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Abstract—The use of spacetime cloaking to hide events is
an intriguing trick, but the unavoidable presence of dispersion
limits the performance of any implementation, and needs to
be accounted for. We show how the dispersion changes under
transformation.

I. INTRODUCTION

The electromagnetic implementation of cloaking, the hiding
of objects from sight by diverting and reassembling illuminat-
ing electromagnetic fields has now been with us ten years
[1]. The notion of hiding events is now five years old [2].
Both schemes as initially introduced, however, neglected one
crucial component that, ironically, made them possible in the
first place.

In order to achieve the graduated and controllable mod-
ulation of material properties that are a necessary part of
any transformation device, we need to understand the under-
lying behaviour which generates them. From a fundamental
(microscopic) perspective, all non-vacuum material properties
are dynamic in nature, resulting from the reaction of atom,
molecules, or more complex structures (metamaterials) to the
impinging electromagnetic field, and thus changing how that
field propagates. It is then an effective - and most likely
homogenized [3], [4] – version of this dynamic process
which we can often simplify into macroscopic permittivity and
permeability functions, or perhaps even just a refractive index.
The sole remaining symptom of the original dynamics is then
the frequency dependence of these constitutive quantities.

In an ordinary spatial cloak, the intrinsically dynamic nature
of material responses might not be too much of a problem -
we can specify an operating frequency and bandwidth, and
hope that our expertise at metamaterial construction allows us
to achieve the necessary material properties [5]–[7].

In an event cloak [2], or any other spacetime transformation
device [8], [9], the time dependence of the material response
is more problematic: the spacetime transformation not only af-
fects the required material parameters, but also the underlying
dynamics of the material response. So either we will need to
adjust our material design to compensate for that extra com-
plication, or engineer that extra complication so as to match
our design specification. In practise this will probably reduce
to an additional tradeoff of the sort we already make when
attempting to build an ordinary spatial-only transformation
device – what degree of approximation can we tolerate when
attempting to match our desire performance range? Indeed, in

the experimental spacetime cloaking realization of Fridman et
al in 2012 [10] they used dispersion to engineer an effective
controllable speed profile to achieve their aim – but in doing
so ignored how a ‘perfect’ event cloak would have to adjust
the dispersion mechanisms.
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Fig. 1. Whilst the visible behaviour of the device should only be to (top)
alter any incident illumination by the expected dispersion properties, the
actual transformation device (middle) also must hide a chosen even from
any observer. Existing treatments, which ignore the effects of spacetime
transformations on the dispersion properties, will not perfectly match the
design requirement.

II. SCHEME

In this work we envisage a simple event cloak scheme, but in
contrast to the original formulation based on a homogeneous,
isotropic, and dispersion-free background, we want our device
to hide an event inside a dispersive medium, albeit still an
homogeneous and isotropic one. Further, we are going to
design the device so that the dispersive medium appears to
be acting like the standard simple Lorentz model.

As depicted in fig. 1, a pulse going into the dispersive
medium we want to simulate will emerge with some chirp
imprinted on it. This is because the medium dynamics, here
designed to match a simple Lorentz model, gives each fre-
quency component of the input pulse a different phase velocity,
as well as generating a group velocity for the pulse as a whole.



We however, want to hide an event inside a different ‘device’
medium, whose spatial and temporal properties not only hide
our chosen event, but also mimic the ordinary Lorentz medium
discussed above.

This means the primary focus here is not the usually
considered electromagnetic half of the transformation device
design, but instead that of the dynamic material response re-
sponding to, and acting on, the electromagnetic fields. To avoid
complicated mathematical expressions, here we will present a
simple scalar-based approached to the material transformation;
a more precise version will be explained in the conference
presentation.

The design polarization response – i.e. what we want an
observer to infer is present – follows the usual Lorentz-like
temporal differential equation:

∂2
t̄ P + γ∂t̄P + ω2

pP = κE. (1)

This response model provides the dispersion that we want the
observer to see (or infer), even though our device is actually
doing something much more tricksy.

The necessary complicated device behaviour can be de-
scribed (or calculated) by first defining the design transfor-
mation or ‘morphism’ ϕ [8]. This might e.g. be that of the
standard curtain-map event cloak [2], and acts between a
design manifold mapped with (spanned by) coordinates t̄, z̄
and the device manifold mapped with (spanned by) coordinates
t̂, ẑ [8]. It is

t̄ = t̂, x̄ = x̂, ȳ = ŷ, z̄ + α(t̄, z̄) = ẑ. (2)

The result of this specification means that the polarization
equation transforms in a non-trivial way; and it is worth noting
that existing spacetime transformation designs [2], [10]–[13]
implicitly assume that those non-trivial complications are neg-
ligible for the device operation. However, here we explicitly
calculate the corrections. Fortunately there are only two altered
derivative properties after the transformation, which are

d

dt̄
=
∂t̂

∂t̄

∂

∂t̂
+
∂ẑ
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where α̇ = ∂t̄α and
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where α‘ = ∂z̄α.
Our simple design transformation means that we can ignore

the second of these, since our design polarization model
contains is purely temporal derivatives. We also need α′ = ∂ẑα
and α̊ = ∂t̂α, which can be calculated by inverting the
transformation, e.g. from z̄ = ẑ − β(t̂, ẑ).

The naively transformed polarization equation is therefore
given by a substitution of that device derivative combination
from eqn. (3) that matches the design space ∂t̄. It is

κE = [∂t̂ + α̇∂ẑ]
2
P + γ [∂t̂ + α̇∂ẑ]P + ω2

p (5)
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+
[
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α̇α̇′∂ẑ + α̇2∂2
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p

]
P. (6)

From this we can see the primary message resulting from a
more systematic approach to spacetime transformation designs
on dispersive media – our previously strictly spatially-local
and temporal-only response models start to depend on spatial
gradients. Notably, the dependence on spatial gradients can be
related to notions of spatial dispersion [14].

In hindsight, such complications should not be surprising,
since any spacetime transformation invariably mixes up our
notions of space and time (coordinates). One feature of the
above expression in eqn. (6) is the presence in the α-dependent
terms of derivatives of both device and design coordinates.
This unsatisfactory situation emphasizes another of the limita-
tions of the simple approach given here, and a more rigorous
and elegant method will be demonstrated in the conference
presentation.

III. DISCUSSION

We can see from the above that it is no simple matter to
produce an exact dispersive spacetime transformation device,
even in the simple scalar polarization model considered here. It
is worth noting that a vectorial polarization model, as would be
required in a true electromagnetic situation, would inherit more
correction terms still. Notwithstanding those details, which we
intend to cover in detail in the conference presentation, we can
still investigate the limits that just the corrections listed here
place on an transformation device we might make.

So if we want to ignore the alterations to the dispersion that
are required by the transformation, we need

1) that 2α̇∂ẑP � γP ; and if P varies on scales of
wavelength λ, then 2α̇� γλ.
i.e. the oscillator losses γ must dominate any contri-
butions to the effective loss from the transformation
gradient.

2) that ˚̇α∂ẑP + α̇α̇′∂ẑP + α̇2∂2
ẑP + γα̇∂ẑP � ω2

pP ;
and if P varies on scales of wavelength λ, then
˚̇αλ+ α̇α̇′λ+ α̇2 + γα̇λ� ω2

p

i.e. all frequency modulations (Doppler-like shifts) from
the transformation must be small compared to the natural
resonance frequency.



Both these constraints require the transformation to be
smooth, to avoid singular contributiona at transition regions,
and ideally to have minimal first and second derivatives.
However, typical schemes often neglect these smoothness re-
quirements at the interface between the background (exterior)
region and the tranformed region of space (spacetime). Indeed,
although the local effect of non-smoothness might be large
– a mathematical delta function – it is only the integrated
contribution that counts.

IV. CONCLUSION

We have shown how a comprehensive description of a
spacetime transformation device needs to not only modify the
background material properties in space and in time, but must
also allow for the alteration of the dynamic response of the
medium itself. Notably, we showed in section III that such
effects can only be neglected if constraints on the smooth-
ness of the transformation are met. Further consequences for
spacetime transformation devices, a more general method, and
the linkage to electromagnetic field propagation, will all be
discussed in the conference presentation.
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