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Abstract
Thermodynamics is one of the core disciplines of physics, and despite its long history it is
still a very active area of research. Particularly in the regime of non-equilibrium processes
and at small scales many open questions remain.
In this thesis we critically study the role that autonomous machines play in the emerging
field of quantum thermodynamics. We show that autonomous machines generally comprise
several interacting subsystems that can take on various roles.
In Part I we look at the issue of external control. Any non-autonomous machine by definition requires some external agent to interact with the machine. This agent is generally
assumed to be classical and to not suffer any back-actions from the machine. If all the
involved systems are of microscopic size this approximation is no longer valid and we have
to include all the control mechanisms within a unified quantum framework. We show that
in order to avoid external control and operate autonomously, a machine that is to extract
work from another system requires an inbuilt quantum clock.
Being itself a finite-size quantum system, such a clock will inevitably experience backactions and develop correlations with the other systems, which lead to its degradation as
a time keeping device. We show that this degradation can be counteracted by a judicious
choice of quantum measurements. These measurements not only allow us to stabilise the
clock, but also magnify thermodynamic properties such as work from the quantum scale,
where their definition can be ambiguous, to the well understood classical scale.
In Part II we consider the scenario of an autonomous quantum machine interacting
with a thermal environment, for which we are experimentally restricted to only observe a
subset of all the possible environment interactions, while the remaining ones are hidden
from direct observation. Using a modification of the notion of quantum jump trajectories
we show that the visible interactions in many cases still allow us to make some inferences
about the hidden interactions.
We introduce a new quantity, the coarse-grained hidden entropy, which quantifies the
entropy production in the hidden subsystem conditioned on our observations of the visible
part. The total entropy production consisting of the sum of visible and coarse-grained
hidden entropy is shown to satisfy an integral fluctuations theorem. Depending on the
information flow between the subsystems, the hidden entropy can assume negative values in
which case the hidden systems acts as a Maxwell’s demon. This behaviour is also captured
by a modified second law like inequality which gives a refinement of the conventional
second law for autonomous quantum machines with continuous information flows between
the machine’s subsystems.
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“There is only one law of Nature - the second law of
thermodynamics - which recognises a distinction between past and
future more profound than the difference of plus and minus. It stands
aloof from all the rest. It opens up a new province of knowledge,
namely, the study of organisation; and it is in connection with
organisation that a direction of time-flow and a distinction between
doing and undoing appears for the first time.”

- Sir Arthur Stanley Eddington
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Introduction
It can be argued that thermodynamics is at the heart of modern physics, its core concepts
permeating all other areas of physics. It is also one of the oldest and most well established
areas of physics, with a long and illustrious history [5–7]. For millennia, ever since man
learned to use fire, heat and its uses were a prime concern for humanity. The modern
theory of thermodynamics as an exact scientific discipline which is concerned with the
formal study of heat and its uses and relations to other energetic quantities has its origin
in the 17th century.
In its early days it was mostly driven by the practical desire to build better engines. But
over the following centuries scientists also developed a more theoretical understanding of
macroscopic systems and their average properties, based largely on the idea of applying
statistical reasoning to the large ensembles of particles found in such macroscopic systems.
However, as our abilities to probe smaller and smaller scales are advancing, we are faced
with the conundrum of applying this theory intrinsically based on the assumption of
macroscopicity to decidedly microscopic systems.
Already, the dramatic acceleration in our ability to probe and manipulate physics at the
micro- and nano-scale has led to an explosion in nanotechnological applications in a vast
range of industries, from pure information technology all the way to medicine. Researchers
have been able to implement artificial molecular motors [8–10] and even systems as complex
as bipedal nano-walkers [11], inspired by natural biomolecular systems; and, with this
progress comes increasing evidence for the pivotal role of quantum effects in many such
small-scale biological systems.
At even smaller scales, we are beginning to see quantum effects like coherence and entanglement having a strong influence on properties such as electrical conductance, rendering
previously well-understood macroscopic laws invalid in these regimes. Hence, it has become clear that understanding the thermodynamic implications of quantum effects will be
of crucial importance in order to build, for example, molecular-scale electrical components.
Small-scale thermal effects will also play a key role in implementing large-scale quantum
computation, since we will need to engineer quantum memories that are robust against
thermodynamic fluctuations.
And finally, on top of its many practical applications, the study of thermodynamics on
the quantum scale would also provide us with new insights into some of the unanswered
questions at the heart of fundamental physics itself. Recently, we have seen the emergence
of several fundamental connections between quantum information science and thermodynamics, as in thermodynamic area laws [12, 13], and the “arrow of time” question [14], (i.e.
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“Why does time have a fixed direction?”). All of these questions, which can be grouped
under the heading “Thermodynamics at the Microscopic Scale”, represent the intellectual
domain of the young and exciting field that is quantum thermodynamics.

Work and Clocks
Much progress has been made in recent years in understanding thermodynamic concepts
at the quantum scale (see for example [15] for a recent review), but many open questions
remain. One of these questions is how to define work. Work can be seen as a highly ordered
form of energy, as opposed to the very disordered heat, which (according to macroscopic
thermodynamics) is essentially just random motion of particles. Yet, in quantum physics
the notions of “order” and “disorder” have very subtle implications which render this
definition unsatisfactory. So, despite numerous considerations and proposals, no generally
accepted notion of work has yet been found in the context of quantum systems.
Numerous approaches have been considered but have faced serious issues in attempting
to define “work”, this classically so well understood quantity, at the quantum scale. Many
work extraction (or information erasure) protocols in the literature involve raising and
lowering the energy levels of the system under consideration via external fields. But, even
if the actual work system is treated quantum mechanically, the field is generally assumed
to be classical and of infinite strength, thus not experiencing back-actions or developing
correlations with the other systems involved. The question of what exactly happens to the
extracted work is critical to the quantum mechanical definition of “work”; yet, it is also
often unanswered, or at best bypassed by simply stating that the field gains the work.
Another closely related issue inherent in many quantum thermodynamic protocols is the
fact that there is usually an explicit time-dependence in the systems’ Hamiltonians, the
mathematical operators encoding the energy level structure of a system. Physically, this
explicit time-dependence implies that there has to be a classical external system which
is not part of the quantum description but which interacts with the quantum systems.
Because this external system is not part of the explicit quantum framework, it can neither
develop correlations with the quantum system, suffer from degradations, nor exhibit any
other quantum effects. In addition, it implies that the energy of the quantum system is
not conserved, but rather can be exchanged with the external classical system, leaving
our explicit quantum description. Such a treatment is justified if one assumes that this
additional system is of macroscopic size, but this approach begins to fail as the system
gets smaller and quantum effects come into play. If we want to understand the thermodynamic properties of autonomous quantum machines, we will inevitably have to include
this external system providing time, this classical “clock”, in our quantum framework and
eliminate any external control via classical systems.
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Fluctuations and Feedback
One of the biggest breakthroughs in both classical and quantum non-equilibrium thermodynamics in recent decades has been the discovery of fluctuation theorems, such as
the celebrated Jarzynski [16] and Crooks [17] equalities. Fluctuation theorems (FTs) are
important mathematical tools linking very well understood (and idealized) equilibrium
thermodynamics to the messier realities of non-equilibrium thermodynamics we actually
measure in the lab. They relate the probability of a process happening forwards in time
with the probability of the reverse process. For example, the relative probability that a cup
of coffee cools down to room temperature, and the probability that an already cold coffee
spontaneously heats up again. They form a generalization of one of the most fundamental
laws in physics, the second law of thermodynamics [18], which in its most basic form states
that the entropy of an isolated system can never decrease, thus implying a fundamental
irreversibility. Fluctuation theorems, on the other hand, reveal the non-zero probability
of the “time-reversal of an irreversible process”, showing that entropy only increases on
average, but can stochastically also decrease, especially in small systems. We may never
experience cold coffee spontaneously heating up, but this is only due to its macroscopic
size and the resulting vanishing probability of this process occurring. However, at the
quantum scale these time-reversed versions of seemingly irreversible processes occur all
the time, and fluctuation theorems reveal their probability.
Fluctuation theorems are of crucial importance when analysing the thermodynamics
of small systems like artificial and biological molecular machines. A closely related idea,
feedback control, refers to using measurement of these systems during a given protocol
and then altering the remaining protocol based on the measurement outcome. In this
way, feedback control provides a useful tool to achieve the desired dynamics in small
thermodynamic systems. In addition, understanding the thermodynamics of feedback
control will be an important step on the way to a working quantum computer. One of
the main issues in experimentally realising quantum computation is the need for error
correction, due to the inherent instability of quantum systems [19]. Error correction can
be seen as a form of feedback control and hence a good understanding of feedback control
should help pave the way towards practical quantum computers.
Both fluctuation theorems and feedback control are well established in classical thermodynamics (although many open questions still remain), but much less is known about their
behaviour in quantum systems. One unsolved problem relates to fluctuation theorems for
autonomous quantum systems. Currently, most quantum fluctuation theorems and feedback control protocols assume some kind of external control, with the Hamiltonians having
some explicit time parameter hiding some classical auxiliary system outside the explicit
quantum framework, as already noted is the case for many work extraction protocols as
well. To get a better understanding of fluctuations and feedback in fully self-contained
autonomous quantum machines, an extension of previous results is required.
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Outline
This thesis is split into two parts which both fall under the broad topic of autonomous
quantum machines, but are otherwise independent and self-contained.
Part I focuses on the questions of work extraction and the role of clocks in autonomous
quantum machines. We begin in Chapter 1 by briefly reviewing the basic semi-classical
notion of work extraction from a pure qubit and start introducing a quantum reference
frame, restating some of the results presented in [4] and [1]. Chapter 2 starts to introduce
the concept of autonomy of quantum machines, particularly as related to work extraction,
and serves as a gentle introduction to the notion of clocks in quantum thermodynamics.
This notion is then fully developed in Chapter 3 which forms the core of Part I. Leaving
the explicit model from earlier chapters behind, we discuss in general terms the idea of
work extraction via autonomous machines and what clocks such systems require. Finally
Chapter 4 concludes Part I by revisiting the model developed in Chapters 1 and 2. We
use the simple model to exemplify the general results laid out in Chapter 3.
Part II shifts the focus towards the issue of fluctuations and feedback in autonomous
quantum machines. Chapter 5 introduces one of the main tools of stochastic quantum
thermodynamics, the idea of Quantum Jump Trajectories. In Chapter 6 we show how this
idea can be modified to be applicable to autonomous systems for which we are restricted
in the amount of information we can learn about the systems’ interactions with their environments. Introducing a coarse-grained hidden entropy, we present a fluctuation theorem
that quantifies the fluctuations and entropy production in such systems. In Chapter 7 we
conclude Part II by again applying the general results of the previous chapter to a specific
model, that of an Autonomous Quantum Maxwell’s Demon.
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Part I.

Embedded Clock Systems

16

1. Introducing a Quantum Reference
Frame
The idea that information and work are in some ways interconvertible quantities has a
long history, dating back at least to the thought experiments of Leo Szilard and his now
famous Szilard engine [20]. One could even argue that the connection goes back as far as
James Clerk Maxwell’s famous Theory of Heat [5] in which, besides laying the foundation
for much of modern thermodynamics, Maxwell introduced the thought experiment which
we now know as Maxwell’s demon (and which we shall revisit at various points throughout
this thesis). At the time however, no one was aware of this relation between work and
information. This interpretation had to wait for later (see e.g. reviews in [21–24]).
Information has to be encoded via some physical medium. The simplest quantum system that can serve for this purpose is a two level quantum system, a qubit. Maximum
information corresponds to the qubit being in a precisely known state, whereas maximum
uncertainty (or equivalently minimum information) corresponds to the qubit being in an
equal stochastic mixture of both possible states. In the following our main focus will be
the question of how we can take a pure qubit, i.e. one that has a precisely known state,
and convert the information it encodes into thermodynamic work.
While in classical macroscopic thermodynamics we have a very unambiguous and solid
understanding of work, in arbitrary-scale quantum systems the notion of work and its
relation to information turns out to be quite subtle. A good deal of recent studies [25–45]
have analysed these concepts in finite-sized quantum systems but a true consensus on
even such basic notions as how to define work is still outstanding. More recently the role
that truly quantum-mechanical properties, such as coherence, play in work extraction are
being addressed using resource-theoretic formulations [46–49]. However, before returning
to these general concepts in Chapter 3, let us develop a more intuitive understanding of
the issues involved by reviewing the original Szilard engine idea and gradually building on
it to arrive at a fully autonomous quantum version in Chapter 4.

1.1. Revisiting the Szilard Engine
The traditional Szilard argument begins with the knowledge that the system is in one
particular state of a pair of energetically degenerate levels, e.g. a particle is on the lefthand side of a piston [1, 20, 50–52]. Conditioned on this knowledge, an external agent
applies an adapted protocol that extracts a certain quantity of work. In the case of the
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one particle gas and the piston, this would correspond to attaching a weight to either
side of the piston conditioned on the knowledge of which side the particle occupies. More
schematically, the unoccupied energy level is elevated by switching on a time-dependent
Hamiltonian (e.g. attaching weights, or tuning magnetic fields). The system is then placed
in equilibrium with a thermal reservoir at some inverse temperature β = (kT )−1 , where
k is the Boltzmann constant (which we shall set to unity for the remainder of this thesis)
and T the temperature. Finally, while keeping the system in thermal equilibrium, the
Hamiltonian is quasi-statically switched off in a classically controlled manner.
The simplest quantum mechanical equivalent to this, which we will refer to as the semiclassical protocol, is found by simply replacing the classical particle-piston system with a
qubit that is in either one of two degenerate states, |0i or |1i. Which of the two states it is
does not matter as long as we know which, but here and in the following we shall assume
for simplicity that it is |0i. Attaching the weight then becomes equivalent to changing the
qubit’s Hamiltonian in such a way that the degeneracy is broken and the unoccupied |1i
state is raised to a high energy ∆E  kT , as displayed in the top half of Figure 1.1.

Figure 1.1. – Top: The qubit starts in a known pure state |0i. The unpopulated
level |1i is then raised to a high energy without any work cost. Bottom: The qubit
is now coupled to a thermal bath and allowed to equilibrate. The raised level is then
gradually lowered back to its original position while keeping the qubit in equilibrium
with the bath. Eventually the qubit is in a completely mixed state, with an increase
in (von Neumann) entropy of ∆S = log 2, and an amount of work W = kT log 2 is
said to be extracted during the process.

Once the large level splitting in the qubit is achieved, it is then coupled to a thermal
bath at temperature T and allowed to equilibrate with the bath. The large level splitting
satisfying the condition ∆E  kT guarantees that the ensuing equilibrium state is essentially indistinguishable from the initial pure state so that the equilibration is a quasi-static
process. The second half of the protocol shown in the lower half of Figure 1.1 then proceeds by very slowly lowering the upper level back down to the generate state by tuning
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the external control parameter in the Hamiltonian back to its original value. The qubit is
kept in constant contact with the thermal bath, with the process proceeding slowly enough
that the qubit stays in equilibrium throughout, so that it undergoes a quasi-static transformation. The final state of the qubit is maximally mixed, with equal population in both
|0i and |1i states, corresponding to a change in (von-Neumann) entropy of ∆S = log 2,
the maximum value for a qubit. Applying the first and second law of thermodynamics [7],
the work obtained in the process is thus said to be W = kT log 2. By giving up one bit,
log 2, of information stored in the qubit’s pure state, we were able to extract one “work
bit”, kT log 2. Running all the processes in the opposite direction gives the well-known
Landauer erasure protocol [53–56], in which an amount of work W = kT log 2 is invested
to turn an initially fully mixed qubit into a pure state.
This protocol is, directly or in disguise, employed as a primitive in the study of many
more complex processes in (quantum) thermodynamics. But despite this ubiquity it has
some obvious conceptual weaknesses and raises various questions. The entity responsible
for tuning the time parameter in the Hamiltonian and thus changing the energy level
structure lives outside our direct quantum description of the process. This is equivalent
to the implicit assumption that this agent is classical in nature and may not develop any
correlations with the qubit or incur any back-actions. This assumption may be valid if we
assume that the external system is of macroscopic size, but it breaks down as we move
towards a regime where the agent itself is of a size where quantum effects come into play.
We also do not explicitly see what happens to the work, it is simply said to be gained by
the external entity, usually in the form of a classical field, e.g. a tuneable magnetic field,
responsible for the level splitting. Besides not giving us a clear picture of the energy flows
within a self-contained framework, another question that arises is what it even means for
a classical field to gain in its ability to do mechanical work, since one could easily argue
that a classical field already has an infinite ability to do work by simply driving Rabi
oscillations on an arbitrary number of qubits and raising them to their excited state. We
want to address these questions in a fully self-contained quantum-mechanical framework.

1.2. Quantum Reference Frames
To go beyond the semi-classical protocol we need to add an additional component to the
model. The original model comprises three basic building blocks, only one of which is
explicitly modelled. This is the qubit, initially starting in a known pure state, which is
then coupled to two additional systems which only enter the description indirectly, via the
effects they exhibit on the qubit. These systems are the classical external field and the
thermal bath.
Our modified model retains the qubit in the initial known pure state ρS = |0i h0| as the
system from which work is to be extracted. Explicitly, we realize it as a spin-1/2 particle
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with angular momentum operator Ŝ obeying the SU(2) commutation relations1 . The crucial change in the modified model is the addition of another quantum system, specifically
a spin-l particle with angular momentum operator L̂, which replaces the classical field.
This system serves as a directional quantum reference frame [57–62] and we will use the
terms field and reference interchangeably in the following. We assume that the reference
starts in a state ρR = |l, mi hl, m| of well known angular momentum in some direction.
The joint qubit-field system is schematically shown in Figure 1.2.

Figure 1.2. – Schematic depiction of the two interacting spins. The qubit, represented by a spin-1/2 system with angular momentum operator Ŝ starts in the state
|0i, while the quantum reference frame which is replacing the classical field is represented by a spin-l system with angular momentum operator L̂, starting in a state of
well defined angular momentum |l, mi.

The final ingredient, the thermal bath, is initially simply modelled as a black box system
which can instantaneously replace any system’s state with the Gibbs state
γ=

e−βH
,
Z

(1.1)

where


Z = tr e−βH

(1.2)

is the partition function and H the Hamiltonian of the respective system. We assume
that we are able to have this bath interact with the qubit at any point of our choosing,
instantaneously thermalising the qubit. This version of the bath is equivalent to the one
considered in the semi-classical protocol. It is a reasonable approximation to the actual
situation as long as the thermalisation timescale is very short compared to the system
dynamics, and the spectrum of the bath is sufficiently broad.
This bath model is very idealised and depends on various assumptions such as infinitely
strong coupling (or infinitely slow processes). In Section 2.3 we will revisit this idealised
notion and replace it with a more realistic bosonic bath coupled to the qubit. One might
be tempted to do so straight away by simply deriving and solving a Markovian master
equation, but this is not as straight forward as one might expect, due to the fact that
1

We reserve the hat notation ˆ· for angular momentum operators such as Ŝ and L̂, to uniquely identify
them as such, and also to avoid confusion with the Lindblad operators L used extensively in Part II.
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the bath only interacts with a subsystem of a larger joint system. The Markovian master
equation approach seems to be unable to make this distinction (see also Section 7.2 in Part
II for a discussion on this issue in another system). Hence we defer discussion of a more
realistic bath until Section 2.3 and start with the simplified bath model outlined above to
first provide some intuition of the systems’ general behaviour.
To allow the quantum reference frame to induce a level splitting in the qubit in a similar
manner to the classical field, we need to introduce some kind of interaction between the
qubit and the reference frame. The simplest way to do this is to introduce a direct spin-spin
coupling given by the time-dependent interaction Hamiltonian
H(t) = f (t)Ŝ · L̂,

(1.3)

where f (t) is some coupling strength that an external agent can tune arbitrarily. This
scenario has been discussed extensively in [1] and [4], and we refer the reader to these for
details. To briefly summarise the results of these two references, we showed that this type
of Hamiltonian does indeed allow the quantum reference frame to induce an arbitrarily
controllable level splitting in the qubit by tuning the coupling f (t), just as the external
field in the semi-classical approach. In addition we were able to show novel effects that
the semi-classical results could not capture. The quantum field does suffer back-actions,
which are more pronounced the smaller the dimension of the reference frame. The field
becomes gradually more mixed as it is used to extract work from qubits and in the process
gradually loses its usefulness as a field, being less an less able to induce further level
splittings. In a sense we are not only burning the information in the qubit as fuel and
converting it into work, but also run the risk of burning some of the reference’s usefulness,
increasing its entropy. These findings are schematically illustrated in Figure. 1.3. Only in
the limit of infinitely large reference frames do these effects vanish, which is to be expected
since in this limit the quantum reference frame becomes essentially indistinguishable from
a classical field and we recover the semi-classical results.

1.3. The Issue of External Control
While these simple considerations show how a finite size quantum reference frame can suffer
from back-actions and degrade as it acts as a field, they leave many questions unanswered.
Particularly, our main motivation in quantising the field and making it an explicit part
of the quantum framework was to get a better picture of what exactly happens to the
extracted work in the protocol. However, this question still remains open. In some sense
it could be said that we have merely shifted the problem to the next level of abstraction.
The question of what happened to the work which was previously answered by assuming
that the work was gained by the field, can now still be brushed off by assuming that it
was gained by whatever entity controlled the coupling f (t) between qubit and quantum
field.
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Figure 1.3. – Explicitly modelling the field by a finite size quantum reference frame
allows us to extend the classical view of the work extraction protocol (c.f. Figure
1.1). In this case the finite-size quantum field is modelled by a very small spin-1
system for simplicity. We see explicitly that during the protocol not only the qubit’s
level structure is influenced and its entropy is increased, but that back-actions lead
to similar effects also being present in the finite size field.

Considering the actual physical meaning of changing the coupling strength f (t) between
qubit and field, one could come up with various mechanism accomplishing this, the simplest
being a distance dependent coupling, such that f (t) is simply a function of the distance
between the two systems. In such a scenario an experimenter could tune the coupling
strength by physically moving the systems in space, changing there distance from each
other. As schematically shown in 1.3, coupling the systems actually leads to a lower energy,
showing that there is a force acting to pull the systems together. We could imagine an
experimenter attaching ‘weights’ to the spins and using the attractive force to lift the
weights against gravity. Then as the qubit is being thermalised and the joint system’s
populations start to shift, less force is needed to reduce the coupling back to zero, and the
experimenter is able to extract a net positive work over a full iteration of the protocol.
While providing a nice intuitive feeling, these considerations in no way serve as real
explanations. For one, it is impossible to simply attach ‘weights’ to spins. In addition, we
have used the conventional notion of work prevalent in thermodynamics which defines an
infinitesimal increment of work as


dW = tr ρdH
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(1.4)

where ρ is the state of the quantum system from which work is to be extracted and
dH = H(t + dt) − H(t) is the change in the Hamiltonian during the infinitesimal time
increment dt. The problem lies in the explicit time-dependence of the Hamiltonian this
assumes, which was also present in the specific Hamiltonian (1.3) we considered for our
model. This time-dependence always requires external control, some entity which is not
included in our quantum description. It can never answer what actually happens to the
work since it by definition allows energy to flow outside our explicit description, where an
exact accounting becomes impossible. To avoid energy flows out of the system we need
to consider fully self-contained autonomous machines. The following chapter will make a
step in that direction by replacing the externally controlled time-dependent Hamiltonian
with a new Hamiltonian that is independent of time and does thus not require continuous
external intervention in order to be realisable.
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2. Towards an Autonomous Quantum
Engine
While the considerations in the previous chapter have to some extent achieved quantisation
of the field and replaced the semi-classical model’s implicit classical field by an explicit
quantum system, the question of what happens to the field during the process of work
extraction has just been replaced by the question of what happens to the entity that
controls the coupling strength f (t).
In order to minimize external control and make the protocol more autonomous, so as
to avoid all the previously discussed conceptual issues that arise from external control, we
replace the initial time-dependent Hamiltonian (1.3) with

1 
H = √ σz ⊗ L̂z + 1 ⊗ L̂y ,
2

(2.1)

√
where σ̂z is the Pauli z matrix. The 1/ 2 factor is arbitrary but leads to nicer mathematical properties. The first term represents the direct coupling of qubit and the quantum
reference frame. Opposed to the rotationally invariant initial Hamiltonian (1.3), this new
Hamiltonian gives the interaction a z-axis bias. The second term can be interpreted as the
free Hamiltonian of the field, which (in cases where we can ignore the interaction term)
gives a clear connection between polarisation in the y-direction and energy stored in the
field.
The critical point is that this Hamiltonian does not depend on time but is completely
fixed, requiring no external intervention. The evolution and energy of the joint system
is now fully encoded in the states of qubit and reference, with no hidden information
such as the state of the entity controlling f (t) in Chapter 1. However, even though the
Hamiltonian itself is fixed, the evolution it generates in the systems leads to their states
changing in time. Specifically, the second term induces a precession of the field around the
y-axis. Intuitively we can convince ourselves that a precession of a polarised field around
the y-axis leads to changes of the field’s polarisation in any other given directions, say
the z-direction, over time. This in turn, through the coupling between field and qubit,
influences the local level structure of the qubit. Thus, despite having a time-independent
Hamiltonian, we achieve a locally time dependent-level structure in the qubit as is required
for the protocol. Note that this already hints at the clock-like role the field assumes which
we will formalise in Chapter 3. We will now look at this locally induced level structure in
more detail.
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2.1. Local Hamiltonians
Given the Hamiltonian (2.1) we can look at the local energy level structure of the qubit. In
order to do so we define a reduced or mean-field Hamiltonian [63–65], found by tracing out
the other subsystem. We will give a more thorough justification to this notion in Section
2.3 and also revisit it in more detail when considering a more general model-independent
setting in Chapter 3. The qubit’s reduced Hamiltonian is given by
h
i

HS (t) = trR 1 ⊗ ρR (t) H(t)

1 
= √ hL̂z i σz + hL̂y i 1 ,
2

(2.2)

where trR [·] refers to a trace over the reference frame’s Hilbert space and ρR (t) is the
reduced state of the reference frame at time t found by tracing out the qubit from the
joint state.
Since the main purpose of introducing this Hamiltonian is the ability to define a local
thermal state of the form eq. (1.1), and since this thermal state is not sensitive to absolute
energies but only differences between individual states, we can without loss of generality
ignore the second term in the reduced Hamiltonian and simply assume
hL̂z i
HS (t) = √ σz .
2

(2.3)

This clearly shows that as speculated above, the level splitting in the qubit is directly proportional to the field’s polarisation in the z-direction. In particular, since the eigenvalues
√
of σz are ±1, the level splitting induced in the qubit is given by ∆E(t) = 2 hL̂z i. The
Gibbs state (1.1) of the qubit at time t can then be written as
γ(t) = p0 (t) |0i h0| + p1 (t) |1i h1|

(2.4)

with
p0 (t) =

1
,
1 + e−β∆E(t)

p1 (t) = 1 − p0 (t).

(2.5)

Further, as we have shown in [4], the field’s evolution induced by the Hamiltonian (1.3)
is a rotation around the axis given by the (non-normalised) vector


0




1 

~n ρS (t) = √  1  ,
2
hσz i

(2.6)

where ρS (t) is the qubit’s reduced state at time t. Note that this shows a rotation of the
field conditioned on the qubit’s state, indicating a back-action from the qubit on the field.
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This conditioning will play a crucial role in Chapter 3.

2.2. Engine Protocol
We now possess all the basic ingredients to describe the operation of this modified autonomous Szilard engine. The qubit starts again in the state ρS (0) = |0i h0| with hσz i = −1

so that ~n ρS (0) is the unit vector exactly between the y- and negative z-axes. The field
starts fully polarised in the negative x-direction, explicitly in the state
ρR (0) = e(−i

3π
L̂y )
2

|l, li hl, l| e(+i

3π
L̂y )
2

,

(2.7)

where |l, li is the maximum eigenvalue eigenstate of L̂z . This starting state guarantees
that the levels of the qubit are initially degenerate, hL̂y i = 0 guaranteeing ∆E(t) = 0, and
also that the ensuing evolution induces the state |1i to be raised relative to the state |0i.
The initial qubit state is actually an eigenstate of the Hamiltonian and hence under
free evolution the qubit’s state remains unchanged, ρS (t) = ρS (0). This implies that the

field rotates along the fixed axis ~n ρS (0) , which gradually increases its z-polarisation and
hence the qubit’s level splitting ∆E(t). After a time T̃ = π/2 of free evolution, this level
splitting reaches a maximum ∆E(T̃ ) = ∆Emax . This part of free evolution is shown in
terms of the angular momentum expectation values of both qubit and field in the left half
(t < π/2) of Figure 2.1.
Now from time t = T̃ onwards we couple the qubit to the thermal bath. We break
the remainder of the protocol down into infinitesimal intervals of duration dt. Each step
consists of thermalisation of the qubit, i.e. replacing its state with the current induced
Gibbs state of form (2.4), followed by free evolution of the joint system for a duration dt.
Having dt infinitesimally small guarantees that the process is quasi-static, with the qubit
remaining in thermal equilibrium throughout the entire process. We say that the protocol
is completed at time t = T which is the time at which the field’s z-polarisation vanishes
again and the qubit’s levels are back to the original degenerate situation. Since it stayed
in thermal equilibrium, the qubit is maximally mixed at t = T , as in the original protocol.
Considering the rotation axis ~n of the field, eq. (2.6), we see that as the qubit’s level
splitting decreases and it gets more mixed, the value of hσz i gradually changing from −1
to zero, which leads to the field’s rotation axis gradually shifting until it is fully aligned
with the y-axis. This leads to a finite y-polarisation remaining in the field at t = T as
can be seen in Figure 2.1. As we noted previously, a finite positive hL̂y i can be equated
with a positive amount of energy being stored in the field. Figure 2.2 shows the energy
ER (t) = tr[ρR (t)HR (t)] stored in fields of different sizes over the full iteration where
HR (t) is the reduced Hamiltonian of the field defined in a similar manner as the qubit’s
reduced Hamiltonian (2.2). While one might argue that this reduced field Hamiltonian is
questionable during the protocol, it unambiguously gives us the energy stored in the field
at the end of the protocol where the interaction between field and qubit are automatically
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Figure 2.1. – Normalised angular momentum expectation values in the x-, y- and
z-directions for the qubit (blue, dashed) and an size l = 10 reference frame (red, dashdotted) over a full protocol. Note that the field does not simply experience a rotation
around a fixed axis, which would leave it with hL̂y i = 0 at the end of the protocol.
Instead, due to the back-action from the thermalising qubit it rotates around an axis
that itself starts to precess, leaving it in a state of finite positive hL̂y i, which can be
equated to a gain in energy. This mechanism allows energy to be transferred from
the thermal bath to the reference, but also leads to a degradation of the reference,
making it less useful in future work extraction processes.

turned off due to both systems possessing no more component in the z-direction along
which the coupling acts.
We see that at the end of the protocol an energy almost approaching kT log 2 has accumulated in a reference frame of as small a size as l = 10. This is particularly remarkable
considering this size compared to the semi-classical case which essentially corresponds to
an infinite size reference. We also see the small l = 2 reference experiences such a large
perturbation during the thermalisation stage that its rotation period is noticeably prolonged, so that T > 2T̃ . For completeness, Figure 2.2 also shows the power P = dER /dt.
For the small l = 2 field we also notice a clear shortcoming of the idealised bath model.
The small reference frame is not able to induce a level splitting large enough to satisfy the
condition ∆E  kT and we get a discontinuous state transformation when we starting
coupling the qubit to the idealised bath.
While we have clearly shown that the finite-size quantum field does indeed gain energy
during the protocol, the question of whether this energy can be fully classified as work has
not been answered yet. If one were to apply the notion that work is an energy transfer
which is not accompanied by entropy changes, and identify W = ∆E − kT ∆S with the
notion for work, the energies presented in Figure 2.2 would almost entirely correspond to
work, since for all three examples presented in the Figure the entropy gain is on the order
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Figure 2.2. – Energy stored in the reference as a function of time over one iteration of the protocol for dt = 10−5 for different reference frame sizes. At t = π/2,
hLz i reaches a maximum and the thermalization and lowering process begins. We
find that even with a comparatively low value of l such as l = 10 (green) we get
very close to the semiclassical limit W = kT log 2. In this specific case, we find that
for l = 10 an energy E ≈ 0.9998kT log 2 is transferred from the bath into the reference, accompanied by and entropy gain of only ∆S ≈ 7.9 × 10−4 log 2, resulting
in ∆E − kT ∆S ≈ 0.9990kT log 2. However, if the field is too small, a considerably
lower energy is transferred to the system. The discontinuous gap for l = 2 is due to
the idealized notion of an infinitely strong bath coupling. The inset shows the power
as a function of time (where we have omitted the initial spike for l = 2 due to the
unrealistic strong coupling effect).

of 10−3 log 2.
One of the big remaining issues however is that this work is locked in the quantum
reference frame which essentially serves a double purpose as both field and battery. This
has the additional drawback that as more energy gets pumped into the field, i.e. its
y-polarisation increases, its ability to act as a field and induce a level splitting, which
depends on the achievable z-polarisation, decreases. There is a clear tradeoff between the
two roles as field an battery, particularly for small reference frames. The solution to this
problem will be presented in Chapter 3 for general systems, and in Chapter 4 we will apply
this solution to our explicit model.
So far we have shown that we are able to fully quantise all the constituents of the protocol
and that within this self-contained framework we are able to account for all the energy flows
without having to rely on hidden assumptions related to energy or information leaving or
entering the system. In addition, these considerations are conceptually very similar to [27],
giving a very intuitive and operational picture of work at the quantum scale. We have
also been able to avoid the issues generally associated with external control and described
an autonomous quantum Szilard engine. The only external control which is required in
the protocol is to turn on the coupling between qubit and bath. This is not an issue
though since the evolution leading up to this step is fully deterministic and we do not
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need to interact with the system in order to determine the time at which the coupling
has to begin. There are no external entities which might gain or lose work in any process
involved. Everything is accounted for in the states of our qubit and field.
Before moving on to generalising the above ideas to non-model-specific autonomous
engines, we will briefly revisit some subtleties related to the thermalisation process and
the assumption of the reduced Hamiltonian (2.2) properly representing the qubit’s level
structure, and also discuss an operationally motivated approach to extract the energy
stored in the field.

2.3. Resonance with a Single-Mode Bosonic Bath
The considerations above give us a good intuition for how the systems in our model
generally behave, but, as alluded to previously, the idealised notion of the bath can lead
to rather unphysical behaviour such as the discontinuity for the l = 2 field in Figure 2.2.
In this section we will replace the idealised bath with an actual bosonic bath coupled to
the qubit, to add a further element of realism to the model.
In order to do so we extend the Hilbert space of our model to H = Hqubit ⊗Hfield ⊗Hbath
where Hbath is the Hilbert space of the bath. Its free Hamiltonian is
HB = 1 ⊗ 1 ⊗

X

ωl a†l al ,

(2.8)

l

where al and a†l are the creation and annihilation operator of the lth mode with frequency
ωl . In addition, the bath is coupled to the qubit via the interaction Hamiltonian
HInt = σx ⊗ 1 ⊗

X

gl (al + a†l ).

(2.9)

l

The new full (still time-independent) Hamiltonian is
i
X
X
1 h
H = √ σz ⊗ L̂z + 1 ⊗ L̂y ⊗ 1 + 1 ⊗ 1 ⊗
ωl a†l al + σx ⊗ 1 ⊗
gl (al + a†l ). (2.10)
2
l
l
When presented with a Hamiltonian of this form the most obvious approach seems to be to
derive a Markovian master equation and solve it. However, deriving a Markovian master
equation for an interacting joint system is a non-trivial problem, as for example discussed
by the authors in [66]. In many cases the assumptions underlying such a master equation no
longer hold. We will come across this problem again in Part II and discuss it in some detail
in Section 7.2. In the present case, if we try to derive a master equation, our results show
that despite the bath not being directly coupled to the field, the Markovian approximation
leads to the reference frame experiencing a direct thermalisation, and the entire qubit-field
joint-system simply thermalising to the Gibbs state given by the fixed level structure of the
free Hamiltonian (2.1). In fact, using the Markovian master equation approach, we find
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that qualitatively the resulting evolution is independent of the precise coupling between
bath and joint-system. For example, even if we couple to the reference instead of the
qubit (or a combination of both) by changing the final term in the Hamiltonian (2.9) to
P
e.g. 1 ⊗ L̂x ⊗ gl (al + a†l ), the behaviour qualitatively does not change. The Markovian
master equation approach appears to be oblivious of the emergent local time-dependent
structure of the individual subsystems, and only sees the temporally fixed level structure
of the joint system, thus driving the entire system to the Gibbs state with respect to
the full Hamiltonian, as opposed to driving the local system (in this case the qubit)
towards thermal equilibrium, and only indirectly thermalising the remaining part of the
joint system, as we would expect and as we explicitly show in the remainder of this section.
One might suggest that a possible approach to circumvent this issue is to decrease the
qubit-bath coupling while increasing the qubit-field coupling. However, this leads to a
change in the dynamics and never completely avoids the issue, only decreasing its severity.
Instead we are able to provide a better way of understanding the thermalisation, based
on resonance between qubit and bath-mode, which does not involve any approximation
techniques and also adds to the justification of the reduced Hamiltonian and idealised
thermalisation procedure considered in the preceding sections.
If we want to thermalise only the qubit directly, with the precise thermalisation dependent on both the bath and the state of the field, we need to approach the problem
differently. The reason to use Markovian master equations in the first place is the impossibility of simulating the infinite number of field modes, each with an infinite number of
states. To avoid the first problem, we simply assume that we are dealing with a singlemode bath, thus getting rid of one of the infinities. The other infinity can be reduced to a
finite number by truncating the mode’s local Hilbert space to the lowest D energy levels,
where D is a finite integer. This approximation can be made arbitrarily accurate by choosing a larger D. The lower the temperature is relative to the bath’s energy level spacing,
given by the mode frequency ω, the smaller D can be chosen. In addition, the interaction
time between bath and system has to be limited. Both these restrictions assure that the
highest levels never accumulate any significant population and keep the bath close to being thermal at its characteristic inverse temperature β. The simplest way to introduce a
single-mode bath into the model is to simply take a D-level system in the Gibbs state γ
given by (1.1) with respect to the Hamiltonian HB = ωa† a, where ω is the frequency of
the mode, couple it to the joint qubit-field-system at the point where we want to start the
thermalisation, and unitarily evolve the total system under the full Hamiltonian. In doing
so, the bath will loose some of its ‘bathness’, since it will evolve away from the original
thermal state, but this will still give us some useful insights into the general behaviour of
our new three-body system and guide us towards a more sophisticated treatment of the
problem. In the context of a large thermal bath this corresponds to taking an (essentially
negligibly) small sample of the bath which is ‘wasted away’.
The full joint system, starting with the qubit and field in the state of maximum level
splitting where the bath coupling is initiated, and the bath in a Gibbs state, evolves under
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the unitary U (t) = exp[−iHt] where H is the full Hamiltonian similar to (2.10), but with
the interaction part now consisting only of a single term
HInt = 1 ⊗ σx ⊗ α(a + a† )

(2.11)

with coupling strength α.
As the system evolves we again find that the reference undergoes a rotation very similar
to what we observed in the case of the idealised bath, thus gradually decreasing its L̂z
expectation value to zero and accumulating some finite y-polarisation. The behaviour of
the qubit is very interesting in this case. Its hσz i expectation value is plotted in Figure
2.3 for a reference of size l = 75 and baths of dimension D = 7 with different frequencies2 .
Despite being constantly coupled to the bath, it only ‘sees’ the bath if the field is in the
correct state. More precisely, the qubit’s state remains mostly unaffected, except around
the time where hLz i ≈

ω
√
,
2

where the qubit experiences an evolution towards a thermal

state.

Figure 2.3. – Expectation value hσz i for the qubit as a function of time, when
coupled to a single-mode bosonic bath of frequency ω. From right to left, the dashed
vertical lines mark the times at which hL̂z i = √ω2 for ω = 10, 30, and 60, respectively.
We see that these points exactly coincide with the times at which the qubit is most
affected by the bath, i.e., they are in resonance. The dash-dotted black line gives hσz i
as it would be obtained from using the idealized bath which simply instantaneously
thermalises the qubit with respect to its reduced Hamiltonian (c.f. 0.5 ≤ t/π ≤ 1
in Figure 2.1). The reference used in this plot is of size l = 75, and the bath mode
dimension is D = 7. Other parameters are β = 0.05 and α = 2.

Under closer examination we can see the importance of this result. In fact, it gives
justification to the notion of reduced Hamiltonians that was used in the preceding sections. As noted above, the reduced Hamiltonian (2.2) predicts an induced level split√
ting ∆E = 2 hL̂z i. Now we find that the qubit is affected most by the bath, when
2

The bath dimension D = 7 was chosen since for all D ≥ 7 no noticeable difference was found in the
simulations.
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√
2 hL̂z i. Putting these two observation together implies that the qubit indeed has an
√
effective level splitting of 2 hLz i and only interacts with the bath when it is approximately
ω≈

resonant with it, i.e. when the level splitting roughly matches the bath’s frequency ω. In
addition, its apparent evolution towards the thermal state that the reduced Hamiltonian
predicts is a further factor supporting the validity of the reduced Hamiltonian picture.
These results are also somewhat reminiscent of the idea of virtual qubits presented in
[67], where the system only interacts with certain energy levels in the bath which are
in resonance with the system. To summarise, we can say that the reduced Hamiltonian
picture appears to be the correct description in the limit of a bath that instantaneously
thermalises a system, which is exactly the assumption made in the previous sections.

2.4. Lifting a Quantum Weight
The above considerations all convincingly show how an amount of energy on the order
of kT log 2 is transferred to the field during the work extraction protocols. However, so
far this energy is still trapped in the field making it questionable whether we have truly
extracted work. Before thoroughly addressing this gap in the next chapter, let us here
briefly introduce a very operational way of transferring the energy to another system, a
quantum weight similar to the approach in for example [27], where work can be defined
in analogy to the classical case as the ability to lift a weight against gravity.
The weight is not involved during the actual work extraction process itself. Instead, once
the actual protocol outlined above is finished we throw away the maximally mixed qubit
and couple the field to the weight to try and convert the field’s excess hL̂y i, corresponding
to the energy it accumulated during the work extraction process, into an unambiguous
gain in mechanical energy by raising the weight. The weight itself can simply be modelled
by a particle in (one-dimensional) free fall with Hamiltonian
HW =

p2
+ µgx
2µ

(2.12)

where x and p are the position and momentum operators, µ is the mass of the weight, and
g the gravitational acceleration. This problem has been analysed in [68–70].
In order to use the field to lift the weight we need to introduce a coupling between the
reference frame and the weight. We choose a Hamiltonian of the form
HRW = 1 ⊗

h p2

i
1
+ µgx + √ L̂y ⊗ 1 + κÂ ⊗ p,
2µ
2

(2.13)

where κ is a tuneable coupling strength and Â is some hermitian operator on the reference
Hilbert space HR . The first and second terms of the Hamiltonian are the weight and
the fields’ free Hamiltonians respectively, whereas the third term represents a coupling
between them, which induces a translation of the weight dependent on the state of the
reference.
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One question is what operator Â to choose to convert the excess energy stored in the hL̂y i
polarisation of the field into positive translation of the weight. Finding an illuminating Â
is more awkward than might initially be assumed. Intuitively we want Â to assign lower
energies to positive y-polarisation, such that a decrease in the field’s hL̂y i expectation
value can be traded off with an increase of positive momentum in the weight, which
in turn induces a height gain. A first guess at a suitable Â might thus be Â = −L̂y .
Simulations show that while on average this does indeed induce a positive displacement of
the weight while decreasing the field’s y-polarisation, this process is in no way as ‘clean’
as one would expect from something associated with the ordered notion of work. For
example, since the field does not start in an eigenstate of hL̂y i but in a superposition of
all 2l + 1 eigenstates, a weight with an initially tight Gaussian wave function splits into
2l + 1 wave packets, the more dominant half of them having positive momenta, while the
less dominant half gains negative momenta as shown in the example in Figure 2.4.

Figure 2.4. – Spread of an initially Gaussian weight wave packet coupled to a field
of size l = 4 with coupling operator Â = −L̂y , at the time when it reaches maximum
positive displacement hxi represented by the dashed red line. We see that each of
the field’s 2l + 1 states imparts a different amount of momentum on the wave packet
resulting in it splitting into multiple wave packets. Note that the peak just to the left
of x = 0 corresponds to the m = 0 eigenstate of L̂y which does not provide the weight
with any momentum and simply leads to this peak “falling under gravity”. Peaks to
the right of this correspond to L̂y eigenstates with positive eigenvalue, peaks to the
left to negative eigenvalue states. The evolution of the displacement hxi leading up
to this point is displayed in the inset.

We clearly see that this intuitive guess is not very useful in transferring energy that
might be labelled work into the weight, and a more carefully chosen Â is required. We do
not explicitly construct one, since it is more an engineering issue than one of fundamental
physics. In particular, it amounts to pure mechanics, not thermodynamics, which is the
main concern of this thesis. However, it is straightforward to see how at least in principle
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the energy can be transferred from the field to the weight. For conceptual simplicity one
can approximate the continuous energy spectrum with a discrete one, and then the joint
Hilbert space splits up into energy subspaces HE with constant energy E as
HR ⊗ H W =

M

HE .

(2.14)

E

We can then define unitaries of the form
U=

M

UE ,

(2.15)

E

where UE acts only on HE . Unitaries of this form are energy conserving and essentially
represent swap operations between the field and the weight, thus lifting the weight to
higher energies while shifting the field’s population to lower energy levels. This approach
is again reminiscent of the ideas proposed in [27], and as in [27] and similar approaches, we
have to be aware that while the weight will in general be lifted, it also experiences an energy
spreading effect. The moral of this is that when using a large, but finite-sized system to
hold extracted thermodynamic work we unavoidably face a probabilistic distribution over
energies, and while there is clearly a gain in usable mechanical energy, the ‘quality’ of the
energy requires further consideration. We contrast this average work extraction from the
deterministic work extraction put forward in [26, 34] for example.

2.5. Going Beyond Explicit Models
One of our main goals in Part I of this thesis is to get closer to understanding what it means
to do work at the quantum scale. The approach we have chosen is to take a fresh look at
an old protocol, the well-known semi-classical protocol of extracting an amount of work
W = kT log 2 from a pure qubit, equivalent to the Szilard engine argument. This protocol
has the weakness that not all its constituents are fully quantum mechanical, and what
happens to the work is not accounted for in a quantum mechanical framework. The model
introduced in Chapters 1 and 2 was able to extend the original approach by replacing the
semi-classical field with a finite-sized quantum reference frame, a spin-l particle, acting as
a quantum version of the field. We will now in Chapter 3 depart from any explicit model
to study the issue of autonomous machines in more generality, and in the process show
the crucial role that clocks and coherence play in autonomous systems.
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3. Autonomous Quantum Machines with
Embedded Clocks
As we have already seen in the study of our explicit model, there are many subtleties
related to the notion of work in finite-size quantum systems. Surveying the many different implementations of thermodynamic processes appearing in the academic literature it
becomes readily apparent that many assume complex protocols applied to the systems
of interest. A great deal of control is required over the different components in order to
magnify the energy acquisition up to scales in which the notion of ordered, robust energy,
i.e. work, makes more sense. Based on the intuition we have built up in the previous
chapters, we now want to address more generally scenarios in which such thermodynamic
processes are carried out on a quantum system S via a quasi-autonomous thermal machine M that is comparable in scale to the system and itself displays quantum-mechanical
properties. This will allow us to shed light on the physical characteristics demanded of a
general quantum thermal machine.

3.1. Quantum Clocks
As we have seen in the explicit model, a finite-sized quantum machine will invariably
absorb energy which, due to its finite dimension, will diminish its ability to function. In
Section 2.4 we attempted to fix this problem with the conceptually nice but rather specific
and hard to tune idea of a quantum weight. In the following we will show that a much more
elegant and universal resolution is to perform an “energy harvesting measurement” on the
machine. This harvesting measurement serves a dual function of not only siphoning off
energy from the machine, but simultaneously also stabilizing it and maintaining its ability
to function over arbitrary durations and numbers of repetition of a given protocol.

3.1.1. Clocks and Quantum Coherence
As highlighted in [46, 47, 49], in order for thermodynamic processes to be sensitive to
quantum coherence at arbitrary scales a thermal machine must itself possess certain coherence properties. A direct link between quantum coherence and transformations that
can break time-translation symmetry was identified in [47]. As we have already seen in the
previous chapters, induced time-dependence, which amounts to a local breaking of timetranslation symmetry, is crucial for autonomous systems. More explicitly, the breaking
of time-translation symmetry demands that the effects of an action depend on whether
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it is performed at time t1 or at some later time t2 > t1 . The general way in which one
handles time-translation asymmetry has been known for centuries [71] – we introduce a
“clock”, a system sensitive to the passage of time. In the classical regime we of course
have abundant access to precise time-keeping devices, however this becomes a highly nontrivial component for extremely small, autonomous quantum devices, or in environments
in which quantum-mechanical aspects dominate.
Such considerations have also resulted in an increased focus on the role of clocks in
thermodynamics [49, 72–76]. As the preceding chapters showed, to implement autonomous
quantum thermodynamic protocols, generic thermal machines invariably require a clock
degree of freedom, which serves as a non-classical time-keeping device. This not only
allows access to quantum coherence, but, as we have seen with the rotating field, can
also be used to induce effective time-dependent interactions within systems which do not
require any external interventions.

3.1.2. Energy Transfer to Macroscopic Scales via Quantum
Measurements
The use of a clock in a work-extraction protocol necessitates a non-trivial interaction
between the quantum system S and the clock. The unavoidable back-action experienced
by the machine is in general accompanied by an energy flow that can either be transferred
to other degrees of freedom in the machine M , or more simply be maintained in the clock
itself, as we have seen in the y-polarisation of the field in Chapter 2. However if the machine
M is comparable in scale to the quantum system S then it is debatable to what extent one
has “gained work” if it is confined to quantum-mechanical degrees of freedom in M . A
basic requirement is that the acquired energy can in some natural manner be transferred
to larger scales, where notions like actual weights can be used that do not suffer small
scale effects as the quantum weight in Section 2.4 very clearly did. The passage from the
quantum regime to the classical regime has long been a topic of controversy and debate.
Where does quantum end and classical begin? Notions that are applicable on the classical
side of this divide are inapplicable on the quantum side, and quantum measurements play
a central role in linking these two regimes. In the following we will again employ quantum
measurements to bridge a gap between the quantum and classical worlds, showing that
they can be used to magnify work up the ladder of length scales from the ambiguous
quantum realm to the well understood domain of classical physics.
As we have noted at the very beginning of Part I, the notions of work and information are
tightly interlinked. This also becomes readily apparent in autonomous quantum engines.
The unitary interaction between the machine M and the system S is constantly entangling the two systems. This unitary correlation process can be viewed as an informationacquisition by the machine in an effective local energy basis that varies with time. Note
that this process of M acquiring information on S is distinct from the external measurement performed on M we have briefly alluded to in the previous paragraph and will later
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introduce in more detail. This second type of measurement we refer to here is only due to
the continuous information flows between the coevolving parts of an autonomous machine.
The same concept will again be of central importance in the discussions in Part II.

3.2. Basic Machine Constituents
To briefly restate and summarize the main points made in the previous chapters, the
traditional Szilard argument begins with the knowledge that the system is in one particular
state of a pair of energetically degenerate levels. Conditioned on this knowledge, the agent
applies an adapted protocol that extracts a certain quantity of work. Schematically the
unoccupied energy level is elevated by switching on a time-dependent Hamiltonian (e.g.
attaching weights, or tuning magnetic fields). The system is then placed in equilibrium
with a thermal reservoir at some inverse temperature β, and the Hamiltonian is quasistatically switched off in a classically controlled manner. The model introduced in Chapter
1 and refined in Chapter 2 helped us to take these considerations into the quantum realm
and avoid the explicit time-dependence. We are now ready to leave this specific model
behind and consider general model-independent autonomous quantum machines.
In the most general fully quantum-mechanical scenario our starting point is still a qubit
system S for which we have perfect knowledge that it is in a definite pure state |ψi. Note
that we have changed the notation from |0i to |ψi to stress the point that we do not require
a particular state, but can apply the process to any arbitrary pure state, as long as we know
which state it is. We next feed this system into a thermal machine M , and the composite
evolves under the joint Hamiltonian HSM , together with system-bath couplings. Crucially,
we do not assume any external control over the interaction between the quantum systems.
Therefore, to obtain a non-trivial extraction of energy requires us to induce a particular
time-dependent evolution of the system S. Therefore the machine M must possess a clock
degree of freedom that induces an effective time-varying Hamiltonian on the target system,
providing the ‘dynamics’ in the quantum thermodynamic protocol. In [74] the authors also
consider quantum systems that via interactions with their environment act as clocks, and
study their synchronisation as well as the back-action they suffer due to the interaction,
although not in a thermodynamic setting. The clock in [74] comprises two components,
a clockwork which evolves due to an internal mechanism, and tick registers which briefly
interact with the clockwork and extract time information. The notion of a clockwork in
[74] is similar to what we call the clock itself, while the system S can loosely be seen
as playing the role of the tick registers. However, the clock we consider is in continuous
contact with the system and evolves with it under a joint unitary.
Figure 3.1 schematically shows the basic setup of the autonomous quantum engine and
the systems it interacts with. At the core is the machine M with embedded clock3 . The
3

Note that in the following we use the terms clock and machine interchangeably. For our purposes the
precise distinctions between the clock degree of freedom and the rest of the machine is not important.
In fact, in some simple cases the entire machine is nothing but a clock, as was the case for the field in
our specific model which served as both machine and clock.
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Figure 3.1. – Schematic setup of an autonomous quantum machine with embedded
clock. The actual machine itself consists of a qubit from which work is to be extracted,
and the quantum clock. The qubit is allowed to interact with a thermal bath at inverse
temperature β. A classical measurement device enables us to perform measurements
on the clock.

machine takes the system S from which work is to be extracted, the qubit in state |ψi in
our case, as input. It can also allow a thermal bath of inverse temperature β to interact
with the system and thermalise it. The final ingredient is the measurement device which
will allow us to perform measurements on the machine, particularly its clock, and in doing
so stabilise the machine and transfer the accumulated energy to classical length scales.

3.2.1. Induced Local Time-Dependent Level Splittings
The system’s known state |ψi defines an orthonormal basis {|ψi , |ψi}. Given this basis
of maximal system information, the generic interaction Hamiltonian needed on the joint
Hilbert space HSM = HS ⊗ HM takes the form
HSM = σ ⊗ HI + 1 ⊗ HF

(3.1)

where σ := |ψi hψ| − |ψi hψ| is the equivalent of the Pauli matrix σz in the basis {|ψi , |ψi}.
We immediately see that the Hamiltonian (2.1) is exactly of this type. And similar to
σz ⊗ L̂z in the specific Hamiltonian (2.1), the general term σ ⊗ HI will generate a levelsplitting local to the system, with the time-dependence being encoded in the thermal
machine’s quantum state ρM . The second term 1 ⊗ HF generates an evolution on the
machine M which is not sensitive to the state of the qubit, and so can be interpreted
as the free Hamiltonian of the machine. Crucially, as before this joint Hamiltonian is
time-independent, fixed for all eternity.
In the absence of bath couplings, the system-machine composite evolves under this
Hamiltonian as ρSM → e−iHSM t ρSM eiHSM t . The function of the interaction with the
machine is to induce an effective Hamiltonian that is local to the qubit. Analogous to eq.
(2.2) we define
HS (t) := trM [(1 ⊗ ρM (t)) HSM ] ,

(3.2)

which is the time-dependent reduced mean-field Hamiltonian of the qubit. As we have
shown in Section 2.3 this mean-field approximation is the physically appropriate choice in
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the context considered. For the above interaction Hamiltonian this takes the form
HS (t) = hHI i σ + hHF i 1.

(3.3)

This mean-field Hamiltonian defines a local effective basis, and encodes the non-correlative
(and therefore non-entropy increasing) dynamics local to the system [63–65]. As demonstrated by the results in Section 2.3, the thermal bath can be assumed to only see this local
Hamiltonian, which encodes the statement that the machine M does not undergo direct
thermalization. This assumption is equivalent to demanding a large coupling strength
between system and bath relative to the coupling to the machine, such that the thermalisation time-scale of the system is much shorter than that of the machine. The exact degree
to which thermalization of S occurs will depend on the particular bath coupling rates (we
will revisit this in Section 4.3).
Again, since the energy exchanges with the bath only depend on the level-splitting
of HS we can without changing the physics ignore the hHF i 1 term and simply assume
HS (t) = hHI i σ. Instead of time being an explicit parameter in the system Hamiltonian
tuned by an external agent, the time-dependence is now induced by the dynamics and
the particular quantum state of the machine M , giving the machine the desired inbuilt
quantum clock.
The fixed total Hamiltonian (3.1) together with an initial system-machine joint state
ρ(0) = |ψi hψ| ⊗ ρM (0),

(3.4)

induces a specific time-dependent level-splitting local to the qubit. However we again
also have to address the back-action of the dynamics on the machine itself. The joint
Hamiltonian can be written in the alternative form
HSM = |ψi hψ| ⊗ H− + |ψi hψ| ⊗ H+

(3.5)

H± := HF ± HI .

(3.6)

where we have defined

The evolution that is generated by (3.5) splits into two parts
U (t) = |ψi hψ| ⊗ U− (t) + |ψi hψ| ⊗ U+ (t)

(3.7)

where U± (t) = e−iH± t . In Section 2.1 we have already seen how the field’s evolution
was, due to its axis of rotation eq. (2.6) shifting, conditioned on the specific state of the
qubit. Now we see this effect for general autonomous machines. Equation (3.7) describes
a controlled unitary action, in which conditioning on the qubit’s |ψi and |ψi states evolves
the clock along two independent orbits according to U− and U+ respectively.
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3.2.2. Designing a Good Machine: Core Requirements
We now turn to the question of what clock characteristics have to be present in order
for an autonomous quantum thermal machine to function well. To make this a wellposed problem, we demand that the clock’s Hilbert space dimension is fixed and that the
Hamiltonian has its spectrum upper bounded by some fixed energy-scale ||HSM || ≤ E, but
we are otherwise free in designing the machine’s Hamiltonians and choosing its starting
state ρM (0).
We note three key points that crucially influence the working of the machine. Firstly,
the Szilard argument requires an initial degeneracy in the energies of the qubit. This also
guarantees that the coupling between system and machine is automatically turned of at
the beginning and end of the protocol, and all interaction energies which might complicate
energy accounting vanish. Secondly, it is desirable (but not essential) to fix the energy of
the state |ψi to be zero, so that the qubit’s induced level-splitting according to eq. (3.3)
is given by
∆E(t) := tr[ρM (t)H+ ].

(3.8)

Finally and most importantly we require the right coherence properties of the machine to
ensure that it functions well, both as a clock and in its ability to induce level-splittings on
the qubit.
These three criteria are respectively encoded in the following set of conditions on the
operators {ρM (0), H− , H+ }:
(i)

tr[ρM (0)HI ] = 0,

(ii)

tr[ρM (0)H− ] = 0,


Im tr ρM (0)[H− , H+ ]  0.

(iii)

Conditions (i) and (ii) follow directly and uniquely from the desire for initial degeneracy
and fixing of the ground state. The intuition behind (iii) is less straight forward and
deserves some elaboration.
We would like the Hamiltonians H+ and H− to have a large commutator in an operator
norm sense. This implies a rapidly changing unitary evolution (as can be seen from
expanding the unitary in increasing orders of commutators). But we then require the
state to have a strong response to the induced dynamics. An extreme regime is the case of
the quantum state being an eigenstate in the basis defined by the commutator of H± . This
guarantees that the state simultaneously has maximal coherence with respect to both the
H+ and H− eigenbases and therefore will strongly break time-translation invariance. Note
that taking the imaginary part in (iii) is due to the fact that the trace will be imaginary
due to the anti-Hermitian nature of the commutator. While not being unique, condition
(iii) provides a convenient encapsulation of these physical requirements.
From eq. (3.5) we see that in the absence of any thermal contact, the qubit remains
in the state |ψi for all time as the joint system freely evolves under HSM . This defines a
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reference trajectory for the clock, whose dynamics are then fully determined by U− . We
therefore define
χ(t) := U− (t)ρM (0)U−† (t)

(3.9)

as the clock state at time t on the ideal ‘reference clock-orbit’. For any given Hamiltonian
(m)

HSM , there is a range of states {ρM (0)}m that satisfy conditions (i) and (ii) and ensure
validity of eq. (3.2). Each of these initial clock states has its own unique clock-orbit χ(m) (t)
associated with it. We choose the specific state ρM (0) as the state whose associated orbit
χ(t) maximises the level splitting ∆E(t) for some t = T̃ over the orbit, i.e.


χ(T̃ ) := arg max max tr[χ(m) (t)H+ ] .
χ(m)

t

(3.10)

This maximising state can always be taken to be a pure state which we call |di, where
d refers to the Hilbert space dimension of the clock. The energy gap maximization then
requires that U− rotates this pure state |di (which obeys conditions (i) and (ii)) into
the maximum eigenvalue eigenstate of H+ . To achieve this, it is sufficient to design
the machine’s Hamiltonians such that H+ and H− are generators of SU(2) on the ddimensional machine. Assuming this choice, eq. (3.10) is equivalent to optimising for
condition (iii), so that the optimal machine starting state is the maximum eigenvalue
eigenstate of the operator C := i[H− , H+ ]. We can rewrite condition (iii) as
tr[ρM (0)C]  0.

(3.11)

This condition is optimised by choosing ρM (0) = |di hd| where |di is the maximum eigenvalue eigenstate of C. Now, since we assume that H− and H+ are SU(2) generators, the
definition of C implies that it is also a generator of SU(2), and one can think of H− , H+
and C as representing three orthogonal axes. Since from eq. (3.9) the reference clock-orbit
evolution is given by χ(t) = exp(−iH− t) |di hd| exp(iH− t), i.e. rotating a state that lies
initially along the axis defined by C around the orthogonal axis defined by H− , we are
guaranteed that for some time t = T̃ , the state χ(T̃ ) will coincide with the maximum
eigenvalue eigenstate of H+ which optimises eq. (3.10).
We further define the full eigenbasis of C with ascending eigenvalues as {|mi}1≤m≤d .
From these we get the complete rotating clock basis {|m(t)i := U− (t) |mi} which corotates with the clock’s m = d reference orbit χ(t) = |d(t)i hd(t)|. Due to the symmetry
properties of SU(2) (the generators essentially defining orthogonal axes), condition (ii) is
satisfied for all of the |mi states, not only the optimal state |di, since the expectation
values of H+ and H− with respect to the eigenstates of C are zero. Thus, since the clock
orbits are defined with evolution under U− only, and U− and H− commute, condition (ii)
is in fact satisfied at all times if the clock is on any of the reference orbits |m(t)i. Thus
the set of d clock orbits {|m(t)i}1≤m≤d defines a zero energy surface with respect to the
qubit’s |ψi state. As the name ‘clock orbits’ might already suggest, the SU(2) choice also
has the nice property of ensuring periodic evolution of the clock and will allow us to run
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the engine in a well-defined cycle4 . We call the period of the clock T , such that T is the
smallest positive number for which U− (T ) = 1.
In addition, choosing SU(2) Hamiltonians and using the eigenstates of C to define clock
orbits does not only automatically resolve condition (ii), but since hm|H− |mi = 0 =
hm|H+ |mi for all m, and HI =

1
2 (H+

− H− ), condition (i) is also satisfied for all |mi.

Crucially this condition only holds at the initial time t = 0 and after a complete period
t = T , not for the the general orbit states |m(t)i. The fact that for times 0 < t < T this
condition is in general not satisfied is exactly what allows us to induce time-dependent
level-splittings with respect to the clock orbits, while the fact that it holds for any complete
period t = nT allows us to freely switch between the different |mi states at these times. It
also allows us to feed in new or remove used systems from the engine since the coupling is
automatically switched off at these times and we do not have to worry about interaction
energies. All these considerations show that, while not necessary, it is very desirable to
design the quantum thermal machine M in such a way that H± are SU(2) generators.
Figure 3.2 abstractly shows the evolution of a clock. The equator corresponds to the
reference clock orbit with the state χ(t) represented by the bold red arrow. The other
co-rotating states in the clock basis |m(t)i are not depicted but can be thought of as
shortened versions of the red arrow all co-rotating in the equatorial plane. Energy flowing
into or out of the clock will result in it deviating from this plane. It can easily be seen how
this abstract depiction was inspired by the model of Chapters 1 and 2. While for general
machines Figure 3.2 should really be seen as nothing more than an abstract depiction
that may give us some intuitive conceptual idea of the actual complex dynamics, for the
specific model it is to some degree a fairly accurate graphical description of the evolution
of the spin-l field. This will become even more apparent when in Chapter 4 we revisit the
model with the tools developed in this chapter.

3.3. The Explicit Protocol
Having established the basic quantum-mechanical properties required of the engine, we
now turn to the details of the actual engine protocol. The protocol starts with the joint
qubit-machine system in the state ρ(0) = |ψi hψ| ⊗ χ(0). The initialisation phase consists
of free evolution of the initial state ρ(0) for a time T̃ at which point the qubit’s induced
level-splitting ∆E(t) attains a maximum ∆Emax = ∆E(T̃ ). This free evolution leaves the
qubit state unchanged and rotates the clock state into χ(T̃ ) = |d(T̃ )i hd(T̃ )|, the maximum
eigenvalue eigenstate of H+ . Since the interaction Hamiltonian HSM is fundamentally
time-independent, there is a need for a single timing-switch within the machine that
initialises thermal contact between the qubit and the thermal bath at time t = T̃ . We
4

If we do not choose such an H− , we have to impose an additional condition, demanding the ratio of the
eigenvalues of H− to be rational. Note that any real number can be approximated by a rational number
with arbitrary accuracy, and thus this restriction could be considered as unnecessarily strict since any
clock will always be periodic to arbitrary accuracy. However, its period might approach infinity in these
cases, so the restriction makes sense from a practical view point.
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Figure 3.2. – Abstract depiction of the thermal machine’s dynamics. The quantum
thermal machine at point A of the clock’s orbit absorbs energy from the heat reservoir,
which causes a fraction of the total clock state to deviate from the reference clock
orbit. Specifically a fraction p1 (t) evolves to point E off the reference orbit, while the
remaining fraction (1−p1 (t)) freely evolves to B. The energy-harvesting measurement
projects the component at E back onto B and allows us to extract this energy as
well as stabilizing the machine back to the reference orbit. Each triangular section
constitutes a single unit protocol (UP) of duration dt. The total entropy generated,
which scales as dt2 , loosely corresponds to the integrated “area” under the jagged
curve, while the extracted energy, scaling as dt, corresponds to the integrated “length”
of the jagged curve. The reference orbit χ(t) is the shaded great circle with respect
to which the protocol is defined. The equatorial plane through this reference orbit
defines a plane of zero energy, with deviations from the plane, such as at point E,
corresponding to energy flows into or out of the machine.

will not model this switch explicitly, but since the time T̃ is fully deterministic and does
not need to be established via external intervention, it can be safely assumed that such a
switch can be engineered.
With thermal contact in place, work extraction then takes place over the period T̃ <
t ≤ T and can be analysed in steps of duration dt, which can be viewed as constituting
unit protocols (UPs). Each UP can be further analysed in terms of three sub-components:
(a) Thermalisation of the system S.
(b) Global dynamical evolution of system and machine.
(c) Harvesting measurement on the machine M .
It is important to note that the division into these units is determined by the fixed
macroscopically-controlled timing of measurements, and not at the level of the quantum
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machine.

3.3.1. Autonomy of the Thermal Machine
One might argue that the frequent measurements in a (as shall be seen later) timedependent basis in step (c) are in fact similar to a non-autonomous machine having a
fine-tuned time-dependent Hamiltonian which is externally controlled. We note though
that these two scenarios only become comparable in the limit dt → 0 where the measurements occur at an infinitely fast rate. However, our model is valid for arbitrary dt,
and one can even consider the extreme case in which dt = T − T̃ and only a single measurement in a fixed basis is performed at the end of the protocol. This is essentially the
scenario which we studied in the previous chapters except that we did not introduce a
final measurement. The thermal machine is still able to extract work from the system,
even though the process in this limit becomes comparable to the standard two-point work
measurement [77, 78] employed in many quantum thermodynamic protocols, but with a
fixed Hamiltonian. In the non-autonomous scenario if the Hamiltonian was fixed no work
output would be possible in this case. Since the machine studied here is able to extract
work for any numbers of interventions one might call it quasi-autonomous. It abstractly
coincides with the fully non-autonomous case only in the limit of continuous intervention
dt → 0.

3.3.2. Modes of Operation: Selective vs. Unselective
So far we have only mentioned the measurement of step (c) in a very general way, saying
that it serves the purpose of syphoning off energy and stabilising the machine. More
specifically we measure the clock in its rotating clock basis. In order for a measurement to
be non-trivial there have to be multiple possible outcomes. As we will see, this is generally
the case here since at the time of the measurement the clock is no longer completely on
the reference orbit χ(t) but in a superposition over the |m(t)i states. The stabilisation
part of the measurement refers to the measurement with a high likelihood projecting the
clock back onto the reference orbit, as depicted in Figure 3.2. However there is also a
finite probability that the clock will be projected into any of the other corotating orbits.
This fact leads us to define two distinct modes of operation for the autonomous machine.
The simpler of the two is the unselective mode. In this case we simply let the machine run
independent of the measurement outcome. While this can be seen as the most autonomous
mode of operation, it will in general lead to a less than optimal work extraction as the
thermal machine undergoes non-trivial back-action that degrades the clock.
To avoid the degradation and truly stabilise the clock, we might therefore wish to
allow elementary feedback control on the quantum systems with the aim of maintaining
the characteristics of the machine. Feedback control has been extensively studied in the
context of work extraction protocols, both in the classical as well as in the quantum case
(see e.g. [36, 38, 79–82]). These feedback protocols generally employ measurements of
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the target system, followed by operations which are chosen based on the specific result
of the measurement. Similarly here, in the selective mode we operate conditional on the
measurement outcomes. If we see that the clock was projected back onto the reference
orbit, everything is fine and we continue with the protocol. If on the other hand we
measure the clock in any other state, we say that the engine has ‘misfired’ and abort the
protocol, applying a feedback process that restores the clock to its original state, ready to
begin a new engine cycle.

3.3.3. Detailed Dynamics of System and Thermal Machine
Let us now turn to the steps (a)-(c) and analyse a full UP in detail. The exact thermalization process can be modelled in various ways, including non-trivial interaction with
the unitary dynamics generated by HSM . However, for the sake of analysis we may approximate steps (a) and (b) as firstly a thermalization of the qubit with respect to the
local mean-field Hamiltonian HS (t), followed by unitary dynamics exp(−iHSM dt). This
approximation is robust over a large range of parameters, and exact in the dt → 0 limit.
Alternative schemes will be discussed later in Section 4.3.
(a) Thermalisation
The thermalisation step (a) takes the qubit to its Gibbs state with respect to its local
Hamiltonian HS (t) induced by the state of the clock. Specifically, assuming that the clock
is on the reference orbit at time t, the joint state after thermalisation is
ρ(t) = γ(t) ⊗ χ(t),

(3.12)

where γ(t) = p0 (t) |ψi hψ| + p1 (t) |ψi hψ| is the Gibbs state (1.1) with respect to the reference clock orbit at time t such that p0 (t) = (1 + e−β∆E(t) )−1 and p1 (t) = 1 − p0 (t) with
∆E(t) = hd(t)|H+ |d(t)i.
If on the other hand the previous measurement projected the clock onto a different orbit
m and we keep the engine running (as is the case in the unselective protocol), the qubit’s
local mean-field Hamiltonian takes on a different form, giving it a different level-splitting
(m)

(m)

and thus thermalising to a different Gibbs state γ(t|m) = p0 (t) |ψi hψ| + p1 (t) |ψi hψ|,
where the thermal probabilities are defined as above but with respect to the level-splitting
∆E(t|m) = hm(t)|H+ |m(t)i, leading to a post-thermalisation joint state of
ρ(t|m) = γ(t|m) ⊗ |m(t)i hm(t)| .

(3.13)

Note that ρ(t|d) = ρ(t), but we make the distinction to keep notation in the case of the
selective engine more concise.
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(b) Evolution
Following the thermalisation the joint system evolves under the Hamiltonian HSM for
a duration dt. Note that for brevity we will in the following assume that all evolution
operators act for a time dt, such that e.g. U− ≡ U− (dt), unless stated otherwise. Under
this evolution the state ρ(t) evolves into ρ0 (t + dt) = U ρ(t)U † . More explicitly,
ρ0 (t + dt) = p0 (t) |ψi hψ| ⊗ U− χ(t)U−† + p1 (t) |ψi hψ| ⊗ U+ χ(t)U+† .

(3.14)

The first term corresponds to the clock simply evolving along the reference clock orbit
for a time dt, since U− χ(t)U−† = χ(t + dt). The second term however corresponds to a
deviation of the clock from the reference orbit, and an injection of energy into the clock.
The expression for ρ0 (t + dt|m) = U ρ(t|m)U † has a similar form and interpretation, only
with the reference clock orbit χ(t) replaced by the co-rotating orbit |m(t)i hm(t)|.
Since the qubit is generically in a mixed state and induces non-trivial feedback on the
clock, the clock now deviates from the reference clock orbit (or any other clock orbit it
was on previously), i.e. trS [ρ0 (t + dt)] 6= χ(t + dt), as schematically illustrated in Figure
3.2. As an intuitive analogy (which should not be taken too literally), one can think of
the state χ(t) as the hand of a clock and dt as its fundamental unit of time, a ’second’.
If the qubit has a non-zero |ψi component, instead of simply ticking to the next position
χ(t + dt), the hand of the clock splits up into two parts ending up in a convex mixture of
the expected χ(t + dt) state, and the state U+ (dt)χ(t)U+† (dt). Crucially, this deviation of
the clock from its reference orbit corresponds to energy being transferred from the qubit
system into the machine. Since the state of the clock is distorted by this gain it therefore
not only acts as a time-keeping device but also as temporary battery, which reduces its
ability to induce local-level splittings and so its function as a clock is affected. This is the
same effect that also became apparent in the explicit model of the previous chapters. Step
(c) will introduce the solution to this problem.
(c) Measurement
Step (c) is the crucial component of the protocol that allows us to avoid the issues our
explicit model unvocered. We repeatedly perform energy-harvesting measurements on the
machine that serve two functions: firstly to transfer the energy gain from the quantum
to the classical regime, and secondly to stabilize the clock/machine system. This in turn
allows us to separate the concepts of clock and battery in the quantum-mechanical system.
The target state on the reference clock orbit is given by χ(t+dt), and therefore the measurement we perform is the projective rank-1 measurement in the orthonormal clock basis
{|m(t + dt)i}. This is described by the projectors Πm (t+dt) := 1⊗|m(t + dt)i hm(t + dt)|.
The ability to perform this measurement is assumed to be a free operation that is accessible macroscopically. However this too could be modelled more explicitly using a larger
coherent reference, if one wished.
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Let us first focus on the selective case since here we are guaranteed to be in the premeasurement state ρ0 (t+dt) and we can use a simplified notation. Applying the projectors
to this state, the post-measurement state given measurement outcome m is

ρm (t + dt) =




1
pd (t+dt)


p0 (t) |ψi hψ| + p1 (t)Γdd (t, dt) |ψi hψ| ⊗ χ(t + dt)

|ψi hψ| ⊗ |m(t + dt)i hm(t + dt)|

if m = d
if m 6= d,
(3.15)

with probability

p (t) + p (t)Γ (t, dt)
0
1
dd
pm (t, dt) =
p (t)Γ (t, dt)
1

md

if m = d

(3.16)

if m 6= d,

where we have defined
2

Γm0 m (t, dt) := hm0 (t + dt)|U+ |m(t)i .

(3.17)

This quantity Γm0 m (t, dt) can be understood as the probability of the clock transitioning
into the orbit labelled by m0 under the deviation-inducing evolution U+ for duration dt,
given that the the clock was in the orbit labelled by m at time t. It can easily be verified
that the Γm0 m form a doubly-stochastic matrix, with summation over either of the two
indices giving unity. Also note that if dt is small, this matrix is diagonally dominant, i.e.
the system is more likely to remain on any given orbit than to transition to a different
orbit.
From eq. (3.15) we can directly see that if we observe the measurement outcome m = d,
the clock has been successfully stabilised and projected back onto the reference clock orbit
at χ(t + dt). The qubit is steered to a slightly altered state ρ0S (t + dt) ∝ p0 (t) |ψi hψ| +
p1 (t)Γdd (t, dt) |ψi hψ|. On the other hand, if we observe m 6= d, the clock transitions to a
different orbit (often leading to a backflow of energy from the measurement apparatus as
we shall show below) and the qubit is instantly collapsed to |ψi. Looking at eq. (3.16)
we see that the stabilising outcome m = d is by far the most likely, since p0 (t) > 1/2 on
average, and Γdd (t, dt) is a diagonal element of a diagonally dominant matrix.
However, particularly as dt gets larger, the measurement outcome m 6= d can not be
ignored. In the selective operation mode of the engine, such a misfire of the engine triggers
an abortion of the current engine cycle and a feedback procedure that resets the engine
for a new cycle. The qubit is immediately decoupled from the bath to avoid further
thermalisation. Further, since the qubit has collapsed into the |ψi state we need to reset
the qubit to the |ψi state to ensure that the clock rotates along a clock-orbit and ends
up in a state where it can be restored to the reference orbit without any further energy
cost. The flip operation is given by the unitary Uf := (|ψi hψ| + |ψi hψ|) ⊗ 1 and takes the
state ρm (t + dt) to ρ0m (t + dt) = |ψi hψ| ⊗ |m(t + dt)i hm(t + dt)|. This flip is not energy
conserving and its cost has to be taken into account as we will show explicitly in Section
3.4. Since the qubit is now in the |ψi state again, we can allow the system to freely evolve
for a duration T − (t + dt), essentially “running the engine in neutral”, resulting in a state
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|ψi hψ| ⊗ |m(T )i hm(T )|. Now, due to condition (i) which holds for all t = nT , we can
restore the clock to the reference orbit at χ(0) without any energy cost, and the joint
system is ready to begin a new cycle.
In the case of the unselective operation mode the state after measurement depends both
on the measurement outcome m0 at time t + dt, as well as the the previous measurement
outcome m at time t. Explicitly, the post-measurement state after observing m0 is given
by
0

ρ(m |m) =




1
p(m0 |m)



(m)
(m)
p0 (t) |ψi hψ| + p1 (t)Γm0 m (t, dt) |ψi hψ| ⊗ |m0 (t + dt)i hm0 (t + dt)|

|ψi hψ| ⊗ |m0 (t + dt)i hm0 (t + dt)|

if m0 = m
if m0 6= m,
(3.18)

with probability

p(m) (t) + p(m) (t)Γ (t, dt)
mm
0
1
p(m0 |m) =
p(m) (t)Γ 0 (t, dt)
1

mm

if m0 = m
if m0 6= m.

(3.19)

Since in the unselective mode the engine is kept running regardless of the specific outcome
m0 , and the measurement is followed by the next UP beginning with a new thermalisation
to the state ρ(t + dt|m0 ) eq. (3.13) which is only sensitive to the most recent measurement
outcome m0 , we destroy the information of the previous measurement m, resulting in a
Markov process.

3.4. Energetic Accounting
Knowing all the quantum states of the system S and machine M during the entire protocol
it is straight forward to calculate the energy flows into the measurement apparatus and
the thermal reservoir by invoking global energy conservation.

3.4.1. Work
The energy flow into the measurement apparatus takes place during the measurement
process. It is given by the energy difference of the pre- and post-measurement quantum
states. Given measurement outcome m in the selective mode, we have for the energy flow
into the macroscopic apparatus
h
i
dEm (t, dt) = tr HSM ρ0 (t + dt) − ρm (t + dt) .

(3.20)

Substituting the explicit expressions for the states eqs. (3.14) and (3.15) and invoking
condition (ii) we find for the energy flow in the case of the ideal measurement outcome
m=d
dEd (t, dt) = p1 (t) hd(t)|∆H+ (t, dt)|d(t)i ,
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(3.21)

where we have defined
Γdd (t, dt) †
U H+ U− .
pd (t, dt) −

(3.22)

Γdd (t, dt)
1
=
<1
pd (t, dt)
p1 (t) + p0 (t)/Γdd (t, dt)

(3.23)

∆H+ (t, dt) := H+ −
Since 0 < Γdd (t, dt) < 1, the ratio

is strictly less than 1. In addition the expectation value of H+ with respect to |d(t)i
is greater than the same expectation value of U−† H+ U− , leading to eq. (3.21) giving a
positive energy flow into the apparatus5 .
However, in the case of a misfire event, a measurement outcome m 6= d, we have a very
different energy flow, specifically
0
dEm6
=d (t, dt) = p1 (t) hd(t)|H+ |d(t)i − hm(t + dt)|H+ |m(t + dt)i .

(3.24)

The dash indicates that this is only part of the energy flow associated with this event (see
below). Even though the expectation value of H+ with respect to the state |m(t + dt)i is
generally less than that with respect to |d(t)i, the fact that 0 < p1 (t) ≤

1
2

implies that

in many cases an engine misfire implies a back-flow of energy from the apparatus into
the quantum system. Additionally, applying the feedback and flipping the qubit via the
unitary Uf will lead to a further energy cost (which we assume is taken from the work
stored in the apparatus)
f
dEm
(t, dt) = − hm(t + dt)|H+ |m(t + dt)i .

(3.25)

Taking this feedback cost into account, the total energy exchange between quantum system
and measurement apparatus given a measurement outcome m 6= d is
dEm6=d (t, dt) = p1 (t) hd(t)|H+ |d(t)i − 2 hm(t + dt)|H+ |m(t + dt)i .

(3.26)

While eqs. (3.21) and (3.26) provide the exchanges of energy between the quantum
device and measurement apparatus, we cannot simply identify these as the extracted
work. The reason is that the measurement device must be re-set and its memory erased
in order to avoid any Maxwell’s demon type scenarios [5, 21, 22, 24, 83–85]. However this
memory is a classical record in the macroscopic apparatus and therefore the traditional
Landauer cost of erasure applies [53, 54, 56, 86, 87].
The information gain by the apparatus is described by the distribution of measurement

5

Note that this is not strictly true for every UP in general if the clock evolves along a complicated
trajectory (i.e. if the level splitting ∆E(t) is not monotonically decreasing), but is always true on
average over the interval T̃ < t < T .

49

outcomes p(t) := {pm (t, dt)}, and so the minimal cost of erasure is given by

dWreset (t, dt) = β −1 S p(t) ,

(3.27)

where S(·) is the Shannon entropy.
Taking into account this cost of resetting the memory we arrive at the average work
output of the UP starting at time t in the selective mode
dW (t, dt) =

X

pm (t, dt)dEm (t, dt) − dWreset (t, dt).

(3.28)

m

We can split this up and define the work associated with outcome m as
dWm (t, dt) := dEm (t, dt) − dWreset (t, dt),
such that dW =

P

m pm dWm .

(3.29)

Using this, we find for the total work output of the selective

engine averaged over a full engine cycle consisting of N =

T −T̃
dt

unit protocols

N
N
Y
X
pd (T̃ + ndt)
hW i =
dWd (T̃ + ndt)

+

+

n=1
N
−1h k−1
X
Y

n=1
k−1
i
X
pd (T̃ + ndt) (1 − pd (T̃ + kdt))
dWd (T̃ + ndt)

k=2 n=1
N h k−1
X
Y

n=1

pd (T̃ + ndt)

k=1 n=1

i

d−1
X

pm (T̃ + kdt)dWm (T̃ + kdt),

(3.30)

m=1

where the first term corresponds to the work extracted in the case each of the N unit
protocols succeeding, the second term corresponds to the work extracted up to a misfire
at the k-th UP (which also aborts the cycle), and the final term contains the energy flow
of the misfire at the k-th UP itself, all weighted by the respective probabilities of these
events occurring.
For the unselective engine, we find the energy associated with a transition from the
clock orbit m at time t to the orbit m0 at time t + dt as


Γm0 m
0
0
0
m
hm |H+ |m i ,
dE(m |m) = p1 (t) hm|H+ |mi −
p(m0 |m)

(3.31)

where we have omitted the explicit time dependence for notational brevity.
The probability of a complete engine trajectory m consisting of the full record of measurement outcomes m = {mT̃ , mT̃ +dt , ..., mT } is
p(m) = p(mT̃ )

N
Y

p(mT̃ +ndt |mT̃ +(n−1)dt ),

(3.32)

n=1

where the inclusion of mT̃ in the trajectory allows for the scenario in which the clock
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begins the protocol on an orbit other than the reference orbit. The total energy flow into
the measurement device associated with this trajectory is
E(m) =

N
X

dE(mT̃ +ndt |mT̃ +(n−1)dt ).

(3.33)

n=1

Finally, as for each individual UP in the selective mode, at the end of the engine cycle
we have to reset the full memory of the entire trajectory which is associated with a work
cost Wreset = β −1 S({p(m)}), such that the total average work output of the unselective
engine is given by
hW iu =

X

p(m)E(m) − β −1 S({p(m)})

(3.34)

m

where the average is taken over all possible engine trajectories.
Comparison of the Different Modes
The cumulative erasure cost in the selective mode

P

dWreset (t, dt) is generally smaller

than the single large erasure Wreset in the unselective mode, which already suggests the
superiority of the selective mode in terms of work output. In addition to the average
outputs hW i eq. (3.30) and hW iu eq. (3.34), we can also define Wideal as the maximum
single-shot work output of a cycle of the selective engine that completes without a single
misfire. Although not established explicitly for general clocks, the selective engine employing a feedback protocol has a higher work output Wideal ≥ hW i ≥ hW iu in all examples
considered, with equality between all three in the dt → 0 limit, which we will consider
separately in Section 3.5.

3.4.2. Heat
During step (a) of each UP the qubit thermalises with respect to its induced local Hamiltonian by interacting with the thermal reservoir at inverse temperature β. Assuming the
selective protocol with desired measurement outcome m = d, before the thermalisation at
time t + dt we find the qubit in the state
ρ0S (t + dt) =

p0 (t)
p1 (t)Γdd (t, dt)
|ψi hψ| +
|ψi hψ|
pd (t, dt)
pd (t, dt)

:=p∗0 |ψi hψ| + p∗1 |ψi hψ|

(3.35)

as can be seen from eq. (3.15). Since in general p0 (t + dt) < p0 (t) and p1 (t + dt) > p1 (t)
(since ∆E(t + dt) < ∆E(t)), and p∗0 > p0 (t) and p∗1 < p1 (t), we see that the interaction
of the qubit with the machine, and the back-action of the measurement process on the
machine actually drive the qubit even further away from its thermal state at time t+dt than
it would have been otherwise, leading to an increased heat flow required to rethermalise
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the qubit. Specifically the heat flow during the thermalisation at time t + dt is given by
h
i
dQ(t + dt) =tr HSM ρ(t + dt) − ρd (t + dt)


Γdd (t, dt)
∆E(t + dt).
= p1 (t + dt) − p1 (t)
pd (t, dt)

(3.36)

The heat flow in the classical case is dQcl (t + dt) = (p1 (t + dt) − p1 (t)) ∆E(t + dt). Noting
that Γdd (t, dt)/pd (t, dt) < 1, we see that dQ(t+dt) > dQcl (t+dt) so that the fully-quantum
mechanical protocol has a higher heat flow associated with it. However, as we hall show
below, this difference vanishes in the dt → 0 limit, such that the classical result can be
recovered even for finite-size quantum machines, as long as they can be stabilised infinitely
fast.
A similar result can be derived for the unselective mode of operation. We will not
explicitly go through the detailed calculations here since they are rather tedious and not
particularly insightful. We simply note some key differences to the smooth heat flow in the
selective case. The diferences are particularlyt apparent if the engine undergoes a jump
from one orbit m to a different orbit m0 6= m. As we see from eq. (3.18) this projects the
qubit into the higher energy state |ψi. Thus it is in a sense “overthermalised”, and the
thermalisation will lead to heat flowing back from the system into the bath. We also note
that the energy gap ∆E does no longer smoothly vary but itself undergoes discontinuous
jumps as the clock jumps between orbits.

3.5. The Quantum Zeno Engine
As we have already noted above, the limiting case of dt → 0 has some special properties.
Inspired by the famous Zeno paradoxes [88] and the well known quantum Zeno effect
[89], we call this limit the Zeno Limit (ZL) and the engine operating in this regime the
Quantum Zeno Engine (QZE). This limit allows us to recover many well-established results
of equilibrium thermodynamics.
Similarly to the standard Zeno effect which essentially prevents a quantum system that
is continuously measured to evolve, the QZE undergoing continuous measurements in a
changing basis is prevented from deviating from its reference clock orbit and thus stabilised
with perfect fidelity. As a direct side effect this also leads to no energy accumulating in
the clock, all of it flowing constantly out of the quantum machine into the measurement
apparatus the same moment it is acquired by the machine. Only in this limit can we
completely separate the notions of battery and clock. For finite dt the clock, albeit only
temporarily, invariably has to act as a battery to some degree.
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3.5.1. Optimal Work Output
The ZL has the additional advantage that it allows a precise analytical treatment. Let us
first consider the transition probability Γm0 m defined in eq. (3.17). We can rewrite it as
2

Γm0 m (t, dt) = hm0 (t)|eiH− dt e−iH+ dt |m(t)i .

(3.37)

Expanding the exponential functions and ignoring terms of order higher than O(dt2 ) we
have
Γm0 m (t, dt) ≈ hm0 (t)|(1 + iH− dt)(1 − iH+ dt)|m(t)i
≈ δm0 m + i hm0 (t)|H− − H+ |m(t)i dt

2

2

=δm0 m − O(dt2 ).

(3.38)

Thus the probability of the clock staying on a certain orbit m, despite the deviation
inducing evolution generated by H+ , is equal to unity up to first order in dt. Crucially
this includes the clock orbit d such that Γdd (t, dt) = 1 − O(dt2 ).
Having established the limiting value of this central quantity we can consider the probability distribution over measurement outcomes p(t). Specifically, we are interested in
the probability associated with the clock being projected back onto its reference orbit,
assuming it started the UP in this orbit, i.e. the probability pd (t, dt) eq. (3.16) in the
selective case, which is equal to p(d|d) eq. (3.19) in the unselective case. We have
pd (t, dt) =p0 (t) + Γdd (t, dt)p1 (t)
=p0 (t) + p1 (t) − O(dt2 )
=1 − O(dt2 )

(3.39)

This shows the core point of the ZL, the fact that we are guaranteed to project back onto
the reference orbit. This also implies that the selective and unselective protocols become
equivalent. From this result it also immediately follows that the cost of resetting the
memory vanishes for both operation modes as Wreset = O(dt2 ). Thus from eq. (3.28) we
have
dW (t, dt) = dEd (t, dt) − O(dt2 ).

(3.40)

To find an expression for dEd (t, dt) in the dt → 0 limit we see from eqs. (3.21) and
(3.22) that we need to evaluate the expression
Γdd (t,dt)
pd (t,dt)

= 1−

O(dt2 )

Γdd (t,dt) †
pd (t,dt) U− H+ U− .

For the ratio we find

as can be verified by substituting eqs. (3.38) and (3.39). For the

operator factor we have upon expanding the exponential functions
U−† H+ U− =(1 + iH− dt)H+ (1 − iH− dt) + O(dt2 )
=H+ − iH+ H− dt + iH− H+ dt + O(dt2 )
=H+ + i[H− , H+ ]dt + O(dt2 )
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(3.41)

from which it follows that
∆H+ (t, dt) = −i[H− , H+ ]dt + O(dt2 ).

(3.42)

Finally, substituting this expression into eq. (3.21) and the result into eq. (3.40) we arrive
at the infinitesimal work flow dW (t, dt) of one UP in the Zeno limit
h
i
dW (t, dt) = −ip1 (t)tr χ(t)[H− , H+ ] dt + O(dt2 ),

(3.43)

In this result we again recognise the operator C = i[H− , H+ ]. The importance of maximising its expectation value with respect to the clock orbit in guaranteeing optimal work
extraction can be seen once more. Assuming again that H− and H+ (and as a consequence
also C) are
h SU(2)
i generators, we have that at time T̃ where the actual work extraction
begins tr χ(T̃ )C = 0. From there the expectation value grows increasingly negative until
the clock has rotated into the eigenstate of C with smallest, i.e. most negative eigenvalue,
which also coincides with the time when p1 reaches its maximum value of 1/2 and we
end the protocol. Putting these observations together we see from eq. (3.43) how SU(2)
Hamiltonians and the clock on its reference orbit χ(t) guarantee an optimal work output.

3.5.2. Full Utilization of Free Energy
To show that this is indeed the optimal work output and that it allows us to recover known
results from equilibrium thermodynamics, let us now focus on the free energy change of
the qubit. We will show that in the Zeno limit the entire free energy difference can be
extracted as work and we are able to fully saturate the second law.
Given the clock on the reference orbit, the system’s local partition function at time t
is given by Z(t) = 1 + e−β∆E(t) where as before ∆E(t) = tr[χ(t)H+ ]. The change in free
energy of the qubit is thus
dF (t) =d(−β −1 log Z(t))
= − β −1

1 dZ
dt.
Z(t) dt

(3.44)

Differentiating the partition function with respect to t we get
dZ
d∆E −β∆E(t)
= −β
e
.
dt
dt

(3.45)

The energy splitting of the qubit varies in time as
d
d∆E
= tr[χ(t)H+ ]
dt
dt
d
= tr[U− (t)χ(0)U−† (t)H+ ]
dt
=itr [χ(t)[H− , H+ ]] .
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(3.46)

Finally, recognising that

e−β∆E(t)
Z(t)

= p1 (t) and substituting everything into eq. (3.44), we

see that
lim dW (t, dt) = −dF (t).

dt→0

(3.47)

Specifically, the quantum Zeno engine with a built-in clock, constantly stabilised via
energy-harvesting measurements, is able to extract the entire free energy difference of
the system as work. Conversely, if we are not able to perfectly stabilise the clock at all
times and only allow the accumulated energy to flow out of the quantum clock and into
the classical battery at finite intervals, we are naturally restricted to ∆W < −∆F . This
is in accord with the second law, where equality can only be achieved under reversible
protocols.
This also demonstrates a core tradeoff between work output and power. Assuming that
we are experimentally restricted to a minimum dt, we can either attempt to slow down the
system dynamics to get closer to the ZL at the expense of power, or vice versa get a higher
power but being further from the equality achieved in eq. (3.47), “wasting” free energy.
From eq. (3.43) we can also see that if the qubit’s |ψi state is lowered too fast compared
to dt, the clock is not able to sample the qubit’s thermal distribution p1 (t) quick enough
to utilize the full free energy difference. This adds to the tradeoff between maximising
power and maximising work output.
Integrating eq. (3.47) over T̃ ≤ t ≤ T , the total work output of the Zeno engine is


WZeno = kT log 2 − log Z(T̃ ) ,

(3.48)

where Z(T̃ ) is the partition function of the system at maximum level splitting ∆E(T̃ ).
This shows a second limitation we suffer if considering a realistic finite-sized machine. Even
if we were able to perfectly stabilise the clock, we are further limited by the maximum
level-splitting that the clock can induce. Only in the limit of an infinitely big (i.e. classical)
clock can we reach an infinite level splitting ∆E(T̃ ) → ∞ such that Z(T̃ ) → 1, and thus
obtain the classical result W = kT log 2. This finite-size effect however is not as severe
as the effects due to finite stabilisation time dt. Even if ∆E(T̃ ) → ∞ is impossible to
achieve, we only require that ∆E(T̃ )  kT to achieve Z(T̃ ) ≈ 1 and thus have eq. (3.48)
coincide with the classical result W = kT log 2 to a good approximation. We have already
seen this in our explicit model, for example in Figure 2.2 where we came very close to
W = kT log 2 despite the very small size of the field, which we now know essentially acted
as a (unstabilised) clock. Having developed all the general results we now return to the
initial model and apply the new insights to this explicitly solvable case.
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4. The Spin Clock Model
As we have seen in our general considerations above, the original model of a rotating
quantum reference frame replacing the classical field introduced in Chapter 2 already has
almost all the necessary ingredients for an optimal autonomous machine. Further, our
model is particularly well suited since the spin can be loosely viewed as the quantumanalogue of a clock hand and as noted above, Figure 3.2 can in some sense be seen as
more than simply a very abstract visualisation of the underlying dynamics. Under free
evolution the state χ(t) simply rotates around a fixed axis just like a clock hand with period
2π. The other clock-orbits co-rotate with the reference orbit, and can essentially be seen
as shortened, fuzzy versions of the clock hand, i.e. the spin not being fully polarised in
a certain direction but only partially. Note that if there is no polarisation, for example
if the clock gets too mixed, the hand disappears, we are unable to tell the time, and so
unable to induce time-dependence in the qubit. The effect of back-action from the qubit
on the clock is again a stochastic splitting of the clock hand into two parts, one following
the clock-orbit, the other one rotating out of the clock-plane.
The main ingredient the model has been missing was the stabilising measurements.
Before we consider the detailed implications of our general results, let us look at the basic
idea of how measurements affect the evolution of the reference frame, particularly its hL̂y i
expectation value which as we saw is directly related to the energy it accumulates.
Figure 4.1 shows the effect of stabilising measurements being performed at regular intervals to project the spin back onto its reference clock orbit χ(t) (which we will define in
more detail in the following). Note that we have not applied measurements in every UP,
but have each measurement separated by multiple steps of thermalisation and evolution.
We have done this for illustrative purposes here but will revisit this notion in Section 4.3
when looking at some alternative notions of thermalisation which go beyond the idealised
bath coupling. From the figure we can clearly see how the measurements keep the spin’s
hL̂y i expectation value much closer to the value it would have under free evolution. It
is also straight forward to see how decreasing the interval between measurements gets us
closer and closer to perfect stabilisation as we approach the Zeno limit.
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Figure 4.1. – Basic idea behind the stabilising measurements performed on the spin
clock. The red curve represents evolution of the clock’s L̂y expectation value as in
the original work extraction protocol in Chapter 2 (c.f. Figure 2.1) where the clock
simply absorbs all the energy. The blue curve shows the same evolution but with
stabilising measurements at regular intervals, which project the clock back into the
reference orbit χ(t) (represented here by the dash-dotted black line). We have chosen
large intervals between stabilising measurements here for visual clarity, but one can
see that as these intervals become smaller, the clock deviates less and less from the
reference orbit. This corresponds to energy flowing into the clock not being allowed
to build up, but immediately being syphoned off by the measurements, allowing the
clock to run unaltered for many iterations as well as transferring energy from the
quantum to the classical scale.

4.1. Exact Solvability of the Model
4.1.1. Hamiltonians and States
The time-independent coupling Hamiltonian (2.1) we used in Chapter 2 to introduce autonomy into the quantum Szilard engine model was

1 
H = √ σz ⊗ L̂z + 1 ⊗ L̂y .
2

(4.1)

Comparing this with the general ideal system-machine coupling Hamiltonian (3.1) we
notice that this Hamiltonian is already of the correct form, with machine Hamiltonians
HI =

√1 L̂z
2

and HF =

√1 L̂y .
2

Rewriting the Hamiltonian in the form of eq. (3.5) and

using eq. (3.6) we find

1 
H± = √ L̂y ± L̂z .
2

(4.2)

The angular momentum operators L̂y and L̂z clearly are SU(2) generators, and the operators H± can also be seen as angular momentum operators defining a new coordinate
system. Specifically, both H+ and H− are angular momentum operators in the y-z-plane,
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but at 45◦ angles to the standard operators. The third SU(2) generator can be found via
the commutation relation
C = i[H− , H+ ] = −L̂x .

(4.3)

Thus we see that this new full coordinate system has, in addition to being rotated in the
y-z-plane, also been flipped along the x-axis. As shown in Section 3.2, the ideal clock state
we want to choose is the maximum eigenvalue eigenstate of C. Specifically, this gives us
a spin fully polarised along the negative x-direction as the ideal starting state. Note that
the desire to start the qubit in degenerate states and consecutively induce a positive level
spliting already lead us to choose the correct starting state (2.7) in Chapter 2. We now
have the tools to justify that this was indeed the optimal state.
To simplify notation we redefine |li to be the eigenvalue l eigenstate of C = −L̂x (not
of L̂z as used in Chapter 2 and is common in the literature). More generally, we define
the eigenbasis {|mi}−l≤m≤l such that C |mi = m |mi. Note also that we use a slightly
different convention here compared to Chapter 3 where 1 ≤ m ≤ d. This −l ≤ m ≤ l is
more suited to the angular momentum eigenbases. The mapping from one to the other is
straight forward since, due to the relation d = 2l + 1, the new convention is just a shift of
labels by an amount −(l + 1), so that the labels match the eigenvalues. The state on the
reference clock orbit at time t is thus given by
χ(t) = U− (t) |li hl| U−† (t).

(4.4)

In words, the spin that is initially polarised along the negative x-axis rotates around the
axis defined by H− , which points exactly between the y- and negative z-axes. Using a
somewhat different and less formal reasoning, we have already established this in Section
2.1, particularly eq. (2.6). Considering this rotation (or using the more formal Wigner
matrix derivation introduced in Subsection 4.1.2 below), it is straightforward to show that
the level splitting of the qubit induced by a clock on this orbit is simply
∆E(t) = l sin t.

(4.5)

We see that the maximum level splitting that this clock can induce is ∆Emax = l at a
time T̃ = π/2. Note also that even though the period of the clock is technically T = 2π,
it is preferable to stop the machine earlier at T 0 = π as we have done in all the results
presented in Chapter 2, since the qubit is degenerate again at this time with respect to
all clock orbits, and keeping the engine running for the remaining period would at best
(namely in the Zeno limit) lead to no additional work gain. Even though this was not
explicitly stated in Chapter 3, whenever the qubit is degenerate with respect to all clock
orbits for some time t = T 0 < T it is preferable to stop the engine there and “run the
engine in neutral” for an additional time T − T 0 to get back to the original setup. In the
following we will ignore this more technical distinction and simply use T = π.
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4.1.2. Transition Probabilities and Wigner Matrices
Besides being conceptually simple, the spin-clock model has the additional advantage that
it is exactly solvable. Let us look at the transition probabilities Γm0 m defined in eq. (3.17).
Starting from the definition we have
Γm0 m (t, dt) = hm0 (t + dt)|U+ (dt)|m(t)i

2

= hm0 |eiH− (t+dt) e−iH+ (dt) e−iH− (t) |mi

2

(4.6)

which look very similar to elements of the Wigner D-matrix [90]
Dm0 m (α, β, γ) := hm0z |e−iLz α e−iLy β e−iLz γ |mz i
0

= e−i(m α+mγ) dm0 m (β)

(4.7)

where the Wigner d-matrix dm0 m (β) is defined as
s
dlm0 m (β)

=

0

l−m
(l + m)!(l − m)! X
(l + m0 )!(l − m0 )! σ=0

l + m0
l+m−σ

!

!
0
0
0
l − m0
β
β
(−1)l−m −σ (sin )2l−m−m −2σ (cos )m+m +2σ .
σ
2
2
(4.8)

In eq. (4.7) the states |mz i and |m0z i are eigenstates of the L̂z operator. However, in eq.
(4.6) the states are eigenstates of C, not H− , and we thus have to introduce two identity
decomposition in the H− basis {|k− i} to make use of eq. (4.7). We have

Γm0 m (t, dt) =

2

l
X

0

hm

0
0
|k−
i hk−
|eiH− (t+dt) e−iH+ (dt) e−iH− (t) |k− i hk− |mi

k,k0 =−l

=

2

l
X

0
Dk0 k (−(t + dt), dt, t) hm0 |k−
i hk− |mi

k,k0 =−l

=

2

l
X

−i(kt−k0 (t+dt))

e

0
dk0 k (dt) hm0 |k−
i hk− |mi .

(4.9)

k,k0 =−l

Finally, noting that |mi = e−iH+ π/2 |m− i and using the D-matrix result eq. (4.7) again
0 i =
we have hk− |mi = hk− |e−iH+ π/2 |m− i = Dkm (0, π2 , 0) = dkm ( π2 ) and similarly hm0 |k−

dm0 k0 (− π2 ). Hence we arrive at

Γm0 m (t, dt) =

l
X

2
−i(kt−k0 (t+dt))

e

k,k0 =−l

π
π
dk0 k (dt)dm0 k0 (− )dkm ( ) .
2
2

(4.10)

This might not look much more illuminating than the original expression, but the dmatrices are well known functions and can easily be evaluated computationally, allowing
us to explicitly calculate results for the spin-clock model.
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4.2. Work Output of the Spin-Clock Engine
Using the explicit expressions (4.10) we can compute all the quantities involved in the
average work output hW i of the selective engine, eq. (3.30), as well as the ideal work
output Wideal , for arbitrary clock dimension d and time between stabilising measurements
dt. Note that we will ignore the unselective engine mode here. While in principle straight
forwardly computable, finding hW iu becomes computationally very expensive for small dt
and large spin sizes d, since the number of trajectories that have to be considered grows
exponentially in d and 1/dt.
In addition to the finite dt work outputs we can easily calculate analytically the work
output of this engine operating in the Zeno regime. Starting from ∆E(t) = l sin t we have
dF (t) = p1 (t)l cos(t)dt
which upon integration from

π
2

(4.11)

≤ t ≤ π yields



WZeno = kT log 2 − log(1 + e−βl ) .

(4.12)

Note that alternatively we could have also arrived at this result by substituting the maximum level splitting ∆E(T̃ ) = l into eq. (3.48). This is the maximum work that can be
extracted from a pure qubit if one is limited to utilise a spin-l system as a clock/machine
and a thermal reservoir at inverse temperature β = 1/kT . We see again that the the
semi-classical W = kT log 2 can even in the Zeno limit only be recovered for infinitely
large clocks l → ∞ (or for zero temperature β → ∞).

Figure 4.2. – Ideal Wideal (solid) and average hW i (dashed) work output for a spinclock-driven engine against clock size l for different stabilisation intervals dt. The
red curve shows the Zeno limit dt → 0 which quickly approaches the classical result
W = kT log 2.
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Figure 4.2 shows the ideal work Wideal and average work hW i extracted from a pure qubit
over a full (selective) engine cycle for various spin sizes l and stabilisation intervals dt. We
see that even for small clocks we quickly saturate the classical result W = kT log 2 in the
Zeno limit. Finite stabilisation intervals on the other hand prevent us from getting close
to the semi-classical values, with less work being extracted the larger the time between
stabilisations.
What might be surprising at first is that for finite dt there is an optimal clock size l
which is also finite. This comes back to the issue of sampling the qubit’s thermal states
which we have already come across in the discussion of the work versus power tradeoff
in Subsection 3.5.2. If the clock is too small, we are unable to raise the |ψi state high
enough before starting to thermalise. On the other hand, if the clock is too large, we raise
the state very high, but also drop it very fast and hence might not be able to sample the
thermal distribution quick enough. For larger clocks the average quickly falls below the
ideal output, but then converges again in the l → ∞ limit since in this case the optimal
scenario starts to dominate the average due to the increasingly smaller deviation from the
reference orbit experienced by larger clocks. Figure 4.3 shows the same results as contour
maps of ideal and average work.

Figure 4.3. – Contours of work output (normalised to kT log 2) of the selective
engine for clock sizes l and stabilisation interval dt. The left plot shows the ideal
scenario in which every measurement succeeds. The right plot is the average work
output of the selective engine.

4.3. Different Regimes of Thermalisation
In most of the preceding discussions we have employed a very idealised notion of thermal
baths and the system bath interaction, which we have first introduced in Chapter 1. Later
in Section 2.3 we briefly looked at a more realistic bosonic bath but our considerations
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were mostly limited to giving justification to the notion of local induced Hamiltonians.
Our main results in Chapter 3 were all derived with the idealised bath notion in mind.
We mainly did this for the sake of conceptual simplicity, but it was also necessary in
order to obtain the analytic results. Specifically, we have to make the assumption that the
thermalisation of the qubit takes place at the beginning of each unit protocol, right after
the measurement of the preceding unit protocol. Thus, looking back at the three step
definition of each unit protocol in Section 3.3, evolution (b) and thermalisation (a) are
in a sense non-interacting, separated by the measurement (c). In this section we present
simulation results for the spin-clock that do not rely on this assumption but instead model
non-trivial interactions between thermalisation and evolution, and hence show that the
approximation is qualitatively robust in all the regimes considered.
As we have already noted in Section 2.3 (and as we will see again more explicitly in Part
II), the existence and derivation of a Markovian master equation are non-trivial problems
for interacting joint systems. And a direct exact simulation as done in 2.3 for a single
mode bath becomes computationally absolutely intractable for a more realistic bath with
continuous spectrum. In the following we consider two alternative ways of improving the
idealised bath notion and avoiding the hard split of thermalisation and evolution.

4.3.1. Multiple Thermalisations per Unit Protocol
In the first approach, we do what we have already done in Figure 4.1 for visualisation
purposes, and simply split each unit protocol further into nβ sub-units of duration dt0 =
dt/nβ , each consisting of thermalisation of the qubit followed by free evolution of the joint
system for duration dt0 . The measurement is still only performed once per UP, only at the
very end after multiple thermalisation and evolution steps. Note that whereas for nβ = 1
(which corresponds to the standard scenario previously discussed) where the qubit always
thermalises with respect to the local Hamiltonian induced by the reference clock orbit χ(t),
the thermalisations in between t and t + dt are now with respect to the local Hamiltonian
induced by the clocks momentary state, which between measurements deviates from the
reference orbit. The more sub-units nβ we consider, the more quasi-static the process
becomes as the qubit more and more smoothly transitions from one thermal state to the
next. Due to the immediate back-action into the clock by the joint evolution, this can be
seen as the machine scanning the thermal distribution with a higher fidelity. In the limit
nβ → ∞ the process becomes a quasi-static equilibrium process and the work output is
maximised6 .
The results for the optimal work output Wideal are shown in Figure 4.4 for spin clocks
with varying size l, all with stabilisation interval dt = 0.05 for different numbers of subunits nβ . Note that the analytic result (equivalent to nβ = 1) is not necessarily more or
less realistic than the results for higher nβ > 1, but can be seen as an approximation to a
6

Note however that this is different from the Zeno limit. The Zeno limit goes beyond this since there,
as well as the system undergoing a quasi-static equilibrium process, the clock is also maintained in a
perfect state which is not the case here in general.

62

Figure 4.4. – Ideal work output Wideal of a machine with a spin-l clock and stabilisation interval dt = 0.05, plotted against clock size l for different numbers of
thermalisation nβ per unit protocol. The nβ = 1 result is in exact agreement with
the analytic result for dt = 0.05 in Figure 4.2. The higher the value of nβ , the
more continuous the state transformation of the qubit, i.e. the more quasi-static the
protocol, leading to greater work output. The dashed line shows the Zeno limit.

non-equilibrium process similar to a finite thermalisation time of the qubit.

4.3.2. Finite Rate Thermalisations
To consider an even more realistic model of non-equilibrium behaviour, we can further
introduce the notion that during each thermalisation stage the qubit is not instantaneously
transformed into a Gibbs state (1.1), but instead undergoes an equilibration at a finite
rate. This can be achieved by deriving a standard master equation for the qubit only [91],
which from the perspective of the bath completely ignores the clock (and thus avoids all
the issues of Markovian master equations for joint systems), except for the effect it has on
the qubit’s level splitting.
The mean bosonic occupation number n̄ is given by
n̄ =

1
eβω − 1

(4.13)

for a mode of frequency ω, and we assume that at any time t the qubit only couples to
the mode which it is in resonance with, i.e. for which ω = ∆E(t). We further define the
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clock’s states with respect to the qubit’s |ψi and |ψi states as
ρψ
M := hψ|ρSM |ψi

(4.14)

ρψ
M := hψ|ρSM |ψi

(4.15)

respectively so that the (diagonal) state prior to the thermalisation can be written as
ψ
ρSM = |ψi hψ| ⊗ ρψ
M + |ψi hψ| ⊗ ρM .

(4.16)

Using this notation we can use standard results for equilibration of a qubit with a bosonic
bath [91] to show that coupling to the bath for an effective duration τβ takes the joint
qubit-machine state ρSM to


ψ
ρ0SM ∝ |ψi hψ| ⊗ Cψ→ψ ρψ
+
C
ρ
M
ψ→ψ M


ψ
+ |ψi hψ| ⊗ Cψ→ψ ρψ
+
C
ρ
M
ψ→ψ M ,

(4.17)

where the Cx→y transition coefficients are given by
e−(2n̄+1)τβ n̄ + n̄ + 1
2n̄ + 1
−(2n̄+1)τ
β (n̄ + 1) − (n̄ + 1)
e
=−
2n̄ + 1
e−(2n̄+1)τβ (n̄ − 1)
=−
2n̄ + 1
−(2n̄+1)τ
β (n̄ + 1) + n̄
e
=
.
2n̄ + 1

Cψ→ψ =

(4.18)

Cψ→ψ

(4.19)

Cψ→ψ
Cψ→ψ

(4.20)
(4.21)

In the limit τβ → ∞ this model of equilibration corresponds to the instantaneous transformation to the Gibbs state (1.1) considered above, but for finite τβ the reduced state of
the qubit will in general “lag behind” the Gibbs state. Using this finite time equilibration
in combination with the previous notion of breaking each UP into multiple sub-units of
equilibration and evolution before the final measurement allows us to model very realistic
non-equilibrium behaviour.
Figure 4.5 shows the results for the spin-clock model for nβ = 5 equilibration events and
different effective thermalisation times τβ . The analytic result corresponding to nβ = 1
and τβ → ∞ is also shown for comparison.
Both Figure 4.4 and particularly Figure 4.5 very clearly show the work-power tradeoff.
Given the Hamiltonian employed, increasing the size of the clock leads to larger level
splitting in the system which due to the period being independent of the clock size speeds
up all the qubit’s local dynamics. At some point the positive effect of a larger level
splitting is overtaken by the negative effect due to the qubit not being able to catch up
with the equilibrium state and consequently the clock not being able to sample the thermal
distribution at high enough fidelity. Taking this to the extreme (which here coincides with
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Figure 4.5. – Ideal work output of a machine with a spin-l clock and stabilisation
interval dt = 0.05, plotted against clock size l for nβ = 5 finite rate equilibrations per
unit protocol with different effective equilibration rates τβ . The analytic result with
nβ = 1 and infinite equilibration rate τβ is shown for comparison. Faster equilibration
(larger τβ ) implies an evolution of the qubit closer to equilibrium and thus larger work
output. Note that for large l the qubit’s upper level drops faster, so that the qubit
is further from equilibrium for the same equilibration rate, leading to reduced work
output for large l.

l → ∞), the clock evolves so fast that the qubit essentially never leaves the |ψi state. While
this obviously minimises the back-action on the clock, it also prevents it from extracting
any work. Realistic autonomous engines will have to be engineered with this tradeoff in
mind.

4.4. Fuelling the Engine with Mixed States
Before concluding Part I let us briefly turn to a more general idea in the spirit of Chapter 3
again. Up till now we assumed that we are always given a perfectly known pure state |ψi.
In practice, for example due to fluctuations in the protocol preparing the system in this
state, we might not always have perfect knowledge of the state. Can our machine still use
this state, and if yes, how much work can it extract? Here we want to study the engine’s
behaviour in exactly this scenario, fuelling it instead of pure states with (partially) mixed
states.
If we consider the machine (in its selective mode) as a black-box system which takes
some state ρS as an input, generates work, and outputs a new state ρ∗S , we can say that
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if given the ideal input ρS = |ψi hψ| for which the engine was designed, we get the state
ρ∗S = q
as the output, where q =

QN

n=1 pd (T̃

1
+ (1 − q) |ψi hψ|
2

(4.22)

+ ndt) is the probability that all N unit protocols

succeed an we finish the cycle with a maximally mixed qubit in the state 1/2, and (1 − q)
is the probability that some UP fails and we perform the feedback process which returns
the qubit to the original state |ψi hψ|. The work output associated with this state transformation ρS → ρ∗S is hW i eq. (3.30). The machine itself is unchanged and will by the
design of the selective protocol always return to the state χ(0) after outputting ρ∗S , thus
effectively acting as a catalyst.
But we can also ask what happens if instead of inputting the pure state ρS into the
engine, we try and feed the engine its own output state, the mixed ρ∗S . We can rewrite
the state as

q
q
ρ∗S = (1 − ) |ψi hψ| + |ψi hψ| .
2
2

(4.23)

If we feed this state into the engine, note that the initial stage for times 0 ≤ t ≤ T̃ is
now not just the trivial level splitting induction in the qubit anymore, but also leads to
a deviation of the qubit from its clock orbit. Thus we need to introduce one additional
measurement before the first thermalisation to project the clock back onto its reference
orbit7 . The probability P (1) of this measurement failing in projecting the clock back onto
χ(t) is given by
P (1) =

d−1
q X
hm(T̃ )|U+ (T̃ )|di
2

2

m=1
d−1
X

q
Γmd (0, T̃ )
2
m=1

q
= 1 − Γdd (0, T̃ ) .
2
=

(4.24)

(4.25)
(4.26)

If this event occurs, the engine immediately starts a feedback process returning the qubit
in the |ψi hψ| at the end of the cycle. Otherwise, since the qubit is now at time t = T̃
back on its reference orbit and the qubit gets thermalised just as if it would have on input
of the ideal state |ψi hψ|, the machine proceeds for the remainder of the cycle T̃ < t ≤ T
just as in the original protocol. As noted above, this second part, containing the actual
work extraction, has a misfire and feedback event with a probability
P (2) = 1 −

N
Y

pd (T̃ + ndt).

(4.27)

n=1

Putting both parts together, the chance of the machine entering the feedback procedure
7

Note that the introduction of this additional measurement in the original protocol, which assumes pure
state inputs, would be trivial since in that scenario the state commutes with the measurement.
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at any point and thus returning the pure state |ψi is
p(|ψi) = P (1) + (1 − P (1) )P (2) ,

(4.28)

whereas the engine completes the full cycle and outputs the maximally mixed state 1/2
with probability
1
p( ) = (1 − P (1) )(1 − P (2) ).
2

(4.29)

This allows us to ask for which q = q ∗ the machine outputs the same state that it got as
its input. This condition is met when q ∗ = p( 12 ), i.e. for
∗

q =



N
 Y
q∗ 
pd (T̃ + ndt).
1−
1 − Γdd (0, T̃ )
2

(4.30)

n=1

In general this quantity depends on the specific machine, but we can explicitly evaluate
it in the case of the spin clock in the infinite size limit d → ∞. In this case we have
Q
2
∗
Γdd (0, T̃ ) → 0 and N
n=1 pd (T̃ + ndt) → 1 such that after rearranging we find q = 3 .
One might intuitively expect that if the engine returns the same state that it got as an
input, that at best it has a zero net work output. By explicitly calculating the relevant
expressions it can easily be shown that for the stationary state with q = 2/3 in the
limit of a machine with d → ∞, the energy transferred to the measurement apparatus is
∆E = 32 kT log 2, whereas the resetting cost of the memory is Wreset ≥ kT (log 3 − 23 log 2)
such that ∆E −Wreset = kT ( 34 log 2−log 3) < 0. Thus the net work output in this scenario
is strictly negative. More realistic machines with finite d have even lower work output.
This result should not be very surprising, since a state with q = 2/3 is closer to being
maximally mixed than being pure.
Instead of asking which state is stationary under the action of the machine, we can also
ask which state leads to a zero net work output, such that all states more pure than this
state would result in positive work. We know that such a state has to be less mixed than
the stationary state, i.e. have q < q ∗ . The exact value will again strongly depend on
the specific clock/machine used, but we can once more consider the classical equilibrium
limit of an infinitely large clock d → ∞ and the qubit being kept in equilibrium with
the bath. Assuming the engine gets that far, the actual work extraction stage in this
limit always succeeds, outputting an amount kT log 2 of work. Thus it all comes down to
the probability P (1) of the first stabilising measurement at t = T̃ failing or succeeding.
The measurement itself can easily be shown to induce a zero energy change on average
(although each individual measurement result has different energy flows associated with
it). Hence the total average energy transferred by the engine is ∆E = (1 − P (1) )kT log 2
which in this specific limit is equivalent to ∆E = (1 − 2q )kT log 2. The memory erasure
cost during the actual work extraction stage T̃ < t ≤ T vanishes in this limit, so the
only erasure cost required is the one of the initial measurement at t = T̃ which is given
by Wreset = kT S({P (1) , 1 − P (1) }) = kT S({ 2q , 1 − 2q }). Hence the state with zero energy
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output has q = q 0 which satisfies
(1 −

q0
q0
q0
q0
q0
) log 2 = − log − (1 − ) log(1 − ).
2
2
2
2
2

(4.31)

This equation can be solved numerically to yield q 0 ≈ 0.454. For any q < q 0 the machine
has a net positive work output, whereas for more mixed states with q > q 0 the work output
is negative. For realistic machines away from the infinite d and perfect thermalisation limit
we require even smaller q (i.e. more pure states) for a positive work output.
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Conclusion to Part I
The classical Szilard engine argument and the many variations it inspired have become
indispensable tools employed at the core of many work extraction protocols in modern
thermodynamics, both classical and quantum. Yet, as we have seen, there are many
subtleties in this argument that are often ignored. In particular it is assumed that systems
can be externally controlled without the controlling entity suffering any back-actions.
This may be valid as long as all the external systems involved are of macroscopic size
and no quantum effects come into play, but already our engineering abilities are reaching
small enough scales where these assumptions start to break down. To progress at both
a theoretical as well as practical level we need to go beyond the standard approach and
develop a complete treatment in which all the systems are included in a unified finite-size
quantum framework. This is also essential to obtain a better understanding of work at
the quantum scale.
Part I of this thesis had exactly this unified framework for work extraction as its goal.
Chapter 1 set the scene by explicitly modelling one of the key ingredients in the Szilard
argument as a quantum system. Continuing from there, Chapter 2 addressed the issue
of external control by showing how individual components of a larger system can induce
local time-dependence in other parts of the system without any external intervention
being necessary. This gave us a model that represented a fully self-contained quantum
framework in which all the dynamics and energy flows are fully accounted for in the states
of the system and no information flows out of the explicit description into the realm of
assumptions.
Finally in Chapter 3 we presented an explicit analysis of general autonomous quantum
thermal machines8 and the basic requirements they have to satisfy and applied the results
to our specific spin-clock model in Chapter 4. We showed the core role that clock degrees
of freedom play in such machines and how these are closely related to quantum coherence.
The ideal clock state carries a maximum amount of coherence in the bases defined by the
system Hamiltonians allowing it to effectively break time-translation symmetry. Many
open questions remain regarding the role that coherence has on thermodynamic processes.
Further study of autonomous quantum machines might be one promising way to gain new
insights.
Beyond this, it would be valuable to make greater connection with current experimental progress related to this line of inquiry. Already there has been work in the context of
8

Note that while our discussions were focused on a machine operating on qubits, the same derivations
generalise to arbitrary d-dimensional systems showing that the results apply to general autonomous
machines and are not restricted to machines using “qubit fuel”.
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optomechanical systems [92–95], on which the results presented above have direct implications. A more detailed study of autonomous engines in experimental settings would be
a very valuable pursuit.
From the theoretical perspective it would also be fruitful to further develop the information feedback components, and to consider quantum memory degrees of freedom at the
level of the quantum thermal machine. In particular it would be valuable to explore the
role that measurements play in such systems and to provide a fuller account for generic
measurement scenarios. Ultimately this provides a useful setting to address the interplay
between information and energy flows across the quantum-classical divide.
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Part II.

Partially Masked Systems
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5. Quantum Jump Trajectories
A large portion of recent advances in non-equilibrium thermodynamics were made chiefly
thanks to the advent of stochastic thermodynamics [96–98]. This framework broadens
our understanding of thermodynamic concepts from the level of ensemble averages to
individual microscopic trajectories in phase space. The even more recent extension of
stochastic thermodynamics from the classical to the quantum regime, chiefly based on
the concept of quantum jump trajectories [99–106] which first emerged in the study of
quantum optics, has resulted in some results capturing truly quantum effects such as the
thermodynamic role of entanglement and coherences [107, 108]. Some of these effects are
even within current experimental reach [109].
As we have noted in the introduction, fluctuations and feedback control are two areas
of crucial importance in quantum thermodynamics. Whereas in macroscopic systems
fluctuations are generally imperceptible and average out, small scale system’s are highly
susceptible to them. And feedback control provides a way to counteract or even utilise
such fluctuations, which has important implications from a foundational, but also more
and more an engineering point of view. It is thus not surprising that there has been large
interest in feedback control, both in the classical [38, 80, 81, 97, 110–112] as well as the
quantum regimes [36, 79, 82, 113, 114].
One of the numerous open tasks in the quantum regime is finding a fluctuation theorem
that describes the fluctuations in autonomous engines, the importance of which we have
already discovered in Part I of this thesis. There we also saw the first hints at the feedback
and the information flows that are generally occurring between the subsystems of a complex autonomous quantum machine. The extension of previous fluctuation theorems to
autonomous quantum systems is the main aim of of Part II. Specifically we will consider
an open quantum system for which only a subset of its environmental interactions are
experimentally accessible, similar to the classical setup discussed in [85, 115]. This results
in a split of the full system into hidden and visible subsystems. We will see that there
is a continuous information flow between them, which can be thought of as a process of
continuous measurement and feedback performed by each system on the other. Thinking
back to our spin-clock, while not having had either system hidden, we already saw some
of the measurement and feedback process between subsystems in action. The qubit’s state
induced a controlled evolution of the clock (i.e. performed feedback), and in turn this
controlled evolution would have allowed us to draw conclusions about the state of the
qubit (i.e. the clock performed a measurement on the qubit).
We will show that a kind of coarse-grained hidden entropy can capture the entropy
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production in the hidden part based on the knowledge of the visible part, and establish
a fluctuation theorem for the full system. We will also show that the hidden system can
act as an autonomous Maxwell’s demon [21, 24, 84, 85, 97, 116], inducing a negative heat
flow in the visible system in seeming violation of the second law, which can be rectified
by including the coarse-grained hidden entropy in the account of entropy.

5.1. Unravelling the Master Equation
The standard quantum jump (QJ) approach starts from one of the most universal description of the evolution of open quantum systems, the Lindblad master equation
ρ̇ = −i[H, ρ] −


1 X †
Lk Lk ρ + ρL†k Lk − 2Lk ρL†k
2

(5.1)

k

where ρ is the state of the quantum system, H its Hamiltonian, and Lk a set of Lindblad
operators describing the dissipation due to interactions with the environment [117]. Note
that since in this thesis we are mainly interested in autonomous quantum systems, here
and in the following we do not assume any time dependence in H or the Lk , but most of
our results generalize to time-dependent (i.e. non-autonomous) systems.
The master equation (5.1) provides a description for the average evolution of a system coupled to an environment. We can go beyond this average description by choosing
a particular unravelling of the master equation. The notion of unraveling was initially
introduced simply as a useful mathematical tool, but has more recently been given actual physical meaning with advances in experimental techniques that allow us to perform
precise measurements at the level of individual quantum trajectories [118–122]. It comes
down to the fact that the Lindblad operators Lk are in general not unique, i.e. many
different sets of Lk can be chosen that still lead to the same average evolution given by the
master equation (5.1). However, choosing a particular set of measurements, i.e. choosing
an unravelling, fixes the operators and thus the possible jumps induced in the system.
Specifically, we consider a setup in which we monitor all the system’s energy exchanges
with its environment, so that each Lk corresponds to an excitation or relaxation in the
system, a quantum jump.

5.1.1. Effective Evolution and Trajectory Probability
In the absence of any jump the system evolves according to the non-Hermitian effective
Hamiltonian
Hef f := H − i

X1
k

2

L†k Lk

(5.2)

which acts as the generator of the non-unitary evolution operator Uef f (t) = exp(−iHef f t).
If the systems starts in the state ρ(t) and we do not observe any jump for a time ∆t, the
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system evolves to
†
ρnj (t + ∆t) = U∆t (ρ(t)) := Uef f (∆t)ρ(t)Uef
f (∆t),

(5.3)

where the subscript nj stands for “no jump”. This evolution contains both the free evolution due to H, as well as the correction to the free evolution due to our knowledge that
no jump occurred. If for example our best initial knowledge of a qubit’s state is a mixture
of ground and excited state, the fact that we do not observe the qubit exchange energy
with a thermal environment allows us over time to increase our certainty that it is in fact
in the ground state. The non-unitary map U∆t is in general not trace-preserving, and the
trace tr[ρ(t + ∆t)] encodes the probability that no jump takes place during the interval
∆t.
If on the other hand we do observe a jump corresponding to the operator Lk in the
short interval dt, the state of the system is discontinuously changed to
ρk (t + dt) = Jk (ρ(t)) := Lk ρ(t)L†k dt.

(5.4)

As in the case of no jump, this state is not normalised and the trace of ρk (t + dt) encodes
the probability of the jump k happening in the interval dt,
δpk (t) = tr[L†k Lk ρ(t)]dt.

(5.5)

Taking the ensemble average over all possible events we get back to the original evolution
predicted by the master equation, showing the consistency of the approach. However,
beyond this the unraveling allows us to describe individual trajectories. Let us define the
QJ trajectory
τ := {|ai ; (k1 , t1 ); ...; (kN , tN ); (|bi , T )}

(5.6)

where at time t = 0 we measure the system to be in state |ai, then observe N consecutive
jumps labelled by kn occurring at time tn , and finally at time T perform another measurement where we find the system in state |bi. Defining the time intervals between jumps
∆tn := tn+1 −tn , with t0 := 0 and tN +1 := T , the probability of the particular trajectory τ
conditioned on starting in state |ai is given by consecutive application of evolutions U∆tn
and jumps Jkn , concluded by a final measurement of the state |bi, as
P (τ |a) = tr [|bi hb| U∆tN (JkN (...Jk1 (U∆t0 (|ai ha|))))]
2

=

hb|Uef f (∆tN )...Lk1 Uef f (∆t0 )|ai dtN .
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(5.7)

5.2. Fluctuation Theorems for Conventional Quantum
Jump Trajectories
One way to derive a fluctuation theorem is to consider the time-reversed versions of processes and compare the probabilities of a certain process happening forwards and backwards in time. Thus, in order to establish a fluctuation theorem via this approach we also
have to define a backward trajectory τ̃ corresponding to a time-reversal of the trajectory
τ.

5.2.1. Time-Reversed Trajectories
The Lindblad operators generally come in complementary pairs, e.g. one corresponding
to an excitation and one to a de-excitation. We denote the complementary operator of
Lk by Lk̃ . As shown in [104], these pairs satisfy a kind of operator version of the local
detailed balance condition,
Lk = L†k̃ e∆sk /2

(5.8)

where ∆sk = −∆sk̃ is the environmental entropy production associated with the jump k.
Note that this result depends on the particular unraveling of observing all energy exchanges
of the system with its environment. The following results hold for any unraveling for which
relations like eq. (5.8) can be established between the operator pairs, for some entropies
∆sk .
A jump k in the forward trajectory τ at time t has a conjugate jump k̃ at time T − t in
the backward trajectory τ̃ . Further, denoting the anti-unitary time-reversal operator by
Θ [90], we have for the time-reversal of (time-independent) operators Õ := ΘOΘ−1 and
states |ψ̃i := Θ |ψi. The reverse trajectory conjugate to τ thus starts in the time-reversed
final state |b̃i, then proceeds in reverse order through the conjugate jumps, and finally
ends in the time-reversed initial state |ãi, i.e.
τ̃ = {|b̃i ; (k̃N , T − tN ); ...; (k̃1 , T − t1 ); (|ãi , T )}.

(5.9)

Following the same reasoning as for the forward trajectory, we find for the probability of
the backward trajectory conditioned on starting in the state |b̃i
2

P (τ̃ |b̃) =

hã|Ũef f (∆t0 )...L̃k̃N Ũef f (∆tN )|b̃i dtN

=

hb|Uef f (∆tN )...L†k̃ Uef f (∆t0 )|ai dtN

2

1

= P (τ |a)e−∆senv (τ )
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(5.10)

†
−1
where in the second line we have used Ũef f (∆t) = ΘUef
f (∆t)Θ , which follows from

H̃ef f =H̃ − i

X1
k

2

L̃†k L̃k

=ΘHΘ−1 − i

X1
k

2

ΘL†k Θ−1 ΘLk Θ−1


X1 † 
=Θ H + i
L Lk Θ−1
2 k
k
†
−1
=ΘHef f Θ

†

(5.11)

−1

so that e−iH̃ef f t = e+ΘiHef f tΘ , and then cancelled all the time-reversal operators appearing in pairs ΘΘ−1 = 1. In the final line of eq. (5.10) we have employed the detailed balance
eq. (5.8). The quantity ∆senv (τ ) is the environmental entropy production associated with
the full forward trajectory
∆senv (τ ) :=

N
X

∆skn .

(5.12)

n=1

5.2.2. Fluctuation Theorems and Second Laws
Taking the ratio of eqs. (5.7) and (5.10) it is trivial to arrive at the detailed fluctuation
theorem

P (τ |a)
= e∆senv (τ ) .
P (τ̃ |b̃)

(5.13)

Finally, noting that the unconditional probability of the forward trajectory is P (τ ) =
P (τ |a)P (a) and similarly for the backwards trajectory, we arrive after rearranging and
summing over all τ at the integral fluctuation theorem (IFT)
D

E
e−∆stot (τ ) = 1

(5.14)

where the total entropy production ∆stot (τ ) = ∆senv (τ ) + ∆ssto (τ ) is the sum of the environmental entropy production associated with the trajectory, as well as the stochastic
entropy production
∆ssto (τ ) = log P (b) − log P (a).

(5.15)

As is well known, the IFT provides a generalisation of the second law of thermodynamics.
Applying Jensen’s inequality he−x i ≤ e−hxi and taking the logarithm of both sides we can
straightforwardly recover the second law
h∆stot (τ )i ≥ 0.

(5.16)

If we further assume that the system has reached a steady state with its environment
(which in general is not an equilibrium state), we know that the stochastic entropy production vanishes on average h∆ssto (τ )i = 0 and get a second law for the environmental
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entropy production h∆senv (τ )i ≥ 0.
These results are all well established and the present Chapter has mainly served as a
review of the ideas presented for example in [104] and references therein, as well as an
introduction of notation. In Chapter 6 we will now modify the ideas presented here in
order to accommodate for a situation where part of the full trajectory is masked, with a
subset of the transitions, associated with a subset of the operators Lk , being hidden from
direct observation.
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6. Partially Masked Quantum Jump
Trajectories
In many realistic systems we are not interested in all the possible transitions, such as
in Maxwell’s demon type setups which we will discuss in Chapter 7, or are due to a
system’s complexity experimentally restricted to only observing a certain subset of them
[8, 9, 123–125] which we shall call visible transitions, with the remainder being referred
to as masked or hidden transitions. In this section we address the question of how we
can describe such systems within the quantum jump framework, and what we can say
about the entropy production associated with the hidden transitions which are not directly
accessible to us. In the following we will use X to refer to anything visible, while Y labels
hidden properties. In line with this we split the Lindblad operators Lk into two sets, a
set of visible transitions {Lk }k∈kX and a set of hidden transitions {Lk }k∈kY , such that
S
{Lk }k∈kX {Lk }k∈kY contains all possible transitions. One assumption we have to make
in order for the following results to hold is that the splitting is such that it does not
separate complementary transitions, i.e. if k is in kX (kY ), then k̃ is also in kX (kY ). Or
in other words if for example an excitation process is visible (hidden), the corresponding
reverse process of de-excitation must also be visible (hidden). This assumption is satisfied
in many realistic scenarios. If we for example monitor the photon exchange of a system
with a bosonic bath, the complementary absorption and emission events are the visible
transitions, whereas all other possible transitions of the system are hidden.

6.1. Visible and Hidden Trajectories
A visible trajectory is now described by τX := {|ai ; (k1 , t1 ); ...; (kM , tM ); (|bi , T )} where
all the k1 , ..., kM (with M ≤ N ) are in kX . Note that we still assume the initial measurement revealing the state |ai and the final measurement of state |bi are performed on the
full system, even if the splitting of the transitions into visible parts leads to a bipartite
splitting in the states of the system, as will be the case in the example in Chapter 7 and
many other systems of interest (see e.g. [97] and references therein). In general, each
visible trajectory τX is compatible with multiple, in some cases infinitely many, hidden
trajectories τY . However, the observed transitions in τX still allows us to infer something about the likelihood of the different hidden trajectories and thus to make inferences
about the entropy production in the hidden system conditioned on τX . If for example two
consecutive visible transitions ki and ki+1 both correspond to excitations in a two-level

78

system, we know that in between these visible events some hidden transition(s) must have
occurred that resulted in a de-excitation of the system. As noted by the authors in [108],
the baths in the quantum jump setting play a double role, exchanging energy with the
systems but in the process also extracting information.

6.1.1. Non-Trace-Preserving Effective Master Equation
Let us briefly restate some ideas of the previous section. As can be seen for example by
expanding eq. (5.3) to first order in dt, in between transitions (visible or hidden), the
system freely evolves (non-unitarily) during the infinitesimal interval dt according to


†
ρnj (t + dt) = ρ(t) − i Hef f ρ(t) − ρ(t)Hef
f dt,

(6.1)

whereas a transition k results in the discontinuous jump to ρk (t + dt) = Lk ρ(t)L†k dt, with
the probability of free evolution and each of the jumps being encoded in the traces of the
respective states. Hence, if we do not know whether some of the transitions, namely the
hidden subset labelled by kY , have occurred or not, the system evolution is to the best of
our knowledge given by a probabilistic mixture of free evolution and hidden transitions,
P
ρ(t + dt) = ρnj (t + dt) + k∈kY ρk (t + dt) (keeping in mind that the respective probabilities
are already contained in the non-normalised states themselves). This allows us to introduce
an effective master equation describing the evolution in between visible jumps
†
ρ̇ = −i(Hef f ρ − ρHef
f) +

X

Lk ρL†k .

(6.2)

k∈kY

This non-trace-preserving effective master equation is equivalent to the full master equation but without the visible jumps in the final sum. The first term describes the free
evolution as well as the correction based on our knowledge that no jump has taken place,
whereas the second term describes the effect due to the possibility of hidden transitions
occurring.

6.1.2. From Hilbert to Liouville Space
In the following we will make frequent use of a key identity from linear algebra,
X
X
vec(
Ai ρBi ) =
(BiT ⊗ Ai )vec(ρ)
i

(6.3)

i

for operators Ai , Bi , and ρ, where vec(·) refers to the vectorisation of an (n×m) matrix, i.e.
stacking its columns on top of each other resulting in a vector of length nm. This allows
us to move from Hilbert space to Liouville space where super-operators are represented
by matrices acting on density operators represented by vectors. To simplify notation, we
will denote the vectorised version of a density matrix ρ by |ρii := vec(ρ). Using identity
(6.3) we can transform the effective master equation (6.2) into the compact Liouville space
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form
|ρ̇ii = G |ρii

(6.4)

where the superopetor matrix G is defined as
G := H + Lnj + LY ,

(6.5)

H = −i(1 ⊗ H − H T ⊗ 1)

(6.6)

with

corresponding to free evolution under the Hamiltonian H,
Lnj = −

1X
(1 ⊗ L†k Lk + LTk L∗k ⊗ 1)
2

(6.7)

k

accounting for the correction due to the no-jump knowledge, and
LY :=

X

L∗kY ⊗ LkY

(6.8)

kY

representing the hidden transitions. Eq. (6.4) can now easily be solved to give the state
of the system after an evolution of time ∆t without visible transition as
|ρ(t + ∆t)ii = eG∆t |ρ(t)ii .

(6.9)

Similarly vectorising the action of a visible jump k in the interval dt we have the discontinuous change in the state vector
|ρk (t + dt)ii = (L∗k ⊗ Lk ) |ρ(t)ii dt := Jk |ρ(t)ii dt.

(6.10)

6.1.3. Probability of a Visible Trajectory
Visible Forward Trajectory
Considering the visible trajectory τX we can now find the (non-normalised) state just before the final measurement at time T by starting from state |aii (where we use the notation
|aii := vec(|ai ha|) for brevity) and then consecutively applying evolution operators eG∆ti
followed by visible jumps Jki+1 . Specifically, we have
|ρ(T )ii = eG∆tM JkM ...Jk1 eG∆t0 |aii dtM .

(6.11)

The top half of Figure 6.1 shows an example evolution of the hidden part9 of the toy
system we will introduce in Chapter 7, where visible and hidden transitions give a bipartite
9

This is found by converting |ρ(t)ii back to the density matrix ρ(t) and then tracing over the visible
subsystem ρY (t) = trX [ρ(t)].
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Figure 6.1. – Example evolution of a hidden system Y conditioned on the visible
forward trajectory τX (top) and corresponding backward trajectory τ̃X (bottom, note
the reversal of the time axis). Observations of visible jumps lead to discontinuous
back-actions in the hidden system. Note that in this modified QJ approach, the
hidden system does in general not stay in a pure state as it would for a standard
QJ trajectory. This specific example corresponds to the visible trajectory τX =
{|g, 0i ; (k1 = 4, t1 = 0.9); (k2 = 1, t2 = 1.5); (k3 = 4, t3 = 2.4); (|e, 1i , T = 3)} with
γX = 0.5 = γY and λ = 0 for the model we will later introduce in Chapter 7. In
this example Y does not develop any coherences and its state conditioned on the
knowledge of the visible trajectory is fully specified by the mixture of |0i and |1i
shown above.

splitting of the system into hidden and visible subsystems. Note that while in the standard
QJ approach discussed in Chapter 5 pure states remain pure, the modified QJ approach
leads in general to mixed states (or mixed states of sub-systems as in Figure 6.1 where the
visible system, which we do not explicitly show in the figure, remains pure throughout)
due to the lack of knowledge of the hidden transitions.
Finally applying the measurement at time T which results in the outcome |bii to the
state (6.11), we arrive at the probability of the visible trajectory τX conditioned on starting
in |ai
P (τX |a) = hhb| eG∆tM JkM ...Jk1 eG∆t0 |aii dtM .

(6.12)

Note that if all transitions are visible and none are hidden, eq. (6.12) reduces to eq. (5.7)
with τX = τ as would be expected, showing the consistency of the approach.
Visible Backward Trajectory
Analogous to the considerations in Section 5.2.1, we define the complementary visible
backwards trajectory τ̃X := {|b̃i ; (k̃M , T − tM ); ...; (k̃1 , T − t1 ); (|ãi , T )}. The time reversal of the operators is less straight forward in this case. Applying again identity (6.3)
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let us first define the time-reversal superoperator in Liouville space ϑ := ΘT ⊗ Θ, such
that the time reversal of an operator in Hilbert space ΘρΘ−1 becomes ϑ |ρii in Liouville
space, and a superoperator of the form A(·)B for some operators A, B, is time-reversed as
ϑ(B T ⊗ A)ϑ−1 vec(·) in Liouville space.
Now, due to the anti-unitarity of Θ we do not simply have G̃ = ϑGϑ−1 for the timereversal of G. Instead, applying the time reversal to each operator contributing to G and
noting the imaginary i in the definition of H, similar to the consideration in eq. (5.11) we
find


G̃ = ϑ −H + Lnj + LY ϑ−1 .

(6.13)

Ḡ := −H + Lnj + LY

(6.14)

For convenience let us define

so that G̃ = ϑḠϑ−1 . This G̃ is the Liouville space generator of evolution between visible
jumps for the time reversed process, such that
|ρ̃(t + ∆t)ii = eG̃∆t |ρ̃(t)ii

(6.15)

if there is no visible jump between times t and t+∆t. Just as we have done for the forward
trajectory in eq. (6.11), we can now construct the state at the end of the trajectory just
before the final measurement for the reverse trajectory τ̃X , finding
|ρ̃(T )ii = eG̃∆t0 J˜k̃1 ...J˜k̃M eG̃∆tM |b̃ii dtM .

(6.16)

An example of such a backward evolution is shown in the lower half of Figure 6.1. After
performing the final measurement and finding the state |ai we have for the probability of
the reverse trajectory
P (τ̃X |b̃) = hhã| eG̃∆t0 J˜k̃1 ...J˜k̃M eG̃∆tM |b̃ii dtM

(6.17)

= hha| ϑ−1 ϑeḠ∆t0 ϑ−1 ϑJk̃1 ϑ−1 ...ϑJk̃M ϑ−1 ϑeḠ∆tM ϑ−1 ϑ |bii dtM

(6.18)

= hha| eḠ∆t0 Jk̃1 ...Jk̃M eḠ∆tM |bii dtM .

(6.19)

Now since the probability P (τ̃X |b̃) ∈ R we can take the complex conjugate to get
P (τ̃X |b̃) = hhb| eḠ

† ∆t
M

Jk̃† ...Jk̃† eḠ
M

† ∆t
0

|aii dtM

(6.20)

1

Reminding ourselves of the definition of the visible jump superoperators Jk = L∗k ⊗ Lk we
see
Jk̃† =(L†k̃ )∗ ⊗ L†k̃

(6.21)

=L∗k ⊗ Lk e−∆sk

(6.22)

−∆sk

(6.23)

=Jk e

82

where in the second line we have used the operator detailed balance condition eq. (5.8).
Substituting into (6.20) we arrive at
P (τ̃X |b̃) = hhb| eḠ
with ∆senv (τX ) =

PM

n=1 ∆skn

† ∆t
M

JkM ...Jk1 eḠ

† ∆t
0

|aii dtM e−∆senv (τX ) ,

(6.24)

being the environmental entropy production associated

with the visible transitions. The operator Ḡ † can be shown to equal
Ḡ † = H + Lnj + L†Y ,

(6.25)

since H† = −H, L†nj = Lnj , but in general L†Y 6= LY , i.e. Ḡ † differs from G only in the
term related to the hidden jumps. If none of the transitions are hidden we have Ḡ † = G.
We will see this more clearly in Chapter 7 when studying an explicit example.

6.2. Coarse-Grained Hidden Entropy and Modified
Fluctuation Theorems
In direct analogy to the FT derivation in Chapter 5, we get the detailed fluctuation theorem
by taking the ratio of the forward and backward probabilities (6.12) and (6.24). However,
in this case the operator expressions do in general not simply cancel and leave us with
e−∆senv (τX ) as in eq. (5.13). Instead we arrive at a modified detailed fluctuation theorem
P (τX |a)
= e∆senv (τX )+∆σY (τX ) ,
P (τ̃X |b̃)

(6.26)

where we have introduced the new quantity
∆σ Y (τX ) := log

hhb| eG∆tM JkM ...Jk1 eG∆t0 |aii
,
hhb| eḠ † ∆tM JkM ...Jk1 eḠ † ∆t0 |aii

(6.27)

which we call the coarse-grained hidden entropy production of Y given the visible trajectory
τX . ∆σ Y (τX ) quantifies the entropy production in the hidden part of the system based
on the limited inference we can make from our observation of the visible part, and can
take both positive and negative values. The ratio appearing in ∆σ Y (τX ) can loosely be
seen as the ratio of the densities of hidden trajectories τY given information provided
by the visible forward trajectory τX and visible backward trajectory τ̃X respectively. As
the example in Chapter 7 will show, if τX provides no information about the hidden
system, ∆σ Y (τX ) vanishes, whereas in cases where the visible trajectory allows for only
one particular hidden trajectory τY , it reduces to the environmental entropy production
∆senv (τY ) of that specific trajectory. In all intermediate situations it provides a kind
of coarse-graining over the possible environmental entropy productions, conditioned on
our limited knowledge. It is generally non-zero if τX reveals some forward-backward
asymmetry in the compatible hidden trajectories. Also, as we have noted in the previous
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section, if all jumps are visible, i.e. kY = ∅ and hence LY vanishes, we have Ḡ † = G. In
this case P (τ̃X |b̃) = P (τX |a)e−∆senv (τX ) and the ratio in (6.27) cancels so that as we would
expect there is no hidden entropy production. We then simply recover the already well
known results of Chapter 5 for fully visible QJ trajectories.
As our explicit model in Chapter 7 will demonstrate, in certain cases we can show
explicitly that
∆σ Y (τX ) = − log

X

P (τY |τX )e−∆senv (τY )

τY

D
E
:= − log e−∆senv (τY )

τY |τX

(6.28)

which clearly shows the coarse-graining. We believe that eq. (6.28) generally holds if the
correct probabilities P (τY |τX ) can be determined, but have only shown this explicitly for
special cases.
Note that the total entropy production ∆σtot (τX ) = ∆senv (τX ) + ∆σ Y (τX ) + ∆ssto (τX )
(found by summing eqs. (5.12), (5.15) and (6.27)), where we have used σ instead of
s to explicitly show that ∆σtot (τX ) contains a coarse-grained quantity, can be seen as
an extension of the classical coarse-grained entropy productions presented in [112, 126].
However our result explicitly shows the split of the full coarse-grained entropy into the
actual (non-coarse-grained) visible entropy as well as the hidden coarse-grained entropy,
and allows us to consider information flows between the visible and hidden subsystems.
This further allows us to think of the hidden entropy as an informational quantity in
the spirit of [97] and [98] where the mutual information flow and transfer entropies are
the relevant quantities respectively. The explicit relation of ∆σ Y (τX ) to these classical
quantities remains an important open question.
From eq. (6.26) it straightforwardly follows that the total entropy production again
satisfies an integral fluctuation theorem
D

E
e−∆σtot (τX ) = 1.

(6.29)

And as in Subsection 5.2.2, if we assume the system has reached its steady state, the average change in stochastic entropy vanishes, h∆ssto (τX )i = 0, and again applying Jensen’s
inequality and the convexity of the exponential we obtain the second-law like inequality
h∆senv (τX )i + h∆σ Y (τX )i ≥ 0.

(6.30)

From this we see how the hidden transitions in Y can act as an autonomous Maxwell’s
demon if h∆σ Y (τX )i > 0, feeding information into X. In such a situation, if we were to
simply ignore the hidden system completely and naively apply eq. (5.16) to the visible
transitions only, we would observe a violation of the conventional second law which does
not take this information flow into account. If on the other hand h∆senv (τX )i > 0, the
average hidden entropy often takes on a negative sign (as we will see for example in Figure
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7.7). Thus eq. (6.30) in many cases gives a tighter bound than the conventional second
law.
Having established the general results we will now again turn to a concrete model, a
two qubit system. Despite being simple, this model offers a great richness of behaviour
and can be used to illustrate many of the interesting features of the general results.
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7. An Autonomous Quantum Maxwell’s
Demon
Bipartite systems comprising two separate but interacting sub-systems are ubiquitous and
of great interest, with numerous biological and artificial microscopic systems exhibiting a
bipartite structure [80, 82, 97, 98, 127, 128]. A particularly interesting class of bipartite
systems are autonomous Maxwell’s demons, where one subsystem measures and performs
feedback on the other subsystem allowing it to seemingly violate the second law, for
example by inducing a heat flow from a cold to a hot bath.

7.1. Introducing the Demon Model

Figure 7.1. – A system qubit X and a demon qubit Y , each coupled to a hot and
a cold reservoir, interact in such a way that the state of one system influences the
reservoir coupling of the other system. Only the energy exchanges of X with its baths
can be monitored, while the demon Y and its bath interactions are assumed to be
not directly accessible.

Here we will illustrate our general results for the coarse-grained hidden entropy production using one of the simplest bipartite systems conceivable, two coupled two level systems.
The basic setup, consisting of a system qubit X with states labelled by |gi and |ei, and a
demon qubit Y with states |0i and |1i, is illustrated in Figure 7.1. The energy splitting of
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the two systems is assumed to be equal, given by the fixed frequency ω0 . The joint system living in the Hilbert space H = HX ⊗ HY has four states {|g, 0i , |g, 1i , |e, 0i , |e, 1i},
similar to the classical autonomous Maxwell’s demons discussed in [97, 115]. The free
Hamiltonian of the two qubits is given by
Hf ree =

ω0
(σz ⊗ 1 + 1 ⊗ σz ) .
2

(7.1)

We further assume that the systems may interact via

Hint = λ |g, 1i he, 0| + |e, 0i hg, 1| ,

(7.2)

which can generate correlations between the two sub-systems. Since [Hint , Hf ree ] = 0 the
interaction is strictly energy conserving and we can unambiguously define local thermal
states with respect to each system’s free Hamiltonian. The total Hamiltonian is
H = Hf ree + Hint .

(7.3)

Both qubits X and Y are coupled to two thermal baths, each to a bath at hot (inverse)
H and β H , and to a bath at cold temperatures β C and β C respectively.
temperatures βX
Y
X
Y

Crucially, the coupling between the qubits and their respective baths is not a simple
direct coupling, but is influenced by the state of the other qubit, thus allowing one system
to act as a Maxwell’s demon for the other by performing autonomous and continuous
measurement and feedback. If the demon is in state |0i (|1i) we want the system to
preferentially interact with its cold (hot) bath, and similarly if the system is in state
|gi (|ei) we want the demon to preferentially interact with its cold (hot) bath, with the
undesired interactions suppressed by factors γX , γY ∈ [0, 1] respectively. The resulting
state and transition diagram is shown in Figure 7.2.
The conditioned bath coupling leads to a continuous information flow between the systems. The factors γX and γY allow us to tune the strength of feedback, with γX , γY = 0
being perfect feedback, and γX , γY = 1 resulting in completely independent systems. As
we increase γX (γY ) from zero to unity, the system (demon) receives increasingly less information from the demon (system). Simultaneously, the demon’s (system’s) feedback on the
system (demon) weakens. This illustrates the continuous process of mutual measurement
and feedback and the resulting information flow in the autonomous system. Looking at
C and β H < β H
Figure 7.2 one can readily convince oneself that if for example βYC > βX
Y
X

(greater temperature difference in the demon than the system) and γX = 0 = γY (perfect
feedback), the system will on average transition clockwise through the state diagram and
we observe a negative heat flow from the system’s cold bath to its hot bath, which is
compensated by the positive heat flow through the demon.
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Figure 7.2. – The model in Figure 7.1 leads to a bipartite transition diagram with
four possible joint states. The horizontal system transitions are visible, while the
vertical demon transitions are hidden. The (partial) suppression of certain transitions
in one system conditioned on the state of the other system (captured by the factors
γX , γY ∈ [0, 1]) leads to a continuous measurement and feedback process between the
systems. The degenerate states |e, 0i and |g, 1i can additionally be connected via an
interaction term in the Hamiltonian with coupling strength λ.

7.2. Joint-System Master Equation
Conceptually this conditioned bath coupling is simple to state, but in order to develop a
mathematical description of the model and be able to apply our general results we have
to look at the coupling more explicitly.

7.2.1. Deriving a Markovian Master Equation
The general results in Chapter 6 have a master equation in Lindblad form eq. (5.1) as
their basis. Hence in order for these results to be applicable to our model, we need to find
such a master equation that describes the two qubit systems evolution. At various points
in Part I of this thesis we have already hinted at the difficulty of finding a Markovian
master equation for an interacting joint system. In this subsection we will show these
difficulties in more detail by explicitly trying to derive one from a detailed microscopic
description of the system-bath coupling. Let us for simplicity assume that both γX and
γY are zero.
The baths have a Hamiltonian
HB =

X

X X

i=H,C j=X,Y
(i,j)

where al

(i,j)†

and al

(i,j) (i,j)† (i,j)
al
al ,

ωl

(7.4)

l

are the creation and annihilation operators for mode l of system j’s
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(i,j)

bath i, whose frequency is ωl

. We can achieve the desired coupling through the explicit

system-bath interaction Hamiltonian
HSB =

X

+

X

+

X

+

X

(H,X)

gl

(H,X)

σ+ ⊗ |1i h1| ⊗ al

(H,X)∗

+ gl

(H,X)†

σ− ⊗ |1i h1| ⊗ al



l
(C,X)

σ+ ⊗ |0i h0| ⊗ al

(H,Y )

|ei he| ⊗ σ+ ⊗ al

(C,Y )

|gi hg| ⊗ σ+ ⊗ al

gl

(C,X)

+ gl

(C,X)∗

(H,Y )

+ gl

(C,Y )

+ gl

(C,X)†

σ− ⊗ |0i h0| ⊗ al



l

gl

(H,Y )∗

|ei he| ⊗ σ− ⊗ al

(H,Y )†

(C,Y )∗

|gi hg| ⊗ σ− ⊗ al



l

gl

(C,Y )†



(7.5)

l

where σ+ = |ei hg| and σ− = |gi he| for the system, and similarly for the demon, and
(i,j)

gl

are the coupling strengths to the specific bath modes. Note that we assume that the

baths are completely independent so that all operators for one bath commute with every
operator of another bath.
The full state ρ of both system and baths now evolves according to ρ̇(t) = −i[Hf ree +
Hint + HSB , ρ(t)]. While exact, this is useless in practical situations due to the size and
complexity of the baths. We are not interested in the evolution of the baths and simply
assume that they stay in thermal states. To find the reduced evolution of the system, we
now follow the standard approaches for deriving Markovian master equations. The details
can be found for example in [91, 117, 129–132], we simply note that the basic underlying
assumptions are that there are no initial correlations between system and baths, and more
importantly, the Born approximation of weak bath coupling relying on the interaction
described by HSB being weak and the baths being of large size, so that the the states of
system and baths are not only initially uncorrelated, but stay approximately separable at
all times.
Under these assumptions it is possible to derive the Schrödinger picture master equation
X
d
ρ(t) = −i[H, ρ(t)] −
dt
α,β

Z

∞

dτ







Aα , Aβ (−τ )ρ(t) Cαβ (τ ) + Aβ (−τ )ρ(t), Aα Cβα (−τ )

0

(7.6)
where the A and B operators are found by decomposing the interaction Hamiltonian as
HSB =

X

Aα ⊗ Bα ,

(7.7)

α

with A being operators on the joint system, and B operators on the bath Hilbert space.
With reference to the Hamiltonian 7.5, let us define the α label in such a way that the
first line contains α = 1, 2, the second line α = 3, 4 and so on. E.g. A1 = σ+ ⊗ |1i h1| and
P (H,X) (H,X)
B1 = l gl
al
. The interaction picture operators Aα (t) are found via
Aα (t) = eiHt Aα e−iHt
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(7.8)

and the bath correlation functions are


B(t) = tr Bα (t)Bβ ρB ,

(7.9)

where ρB is the state of the thermal baths (which we assume to be a tensor product of
the baths respective individual Gibbs states).
We will not show this explicitly since it is a tedious process that does not provide
any relevant insight, but again following standard procedures, substituting our explicit
operators into eq. (7.6), and evaluating all the expressions and integrals, we arrive at a
master equation of the form
8

8

k=1

k=1


X
X γk  †
d
ρ = − i[H +
Lk Lk ρ + ρL†k Lk − 2Lk ρL†k
∆Hk , ρ] −
dt
2
(1)

(3)∗

(3)

(1)∗

(1)

(3)∗

(3)

(1)∗

− |ei he| ⊗ σ− ρσ+ ⊗ |1i h1| (∆ii + ∆ii )
− σ− ⊗ |1i h1| ρ |ei he| ⊗ σ+ (∆ii + ∆ii )
− σ+ ⊗ |1i h1| ρ |ei he| ⊗ σ− (∆ii + ∆ii )
− |ei he| ⊗ σ+ ρσ− ⊗ |1i h1| (∆ii + ∆ii )
(1)

(3)∗

(3)

(1)∗

+ ρσ+ ⊗ σ− ∆iv + σ+ ⊗ σ− ρ∆iv
+ ρσ− ⊗ σ+ ∆iv + σ− ⊗ σ+ ρ∆iv
(2)

(4)∗

(4)

(2)∗

(2)

(4)∗

(4)

(2)∗

+ |gi hg| ⊗ σ− ρσ+ ⊗ |0i h0| (∆ii + ∆ii )
+ σ− ⊗ |0i h0| ρ |gi hg| ⊗ σ+ (∆ii + ∆ii )
+ σ+ ⊗ |0i h0| ρ |gi hg| ⊗ σ− (∆ii + ∆ii )
+ |gi hg| ⊗ σ+ ρσ− ⊗ |0i h0| (∆ii + ∆ii )
(2)

(4)∗

(4)

(2)∗

− σ+ ⊗ σ− ρ∆ii − ρσ+ ⊗ σ− ∆ii

− σ− ⊗ σ+ ρ∆ii − ρσ− ⊗ σ+ ∆ii ,

(7.10)

where the operators Lk actually correspond to the Aα defined via eq. (7.7). The ∆Hk represent Lamb shifts in the system’s energy due to the environment. The exact expressions
of the transition rates γk can be explicitly calculated but are omitted for brevity, as are
the definition of the ∆ factors. Simply note that all the ∆ with even subscripts (i.e. all
those explicitly shown in the above master equation, the odd subscript ones are contained
in the γk ) scale as O(λ2 ) and thus vanish as λ → 0, i.e. if there is no mechanism that
couples the two qubits directly. The superscript labels the bath from whose coupling they
originate, since these factors depend on the bath temperature.
The explicit form of the ∆ factors is not important, only the fact they only vanish in
the λ → 0 limit. Crucially, for finite λ, while the first line of eq. (7.10) corresponds to the
Lindblad master equation (5.1), the full equation (7.10) can not be put into Lindblad form.
As previously noted, in [66] the authors study the problem of finding a master equation
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for a coupled joint system. They find that the main difficulty is due to the coupling
introducing a second time-scale, given by λ−1 , into the system. The Born approximation
is in many situations not valid for such systems. However, they show that there are three
approaches which can lead to a satisfactory description of the evolution.
The first approach is the one we have just employed, which simply ignores the fact that
the Born approximation may lose its validity, and generally leads to master equations that
can not be cast in Lindblad form. These may lead to good results for certain systems,
but are generally unphysical and can also lead to absurd behaviour. A second approach is
to perform a kind of second rotating wave approximation. The resulting master equation
leads to the system decohering in the eigenbasis of the full coupled Hamiltonian, not just
the free Hamiltonian. This master equation is valid for long time scales, but is inaccurate
at short time scales due to the second rotating wave approximation.
Finally, a third approach is an ad-hoc master equation where one simply ‘guesses’ the
master equation from the Hamiltonian, pretending the coupling does not exist. This
approach works well for short time scales, but can break at long time scales. Due to its
simplicity we shall adopt this approach here.

7.2.2. Ad-hoc Lindblad Master Equation
As we have seen in the previous subsection, deriving a Markovian master equation can be
difficult due to the system’s internal interaction controlled by the interaction strength λ.
For our purposes it is completely sufficient to simply use an ad-hoc master equation. The
ad-hoc Lindblad master equation for our model is eq. (5.1) with Lindblad operators
L1 = γ1 σ− ⊗ (|1i h1| + γX |0i h0|)
L2 = γ2 σ+ ⊗ (|1i h1| + γX |0i h0|)
L3 = γ3 σ− ⊗ (γX |1i h1| + |0i h0|)
L4 = γ4 σ+ ⊗ (γX |1i h1| + |0i h0|)

(7.11)

and
L5 = γ5 (|ei he| + γY |gi hg|) ⊗ σ−
L6 = γ6 (|ei he| + γY |gi hg|) ⊗ σ+
L7 = γ7 (γY |ei he| + |gi hg|) ⊗ σ−
L8 = γ8 (γY |ei he| + |gi hg|) ⊗ σ+ .

(7.12)

In the limit of no direct coupling λ → 0 (which as we shall see will be our main focus anyway) this master equation is unambiguous and, since all the non-Lindblad terms in (7.10)
vanish for λ = 0, in fact coincides with the explicitly derived (7.10). And since we are not
particularly interested in exact quantitative results but only general qualitative behaviour,
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for small λ it still provides a more than sufficient approximation for our purposes.
As noted in Subsection 5.2.1, the Lindblad operators come in pairs, odd subscripts
labelling relaxations and even numbers excitations. The label pair (1, 2) corresponds to
the system’s hot bath, (3, 4) its cold bath, and similarly
with (5, 6) andq(7, 8) for the demon.
q
The coupling strengths γi are given by γ1 =

H
ΓH
X (n̄X + 1), γ2 =

H
ΓH
X n̄X , and similar

expressions for the other pairs. The factors Γji are the actual coupling strength to every
j

bath (which we will in the remainder all set to unity for simplicity) and n̄ji = (eβi ω0 − 1)−1
is the mean occupation number of bath j ∈ (H, C) of system i ∈ (X, Y ). One can readily
confirm that the Lindblad operators (7.11) and (7.12) satisfy the operator detailed balance
eq. (5.8), with associated environmental entropy productions
H
∆s1 = βX
ω0 = −∆s2
C
∆s3 = βX
ω0 = −∆s4

(7.13)

for the system, and
∆s5 = βYH ω0 = −∆s6
∆s7 = βYC ω0 = −∆s8

(7.14)

for the demon.

7.2.3. Hidden Demon
To get to our main aim, the study of non-equilibrium quantum dynamics with partially masked transitions, and to apply the previously obtained results, we now split
the jump operators into a visible and a hidden set. The system transitions labelled by
kX = {1, 2, 3, 4} are assumed to be experimentally accessible, whereas the demon transitions kY = {5, 6, 7, 8} are inaccessible, and can at best only be (partially) inferred from
observations of the visible transitions. Note that in this case the splitting into visible and
hidden transitions also coincides with a splitting into visible and hidden systems. This
bipartite splitting is satisfied in many real systems of interest, but is not necessary for the
main results to hold. They are equally applicable if we for example assumed that only
one of the demon baths was hidden, in which case the demon system would not be fully
hidden.
We can now consider the coarse-grained hidden entropy production in the demon ∆σ Y
eq. (6.27) and the IFT eq. (6.29). We find three distinct regimes depending on the type
of feedback, controlled by the parameters γX and γY which we will discuss individually in
the following sections.
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7.3. Regime 1: Fully Reconstructible Hidden Trajectory
The simplest scenario is the regime of perfect feedback, when γX = 0 = γY . In this regime
each system is only coupled to a single bath at a time. Whether it is the hot or the cold
bath depends on the state of the other system. Thus changing the state of one system
acts as a perfect switch for the second system’s bath coupling.
In this regime, knowing the visible trajectory τX actually allows us to fully reconstruct
the hidden trajectory as well (except for irrelevant transition times and transitions that
cancel each other). This is because each of the possible transitions (both visible and
hidden) connects a unique initial state with a unique end state, the jump operators all
being of the form
Lk ∝ |χfk i hχik | ,

(7.15)

i/f

with |χk i ∈ {|g, 0i , |g, 1i , |e, 0i , |e, 1i}. For example the system’s deexcitation with respect to its hot bath takes the form L1 = γ1 |g, 1i he, 1|. Thus we know exactly in which
state each qubit was right before a visible transition (|e, 1i in the case of L1 ) and in which
state it is right after the transition (|g, 1i in the case of L1 ). If the end state of one visible
transition is not the initial state of the consecutive visible transition, we know that a hidden transition must have occurred in between. Note that in principle any odd number of
hidden transitions may have occurred, but the environmental entropy production for all of
these cases is the same so we do not have to distinguish between them here. Similarly the
case of no hidden transition and an even number of hidden back and forth transitions are
equivalent here since they all have zero environmental entropy production in the demon
system due to detailed balance and eqs. (7.14).

7.3.1. Unambiguous Reconstruction of Hidden Environmental Entropy
Given all this information we can fully and unambiguously determine the hidden trajectory τY and its associated hidden entropy production as the reconstructed environmental
entropy production ∆senv (τY ) of the demon system, giving simply
∆σ Y (τX ) = ∆senv (τY ),

(7.16)

without any coarse-graining taking place. This result seems obvious, but can also be
derived explicitly. We will explicitly derive a more general result in Section 7.4 and show
that (7.16) is a special instance of this.
The top half of Figure 7.3 shows the reduced state of the demon during the visible
trajectory τX = {|g, 0i ; (k1 = 4, t1 = 0.9); (k2 = 1, t2 = 1.5); (k3 = 4, t3 = 2.4); (|e, 1i , T =
3)}. The bath temperatures here and in all the following explicit calculations were chosen
H = 1, β C = 2 and β C = 4 and we ignored the direct coupling, setting
to be βYH = 0.5, βX
X
Y

λ = 0. With these bath temperatures, we find using eqs. (7.13) the environmental entropy
production of the visible trajectory ∆senv (τX ) = ∆s4 + ∆s1 + ∆s4 = −3.0.
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Figure 7.3. – Evolution of the hidden demon Y conditioned on the observed trajectory τX = {|g, 0i ; (k1 = 4, t1 = 0.9); (k2 = 1, t2 = 1.5); (k3 = 4, t3 = 2.4); (|e, 1i , T =
3)} with λ = 0. The top half shows the case where both γX and γY are zero, corresponding to perfect feedback. In the lower half γY = 0.5 implying reduced feedback
from the system to the demon (or equivalently reduced measurement of the system
by the demon). Note that in both cases the back-action from the visible transition
brings the demon back to a pure state (this is no longer true if γX > 0, c.f. Figures 6.1 and 7.10). For γY = 0 (top) the knowledge of τX allows us to determine
exactly which, if any, hidden transition must have occurred between visible jumps,
and thus reconstruct a unique hidden trajectory τY . For γY > 0 (bottom) we still
learn the states of the demon at the time of the visible transitions, but we can only
probabilistically determine which hidden transitions occurred.

7.3.2. Probability of Hidden Transitions
The probabilities

pjky (τX ) =



0




hχik

j+1




P

if hχikj+1 |Lky |χfkj i = 0 ∀ ky

2

|Lky |χfk i

(7.17)

j

2
0
ky

hχik

j+1

otherwise

|Lk0 |χfk i
y

j

shown in between visible jumps in Figure 7.3 denote the probability of the hidden transition
ky having occurred in the interval between tj and tj+1 . Here |χfkj i denotes the final state of
the visible transition kj (with |χfk0 i := |ai) and |χikj i being the initial state of the transition
(with |χikM +1 i := |bi), as defined by the Lindblad operators of the form eq. (7.15). We see
that in this regime of optimal feedback we know that either no or one particular transition
occurred and using eqs. (7.14) can simply read off the total hidden entropy production,
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in this particular case ∆σ Y (τX ) = ∆s6 + ∆s7 + ∆s6 = 3.0.

7.3.3. Entropy Distributions

Figure 7.4. – Frequency of environmental visible entropy production ∆senv (green,
top), coarse-grained hidden entropy production ∆σ Y (red, middle) and total entropy
production ∆σtot (blue, bottom) for just over 100,000 trajectories. For γX = 0 = γY
(left) the hidden trajectory is fully reconstructible and ∆σ Y can only take on additive
values of the demon’s environmental entropy productions. In the intermediate case
with γX = 0 and γY = 0.5 (middle) where the states at the times of visible transitions
are still fully revealed but hidden transitions can only be inferred probabilistically,
∆σ Y takes on coarse-grained values of the environmental entropy production. Finally
for γX = 0.5 = γY (right) the hidden entropy can take any real value. On the left Y
induces a negative heat flow in X on average, h∆senv i < 0, truly acting as a Maxwell’s
demon, compensating with a larger positive entropy production h∆σ Y i > − h∆senv i.
In all cases we see that the IFT (6.29) is satisfied, hexp(−∆σtot )i ≈ 1.

The left-most column of Figure 7.4 shows the distributions of visible entropy production
∆senv (τX ), coarse-grained hidden entropy production ∆σ Y (τX ), and total entropy production ∆σtot (τX ) over approximately 100,000 trajectories with T = 3 and the initial state
|ai sampled from the steady-state distribution over the states {|g, 0i , |g, 1i , |e, 0i , |e, 1i}
(which, as well as all other numerical results in Part II, were determined using the Quantum Toolbox in Python QuTiP [133]). We clearly observe an average negative visible
entropy production h∆senv (τX )i < 0, i.e. heat being extracted from the system’s cold
bath and transferred to its hot bath, in seeming violation of the second law. Looking
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at the hidden entropy production we see that this violation is more than compensated
by the demon such that the modified second law eq. (6.30) which takes the information
provided by the demon into account holds. We also see that the IFT eq. (6.29) is satisfied
as expected.

7.4. Regime 2: Reconstructible Hidden States
We next turn to the regime where γX is still zero, but γY > 0. In this case the system
jump operators (7.11) are still of the form Lk ∝ |χfk i hχik |, connecting a unique initial
state with a unique final state, but the demon transitions (7.12) lose this definiteness,
now linking multiple pairs of joint-states. Hence, we still know the exact state of the
joint system right before and after a visible transition, but if the visible trajectory reveals
that hidden transitions must have taken place in between visible jumps, we can no longer
be certain exactly which demon transition was responsible for the state change. If we
for example consider the states |g, 0i and |g, 1i in Figure 7.2, they are now linked via
hidden transitions via both of the demon’s baths. Thus the feedback from the system
on the demon is diminished, the system’s state having a weaker influence on the demon’s
bath coupling. Or in other words the demon’s ability to measure the state of the system
diminishes, showing the complementarity of measurement by one subsystem to feedback
performed by the other subsystem in autonomous systems.
Using eq. (7.17) we can calculate the relative probability pjky of the hidden jump ky
having occurred in the jth interval. The bottom half of Figure 7.3 shows the reduced state
of the demon and the hidden transition probabilities for the same sample trajectory τX
as discussed in the previous section, but with γY = 0.5.

7.4.1. Trajectory Segments and Coarse-Graining of Entropy
In this regime the knowledge of the visible trajectory τX does not allow us to fully reconstruct the hidden trajectory anymore since each τX is compatible with multiple τY .
We can thus no longer exactly infer the environmental entropy production in the hidden
system. However, since we still precisely know the states at the times of hidden transitions
and are thus able to calculate the probabilities of hidden transitions pjky in each separable
interval, we can use a kind of coarse-graining to make the best estimate of the hidden entropy production based on the information revealed by the visible trajectory. Specifically,
we find that in this regime the general expression eq. (6.27) for ∆σ Y reduces to
∆σ Y (τX ) = −

M
X

log

j=0

X

pjk (τX )e−∆sk .

(7.18)

k∈kY

The proof is rather complicated and given in the following subsection. As noted above, we
see that eq. (7.16) in the previous section is just a special case of the more general (7.18) in
which at most one of the pjk is non-zero during each interval j so that no coarse-graining
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takes place. Further note that we can obtain eq. (6.28) by converting the sum over
logarithms in (7.18) into a single logarithm and then finding the conditional probability
over full hidden trajectories P (τY |τX ) by multiplying the relevant probabilities pjk for each
interval.
Applying this result to the trajectory in Figure 7.3 we find ∆σ Y (τX ) ≈ 0.225. Note that
whereas in the case of perfect feedback ∆σ Y could only take on additive multiples of the
actual environmental entropy productions in the demon, now the incomplete information
flow leads to a coarse-grained mixture of these values.

7.4.2. Explicit Derivation of the Segmented Hidden Entropy
Our approach to deriving expression (7.18) from the general (6.27) will be to separate the
exponentials exp[G∆ti ] = exp[(Hef f + LY )∆ti ] and exp[Ḡ † ∆ti ] = exp[(Hef f + L†Y )∆ti ]
appearing in eq. (6.27), where we have defined Hef f := H + Lnj as the Liouville space
equivalent of the effective Hamiltonian Hef f . Our main tool for achieving this is the
Zassenhaus formula [134]
t2

t3

et(A+B) = etA etB e− 2! [A,B] e 3! (2[B,[A,B]]+[A,[A,B]]) ...

(7.19)

for matrices A and B, where in our case A = Hef f , and B = LY or B = L†Y . Note that
in the following we will only consider the case λ = 0.
Calculating the Zassenhaus expansion
Let us first introduce a result relating to the commutators of the jump operators which we
will employ later. As noted above, the demon operators no longer connect unique states
if γY > 0. However, we can split the demon operators into two parts
Lky =: Leky + Lgky

(7.20)

e/g

where Lky refers to the term in Lky that is controlled by the system’s |e/gi state. As an ex-

ample, for L5 = γ5 (|ei he| + γY |gi hg|) ⊗ σ− we have Le5 = γ5 |ei he| ⊗ σ− and Lg5 = γ5 γY |gi hg| ⊗ σ− .
It can be shown that
X

[L†k Lk , Lky ] = αky Lky ,
e/g

e/g

e/g

(7.21)

k

where the sum over k includes both visible and hidden transitions, where
2
α5e = (1 − γX
)(γ32 − γ12 ) + (γ62 − γ52 ) + γY2 (γ82 − γ72 )

(7.22)

α5g

(7.23)

2
= (1 − γX
)(γ42 − γ22 ) + (γ82 − γ72 ) + γY2 (γ62 − γ52 )

and
α5x = −α6x = α7x = −α8x
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(7.24)

for x ∈ {e, g}. It straightforwardly follows that
X †
X
αkxy Lxky .
[Lk Lk , Lky ] =
k

(7.25)

x∈{e,g}

We can further show that (if λ = 0)
[H, LY ] = 0 = [H, L†Y ]

(7.26)

The first commutator we have to evaluate in the Zassenhaus formula, [H + Lnj , LY ], thus
simplifies to [Lnj , LY ]. Using this and eq. (7.21) we can show that
X

n

[Hef f , LY ](n) = (−1)

X

 α x + α x0 n
k

k∈kY x,x0 ∈{e,g}

and
[Hef f , L†Y ](n)

n

= (−1)

X

X

k

2

 α x + α x0 n
k

k

2

k∈kY x,x0 ∈{e,g}

Lxk ⊗ Lxk

0

0

Lxk ⊗ Lxk e−∆skD

(7.27)

(7.28)

where we have used L∗k = Lk for all jump operators, and introduced the notation
[A, B](n) := [A, [A, [A, ..., [A, B]]]]

(7.29)

for nested commutator of nth order such that [A, B](0) = B, [A, B](1) = [A, B], [A, B](2) =
[A, [A, B]], etc.
The only other non-vanishing commutators are the nested commutators of the form
[LY , [Hef f , L†Y ](n) ]. Let us first introduce a shorthand for the diagonal elements in Liouville
space,
0

0 0
0 0
y,y
x,x0 := |x, yi hx, y| ⊗ |x , y i hx y |

for

x, x0 ∈ {e, g}; y, y 0 ∈ {0, 1}

(7.30)

such that
1=

X
x,x0 ,y,y 0
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0

y,y
x,x0 .

(7.31)

Using this notation we find
n

[LY , [Hef f , LY ](n) ] = (−1)

X

 α x + α x0 n

X

k

k

2

k,k0 ∈kY x,x0 ,x∗ ,x+ ∈{e,g}

0

∗

+

[Lxk0 ⊗ Lxk0 , Lxk ⊗ Lxk ]
(7.32)

= (−1)n

X

x0

 α x + α n

X

k

k

2

k,k0 ∈kY x,x0 ,x∗ ,x+ ∈{e,g}

0

∗

+

[Lxk0 ⊗ Lxk0 , Lxk ⊗ Lxk ]δxx∗ δx0 x+
(7.33)

= (−1)n

X

X

x0

 α x + α n
k

k

2

k,k0 ∈kY x,x0 ∈{e,g}

0

0

[Lxk0 ⊗ Lxk0 , Lxk ⊗ Lxk ].

(7.34)

Substituting the explicit operators and α-factors we arrive at


00
[LY , [Hef f , LY ](n) ] = (−2α5e )n γ52 γ62 + γY2 (γ52 γ82 + γ62 γ72 ) + γY4 γ72 γ82 (11
ee − ee )


00
+(−2α5g )n γY4 γ52 γ62 + γY2 (γ52 γ82 + γ62 γ72 ) + γ72 γ82 (11
gg − gg )

αe + α5g 2  2 2
00
11
00
+((−1)n + 1) 5
γY γ5 γ6 + γ52 γ82 + γ62 γ72 + γ72 γ82 (11
eg − eg + ge − ge ). (7.35)
2
Repeating the same process for the backward case gives



00
[L†Y , [Hef f , L†Y ](n) ] = (−2α5e )n γ52 γ62 + γY2 (γ52 γ82 e−(∆s5 +∆s8 ) + γ62 γ72 e+(∆s5 +∆s8 ) ) + γY4 γ72 γ82 (11
ee − ee )


00
+(−2α5g )n γY4 γ52 γ62 + γY2 (γ52 γ82 e−(∆s5 +∆s8 ) + γ62 γ72 e+(∆s5 +∆s8 ) ) + γ72 γ82 (11
gg − gg )

α5e + α5g 2  2 2
n
00
11
00
+((−1) + 1)
γY γ5 γ6 + γ52 γ82 e−(∆s5 +∆s8 ) + γ62 γ72 e+(∆s5 +∆s8 ) + γ72 γ82 (11
eg − eg + ge − ge ).
2
(7.36)
Noting that
γ52 γ82 e−(∆s5 +∆s8 ) = γ62 γ72

(7.37)

we see that this is actually the same as in the forward process, i.e.
[L†Y , [Hef f , L†Y ](n) ] = [LY , [Hef f , LY ](n) ]

(7.38)

Despite looking rather unappealing, the commutators (7.35) and (7.36) have the nice
properties of being diagonal and commuting with all the other operators of interest. Particularly
[[Hef f , LY ](n) , [LY , [Hef f , LY ](m) ]] = 0

∀ n, m ≥ 1.

(7.39)

Considering again the Zassenhaus formula, which with our particular operators reads
t2

t3

et(Hef f +LY ) = etHef f etLY e− 2! [Hef f ,LY ] e 3! (2[LY ,[Hef f ,LY ]]+[Hef f ,[Hef f ,LY ]]) ...,
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(7.40)

the vanishing commutators (7.39) allow us to split the exponentials at the nth order into
two factors
ean [Hef f ,LY ](n) +bn [LY ,[Hef f ,LY ](n−1) ] = ean [Hef f ,LY ](n) ebn [LY ,[Hef f ,LY ](n−1) ]

(7.41)

and further collect all an and all bn factors together such that
et(Hef f +LY ) = etHef f

∞
Y

∞
Y

n+1

e

t
[Hef f ,LY ](n)
an (n+1)!

n=0

m+1

e

t
[LY ,[Hef f ,LY ](m−1) ]
bm (m+1)!

.

(7.42)

m=1

In general, computing the coefficients in the Zassenhaus formula is a non-trivial problem
that can only be solved procedurally [134, 135]. However, the an coefficients of the ‘most
nested’ commutators are special in that they take the simple form an = (−1)n . Also, even
though we do not know the explicit form of the bn coefficients we know that, due to the
diagonal form and commutative nature of the commutators (7.35), the factor
ξ :=

∞
Y

m+1

e

t
bm (m+1)!
[LY ,[Hef f ,LY ](m−1) ]

(7.43)

m=1

also has the same nice properties of being diagonal and commuting with all other operators
involved. The commutators [[Hef f , LY ](n) , [Hef f , LY ](m) ] have the same diagonal form as
eq. (7.35), only with slightly different terms on the diagonal. This allows us to turn
the product of exponentials in eq. (7.42) into an exponential sum times some additional
diagonal and commuting factor. We get
et(Hef f +LY ) = etHef f e

n tn+1
n=0 (−1) (n+1)! [Hef f ,LY ](n)

P∞

ξ0

where ξ 0 collects all the diagonal and commuting factors and is of the form ξ 0 =
0

(7.44)
yy 0 yy 0
x,x0 ,y,y 0 cxx0 xx0

P

for some coefficients cyy
xx0 . Substituting the explicit expression (7.27) for the commutators
and computing the sum over n this reads

et(Hef f +LY )

X
= etHef f ξ 0 exp

X

2

k∈kY x,x0 ∈{e,g}

e

x0
αx
k +αk
2

t


−1 x
x0
⊗
L
.
L
0
k
k
αkx + αkx

(7.45)

In the following we will refer to the exponential term as B(t) which we further simplify
by introducing the shorthand notation

xx0

Ak (t) := 2

e

x0
αx
k +αk
2

t

−1
0
+ αkx

(7.46)


0
x
x0
Axx
k (t)Lk ⊗ Lk .

(7.47)

αkx

such that
X
B(t) = exp

X

k∈kY x,x0 ∈{e,g}
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0

0

xx
Note that due to the relation of the α parameters eq. (7.24) we have Axx
5 (t) = A7 (t)
0

0

xx
and Axx
6 (t) = A8 (t). Let us further define
0

0

0

xx
2 2 xx
xx
Ckk
0 (t) = γk γk 0 Ak (t)Ak 0 (t)

(7.48)

and introduce one final shorthand notation, Axx0 (t), where
ee
ee
ee
ee
(t) + C67
(t)) + γY4 C78
(t)
Aee (t) = C56
(t) + γY2 (C58

Agg (t) =

gg
γY4 C56
(t)

+

gg
γY2 (C58
(t)

+

gg
C67
(t))

+

gg
C78
(t)





ge
ge
ge
ge
Age (t) = γY2 C56
(t) + C58
(t) + C67
(t) + γY4 C78
(t)


eg
eg
eg
eg
Aeg (t) = γY2 C56
(t) + C58
(t) + C67
(t) + γY4 C78
(t) .

(7.49)
(7.50)
(7.51)
(7.52)

Expanding the exponential B(t) we arrive at the expression
B(t) =

X

10
01
xx0 +xx0 +cosh

p

 X sinh pA 0 (t) X
0
xx
x
x0
p
+
Axx
k (t)Lk ⊗Lk .
Axx0 (t) k∈k
x,x0
Y
(7.53)

11
Axx0 (t)(00
xx0 +xx0 )

x,x0

Combining all the results we finally arrive at
Gt

e

=e

t(Hef f +LY )

=

X

0
yy 0
dyy
xx0 xx0

x,x0 ,y,y 0

p
X sinh Axx0 (t) X
0
x
x
p
+
Axx
k (t)Lk ⊗ Lk
0
A
(t)
xx
k∈k
x,x0

(7.54)

Y

0

where the dyy
xx0 are some parameters whose explicit expressions play no role in anything
that follows. Analogously it can be shown that for the backward expression we get
e

Ḡ † t

=e

t(Hef f +L†Y )

=

X
x,x0 ,y,y 0

0
yy 0
dyy
xx0 xx0

p
X sinh Axx0 (t) X
0
x
x −∆sk
p
+
Axx
,
k (t)Lk ⊗ Lk e
0
A
(t)
xx
0
k∈kY
x,x
(7.55)

the only difference being in the e−∆sk factors.
Putting it all together
So far these results are very general and apply for any choice of γX and γY (as long
as λ = 0). The crucial insight that allows us to make further progress is to observe
that as noted previously, for γX = 0 the visible jumps connect definite initial and final
states allowing us to write the visible jump superoperators as Jk = γk2 |χfk ii hhχik | (with
i/f

|χk ii ∈ {|g, 0ii , |g, 1ii , |e, 0ii , |e, 1ii}). This then enables us to break up eq. (6.27) for
the full trajectory into (M + 1) individual segments where each interval between visible
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transitions can be treated separately
hhb| eG∆tM JkM ...Jk1 eG∆t0 |aii
hhb| eḠ † ∆tM JkM ...Jk1 eḠ † ∆t0 |aii

∆σ Y (τX ) = log

M
Y
hhχikn+1 | eG∆tn |χfkn ii

= log

n=0

=

(7.56)

M
X

(7.57)

hhχikn+1 | eḠ † ∆tn |χfkn ii

∆σ nY (τX )

(7.58)

n=0

where we have defined the hidden entropy production of the nth interval
∆σ nY (τX )

:= log

hhχikn+1 | eG∆tn |χfkn ii
hhχikn+1 | eḠ † ∆tn |χfkn ii

.

(7.59)

We can now substitute eqs. (7.54) and (7.55) and analyse the resulting expression
for ∆σ nY (τX ). Let us first consider the case where |χikn+1 ii = |χfkn ii. This means that
the (n + 1)th visible transition starts in the same state that the nth transition ended.
Intuitively this tells us that in this case ∆σ nY should be zero, since whatever happened in
the hidden system was completely balanced, equivalent to nothing happening at all. This
can easily be verified by looking at eqs. (7.55) and (7.54). If |χikn+1 ii = |χfkn ii, the only
relevant term in eGt and eG̃

†t

0

0

yy
is one of the diagonal yy
xx0 terms, which has the same dxx0
0

dyy
xx0

coefficient in both expressions, thus resulting in ∆σ nY = log

0

dyy
xx0

= 0 as expected. If on the

other hand |χikn+1 ii 6= |χfkn ii we know that some hidden transitions must have taken place
0

and thus in general expect ∆σ nY 6= 0. We can immediately ignore all the yy
xx0 terms in eqs.
(7.55) and (7.54) since they only connect equal states. Further, since |χfkn ii has a known
system state of either |ei or |gi, the sums over x and x0 reduce to a single term since only
the x = x0 = e or x = x0 = g term is non-vanishing. Finally, since |χfkn ii and |χikn+1 ii
also have a known demon state of either |0i or |1i, the sum over kY reduces to only the
terms whose associated operators induce the correct transition in the demon states, either
|0i → |1i (in our case L6 and L8 ) or |1i → |0i (in our case L5 and L7 ). As noted above,
these terms that are associated with the same state-to-state transition (i.e. here the pairs
0

0

xx
5/7 and 6/8) also have the same Axx
k (t). Hence the Ak (t) also cancel in the ratio in
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∆σ nY . What we are left with is the expression
P
f
i
hhχ
|
k∈kY Lk ⊗ Lk |χkn ii
k
n+1
n
∆σ Y (τX ) = log
P
hhχikn+1 | k∈kY Lk ⊗ Lk e−∆sk |χfkn ii
P
f
i
2
k∈kY | hχkn+1 | Lk |χkn i |
= log P
f
2
−∆sk | hχi
k∈kY e
kn+1 | Lk |χkn i |
P
f
−∆sk | hχi
2
k∈kY e
kn+1 | Lk |χkn i |
= − log
P
f
i
2
k∈kY | hχkn+1 | Lk |χkn i |
= − log

k∈kY

= − log

| hχikn+1 | Lk |χfkn i |2

X
X

P

k0 ∈k

Y

| hχikn+1 | Lk0

|χfkn i |2

e−∆sk

pnk (τX )e−∆sk .

(7.60)

(7.61)

(7.62)

(7.63)
(7.64)

k∈kY

Substituting this into (7.58) we arrive at the total coarse-grained hidden entropy in the
form (7.18)
∆σ Y (τX ) = −

M
X

log

n=0

X

pnk (τX )e−∆sk ,

k∈kY

which concludes the proof.

7.4.3. Simple Trajectory Example
As an example to help us develop an intuitive understanding for the hidden entropy
production in this regime, let us briefly look at one particularly simple trajectory with
only a single visible transition, the trajectory τX = {|g, 0i ; (k1 , t1 ); (|e, 0i , T = 1)} for
λ = 0 (we will discuss the λ > 0 case separately in Section 7.6). Figure 7.5 shows
the coarse grained hidden entropy production associated with this trajectory for all the
possible values of k1 and t1 , for different amounts of feedback controlled by γX .
Let us first look at k = 2, 4. The respective jump operators are L2 ∝ σ− ⊗ |1i h1| and
L4 ∝ σ− ⊗ |0i h0| which both represent deexcitations of the system S. We can immediately
say that these trajectories are impossible. The system S starts in the |gi state, and we
know that neither the free evolution nor the hidden transitions can change this state, so
a further deexcitation is impossible, σ− |gi = 0. In the Figure we have artificially set
the associated entropy productions to zero for easy visualisation, but to be more precise
these entropies are not even defined, since both forward and backward trajectory have
zero probability.
If k = 3, we have the visible jump L3 ∝ σ+ ⊗ |0i h0|. This is fully consistent with
the visible trajectory τX and does not require anything to happen in the hidden system.
There might still be hidden transitions occurring, but they have to cancel, i.e. an equal
number of excitations and deexcitations during each hidden interval. This is reflected in
the hidden entropy which is zero in this case. The small deviations in the Figure are due
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Figure 7.5. – Hidden coarse-grained entropy production ∆σ Y for the simple visible
trajectory τX = {|g, 0i ; (k1 , t1 ); (|e, 0i , T = 1)} with γX = 0 for the four possible
visible transitions k1 , plotted against γY and the time of the visible transition t1 . Note
that we artificially set ∆σ Y to zero for k1 = 2, 4. These trajectories are not possible,
having zero probability of occurring, and thus no definable entropy production. The
same is true for k1 = 1 in the case of t1 = 0. In the case of k1 = 1 we can infer that
before the visible transition a hidden transition |g, 0i → |g, 1i must have taken place,
and after t1 another hidden transition |e, 1i → |e, 0i. For γY = 0 we can uniquely
identify these with the operators L8 and L5 respectively and can also unambiguously
identify the entropy production as ∆σ Y = ∆s8 + ∆s5 = −3.5. As γY increases the
first transition might have also been caused by L6 and the second by L7 leading to a
coarse-graining in the entropy reflecting our decreasing certainty. In the case of k1 = 3,
the visible trajectory does not require any hidden transitions. Further, any hidden
trajectories compatible with the visible trajectory have a net zero entropy production
and the hidden coarse-grained entropy vanishes (within numerical accuracy), ∆σ Y =
0. Note that in this case of γX = 0 the timing of the visible transitions does not affect
∆σ Y .

to limited numerical accuracy.
Finally for k = 4 with jump operator L4 ∝ σ+ ⊗ |1i h1|, we know that since at the
beginning and end of the trajectory the demon was in state |0i and the visible transition
allows us to infer that at t1 it was in state |1i, we must have a (net) hidden excitation
prior to t1 , and a deexcitation after t1 . If γY = 0 we are in the regime of perfect feedback
discussed in Section 7.3. In this case we can fully reconstruct the hidden transitions. The
first transition |g, 0i → |g, 1i can only be due to L8 ∝ |gi hg| ⊗ σ+ , whereas the second
transition |e, 1i → |e, 0i must have been L5 ∝ |ei he| ⊗ σ− . Combining the respective
entropy productions we can conclude that ∆σ Y = ∆s8 + ∆s5 = −3.5.
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However, as γY increases we can no longer say precisely which operator caused the
hidden transitions |g, 0i → |g, 1i and |e, 1i → |e, 0i. We can only calculate the relative
probabilities of the operators by applying eq. (7.17), and then use eq. (7.18) to calculate
the hidden entropy ∆σY . As Figure 7.5 shows, in the limit γY → 1 where the demon is no
longer able to measure the state of the system at all (or in other words the system does
not perform any feedback on the demon), ∆σY vanishes. This is due to the fact that in
this limit the probability of L8 being responsible for the first hidden transition is exactly
equal to the probability that L7 caused the second transition (and similarly for the L6 and
L5 pair), and since ∆s8 = −∆s7 the hidden entropy vanishes, ∆σY = 0.

7.5. Regime 3: Non-Reconstructible Hidden Trajectory
Let us finally consider the regime where γX is also allowed to be non-zero, leading to nonoptimal feedback from the demon on the system. In this case the visible transitions also
connect multiple states of the joint system and the information provided by the visible
trajectory only allows us to unambiguously determine the state of the system X, but no
longer the demon Y . Figure 6.1 clearly demonstrates this, where we have again used the
same example visible trajectory τX as in Figure 7.3. Opposed to the case of γX = 0,
the information provided by the observed jumps still leads to a back-action in the hidden
system but not enough to project it into a definite pure state.

7.5.1. Revisiting the Example Trajectory
We can again consider the simple example trajectory of Subsection 7.4.3 to gain some insight into what is happening. Keeping the transition diagram Figure 7.2 in mind, consider
again starting in the state |g, 0i and ending in the state |e, 0i. Figure 7.6 shows again the
associated entropy production for the four possible visible jumps and varying times of the
jumps occurring.
We can still immediately rule out operators L2 and L4 inducing the visible transition
at t1 since they would require some hidden transition to change the state of system X.
This is still not possible, the system remains in the same state between visible transitions.
Again we set the associated hidden entropy production to zero for visualisation, but keep
in mind that such an entropy is actually undefined.
Looking instead at L1 and L3 , we note that now in this regime of γX > 0 the precise
timing t1 of the transition has a large influence on the hidden entropy production. For
γX = 0 this did not play any role, since only the initial and final state of each hidden
segment mattered. However, we no longer know these states exactly. Our best description
of the state has to be a mixed state, with probabilities depending on the timing.
Let us look in more detail at the L1 ∝ σ+ ⊗ (|1i h1| + γX |0i h0|) case to understand this.
In Subsection 7.4.3 we were guaranteed that L1 would cause the state-to-state transition
|g, 1i → |e, 1i, which told us that a hidden transition causing |g, 0i → |g, 1i must have
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Figure 7.6. – Same plots as in Figure 7.5 but with γX = 0.5 leading to the demon
not being able to perform optimal feedback on the system. Since we can no longer
determine the precise hidden state at the time of the visible transition, ∆σ Y becomes
sensitive to the exact timing of visible transitions. The trajectories with k1 = 2, 4 are
again much less probable. Setting λ = 0 instead makes these trajectories impossible
as in Figure 7.5, while the values of ∆σ Y for k1 = 1, 3 are again essentially unchanged.

taken place previously. However, now L1 can cause both the |g, 1i → |e, 1i transition
as well as the |g, 0i → |e, 0i transition (albeit with relative probability suppressed by a
factor γX ). We thus no longer learn the precise state of the demon, we can only update
our knowledge to some extent. This in turn allows any of the hidden transitions to have
occurred, and in general an infinite number of hidden trajectories, with varying probability,
are compatible with the visible trajectory τX .
We can consider the dependence on t1 in more detail. At t = 0 we start in |g, 0i. If
the visible transition happens almost immediately t1 → 0, the probability that a hidden
transition occurred in the interim is very small and we can be very sure that the posttransition state is |e, 0i. Since this is also the final state we measure at t = T , whatever
happened in the hidden system must have been balanced and we get a vanishing hidden
entropy production. As t1 increases, the likelihood of a hidden transition having occurred
and thus the post measurement state being |e, 1i increases. This is also reflected in ∆σY
increasing. We note that in this simple example of one visible transition ∆σY is symmetric
around t = T /2. This is due to the fact that we can apply the same argument as t1 → T .
The probability of another hidden transition occurring in this vanishing interval is also
vanishing, allowing us to have great confidence in the precise states pre- and post-visible
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transition.
Another consideration illustrates how the revealed information depends on the exact
value of γX . Before the visible jump we know we are in a mixture of |g, 0i and |g, 1i. Let
us assume that γX is small but non-zero. After an excitation of the system we will find
ourselves in a mixture of |e, 0i and |e, 1i. If the excitation was with respect to the hot
(cold) bath, we know that we can give relatively more weight to |e, 0i (|e, 1i). At the other
extreme when γX → 1 there is no longer any feedback from the demon, and the system
does not extract any information about the demon during the jump or cause any backaction on the demon state (as can also be seen by the fact that if γX = 1, all system jump
operators are of the form Lk ∝ σ± ⊗ 1), i.e. the jump does not reveal any new information
about the state of the hidden demon. A similar argument can be made for γY → 1. In
the limit of both γX , γY → 1 the systems complete decouple and the visible transitions
tell us absolutely nothing about the hidden system, and similarly the hidden system has
no influence on the visible system. Note however that ∆σY does not necessarily vanish
in this case. This is due to the fact that we perform the initial and final measurements
on the joint system and thus do learn something about the hidden transition through the
final measurement. Our considerations can easily be modified so that only system X is
measured at the beginning and end of the trajectory, in which case ∆σY would completely
vanish for any τX in this limit.

7.5.2. Average Entropy Productions and Modified Second Law
So far we have only discussed the qualitative nature of ∆σY in this regime, but not how
it can actually be calculated. We believe that eq. (6.28) for ∆σ Y still holds if one can
determine the correct probabilities P (τY |τX ) but we have not been able to show this
explicitly. Trying for example to apply a kind of Bayesian state updating similar to [136]
and determining the probabilities in this way did not appear to give the correct result.
In all explicit calculations we have therefore used the general (but somewhat opaque)
expression eq. (6.27) which can be readily calculated and only depends on very few
assumptions. An expression of the form (7.18) can no longer hold since this depends on
each hidden segment being independent from the others, which is not true here as we have
seen above. One has to consider the full trajectory as a whole.
Average Entropy Production
So far we have only discussed individual trajectories in this section. Let us now take a look
at average entropy production. The right-most column of Figure 7.4 shows the distribution
of the visible, hidden and total entropy productions for approximately 100, 000 trajectories
for γX = 0.5 = γY . We note that in this regime of weaker feedback and restricted
information flow, the visible entropy production is no longer negative, h∆sevn (τX )i >
0. In fact the roles are somewhat reversed for this set of parameters with a slightly
negative hidden entropy production on average. We note also that depending on the
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precise details of τX (e.g. the exact timings as we have seen), the hidden entropy can
now assume any real value. Nevertheless, as expected the IFT eq. (6.29) again holds with
hexp(−∆senv − ∆σ Y )i ≈ 1.

Figure 7.7. – a) Average values of environmental visible entropy production h∆senv i
(top), coarse-grained hidden entropy production h∆σ Y i (middle) and total entropy
production h∆σtot i (bottom) for different values of γX and γY , averaged over 50,000
trajectories each. For strong feedback, i.e. small γX and γY , Y acts as a Maxwell’s
demon with h∆senv i < 0, compensated by h∆σ Y i > 0. In most regions where
h∆senv i > 0 on the other hand, h∆σ Y i is slightly negative which leads to eq. (6.30)
giving a lower bound than the conventional second law applied to the visible system.
As γX and γY approach unity the feedback becomes weaker, and at unity there is no
information flowing between the systems, leading to vanishing hidden entropy h∆σ Y i.
b) Same plot but with λ = 0.1 and for only 5,000 trajectories each. Even though this
is not enough to get a good quantitative result, qualitatively we see that the finite λ
seems to have remarkably little effect on the various entropy productions. As we will
note in Figure 7.9, while a finite λ allows otherwise forbidden trajectories to occur,
their probabilities are comparatively small, and the actual value of ∆σ Y for any given
trajectory is barely influenced by the value of λ.
c) Same plot as a) but with the temperatures of the visible and hidden baths swapped
so that (in the strong feedback regime) X acts as a demon and Y as the system. Again
each point is an average of only 5,000 trajectories, but qualitatively we see that the
visible entropy product is now positive everywhere, and the hidden entropy production (in most cases) just gives a slightly lower bound on the total entropy production
than the conventional second law would.
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The left-most column of Figure 7.7 shows the average values of the three entropies for
the full range of feedback parameters γX and γY . We see that for the given model and
parameters, only for small γX and γY i.e. strong measurement and feedback in both
directions, the hidden system acts as a Maxwell’s demon, inducing a negative entropy
production in the system. In this regime the large positive hidden entropy ∆σ Y more
than compensates the negative visible entropy production. For certain intermediate values
the role of demon is actually reversed with slightly negative hidden entropy production.
This leads to eq. (6.30) providing a tighter bound on the entropy production than we
would get from simply applying the conventional second law to the visible system. Finally
as γX , γY → 1 and the systems become independent, we see that h∆σ Y i vanishes since
the visible trajectory gives us absolutely no information about the hidden system and
we hence cannot make any inference regarding the hidden entropy. The bottom panel
shows that the second law taking the hidden entropy into account is satisfied everywhere,
h∆senv + ∆σ Y i ≥ 0. We have not shown this in the figure, but we also confirmed that the
IFT is indeed satisfied for the full parameter range.
Modified Second Law: Information Flow and Tighter Bound
Let us take a closer look at how the modified second law h∆senv + ∆σ Y i ≥ 0 behaves
compared to a naive application of the standard second law that ignores the hidden system,
h∆senv i ≥ 0. We do this by looking at the bottom-left to top-right diagonals of Figure
7.7 a), corresponding to γX = γY . Figure 7.8 shows the three average entropies plotted
against the feedback parameters.
For strong feedback (small γX ,γY ) we see that the conventional second law appears to
be violated. The strong feedback of the demon, which exhibits a large hidden entropy
production, allows the system to sustain a negative entropy production, a heat flow from
its cold bath into its hot bath. As the feedback becomes weaker there is a crossover
point, here at around γX , γY ≈ 0.3, at which the hidden entropy turns negative. In this
regime the modified second law gives a tighter bound on the entropy production than
the bound provided by the conventional second law. Finally, as γX , γY → 1 and the
systems completely decouple the hidden entropy production vanishes and the modified
and standard second law coincide.

7.5.3. Visible Demon, Hidden System
In our model we have set up the temperatures in such a way that the high temperature
gradient across the demon, βYH = 0.5 and βYC = 4, allows for an induced negative heat flow
H = 1 and β C = 2. For completeness
across the system’s smaller temperature gradient, βX
X

we can also consider what happens if we swap these temperatures. Due to the symmetry
of the model, this is equivalent to considering the qubit that was previously hidden as
visible and vice versa. The results for this model are shown in the right-most column
of Figure 7.7. Note that each point is an average of only 5000 trajectories, which is not
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Figure 7.8. – Average values of environmental visible entropy production h∆senv i
(green), coarse-grained hidden entropy production h∆σ Y i (red) and total entropy
production h∆σtot i (blue) for different values of γX = γY , averaged over 50,000 trajectories each. These curves correspond to the diagonals of the plots in Figure 7.7 a).
We can clearly observe a split into two regions. For γX , γY . 0.3 the hidden system
acts as a demon which would lead to a violation of the second law simply applied
to the visible entropy production h∆senv i. On the other hand for γX , γY & 0.3 the
hidden entropy production is negative, so that h∆σtot i > 0 provides a tighter bound
than the conventional second law ignoring the hidden entropy production h∆senv i > 0
would.

enough to give useful quantitative results, but we can still gain qualitative insights.
We can clearly see that here the hidden system does not act as a Maxwell’s demon anywhere, the visible entropy production h∆senv i is positive over the entire range of feedback
parameters. In the strong feedback regime h∆σ Y i is negative, leading to the modified
second low giving a lower bound on entropy production. This can also be seen as the
visible system acting as a Maxwell’s demon for the hidden system, enabling a negative
heat flow through the hidden baths.

7.6. System-Internal Interaction: Coupling the Degenerate
States
We have so far mostly ignored the direct interaction term in the Hamiltonian proportional
to λ, and have simply set λ = 0. Our main motivations to do so were mostly that our
master equation rests on shaky assumptions for the case of λ > 0, as we have seen in
Section 7.2, and that the derivations of the analytical results are based on the assumption
λ = 0. Let us here briefly remark on the case of λ > 0 and show that it does not actually
play an important role.
In the case of γX = 0 the simple results eqs. (7.16) and (7.18) still hold as has been
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numerically verifed. Due to the diagonal split in the state diagram Figure 7.2, the transition via λ is equivalent to one hidden plus one visible transition, and cannot fully be
achieved via hidden transitions only. By looking at the state diagram and considering the possible trajectories, one can quickly verify that even with λ > 0 we can still
fully reconstruct the environmental entropy production of the demon if γY = 0, or use
the expression (7.17) to calculate the probabilities of hidden transition. Note however
that while the entropy production takes the same form, λ > 0 changes the probabilities of certain trajectories and enables some previously forbidden trajectories such as
τX = {|e, 0i , (|g, 1i → |e, 1i , t1 ), (|e, 0i , T )}. In this case the first transition would have
been impossible for λ = 0 since the state |g, 1i is not reachable from |e, 0i without a visible
transition. However, for λ = 0.1 the probabilities of previously forbidden trajectories are
on the order of 10−7 smaller than those of trajectories which are possible irrespective of
λ. This tells us that these newly allowed trajectories do not play a significant role in any
of the averages for small λ.
For γX > 0, numerics show that the hidden entropy production associated with a given
visible trajectory τX does in general depend on the value of λ, but that the dependence on
λ is very small. Again this leads us to conclude that the direct coupling has no significant
impact on average entropy productions. This can clearly be seen from the central column
of Figure 7.7 which is the same as the left-most column, but with finite λ = 0.1. Even for
the small number of trajectories used for the averages, we clearly see that the case of zero
and finite λ are barely distinguishable.
Let us return once more to the example trajectory τX = {|g, 0i ; (k1 , t1 ); (|e, 0i , T = 1)}
of Figures 7.5 and 7.6. Figure 7.9 shows the identical results as Figure 7.6, but with
λ = 0.1.
We see that the previously allowed trajectories with k1 = 1, 3 are visually indistinguishable from the λ = 0 case. The values do differ slightly, but the difference is minuscule.
The truly new feature is that now the previously impossible trajectories with k1 = 2, 4
are also allowed (except for t1 = 0). These have a hidden entropy production that is not
symmetric around t1 = T /2. Let us consider L2 ∝ σ− ⊗ (|1i h1| + γX |0i h0|). This implies
that during the first hidden interval, the visible system must have transitioned without a
visible interaction with its baths. This can be accomplished by a hidden transition from
|g, 0i to |g, 1i, after which the interaction Hamiltonian can exchange population of the
degenerate |g, 1i and |e, 0i states. Via this mechanism, despite us not observing a visible
transition, the visible system can have changed its state from |gi to |ei in the first hidden
interval. However, as already noted, these trajectories have relatively small probabilities.
For the reasons above we have thus mostly ignored λ, also because it does not introduce
any interesting new effects. Despite generating correlations, the correlations only occur
within an energy subspace and are thus not particularly interesting from a thermodynamic
point of view.
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Figure 7.9. – Same plots as in Figure 7.5 but with λ = 0.1 leading to a direct
coupling of the degenerate states |g, 1i and |e, 0i. Note that while the previously
forbidden trajectories with k1 = 2, 4 now become possible, the value of ∆σ Y in the
other cases appears to be essentially unaffected. Note also that for these parameters,
the probabilities of the previously forbidden trajectories with k1 = 2, 4, while not
zero anymore, are on the order of 10−7 smaller than the probabilities of the k1 = 1, 3
trajectories. Changing the value of λ does alter the probability of these trajectories,
but does not considerably influence the values of ∆σ Y for specific trajectories, leaving
the plots above essentially unaltered.

7.7. Driven Demon and Coherences
Our results so far have given us many valuable insights into the behaviour of autonomous
quantum machines for which we only have partial knowledge of the dynamics. However
we did not touch on some of the most interesting signatures of quantum thermodynamic
processes, such as coherences and entanglement. All the systems stayed diagonal in their
energy eigenbasis during all the processes considered.
All our general results also apply to settings where this is not the case. As an example,
Figure 7.10 shows the evolution of the demon for the same visible trajectory τX and
with the same parameters as in Figure 6.1, but with an additional driving term Hd =
1 ⊗ (σ+ + σ− ) added to the Hamiltonian which induces coherences in the demon’s energy
eigenbasis. We see that now the visible jumps actually lead to a discontinuous backaction in the demon that can also change coherences. Using eq. (6.27) we can calculate
the coarse-grained hidden entropy for this and other fully quantum cases, but a true
operational understanding is still missing.
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Figure 7.10. – Hidden evolution of the demon Y for the same visible trajectory τX
considered in Figure 6.1, but with an additional driving term in the demon Hamiltonian inducing coherences. The left shows the evolution in the forward process,
whereas the right depicts the backward process. Visible jumps and the final measurement lead to back-actions in the hidden system that can change the coherence. This
allows the investigation of truly quantum effects, which are captured in the hidden
entropy production ∆σ Y .

113

Conclusion to Part II
In Part II of this thesis we have address the question of entropy production in autonomous
quantum systems where a subset of the possible transitions is masked and not accessible
to us. We have shown that there is a continuous mutual measurement and feedback
process taking place between the visible and hidden parts of the system, resulting in an
information flow that allows the hidden system to act as an autonomous Maxwell’s demon.
This information flow also allows us to make inferences about the hidden system based
purely on observations of the visible transitions.
We have introduced the coarse-grained hidden entropy production ∆σ Y and showed that
the sum of this inferred hidden entropy and the actual observed entropy production obeys
an integral fluctuation theorem. This also directly leads to a second law like inequality
which can explain a negative entropy production in the visible system, which would be
forbidden by the conventional second law that does not take the information flow from
the hidden system into account. In other regimes where the hidden entropy production is
negative, the modified second law gives a tighter bound on the total entropy production.
In the classical setting, many studies have addressed the issue of coarse-graining [112,
126, 126, 136–139]. However in these approaches the hidden system is generally entirely
removed from the description (e.g. by integrating it out) and the various forms of coarsegrained entropies in these studies can only assume positive values, ignoring the information
flow between the systems. We believe that our approach is closer to the informational interpretation of coarse-graining in a bipartite system discussed for example in [97] and [98],
where the relevant quantities were the mutual information rate and the transfer entropy
respectively. The precise relation of our quantity ∆σ Y to these classical information theoretical quantities is an interesting open question. One difficulty in comparing the quantum
and the classical case is that classical stochastic thermodynamics is generally formulated
in terms of observing states. In the quantum case presented here, we can only observe
transitions, which as we have seen above is not always equivalent to observing states, since
a single transition, represented by a Lindblad operator Lk in the quantum jump formalism,
can connect multiple states.
The second obvious direction for future studies would be the investigation of true quantum effects such as coherence, which we have only very briefly touched on in Section 7.7.
Since even in the absence of such explicit quantum effects the results presented in Part
II offer many valuable new insights, we did not further consider these truly quantum mechanical cases in the present thesis. However, if we want to gain a deeper understanding
of autonomous machines in the quantum regimes, this, and how our results are related
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to other fully quantum mechanical thermodynamic quantities such as the quantum heat
introduced in [108], would be promising areas for future investigations.
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Final Conclusions
With the rapid advances in our engineering abilities at the micro- and nano-scales we
are pushing deeper and deeper into a regime where quantum effects come into play and
fluctuations can no longer be ignored. As we approach such limits, it becomes also more
and more desirable, if not essential, to consider machines that can operate autonomously,
without external intervention. The reason for this is twofold.
Firstly, non-autonomous machines are simply no more than a convenient approximation
of the true underlying autonomous machines, valid only if we can assume that parts of the
machine, most often the driving mechanism, the clock in our examples, are of large enough
size that they can be treated as classical systems that do not develop any correlations
with the quantum system. While this approximation may be valid in some cases, it breaks
down in many others, and a complete understanding requires us to consider autonomous
machines.
Secondly, fully autonomous machines are also interesting from a more practical engineering point of view. It seems to be a very desirable goal to build small machines, such as
nanorobots, which are fully self sufficient, combining all the crucial parts they need to function, such as embedded clocks. To be able to construct and optimise such self-contained
devices, we again require a detailed understanding of quantum scale autonomous machines.
While this thesis was split into two separate and mostly independent parts, the overarching topic of autonomous quantum machines unites them, and we have at various points
encountered glimpses of very direct connections linking the two parts. One of the most
obvious connection was the role of feedback and information flows between the subsystems
comprising an autonomous machines. In Part I we saw how the qubit’s state can alter
the evolution of the clock which thus effectively performs a measurement on the qubit.
This mutual measurement and feedback, sustained by a continuous information flow, also
played a key role in Part II where it allowed us to make inferences about parts of an
autonomous machine that are not directly accessible to us.
This central role of feedback also provides another very practical motivation to pursue
these issues further. Quantum Computing, one of the most promising and anticipated
quantum technologies, will have to rely heavily on error correction if it is to be practically
feasible at any useful scale. This error correction, which is a type of feedback procedure, should occur autonomously within the quantum computer, which again requires an
understanding of autonomous quantum machines.
While in no way comprehensive, we hope that the ideas presented in this thesis provide a valuable contribution to the quest towards a complete understanding of quantum
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thermodynamics, and will inspire future research, as well as foster advances in nanoscale
engineering.

117

References
[1] Max F. Frenzel, David Jennings, and Terry Rudolph. Reexamination of pure
qubit work extraction. Physical Review E, 90(5):052136, nov 2014. doi: 10.
1103/PhysRevE.90.052136. URL http://link.aps.org/doi/10.1103/PhysRevE.
90.052136.
[2] Max F Frenzel, David Jennings, and Terry Rudolph. Quasi-autonomous quantum
thermal machines and quantum to classical energy flow. New Journal of Physics, 18
(2):023037, feb 2016. doi: 10.1088/1367-2630/18/2/023037. URL http://dx.doi.
org/10.1088/1367-2630/18/2/023037.
[3] Max F Frenzel and Takahiro Sagawa. Coarse-grained hidden entropy production in
partially inaccessible quantum jump trajectories. pages 1–17, 2016. URL https:
//arxiv.org/abs/1609.08628.
[4] Max F. Frenzel. Work Extraction from Quantum Systems. Mres thesis, Imperial
College London, 2013.
[5] J C Maxwell. Theory of Heat. Text-books of science. Longmans, Green, and Company, 1872.
[6] Ludwig Boltzmann. Vorlesungen uber Gastheorie. J. A. Barth, Leipzig, 1896.
[7] Enrico Fermi. Thermodynamics. Dover Publications, New York, 1956.
[8] Vincenzo Balzani, Alberto Credi, Serena Silvi, and Margherita Venturi. Artificial
nanomachines based on interlocked molecular species: recent advances. Chemical
Society reviews, 35(11):1135, 2006. doi: 10.1088/0953-8984/18/33/S01. URL http:
//xlink.rsc.org/?DOI=b517102b.
[9] Viviana Serreli, Chin-Fa Lee, Euan R. Kay, and David A. Leigh. A molecular
information ratchet. Nature, 445(7127):523–527, 2007. doi: 10.1038/nature05452.
URL http://www.nature.com/doifinder/10.1038/nature05452.
[10] Sundus Erbas-Cakmak, David A. Leigh, Charlie T. McTernan, and Alina L. Nussbaumer. Artificial Molecular Machines. Chemical Reviews, 115(18):10081–10206,
sep 2015. doi: 10.1021/acs.chemrev.5b00146. URL http://pubs.acs.org/doi/10.
1021/acs.chemrev.5b00146.
[11] Juan Cheng, Sarangapani Sreelatha, Ruizheng Hou, Artem Efremov, Ruchuan
Liu, Johan R. C. van der Maarel, and Zhisong Wang. Bipedal Nanowalker by
Pure Physical Mechanisms. Physical Review Letters, 109(23):238104, dec 2012.
doi: 10.1103/PhysRevLett.109.238104. URL http://link.aps.org/doi/10.1103/
PhysRevLett.109.238104.
[12] Jacob D. Bekenstein. Black Holes and Entropy. Physical Review D, 7(8):2333–2346,
apr 1973. doi: 10.1103/PhysRevD.7.2333. URL http://link.aps.org/doi/10.
1103/PhysRevD.7.2333.

118

[13] J. M. Bardeen, B. Carter, and S. W. Hawking. The four laws of black hole mechanics.
Communications in Mathematical Physics, 31(2):161–170, jun 1973. doi: 10.1007/
BF01645742. URL http://link.springer.com/10.1007/BF01645742.
[14] S. W. Hawking. Arrow of time in cosmology. Physical Review D, 32(10):2489–2495,
nov 1985. doi: 10.1103/PhysRevD.32.2489. URL http://link.aps.org/doi/10.
1103/PhysRevD.32.2489.
[15] Sai Vinjanampathy and Janet Anders. Quantum thermodynamics. Contemporary
Physics, pages 1–35, jul 2016. doi: 10.1080/00107514.2016.1201896. URL http:
//www.tandfonline.com/doi/full/10.1080/00107514.2016.1201896.
[16] C. Jarzynski. Nonequilibrium Equality for Free Energy Differences. Physical Review
Letters, 78(14):2690–2693, apr 1997. doi: 10.1103/PhysRevLett.78.2690. URL http:
//link.aps.org/doi/10.1103/PhysRevLett.78.2690.
[17] Gavin Crooks. Entropy production fluctuation theorem and the nonequilibrium
work relation for free energy differences. Physical Review E, 60(3):2721–2726, sep
1999. doi: 10.1103/PhysRevE.60.2721. URL http://link.aps.org/doi/10.1103/
PhysRevE.60.2721.
[18] Elliott H Lieb and Jakob Yngvason. The physics and mathematics of the second
law of thermodynamics. Physics Reports, 310(1):1–96, mar 1999. doi: 10.1016/
S0370-1573(98)00082-9. URL http://linkinghub.elsevier.com/retrieve/pii/
S0370157398000829.
[19] Barbara M. Terhal. Quantum error correction for quantum memories. Reviews of
Modern Physics, 87(2):307–346, apr 2015. doi: 10.1103/RevModPhys.87.307. URL
http://link.aps.org/doi/10.1103/RevModPhys.87.307.
[20] L. Szilard. Ueber die Entropieverminderung in einem thermodynamischen System bei Eingriffen intelligenter Wesen. Zeitschrift fuer Physik, 53(11-12):840–856,
nov 1929. doi: 10.1007/BF01341281. URL http://link.springer.com/10.1007/
BF01341281.
[21] Koji Maruyama, Franco Nori, and Vlatko Vedral. Colloquium: The physics of
Maxwell’s demon and information. Reviews of Modern Physics, 81(1):1–23, jan
2009. doi: 10.1103/RevModPhys.81.1. URL http://link.aps.org/doi/10.1103/
RevModPhys.81.1.
[22] John Earman and John D. Norton. Exorcist XIV: The Wrath of Maxwell’s Demon.
Part I. From Maxwell to Szilard. Studies in History and Philosophy of Science
Part B: Studies in History and Philosophy of Modern Physics, 29(4):435–471, dec
1998. doi: 10.1016/S1355-2198(98)00023-9. URL http://www.sciencedirect.
com/science/article/pii/S1355219898000264.
[23] John Earman and John D. Norton. EXORCIST XIV: The Wrath of Maxwell’s
Demon. Part II. From Szilard to Landauer and Beyond. Studies in History
and Philosophy of Science Part B: Studies in History and Philosophy of Modern Physics, 30(1):1–40, mar 1999. doi: 10.1016/S1355-2198(98)00026-4. URL
http://linkinghub.elsevier.com/retrieve/pii/S1355219898000264.

119

[24] Jeffrey Bub. Maxwell’s Demon and the Thermodynamics of Computation. Studies
in History and Philosophy of Science Part B: Studies in History and Philosophy
of Modern Physics, 32(4):569–579, dec 2001. doi: 10.1016/S1355-2198(01)00023-5.
URL http://linkinghub.elsevier.com/retrieve/pii/S1355219801000235.
[25] Fernando G. S. L. Brandão, Michal Horodecki, Jonathan Oppenheim, Joseph M
Renes, and Robert W Spekkens. Resource Theory of Quantum States Out
of Thermal Equilibrium. Physical Review Letters, 111(25):250404, dec 2013.
doi: 10.1103/PhysRevLett.111.250404. URL http://link.aps.org/doi/10.1103/
PhysRevLett.111.250404.
[26] Fernando Brandão, Michal Horodecki, Nelly Ng, Jonathan Oppenheim, and
Stephanie Wehner. The second laws of quantum thermodynamics. Proceedings
of the National Academy of Sciences, 112(11):3275–3279, mar 2015. doi: 10.
1073/pnas.1411728112. URL http://www.pnas.org/lookup/doi/10.1073/pnas.
1411728112.
[27] Paul Skrzypczyk, Anthony J Short, and Sandu Popescu. Extracting work from
quantum systems. feb 2013. URL http://arxiv.org/abs/1302.2811.
[28] Noah Linden, Sandu Popescu, and Paul Skrzypczyk. How Small Can Thermal
Machines Be? The Smallest Possible Refrigerator. Physical Review Letters, 105(13):
130401, sep 2010. doi: 10.1103/PhysRevLett.105.130401. URL http://link.aps.
org/doi/10.1103/PhysRevLett.105.130401.
[29] Paul Skrzypczyk, Nicolas Brunner, Noah Linden, and Sandu Popescu. The smallest refrigerators can reach maximal efficiency. Journal of Physics A: Mathematical and Theoretical, 44(49):492002, dec 2011. doi: 10.1088/1751-8113/44/
49/492002. URL http://stacks.iop.org/1751-8121/44/i=49/a=492002?key=
crossref.0ad9dce599055be96576d095e46d0b7f.
[30] Miguel Navascués and Sandu Popescu.
How Energy Conservation Limits
Our Measurements. Physical Review Letters, 112(14):140502, apr 2014. doi:
10.1103/PhysRevLett.112.140502.
URL http://link.aps.org/doi/10.1103/
PhysRevLett.112.140502.
[31] R. Gallego, J. Eisert, and H. Wilming. Defining work from operational principles.
page 20, apr 2015. URL http://arxiv.org/abs/1504.05056.
[32] Augusto J. Roncaglia, Federico Cerisola, and Juan Pablo Paz. Work Measurement
as a Generalized Quantum Measurement. Physical Review Letters, 113(25):250601,
dec 2014. doi: 10.1103/PhysRevLett.113.250601. URL http://link.aps.org/doi/
10.1103/PhysRevLett.113.250601.
[33] Johan Aberg. Truly work-like work extraction via a single-shot analysis. Nature
communications, 4:1925, jun 2013. doi: 10.1038/ncomms2712. URL http://arxiv.
org/abs/1110.6121.
[34] Michal Horodecki and Jonathan Oppenheim. Fundamental limitations for quantum and nanoscale thermodynamics. Nature communications, 4(Figure 1):2059, jan
2013. doi: 10.1038/ncomms3059. URL http://www.ncbi.nlm.nih.gov/pubmed/
23800725.

120

[35] Oscar C O Dahlsten, Renato Renner, Elisabeth Rieper, and Vlatko Vedral. Inadequacy of von Neumann entropy for characterizing extractable work. New Journal
of Physics, 13(5):053015, may 2011. doi: 10.1088/1367-2630/13/5/053015. URL
http://stacks.iop.org/1367-2630/13/i=5/a=053015.
[36] Takahiro Sagawa and Masahito Ueda. Second Law of Thermodynamics with Discrete Quantum Feedback Control. Physical Review Letters, 100(8):080403, feb 2008.
doi: 10.1103/PhysRevLett.100.080403. URL http://link.aps.org/doi/10.1103/
PhysRevLett.100.080403.
[37] Shoichi Toyabe, Takahiro Sagawa, Masahito Ueda, Eiro Muneyuki, and Masaki Sano.
Experimental demonstration of information-to-energy conversion and validation of
the generalized Jarzynski equality. Nature Physics, 6(12):988–992, nov 2010. doi: 10.
1038/nphys1821. URL http://www.nature.com/doifinder/10.1038/nphys1821.
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a hybrid opto-mechanical system. New Journal of Physics, 17(5):055018, may 2015.
doi: 10.1088/1367-2630/17/5/055018. URL http://stacks.iop.org/1367-2630/
17/i=5/a=055018?key=crossref.8945e43e31d2259ff0a072079576bb81.

125

[93] O. Arcizet, V. Jacques, a. Siria, P. Poncharal, P. Vincent, and S. Seidelin. A single
nitrogen-vacancy defect coupled to a nanomechanical oscillator. Nature Physics, 7
(11):879–883, 2011. doi: 10.1038/nphys2070. URL http://dx.doi.org/10.1038/
nphys2070.
[94] T J Kippenberg and K J Vahala. Cavity Optomechanics: Back-Action at the
Mesoscale. Science, 321(5893):1172–1176, aug 2008. doi: 10.1126/science.1156032.
URL http://www.sciencemag.org/cgi/doi/10.1126/science.1156032.
[95] I Yeo, P-L de Assis, A Gloppe, E Dupont-Ferrier, P Verlot, N S Malik, E Dupuy,
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