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a b s t r a c t 

Inspired by the pectoral flippers of the humpback whale, the use of spanwise waviness in the leading 

edge has been considered in the literature as a possible way of improving the aerodynamic performance 

of wings. In this paper, we present an investigation based on direct numerical simulations of the flow 

around infinite wavy wings with a NACA0012 profile, at a Reynolds number Re = 10 0 0 . The simula- 

tions were carried out using the Spectral/hp Element Method, with a coordinate system transformation 

employed to treat the waviness of the wing. Several combinations of wavelength and amplitude were 

considered, showing that for this value of Re the waviness leads to a reduction in the lift-to-drag ratio 

( L / D ), associated with a suppression of the fluctuating lift coefficient. These changes are associated with 

a regime where the flow remains attached behind the peaks of the leading edge while there are distinct 

regions of flow separation behind the troughs, and a physical mechanism explaining this behaviour is 

proposed. 

© 2017 The Authors. Published by Elsevier Ltd. 

This is an open access article under the CC BY license. ( http://creativecommons.org/licenses/by/4.0/ ) 
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. Introduction 

The possibility of using wings with a wavy leading edge as

 way of obtaining improved aerodynamic performance started

eceiving attention after the work of Fish and Battle [3] , where

he morphology of the pectoral flipper of the humpback whale

 Megaptera novaeangliae ) was analysed with a focus on its hydrody-

amic performance. These flippers have protuberances on the lead-

ng edge, and this was suggested to act as a mechanism to delay

he stall, allowing the flipper to maintain a high lift coefficient at

igh angles of attack, giving the whale a good maneuverability. 

The idea that leading edge protuberances could delay stall

ained support with the work of Miklosovic et al. [9,10] . They

resented experiments for full-span and half-span wings with a

ACA0020 profile in configurations with and without leading edge

aviness. For the half-span model, which had a planform similar

o the flipper of the humpback whale, the Reynolds number was

round 6 × 10 5 and the modified wing led to an increase in the

tall angle. This increase in the stall angle contributed to an in-

rease in the maximum lift coefficient of the wing. However, for

he full-span model, for which the Reynolds number was around
∗ Corresponding author. 
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.7 × 10 5 , their results show that the protuberances lead to a pre-

ature stall, being beneficial only in the post-stall regime. Also,

he experiments for full-span wings presented in [5] showed the

ame behaviour, with the modified leading edge causing a prema-

ure stall. 

Although these first studies about the effect of leading edge

rotuberances showed a strong distinction between the behaviour

f full-span and half-span models, more recent works suggest that

he main factor affecting the results is the Reynolds number. First,

tanway [14] presented experiments for a model similar to the

alf-span wing of Miklosovic et al. [10] , but considering different

alues of Re between 4 × 10 4 and 1.2 × 10 5 . Only for the high-

st value of Re considered the waviness caused an increase in the

aximum lift coefficient, indicating that the value of Re has an im-

ortant role in determining whether the use of wavy leading edges

ill improve aerodynamic performance. Another study which sup-

orts the importance of the Reynolds number effect on this flow

s that of Hansen et al. [4] . They performed experiments with rect-

ngular wing mounted in both full-span and half-span configura-

ions, in an attempt to isolate the influence of the wing tip on

he results. The effect of using a wavy leading edge was similar

n both cases, indicating that three-dimensional effects related to

he wing-tip have a secondary importance in the effectiveness of

he waviness. 

Despite the significant number of studies on this problem, a

efinite explanation to how the leading edge waviness affects the
nder the CC BY license. ( http://creativecommons.org/licenses/by/4.0/ ) 
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Fig. 1. Geometry of a wavy wing with h/c = 0 . 1 and λ/c = 0 . 5 . 

Table 1 

Parameters of the waviness for the cases analysed 

Case λ/ c h / c 

Baseline – 0 .0 

L025h0125 0 .25 0 .0125 

L025h025 0 .25 0 .025 

L025h05 0 .25 0 .05 

L05h025 0 .5 0 .025 

L05h05 0 .5 0 .05 

L05h10 0 .5 0 .1 

L10h05 1 .0 0 .05 

L10h10 1 .0 0 .1 

L10h20 1 .0 0 .2 
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flow is still absent. In this paper, an extensive study based on di-

rect numerical simulations is presented for the flow around infi-

nite wavy wings with a NACA0012 profile at Re = 10 0 0 . Although

this Reynolds number is much lower than most practical applica-

tions, it is our belief that the conclusions presented here can help

in the understanding of the mechanisms responsible for the be-

haviour observed at higher Reynolds numbers. 

The paper is organized as follows. Section 2 briefly presents

the numerical methods and describes the setup employed in

the simulations. Then, Section 3 presents the results, and finally

Section 4 contains the conclusions of this work. 

2. Problem formulation 

2.1. Numerical methods 

We consider an incompressible viscous flow, which is governed

by the Navier–Stokes equations. Assuming a unit density, these

equations can be written as: 

∂u 

∂t 
= −(u · ∇) u − ∇p + ν∇ 

2 u , 

∇ · u = 0 , (1)

where u is the velocity, p is the pressure, and ν is the kinematic

viscosity. Taking the chord c as reference length and the free-

stream velocity U ∞ 

as the reference velocity, the Reynolds number

is defined as Re = 

cU ∞ 

ν . 

The waviness of the wing was treated by a coordinate system

transformation using the formulation proposed in [12] , so that the

wavy geometries were mapped into the straight wing. Then, the

equations were discretized following the Spectral/hp method pre-

sented in [8] , with the span direction discretized using a Fourier

expansion, as proposed by Karniadakis [6] . The use of a Fourier

expansion in the third direction is an efficient way of studying an

infinite wing with periodic boundary conditions, and was only pos-

sible because of the simplification in the geometry provided by the

coordinate transformation. The equations were then solved by time

integration using the stiffly stable splitting scheme described by

Karniadakis et al. [7] . 

2.2. Simulations setup 

All numerical simulations presented here were performed for

Re = 10 0 0 , using a modified version of the incompressible Navier–

Stokes solver encapsulated within the spectral/hp element code

Nektar ++ [1] . The geometries are based on a NACA 0012 profile,

with a small modification to obtain a zero-thickness trailing edge,

since the small thickness of the trailing edge in the original profile

would lead to meshing challenges. The wavy geometries were ob-

tained by applying the following coordinate transformation to the

straight infinite wing: 

x̄ = x + ξ (z) = x − h 

2 

cos 

(
2 π

λ
z 

)
. (2)

where h is the waviness peak-to-peak amplitude, λ is its wave-

length, x̄ is the physical coordinate in the chord direction, and x

and z are the chord wise and span wise coordinates in the com-

putational domain. Fig. 1 shows an example of a geometry ob-

tained through this transformation, identifying the waviness pa-

rameters and the orientation and origin of the coordinate system.

Note that this transformation deforms both the leading and the

trailing edges, and has no effect on the chord. This type of trans-

formation was preferred because it leads to a simpler procedure

when solving the equations with the mapping [12] . However, in

Section 3.5 we relax this restriction by considering the effect of
aviness in the leading edge and in the trailing edge indepen-

ently. As will be seen, the transformation from Eq. (2) leads to

esults that are equivalent to deforming only the leading edge, as

s usually the case in the literature. 

We considered the case without any waviness (referred to as

aseline) and wavy geometries with nine different combinations

f the parameters λ and h . These cases are summarized in Table 1 ,

here a naming convention is also introduced. The parameters

ere chosen taking into account the range of parameters encoun-

ered in the literature [2,4] , with the amplitudes adjusted accord-

ng to the wavelength in order to have the same ratios h 
λ

for each

avelength.For each case, simulations were performed for angles

f attack between α = 0 ◦ and α = 21 ◦, at increments of α = 3 ◦. 

For all simulations the spatial discretization in the xy plane con-

isted of a mesh with 550 quadrilateral elements, with the solu-

ion represented by 8th order polynomials inside each element.

his mesh, which is shown in Fig. 2 , extends from −10 c to 10 c

n the chord direction x , and from −15 c to 15 c in y . The z di-
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Fig. 2. Mesh used in the simulations. 
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ection was represented by a Fourier expansion with 16 degrees

f freedom extending a span of one chord. Each simulation was

omputed for 100 time units with a time-step of 5 × 10 −4 , and

he last 10 time units were considered to obtain the time-averaged

orces. When lift coefficient fluctuations are reported, these were

btained by extending the simulation for an additional 100 time

nits, since these results were more sensitive to the averaging in-

erval, especially at high angles of attack. These parameters were

hosen based on an extensive convergence study, which consisted

f systematically varying the relevant parameters (polynomial or-

er, mesh size, time step and number of Fourier modes) indepen-

ently, and choosing a value which provides a sufficiently small

ifference com pared with the most refined configuration. For tests

ith α = 5 ◦, increasing the polynomial order from 8 to 14 or dou-

ling the number of Fourier modes we observe a change on the

ean forces lower than 0.2%. This same threshold is respected if

e consider the effect of using a lower time-step of 2 . 5 × 10 −4 , or
sing a larger domain extending from −15 c to 10 c in x and from

20 c to 20 c in y . 

In all simulations, the boundary conditions for the velocity con-

isted of: unit velocity oriented to provided the appropriate an-

le of attack on the left, bottom and top boundaries; zero velocity

n the wing surface; and zero normal direction velocity derivative

n the right boundary. The pressure was set to zero in the out-

ow, while in the inflow and wall boundaries a high-order pres-

ure boundary condition was employed [7,12] . Periodic boundary

onditions are automatically imposed along the span, due to the

se of a Fourier expansion in the z direction. 

. Results 

.1. Aerodynamic forces 

Fig. 3 presents the effect of the different geometries on the lift-

o-drag ratio L / D , with the cases separated by wavelength and the

esults of the baseline case presented as a reference. For the short-

st wavelength λ/c = 0 . 25 , the change in the results is negligible

or all cases, indicating that at this value of Re this scale is too

hort to have a significant effect on the flow. For the cases with

/c = 0 . 5 and λ/c = 1 . 0 , a significant reduction in L / D is observed.

his reduction becomes more intense and occurs for a wider range

f angles of attack as the waviness amplitude is increased, making

he L / D value less responsive to variations in the angle of attack. 

Other results for the cases with wavelength λ/c = 0 . 5 are pre-

ented in Fig. 4 , including the mean drag coefficient ( ̄C D ), the mean

ift coefficient ( ̄C L ) and the lift coefficient fluctuations ( C ′ L ). We

nly present the results for λ/c = 0 . 5 because simulations with

/c = 1 . 0 show a qualitatively similar behaviour, and as we have

een previously, for λ/c = 0 . 25 the waviness has little effect on the

orces. Although not presented here, the fluctuations of the drag

ollow a similar trend to C ′ 
L 
. It can be noted that the reduction in

 / D is a consequence of a combination of reductions in both the

ift and the drag forces. Also, the waviness leads to a suppression

n the lift coefficient fluctuations, such that in the case L05h05 C ′ 
L 

emain close to zero until α = 12 ◦, while in the case L05h10 it re-

ains at low values until α = 15 ◦. 

The time series of the drag and lift coefficients for different

imulations with α = 18 ◦ are presented in Fig. 5 . For the baseline

ing, the forces have an oscillatory behaviour which can be asso-

iated to vortex shedding at this high angle of attack. The L05h05

eometry shoes a similar behaviour, but with smaller fluctuations,

hile in the larger amplitude case L05h10 these fluctuations are

uppressed, with C ′ 
L 

corresponding only to small fluctuations with

 lower frequency. 

.2. Separation and recirculation zones 

In order to obtain a better understanding of the characteristics

f the flow which lead to the behaviour described above, Fig. 6

hows skin friction lines on the wall of the wing for the base-

ine, L05h05 and L05h10 geometries. The skin friction lines rep-

esent the orientation of the projection on the wing surface of the

hear force (the shear stress tensor dotted with the surface normal

ector). This figure represents top views for α = 9 ◦, α = 12 ◦ and

= 15 ◦, with the flow oriented from left to right. Also, to make vi-

ualization easier, the colours represent the orientation of the skin

riction in the chord direction, with blue regions corresponding to

eversed flow associated with boundary layer separation. For the

aseline wing, the flow is approximately two-dimensional in the

ange of angles of attack considered in the figure, with an increase

n the angle of attack leading to flow separation closer to the lead-

ng edge. In the other cases, the use of the waviness tends to pre-

ent separation in the regions corresponding to the peaks of the
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Fig. 3. Comparison between L / D results obtained for wavy wings with different 

wavelengths with the results from the reference straight wing. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 4. Results for wavy wings with wavelength λ/c = 0 . 5 . 
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waviness. In the case L05h05, the separation in this regions is only

reduced, while in the case with higher amplitude it is completely

eliminated, leading to the formation of isolated separation regions

behind the troughs. Also, in the case L05h05, there is separation

along the entire span for α = 15 ◦, what is consistent with the in-

crease in C ′ 
L 

and the recovery of L / D observed at this angle of at-

tack. Therefore, it can be concluded that the low values of C ′ 
L 

and

the reduction in L / D observed in Figs. 3 and 4 at moderate values

of angles of attack are related to a three-dimensional flow pattern

where separation is suppressed in the region behind the peaks of

the waviness. 

To further illustrate the behaviour discussed above using skin

friction lines, Fig. 7 shows the recirculation regions of one the

cases of Fig. 6 , namely the case L05h10 with α = 12 ◦. This visu-

alization was obtained considering the regions where the stream-
ise velocity is negative. From this figure, it is clear that for this

ase, the boundary layer separation is restricted to the waviness

roughs. 

.3. Surface pressure distribution 

A good starting point for understanding the previous results is

ooking at the pressure distribution on the wing surface, as it is

elated to flow separation and to the aerodynamic forces. Fig. 8 (a)

hows the pressure coefficient distribution on the wing surface for

he case L05h10 with α = 12 ◦ along two different cross-sections,

ne at the waviness peak and the other on the valley, and also the

istribution on the baseline wing as a reference. From this plot, it

s clear that there is a strong reduction in the leading edge suction

or the section on the waviness peak. The section containing the
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Fig. 5. Time series of drag and lift coefficients for different simulations with α = 

18 ◦ . 
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l  
aviness valley also experiences a reduction in the suction peak,

lthough it is much less severe. The reduction in the aerodynamic

orces observed earlier can be attributed to this loss of suction on

he upper surface of wing, as becomes clear when we look at the

reas inside the −C p curves. Thus, even though there is a reduction

n the separation region, the loss of leading edge suction prevents

his from being converted to an increase of lift. 

Another important result from the pressure distribution of

ig. 8 (a) is that, as the flow progresses along the chord, there is

 tendency for the pressure to equalize along the sections, elim-

nating spanwise pressure gradients. These gradients are almost

ntirely eliminated at x = 0 . 4 , and since the suction peak on the

alley section occur behind the corresponding point on the peak

ection, the former has a shorter distance to recover the pressure

hen compared to the latter. This, combined with the stronger

uction in the valley makes this section experience stronger ad-

erse pressure gradients, explaining why separation is restricted to

hese parts of the wing. Fig. 8 (b) presents the (streamwise) tan-

ential pressure gradients corresponding to the previous pressure

istribution. While the gradients on the valley section are compa-

able to the baseline case, the peak section faces weaker gradients,

onfirming the previous argument. 

Also, it should be emphasized that, at least for the low Reynolds

umber considered here, the fact that the valley section has a

horter distance to recover the pressure is related to the elimina-

ion of spanwise pressure gradients, and not to a physical restric-

ion imposed by a shorter chord as has been suggested in the liter-

ture, for example in [15] . In fact, in the simulations corresponding

o Fig. 8 the chord is constant along the span, and therefore there

s no chord length effect present. 
.4. Physical mechanism 

The previous sections presented results showing that, for mod-

rate angles of attack, the presence of waviness in the wing leads

o a reduction of L / D , which is associated with a flow regime where

eparation is restricted to the regions behind the waviness valleys.

lso, this can be explained by considering the pressure distribu-

ion around the wing surface. Therefore, the only remaining point

o obtain a good understanding of the flow is explaining how this

ressure distribution is formed. This section addresses this issue,

roposing a physical description which can justify the observed be-

aviour, based on a simple sectional argument for the region close

o the leading edge. 

The main point to understanding how the waviness affects the

ow is to note that, by deforming the wing, spanwise pressure gra-

ients are created. To illustrate this, Fig. 9 (a) shows the spanwise

ressure gradients contours at z = 0 . 125 , which is a plane halfway

etween a peak and a valley of the waviness, for the case L05h10

ith α = 12 ◦. The closest peak is at z = 0 . 0 and the closest val-

ey at z = 0 . 25 , and thus a positive gradient is oriented from peak

o valley and a negative gradient from valley to peak. Close to the

eading edge, where x < 0, the flow has already reached the wing

n the peak of the waviness, and therefore the pressure gradient

s negative on the lower surface of the wing (due to the stagna-

ion point) and positive on the upper surface of the wing (due to

he suction peak). This pressure gradient accelerates the flow in

he span direction, generating a spanwise flow moving away from

he protuberance on the lower surface and towards it on the up-

er surface, as shown in Fig. 9 (b). This behaviour can be seen as

n attempt of the flow to move around the protuberance, as il-

ustrated in Fig. 10 . In this figure, the coloured contours repre-

ent spanwise velocity at the plane x = −0 . 03 , which is close to

he location of the leading edge in the peak of the waviness at

 = −0 . 05 , showing how the flow moves away from the waviness

eak in the lower portion of the wing, while it moves towards it in

he upper part. Also, the grayscale represents the pressure on the

ing surface, with the darker areas corresponding to a lower pres-

ure (a stronger suction). The effect of the flow towards the suction

eak is to increase the pressure at that point, causing the reduction

f −C p at this section as highlighted in Fig. 8 . Also, this spanwise

ow around the leading edge protuberance is somewhat compati-

le with the behaviour of the streamlines obtained by Skillen et al.

13] at a higher value of Re . However, although they observed the

ow being deflected by the lower surface of the leading edge, their

esults do not show any flow towards the suction peak in the up-

er surface. They suggest that this deflection lead to the accelera-

ion of the flow behind the troughs, generating an improved suc-

ion peak. However, this effect is not observed in our results. 

The previous argument can also be interpreted in a more intu-

tive manner. By deforming the leading edge along the span with

isplacements in the chordwise direction, we hinder the wing’s

bility to force the flow to accelerate around the leading edge,

pecially in the peak section. Although this is not optimal in the

ense of generating the maximum possible suction peak (and con-

equently the maximum possible lift), it prevents the flow from

eparating. 

If we consider now the flow at downstream positions, we note

hat as the flow reaches the rest of the wing, at x > 0, the span-

ise pressure gradients are reversed. The spanwise flow then acts

o eliminate the spanwise pressure gradients, leading to the be-

aviour for the surface pressure described in the previous session.

learly, the existence of gradients of the w velocity is only possible

n the presence of streamwise vortices. However, from the contours

f streamwise vorticity of Fig. 9 (c) we notice that these vortices are

ifted away from the wing. Therefore, they are not expected to have
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Fig. 6. Skin-friction lines on the wall for different cases. The flow is from left to right and the colours represent the orientation of the skin-friction in the chord direction, 

with blue corresponding to reversed flow. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 

Fig. 7. Recirculation zones for L05h10 case, with α = 12 ◦ . 
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a significant impact on the observed aerodynamic behaviour, being

rather simply a consequence of the spanwise flow. 

In conclusion, this section has used simple arguments based on

the spanwise flow to explain how the pressure distribution is af-

fected by the use of waviness. The modification of the pressure

distribution leads to weaker suction peaks, necessarily leading to

a more benign pressure gradient behind the waviness peak. These

factors are responsible for the observed separation patterns and for

the loss of lift caused by the waviness. 

3.5. Effect of waviness with different shapes 

As noted previously, the simulations presented so far consid-

ered a wing with uniform deformation in each xy plane, so that

both the leading and trailing edges are deformed. A few simula-
ions were performed in order to determine whether this is sig-

ificantly different from the typical geometry presented in the lit-

rature, where only the leading edge is deformed. These simula-

ions consisted in modulating the function ξ ( z ) from Eq. (2) in the

hord direction, obtaining wings with modifications to only one of

he extremities. Using this transformation, the absolute thickness

f the wing is constant throughout the span, and therefore the

aviness troughs have a slightly thicker profile than the baseline

ing (due to the shorter chord), while the waviness peaks have a

lightly thinner profile (due to the longer chord). Fig. 11 presents

he lift-to-drag ratio for the case L05h10 in these different con-

gurations. The suffix LE indicates that only the leading edge is

eformed, and similarly TE for the trailing edge. It is clear that de-

orming the whole wing is almost equivalent to deforming only the

eading edge, and therefore our results from the previous sections

re comparable to the literature. Also, changes to the trailing edge

ave little effect on the results, at least for this Re . 

Another distinction that can be made for the case L05h10_LE is

hat, since the chord changes along the span, we have to choose

etween maintaining a constant absolute thickness or a constant

rofile (which requires a constant relative thickness). Tests were

erformed for these two possibilities, but the results, which are

ot presented here, were almost identical in both cases. 
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Fig. 8. Instantaneous pressure coefficient and (streamwise) tangential pressure gra- 

dient on the wing surface for the case L05h10, with α = 12 ◦ . The two-dimensional 

baseline result at the same angle of attack is also presented as a reference. 

4

 

o  

b  

i  

t  

t  

r  

t  

p

 

s  

t  

i  

i  

r  

r  

g

 

r  

Fig. 9. Contours of spanwise pressure gradient and velocity, and of streamwise vor- 

ticity at z = 0 . 125 . Case L05h10, with α = 12 ◦ . 

Fig. 10. Contours of spanwise velocity (colours) at x = −0 . 03 and pressure on the 

wing surface (grayscale). Case L05h10, with α = 12 ◦ . (For interpretation of the ref- 

erences to colour in this figure legend, the reader is referred to the web version of 

this article.) 
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. Discussion and conclusions 

We have presented a study of the effect of spanwise waviness

n the flow around infinite wings at a very low Reynolds num-

er. For moderate angles of attack, the waviness leads to decreases

n both drag and lift forces, which result in a decrease in the lift-

o-drag ratio. There is also a significant suppression of the fluc-

uations in the lift coefficient. This behaviour is related to a flow

egime where flow separation is restricted to the regions behind

he waviness valleys, with separation behind the peaks being sup-

ressed. 

A physical explanation for the results is proposed, based on the

panwise flow induced by the waviness. This explanation leads to

he conclusion that by deforming the wing, we decrease its abil-

ty to force the flow to accelerate around the leading edge, result-

ng in a weakening of the suction peak. The flow does not sepa-

ate behind the peaks because this phenomenon is stronger in this

egion, and therefore it does not contain strong adverse pressure

radients. 

We can obtain further insight into this flow if we consider, as a

ough approximation, that the effect on the lift of weakening the
uction peak is similar to the effect of reducing the angle of at-

ack. In the present case, the lift coefficient increases monotoni-

ally with the angle of attack. Therefore, the lower effective an-

le of attack caused by the waviness is expected to lead to reduc-

ions in the lift, as was in fact observed in our results. However,

or higher Re where a sharp stall is observed, the stall may be de-

ayed in portions of the wing, leading to a loss of lift before stall

nd an increase of lift in the post-stall, as observed in the litera-

ure. This explanation is also consistent with the smoothing of the
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Fig. 11. Comparison of lift-to-drag ratio obtained by deforming only the leading 

edge or only the trailing edge, for the case L 05 h 10. 
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stall observed in the literature: since the effects of the waviness

are not uniform along the span, a gradual progression of the stall

is expected. 

As a final note, we address the issue of the Reynolds number

considered here being much lower than what is expected in prac-

tice, what is in part due to the limitations associated with the

high computational cost of direct numerical simulations. Ongoing

research at larger Reynolds numbers show that the physical mech-

anisms discussed in the present paper are still present even at

Re = 50 , 0 0 0 [11] , demonstrating the importance of these simula-

tions at Re = 10 0 0 to understanding the effect of the waviness on

the flow. 
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