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1. Introduction

One way in which quantum mechanics differs strongly from classical mechanics is the existence of
incompatible observables; if we want to think that measurements reveal properties of adSystem, then we
must reconcile this with the fact that there exist pairs of properties that cannot be simultaneously, measured.
By considering the same observables appearing in different contezts, that is, measured alongside different
sets of other observables, Bell [1], as well as Kochen and Specker [2] showed that measurements couldrnot
be thought of as simply revealing underlying properties of the system in a way that was independent of the
context in which the observable was measured. This property of quantum mechanics issnow referred to as
contextuality.

Discussions of contextuality often focus on scenarios in which an element of a operational theory such as
quantum mechanics manifests itself in two different contexts, such as two différent decompositions of a density
matrix; or an observable being measured in two different ways, alongside différent sets of co-measurable
observables. These manifestations are treated identically by the operational theory, always leading to the
same probabilities. In fact, this is why the same notation is used for the objects in the first place, as a context-
independent symbol is all that is needed to calculate probabilities. However,there is no formal argument
to be made that these elements which are operationally context-independent should also be ontologically
context-independent: this must be taken axiomatically. Motivation for 'such an axiom cannot be logically
deduced or extrapolated from experimental data, but rather must be,based on aesthetic principles (e.g.,
Leibniz’s principle [3]). We call such axioms “noncontextuality assumptions”. This idea, that operationally
indistinguishable objects should also be considered ontologically,identical is a form of noncontextuality,
henceforth referred to as “probabilistic contextuality”. We see that itasomewhat encapsulates the hypothesis,
reminiscent of Occam’s razor, that these objects give rise to identical properties because they are ontologically
identical. We will introduce a framework which allows us to compare and contrast different noncontextuality
axioms by viewing them as assumptions about ontological properties motivated by operational data.

This framework can be used to motivate ‘and define a “possibilistic” analogue to probabilistic
noncontextuality. Possibilistic noncontextuality reflects the assumption that two elements of a physical
theory share the same operational possibilities alse.share the same ontological possibilities. The notion of
grouping states by the sets of events that they assign nonzero probability is not entirely novel: this viewpoint
emerges naturally in the setting of,classical and ‘quantum probability theory from considerations of what it
means for different parties to hold different but compatible beliefs about a system such as those of Brun,
Finkelstein and Mermin [4] or Cavesy"Fuchs and Schack [5]. This notion of possibilistic noncontextuality
is strictly weaker than that of probabilistic contextuality. We will demonstrate that analogues of some
results originally proved using the'stronger motion of probabilistic noncontextuality in fact hold with this
weaker assumption: for example, it “wassshown by Spekkens [6] that the assumption of noncontextuality
for preparations is incompatible s/with{'the operational predictions of quantum mechanics, and it was
shown by Morris [7] and by Ched and Montina [8] that any ontological model obeying noncontextuality for
measurements must be ¥-ontic. ' We'demonstrate that similar results can be proven using only the weaker,
possibilistic, notion of noncontextuality.

2. Notions of Nencontextuality

Noncontextuality is a property of an ontological model (also known as a hidden variable model). In order to
formulate a generalized notiomof contextuality, we begin by briefly reviewing the framework of ontological
models, which allow for realistic descriptions of experimental procedures within an operational theory [6, 9].

2.1. Ontological models and operational theories

An gperationalitheory assigns probabilities Pr(k|P, T, M) to outcomes k occurring when procedures for a
preparation {P, a transformation 7, and finally a measurement M are implemented. Any particular P,
Mor, 7T will be denoted an element of the operational theory. Quantum mechanics can be regarded as
an operational theory by identifying preparation procedures with density matrices p, transformations with
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unitary operators U acting on density matrices via conjugation, and K-outcome measurements with pesitive-
operator-valued measures (POVM) M = {E;, ... Ex}. The probability for an outcome k given@ preparation
described by p and a transformation by U is then given by the Born rule,

Pr(k|p, U, M) = tx[ExUpU"). (1)

An ontological model for such an operational theory consists of a set A, equipped‘with a o-algebra X,
of possible ontic (or “real”) states alongside ontological representations of preparations; transfermationsiand
measurements, dependent on each other only via states A € A. A preparation proeedure P is represented
within the ontological model by the preparation of a system in an ontic state A\ sampledraccording to some
measure pup on A. A transformation 7 in the operational theory is represented in the ontelogical model by
a map that, for a system in the ontic state A, samples a new X € A according to. the conditional probability
measure ['+(X|A) on A. Finally, a K-outcome measurement M in the opefational.theory is represented in
the ontological model by a response function & such that, for a system in the onti¢ state \, the measurement
outcome k € {1,..., K} =: Nk is sampled from the conditional probabilitydistribution {{a(k|A)} on Ng.

The ontological model reproduces the predictions of the operational theory. if

Pr(k[P, T, M) = /dA AN e (T (N A)Em (k1) (2)

for all k, P, T, M. While all constructions in this paper hold for general operational theories, we will only
explicitly consider ontological models of quantum mechanicss, For brevityy we will omit transformations and
focus solely on preparations and measurements, though all definitions can be directly extended to account
for transformations.

The Beltrametti-Bugajski model [10] is perhaps the simplest ex%mple of an ontological model of pure-
state quantum mechanics. In it, pure quantum states are treated as being physical states, so we have A = H;
13y (IA) = 80y (IN)); and €a1 (E[[N) = (BN

We note that for the rest of this paper we will, be assuming that our ontological models have a convex
structure and therefore preparations (or other operational procedures) can be statistically mixed with each
other. Without this assumption many of these,noncontextuality relations become trivial. An example of a
model without such an assumption is quantum mechanics restricted to pure states, unitary transformations,
and projective measurements.

2.2. Operational and ontological relations

In this section, we define a generalized noncontextuality assumption to be an assumption that a particular
relation at the level of the operatienal theorydmplies a (usually similar) relation at the level of the ontological
theory. It is a scheme for making conclusions about ontology based on a theory’s operational predictions. A
noncontextuality assumption allows reasoning about ontological properties based on observable (operational)
phenomena.

More formally, an operational relation ~ will be a symmetric, reflexive relation over elements in the
operational theory (i.esgupreparations, transformations and/or measurements); an ontological relation = is
a symmetric, reflexive relation over elements of the ontological model. For clarity, ~ and =~ will always be
used to denote operational and ontological relations respectively.

Definition 1 (INoncontextuality Assumption) A noncontextuality assumption is a statement that when
two objects in the foperational theory are related by a specified operational relation ~, their ontological
representations must be/ related by an ontological relation ~. For example, applied to preparations these
are statements of theiform

Py~ P2 = pp, = pop, 3)

Notably, we do not require that an operational or ontological relation be transitive by definition, and
therefore donot restrict ourselves to only consider equivalence relations for this purpose. In practice, however,
many interesting noncontextuality assumptions are defined using equivalence relations and elements related
by such will be referred to as equivalent.
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In general, the operational relation is a condition that specifies which elements of the operationahtheory
are related to each other. The noncontextuality assumption and ontological relation then stateshow the
ontic representation of two equivalent elements of the operational theory are related to each other. Given
a noncontextuality assumption X, we say that an operational theory exhibits X contextuality if in any
ontological model that correctly reproduces the operational theory there exists some pair of eperational

elements related by ~ whose ontological representations are not related by z,
While noncontextuality assumptions can apply to preparations, transformations and measurements, in
this section we will use preparations as an example.

2.8. Probabilistic Noncontextuality

As discussed, in quantum mechanics there are many elements such as density matricés, observables, and
POVM elements, whose operational behaviour is context-independent. The notion of contextuality due to
Spekkens [6] captures this tension by making the assumption that objectsithat are operationally identical
are also ontologically identical. We will present this form of noncontextuality assumption using our notation
here.

Definition 2 (ProbOp) Two preparation procedures Py and Pain an operational model are probabilistically

equivalent (denoted P4 Prob Ps) if for all outcomes k of all méasurement procedures M,
Pr(k|P1, M) = Pr(k|P2, M). (4)

In the case of quantum mechanics, all operational predictioms for a preparation procedure P are

completely encoded in the associated density matrix pp.  Therefore we have
Prob
P R° Py & pp, = ppy- (5)

As a particular example, the maximally mixed state can be prepared in many ways, such as by tracing over
half of a maximally-entangled pair, randomly applying a unitary operation or by preparing a system in a
basis and forgetting which element was prepareds»All of these methods are probabilistically equivalent for a
single qubit.

Having specified an operational relation, the next step is to specify an ontological relation.

Definition 3 (ProbOn) Two preparation distributions pp,, pp, in an ontological model are probabilisti-

cally equivalent, denoted pp, et tp,, if andvonly if up, (X)) = up,(X) VA.

Definition 4 (Probabilistic NonsQntextuality) For any two preparations P1, Py related by ProbOp,
their ontological representations ppg, p, are related by ProbOn. That is, the probabilistic noncontextuality
assumption states that

Prob Prob
P~ Pas pipy = ip,- (6)

In the quantum case, this translates to assuming

HPr= Hopp- (7)
So, in a probabilistically, nencontextual model, if there are two preparation procedures that cannot be
statistically distinguished byrany measurements then those preparations lead to identical physical situations.
In a probabilistically contextual model, then there are different physical situations that nonetheless lead to
identical operational predictions for any measurement: the inability to distinguish them is caused by lack of
sufficiently fine-grained measurement.

We can look to electromagnetism in order to find a classical example of an application of this principle.
Naively, one might expect an operational preparation of an electromagnetic system to correspond to a
specific magnetic vector potential as an ontic state. However, different vector potentials correspond to the
same experimental predictions if they differ by a curl-free vector field. The application of the probabilistic
noncontextuality assumption, then, would be to say that all such preparations are really ontologically
identical; they result in the same distribution over ontic states. The vector potential is often said to be

4
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unphysical because of the property that different potentials lead to identical experimental predictions; this
line of argument would lead one to conclude that not only are such distributions over ontic statesridentical,
but that they are a delta function. That is, we quotient the state space to form a new ontig state A= Al
where A ~ A’ if and only if V(A — A’) = 0. This will ensure that any such pair of ontic states have the same
representative in A. The assumptions leading to such an ontological refinement are thus strictly. stronger
than those leading only to probabilistic noncontextuality.

We see that both the operational relation ProbOp and the ontological relation ProbOn are probabilistic
in that they depend on the full set of (exact) probabilities associated with the object. These probabilistic

. .. Prob . . . . C .
relations are very restrictive and as a result, ~ ~ " is a very selective relationgleading to.a restriction on

ontological models that is more easily satisfied than that of a less selective relation. Howeéver, those elements
that are related have a very strong ontological condition applied by ProbOns:

Contextuality is often considered to be a generalisation of nonlocality; by -Fine’s theorem [11], the
factorisability condition that characterises local distributions in a Bell scenario is interchangeable with the
assumption of outcome-determinism for ontological models. With this, assumption, nonlocality manifests
itself as noncontextuality with respect to contexts chosen jointly by a spacelike separated Alice and Bob.
Some notions of contextuality, such as that of Kochen and Specker[2]; Klyachko, Can, Cetiner, Bincioglu
and Shumovsky [12]; Abramsky and Brandenburger [13]; and Acin, Fritz, Leverrier and Belén Sainz [14]
assume these deterministic models for their notions of contextuality. Probabilistic noncontextuality is a
step more general, not necessarily assuming determinism, buft recovering, these notions of noncontextuality
when we restrict our gaze to outcome-deterministic ontologicalhmodels. Tt can be considered a generalised
form of the type of nonlocality identified by Bell; a scenario demonstrates probabilistic contextuality if its
precise operational probabilities cannot be fully explained by/a nonedntextual (rather than nonlocal) model.
As such, under certain assumptions, probabilistic noncontextuality can be detected by inequalities that are
robust to noise, as an analogue of Bell inequalitiesi[12, 15].

2.4. Possibilistic Noncontextuality

Another natural choice for both the operational @and,ontological relations is a possibilistic one, in which we
consider only the possibilities of operational‘and ontological events, rather than their probabilities. Such
possibilistic considerations also appear naturally in, the setting of consistency conditions for agents beliefs
about the state of a system, which have been previously studied in the literature. In the work of Brun,
Finkelstein and Mermin (BFM) [4], @"consistent set of state assignments is a set of density matrices which
have some overlap in their operational possibilities. The different parties can assign different density matrices
to a system, but as long as there exist some states in the mutual support of all of them, then there is an
event that can occur that alldof the}l agree is possible, meaning that their initial state assignments are
consistent. In that of Caves, Fuchs and Schack (CFS) [5], the strongest compatibility criterion that can be
applied is to ask whether or notithe density matrices assigned to the state by each of the parties are in the
same equivalence class, defined in this possibilistic sense. If they are, then all of them agree on which events
are possible and impossible, even if they disagree on the precise probabilities to assign to each event. Both
of these conditions are naturally possibilistic rather than probabilistic.
Such considerations motivate us to define possibilistic operational and ontological relations.

Definition 5 (PossOp)nTwo preparation procedures Py and Ps in an operational theory are possibilistically

equivalent, denoted(P & Payif for all outcomes k of all measurement procedures M,
Pr(k|’P1,M) =0& Pr(k|732,/\/l) =0. (8)

In the quantum case, two preparation procedures P; and Ps are possibilistically equivalent if and only if
the densitysmatrices they give rise to have the same kernel (or equivalently, the same support). The kernel,
which is spanned by the states with which p has no overlap, completely defines the possibilistic structure of
measuremerntts.

P T Py 5 ker pp, = ker pp, (9)
where ker M = {v : Mv = 0} is the kernel of M.
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Definition 6 (Support) The support of a measure p is the largest set S(u) such that every opén set which
has non-empty intersection with S(u) has nonzero measure.

More succinctly, but a little less accurately, the support S(u) = {A: u(A) > 0}.

Definition 7 (PossOn) Two preparation distributions pup,, up, in an ontological model are possibilistically
. Poss .

equivalent, denoted pup, =~ pup,, if S(up,) = S(up,)-

Definition 8 (Possibilistic Noncontextuality) For any two preparations Py Ps\ related by PossOp,
their ontological representations pp,, up, are related by PossOn. That is,

Poss Poss

Py~ Py = Wpy = P, (10)
In the quantum case, this translates to assuming g
Poss
ker pp, = ker pp, = pp, = pp,. (11)

A fully possibilistic noncontextuality assumption, then, would be that, if/two preparation procedures
are possibilistically equivalent operationally, then their ontological.representations are also possibilistically
equivalent.

A possibilistically noncontextual model for quantum mechanies'wouldprovide a natural explanation for
why there exist different preparation procedures that cannot be unambiguously discriminated [16]; such
preparations lead to ensembles of ontic states that themselves cannot be unambiguously distinguished.
Therefore, the lack of the ability to perform unambiguous discrimination in a theory could be interpreted as
property of the distributions over ontic states themselyes, rather tiiin emerging from a lack of sufficiently
fine-grained measurements.

Additionally, we find that the assumption of possibilistic preparation noncontextuality causes the
quantum consistency conditions, mentioned above; forrdensity matrix assignment to coincide with classical
notions of consistency of beliefs. If we have a collection ofiagents, each can describe their subjective beliefs
about the state of a quantum system viafandensity matrix p;. According to the BFM consistency criterion,
these assignments are consistent if the intersectionof the supports of the p; is empty; that is, that there
is some subspace of the Hilbert space which each party agrees is in the support of their density matrix.
Since the assumption of possibilistiesnoncontextuality for preparations uniquely defines a set of ontic states
associated with this agreed support, this quantum compatibility condition reduces exactly to the classical
notion of “strong consistency”, which is that there exists some physical state that each agent agrees could
represent the true state of the system. The strongest compatibility condition considered by Caves, Fuchs,
and Schack, which they denote equalsupports, is that the supports of each of the p; are identical; in the same
way as above, the assumptionfof possibilistic preparation noncontextuality means this condition reduces to
the classical concept of concordance: that the agents agree on which states are possible and impossible,
although their actual probability assignments may differ.

2.5. Hardy Noncontextuality

We can now bring,other previously-studied notions of noncontextuality within this framework. One such
notion is known as “Hardy” or “logical” noncontextuality [13, 17, 18], and when applied to preparations
corresponds to/the assumption that two preparations leading to identical operational predictions must be
compatible with the same set of ontic states. As with probabilistic noncontextuality, Hardy noncontextuality
has been considered previously under the assumption of outcome determinism, such as in the treatment
of AbramsSky et al. "Again, we study a more general notion without this restriction. While probabilistic
noncontextuality ‘can be considered a generalisation of Bell nonlocality, Hardy noncontextuality can
be considered a generalisation of Hardy’s proof of nonlocality. That is, a scenario exhibits Hardy
noncontextuality if there are possibilities (rather than detailed probabilities) that cannot be explained within
a noncontextual ontological model.

We canformulate Hardy noncontextuality using the operational and ontological relations defined above.

P
Definition 9 (HardyNC) An ontological model is Hardy noncontextual iff Py Frobp, = U, Fou Up, -
6
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+— Stronger Operational Relation +—

Probabilistic (Spekkens) o
Noncontextuality Contradiction in any

Prob Prob nontrivial convex theory
Pl ~ 732:>,u771 ~ pp,

Hardy Possibilistic
Noncontextuality Noncontéxtuality

Prob Pngs Poss Poss
Pr ~"Pya=pup, = pip, | Py~ Py = pp, &oiip,

— Stronger Ontological Relation —

Figure 1. A square showing the different types of ‘contextuality assumptions, under the assumption
of convexity. If convexity is not demanded, there are multiple theories that fulfil the stronger form of
noncontextuality indicated as a contradiction/aboves such,asyquantum mechanics restricted to pure states
and unitary operations.

The assumption of Hardy noncontextuality is\strietly weaker than probabilistic noncontextuality as it
uses the same operational relation but imposes a weaker,ontological relation on the identified elements.
Furthermore, Hardy noncontextuality is directly implied by possibilistic noncontextuality because

Prob Poss

P~ Py=P1 ~ Ps. (12)

Intuitively, the assumption of, Hardy noncemtextuality appears to also be strictly weaker than of
possibilistic noncontextuality because the same ontological relation is being enforced in both cases, while
possibilistic noncontextuality has a operational relation that is easier to satisfy and so relates more elements of
the theory. For example, all density matrices ofithe form p|0X0|+ (1—p)|1X1| for p € (0, 1) are possibilistically
equivalent and yet no two such density matrices are probabilistically equivalent.

We now prove, however, that Hardy moncontextuality and possibilistic noncontextuality are equivalent
for ontological models of quantum mechanics. Before doing this, we note that any two preparation procedures
that result in the same dengsity matrix being prepared must have the same ontic supports under an assumption
of possibilistic, probabilistie, or Hardy noncontextuality. Hence, we will use the notation S(u,) = S(up) for
any P that results in a_preparation,of p.

Theorem 1 An ontological'model of finite-dimensional quantum mechanics is possibilistically noncontextual
if and only if it is‘Hardy noncontexrtual.

Proof. We willlpresent the proof for preparation procedures here and defer the proofs for transformations
and measurementsdo the appendix. From eq. (12), possibilistic preparation noncontextuality implies Hardy
preparation.noncontextuality: any elements related under the probabilistic operational relation are also
related under the possibilistic operational relation. So, we only need to prove the converse, that is, that Hardy
noncontextuality implies that density matrices with the same kernel can be represented by distributions with
the same support/over A.

Let po and p; be density matrices with the same kernel and with smallest nonzero and largest eigenvalues
0 min aNd Qjmax for j = 0,1 respectively. We define

1 &0, min
Uozl_%mm(po— > p1)- (13)

«
&1, max 1,max
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&0, min

We see that o is positive semi-definite, as the largest eigenvalue of 4l is g min and po and p; have
the same kernel. We note that we must have that o min < @1, max, smce they have supportfon subspaces
of equal dimensions, say, d, and so both p; and pg have d nonzero eigenvalues that sum to 1. Hence, we
have cpmin = @1,max only in the case that each is the completely mixed state over thieir support, and
Q0 min < 1 max Otherwise. It is easily verified that tr(og) = 1, so 0y is a density matrix.

Hence pg can be prepared as a convex mixture of p; and o as

@0, min @0, min
po = (1 - 0’) oo + —2min (14)
1, max 1, max
Therefore there exists a preparation procedure that prepares py such that
S(:uﬂo) = S(/J’Uo) U S(Mm) ;) S(Mm) (15)
We can then repeat the argument for p;. Therefore S(p,,) = S(pp,) for any. po,?l with the same kernel,
completing the proof. O

One immediate consequence of this is that it permits the more natural motivation of possibilistic
noncontextuality to be applied to the better-known concept 6fnHardy mnoncontextuality, providing a
motivation for its assumption independent of the fact that it is.amweakernoncontextuality assumption than
is than probabilistic noncontextuality.

3. Restrictions on ontological models due to possibilistic noncontextuality

&
The assumption of probabilistic preparation noncontextuality is incompatible with the operational

predictions of quantum theory [6]. We now show that even the seemingly weaker notion of possibilistic
noncontextuality is already incompatible with quantum theory.

Theorem 2 Any ontological model of quantum mechanicsvis possibilistically contextual for preparations.

) = cos (5 ) 10.agin () 1) (16)

for some 0 < ¢ < 7/2. We note that.all mixed states are related under the possibilistic operational relation.
In particular then, a mixed state made up ofy|¢)X¢| and |—=/2)—7/2|, and one made up of |—@}—¢| and
|7/2)(7/2| are related. Therefore, suc@atrices must have the same support.

s(l-ex-o) 85 (JEX5]) =

S(
Taking the intersection of both sides-with S( |g>< | gives

S INSEEORE (ZXM ols(EX-3)ns (3G o
[stonedns (|5)(3))] (19

C S(loXel) (20)

where the second dine follows since {g) and 7g> are completely operationally distinguishable, and hence
must be fully ontelogically distinct. This shows that the set of states consistent with |7/2)(7/2| is a
subset of those consistent with |¢)¢|, and so any operational predictions compatible with a preparation
of |7/2)(m/2|must also be consistent with a preparation of |¢)¢|. However, in order to be consistent with
quantum mechanics, preparing ‘g> and measuring in the basis {|¢), |7 + ¢)} must give the outcome |7 + ¢)
with nonzergyprobability. O

Proof. Let

™

ot (|- 5X-5)) an

Page 8 of 14
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|+ &)

Figure 2. Diagrams showing states that can be used imithe proof of theorem 2.

L

The above proof is similar to Hardy’s proof ‘of Bell’s| theorem based only upon possibilistic
arguments [19]. In some sense, considering thése,possibilistic restrictions on ontological models is forcing
them to obey the same logical structure as the operational theory, in this case quantum mechanics. This is
because we can think of working with possibilities as a generalised probability model, in which we work with
the Boolean (logical) semiring in which an.event is only prescribed the symbol 0 (impossible) or 1 (possible).

Another known restriction on ontological models under the assumption of probabilistic measurement
noncontextuality is that such models cannot bey)-epistemic, a result first shown by Morris [7] and by Chen
and Montina [8]. Here, we will show,an analogous result, in which we use a strictly weaker assumption than
probabilistic measurement noncontextuality.

We define two sets associated swith a,response function for outcome k of a measurement M in an
ontological model:

RIEum (KIN)] := {dméaalk|\)i= 1} (21)

TIéa (KIN)] == {X €m (K1) > 0} (22)
We will show that any. ontological model in which these sets depend only upon the POVM element Ej
associated with outcome k; and so'can be denoted by R(FEj) and T (Ey) respectively, imposes restrictions
on which states can have ‘ontic overlap. We will call such a model faithful, as it is a stronger form
of the faithfulness condition, introduced in [20]. We note that this condition is implied by probabilistic
noncontextuality.

Theorem 3 Let|ii) dnd.jis) be two states in a Hilbert space of dimension d > 2N, with |(11|is)]* <
cos?N (2tan~1 (22N £ 1)). Then in any faithful ontological model they have disjoint supports:

S1115,)) N S (b)) = 0. (23)
Proof. Liet Py anddP, be fixed preparation procedures for |1h1) and |¢;) and let [1p,) = |a)®™ and |1hs) = |b)®V
where |a) = |¢) and |b) = |—¢) from eq. (16). This form for our states can be made without loss of generality,

since for any pair of states |p1), |¢2) , there exists a unitary rotation mapping them into a pair of states
of bur chosefi\form, and unitary actions must preserve overlaps of support. If [{p1]@2)|> = (41 [12)|?, then
there exists a unitary U such that Ulp1) = [11) and Ulps) = |th2), and so any state that is in the support of
|p1) and]gs) is mapped by such a transformation into a state that is in the support of |11) and |13) since
this is a legitimate preparation procedure for those states.

9
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By considering each of the measurements formed by independently measuring {|a), |a)} or {|b)g|b)} on
each of the N qubits (where |a) denotes the orthogonal state to |a), and similarly for |b)), wediave

Sypay) N S(Byyay) € Niefa,ppn RITX), (24)

except perhaps on an unphysical set of measure 0, as either |a>®N or |b>®N is orthogonal to all-but one

outcome in each measurement. To see this, consider the case in which we measure with respect to {|a), |a)}
on the first qubit, and {|b), |b)} on the second. Here, |a)|a) is incompatible with {|@)|b) andya)|b), with
a similar condition holding for |b)|b). The only outcome that is compatible with both |a)|a) and |b)|b) is
|a)|b). We note that by assumption, we have |(a|b)|” < cos?(2tan~'(27/2¥ — 1)) and selwe can apply the
construction in [21], so there exists a rank-1 projector-valued measure (PVM) M = {[Ixs 7€ {a,b}"} such
that II;|Z)7| = 0 for all ¥ [21]. For all 7, IIz|F)X7| = 0 and so there exist PVMs, containing IT; and |#)7|,
for example {|UX7|, Uz, K — |F)V| — z}. Hence ~

R(I7X#) NT () = 0 (25)

for all 7, since a lambda in the intersection of R(|7)#| and T (Il;) would, ima measurement containing both
such as the one given above, have to yield the |F)7] outcome withsprobability 1, and the II; outcome with
nonzero probability, a clear contradiction. Therefore

S(1y1)) NS () € [NoefapyRIPNZ)] N A (26)

- [ﬂﬁe{a,b}nR(\ﬁXﬁm A [Uﬂe{mb}"T(Hﬁ)] (27)

C 0, 28

c ) (28)

giving the desired result, where the second line follows asg seme outcome must occur when the measurement
M is performed. O

Since limy o cos?Y (2tan™" (22N — 1)) = 1, which,can be seen by observing that the expression has
a Laurent series expansion at infinity of 1 — /= + O(1/2?); any two states can be shown to be ontologically
disjoint if we are equipped with a large{enough, Hilbert space. The result does however differ from those
of Morris [7] and of Chen and Montina [8] insofar as this dimensional constraint is present. As in the PBR
theorem [21], we need a large quantum dimension in order to be able to have a measurement that can
distinguish between states with large,overlap. We mote that in particular, any faithful ontological models
for an infinite dimensional space will be #-ontic, since no two such states can share any ontological support.
In general, any quantum system can be thought of as part of a larger quantum system, so results such as
this demonstrate an inherent tension between possibilistic measurement noncontextuality and -epistemic
ontological models. Theorem 3<an alsorbe thought of as demonstrating that the assumption of preparation
independence used by PBR can beaeplaced by that of faithfulness, as applied here.

We are left to consider which noncontextuality assumptions mandate the property of faithfulness for
ontological models. In‘particular,vis it a consequence of any of the noncontextuality assumptions we have
explored? We shall see $haththis is dependent on the requirements one sets on an operational theory. We
shall need to introduceé theformulation of probabilistic noncontextuality as it is applied to measurements.

)

Definition 10 (ProbOp-M) Two measurement outcomes £ ,» belonging to a measurement procedure My,

and kf&l)z, belonging to a measurement procedure My, in an operational model are probabilistically equivalent
(denoted kﬁ\l/l)l e kgg) ) 4f forall preparation procedures P,

Pr(kM|P, M) = Pr(k®|P, M,). (29)

Definition 11 (ProbOn-M) Two measurement effects Enr, (k1|N), Enr, (k2|X) in an ontological model are

probabilistically-équivalent, denoted 1, (k1|\) T2 Er, (ka|N), if and only if Exr, (k1|A) = Ear, (k2|A) VA

10
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1

2

2 Definition 12 (Probabilistic Noncontextuality for Measurements) For any two preparations k‘f\l/l)l kf\z,l)Q
5 relatec? by ProbOp-M their ontologchl represent‘atzons Enry (K1|A), Enry (k2| A) are related bycProbOn-M.
6 That is, the probabilistic noncontextuality assumption states that

4 P Py = 6 (alN) R e (o). (30)
9 We see that the notion of measurement noncontextuality captures two related ideas:  that any way of
10 performing a measurement (for example, a specific Naimark dilation for a POVM) yields teentologically
11 identical predictions; and that the probabilities of specific outcomes are independent ofithe context in which
12 they appear.

13 Under this assumption of possibilistic measurement noncontextuality, first mote thatédboth the conditions
14 En(k|A) =1 and &7 (k|N) > 0 can be recognised by considering only the possibilities of alternative outcomes.
15 By the definition of possibilistic noncontextuality, we then demand that these possibilities, and equally the
16 impossibilities, are independent of the specific context in which an observable appears. However, for a system
17 in a given ontic state one cannot necessarily conclude that an outcomedeertain in one context will be certain
18 in all other contexts in which it appears. The noncontextuality assumption taken at face value will only
19 tell us that it cannot be impossible in any other context. Howewer, we cam mote that in any context in
20 which this outcome, E, appears, we can coarse-grain the other measurement results by “forgetting” which
21 of the alternative outcomes happened. These coarse-grainings(yieldridentical probabilistic predictions, and
22 in a context in which F is certain, the coarse-graining is impossible. Therefore, these coarse-grainings are
23 impossible in all contexts, and F is certain in all contexts in which it appears.

24 The weakness of this argument lies in whether or notfwe can really consider the coarse-grainings to yield
25 identical probabilistic predictions with each other. If our scedario is Festricted to preparing a quantum state
26 and then measuring it, then this assumption is justified; this/is the/position taken for example by Spekkens [6].
27 However, if we consider that a second measuremeént procedure could be implemented afterwards, necessitating
28 the existence of a state update rule, then the assumption does not hold and we must use a different notion
29 of noncontextuality. One such candidate would be\a trichotomistic notion of noncontextuality, in which
30 our ontological relation, as applied to twéwrelated measurements, is that each outcome must be considered
31 impossible, possible-but-not-certain, or certain, independent of the context in which it appears. We can
32 assign these classes the symbols 0, 1/2 and 1. Tmany case, this trichotomistic notion of contextuality is also
33 strictly weaker than probabilistic nencontextuality. and so a weaker notion is used for this proof regardless
gg of one’s position of the equivalence of these coarse-grainings over measurement outcomes.

g? 4. Tests of possibilistic noncontextuality cannot be robust to experimental error

gg Recently, probabilistic noncontextuality inequalities have been demonstrated and subsequently shown to be
40 experimentally violated [22, 23], Iu order to avoid finite precision loopholes, the probabilistic noncontextuality
41 inequalities are derivedhrassuming probabilistic noncontextuality for both preparations and measurements.
42 However, as we now prove, no such inequalities can be demonstrated for possibilistic noncontextuality.

43 Theorem 4 Any opérational prediction of quantum mechanics can be approximated arbitrarily well by an
44 ontological model obeying universal possibilistic noncontextuality; that is, the conjunction of possibilistic
jg noncontextuality for preparations and for measurements.

47 Proof. Let p. & (1 £ €)pA€lg/d for any fixed € > 0 and any state p. For any two density matrices p and o,
jg Do %00, (31)
50 Therefore we can @pproximate all quantum mechanical predictions by operators that are all possibilistically
ol equivalent.»The Beltrametti-Bugajski model then gives a possibilistic noncontextual model for all states as
gg follows. Let A="H and py,(|A)) = (1 — €)d(A — 1)) + euy where pg is the uniform Haar measure. We can
54 1 This concept of noncontextuality is impossible to replicate within the Abramsky-Brandenburger sheaf-theoretic framework
55 because theselvalues do not form a semiring; coarse-graining two elements that are possible-but-not-certain can be either
56 possible—but-not-c.ertain or CerFain. Any framework for contextuality based on matching probabilistic predictions in semirings
57 cannot express this sort of notion.

58 11
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then extend the model to general mixed states by taking convex combinations of |1 }t¢|, so that S(pe) = H
for all states p.. The same argument also applies to transformations and measurements. |

Now, any proposed noncontextuality inequality for probabilistic noncontextuality will necessarily be
a function only of observed test statistics compared to some constant value, so we can see that for any
inequality, there exist universally possibilistically noncontextual models that differ{from the quantum
statistics by an arbitrarily small value. Further, any such inequality of some use would have to be
saturated by quantum mechanics. Thus, finite experimental uncertainty makes impossible the existence
of any conclusive proof that reality is not universally possibilistically noncontextual. “Hewever, were reality
probabilistically noncontextual, there would be some amount by which the operational predictions would
have to be altered and this would be experimentally verifiable. Hence, while any particular possibilistically
noncontextual theory can be experimentally refuted, it is not possible tosfor example using an analogue
of a Bell inequality, to refute the entire set of possibilistically noncontextual theories. It is worth noting
that while there are claims[24] to have an experimental verification of Hardy’s theorem, these experiments
actually verify a probabilistic version of Hardy’s paradox, enabling the existence of inequalities that are not
e-closely approximated by quantum-mechanical predictions.

5. Further generalisation

In the previous sections we have developed a framework for expressing arbitrary examples of noncontextuality
relations, and explored the relationships between differentsformss, In this section, we will demonstrate the
power of this framework to consider novel forms of contextuality assumptions, and explore which ontological
and operational relations are sensible under certain subjective criteria. Up to this point, all of our operational
and ontological relations have been equivalenceaelations, although our definition of such relations does not
require transitivity. In fact, there are natural meotivations for notions of noncontextuality that do not have
this property.

We could choose an operational relation identifying elements which have an operational distinguishability
of no more than e: a nontransitive assumption.:ikewise, we can have an ontological relation that says that
related preparation distributions should have a classical distinguishability bounded above by f(€) for some
f; enforcing a “similar elements of,the theory arexepresented similarly in the ontological model” idea. An
idea of this kind has been explored by, Winter [25].

Definition 13 (,S) For two preparation procedures P1 and Py, we have Py ~. Py < D(Py, Ps) < €, where
D(P1,P2) is the operational distinguishability of the two preparations. Assuming quantum theory, this is
given by D(P1,P2) = |p1 — p2lys where p1 and py are the density operators associated with preparations Py
and Po respectively, and | - |1 4s thedrace morm.

Definition 14 (éf) Twoy, preparation = distributions p1,pue are related py =~ po if and only if
fA |N"P1 - /1‘732|d)‘ < f(ﬁ)

Up until now, a notion of monecontéxtuality has consisted of an operational relation, an ontological relation,
and a simple noncontextuality, assumption saying that the former implies the latter. Here we see that we
have sets of operational and ontological relations, and our noncontextuahty assumptlon can be thought of

as a kind of axiom schemaz<for any preparation procedures P; ~ Po, we have Wp, Rf [p,.

6. Concluding Remarks

We have introduced a general framework for the postulation and interpretation of noncontextuality
assumptions; we have seen that this view of a noncontextuality assumption as a statement that allows
inference of ontological properties from operational ones is both powerful in its descriptive capacity and its
ability to highlight novel assumptions.

Using this framework, we have explored weaker notions of contextuality than that of Spekkens[6], and we
have seen that one such noncontextuality assumption of this kind, possibilistic contextuality, encapsulates
the kind of contextuality present in Hardy’s proof of Bell’s theorem, and that probabilistic contextuality

12
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encapsulates the kind present in that of Bell. An interesting open question, then, is to ask what the
corresponding contextuality assumptions are that encapsulate Kochen-Specker contextuality«theranalogue
of the kind present in the GHZ proof of Bell’s theorem [26].

For any scientific realist, the ultimate aim of scientific inquiry is to be able to make statements about
the true state of the world, as far as is possible. To be able to make any statemerits about the entelogical
nature of the world, we need some sort of noncontextuality assumption in order to allow our operational
knowledge to transfer into this domain. Knowing, then, which noncontextuality assumptions are tenable
within a given operational scenario, and the relative strengths of these assumptions; is essential in making
any claim, however tentative, about the real nature of things.
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Appendix A.

Just as we definedthe support of a preparation procedure above, we will denote the support of a measurement
effect withl responserfunction £(\) as

R(E) :={) e AlE(N) > 0}. (A1)
We can also define a notion of the support of a transformation procedure as
UD) = {{ 1, X2} € AR AIT(A\2| A1) > 0}. (A.2)

Theoremx'd Possibilistic measurement noncontextuality is equivalent to Hardy measurement noncontertu-
ality.
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Proof. Again, it is clear that possibilistic measurement noncontextuality implies Hardy measurement
noncontextuality, so we only need to prove the converse.

Quantum mechanically, POVM elements are positive semidefinite matrices, and the[assumption of
possibilistic measurement noncontextuality is the identification of the ontic supports of any twos such
preparation procedures whose associated density matrices share the same kernel over R?. Thewproof here
echoes the proof above strongly: if we have two matrices E; and Es, that share a kernél, and correspond to
two measurement effects, we can write Fy, = aFs+bFE3, for F3 some matrix with a support strietly contained
within that of the other F;. In a similar fashion to the preparations case, we can construct a POVM element
with the same matrix as E; as a convex sum of Fy and Es5, demonstrating thateR(FE1) = R(E2) U R(E3).
We also have, by symmetry R(E2) = R(E1) UR(E3), and therefore R(E1) = R(E2) = R(¥supp(z,))- This
completes the proof. O

The above proofs admit a slight generalisation, in that they can show that the pessibilistic and probabilistic
operational relations lead to identical restrictions for any operational relation‘based/on a function f(x) with
f(z) = f(0) iff z =0, and f(z+y) > f(z), as defined in section 5.

We note that in this proof, we are explicitly using the same assumption that we called out in the
proof of theorem 3, namely that we are considering a coarse-graining of two measurement outcomes via
classical post-processing to be possibilistically identical to an-emtological coarse graining of the relevant
POVM elements. In that section, dropping this implicit assumption, weakened our axioms and required
we move to an additional noncontextuality assumption. However, for this result, dropping this assumption
makes the proof trivial because we are proving a much weaker statement. It can be easily checked that this
proof, therefore, holds in both the case in which this assumption,is made or not.

Theorem 6 Possibilistic transformation noncontextuality is equiwalent to Hardy transformation noncontex-
tuality.

Proof. Once again, it is clear that possibilistic transfermation noncontextuality implies Hardy transformation
noncontextuality, so we only need to prove.the converse.
Consider two transformation procedures I'y ‘and. s with the property that V¢, u,

/dAdA’u(A)Fl(A’|/\)§(>\’) >0 / dAN (MT2(N[NEN) > 0. (A.3)
A A

In general, these are associated with.some representations of completely positive, trace preserving maps T}
and T,. Consider their action on the state [)(¢)|: they map it to o = T}y [0)(W|T), and oy = To|t)) (W|T)
respectively. These two matrices must share a kernel, or else we would be in contradiction with our assumed
property. An example of two miaps meeting these criteria might be two dephasing channels with different
dephasing strengths.

Note that the most general’ kind jof measurement we can perform to enact tomography on such a
transformation procedure'is to prepare some entangled state, send part of the entangled state through the
transformation procedure, and then follow this up by a joint measurement. By the possibilistic notion of
noncontextuality, out¢omesof such experiments must yield either a zero probability for both transformations,
or a nonzero probability for‘both transformations. Consider now the Choi-Jamiolkowski isomorphism as
applied to our two CPTP maps T}, leading to two channel-states 7(). We can see that in general, we require
for an entangled initial state o 4p and an entangled measurement E 4¢, that

tr (UABTJ(;C)'EAC) >0 < tr (UABT](;g«EAc) > 0. (A4)

Taking aftrace over €' for appropriately chosen E4c, viz a Bell state |®4 )P4 | reduces this to the already-

proved case of preparation noncontextuality. O
14
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