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A b s t r a c t

The development o f aerodynamics has been going on in three distinct areas : theoretical, 
experimental and numerical. The constantly encountered complex configuration and 
governing equations in aerodynamic design and analysis demand the availability of a 
general, efficient and accurate approximate solution technique. This demand leads to the 
rapid growth and ever increasingly important role of the computational aerodynamics in 
the understanding of the complicated aerodynamic flow.

The problems of oscillating airfoil, sudden change of airfoil motion and airfoil entering a 
gust are of fundamental interest in unsteady aerodynamics, but the traditional analytical 
solutions are restricted to simple problem geometry. Finite element method is one of the 
most successful numerical methods because of its ease in handling complicated problem 
geometry and boundary conditions. However a finite element application in this field is 
lacking. A finite element formulation based on superposition is thus proposed in this 
thesis. The solution is divided into several sub-solutions each satisfying the governing 
plus a specific set of the boundary condition. When put together, they complete the 
whole boundary condition. The superposition is justified by the linearity of the problem.

The essence of the formulation lies in a finite element representation of the vortex system 
in the wake or in the gust field. As the difference of velocity potential between a point 
above the wake and one below it can be worked out by integrating velocity along a loop 
connecting them. I f  we know this velocity potential difference, one of the nodal velocity 
potential is eliminated as the sum o f the difference and the other nodal potential. The 
same thing is true for the gust front since it is basically a vertical vortex sheet. As a 
consequence, this finite element model avoids an explicit cut in a finite element mesh. The 
theory is implemented on a general-purpose finite element package FINEL and validated 
on a number of test cases.
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Chapter 1

I n t r o d u c t i o n

1.1 Computational F lu id  Dynamics

The study of aerodynamics started with attempts to solve the many problems using 
combinations of experimental and analytical approaches. This situation remained so for 
more than ten years after the first electronic computer was invented with little attempts to 
use numerical methods(Krause,1974). However with the rapid development of computer 
hardware, software and numerical algorithms then computer simulation emerged as the 
third approach to solving the problem. Computer based numerical techniques have 
become increasingly important in relation to the traditional analysis methods. The 
appearance of Computational Fluid Dynamics (CFD) marked a turning point in the 
development of aerodynamics (Roger, 1982, Jameson,1983, Hancock, 1985).

Analytical methods offer a fast solution in a closed-form, but they normally assume 
highly idealised fluid properties and a much simplified flow geometry. Thus they have 
limited practical applications. Full size or scaled models can be investigated in wind 
tunnel with the physics o f the flow well shown and some useful aerodynamic data 
obtained. However making the experimental model, setting it up and running the 
experiment, can be time consuming and costly. Moreover the types of flow that can be 
achieved in a wind tunnel are restricted (Kutler,1985) and the models usually employ 
some degrees of idealisation when compared to real life.

It was the disadvantages o f the traditional analysis method, the availability o f large and 
fast computers and the enhancement o f solution methodologies that stimulated the fast 
growth of CFD in recent years. Compared with the old methods, complex configurations
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Chapter 1 Introduction

frequently encountered in aerodynamic analysis and design no longer pose a serious 
difficulty to CFD. Furthermore flow with a large Reynolds number with turbulence, 
separation, shock wave, phase change, etc for which there exist no analytical solution at 
all, can be modelled by CFD methods at a reasonably low cost and short turn-around 
time. In fact its impact has been so profound that there had been growing doubts about 
the role o f wind tunnel tests in the study o f aerodynamics (Haines, 1977). This, 
however, has been settled with the conclusion that CFD and wind tunnel tests are 
complementary to each other. While it is quicker and relatively cheaper to run a CFD code 
and to get a more detailed solution, there are still a considerable number of flow problems 
that simply can not be modelled by the presently available CFD algorithms, and so they 
have to be investigated in the wind tunnel. Moreover wind tunnel tests are essential in 
discovering novel flow phenomenon and providing an intuitive understanding of it. The 
complexity of the fluid flow problem is decided by two important factors: the physics of 
the flow and the problem geometry (F ig (l.l.l)). Hence one needs to be able to model 
both of them accurately in complicated cases.

physics

turbulence, 
stronge shock wave, 

nonnewtonian, 
multiphase,etc present

future

present

linear potential past present

geometry

2D regular 
shape

3D irregular 
shape

F ig d .l.P  The State-of-the-Art of (JFD
While three dimensional linear potential flow analysis is now done on a routine basis and 
turbulent flow in a cavity can be studied quite easily, the ultimate goal o f investigating



Chapter 1 Introduction

the turbulent flow over a three dimensional practical body such as an airplane or an 
automobile is still to be achieved. This demands a further improvement in computer 
power and solution methodology. To be more precise, one needs to have better 
discretization schemes or other alternatives; a clearer understanding of turbulence and 
other complex flow physics; more accurate and versatile models and solution algorithms; 
more efficient exploitation of the power o f parallel computing by the supercomputers 
(Boris, 1989, Kutler,1985, Krause, 1985). This CFD advancement cycle is best 
demonstrated in Figure( 1.1.2) below:

advancement 
of CFD

FIgf 1.1.2) The Development Cycle of CbL)
CFD has found a wide application in aerodynamics as well as civ il, nuclear, petroleum, 
marine engineering, and so on. It has become an integrated part of flight vehicle design, 
at least at component design level (Haines, 1979). As a matter o f fact aircraft designers 
rely so heavily on CFD that the validation of CFD codes has become crucial. Hence, 
validation philosophy (Bradley, 1988), accuracy assessment methods (Boerstone,1988)
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Chapter 1 Introduction

and experimentation (Marvin, 1988) had been proposed. In this thesis the numerical 
approach is adopted for the analysis.

In the absence of nonlinear effects such as flow separation and strong shock wave, the 
fluid flow can be simplified as being potential or even irrotauonal. This greatly simplifies 
the problem but it still retains most of the key features of the flow. For example for a 
high Reynolds number flow past a slender body, the viscous effects are restricted to a 
thin boundary layer and to the wake behind the body, outside which the bulk of flow  
field can be treated as inviscid. The pressure distribution on the body predicted under 
such assumptions is acceptable. A potential flow analysis is also frequently used for an 
initial study before a more complicated viscous analysis is employed, since it provides a 
constructive guidance to the solution o f the more complicated problem (McCroskey, 
1977). For designers an inviscid CFD code is so inexpensive and quick to run yet offers 
so much useful information that it is indispensable. In the present thesis the same 
potential flow is studied.

1.2 Unsteady F lu id Dynamics and Aeroelasticity

Unsteady aerodynamics is an important branch of aerodynamics. It is the study of 
aerodynamic problems that are time-dependent. According to the causes o f unsteadiness, 
these problems can be categorised into turbulent and/or transient flow, flow of fluid  
whose properties vary with time and flow due to a moving surface. The application of 
CFD in this field is o f great interest (Krause, 1982, Belotserkovskii, 1977). It is the 
numerical solution of the last type o f unsteady flow that is of primary concern in thesis. 
As for experimental approaches a recent review can be found in (Mabey, 1984)

Unsteady aerodynamics is closely connected to the problem o f aeroelasticity, which 
belongs to a range o f broader so called coupled problem (Zienkiewicz, 1984a). 
Aeroelasticity concerns a deformable body moving through a liquid. In this sense it is
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not just restricted to problems of aeroplanes. Problems such as tall buildings and bridges 
under wind loading, ships cruising in water can also be classified under the same 
heading. The key feature of a coupled problem is the existence o f two domains to the 
problem and an interface between them. There can also be more than two domains 
involved. The problem w ill be strongly nonlinear if  it has large interface displacement, 
which imposes a really d ifficu lt task for formulation and solution. However in the 
present work the interface deflection is assumed to be small, as a result the problem is 
inherently linear.

The aeroelastic phenomenon is determined by the interaction o f elastic, aerodynamic 
and/or inertial forces (Bisplinghoff,1955,p2):

The motion o f an elastic structure is controlled by its stiffness and mass distribution as 
well as the external aerodynamic force acting on it. On the other hand the moving 
structural boundary imposes boundary conditions on the fluids which decide the 
characteristics of fluid flow. This forms a loop for the interaction process.

In the early years of aviation the low flight speed and flexible structure caused aeroelastic 
studies to be centred on divergence and control reversal. Later dynamic flutter was 
encountered and investigated. It is thought to be the most important aeroelastic problem 
(Duncan,1961) and w ill be dealt with partly in this thesis. As the fligh t speed reached 
that o f sound, the problem o f supersonic panel flutter appeared (Garrick, 1981,1976).
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Now research effort is focused on transonic aeroelastic problem, which is extremely 
challenging because o f the nonlinearity coming from the interaction of shock wave, 
boundary layer separation and other effects. A breakthrough in this field depends on a 
better understanding of the physics of unsteady transonic flow (Dowell, 1988)

1.3 The F inite Element Method

The finite element method is an approximate numerical technique that transforms a 
differential equation into an algebraic or an ordinary differential equation. The first step 
o f a fin ite element solution consists in dividing a problem domain into smaller 
sub-domains (finite elements), over which the variation of the dependent variables is 
assumed. Normally this is a Lagrangian interpolation. The exact differential equation is 
then replaced by one of the several schemes in table 3.2 of Zienkiewicz (1977,p90)

It has been proved that under certain conditions as the size of the sub-domains decreases 
(h-convergence) or the order of interpolation increases (p-convergence), the approximate 
finite element solution tends to the exact one.

The finite element method was originally developed in the field of structural mechanics in 
the 1950s. A brief history of its development can be found in table 1.1 of Zienkiewicz 
(1977,p4). Having been well established in solid mechanics (Noor,1987), it is now 
penetrating more and more deeply into flu id  dynamics among many other subjects 
(Zienkiewicz,et al, 1984b) for it provides a general method for integrating any set o f 
partial differential equations. One o f the most important reasons for the popularity of 
finite element method is its capability o f handling complicated geometry and boundary 
condition because of the unstructured grid employed in the finite element analysis.

In the past the finite difference method has been dominant in CFD. As the finite element
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method penetrates deeper and deeper into CFD there has been a continuous discussion 
about the superiority o f the finite element method over the finite difference method or vice 
versa. The discussion now gives a clear picture o f the relative merits of the two methods. 
First o f all the finite element method and the finite difference method converge to the 
same final set o f simultaneous equations if  simple elements are used on a regular mesh. 
Complex boundaries give ris^difficulties for the finite difference method and a graded 
mesh is achieved by a global mapping. This results in less flexibility in getting the desired 
mesh density for the finite difference method. The finite element method can handle 
irregular boundaries and have a nonuniform mesh by the simple process o f local 
mapping. This is, however, achieved at the expense of more computations at the element 
matrix generation and assembly stage. The finite element method also has a larger 
memory requirement. In ̂ addition to the advantages of geometrical modelling, problems 
o f abrupt inhomogeneties and 'natural' boundary conditions require no special treatment 
in the finite element method. Moreover local and global error estimates are better 
established in the finite element method, consequently by means of adaptive refinement it 
is possible to gain the same degree of accuracy at a lower cost (Babuska,1986). 
According to Zienkiewicz (1984a), some of the differences between the finite element 
method and the finite difference method are more habitual than real. Finite differences 
tend to use iterative solutions and solve fluid problems. The sets o f equations in this case 
have a relatively low condition number and iterative solutions converge quickly. Finite 
element methods tend to be used to solve standard problems where the resulting equation 
have a large condition number. In this case direct, usually Gaussian elimination, is used.

The spectral algorithm is another method frequently used in CFD (Zienkiewicz,1984a). 
It is argued to be more accurate than the finite difference method and the finite element 
method, but it is d ifficu lt to apply to realistic geometries and generally requires more 
operations per node. In this thesis the finite element method is employed because one of 
the motives o f the present work is to study the effects of thickness upon the forces on an 
airfoil.
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In structural mechanics the Lagrangian reference system is normally adopted, particularly 
for linear small deformation problem. In fluid dynamics an Eulerian formulation is 
preferred due to the large displacement of the fluid particles as they flow past the body. 
As the Eulerian formulation gives rise to nonlinear convection terms and the pure 
Lagrangian approach is not suitable for large deflection problems, a mixture of them: the 
arbitrary-Eule^rian-Lagrangian has been developed. This is recommended for fluid- 
structure-interaction problems (Chang, 1979). In the present work, an Eulerian 
formulation is employed due to the simple form of the governing equation .

The finite element method was first applied to potential flow (Zienkiewicz,et al,1965) and 
then to Stokes flow  (Zienkiewicz,1973). The fu ll Navier-Stokes equation has been ' 

solved through a prim itive variable approach by Oden (1972), Olson (1976), 
Fortin(1972) respectively. Baker (1974a) used streamfunction-vorticity formulation, 
Olson (1976) employed streamfunction only. Axisymmetrical (Lee, 1973) and three 
dimensional the Navier-Stokes equation were also tried. Leonard (1972) tackled 
compressible flow  w ith shock waves, while turbulent flow  was attempted by 
(Taylor, 1981). A more detailed review o f the finite element method in CFD can be 
found in Nome (1975), while a more recent and special survey was given in Lohner 
(1987).

Coinciding with the review of Boris (1989), RJLohner (1987) emphasised the need for 
further enhancement o f algorithms such as FEM-FCT, better pre- and post- processing, 
and three dimensional grid generation and implementation o f finite element codes on 
parallel computers.

1.4 The Present W ork

The purpose of this thesis is to f ill the gap o f finite element application to incompressible
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potential flow over a moving airfoil. The essence of the finite element solution is the 
finite element treatment o f a rotational wake in a otherwise irrotational flow field. The 
formulation presented is general for any arbitrary motion of an airfoil as long as the linear
assumption made is valid. Almost all general finite element packages allow potential

{W-
problems to be solved (typically heat conduction) and to implement present method only 
requires that the last phase o f the standard analysis is altered and hence, its computer 
implementation is consequently inexpensive. Moreover for the problem of the oscillating 
airfoil, the global matrix needs to be factorised only once as much of the solution is 
frequency independent these are calculated once for a whole range of frequencies. This is 
certainly very attractive when solutions at a large number o f frequency points are 
required. The method proposed is general, and is not necessarily restricted to 
incompressible potential flow. It can find application to other problems in which one 
needs to model a vortex sheet or handle a doubly connected region.

In the next chapter the finite element discretization of the Laplace equation is given along 
with a description of a general purpose finite element analysis package FINEL upon 
which the present work is heavily bu ilt

Chapter 3 addresses the problems of flow over static and quasi-static airfoils. The finite 
element treatment of doubly-connected region is discussed first, followed by a discussion 
on finite element mesh selection and an accuracy improvement technique. Numerical 
tests results are presented for both static symmetric Joukowski airfoils and a heaving and 
pitching plate.

The problem o f the oscillating a irfo il in a flow is studied in chapter 4. Attention is 
focused on the finite element representation of a wake which varies sinusoidally in both 
space and time. The appropriate form of the Kutta condition is also discussed with the 
finite element solutions compared against known analytical and other numerical solutions.
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The unsteady aerodynamic forces obtained from chapter 4 are applied to calculate the 
flutter speed in chapter 5. The influence on the flutter speed of various parameters such 
as mass density and structural stiffness are thoroughly investigated.

In chapter 6 the finite element formulation of an impulsively started airfoil is proposed. 
Again the emphasis is on the finite element treatment of wake that varies in both space 
and time. The selection o f the time step is briefly discussed. The theory is validated on 
some known cases.

The uniform sharp edged gust and the sinusoidal gust are discussed in chapters 7 and 8 
respectively. The major difference from the previous finite element formulation is the 
treatment of a vertical gust front or fronts.

Finally conclusions are drawn in chapter 9 together with suggestions for future work.
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C h a p te r  2

D i s c r e t i z a t i o n  o f  t h e  L a p l a c e  E q u a t i o n

2.1 Introduction

In the previous chapter, It was stated that incompressible potential flow was the first fluid 
flow problem studied by the finite element method. In this chapter the basics of the finite 
element analysis applied to potential flow is discussed in section 2.2. The structure of a
finite element analysis package FINEL is described in section 2.3. Because only the

Ikt8-node isoparametric element is used throughout the present analysis, explanation is 
centred on this type of element. There are obviously other types of elements available, but 
this 8-node element is one of the most widely used elements because of its computational 
efficiency.

Other forms of finite element formulation have also been suggested, particularly in the 
early days of the application of the finite element method to the solution o f potential flow 
problems. A variational formulation was put forward by Argyris (1969), with a least 
squares and Galeridn finite element approach by de.Vries et al (1976) and Fletcher (1976) 
respectively. Vooren et al (1973) employed both the vorticity and the streamfunction as 
independent variables and arrived at a nonlinear final equation. Irrotational flow is 
included by specifying the in itia l vorticity as zero. By drawing a close analogy to 
structural mechanics, Schmid (1973) solved for the potential flow in multi-connected 
regions, using a technique which is similar to the 'force' finite element method. Instead 
o f working on the governing differential equation directly, Doctor(1970) found a 
relationship between nodal velocities and nodal source and vorticity. For incompressible 
and irrotational flow, source and vorticity are identically zero at internal nodal points. 
Meissner (1973) used not only velocity potential but also the velocity itself as a nodal
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Chapter 2 Discretization o f  the Laplace Equation

variable, and devised a mixed fin ite element model. Sarpkaya (1975) solved an 
axisymmetric thrust and reverser problem involving a free surface. Issacs (1973) 
introduced nodal derivatives as an extra independent variable to cope better with curved 
boundaries.

2.2 The F inite Element D iscretization

Problem Description

Incompressible potential flow is governed by the Laplace equation :

2V $ = 0 in Q
dty = f l on df2j
dn

♦ = h on 3Q2

where <J> is either a velocity potential or a stream function . 

fl and f2 are known functions

9Q-J U 0^2 = 3ft ; 3Q-] r \ dO-2 = 0
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Chapter 2 Discretization of  the Laplace Equation

Either the method o f weighted residuals or functional minimisation can be employed to 
derive the discrete system of the above equation.

Element Conduction Matrix Formation

On each non-overlapping sub-domain or element Oe, <J> is interpolated as:

8
<t>=SNi <l>i (2.2.2)

i=l

Fig(2.2.2) A Eight Noded Isoparametric Element

The coordinates in the element is defined by the isoparametric mapping:

X  = tN iX i
i=l

Y = iN iY i
i=l

(2.2.3)

where N j = -(l-5 )(l-n )(lH + i))/4 . N2 = (1-$)(1+$)(1-ti)/2

n 3 = -(i+ $ (i-n )(K + n )/4 , n 4 = (i-^)(i+Ti)(i-T|)/2
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Chapter 2 Discretization o f  the Laplace Equation

N5 = (l+^)(l+T |)(l-T i)/2f N6 = -(!-£)( 1+ti)(1+£-ti)/4

N7 = (l-^)(l+ ^)(l+T l)/2 , N8 = -(1+^)(1+ti)(1 ^ -ti)/4 (2.2.4)

<p and (x,y) can be interpolated differently. But for isoparametric element, the shape 
function Nj are the same. In fact this is why the name ’isoparametric’ is used.

In the real domain <}> can have any form o f distribution, but in the finite element 

approximation <|> is forced to behave as defined by equation(2.2.2) and the governing

equation (2.2.1) can not be satisfied exactly at every point in Qe. The equation (2.2.1) is 
thus made to hold in the sense o f weighted residual:

where W j is a weighting function. In the present formulation Wj = Nj, i.e. 
Bubnov-Galerkin method(Zienkiewicz,1977,pl50). This means that the equations are 
satisfied in a mean square sense over the element

£Substituting equation(2.2.2) into equation(2.2.5) and integrating by part we have:

(2.2.5)

r

3N: 9N: 3N: 9N:'— A— 1+— A— - <)> dn
d x  d x  d y  d y

Substituting equation (2.2.3) into (2.2.6) yields:

(2.2.7)
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Chapter 2 D iscretization o f  the Laplace Equation

where: N = (N 1,N 2,N 3,N 4,N 5,N 6,N 7,N 8)

h \ fd \

D = dx = J ’ 3?
d d

w w

J =

 ̂dx dy ^
K  a*
3x By

t

or in a matrix form :

C eO e= fe (2 .2 .8 )

in which ce ij = f  N jD'DNjUld^dn

fej = ° N j( ^ d y -  ^ d x )  
J T 3x dy

aa.

Since equation(2.2.7) is usually a very complicated function F(£,T|) of T| and an exact 
integration is not practical. Instead an approximate numerical integration is applied :

j  .F(5,ti) dQ -  £ w u F(5f tip  (2.2.9)
°« i,j=l

where Wjj is the weight, ^  , Tjj are the integration points.
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Provided that the element is not too distorted the function F(£/ri) consists of polynomials. 
The Gauss-Legendre method of numerical integration is very efficient for integrating 
polynomial functions and is exact for a given order of polynomial i f  enough points are 
used. It requires half of the work for integrating a polynomial of a single variable, a 
quarter o f the work for a polynomial in two dimension and an eighth of the work for a 
polynomial in three dimensions. For this reason Gauss-Legendre is almost invariably 
used to integrate the finite element equations. In some cases an integration rule one order 
less than that required for exact integration gives a more accurate solution and this 
increases the efficiency even further.

The treatment of the right hand side of equation(2.2.7) is a little different. On the element 
boundary the coordinates x and y are:

X = l N j  X,
“  . (2.2.10) 

Y - E N . Y ,M

in which ^'=-£(1-2;), N2=l-£2, ^ '=£(1+^). The velocities are also interpolated in the 
same way:

S = U = £ N ‘ U ‘

36 3— = v = y  n  vdy 5  ,V|

(2.2.11)

Xj, Y {, Uj and V* are the nodal variables on a side o f an element. These functions are 
only non-zero along the edge o f an element. So only a one dimensional numerical 
integration is required. The above procedure applies to any part of the boundary where 
velocities are prescribed as a boundary condition.

29



Chapter 2 Discretization o f the Laplace Equation

Global Matrix Assembly and Solution

It can be easily verified that unless 3QC is part of the global boundary 3Q, then it must be 
shared by two elements. As velocities are the same on the same boundary, but the 
outward normals are opposite of the two adjacent elements. Hence fei in (2.2.8) from

those parts of 3QC of the two neighbouring elements cancel each other, leaving merely fei

terms resulting from 3Q to stay. This feature is employed in assembling the global matrix 
from n elements:

C O = F (2.2.12)

n
where C = ]T B jC ejB ,

i=l

F = l B l f e i
i=l
n

<i>= Z B i<t,«ii=l

From equation (2.2.8) we know Ce is symmetric. It can be easily proved from equation
(2.2.12) that the global matrix C is also symmetric. It can also be proved that C is 
positive-definite.

B is the Boolean matrix which relates the local numbering system to the global one. Its 
exact form w ill be given for an 8 node element in the following example of a finite

element mesh in Fig (2.2.3). The numbers q, i2,etc in Fig(2.2.3) represent global nodal 
numbers, the Arabic numbers are local ones. The Boolean matrix B is then an (8 x n) 
matrix with only B (l,ij), B(2,i2),..., B(8,ig) equal to 1, while all other elements of B are
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Chapter 2 Discretization o f  the Laplace Equation

zero. However it should be borne in mind that the actual matrix multiplication in 
equation(2.2.12) is never carried out, it is merely a symbolic representation of the 
assembly process. Since each individual element is only coupled with its adjacent 
elements, the global matrix is expected to be sparsely populated and banded. However, 
the actual bandwidth depends on the nodal numbering, a bad numbering system can 
totally destroy the sparseness of C.

The symmetric, banded and positively definite coefficient matrix C can be factorised by 
Gauss elimination or its variants, Cholesky factorisation or a frontal solution scheme. For 
a symmetric set o f equations, the Gauss elimination transforms the global matrix into an 
upper triangular form:

C = LDL* (2.2.13)

For an n'th order matrix o f a half bandwidth mk it needs nmk/2 operations for the 
decomposition. The Cholesky scheme factorises C into:

C = LL* (2.2.14)
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Chapter 2 Discretization o f  the Laplace Equation

Obviously it only works for positive-definite systems. In addition it requires a slightly 
more operations than Gauss elimination (Bathe,1976,p241).

A matrix decomposition method specific to the finite element method is the frontal 
solution method (Irons, 1970). It assembles and reduces the matrix at the same time, as a 
result out-of-core back-up may not be necessary. Nevertheless the efficiency of this 
method is very much dependent on the numbering o f the finite element mesh.

The element matrix formation and the global matrix factorisation together constitute a 
large part of the computation time of the whole solution process. This is particularly true 
for a steady state problem. An efficient solution scheme is essential to provide a 
substantial saving in the cost of the finite element analysis.

As velocities U and V are the variables of interests in the present study, 0 is differentiated 
after being solved to give U and V:

dd>U = ̂ - dd> V= ™
d x  d y

According to equation(2.2.2) and equation(2.2.3), we have:

(2.2.15)

| ^ j = D N O  (2.2.16)

Usually differentiation is performed directly at nodal point. However there are other 
schemes which are claimed to be superior under certain conditions (Hinton,1975).

2.3 The Structure o f FINEL

The general-purpose fin ite element analysis package FINEL was developed by Mr. 
D.Hitchings, in the Department of Aeronautics, Imperial College. One o f its various
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Chapter 2 Discretization o f the Laplace Equation

versions is implemented on the CDC Cyber 960 in the computer centre of Imperial 
College and was used for the present work.

FINEL makes best use of the modular structure of finite element analysis and has an open 
architecture (Hitchings,1981). User defined modules can be readily incorporated into it. 
A representation o f the structure of FINEL is given in Fig(2.3.1).

FINEL consists o f several analysis types, one of which is heat conduction analysis. 
Since heat conduction and potential flow are essentially similar both being defined by the 
Laplace equation, the current study has been built on i t

Fig(2.3.D The Structure of FINEL
The heat conduction analysis is made of seven modules (see Fig(2.3.2)). The first one is 
the GRID module which creates finite element mesh. The Grid generation is based on the 
macro-element type algorithm, the user first cuts the whole problem domain into a
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number of smaller regions (macro-elements). In each region the user can have any 
desired mesh density by choosing the right number of elements and gradings. FINEL 
has a large region library to suit the different requirement of geometry modelling. Only 
region type SQUD and PQUD are used in the present study. FINEL also has a large 
element library for general analysis purposes, from which the 8-node isoparametric 
element PM08 is selected for its computational efficiency for this work.

The second module is for plotting. The finite element mesh produced can be plotted in 
various ways, which makes life  much easier when checking a fin ite element mesh 
composed of thousands o f nodes.

The element conduction matrix is formed and assembled in the third module ASMB. To 
minimise storage requirement, FINEL uses a skyline technique in storing the global 
matrix. Only the non-zero terms are saved on the disc. Furthermore only half o f the 
matrix is stored because o f its symmetry.

The fourth module BNCN applies fixed potential boundary conditions. The assembled 
global matrix is factorised in the fifth module CHOL. As the names implies, a Cholesky 
factorisation scheme is employed. The decomposed matrix is stored on the disc for later 
use. The sixth module LOAD forms the right hand side of the global equations.

For a heat conduction analysis the last module is SLVE, which solves fo r nodal 
temperatures. This module is replaced by the user written module OWN3 that not only 
solves the global equations, but also canies out other aspects of the analysis as explained 
in following chapters. The contents o f this module is discussed as the theory is 
developed.
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F ig(2.3.2) Analysis Heat Conduction
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Chanter 3

T h e  Static a n d  Q u a s i - s t a t i c  A i r f o i l

3.1 Introduction

Incompressible potential flow over an airfoil has been of great interest in aerodynamics 
and a great deal of work has been done in this field. For example Joukowski devised a 
conformal transformation (Clancy,1975,p 159):

£ = z + a2/z (3.1.1)

which turns a circle in £-plane into an airfoil in z-plane. Because o f the simple shape of a

circle it is trivial to find the flow solution in the £-plane. Since the transformation is

£-plane z-plane
Fig (3.1.1^ The Joukowski Transformation

conformal if  the tangential flow boundary condition on the body surface is satisfied in the 

£-plane, the same boundary condition is automatically satisfied in z-plane. Moreover £ 

approaches z when z tends to infinity. It can be proved that i f  <j>(Q is a solution o f the

Laplace equation, then so must the transformation <J>(£(z)).
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Chapter 3  The Static and Quasi-static airfoil

The Joukowski transformation provides an elegant closed form solution for the 
Joukowski family of airfoils, but these airfoils are limited to certain shapes. In practice 
the shape of an airfoil required to achieve a desired performance can differ markedly from 
the Joukowski shapes. Furthermore the Joukowski airfoil has an unrealistic cusped 
trailing edge. To avoid this other forms o f transformation have thus been suggested such 
as those of Karmen-Trefftz and Von Mises(Clancy,1975,pl68), nevertheless a general 
analytical solution is not available.

In order to be able to analyse airfoils o f arbitrary shape, Glauert invented the thin airfoil 
theory. It rests on the linear assumption that i f  a slightly cambered thin airfoil is at a 
small incidence, then the influence o f the incidence, thickness and camber are 
independent of each other. Their disturbance of the mean flow is so small that the whole 
solution is a linear sum o f the three components:

real airfoil incidence thickness camber
Fig(3.1.2^ The Thin A irfo il Theory

The effect of incidence and camber can be simulated together by a vorticity distribution 

£(x) on the camber line. Secondly the thickness effect can be modelled by distribution of 

sources o(x) on the chord line.

y '

\
X 'w' /

y 1

■
o(x)

X
— ^ — ►  

X

Fig(3.1.3) Representation o f Thickness and Camber bv 

Vorticitv %(x) and Source afx) Distribution
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Chapter 3 The Static and Quasi-static airfoil

£(x) and a(x) arc determined by satisfying the boundary condition on the a irfo il surface,

which leads to an integral equation for £(x) and a direct solution for a(x). The integral 
equation is usually solved by means o f a Fourier transform.

As the above method is only suitable for a very thin airfoil, Smith (1958) proposed a 
discrete method, the surface source or panel method.

It is based on the fact that there exists a function 0 :
/•

(3.1.2)

which satisfies the Laplace equation and approaches zero at infinity, a is a source and |i 
a doublet The surface of an arbitrarily shaped body is divided into panels on which there

are a uniformly distributed array o f sources c .̂ Its induced normal velocity A - c i at the

centre o f the panel j  can be worked out from the geometrical relation between the i'th and 
j'th panel. The induced normal velocities from all o f the other panels are summed to meet 
the prescribed boundary condition at the centre o f the j'th panel:

n
S A i/ Ji = v nj- (3.1.3)i=l

Where V nj is the prescribed normal velocity at the j'th panel. This is the basic form of
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Chapter 3  The Static and Quasi-static airfoil

panel method. There are many variants for different purposes. To increase the accuracy 
both a source and a doublet are employed. Instead of being constants they can vary 
linearly or quadratically over the panel. Panels can also be curved rather than planar 
(Robert 1972).

The panel method has been applied to non-lifting two dimensional flows and 
axisymmetrical flow by Smith(1958). L ift was included by Davenport(1963) and 
Giesing(1964). Development o f higher-order methods was done by Hess(1973,1975), 
Bristow(1977) and Marino(1974) for two dimensional flow and Hess(1962a) for 
axisymetric bodies. Hess( 1962b) extended the method to three dimensional non-lifting 
flows, while lift was accounted for later by Rubbert(1968). The panel method has been 
successfully applied to incompressible potential flow. Neglect o f viscosity and 
compressibility was justified by the work o f Hess( 1966,1975) and Bauer(1970). To 
enlarge the range of its validity Loeve(1971) and Kjelaird(1979) proposed corrections for 
viscous and compressible effects. A more comprehensive survey on the panel method 
can be found in Hess(1984).

One of the distinct features o f the panel method is that it reduces the dimensionality o f the 
problem by one. For example for a two dimensional problem only the boundary line 
needs to be discretized and for a three dimensional problem only the boundary surface. 
This greatly reduces the number o f unknowns and hence the process o f input and the 
amount of computation. However because each panel has an induced velocity on every

other panel the coefficient matrix [A jj] is fu ll. To make matters worse, it is generally 
nonsymmetric. As a result the solution process of equation (3.3) is expensive and the 
panel method can be less efficient than field methods such as the finite difference or the 
fin ite element method. This is particularly true for three dimensional problems 
(Jameson, 1983).

Since the finite element method has the same strong capability o f modelling arbitrary
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Chapter 3 The Static and Quasi-static airfoil

geometries as the panel method and the potential o f a higher computational efficiency, it 
has been used to solve problems such as potential flow over an airfoil (Vries, 1971). 
A irfo ils with two or three elements have been studied and the finite element method 
solutions has been used to form the potential parts o f a viscous-inviscid-interaction 
solution (King, 1988). Attempts to apply the finite element method have been made to 
two dimensional viscous flows (Baker,1979), transonic flows (Akay,1985) flow over an 
airfoil and three dimensional flow in turbomachinery (Laskaris,1978).

In the last chapter the finite element formulation o f the Laplace equation was discussed, 
while in this chapter the lifting static and quasi-static airfoil w ill be studied. The 
governing equation is s till the Laplace equation, but due to the existence of lift and with 
the domain being doubly-connected, there is a slight difference in the finite element 
treatment. This w ill be explained in the next section. As the flow has an inverse square 
root singularity a technique widely used in fracture mechanics for the same form of 
singularity is borrowed here to improved accuracy for the flow at the trailing edge.

3.2 F inite Element Formulation fo r the Static and Quasi-static A irfo il

The Kutta condition

The two dimensional incompressible potential flow can be formulated in terms of either

the streamfunction \r or the velocity potential <|>. They both give the Laplace equation as 
the governing equation. Vries(1971) used the former approach for the lifting airfoil

problem. As the a irfo il surface is a streamline, y  is constant on it. However this 
constant is unknown in itia lly  since it depends on the circulation, so either iteration 
(Argyris,1976) or a further assumption(Vries,1971) is needed to obtain a solution. 
Another problem with the streamfunction formulation is the difficulty of extending it to 
three dimensional problems. To achieve homogeneity o f gradient and simplicity of mesh
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Habashi(1979) used the inverse of the Joukowski transformation(3.3.1). In his special 
formulation circulation was introduced as an extra unknown which can be solved for 
directly.

On the other hand when using the velocity potential to solve the Laplace equation in 
multi-connected regions one of the problems that has to be faced is that solution is not 
unique. In the case of the airfoil problem, this implies that the lifting force is not 
determinate and is dependent upon the strength o f the circulatory part of the flow. 
Fortunately, for a streamlined body such as an airfoil, it has been widely observed that 
the rear stagnation point which is governed by the circulation around an airfoil is always 
at trailing edge for a steady unseparated flow. The above observation is known as the 
Kutta-Joukowski condition, or Kutta condition for short. By satisfying this condition the 
circulation can be found.

The Kutta condition can be interpreted in many different ways corresponding to different 
formulations (Basu,1978). In the field o f the finite element method, several methods 
have been used to accommodate the domain multi-connectedness. The simplest one was 
proposed by Baker (1979). He simply introduced an artificial cut into the finite element 
mesh , which in fact is a wake trajectory. As its exact shape is unknown he assumed it to 
be a cubic curve. The same approach was adopted by Argyris(1976). Instead of

assuming the shape of the wake, iteration was employed to fix i t  Moreover <J> rather than 
velocity was used at the inlet and outlet boundary which is thought to be not justified 
(This is discussed in more detail at the end o f section 3.2.2). Norris (1973) divided the 
total solution into circulatory and non-circulatory parts, and superposed them to satisfy 
the Kutta condition. A quite peculiar ad hoc approach was proposed by Liu(1984), in 
which an extra part was added to the trailing edge and this was claimed to be able to cure 
the problem. More recently in 1985, Bristeau developed a variational form with a 
constant velocity potential difference as a constraint. Again iteration is required to find 
the right circulation to meet the Kutta condition. A ll o f the methods mentioned here
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Chapter 3 The Static and Q uasi-static airfoil

(except the magic one by Liu) have a slit explicitly made in the finite element mesh that 
extends from the trailing edge to the mesh boundary. To avoid this, Baskhrone (1981) 
proposed a novel formulation which employs a cut implicidy. The present thesis uses this 
formulation, since it eliminates the necessity of assuming the wake shape, solving two 
global systems or using iteration. Nevertheless, one interesting thing worth noting is that 
i f  there is an explicit cut at the trailing edge then the geometric singularity is annihilated 
and a smooth flow at the trailing edge is easily achieved.

As stated before, around the airfoil there is a circulation due to the existence of lift. This

means that i f  we integrate the velocity potential <|> along any closed loop around the airfoil 
the value of this integral is the circulation and is equal to the velocity potential difference

between the start and the end points. That is, there is a jump in <|> at this

Fig(3.2,l) Asymptotic Test of L ift and Moment Coefficients as a Function o f 6 
point. This is a consequence of the domain being a doubly connected region. To make it 
singly-connected, an artificial slit is introduced implicidy between the trailing edge and 
the downstream boundary. In fact this artificial slit can be placed anywhere between the 
airfoil surface and the outer boundary. Numerical tests have verified that the position of 
the cut does not make much difference to the calculated aerodynamic coefficients. This is

42



Chapter 3 The Static and Quasi-static airfoil

demonstrated in Fig(3.2.1) when the direction of the cut 8 changes through a right angle,

the lift coefficient Q  and the moment coefficient only change by about 3%, some of 
which may come from element distortion at the trailing edge.

(a) Global (b) local
Fig(3.2.2) The Finite Element Mesh Configuration

Considering a point i along the artificial cut (see Fig(3.2.2a)), the potential at i" on the

lower surface of the cut is ft while on the upper surface i+ it is ft +r, where r  is the 
magnitude of the circulation and is constant along the artificial cut

For an eight node quadrilateral element on the lower half of the slit the interpolation of 
the potential at any point is:

8
<t> = (3.2.1)

where N j are the element shape functions and ft is the nodal potential.

For those elements on the upper surface of the slit this is modified to equation(3.2.2). So 
that the second term on the right hand side is introduced as the extra term for the edge of 
those elements on the upper surface o f the slit. Hence it does not exist as a physical cut 
in the mesh.

43



Chapter 3 The Static and Q uasi-static airfoil

• J

♦ = + X w»fo+/i
M

= X N‘ +r5 / '
/=! »=i

( 3 . 2 . 2 )

0is then substituted into the governing equation and weighted by the shape function .
After integration by part we have:

I \d.x Bx By By) * I (3* dx By By) ‘
Jo. Ja.

dQ =
in.

( 3 . 2 . 3 )

or in a matrix form : Ce  0© -  * r  *2 ( 3 . 2 . 4 )

. . . . i B N j B N i  B N j B N  Ain which ce..-

/v =  

h  =^ J [Bx Bx By By) 
N  = N l + N 2 + S 3

The element matrix is then assembled into the global matrix which now has one extra

unknown T  coming from the extra terms introduced along the cu t.

c o  = f 1 * r  f2 ( 3 . 2 . 5 )

where : c =Xce
'1  = I f  l  

f 2 = 1 / 2

44



Chapter 3 The Static and Quasi-static airfoil

To solve this equation superposition is used: r is firstly rendered zero to obtain a

non-circulatory solution; it is then set to r=1 to get a solution for a unit circulation. 
These two solutions are then combined together to satisfy the Kutta condition o f zero 
normal velocity at the trailing edge for stationary airfoil or the normal velocity o f the 
trailing edge for a pitching and heaving airfoil. Satisfying this condition allows the value

of r to be found.

Boundary conditions

In theory the problem being considered here is unbounded, consequently it has to be 
modelled carefully to truly represent the infinite nature of the problem. This has been 
attempted in various ways. By geometrical mapping (Gartling,1976), combining the 
finite element method and the boundary element (Fellipa,1981), asymptotic matching
(Habashi,1979), using infinite elements (Bettess,1977) and the more recent techniques

odeveloped by Nedel̂ C 1986) and Razafimahery (1989), the unbounded problem can be 
solved. A simpler and more direct technique is to truncate the infinite domain into a finite 
one and apply a far field boundary condition such as the so called non-reflecting 
boundary condition (Engquist,1977) at the arbitrary mesh boundary. Baker (1979) 
pointed out that for a static airfoil the finite element mesh only needs to extend 1.5 
chordlengths away from the a irfo il except at the leading edge where upstream two 
chordlengths are required. However an asymptotic numerical experiment shows that the 
solution is better if  the finite element mesh extends at least two chordlengths away from 
the airfoil, especially above and below it (see Fig(3.2.3-5)). In the present analysis the 
boundary condition at infinity (uniform flow) is imposed on all o f the outer boundaries.
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Fig(3.2.3) Asymptotic Test of L ift and Moment Coefficients as a 
Function o f LT/Chord

Fip(3.2.4} Asymptotic Test o f L ift and Moment Coefficients as a 
Function o f HT/Chord
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Fig(3.2.5) Asymptotic Test of L ift and Moment Coefficients as a 
Function of LL/Chord

Originally a constant velocity potential was applied on the upstream and downstream 
boundaries with an explicit cut from the trailing edge aligned with the airfoil (as in 
Argyris,1976), and good results were obtained. However, a careful examination of this 
solution indicates that the cut is actually an infinitely thin vortex sheet A t one end of the 
cut adjacent to the trailing edge there is a velocity potential difference equal to the 
circulation, but at the other end it is zero due to the downstream boundary condition. 
This can only be realised by vortices on the cut and obviously violates the potential flow 
assumption. The interesting thing is that this caused no error for the stationary airfoil 
although it does not work for the moving airfoil. Therefore a velocity flux condition is 
used as the boundary condition instead of the velocity potential.

On the airfoil surface a zero flux condition is applied for the stationary airfoil, while in the 
case o f a pitching and heaving airfoil at constant speed a non-zero normal velocity is 
used, according to the rate o f pitching and heaving.
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Determination of Aerodynamic Coefficients

After the velocity potential <f> has been solved for, the velocities U  and V  can be derived 
from the definitions:

d(b
U  - — V  = d<p (3.2.6)

d x  d y

According to Bernoulli's theorem, it is easy to obtain the pressure from the velocity as:
P  = P 0 + - p  (U2 + V 2) (3.2.7)

2
With the pressure distribution known, it can be integrated along airfoil surface to obtain 
the lift L  and the moment M :

L  = § P  dxJzn

M  = f^P l(y-yo)dx - (x-xrfdy ] (3.2.8)

where (xo,y0) is a reference point for moment.

3.3 An Accuracy Improvement Technique

It is well known that at a cusped trailing edge there is an inverse square root singularity 
(Dommasch,1953). This can cause a severe error in the solution near the trailing edge 
when the finite element mesh is coarse there. Because the calculated normal velocity at 
the trailing edge is used to determine the circulation for the present method, the solution 
w ill be further degraded by this error.

The inverse square root singularity is also found at a crack tip in fracture mechanics 
analysis and has been thoroughly investigated. Several finite element treatments have 
been devised for this (Yamada,1979). For instance, an easy way o f obtaining the 
singularity in the solution is by moving the mid-side node o f an element to its quarter 
point, which has been proved to generate the same singularity (Barsoum,1981). To 
illustrate this consider the 8-noded isoparametric element shown in Fig(3.3.1), in which
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the mid-side node 2 has been placed at the quarter point of side 1-2-3.

(a) Global (b) Parent
Fig(3.3.1^ The Quarter-node Element

According to the definition of the interpolation functions we have:
8

<t> =
i-i
8

x  =
*1
8

y  = X Ni;yi 0 .3.1)

On edge 1-2-3 of the element the shape functions are:

N , = -5( i-5 )/2

N2 = K 2

n 3 = (3.3.2)

Consequently on the edge:
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X -  5 (l+5 )L /2+ (l-S 2)L/4

% « -1 + 2(x/L)>« (3.3.3)

Which gives:

dx , /n -l/2—  = (x/L)

u = —  
dx

ox i=i

2
< 3
fx L

, 2 4^  1,
~ L ^ 1+7xE  ~~ L ^ 2+ T<"

1
VxL

(3.3.4)
The above formula indicates that u has the desired singularity and goes to in fin ity at x=0. 
This does not lead to any problem in the element matrix formation phase because

Fig(3.3.2i Asymptotic Test o f Q '--------- 'and Qh '--------- ' as a
Function o f a/b

numerical integration is carried out at the Gauss points not at the nodes. However there 
w ill be a numerical d ifficulty i f  the mid-side node is positioned exactly at the quarter

50



Chanter 3 The  Static and Quasi-static airfoil

point when the velocity is evaluated directly at this nodal point. To overcome this the 
node it is placed a little bit o ff the quarter point(a/b=.20 to .24 and .26 to .30, where a is 
the distance between the mid-side node and a corner node, b the side length). A 
numerical experiment (see Fig(3.3.2)) shows that solution error is drastically reduced. 
Moreover, within a small range near the quarter point solution is not sensitive to the 
actual location of the mid-side node.

3.4. Numerical Examples and Conclusion

The Finite Element Mesh

As discussed in section 3.2.2, to avoid the blockage effect the finite element mesh is 
chosen to be 2.2 chord-lengths away above and below the airfoil and 2 chord-lengths 
away both upstream and downstream. A typical mesh is shown in Fig(3.4.1). In the 
present analysis altogether 392 8-noded isoparametric elements are used giving a total 
number o f degrees of freedom of 1282. The mesh density is higher at both the leading 
edge and the trailing edge where the flow changes drastically. The numbers of elements 
and nodes on the airfoil surface are 22 and 44 respectively. The accuracy was not greatly 
improved when the mesh density around the airfoil was doubled.

Numerical Results

A
As'exact solution exists for the Joukowski airfoil so that a calculation was conducted on 
symmetrical Joukowski a irfo il with a thickness to chord ratio t/c = 5%, 10% and 15% 
and at incidence 2 ,4,6 and 8 degrees respectively. The lift and moment coefficients for 
static airfoils are given in table 3.1. Two finite element models were used, FE1 gives the 
finite element solution with regular elements, while FE2 gives the finite element solution 
with the quarter-node element The exact solution is due to Dommasch (1953). The 
improvement in accuracy achieved by the quarter node modelling o f the singularity is
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easily seen.

Table 3.1(a) static lift coefficient Cj

t/c .05 ,10 .15
CL_ FE1 FE2 Exact FE1 FE2 Exact FE1 FE2 .Exact
20 .2347 .2287 .2271 .2451 .2437 .2361 .2528 .2465 .2445
40 .4684 .4586 .4551 .4906 .4779 .4719 .5074 .4973 .4887
6 ° .7003 .6841 .6820 .7339 .7175 .7071 .7606 .7502 .7323
8° .9339 .9115 .9080 .9775 .9585 .9415 1.012 .9972 .9750

Table static moment coefficient

t/c .05 .10 .15
CX FE1 FE2 Exact FE1 FE2 Exact FE1 FE2 Exact
20 .0599 -.0571 -.0571 -.0625 -.0606 -.0597 -.0653 -.0623 -.0627
40 -.1198 -.1151 -.1144 -.1247 -.1188 -.1196 -.1306 -.1260 -.1255
6° -.1768 -.1700 -.1719 -.1864 -.1788 -.1797 -.1952 -.1905 -.1886
8° -.2373 -.2267 -.2299 -.2464 -.2375 -.2403 -.2586 -.2516 -.2522

Table 3.2 and 3.3 show the lift and moment coefficients of a pitching and heaving plate. 
Again FE1 and FE2 are the standard and the improved finite element results and are 
compared with the theoretical solution o f Glauert(1928). Although there is not much 
accuracy improvement in the lift coefficient, the improvement for the moment coefficient 
is substantial.

Table 3.2 lift and moment coefficient of a heaving plate

h .0349 .0697 .1045
FE1 FE2 Exact FE1 FE2 Exact FE1 FE2 Exact

C, -.2214 -.2141 -.2143 -.4422 -.4276 -.4383 -.6630 -.6411 -.6568
C m .0589 .0545 .0548 .1176 .1089 .1096 .1763 .1633 .1642

The pressure distributions on the static a irfoil at different incidences are illustrated in 
Fig(3.4.2-4). The solid line is the analytical solution, while the squares are the finite 
element solution. It can be seen that finite element solutions almost coincide with the
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exact solution for those surface points more than 10% chordlength away from the leading

Table 3.3 lift and moment coefficient of a pitching plate

fit_ .0349 .0697 .1045
FE1 FE2 Exact FE1 FE2 Exact FE1 FE2 Exact

C, 4.869 4.549 4.712 9.737 9.098 9.424 14.6 13.65 14.14
Cm -1.692 -1.522 -1.571 -3.383 -3.044 -3.142 -5.075 -4.566 -4.731

edge. There is, however, a noticeable discrepancy close to the leading edge. This is 
because that fluid particles undergo rapid change in that region, but the finite element 
mesh is not fine enough to capture that change.

Generally speaking there is a 2-4% discrepancy in lift and moment coefficients which 
may result from not representing the a irfo il surface accurately enough, the blockage 
effect, the coarseness of the mesh or the error incurred in the process o f velocity 
recovery. By adding more elements especially at the leading edge and the trailing edge, 
the accuracy can certainly be increased at the expenses of more computer time and larger 
memory size requirement, hence higher cost

C onclusion

The technique for representing the singularity at the airfoil trailing edge which is 
borrowed from fracture mechanics works well to overcome the numerical d ifficu lty  
caused by the inverse square root singularity. Although the calculations were done on the 
Joukowski airfoil, it can certainly be applied to other types of airfoil or streamlined body 
without any trouble. For airfoils having a non-zero trailing edge angle the singularity 
present there can be handled by other techniques devised in fracture mechanics. It is also 
possible to extend it to three dimensional flows.
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Fig(3.4.2) Pressure distribution o f a 5 %  thick symmetric Joukowski airfoil
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Fig(3.4.3) Pressure distribution o f a 10% thick symmetric Joukowski airfoil
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Fig(3.4.4) Pressure distribution o f a 15% thick symmetric Joukowski airfoil



Chapter 4

T h e  O s c i l l a t i n g  Airfoils

4.1 In troduction

The problem of oscillating airfoils has been an important subject o f unsteady 
aerodynamics because of its close link with flutter analysis. Aerodynamic forces for 
airfoils undergoing harmonic motion are also required for the power-spectral analysis of 
the dynamic response to turbulence (Yates, 1984). In recent years attention has been 
directed to making use o f some unsteady effects to improve the performance of 
turbomachinery, helicopter rotors and wind turbines by manipulating the unsteady forces 
in an optimised manner (McCroskey,1982). A ll o f these applications and investigations 
relate to the study of oscillating airfoils in one way or another.

An airfoil oscillating in pitch only was first analysed theoretically by Glauert as early as in 
1929 by assuming a vorticity distribution on the airfoil surface as a Fourier series and 
dividing the solution into a quasi-static part and wake interference parts. About the same 
time important work was done by Frazer (1928) on the experimental side.

In 1935, a much more general solution was given by Theordosen, which also included 
the heaving mode and the motion o f a flap. He separated the solution into circulatory 
and noncirculatory parts. The first part, corresponding to airfoil motions, was simulated

by a source c(x) and a sink - a(x) pair, the strength of which are proportional to the 
velocity on the airfoil surface at x. To derive the solution the transformation of

equation (3.1.1) was used again, because it is easy to find <J> in £-plane and A<J> is the

same between a pair of points in £-plane and their image in the z-plane. In this way the
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Fig(4.1.11 Representation o f the Non-circulatorv Part of the Flow

pressure can be found and consequently the unsteady forces or the ' virtual mass The

circulatory part was modelled by a vcjtex pair with the vortex T at £ and its image at a2/£. XI 
It is obvious that Kelvin's law is satisfied because o f the opposite sign o f this pair.

lAThe also satisfy the no-flow boundary condition on airfoil surface so that they do not Y,

L

F ig(4.1.2) Representation of the Circulatory Part o f the Flow

disturb the boundary condition already satisfied by a(x). When put together the two 
parts form the whole solution. It should be noted that the formulation is general for 
arbitrary airfoil motion and shape, but a closed form solution exists only for a plate 
oscillating sinusoidally. This method has been extended to subsonic compressible flow 
and supersonic flow by Possio (1938) and Garrick (1946) respectively.
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Much later Kussner (1960), Hewson-Brown (1963) and Van De Vooren (1964) 
developed solutions for thick airfoils. However these solutions are restricted to their 
special type of airfoils and thus have little practical application. To analyse airfoils of 
arbitrary shape, Basu (1978a) proposed an unsteady version o f the A.M.O. Smith 
(1966) method. The airfoil surface is divided into a number of segments on which there

are sources <Jiei<ot and vorticity yeim. The wake is assumed straight and vortices are 
convected along it at the speed and in the direction o f the free stream. The boundary

condition at each segment plus the Kutta condition provide enough equations for ci and y 
to be found.

icot icot

Fig(4.1.31 A Linear Wake Model of the Panel Method

Although the nonlinear effect of thickness is accounted for in this method, other 
nonlinearities such as wake deformations, large amplitude and frequency of oscillation 
are still not accounted for. The first nonlinear treatment o f the problem was addressed 
by Giesing(1968). A similar approach was adopted by Basu(1978b) recently. In their 
analysis the solution is carried out in the time domain by time marching rather than in 
frequency domain as in Basu(1978a). Instead of assuming that the source and vorticity

strengths proportional to eiGX, they have to be found at each time step tj.
cn(tj) +y(tj)

F ig(4.1.41 A Nonlinear Wake Model o f the Panel Method
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The same is true for the wake, the shape and position o f which is determined by the flow  
system at the last time step tj.j. This is obviously a much more expensive scheme, but it 
does include all o f the nonlinear effects. Moreover it applies to any arbitrary airfoil 
motion.

According to McCroskey (1982), other second-order effects such as boundary layer 
thickness and unsteady wind tunnel interference have been solved by Desopper (1981) 
and Fromme(1980) respectively. The compressibility effect is also thought to be well 
understood (Amiet,1975). The centre o f interest now lies in the transonic flow range 
(Tijdeman,1980).

Although the finite element method has been applied to an oscillating airfoil in viscous 
flow (Brantanow, 1975) and transonic flow (Chan,1975), it has not been applied to 
incompressible potential flow. To f ill this gap a finite element formulation is presented 
in the next section followed by a detailed discussion in section 4.3 on the unsteady Kutta 
condition. The computer program organisation, the selection of the finite element mesh 
and comparison with known solutions are addressed in section 4.4, 4.5 and 4.6 
respectively.

4.2 F in ite  Element Formulation fo r an O scilla ting A irfo il
The problem of an oscillating airfoil in incompressible potential flow can be described 
mathematically as:

2< II O in Q.
a<j>— = on aOj
9n
fty _ f on 30-,
3n
A<|> = A<J>(s,t) on ao3
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where <p is the velocity potential and Q  is the domain of interest, f  is a known function 

o f the rate o f pitching a(t), heaving h(t) and control surface oscillation P(t), while the 

actual form of A<{>(s,t) w ill be discussed later.

On 3Q3 owing to the vortices, the boundary condition is usually the tangential

velocity difference as employed in either the analytical formulation o f Glauert (1929) or 
the panel method of Basu (1978). But this form of boundary condition can not be easily 
incorporated into the finite element context, therefore an equivalent boundary condition of 
velocity potential difference is adopted which has been employed successfully in chapter 
three and w ill be used throughout the thesis.

Fig(4.2.1) Problem Definition for the Oscillating A irfo il

The finite element discretization of equation (4.2.1) in Q  is similar to that given in the

previous chapters, but now d Q 3 is a real boundary rather than an artificial one. In the 
present formulation the following assumptions have been made to simplify the problem:

1. a(t) = cXq + ajsincot; h(t) = ho+ hjsincot; p(t) = p0 + pjsincot; where a0 ,

ap ho, h! p0 and px are small.

2. The circulation around the airfoil is T(t) = T0+TjSincot + r 2coso>t
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3. The wake is straight, infinitely thin and aligned w ith the flow direction at 
infinity

4. Vortices are convected along the wake at free stream speed LL

The first assumption is simply a small perturbation assumption which justifies working 
with the mean undeformed configuration. It also leads to the other assumptions which 
reduce a complicated real life  nonlinear problem to a linear one and make it possible to 
use superposition.

According to Kelvin’s law the circulation in a potential flow  field should remain 

constant. To be more specific any change AT of the circulation T  around the airfoil

must be accompanied by a shedding vortex £ of the same strength but opposite sign. 
Since it takes a time s/u^ for a vortex to travel from the trailing edge to a position s, the

vortex there relates to the change of circulation at time t - s/u^. From these we can 
derive the strength of vorticity at time r and position s from the trailing edge as:

5(s,t) =
1 a r(t-s /u j

u. at

= jTjCOSCoCt-s/u J-T 2sinco(t-s/utlo)j

= | r  jCOS(G)s/u J  + r  2Sin(C0s/u j j  cosox

+ ll^sintcosAO - f  2cos(cos/u j j  sin cot

(4.2.2)

Knowing the distribution o f vortices it is possible to find the velocity potential

difference A(p at a pair o f points immediately above and below the wake by integrating 
the velocity along a loop shown in Fig(4.2.2). The loop consists o f two parts, the first 
part is the airfoil surface, the second part is the upper and lower surface o f the wake 
between the trailing edge and the position s. According to the definition the first integral
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sim ply gives the velocity  potential difference at the trailing edge which is actually the

circulation around the airfoil. As we have neglected the thickness o f  the wake and

integrate in opposite directions above and below  the wake, the second

i

integral corresponds to integral along a single path o f the difference of the velocity above 

and below the wake , which in turn is the vorticity. As a result A<j) is found to be:

+ -  + -  f* +<j> -<J> = (<j>T-<J>T) + I (u -u) ds

Jo

cos cos cos cos^o+O^cos— lT 2sin— )sincot+(-risin— f-r^os— )coscot (4.2.3)

WhereV and stand for the node above and below the wake respectively, while T

denotes the trailing edge. When A  <j> is known along the wake, only one of the pair of 
nodes on the wake is needed as an independent unknown. I f  the nodal variables under

the wake, <Pf~, are chosen as the basic unknowns, then those above the wake, ty +, are

the sum of A  <p and . This leads to a slight modification in formulating the element

matrix for those elements sitting above the wake. After the process of weighted residual 
and partial integration(see section(3.2)), we have:
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J  \  d x  d x  d y  d y j  1

»«
3

- I
fc=iy S t - W h -  ««*>

where A <pj ,A <p2 and A  <p3 are the differences of velocity potential at node 1,2 and 3

(compare with equation(3.2.2) where the velocity potential difference is a constant along 
the implicit cut). We have used an eight noded isoparametric element for illustration 
purpose and element nodes 1, 2 and 3 are on the wake (see Fig(4.2.2)). Other types of 
element can obviously be dealt with in a similar way.

Substituting the velocity potential difference as defined in equation(4.2.3) into 
equation(4.2.4) we arrive at:

I d x  B y  d y )  ‘ T  \3;c d y  0 1 \ d x  d x  dy d y  f
Ja. J an, K-l'n.

-  (-Tjcoscot +r2  sincot)^
k=l

3
-  (TjSincot +r2 coscot)X

k=l

d W j d N k d W j d N k\ . COSuM  3 -^+ 3 -* 3 -* an— *dn 1 d x  d x  d y  d y  I u^
a.

d W ; d N k d W j d N k\  CDSk
3 -^3 —+ 3 -^3 —I cos— U a  9a: d x  d y  d y  Uoo

(4.2.5)

or in matrix form as:

Ce<|)e = f 1 +r0 f2 + (-rjcoscot +r2 sincot) f3 + (TjSincot +r2 coscot) f4  (4.2.6)

where Ce , <|>e , fj and f2 are the same as in equation(3.2.4) while f3  and f4  are:
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,  •T' ( I d W j d N t  S W j  d N t \  . G)Sk

' '

.  V 1 I ldW:dNk dW:dNk\ COSk _

The element matrices are then assembled into a global equation:

C O = F l +r0 F 2 + (-Tjcoscot +r2  sincot) F 3 + (TjSincot +T2coscot) F 4 (4.2.7) 

Where C = ^ C e
= F 2= E f2 ,F 3 = S f3 ,F 4 = If4

The summation sign above simply means the standard finite element assembly process, 
which has been discussed in more detail in chapter 2.

Since equation(4.2.7) is a linear equation, it can be solved using superposition to satisfy 
all o f the boundary conditions, especially those on the wake. The conduction matrix on

the left hand side is factorised only once and O is solved with the right hand side equal to

F x, F 2, F3 and F4 respectively. To be more precise <{> is decomposed into six 
components as:

(j>=(<|>4+r ($3)+(<|>5+r ̂ 2+r ̂ s in c o t+ o ^ -r  ̂ 4-r 2<j>2)coscot (4 .2 .8 )

where all the <()i components satisfy the governing Laplace equation but each corresponds 
to a special set of boundary condition in table(4.2.1).

It is obvious that <J>j, <j>2 and <}>3 correspond to the right hand side of equation(4.2.7) and 

are equal to F3, F4 and F2 respectively. The solution related to Fx has been further

resolved into the time-independent part, <J>4, the sincot part, <J>5 and the coscot part, <)>6.

L

¥ '■ •
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Table(4.2.1^ Boundary Conditions for Component Solutions

3<{>/3n on3£2j 3<|>/3n on aOj A<|) on 3f23

♦ 1 0 0 sin cos
$2 0 0 coscos
<t>3 0 0 1.0
*4 go(uoo) gi( «o-Po) 0
$5 0 g2( «i»Pi) sincot 0
4*6 0 g3(a1,h1 Pj) cocoscot 0

A ll of the function g's in table(4.2.1) are known, go is just a uniform flow boundary 

condition on the outer boundary and gj the mean incidence and control deflection

condition on the a irfo il surface. g2 is a boundary condition describing the time 
dependence of incidence and control deflection. The oscillation o f the airfoil is 
represented through g3 which for different modes can be one of the three in Fig(4.2.3).

r r m
Heaving Pitching Control Surface Oscillation

Fig(4.2.3) Velocity Distribution for Different Modes of Motion

Once <p is obtained it can be differentiated to derive the velocities u and v : 

u = (u4 + r ou3) + (U5 + r lU2 + r 2U!)sincot + (u6 - TjUi + TjU^coscot 

v = (v4 + r 0v3) + (v5 + T jV2 + r 2v 1)sin(Dt + (v6 - + r 2v2)coscot (4.2.9)

The three unknown circulation constants r 0. r ,  and r 2 are found by satisfying the Kutta
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condition o f smooth flow at the trailing edge. This is applied independently to the 

constant, the sincot and the coscot terms, the detail o f which is given in the next section.

4.3 The Unsteady Kutta Condition

For steady flow the Kutta condition can be one o f the following (Poling,1986):
1. The pressure is continuous or zero pressure loading at the trailing edge
2. The velocity is zero or finite at the trailing edge
3. The shedding of vortices vanishes at the trailing edge
4. The stagnation streamline bisects the trailing angle

Each o f the above statements is actually equivalent to each other for a sharp trailing edge, 
but for a rounded trailing edge this is no longer true and one has to apply 1 or 2 or 3 
together with 4 which rests on the experimental observations that for a small curvature at 
the trailing edge then the stagnation streamline still bisects the trailing edge angle (Poling
1986).

The steady Kutta condition has often been used axiomatically in unsteady flow despite of 
the fact that the zero loading and smooth flow condition employed by Basu(1978a) and 
Glauert(1929) were found to be untrue in experiments by Commerford(1974) and 
Lorber(1981) respectively. It is obvious that the equal velocity condition used by 
Giesing(1968) does not allow vortex shedding.

More rational unsteady conditions have been developed by Karman(1938) and 
Giesing(1969)-Maskell(1972). As shown in Fig(4.3.1a), to be consistent with the 
vortex shedding at the trailing edge, Karman made the velocity difference there, Au,

equal to the shedding vorticity y. On the other hand Giesing and Maskell envisaged that

the actual flow direction at the trailing edge is decided by the sign of dT/dt This has
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Uu Uu

Ui

Uu

A U  = Uu-Ui =y dDdt <0 dT/dt>0

(a) Karman Model (b) Giesing-Maskel Model
Fig(4,3,U Different Forms of the Kuna Condition

unfortunately an apparent flaw in that it does not reduce to condition 4 in the lim it of the 
steady case. In his 1969 paper, Giesing also showed numerically that his Kutta 
conditions and that of Karman did not affect the global results very much.

As an accurate understanding o f the trailing edge condition is crucial in predicting 
acoustic radiation from wings and rotating blades, hydrofoil flutter, etc (McCroskey, 
1982), there has been a great deal o f effort in theoretical work in this area. Daniels(1978) 
argued that the fact that the inviscid flow assumption makes multiple flow solutions 
possible indicates that either solution is really not unique and is governed by the intrinsic 
instability of the flow or the solution is decided by the neglected viscous inner flow. He 
also proved that only the solution satisfying the smooth flow condition at the trailing edge 
results in a consistent viscous flow. The same conclusion was demonstrated in a review 
on this subject by Crighton(1985). Based on a ‘local interaction’ theory for boundary 
layer flow, he concluded tha t' only those " outer “ potential flows that satisfy a Kutta 
condition are in general compatible (in the asymptotic sense) with an accepted 
multilayered " inner " viscous structure'.

The verification of the different forms o f the Kutta condition by experiment produced 
diverse results(Crighton 1985, MaCrosky 1982). These results are defined in terms of

reduced frequency which is defined as coc/u ,̂ where co is the airfoil oscillating frequency,
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c is the chord and u*, free stream speed. For example Poling (1986) claimed that the 
classical Kutta condition, ie smooth flow at the trailing edge, is never satisfied for a 
reduced frequency larger than two, Katz (1981) reached the conclusion that even for a 
reduced frequency much larger than one the Kutta condition is at least globally correct, ie 
it results in the correct lift and moment

Although there is still much controversy over the appropriate form of the unsteady Kutta 
conditions, an exception exists for a cusped trailing edge(Poling,1986; Giesing, 1968), 
where the classical Kutta applies unambiguously. Since in the present work most o f the

forces that are of concern, the smooth flow condition is adopted at the trailing edge. I f  
we apply this condition to equation(4.2.6), we now have:

where v 1̂  is cohjcoscot for heaving, aoxXjCoscot for pitching and bcopjcoscot for control 
surface oscillating respectively (see also Fig(4.2.3)).

To satisfy equation(4.3.1) at any time instant, we need:

analysis is done on the plate and the Joukowski airfoil and moreover it is the overall

( v f  + r 0 v f ) +  (v f+  r > f + r 2vf)sinaH + ( v f -  r , v f+  r 2v f)o:oscot=v1E (4.3.1)

v ^ + T ,^  + l 2v , =0 (4.3.2)

which gives:

(4.3.3)

The pressure can be determined by the Bernoulli's theorem:
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p = -p[— + (uV v2)^ ] 
d t

= - ̂ {(u 4+ r 0u3 )2+(v4+ r QV3)2]
2

A ( u 4+ r 0u3)(u5+ r ̂ 2+ r 2u j+ o u + r 0v3)(v5+ r  ̂ 2+ r 2v j)
2

-coC^g-r 2<j>2)]sincot (4.3.4)
p— [(u4+ r 0u3)(u6- r  2u j+ r  2u2)+(v4+ r 0v3)(v6- r  jv ]+ r 2V2>
2

+a)(<j>5+r 2(|)2+r2<j) 1)]coscot 
= p0 + pssincot + pjCoscot

and this can then be integrated along airfoil surface to get the lift L  and the moment M :

j> pdx

j> ptflx+(£ psdx)sincot+(j> p<dx)coscot 
Lo+LsSincot+Ljposcot

(4.3.5)

M = j> p[(x-xo)dx+(y-yo)dy]

= ̂ Po[(x-Xo)dx+(y-yo)dy] +(j>ps [(x-xo)dx+(y-yo)dy])sincot 

+(f>Pc [(x-x0)dx+(y-y0)dy])cosa)t 
= Mo+MsSincot+MjCoscot

(4.3.6)

where (xo,y0) is the reference point for the moment. From equation(4.3.5) and (4.3.6) 
we can derive the in-phase and out-phase lift and moment coefficients as:

L sC,s= —
pu;

Lc M . M ,# p  _ c # p  _ S # p  _ c» '-'lc ~ « » '"ms — ~ » '"me “
pu; pu; pu2 ’ (4.3.7)
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4.4 Program Organisation

The above theory was implemented into the fin ite element program FINEL discussed in 
section 2.3 of chapter 2. A new module OWN was written to incorporate the theory. The 
module SLVE in Analysis Conduction is replaced by module OWN. After standard 
modules have generated the mesh and formed the equations, then the new module OWN

first solves for the frequency independent parts o f the solution <j>j, <|>4 and<{>5. Then it

enters a loop to obtain <j)2, <j>3 and <{>6 which are frequency dependent. A ll the <J>'s are next

put together to evaluate the pressures and from these the lif t and the moment. This 
process is repeated for the number o f frequencies where solutions are desired. This is 
illustrated in Fig(4.4.1) where it can be seen that not only the basic module sequence also

the solution for <J>j, <j>4 and <j>5 need to be done only once. Only <J>2, 4>3 and <{>6 have to 
be solved for at each frequency point. This makes the solution process very efficient and

the response at many frequencies can be easily computed. Furthermore as <̂>6 is

proportional to frequency and we are dealing with a linear problem, it also has only to 
be solved once. Its value at another frequency can be obtained by multiplying by the 
frequency ratio.
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i
MODULELOAD

f

SOLVE FOR <J>3, <J>4, <{)5, <J)6 

Do I = 1, NF
NF: the number of frequency 

points desired
r

SOLVE FOR <>l. 4>2
____ 1

EVALUATE PRESSURE, 
LIFT AND MOMENT

( stop )

Fig(4.4.D Solution Procedure for Multi-frequencies

4.5 F in ite  Element Mesh Selection

Like the steady and quasi-steady case in the last chapter, the problem o f the oscillating 
airfoil has an infinite problem domain and has to be treated in one of the ways discussed 
in section (3.2.2) in general. However the present work is not concerned with any novel 
techniques for handling the infinite domain problem, so in this chapter, a large finite
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element mesh is again used to reduced the consequence of the finite domain.

In order to decide upon the correct mesh size, some parametric studies were conducted 
with various meshes. Special attention was paid to investigating how far away the finite 
element boundaries had to be from the airfoil in order to obtain consistent results. This 
was done on a pitching plate at a typical reduce frequency equal to 0.5. The dependence 
of lif t  and moment coefficients on the non-dimensionalized mesh size parameter 
LL/Chord, LT/Chord and HT/Chord is shown in Fig(4.5.1-3). The definition of LL, LT  
and HT has been given in Fig(3.2.2).

110 - 
1

_______i_______ i_______■_______i_______

l—— ______ ______

^  100J 
§■

-------«---------- ------------H-----------1
----------------------n

i
-D~ -Q — - ■ - Q-— - ■ {T ----- □ —  in-phase lift

. -----•  out-phase lift
Js * 

1  90 ■ 

80 -

----- ■ ----  in-phase moment
_ — -o — out-phase moment 
►t ---  ■

------------------------- 1----------- -------------1------------
2.0 3.0 4.0

LL/Chord

Fig(4.5.1) Parametric Test o f and C ^ as a
Function of LL/Chord
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in-phase lift 
out-phase lift 
in-phase moment 
out-phase moment

F i£(4.5.2) Parametric Test of and Cmcas a
Function of HT/Chord

in-phase lift 
out-phase lift 
in-phase moment 
out-phase moment

Fig(4.5.3) Parametric Test of and C ^ as a
Function of LT/Chord

Fig(4.5.1) shows that aerodynamic forces are not sensitive to LL, the distance between 
the upstream fin ite element mesh boundary and the leading edge. Except for the

out-phase moment the other three forces remains almost constant when LL changes

from 2 chords to 4.5 chords. Even Cmc only changes by 5 %  over the range. Since the
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most affected solution component Cmc levels o ff roughly after LL is greater than 3.5 
chords, the upstream boundary is positioned 3.5 chords ahead of the leading edge.

The upper and lower boundaries have quite a large effect on the solution. The solution 
error of the in-phase moment is reduced from 25% to 5% of its analytical value after the 
distance between the upper/lower mesh boundaries and the airfoil is increased from one 
chord to three chords(see Fig(4.5.2)). This is a result o f confining a free flow between 
two artificial walls. Because most o f the accuracy improvement occurred when the 
upper/lower mesh boundaries were moved from one chord away above/below the airfoil 
to 2.5 chords, beyond which solution becomes independent o f their positions, HT was 
set to 2.4 chords, when, from Fig(4.5.3) the results have converged to a steady value.

The biggest mesh size effect on the solution comes from the downstream boundary. 
Fig(4.5.3) indicates that it has to be at least 6 chord behind the trailing edge. This agrees 
with the fact that the vortices in the wake play an important part in deciding the flow field, 
so it must be long enough to reproduce this effect. As a result, LT is chosen to be 7.5 
chords away from the trailing edge.

In the end 490 elements are employed giving 1590 nodes. A typical finite element mesh 
is shown in Fig(4.5.4). There are 10 elements between the leading edge and upstream 
boundary, 20 elements between the trailing edge and downstream boundary. In the 
transverse direction there are 7 elements above and below the airfoil. This gives a 
roughly equal ratio of the number o f elements to mesh size in each direction (about 2.8 
elements per chord length). The mesh density is much higher closer to the airfoil 
especially near the trailing and leading edge because flow gradient is larger there.
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4.6 Numerical Examples and Discussion

Oscillating Plates

The theory developed in this chapter was first tested on plates oscillating in heave, pitch 
and flap deflection, for which analytical solutions can be found from Jordan(1957) and 
ESDU(81034). The in-phase/out-phase lif t and moment coefficients for the finite 
element solution (dotted lines) are plotted along with exact solutions(solid lines) against 
reduced frequency ranging from zero to two in Fig(4.6.1-3) for the three cases.

On the whole the results o f heaving (Fig(4.6.1)) are more accurate than the pitching 
(Fig(4.6.2)), because the former has a constant velocity distribution on the airfoil 
surface, while the latter has a linear one. The moment coefficients are in better agreement 
with exact solutions(about 1% error) when compared to the lift coefficients (about 5% 
error). The finite element solutions are often less than the analytical solutions. Although 
for pitching the discrepancies remain nearly constant, for heaving they grow with 
increasing reduced frequency. We can see from Fig(4.6.3) the agreement is slightly 
worse for the case of an oscillating 20% chord flap. The maximum relative error can be 
seen to be 10%. This is believed partly caused by the discontinuity in velocity 
distribution(see Fig(4.2.3)).

Oscillating Von Mises and Karman Trefftz airfoils

Numerical tests were also conducted on an 8.4% thick symmetric Von Mises airfoil in 
heave and an 8.6% thick symmetric Karman Trefftz airfoil in pitch. Comparison of the 
finite element results with those of Basu( 1978a) are given in Fig(4.6.4) and Fig(4.6.5) 
respectively. As can be seen large discrepancies exist throughout the frequency range 
for both cases. The lif t coefficients can have up to 20% relative difference although the 
moment coefficients have a smaller difference about 10%. The differences are thought to
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come from:
1) The different Kutta conditions: Basu used zero pressure loading at the trailing 

edge, while a smooth flow condition at the trailing edge is employed for the 
present work. The zero pressure loading condition was coded and tested but 
its results showed only small difference from that of the smooth flow condition. 
However the coding for this part was not as thoroughly checked as the rest 
parts of the program, so the reliability of this conclusion can not be fully 
guaranteed.

2) The mesh density on airfoil surface: Basu had about 50 elements around airfoil, 
but the present study only used 22. These numbers only give a measure of 
the geometry modelling since Basu used one dimensional boundary 
elements while in the present work an 8 node isoparametric finite element was 
employed.

3) The mesh density on the wake: As the wake or the velocity potential difference 
on it has a wave characteristic, it is better to use a fine uniform mesh there to 
avoid artificial reflection caused by large element spacings which can not 
resolve waves o f small wave length (for more detailed discussions see 
Celep (1983) or Bazant (1982)). In the present analysis a graded mesh was 
used to save computer cost

4) Although a large mesh has been selected by means o f the parametric tests 
described in the previous section, it is thought that the disturbances caused by a 
thick airfoil need a longer distance to die out, which means a larger mesh than 
that used for thin airfoils is required to avoid blockage effects.

5) As both Karman Trefftz and Von Mises airfoils have a sharp trailing edge, 
a special treatment is required to handle them if  a coarse mesh is employed.

Mesh density on airfoil surface/wake and mesh size are also believed to be the causes of 
the errors in Fig(4.6.1-3)).
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Fig(4.6.1) Aerodynamic coefficients of a plate oscillating in heave

Fig(4.6.2) Aerodynamic coefficients o f a plate oscillating in pitch
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Fig(4.6.3) Aerodynamic coefficients o f an oscillating 20% chord control
surface

Fig(4.6.4) Aerodynamic coefficients o f a 8.4% thick symmetric Von 
Mises airfoil oscillating in heave
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Fig(4.6.5) Aerodynamic coefficients of a 8.6% thick symmetric Kaiman Trefftz a iifo il oscillating in pitch about mid-chord
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5.1 Introduction

Flutter is a dynamic instability which involves interactions between elastic, aerodynamic 
and inertial forces. It is the most important and frequently encountered phenomenon in 
aeroelasticity. Normally at least two or more degrees of freedoms are required to have it 
occur. Physically flutter consists in the extraction of energy by the structural system 
from the flow system. This is achieved when there is such a phase difference between 
the force and the displacement that positive work is done by aerodynamic forces acting on 
the structure. I f  the whole flow field is irrotational, the aerodynamic forces w ill be totally 
in-phase with the displacement. As a consequence there w ill be no net energy exchange 
from one system to the other, thus flutter w ill not occur. However, i f  even only an 
infinitely thin rotational wake is added in the flow field, the situation is completely 
different. As can be seen in the last chapter, along with in-phase lif t and moment there 
also exists out-of-phase counterparts.

The mechanism of flutter is best illustrated in Fig (5.1.1) (Duncan, 1961). The airfoil 
(shown as a straight line) flies from left to right. When pitching is ahead of heaving 
by a quarter of period (Fig5.1.1a), the lif t (dotted arrow) is always in phase with the 
normal velocity (solid arrow). As a result positive work is done all o f the time. On the 
other hand, i f  pitching is in phase with heaving (Fig5.1.1b), the positive work equals the 
negative work and hence no net work is done. When there is positive net work done on 
the airfoil, its motion w ill be amplified and flutter can occur.
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(a) Pitching Leads Heaving by 90 degrees, Positive Net Work Done

(b) Pitching in Phase with Heaving, No Net Work Done
EgftLLl.) the Mechanism <?f Flutter

From a system point of view (Duncan,1961), the causation of flutter is due to the fact that 
the aerodynamic forces are not conservative, which comes from the unsymmetry o f

a  i
D C

t -

s

l

A B h
►

Fig(5.1.2) A Closed Loop of Displacement

the aerodynamic stiffness. In other words, in spite o f the fact that a non-zero incidence a  
leads to lif t forces L a heaving displacement h does not produce a moment M. For such 
an aerodynamic system:
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cn h  + c12a  = L
c2i h + C2 2 O = M (5.1.1)

it can be easily proved that for a loop ABCDA (Fig(5.1.2)) the work done is:

work = (c2i - c 12)s t (5.1.2)

However c21= 0, but c12 is not, so that the work done is not zero and there is a net 
change in energy.

The very first flutter problem studied was concerned with the tail o f a bi-plane and was 
investigated by Lanchester (1916). As the stiffness of the wing was much reduced from 
bi-plane to monoplane, wing flutter was encountered. Based on very crude experimental 
data for aerodynamic forces, Frazer and Duncan (1928) provided an adequate and simple 
theory for wing flutter analysis. Cox (1932) set up a correlation between flutter speed 
and wing stiffness through a statistical study. The establishment of an analytical solution 
o f the unsteady aerodynamic coefficients by Theordosen and Garrick(1934) marked a 
major breakthrough in flutter analysis. Later the flutter of tabs, aircrews (Studer,1936), 
helicopters (Ham, 1967) and compressor blades, propeller-rotor (Reed, 1967) and panels 
(Johns, 1969) were discovered and investigated. Now flutter study is centred in the 
transonic range (Dowell, 1988).

Flutter analysis relies on the accurate representation of the structural and aerodynamic 
forces. As the mass distribution is relatively easy to find, then the inertial forces can be 
modelled with high precision. Care should s till be taken as the flutter speed can be 
sensitive to the inertial forces. With regard to the structural forces (the elastic ones), 
these depend on the stiffness distribution. In practice for a real structure there is always 
some structural damping or friction. This poses great difficulty for modelling since they 
are ill defined. In a flutter analysis the motion o f the structure is usually simplified to the 
motion at a discrete number of points on the structure. Equilibrium equations are set up in 
terms o f these coordinates. Aerodynamic forces are normally a function o f Reynolds
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number and Mach number as well as structural disturbances. Since flutter involves a 
response to a small excitement, linear assumptions are frequently made to obtain these 
aerodynamic forces. This allows the onset of flutter to be found but a non-linear analysis 
would be required to find the response after flutter has occurred.

Flutter has also been investigated by experimental approaches, using either model or full 
flight testing, in which a disturbance is exerted and the response o f it recorded. In order 
to truly represent the real flutter situation, the model must not only be aerodynamically 
similar but also have elastic and inertial similarity to the original structure. Furthermore 
interference from its support has to be minimised. The model can be tested in a wind 
tunnel, mounted on a rocket or in fu ll fligh t A ll experimental methods are cosdy in terms 
of both time and money.

Since flutter is usually the result o f a coupling between two or more degrees of freedom, 
a natural solution to prevent it is by decreasing the strength of the coupling, for example 
by mass balancing. Unfortunately this is not so obvious or easy to apply when the 
coupling is between a large number of degrees of freedom. Another method commonly 
employed is to increase the critical speed by raising the natural frequencies of the 
structure or by increasing the stiffness to mass ratio. This is because stiffness forces 
usually resist structural deformations, while the initial forces increase them. As the 
forces are proportional to structural stiffness and mass, a larger ratio between them means 
that stabilising forces are greater than destabilising ones and, as a result, flutter is less 
likely to occur.

One o f the strong motives for studying the sinusoidal oscillating a irfo il is that the 
unsteady aerodynamic coefficients that are derived can be further used to calculate flutter 
speed. In their pioneering paper, Theor^dsen and Garrick (1934) developed a method to 
obtain the unsteady lif t and moment coefficients of a plate having three degrees of 
freedom: heaving, pitching and control surface rotation. A rather general formulation for
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the flutter speed calculation was also given. Their subsequent paper (1940) deals with 
some practically significant flutter cases in a vast range of parameters and compared them 
with experimental results. In the same paper they also argued for the validity of the strip 
theory for large aspect ratio wings.

The reason for developing a general finite element formulation for an oscillating airfoil in 
the last chapter is to obtain a versatile method to calculate the unsteady aerodynamic 
forces which can then be coupled with an aeroelastic module to form a stand alone 
computer analysis package. Having achievejhe the first half successfully as described 
in chapter 4 , the second half o f determining flutter speed w ill be presented in this 
chapter. In section 5.2 o f this chapter the classical flutter problem is explained. A new 
iteration solution method and program organisation are discussed in section 5.3, while 
numerical results are given in section 5.4.

5.2. The Flexure-Torsion F lu tte r Problem

The essence of the flutter problem can be well understood by studying a typical wing 
section i.e. a rigid a irfo il with two degrees o f freedom (see Fig(5.2.1)): pitching

a-rotating about an axis and heaving h-transverse translation. The structural bending and
/ / / / / z / y / y y .

\ b

ba bxa

Fig(5.2.11 A Typical Wing Section
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torsional stiffness are represented by two springs with a bending and torsional stiffness

equal to Kh and Ka respectively. The rotation axis is at a distance ba from the 
mid-chord, where b is the half chord and a can be both positive and negative depending 
on its relative position to the mid-chord. The centre of gravity is bxa behind the rotation

axis. The airfoil has a mass m and mass moment o f inertia Ia about the axis x=ba. The

lif t  force on the airfoil is L  and the moment about the rotation axis is M. Damping has 
been neglected.

Considering its equilibrium about centre o f gravity we have, from Newton's law of 
motion:

mH + mbxoCt = -L -k^h
Po-mCbxoO l̂d = Lbxa+khhbxa+M-ka(x (5.2.1)

where ' denotes second time derivative. The above equation can be simplified to :

mh + mbxod = -L - khh 
lad + mbxah = M - kapt (5.2.2)

when the first equation of (5.2.2) is divided by l/fapb3) the second by l/(7tpb4) and 
writing the result in a matrix form we have:

I U / \Cl CiXa %
2 /D +

clxa clc2iI s )
ci© h 0 

« . 2 2 \ l % \ II

)U i itpb3 1

-L (5.2.3)

„.i______m  „2_ la ,.„2_kh ,.x2_kawhere c i— , C2------
7tpb' mb a
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5.3 F lu tte r Speed Calculation

There are two ways of calculating the flutter speed. One can assume that the airfoil

motion is proportional to e^. Given a flight velocity U one solves for v . I f  the sign of

the imaginary part o f v is positive then the motion is unstable and flutter w ill occur.

For the other method the motion is assumed to be proportional to eiox, in which co is 
real. This sustained oscillation is a boundary between a convergent and divergent motion. 
Hence the speed thus obtained is the critical speed, above which flutter occurs. The latter 
approach is adopted in this thesis and the assumptions made are:

1) aerofoil motion: Y
(h A
f h/b

i a ° /

iGOte , h0 and a 0 are complex numbers;

2) aerodymanic forces:
Jtpb'

'L  1 u2 / LH l+iLH2 LP1+ILP2
lu /

MA/ . 
/b  b2 MHl+iMH2 MP1+LMP2

7b
a

substituting these assumptions into the equation (5.2.3), we get:

-CiC02+c ,mh-uV(LHl+iLH2) -ciXoffl2-u2/b2(LPl+iLP2)
-c! Xo,0)2-u2/b2(M H1+MH2) -cIcy+CiC2ffl^-uW(MPl+iMP2)

\

To have a non-trivial solution o f (5.3.1), the determinant of the coefficient matrix has to 
be zero. Bearing in mind that the matrix is complex, we have two equations resulting 
from the real and imaginary parts respectively:

'h%>

<*o
= 0 

(5.3.1)

A iX 2+ a 2x  + a 3 = o 
B iX  + B2= 0

(5.3.2a)
(5.3.2b)
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in which X = T f. A ! = c^ 4 >  A 2= - c?c’ (1 + %rCOa 2‘0)a
l(c^LHl + ^ M P l) /v 2

0)a

A 3 = Ci(C2-x^+Ci(MPl+c^LHl-Xa^Pl-xaMPl)A '2+
(LP2 MH2 + LH1 MP1 - LP1 MH1 - LH2 MP2)/v4, 

2
B i = c i(c^LH2+MP2- ̂ - )

tOa

B2=-(M P1 LH2 + LH1 MP2-MH2LP1-LP2MH1)A’2-  
ci(c^LH2+MP2-XaMH2-XaLP2)

To solve equation (5.3.2) the method traditionally employed uses a graphical 
representation. Equation (5.3.2a) and (5.3.2b) are solved at a number o f different ratios

of a y  coa. Then plotting the solutions of each equation gives two solution curves in x-v

plane. The intersection o f the two curves gives the solution of the problem. This 
graphical solution is obviously laborious and can introduce further errors when plotting. 
On the other hand computing costs are rapidly reducing and moreover the flutter speed 
solution module can be coupled with the aerodynamic forces calculation module to form 
an integrated aeroelastic analysis. Iteration is employed instead to solve equation(5.3.2).

In itia lly v is guessed as and aerodynamic forces LH1, LH2,etc are evaluated so that 
all o f the coefficients in equation (5.3.2) are known. Next (5.3.2a) and (5.3.2b) are 
solved separately. I f  the solutions given by the two equations Xa and Xb are different
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by less than a preset lim it e, then the iteration is terminated; otherwise v is

adjusted to a new value v2 and another iteration is carried out. The initial reduced

frequency that is guessed is usually around one and the second guess is either larger or 
smaller than the first guess by a quantity less than one. As equation (5.3.2a) represents a 
parabola equation(5.3.2b) a straight line, the first two iterations must give a situation 
like one o f those illustrated in Fig(5.3.1), from which a third value o f reduced frequency

v3 is deduced:

in which D j and D2 are defined in Fig(5.3.1).

(5.3.3)

The program organisation is shown in Hg(5.3.2). The first part of it is similar to the
I
I
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solution module of last chapter where the frequency independent terms are solved for 
once only, while the remainder solves (5.3.2) and repeats the iterations as described 
above. Again the standard components of the solution such as grid generation, etc (see 
Fig(2.3.4)) are omitted.

5.4 Numerical Results and Discussion

The unsteady forces calculated by the method described in the last chapter by the finite  
element method have been combined with a flutter speed solution algorithm developed in 
section 5.3 to evaluate the flutter boundary o f a two degrees of freedom airfoil. The 
analytical solution is from Theodorsen (1940). The influence of the important parameters

such as mass density ratio m/(7tpb2), the dimensionless static unbalance xa and the 
location o f rotation axis a on dimensionless flutter speed U f (the actual flutter speed

divided by bcoa) has been thoroughly investigated with a fixed dimensionless radius o f

gyration ra. The finite element results are plotted together with the analytical solutions 
in Fig (5.4.3a-u) in a range of uncoupled bending and torsion natural frequency

ratios cOj/co^ 0 to 2.

The figures are three in a group. For each of these groups the mass density ratio is fixed 
while the location of rotation axis moves toward the trailing edge. The only exception to 
this is the last group Fig (5.4.3s-u) for which the opposite is true.

It can be seen in these figures that when the static unbalance (the distance between the 
rotation centre and the centre of gravity) increases the flutter speed decreases because of 
stronger coupling of heaving and pitching motion. For most practical wings the gravity 
centre is aft the rotation axis. I f  the wing has a positive heaving acceleration, the 
corresponding inertial force w ill produce a nose-up moment that increases the incidence.
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As a higher incidence leads to a greater lift, which in turn accelerates the wing faster and
hence larger inertial forces. This makes up a positive feed back and amplifies the motion.

/
The greater the static unbalance is the greater the amplification. As a consequence it is 
more prone to flutter.

The second thing worth noticing is that the larger the bending-torsion stiffness ratio the 
higher the flutter boundary for small static unbalance x ^  while for large xa the

flutter speed has a dip around cOj/co^ 1.0.

Comparing the graphs within a group, one can find that the flutter speed goes down if  
the rotation axis moves to the trailing edge. The aerodynamic centre is usually close to 
the quarter chord point. I f  the rotation axis moves towards the trailing edge, the 
aerodynamic moment about the rotation axis tends to increase the angle o f attack and 
hence the lift. This results in a larger moment about the rotation axis and forms another 
amplification mechanism of wing motion.

These graphs also show that lighter wings have a higher flutter boundary, in other words 
they are less likely to flutter. This is due to the fact that if  the wing is lighter while the 
structural stiffness remains the same, the ratio of inertial force to stiffness force is lower. 
Since the latter is basically a stabilising force that restricts structural deformation and the 
former a destabilising one, a lighter wing means there is more stabilising force to 
overcome the destabilising one so flutter is more unlikely to happen.

For each test case the static divergence speed UD is also provided for reference. From 
Bisplinghoff (1955,p537 ) it is defined as :

U d

bffla

2m ra 
rcpb2 [ 1 + a ]

(5.4.1)
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Normally U f is greater than Up at small xa.

The important characteristics from the parametric study discussed above can certainly 
serve as guidelines to the design of a flutter free wing. For example to avoid flutter, we 
can move the rotation axis or centre of gravity towards the leading edge or we can also 
increase the bending/torsion stiffness ratio or simply make the wings lighter.

Generally speaking the finite element results show a good agreement with analytical 
solutions especially at the high mass density ratio and the low bending/torsion stiffness

(a) Sensitive (a) Insensitive
Fig(5.4.1) The Effect of Errors on Solution-Case 1 

ratio. The relative error is less than 1% when mass density ratio is high and 
bending/torsion stiffness ratio is low, the error can be larger than 10% when the opposite 
is true, which usually implies a large reduced frequency. The differences largely result 
from inaccurate finite element aerodynamic forces particularly at a high reduced frequency 
when a higher mesh density is required. In the present analysis the same finite element 
mesh has been used for the whole frequency range because of the computer cost.

As demonstrated in Fig (5.4.1a) the solutions can sometimes be very sensitive to small 
errors in the solution o f equation (5.3.2b). I f  the solid straight line is slightly moved 
down to the dashed line (Fig 5.4.1), there can be two intersections instead o f one. Since
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in such cases the smaller solution is taken as the flutter speed, we can see the second 
spurious root is very different from the original exact solution.

Figf5.4.2^ The Effect of Errors on Solution-Case 2 
When the flutter speed tends to infinity, because of the large slope, small perturbations 
w ill lead to dramatic changes in the solution. This is illustrated in Fig(5.4.2).

The discrepancy is also partially due to data collection in reproducing the analytical 
solution from the original graph o f Theodorsen(1940).
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Fig(5.4.3) dimensionless flutter speed U f o f an airfoil with two degrees of freedom.

Figure m/fapb2) a UD/(bC0a) ra2

(a) 2.0 i o 1.58 0.25
(b) 2.0 -0.3 1.12 0.25
(c) 2.0 -0.2 0.91 0.25
(d) 3.0 -0.4 1.94 0.25
(e) 3.0 -0.3 1.37 0.25
(0 3.0 -0.2 1.12 0.25
(g) 4.0 -0.4 2.24 0.25
(h) 4.0 -0.3 1.58 0.25
(i) 4.0 -0.2 1.29 0.25
O') 5.0 -0.4 2.50 0.25
00 5.0 -0.3 1.77 0.25
0) 5.0 -0.2 1.45 0.25
(m) 10.0 -0.4 3.54 0.25
(n) 10.0 -0.3 2.50 0.25
(o) 10.0 -0.2 2.05 0.25
(P) 20.0 o• 5.00 0.25
(q) 20.0 -0.3 3.54 0.25
(r) 20.0 -0.2 2.88 0.25
(s) 5.0 -0.45 3.54 0.25
(t) 10.0 -0.45 5.0 0.25
(u) 20.0 -0.45 7.07 0.25
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Chapter 6

T h e  P r o b le m  o f  A i r f o i l  I n d ic ia l  M o t i o n

1. In troduction

The aerodynamic force build-up of an a irfo il performing indicial motion is another 
problem o f fundamental interest in unsteady aerodynamics. The subcritical response of 
an airplane in accelerated motion, such as the fast maneuver of a military aircraft or active 
controls, requires a theory of general time-dependent aerodynamics (ESDU84020). The 
aerodynamic force R(t) of arbitrary airfoil motion F(t) can be derived from such forces 
r(t) of indicial motion f(t) by the convolution integral:

R(t) = dF(T)
dT dT (6.1.1)

which is based on the fact that F(t) can be represented as the sum of a series o f step

functions o f strength dF(tk):

dF(tk)

Fig(6.1.11 Arbitrary Motion Represented bv Step Motions

Another approach is built on the reciprocal relation between indicial and oscillatory 
motions (Garrick,1938). Since with mild restriction on continuity and differentiability an
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Chapter 6  The Problem  o f  Airfoil Indicial Motion

arbitrary function can be expanded into a Fourier series (Fung,1969,p278). 
Consequently if  we know the solution for oscillatory airfoil motion over a wide range of
frequencies, then, due to the linearity o f the problem, they can be superposed in a

1?Struncated range of frequency to make up the solution for arbitrary airfoil motion.

The indicial motion of an airfoil can be categorised as the sudden change of heaving rate 
and pitching rate or the sudden change o f incidence and control deflection (see 
Fig(6.1.2a-d)). They are similar in essence, so only the sudden change o f incidence 
which is also known as the impulsively started airfoil, is explained in more detail below.

h(t)
. h(t)
i il

ho

i

t
Fig(6.1.2a) Step Change o f Heaving Rate

Uoo

a(t)

ao

t

Fig(6.1.2b) Step Change o f Pitching Rate

Uoo
<

11P(t)

po

t

Fig(6.1.2cl Step Change o f Control Surface Deflection
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a(t)

a(t) ao
—
Uoo

Fig(6.1.2d) Step Change of Incidence
t

An highly idealised example o f an indicial problem is that of an airfoil in a uniform flow 
field that suddenly changes its incidence. This is equivalent to the problem of an airfoil 
stationary in still air at one instance of time and which gains a non-zero speed at next 
instance. As the flow field is inviscid and in itia lly circulation free, circulation should 
remain zero subsequently according to the Kelvin's law of conservation. Despite thafthe 
circulation o f the whole flow field is7zero, circulation or lift on the airfoil increases aŝ  
time develops accompanied by vortices o f opposite sign shed from airfoil to compensate 
for the increase of circulation on the airfoil. These rotating fluid elements form a wake 
starting from the trailing edge of the airfoil and they are the only part of the flow field that 
is rotational. For a more detailed discussion of this, the reader is referred to Batchlor 
(1970, pp440).

t =0  t> 0  the starting vortex
Fig(6.1.3) The L ift Build-up Mechanism

The original work in this field was done on a plate by Wagner (1925). To include the 
effect o f thickness, deformation of wake and large motion amplitude, Giesing (1968) and 
Basu (1978b) developed an unsteady Smith (1958) method. They allowed the strength 
of the vorticity on the airfoil surface to vary with time to accommodate vortex shedding. 
The solution is carried out in time domain by a time-marching method. The position of

103



C hapter 6  The Problem o f  Airfoil Indicial M otion

each vortex that has been shed is determined by the whole flow  system at last time
K,instance'

✓

Since a finite element approach for this problem does not exist in the following section of 
this chapter a finite element implementation is proposed to fill this gap. A time integration 
scheme is given in section 6.3 with discussion on time step selection in section 6.4. In 
the last section numerical examples are presented and compared with those from other 
sources.

6.2. Finite Element Formulation for Indicial Airfoil M otion

To put the above phenomenon mathematically, let us define a velocity potential <f> in 12., 
where Q  is a fluid domain that encompasses the airfoil but excludes the wake, as shown

Fig(6.2.P Problem Definition o f A irfo il Indicial Motion

in F ig (6 .2 .1 ). S ince the f lo w  is  assum ed to be incom pressible and irrotational except for

the w ake, the velo c ity  potential <f> m ust satisfy the Laplace equation  plus the boundary

conditions:
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2 oII> in H

—  = u M 
dn

on d Q 1

f
3n 1 on 3Q2 (6.2.1)

A<J> = A<t>(s,t) on 3H3

As in chapter 4, we have replaced the obvious velocity difference boundary condition on 
the wake with the velocity potential difference condition. Since the finite element 
discretisation of the Laplace equation has been fu lly explained in chapter 2, the key issue 
is s till how to simulate the rotational wake by the finite element method. However the 
wake in the present problem is different from the wake of an oscillating airfoil addressed 
in chapter 4, where the wake is actually in a steady state. In this chapter it is the transient 
development of the wake that is of concern.

The wake is assumed to be straight, infinitely thin and aligned with streamline at infinity 
exactly as in chapter 4. Consequently the nonlinearity coming from wake deformation is 
not included. The shed vortex is assumed to be convected at the free stream velocity, so 
that the strength of the vorticity at time t and position s is :

$(s,t) i  a r(t-s /u j
u -  at

(6.2.2)

The velocity potential difference A  (f> at the pair o f points immediately above and below 
the wake can be found by integrating the velocity along the wake and the airfoil in the 
same way as described in chapter 4:

A <|> (t,s) = S (u dx+vdy)
= r(t) + U(s,t)ds 0 < s S U .t (6.2.3)

= 0 s > U .t
However we can see that equation(6.2.3) is different from equation(4.2.3). Firstly since
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no assumption has been made about the circulation on the airfoil, the variation of the

circulation ie from equation(6.2.2) the vorticity £(s,t) is not explicitly given; Secondly 
the problem is solved in the time domain rather than in the frequency domain. Therefore

the strength and the length o f the wake depend upon time and only the part of 8f23 

already reached by the wake front (s < U^t) has non-zero AO otherwise A<{>=0.

Again the nodal variables under the wake <f>f~ are chosen as basic unknown, and those

above the wake + are the sum of A  <p and <f>f~. This results in a slight modification 
in formulating the element matrix for those elements sitting above the wake and for s < 

IU :

dr dy dyl^' ^  J
a.

(6.2.4)

The extra terms on the right hand side of the above equation come from the wake and can 
be assembled in the same manner described in Chapters 3 and 4. Now, however, only 
those elements inside the wake have contributions. This is because we are dealing with a 
growing wake of finite length rather than a steady and infinitely long one as in chapter 4.

The actual form of A<{> is given in the next section.
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6.3 Time Integration

To obtain a response in the time interval T , it is divided into N  time intervals A tn . At 
time zero the indicial motion is imposed on the airfoil. Because of the indicial nature of 
the motion, there is no time for the development of the circulation or for the vortex to be 
thrown into the wake from time t=0' to t=0+. Hence there is no wake nor circulation

around the airfoil. At each time instance tn a newly shed vortex ATn of a length Atn is

added to the wake, where ATn is decided by the Kutta condition at tn. Due to the linearity

o f the problem the solution at tn , is divided into three parts. The first part <!>0is 
noncirculatory, time independent and is the same as the solution at t = 0, so it is only

solved once at the beginning o f the time marching process. The second part, 

corresponds to the wake system at tn,j convected a distance AtjJJ,*, downstream during

the time interval [t„_; ,f J. The last part,02 > is associated with the newly shed vortex

A T n. This can be summarised as:

t = 0 It r = r 0=o

t = tn-1 II -©■ 9 r = r n-i (6.3.1)

t = tn <f) = <t)n = <l>0 + 4>l+ A rn$2* r = r n-1 + A rn

which gives the velocities at time ̂  as:

Un = Uo + U l + ATn U2

Vn = Vo + V i + ATn V2 (6.3.2)
A graphical representation of the velocity potential difference on the wake at different time 
intervals is given in Fig (6.3.1).
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i
t = 0

►
s

A<|>'i

ŝ Fn-1
t=tn-1 V%

\  .
tn-lU» S

A<J)n-l’

M i

^  -%\
_____ V

l

t=tn >
H-* ©

V  ,
tni~ S AtnU»

A(J)n

Fig(6.3.11Time Integration Scheme

<p0 , <pj and t/>2 all have to satisfy the Laplace equation. However, the boundary 

conditions are different for each (f>:

<f>0: 3<j)/3n = U« on 3Q i; 3<J>/3n = f  on dQ2  ; A(j> = 0 on all s

3<J)/3n = 0 on3f2 i; 3<{>/3n = 0on 3Q2; A<}> = 1.0 onO^s^U^tn (6.3.3)

C>2:3<J>/3n = 0 on 3 f2 i; 3<J)/3n = 0 on3Q2; Ac}) = AOn-i on O^s^U^tn
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where f  is a known function depending on the form of the indicial motion. A t each time

step Arn is decided by the Kutta condition of smooth flow at the trailing edge:

A rn = (V TC- VJE-V |E) /Vf (6.3.4)

where V ™  is a prescribed normal velocity at the trailing edge for a particular mode of 
indicial motion(seeFig(6.1.2)).

The pressure at a time instant t„ can be determined by the Bernoulli's theorem : 

p ^ - p O ^ /a t  + dP  + V^)^)

= - P« V  tn.1)+U0(U0/2+U1+ArnU2)+V0(V0/2 + V ! + ATnV2)) (6.3.5)

order explicit backward difference scheme. This is adopted for its simplicity despite of 
the existence of various other higher order and implicit difference schemes. The squares

o f U j, U2, V j and V2 have been neglected because of the small disturbance assumption.

The second order terms of mean velocities U0 and V0 are nevertheless retained for they 
might affect the moment resultant in spite o f the fact that they are related to the 
non-circulatory part of the flow and do not influence the lift force.

The pressure can then be integrated along airfoil surface to get the lift L and the moment 
M at time tn:

Notice that in equation(6.3.5) we have replaced the time derivative of 3<J>/9t by a first

(6.3.6)

where (xo,y0) is the reference point for the moment.
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This process is repeated until the desired time T is reached.

6.4 The Selection of Time Step At

To capture the smallest detail of the flow transient to the airfoil motion, a very small time 
step was used initially (AtU«/C = 2, where C=chord). However it was found that the lift 
force oscillates, especially at the beginning o f time marching process. It oscillates more 
violendy when the time step was halved(see Fig(6.4.1)). This seemed to be contradicting 
what was expected but a careful examination o f the effect o f mesh size on the wake 
shows the reason why it occurs.

In Fig(6.4.1.b) the dotted vertical lines represent the position o f element nodes on the 
wake. Vortices are convected from left to right at a speed U*,. Each square or 
discontinuity in the solution curve is a discrete time station in the time marching process. 
It can be seen that between two nodes the lift falls and rises. I f  the time increment is too 
small compared to the distance between two consecutive nodes then it w ill take many time 
steps for the wake front to travel from one node to the next, during which the vortices 
between the two nodes are not known or felt because there is no node there to sense or 
resolve it. The solution then becomes undefined in that part. This phenomenon is more

prominent when the nondimensionalised time AtUoo/C is small. A t the start the wake is 
short, so that the unaccounted wake front constitutes a substantial part o f the whole 
wake. Consequently the solution is significantly influenced by i t .

Having found this a much larger time step was employed. As explained previously AtU„ 
should be greater than the node spacing, As , to avoid artificial oscillations. In short the 
condition AtUJAs >1 should be satisfied. From Fig(6.4.2) it is obvious that At can be as 

big as 20 times As/U „ at the start and A tU ^C *! later on without a noticeable
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Fig(6.4.1a) L ift oscillation due to small time step (global view) 
'______ \  At = 1,5,10; 'b \ At = 2,5,10

Fig(6.4.1b) L ift oscillation due to small time step (close up) 
1______ \  At = 1,5,10; •«', At = 2,5,10
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Fig(6.4.2) The effect o f time step size on solution accuracy
'______\  Exact; ’----------\  At = 20 ;'----------- \  At = 50;
’----------\  At =100.

112



Chapter 6 The P rob lem  o f  A irfoil Indicial Motion

deterioration in accuracy. This, o f course, is appealing if  one has limited computer 
resources. Consequently a three stage time increment scheme is adopted with 0.2, 0.4 
and 0.6 respectively and 20 steps for each increment. The steady state is thought to be 
reached and thus the time integration is terminated when the lift changes less than 0.1%

during a time interval AtU00/C=l.

6.5 Numerical Examples and Discussions

Plate Airfoil

The first two cases are actually related to the numerical modelling of wind tunnel 
interference. In other words the influence o f wind tunnel finite dimension, especially the 
height H o f the tunnel for a two dimensional problem, on quantities such as lif t and 
moment. Because o f the presence o f the wind tunnel walls, the flow direction and 
streamline curvature w ill be different from those in free-air conditions. In other words 
the circulation around the airfoil is changed, which is normally referred to as lift  
interference. A t the same time the wind tunnel walls also affect the flow velocity and 
longitudinal velocity gradient or the velocity potential representing the volume of the 
airfo il and the wake, which is the so called blockage interference effect. These two 
effects are usually assumed to be independent o f each other and alter the characteristics 
o f flow (ESDU76028). Since the present fin ite element analysis truncates an infinite 
problem domain to a finite one and on the upper and lower mesh boundary the boundary 
condition is no through flow. This means that the fluid is confined to flow between two 
parallel artificial barriers, the effect o f which is similar to that of wind tunnel walls.

Fig (6.5.1) and Fig (6.5.2) demonstrate the finite element solution together with those of 
Cheung(1988) for indicial lif t build-up with HIC=2 and 4 respectively. The agreement is 
very good despite o f the fact that for the present formulation the Kutta condition is zero
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normal velocity rather than zero pressure loading. This confirms the theory that for a 
cusped trailing edge the Kutta condition can be interpreted as both zero pressure loading 
and zero normal velocity at the trailing edge. The effect o f wind tunnel interference is 
well simulated as can be seen that for the smaller H/C value the lift build-up is faster. We 
can see that the agreement is better for the case H/C=2 than for H/C=4, because the same 
finite element mesh was used for both, which gave the former a mesh density twice that 
of the latter.

The previous two cases correspond to sudden change o f incidence. Other modes of 
indicial motion have also been investigated. The nondimensionalised lift build-up for a 
sudden change o f heaving rate, pitching rate and control deflection are given in 
Fig(6.5.3), Fig (6.5.4) and Fig (6.5.5) respectively. In itia lly the same mesh for the first 
two problems was employed and finite element results (dashed lines) show considerable 
discrepancy against the analytical solutions (solid lines). This is because we are now 
again dealing with an infinite domain problem. Consequently a larger mesh was used 
with the upper and lower mesh boundaries 4 chords (instead o f 2.5 chords) away above 
and below the airfoil. Naturally the new fin ite element results (squares) are much 
improved.

Von Mises Airfoil

Numerical tests were also carried out on a symmetric 8.4% thick Von Mises airfoil (see 
Fig(6.5.6) and Fig(6.5.7)). As the method employed by Basu (1978b) allows for wake 
deformation which is not incorporated in the method now used, there is a substantial 
difference between the two solutions at the in itia l transient stage. However when time 
develops they tend to converge to the same value. This has been well explained by 
Graham(1984) that the initial vortex roll-up has a large influence on the lift and moment 
build-up in the early stage but as time goes on its effect decreases and wake can be well 
represented by a straight line. This is well confirmed by the good agreement between the
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present solution and that o f Giesing(1968), which does not include wake deformation 
either.

Thickness Effect

The influence of airfoil thickness on lift build-up was studied on 5% and 10% thick 
symmetric Joukowski airfoils. As can be seen in Fig (6.5.7) the 10% thick a irfo il 
(triangles) takes a longer time to reach a steady state than the 5% thick one (squares) and 
the plate (solid lines). This has also been observed by Giesing(1968). However 
thickness does not affect the lift build-up of different modes of indicial motion. This is 
illustrated in Fig (6.5.8) in which the lif t build-up o f a 10% thick airfoil showes little  
difference for the sudden change of heaving rate, pitching rate and control deflection.

Summary.

In this chapter a finite element formulation for the transient wake development due to 
a irfo il indicial motion was proposed. The velocity potential difference was again 
employed to simulate the vortices in the wake. The time stepping scheme was examined 
with special attention to time increment size, and was found that this should be large 
enough to allow the wake front travel at least from one node to the next. Numerical 
experiment showed that AtU~/C =0.2 at the beginning and AtlW C =1.0 at later times 
could be used. Although in this chapter the analysis was performed on indicial motion, it 
is apparent that, as long as the assumption made in section 6.2 of this chapter hold, then 
the fin ite  element method proposed can be easily employed for any time transient 
problem. This can be achieved by simply applying the relevant boundary condition on 
the airfoil surface due to its motion at different times.
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''''  4 ' i ..............\ i  ifc' ' *b
VjJC

Fig(6.5.1) L ift on a plate after a sudden change o f incidence H/C = 2 
'_____ \  Cheung 1988 ; '---------- \  finite element

Fig(6.5.2) L ift on a plate after a sudden change of incidence H/C = 4 
'_____ \  Cheung 1988 ; '-----------finite element
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Fig(6.5.3) L ift on a plate following a sudden change o f heaving rate
'_____ analytical; ' ------------- finite element (small
mesh); 'o ', finite element (large mesh)

Fig(6.5.4) L ift on a plate following a sudden change o f pitching rate
’_____ \  analytical; ' ----------- finite element (small
mesh); 'o ', finite element (large mesh)
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Fig(6.5.5) L ift on a plate following a sudden change of control defelection
'_____ analytical; ' ------------- finite element (small
mesh); ’o ', finite element (large mesh)
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Fig(6.5.6) 8.4% thick symmetric Von Mises a irfo il; lift after a sudden change of
heaving rate. '_____ \  Basu 1978b;'--------- Giesing 1968;
'gi\  finite element

Fig(6.5.7) 8.4% thick symmetric Von Mises airfoil; moment about leading edge after a 
sudden change o f heaving rate.'_____ Basu 1978b; ’O', finite element
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Fig( 6.5.8) thickness effect on Wagner function (symmetrical Joukowski airfoil) 
'______ \  plate; '0 ', 5% th ick; 'a 10% thick

Fig( 6.5.9) thickness effect on lift build-up of a 10% thick airfoil
'_______\  sudden change of heaving rate;'----------- sudden change
o f pitching rate;'---------sudden change of control deflection.
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Chapter 7

T h e  U n i f o r m  S h a r p  E d g e d  G u s t

7.1 Introduction

Although the problem o f the sinusoidally oscillating airfoil has dominated unsteady 
aerodynamics for its important application in flutter analysis, there are occasions in 
structural design of aircraft where the critical loads come from gust encounters. This is 
especially true for c iv il aircraft, which only undergoes gentle maneuver in flight 
compared with its military counterpart (ESDU84020). < 1;

A simple model o f atmospheric turbulence is a uniform vertical velocity profile travelling 
downstream at a speed U*, + Ug (Fig(7.1.1)). The vertical velocity o f the fluid particles

on the left and right of gust front have a difference equal to gust intensity Wg, which 
makes gust front a vortex sheet of uniform strength. The part of airfoil already in

i

Fig(7.1.11 The Uniform Sharp Edged Gust

the gust changes its effective incidence. As a result the circulation around the airfoil 
needs to be adjusted to satisfy the Kutta condition, which leads to the shedding of 
vortices into the wake according to the Kelvin's law. This process goes on until the gust
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Chapter 7 The Uniform Sharp Edyed Gust

c\
The stationery gust, that is a gust travelling at the same speed as the mean flow was 
traditionally studied by the ’indicial' method as for the problem of airfoil motion in the 
last chapter. Kussner (1936) first solved the problem of an airfoil entering a uniform 
sharp edged stationary gust, which was also addressed later by Karman (1938) in a more 
general context. Their solution methods were similar to that of Theodorsen (1935) (see 
also Section 4.1). Once a response, r , for uniform sharp gust is obtained, the response, 
R, for a gust of arbitrary shape can be determined by convolution integral:

R(t) = f  r ( t-s /u )^ ^ d s  (7.1.1)
J 0

where u is the gust travelling speed U „ + U„ relative to the airfoil.

i i w

Approximation by 
step functions

Fig(7.1,2) Representing an Arbitrary Gust Profile as the Sum of
Uniform Sharp Edged Gust

c\

An approximate numerical method for the stationary uniform sharp edged gust has been ^  

developed by Giesing(1968) and Basu (1978b). The modelling of the airfoil surface and 
wake are the same as that for the oscillating airfoil described in section 4.1. While 
Giesing assumed that the gust front remains straight and travels downstream at the free

stream speed (Fig(7.1.3a)), Basu represented the gust front with a uniform vorticity y, 
distribution and allowed it to be deformed (Fig(7.1.3b)).
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Chapter 7 The Uniform Sharp Edged G ust

Although, in practice, the gust travelling speed, Ug, relative to the wind speed is small 
and hence negligible, for problems like an airplane or missile dropped from another 
plane, an airplane crossing the wake o f or flying past another plane and helicopter blade 
transversing the wake produced by itself or other blades o f the rotor, they all imply a 
travelling gust Drischler(1957). In order to calculate the gust loading and airfoil 
response, one needs to be able to analyse the travelling gust. In this chapter both the 
stationery and the travelling gust w ill be studied. One interesting comparison between a

travelling gust and an impulsively started airfoil is that when Ug is infinite the former 
equals the latter. Miles (1954) first solved such a problem for a two dimensional 
incompressible flow. The extension to wings in compressible and supersonic flows was 
carried out by Drischler(1957) through a different approach.

Gust front

<r<tj)47(tj)

Wake

(a) Linear Model of Gust Front (b) Nonlinear Model of Gust Front
Fig(7.1.3) Gust Problem Tackled bv the Panel Method

As a finite element application to the analysis o f a uniform sharped edged gust is lacking, 
a finite element formulation w ill be given in the next section for both the stationary and 
the travelling gust. It is based on the success o f the finite element treatment of a thin 
vortex sheet in an irrotational flow fie ld described in the previous chapters. The 
numerical results are presented in section 7.3.
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Chapter 7 The Uniform Sharp Ed?ed Gust

7.2 Finite Element Formulation for the Uniform Sharp Edged Gust

The gust problem can be posed as:

2 oII> in &

s'l
a? ii c 8 on

A<{> = fi(s ,t) on 3Q2

*  = 0 
3n

on 3Q3

= W o rO  
3n 8

on 3 ft4

A<}> = f  2(s,t) on 3Q5

in which <J> is again the velocity potential, and f j and f2 are known functions. Only the

part o f 3Q4 on the left of the gust front has 3<{>/3n=Wg, while on the right it is 3<{>/3n=0.

An obvious boundary condition on the gust front is a vertical velocity discontinuity Wg. 
Such a condition cannot be readily incorporated into a finite element formulation, so it is 
replaced by the velocity potential difference condition as in previous chapters for the 
wake.

Fig(7.2.D Definition o f the Uniform Sharp Edged Gust Problem

124



Chapter 7 The Uniform Sharp Ed2ed  G ust

To simplify the problem the same assumptions as in chapter 6 have been made on the 
wake plus one extra condition regarding the gust front. This is that it remains

undeformed and travels at a constant speed U * + Ug. The solution techniques for the 
gust problem are similar to those for the airfoil indicial motion as they are both transient 
problems involving a growing wake from the vortex shedding. The only major 
differences are the presence of a rotational sharp edged gust front and the time dependent 
boundary condition on the outer horizontal boundaries. Thus a large part o f the 
formulation in this chapter can be a direct copy of that in the previous chapter and only 
the modelling o f the gust front is emphasised. Since the gust front has been idealised as 
two vertical semi-infinite thin vortex lines separated by the airfoil and the wake, it can 
also be simulated by velocity potential differences.

Superposition is again used to solve the problem:

$ = Wi+ §5+  (t>4+ <1)3+ F$ 2) 0-2.2)

where V2̂  = 0, in f t  ; dty/dn = 0 , on 9ft3 ( i =1,5 ). B u t:

dfy/dn on9ftj A<j> onSftj d<j)/dn on dft4 A<j) ondft5

t>l 1 0 0 0

$2 0 fi 0 0

t>3 0 h 0 0

$4 0 0 0 h

*5 0 0 Wg or 0 0

where f j, f2 and f3 are known and w ill be discussed next. On 3 ft4 only the part inside 

the gust has 9<j>/9n = Wg otherwise 3<J)/9n = 0.
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Chapter 7 The Uniform Sharp E dfed  G ust

The first time-independent part, fy, corresponds to the mean incidence effect and is equal 

to <t>0 in equation (6.3.1). The modelling of the wake and vortex shedding are exactly the 

same as in section (6.3). Here §2 and <J)3 are the equivalent o f § 2 a°d in

equation(6.3.1). f j and f2 are thus defined accordingly. <J>4 is defined by the moving

gust front. From Fig (7.2.2) we can derive the velocity potential difference between a 
pair of points on the left and right side of the gust front by integrating the velocity on the

left of the gust from to the airfoil <J>a and then on the right of the gust from the airfoil (J)a

to <J)R. Because we only have a gust velocity Wg on the le ft o f the gust, so f3 in  
equation(7.2.2) is:

f 3_<(>L <J>r-  ^  + (^a—
=  f (Wg + V(y))dy -  f*V(y)dy =W gS 
Jo Jo

(7.2.3)

Similarly f3 for the lower half of the gust front can be found. As a result we can replace 
the nodal velocity potential on one side of the gust front by the sum of their difference 
and the velocity potential on the other side. The consequent modification to the element 
matrix is exactly the same as for an element on the wake (see section (3.2.2)). The last

component, <J)5, represents the up-wash produced by the moving gust. Only the part of

3Q4 already reached by the gust front has a non-zero up-wash. The three separate

time-dependent solution components <|>3, <{>4 and <J>5 are retained merely for the purpose of

clear illustration. They can be, in fact, combined into one quantity in the computer 
implementation and hence improve the solution efficiency.
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Chapter 7 The Uniform Sharp Ed$ed Gust

At the beginning o f the time integration, t=0, the gust front is at the leading edge. The 
circulation around the airfoil is zero and the length o f the wake is also zero. The flow is

made up of the mean flow <J>j and the gust terms <J>4 and <}>5. At the end o f the first time

step, a vortex is added into the flow. These vortices later form the wake. Within each

time step [tn.j.tJ the gust front ( <J>4) is made to travel one element length le, while the

wake ( <J>3) at t^ j moves a distance As = le + Ug) with a newly shed vortex <|)2

added into the wake. When the gust front reaches the downstream mesh boundary it can 
be either neglected or remain there because the mesh boundary is so far from the airfoil 
that the influence of the gust front is trivial.

Gust front travel one element each time step 
' t=0, ti, t2. t3......i ■ i i i i i

i i i i i i i iH---H H----1-
I I I I I I I |
-L-J__I__I___I____l--I---u-
I I I I I I I I1 1 ^  ^r t  “I i— i— i— i— i
-j-“t — i —  i—  r - i - -i--1

I I I I I I I I
—  I—  --1-

I I I I I I I I1 1 ( 1 1 1 1 1

front at t

Fig(7.2.2) Gust Front Modelling

The circulation increment A T t is determined from the classical Kutta condition:

or
v f  + v f  + v f  + A T jV f = 0
ATt= -(V ^E+ v f + v ]E)/VTE

2 (7.3.4)
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C hapter 7  The Uniform Sharp E dfed  G ust

As in previous chapters the velocities can be found to be:

U =U j + U 5 + U4 + U 3 + ATtU2
V = v 1 + V5 + V4 + V3 + Ar,V2 (7.3.5)

and the pressure is:
p(g=- |<u; uj+v " v?>

- p[U? (U? + u ;  + U? + ATnUS) - pV? (V5 + v j  + V 3 + ATnV \ )]
q n n n n n-1 n-1 n-1 n-1

- -v— [(((>5 + <t>4 + <1>3 + A rn<j>2) - (<>5 +<i>4 +03 +ATn_102 )] (7.3.6)

The subscript and superscript ’n' or 'n-1' denote solution at time step n or n-1. The first 
order explicit backward difference scheme has been adopted for the approximation of the 
time derivative of the velocity potential. Second order terms in velocities have been 
neglected, except the mean flow, as in the last chapter.

The lift and moment resultants can be calculated from the pressure as in section 6.3.

7.3 Numerical Exam ples and Discussions

Stationary Gust

To validate the above theory a calculation has been performed on a stationary gust 
passing a plate and a 8.4% thick Von Mises airfoil. The results are shown in Fig(7.3.1) 
and Fig(7.3.2). The present method provides an accurate prediction o f the time history 
o f the nondimensionalised lift on a plate, particularly when the time is small and the finite 
element mesh is large. Fig(7.3.1) clearly demonstrates that the discrepancy at large time 
values are caused by numerical blockage effects. In another words, because we are using 
a finite mesh for an in fin ite problem special non-reflecting boundary conditions are 
required to model the response at large times but these have not been considered here.
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Fig(7.3.2) shows large differences between the finite element solution and that o f 
Basu(1978b), which may be the result o f the large time step employed in the present

analysis. Basu used very small time increments in his solution (U00At/C ~ 10*4 ) while in 
the present formulation the gust front has to travel at least one element in each time step. 
The different forms o f the Kutta conditions used can also be the reason for the poor 
agreement.

For both of the above cases there is a sudden change in lif t when the gust front passes 
through the trailing edge or when U^t/C *  1. According to Basu(1978b) this is the 
consequence o f neglecting the wake deformation. However, the author believes that the 
time step size is at least another factor, since, as illustrated in Fig(7.3.1), when a finer 
mesh (ie smaller time steps) is employed this sudden change is reduced.

Travelling Gust

The finite element results for the travelling gust approaching from both the leading edge 
and the trailing edge o f a plate are given in Fig(7.3.4-6). They are apparently different 
from the stationery lift curve. One o f o f the distinctive features is that lift peaks when

IUgl> l and the higher the relative gust speed Ug the sharper and stronger the peak is. 
Another interesting thing is that the sudden change o f lift that happens with the stationary 
gust has now disappeared. On the whole the finite element solutions are quite acceptable 
when time is small but they d iffe r considerably from the analytical solution 
(Drischler,1957) later on. As in the previous cases this is thought to be due to the 
numerical blockage effect, which seems to be more profound when the gust is travelling 
relative to the mean flow.
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CtmteiZ IMUjiiform Sharp Edged Gust

Thickness Effect

The effect of airfoil thickness on the response to a gust is again studied by comparing the 
time history o f the nondimensionalised lif t o f symmetrical Joukowski a irfo il for a 
thickness to chord ratios equal to 0%, 5% and 10%. As can be seen in Fig(7.3.7) the 
thicker airfoil has a smaller lif t at the same time instant. Putting this in another way, it 
means that a thicker airfoil needs a longer time to reach a steady state, which agrees with 
Giesing's findings (1968).

Summary

In this chapter a finite element formulation for both the stationery and the travelling 
uniform sharp edged gust has been developed and tested for a number of cases for which 
analytical solutions are available. The effect of thickness on gust loading has also been 
studied. A large part of the simulation (especially for the wake) has been borrowed 
directly from the previous chapter. The novel phenomenon for the present gust problem 
is the existence of a moving gust front. As it has been idealised as a vortex sheet, the 
gust front can also be modelled by a distribution of velocity potential difference as has 
been done for the wake. Since a gust o f arbitrary profile can be approximated by the sum
o f uniform sharp edged gusts, the present formulation can handle gust o f arbitrary L

^  y'intensity. This can be realised by placing an appropriate number vortex lines or gust / 
fronts in the flow field instead of just one gust front. These gust fronts have to travel the 
same distance within each time step.
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'_____ \  analytical;'----------\  finite element (small mesh);
' (J\\ finite element (large mesh)

Fig(7.3.2) 8.4% thick symmetrical Von Mises airfoil entering a shaip-edged gust 
'_____ analytical;'------------ finite element
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Fig(7.3.3) Travelling gust approaching from the leading edge o f a plate Ug/LL =1.0 
'_____ analytical;'------------finite element

Fig(7.3.4) Travelling gust approaching from the leading edge o f a plate Ug/lJ.. = -0.5 
'_____ analytical;'------------ \  finite element
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Fig(7.3.5) Travelling gust approaching from the trailing edge of a plate Ug/U.. = -1.5 
'_____ analytical;'------------ finite element

Fig(7.3.6) Travelling gust approaching from the trailing edge of a plate Ug/LL = -3.0 
'_____ analytical;'------------ finite element
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Eg(7.3.7) Thickness effect on Kussner function (symmetrical Joukowski airfoil) 
'_____ plate; 5% th ick;' a 10% thick
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Chapter 8

T h e  S in u s o id a l  G u s t

8.1 In troduction

As stated in section 7.1, for c iv il aircraft the critical loading in structural strength design 
is often determined from a gust encounter. When finding the structural response to 
atmospheric turbulence, one needs to know the forces due to both harmonic airfoil 
motion and to a sinusoidal gust (Drischler,1956). While the former has been addressed 
in chapter 4, the latter is the topic of this chapter.

The sinusoidal gust model comes from the power spectral density method, which 
represents a random atmospheric turbulence in the frequency domain. The component of 
the series is a sinusoidal gust field of a particular frequency. For a reliable analysis the 
number of frequencies has to be large, typically of the order of 100 (Giesing,1970). An 
illustration o f such a model is given in Fig(8.1.1).

Wg= WgO sinco(x/Uoo - 1)

►
F ig(8.1.11 The Sinusoidal Gust

For the sinusoidal gust model, a vertical velocity field is superposed onto a mean flow 
fie ld . The intensity o f the gust only varies in the mean flow direction. It remains

constant in the perpendicular direction. The gust may travel at a different speed from UM, 
but this can be treated as a gust o f modified frequency (Basu, 1978a). As a result only the
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C hapter 8  The Sinusoidal Gust

CK \ /stationery gust is discussed in this chapter. X*

In their 1938 and 1941 papers Kaiman and Sears first solved the problem analytically for 
a plate. A sinusoidal gust problem for an elliptical wing in an incompressible flow was 
tackled by Jones(1940). Subsonic and supersonic rectangular wings were addressed by 
Drischler (1956). Garrick (1930) found the relation between a uniform gust and a 
sinusoidal gust through Fourier transformation. An approximate method developed by 
Basu (1978a), briefly described in section 4.1, was also used to solve the thick airfoil 
immersed in a sinusoidal gust field. A modification to Sear's function was made by 
Giesing (1970), who established the feasibility of using a lifting surface technique for the 
analysis of one or two dimensional gust fields.

Unlike the uniform gust problem, the superposition of a sinusoidal gust onto a mean flow 
results in a rotational flow in the whole field, which means that the governing equation is 
no longer the familiar Laplace equation. However due to the special characteristic of this 
rotational flow field the curl o f the velocity is only a function o f x:

3u 3v x------ + —  = -W g0COCOSCO(rf--t) (8.1.1)
3y 3x u “

so we can replace the continuous rotational flow field by a number of vertical discrete 
vortex lines o f a 'consistent' strength. These lines are positioned at the boundary o f two 
adjacent vertical columns of elements. This is because t̂ha( in the finite element context, 
the only perceivable way o f simulating a vortex sheet in an iirotational flow field is by 
applying a velocity potential difference between two layers or columns of elements. Here 
'consistent' means that the vertical velocity difference between two points at some 
distance apart in the x direction are the same in both the discreet and the continuous 
vortex system. The convenient distance for the present finite element formulation is 
defined as half o f the sum of the lengths o f the two streamwise neighbouring elements' 
side lengths. There are, however, other choices available (see Fig(8.1.2)), but 
Fig(8.1.2a) is certainly the best o f the three. As for fixed time step sizes, Fig(8.1.2a)
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C h a p ie tS  The Sinusoidal Gust

reproduces the original gust function W most closely, while (b) and (c) respectively 
under or over approximate gust profile W. To put this in another way, we use a series of 
step changes to approximate the original smooth gust

Fig(8.1.2i Different Approximation Schemes

intensity profile. As we can see, between these vortex lines we have a constant gust 
velocity distribution and there is a jump o f gust velocity at the element boundaries. Thus 
the flow is irrotational in each column of elements and rotational at their boundaries. It 
can also be said that the initial rotational flow field is replaced by vertical finite irrotational 
strips divided by concentrated vortex lines, the strengths o f which depend on the 
difference of velocities on the left and right o f the vortex lines.

8.2 F inite Element Formulation fo r the Sinusoidal Gust

After the above simplification, the governing equations and boundary condition now are:
2< -e- II o in Q

3<|>—  = on dQj
3n

^  = W gosincXjj- - t ) on dC2 2

oII
*1

on
9n

> -©■ ii -h on3f24
A<J)= f 2 ond£2s
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where f j and f2 are known functions and w ill be explained in more detail later. is the

Like the problem of the oscillating airfoil we are again treating the sinusoidal gust as a 
steady state problem in the frequency domain. The initial transient due to the airfoil 
entering the gust fie ld is not considered, as this can be dealt with by the method 
developed in the previous chapter. On the contrary the airfoil is thought to have been in 
the gust for so long that a steady state has been reached. The alternating gust changes the 
upwash on the a irfo il periodically, which results in a corresponding change of the 
effective incidence. This leads to a constant flow adjustment at the trailing edge in order 
to satisfy the Kutta condition and the vortex shedding, which in turn produces an 
oscillation o f the pressure on the airfoil.

Under the small disturbance assumption and since the mechanism of vortex shedding and 
wake development for the present problem are similar to that for the oscillating airfoil, 
then the same assumption can be made about the wake and the circulation on the airfoil:

1) the circulation T  = T0 + T j sincot+ T2 coscot

2) the wake is straight, infin ite ly thin and aligned with the free stream flow  
directions. Vortices are convected along it at the free stream velocity

Hence the wake modelling for the oscillating airfoil in chapter 4 can be used here for the
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sinusoidal gust. On the other hand each o f the vertical concentrated vortex lines is in fact 
a gust front as analysed in the previous chapter. Thus they can be simulated in the same 
manner. The only difference is that instead o f one vortex line travelling downstream 
element by element, we have stationery vortex lines between every two neighbouring 
columns of elements.

To solve the above problem, <|> is resolved into:

0=  (<>4+ r  0<j>3) + (<t>7+<t>6+ r  + r $ 2) sincot
+ ((J)8+ + r ^ )  cosot (8 .2 .2 )

where:
2 a<j>.

V<J>j = 0 , in O ;—  = 0 ,on3O , i= l,2 ,...8  
3n

3<{)/3n on 3<J)/3n on dfy A<{> on 3Q4 A<j> on d Q 5

♦ l 0 0 sincos 0

t>2 0 0 COSOS 0

<t>3 0 0 1.0 0

♦4 UTO 0 0 0

*3 0 -WgQ cos(coxAJoo)sin(cot) 0 0

<t>6 0 Wg0 sin(coxAJoJcos(cot) 0 0

♦7 0 0 A*! 0

0 0 0

The same assumptions as in chapter 4 have been made for the circulation around the
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airfoil and the wake. Hence following the same line of thought, we can find the velocity 
potential difference (fj in equation(8.2.1)) in the wake and separate it into time- 
independent, in-phase and out-of-phase components (see section 4.2). They are

equivalents of <J>3, <J>j and <J>2 in equation (8.2.2). <(>4 represents the mean flow, while <̂5 

and <})6 come from the boundary condition on because:

Wg0sinco(x/U00-t) = Wg0[sin(cox/U00)cos(cot) - cos(cox/UoJsin(cot)] (8.2.3)

The last two components <J>7 and <j>g are there to simulate the discrete vortex lines. The

prescribed functions f j and f2in equation (8.2.2) are :
x2 x iA<J>i = -wg0 ( cosco^j- -cosco^-) y

(8.2.4)x2 X1
M 2 = wgo( smco^j-- sm o>^-) y 

This is because the gust velocity difference between x2 and Xj is :

Wg0sinco(^- - t) - Wg(£inG)(^- - 1)
A 2 A I  X 2 _ A 1— - (cosCDy—  coscUq— )sincot + (sinco ĵ—  sinco ĵ— )coscot

(8.2.5)

where x2 and x1 are the x coordinates o f the mid-side nodes of two adjacent elements. 
The velocities are:

u = (u4 + r ou3) + ( u7 + u6 + TjU2 + TjU^sincot + ( u8 + u5 - TjUj + r 2u2)coscot

v = (v4 + T0v3) + ( v7 + v6 + TjV2 + r 2v1)sino>t + ( v8 + v5 - + T2v2)coscot

(8.2.6)
As before, the smooth flow condition is adopted at the trailing edge. I f  we apply this 
condition to equation (8.2.5), we now have:
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(vj6 + r 0 yf)  + ( v f + v ^ +  T j V ^  + r 2v]E)sincot + (v ^ + - T jV ^  + f^v^o sc o t = 0

To satisfy equation (8.2.7) at any time instant, we need:

T E „ T EV 4  +  I  Q V 3  :
T E T E „ T E r, T E

v 7 + v 6 + r i v 2 + r 2v ,
T E T E _ T E _ T E

v 8 + v 5 + r 2v 2 =

(8.2.7)

(8.2.8)

which gives:

^  T E ,  T Er 0= - v 4 /v3
r  1 = -[(v?E+ v ]E)v5E+ (vJE H - v ^ v ^ v ^ v ^ + v ^ v ^  (8.2.9)
„  r /  T E  T E  T E  .  I E  T E  T E , , .  T E  T E  T E  T E .  r 2= - [(V7 + V6 7Vi + (v8 + v5l v 2 i/(Vi V! +V2 v2l

The pressure can be determined by Bernoulli's theorem:
p = -p[—  +(u2+v 2)/2]

Bt

= - -^[(u4+ r  0u3 )2+(v4+ r  QV3) 2]
2

— [(u4+ r 0u3)(u7+u6+ r  ju2+ r  2u i)+(v4+ r  0v 3)(v7+v6+ r  jv2+ r  2v {)
2

-cX ^g+ ^^ r^ j+ r^^s in co t (8.2.10)

-^{(u4+ r  0u3)(u8+u5- r  ju j+ r  2u2)+(v4+ r  0v 3)(vg+vr r  j v ^ r  ̂
2

+®(4>rH►6+ r i(t)2+ r 2(l>i)lcosa)t
= p0 + pssincot + PjCoscot

L ift and moment resultants can be calculated as in section 4.4 of chapter 4.

The program structure is similar to that for the sinusoidally oscillating airfoil. The 
solution process is carried out in the frequency domain with the frequency independent 
parts of the solution solved only once for all frequencies.
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8.3 Numerical Examples and Discussion

The lift coefficients of a plate and an 8.4% thick symmetrical Von Mises airfoil immersed 
in a sinusoidal gust field are shown in Fig(8.3.1) and Fig(8.3.2). As far as the plate is 
concerned the finite element solution agrees fairly well with the exact solution except for 
the out-of-phase lift coefficient at low reduced frequencies.

As before the finite element solution shows a less satisfactory agreement with that o f 
panel method for the 8.4% Von Mises airfoil. The reason is believed to be the same: 
mesh size and density, the form of the Kutta condition employed and the artificial 
reflection at boundaries.
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Fig(8.3.1) Response of a plate to sinusoidal gust
'______ analytical;'-------------- finite element

Fig(8.3.2) Response of a 8.4% thick symmetrical Von Mises airfoil to sinusoidal gust 
'______ analytical; ’-------------- finite element

143



Chapter 9

C o n c lu s io n s  a n d  S u g g e s tio n s  f o r  F u t u r e  W o r k

9.1 Conclusions

In this thesis the finite element analysis o f static and quasi-static airfoils was discussed 
first. Special attention was paid to the problems of the domain being doubly connected 
and the Joukowski airfoil having a cusped trailing edge. The former was circumvented 
by the concept of an implicit cut in the finite element mesh, on which the nodal velocity 
potentials differ by an amount equal to the circulation. Only nodal values below the cut 
need to be employed as the basic unknowns with the nodal values above the cut replaced 
by the sum of the circulation and the nodal values below the cut. The singularity at the 
trailing edge was tackled by the quarter node element which was shown to be able to 
simulate the inverse square root singularity at the cusped trailing edge. It has been found 
that w ithin 1% to 5 %  of the quarter-point, the solution is both accurate and nearly 
independent o f the position of the mid-node. Furthermore the numerical d ifficulty o f 
evaluating the infinite derivative at the quarter point has been avoided. A ll of these were 
verified by numerical examples that proved their feasibility.

The idea of the implicit cut was then extended to unsteady potential flow, in which the 
key issue was to model a thin rotational vortex sheet in an irrotational flow field 
efficiently and accurately by the finite element method. The essence of the finite element 
formulation was similar to the static and quasi-static representation by using the velocity 
potential difference to represent circulation and vortices. However there are differences 
between the cut for the static and quasi-static a irfoil and that for unsteady flows. The 
differences are two-fold: for the static and quasi-static airfoil the cut is not a streamline 
and thus can be placed anywhere, while this is not true for the unsteady cases; Secondly 
the velocity potential difference is constant along the cut for the static and quasi-static
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and thus can be placed anywhere, while this is not true for the unsteady cases; Secondly 
the velocity potential difference is constant along the cut for the static and quasi-static 
case, but for the unsteady case it varies both in space and in time.

The sinusoidally oscillating airfoil and the sinusoidal gust are basically steady state 
problems that are solved in the frequency domain. For both cases the simulation of the

wake is exactly the same and the solution is divided into time-independent, sincot and

coscot parts connected by three unknown constants. These are defined by the classical 
smooth flow Kutta condition applied to each of the three individual parts. The difference 
between the two cases is that: (a) for the case of oscillating airfoil, the airfoil is moving 
with a velocity profile depending on the oscillation modes; (b) On the other hand, for the 
sinusoidal gust the airfoil itself is stationery but because of the gust field superposed, the 
flow is rotational and approximated by consistent vortex lines, each of which is in fact a 
uniform sharp edged gust. As the finite element mesh gets finer, the vortex lines 
approach the original gust profile.

Both the airfoil indicial motion and the uniform sharp edged gust are transient problems 
and have been tackled in the time domain. The modelling of the wake is exactly the same 
for both cases. The solution is decomposed into time-dependent and time independent 
parts linked by a constant equal to the circulation. For the gust problem there exists a 
gust front propagating downstream at a uniform velocity. The gust front has been 
idealised as a vortex sheet and made to travel one element downstream within each time 
step.

The fin ite element formulation was validated on test problems including oscillating 
airfoils, airfoils conducting indicial motions and airfoils in uniform sharp edged gust and 
sinusoidal gust fields. For all these problems the mesh size is important. The accurate 
modelling of the wake is crucial for the first two cases, hence the mesh size between the
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trailing edge and the downstream boundary has to be large. As far as the gust problem is 
concerned the mesh size in the transverse direction is important to define the vertical gust 
front.

The unsteady aerodynamic forces on an airfoil have been coupled with an aeroelastic 
analysis, from which the flutter speed has been predicted satisfactorily. The effect of 
airfo il thickness on Wagner and Kussner functions has also been studied. The 
conclusion that thicker airfoils take a longer time to reach a steady state for both cases 
agrees with the observation of Giesing (1968).

The techniques of handling a lifting airfoil in a doubly connected region by the implicit 
cut and representing the vortex sheet through a velocity potential difference were only 
used for incompressible potential flow. However, the techniques are general and 
applicable to any problems involving a vortex sheet

9.2 Suggestions fo r Future W ork

The Infinite . Wave Propagation Problem and Wind Tunnel Interference

One of the problems that plagued with the present analysis is that the problem has an 
infinite domain and involves wave propagation. To cope with this, a large and fine finite 
element mesh was employed in the present work. However numerical results show that 
the finite element mesh is neither large nor fine enough to simulate the problem properly. 
This implies an even larger and finer mesh should be used if  a more accurate solution is 
desired. This in turn means more computer time and a higher cost, thus undermining the 
potential o f its practical application. As indicated in chapter 3, there are other ways of 
getting around this unbounded problem. For instance one can develop special infinite 
element, non-reflecting far field boundary condition, for each o f the particular problems 
encountered in this thesis to reduce the mesh size and computer cost without losing
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accuracy. Even using direct truncation the computer cost can be reduced by optimising 
the fin ite element mesh through error analysis and adaptive mesh refinement 
(Babuska,1986).

On the other hand an infinite problem studied on a finite mesh size is in fact equivalent to 
a wind tunnel experiment, which should be done in free space. In such a sense, a 
numerical simulation o f wind tunnel interference effects is possible.

N o nlinearity

To simplify the problem, various assumptions were made to achieve a linearised 
problem. For example the wake (and the gust f ron t ) was assumed to be straight. 
However, this can be removed and those elements close to the wake can be allowed to 
deform with i t  This suggests that solution must be carried out in time domain and

F ig(9.2.D Substructure Model for Large Wake Deformation

element matrices have to be reformed at each time step. As only those elements next to 
the wake need to have finite displacements to trace the wake distortion, they can be 
treated as a substructure. The element matrix reformulation is done merely in this part 
while the rest o f elements make up another substructure and their matrices remain 
unchanged. This, nevertheless, is still unable to model a severe wake distortion such as 
vortex roll-up.
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Compressibility and Viscosity

Within the small disturbance assumption, compressibility can be included in the present 
formulation. This is because that for such flow the governing equation is now :

= 0 (9.2.1)
9x2 9y2

where M is the Mach number. Equation (9.2.1) can be turned into the Laplace equation 
by the Prandd-Glauert transformation (Bisplinghoff, 1956,p296):

* o =  / x ; y o = y  (9 .2 .2 )
V l - M 2

Of course the boundary conditions have to be changed accordingly, but the finite element 
simulation of the vortex sheet is essentially the same.

Since the viscous force dominated flow is usually restricted to a thin layer near body 
surface and in the wake, the rest o f the flow field can be treated as inviscid and hence can 
be analysed with the present finite element method. The inner layer flow can be modelled 
by some boundary layer solution procedure. The two solutions can then be coupled 
together in a manner similar to that o f the viscous-inviscid-interaction technique 
(Lock,1987)
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Multiple-element Airfoil Cascade and Three Dimensional problem

In reality airfoils often have more than one element to achieve best performance in 
different flight conditions. These types of airfoils can also be analysed by the present 
method. For example, to analyse a three element airfoil, we can have three implicit cuts 
connecting the elements and the mesh boundary, separating the whole solution into four 
parts:

0 = <l)o+ F i<t>i+ r 2<J>2+ r 3(|)3 (9.2.3)

where is <|>0 a non-circulatory mean flow, <j>j, (f>2 and <J>3 are circulatory flows having unit

circulation at the cuts 30^3^2 and3Q3 respectively. r lt r 2 and r 3 are decided by the 
Kutta condition at the trailing edge of the canard, the airfoil and the flap individually.
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Flow over cascades in turbomachines is another area in which the present finite element 
formulation may be applied (Stow,1988 and Whitehead, 1980). Because blades in 
turbomachines are highly cambered an accurate geometric modelling is crucial. Moreover 
the problem domain is no longer infinite since the symmetry imposed by the cascades acts 
exactly as if  there were boundaries. However, the rotation o f the cascade must be 
included.

An extension to 3D problem should be also possible.

Flexible Structures and Arbitrary Motion

In the present analysis, the a irfo il has been assumed to be rig id and having only two 
degrees o f freedom. This in fact is not necessary. It can have any number o f degrees of 
freedom and deform in any fashion, as it does in reality, without causing any problem to 
the present formulation. Instead o f performing a simple prescribed motion such as a 
sinusoidal oscillation and indicial motion, the airfoil may conduct arbitrary motion or 
even displace freely, only governed by the aerodynamic loading and structural 
constraints. The linear assumptions made must still be valid.

Muli-Degrees of Freedom Flutter

Although calculations were conducted on an airfoil with two degrees o f freedom, since 
aerodynamic forces due to a third degree o f freedom ie control deflection is readily 
available from chapter 4, an aeroelastic analysis on such an a irfo il is certainly possible 
with some small modifications to the present one. The effect o f a irfo il thickness on 
flutter speed can also be studied.

The Unsteady Kutta Condition

As stated in Chapter 4, the exact form o f the Kutta condition in unsteady flow is still
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unknown and numerically several alternatives are possible. The author has stuck to the 
classical smooth flow condition at the trailing edge throughout this work. Although it 
seems to work for a cusped trailing edge, it may not be the best choice for airfoils having 
a non-zero trailing edge angle. Therefore a versatile numerical Kutta condition still 
needs to be found.

Parallel computing

As the cost of processors drops one can afford to have more than one processor in a 
computer and thus be able to run parts o f the same job on different processors at the same 
time. This opens a new era o f parallel computing and makes the implementation of 
computational flu id dynamics code on parallel computers like supercomputers and 
transputers a major research field nowadays. In the present work superposition has been 
used intensively. Since component solutions are independent o f each other, they can be 
solved on different processors to speed up the solution process.
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