s is v ia  co n sta n ts  o f lis t  ty p e , w h o se  
in terp re ta tio n s  are re la ted  by hypothesis. T h u s th e  e x tr a  w ork w h ich  w e  
m ig h t e x p e c t  to  b e  in v o lv ed  in  p rov in g  correctn ess for lis t  ty p e s , is s im p ly  
p o stp o n e d  u n til  w e  define and prove correct th e  in terp reta tio n s o f th e se  
co n sta n ts .

5.2.3 Inherited  P roperties
In h er ita n ce  o f p ro p ertie s  is  p ro fou n d ly  a ffec ted  b y  th e  a d d itio n  o f lis t  ty p e s . In  
fa c t, s in ce  lo g ica l r e la tio n s are no lon ger in d u ced  from  th e ir  b ase  ty p e  in s ta n c e s , w e  
can  o n ly  e x p e c t  tr iv ia l p ro p erties  to  b e  in h er ited . T h is  p u ts  a  b it o f  a  h o le  in  th e  
fram ew ork . A s a p a r tia l repair, w e ad op t th e  fo llo w in g  d efin ition .

D e f i n i t i o n  5 .2 .1  A  p ro p erty  P  =  { P a } aer l o f  T l-indexed fam ilies  o f relations, is 
c o n d itio n a lly  in h e r ite d  if  fo r  all tern a ry  logical relations R  : I  x  I 1 J : if  the
condition

V(T €  T l. P<r(Ra) => Plist{a){Rlist(a))
holds, th e n

(Vt e  To. =4- v <7 e  T ‘. P ' ( R a).

It is r o u tin e ly  ver ified  th a t  L em m a  3 .5 .2  rem a in s va lid  for lo g ica l re la tio n s over T  
if  ‘in h e r ite d ’ is r ep la ced  th ro u g h o u t b y  ‘co n d itio n a lly  in h e r ite d ’. F u rth erm ore, th e  
proofs o f  P r o p o s it io n  3 .4 .3  and P ro p o s it io n  4 .2 .5  can  b e  ea s ily  m o d ified  to  sh ow  
th a t  in  th e  cu rrent s e tt in g , th e  p rop erty  C P  an d  p reserva tion  o f m e e ts  b y  (h en ce  
th e  e x is te n c e  o f le ft  a d jo in ts  for) th e  co n cre tisa tio n  m a p s are c o n d itio n a lly  in h er ited . 
O f cou rse , to  m a k e  u se  o f th e  fa ct th a t  a  p ro p erty  is co n d itio n a lly  in h er ited  w h en  
reason in g  a b o u t an y  g iv en  R , w e  w ill h a v e  to  show  b o th  th a t  th e  p ro p erty  h o ld s for 
th e  R i a n d  th a t  th e  co n d itio n  sp ecified  b y  D efin itio n  5 .2 .1  is a c tu a lly  m e t.

5.2.4 List C onstants and th e Standard Interpretation
T h e  c o n sta n ts  w e a ssu m e for lis ts  are, for each  cr, r  £  T l:

•  n i l CT : list (a)]
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D fist(e) =  U st(D l)

n il=  =  f]
cons®  x xs =  x : xs

i 1 ?  if  / =  -L
case®  r l }  d — l  f  x xs if  l =  x  : xs

d  i f  / =  []

F ig u re  5.3: E x te n s io n s  to  th e  S tan d ard  In terp reta tio n

•  c o n s a : cr —> list(cr) —> list (a)]

•  c a s e ^  : list(cr) —» (<r —> lis t(a )  —> r )  —> r  —> r .

For an y  d o m a in  Z7, th e  d o m a in  l is t(D )  is d efin ed  to  b e  th e  u su a l d o m a in  o f  
p a r tia l, f in ite  an d  in fin ite  lis ts  o f  e le m e n ts  in  D , o b ta in ed  as an in it ia l so lu tio n  to  
th e  d o m a in  eq u a tio n

l is t(D )  =  1 -f (D  x  l is t(D ))
w h ere +  is sep a ra ted  su m . (S e e  [SP82] an d  th e  n e x t ch a p ter .)  W e w ill w r ite  th e  
iso m o rp h ic  im a g es  o f m i( - )  an d  iri2 ( d, l )  in  lis t(D )  as [] an d  d : l r e sp ec tiv e ly .

E x te n s io n s  to  th e  s ta n d a rd  in te r p r e ta tio n  S  o f C h ap ter  2 to  in co rp o ra te  lis t  ty p es  
an d  th e  n ew  co n sta n ts  are sh o w n  in  F ig u re  5.3.

5.3 A H ead -S trictn ess A nalysis
In  [W H 87] P h il W ad ler an d  J o h n  H u g h es d escr ib ed  a s tr ic tn ess  a n a ly sis  tech n iq u e  
for first-ord er fu n c tio n a l la n g u a g es. T w o  fea tu res d istin g u ish  th is  te ch n iq u e  from  
s tr ic tn ess  a n a ly ses  in  th e  [M yc81, B H A 86] sty le:

1 . it  u ses a  n o n -sta n d a rd  backwards sem a n tics;

2 . it  u ses projection s  to  fo rm a lise  s tr ic tn ess  p ro p erties  ra th er  th a n  S co tt-c lo sed  
se ts .

T h e  w ay  p ro jec tio n s  are u sed  to  d escr ib e  s tr ic tn ess  p ro p erties  is v ia  th e  eq u ation  
(3 .1 .2 )  in tro d u ced  in  C h ap ter  3:

(do f  =  (do f  o a .
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B y  u s in g  p ro jec tio n s  in  th is  w ay, W adler an d  H u gh es w ere a b le  to  ca p tu re  a 
n ove l fo rm  o f  s tr ic tn e ss , k n ow n  as head-strictness. T h is  is d efin ed  in  term s o f th e  
p ro jec tio n  H ^ :

D e f i n i t i o n  5 .3 .1  For each dom ain D , the pro jection  H p  : lis t(D )  
defined by

HC(_L) =  _L
H d ([]) =  []

_L i f  d =  _1_£)
d : H d ( /)  otherwise.

For a  G T 1 we w ill w rite  to mean  H ^ s .

l is t(D )  is

H D ( d : l )  =

A  fu n c tio n  /  : lis t (A ) —* B  is sa id  to  b e  h ead-strict i f  /  =  /  o H ^ , w h ich  p u t in to  
form  (3 .1 .2 )  is:

I d s  o /  =  I d s  o /  o H ^.

In tu itiv e ly , a  h ea d -str ic t  fu n c tio n  is on e  w h ich  n ever  ‘look s a t ’ a ta il  o f its  argu m en t  
w ith o u t lo o k in g  a t th e  h ea d  o f th a t ta il. A n  e x a m p le  is g iv en  at th e  en d  o f th is  
sec tio n . B y  P r o p o s it io n  3 .1 .5 , it  is  eq u iva len t to  d efin e a h ea d -str ic t  fu n c tio n  as on e  
for w h ich

/  : (ker H ^) =* Id B .
T h is en a b le s  us to  co n stru ct an  a n a ly sis  for h ea d -str ic tn ess  b a sed  o n  c o m p le te  pers. 
T h ere  w o u ld  a p p ear to  b e  n o  eq u iva len t d e fin itio n  o f h ea d -str ic tn ess  u sin g  se ts  in  
th e  form  f ( X )  C  Y ,  so  th e  [B H A 86, A br90] fram ew orks are u n a b le  to  ca p tu re  h ea d ­
str ic tn ess . (In  [B ur90], B u rn  in v e s tig a te s  w h a t co m m o n  grou n d  th ere  is b e tw e e n  
[B H A 86] a n d  [W H 87].)

T h e  in te r e s t  o f  h ea d -str ic tn ess , as su g g ested  in  [W H 87], is as fo llow s. L et e\ : 
list (a )  —> r  an d  e 2 : lis t (a )  b e  c lo sed  term s. S u p p o se  w e w ere ab le  to  e s ta b lish  th a t  
th e  fu n c tio n  [ e i ] s sa tisfied  th e  p rop erty

[ei]|s =  [ e i ] s o H „

so th a t [ e i  e 2] s =  [ e i ] s (H CT( [e 2] s )) . W e cou ld  th e n  m o d ify  th e  co d e  g en era tio n  for 
th e  su b -ex p ress io n  e2 to  im p lem en t ev ery  ca ll to  c o n s^  w h ich  co n tr ib u ted  to  th e  
o u tp u t o f e 2 b y  a le ft-s tr ic t  con s op era tio n , th u s avo id in g  th e  n eed  to  b u ild  and  
m a in ta in  c lo su res  an d  in crea sin g  th e  o p p o rtu n itie s  for p a ra lle lism .

It is n o t  q u ite  so ea sy  to  d escr ib e  ord in ary  str ic tn ess  in  term s o f p ro jec tio n s . T h e  
approach  ta k en  in  [W H 87] in v o lv es  lift in g  a ll th e  d om ain s an d  fu n c tio n s  in vo lved :
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g iven  a con tin u o u s m ap  /  : A  —> B , th e  lifting  o f  /  is / i  : A±  —» Bj_, g iven  by

f±  x = _L if x  =  JL
l i f t ( f  a )  if  x  =  l i ft  [ a ) .

For each d om ain  A  th e  p ro jec tio n  Str^  : A ± —> A±_ is defined  by

Str^ x  =  <
L
_L
l i f t  ( a )

i f  x  =  JL

i f  x  =  l i f t  ( L a )
i f  x  =  l i f t ( a ), a  ^  L a -

It is th en  e a s ily  seen  th a t  /  : A B  is s tr ic t  if  and  o n ly  if

S trb  o f±  =  S tr#  o /j_ o Str^ .

H ere w e avo id  th e  n eed  for lif t in g  b y  e x p lo it in g  th e  fact th a t u n lik e  p ro jec tio n s , p ers  
can  b e  partia l: w e can  u se  th e  p er  B o t  to  d escr ib e  str ic tn ess , s in ce  f  : A  —> B  is  
s tr ic t if  an d  o n ly  if

/  : B o t  a  => B o t B -

H ow ever, on e o f th e  m o st  p lea sin g  a sp e c ts  o f th e  [W H 87] ap p roach  is th e  n a tu ra l 
w ay in  w h ich  p ro jec tio n s  over th e  lif te d  d o m a in s can  b e  co m b in ed  to  ca p tu re  a rich  
fa m ily  o f s tr ic tn ess  p ro p ertie s  over recu rs iv e ly  d efin ed  ty p es . O ur approach  d oes n o t  
seem  to  g en era lise  in  th e  sa m e w ay. W e retu rn  to  th is  p o in t a t th e  en d  o f th e  n ex t  
ch ap ter.

5.3.1 T he A bstract D om ains and C oncretisation  M aps
W e d efin e an  in te r p r e ta tio n  H  (H  for H ea d -str ic tn ess) w ith  th e  fo llo w in g  la tt ic e  
in terp reta tio n s for b a se  ty p e s  an d  lis t  ty p es:

D
D f  =  3  =  S 6 IB

D H
list{(T ) =  4 =

D
IH
IS
IB

P ro d u c t and  fu n c tio n  ty p e  in terp re ta tio n s  are in d u ced  in  th e  u su a l way.
T h e  in te n tio n  is th a t  D an d  S b e  in terp re ted  as in  th e  co n sta n cy  a n a ly sis , th at  

B sh ou ld  corresp on d  to  B o t  an d  th a t  H sh o u ld  correspond  to  k erH . T h u s for base
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ty p es  w e d efin e
7 *h B  =  B o tt 7 f  S =  Id L 7 r D =  AU„

and for l is t  ty p e s  w e d efin e

l l is t (o ) ® — B°tlist(<r) l l is t (a )  ̂— ^ l is t { a )  l l is t {a ) ® — ker 7Hst(a)  ̂— ^ h is t ( a ) -

T h is is  e x te n d e d  to  th e  lo g ica l co n cre tisa tio n  m a p  7 11 =  { 7 v ia  th e  L og ica l 
C o n cre tisa tio n  M ap T h eo rem . T h e  a sso c ia ted  lo g ica l r e la tio n  is ca lled  R P. N o te  
th a t our in te r p r e ta tio n  o f lis t (a )  is  ra th er crude: w e are a lw ays re str ic ted  to  th e  
sam e fou r p ro p ertie s , regard less o f w h a t a  is. E ach  7 “  is:

•  C P;

•  m e e t  preserv ing;

•  s tr ic t .

R eca ll fro m  S ec tio n  3 .5  th a t  to  say  th a t 7 “  is str ic t is eq u iv a len t to  sa y in g  th a t  
R™ is s tr ic t  and  _L-reflecting, an d  th a t  7^  is C P  im p lie s  th a t  R “  is s tr ic t . T h u s  
it  rem a in s  to  sh ow  th a t  ea ch  7 “  is  C P  an d  m e e t  p reserv in g  an d  th a t  ea ch  R JF is  
L -re flec tin g . F u rth erm ore, i f  7^  p reserves m e e ts  th e n  it  preserves T , w h ich  im p lie s  
th a t R™ is  T -u n iv ersa l. It fo llow s th a t  as a corollary  o f P ro p o s it io n s  3 .4 .3  an d  4 .2 .5 ,  
and  L e m m a  3 .5 .2  (m o d ified  as d escr ib ed  in  S u b sec tio n  5 .2 .3 ) , th e  co m b in a tio n  o f  
7 ^  b e in g  C P, m e e t p reserv in g  an d  s tr ic t , is  c o n d itio n a lly  in h er ited . T h u s w e  m u st  
show  tw o  th in gs:

1 . ea ch  7 tH is C P , m e e t  p reserv in g  an d  strict;

2 . for ea ch  <7 £  T z, i f  7 “  is  C P  th e n  so is 7 /fsqa), an d  s im ila r ly  for m e e t  p reserv a tio n  
an d  s tr ic tn e ss .

It is im m e d ia te  from  th e  d e fin itio n s  th a t  b o th  th e se  co n d itio n s  are m e t ( in  fa c t, 
/liist(a) 1S CP} m e e t  p reserv in g  an d  s tr ic t in d e p e n d en tly  o f an y  p ro p erties  o f 7 ” ).

5.3.2 T esting For Strictness and H ead-Strictness
To te s t  a  fu n c tio n  d efin itio n  for h ea d -str ic tn ess  w e w ill sh ow  th ere  to  b e  an  e lem en t  
S T G D™ for  each  r  £  T \  su ch  th a t  7 “  S T =  Id T. T h en  g iv en  correct in terp reta tio n s  
for th e  c o n sta n ts  w e can  a n a ly se  a c lo sed  term  e : list (a )  —» r  for h e a d -str ic tn ess  by  
ch eck in g  w h eth er:

[e]H H =  ST.
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The family {st }tGT< is inductively defined by:
• St =  S

*  S ( T X T  =

*  ^ l i s t ( a )  —  S

• — |sff,sT.
T h e  o n ly  n o n -o b v io u s ca se  is Sa->T. T h is  is ju stif ied  b y  th e  co n ju n ctio n  o f P ro p o s i­
tio n  3 .4 .5 , w h ich  says th a t 7 ”_>r [s ^ S t-J =  7 ”  => 7 “  Sr , and  P ro p o s it io n  3 .2 .4 ,
w h ich  says th a t  Ida => IdT =  Ida->T.

To te s t  a  fu n c tio n  d e fin itio n  for s tr ic tn e ss  w e u se  th e  fa ct th a t  each  7 “  is s tr ic t. 
So for /  : 7 "  T h:

h So-l S<u-1 -L S<U+1 <7 n = T

im p lie s  th a t

/  : Id(jx =>•••=$■  Id ai-1 =>■  B o t  =>■  Id ai+1 • • • => Id an => B o t ,

w h ich  says th a t /  is s tr ic t  in  its  zth a rg u m en t.

5.3.3 T he Interpretations o f  C onstants
T h e  in terp re ta tio n s  o f  th e  c o n sta n ts  are sh ow n  in  F ig u re  5 .4 . M ost su p erscr ip ts  and  
su b scr ip ts  are o m itte d . W e do n o t p rove  correctn ess o f  a ll th e  co n sta n ts  in  d eta il, 
co n cen tra tin g  o n ly  on  th e  m o re  in te r e s t in g  an d  le ss  o b v io u s cases.

A rith m etic  O perators
T h ese  are ju s t if ie d  e sse n tia lly  as in  th e  c o n sta n c y  a n a ly sis  to g e th er  w ith  th e  fa c t  th a t  
th e y  are ea ch  s tr ic t  in  b o th  a rg u m en ts . For ex a m p le , p lu s s i n  =  l  =  p lu s s _L n' 
for an y  n , n' £  Z, h en ce  p lu s s : B o t => P  =$■  B o t  for an y  P .

C onditionals
C on sid er i f ”  a b\ b2. For a — B th e  d e fin itio n  is ju stified  by  th e  fa ct th a t  if® is 
s tr ic t in  it s  first a rg u m en t. For a =  S th e  argu m en t is as for i f °  ab ove. For a =  D
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n H =  s

t r u e 11 =  f a l s e 11 =  S 

i s z e r o 11 a  =  a

p l u s 11 a b  =  <
B i f  a =  B or 6 =  B
a  U b o th erw ise  

m i n u s 11 =  m u l t 11 =  p l u s 11

i f "  a h b 2 =

n il!?  =  S

JL i f  a  =  B
&i U b2 i f  a  =  S
_L i f  a  =  D and bi  =  _L an d  b2 =  L

T i f  a  =  D , o th e r w is e

c o n s ?  a b  —

S if  b C  S ,  a  C  Sa­
il i f  b % S , a  =  _L 
b if  b g  S ,  a  ^  _L, a  C  S^  

D o th erw ise

e a s e l ?  B h  b =  

e a s e l ?  S h  b =

c a s e ? ,  H h  bu • i

c a s e ? ,  D h  b
<J,T

_L
b l \ ( h S a  s )

b U ( h  S a H) i f  h  _L S =  _L 
T  o th erw ise
_L i f  b =  _L an d  h  =  L  

T  o th erw ise

Y "  /  =  |_ |/‘ -L

F ig u re  5.4: In terp reta tio n s O f C o n sta n ts  for H ea d -S tr ic tn ess  A n a ly sis
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and hi =  b2 =  B the definition is justified by the fact that if® is j o i n t l y  strict in its 
second and third arguments, i.e.,

if® d ±  1  =  _L,

for an y  d  G B .  In th e  rem a in in g  ca ses i f ”  a b\ 62 =  T , w h ich  is correct s in ce  7 ” (T )  =  
A lla . (Joh n  H u gh es has p o in ted  o u t th a t  th is  d efin itio n  is o p en  to im p rovem en t: 
for e x a m p le , for an y  a , b £  D ”  it w ou ld  b e  correct to  tak e

if<Txr D (a , J_) ( 6, JL) =  (T ,_ L ).

A lth o u g h  w e h a v e  n o t d o n e  so , it  is n o t to o  hard  to  see h ow  th e  d efin itio n  cou ld  b e  
m o d ified  to  ta k e  a cco u n t o f th is  o b serv a tio n .)

List C onstructors
T h e  correctn ess o f  c o n s ”  is d e m o n str a te d  b y  sh ow in g  for a ll a and  6, th a t d  (7 ”  a) 
d' and l (7ust{a) fy V im p lie s  th a t  d : l (7 ”^ ) ( c o n s ”  a b)) d' : V. T h is  can  b e  d on e  
b y  a ca se  a n a ly sis  fo llo w in g  th e  four c la u ses  in  th e  d e fin itio n  o f c o n s ” . W e con sid er  
th e  first tw o.

R eca ll th a t  7 ”  ST =  Id r an d  7 ”  is  m o n o to n e  for a ll r .  S u p p o se  th a t b C. s  and  
f l C S j .  T h en  / (7 /” ^ )  b) V and d  (7 ”  a) d' im p lie s  th a t l =  V an d  d  =  d', and  h en ce  
th a t  d  : l ( y g t(<r) s )  d' : V.

N ow  su p p o se  th a t  b ^  s  b u t th a t  a =  JL. S in ce  7 ”  is s tr ic t , w e k n ow  th a t  
d  (7 ”  _L) d' d =  d' =  ± .  N o w  for an y  /, V w e h ave  H a (i_  : / )  =  ! .  =  H CT( ±  : V).
T h u s d  (7 ”  _L) d' and l (7 /” ^ )  b) V im p lie s  th a t d  : l (k e r H CT) d' : V.

Case C onstants
W e con sid er  o n ly  th e  seco n d  an d  th ird  c la u ses  in  th e  d e fin itio n  o f  c a s e ” T, th e  other  
tw o  b e in g  ro u tin e .

For th e  seco n d  c la u se , a ssu m e th a t  /  h) f  an d  d  (7 ”  6) d!. S ince
lust{a) s  =  Idust(a)> w e m u st sh ow  th a t  (case® T l f  d) an d  (case® l f  d') are 
re la ted  b y  7 ” (& U {h  Sa s ) ) ,  for a ll l. T h ere  are th ree  cases for l:

1. / =  JL. T h en  case® T _L /  d =  _L =  case® r JL / '  d ',and  1  P  1  for any co m p le te
p er  P .

2. I =  []. T h en  case® r [] f  d  =  d  a n d  case® r [] f  d' =  d!. S in ce  7 ”  is m o n o to n e ,
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d  (7 ”  b) d' im p lie s  th a t  d  (7 “ (6 U ( h S CT s ) ) )  d'.

3 . I =  x  : xs. T h en  c a s e J T (x : x s ) f  d =  f  x xs and  case® T (x  : z s )  / '  d' =  
f  x xs. N o w  b y  th e  L og ica l C o n cretisa tio n  M ap T h eo rem , /  (7 £_*jt-st(a)_>T h ) f  
im p lie s  th a t

/  (7 ?  s„ =*> 7 ,“  j(<7) s =}. 7 “ (/» s„ s ))  / ' .
T h u s , ( /  rc # s)  (7 ™(h So- s ) )  ( / '  :r z s ) ,  s in ce  a; Id a x  an d  xs Idust^  xs. A g a in , 
m o n o to n ic ity  o f 7 ^  fin ish es th e  job .

For th e  th ird  c la u se , a ssu m e th a t  l (7 11 h ) V (w h ich  is to  sa y  th a t  H I  =  H /'), 
th a t /  (7 11 h ) / '  and  th a t  d  (7 11 b) d'. T h e  in tere stin g  case  is w h en  h _L S =  _L, 
so a ssu m e  th is  h o ld s . W e m u st  sh ow  th a t  (case® T l f  d) an d  (case® T V f  df) are  
re la ted  b y 7 ” ( 6 U ( ^ S <7 H )). A  s im p le  case  a n a ly sis  b a sed  on  th e  d efin itio n  o f H  
show s th e r e  to  b e  s ix  w ays in  w h ich  H  / =  H  /' can  b e  tru e . W e con sid er  each  o f  
th ese  in  tu rn .

1 . / =  /' =  J_. S ee  case  1 in  th e  argu m en t for th e  seco n d  c lau se  ab ove.

2 . I =  V =  []. S ee  case  2 in  th e  argu m en t for th e  seco n d  clau se .

3. I =  x  : xs an d  V =  x : xsf, w ith  H xs =  H  xs'. E sse n tia lly  as for case  3 in  th e
a rg u m en t for th e  seco n d  c la u se , e x cep t th a t  in s te a d  o f xs Idust(CT) x s , w e  o n ly
h a v e  xs (kerHo-) xs'.

4. / =  _L : xs an d  V =  L .  S in ce  h _L S =  _L an d  /  : 7 11 h, w e k n ow  th a t  /  is str ic t
in  i t s  first a rg u m en t, so case® (_L : xs) f d  =  f L x s  =  A. =  case® T _L f  d ',
an d  _L P  _L for an y  c o m p le te  p er  P .

5. V =  _L : xs an d  / =_ ! _ .  S y m m etr ic  w ith  th e  p rev iou s case.

6 . I =  J_ : xs an d  V =  _L : xs'. E sse n tia lly  as for th e  p rev io u s tw o  cases.

R ecursion Com binators
H  is a  le a s t  f ix ed  p o in t in terp re ta tio n  so correctn ess o f Y ”  is  g iv en  b y  C orollary  4 .1 .9 .
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5.3.4 A n E xam ple A nalysis for H ead Strictness

Let th e  fu n c tio n s  tb zs G [ lis t(Z ) —> l is t(Z)] and tb z11 G [4 —> 4] b e  th e  sta n d a rd  and  
H  in terp re ta tio n s , resp ec tiv e ly , o f  th e  fo llo w in g  term :

Y  A t b z . A 1 .  c a s e  1
A n . A n s  . i f  ( i s z e r o  n) 

n i l
c o n s  n  ( t b z  n s )  

n i l

T h e  sta n d a rd  in terp re ta tio n  tb z s is th e  fu n c tio n  w h ich  retu rn s it s  argu m en t tru n ­
ca ted  ju s t  b efore  th e  first zero  e le m e n t . In tu itiv e ly , it  is c lear th a t th is  fu n c tio n  is  
h ea d -str ic t , b eca u se  w h en ev er  it  look s a t a  ta il o f  its  argu m en t it  a lso  lo o k s a t th e  
h ead  o f th a t  ta il to  see  i f  i t ’s zero . To u se  th e  ab stra ct in terp re ta tio n  tbz™ to  confirm  
th is  w e m u st show  th a t

tb zH H =  S.

S in ce  H  is a  le a s t  fixed  p o in t in terp re ta tio n , tbz™ is th e  lim it  o f  th e  seq u en ce  
{tbz™, tb z™, . . . } ,  g en era ted  b y

tbz™ b =  B 

tbz™+1 b =  c a s e ”  b
\ a  £  2 .  Ab' G 4 .  i f H a S ( c o n s H a (tbz™ b'))
s

(w e u se  th e  fa c t th a t  i s z e r o H a =  a  a n d  n i lH =  s ) .  T h is  seq u en ce  m u st co n v erg e  to  
its  l im it  a fter  a fin ite  n u m b er  o f  term s s in ce  th e  la tt ic e  [4 —> 4] is o f fin ite  h e ig h t.

In  an a u to m a te d  a n a ly sis  th e  lim it  co u ld  b e  ca lcu la ted  e x p lic it ly  b y  ta b u la tin g  
su ccess iv e  ite r a te s  u n til  tw o  w ere  fo u n d  to  b e  eq u al (see  C h ap ters 7 -9 ) .  S in c e  th a t  
w ou ld  b e  ra th er  ted io u s  to  do b y  h a n d , w e  w ill b e  m o re  eco n o m ica l an d  sh o w  th a t  
tbz™ H =  S b y  sh o w in g  (b y  in d u c tio n  o n  n ) th a t tbz™+l H =  S for a ll n. For n =  0 
w e h ave tbz™ H =  c a s e H H h S, w h ere

h =  A a G 2 . A 6 ' G 4 .  i f H a S ( c o n s H a (tbz™ b'))
=  X a  G 2  . \  b' G 4 .  i f  h a S ( c o n s H a b ).
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N ow  h  B S  =  i f H B S ( c o n s 11 B b ) =  B, and

h  s H =  i f H s s ( c o n s 11 s b)
=  S U ( c o n s H S b )
=  S U S
= s.

H en ce c a s e H H ft S =  S U S =  S. For n  =  k  +  1 w e h a v e  t b z f +2 H =  c a s e 11 H h '  S, 
w h ere

h! =  X a G 2  . Xb' G 4 . i f H a s (c o n s 11 a ( tb z f+1 b')).
T h en  ft' B S =  i f H B S ( c o n s H B {tbz™ +1 s)) =  B, and

f t ' S H  =  i f H s s ( c o n s H s ( t b z f +1 h ))
=  S U ( c o n s H S s )  (b y  in d u c tio n  h y p o th e s is )
= s u s 
= s.

H en ce  c a s e 11 H ft' S =  S U S =  S,



C hapter 6
R ecursive T yp es
In th is  ch a p ter  w e con sid er th e  im p lic a tio n s  o f en rich in g  our lan gu age w ith  recur­
s iv e ly  d efin ed  ty p e s . W e are a b le  to  g iv e  m ea n in g  to  recu rsiv e ly  d escr ib ed  p ro p erties  
for recu rsiv e ly  d efin ed  ty p e s , a d a p tin g  th e  m e th o d  o f [Lau89] to  th e  w orld  o f p ers  and  
h igh er-ord er fu n c tio n s . H ow ever, for recu rsive  ty p es  w h ich  u se  —» in  an u n restr ic ted  
w ay, w e are u n a b le  (b eca u se  o f con travarian ce  p ro b lem s) to  g iv e  a co n stru c tio n  for  
f in ite  la tt ic e s  o f  su ch  p ro p erties  su ita b le  for u se  in  a b stra ct in terp reta tio n .

6.1 Enriching th e  Languages o f T ypes and Term s
W e e x te n d  th e  la n g u a g e  o f ty p e s  b y  in tro d u c in g  th e  u n it ty p e , su m  ty p e s  an d  recur­
s iv e  ty p e s . T o s im p lify  th e  e x p o s it io n  w e  a llow  o n ly  on e ty p e  variab le  in  recu rsive  
d efin itio n s  an d  stra tify  th e  ty p e  s y s te m  to  d istin g u ish  b e tw een  b o d ies  o f  recu rsive  
d efin itio n s, w h ich  m a y  co n ta in  free  o ccu rren ces o f th e  ty p e  variab le , an d  ord inary  
ty p e s , w h ich  are a lw ays c losed .

cr G ::= t | (j\ X <r2 | ct\ —> <r2 | 1 | 0i + cr2 | f ia . <ra

cra G T a ::= <r | X crj | > u-J I +  2̂ I a

T h e  e x te n d e d  la n g u a g e  o f term s A 77* is sh ow n  in  F ig u re  6.1 ( th e  sy n ta x  is taken  
from  [G u n 91]). T h e  ty p in g  ru les are a s for A t  to g e th er  w ith  th e  a d d itio n a l rules 
sh ow n  in  F ig u re  6 .2 .

91
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e £  A r»  : :=  x  | c \ X x . e \ e± e2 | () |
( e i ,e 2 ) | f s t (e )  | s n d (e )  |
i n l ^ ^ e )  | im v 1)CT2(e) | c a s e  e o f  in l( z )  =̂ > e ± or  inr(?/) =̂ > e2 | 
fo ld aa(e) | u n fo ld cra(e)

F ig u re  6.1: T h e  L an gu age o f T erm s A

0 : 1

e : a 2

in r ffl>a2(e) : +  a 2

r . x . I s ----- if a: € V ara i,y  £  Var,c a s e  e o t ei o r  m r(j/j =£> e2 : r

e : cr^fa i—> [ i a  . a 01] e : f i a  . cra

fo ld CTa(e) : ( i a . c r a u n f o ld ^ ( e )  : ( ja [ a  i—> /ua.cr"]

e : (71

in l ffljff2(e) : <Ji +  cr2 

e : (7i +  cr2 ei : r  e 2 : r

F ig u re  6.2: T h e  A d d itio n a l T y p in g  R u les for Ar^
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6.2 T he In terpretation  o f U n it and Sum  T ypes
In th e  fo llow in g  sec tio n s  w e o u t lin e  a  m e th o d  for in terp retin g  recu rsive  ty p e s  and 
in terp retin g  term s over such  ty p e s . For now  w e ju st deal w ith  th e  in terp reta tio n  o f  
th e  u n it ty p e  and su m  ty p e s . O ur n o tio n  o f in terp reta tio n  for A t /* is far less general 
th a n  th a t for A w e  d efin e th e  sta n d a rd  in terp reta tio n  and ab stra ct in terp reta tio n  
in e sse n tia lly  d ifferent w ays.

T h e  ty p e s  1 an d  cr\ +  cr2 h a v e  sta n d a rd  in terp reta tio n s g iv en  by

D \ =  1

n s =  d s 4- d s
^ < 71 +<72 ■ '̂<71 ' ^ < 72 ’

w h ere  th e  - f  on  th e  r igh t h a n d  s id e  is  sep a ra ted  su m .
A n y  fin ite  in terp re ta tio n  J  u sed  for a b stra c t in terp reta tio n  is a ssu m ed  to  b e  

d efin ed  as for T  for fu n c tio n  ty p e s  an d  p ro d u ct ty p e s , and  on  th e  u n it ty p e  and  
su m  ty p e s  by:

D {  =  1

D ji+„2 =  ( Z £ x / £ ) T.

T h e  u se  o f p ro d u ct as an  a b stra c t in terp re ta tio n  for su m  is an id ea  u sed  in  [N ie84] 
w h ere it  is m o tiv a te d  b y  a p p ea l to  th e  iso m o rp h ism  P (A  T  B ) =  P ( A )  x  P (B ) .  
In th is  s e tt in g  th e  m o st stra ig h tfo rw a rd  m o tiv a tio n  w e can  g iv e  is to  co n sid er  th e  
co n stru c tio n  d escr ib ed  b e lo w  for c o n cre tisa tio n  m a p s at th e  su m  ty p es .

For th e  co n cre tisa tio n  m a p s  7 J =  { 7 / }  u sed  in  an a b stra c t in terp re ta tio n  
J ,  it  is requ ired  th a t  ea ch  7 /  b e  a m o n o to n e  m ap  from  D f  to  CPEr (T>®) a n d  th a t  
7 ^xr an d  7 /_>r are ‘lo g ic a l’ as in  th e  L ogica l C o n cretisa tio n  M ap T h eo rem  (3 .4 .2 ) .  
It is  fu rth er  req u ired  th a t  th e  d e fin itio n  o f 7 /  an d  7/1+0-2 be:

7 x ( 0  =  B ° h
j  J Allp̂ -\-<72 i f  d =  T

7<Tl+ff2 1  (7 ^  a i ) +  (7/2 ^2) i f  a =  co lift(a i, a 2),

w h ere  th e  su m  o f tw o  p ers P  +  Q  is d efin ed  to  b e  th e  per w ith  graph

{(_L, J_)} U { ( i n i ( a ) ,  ^ i ( u ' ) )  \ a  P  a '}U  { ( in 2{b), in 2(b')) | b Q b'} .

W h a t w e n eed  now  is a  w ay  o f in d u c in g  fin ite  la tt ic e s  o f u sefu l p ro p erties  over the  
recu rsive  ty p e s . T h e  ap p roach  ta k en  in  [Lau89] is  to  b ase  th e  d escr ip tio n  o f a  finite
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fa m ily  o f p ro p ertie s  for a  recu rsive  ty p e  on  th e  sy n ta x  o f th e  ty p e  d efin itio n . T h e  
p ro p erties  th e m se lv e s  are recu rsiv e ly  d escr ib ed  an d  “trea t ev ery  le v e l o f  recu rsion  
id e n t ic a lly ” . T h e  id ea  is illu s tr a te d  b y  th e  fo llo w in g  exam p le: le t  bintree01 b e  th e
T a ty p e  in t  +  ( a x a )  a n d  le t  bintree  b e  th e  ty p e  f i a . bintree01. A ssu m in g  a  stan d ard  
in te r p r e ta tio n  o f th is  ty p e  as a d o m a in  o f b in a ry  trees w ith  in teg ers  a t th e  lea v es , 
one o b v io u s p ro p erty  is  ju s t  A lh intree. T w o  o th er  p rop erties  o f  in tere st  are th e  per  
Q  w h ich  re la te s  an y  tw o  trees h a v in g  th e  sa m e stru ctu re , an d  th e  p er  S  w h ich  o n ly  
re la tes tree s  h a v in g  th e  sa m e stru ctu re  and  th e  sa m e in tegers at th e ir  lea v es. T h ese  
p ers are n a tu r a lly  d escr ib ed  recu rsively:

Q =  A l lz  +  (Q  x  Q )
S  =  Id z  +  { S x S ) .

O f cou rse S  sh o u ld  ju s t  b e  Idbiniree. In  th e  fo llow in g  sec tio n s w e  sh ow  h ow  th is  
e x a m p le  is  g en era lised  an d  h ow  su ch  recu rsive  d escr ip tio n s can  b e  g iv en  m ea n in g . 
B eca u se  our ty p e s  in c lu d e  fu n c tio n  ty p e s  and  _ =>* _ is a n ti-m o n o to n e  in  its  first 
a rg u m en t, w e ca n n o t u se  a  s im p le  lea st fix ed  p o in t sem a n tics  as in  [Lau89]. In stea d  
w e u se  th e  ca te g o r y -th e o re tic  fram ew ork  o f [S P 82]. A  fu rth er d ifferen ce b e tw een  
our tr e a tm e n t an d  L a u n ch b u ry ’s is th a t  w ith in  our fram ew ork  w e m a k e  a  clear  
d is t in c t io n  b e tw e e n  th e  a b stra c t la tt ic e s  an d  th e  la tt ic e s  o f  p ro p erties  to  w h ich  th e y  
corresp on d , w h ereas in  [Lau89] (an d  in  [W H 87]) n o  such  d is t in c t io n  is m a d e . S in ce  
c o n cre tisa tio n  m a p s are n o t gu a ra n teed  to  b e  in je c tiv e  in  th e  h igh er-ord er case , w e  
rea lly  h a v e  n o  ch o ice  but to  m a k e  th e  d is tin c tio n . In  fa ct it  is n o t c o m p le te ly  o b v io u s  
th a t  th e  sy n ta c t ic  d escr ip tio n s o f p ro jec tio n s w h ich  [L au89]’s in feren ce  ru les a ssig n  to  
a recu rsive  ty p e , an d  th e  p ro jec tio n s w h ich  th o se  d escr ip tion s d en o te , are in  o n e-o n e  
corresp o n d en ce  e ith er: th e  q u estio n  o f w h eth er  sy n ta c tic a lly  d is t in c t  d escr ip tio n s  
can  d escr ib e  th e  sa m e  p ro jec tio n  is n o t a c tu a lly  d iscu ssed , an d  a  d isa d v a n ta g e  o f  
d e-em p h a sis in g  th e  d is t in c t io n  b e tw een  sy n ta x  an d  sem a n tics  is th a t  it  b eco m es  
rath er h a rd  to  p o se  su ch  q u estio n s.

6.3 D om ain s and O -C ategories
L et D o m  b e  th e  ca teg o ry  o f d om ain s an d  con tin u ou s m ap s an d  le t  Dorrij^ b e  th e  
su b -ca teg o ry  o f d o m a in s an d  s tr ic t  con tin u o u s m ap s. B o th  th e se  ca teg o r ies are e x ­
am p les o f  [S P 82]’s O -ca teg o r ie s  w h en  th e  h o m -se ts  are ordered  in  th e  u su a l (p o in t-  
w ise) w ay. For an y  O -c a te g o r y  K , th e  ca teg o ry  o f em b ed d in g  p ro jec tio n  pairs K ep
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has th e  sa m e  o b je c ts  as K  an d  em b ed d in g -p ro jec tio n  pairs as m o rp h ism s, i.e ., a  
m o rp h ism  <f> : A  —>• B  in K ep is a  pair (</>e, ^ p) w here (pe : A  —» B  and (j)p : B  —> A  
are m o rp h ism s in K  such  th a t

1 . (j)v o (j)c =  id a ]

2 . (/)e o (f)P Q id B.

T h e  id e n t ity  on A  in  K ep is ju s t  ( id  a , Id a )- C o m p o sitio n  o f em b ed d in g -p ro jec tio n  
pairs (j) : A  —» B  and  ip : B  —> C  is g iv en  by

For D o m  an d  D o m ± w e h a v e  D o m ep =  D o m ^ .
To in terp ret a recu rsiv e ly  d efin ed  ty p e  (ict.cr01, th e  p a ra m eter ised  ty p e  cra is 

in terp re ted  as a  fu n cto r  Fa<* : D o m ep —> D o m ep. T h e  sta n d a rd  in terp re ta tio n  
is th e n  o b ta in ed  as an in itia l  so lu tio n  to  th e  eq u a tio n

F „ A D )  ^  D ,

u sin g  th e  tech n iq u es  o f [SP 82].

6.3.1 Functors on D om ± and D om ep
T h e  b i-fu n cto rs  x ,  +  an d  —> over D o m ± are d efin ed  on  o b jec ts  to  b e , resp ectiv e ly , 
ca rtes ia n  p ro d u c t, sep a ra ted  su m  and  con tin u o u s fu n c tio n  sp ace. O n m orp h ism s  
th e y  are g iv en  by

( /  x  g ) (x 1, x 2) ( / O i ) , ^ ) )

( /  + 0 )M

/

< m i( /(n ))
in 2(g (x 2))

if  x =  _L 
i f  x =  in i(x i)  
if  x =  in 2(x 2)

(f->g){h)  = 9 ° h o f ,

for f  : A  —» B , g : C  —> D , h G [B  —► C ]. N o te  th a t  —> is con travarian t in  it s  first 
arg u m en t. In a d d itio n  to  th e se  fu n cto rs  w e  h ave th e  id e n t ity  fu n ctor  id-Dom± an d  for 
each  d o m a in  A  th e  co n sta n t fu n c to r  K a , w h ere K a ( B )  =  A  an d  K a ( I )  =  I d  a  for 
an y o b je c t  B  an d  m o rp h ism  / .  U sin g  th e  tech n iq u e  d escr ib ed  in  [SP 82], a ll these
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be converted in to  functors on D o m ep in  such a way that each of them  

) becomes covariant. O n  objects they are as before, on m orph ism s they

(j) X ij) =  ((f)e X •0e, (j)p X l/>p)

$ + =  (<f + p  + i>?)

((/> -> ^ y ( f ) II 0> O o

(<£ - » ^ Y ( g ) = i/>p o g o (f>e

^Domep(^) =  <t>

II «s>.

G iven  functors F  : C  —► C x and G  : C —» C 2, the ir pa ir ing  (F, G) : C —> C j x  C 2 
is defined in  the obvious way. Each  param eterised type  a 01 E is in terp reted  as a 

functor F 0 cx : D o m ep —> D o m ep as follows:

F1 <T ii £

K fx a * = x  o <

= -> ° ( F° F F°2

= T  o <

F1 a — id  Domep'

6.4 A  C ategory o f C om plete Pers
One lik e ly  choice of category in  w h ich  to in terpret recursive descriptions of pers 

would be the one defined by A b a d i and P lo tk in  in  [AP90], since tha t w ork shows 

how recursive types can be in terpreted  as pers. However, viewed as objects in  

the ir category the pers B o t  and A ll  are isom orph ic  w hich does not seem to be 

appropria te  in  the current setting. The  basic category we use is an adap tation  of 

[SP82]’s category of co-complete relations. N ie lson  also uses a s im ila r category (the 

category S IM  of [Nie89]), the essential dilference between N ie lson ’s use and ours 

being tha t we do not a ttem pt to  induce a logical relation  for recursive types, bu t

functors can 

( inc lud ing  —: 

become:
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settle  less am b itiou s ly  for a way of understand ing recursive ly  described pers over 

such types.

D e f in i t io n  6 .4 .1  The  category  C P D  has as objects p a irs  ( D , P ) ,  where D  is a 

dom ain  and P  £ C P E R ( D ) .  B y  an abuse o f  notation  we will often refer to such  a 

p a ir  by P  alone, w riting D ( P )  f o r  the dom ain  com ponent when necessary. A  C P D  

m o rp h ism  f  : P  —» Q  is a s t r ic t  continuous map f  : D ( P )  —» D ( Q )  su ch  that 

f  : P  => Q .  Id entit ie s  and com posit ions are inherited  f ro m  D o m ^

Verify ing  tha t C P D  is w e ll defined (in pa rt icu la r that i f  /  : P  => Q  and g : Q  R  

then g o  f  : P  => R )  and tha t ordering  the hom-sets of C P D  by the usual po in tw ise 

ordering on functions makes C P D  an O -category, is stra ightforward. W e can thus 

form  the category C P D ep in  w h ich  m orph ism s <j> : P  —» Q  are em bedding-projection 

pa irs from  D ( P )  to D ( Q ) in  D o m ep such that : P  =$■ Q  and f p : Q  P .

Since C P D  is derived from  Don ij^  by  add ing extra  structu re  to the objects and 

requ iring  m orph ism s to preserve the add it iona l structure, it  is na tu ra l to define the 

forgetfu l functo r U  : C P D  —»■ Dorrij^ such tha t U ( P )  =  D ( P )  and U ( f )  =  f .  W e 

w ill also denote the fo rgetfu l functo r C P D ep —» D o m ep by U ,  re ly ing  on context to 

determ ine w h ich is in tended.

6.4.1 Functors on C P D  and C P D ep
The  functors X , + and —> over D o m ± can be extended to functors over C P D .  

T h e ir  operation on m orph ism s is  as before. O n objects they are defined as follows:

( A ,  P )  x  ( B ,  Q )  =  (A x B , P x Q )

( A , P )  +  ( B , Q )  = (A  +  B , P  +  Q )

( A , P )  —> ( B ,  Q )  =  ([/t —► B ] , P  => Q ) .

The  fo llow ing  resu lt verifies tha t these functors are w e ll defined.

L e m m a  6 .4 .2  L e t  f  : P  —» Q  and g : R  —» S  be C P D  m orph ism s. T h e n  the 

fo llow ing hold:

1. ( /  X  g)  : ( P  X  R )  =*- ( Q  X  S ) ;

s .  ( f  +  g )  ■■ ( p  +  R )  =$■  { Q  +  S ) ;

3■  ( f  - >  g )  ■■ ( Q  =$■  R )  = >  ( P  = >  S ) .
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P r o o f

1. If (a , c) (P  x  R ) (a \c ' )  then a P  a' and c R  c'. B y  assum ption, f ( a )  Q f (a ')  
and g (c ) S  g ( d ) ,  hence ( /  x  g ){a ,c )  (P  x  R ) ( /  x  g )(a ! ,d ) .

2. Suppose x  ( P  + R )  x ‘ . B y  the defin ition  of + on pers, there are three cases 

to  consider. T he  first case, x  =  x ' =  _L, is clear since ( /  + g) is s tr ic t and so 

are the  pers. The  second case is tha t x  = m i (a) and x' = in i (a ')  w ith  a P  a'. 

Then  ( /  -f g ) ( x )  =  i n i ( f ( a ) )  and ( /  + g )(x ')  = m i( / ( a ') ) .  B y  assum ption 

f ( a )  Q  / ( a0? h ence ( /  + d ) ( x ) ( Q  + S )  ( /  + g ) { x ')- The  th ird  case, x  =  in 2(c)  

and x ' =  in 2(c'), is s im ila r.

3. Suppose tha t h (Q  =$■  R ) h'. W e m ust show that g  o h o /  ( P  =$■ S ) g  o h! o / .  

So assume tha t a P  a'. Then  f { a ) Q  / (a ') ,  hence h (f (a ) )  R  /^ (/(a ')), hence 

g ( h ( f ( a ) ) )  S  g (h '( f (a ') ) ) .

□

Aga in , we also have the id en t ity  functo r and the constant functors on C P D .  U sing  

[SP82]’s techn ique, a ll these functors can be converted to covariant functors over 

C P D ep, w ith  the same de fin ition  on objects and acting as the corresponding D o m ep 

functors on m orph ism s.

A ssum ing  fin ite  la ttices D % and concretisation  maps 7 /  sa tisfy ing  the requ ire­

ments ou tlin ed  in  Section 6 .2 , we define for each param eterised type  cra , a set V  

of fo rm a l expressions denoting functors on C P D ep:

V a =  { a  | a e  D
P<r?X<r% = {pi X p 2 | Pl G V a ° ,P 2  G V<r° }
'P*?-+<r° =  {pi P2 | P i G V a « ,P 2  G V a% )
'P(T?+a°‘ =  { “T }  U + P 2 I Pi G  'Pa<*,P2 G  P c* }
'Pa =  {<*} .
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Each p  £  V a« is in terp reted  as a  fu n cto r  Fp : C P D ep —> C P D ep as follows:

• Fa K(D$tr/Ja)
: 1T 1XP2 — X 0 (Ppn Pp2)

P<r?-+a% • Fp\ *P2 — —> o (PPl, PP2)

' F9 (A ,P ) = {Faf+<rg{A), Allp'(Ta+(Ta(A))

'P<t?+ct2 : < F fW  = Fac,+<ra((j>)
W Fpi +P2 = +  0 (FPl, Pp2)

Va : Fa =  idcpDep •
T h e  d efin itio n  o f  F ^ for th e  su m  ca se  is  v a lid  b eca u se  ipe : A ll => A ll  and  ipp : A ll =$> 
A ll for an y  ?/>.

T h e  fo llo w in g  resu lt sh ow s th a t  for p  £  P aa, th e  fu n cto r  Fp is e sse n tia lly  Fa<x 
co m b in ed  w ith  a m ap  on pers.
L e m m a  6 .4 .3  L et a a £  T a and let p  £  V CTa. Let A  be a dom ain , let P  £  CPER(/1) 
and let (f) be a m orphism  in  C P D ep. Then:

1. U ( F „ ( A , P ) )  =  F a. ( A ) ;

2. U(F?m =  M 0 -

P r o o f  R o u tin e  in d u c tio n  on  th e  s tru c tu re  o f <r“ . □

6.5 Solving R ecursive Equations in C P D ep
To a p p ly  th e  tech n iq u es  o f [SP82] to  so lv in g  ‘e q u a tio n s’

Fp( D ,P )  =  ( D ,P )

in  C P D ep, it  is req u ired  th a t:
1. th e  C P D  fu n ctors x ,  + ,  — K ( a ,p ) an d  i d e m  are locally continuous;

2. a ll a;op-ch a in s in  C P D  h a v e  lim its .

G iven  c o m p le te  p ers P ,  Q  an d  an  o;-chain  { f n}  o f con tin u ou s m a p s su ch  th a t  f n : 
P  =>- Q  for a ll n , it  is ea sy  to  see  th a t  U  { / n} : P  => Q. It fo llow s th a t th e  fu n ctors  
are lo c a lly  co n tin u o u s ju s t  as th e ir  D o m ^  cou n terp arts are. T h e  n e x t  resu lt shows 
th a t  th e  seco n d  req u irem en t is a lso  sa tisfied .
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L e m m a  6 . 5 .1  L et A  be an loop-chain in  C P D ;

( D o ,  P 0 ) A -  ( D u  P t ) < £ -  ( D 2 , P 2) < -- ---------

B y applying the forgetfu l fu n c to r  we obtain  an loop -chain U {A ) in  D o m j_ :

r .  fo _  h „  hDo <-—  D\  <---- D2 <-----  • • •

It is known tha t D o m i  has lim its o f all loof- chains, so let v  : A  —> U {A ) be a 
lim iting cone in  D o m i  and define the relation  P ( A ,  1/ )  : A  A  by

y P ( A , v) y' < = >  Vra. vn(y) Pn vn{y').

Then the cone v  : (A , P (A ,r a ) )  —> A  is well defined and lim iting in  C P D .

P r o o f  W e m u st show:

1. P ( A ,  v)  is a c o m p le te  p er on  A;
2. Vra. z/n : P ( A ,  v)  =>- P n ;
3. i f  z / : (A ', P )  —> A  is an y  o th er  con e, th e n  th e  u n iq u e m e d ia tin g  m o rp h ism  

a  : A! —> A  from  A ' — >  £ /(A )  to  A  ——>  U {A ) sa tisfies a  : P  => P ( A ,  z/).

For 1 , s in c e  ea ch  z/n an d  ea ch  P n is str ic t w e h a v e  ± a  P ( A ,  z/)  A  a - N ow su p ­
p o se  th a t  { y m}  an d  { y are uz-chains in  A  su ch  th a t  Vra. P ( A ,z / )  z/^, i .e . ,  
Vra. Vra. z/n (z/m) P n ra^z/^). For an y  ra, s in ce  z/n is con tin u ou s w e h ave z/n (|_| {z/m} )  =  
U {v-aiy-m)}, an d  s im ila r ly  for {y'm}- T h en  in d u c tiv en ess  o f th e  Pn im p lie s  th a t
Vn. U  { y m } Pn U  { y'm}> h en ce  U {Vm} P ( A ,  z/) U {*/m}-
2 is im m e d ia te  b y  th e  co n stru ctio n  o f P ( A ,  z/).
For 3, f ir s tly  it  is  c lear th a t  f / ( z / )  : A ' —* [ / ( A )  a c tu a lly  zs a con e. N ow  su p p o se  
z  P  z ’. T h e n  z / ( z )  Pn z / ( P )  for an y  n , s in ce  z / : P  P w. B u t v'n — vn o a ,  h en ce  
Vra. z/n(a(,sr)) P n z/n ( a ( P ) ) ,  h en ce  a ( z )  P ( A ,  z/) a ( P ) .  □

T h e  in it ia l  o b je c t  o f D o m ep is  th e  o n e-p o in t d o m a in  1  (n o te  th a t  th is  is in d eed  
in itia l in  D o m ep, w h ile  b e in g  term in a l in  D o m ) .  For an y  d o m a in  A  th e  u n iq u e  
m o rp h ism  from  1  to  A  is d en o ted  0^ an d  is ju s t  • i-> A. a - T h e  in it ia l o b je c t  o f  
C P D ep is ju s t  ( 1 , B o ti )  an d  for an y  (A , P )  th e  u n iq u e m o rp h ism  from  (1 , B o tf )  to  
(A , P )  is a g a in  0^.
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For a functor F  : D o m cp —> D o m ep, define the w-chain A p  to be:

-  ° A  n o  a ) 2 F 2 ( 0 A )
1 ------>  F ( l ) ------- >  F \  1 ) --------->

S im ila r ly , for F  : C P D ep —> C P D ep. define to be:

0 a -̂ (Oa)  ̂ 7̂ (0̂ )
(1, B o h ) -----> F (  1, B o h ) ------ > F \  1 , B o h )  — — >

For cr" E and p  G we le t A a* abbreviate A p ^  and A p abbreviate A p p. 

The B as ic  Lem m a of [SP82] shows that an in te rp re ta tion  for a type p a . <ra , i.e., an 

in it ia l so lu tion  to

F ff« ( D )  =  D ,

is given by a co lim it in g  cone D  —  A ac in  D o m ep. S im ila rly , for each p G V<ra , 

we can ob ta in  an in it ia l so lu tion  to

F „ ( D , P ) ^ ( D , P )

as a co lim it (D , P )  <r-—  A p in  C P D ep. B y  using the fo llow ing lem m a, we are able 

to construct the per so lutions g iven the  dom ain solution:

L e m m a  6 .5 .2  L e t  a a E T a a nd  let p  E  T h e n  U ( A P) = A aa.

P r o o f  A  s im p le  co ro lla ry  of Lem m a  6.4.3. □

A rm ed  w ith  th is  lem m a we ob ta in  the fo llow ing resu lt v ia  [SP82]’s Theorem  2:

P r o p o s i t io n  6 .5 .3  L e t  a 01 E T a and  assum e D  < -----A^a to be colimiting in  D o m cp

with unique mediating is o m o rp h ism  f  : F C<*(D) —>• D .  T hen  f o r  each p  E  V a a, 

(D , P ( A p, v) )  < ----- A p is colim iting  in  C P D ep and the unique mediating is o m o r­

p h ism  f ro m  F P( D ,  P ( A p, v ) )  to ( D , P (  A Pji/)) is also f .

In w hat fo llows we assume for each a a E 'T a some chosen co lim itin g  cone
Va <X

D aa < -----A aa. The  m ed ia ting  D o m ep isom orph ism  from  P (Ta(Z)<Ta) to D aa is de­

noted (f)acx.
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I I s : A tm ->  E n vs ->  |J D%
<tGT̂

I Q V p

[ in l0-1)<72(e)]S/? =  ^ i( [ e f p )

[ in r ai)CT2( e ) f p  =  in 2( [ e f  p)
[c a se  e o f  inl(a:) => e1 o r  in r (y) => e2] sp

[fo ld a« (e )]s /9 =  
[u n fo ld CTa (e )]s /9 =

/ _L
< [e i f  p[x i-> di]
k l^ T  p[y ^  d2]

fold®a ([e ]s /?)
u n fo ld ® «([e]sp)

i f  { e f  p =  J_ 
i f  [e ]s p =  m i( d i )  
i f  [e ]s p =  in 2(d2)

F ig u re  6.3: T h e  S tan d ard  In terp reta tio n  o f T erm s in  A tm

6.6 T h e Standard Interpretation  o f Terms and  
R ecu rsive T ypes

T h e  s ta n d a rd  in te r p r e ta tio n  o f a recu rsive  ty p e  is ta k en  to  be:

D l a . a *  =  A r“ .

T h e  s ta n d a rd  in terp re ta tio n  o f term s in v o lv in g  fo ld  an d  u n fo ld  is d e term in ed  b y  
defin in g  f o ld s : Fa<*(Daoc) —» D aa an d  u n fo ld s : D aa —> Facc[Daa) to  b e  (f>„a an d  
resp ectiv e ly . T h e  sta n d a rd  in terp re ta tio n  o f term s in  A?> is th e n  as for A ?  to g e th e r  
w ith  th e  a d d it io n a l c lau ses sh ow n  in  F ig u re  6 .3.

6.7 T h e A bstract In terpretation  o f Term s and  
R ecu rsive T ypes

In S u b sec tio n  6 .4 .1 , a ssu m in g  a  f in ite  la t t ic e  in terp re ta tio n  D ^  an d  a co n cre tisa tio n  
m ap  7 /  for ea ch  cr £  T M, w e d efin ed , for each  cra £  T “ , a  fin ite  se t o f  exp ression s  
w ith  each  p  £  V a<* d en o tin g  a C P D ep fu n ctor . In  S ec tio n  6 .4 .1  w e saw  h ow  w e cou ld  
go on  to  in te r p r e t each  su ch  fu n cto r  as defin in g  a  c o m p le te  p er  o n  D a<x =  D s a a ,
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n a m ely  th e  per co m p o n en t P ( A p,!saa) o f  an in itia l so lu tio n  to  th e  eq u ation

f p( D , P ) = {D,P) .

It is th u s n atu ra l to  w an t to  ta k e  D J aa to  b e  V a<* and  to  d efin e 7 ^ ^  by

l l c . c ” P =  P ( A p,V „ .).

T h e  o b v io u s d e fin itio n  o f a  p a r tia l order m a k in g  each  V aa in to  a  co m p le te  la t t ic e  is  
as follow s:

V a
V c  fxa«

'Pof+a*

v a

a <  a' < = >  a C  a'
(pi xp2)< (pi x p'2) <==> pi < pi andp2 < p2 

(pi P2) < (pi p'2) Pi < Pi andp2 <  p2 

(Pi + P2) < (pi + P2) pi < pi andp2 < p'2

< ( P i + P 2 ) < T
. T < T

a  <  a .

W ith  th is  ord erin g  w e w ill d e n o te  th e  m e e t  and  jo in  op era tio n s on  th e  Ve* b y  A and  
V resp ectiv e ly .

6.7.1 A n U nsolved M on oton icity  Problem
N o t a ll th e  V aa la t t ic e s  d efin ed  a b o v e  are a ccep ta b le . To see  w hy, co n sid er  the  
fo llo w in g  ex a m p le: le t  lam a b e  th e  T “ ty p e  in t +  ( a  —* a )  and  le t  lam  b e  th e  type  
p a  . lam 01. T h u s lam  is a  d a ta  ty p e  over w h ich  w e m ig h t define an in terp reter  for an 
u n ty p e d  la m b d a  ca lcu lu s. S u p p o se  J  at th e  b ase  ty p e s  to  b e  as for th e  in terp reta tio n  
C  o f th e  p rev io u s ch ap ter . T h e n  V iama is:

T

D -f- (a  —> a)

S -f (a —»■ a )
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W ith  th e  su g g e ste d  d e fin itio n  o f 7 fam1 it  is clear th a t  7 fam T  =  P ( A ^ ,  viam<*) =  
A lliam. T h e  o th er  tw o  p o in ts  are recu rsive  sp ec ifica tio n s o f p ers w h ich  w e w ill w r ite  
in fo rm a lly  as

7 ( L ( 6  +  (a  - =  Q =  A ll +  (Q  Q )

7 iim (§  +  ( «  - ♦ «)) =  5  =  Id  +  ( S = > S ) .

It is  ea sy  to  sh ow  (b y  a s im p le  m a th e m a tic a l in d u c tio n ) th a t  S  is ju s t  Id iam. It 
is n o t n ea r ly  so c lear h o w  to  ga in  an  in tu it iv e  u n d ersta n d in g  o f th e  p er Q. H ow ­
ever, w e ca n  u n d ersta n d  ju s t  en ou gh  o f it  to  rea lise  th a t  so m eth in g  is aw ry w ith  
our ch o sen  ord erin g  o n  V iam<*- L et v  b e  viam<* and  le t  /  : D iam<x —» D iam<x b e  a  
co n tin u o u s fu n c tio n  su ch  th a t  (su p p ressin g  th e  a p p lica tio n s o f th e  m e d ia tin g  iso ­
m o rp h ism ) / ( m i ( 0 ) )  =  m i( 0 )  an d  / ( m i ( 1 0 1 ) )  =  in 2(g) for so m e g. It sh o u ld  b e  
clear th a t  su ch  a  fu n c tio n  e x is ts . N o w  from  th e  co n stru ctio n  o f P ( A ,  v )  w e  k n ow  
th a t if  in 2( f )  £  |Q |, th e n

y \  0 /  0 v \ : Q i => Q u

w h ere Q 1 =  A llz  +  (B o ti  B o t \ ) is th e  secon d  a p p ro x im a tio n  to  Q . B u t  
^ i ( ^ i W )  =  in i(n )  an d  v \ ( in 2(g) — ^ ( O i )  for an y  n  £  D o m Z  an d  g  £  P / ama. 
T h en  s in ce  0 A ll  10 1 , in 2( f )  £  \ Q \  im p lie s  th a t  m i(0 )  (A ll  +  (B o t => B o t ))  m 2(0i ) 5 

w h ich  is fa lse  b y  th e  d e fin itio n  o f -f  on  p ers.
W h a t w e  h a v e  sh o w n  is th a t  th ere  are e lem en ts  o f  D iam<x w h ich  are n o t in  \Q\. 

T h u s I d  <  Q  d oes n o t h o ld , an d  so our su g g ested  ord erin g  o n  V iama resu lts  in  a  
n o n -m o n o to n e  co n c r e tisa tio n  m ap . W orse th a n  th a t , th e  ordering  on  th e  p ers A l l , Q  
and  Id  is:

A ll

Q  Id
T h u s th e r e  is no ord erin g  on  V iama m a k in g  V \a7na a co m p le te  la t t ic e  an d  lama 
m o n o to n e . T h e  u se  o f  —> in  lam a is th e  cau se  o f th e  p rob lem , as w e can  see  if  w e  
define th e  fo llo w in g  re str ic ted  la n g u a g e  o f typ es:

a  £  ::=  l \ x a 2 \ <Ti —» a 2 \ 1 | <ti +  a 2 \ g a . a a

a a  £  T a  : : =  cr | <j “  X  <j J  | cr" +  cr^ | o

T h u s is th e  su b se t o f T M for w h ich  free occu rren ces o f  a  n ever  occu r in  th e  
a rg u m en ts  o f  —>, so —» is n o t ‘a c t iv e ’ in  recu rsive  d efin itio n s. For su ch  ty p e s  th e
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ord erin g  on V a» docs resu lt in  m o n o to n e  co n cre tisa tio n  m ap s, as sh ow n  by  th e  
corollary  to  th e  fo llow in g  lem m a .
L e m m a  6 .7 .1  Let a 01 E T a , let p ,p '  E V a<* and let P  and P' be objects in  C P D  
such that D(P) =  D(P '). Then

1. p < p ' =$• Fp(P) < Fpf(P);

2. P  < P ‘ =*■  Fp{P) < Fp{P').

P r o o f  T h e  first p art is b y  an ea sy  in d u c tio n  on  a 01 ( th is  part also g o es  th rou gh  
for cra E T “ ). T h e  seco n d  p art a m o u n ts  to  th e  a ssertio n  th a t  th e  co n sta n t fu n ctors  
an d  +  and  x  are a ll m o n o to n e  w h en  v iew ed  as m ap s over la tt ic e s  o f p ers, w h ich  is 
ea s ily  verified . T h e  b a n n in g  o f  —> from  T a ty p es  is c lea r ly  essen tia l s in ce  _ => _ is 
n ot m o n o to n e  in  its  first a rg u m en t. □

C o r o l la r y  6 .7 .2  Let a a E T a and let p ,p '  E V a<*. Then

p < p ' => P (A p, J/a <x) <  P ( A p/, l/aa).

P r o o f  F o llow s in  th e  o b v io u s w a y  from  th e  L em m a  b y  th e  co n stru ctio n  o f P(  A , v).
□

R e m a r k  B o th  th e  L em m a  an d  th e  C oro llary  cou ld  b e  g en era lised  b y  w ea k en ­
in g  th e  re str ic tio n  on  ty p e s  in  T a so  th a t —» w as a llow ed  b u t o n ly  in  su ch  
a w ay  th a t  a ll free occu rren ces o f  a  w ere ‘p o s it iv e ’. T h is  is a  w ell k n o w n  
sy n ta c t ic  co n d itio n  w h ich  g u a ra n tees  th a t  th e  resu ltin g  m ap  on  p ers is  
m o n o to n e , for e x a m p le  see  [A m a91]. W e do n o t do th is  s in ce  th e  r e su ltin g  
class o f  ty p e s  d oes n o t se e m  to  b e  s ig n ifica n tly  m ore u sefu l th a n  T M.

T h e  la n g u a g e  o f term s over A-jtt is d efin ed  th e  sa m e w ay  as A ^ m b u t o f cou rse  the  
w ell form ed  (i.e . w e ll ty p e d ) term s are a ssu m ed  o n ly  to  h a v e  ty p e s  in  A ^ .

So far w e  k n ow  o f no  o th er  so lu tio n  to  th e  m o n o to n ic ity  p ro b lem  th a n  to  restr ict 
a tte n t io n  to  A t tt. C learly , th is  is  so m e th in g  o f a  d isa p p o in tm en t. S in ce  w e are forced  
to  restr ic t th in g s  in  th is  w ay, w e  could  h a v e  u sed  m ore stra igh tforw ard  le a s t  fixed  
p o in t sem a n tic s  to  g iv e  m e a n in g  to  th e  recu rsiv e ly  d escr ib ed  p ers w e w ish  to  u se  as 
p ro p erties  over recu rsive  ty p e s . O n th e  o th er  h a n d , i f  w e h a d n ’t d ev e lo p ed  a  w ay  of 
g iv in g  m ea n in g  to  recu rsiv e ly  d escr ib ed  pers over th e  m ore gen era l c lass o f  typ es, 
w e w ou ld  n o t h a v e  b een  a b le  to  rev ea l th e  m o n o to n ic ity  p rob lem . W e h a v e  every  
h o p e  th a t a  so lu tio n  to  th e  p ro b lem  w ill  b e  fou n d , b u t for now  w e w ill h ave  to  settle  
for d efin in g  a b stra c t in terp re ta tio n s  in  th e  re str ic ted  se ttin g .
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6.7.2 A bstract Interpretation  for T he R estricted  Case
T h e  ty p e  c o m p o n en t o f an a b stra ct in terp re ta tio n  J  for is in d u ced  from  th e  
fo llow in g  for ea ch  i  G T0:

•  a  f in ite  la t t ic e  D f  ;

•  a m o n o to n e  c o n cre tisa tio n  m ap  7/  : D f  —» C P E R (D f).

T h ese  are e x te n d e d  to  a  £  as sp ec ified  in  S ec tio n  6.2 for p ro d u ct, fu n c tio n , u n it  
and su m  ty p e s , an d  b y  se tt in g

D JjJLOl . v aa

7 l a . a - P  = P(Ap,Z/ff«).

It is stra igh tforw ard  to  v er ify  th a t  ea ch  7 /  is th e n  m o n o to n e  an d  to p  p reserv in g . 
T h e  re la tio n  R J is  d efin ed  b y  (d , d!) R J a 4 = ^  d  (7 ^ a) d ' . A p p ly in g  th e  d efin itio n  
o f lo g ica l re la tio n  for T  w ith o u t ch an ge to  X M, w e can  see  from  th e  p ro o f o f  th e  
L ogica l C o n c r e tisa tio n  M ap T h eo rem  th a t  R J is log ica l.

T h e  te r m  c o m p o n en t o f J  c o n sists  o f an in terp re ta tio n  cJ for ea ch  co n sta n t to ­
geth er  w ith  m o n o to n e  fu n ctio n s

unfold^ : V„» -> D J„a ̂  ^  
fold,,, :

for each  cra £  T a . T h e  in d u ced  a b stra ct sem a n tic  v a lu a tio n  fu n c tio n  is as in  th e  
gen era l d e fin it io n  o f in terp reta tio n s for A ^ , to g e th er  w ith  th e  a d d itio n a l c lau ses  
sh ow n  in  F ig u re  6 .4 .

For th e  rem a in d er  o f th is  sec tio n  le t  J  b e  an ab stra ct in terp re ta tio n  as sp ec ified  
above.

6.7.3 C orrectness
C orrectn ess is  d efin ed  as b efore for co n sta n ts . T h e  correctn ess co n d itio n  for u n fo ld ;L(7
an d  fo ld ^ a  is ju s t  as for th e  co n sta n ts , i .e . ,  u n f o ld ^  is correct i f  unfold® a : 
7 J u n fo ld ^ * , an d  s im ila r ly  for fo ld ^ a .

P r o p o s i t io n  6 .7 .3  I f c s : 7  ̂ cJ fo r  all constants c : t , with  r  £  and if  u n fo ld ^ a 
and  fo ld ^ a  are correct fo r  all cra £  T a , then J  is correct.
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U  D j„

[()]■'* = •
[ i n L j ^ f e ) ] ' 7^ =  colift { \e \J 8 ,±.Jaf)
[ in r CTi )Cr2( e ) ] ^  =  colift(± .Ja i , \ e f  8)
[ c a s e  e o f  in l(a ;) c\ o r  in r(? /) => e2] J<£

T  i f [ e ] ^ = T
_   ̂ [ e i ] J 6 [:r i-> ax]

U if  [ e ]Jd =  c o lif t(a i,a 2)
k [«2] J8[y k-> a2]

[ f o ld ffa ( e ) ] J $ =  f o l d ^ Q e f d )
[ u n f o ld (Ta ( e ) ] J^ =  u n fo ld ^ a ( [ e ] J <̂ )

F ig u re  6.4: T h e  A b stra c t In terp reta tio n  o f T erm s in  ATa

P r o o f  U n d er th e  a ssu m p tio n  th a t  th e  h y p o th ese s  o f  th e  P ro p o sitio n  h o ld , w e w ill 
sh ow  for a ll ty p es  a  €  T M an d  for a ll ex p ress io n s e : a  in  A ^ ,  th a t

M  RJ s=* (MV, MV) Rl (W )̂.
T h e  p ro o f is b y  in d u c tio n  on  th e  stru c tu re  o f e. T h e  b ase  cases and  in d u c t iv e  cases 
for A -ab straction , a p p lica tio n , p a ir in g  a n d  p ro d u ct p ro jec tio n s are as in  th e  proof 
o f th e  T ern ary  L og ica l R e la t io n s  T h eo rem  (3 .3 .2 ) . T h e  case  for () : 1 is tr iv ia l and 
th e  cases for fo ld (e )  an d  u n fo ld (e )  are as for th e  case  for a p p lica tio n . T h is  leaves 
in l(e ) , in r (e )  an d  c a s e  e o f  inl(a;) => e\ o r  in r (y ) => e2. T h e  first tw o  follow  
m o re  or less  im m e d ia te ly  fro m  th e  in d u c tio n  h y p o th es is . For c a s e  exp ression s, 
if  [e ]J d =  T  th e n  w e are d on e , s in ce  /yJ is  to p  p reserv in g . O th erw ise  [ e ] J d =  
co lift(a \, a 2). N ow  7 J (co lif t(a \, a 2)) =  (/yJ a i )  +  (/yJ a2) an d  by  in d u c tio n  h y p o th esis  
[ e ] s p (7 J colift ( a \ ,a 2)) [ e ] s / / .  T h ere  are th e n  th ree  p o ss ib ilit ie s .

1. [ e ] s p =  [e ]s p' =  _L. T h e n  [ c a s e  e . , . ] s p =  [ c a s e  e . . . ] V  =  JL and 
-L (7 J ( [ c a s e  e . .  . ] J d)) _L, s in ce  c o m p le te  p ers are s tr ic t.

2. [ e ] s p =  in ftd )  an d  [e ]s p' =  m i(d ') ,  w ith  d  (7 J a i )  d'. W e m u st sh o w  that 
( [ e i ] s p [z  d]) an d  ( [ e i ] s p'[x i-> d']) are re la ted  b y  7 '7( 6i U &2), w h ere  61 =  
[ c i  ] J8[x •— > cl 1 ] an d  b 2 =  [ e 2] J d[y 1—> a 2].  B u t d  ( 7 J a f )  d' im p lie s  th a t ( p[x 
d],p '[x  *-> d']) R J 8[x i-> a j ,  so b y  in d u c tio n  h y p o th es is  ( [ e i ] s p[a; d]) and
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( [ e i ] s //[a: i—> d']) are re la ted  b y  7 J &i, an d  m o n o to n ic ity  o f /y J d oes th e  rest.
3 . [ e ]s p =  in 2(d) an d  [e ] s p' =  m 2(d '), w ith  d (/y J a 2) d'. S y m m etr ica l w ith  

p rev io u s case.

□

6.7.4 D efining fold and unfold
It is fa ir ly  o b v io u s h ow  to  o b ta in  a  correct d efin itio n  for unfold^. G iv en  p  E V a<x 
and  b E D w e d efin e  (subst p b )  E D^a âi_̂ T̂ as follow s:

a : subst a b
° i  X : subst (p i x  p 2) b

<  +  *2 : subst p  b

a : subst a  b

a
(subst p i  6, subst p 2 b) 
{ T
I colift(su bst p i b, subst p 2 b) 

b.

i f  p  =  T
if  p  =  p i  + p 2

A s th e  fo llo w in g  le m m a  sh ow s, su b s titu t in g  a v a lu e  b for free occu rren ces o f  a  in  p  
is a sy n ta c t ic  co u n terp a rt to  a p p ly in g  th e  fu n cto r  Fp to  th e  p er 7 J b.
L e m m a  6 .7 .4  L et a a E T a , let p  E V a<*. L et r  E and let b E 7r. Then

7 J (subst p b )  =  FP(D *, 7 /  b)

(again we iden tify  F ( A ,P )  w ith its  p er  com ponent).
Proof R o u tin e  in d u c tio n  on  cr“ . □
T h en  th e  fo llo w in g  resu lt g iv es  us a correct in terp re ta tio n  for unfold"7. 
Proposition 6 .7 .5  F or each a a E T a it is correct to se t

unfold̂ * p =  subst p  p.

Proof L et p  E Va<*. B y  th e  L em m a , 7 J (subst p  p) =  Fp(D *a aa, 7 3 p) =  
Fp(D aa, P ( A p, va<*)). B u t  b y  P ro p o s it io n  6 .5 .3 ,

unfold^ : P ( A p, iv * )  P p( P ( A p, zv*)) 

and  P ( A p , va<*) is ju s t  7 J p. So for a ll p  E D ^a aa

unfold^ 1 7 J p  => 7 J (subst p  p).
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T h u s unfold8« G flpe^v* \ j J P => 7  J (subst p  p )| =  \^J (X p  G To<*. subst p  □
G iven  th e  a b o v e  d e fin itio n  for unfold̂ ,, th e  fo llow in g  resu lt g ives us a su ffic ien t 

co n d itio n  for fold̂ a to  b e  correct:
L e m m a  6.7.6 A ssum e that unfold̂ , is defined as in the Proposition . Then

unfold^ o fo ld ^ a  □  id

im plies that fold̂ a is correct.
Proof It is ea sy  to  see  th a t b e c a u se  (fold8Q, unfold8*,) : Fp(D ca, P ( A p, / /CTa ))  —> 
(D ac, P ( A p, i/ff« ))  is an iso m o rp h ism , w e h ave th e  eq u iva len ces:

d  q *7 (unfold*7 p) d' d  Fp('yJ p) d1 <=$- (folds d) (q *7 p) (folds d').

N ow  le t  a G an d  su p p o se  th a t  d  (q *7 a) df. T h en  d  7 *7(unfold'7(fold,/ a ))
d ' , s in ce  unfold*7 o fold*7 □  id  an d  7 J is m o n o to n e . B u t th e n  b y  th e  eq u iv a len ces  
n o ted  a b ove,

(fold8 d) 7 J(foldJ a) (fold8 df),
and  w e are d on e. □

A  d efin itio n  o f  fold*7 sa t is fy in g  unfold*7 o fold*7 □  id  can  b e  o b ta in ed  u s in g  th e  
m e th o d  d escr ib ed  in  [Lau89]. T h e  b a s ic  id ea  is as fo llow s. E ach  a G Da^ay^na.a^  
can  b e  seen  as so m e  p  E V a* h a v in g  n  free  occu rren ces o f  a ,  in  w h ich  for 1 <  i  <  n ,  
th e  i th  occu rren ce  o f  a  has b e e n  rep la ced  b y  so m e pi E V a<x. W h a t is n eed ed  is a 
q G V a<* su ch  th a t a C  subst q q , an d  th is  can  b e  o b ta in ed  b y  id en tify in g  p  (th is  
is d on e b y  [L au89]’s m ask fu n c t io n ) , id e n tify in g  th e  pi (th is  is don e by [L au 89]’s 
e x t r a c t  fu n c tio n ) , and  ta k in g  q to  b e  V  {P iP u  • • • ,Pn}- A s an ex a m p le , con sid er  
th e  ty p e  o f b in ary  trees d escr ib ed  in  S e c tio n  6 .2  an d  su p p o se  th a t  J  is  th e  ex te n s io n  
to  T M o f th e  c o n sta n c y  in te r p r e ta tio n  C  o f th e  p rev iou s ch ap ter. T h en  'Pbintreea is:

?

D +  (a  x a)

S +  (a x a)
T ake a €  (D fnt x {D {intr„  x £>£ntra. ) ) T to  b e  c o lif t(s ,(s  +  {a  x a ) , 6  +  (a  x a ) ) ) .  
T h en  p =  S +  ( a x  a ) ,  p i =  S +  ( a  x  a )  an d  p 2 =  D +  ( a  x a ) .  T h u s w e w o u ld  take
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fold*7 a =  p  V p i  V P2 =  D +  ( a  X a:).
T h e  d e ta ils  o f  a  gen era l d e fin itio n  for fold*7 a lon g  th e se  lin es are so m ew h a t ted io u s  

and w e tr u st  th e  id e a  is  su ffic ien tly  clear w ith o u t th em .

6.7.5 M eet Preservation Is N ot Inherited
It is in te r e s t in g  to  ask  w h eth er  th e  a b ove d escr ib ed  d efin ition s for unfold*7 an d  fold*7 
are b e s t . T h e  an sw er is  th a t  in  gen era l th e y  ca n n o t b e  b e s t , s in ce  in  gen era l th ere  
are no  b e s t  d e fin itio n s  for unfold*7 an d  fold*7. T h is  is sh ow n  b y  d em o n stra tin g  th a t  
th ere  are cra £  T a for w h ich  7 ^Q,.£ra d oes n o t p reserve  m ee ts .

Let t a b e  th e  T a ty p e  in t x ( a  +  a )  and  le t t  b e  th e  ty p e  fj,a . t a . T h e n  TV* is:
a4

a2 a3

ai

w here a \  =  s x ( a  +  a ), a 2 =  S x T , a 3 =  D x ( a  +  a )  an d  a 4 =  D x T . A p p ly in g  
7 /  to  ea ch  o f th e se  p o in ts  w e  o b ta in  th e  pers

A ll

P  Q

id
w h ere P  a n d  Q  are in fo rm a lly  d escr ib ed  by:

P  =  Id z x  A llt+ t
Q =  A llz  x (Q  +  Q ).

N ow  w e ca n  see  th a t  P  A Q  is th e  p er in fo rm a lly  d escr ib ed  b y  Id z  x  (Q  +  Q ), w h ich  
is  not e q u a l to  Id . T h u s 7 /  d oes n o t p reserve  m e e ts . If w e  ta k e  a £  D ta[ai-*t] 
b e  (s , c o lif t(p ,p ))  w ith  p  =  D x ( a  +  a ) ,  th e n  a =  P  A Q. T h u s a2 an d  a 3 

are b o th  m in im a l va lu es w h ich  w o u ld  b e  correct for fold*7 a. It is  in te r e stin g  to  
n o te  th a t  th e  a c tu a l va lu e  g iv en  b y  th e  d efin itio n  o f fold*7 sk etch ed  ab o v e , w o u ld  b e  
a\ V a3 V a 3 =  a 3, w h ich  is  o p tim a l. W e do n o t k n ow  w h eth er  th is  h o ld s in  gen era l.
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Since this exam ple does not involve function types, it applies equally well in the 
first-order settin g  of [Lau89].

6.7.6 A n Exam ple
A ssum e C to be extended  to T M. Let z lis ta be the T a type 1 +  ( in t x a )  and let 
zlist  be the type n a . z l i s t 01. T hus D szlist is just l is t(Z) (up to isom orphism ). The 
abstract dom ain D % ist (i.e ., V z iist<*) is:

T

~-f (d x a )

• + ( s x a )
In w hat follows we w ill w rite SPINE(a) to  mean'*' +  (a x  a ) .  The point T  describes 
‘d yn am ic’ lists, SPINE(d) describes lists w ith  ‘sta tic  structure’ but dynam ic elem ents, 
and SPINE(s) describes com p letely  sta tic  lists.

T he ‘unfolded’ la ttice  D^lista^ zlist  ̂ is  (1  x (2  x V ziista ) ) T and for any a £  2 and 
b G V zust« we have:

f o ld c (co lift (•, (a, 6) ))  =  SPINE(a) U b.

Let the functions m aps G [[Z —■> Z] —> [lis t(Z ) —» l is t(Z)]] and m apc  G [[2 —» 
2] —> [Pziist<* 'Pzlist*]] b e  th e  standard and C  interpretations, respectively, of the  
follow ing term  (of typ e ( in t —» in t)  —» z lis t  —> zlist):

Y  A map . A f  . A 1 .  c a s e  u n f o ld ( l )  o f
in l(x )  =>- fo ld ( in l( ( ) ) )  or
in r (y ) =>  f o ld ( in r ( f  fst(y ),m ap  f  s n d (y )))

We can m ake this a bit m ore readable b y  w riting n i l  for fo ld ( in l( ( ) ) )  and c o n s (e i,  e2) 
for fo ld ( in r (e i ,  e f ) ) :

Y  A map. A f  . A 1 .  c a s e  u n f o ld ( l )  o f
in l(x )  n i l  or
in r (y ) => c o n s ( f  fst(y),m ap  f  sn d (y ))
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T h e  s ta n d a rd  in te r p r e ta tio n  m aps is th e  fu n c tio n  w h ich  m a p s a fu n c tio n  over a lis t  
o f in teg ers. T h e  a b stra c t in terp re ta tio n  m apG is g iv en  as th e  lim it  o f  th e  seq u en ce  
{mapQ  , m a p G, . . . }  g en era ted  by:

mapQ h b

m a P n + i h  b

spine(s)
T  if  unfold0 b =  T

foldc (co lift(-, (S, SPINE(S))))
U if  unfold0 b =  co lift(*, (a , b'))

foldc (colift(*, (h  a , m apG h 6')))

C onsider th e  ca ses for unfold°(6) w ith  b 6  V ziista ’ e ith er  b =  T , in  w h ich  case  
unfold°(6) =  T , or b =  SPINE(a), in  w h ich  case  unfold°(6) =  co lift(•, (a, SPINE(a))). 
T h u s th e  seco n d  ite r a te  in  th e  ch a in  o f a p p ro x im a tio n s for m apG is

m a p G h b

{ T
spine(s) L) spine(s)

u
SPINE (h a) U (map% h SPINE (a))

i f b = T

if b =  SPINE(a),

w h ich  s im p lifie s  to:

m a p f h b

T h e  th ir d  ite r a te  is

T  if  b =  T
SPINE (h a) i f  b =  SPINE (a).

m a p G h b

( —T
spine(s) u spine(s)

u
SPINE(h a) U ( m apG h SPINE(a))

i f  b =  f

if b =  SPINE (a),

w h ich  s im p lif ie s  to:

m apG h b T  if  b =  f
SPINE(h a) i f  b =  SPINE(a).

So th e  se q u en ce  con verges after  th e  seco n d  ite r a te  to  m apc =  m a p f.
T h u s fo r  h su ch  th a t  h D =  S w e h a v e  m apG h SPINE(d ) =  SPINE(/i d ) =  

SPINE(s), so as w e m ig h t h o p e , th e  co n sta n cy  in terp re ta tio n  te lls  us th a t  m a p p in g
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a co n sta n t fu n ctio n  over a lis t  w ith  s ta t ic  s tru ctu re  but d y n a m ic  e lem en ts , y ie ld s  a  
c o m p le te ly  s ta t ic  list .

6.8 S trictness A nalysis
In C h a p ter  5 w e d escr ib ed  an a n a ly sis  for d e te c t in g  h ea d -str ic tn ess , in v o lv in g  an  
ad h o c  ex te n s io n  to  T  to  in c lu d e  lis ts . T h e  n o tio n  o f h ea d -str ic tn ess  w as o r ig in a lly  
d efin ed  in  [W H 87] u sin g  p r o je c tio n s . U n lik e  [W H 87] w h ere  a ll th e  d o m a in s w ere  
lifted  an d  th e  p ro jec tio n  S tr  w as in tro d u ced  in  order to  cap tu re  ord in ary  s tr ic tn ess , 
w e u sed  th e  per B o t  in  a  ra th er  s im p le  way. (N o te  th a t our an a lysis  w ou ld  n o t b e  
ab le  to  d e te c t  h e a d -str ic tn ess  i f  it  w ere n o t a lso  ab le  to  d e tec t ord in ary  str ic tn ess:  
con sid er  th e  th ird  c la u se  in  th e  d e fin itio n  o f c a s e H.) H ow ever, th ere  is a  very  
im p o r ta n t ad v a n ta g e  to  u sin g  th e  lif t in g  m eth o d . In  [W H 87] and [HL91] it  is  show n  
h ow  variou s in tere stin g  s tr ic tn e ss  p ro p ertie s  over recu rsive  ty p e s  can  b e  d escr ib ed  in  
a rath er  n a tu ra l w ay u sin g  th e  p er  S tr . F ir st  th e  ty p e s  are in terp reted  u sin g  co a lesced  
su m  an d  sm a sh  p ro d u ct, ra th er  th a n  sep a ra ted  su m  and  cartesian  p ro d u ct ( th is  can  
b e  seen  as a  co n seq u en ce  o f lif t in g  th e  d o m a in s): th u s th e  d o m a in  o f lis ts  o f  in teg ers  
is a so lu tio n  to  th e  eq u a tio n

lis t(7 i) =  l x  0  ( Z jl 0  l is t(Z ) jl).

T h en  th e  p ro jec tio n  H can  b e  recu rs iv e ly  d escr ib ed  by:

H  =  I d lx  0  (S tr z  0  H i ) ,

w h ere  0  an d  0  are d efin ed  o n  p ro jec tio n s  in  th e  ob v io u s way. A n o th er  p ro jec tio n  
w ith  a  s im p le  recu rsive  d e fin itio n  is:

T  =  I d i x 0  ( Id<z± 0  S tr o Tj_).

T h en  th e  ta il-s tr ic t  fu n c tio n s  ca n  b e  ch a ra cter ised  as th o se  for w h ich

S tr  o /  =  S tr  o /  o (S tr  o Tj_).

In fa c t T  is ca p tu r in g  th e  sa m e  p ro p erty  as W a d ler’s ab stract la tt ic e  p o in t  oo, 
w h ich  d en o tes  th e  S c o tt-c lo se d  se t o f  a ll lis ts  n o t en d in g  in  [] (th e  set In f  d escrib ed  
in  C h a p ter  2 , S ec tio n  2 .3 ).

U n fo r tu n a te ly  th ese  p ro p erties  are n ot a m on g  th o se  in d u ced  b y  a p p ly in g  th e  ideas
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o f th is  ch a p ter  to  an a b stra ct in terp reta tio n  w h ich  u ses B o t  to  ca p tu re  ord in ary  
str ic tn ess . S u p p o se  w e defin e an ab stract in terp re ta tio n  J  for s tr ic tn ess  a n a ly sis  
w ith: D1 A ll QII<3V-i

II^1 1S1 7L  a  =  < Id if a =  S
B B ot if a =  B.

For th e  ty p e  z lis t  d efin ed  in  S u b sec tio n  6 .7 .6 , th e  la t t ic e  V ziist<* is:

T

~ +  (£) X a )

~ - f  (s  x  a )

~ +  (b  x  a )

T h e  to p  p o in t  d en o te s  th e  per A ll,  th e  n e x t  on e  dow n d en o tes th e  p er  w h ich  re la tes  
all l is ts  w ith  th e  sa m e  s tru ctu re  an d  th e  n e x t  d en o tes Id . T h e  b o tto m  p o in t d en o tes  
a per in fo rm a lly  d escr ib ed  by:

Q =  B o t i  +  ( B o tz  x  Q ).

Ju st as B o t  ca p tu res  th e  se t { T } ,  th e  p er  Q  cap tu res th e  set o f a ll l is ts  all o f w h o se  
e lem en ts  are _L. W h ile  it  is co n ce iv a b le  th a t  th is  p ro p erty  co u ld  p la y  a u se fu l ro le  
in  rea so n in g  a b o u t te r m in a tio n  p ro p erties , it  is p ro b a b ly  n o t n ea r ly  as u se fu l as th e  
pers ker H  an d  k e r T , w h ich  are con sp icu ou s b y  th e ir  ab sen ce  from  our la t t ic e  o f  four  
p ro p erties .

T h u s ou r  w a y  o f ca p tu r in g  ord in ary  s tr ic tn ess  d oes n o t seem  to  co m b in e  v ery  w ell  
w ith  th e  [Lau89] sch em e for in d u c in g  fin ite  la tt ic e s  o f  p ro p erties  over th e  recu rsive  
ty p es . It m a y  b e  th a t  a  b e tte r  w ay  o f cap tu r in g  s tr ic tn ess  w o u ld  b e  to  e x te n d  th e  
liftin g  te c h n iq u e  o f [W H 87] to  th e  s e tt in g  o f h igher-order la n g u a g es.



C hapter 7
T he Frontiers A lgorithm
In th e  p reced in g  ch a p ters w e h a v e  d iscu ssed  u sin g  n o n -sta n d a rd  in terp re ta tio n s  of 
term s over f in ite  la t t ic e s  as a  w a y  o f p erfo rm in g  p rogram  a n a ly sis . T h e  m o tiv a tio n  
for u sin g  f in ite  la tt ic e s  is th a t  q u estio n s  o f th e  form , “[ Y ( A h .  e ) ]J 8 a =  &?” , w ith  
h, e : a  —> t , are d ec id a b le . H ow ever, th is  fa ct a lon e d oes n ot te ll  us how  such a 
q u estio n  m a y  b e  d ec id ed . A ssu m in g  th a t  J  is a  lea st fix ed  p o in t in terp re ta tio n , th e  
‘o b v io u s’ m e th o d  is as fo llow s. F rom  th e  d efin itio n s, [Y (A h  . e ) ] J 8 is th e  l im it  /  of 
th e  o;-chain  { / n } g en era ted  by:

/o  =
/n+i =  [e]J<5[f >-> /„].

N o w  a ssu m in g  th a t  w e  are g iv e n  so m e w a y  o f co m p u tin g  th e  in terp re ta tio n  o f  each  
c o n sta n t, an d  g iv en  th e  grap h  for f n , it is p o ss ib le  to  e x p lic it ly  co n stru ct th e  graph  
o f f n+1 , b y  co m p u tin g  [ e ]J <?)[f i-» / n] a' for each  a' G D Ja . S in ce  D Ja is f in ite , each  
su ch  grap h  w ill c lea r ly  b e  f in ite . W e can  th e n  com p are th e  grap h  o f f n+1 w ith  th at  
o f f n : if  th e y  are eq u a l w e h a v e  rea ch ed  th e  lea st fix ed  p o in t , if  n o t w e  itera te  
th is  p rocess u n til w e do reach  it . T h a t th e  ite ra tio n  w ill ev e n tu a lly  te r m in a te  is 
g u a ra n teed , s in ce  th e  seq u en ce  /o ,  / i ,  / 2, • • • is in creasin g  an d  th e  la tt ic e  [D% —> D *} 
is f in ite , so in  p a rticu la r  it  is o f  f in ite  height. O n ce w e reach  th e  fix ed  p o in t w e can  
s im p ly  ‘lo o k -u p ’ th e  v a lu e  o f / ( a )  in  th e  graph.

N ow  th is  m e th o d  m a y  se e m  rath er in effic ien t, s in ce  it  in v o lv es  ca lc u la tin g  the  
w h o le  grap h  o f / ,  ev en  th o u g h  w e o n ly  w a n ted  th e  v a lu e  o f f ( a ) .  U n fortu n ate ly , 
in  gen era l w e k n ow  o f n o  o th er  m e th o d . In  an im p le m e n ta tio n  o f th e  stan d ard  
in terp re ta tio n  o f  cou rse , th is  is n o t th e  w ay  recu rsion  is d ea lt w ith . B u t in  the  
im p le m e n ta tio n  o f th e  sta n d a rd  in terp re ta tio n , if  th e  v a lu e  o f f ( d )  is _L, w e  d o n ’t 
e x p e c t  an  a tte m p t to  e v a lu a te  f ( d ) to  term in a te . B y  co n tra st, w e in s is t  th a t  the
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e v a lu a tio n  o f  / ( a )  a lw ays te r m in a te s , ev en  if  / ( a )  =  _L. In d eed  “/ ( a )  =  _L?” is very  
o ften  p r e c ise ly  th e  q u estio n  w e ask.

T h e  sea rch  for w ays to  avo id  ca lcu la tin g  th e  w h o le  graph  o f recu rsiv e ly  d efin ed  
ab stra ct fu n c tio n s  is s t i l l  g o in g  on . In th e  first-order case , te ch n iq u es  su ch  as pending  
analysis  ( [Y H 86]) (re la ted  to  th e  id ea  o f m inim al fu n ction  graphs ([JM 86] ) ) ,  h ave  
b een  su c c e ss fu lly  em p lo y ed  in  im p le m e n ta tio n s  o f p rogram  a n a ly ses  (su ch  as th a t  
d escr ib ed  in  [L au89]). T h is  is in  sp ite  o f th e  fa c t th a t  ev en  for first-ord er la n g u a g es, 
th e  p ro b lem  o f d ec id in g  q u estio n s su ch  as th e  on e  d escr ib ed  a b o v e  is k n ow n  to  b e  
o f e x p o n e n tia l c o m p le x ity  ([M ey85 , H Y 86]). H ow ever, it  has p roved  im p o ss ib le  (so  
far) to  a d a p t th e se  m e th o d s  to  th e  h igh er-ord er case . A  d e ta ile d  ex a m in a tio n  o f  
such  te c h n iq u e s  an d  a d escr ip tio n  o f th e  p ro b lem s p o sed  b y  h igh er-ord er fu n c tio n s  
m a y  b e  fo u n d  in  [M ar89]. For th e  t im e  b e in g  at le a s t , w e h ave  to  a ccep t th a t  in  
gen era l it  is n ecessa ry  to  co n stru ct th e  w h o le  grap h  o f ab stra ct fu n c tio n s  w ith  recu r­
s iv e  d e fin itio n s . T h e  fro n tie rs  algorithm  w as d ev e lo p ed  b y  C lack  an d  P e y to n  Jon es  
([C J85 , J C 8 7 ]) as a  w ay  o f  e x p lo it in g  th e  m o n o to n ic ity  o f th e  a b stra c t fu n c tio n s  to  
m ak e th e  co n stru c tio n  o f th e ir  grap h s m ore effic ien t. In  th is  ch a p ter  an d  th e  n ex t  
w e d escr ib e  variou s e x te n s io n s  o f th e  frontiers m e th o d .

7.1 E xp lo itin g  M onoton icity
T h e  o r ig in a l w ork on  fron tiers w as con cern ed  w ith  rep resen ta tio n s for m o n o to n e  
fu n c tio n s  /  : 2n —» 2 . A lth o u g h  th e  a lg o r ith m  d ev e lo p ed  b y  C lack  an d  P e y to n  
Jon es d ep e n d e d  on  th e  fu n c tio n  sp a ce  h a v in g  th is  p rec ise  form , th e  p r in c ip le  b eh in d  
th e  fro n tier  rep resen ta tio n  it s e lf  a p p lies  g en era lly  to  m o n o to n e  fu n ctio n s /  : P  —> 2 

for an y  f in ite  p o se t P .  L et /  b e  su ch  a  fu n c tio n . T h e  graph  o f /  is  th e  set:

{ { x ,y )  e  P  x  2 | f ( x )  = y } .

It is o b v io u s  th a t  th is  is  far from  b e in g  an o p tim a l rep resen ta tio n  for / .  For ex a m p le , 
/  co u ld  b e  rep resen ted  ju s t  as w e ll b y  th e  set

{ x e  P  \ f ( x )  =  1 } ,

s in ce  f ( x )  1 f ( x )  =  0. B u t th is  seco n d  rep resen ta tio n  is s t i l l  o p en  to
im p ro v em en t. S u p p o se  th a t  th ere  are tw o  e lem en ts  x ,x '  £  P  su ch  th a t  x' C  x 
an d  f ( x )  =  f ( x ' )  =  1 . N o w  sin ce  /  is  m o n o to n e , it  w o u ld  a c tu a lly  b e  su ffic ien t to  
record  e x p lic it ly  o n ly  th e  fa c t th a t  f ( x ' )  =  1 , s in ce  m o n o to n ic ity  o f /  m ea n s th a t
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x' C  x  => f { x ' )  Q f { x )- T a k in g  th is  id ea  to  its  lo g ica l con clu sion  w e arrive a t th e  
fo llow in g  ca n d id a te  rep resen ta tio n  for / :

{x  G P  | f ( x )  =  1, ( W .  f ( x ' )  =  1 and x 1 C  x  =>• x =  x ')}  .

In w ords, th is  is th e  se t o f  m in im a l e le m e n ts  o f th e  su b se t o f P  w h ich  /  m a p s to  
1. T h is  is th e  se t w h ich  C lack  an d  P e y to n  Jon es ca ll th e  m inim u m -1-fron tier  for 
f .  T h e  m axim u m -0-fron tier  for /  is d efin ed  d u a lly  as th e  m a x im a l e le m e n ts  o f th e  
su b se t o f  P  w h ich  /  m a p s to  0. In  p r in c ip le , e ith er  rep resen ta tio n  w ou ld  su ffice  b u t  
in  p ra c tice , as w e sh a ll see  in  th e  n e x t ch ap ter  (S u b se c tio n  8 .4 .2 ) , it  is n a tu ra l to  
co n stru ct b o th  rep resen ta tio n s a t th e  sa m e  t im e  an d  in  th e  h igher-order ca se  it is 
a lso  n ecessa ry  to  keep b o th  rep resen ta tio n s.

A s w as m e n tio n e d  a b o v e , th e  a lg o r ith m  d ev e lo p ed  b y  C lack and P e y to n  J o n es  for  
e s ta b lish in g  th e  fron tier  rep resen ta tio n s o f a  fu n c tio n  d ep en d ed  on th e  fu n c tio n  sp ace  
h a v in g  th e  form  [2n — 2 ]. T h e  w ork o f  [M H 87, M ar89] ex te n d e d  C lack  an d  P e y to n  
J o n e s’s a lg o r ith m  b y  rem o v in g  th a t  restr ic tio n , a llo w in g  th e  frontiers m e th o d  to  b e  
a p p lied  to  th e  rep resen ta tio n  o f fu n c tio n s  in  [L —>m 2 ], an d  in d irec tly  to  fu n c tio n s in  
[L —>m L'] for an y  fin ite  la t t ic e s  L, L ' . T h e  d escr ip tio n  o f b o th  th e  orig in a l fron tiers  
a lg o r ith m  and  its  su b seq u en t e x te n s io n s  are rath er co m p lex . In [Hun89] an d  [HH91] 
a g rea tly  s im p lified  d escr ip tio n  o f a  fron tiers a lg o r ith m  w as arrived  a t b y  m a k in g  
ex p lic it  w h a t h ad  b e e n  im p lic it  in  th e  p rev io u s work: th e  m in im u m -1-fron tier  for /  
rep resen ts an upper se t  -  th e  se t  / -1  { 1 }  -  an d  th e  m axim um -O -frontier rep resen ts  
a low er se t  -  th e  se t / -1  { 0} .

To e x p la in  m ore c lea r ly  th e  b a sis  o f  our fron tiers a lg o r ith m , w e b eg in  w ith  th e  
case  o f m o n o to n e  fu n c tio n s  /  : P  —> 2 , for fin ite  p o se t P .  In th e  n e x t ch a p ter  th e  
a lg o r ith m  is g en era lised  to  th e  ca se  o f /  G T , for fin ite  d is tr ib u tiv e  la t t ic e  L.

7.2 A B asic Frontiers R epresen tation
D e f i n i t i o n  7 .2 .1  L et P  be a p ose t and let X  C  P . Then M a x p (X ) and M in p (X )  
are defined to be, respectively, the m axim al and m in im al elem ents o f  X ,  i.e .:

1. M a x p (X )  =  { #  G X  | W  G X . x  C  x' =$■  x =  x '} ;

2. M in p (X )  =  { #  G X  | W  G X . x' C  x x  =  a /} .

When P  is clear fro m  the context we ju s t  w rite M a x (X ) and M in (X ) .
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A lth o u g h  th e  fo llo w in g  resu lt is fa ir ly  ob v io u s, w e u se  it  so h e a v ily  th a t  it  is w orth  
s ta tin g  e x p lic it ly .

L e m m a  7.2.2 L et P  be a p ose t and let X  C P  be fin ite . Then
1. I X  =  lM a x ( X ) ;

2. t X  =  t M in (X ) .

P r o o f  S ee  A p p e n d ix . □

C o r o l la r y  7.2.3 L et P  be a fin ite  poset. Then
1. X  e  C {P )  <*=* X  =  | M a x {X );

2. X  <E U (P )  X  =  t M in (X ) .

T h e  fron tiers a lg o r ith m (s) d ep en d  cen tra lly  on  th e  rep resen ta tio n  o f u p p er  se ts  
b y th e ir  m a x im a l e le m e n ts  an d , d u a lly , th e  rep resen ta tio n  o f low er se ts  b y  th e ir  m in ­
im a l e le m e n ts . T h e  u se  o f se ts  o f m a x im a l an d  m in im a l e lem en ts  as rep resen ta tio n s  
is m o tiv a te d  b y  th e  fa c t th a t  th e y  are irredundant, i .e . ,  th a t  th e y  co n ta in  n o  c o m ­
p arab le  e le m e n ts  (w h ich  in  th is  c o n te x t  w ou ld  in d eed  im p ly  a  certa in  red u n d a n cy ). 
For th e  ca se  o f f in ite  p o se ts  w e h a v e  a on e-o n e  corresp on d en ce  b e tw e e n  irred u n d an t  
su b se ts  a n d  low er su b se ts , an d  a  d u a l corresp on d en ce  b e tw e e n  irred u n d an t su b se ts  
and u p p er  su b se ts . W e can  fo rm a lise  th is  b y  d efin in g  tw o  ord erin gs on  th e  se t o f  
irred u n d an t su b se ts .

D e f i n i t i o n  7.2.4 L et P  be a poset. The lattices (TU( P ) , < U) and  ( 2 i ( P ) ,  < j )  have 
as elem ents the irredundant subsets o f P , w ith order given respectively by:

1. X  < u X '  V P  <E X L  3 x £ X . x \ Z  x';

2. Y  < [ Y ' <=$> Vy  €  Y. 3y' e Y ' . y Q  y ' .
T h en  for f in ite  p o se t P ,  u sin g  L em m a  7 .2 .2  and  C orollary  7 .2 .3  it  is stra igh tforw ard  
to  sh ow  th a t  M in  v ie w e d  as a  m a p  U (P )  —»• TU{P )  is an  iso m o rp h ism  w ith  in v erse  
X  i—> \ X  and  M ax  v iew ed  as a  m a p  C (P )  —> T i(P )  is an  iso m o rp h ism  w ith  in v erse  
Y  i-> I Y .  T h u s X  X 1 t X  D 1 X ' an d  Y  < t Y '  < = >  [ Y  C  [Y L

L et P  b e  a f in ite  p o se t an d  le t  /  : P  —> 2 b e  a  m o n o to n e  fu n ctio n . W e w ill rep ­
resen t /  u s in g  its  m axim u m -O -fron tier, F - 0 ( / ) ,  an d  its  m in im u m -1-frontier, F - l ( / ) ,  
defin ed  as:

F - 0 ( / )  =  M ax { x  £  P  | f ( x )  =  0 }
F - l ( / )  =  M in {x  €  P  \ f ( x )  =  1 } .
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A 0 := P  
Ax :=  P
{ In varian t: (I I )  and (12) } 
w h i l e  (A 0 fl A \)  ^  0

c h o o s e  x  f r o m  / i 0 fi A \ 
i f  f ( x )  =  0 

t h e n  A i  := A \ \ [ x  
e l s e  A 0 :=  A 0 \  'lx 

e n d w h i l e

F igu re  7.1: A lg o r ith m  A: an a lg o r ith m  to  find  /  1 { 0 }  an d  /  1 {1 }

7.3 T he B asic Frontiers A lgorithm
A s rem ark ed  ab o v e , th e  se t {x  £  P  \ f ( x )  =  0 } is low er an d  {x  £  P  \ f ( x )  =  1 } is 
u p p er. T h is  o b serv a tio n  en a b les  a  s im p le  d erivation  o f an a lg o r ith m  to  c a lc u la te  
F - 0 ( / )  an d  F - l ( / ) .  W e sta rt w ith  a n  a lg o r ith m , A lg o r ith m  A  sh ow n  in  F ig u re  7 .1 , 
w h ich  d e term in es  th e  w h o le  o f th e  se ts  { x  £  P  | f ( x )  =  0 }  (th e  fina l v a lu e  o f  A q) 
and {x  £  P  | f ( x )  =  1} ( th e  fin a l v a lu e  o f  A i) .  T h e  co m p o n en ts  o f  th e  in varian t  
o f F ig u re  7.1 are:

(1 1 )  \/x  £  P. f { x )  =  0 =>- x £  A q and f ( x )  =  1 x £  A \\

( 1 2 ) Ao is low er and  A \  is u p p er .

(O n ly  th e  first o f th e se  is req u ired  for th e  p roof o f correctn ess. T h e  secon d  is u sefu l 
in  a d a p tin g  A lg o r ith m  A  to  c o m p u te  fro n tiers.)  T h e  sem a n tic s  o f  “choose x  from 
X n is n o t sp ec ified  b ey o n d  req u ir in g  th a t  it  assign s so m e va lu e from  th e  f in ite  se t  
X  to  th e  variab le  x  ( to  s im p lify  w h a t fo llo w s w e a ssu m e th a t  th e  ch o ice  m a d e  is a  
fu n c tio n  o f X ) .  A lth o u g h  th e  ch o ice  o f  v a lu e  d oes n o t affect th e  correctn ess o f th e  
a lg o r ith m , it  can  h a v e  a  s ign ifican t effect on  th e  p erform an ce o f th e  fina l versio n  of  
th e  a lg o r ith m . T h is  p o in t is  d iscu ssed  in  d e ta il in  [M ar89].

T h e  p ro o f th a t  A lg o r ith m  A  is  correct is  stra igh tforw ard . T h e  in it ia l a ss ig n m en ts  
c lea r ly  e s ta b lish  (I I )  an d  (12). T h a t ( I I )  is an  in varian t o f th e  lo o p  fo llo w s from  
m o n o to n ic ity  o f  / .  R eca ll from  S ec tio n  1.5 th a t  th e  co m p lem en t o f  a low er se t is 
u p p er (an d  v ic e  versa) an d  th a t  U (P )  a n d  C {P )  are c lo sed  u n d er in ter sec tio n . T h a t  
(12) is an in varian t th e n  fo llow s from  th e  ob servation  th a t  A i \  [ x  =  A \  fl (P  \  J,a:) 
an d  A 0 \  fa; =  Ao C\ (P  \^ \x ) .  O n te r m in a tio n  w e h a v e  f ( x )  =  1 =£> x £  A \  by  
( I I ) ,  an d  x £  A \ =3* x $  A 0, from  th e  c o n d itio n  o f th e  lo o p . T h u s w e h a v e  f ( x )  ^
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B 0 :=  M a x (P )
B \  :=  M in (P )
{ In varian t: (IT )  } 
w h ile  (J,jE?0  fl | # i )  7  ̂ 0

c h o o s e  x  fr o m  [ Bo fl ] B \  
i f  f ( x )  =  0

t h e n  B i  := M in ^ B i  D P  \  j:r) 
e ls e  Bo := M a x (lB 0 n  P  \  t^ )  

e n d w h ile

F ig u re  7.2: A lg o r ith m  B: a  n a iv e  a lg o r ith m  to  find  F - 0 ( / )  an d  F - l ( / )

0 => f ( x )  =  1 => x  ^  A 0 an d  f ( x )  =  0 => x £  A 0, i .e . ,  x £  A 0 f ( x )  =  0.
S im ilarly , x £  A \  <=>• f ( x )  =  1 . To show  term in a tio n  w e sh ow  th a t  |A 0 fl A i\  
s tr ic t ly  d ecrea ses  ea ch  t im e  th e  b o d y  o f th e  loop  is e x e c u te d . L et A'Q an d  A [  b e  
th e  v a lu es  o f  Ao an d  A \  b efore th e  b o d y  o f th e  loop  is e x e c u te d , le t  Ag an d  A"  b e  
th e  v a lu es  a fterw ard s an d  le t  x  b e  th e  v a lu e  ch osen  from  A'Q D A [  w h en  th e  b o d y  is 
en tered . I t  is  c lear th a t  Ag C A q an d  A'{ C A [  an d  fu rth erm ore th a t  x  0  Ag D A" 
(con sid er  th e  t h e n  b ran ch  o f th e  con d ition a l: x £  J,x, h en ce  x  0  AIX \  [ x  C  A J). 
T h u s |A ” fl A"| <  (\A'0 n  A i | -  1).

F ig u re  7 .2  sh ow s a n a iv e  a lg o r ith m , d erived  from  A lg o r ith m  A , for ca lcu la tin g  
F - 0 ( / )  ( th e  fin a l v a lu e  o f B 0) and  F - l ( / )  (th e  fin a l v a lu e  o f B i) .  A  co m p a r­
ison  o f th e  tw o  a lg o r ith m s w ill revea l th a t  A lg o r ith m  B  is  a c tu a lly  ju s t  m im ick ­
in g  A lg o r ith m  A: at ea ch  corresp on d in g  step  in  th e  e x e c u tio n  o f th e  a lg o r ith m s, 
B 0 =  M ax(A o)  an d  B \  =  M in (A i) .  (T h is  fa ct h in g es on  C orollary  7 .2 .3  an d  th e  
o b serv a tio n  m a d e  a b ove th a t  A i \  [ x  =  A i C\ (P  \  J.:r) an d  Ao \  | ^  =  A 0 D (P  \  t # ) . )  
T h e  m o d ified  in varian t for A lg o r ith m  B  is:

( I I ' )  \/x  £  P. f ( x )  =  0 x £  I B 0 and f ( x )  =  1 =>> x £  |2 ? i .

C orrectn ess o f  A lg o r ith m  B  is  th e n  im m e d ia te  from  th a t  o f  A lg o r ith m  A . To a ch iev e  
a r ea lis t ic  a lg o r ith m  w e m u st e lim in a te  th e  u se  o f j  and  | .  T h is  is th e  cru x  o f  th e  
d ev e lo p m en t o f a  fron tiers a lg o r ith m .

It is e v id e n t fro m  th e  d escr ip tio n  o f A lg o r ith m  B  th a t k ey  o p era tio n s are ca lcu ­
la tin g  th e  m in im a l (m a x im a l)  e lem en ts  o f th e  in ter sec tio n  o f tw o  u p p er  (low er) se ts . 
P r o p o s itio n  7 .3 .2  g iv es  a  m e th o d  for d o in g  th is  s ta r tin g  from  th e  m in im a l (m a x im a l)  
e lem en ts  o f  th e  u p p er  (low er) se ts  to  b e  in tersec ted . F irst w e n eed  tw o  n ew  b in a ry  
o p era tio n s o n  p o se ts .
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D e f in i t io n  7 .3 .1  L e t  P  be a poset and  let x , y  E P .  The  m in im a l upper bounds 

and  m ax im a l lower bounds o f  x  and y  are given respectively by:

1. x  V y =  M i n  { z  E P  \ x  C  z  and y C  z j ;

2. x  A y =  M a x  \ z  E P  { z  Cl x  and  z Cl y } .

Note that if  P  is a la tt ice  then x  V y  = { x  U y ]  and x  A  y = { x  n  y } .

P r o p o s i t io n  7 .3 .2  L e t  P  be a fin ite  poset. L e t  S \ ,  S 2 E H ( P )  and let 7 \, T 2 E £ (P ) .  

T h e n

1. M i n ( S \  f l S 2) =  M i n  (1J {#i V x 2 | E M i n ( S i ) , x 2 E M i n ( S 2) } ) ;

2. M a x (T \  n T 2) = M a x { \ j { y i  A y 2 | 2/1 E M a x ( T i ) , y 2 E M a z (T 2)}).

P r o o f  See Append ix . □

Note tha t in  the case tha t P  is a la ttice , 1 and 2 specia lise to:

1 . M i n ( S i  f l S 2) = M i n  {x \  U x 2 | x i  E  M i n ( S i ) , X 2 E

2 . M a x (T \  f l T 2) = M a x  { y i  H y 2 \ y i  €  M a x {T f )^ y 2 E Maa;(T2)}.

To exp lo it th is  resu lt we m ake the fo llow ing  defin ition.

D e f in i t io n  7 .3 .3  L e t  P  be a poset. L e t  X \ , C  P .  T he  operations f l p n

and C\pax are defined by:

1. X i  f)p in X 2 = M i n  (U  {a;i V  x 2 | x 1 E X i ,  x 2 E X 2});

2. V i fl^ax Y 2 =  M a x  (U  { y i  A  y2 | 2/1 E  W , y2 €  V 2}).

W e can now replace the two assignments in  the body of the w h ile  loop in  A lg o r ith m  B

by

• B t := £ 1  f ) p n ( M i n ( P  \  J,z))

•  B 0 := B 0 C]^ax (M a x ( P  \  |x ))

In the case that P  =  2n , these updates can be seen as corresponding prec ise ly  to the 

‘shine down’ and ‘shine u p ’ operations of the o rig ina l frontiers a lgo rithm  ([JC87]). 
W hen  im p lem enting  these assignments for a specific poset P  we w il l have to show 

how M i n ( P  \  jo;) and M a x { P  \  fre) can be calcu lated. We postpone the details of 

th is  u n t il Chap te r 8, for now we just g ive the operations names:
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D e f i n i t i o n  7 .3 .4  L et P  be a p ose t and let x  6  P . Then the u p p er  and  low er  
co m p le m e n ts  o f  x are defined respectively as:

1. U cm p p (x ) =  M in (P  \  fa;);

2. L c m p p (x )  =  M a x (P  \  fa;).

When P  is clear fro m  the context we will ju s t  w rite U cm p(x) and L cm p (x ).

R e m a r k  S in ce  th ere  is so m e  sco p e  for con fu sion  resu ltin g  from  our te r m in o l­
o g y  w e  h a d  b e tte r  sp e ll ou t th e  fa ct th a t  th e  upper co m p lem en t o f x  is th e  
se t o f  m in im al e le m e n ts  o f th e  upper se t w h ich  is  th e  co m p lem en t o f [x .  
S im ila r ly , th e  low er  co m p lem en t o f x  is th e  se t o f m axim al e le m e n ts  o f th e  
low er  se t w h ich  is  th e  co m p lem en t o f fa;.

F in a lly , w e  m u st con sid er  th e  te s t  o f  th e  w h ile  loop  an d  th e  ch o o sin g  o f an  e lem en t  
from  I B 0 D fF?i. H ere w e can  fe ll tw o  b irds w ith  on e sto n e . D efin e  th e  m a p  Edges  : 
h { P )  x  TU(P )  ->  P ( P )  b y

E d g e s(B 0, B f) =  {x  €  B i \ 3 z  £  Bo. x C  z ]  U { z  6  B q | 3 x  £  B \. x C  z ]  .

N ow  le t  y  £  P .  T h e n  y  €  f P o  fl f B i  4 = ^  3 x  6  B \. 3 z  G B 0. x  C  y  C  z .  F rom  th is  
it  fo llow s th a t:

1. IB o  f l  f  R i =  0 <=$■  E dg es(B o , B \) =  0;

2. E d g e s(B 0,B i )  C  f P 0 fl f P i .

T h u s th e  te s t  o f th e  w h ile  lo o p  can  b e  rep laced  b y

w h i l e  Edges (Bo, B i)  ^  0

and th e  c o m m a n d  to  ch o o se  a v a lu e  for x  can  b e  rep laced  b y

c h o o s e  x  fr o m  E d g e s(B o ,B \) .

T h e  fin a l v ersio n  o f th e  a lg o r ith m , th e  B a s ic  F rontiers A lg o r ith m  is sh ow n  in  F ig ­
ure 7 .3.
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B 0 : = M a x ( P )
B\  := M i n ( P )
{ Invariant: (IT)  } 
w h i l e  E d g e s ( B o ,B i )  ^  0

c h o o s e  x  f r o m  Edges (B 0, B \ )  
i f  f ( x )  =  0

t h e n  B \  :=  B \  f lp 'n Ucm p(x)  
e l s e  Bo : = Bo f lp ax L cm p(x)  

e n d w h i l e

F ig u re  7.3: T h e  B a s ic  F rontiers A lg o r ith m

7.4 T he A lgorithm  as a Search
T h e  b e s t w ay  to  g a in  an in tu it iv e  u n d ersta n d in g  o f h ow  th e  fron tiers a lg o r ith m  w orks  
is to  con sid er  it  as a search . C on sid er  F ig u re  7 .4  (a) in  re la tio n  to  A lg o r ith m  B o f  
F igu re  7 .2 . T h e  p ara lle l lin es in d ic a te  th e  se ts  Bo and  B\:  th in k  o f th em  as b e in g  
‘on e e le m e n t th ic k ’, re flectin g  th e  irred u n d a n cy  o f th e  se ts . T h e  se t A 0 is e v ery th in g  
b elo w  (a n d  in c lu d in g ) B 0 and  th e  se t A \  is ev ery th in g  a b ove (an d  in c lu d in g ) B \ . 
T h e  in varian t gu a ra n tees th a t Ao  / - 1  { 0 }  and A \  D / -1  { 1 } . T h e  in tersec tio n  
o f Ao an d  A \ ,  th e  sp a ce  in  th e  m id d le , rep resen ts th e  search space  o f A lg o r ith m  B . 
T h is  is th e  se t o f  p o in ts  for w h ich  m em b ersh ip  o f / -1  { 0 }  or / -1  { 1 }  h as y e t  to  b e  
d eterm in ed . T h e  p o in t x  is th e  n e x t  p o in t  to  b e  ch osen  from  th e  search  sp a ce .

F ig u re  7 .4  (b ) sh ow s th e  s itu a t io n  a fter  f ( x )  has b een  fou n d  to  ev a lu a te  to  1 and  
Bo h as b e e n  u p d a te d  accord in g ly . B e c a u se  /  m u st m ap  ev ery th in g  a b ove x  to  1, 
th e  search  sp a ce  h as b een  cu t d ow n  b y  ‘ch op p in g  o u t ’ a ll th o se  p o in ts  a b o v e  x.

T h e  B a s ic  F ron tiers A lg o r ith m  as sh o w n  in  F igu re  7 .3 , can  b e  u n d ersto o d  in 
e sse n tia lly  th e  sa m e w ay. T h e  k ey  d ifferen ce w ith  resp ect to  th e  w ay  th e  search  
sp a ce  is traversed , is th a t x  is a lw ays ch o sen  from  th e  ed g es o f th e  search  sp ace .

N o te  th a t  an y  w ay  w e can  fin d  o f  red u cin g  th e  size  o f  th e  search  sp a ce  could  
red u ce  th e  t im e  tak en  to  e s ta b lish  th e  fron tiers for a  fu n ctio n . W h en  c o m p u tin g  th e  
fron tiers for f n+1 w e w ill a lrea d y  h a v e  th e  frontiers for f n to  h an d . S in ce  f n C  f n+1 , 
w e know  th a t  F - 0 ( / n+1) < ; F - 0 ( / n), a n d  so in it ia lis in g  B 0 to  F - 0 ( / n) ra th er  than  
M a x ( P )  w ill g iv e  a red u ced  in it ia l  search  sp ace  w h ile  s t ill e s ta b lish in g  th e  invariant. 
In C h ap ter  9 w e  con sid er  m e th o d s  w h ich  can  g iv e  us u p p er  b o u n d s on th e  fixed  
p o in t o f a  fu n c tio n . T h e  m in im u m -l- fr o n t ie r  for such  an  u p p er  b ou n d  cou ld  be  
u sed  to  in it ia lise  B \  w h en  c a lc u la tin g  th e  frontiers for each  f n.
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F ig u re  7.4: T h e  Search  S p ace B efore  an d  A fter  U p d a te



C hapter 8
T he G eneralised Frontiers 
A lgorithm
In [M ar89], th e  e x te n s io n  o f  th e  fron tiers rep resen ta tio n  for fu n ctio n s to  c o p e  w ith  
fu n c tio n s  /  : L\ —> L 2 w h ere  L 2 7  ̂ 2, is  a ch iev ed  b y  u sin g  th e  fa m ily  o f  fu n c tio n s  
{ / a} aGL2 w h ere  each  f a : Li  —> 2  is  d efin ed  thus:

f  (x)  =  / 0 if  / ( * ) E  a 
I 1  o th erw ise

It is c lear th a t  each  f a is m o n o to n e , an d  so can  b e  rep resen ted  u sin g  fron tiers, 
an d  th a t  for an y  x  th e  v a lu e  o f  f ( x )  ca n  b e  ca lcu la ted  u sin g  th e  fa m ily  { / a } . In 
[H un89] an d  [HH91] w e sh ow ed  th a t  b y  w ork in g  w ith  a re str ic ted  fa m ily  o f  fin ite  
la t t ic e s , b u ilt  u p  from  2 u s in g  p ro d u c t, fu n c tio n  sp a ce  an d  lift in g , a m ore eco n o m ica l 
fa c to r isa tio n  o f  /  in to  a fa m ily  o f m a p s  from  L  to  2 cou ld  b e  ach iev ed . H ere  we 
ta k e  a  ra th er  d ifferent ap p roach , e x p lo it in g  th e  fa c t th a t  th e  la tt ic e s  u sed  in  a ll the  
a b stra ct in terp re ta tio n s  w e h a v e  co n sid ered  are distributive.

8.1 A B rie f R ev iew  o f th e  T heory o f F in ite  
D istr ib u tive  L attices

A lth o u g h  w e  d id  n o t s ta te  it  e x p lic it ly , th e  u se  o f  fron tiers to  rep resen t fu n c tio n s  in 
[P *m 2 ] d escr ib ed  in  th e  p rev io u s ch a p ter , h in g ed  on  th e  fo llow in g  isom orp h ism s:

£ (P op) ^  ^  2] c ± u ( P op), (8.1.1)
125
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th e  first o f  th e se  iso m o rp h ism s b e in g  g iv en  by

w ith  in verse

S  i—»■ A x  G P  • 1
0

if x  G S  
if x £  S

/ - r M  i } ,

an d  th e  seco n d  iso m o rp h ism  b e in g  dual. A s w e saw  in  th e  p rev io u s ch ap ter , in  th e  
case  th a t  P  is f in ite , th e  se t / -1  { 1 }  can  b e  rep resen ted  b y  it s  m in im a l e lem en ts  
M m ( / _1 { 1 } ) -  W e w ill  arrive at a  n o v e l an d  pow erfu l g en era lisa tio n  o f th is  b a sic  
fron tiers re p r e se n ta tio n  b y  v iew in g  (8 .1 .1 )  as (in  th e  ca se  o f f in ite  P ) a  sp ec ia l ca se  
of a w ell k n o w n  rep resen ta tio n  th eo rem  for finite distributive lattices.

D e f i n i t i o n  8 .1 .2  Let  L be a lattice. Then L  is d is tr ib u tiv e  i f  f o r  all x , y , z  £  L

x  n  (y  U z )  =  (x  n  y)  U (x  n  z) .

A  la tt ic e  L  is d is tr ib u tiv e  if  and  o n ly  if  L OF is d istr ib u tiv e  (see  [D P 9 0 ]), so it  w ou ld  
b e  eq u iv a len t to  d efin e  a  d is tr ib u tiv e  la t t ic e  as on e for w h ich

x  U (y  fl z)  =  (x  U y)  n  {x U z) .

T h e  tw o  p o in t la t t ic e  2  is  c learly  d is tr ib u tiv e . T h e  fo llow in g  p ro p o s it io n  show s th a t  
all th e  f in ite  la tt ic e s  u sed  in  th e  a b stra ct in terp reta tio n s con sid ered  in  th is  th es is  
are d is tr ib u tiv e .

P r o p o s i t i o n  8 .1 .3  Let  P  be a pose t  and let L and K  be distributive lattices. Then  
the following are all distribut ive lattices:

1. L x  K ;

2. L l ;

3. L T;

4 • [P L].
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P r o o f  T h e  proofs are a ll s im p le . W e p rove 4 by w ay o f ex a m p le . For all f , g , h  £  
[ P  —>m L] ,  for an y x  £  P :

( /  n  (<7 U h)) x  
=  ( /  x )  fl (for U /i) a;)
=  ( / * )  n  ( f o x )  U f o x ) )
=  ( ( /  x)  n  ( g x ) )  U ( ( / x )  n  fo  x) )  s in ce  L  is d is tr ib u tiv e  
=  ((fng)x)U((fnh)x)
=  ( ( /  n  g )  u  ( /  n  h)) x.

□

T h e  rep resen ta tio n  th eo rem  w e sh a ll b e  e x p lo it in g  u ses th e  th e  fo llow in g  c lass o f  
e lem en ts:

D e f i n i t i o n  8 .1 .4  Let L be a lattice and  let x  £  L. Then x is jo in  irred u cib le  if

1. x 1-l  (in the case that  L l  exists);

2 . f o r  all x x "  £  L, i f  x  =  x* U x" then x =  x' or  x =  x ".

The m e e t  irred u cib le  elements o f  L  are defined dually. The poset  o f  jo in  irreducible 
elements o f  L with order  inherited f r o m  L, is writ ten J { V ) .  The poset  o f  meet  
irreducible elements, again with order  inherited f r o m  L, is wri tten A 4 (L ) .  Thus 
M ( L )  =  J ( L OF) OP.

A n  e x tr e m e ly  u sefu l a lte r n a tiv e  ch a ra cter isa tio n  o f th e  irred u cib le  e le m e n ts  for d is­
tr ib u tiv e  la tt ic e s  is g iv en  b y  th e  fo llo w in g  resu lt.

L e m m a  8 .1 .5  Let  L be a distribut ive lattice and let x  £  L with x ^  J ( i f  1 .l 
exists).  Then x is jo in  irreducible i f  and only i f  fo r  all non-empty finite X  C  L

x  C  [_JX  =4̂  3 x f £  X .  x  C  x ' .

Dually,  x  is meet  irreducible i f  and only  i f  f o r  all non-empty  fini te X  C L

f l ^  C  x  =>• 3x'  £  X .  x'  C  x.

P r o o f  S ee  [D P 90]. □
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T h e  fo llo w in g  rep resen ta tio n  th eo rem  an d  its  co m p a n io n , T h eo rem  8 .1 .7 , p la ce  th e  
class o f  f in ite  d is tr ib u tiv e  la tt ic e s  an d  th e  c lass o f fin ite  p o se ts  in  o n e-o n e  corresp on ­
d en ce  (u p  to  iso m o r p h ism ), v ia  th e  m a p s  L J ( L )  an d  P  C ( P ) .  P roo fs o f  b o th  
th eorem s are d escr ib ed  in  [D P 90].
T h e o r e m  8 .1 .6  ( B ir k h o f f ’s R e p r e s e n t a t io n  T h e o r e m  fo r  F in i t e  D is t r ib u ­
t iv e  L a t t ic e s )  Let  L be a finite distribut ive lattice. Then:

1. L  =  C { J { L ) ) ;

2. L  =  U ( M ( L ) ) .
Note  that 2  fol lows by duality f r o m  1. The isomorphisms are respectively:

1 .  x  i-> { j  6  J { L )  | j  C  x } ; with inverse X  i-> \_\X;
2. x  i—> { m  G A 4 (L )  \ x  C  m ) ,  with inverse Y  i-» n  Y.

T h e o r e m  8 .1 .7  Let  P  be a fini te poset.  Then:
L  P  =  J ( C ( P ) ) ;
2. P  =  M ( U { P ) ) .

N ow  r e c a ll fro m  S ec tio n  1.5 th a t  for an y  p o se t P ,  th e  la tt ic e s  £ ( P )  and  U ( P )  
are iso m o rp h ic . T h u s b y  T h eo rem  8 .1 .6 , i f  L  is a fin ite  d is tr ib u tiv e  la tt ic e , th e n  
C ( M ( L ) )  =  U ( M ( L ) )  *  L  £  C { J { L ) ) ,  h en ce  C ( M ( L ) )  £  C ( J ( L ) ) .  B u t c learly , 
if  A  =  B  th e n  J { A .) =  J ( B ), so  b y  T h eo rem  8 .1 .7 , A 4(L )  =  J ( C ( M . ( L ) ) )  =  
J ( C ( J ( L ) ) )  =  J ( L ) .  T h u s M .(L )  an d  J ( L )  are isom orp h ic . In  th e  A p p e n d ix  w e  
show  th a t  th is  iso m o rp h ism  is e s ta b lish e d  b y  th e  fo llow in g  p air  o f  m a p s, w h ich  p la y  
a cen tra l ro le  in  our fron tiers a lgorith m :
D e f in i t io n  8 .1 .8  Let  L  be a finite distributive lattice. Then the maps J to M  : 
J { L )  —> A 4 ( L )  and M t o J  : A 4(L )  —> J { L )  are defined as follows:

1. J t o M ( j ) =  U ( £  \  T i);

2. M t o J ( m )  =  F \ { L \  l m )
(where '[j and  \ ,m are both calculated in L ) .
T h e  k ey  p ro p e r ty  o f th is  pa ir o f m a p s , fo rm a lised  b y  th e  fo llo w in g  resu lt, is th e  
rath er  su rp r isin g  fa c t th a t  for an y  jo in  irred u cib le  e lem en t j  o f  a  f in ite  d is tr ib u tiv e  
la t t ic e  P , th e  se ts  j j  an d  l  J to M  ( j )  p a r tit io n  L.  B eca u se  J to M  an d  M t o J  form  an  
iso m o rp h ism , it  is eq u iv a len t to  ob serve  th a t  for an y  m e e t irred u cib le  e lem en t m , 
th e  se ts  j r a  an d  f  M t o J ( m )  a lso  p a r tit io n  L.
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P r o p o s i t i o n  8 .1 .9  Let L be a finite distributive lattice, let j  €  J ( L) and let m  S 
M ( L ) .  Then:

I. L \ y  =  [ J t o M ( j ) ;

z .  l  \  \ . m  =  \ i v n o j  ( m ),

where each f  and  j. is calculated in L.

P r o o f  S ee  A p p en d ix . □

8.2 A  G eneralised  Frontiers R epresen tation
O ur c la im  th a t th e  u se  o f low er and  u p p er  su b se ts  o f P  to  rep resen t fu n ctio n s in  
[P  —>m 2] is a sp ec ia l case  o f B irk h o ff’s R ep resen ta tio n  T h eo rem  is b a sed  on  th e  fact  
th a t i J ( [ P  —>m 2]) =  P OF. To see  th a t  th is  is so w e n eed  th e  fo llow in g  resu lt, w h ich  
ch aracter ises th e  jo in  an d  m e e t  irred u c ib le  e lem en ts  o f f in ite  d is tr ib u tiv e  la tt ic e s  o f  
th e  form  [P  —>m L] in  term s o f th e  s tep  an d  co -step  fu n ctio n s (th e  step  and  co -s tep  
fu n c tio n s  w ere d efin ed  in  C h a p ter  3, D e fin it io n  3 .4 .4 ) .

T h e o r e m  8 .2 .1  Let P  be a fini te  pose t  and let L be a fini te distributive lattice.  
Then:

1. J ( [ P  - m L]) =  { \ x , f \  | x  €  P J  e  J ( L ) } ;

2. M ( [ P  —>m L]) =  { [ x , m \  | x e  P , m  e  M { L ) } .

P r o o f  S ee A p p en d ix . □

T h e  coro llary  to  th e  fo llo w in g  le m m a  th e n  g iv es  us th e  iso m o rp h ism  w e seek . 

L e m m a  8 .2 .2  Let  P  be a pose t  and-let  L  be a distributive lattice.

1. For any x , x '  E P  and j , j ( £  J { L ) :

E  r ^ / 1  ^=4* x' Q x  and j  C  / .

2. For any x , x r £  P  and  m , m! £  M ( L ) :

[ x ,m j  C  x' C  x and m  C  m ' .
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P r o o f  W e p rove th e  first d irectly . T h e  secon d  is dual.
Let Xj x ', x" £  P  an d  le t  j ,  j '  £  <7{L)- For th e  im p lic a tio n  from  righ t to  le ft , a ssu m e  
x' E x  a n d  j  E  j ' .  T h e n  th ere  are tw o cases: i f  x  □  x", th e n  b y  a ssu m p tio n  x ' E  x", 
and so \ x , j ]  (x ") =  j  E  j '  =  |V ,  j'~\ (x "); if  x  [2 x", th e n  \ x , j ]  (x") =  _L. For th e  
im p lic a tio n  fro m  le ft to  r igh t, a ssu m e \ x , j ]  E  |V ,  j ' ] .  W e h a v e  j  =  \x,j~\ (a:) E  

(x ) .  S in ce  j  is jo in  irred u cib le  w e k n ow  th a t  j  ^  J_,  so (x ) ^  _L. H en ce
x' E x  a n d  \ x , , j r\ (x )  =  j '  □  j .  □

C o r o lla r y  8.2.3 Let  P  be a fini te poset . Let  L  be finite distributive lattice. Then:  

L  J ( [ P  - m L}) ** P op x  J [ L ) ;

2. M ( [ P  m L]) =  P op x  M ( L ) .

N ow  J ( 2) is  ju s t  { 1 } ,  so w e h ave J ( [ P  —>m 2]) =  P op. T h u s th e  iso m o rp h ism s  
(8 .1 .1 ) o n  w h ich  th e  fron tier  rep resen ta tio n  o f /  £  [P  —>m 2] is b a sed , can  b e  seen  
as sp ec ia l cases o f  B irk h o ff’s R ep resen ta tio n  T h eo rem .

L et L  b e  a f in ite  d is tr ib u tiv e  la t t ic e  an d  le t  /  £  P  (w e w ill b e  p a rticu la r ly  
in te r e s te d  in  th e  case  th a t  L  is a  fu n c tio n  sp a ce , b u t w h at fo llow s is  q u ite  g en era l). 
T h e  meet-front ier  an d  jo in-front ier  for /  are d efin ed  re sp e c tiv e ly  as:

1. F A( / )  =  M in  { m  £  A 4 (L )  \ f  E  m };

2. F v ( / )  =  M ax { j  £  J ( L )  \ j  E  / } .

T h u s | F A( / )  is th e  rep resen ta tio n  o f /  in  U ( A 4 ( L ) )  g iv en  b y  T h eo rem  8 .1 .6 , and  
| F V( / )  is th e  d u a l r ep resen ta tio n  o f /  in  £ ( J ( L ) ) .  It is clear th a t for an y  su b set X  o f  
a fin ite  la t t ic e ,  n  M i n ( X )  =  V \ X  an d  U M a x ( X )  =  \ J X .  H en ce , b y  T h eo rem  8 .1 .6 , 
I"! F A( / )  =  /  =  U F V( / ) .  S in ce  for f in ite  p o se ts  th e  irred u n d an t se ts  an d  th e  u p p er  
se ts  are in  o n e-o n e  co rresp on d en ce , it  a lso  fo llow s from  T h eo rem  8 .1 .6  th a t  F A( / )  
and F v ( / )  are th e  unique irred u n d an t se ts  sa tis fy in g  th ese  eq u a tio n s.

In  w h a t fo llo w s, w e m a k e  e x te n s iv e  u se  o f th e  in ter sec tio n  o p era tio n s and
f l I t  is  h e lp fu l to  b ear  in  m in d  th e  fo llow in g  resu lt, w h ich  sh ow s th a t  is o ften  
p o ssib le  to  u n d ersta n d  th e se  o p era tio n s as im p lem en tin g  m e e ts  an d  jo in s.

P r o p o s i t io n  8.2.4 Let  L  be a finite distributive lattice and let  / ,  / '  £  L. Then:

1- F A( / )  n s j i ,  F A( / ' )  =  F A( /  u  / ' ) ;

5 . F v ( / )  F v ( / ' )  =  F v ( /  n  / ' ) .
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P r o o f  C on sid er  th e  first ca se  ( th e  secon d  is dual): "fFA( / )  is th e  rep resen tation  
o f /  in U ( M ( L ) )  g iven  by B irkhofF’s R ep resen ta tio n  T h eo rem , and s im ila r ly  for }' .  
T h en , s in ce  jo in s  in U ( A 4 ( L ) )  are g iv en  b y  in tersec tio n s, th e  rep resen ta tion  o f /  U f  
in U ( M ( L ) )  is ju st:

t F Af f \  n  T F Af f ' \
i \ J  J ' ' I \ J  ) •

B u t by P ro p o sitio n  7 .3 .2 , F A( / )  F A( / /) is p rec ise ly  th e  se t o f m in im a l e lem en ts
o f th is  se t . □

T h e  corresp o n d en ce  w ith  m in im u m -1-frontiers and  m axim um -O -frontiers for /  G 

[P  — 2] is b e tw een  F A( / )  a n d  F - 0 ( / )  on  th e  on e  h an d  and b etw een  F v ( / )  and  
F - l  ( / )  on  th e  o th er . T h u s

FA(/) = {LMJ \xeF-o(f)}
and

F v ( f )  =  { \ x , i ]  | x e F - i ( / ) } .
N o te  th a t  F A( / )  is d efin ed  as a  se t o f minimal  e lem en ts  b u t F - 0 ( / )  is d efin ed  as 
a se t o f  maximal  e lem en ts . T h e  rea so n  for th is  reversa l in  order is s im p ly  th a t  
[ z ,0 j  Q  [a /, Oj <=$* x ' C  x  (L e m m a  8 .2 .2 ).

8.3 T he G eneralised  Frontiers A lgorithm
In th is  s e c tio n  w e d ev e lo p  an a lg o r ith m , sh ow n  in  F ig u re  8 .1 , w h ich  co n stru cts  F v ( / )  
and F A( / )  in  a w ay  w h ich  is a n a lo g o u s to  th e  co n stru ctio n  o f th e  m in im u m -1 and  
m a x im u m -0 fron tiers b y  th e  B a s ic  F ron tiers A lg o r ith m .

L et J  C J ( L )  an d  M  C A 4 ( L )  b e  irred u n d an t se ts  such  th a t  I~ \ M  EL f  and  
/  C  U T  (w ith o u t k n ow in g  /  w e  can  ach ieve  th is  b y  se tt in g  M  =  F A( ± x /) and  
J  = F V( T l)). T h e se  in eq u a lit ie s  m a y  b e  ex p ressed  as | F A( / )  C j M  and  | F V( / )  C 
J, J .  W h ile  m a in ta in in g  irred u n d a n cy  a n d  th e  in eq u a lit ie s  as in varian ts, w e w ish  to  
p ro g ressiv e ly  refine J  an d  M  (as su b se ts  o f  J ( L )  an d  M { L ) )  u n til |_l J  C  n  M .  
W h en  th is  p o in t is  reach ed  w e w ill h a v e  irred u n d an t se ts  J  C J ( V )  and  M  C JH(L)  
such  th a t  U J  =  n  M  =  / ,  in  o th er  w ord s J  =  F v ( / )  an d  M  =  F A( / ) .

W e d efin e an o p era tio n  Disag  : T i { J { L ) )  x  2 U( M ( L ) )  —> P ( J ( L )  +  M ( L ) )  to  
p la y  th e  role o f  th e  Edges  o p era tio n  in  th e  B a s ic  F rontiers A lg o r ith m .

D is a g (J , M ) =  { j  6  J  | 3 m  G M .  j  g  m }  -f  { m  G M  | 3 j  G J. j  g  m }  ,
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M  :=  F a (J_l )
J  : = F v ( T l )
{ Invariant:  f~]M  C  /  C  U J  and M  and J  irredundant.  } 
w h i l e  D i s a g ( J , M )  ^  0

c h o o s e  y  f r o m  D i s a g ( J ,M )  
c a s e  y  o f

m i ( j )  : i f  j  Q f
t h e n  M  := R a ise (M ,  J t o M ( j ) )  
e l s e  J  :=  L o w e r ( J , j )  

in2(m )  : i t  f  Q  m
t h e n  J  :=  Lower  (J , M to J ( m ) )  
e l s e  M  := R a i s e ( M 1m )

e n d c a s e
e n d w h i l e

F ig u re  8.1: T h e  G en era lised  F rontiers A lg o r ith m

w here +  h ere  is s im p ly  d isjo in t u n io n  o f th e  u n d er ly in g  se ts . T h e  se t D i s a g ( J ,M )  
m a y  b e  th o u g h t o f as a  se t o f  ‘d isa g reem en ts’ b e tw een  J  an d  M , th e  tw o  p u ta t iv e  
d escr ip tio n s o f / .  B y  th e  d efin itio n  o f jo in , |J J  □  m  <=$■  Wj G J . j  C m  an d  
s im ila r ly  j  C  n  M  < = ^  V m  G M . j  C  m . F rom  th is  ob serv a tio n  it  fo llow s th a t

U / E n M  <*=» D i s a g ( J ,M )  =  0,

th u s Disag(J ,  M )  =  0 is th e  co n d itio n  for term in a tio n  o f our a lgor ith m .
N ow  su p p o se  i n i ( j )  G Disag(J ,  M ) .  T h ere  are tw o  cases to  con sid er.

1. If j  C  /  th e n  F A( / )  C '[j (s in ce  m  □  /  □  j  for ev ery  m  G F A( / ) )  so M  can  b e  
u p d a te d  to  ta k e  th e  n ew  va lu e

M i n t f M  fl t j )

(w h ere  f M  is  ca lcu la ted  in  A 4(L )) .  N o te  th a t  H is g u a ra n teed  to  b e  
s tr ic t ly  sm a ller  th a n  | M  sin ce  i n \ { j )  G Disag(J,  M )  im p lie s  th a t  3 m  G M . j  % 
m . B y  P r o p o s it io n  8 .1 .9  w e h a v e  th a t  x  G t j  x % J t o M ( j ), from  w h ich
it  is e a sy  to  see  th a t  th e  a b ove is eq u a l to

M i n ( \ M  fl ( M ( L )  \  I J t o M ( j ) ) ) .

N o w  M i n ^ M  =  M , s in ce  M  is irred u n d an t an d , b y  D e fin itio n  7 .3 .4 , M i n ( A 4 ( L ) \
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I J t o M ( j ) )  =  UcmpM(L)( J t o M ( j ) ) .1 * * * T h u s, u sin g  P ro p o sitio n  7 .3 .2  and D efin i­
tio n  7 .3 .3  w e arrive at th e  fo llow in g  a ss ig n m en t to  u p d a te  M :

M  := M  n™"L) UcmpM{L)( J t o M ( j ) ) .

2. If j  % /  th en  F v ( / )  C  J { L )  \  t j  (s in ce  j '  C  /  for every  j '  G F v ( / )  and so 
j '  G F v ( / )  j  ^  iO* T h u s J  can  b e  u p d a ted  to  tak e th e  va lue

M a x ( U n ( J ( L ) \ V ) ) .

T h e  se t  J, J  fl (J [ L ) \  f j )  w ill b e  s tr ic t ly  sm aller  th a n  [ J  s in ce  j  G J  but 
j  J { L ) \  f j .  A  d u al a rg u m en t to  th a t  u sed  in  th e  p rev iou s case , lea d s to  th e  
assign m en t:

J  :=  J  Oj™ LcmpJiL)( j ) .

D u a lly , i f  m 2(m ) G D isag(J ,  M )  th e  tw o  cases are

1. /  C m ,  in  w h ich  case  J  is u p d a ted : J  :=  J  L c m p ^ L)( M t o J (m ));

2. /  £  m , in  w h ich  case  M  is u p d a ted : M  :=  M  UcmpM W (rn).

W e en c a p su la te  th e  u p d a te  o p era tio n s  on  J  an d  M  in  th e  fo llo w in g  d efin ition s:

1. Raise : I U{ M { L ) )  x  M ( L )  -+ 1 U( M ( L ) )
R a i s e ( M , m )  =  M  n™fL) UcmpM{L)(m);

2. Lower  : h ( J ( L ) )  x  J ( L )  -►  h ( J ( L ) )
L o w e r ( J J )  =  J  H™* LcmpJ{L)( j ) .

T h e  re su ltin g  a lg o r ith m  is sh ow n  in  F ig u re  8.1.

8.3.1 Im plem enting th e  T ests
It is w orth  co n sid er in g  h ow  th e  te s ts  for j  C  /  and  / C m  are to  b e  im p lem en ted ,  
a ssu m in g  th a t  /  is th e  a b stra c t in te r p r e ta tio n  o f so m e term . S u p p o se  th a t  /  is 
[A :c .e]]‘7£. T h en  d ec id in g  w h eth er  C  /  red u ces to  d ec id in g  w h eth er  j  C

1Corollary 8.4.6 shows that this is just F A(y). Seen in this light, the update we arrive at amounts
to replacing M  by F a( / m  LI j )  where / m  is the function represented by M,  i.e., =  f~l M.  This
makes a lot of sense since, by the invariant, / m C /  and, from the test, j  C /:  thus / m U j  C f.
The other updates can be explained similarly.
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[e ]J 5', w h ere  8' =  8[x i—> a]. S in ce  th e  a b stra ct in terp reta tio n s o f co n sta n ts  are 
ty p ic a lly  d efin ed  in  term s o f m e e ts  and  jo in s , th is  in  tu rn  w ill o ften  red u ce  e ith er  to  
th e  p ro b lem  o f d ec id in g  w h eth er  j  C  ( [ e i ] J <!)/) n  ( [ e j 17#'), or to  d ec id in g  w h eth er  
j  C  ([ei]*7#') hi ([e^ *7# '). th e  d efin itio n  o f m e e t , th e  form er case  is eq u iv a len t to  
th e  c o n ju n c tio n  o f te s t s  for j  C  [ e i ] J<57 an d  j  C  [e2]*7^/: i f  th e  on e  w e tr y  first fa ils  
th e n  w e  ca n  avo id  th e  o th er  te s t  a lto g eth er . For th e  la tte r  case  w e can  ex p lo it  th e  
jo in  ir red u c ib ility  o f  j  b y  u sin g  L em m a  8 .1 .5 , w h ich  show s th e  te s t  to  b e  eq u iva len t  
to  th e  disjunct ion  o f t e s t s  for j  C  [ei]*7#' an d  j  C  [e 2] J <?>/: i f  th e  on e  w e  try  first 
succeeds th e n  w e can  av o id  th e  o th er  te s t  a lto g e th er . T h e  co n sid era tio n  o f te s ts  
/ C m  is d u al.

8.4 T h e O perations o f th e  A lgorithm
To im p le m e n t th e  G en era lised  F rontiers A lg o r ith m , and  to  c o m p u te  w ith  fron tiers in  
an a b stra c t in terp re ta tio n , th ere  are a  n u m b er o f o p era tio n s w h ich  w e m u st d escr ib e  
in  a form  su ita b le  for an  im p le m e n ta tio n . W e b eg in  b y  d efin in g  a  fa m ily  o f f in ite  
d is tr ib u tiv e  la tt ic e s  w h ich  is  su ffic ien tly  r ich  to  en a b le  us to  im p lem en t an y  o f th e  
a b stract in te r p r e ta tio n s  co n sid ered  in  th is  th es is . T h e  fa m ily  A  is in d u c tiv e ly  d efin ed  
as sh ow n  in  F ig u re  8 .2 . N o te  th a t  th e  ru le w h ich  a llow s us to  con c lu d e  th a t  A  £  A ,  
is a lw ays u n iq u e . W e w ill o ften  a p p ea l to  in d u c tio n  on  th e  stru ctu re  o f A  £  A  w h en  
s tr ic t ly  sp ea k in g  w e m e a n  in d u c tio n  on  th e  h e ig h t o f  th e  p roof th a t  A  £  A .

B y  L e m m a  8 .1 .3  ev ery  m em b er  o f A  is a  f in ite  d is tr ib u tiv e  la tt ic e . W e are th ere ­
fore ab le  t o  rep resen t th e  e lem en ts  o f th ese  la tt ic e s  b y  th e ir  m e e t and  jo in  fron tiers. 
F irst w e m u s t  d escr ib e  J { A )  an d  M . ( A ) for each  A  E A .

F ig u re  8 .3  show s an  in d u c tiv e  d efin itio n  o f th e  m e e t  an d  jo in  irred u cib le  e lem en ts
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.7(2) =  {1} M ( 2 )  =  {0 }

J ( A ± ) =  { l i f t ( .U ) }  U { l i f t ( j )  | j  €  J ( A ) }
K A ( A  . 1 = {-L} { lift ( I m^ . v j v y . u j  , . . . c u ( an

^  '  • - V  V  J

^ T) =  { T }  U {co l i f t ( j )  | j  6  JT (/1)}
A1 (A T) =  { c o l i f t ( T a ) }  U {co l i f t (m) \ m  G M ( A ) }

<lJ  {.A\ x  • • • x  v4n) — { ( J - i , . . .  j J-i—i j -Lj+i j • • • j -Lra) | .7 G (-^0 }
t=ln

A ^ (A i x  • • • x  A n) =  ( J  { ( T i , . . . ,  T t-+ i , . . . ,  T n) | m  G M { A i ) }
i=i

w h ere _!_& =  l Ak an d  =  T Ak

J { [ A  —>m B])  =  { K / I I  a e A J e J ( B ) }
M ( [ A  —>m B})  =  {[a ,m j | a G A, m  G A^(B)}

F igu re  8.3: J o in  a n d  M eet Irred u cib le  E lem en ts  for A  G A

o f  ev ery  m em b er  o f  A .  W e h a v e  a lrea d y  ex p la in ed  th e  ch a ra cter isa tio n  o f  th e  
jo in  an d  m e e t  irred u cib le  e le m e n ts  for fu n c tio n  sp aces (T h eo rem  8 .2 .1 ). E x c e p t  
for p ro d u c ts , th e  rem a in in g  ca ses are stra igh tforw ard . To u n d ersta n d  th e  ca se  for 
p ro d u c ts , le t  ( a i , . . . ,  an) b e  jo in  irred u cib le . S in ce  A. is n o t jo in  irred u cib le , a t  lea st  
on e  co m p o n e n t, sa y  a;, m u st b e  non-_L. N o w  su p p o se  th a t  ak is a lso  n o n - i . ,  w ith  
i ^  k. B u t th e n  ( a i , . . . ,  a k- 1 , _L, a k+1 , . . . ,  an) and  ( a i , . . . ,  a*_i, JL, ai+1, . . . ,  a n) are 
d is t in c t  tu p le s , n e ith er  is  eq u a l to  (a 1?. . . ,  a n), and  y e t  th e y  h a v e  (a i , . . . ,  an) a s  their  
jo in: th is  co n tra d ic ts  th e  jo in  ir red u c ib ility  o f ( a i , . . . ,  an). T h u s a ll jo in  irred u cib le  
tu p le s  m u st b e  o f th e  form  (_L ,. . . ,  JL, y , J _ ,. . . ,  _L), an d  it  is ea sy  to  see  th a t  su ch  a 
tu p le  is jo in  irred u cib le  if  an d  o n ly  if  j  is.

T h e  o p era tio n s req u ired  for c o m p u tin g  w ith  fron tiers for e lem en ts  in  A  fa ll in to  
tw o cam p s: th e  ‘m ic r o ’ o p era tio n s o n  th e  e lem en ts  o f  J ( A )  and  M ( A )  th em se lv es , 
and th e  ‘m a c r o ’ o p era tio n s on  th e  (rep resen ta tio n s o f) e lem en ts  o f A.  W e con sid er  
th e se  in  tu rn .
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8.4.1 O perations on J ( A )  and M ( A )

Com parisons
G iven  j , j '  E J ( A ) ,  w e  n eed  a m e th o d  for d ec id in g  w h eth er  j  C  j ' .  For th e  fu n c tio n  
case w e u se  L em m a  8 .2 .2: a ssu m in g  \x,j~\ an d  [V , j'"| to  b e  rep resen ted  b y  th e  p a irs  
(x , j ) an d  (x ' , j ' ) ,  co m p a riso n  is s im p ly  g iv en  b y

\ x , j ]  C  [ V , x' \ Z x  an d  j  □  j ' .

T h e  o th er  cases are stra igh tforw ard .

M inim al U pper B ounds and M axim al Lower Bounds
F igu re  8 .4  g iv es an  in d u c t iv e  d e fin itio n  o f th e  m in im a l u p p er b o u n d s and  m a x im a l  
low er b o u n d s  o f pa irs o f  e le m e n ts  in  J (A ) for ea ch  A  E A .  S y m m etr ica l cases are  
le ft im p lic it . O b serve  th a t  for each  A  E A ,  for an y  j , j r E J { A ), th e  se ts  j  V j ' 
and j  A j ' are e ith er  e m p ty  or s in g le to n  (p roof b y  ro u tin e  in d u c tio n  on  A).  T h is  is  
b eca u se  for  each  A e 4 ,  th e  p o se t J { A )  is iso m o rp h ic  to  a d isjo in t su m  o f la tt ic e s .  
T h e  in d u c t iv e  d e fin itio n  for A 4 ( A )  is dual. T h e  fu n c tio n  case  is ju stified  b y  a p p ea l  
to  th e  iso m o rp h ism  J { [ A  — B\)  =  A ov x  J { B )  (C oro llary  8 .2 .3 ) . N o te  th a t  th e  
d efin itio n  o f [ a , / ]  V \ a ' , j r| d ep en d s on  b e in g  ab le  to  ca lcu la te  a n  a A ssu m in g  a 
and a' to  b e  rep resen ted  b y  fron tiers, th is  is covered  b y  L em m a  8 .2 .4 .

The Isom orphism s J ( A )  =  A 4 ( A )

F igu re  8 .5  g iv es  an  in d u c tiv e  d e fin itio n  o f J to M  an d  M t o J  for each  A  E A .  A s  
u su a l, th e  less o b v io u s case  is  th a t  for fu n ctio n s. It suffices to  show  th a t  [a , J t o M ( j )J 
is th e  g r e a te s t  m e e t  irred u cib le  e lem en t o f [A —*m B]  w h ich  is  n o t a b ove To
do th is  w e  u se  th e  coro llary  to  th e  fo llow in g  lem m a .
L e m m a  8 .4 .1  Let  P  be a pose t  and let L be a lat tice . Let  x , x '  E P  and let y , y '  E L  
with y  ^  _L. Then

\ X , y 1 E  [ x \ y ' \  <;==>  t / ) .

P r o o f  T o sh ow  th e  im p lic a tio n  from  right to  le ft , a ssu m e x  □  x ’ =$* y  C  y'. W e  
m u st sh ow  th a t  for an y  a , \x,y~\ (a ) C  [ x \ y ' \  (a ) . W e n eed  o n ly  con sid er th e  case  
w h en  \x,  y~\ (a )  ^  JL a n d  \x ' ,y ' \  (a ) ^  T , i .e . ,  w h en  x  C  a C  x' . B u t th e n  b y  
a ssu m p tio n , y  C  y'.
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2

1 V 1 =  { 1 }  1 A 1 =  {1 }

Ax

l i f t ( L A) V j  =  j
l i f t ( j )  V l i f t( j ' )  =  { W U " )  I f  €  j  V / }  , j ,  /  +  -La

l i f t { L A) A j  =  i)
W ( j )  a  =  { & # ( / ' )  | j"  e  j  a  j ' } , j ,  j r ±  l a

A7

T  V j  =  T
col i ft ( j)  V colift ( j ' )  =  { colift ( j ff) | j"  G j  V j ' }

T  A j  =  j
colift ( j )  A col if t( j')  =  {col if t ( j")  \ j"  e  j  A j ' }

A i x  • • • x  A n

(-1-1 j • • • ? -Li—1 ? Ji  A—i+ l? • • * 5 -1-n) V (-1-1 ? • • • ? —1— ix—15  ̂  ? —1—i'+ l5 • • • ? -1-n)

_  f 0 if  z ^  z'
1 { ( - L i , . • •, JLt_ i , i " ,  -L + 1 , . . . ,  I n )  | j"  e  j  V / }  i f  2 =  z'

(-1-1? • • • ? -1-i—1 ? J? -i-i-f-15 • • • ? -1-n) A (-1- 15 • • • 5 -i-i'—1 ?  ̂? -1-i+ i5 • • • ? -1-n)
_  f 0 if  2 ^  z'
~~ \  { ( - L i , . . . ,  - L - U + i ? . . .  ? i-n ) | j"  e  j  A / }  i f  2 =  2'

w h ere  _L* =  ± Ak

_____________________ [A —>m -F]_____________________

f a , j ]  V \a ' , j ' ]  =  { \ a  n  a1, j ,r\ \ j"  €  j  V / }  

fa , j ]  A [ V , / ]  =  { [ a U  a ' , j "] | j"  €  j  A / }

F ig u re  8.4: M in im a l U p p er  B o u n d s  an d  M a x im a l L ow er B o u n d s in  J ' ( A )
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2

J t o M (  1) =  0 M t o J (  0 ) =  1

a l

J t o M ( l i f t ( ± . A ) )  =  
J t o M ( l i f t ( j ) )  =

_L
U f t ( J t o M ( j )), j  ^  J_A

M t o J ( X )
M t o J  ( l i f t { m ) )  = l i ft  ( M t o J (ra))

A T

J t o M (  T )
J t o M ( c o l i f t ( j )) =

co l i f t  (T  a ) 
c o l i f t ( J t o M ( j ))

M t o J  ( c o l i f t  ( T  a ) )  =  
M t o J  ( c o l i f t  ( m ) )  =

T
c o l i f t ( M t o J ( m )), m / T i

A \  x • • • x A n

J t o M ( . L i , * * • 5 -hi —15̂ 5 -h-l'+l J • • • ) J-n) =  ( T i , . . . ,  T i - 1, J t o M ( j ), T i+i , .. • ,T „ )

M t o J (  T  i, • • • 5 T i  — \ , 772, T t'_|_l 5 • • • 5 T n) (-1-1) • • •) -hi—i) M t o J ( m ) ,  _L,-+i,.
where _L& =  -U fc and =  T Ak

[ A — B ]

J t o M ( \ a J 1) =  [ a , J t o M ( j ) \

M t o J  ( [ a ,  m j) =  [a,

Figure 8 .5 : Components of the Isomorphism J ( A )  =  M ( A )
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To sh ow  th e  im p lica tio n  from  le ft  to  r igh t, a ssu m e \x,y~\ C  and x  C  x' . W e
m u st sh ow  show  th a t y  C  y ' . T h is  is s im p le  s in ce  \x,y~\ (x ') =  y C  [x' ,y ' \  (x ') =  y'.

□

C o r o l la r y  8 .4 .2  Let P . L , x . x f. v  and v* be Given as in the s tatement  o f  the Lemrna.
% J  7 /  7 J  t J  t j  J  VV v .  v v

Then
fre, ?/~| g  [x' ,y ' \  x C. x' and y  £  y'.

P r o o f  T h is  is ju s t  th e  c o n tra p o s it io n  o f  th e  L em m a. □

T h is  corollary , to g e th er  w ith  L em m a  8 .2 .2  sh ow s th a t to  m a x im ise  [a', m j such  th at  
[a , j j  2  La /5m J? w e m in im ise  a' E A  su ch  th a t  a C  a' an d  m a x im ise  m  E A 4 ( B )  
su ch  th a t  j  g  m . B u t th en  a' is c lea r ly  ju s t  a and  by th e  d e fin itio n  o f  J t o M , m  
m u st b e  J t o M ( j ) .

U pper and Lower C om plem ents
F ig u re  8 .6  g iv es  an in d u c tiv e  d e fin itio n  o f  UcmpM(̂ A) for each  A  E A .  T h e  d efin ition  
o f Lcm p j(A) is d u al. T h e  d efin itio n s in  F ig u re  8 .6  a ssu m e a  m e th o d  for ca lcu la tin g  
th e  m e e t  fron tier  o f JL  ̂ an d  th e  jo in  fron tier  o f T ^ , for each  A  E A .  W e do  
n o t g iv e  th e  d e ta ils , b u t th e y  are stra igh tforw ard . T h e  m ap s M* : Xu( M ( A i )) —> 
I U( M ( A 1 x  • • • x  A n)) , u sed  in  th e  p ro d u ct case , are d efin ed  by:

M i ( X )  =  { ( T i , . . . , T i _ i , r a , T f +1, . . .  , T n) | m  E X }  ,

w h ere T k =  T Ak.
N o te  th a t  for fu n c tio n  sp a ces  th e  d e fin itio n  o f UcmpM^A^ mB  ̂ d ep en d s on  th a t  o f  

L cm p A • D u a lly , Lcmp^[Â mB]) d ep en d s on  UcmpA. T h e se  d efin itio n s are d ea lt w ith  
in  S u b sec tio n  8 .4 .2 . T h e  case  in  F ig u re  8 .6  w h ich  is m o st in  n eed  o f ex p la n a tio n  is 
th a t  for fu n ctio n s.

L e m m a  8 .4 .3  Let  A  and B  be fini te distribut ive lattices. Let a  E A  and let m  E 
M . ( B ) .  Then  t/cm pA/(([A_̂ inB])( [ a ,m j )  is M i n ( X  U Y ) ,  where the sets X  and Y  are 
given by:

X  =  { | y ,  ra'J I a' E Lcm pA(a ) ,m '  E F a (JLb ) }
Y  =  { [ T A , m ' \  \ m ' e  UcmpM(B)( m ) }  .

P r o o f  ( s k e t c h )  W e u se  th e  fa c t th a t  M i n ( X  1 ) 7 )  =  M i n ( M i n ( X )  U M i n ( Y ) )  (see  
L em m a  A . 1.2 in  th e  A p p e n d ix ). B y  d efin itio n , t/cm pJW([A_<mB])( [ a ,m j )  is th e  set of
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M (  2 )

Ucmp(0)  = 0

U c m p ( l ) =  { l i f t (m )  | m  6  F A( _ U ) }
U cm p ( l i f t (m )) =  { l i f t (m') w! e  UcmpM(A)( m ) }

x (a t )

Ucmp (colift ( T  a )) =  0 
Ucm p(coU f t(m))  =  {  I ™'

where m  a  and X  =  UcmpM^ ( m )

H X  = 
e l }  i t X j :

M ( A !  X  • • • X  An)

U c m p ( ( T i , . . . ,  T tV L ,m , T ,- + i , . . . ,  T n))
=  M i{  UcmpMiAi)(m ))  U  U i <k<n,k?i M fc( F A ( ± fc) )

w h ere ±.k =  ± Ak an d  T k =  T Ak

M ( [ A  -> m B])

U cm p ( \a ,n n \ )  =  { | a 7, m 7J | a' G Lcm pA(a), m'  G F a ( _ L b ) ,  m' UcmpM{B)( m ) }
U

{ [ T A, m f\ | w! e  UcmpM{B)( m ) }

F ig u re  8.6: U p p er  C o m p lem en ts  in  A 4 (A )
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m in im a l m eet irred u cib le  e le m e n ts  n o t b e lo w  [a, m j . B y  L em m a 8 .2 .2 , w e can  d iv id e  
th e  \ a ' , m 'J such  th a t [a', m'J [ a ,m j ,  in to  th o se  for w h ich  m! \£.m  and th o se  for 
w h ich  a £2 a*. T ak in g  th e  m in im a l e le m e n ts  o f th ese  tw o se ts  th en  g ives th e  se ts  Y  
and X  resp ec tiv e ly . □

T h is  resu lt ju stif ie s  th e  fu n c tio n  case  in  F igu re  8 .6  by ob serv in g  th a t T  ^  Lcm p(a)  
for an y  a , so th e  o n ly  w ay an e le m e n t \a ' ,m ' \  in X  can  b e com p arab le  w ith  an 
e le m e n t [T , m"\  in  F ,  is if m"  C  m ', in  w h ich  case  m! =  m"  s in ce  m'  £  F A(_Ls) is 
m in im a l in  B.

8.4.2 O perations on A  
C om parisons
G iven  th e  m e e t  fron tiers for a an d  a' w e m u st b e  ab le  to  d ec id e  w h eth er  a C  a'. T h is  
is stra igh tforw ard : b y  B irk h o ff’s R ep resen ta tio n  T h eo rem , a C  a' 4 = ^  t F A(a ') C 
j 'F A(a ) , and  | F A(a') C  | F A(a ) 4 = ^  F A(a ;) < u F A(a ) . T h e  m e th o d  for d ec id in g  
F A(a ') < u F A(a ) is o b v io u s from  th e  d efin itio n  o f < u (D e fin it io n  7 .2 .4 ). D u a lly , w e  
cou ld  u se  th e  jo in  fron tiers for a and  a', s in ce  a □  a' 4 = ^  F v (a ) < /  F v (a ').

Least U pp er Bound and G reatest Lower Bound
G iv en  th e  m e e t  fron tiers for a an d  a ', th e  m e e t fron tier  for a U a' is g iv e n  b y  
L em m a  8 .2 .4 . T h e  m e e t  fron tier  for a  [~1 a' is ju s t  M m (F A(a )  U F A(n ')). D u a lly , th e  
jo in  fron tier  for a U a' is M a x ( F v (a)  U F v (a 7)).

U pper and Lower C om plem ents
For an y  A  £  A  and  a £  A ,  g iv en  F v (a )  an d  F A(a ) w e n eed  to  b e  ab le  to  c a lc u la te  
F v (a') an d  F A(n /) for ea ch  a' £  UcmpA{a)  (an d  d u ally , for each  a' £  LcmpA{a))-  
T h is  tu rn s o u t to  b e  s im p le  g iv en  th e  a b ility  to  ca lcu la te  UcmpM(A) an d  Lcmpj^Ay

L e m m a  8 .4 .4  Let  L be a fini te  distribut ive lattice and let x  £  L. Then

1. UcmpL(x ) =  { M t o J ( m )  \ m  £  F A(a:)};

2. LcmpL,(x) =  { J t o M ( j )  | j  £  F v (a:)}.

P r o o f  W e p rove th e  first o f th e se  d irectly . T h e  seco n d  is dual. B y  th e  d e fin itio n  
o f UcmpL  (7 .3 .4 )  an d  P r o p o s it io n  8 .1 .9  w e h ave th a t  U c m p A m ) =  { M t o J ( m ) }  for
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any m  £  A 4 ( L ) .  T h en

UcmpL(x) Min {x'  £  L  | x' £  a?}
M in {x'  £  L  | x'  g n F A(^ )}
M in  {x'  £  L  | 3 m  £  F A(:r). x  g  m }
M in  ( u  mGFA(a;) {* ' £  L I *  E  m l )
M in  (lJmeFA(x) M in {x '  £  L | x %. ra })  
Min  (UmGFA(aO UcmpL(m )}
M in  (UmGFA^) { M t o J ( m ) y j  
{ M to J i r n )  | m  £  F A(a:)} ,

b y  d efin itio n  o f m e e t

b y  L em m a  A . 1.2  
b y  d efin itio n  o f Ucmpi,

w here th e  la s t  s tep  fo llow s b y  th e  fa c t th e  M to J  is an  iso m o rp h ism  from  M .(L )  on to  
J ( L ) (h en ce  an  order em b ed d in g  o f A 4(L )  in to  L ) , and  th u s p reserves irred u n d an cy .

□

L e m m a  8 .4 .5  Let  L  be a finite distributive lattice, l e t m  £  A 4(L )  and let j  £  J { L ) .  
Then

1. F A( M t o J ( m ) )  =  UcmpM(L)( m ) ;

2. F v ( J t o M ( j ) )  =  LcmpJ{L)( j ) .

P r o o f  B y  d efin itio n , F A( M t o J ( m ) )  =  M i n { m '  £  A 4(L )  \ M t o J ( m )  C  m /} . B u t  
b y  P r o p o s it io n  8 .1 .9 , M t o J ( m )  C  m ’ <==?■  m 1 g  m . T h u s F A( M t o J ( m ) )  =  
Min {m '  £  A 4 (L )  \ m'  g  m }? w h ich  is  ju st  th e  d efin itio n  o f UcmpM(L)(m).  T h e  sec ­
on d  part is  d u al. □

C o r o lla r y  8 .4 .6  Let  L , m  and j  be given as in the s ta tement  o f  the Lemma.  Then

1. F A(j )  =  UcmpM{L)( J t o M ( j ) ) ;

2. F v (m ) =  L c m p j ( Lf i M t o J ( m ) ) .

Let L  b e  a fin ite  d is tr ib u tiv e  la t t ic e  and  le t  x  £  L.  B y  L em m a  8 .4 .4 , th e  e lem en ts  
o f UcmpL^x)  are th e  jo in  irred u cib le  e lem en ts  M t o J { m ) for m  £  F A(# ) . C learly , for 
any jo in  ir red u c ib le  e le m e n t j ,  F v ( j )  =  { j } .  T h u s th e  jo in  fron tiers for th e  e le m e n ts  
o f th e  u p p er  co m p lem en t o f x  are:

{ F v (^ ') | x 1 £  Ucmpi j(x)}  =  { { M t o J ( m ) }  | m  £  F A( z ) }  .
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B y L em m a 8 .4 .5 , th e  m e e t frontier for a jo in  irred u cib le  e lem en t M to J ( m )  £  J ( L )  is 
ju s t  UcmpM(L){rri). T h u s th e  m ee t fron tiers for th e  e lem en ts  o f  th e  u pper co m p lem en t  
o f x  are:

{ F A(V )  | x' £  U cm pL(x ) }  =  { U c m p M(L)(m )  | m  £  F A(a;)} .

D u a l arg u m en ts show  th a t th e  m ee t fron tiers for th e  e lem en ts  o f th e  low er co m ­
p lem en t o f x  are

{ F A(z ')  | x'  £  L cm p L( x ) }  =  { { J t o M ( j ) }  \ j  £  F v ( z ) } ,

and  th e  jo in  fron tiers for th e  e le m e n ts  o f  th e  low er co m p lem en t o f x  are

{ F v (z ')  | x'  £  L c m p L( x ) }  =  {L cm pJ(L)( j )  | j  £  F v (o : ) } .

R e m a r k  It is th e  n eed  to  ca lc u la te  u p p er  an d  low er co m p lem en ts  w h ich  forces  
us to  u se  b o th  th e  m e e t fron tier  a n d  jo in  fron tier  rep resen ta tio n s, ra th er  
th a n  on e or th e  other: th e  a b ove d iscu ssio n  show s th a t  to  ca lcu la te  th e  
u p p er  co m p lem en t o f x  w e n eed  th e  m e e t frontier for x , w h ile  to  ca lcu la te  
th e  low er co m p lem en t o f  x  w e n e e d  th e  jo in  frontier for x.



C hapter 9
A pproxim ate F ixed Points
In th is  ch a p ter  w e  argue th a t  d esp ite  th e  b en efits  g a in ed  from  th e  u se  o f fron tiers it  
w ill o ften  b e  n ecessa ry  to  red u ce  th e  s ize  o f  th e  ab stra ct d o m a in s b efore  a tte m p tin g  
to  find  th e  fix ed  p o in t o f a fu n ctio n . W e p rov id e  a m e th o d  o f d o in g  th is  w ith o u t  
h a v in g  to  ch a n g e  th e  or ig in a l ab stra ct in terp reta tio n . In  gen era l th is  w ill en ta il 
se tt lin g  fo r  im p rec ise  b u t safe  a p p ro x im a tio n s to  th e  a c tu a l fix ed  p o in t o f a fu n c tio n .

9.1 A  problem  o f com p lexity
For m a n y  o f th e  fu n c tio n s  w h ich  arise in  ab stra ct in terp reta tio n , e s ta b lish in g  th e  
graph o f a  fu n c tio n , u sin g  any  m e th o d , w ill b e  in tra c ta b le . To see  w h y  th is  is  so , 
con sid er th e  fu n c tio n  defin ition :

f o l d ( f ,  n i l ,  z) =  z
f o l d ( f ,  c o n s ( x ,y ) ,  z) =  f  x  ( f o l d ( f ,  y , z ))

W e h ave u sed  a  p a tte r n  m a tch in g  recu rsion  eq u a tio n  s ty le  o f fu n c tio n  d efin itio n , 
b u t it  is o b v io u s  th a t  th e  sa m e d efin itio n  co u ld  b e  p h rased  in  th e  la n g u a g e  o f  
C h ap ter 6 . W e w ill  address th e  q u estio n  o f w h a t ty p e  f o l d  h as in  a m o m en t. S u p ­
p o se  w e w ish  to  a n a ly se  program s u sin g  f o l d  for s tr ic tn ess  in  th e  s ty le  o f [B H A 86], 
u sin g  W a d ler ’s d o m a in s for lis ts  ([W ad87]). For ex a m p le , con sid er  th e  d e fin itio n  o f  
th e  c a te n a te  fu n c tio n

c a t  : list (list ( in t) )  —> list ( int)  

c a t  1 =  f o ld (a p p e n d ,  1, n i l )

144



9.1. A PROBLEM  OF C O M P L E X IT Y M5

w h ere a p p en d  is a ssu m ed  to  h ave  th e  u su a l d efin itio n . A l it t le  th o u g h t w ill show  
th a t f o l d  m u st h ave th e  rath er c o m p le x  type:

f  o ld  : (list ( int)  —> lis t ( in t)  —» list ( in t ))  x  list (l ist  ( in t) )  x  l is t ( int)  —> list ( in t).

In th e  s tr ic tn e ss  a n a ly sis  o f  [B ur91], th e  in terp re ta tio n  u sed  for int  is 2 an d  l i s t (a)  
is in terp reted  as ( D TJ)  lifted  tw ice . T h is  in d u ces in terp reta tio n s o f ( 2 jl) j. (w r itten  4 )  
for l i s t ( in t)  and  ( 4 j_)jl (w r itten  6 )  for list (list ( in t)) .  T h e  ab stra ct fu n c tio n  for f o l d  
w ou ld  th u s b e  an e le m e n t o f [[4 —> [4 —> 4]] x  6  x  4  —> 4].

E v en  ta k in g  m o n o to n ic ity  in to  a cco u n t, it  is n o t h ard  to  show  th a t  th e  argu m en t  
d o m a in  a lon e  for th is  fu n c tio n  co n ta in s  o f th e  order o f 106 e lem en ts . C learly , if w e  
h ave to  ev a lu a te  ev en  o n e  o f th e  a p p ro x im a tio n s to  f o l d  at a  s ign ifican t p ro p o rtio n  
o f th e se  e le m e n ts  to  e s ta b lish  its  v a lu e , th e  o p era tio n  o f fin d in g  a fixed  p o in t  w ill b e  
to o  c o s t ly  to  b e  co n sid ered  in  an y  p ra c tica l com p iler .

R e m a r k  In m o st fu n c tio n a l la n g u a g es , f o l d  w o u ld  b e  g iv en  th e  p o ly m o r p h ic  
ty p e  f o l d  : V a ,/T  ( a  —» (3 —> f3) x  l i s t (a)  x  [3 (3, w h ich  ra ises th e
q u estio n  o f w h e th er  it  is n ecessa ry  to  in terp ret f o l d  at a ll th e  sp ec if ic  
in sta n ces  at w h ich  it  is u sed . A s w e  saw  in  S ec tio n  2 .5 , it  is n o t a lw a y s  
p o ss ib le  to  avo id  th is  if  w e w an t to  g e t g o o d  resu lts  from  our a n a ly sis  b u t ,  
in  a n y  case , it  w ou ld  o b v io u s ly  b e  p o ss ib le  to  co n stru ct a m o n o m o rp h ic  
e x a m p le  o f th e  sa m e  co m p lex ity .

T h e  k in d s o f fu n c tio n  w h ich  are ‘w e ll b e h a v e d ’ w ith  resp ec t to  th e  fro n tiers a lgo­
r ith m  are d escr ib ed  in  [JC87]: b e c a u se  th e  fron tiers a lg o r ith m  searches th e  a rg u m en t  
la t t ic e  from  th e  to p  an d  b o tto m , w ork in g  tow ard s th e  m id d le , w ell b e h a v e d  func­
tio n s  are th o se  w h ich  h a v e  fron tiers w h o se  e le m e n ts  are e ith er  very  low  d ow n  or 
v ery  h ig h  u p  th e  arg u m en t la t t ic e . For su ch  fu n c tio n s  th e  fron tier  se ts  are sm a ll and  
th e  fron tiers a lg o r ith m  w ill fin d  th e m  w ith  l i t t le  effort. O n  th e  o th er  h a n d , b ad ly  
b eh a v ed  fu n c tio n s  h a v e  fron tier  se ts  co n s is tin g  o f e lem en ts  from  th e  m id d le  o f  th e  
la t t ic e  an d  in  th e  w orst ca se  th e  fron tiers a lg o r ith m  w ill ev a lu a te  th e  fu n c tio n  at 
ev ery  p o in t in  th e  la t t ic e  b efore  fin d in g  th e  fron tier  se ts .

E x p er ien ce  w ith  an  im p le m e n ta tio n  o f  a s tr ic tn ess  an a lyser  em p lo y in g  t h e  fron­
tiers a lg o r ith m  su g g ests  th a t h igh er-ord er fu n c tio n s  are o ften  b a d ly  b e h a v e d  (as is 
cer ta in ly  th e  case  for f o l d ) .  O n e reason  for th is  is th a t h igher-order fu n c tio n s  ten d  
to  a p p ly  so m e o f th e ir  a rg u m en ts to  o th ers an d  th u s b eh a v e  as m ore or le ss  ex ­
o t ic  varian ts o f  th e  apply  fu n c tio n . T h e  p ro b lem  w ith  apply  is th a t , for ex a m p le , 
app ly ( / ,  d) w ill b e  h ig h  up  in  th e  resu lt la t t ic e  if  either f  or  d  are h ig h  in  their



146 CH APTER 9. A PPR O X IM A TE  FIXED PO IN TS

r esp ec tiv e  la ttic e s:  th is  im p lie s  th a t th e  m in im a l an d  m a x im a l e le m e n ts  o f  th e  in ­
verse  im a g e  o f  an y  g iv en  resu lt va lu e  w ill th e m se lv e s  b e  n e ith er  h ig h  nor low  in  th e  
argu m en t la t t ic e  as a  w h o le .

9.1.1 R educing th e Size o f a Lattice
O ur so lu tio n  to  th e  c o m p le x ity  p ro b lem  d escrib ed  ab o v e , is to  w ork in  a  sm aller  
la t t ic e  to  e s ta b lish  b o u n d s on  th e  req u ired  fix ed  p o in t. W e u se  m a p s , r em in iscen t  
o f th e  a  a n d  7  m a p s  u sed  in  a b stra ct in terp re ta tio n , to  m o v e  b e tw e e n  larger and  
sm aller  la t t ic e s . F irst w e m u st fo rm a lise  th e  n o tio n  o f on e la t t ic e  b e in g  sm aller  th a n  
an other.

D e f i n i t i o n  9 .1 .1  The  a b stra c tio n  ord erin g  d  is defined on A  as follows:

2 d  B
A i  x . . .  x A n d  B i  x . . .  x B r
A ±  d  B ±
AT d BT
[Ax A 2] d  [£1 -►  B 2]

fo r  all B  6  A  
If d  Bi ,  1 <  i <  n 
i f  A d  B  
i f  A d  B
i f  A i  d  B \  and A 2 d  B 2 .

I f  A d  B ,  we sa y  that  A  is  an  a b stra c tio n  o f B .

N o te  th a t  th e  d e fin itio n  o f d  in  th e  fu n c tio n  case  is not  con travarian t. A s w e  
sh a ll see , th is  is b e c a u se  our n o tio n  o f w h en  on e la t t ic e  is  sm a ller  th a n  an oth er  
is fo rm u la ted  su ch  th a t  w h en  A  d  B  th ere  are G alo is co n n ec tio n s  em b ed d in g  A  
in to  B .  T h is  avo id s con travarian ce  in  th e  sa m e w ay  th a t  th e  u se  o f em b ed d in g -  
p r o je c tio n  pairs avo id s it  in  th e  so lu tio n  o f recu rsive  d o m a in  eq u a tio n s ( [S P 82], see  
also  C h a p ter  6).

W e n e x t  d efin e tw o  fa m ilie s  o f  G alo is co n n ectio n s re la tin g  e lem en ts  o f m em b ers o f  
A:  th e  ‘sa fe ’ m a p s, w h ich  g iv e  o v erestim a tes  o f v a lu es, th u s a llow in g  us to  d erive u p ­
p er b o u n d s on  fix ed  p o in ts , an d  th e ir  ‘l iv e ’ cou n terp arts , w h ich  g iv e  u n d erestim a tes  
and a llow  us to  d er ive  low er b ou n d s.
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D e f i n i t i o n  9 .1 .2  Let A, B  E A  with B  ■ < A .  The safe maps  Abs'AB : A  —> B  and  
C ° n e sB A : B  —> A, are defined by:

Abs\2 «

C ° nc2 A b

A h s A L ,BL x

Cone ’s x

A ŝAt,Bt x

C o n c u r a t  x

—1IIeo

1 otherwise
± A i f b  =  0T—<II►Ob

_L i f  x = _L
l i f t (A bsa b̂  a) i f  x  = lift (a)
± i f  x = _L
lift (Cone's t A b) i f  x = lift(b)

T i f  x =  T
colift (Abs A B &) i f x =  colift (a)
T i f  x =  T
col i f t (ConcsB A b) i f x =  colift (b)

A bss[A1->A2],[B1̂ B 2] f  -  AbsSA2fB2 0 /  0 Conc'BltAl 
C ° n c s[Bi_ B2UAl^ A2] f  =  C o n c sB2A2 o /  o A b s ’AuBl

For A  =  A i  x  . . .  x  A n and B  =  B \  x  . . . x  B n :

A bssA>B(a u  . . . ,  an) =  ( A b s sAuBl au . . . ,  A b ssAniBn an) 
Conc*BtA(bu  . . . ,  bn) =  ( Conc'BxM &!, •••> ConcsBnAn bn)

D e f i n i t i o n  9 .1 .3  The definitions o f  the  liv e  maps are given by substituting A b s 1 for  
A b s s and Cone1 f o r  Concs everywhere in definition 9.1.2, except fo r  the base case 
f o r  A b s 1, which is:

Abs'Ai2 a 1 i f a  =  T a
0 otherwise.

T h e  fo llo w in g  le m m a  sh ow s th a t  th e  Abs  an d  Cone  pa irs form  G alo is co n n ec tio n s, 
an d  in d eed  th a t  th e y  sa tis fy  th e  stro n g er  p ro p erty  te r m e d  exact adjointness  in  
[M yc81] (p erh ap s a  b e tte r  k n ow n  te r m in o lo g y  is th a t  w h ich  id en tifie s  th e  Cone1- A b s 1 
pairs as embedding-projection  p a irs a n d  th e  Concs- A b s s pa irs as embedding-closure 
p a irs).
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L e m m a  9 . 1 .4  ; For all A , B e A,  such that  B  <  A

1. A b s lAB  o C on clB A =  idB =  A b ssAB  o Con csB A

2. C on c lB A o A b s lA B C  idA C  ConcsB A o A b ssA B

P r o o f  S tra igh tforw ard  in d u c tio n  on  B .  □

C o r o l la r y  9 .1 .5  For all A , B  £  A  such that  B  ^  A :

1. C o n c sB A and ConclB A are injective;

2. A b ssA B and A b s lA B are onto;

3. A b s sA B and A b s lA B are strict .

For ea ch  A  £  A ,  le t  f ixA b e  th e  fix ed  p o in t op erator on  [A —> A].  S o m ew h a t  
su rp risin g ly , b o th  th e  safe  an d  liv e  Abs  m a p s ‘p reserv e’ f i x .

L e m m a  9 .1 .6  For all lattices A , B  £  A  such that  B  ^  A :

1. f ixB =  A b s ŝA^ A^ A^ B_̂ B^ B^(fixA);

2. fixB =  A b s l̂ A_̂ A^ A^ B^ B^ B^(fixA).

P r o o f

1. L et A 1 =  [A —» A] an d  B' =  [B —> B].  A  ro u tin e  in d u c tio n  on  i suffices to  show  
th a t  for  a ll z, for a ll /  £  B':

Abs A,B((C'oncB,,A' / )*  -La ) =  f* -L5 .

T h e n , for an y  /  £  [B  —► B],

( ^ S[[A-^A]-^A],[[B^B]^B] fiXA) f  
=  A b s sA B(fixA ( ConcsB, A, / ) )

( oo

\_\{Conc%,A , f Y ± A
2=0 

OO

=  |_| A b s sA B( ( C o n c sB, A, / )*  L ^ ) s in ce  A b s sAB  m o n o to n e , A  f in ite
2 =  0

OO

=  U / ^ B
2=0

=  fixB /•
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2. T h e  p roof for part 1 g o es  th rou gh  id e n tic a lly  su b stitu t in g  A bs1 for A b s s and 
Cone1 for Concs .

□

T h e  n e x t resu lt u ses th is  le m m a  to  sh ow  th a t  w e can co n stru ct safe (u p p er) an d  live  
(low er) a p p ro x im a tio n s to  th e  fixed  p o in t o f a  fu n ctio n  over so m e m em b er  o f A ,  by 
a b stra c tin g  th e  fu n c tio n  to  a sm a ller  m em b er  o f A  an d  fin d in g  th e  fixed  p o in t there.

T h e o r e m  9 .1 .7  For all lattices A , B  6  A  such that B  <  A,  fo r  all f  £  [A —> A]:

1. Conc% A(f ixB(Abs(A^ AUB_>B]f ) )  3  f ixA f ;

2 . C o n c lB A { f i x B { A b s [ A_ AU B^ B]f ) )  C f i x A f .

P r o o f

1. ConcsB A o f i xB o Abs(A^ 4]i[B_ B]
=  Conc%iAo ( A b s l [Â A]^ AU[B^ B]^ B]fixA) o A b s l A^ AUB^ B] L em m a  9 .1 .6
=  ConcsB A o A b s \ B o f i xA o Conc[B^ Bl{A^ A] o Abs[A^ Al[B^ B] D ef. 9 .1 .2  
□  fix a  L em m a  9 .1 .4

2. Conc'B A o f i xB o Abs[A_>AUB^ B]
=  ConclB'A o (A bs \ lA^ A]^ m B ^ B]_>B}fixA) o A b s l[A_tAUB^ B] L em m a  9.1 .6
=  ConclB A o A bs‘A B o f i x A o Conc[B^ BUA^ A ]o Abs[A^ AUB^ B] D ef. 9 .1 .2  
C  fix a  L em m a  9 .1 .4

□

9.1.2 A pplying Cone to  a Frontier
G iven  a  fu n ctio n  G  E [A —> A],  w e  o b ta in  u p p er  and  low er b ou n d s on th e  va lu e  o f  
fix a  G  b y  ev a lu a tin g

Conc8BfA(fixB (A b saAtB 0 G 0  ConcsB A ))

and
ConclB A (fixB{AbslAB  o G  o ConclB A))

If w e are u sin g  th e  fron tier  rep resen ta tio n s d escr ib ed  in  th e  p rev io u s tw o ch ap ters  
w e m u st b e  ab le  to  im p lem en t Abs  an d  Cone  on  fron tiers. T h e  n o n -fu n ctio n  cases



150 CH APTER 9. A PPRO X IM A TE  FIXED PO IN TS

are stra igh tforw ard . In  th e  fu n c tio n  case , w e h ave  so far o n ly  w orked o u t th e  d e­
ta ils  (L em m a  9 .1 .8  b e lo w ) for cop in g  w ith  th e  re str ic ted  case  o f C h ap ter  7, i .e .,  
for fu n c tio n s  in  sp a ces o f  th e  form  [A —> 2]. In  th e  fu tu re  w e h o p e  to  e x te n d  th e  
a p p lic a b ility  o f  th is  m e th o d .

For a  fu n c tio n  /  £  [B —> 2], w e can  co n stru ct th e  m a x im u m -O -fro n tier  for

ConC[B^ 2],[A^2] f

b y  u sin g  th e  fo llo w in g  resu lt.
L e m m a  9.1.8 For A , B  £  A  such that B  <  A ,  fo r  f  £  [B  —> 2],

( /  O A b s X b ) - 1 { 0 }  =  |  {Conc°BA  6 I 6 €  r 1 { 0 } }

P r o o f  T o sh ow  th e  in c lu s io n  from  le ft to  right a ssu m e y £  ( f  o { 0 } ,  i .e . ,
y  £  A  a n d  f { A b s AB y)  =  0. T h en  {ConcB A {AbsAB y))  £  {  ConcB A b \ b £  / -1  { 0 } } .  
B y  le m m a  9 .1 .4 , y Q ConcsB A (A b ssAB y).  H en ce  y  £  J, { ConcsB A b \ b £  / -1  { 0 } } .
For th e  in c lu s io n  from  righ t to  le ft  a ssu m e y  £  J, { C o n c sB A b \ b £  / -1  { 0 }  j. T h en  
y  C  C on csB A b, for so m e b £  / -1  { 0 } .  T h u s, f { A b s sAB y)  C  f ( A b s A B (C o ncB A b)) 
=  f  b (b y  le m m a  9 .1 .4 ) . H en ce  y  £  ( /  o A b s { 0 } ,  s in ce  f  b =  0. □

F rom  th is  i t  is e a sy  to  sh ow  th a t

F - 0 ( C o 7 i c ^ 2])[^ 2] / )  =  { C o n c sBA b \ b e  F - O / j

sin ce  th e  Cone  m a p s are in jec tiv e . W e a lso  n eed  to  ca lcu la te  th e  m in im u m -l- fr o n t ie r  
for ConC[B_̂ 2 ] [a - 2̂] / •  T h is  can  b e  d on e u sin g  th e  fo llo w in g  resu lt, w h ich  a llow s us  
to  co n v ert a  m e e t  fron tier  in to  a jo in  frontier.
L e m m a  9.1.9 Let  L  be a fini te distributive lattice and let x  £  L. Then

max

F v ( z )  = Q  {L cm p j (L)( M t o J ( m ) )  \ m  £  F A( z ) }  .
J { L)

P r o o f  B y  C orollary  8 .4 .6 , w e k n ow  th a t  LcmpJ{L)( M t o J ( m ) )  — F v (m ). T h e n  b y  
P r o p o sitio n  8 .2 .4 ,

max

P | { L c m p ^ L)( M t o J ( m ) )  \ m  £  F A( z ) }
J { L )

is th e  jo in  fron tier  for f l  { m  \ m  £  F A(a:)}, an d  th is  is  ju s t  x.  □

D u a l r e su lts  h o ld  for th e  liv e  Cone  m ap s.
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9.1.3 U sing th e U pper and Lower B ounds
H ow  can  w e m ak e u se  o f th e  a b ility  to  p la ce  u pper and low er bou n d s on th e  v a lu e  of 
a fu n ction ?  H ere w e o u tlin e  a p o ss ib le  approach  to  u sin g  Abs  and Cone  in  s tr ic tn ess  
a n a ly sis .

S u p p o se  th a t / s €  D ® is th e  s ta n d a rd  in terp reta tio n  o f th e  term  [ Y ff c ] ,  w here  
e : <r —> <7 is a c lo sed  term  w ith  a b stra c t in terp reta tio n  F  G [A —> A], w ith  A  E A.OO
W e w ish  to  ev a lu a te  / B =  |_| jP z(-L^i ) , b u t th e  la tt ic e  A  m a y  b e  to o  large for th is  to

i=0
b e  p ra ctica l. In th is  case  w e ch o o se  a  sm a ller  la tt ic e , B  G A .

F irst w e c a lc u la te  th e  fixed  p o in t  o f  A b s lAB  o F  o Con clB Al to  w h ich  w e ap p ly  
C oti^b âi g iv in g  us a low er b o u n d  on  / B. C all th is  //&. U sin g  fib w e can  p lace  
an u p p er  lim it  on th e  d egree  o f  s tr ic tn e ss  w h ich  our a b stra c t in terp re ta tio n  w ould  
d eterm in e  if  t im e  an d  sp a ce  a llo w ed . If w e  find  th a t  ev en  fib d oes n o t im p ly  th a t  / s 
is s tr ic t  in  w ays in  w h ich  w e are in te r e s te d , th ere  is n o  n eed  to  p roceed  an y  further. 
O n th e  o th er  h an d , i f  th e  low er b o u n d  sh ow s th a t / s m a y  b e  str ict in  su ch  w a y s, w e  
can  go  on  to  c a lc u la te  an u p p er  b o u n d , say  /„&, u sin g  A b ssAB  an d  ConcsB A. If f ub 
confirm s th a t  / s is s tr ic t our jo b  is d on e.

In th e  rem a in in g  case , fib an d  f ub ‘d isa g ree ’ co n cern in g  th e  s tr ic tn ess  o f  f s . W e  
m u st th en  d ec id e  w h eth er  to  cu t our lo sses  and accep t th a t  w e are u n a b le  to  con firm  
th a t / s is  s tr ic t , or try  to  c a lc u la te  im p ro v ed  u p p er an d  low er b ou n d s b y  r e p e a tin g  
th e  p rocess u sin g  a  n ew  la tt ic e  B ', w ith  B  -< B'  ^  A.  In  ch o o sin g  B ' w e w o u ld  h ave  
to  b e  su re th a t w e d id  n o t run in to  th e  c o m p le x ity  p rob lem s w e w ere try in g  to  avoid  
in  th e  first p la ce . T h is  w ou ld  n o t b e  e n tire ly  d ep en d en t on th e  a b so lu te  s iz e  o f  B  
s in ce  A b s lA B ,{fib) an d  A b s sA B t ( f ub) p la c e  low er an d  u p p er  b ou n d s on  th e  v a lu es o f  
f ixB>(Absl[A^ A]^Bi^ Bi]F)  an d  f ixB>(Abs^A^ A^ B,^ B^ F ) . T h e  low er b ou n d  a llo w s us 
to  sta rt th e  fix ed  p o in t ite r a tio n s  a t a  p o in t  ab ove ± 5 / an d  th e  fron tiers a lg o r ith m  
can  u se  b o th  u p p er  and  low er b o u n d s  as a  m ea n s o f  red u cin g  th e  search  sp a ce  w h en  
e sta b lish in g  th e  fron tier  o f  ea ch  a p p ro x im a tio n . O n e p o ss ib ility  th is  ra ises is  th a t  
th e  w ork d on e in  th e  sm a ller  d o m a in s  m ig h t ach ieve  in  a few  ‘b ig  s te p s ’ w h a t w ou ld  
ta k e  m a n y  ‘l i t t le  s te p s ’ in  th e  o r ig in a l d o m a in .

F u rth er e x p e r im e n ta tio n  is n eed ed  to  d e term in e  w h eth er  th e  u se  o f  A bs  and  
Cone  to  ren d er an a b stra ct in te r p r e ta tio n  tra c ta b le  sh o u ld  b e an ite r a tiv e  p rocess  
o f re fin em en t, as is su g g ested  a b o v e , or w h eth er  w e sh o u ld  ch oose  a  rea so n a b ly  sized  
d o m a in  an d  stick  w ith  it .



C hapter 10 
C onclusions
W e co n c lu d e  b y  su m m a ris in g  th e  a ch iev em en ts  o f  th is  th e s is  and  con sid er in g  d irec­
tio n s  for fu rth er  w ork.

10.1 Sum m ary
O ur co n tr ib u tio n s  to  th e  area  o f ab stra ct in terp re ta tio n  for h igh er-ord er fu n c tio n a l  
la n gu ages can  b e  ro u g h ly  d iv id ed  in to  th o se  w h ich  con cern  th e  th eo ry  o f a b stra c t  
in terp re ta tio n  a n d  th o se  w h ich  con cern  it s  p ra ctice . W e con sid er  th e se  in  tu rn .

T heory
W e h ave p r esen ted  a n ew  se m a n tic  fram ew ork  for th e  ab stra ct in terp re ta tio n  o f  
h igh er-ord er fu n c tio n a l la n gu ages. Its ad van tage  over e x is t in g  fram ew orks is  th a t  it  
cap tu res a  w id er  ran ge o f p rogram  p rop erties  an d  th u s a llow s n ew  a n a ly ses to  b e  
d ev e lo p ed  an d  p roved  correct for h igher-order lan gu ages.

W e sa w  th a t  th e  e x is t in g  fram ew ork s o f [B H A 86] an d  [Abr90] w ere  re str ic ted  b y  
id en tify in g  p ro p ertie s  w ith  se ts . In  p articu lar  w e saw  th a t  th is  d id  n o t a llow  th e se  
fram ew ork s to  ca p tu re  p ro p erties  w h ich  cou ld  b e  d escr ib ed  in  term s o f p ro jec tio n s , 
such  as th o se  u se d  in  th e  first-order a n a lyses o f [W H 87] an d  [Lau89].

W e in tr o d u c e d  th e  id ea  o f u sin g  certa in  eq u iv a len ce  re la tio n s, th e  k ernels o f  p ro­
jec tio n s , a s  an a lte r n a tiv e  to  u sin g  th e  p ro jec tio n s th em se lv es  and  sh ow ed  th e  tw o  
ap p roach es to  b e  eq u iv a len t. W e th e n  in tro d u ced  p a rtia l eq u iv a len ce  re la tio n s (p ers), 
and in  p a r ticu la r  th e  co m p le te  p ers, as th e  n a tu ra l g en era lisa tio n  o f  eq u iv a len ce  re­
la tio n s in  th e  s e tt in g  o f d om ain s an d  h igher-order fu n ctio n s.

B y  m o v in g  fro m  th e  b in a ry  lo g ica l re la tio n s u sed  in  [A br90], to  tern a ry  lo g ica l
152
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re la tio n s, w e w ere ab le  to  d ev e lo p  a fram ew ork for a b stract in terp reta tio n  in which  
p ro p erties  are id en tified  w ith  c o m p le te  p ers rath er th an  se ts . O f key im p o rta n ce  
in th e  d ev e lo p m en t o f th is  fram ew ork  w as th e  L ogical C o n cretisa tio n  M ap T h eo ­
rem : th is  a llow ed  us to  m o v e  freely  b e tw een  th e  re la tio n a l and co n cre tisa tio n  m ap  
fo rm u la tio n s o f correctn ess .

It w as sh ow n  th a t p reserv a tio n  o f m e e ts  by  log ica l co n cre tisa tio n  m ap s is an 
in h er ited  p rop erty , and  th a t  p reserv a tio n  o f m e e ts  im p lie s  th e  e x is te n c e  o f best 
in terp reta tio n s for co n sta n ts . W e ga v e  a n  in d u c tiv e  d efin ition  o f a  fa m ily  o f a b stra c­
tio n  m a p s w h ich  m ap  th e  s ta n d a rd  in terp re ta tio n  o f a  co n sta n t to  its  b e s t  ab stract  
in terp re ta tio n , b u t w e sh ow ed  th a t  n o n -in je c tiv e  co n cre tisa tio n  m a p s co u ld  p reven t  
th e  n a tu ra l d er iv a tio n  o f b e s t  in terp re ta tio n s .

W e sh ow ed  how  our b a sic  la n g u a g e  co u ld  b e  en rich ed , and  th e  a b stra ct in terp re­
ta t io n  fram ew ork  e x te n d e d  accord in g ly , b o th  b y  ad d in g  lis t  ty p es  an d  m ore g en era lly  
b y ad d in g  recu rsive  ty p e s . W e p resen ted  an  a n a ly sis  ab le  to  d e te c t  h e a d -str ic tn ess  
in  h igh er-ord er fu n c tio n a l p rogram s. W e a d a p ted  [Lau89] to  co n stru ct recu rsive  d e­
scr ip tio n s o f p ers as p ro p erties  for recu rsiv e  ty p e s , and  w e u sed  th e  fram ew ork  o f  
[SP82] to  g iv e  m e a n in g  to  su ch  recu rsiv e  d escr ip tio n s in  an a p p rop ria te  ca tegory . 
W e w ere ab le  to  in d u ce  a b stra c t in terp re ta tio n s  for th e  en rich ed  la n g u a g e , b u t  o n ly  
b y  restr ic tin g  th e  u se  o f —> in  recu rsiv e  ty p e s . W e sh ow ed  th a t th e  con cretisation . 
m a p s o f th e  in d u ced  in terp re ta tio n s  n e e d  n o t p reserve m ee ts  an d  h en ce  th a t  b est  
in terp re ta tio n s  for co n sta n ts  n eed  n o t e x is t .

P ractice
W e h a v e  d escr ib ed  a m e th o d , b a sed  o n  B irk h o ff’s R ep resen ta tio n  T h eo rem  for fi­
n ite  d is tr ib u tiv e  la tt ic e s , for rep resen tin g  th e  graphs o f fu n ctio n s, an d  a m e th o d  for  
fin d in g  a p p ro x im a te  fix ed  p o in ts . B o th  m e th o d s  are su ita b le  for u se  in  th e  im p le ­
m e n ta tio n  o f a b stra c t in terp re ta tio n s .

W e b eg a n  b y  e x p la in in g  th e  n eed  to  e x p lic it ly  ca lcu la te  th e  grap h s o f  recu rsiv e ly  
d efin ed  fu n c tio n s  in  a b stra c t in terp re ta tio n . W e sh ow ed  h ow  th e  fron tier  rep resen ­
ta tio n s  for fu n ctio n s in  [P —> 2 ], d u e to  [JC 87], can  b e  u n d ersto o d  in  term s o f u p p er  
and low er su b se ts  o f  P .  B a se d  on th is  u n d ersta n d in g  w e w ere a b le  to  d evelop  a  
s im p le  a lg o r ith m  for co n stru c tin g  fron tier  rep resen ta tion s.

W e th en  in tro d u ced  a  stro n g  g en era lisa tio n  o f fron tiers, our k ey  in sig h t b e in g  th a t  
th e  fron tier  rep resen ta tio n s o f [JC87] are sp ec ia l cases o f B irk h o ff’s R ep resen ta tio n  
T h eo rem  for fin ite  d is tr ib u tiv e  la tt ic e s . W e d ev e lo p ed  an a lg o r ith m  for e x p lo it in g  
th is  g en era lisa tio n , ex p la in in g  in  so m e d e ta il h ow  th e  o p era tio n s o f th e  a lg o r ith m
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can  b e  im p le m e n te d  for a  p articu lar  fa m ily  o f f in ite  d is tr ib u tiv e  la tt ic e s .
F in a lly  w e  argu ed  th a t  th e  la tt ic e s  in  ab stra ct in terp reta tio n s for h igh er-ord er  

ty p e s , th o u g h  fin ite , can  b e  so large th a t  a p p ro x im a tio n  tech n iq u es  m u st b e  e m ­
p lo y ed  w h e n  fin d in g  fix ed  p o in ts . W e d escr ib ed  su ch  a tech n iq u e  b a sed  on  th e  u se  
o f G alo is co n n ec tio n s.

10.2 Suggestions for Further W ork
In th is  s e c t io n  w e con sid er  so m e o f th e  sh o rtco m in g s o f th e  m a ter ia l p resen ted  in  
th is  th e s is  an d  su g g est w ays in  w h ich  it  cou ld  b e  d ev e lo p ed .

B est Interpretations and 
N on -in jective  C oncretisation  M aps
T h e  d iscu ss io n  in  C h ap ter  4  a b o u t b e s t  in terp reta tio n s an d  e x p e c te d  form s su g g ested  
th a t  it  m a y  b e  p o ss ib le  to  co n stru ct a m a x im a lly  a ccu ra te  a n a ly sis  w ith o u t th e  
in terp re ta tio n s  o f th e  co n sta n ts  n ecessa r ily  b e in g  b e s t . T h e  m a in  p ro b lem  w ith  th is  
d iscu ss io n  is th e  vag u en ess o f  so m e  o f th e  cen tra l id ea s, p a rticu la r ly  th a t  o f ‘e x p e c te d  
fo rm ’. It w ou ld  b e  in te r e s tin g  to  p u rsu e th is  to p ic  an d  to  tr y  an d  g iv e  th e  id ea s  
p recise  fo rm , p a r ticu la r ly  th e  an a lo g y  w ith  fu ll a b stra ctio n .

A  r e la te d  b u t ra th er  m o re  c learly  d efin ed  issu e  is th a t  o f n o n -in jec tiv e  co n cre tisa ­
t io n  m a p s . A p art from  ca u sin g  p rob lem s w ith  th e  d eriva tion  o f b e s t  in terp reta tio n s, 
th ere  is a  m o re  fu n d a m en ta l o b je c tio n  to  co n cre tisa tio n  n o t b e in g  in jectiv e: it  im ­
p lies  th a t  th e  a b stra c t la tt ic e s  co n ta in  to o  m a n y  p o in ts . A s lo n g  as w e are forced  to  
co m p u te  th e  fu ll grap h s o f fu n c tio n s , th is  is m ore th a n  a th e o r e tic a l irr ita tio n , s in ce  
it  en ta ils  a n  ob v io u s in effic ien cy .

In th e  ca se  o f co n sta n cy  a n a ly sis , w e su g g ested  th a t  it  m ig h t b e  p o ss ib le  to  o b ta in  
in je c tiv e  co n c r e tisa tio n  m a p s b y  u sin g  B erry ’s th eo ry  o f b i-d o m a in s to  co n stru ct a 
ca rtesia n  c lo sed  ca teg o ry  (C C C ) o f fin ite  la tt ic e s , w h o se  ex p o n en ts  w o u ld  g iv e  th e  
‘r ig h t’ in te r p r e ta tio n  o f fu n c tio n  ty p e s . T h is  su g g estio n  h ig h lig h ts  th e  fa ct th a t  in  
so m e r e sp e c ts  our d efin itio n  o f in terp reta tio n  m a y  b e  to o  co n crete . W e cou ld  h ave  
furth er p a ra m eter ised  in terp reta tio n s b y  th e  C C C  in  w h ich  term s w ere to  b e  g iv en  
m ea n in g , w ith  ty p e s , en v iro n m en ts  and la m b d a  a b stra c tio n  b e in g  in terp reted  in  th e  
C C C  stru c tu re  in  th e  sta n d a rd  w ay  ([L S86]). To ad ap t th e  ab stra ct in terp re ta tio n  
fram ew ork  to  th is  m ore g en era l n o tio n  o f in terp reta tio n  w e w o u ld  n eed  an  appropri­
a te ly  a b stra c t d efin itio n  o f lo g ica l re la tio n  (a lth o u g h  it  is p rob ab ly  n o t w ise  to  g et
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too abstract, since for the purposes of im p lem entation  we obviously need concrete 

representations of the objects and m orphism s).

R ecursive T ypes
There are two m ain  problem s w ith  our treatm ent of recursive types. The  firs t is that 

we were unab le to construct f in ite  la tt ice  in terpreta tions for recursive types in the 

general case (unrestricted use o f —>). W e saw that for the type fia . in t -fi (a —» cv), 

in  order to obta in  a monotone concretisation  map, the three induced descrip tions of 

properties w ould have to be ordered:

c

a b

W e m igh t t ry  to deal w ith  th is  by  fo rm a lly  com p le ting  the poset, i.e., by add ing  a 

new po in t aAb  and setting 7 J (aA&) = ('y*7 a) A b). T h is  raises the question of 

whether it  is in  general decidable what the correct ordering on V a<x should be. A s  

yet we have no answer to this.

The  second prob lem  w ith  our treatm ent of recursive types is tha t it  does not 

generalise the head-strictness ana lys is o f Chap te r 5. T he  most p rom ising  approach 

to so lv ing th is  p rob lem  m ay be to re tu rn  to the way pro jections are used to describe 

strictness and use the idea of lif t in g  as in  [WH87], a lthough [HL90] ind ica tes that a 

forwards analysis using th is  approach m ay be rather weak.

Polym orphism
In Chap te r 2  we discussed the fact th a t our chosen language is on ly  s im p ly  typed 

and tha t th is  is a serious drawback, since po lym orph ic  type systems are such an 

im po rtan t feature of rea lis tic  fu n c tiona l languages. T h is  is c learly  a p rim e  cand idate 

for fu rthe r work. There are two approaches we w ou ld like  to take here. T h e  first is 

to  a ttem pt to  derive po lym orph ic  invariance resu lts fo r the properties w h ich  can be 

described using pers, in  p a rt icu la r it  seems in tu it iv e ly  c lear that constancy should 

be a po lym orph ic  invarian t. T he  second approach is to  t ry  and adapt the w ork of 

[HL91]. T h is  work exp lo its the fact tha t since pro jections are just specia l k ind s of 

functions, it  makes sense to define po lym orph ic  projections: the challenge is to  make 

it  make sense for pers. In bo th  approaches we hope to exp lo it the fact that pers can 

also be used to provide m odels of po lym orph ic  lam bda ca lcu li (e.g., [AP90]).
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M inim al Function Graphs
The  generalised frontiers representation and a lgo rithm  we have described a llow  us 

to construct graphs of functions in  an efficient way. B u t the fact rem ains tha t there 

is a huge inherent ineffic iency invo lved  in  constructing com plete graphs when a ll 

we need is  a sm a ll pa rt of the graph. W h a t we would like  to  do is ca lcu la te  the 

m in im um  part o f a fu n c t io n ’s graph w h ich  is sufficient to answer the questions we 

want to ask. Because functions m ay be recursive, th is  w il l invo lve  ca lcu la ting  parts 

of the graph w h ich  are not of d irect in terest bu t are needed to evaluate recursive 

calls. T h e  p rob lem  in  higher-order abstract in te rp re ta tion  is to decide when we 

have constructed  a ‘ se lf-conta ined ’ subset of the graph, known as a m in im a lfu n c t io n  

graph ( [ JM 8 6 ]), w ithou t having to com pute the fu ll graphs of func tiona l arguments. 

In the first-o rder case th is  is not a problem .

The po ten tia l benefits of developing a m in im a l function  graph m ethod w h ich 

works p rope rly  in  the h igher-order case are great, m ak ing  th is  a p r io r ity  area for 

research.



A p pend ix
Proofs from  C hapters 7 and 8

A .l  Proofs from  C hapter 7
W e firs t need to estab lish  some basic resu lts about m in im a l and m ax im a l elements 

for fin ite  sets. W e begin by resta ting  and proving Lem m a 7.2.2:

L e m m a  7 .2 .2  L e t  P  be a poset and let X  C  P  be fin ite . T h e n :

1. I M a x ( X )  =  I X ;

2. | M i n ( X )  =  | A .

P r o o f  W e prove 2 d irectly , 1 is dual.

Assum e x  E ^ M in ( X ) .  Then  x  E since M i n ( X )  C  X .  Now  assume a: E 

and le t X '  C  X  be the set {x ' E X  \ x ' C  x }. Suppose towards a con trad ic tion  that 

x  {jL | M i n ( X ) .  Then  for a ll x ' E  X \  we m ust have x ' £  M i n ( X ) .  B u t th is  c learly  

requires X '  to conta in  an in f in ite  s tr ic t ly  decreasing chain, w h ich  contrad icts X  

being fin ite . □

L e m m a  A .  1.1 L e t  X  C  P  w ith P  a poset. T h e n :

1. M i n ( I X )  = M i n ( X );

2. M a x { I X )  = M a x i X ) .

P r o o f  Obvious. □

1 5 7
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L e m m a  A .  1 . 2  L e t  P  be a fin ite  poset. L e t  { X i } ie I  be a fa m ily  o f  subsets o f  P . 

T h e n :

1. M in U X , - )  =  M in  ( U  M m ( X i) ) ;
Aei J  K iel /

2. M ax I U  X i ] =  M ax ( [J M a x (X { )

Kiel Kiel

P r o o f  W e prove 1 d irectly , 2 is dual.

M in

= M in  (|  U ie j  X i )  Lem m a A . 1 . 1

= Mm (Ue/T̂ i)
= M in  (U t-gj ^ M in (X i) )  Lem m a 7.2.2 

= M in  ( t  \Jiei M in ( X i ) )

= M in  (U tGj  M i n ( X i ) )  Lem m a A .1.1.

□

G iven these facts we can restate and prove P ropos ition  7.3.2.

P r o p o s i t io n  7 .3 .2  L e t  P  be a poset. L e t  S i , S 2 G N ( P )  and let T i ,T 2 G £ ( P ) .  

T hen

1. M i n ( S i  f l S 2) =  M in  (U  { x i  V X2 \ x\ G M i n ( S i ) ,  x 2 G M i n ( S 2) } ) ;

2. M a x ( T i  f l T 2) =  M a x  (U{?/i A y 2 \ y i G M a x (T 1) , y 2 G M a x (T 2) } ) .

P r o o f  W e prove 1 d irectly , 2 is dual.

Le t M \  =  M i n ( S i )  and le t M 2 =  M i n ( S 2)■ Since S i  and S 2 are upper, we have 

S i  =  and S 2 =  1 ^2 - Thus

M i n ( S i  f l S 2)

= MintfSi fl t*S2)
= M in ^ \ M in ( S i )  f \ ' \ M in ( S 2)) Lem m a 7.2.2

= M in  (U xieM i K)x2eM2 { y  £  P  I y ^ X1 and y ^  x 2} )

=  M in  (Ua?ieAfi U X2eM2 M in  { y  €  p  I y 3  x x and y □  x 2} )  Lem m a A . 1.2 

= M m  (UarjeAfi U x2e M2 %i V x 2) de fin ition  of V.

□
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A .2 Proofs from  C hapter 8
Reca ll from Chapte r 8 tha t for a fin ite  d is tr ibu tive  la ttice  L , the maps J lo M  : 

J { L )  —> A 4 ( L )  and M t o J  : A 4 ( L )  —» J ( L )  are defined by

• J t o M ( j )  =  U ( L  \ T i)

• M t o J ( m )  =  n ( L  \ jm )

w ith  t i  and |m  being ca lcu la ted  in  L .  A s  prom ised, we w ill show (Theorem  A .2.2) 

that these maps estab lish an isom orph ism  between J ( L )  and M ( L ) .  F ir s t  we m ust 

show tha t they are well defined. T h is  is a stra ightforw ard coro lla ry  to P ropo s i­

t ion  8.1.9, w h ich  we now restate and prove.

P r o p o s i t io n  8 .1 .9  L e t  L  be a fin ite  d istributive  lattice, let j  E J ( L )  and let m  E 
M ( L ) .  T h e n :

T L \ V  = I U ( L \ V ) ;

2. L  \  jm  =  t  n { L  \  l.m ),

w here each t  and  j  is calcu lated in  L .

P r o o f  W e prove the first d irectly . T he  second is dual. Le t i E L  W e m ust show 

tha t x  E  U ( L  \  T i)  >«=►  i  £  x . A ssum e x  C  [J{ L  \  t i )  and suppose towards a 

con trad ic tion  tha t j  C  x . W e have j  C  x  C  |_|(L \  t i ) ,  but by Lem m a 8.1.5 th is 

im p lie s  tha t j  C  x ' fo r some x' E L  \  | j , a contrad iction . Now assume j  g  Then 

x  E L  \  t i ,  hence x  C  \_j(L \  t i ) -  0

C o r o lla r y  A .2 .1  L e t  L  be a fin ite  d istribu tive  lattice. L e t  j  E J ( L )  and let m  E 
M ( L ) .  T h e n  U ( L  \  t i )  € M ( L ) .  D u a lly , F \ (L  \  jm )  E J ( L ) .

P r o o f  B y  Lem m a 8.1.5 we m ust show tha t |“1 X  C  |J(L  \  t i )  3a: E X .  x  C

U ( L  \  t i ) ,  for a ll non-em pty X  C. L .  Le t X  be such a subset. Then

n  v  c  U ( i  \  T i)

<=►  i g nx
4=>- 3 x  £  X .  j  x

<=> 3a: E X .  x  C U ( L  \  t i )

by the P roposition  

defin ition  of meet 

by the P roposition .

□
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Thus the m aps J t o M  and M t o J  are w ell defined.

T h e o r e m  A . 2 .2  L e t  L  be a fin ite  d istributive  lattice. T h en  J t o M  and M t o J  estab­

lish an iso m o rp h ism  between the posets J ( L ) and M . ( L ) .

P r o o f  It is easy to see tha t both  maps are monotone (e.g., j  C  j '  =$> L  \  C

L  \  “I j 1 => |_| L  \  T j  E  \ J L \  t j ') .  Then  it  suffices to  show, fo r a ll x  E L  and

m  E A i ( L ) ,  tha t x  C  J t o M  ( M t o J  (m )) x  C  m  (the case for the converse

com position  fo llows by dua lity ). Le t x  E L  and le t m  E A 4 ( L ) .  Then:

x  C  J t o M ( M t o J ( m ) )

M t o J ( m ) ^ x  by P rop . 8.1.9 (1) 

x  C  m  by  contraposition  of P rop. 8.1.9 (2 )

□

W e now re tu rn  to the p roof of Theorem  8.2.1. F irs t  we need some subsid ia ry  

lemmas.

L e m m a  A . 2 .3  L e t  P  be a poset and let L  be a fin ite  d istributive  lattice. L e t  f  E 
[P  —>m L ]. T h e n :

1- f  =  I z  e  P J  e  J ( L ) ,  \ x , j ]  c  / } ;

2- f  =  n ( b , i j  | X  E P , j  E M ( L ) ,  [ x j \  □  / } .

P r o o f  W e prove 1 d irectly , 2 is dual.

Le t G  be the set {\x ,j~ \ \ x  E P , j  E  J ( L ), \ x ,f \  C  / } .  Note tha t [a;, j ]  C  /  <=>  

j  ^ f { x ) ,  hence

G  =  | x  E P , j  E J ( L ) , j  C  f ( x ) }  .

W e m ust show tha t f ( x ' )  =  (U^X^) f° r  all x> G P -  Le t x' E P .  Then  (U^X^O = 

U {g (x ')  | g E G } .  Le t S  be the set {g (x ')  \ g  E 6?}, i.e.,

S  =  { \ x , j ]  (x*) | x  E P J  E J ( L ) , j  C  f ( x ) }  .

Now let J  be g iven by

J  =  { j e  J ( L )  | j  c  / ( s ' ) } .

C e rta in ly  J  C  5 , since j  =  |V , j ] (a:') for any j ,  and j  C  / ( s ')  [ V , / |  (a:') G jS'.

Now  suppose for some x  E P  and j  E i7 (L )  tha t j  □  /(# ) bu t [a?,/] (a:') ^ J .  

Then  e ither \x,j~\ (x f) $  J ( L )  or \x,j~\ (a;') % f { x '). In the first case we m ust have
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\x,j~\ (a;7) = jL , since j  £ J { L ) ,  and the second case is im possib le, since it requires 

that x  C  x ' and j  C  f ( x ) and j  [2 /(a;7). Thus e ither 5' = J o r 5 '  = J U { - L } .  In 

both cases ( J P  =  [ J J ,  so ( U ^ ) ^ )  = U { j  £ iT (P ) | j  C  /(a:7)}, hence by B irkho lF ’s 

Representation Theorem , (U ^ X ^ O  = n

L e m m a  A .2 .4  L e t  P  be a poset and let L  be a lattice. L e t  x  £  P ,  let j  £  J { V )  and  

let m  £ A 4 ( L ) .  T h en

1- \ x , j ]  e  J ( [ P  L ] ) ;

2. | x ,m j €  M ( [ P  -> m L ) ) .

P r o o f  W e prove 1 d irectly , 2 is dual.

F ir s t ly  \ x , j~\  ^ _L, since \ x , j~\  (x) = j  and j  ^ T  since j  is jo in  irreducib le . Assum e 

\ x , j ]  =  f  U g .  W e m ust show tha t [a;, j ]  = /  or [a;,/] = <7. For any a:7 2  x  we 

have /(a;7) U g(a;7) = \ x , j~\  (x ') = _L, so f ( x ' )  =  g ( x ' )  = _L. It rem ains to show that 

e ither f ( x ') = j  fo r a ll x '  □  a:, or g ( x f ) =  j  for a ll x 7 □  x .  Consider x '  =  x : we 

have \ x , j \  (a;) = j  = /(# ) U g(a;). B u t  j  is jo in  irreduc ib le , so e ither f ( x )  =  j  or 

g [ x )  =  j .  Suppose w ithou t loss o f genera lity  that f ( x )  =  j .  Then  for a ll x '  □  x , we 

have f ( x ' )  □  j  and f ( x ' )  U g ( x ' )  =  \ x , j \  (a;7) = j ,  hence f ( x ' )  =  j .  □

T h e o r e m  8 .2 .1  L e t  P  be a fin ite  p oset and let L  be a fin ite  d istributive lattice. 

T hen

1. J([P ->m L]) = {\x,f\  | a: £ P , j  £  J(L)};
2. M ( [ P  -» m L ] )  =  { [ x ,m \  | x  e  P ,m  e  M ( L ) } .

P r o o f  W e prove 1 d irectly , 2 is dual.

B y  Lem m a A .2.4 it  rem ains to show tha t for any /  £ J ( [ P  — P]),  there is  some 

x  £ P  and j  £  J { L )  such tha t /  = \x,j~\. Le t /  £  J { [ P  —>m P]). B y  Lem m a A .2.3, 

we have that

/  = LKfa/l I x € \XJ] E /}•
B u t by Lem m a 8.1.5 th is  im p lie s  tha t there is some x  £  P  and j  £  J ( L )  such that 

/  E  \ x , j ]  c  / .  □
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